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Abstract

The field of Quantum Information Science and Technology (QIST) education presents
unique challenges for both students and educators, such as the necessity of
understanding abstract properties of quantum systems. To provide a more intuitive
understanding of quantum systems, a multitude of qubit representations have been
developed in recent years. Given the diversity of the field, a specific representation
may be more suitable in one content area of than in another. Consequently, the
choice of representation may vary considerably depending on the course orientation.
However, no exhaustive analysis has been conducted into the differences between
the representation of single- and multi-qubit systems in higher education QIST
courses. Furthermore, the factors which influence the selection of a suitable
representation remain open. To close this gap, we conducted an online survey with
25 educators at different German and Austrian universities on their use of
representations in QIST-related courses. The results confirm the pivotal role of
mathematical formalism in QIST education regardless of the specific course
characteristics but also reveal an untapped potential for enhancing student learning
through the intentional and comprehensive use of multiple external representations
(MERs), especially in the case of multi-qubit systems. The findings are discussed within
the context of the field of QIST and current insights into learning with MERs.

Keywords: Quantum technologies; Higher education; Multiple representations

1 Introduction

The simplest non-trivial quantum system employed in Quantum Information Science &
Technology (QIST) is the two-level system, also called a qubit. Depending on the context,
a qubit can be realised in different ways, such as the two long-lasting energetic levels of
a trapped ion, the possible spin orientations of an electron, or the polarisation of a single
photon. The non-classical characteristics of qubits form the basis of quantum computa-
tion and simulation, quantum sensing, or quantum communication and are therefore also
of special interest in respective educational courses. Furthermore, the important role of
mathematics in the representation and communication of quantum physics introduces an
additional layer of complexity for prospective stakeholders. Even the foundational descrip-
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tion of a single qubit’s state as a superposition of two basis states necessitates a fundamen-
tal comprehension of linear algebra and complex numbers. Given the interdisciplinary na-
ture of QIST, it is not reasonable to assume that all learners possess the requisite substan-
tial mathematical understanding to engage in the respective scientific discourse readily.
Consequently, the effective acquisition of QIST content constitutes a considerable chal-
lenge for both learners and educators.

Given the extensive scope of the field, the various content aspects of qubits imply the
existence of a wide variety of representations of qubit states. While certain representa-
tions, such as the Dira/Bra-ket notation (e.g. [1]), the density matrix formalism (e.g. [2])
and the Bloch sphere (e.g. [3]), have been in use in the field of quantum physics for several
decades, a variety of other representations have been developed to facilitate the effective
communication of quantum properties and to provide students with the necessary sup-
portin the field of QIST. These include applications of established representations, such as
geometric vector representations [4], as well as new representations, such as the Q-Sphere
[5] or circle notation [6]. However, graphical representations of qubits in particular can
be limited in their applicability, as they often rely on classical analogies and focus on the
presentation of specific qubit properties. The teaching of QIST content therefore requires
a flexible handling of various representations to select the appropriate representation(s)
of the property considered.

Current insights in educational research demonstrate the relevance of appropriate com-
binations of representations for students success in science learning (e.g. [7]), and espe-
cially quantum education [8]. However, currently there is no clear guidance for educators
on the use of relevant representations across the young field of QIST education. Moreover,
while there may be a general consensus regarding the graphical representation of single-
qubit states, such as the Bloch sphere [9], there seems to be a lack of agreement, partic-
ularly with regard to the graphical representation of multi-qubit systems. The initial step
in developing transparent pathways is to identify the specific representations employed in
each context. This provides a comprehensive overview and a foundational starting point.
In order to fulfill this objective, we conducted a survey of QIST educators on the use of
representations in their university courses. We then analysed the responses in the context
of the QIST field and current findings from educational research.

2 Research background

In the following, we outline the evolving field of QIST education in Sect. 2.1 and provide an
overview of current research insights into learning with Multiple External Representations
(MERSs) in Sect. 2.2. Both sections serve as a basis for the formulation of the research
questions presented in Sect. 2.3.

2.1 The field of QIST education

In recent decades, the field of quantum physics has attracted significant interest from in-
dustry due to its potential applications in developing new technologies such as quantum
sensing and quantum computing, thereby sparking the second quantum revolution [10].
In addition to this, the role of higher education in the second quantum revolution has been
explored [11-15] and multiple university programmes and courses have been developed
or are currently being developed [16—20]. In recent years, research has focused not only on
the content coverage of QIST courses [21, 22], but also on the needs of the industry with
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respect to the content of the respective courses [23]. Although this constitutes a multitude
of endeavours to define and evolve the field of QIST education, it is still in its infancy.

An overarching categorisation of the field of QIST is given by the European Compe-
tence Framework (CF) [23]. The framework divides the field of QIST into eight domains,
including Concepts and Foundations, Physical Foundations, Enabling Technologies and
Techniques, Quantum Hardware, Quantum Computing and Simulation, Quantum Sen-
sors and Imaging Systems, Quantum Communication and Networks, and Valorisation.
Each of these domains consists of multiple subdomains that include topics and subtopics.
In this way, the content curricula can be mapped to the CF in detail. The framework con-
tinues with the definition of proficiency levels similar to language proficiency levels ac-
cording to the Common European Framework of Reference for languages scale [24] and
the development of qualification profiles based on interviews with industry representa-
tives [23]. In doing so, the CF provides a structure to define exactly what to teach and with
what goals in mind.

Another framework in the field of QIST education is given by [25]. Here, the authors
identify three categories of relevant skills in the field of QIST, which are Theory & Ana-
lytics, Computation & Simulation and Experiment & Real World Application. Separately
from the specific content, these categories allow an additional structuring of relevant
course characteristics. In addition, the authors propose to define explicit questions using
Bloom’s pyramid taxonomy of remembering, understanding, applying, analysing, evalu-
ating, and creating [26] and relate teaching approaches to the appropriate level of inquiry
[27], sufficient scaffolding [28], and teaching formats such as cooperative learning [29].
Furthermore, due to the high level of abstraction in the field, appropriate representations
should be chosen and created with careful consideration following the Design, Functions,
and Tasks (DeFT) framework [7] (see also Sect. 2.2).

To optimise the learning of QIST content, various educational aspects should be consid-
ered. As a key aspect, in recent decades, many research efforts have proven the relevance
of the appropriate use of multiple external representations (MERs) in education [30—-32].
In the following, we focus on the respective research background.

