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Abstract
This paper introduces a quantum-enhanced finite element method (FEM) designed for noisy
intermediate-scale quantum (NISQ) devices, leveraging variational quantum algorithms (VQAs)
to solve engineering partial differential equations. We demonstrate the framework by solving
the Euler–Bernoulli beam and the NAFEMS T4 heat transfer problems, which involve Dirichlet,
Neumann, and Robin boundary conditions. A key innovation is a ‘set-to-zero’ strategy that incor-
porates boundary conditions through a correction matrix, Kbc, allowing for flexible imposition
at any node without domain decomposition. The global stiffness matrix is decomposed into a
constant number of Pauli terms, O(1), using the method by Sato et al while boundary terms are
handled with a sublinearly scaling partial Pauli measurement technique. The algorithm achieves
logarithmic qubit scaling (n= ⌈log2N⌉ qubits for N degrees of freedom(DOF)) and employs shal-
low, hardware-efficient circuits with empirically trainable depth for small-scale systems. Validation
on the Qiskit statevector simulator shows high accuracy. For the Euler–Bernoulli beam problem
with 4 to 64 DOF, the algorithm achieves relative errors of 0.5%–1.5% and fidelities of 0.998–
0.999. For the NAFEMS T4 heat transfer benchmark, a 5.4% relative error is observed. The VQA
converges robustly within 77–350 iterations, though barren plateaus are a known challenge for
scaling to larger systems. This work establishes a scalable framework for quantum FEM, offering
a significant memory advantage over classical methods and advancing the potential for quantum-
enhanced engineering simulations.

1. Introduction

Quantum computing offers unprecedented potential for solving large-scale partial differential equations
(PDEs) that govern engineering phenomena, from structural mechanics to heat transfer [1–8]. The expo-
nential growth of quantum state space enables encoding solutions from N= 2n grid points using only n
qubits, promising dramatic computational advantages over classical methods [9, 10]. Among quantum
approaches suitable for near-term devices, variational quantum algorithms (VQAs) have emerged as par-
ticularly promising due to their resilience to noise and shallow circuit requirements [11, 12].

Recent advances in quantum algorithms for PDEs can be broadly categorized into three approaches.
Variational methods, pioneered by Lubasch et al [13] with the quantum nonlinear processing unit frame-
work, have been successfully extended to multidimensional nonlinear PDEs [14] and computational fluid
dynamics with structure-resolving schemes [15]. Hamiltonian simulation methods have achieved not-
able success, including hardware implementations of wave equations [16], scalable circuits for hyperbolic
PDEs [17], and the innovative Schrödingerization technique that transforms general linear PDEs into
quantum-solvable forms [18]. Time-marching algorithms have addressed advection-diffusion problems
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through Hamiltonian embedding [19] and block encoding with correction terms [20]. These approaches
demonstrate quantum computing’s potential for diverse PDE classes.

Despite this progress, most quantum PDE algorithms employ finite difference methods (FDMs) for
spatial discretization, leveraging local stencils for efficient quantum circuit design [16–22]. Both FDM
and finite element method (FEM) offer distinct advantages for solving PDEs. FDM provides robust and
efficient solutions for mixed boundary conditions and variable materials, with recent quantum imple-
mentations successfully demonstrating these capabilities [23, 24]. FEM excels particularly in handling
complex geometries and non-uniform mesh refinement, allowing for higher accuracy in specific regions
through adaptive meshing. In classical FEM, boundary conditions are imposed through direct modific-
ation of the global stiffness matrix K, adjustment of the load vector f, or a combination thereof. Our
quantum FEM framework complements existing quantum FDM approaches by providing systematic
incorporation of higher-order basis functions, and flexibility in mesh topology for complex engineering
geometries. Both methods have their place in the quantum PDE solver toolkit, with the choice depend-
ing on specific problem requirements. Implementing FEM on quantum computers presents unique chal-
lenges absent in FDM approaches. First, the global stiffness matrix K in FEM is assembled from element
contributions, resulting in non-local coupling that is challenging to represent using simple shift operat-
ors (also known as adder operators in some quantum literature [21]) as in FDM [25]. Second, imposing
boundary conditions requires modifying the global matrix structure while preserving quantum encod-
ing efficiency. Third, the load vector f containing boundary condition information must be efficiently
encoded in quantum amplitudes [26, 27]. These challenges have likely contributed to the absence of
quantum FEM algorithms in the literature, despite FEM’s advantages for engineering applications.

This paper presents a quantum finite element algorithm for solving the Euler–Bernoulli beam and
heat transfer PDEs with Dirichlet, Neumann, and Robin boundary conditions. We address the funda-
mental challenges of quantum FEM implementation through two key innovations. First, we develop
an efficient Pauli decomposition of the global stiffness matrix into O(1) terms independent of sys-
tem size [22, 25], enabling efficient quantum evaluation of ⟨ϕ|K|ϕ⟩. Second, we introduce the ‘set-to-
zero’ strategy for boundary conditions that modifies the stiffness matrix through a correction term Kbc.
Neumann and Robin conditions are supported via quantum oracles, enabling mixed boundary condi-
tions without domain decomposition.

Our approach differs fundamentally from finite difference boundary treatments [21] that modify
local stencils. Instead, we derive Kbc from the global stiffness matrix structure, ensuring that the mod-
ified system preserves the variational properties essential to FEM. This enables handling of boundary
conditions at any nodes in the discretization domain. The quantum implementation employs logarithmic
qubit scaling and shallow circuits designed for noisy intermediate-scale quantum (NISQ) compatibil-
ity [2, 28]; however, scalability and trainability for global cost functions remain open research challenges
[12].

We validate our quantum FEM algorithm against industry-standard NAFEMS benchmarks [29],
demonstrating accurate solutions for both the Euler–Bernoulli beam with point loads and 2D heat con-
duction with mixed boundary conditions. Following established benchmarking practices for quantum
algorithms [30], we evaluate our method using both quantum-specific metrics and classical valida-
tion standards. The remainder of this paper is organized as follows: section 2 presents the theoret-
ical framework for reformulating PDEs into quantum-compatible form within the FEM framework.
Sections 3 and 4 details the quantum circuit implementation for the Euler–Bernoulli beam problem and
the NAFEMS T4 heat transfer problem. Section 5 provides comprehensive results including convergence
analysis, accuracy validation, and resource scaling. Finally, section 6 summarizes our findings and out-
lines future directions for quantum-enhanced engineering simulations.

2. Formulation of the minimization problem

The application of VQAs to solve partial differential equations (PDEs) requires recasting the govern-
ing equations into a minimization problem suitable for quantum implementation. This section details
the derivation of a quantum-compatible objective functional, starting from a general linear elliptic
PDE, through its variational form and finite element discretization, with explicit handling of Dirichlet,
Neumann, and Robin boundary conditions.

2.1. General PDE and variational formulation
Let Ω⊂ Rd be a bounded domain with boundary ∂Ω partitioned into disjoint subsets ΓD, ΓN, and ΓR

for Dirichlet, Neumann, and Robin conditions, respectively. We consider a linear, self-adjoint, elliptic
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differential operator of order 2m [31] (p 117):

Lu=
∑

|α|⩽m

∑
|β|⩽m

(−1)|α|Dα
(
aαβ (x)D

βu
)
, (1)

where α,β are multi-indices and the coefficients aαβ(x) ensure ellipticity [32](p 488). For the Euler–
Bernoulli equation (m= 2), Lu models beam bending; for the heat Equation (m= 1), it models
steady-state heat transfer. The strong form of the PDE is Lu= r in Ω, supplemented by the boundary
conditions

u= gD on ΓD (Dirichlet), (2)

BN [u] = gN on ΓN (Neumann), (3)

BR [u] = αu+BN [u] = gR on ΓR (Robin), (4)

where r,gD,gN,gR are prescribed functions and BN[u] represents normal derivative terms.
To derive the weak form, we multiply the PDE by a test function v ∈ V= {v ∈Hm(Ω) : v=

0 on ΓD}, integrate by parts, and substitute the Neumann and Robin conditions. This yields the vari-
ational problem: find u ∈ U= {w ∈Hm(Ω) : w= gDon ΓD} such that

a(u,v) = ℓ(v) ∀v ∈ V, (5)

where a(u,v) is a bilinear form representing the system’s internal energy and ℓ(v) is a linear functional
for the work of external forces, defined as:

a(u,v) =

ˆ
Ω

∑
|α|⩽m

∑
|β|⩽m

aαβ (x)
(
Dβu

)
(Dαv) dΩ+

ˆ
ΓR

αuvdΓ, (6)

ℓ(v) =

ˆ
Ω

rvdΩ+

ˆ
ΓN

gNvdΓ+

ˆ
ΓR

gRvdΓ. (7)

The Robin condition contributes to both the bilinear form (stiffness) and the linear functional (load).
In the classical setting, this variational problem is equivalent to minimizing the quadratic energy

functional

Π(u) = 1
2a(u,u)− ℓ(u) (8)

in the space V, where a(·, ·) is symmetric, continuous, and coercive [33, 34]. This guarantees a unique
global minimizer u ∈ V, corresponding to the weak solution of the PDE. After finite-element discretiza-
tion, the solution uh =

∑N
i=1 viϕi yields a strictly convex quadratic program in the nodal vector v ∈ RN,

and the effective stiffness matrix Keff is symmetric positive definite (SPD), ensuring well-posedness.
In the quantum formulation, rather than optimizing the components vi directly, we represent the

solution through the amplitudes of a parametrized quantum state |ϕ(θ)⟩= U(θ)|0⟩. The correspond-
ing variational loss Π(θ) inherits the classical energy structure but becomes non-convex in the para-
meters θ. Thus, while the SPD property of Keff ensures a well-defined physics-informed objective, clas-
sical convexity guarantees do not directly carry over to the variational parameter space. In practice,
for the problem sizes considered here (N⩽ 64), the resulting optimization landscape proved tractable,
and we consistently observed convergence to physically meaningful solutions. This behavior aligns with
other VQA-based studies for linear systems and PDEs, and suggests that further advances in problem-
inspired ansätze and scalable optimization strategies will continue to enhance robustness as system size
increases [12, 35, 36].

2.2. Finite element discretization and boundary conditions
The FEM approximation discretizes the solution as uh =

∑N
i=1 viϕi , where {ϕi }Ni=1 are basis functions

and v= [v1, . . . ,vN]T are the nodal coefficients. Applying the Galerkin method transforms the weak form
into a linear system Kv= f. The entries of the stiffness matrix K and load vector f are:

Kij = a
(
ϕi,ϕj

)
=

ˆ
Ω

∑
|α|,|β|⩽m

aαβ
(
Dβϕi

)(
Dαϕj

)
dΩ+

ˆ
ΓR

αϕiϕj dΓ, (9)

fj = ℓ
(
ϕj
)
=

ˆ
Ω

rϕj dΩ+

ˆ
ΓN

gNϕj dΓ+

ˆ
ΓR

gRϕj dΓ. (10)
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Boundary conditions are systematically incorporated. Neumann conditions contribute directly to the
load vector f through the integral over ΓN. Robin conditions add a matrix KRobin (from the ΓR integ-
ral in equation (9)) to the stiffness matrix and contribute to f (from the ΓR integral in equation (10)).
Dirichlet conditions are enforced using our ‘set-to-zero’ strategy, which adds a correction matrix Kbc to
K and adjusts the load vector to a final form f1 (see appendix B for details).