2.2 Learning with multiple representations

The term “representation” is a collective term that can be interpreted in different ways
depending on the context in which it is used. In this study, we focus on external rep-
resentations, which provide information to a learner in an external format. During the
learning process, a mental representation is constructed in working memory, which may
not necessarily align with the external representation [33, 34]. Educational and psycho-
logical research over the past several decades has shown that learning in the context of
Science, Technology, Engineering, & Mathematics (STEM) can be improved by not rely-
ing solely on a single external representation, but rather on MERs (for an overview, see,
e.g., [35-37]). We use the term MERs to summarise all combinations of external repre-
sentations that have different visual encoding. It is important to note that external rep-
resentations may not necessarily be received visually but can also be provided in differ-
ent modalities (e.g. [38]). For example, we can also perceive spoken text through the ear.
However, in this study, we focus on representations that are perceived visually through
the eyes. Following the definition of Schnotz, independent of a representation modality,
a distinction can be made between symbolic (descriptive) representations and graphical
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(depictive) representations [34, 39]. Symbolic external representations, such as text, for-
mulas, or equations, are based on symbols that do not bear a surface similarity to the
information they represent. The association between the representation and the infor-
mation presented, its referent, is based on convention [39]. In contrast, graphical exter-
nal representations, such as tables, illustrations, and diagrams, are based on icons and
share structural characteristics, such as similarity, with the referent [39]. The choice of
external representation in a given context may vary depending on the specific content
characteristics, that is, the referent. For example, when representing qubit states, some
external representations may prove particularly valuable for representing superposition
as a specific qubit characteristic, while others may be more appropriate in order to repre-
sent entanglement. Typically, symbolic representations are more abstract than graphical
representations and are therefore often useful for representing more complex information
structures [39, 40]. However, there are also contexts in which a graphical external repre-
sentation has proven to be more effective than a symbolic one [34]. As a prominent exam-
ple, the advantages of learning with text and pictures, also known as multimedia learning,
compared to text alone have been extensively studied under the term “multimedia effect”
(for an overview, see [30]). The existence of the multimedia effect can be explained in
terms of information processing and the dual channel structure of the working memory
(e.g. [34], [33]). Theories such as the Cognitive Theory of Multimedia Learning (CTML)
[33] and the Integrated Theory of Text and Picture Comprehension (ITPC) [34] provide
explanatory approaches to the multimedia effect. Although the two theories diverge in
their explanations of the cognitive processes involved in multimedia learning, they never-
theless share a number of fundamental similarities. These include the limited capacity of
working memory, which aligns with Sweller’s cognitive load theory [41], the dual-channel
structure of working memory, which is in line with Paivio’s dual-channel theory [42], and
the active processing of information when learning, characterised by the selection, organ-
isation and integration of relevant information presented. In doing so, the use of symbolic
and graphical external representations is argued to enable the distribution of cognitive
load throughout the learning process across both mental channels more efficiently, thus
reducing the risk of cognitive overload [33, 34]. However, the use of text and pictures does
not unconditionally facilitate enhanced learning. Over the past few decades, a multitude
of learning principles have been elucidated to promote a learning-enhancing use of MERs
[33]. For instance, research has demonstrated that presenting MERs with high spatial and
temporal contiguity can result in enhanced learning effectiveness [43].

The benefits of learning with text and picture over learning with text alone have been
extensively researched and documented (e.g. [30]). However, learning environments may
exceed the mere implementation of text and pictures, encompassing a multitude of di-
verse symbolic and graphical representations, such as formulas, equations, or schematic
diagrams. In order to assess the efficacy of incorporating more complex combinations of
multiple symbolic or graphical representations into students’ learning, multimedia learn-
ing theories such as ITPC and CTML are limited in their application. Here, Ainsworth’s
Design, Functions and Tasks (DeFT) framework [7] provides a comprehensive theoreti-
cal basis. Within the DeFT framework, Ainsworth initially discusses the relevant design
aspects of MERs, among others the number and type of combined representations [7].
The framework posits that MERs can fulfil three different functions to support students
in their learning. First, they can be complementary in either the processes they support or
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in the information they contain. Second, MERSs can constrain each other in interpretation.
For instance, one representation may be more familiar, and thereby constraining the inter-
pretation of another less familiar one. An alternative approach is to use individual repre-
sentational characteristics. To illustrate, a more precise representation can constrain the
interpretation of a less detailed one. Third, MERs can facilitate the construction of deeper
understanding by integrating information from different representations. However, in or-
der to benefit from the presentation of MERs, learners must engage with the cognitive
tasks associated with them. This requires the possession of representational competence
[44]. In order to engage successfully with MERs, it is necessary to have conceptual and
perceptual competencies. These include the ability to understand the visual and connec-
tional aspects of the representations, as well as the ability to perceive them fluently [32].
Consequently, to effectively integrate representations into students’ learning, educators

must consider the individual prerequisites of the learners.

2.3 Research questions

Compared to other contexts of classical science, representations in QIST education must
bear particular peculiarities. Learning quantum physics content based on classical knowl-
edge is limited [45-47]. As graphical representations often exploit classical analogies,
many common representations are only applicable to a limited extent. However, previ-
ous research suggests that limitations based on the abstract and counter-intuitive nature
of quantum physics are apparent not only for graphical external representations but also
for symbolic ones. The limitations of language for communicating non-classical concepts
serve as a major reason for conceptual difficulties [48]. In line with this, using multiple ex-
ternal representations fluently depending on the specific context has been shown a pivotal
factor in understanding quantum properties [49]. Educators are currently facing a scat-
tered field of representations to communicate QIST content to students. In this context,
it can be helpful for instructors to get an overview of the most commonly used repre-
sentations. This may be particularly important in the context of multi-qubit systems, due
to the much higher complexity of these systems. Given the emerging nature of quantum
technologies and the diverse range of specialisms within this field, a plethora of learning
resources have been developed over the past few decades (e.g. [6, 9, 50-52]). Although
new learning resources and qubit representations are constantly being introduced, we cur-
rently have no overview of which representations are actually used in university courses
and under what circumstances. In order to close this research gap, our first research ques-
tion is the following.

RQ 1: Which representations are used in higher education courses on QIST to represent

single- and multi-qubit states?

Due to the interdisciplinarity of the field, we expected that the representations used
would depend on the specific characteristics of the course. This includes, on the one hand,
the orientation of the courses, as indicated by the related CF domains [23] and learner
skills [25] and, on the other hand, the content characteristics focused on in the respective
courses, such as superposition or entanglement. Therefore, our second research question
is:

RQ 2: How do the incorporated representations differ depending on the course orienta-

tion and content characteristics?
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3 Methods

To answer our research questions, we conducted an online survey and invited educators
of QIST university courses from different locations in Germany and Austria. The online
survey was created with SoSci Survey [53] and was conducted between October 2023 and
January 2024. Educators were invited to participate in the survey via an online link.

3.1 Participants

In total, 25 complete data sets were recorded. Participants can be assigned to TU Munich
(k =5), RPTU Kaiserslautern-Landau (k = 3), TH Mittelhessen (k = 1), Leibniz University
Hannover, TU Dresden, FH Aachen, FH Dortmund, FH Oberésterreich, TH Ingolstadt,
HS Kaiserslautern (k = 1 each). In seven cases, no institution was stated.

3.2 Questionaire design

In the first step, participants were asked to provide information about their course ori-
entation relevant to RQ 2. In doing so, participating educators were asked to give the
approximate percentage of students for the disciplines physics, mathematics, computer
science, and engineering and analogously the percentage of students for the students’ in-
tended academic degree, involving Bachelor’s (or comparable), Master’s (or comparable)
and Ph.D. (or comparable). More information on other disciplines or intended academic
degrees could be added manually. Subsequently, the participants were asked to select the
relevant domains of the CF [23] and the learner skills primarily targeted in the respective
course according to [25]. Due to the distance from the scientific content, we decided to ne-
glect the CF domain of Valorisation and focus on the other seven categories, including 1.
Concepts and Foundations, 2. Physical Foundations, 3. Enabling Technologies and Tech-
niques, 4. Quantum Hardware, 5. Quantum Computing and Simulation, 6. Quantum Sen-
sors and Imaging Systems, and 7. Quantum Communication and Networks. Furthermore,
we adapted the learner skill Computation & Simulation as proposed by [25] to Numerics
& Simulation to distinguish it more clearly from the other skills Theory & Analytics and
Experiment & Real World.

In order to gain further insight into the content characteristics of each course, also with
respect to RQ 2, participants were then asked to indicate the most important single-qubit
characteristics of their course as free text. In the next step, with respect to both research
questions, they were asked to provide the representations used to present a single-qubit
state in the respective course. A selection of commonly used known representations was
given to choose from, and further representations could be added manually if necessary.
The representations suggested in the questionnaire can be classified as symbolic represen-
tations, such as Dirac/Bra-ket notation (e.g. [1]), column/row vector and density matrix
[2] or as graphical representations like the 2D and 3D Bloch sphere (e.g. [3]), geomet-
ric vector representation [4], circle notation [6], phase disk [54], Q-sphere [5], pie chart
(e.g. [55]), knot structures [56], spindrops [57, 58], real-world experiment and (interactive)
simulation [59]. It should be noted that, in keeping with the focus on visually perceived
external representations, possible effects of interaction with the real-world experiment
and the (interactive) simulation were not considered in this context. Figure 1 illustrates
examples of the graphical representations provided to participants for consideration.

Similarly to the questions on single-qubit states, participants had to give information
on relevant characteristics and used representations of multi-qubit states in line with the
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Figure 1 Selection of known graphical representations of single-qubit states provided for consideration with
examples. ¢) from “Visualizing quantum mechanics in an interactive simulation — Virtual Lab by Quantum
Flytrap” by Migdat, P, Jankiewicz, K., Grabarz, P, Decaroli, C,, and Cochin, P, 2022, Optical Engineering, 61(08),
81808 (https://doi.org/10.1117/1.0E.61.8.081808). Copyright 2022 by the authors. d) redrawn from “Visualizing
entanglement in multiqubit systems” by Bley, J., Rexigel, E., Arias, A, Longen, N., Krupp, L.,
Kiefer-Emmanouilidis, M., Lukowicz, P, Donhauser, A, Kichemann, S, Kuhn, J,, and Widera, A, 2024, Physical
Review Research, 6(2), 23077 (https://doi.org/10.1103/PhysRevResearch.6.023077). Copyright 2024 by the
American Physical Society. e) redrawn from IBM Quantum (https://quantum-computing.ibm.com/composer/)
f) created using IBM Quantum (https://quantum-computing.ibm.com/composer/) h) from “The Topological
Origin of Quantum Randomness” by Heusler, S. ,Schlummer, P, and Ubben, M., 2021, Symmetry, 13(4), 581
(https://doi.org/10.3390/sym13040581). Copyright 2021 by the authors. i) redrawn from “SpinDrops” by Glaser,
S., Tesch, M., Glaser, N. (https://spindrops.org/). Copyright 2018 by the authors

focus on single- and multi-qubit states in RQ 1. The most common representations for
multi-qubit states were included in this section of the questionnaire like Dirac/Bra-ket
notation (e.g. [1]), column/row vector and density matrix [2], the Bloch hypersphere [60],
multiple 2D and 3D Bloch spheres, multiple points in the Bloch sphere [61], the geomet-
ric vector representation [4], geometric figures [52, 62, 63], circle notation [6], multiple
phase disks [54], Q-sphere [5], pie chart (e.g. [55]), knot structures [56], Spindrops [57],
real-world experiment and (interactive) simulation [59, 64]. As with the external represen-
tations of single-qubit states, possible effects of interaction with the real-world experiment
or the (interactive) simulation were not addressed in keeping with the focus on visually
perceived representations. Examples of the proposed graphical representations of multi-
qubit state are shown in Fig. 2. Participants also had the possibility to include an additional
representation which is not listed via a free text field. An overview of the questionnaire
used is provided as supplementary material.

3.3 Analysis
The objective of this study is to analyse the use of representations of qubit states in QIST
university courses. To this end, we focus on the number and type of representations re-
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Figure 2 Selection of known graphical representations of multi-qubit states provided for consideration with
examples. a) redrawn from “N -qubit states as points on the Bloch sphere” by Mékeld, H., and Messina, A, 2010,
Physica Scripta, T140, 14054 (https://doi.org/10.1088/0031-8949/2010/T140/014054). e) redrawn from
“Visualizing entanglement in multiqubit systems” by Bley, J, Rexigel, E,, Arias, A, Longen, N., Krupp, L.,
Kiefer-Emmanouilidis, M., Lukowicz, P, Donhauser, A, Kichemann, S., Kuhn, J,, and Widera, A, 2024, Physical
Review Research, 6(2), 23077 (https://doi.org/10.1103/PhysRevResearch.6.023077). Copyright 2024 by the
American Physical Society. f) redrawn from IBM Quantum (https://quantum-computing.ibm.com/composer/)
g) created using IBM Quantum (https://quantum-computing.ibm.com/composer/) i) from “The Topological
Origin of Quantum Randomness” by Heusler, S., Schlummer, P, and Ubben, M., 2021, Symmetry, 13(4), 581
(https://doi.org/10.3390/sym13040581). Copyright 2021 by the authors. j) redrawn from “SpinDrops” by Glaser,
S. Tesch, M, Glaser, N. (https://spindrops.org/). Copyright 2018 by the authors. ) from “Visualizing quantum
mechanics in an interactive simulation - Virtual Lab by Quantum Flytrap” by Migdat, P, Jankiewicz, K., Grabarz,
P, Decaroli, C, and Cochin, P, 2022, Optical Engineering, 61(08), 81808 (https://doi.org/10.1117/1.0E.61.8.
081808). Copyright 2022 by the authors. m) from “Nested-sphere description of the N -level Chern number
and the generalized Bloch hypersphere” by Kemp, C. J. D, Cooper, N. R, and Unal, F. N,, 2022, Physical Review
Research, 4(2) (https://doi.org/10.1103/PhysRevResearch.4.023120) n) created using DCN-Webtool (https://
dcn.physik.rptu.de/)

ported by the participants. First, we compare the number of representations for single-
and multi-qubit systems using a paired samples t-test. The assumptions necessary for the
implementation have been tested and are fulfilled. We then analyse the types of repre-
sentations reported for single- and multi-qubit systems by classifying the responses into
symbolic and graphical representations.

The potential impact of course orientation and content characteristics on the represen-

tations employed for both single- and multi-qubit states was examined. In order to analyse
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the potential effects of course orientation on the representations employed, we classified
the reported representations into heterogeneous combinations of symbolic and graphi-
cal representations and homogeneous combinations of solely symbolic representations.
Subsequently, the frequency of the respective representational combination was calcu-
lated for each CF domain [23] and learner skills as described in [25]. Furthermore, we
conducted an investigation to determine the potential influence of content characteristics
on the utilisation of representations. Consequently, free-text responses related to course-
relevant qubit characteristics were categorised into overarching themes. For example, the
theme “Superposition and Coherence” encompasses all responses that can be assigned to
both superposition and coherence, including superposition, coherence, coherent control,
phase, coherence time, and interference. Since all the characteristics stated by the partici-
pants as free-text responses were of a low inferential nature, it was not necessary to ensure
reliability in the coding process. As in the investigation of the potential impact of course
orientation, we proceeded to calculate the prevalence of heterogeneous and homogeneous

combinations of representations across each content theme.

4 Results

4.1 Course characteristics

To account for individual course characteristics, participating educators were first asked
to provide information on the percentage composition of students’ disciplines within
their course. The results indicate that the underlying courses are directed at students
of various disciplines, including physics (M = 47.36%, SD = 42.40%), computer science
(M = 34.56%, SD = 42.37%), engineering (M = 7.20%, SD = 13.81%), and mathematics
(M = 6.08%, SD =19.82%). Individual courses also focus on the disciplines business and
chemistry.

Similarly, participants were asked to state the percentage composition of the level of
education of the students within the underlying courses. The results range from bachelor
students (M = 38.52%, SD = 37.82%), over master students (M = 41.40%, SD = 37.00%),
to Ph.D. students (M = 10.52%, SD = 26.11%). In four cases, teacher training was explicitly
stated as the relevant education level (M = 11.36%, SD = 29.21%).