The final discrete energy functional to be minimized is:

Πd (v) =
1

2
vT (K+Kbc +KRobin)v− vTf1, (11)

where the effective stiffness matrix Keff = K+Kbc +KRobin is SPD.

2.3. Quantum formulation and optimization
To solve the minimization problem on a quantum computer, we map the discrete vectors to quantum
states using amplitude encoding, which requires n= ⌈log2N⌉ qubits for N degrees of freedom (DOF).
The solution vector is parameterized as v= cϕ, where ∥ϕ∥= 1, and encoded into a quantum state pre-
pared by a parameterized ansatz, |ϕ(θ)⟩= U(θ)|0⟩⊗n. The final load vector f1, which incorporates all
boundary data, is normalized and encoded as the state |f1⟩ [26, 27].

The effective stiffness matrix Keff = K+Kbc +KRobin is decomposed into a sum of Pauli operators for
measurement on quantum hardware. The VQA minimizes the energy functional of equation (11). We
use a hybrid quantum–classical approach based on the Rayleigh–Ritz method, where the scaling factor c
can be optimized analytically for a fixed θ:

c∗ (θ) =
⟨ϕ(θ) |f1⟩

⟨ϕ(θ)|Keff|ϕ(θ)⟩
.

Substituting this back into the energy functional yields the final objective function to be minimized
with respect to the ansatz parameters θ:

Πd (θ) =−1

2

|⟨ϕ(θ) |f1⟩|2

⟨ϕ(θ)|Keff|ϕ(θ)⟩
. (12)

The overlap ⟨ϕ(θ)|f1⟩ is typically measured using the Hadamard test. The denominator
⟨ϕ(θ)|Keff|ϕ(θ)⟩ is evaluated using the partial Pauli measurement (PPM) technique described in
section 3.1. As Keff = K+Kbc +KRobin, the bulk stiffness matrix K is represented with O(1) Pauli terms
following the construction of Sato et al [25], while the boundary contributions Kbc and KRobin introduce
at most O(

√
N) Pauli terms. These terms are grouped and measured efficiently under the PPM frame-

work. The optimization proceeds in a hybrid loop: expectation values are estimated on quantum hard-
ware, and a classical optimizer (e.g. BFGS) updates the parameters θ. The process is iterated until con-
vergence, yielding the solution v= c∗(θ∗)|ϕ(θ∗)⟩.

3. Implementation on Euler–Bernoulli beam problem

We apply our quantum FEM to the Euler–Bernoulli beam problem, a fourth-order PDE (m= 2) given

by EI d
4w
dx4 = q, where w is deflection, E is Young’s modulus, I is the moment of inertia, and q is a distrib-

uted load. The problem is discretized and mapped to the quantum objective functional in equation (12).
The solution vector v and load vector f1 are encoded using n= ⌈log2N⌉ qubits, with the solution state
|ϕ(θ)⟩ prepared by the Qiskit RealAmplitudes [2, 37] ansatz as shown in figure 3.

3.1. Stiffness matrix and boundary conditions
The element stiffness matrix Ke for a beam element with normalized parameters (E= I= le = 1) is a
4× 4 matrix decomposed into six Pauli terms (see appendix A). Following Sato et al [25], the global
stiffness matrix K is assembled from three components, K= Ka +Kb −Kc, constructed using shift oper-
ators, which maintains an O(1) Pauli decomposition independent of system size.

Boundary conditions are handled by the framework in section 2.2. For the beam problems in
section 5, we focus on Dirichlet conditions (e.g. cantilever, fixed-fixed), enforced via the ‘set-to-zero’
strategy which generates a correction matrix Kbc. For a cantilever beam fixed at its first node, Kbc modi-
fies the first two rows and columns of the global stiffness matrix to enforce zero displacement and rota-
tion (see appendix B for an example). The expectation of the effective stiffness matrix ⟨ϕ|(K+Kbc)|ϕ⟩ is
computed by measuring the O(1) terms for K and additional terms for Kbc using our PPM method [38].
The number of PPM terms scales with the number of constrained DOF, which is a small constant for
typical beam problems, ensuring sublinear overhead.
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4. Implementation on 2D heat transfer problem

We extend our method to the NAFEMS T4 benchmark [29], a 2D steady-state heat transfer prob-
lem (m= 1) governed by −∇ · (k∇T) = 0, where k is thermal conductivity and T is temperature.
The domain is discretized with linear quadrilateral elements on a 5 × 3 mesh, resulting in 24 DOF,
which requires n= ⌈log2 24⌉= 5 qubits for amplitude encoding. The VQA framework, including the
RealAmplitudes ansatz, follows that of the beam problem.

4.1. Stiffness matrix and boundary conditions
The element stiffness matrix Ke for a linear quadrilateral element is a 4× 4 matrix decomposed into four
Pauli terms (see appendix A). To assemble the global stiffness matrix K for a 2D mesh, the elements are
grouped into four tessellations. Using shift operators in both x- and y-directions, the full matrix K is
constructed as a sum of four matrices, maintaining an O(1) Pauli decomposition as in the 1D case [25].