Furthermore, the courses investigated cover all the domains of CF [23], as well as the
three given skills Theory & Analytics, Numerics & Simulation, and Experiment & Real
World taken from [25] (see Fig. 3). Only for the domain of Quantum Communication
and Networks, none of the investigated courses related to Numerics & Simulation. The
mean number of CF domains and learner skills indicated by each participant was 4.48
(SD =1.77) and 2.12 (SD = 0.82), respectively.

4.2 Representations of single- and multi-qubit states

Participants were asked to state the representations used in their courses. The indicated
representations to present single-qubit states are listed according to the frequency with
which they are mentioned in Fig. 4. Relevant representations of multi-qubit states are
listed in Fig. 5 accordingly.

Number of representations Participants identified a mean number of 5.20 (SD = 1.98)
representations of single-qubit states to be used in their course(s). In particular, each par-
ticipant stated at least two representations. The mean number of representations of multi-
qubit states was 3.92 (SD = 1.61). Here, 6 participants indicated to use only one single
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Figure 3 Number of selected CF domains and skills for the N = 25 datasets
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Pie Chart (Qake Model)
Spin-Drops

Others
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Frequency of reporting

Figure 4 Relevant representations of single-qubit states. Incorporated symbolic (red) and graphical (blue)
representations of single-qubit states are listed according to the frequency with which they are mentioned.
Others were specified with the cube model [52]

representation in their course(s). A t-test of paired samples indicates a significant effect
(£(24) = 3.892,p < .001***,d = .766). According to [66], the effect can be interpreted as
medium.

Types of representations For representations of single qubit states, all the indicated com-
binations are heterogeneous combinations of at least one symbolic and graphical repre-
sentation each. In the case of multi-qubit states, k = 6 of the 25 participants specified only
symbolic representations to be used in their course(s), neglecting graphical representa-

tions.

4.3 Effect of course characteristics on representations used
To investigate possible factors that influence the use of MERs, we analysed the type of
representational combinations incorporated, as stated by the participants, according to

the respective orientation of the course and the characteristics of the content.

Page 10 of 20
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Real World Experiment
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Q-Sphere (IBM)

Spin-Drops

Others

0 5 10 15 20 25

Frequency of reporting

Figure 5 Relevant representations of multi-qubit states. The incorporated symbolic (red) and graphical (blue)
representations of multi-qubit states are listed in accordance with the frequency of their mention. Others was
specified with the macroscopic Bloch sphere, e.g. [65]

Effect of course orientation For each domain of the CF [23] and the learner skills taken
from [25], we identified the type of representational combination stated by the partici-
pants. As an underlying course may cover more than one domain or learning skill at the
same time, there may be some overlap in the responses of the participants. It should be
acknowledged that, in such a case, possible differences in the representations used de-
pending on the CF domains or learning skills cannot be resolved. In this paper, we dif-
ferentiated between answers that included combinations of symbolic and graphical rep-
resentations and those that included solely symbolic representations. The results of the
reported combination depending on the respective CF domain are presented in Fig. 6a.
The corresponding results, depending on the chosen learning skill, are summarised in
Fig. 6b.

Effect of content characteristics Similar to the previous analyses, we also identified the
representational combinations incorporated depending on the content characteristics of
the courses. Each participating educator was allowed to enter a maximum of three qubit-
state characteristics deemed most relevant within the context of the corresponding course.
In this study, we distinguished the most relevant characteristics of single- and multi-qubit
states. The answers provided are summarised in Table 1.

To determine the potential impact of the content characteristic on the representations
employed in the course, we calculated the frequency of heterogeneous combinations of
symbolic and graphical representations in comparison to solely symbolic combinations
for each content theme. The respective results are presented in Fig. 7.

5 Discussion

With regard to our first research question (Which representations are used to represent
single- and multi-qubit states?), the results indicate that a multitude of representations
are currently used in QIST university courses to teach characteristics of single- as well

Page 11 of 20
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Enabling Technologies and Techniques
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Quantum Communication and Networks
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(a) Effect of CF domain on incorporated representations.
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Numerics & Simulation
Experiment & Real World
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Representations of single-qubit states Representations of multi-qubit states

m Combination of symbolic and graphical representations

mOnly symbolic representations
(b) Effect of targeted learner skills on incorporated representations.

Figure 6 Frequency of reported representational combinations for single- and multi-qubit states depending
on the chosen (a) CF domain [23] and (b) learner skills [25]. If a course covers more than one CF domain or
learner skill, possible differences in the representations used depending on the domains or skills cannot be
resolved

Table 1 Relevant characteristics of single- and multi-qubit states stated within the survey

Single-qubit state Multi-qubit state
Characteristic k Characteristic k
Superposition and coherence 21 Entanglement 16
Mathematical characterisation 9 Superposition and coherence 7
Measurement 7 Mathematical characterisation 6
Operations 5 Operations 3
Efficiency (of optical interfacing) 2 Application 3
Purity 1 Measurement 3
Qubit errors 1 Noise 2
Control 1 Correlation 2
Non cloning 1 Residual ZZ interaction 1
Indistinguishability of identical particles 1

Note: k represents the total number of entries of the respective characteristic.

as multi-qubit states. A closer look at the implemented representations reveals a domi-
nance of only a few symbolic representations (see Fig. 4). First, the Dirac/Bra-ket notation
is the main mathematical description used in all courses, followed by the column/row
vector representation, which is neglected in only two of the 25 courses. Third, in half of
the courses the density matrix formalism is also implemented to represent single-qubit
states. Although the Dirac/Bra-ket formalism is implemented in all courses, in 23 of the
25 courses, at least one additional symbolic description is also included to teach character-
istics of single-qubit states. In contrast to the focus on a few less symbolic representations,
the results demonstrate that a substantial number of graphical representations are used
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(a) Effect of the qubit characteristics most relevant in the course on the incorporated
representations of single-qubit states.

Characteristics of multi-qubit states
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Noise

Correlation
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Indistinguishability of identical particles
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(b) Effect of the qubit characteristics most relevant in the course on the incorporated
representations of multi-qubit states.

Figure 7 Frequency of reported representational combinations depending on the courses’ most relevant
qubit characteristics stated by the participating educators for (a) single-qubit states and (b) multi-qubit states

in QIST university courses. In more than half of the courses, single-qubit states are pre-
sented either by the 3D Bloch sphere or the geometric vector representations (see Fig. 4).
A possible explanation for the extensive use of the geometric vector representation is its
intrinsic simplicity. This is achieved through the omission of complex numbers from the
representation and an emphasis on only real coefficients. There is a notable similarity to
photon polarisation and it can be employed to illustrate fundamental quantum concepts
such as measurements. However, the Bloch sphere may be less accessible initially due to
the doubling of the polar angle and the three-dimensional representation. Nevertheless, it
is a bijective representation of single-qubit states and is particularly effective for present-

ing time evolution, including single-qubit quantum gates as rotations around axes. Besides
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these two graphical representations, nine more graphical representations have been men-
tioned to be used in the courses, most of them only in individual courses of three or less.

The three symbolic representations, Dirac/Bra-ket notation, column/row vector, and
density matrix formalism, not only dominate the representation of single-qubit states but
are also the predominant ones used to represent multi-qubit states (see Fig. 5). The incor-
poration of graphical representations decreases compared to single-qubit states, but at the
same time, the variety of relevant representations increases. One reason for this might be
the limited applicability of some common representations. A striking example is the Bloch
sphere. When presenting single-qubit states, in 18 of the 25 courses the 3D Bloch sphere
is used, and the 2D Bloch sphere in nearly half of the courses. In the case of multi-qubit
states the Bloch sphere, regardless of whether 3D or 2D, reaches its limits. In order to keep
the representational basis, a multitude of extensions and modifications are in use. Besides
multiple 3D or 2D Bloch spheres or multiple points on one Bloch sphere, related graphi-
cal representations include the Bloch hypersphere and the macroscopic Bloch sphere. In
doing so, students have to further develop available representation competence in order
to understand multi-qubit states content.