This benchmark involves mixed boundary conditions: Dirichlet (T= 100◦C), Neumann (zero heat
flux), and Robin (convective cooling) as shown in figure 2. These are incorporated as described in
section 2.2. The Dirichlet condition is enforced with Kbc via the ‘set-to-zero’ strategy. The Neumann
condition modifies the load vector f1. The Robin condition adds a matrix KRobin and also contributes to
f1. The boundary correction matrices Kbc +KRobin are handled using PPM. The number of terms scales
as O(

√
N) with the number of boundary nodes, which is efficient for 2D problems.

5. Results and discussion

This section presents numerical results for the Euler–Bernoulli beam problem and the NAFEMS T4
heat transfer benchmark, validating the accuracy, convergence, and computational efficiency of our
quantum-enhanced FEM using the Qiskit statevector simulator. The VQA outlined in section 2 was
applied to both problems, with implementations detailed in sections 3 and 4. We evaluate solution
accuracy through relative errors, root mean square error (RMSE), normalized RMSE, and fidelity against
analytical or benchmark solutions, assess convergence via mesh refinement and BFGS optimization iter-
ations, and demonstrate logarithmic qubit scaling (n= ⌈log2N⌉). For the problems studied (N⩽ 64), we
observe that the RealAmplitudes ansatz with 3–5 repetitions (circuit depth da = 7 to 11) provides suffi-
cient expressibility while remaining trainable, supporting shallow, hardware-efficient circuits designed for
NISQ compatibility. The ansatz U(θ) uses Qiskit’s RealAmplitudes circuit [39], consisting of alternating
single-qubit RY rotations and linear-entangling CNOT layers. All simulations reported herein use noise-
less statevector sampling to validate the correctness of the quantum FEM framework; performance under
shot noise and on real quantum hardware, including noise-robust optimization strategies, is the subject
of our ongoing research. BFGS optimization was run for up to 500 iterations with a convergence toler-
ance of 10−4. For all the cases no gradient was feed to the optimizer and θ were initialized randomly at
start. While barren plateaus are a known challenge in VQAs with global cost functions [12], our empir-
ical results for n⩽ 6 show robust convergence. However, these results are heuristic rather than guaran-
teed at scale. Future work will investigate local-cost formulations and problem-tailored ansätze to address
potential scalability limitations.

5.1. Euler–Bernoulli beam results
The Euler–Bernoulli beam problem, a fourth-order PDE, was solved with unitless parameters: length
L= 10.0, Young’s modulus E= 1.0, and second moment of inertia I= 1.0, ensuring physical consistency
across four boundary conditions: periodic (PBC), cantilever, simply-supported (SSB), and fixed-fixed
(FFB), as shown in figure 1 (SCHEMATIC). A mesh convergence study was conducted with qubit counts
from n= 2 (4 DOFs) to n= 6 (64 DOFs), evaluating loss convergence, deflection profiles, and rotation
profiles against analytical solutions. The stiffness matrix K was decomposed into O(1) Pauli terms [25],
and boundary corrections Kbc were handled via our PPM method [38]. The number of terms in Kbc

depends on the affected DOFs.
Figure 1 presents results in matrix format, with rows for PBC, SSB, FFB, and cantilever, and columns

for schematic, loss convergence (LOSS), deflection (DEFLECTION), and rotation (ROTATION). Figure 1
(LOSS) shows the temporal evolution of the objective function, converging toward target loss values that
differ markedly by boundary condition: PBC≈ 0.003, FFB≈ 0.002, SSB≈ 0.01, and cantilever≈ 0.15.
These target values are the exact minimum of the classical energy functional after the respective BCs
are applied. The raw stiffness matrix K (before any boundary correction) is identical for all four cases
because the mesh, geometry, and material properties are the same. The difference in performance mani-
fest the physical effects of the boundary constraints. The PBC case converges fastest (≈77 iterations),
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Figure 1. Schematics, loss convergence history, deflection (unit: 1), and rotation (unit: rad) for four representative Euler–
Bernoulli beam problems with Dirichlet, Neumann, and Robin boundary conditions. First column (SCHEMATIC): Illustrates
the four boundary configurations: PBC (pinned–pinned), SSB (simply supported–built-in), FFB (free–free), and Cantilever.
Second column (LOSS): Temporal evolution of the quantum objective function during optimization iterations, converging
toward the target loss (yellow solid line). The discrepancy between converged loss and target loss is quantitatively analyzed in
figure 4 (LEFT). Third column (DEFLECTION) and fourth column (ROTATION): Simulated beam profiles for deflection and
rotation. The red solid line represents results from the quantum finite element algorithm (QFEM), while the green dotted line
corresponds to classical FEM solutions. Quantitative error metrics (RMSE and fidelity) are reported in figure 4 (MID, RIGHT).

consistent with findings by Pellow et al [40] for symmetric problems. The cantilever case requires up
to 350 iterations due to its asymmetric fixed-free boundary, while SSB and FFB converge in ≈150 iter-
ations, reflecting intermediate complexity. Figure A2 (appendix D) confirms that even coarse meshes
(n= 4, 16 DOFs) achieve high accuracy, with minimal improvement beyond n= 5 (32 DOFs). Accuracy
is quantified using relative error 100× (1− |Ot −Op|/|Ot|), where Ot and Op are target and predicted
objective values [35, 41–43].