Comparing the representations used to educate characteristics of single- and multi-
qubit states shows not only differences in the individual representations, but also in the
representational combinations. In the context of single-qubit states, all educators stated
that they incorporate MERs in their courses. In addition, all specified combinations are
heterogeneous combinations of at least one symbolic and graphical representation. How-
ever, for multi-qubit systems, the number of incorporated representations decreases sig-
nificantly with a medium effect (£(24) = 3.892,p < .001***,d = .766). The results indicate
that with progress in content from single- to multi-qubit states, the incorporation of
graphical representations recedes, and educators focus on the use of symbolic descrip-
tions. This fact is also supported by the answers of 6 of the 25 participants that stated
to solely rely on symbolic representations, neglecting graphical representations of multi-
qubit states completely. One reason for the more prevalent use of only symbolic exter-
nal representations for multi-qubit states could lie in the limited applicability of many
graphical external representations. Although the use of symbolic external representations,
such as Dirac/Bra-ket notation, requires a significant investment of effort for a compe-
tent understanding of the representation [67], developing an appropriate representational
competence with regard to these generalisable representations can facilitate a deeper un-
derstanding of quantum physics and technologies [49]. The extension to more complex
topics, including multi-qubit systems, can be considered a relatively straightforward en-
deavour, given that these representations have already been introduced in the context of
single-qubit systems. Although graphical external representations are used extensively in
the context of single-qubit representations, they are limited in their applicability and their
adequate presentation of quantum physics content [45-47]. This is frequently due to the
fact that they are founded upon classical analogies, which are unable to adequately rep-
resent more advanced quantum properties. This may serve to elucidate the prevalence of
symbolic external representations, such as Dirac/Bra-ket notation, in the context of multi-
qubit systems. A second factor contributing for the subordinate role of graphical external
representations in the context of multi-qubit systems may be the amount of time spent
with multi-qubit states in these courses. If multi-qubit states are only discussed briefly,
educators might not find the time to introduce various representations. In contrast, the
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density matrix formalism is introduced by some educators only in the context of multi-
qubit states. This may be attributed to its efficacy in describing even complex multi-qubit
states and pertinent characteristics, such as entanglement. Nevertheless, given its preva-
lence in the context of multi- rather than single-qubit states, the density matrix formalism
appears to present a more substantial barrier to entry than the other symbolic represen-
tations.

In line with our second research question (How do the incorporated representations
differ depending on the course characteristics?) we investigated possible influencing fac-
tors for the representational use in QIST university courses. In doing so, we first focus on
the CF domains of the courses [23], and the associated learner skills, taken from [25]. Due
to the interdisciplinarity of QIST, it was assumed that QIST university courses also differ
in their use of representations. Although the underlying data can be assigned to a diverse
set of all CF domains and learner skills, the types of representational combination used
are independent of both course characteristics. For all of the seven CF domains, heteroge-
neous combinations of symbolic and graphical representations clearly predominate solely
symbolic combinations (see Figs. 6a and 6b).

Furthermore, we took into account the most relevant qubit characteristics within the
courses as indicated by the educators. Although there were no indications of an influenc-
ing effect of the general course orientation on the representations used in QIST university
courses, taking into account the specific relevant content aspects allows for a more precise
analysis of possible effects. Figure 7b indicates that the focus on only symbolic represen-
tations is predominantly present with respect to the characteristics of entanglement and
qubit operations. When courses focused on entanglement as one relevant characteristic of
multi-qubit systems, nearly one third of the educators stated to solely rely on symbolic de-
scriptions. In those courses that focused on qubit operations, even two of three educators
stated to use only symbolic representations to describe multi-qubit states. Nevertheless,
given the limited number of only three participants who have included qubit operations
in their courses, this aspect necessitates further research. Although university courses in
QIST vary in their competence and skill orientation, they are based on a similar use of
representational combinations. However, differences can be found on a more precise con-
tent level, taking into account the relevant qubit characteristics in the courses. The results
of our survey indicate the existence of untapped possibilities in the use of heterogeneous
combinations, especially for courses in the context of entanglement and qubit operations.

In interpreting the results, it is important to consider the potential limitations that can
affect the generalisability of the findings. First, the study does not elucidate the manner
in which the representations stated were provided and combined. For example, in ac-
cordance with the principles of temporal and spatial contiguity, external representations
should be presented in close temporal and spatial relation. However, at this stage, it is not
possible to determine to what extent external representations have been used within the
courses in accordance with these principles. For instance, it is possible that an educator
may introduce the Bloch sphere in the initial lecture of a semester and then focus solely
on the Dirac/Bra-ket notation in further lectures on distinct content without making con-
nections to the Bloch sphere. This approach may not be conducive to learning with MERs.
Consequently, further research is required to gain insight into the question of whether the

stated external representations have been used effectively.
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Second, the data does not allow any conclusions to be drawn regarding the extent to
which specific representations were used in the individual categories of competences or
learner skills. Participants were asked to provide information on course characteristics and
the representations used in a pooled form. Consequently, it is not possible to resolve any
possible differences in the representations used between the specified course characteris-
tics. Furthermore, we do not have any information on the frequency of active use of each
representation. It is possible that the focus will still be on a single representation, although
further representations are addressed occasionally in the course. It would be beneficial for
future research to concentrate on the extent to which the individual relevant representa-
tions are utilised.

Third, the study aimed to investigate the integration of MERs in QIST courses. More re-
search is needed to investigate the effectiveness or ineffectiveness of the relevant combina-
tions of representations. Especially the focus on symbolic representations of multi-qubit
provides a starting point for future research investigating the efficacy of merely homoge-
neous combinations of symbolic representations on students’ learning outcomes. To gain
insight into the learning effectiveness of common combinations of MERs, future studies
should investigate the effect of the respective combinations on relevant learner variables,
such as performance and cognitive load.

Fourth, the participating educators were solely from Germany and Austria. Local char-
acteristics may influence the use of representations, which may limit the extent to which
the results can be transferred to courses in other countries. However, when focussing on
Germany and Austria, participants covered a wide range of different locations, disciplines,
and achieved academic levels of the students, supporting the comprehensiveness of the
underlying data. To enhance the generalisability of the findings, it would be advantageous
to extend the data set to encompass courses from a range of international academic insti-
tutions.

Fifth, this study concentrated on higher education courses as a significant element in
training qualified workers in the field of QIST. When considering different educational
levels, it is important to recognise that courses may vary not only in terms of their depth of
content, but also in their use of representations, due to the differing characteristics of the
learners. More research is needed to assess the extent to which the results can be applied
to lower levels of education. In light of the aforementioned limitations and potential points
of connection, the study can serve as a foundation for future research in order to support
QIST educators in the effective use of relevant MERs and facilitate the learning of QIST
content.

Sixth, especially in the case of the real-world experiment and the (interactive) simulation
the external representations may not only be understood as visually perceived external
representations, but may also influence students’ learning through interaction effects. In
the questionnaire, we did not impose any restrictions on the participants as to whether
the representations were used in an interactive way or only for demonstration purposes.
To uncover possible differences in the use of interactive representations in QIST courses,
further research is needed.

6 Conclusion
To our knowledge, the present study is the first to provide comprehensive information
on the use of MERs and the factors influencing their use in higher education courses in
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QIST. The study indicates that, despite the considerable heterogeneity of the QIST field,
the corresponding courses follow similar strategies in the presentation of relevant content.
Regardless of the specific focus, combinations of symbolic and graphical representations
are used in all courses to depict single-qubit states. However, the use of graphical repre-
sentations for the presentation of multi-qubit states is lower than for single qubits. The
exact reasons for this remain to be investigated. However, in line with current educational
research, we propose a deliberate but more extensive inclusion of MERSs not only in the
context of single-qubit states, but especially in teaching the characteristics of multi-qubit
states.

Our study indicates that content complexity is a significant factor in the design of educa-
tional programmes in the field of QIST and reveals an untapped potential for the integra-
tion of MERs, particularly in the context of multi-qubit systems. To facilitate the creation
and implementation of beneficial courses in QIST, future research should focus on inves-

tigating the learning effectiveness of relevant representational combinations on students.

Abbreviations

QIST, Quantum Information Science & Technology; STEM, Science, Technology, Engineering, & Mathematics; DeFT,
Design, Functions, and Tasks; MERs, Multiple External Representations; CF, European Competence Framework; ITPC,
Integrated Theory of Text and Picture Comprehension; CTML, Cognitive Theory of Multimedia Learning.

Supplementary information
Supplementary information accompanies this paper at https://doi.org/10.1140/epjqt/s40507-025-00327-4.

[ Additional file 1. (PDF 1001 kB) j

Author contributions

ER, JB, AA and AW planned the study and designed the survey materials used. ER collected the data. ER, JB, AA, LQ and
AW analysed and discussed the data. ER, JB and AA wrote the first draft of the manuscript. LQ, SK, JKand AW reviewed the
manuscript and provided feedback. SK, JK and AW supervised the study. All authors read and approved the final
manuscript.

Funding
Open Access funding enabled and organized by Projekt DEAL. This work was supported by the German Federal Ministry
of Education and Research (BMBF) as part of the QuanTUK project (FKZ13N15995).

Data Availability
The survey material and collected data can be accessed online at https://osf.io/98hjm/?view_only=
7e247e9b4e064a21914d06159fa563d9.

Declarations

Competing interests
The authors declare no competing interests.

Author details

'Department of Physics, University of Kaiserslautern-Landau, Erwin-Schrédinger-Str. 46, Kaiserslautern, 67663, Germany.
2Chair of Physics Education, Faculty of Physics, Ludwig-Maximilians-Universitat Minchen, Geschwister-Scholl-Platz 1,
80539, Munich, Germany.

Received: 1 October 2024 Accepted: 7 February 2025 Published online: 13 February 2025

References
1. Tumulka R. Dirac notation. In: Greenberger D, Hentschel K, Weinert F, editors. Compendium of quantum physics.
Berlin: Springer; 2009. p. 172-4. https://doi.org/10.1007/978-3-540-70626-7_55.
2. Griffiths DJ, Schroeter DF. Introduction to quantum mechanics. 3rd ed. Cambridge: Cambridge University Press; 2018.
https://doi.org/10.1017/9781316995433.
3. Feynman RP, Vernon FL Jr, Hellwarth RW. Geometrical representation of the Schrédinger equation for solving maser
problems. J Appl Phys. 1957,28(1):49-52.


https://doi.org/10.1140/epjqt/s40507-025-00327-4
https://doi.org/10.1140/epjqt/s40507-025-00327-4
https://osf.io/98hjm/?view_only=7e247e9b4e064a21914d06159fa563d9
https://osf.io/98hjm/?view_only=7e247e9b4e064a21914d06159fa563d9
https://doi.org/10.1007/978-3-540-70626-7_55
https://doi.org/10.1017/9781316995433

Rexigel et al. EPJ Quantum Technology (2025) 12:22

20.

21.

22.

23.

24,
25.
26.
27.
28.
29.

30.

31

32.

33

. Hughes C, Isaacson J, Perry A, Sun RF, Turner J. Quantum computing for the quantum curious. Cham: Springer; 2021.

https://doi.org/10.1007/978-3-030-61601-4.

. IBM. Q-Sphere. https://learning.quantum.ibm.com/tutorial/explore-gates-and-circuits-with-the-quantum-

composeritg-sphere-view Accessed 2024-06-10.

. Johnston ER, Harrigan N, Gimeno-Segovia M. Programming quantum computers: essential algorithms and code

samples. Tst ed. Beijing: O'Reilly; 2019.

. Ainsworth S. Deft: a conceptual framework for considering learning with multiple representations. Learn Instr.

2006;16(3):183-98. https://doi.org/10.1016/j.learninstruc.2006.03.001.

. Pospiech G, Merzel A, Zuccarini G, Weissman E, Katz N, Galili |, Santi L, Michelini M. The role of mathematics in

teaching quantum physics at high school. In: Jarosievitz B, Stikdsd C, editors. Teaching-learning contemporary
physics. Challenges in physics education. Cham: Springer; 2021. p. 47-70. https://doi.org/10.1007/978-3-030-78720-
2_4.

. Nielsen MA, Chuang IL. Quantum computation and quantum information. 10th anniversary ed. Cambridge:

Cambridge University Press; 2010.

. Dowling JP, Milburn GJ. Quantum technology: the second quantum revolution. Philos Trans R Soc, Math Phys Eng Sci.

2003;361(1809):1655-74.

. Fox MFJ, Zwickl BM, Lewandowski HJ. Preparing for the quantum revolution: what is the role of higher education?

Phys Rev Phys Educ Res. 2020;16:020131. https://doi.org/10.1103/PhysRevPhysEducRes.16.020131.

. Kaur M, Venegas-Gomez A. Defining the quantum workforce landscape: a review of global quantum education

initiatives. Opt Eng. 2022;61(8):081806.

. Merzel A, Bitzenbauer P, Krijtenburg-Lewerissa K, Stadermann K, Andreotti E, Anttila D, Bondani M, Chiofalo MLM,

Faleti¢ S, Frans R, et al. The core of secondary level quantum education: a multi-stakeholder perspective. EPJ
Quantum Technol. 2024;11(1):27.

. Hughes C, Finke D, German D-A, Merzbacher C, Vora PM, Lewandowski HJ. Assessing the needs of the quantum

industry. [EEE Trans Ed. 2022;65(4):592-601. https://doi.org/10.1109/TE.2022.3153841.

. Kuchina E, Powers M. Recommendations on quantum education. Radiat Eff Defects Solids. 2023;178(11-12):1337-9.

https://doi.org/10.1080/10420150.2023.2291758.

. Krijtenburg-Lewerissa K, Pol HJ, Brinkman A, Joolingen WR. Insights into teaching quantum mechanics in secondary

and lower undergraduate education. Phys Rev Phys Educ Res. 2017;13:010109. https://doi.org/10.1103/
PhysRevPhysEducRes.13.010109.

. Asfaw A, Blais A, Brown KR, Candelaria J, Cantwell C, Carr LD, Combes J, Debroy DM, Donohue JM, Economou SE,

Edwards E, Fox MFJ, Girvin SM, Ho A, Hurst HM, Jacob Z, Johnson BR, Johnston-Halperin E, Joynt R, Kapit E,
Klein-Seetharaman J, Laforest M, Lewandowski HJ, Lynn TW, McRae CRH, Merzbacher C, Michalakis S, Narang P, Oliver
WD, Palsberg J, Pappas DP, Raymer MG, Reilly DJ, Saffman M, Searles TA, Shapiro JH, Singh C. Building a quantum
engineering undergraduate program. IEEE Trans Ed. 2022,65(2):220-42. https://doi.org/10.1109/TE.2022.3144943.

. Perron JK, DeLeone C, Sharif S, Carter T, Grossman JM, Passante G, Sack J. Quantum Undergraduate Education and

Scientific Training. https://doi.org/10.48550/arXiv.2109.13850.