Figure 4 (LEFT) shows accuracy exceeding 98.5%, with PBC reaching 99.9% (0.1% error) and aver-
aging 99.3% across cases. Figure A1 (appendix D) reports relative errors of 0.5%–1.5%. RMSE values,

computed as
√

1
n

∑n
i=1(yi − ŷi)2, are below 1.3×10−4 for PBC, SSB, and FFB, and 1.0–2.4×10−3 for

cantilever (figure 4 (MID)). Normalized RMSE, defined as RMSEn = RMSE/(vmax − vmin)× 100, is below
1.0% for deflection and 1.0%–2.0% for rotation (figure 4 (RIGHT)). Fidelity, F = |⟨ψθ|ψϕ ⟩|2, ranges
from 0.998 to 0.999 (figure 4 (RIGHT)), aligning with high-accuracy quantum PDE solvers [25, 44].
The cantilever beam exhibits the largest target loss, the slowest convergence, and the highest final RMSE
because its free-end condition imposes the most drastic modification of the original K. This asymmet-
ric correction creates a more complex optimization landscape for the VQA. Consequently, the optimizer
encounters more chanllege and is more susceptible to barren-plateaus-like phenomena [1, 43], leading to
amplified errors in both deflection and rotation–most pronounced at the unsupported tip. These metrics
confirm robust performance across diverse boundary conditions, with the cantilever case highlighting the
critical role of boundary-induced landscape complexity in quantum FEM solvers.

5.2. NAFEMS T4 heat transfer results
The NAFEMS T4 benchmark, a 2D steady-state heat transfer problem with mixed Dirichlet, Neumann,
and Robin boundary conditions, was solved using the implementation in section 4. A 5 × 3 mesh (24
DOFs, 5 qubits) was used for validation. The stiffness matrix K was decomposed into O(1) Pauli terms
via four-tessellations [25], and boundary terms Kbc +KRobin were handled with PPM. The predicted tem-
perature at point E (0.6, 0.2) is 19.3 ◦C, compared to the NAFEMS target of 18.3 ◦C, yielding a 5.4%
relative error. Abaqus reports 18.91 ◦C (3.3% error), confirming competitive performance on a coarse
grid.

Figure 2 shows, from left to right: the problem schematic with boundary conditions, the quantum
FEM temperature field, the absolute error field compared to Abaqus, and the relative error field (%)
compared to Abaqus. The absolute error remains below 0.6 ◦C throughout the domain and is physic-
ally consistent, with slightly higher values near the Neumann boundaries (AD), where, the absence of a
temperature constraint allows the solution to vary freely, and small differences lead to larger local devi-
ations than on Dirichlet or Robin boundaries. The relative error reaches up to 6.7% near the top Robin
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Figure 2. NAFEMS T4 benchmark: Two-dimensional heat transfer with mixed boundary conditions. (a) Problem geometry
showing a rectangular plate (0.6m× 1.0m) with labeled edges and point E at coordinates (0.6, 0.2) from the bottom-left corner.
(b) quantum FEM temperature field illustrating the heat transfer across the plate with Dirichlet (constant temperature) boundary
condition on edge AB, Neumann (zero heat flux) condition on edge DA, and Robin (convection) boundary conditions on edges
BC and CD. This combination of boundary conditions demonstrates the method’s capability to handle complex, real-world heat
transfer scenarios; (c) absolute error (◦C) compared to Abaqus; (d) relative error (%) compared to Abaqus.

boundary (CD), where temperature approaches 0 ◦C. This elevated percentage is not due to poor solu-
tion quality but results from division by near-zero reference values in the relative error formula, amplify-
ing small absolute discrepancies. Point E, located on the Robin boundary BC shows a low relative error
of 5.4%, which underrepresents the peak interior error. The logarithmic qubit scaling (5 qubits for 24
DOFs) and circuit depth O(7+ n) to O(11+ n) for n= 5 further highlight efficiency over classical FEM’s
linear memory scaling.

5.3. Quantum resource requirements
The quantum-enhanced FEM achieves efficiency through scalable Pauli decompositions and logarithmic
qubit scaling. The core stiffness matrix K is decomposed into O(1) Pauli terms for both 1D and 2D
problems, leveraging Sato et al’s approach [25] (appendix A). Boundary terms Kbc +KRobin are decom-
posed via PPM [38] into a number of terms influenced by the affected DOFs and their row, column
location (p, q) in the stiffness matrix, with terms (i, j) sharing the same circuit if the bitwise XOR are
the same, iXOR j = pXOR q, reducing the effective number of unique circuits (appendix C). For stand-
ard boundary conditions on ∂Ω, the number of terms is sublinear in N: small constants in 1D (e.g. the
two edge points influenced by boundary DOFs), O(

√
N) in 2D (e.g. perimeter nodes in NAFEMS T4),

and O(N2/3) in 3D (e.g. surface nodes). The ‘set-to-zero’ strategy enables flexible boundary condition
imposition, though non-standard internal constraints could increase terms to O(N), which is rare. Qubit
requirements scale as n= ⌈log2N⌉, offering a memory advantage over classical FEM’s O(N) scaling [10].