. Salehi O, Seskir Z, Tepe |. A computer science-oriented approach to introduce quantum computing to a new

audience. IEEE Trans Ed. 2022;65(1):1-8. https://doi.org/10.1109/TE.2021.3078552.

Goorney S, Sarantinou M, Sherson J. The quantum technology open master: widening access to the quantum
industry. EPJ Quantum Technol. 2024;11:7. https://doi.org/10.1140/epjqt/s40507-024-00217-1.

Stadermann HKE, Berg E, Goedhart MJ. Analysis of secondary school quantum physics curricula of 15 different
countries: different perspectives on a challenging topic. Phys Rev Phys Educ Res. 2019;15:010130. https://doi.org/10.
1103/PhysRevPhysEducRes.15.010130.

Meyer JC, Passante G, Pollock SJ, Wilcox BR. Introductory quantum information science coursework at US institutions:
content coverage. EPJ Quantum Technol. 2024;11:16. https://doi.org/10.1140/epjqt/s40507-024-00226-0.

European Commission, Directorate-General for Communications Networks, Content, Technology Greinert F, Mdller R
European Competence Framework for Quantum Technologies (CFQT) — Reference Framework for Planning, Mapping
and Comparing QT-related Educational Activities, Personal Qualification and Job Requirements. Publications Office of
the European Union, Luxembourg; 2024. https://doi.org/10.2759/389764.

North B. The cefr levels and descriptor scales. In: Multilingualism and assessment: achieving transparency, assuring
quality, sustaining diversity. Proceedings of the ALTE Berlin conference. 2005. p. 21-66.

Goorney S, Bley J, Heusler S, Sherson J. The Quantum Curriculum Transformation Framework for the development of
Quantum Information Science and Technology Education. http://arxiv.org/pdf/2308.10371v1.

Forehand M. Bloom'’s taxonomy. Emerg Perspect Learn Teach Technol. 2010;41(4):47-56.

Banchi H, Bell R. The many levels of inquiry. Sci Child. 2008;46(2):26.

van de Pol J, Volman M, Beishuizen J. Scaffolding in teacher-student interaction: a decade of research. Educ Psychol
Rev. 2010;22(3):271-96. https://doi.org/10.1007/510648-010-9127-6.

Manning ML, Lucking R. The what, why, and how of cooperative learning. Soc Stud. 1991;82(3):120-4. https://doi.org/
10.1080/00377996.1991.9958320.

Mayer RE. The multimedia principle. In: Mayer RE, Fiorella L, editors. The Cambridge handbook of multimedia
learning. Cambridge handbooks in psychology. Cambridge: Cambridge University Press; 2021. p. 145-57. https://doi.
org/10.1017/9781108894333.015.

Opfermann M, Schmeck A, Fischer HE. Multiple representations in physics and science education — why should we
use them?. In: Treagust DF, Duit R, Fischer HE, editors. Multiple representations in physics education. Models and
modeling in science education. vol. 10. Cham: Springer; 2017. p. 1-22. https://doi.org/10.1007/978-3-319-58914-5_1.
Rau MA. Conditions for the effectiveness of multiple visual representations in enhancing stem learning. Educ Psychol
Rev. 2017;29(4):717-61. https://doi.org/10.1007/510648-016-9365-3.

Mayer RE. Cognitive theory of multimedia learning. In: Fiorella L, Mayer RE, editors. The Cambridge handbook of
multimedia learning. Cambridge handbooks in psychology. Cambridge: Cambridge University Press; 2021. p. 57-72.
https://doi.org/10.1017/9781108894333.008.

Page 18 of 20


https://doi.org/10.1007/978-3-030-61601-4
https://learning.quantum.ibm.com/tutorial/explore-gates-and-circuits-with-the-quantum-composer#q-sphere-view
https://learning.quantum.ibm.com/tutorial/explore-gates-and-circuits-with-the-quantum-composer#q-sphere-view
https://doi.org/10.1016/j.learninstruc.2006.03.001
https://doi.org/10.1007/978-3-030-78720-2_4
https://doi.org/10.1007/978-3-030-78720-2_4
https://doi.org/10.1103/PhysRevPhysEducRes.16.020131
https://doi.org/10.1109/TE.2022.3153841
https://doi.org/10.1080/10420150.2023.2291758
https://doi.org/10.1103/PhysRevPhysEducRes.13.010109
https://doi.org/10.1103/PhysRevPhysEducRes.13.010109
https://doi.org/10.1109/TE.2022.3144943
https://doi.org/10.48550/arXiv.2109.13850
https://doi.org/10.1109/TE.2021.3078552
https://doi.org/10.1140/epjqt/s40507-024-00217-1
https://doi.org/10.1103/PhysRevPhysEducRes.15.010130
https://doi.org/10.1103/PhysRevPhysEducRes.15.010130
https://doi.org/10.1140/epjqt/s40507-024-00226-0
https://doi.org/10.2759/389764
http://arxiv.org/pdf/2308.10371v1
https://doi.org/10.1007/s10648-010-9127-6
https://doi.org/10.1080/00377996.1991.9958320
https://doi.org/10.1080/00377996.1991.9958320
https://doi.org/10.1017/9781108894333.015
https://doi.org/10.1017/9781108894333.015
https://doi.org/10.1007/978-3-319-58914-5_1
https://doi.org/10.1007/s10648-016-9365-3
https://doi.org/10.1017/9781108894333.008

Rexigel et al. EPJ Quantum Technology (2025) 12:22 Page 19 of 20

34

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.
54.

55.

56.

57.
58.

59.

60.

61.

62.

63.

Schnotz W. Integrated model of text and picture comprehension. In: Fiorella L, Mayer RE, editors. The Cambridge
handbook of multimedia learning. Cambridge handbooks in psychology. Cambridge: Cambridge University Press;
2021. p. 82-99. https://doi.org/10.1017/9781108894333.010.

Rau MA. Conditions for the effectiveness of multiple visual representations in enhancing STEM learning. Educ Psychol
Rev. 2017;29(4):717-61. https://doi.org/10.1007/510648-016-9365-3.

Ainsworth S. The multiple representations principle in multimedia learning. In: Mayer RE, Fiorella L, editors. The
Cambridge handbook of multimedia learning. Cambridge handbooks in psychology. New York: Cambridge
University Press; 2021. p. 158-70. https://doi.org/10.1017/9781108894333.016.

Noetel M, Griffith S, Delaney O, Harris NR, Sanders T, Parker P, Del Pozo Cruz B, Lonsdale C. Multimedia design for
learning: an overview of reviews with meta-meta-analysis. Rev Educ Res. 2022;92(3):413-54. https://doi.org/10.3102/
00346543211052329.

Castro-Alonso JC, Sweller J. The modality principle in multimedia learning. In: Mayer RE, Fiorella L, editors. The
Cambridge handbook of multimedia learning. Cambridge handbooks in psychology. New York: Cambridge
University Press; 2021. p. 261-7. https://doi.org/10.1017/9781108894333.026.

Schnotz W. Sign systems, technologies and the acquisition of knowledge. In: Rouet J-F, Levonen J, Biardeau A, editors.
Multimedia learning. Advances in learning and instruction series. Amsterdam: Pergamon; 2001.

Stenning K. A cognitive theory of graphical and linguistic reasoning: logic and implementation. Cogn Sci.
1995;19(1):97-140. https://doi.org/10.1016/0364-0213(95)90005-5.

Sweller J, van Merriénboer JJG, Paas F. Cognitive architecture and instructional design: 20 years later. Educ Psychol
Rev. 2019;31(2):261-92. https://doi.org/10.1007/510648-019-09465-5.

Paivio A. Mental representations: a dual coding approach. New York: Oxford University Press; 1990. https://doi.org/10.
1093/acprof:0s0/9780195066661.001.0001.