The circuit depth for the core stiffness matrix evaluation is O(da + n), where da ∈ [7,11] corresponds
to 3–5 repetitions of the RealAmplitudes ansatz, and O(n) accounts for shift operators and PPM unit-
aries (appendices A and C). In our proof-of-concept demonstrations (up to n= 6), this fixed-depth
ansatz provides sufficient expressibility while remaining trainable. However, this is an empirical obser-
vation and does not guarantee that a fixed repetition count suffices for larger FEM discretizations. For
bigger problems, more repetitions or expressive ansätze may be needed, potentially increasing depth. The
time complexity for a single circuit evaluation is O(ta + n2) for the core stiffness matrix, where the n2

term arises from the shift operator’s circuit depth [45], and O(ta + tf) for the force term, where ta, tf are
the ansatz and amplitude encoding time for the force term and implemented in a single circuit [26].
Boundary term evaluation via PPM contributes an additional time complexity of O(B(ta + tf)). The total
time complexity is:

O
(
ni nq

(
ta + n2

)
+ ni (ta + tf)+ niB(ta + tf)

)
,

7
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Figure 3. Circuit diagram showcs the ansatz with linear entanglement employed in this work. The ansatz consists of five layers
acting on an five-qubit register, qi, initialized to the computational basis state |0⟩⊗5 where qi = |0⟩. Each layer comprises CNOT
gates arranged in a linear entanglement structure followed by single-qubit rotation gates RY, applied to each qubit, as shown in
the dashed box.

Figure 4. LEFT: The bar charts depict the relationship between iteration times (primary axis) based on figure 1 and accuracy level
(secondary axis) upon convergence. The accuracy level is quantified by the variation between the target loss and the correspond-
ing predicted result at convergence, scaled by a factor of 100. MID: Analysis of RMSE for objective, deflection, and rotation under
four boundary conditions compared to the classical solutions. The top left section zooms in on PBC and FFB due to limitations
in visualization. RIGHT: Accuracy indicators: (1) Quantitative analysis of normalized RMSE (primary axis) scaled by a factor of
100 for deflection and rotation across four boundary conditions compared with the classical solutions. Average Values are indic-
ated by dashed lines. (2) Fidelity analysis (secondary axis) across four boundary conditions with respect to the classical solutions.

where ni ⩽ 500 is the number of BFGS iterations, nq is the number of circuits for the stiffness matrix
evaluation, and B is the number of boundary terms. The force term requires only one circuit (n ′

q = 1),
as it is determined classically before quantum implementation. The n2 term in the stiffness matrix eval-
uation and the B-dependent boundary term partially offset the logarithmic qubit scaling advantage in
time complexity, but for small n (e.g. n = 5–6) and sublinear B, this remains manageable for NISQ
devices. Unlike HHL, our VQA leverages NISQ devices with shallow circuits (da = 7–11 ), achieving
errors of 0.5%–5.4% within 500 iterations. Compared to other VQAs [25, 46], our method’s constant
Pauli terms and sublinear boundary scaling enables practical application for engineering problems.

6. Conclusions

This paper introduces a quantum-enhanced FEM that leverages VQAs to address PDEs in struc-
tural mechanics and heat transfer, showcasing their potential for engineering applications. Using the
Qiskit statevector simulator, we solved the Euler–Bernoulli beam problem (fourth-order PDE) and the
NAFEMS T4 heat transfer benchmark (second-order PDE), achieving robust results across mesh con-
vergence studies (4 to 64 DOFs). Our approach efficiently handles diverse boundary conditions (peri-
odic, cantilever, simply-supported, fixed-fixed for 1D; Dirichlet, Neumann, Robin for 2D) through a
‘set-to-zero’ strategy and PPM [38], decomposes the stiffness matrix K into O(1) Pauli terms using Sato
et al’s method [25], and handle the sublinear scaling boundary terms Kbc +KRobin: small constants in
1D, O(

√
N) in 2D, O(N2/3) in 3D with efficient circuit reuse (appendix C). Logarithmic qubit scal-

ing (n= ⌈log2N⌉) provides a memory advantage over classical FEM’s O(N) scaling, while shallow cir-
cuits (da = 7−−11) and a time complexity of O(ni nq(da + n2)+ ni (da + tf)+ niB(da + tf)) ensure NISQ
feasibility, despite the n2 shift operator term tempering the logarithmic advantage. The beam problem
achieved 0.5%–1.5% relative errors and fidelities of 0.998–0.999, converging in 77–350 BFGS iterations,
while NAFEMS T4 yielded a 5.4% error (19.3 ◦C vs. 18.3 ◦C), competitive with Abaqus (3.3% error).
While VQAs face barren plateaus, which can cause vanishing gradients and hinder optimization, our
work does not address this issue but would benefit from further discussion on ansatz expressibility and
trainability. Future efforts will focus on mitigating barren plateaus, enhancing accuracy for complex
boundary conditions, and extending to 3D and multi-physics problems, leveraging quantum hardware

8
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advances to potentially surpass classical FEM and establishing a foundation for quantum-enhanced FEM
in computational science and engineering.
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Appendix A. Element and global stiffness matrix details

A.1. Euler–Bernoulli beam
The element stiffness matrix Ke for the Euler–Bernoulli beam is derived from the weak form of the gov-
erning equation. With normalized parameters E= 1, I= 1, and le = 1, the matrix is:

Ke =


12EI
l3e

6EI
l2e

−12EI
l3e

6EI
l2e

6EI
l2e

4EI
le

−6EI
l2e

2EI
le

−12EI
l3e

−6EI
l2e

12EI
l3e

−6EI
l2e

6EI
l2e

2EI
le

−6EI
l2e

4EI
le

=


12 6 −12 6
6 4 −6 2

−12 −6 12 −6
6 2 −6 4

 . (A1)

This matrix can be decomposed into a sum of six Pauli terms:

Ke = 8I⊗ I+ 4I⊗Z− 5X⊗ I− 7X⊗Z− 6Y⊗Y+ 6Z⊗X. (A2)

The global stiffness matrix K is assembled using a shift operator P, which cyclically permutes the
computational basis states: P=

∑
i|(i+ 1) mod 2n⟩⟨i|. The global matrix is constructed as K= Ka +

Kb −Kc, where Ka = I⊗n ⊗Ke, Kb = P−1KaP, and Kc = P−1(I⊗n
0 ⊗Ke)P. This structure, detailed in [25],

ensures that K can be represented by a constant number of Pauli terms, regardless of the system size N.
The expectation of Kc is evaluated as ⟨ϕ|Kc|ϕ⟩= ⟨Pϕ|(I⊗n

0 ⊗Ke)|Pϕ⟩, where I0 = |0⟩⟨0|, by first applying

9

https://orcid.org/0000-0002-7501-0161
https://orcid.org/0000-0002-7501-0161
https://orcid.org/0000-0001-9896-1843
https://orcid.org/0000-0001-9896-1843
https://orcid.org/0000-0002-7155-8277
https://orcid.org/0000-0002-7155-8277
https://orcid.org/0000-0002-4600-0634
https://orcid.org/0000-0002-4600-0634
https://orcid.org/0000-0002-3412-2116
https://orcid.org/0000-0002-3412-2116


Quantum Sci. Technol. 11 (2026) 015051 D Lu et al

Figure A1. Relative error (%) between target and predicted objective values for periodic (PBC), simply-supported (SSB), fixed-
fixed (FFB), and cantilever boundary conditions, computed as 100× (1− |Ot −Op|/|Ot|).

Figure A2.Mesh convergence study in matrix format. Rows represent boundary conditions: fixed-fixed beam (FFB, top), simply-
supported beam (SSB, middle), and cantilever beam (bottom). Columns show schematic diagram (SCHEMATIC), loss conver-
gence history (LOSS), deflection profile (DEFLECTION), and rotation profile (ROTATION) for different numbers of qubits n.
Analytical solutions are included in deflection and rotation plots for comparison.

the shift circuit for P and then measuring the Pauli terms of Ke on the relevant subspace. The matrix for
a 6-DOF system are:

K=



12 6 −12 6
6 4 −6 2

−12 −6 24 0 −12 6
6 2 0 8 −6 2

−12 −6
. . .

6 2
. . .

. . . −12 6
6 2 0 8

−12 −6 24 0 −12 6
−12 −6 12 −6
6 2 −6 4



. (A3)
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Ka =



12 6 −12 6
6 4 −6 2

−12 −6 12 −6
6 2 −6 4

. . .

12 6 −12 6
6 4 −6 2

−12 −6 12 −6
6 2 −6 4


, (A4)

Kb =



12 −6 −12 −6
−6 4 6 2

12 6 −12 6
6 4 −6 2

−12 −6 12 −6
6 2 −6 4

. . .

12 6 −12 6
6 4 −6 2

−12 −6 12 −6
6 2 −6 4

−12 6 12 6
−6 2 6 4



, (A5)

Kc =



12 −6 0 · · · 0 −12 −6
−6 4 0 · · · 0 6 2
0 0 0 · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · 0 0 0
−12 6 0 · · · 0 12 6
−6 2 0 · · · 0 6 4


. (A6)

A.2. 2D heat transfer
For the 2D steady-state heat conduction problem on a unit square quadrilateral element, the element
stiffness matrix Ke is:

Ke =
k

6


4 −1 −2 −1
−1 4 −1 −2
−2 −1 4 −1
−1 −2 −1 4

=
k

6
(4I⊗ I− I⊗X− 2X⊗ I−X⊗X) . (A7)

To assemble the global stiffness matrix K for a 2D grid, the mesh is divided into four non-overlapping
tessellations (T0,T1,T2,T3). The global matrix is the sum of contributions from each tessellation, K=∑3

i=0KTi . Using shift operators Px and Py for the x- and y-directions, these contributions are related by
KT1 = P−1

x KT0Px, KT2 = P−1
y KT0Py, etc where KT0 contains the element matrices for the first tessellation.

This method, also from Sato et al [25], again results in an O(1) Pauli decomposition for the global stiff-
ness matrix K.
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For a 3× 3 element mesh (4× 4 nodal grid, 16 DOFs) the matrix are:

KT0 =



4 −1 0 0 −1 −2 0 0 0 0 0 0 0 0 0 0
−1 4 0 0 −2 −1 0 0 0 0 0 0 0 0 0 0
0 0 4 −1 0 0 −1 −2 0 0 0 0 0 0 0 0
0 0 −1 4 0 0 −2 −1 0 0 0 0 0 0 0 0

−1 −2 0 0 4 −1 0 0 0 0 0 0 0 0 0 0
−2 −1 0 0 −1 4 0 0 0 0 0 0 0 0 0 0
0 0 −1 −2 0 0 4 −1 0 0 0 0 0 0 0 0
0 0 −2 −1 0 0 −1 4 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 4 −1 0 0 −1 −2 0 0
0 0 0 0 0 0 0 0 −1 4 0 0 −2 −1 0 0
0 0 0 0 0 0 0 0 0 0 4 −1 0 0 −1 −2
0 0 0 0 0 0 0 0 0 0 −1 4 0 0 −2 −1
0 0 0 0 0 0 0 0 −1 −2 0 0 4 −1 0 0
0 0 0 0 0 0 0 0 −2 −1 0 0 −1 4 0 0
0 0 0 0 0 0 0 0 0 0 −1 −2 0 0 4 −1
0 0 0 0 0 0 0 0 0 0 −2 −1 0 0 −1 4



Px =



0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0



,

Py =



0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0



.
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K=



16 −2 0 −2 −2 −2 0 −2 0 0 0 0 −2 −2 0 −2
−2 16 −2 0 −2 −2 −2 0 0 0 0 0 −2 −2 −2 0
0 −2 16 −2 0 −2 −2 −2 0 0 0 0 0 −2 −2 −2

−2 0 −2 16 −2 0 −2 −2 0 0 0 0 −2 0 −2 −2
−2 −2 0 −2 16 −2 0 −2 −2 −2 0 −2 0 0 0 0
−2 −2 −2 0 −2 16 −2 0 −2 −2 −2 0 0 0 0 0
0 −2 −2 −2 0 −2 16 −2 0 −2 −2 −2 0 0 0 0

−2 0 −2 −2 −2 0 −2 16 −2 0 −2 −2 0 0 0 0
0 0 0 0 −2 −2 0 −2 16 −2 0 −2 −2 −2 0 −2
0 0 0 0 −2 −2 −2 0 −2 16 −2 0 −2 −2 −2 0
0 0 0 0 0 −2 −2 −2 0 −2 16 −2 0 −2 −2 −2
0 0 0 0 −2 0 −2 −2 −2 0 −2 16 −2 0 −2 −2

−2 −2 0 −2 0 0 0 0 −2 −2 0 −2 16 −2 0 −2
−2 −2 −2 0 0 0 0 0 −2 −2 −2 0 −2 16 −2 0
0 −2 −2 −2 0 0 0 0 0 −2 −2 −2 0 −2 16 −2

−2 0 −2 −2 0 0 0 0 −2 0 −2 −2 −2 0 −2 16



.

Appendix B. The ‘set-to-zero’ strategy for Dirichlet conditions

The ‘set-to-zero’ strategy enforces Dirichlet boundary conditions by modifying the stiffness matrix K and
load vector f. Let S= {i1, i2, . . . , ik} be the set of indices corresponding to degrees of freedom (DOFs)
where Dirichlet conditions vi = ci are prescribed. For each i ∈ S, the off-diagonal elements in row and
column i of K are set to zero, the diagonal element K ii is preserved, and the load vector is adjusted to
enforce the conditions. The modified system is (K+Kbc)v= f1, where the correction matrix Kbc contains
the negated off-diagonal elements, and the new load vector f1 is:

f1,i =

{
Kiici if i ∈ S,

fi −
∑

j∈SKijcj if i /∈ S.
(B1)

Consider a 6-DOF Euler–Bernoulli beam with Dirichlet conditions v1 = c1 and θ1 = c2 at the first node
(S= {1,2}). The original system is K0v= f0. Applying the strategy, the off-diagonal elements in the first
two rows and columns of K0 are moved into Kbc (with a negative sign) and subsequently added back,
effectively zeroing them in the main matrix while preserving symmetry. The modified matrix K+Kbc

has zeroed off-diagonal elements for the constrained DOFs. For the cantilever case where c1 = c2 = 0 and
a unit load is applied at the free end (q5 = 1), the resulting correction matrix Kbc is:

Kbc =



0 −6 12 −6 0 0
−6 0 6 −2 0 0
12 6 0 0 0 0
−6 −2 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 , (B2)

and the final load vector is f1 = [0,0,0,0,1,0]T.

Appendix C. Evaluation of boundary term expectation ⟨ϕ|Kbc|ϕ⟩

The expectation value ⟨ϕ |Kbc|ϕ⟩ is evaluated using the PPM method [38]. PPM was originally intro-
duced in our prior work as a general framework for accelerating quantum expectation estimation
through binary arithmetic preprocessing and circuit reuse. In the present manuscript, we do not re-
derive the PPM formalism; instead, we adopt it as a measurement primitive and focus on its concrete
integration into quantum finite element formulations, particularly for boundary stiffness operators.

Specifically, the boundary stiffness matrix Kbc is decomposed into a sum of sparse matrices, each
containing non-zero off-diagonal entries only at a single pair of indices (p, q) corresponding to boundary
DOFs. Each such matrix Kpq is associated with a unitary transformation Tpq, constructed from CNOT
gates, that rotates Kpq into a simple Pauli observable. The circuit depth of Tpq scales as O(n), where n=
⌈log2N⌉ is the number of qubits.

The number of such boundary-localized terms scales with the number of boundary DOFs, denoted
B, which is typically sublinear in the total system size: O(1) in one dimension and O(

√
N) in two
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dimensions. Moreover, as established in [38], circuit reuse is possible for pairs (p, q) sharing the same
bitwise XOR pattern (p⊕ q), significantly reducing the number of distinct circuits required. This reuse
property allows ⟨ϕ |Kbc|ϕ⟩ to be estimated with overall measurement complexity scaling as O(logN),
preserving the logarithmic advantage of the quantum FEM formulation.

Appendix D. Supplementary numerical results

Figure A1 shows the relative error between the final objective value achieved by the VQA and the target
value for the four beam boundary conditions. The error is consistently low, ranging from 0.5% to 1.5%,
demonstrating the high accuracy of the method.

Appendix E. Mesh convergence study

A mesh convergence study was performed to validate the method’s accuracy and stability across differ-
ent discretization levels. Figure A2 shows results for the fixed-fixed, simply-supported, and cantilever
beams with varying numbers of qubits (n= 2 to n= 6). For all cases, the deflection and rotation profiles
show excellent agreement with analytical solutions, even for coarse meshes. For instance, the simply-
supported case shows that n= 4 (16 DOFs) already provides high accuracy, with minimal improvement
for finer meshes. The cantilever beam results also show convergence at moderate mesh sizes, with negli-
gible difference between n= 4 and n= 5. While larger systems require more optimization iterations, the
study confirms that the method is robust and maintains high accuracy across different mesh densities
and boundary conditions.
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