Fiorella L, Mayer RE. Principles for reducing extraneous processing in multimedia learning: coherence, signaling,
redundancy, spatial contiguity, and temporal contiguity principles. In: Fiorella L, Mayer RE, editors. The Cambridge
handbook of multimedia learning. Cambridge handbooks in psychology. Cambridge: Cambridge University Press;
2021. p. 185-98. https://doi.org/10.1017/9781108894333.019. https.//www.cambridge.org/core/books/cambridge-
handbook-of-multimedia-learning/principles-for-reducing-extraneous-processing-in-multimedia-learning/
F29A19FCD34C542806F736E0661CO5F5.

Daniel KL, Bucklin CJ, Austin Leone E, Idema J. Towards a definition of representational competence. In: Daniel KL,
editor. Towards a framework for representational competence in science education. Cham: Springer; 2018. p. 3-11.
https://doi.org/10.1007/978-3-319-89945-9_1.

Krijtenburg-Lewerissa K, Pol HJ, Brinkman A, van Joolingen WR. Insights into teaching quantum mechanics in
secondary and lower undergraduate education. Phys Rev Phys Educ Res. 2017;13:010109. https://doi.org/10.1103/
PhysRevPhysEducRes.13.010109.

Seegerer S, Michaeli T, Romeike R. Quantum computing as a topic in computer science education. In: Berges M,
Muhling A, Armoni M, editors. The 16th workshop in primary and secondary computing education. New York: ACM;
2021. p. 1-6. https://doi.org/10.1145/3481312.3481348.

Aehle S, Scheiger P, Cartarius H. An approach to quantum physics teaching through analog experiments. Physics.
2022;4(4):1241-52. https://doi.org/10.3390/physics4040080.

Bouchée T, Putter-Smits L, Thurlings M, Pepin B. Towards a better understanding of conceptual difficulties in
introductory quantum physics courses. Stud Sci Educ. 2022;58(2):183-202. https://doi.org/10.1080/03057267.2021.
1963579.

Wawro M, Watson K, Christensen W. Students’ metarepresentational competence with matrix notation and Dirac
notation in quantum mechanics. Phys Rev Phys Educ Res. 2020;16:020112. https://doi.org/10.1103/
PhysRevPhysEducRes.16.020112.

Javadi-Abhari A, Treinish M, Krsulich K, Wood CJ, Lishman J, Gacon J, Martiel S, Nation PD, Bishop LS, Cross AW,
Johnson BR, Gambetta JM. Quantum computing with Qiskit. https://doi.org/10.48550/arXiv.2405.08810.

Mdller R, Greinert F. Quantum technologies: for engineers. Berlin: De Gruyter; 2023. https://doi.org/10.1515/
9783110717457.

Just B. Quantum computing compact: spooky action at a distance and teleportation easy to understand 1st ed.
Berlin: Springer; 2022. https://doi.org/10.1007/978-3-662-65008-0.

Leiner DJ. SoSci Survey. 2024. https.//www.soscisurvey.de.

IBM. Phase Disk. https://learning.quantum.ibm.com/tutorial/explore-gates-and-circuits-with-the-quantum-
composer#tphase-disk. Accessed 2024-06-10.

Yeung K. Quantum computing & some physics: the quantum computing comics notebook. Leipzig: Independently
published; 2020.

Heusler S, Schlummer P, Ubben MS. The topological origin of quantum randomness. Symmetry. 2021;13(4):581.
https://doi.org/10.3390/sym13040581.

Tesch M, Glaser NJ, Glaser S. Spindrops. https://spindrops.org/. Accessed 2024-06-10.

Leiner D, Zeier R, Glaser SJ. Wigner tomography of multispin quantum states. Phys Rev A. 2017,96:063413. https://doi.
0rg/10.1103/PhysRevA.96.063413.

Migdat P, Jankiewicz K, Grabarz P, Decaroli C, Cochin P. Visualizing quantum mechanics in an interactive simulation —
virtual lab by quantum flytrap. Opt Eng. 2022;61(8):081808. https://doi.org/10.1117/1.0E.61.8.081808.

Kemp CJD, Cooper NR, Unal FN. Nested-sphere description of the n-level Chern number and the generalized Bloch
hypersphere. Phys Rev Res. 2022;4:023120. https://doi.org/10.1103/PhysRevResearch.4.023120.

Makeld H, Messina A. N-qubit states as points on the Bloch sphere. Phys Scr. 2010. https://doi.org/10.1088/0031-
8949/2010/T140/014054.

Bengtsson |, Zyczkowski K. Geometry of quantum states. Cambridge: Cambridge University Press; 2009. https.//doi.
org/10.1017/CBO9780511535048.

Bley J, Rexigel E, Arias A, Longen N, Krupp L, Kiefer-Emmanouilidis M, Lukowicz P, Donhauser A, Kiichemann S, Kuhn J,
Widera A. Visualizing entanglement in multiqubit systems. Phys Rev Res. 2024,6:023077. https://doi.org/10.1103/
PhysRevResearch.6.023077.


https://doi.org/10.1017/9781108894333.010
https://doi.org/10.1007/s10648-016-9365-3
https://doi.org/10.1017/9781108894333.016
https://doi.org/10.3102/00346543211052329
https://doi.org/10.3102/00346543211052329
https://doi.org/10.1017/9781108894333.026
https://doi.org/10.1016/0364-0213(95)90005-5
https://doi.org/10.1007/s10648-019-09465-5
https://doi.org/10.1093/acprof:oso/9780195066661.001.0001
https://doi.org/10.1093/acprof:oso/9780195066661.001.0001
https://doi.org/10.1017/9781108894333.019
https://www.cambridge.org/core/books/cambridge-handbook-of-multimedia-learning/principles-for-reducing-extraneous-processing-in-multimedia-learning/F29A19FCD34C542806F736E0661C05F5
https://www.cambridge.org/core/books/cambridge-handbook-of-multimedia-learning/principles-for-reducing-extraneous-processing-in-multimedia-learning/F29A19FCD34C542806F736E0661C05F5
https://www.cambridge.org/core/books/cambridge-handbook-of-multimedia-learning/principles-for-reducing-extraneous-processing-in-multimedia-learning/F29A19FCD34C542806F736E0661C05F5
https://doi.org/10.1007/978-3-319-89945-9_1
https://doi.org/10.1103/PhysRevPhysEducRes.13.010109
https://doi.org/10.1103/PhysRevPhysEducRes.13.010109
https://doi.org/10.1145/3481312.3481348
https://doi.org/10.3390/physics4040080
https://doi.org/10.1080/03057267.2021.1963579
https://doi.org/10.1080/03057267.2021.1963579
https://doi.org/10.1103/PhysRevPhysEducRes.16.020112
https://doi.org/10.1103/PhysRevPhysEducRes.16.020112
https://doi.org/10.48550/arXiv.2405.08810
https://doi.org/10.1515/9783110717457
https://doi.org/10.1515/9783110717457
https://doi.org/10.1007/978-3-662-65008-0
https://www.soscisurvey.de
https://learning.quantum.ibm.com/tutorial/explore-gates-and-circuits-with-the-quantum-composer#phase-disk
https://learning.quantum.ibm.com/tutorial/explore-gates-and-circuits-with-the-quantum-composer#phase-disk
https://doi.org/10.3390/sym13040581
https://spindrops.org/
https://doi.org/10.1103/PhysRevA.96.063413
https://doi.org/10.1103/PhysRevA.96.063413
https://doi.org/10.1117/1.OE.61.8.081808
https://doi.org/10.1103/PhysRevResearch.4.023120
https://doi.org/10.1088/0031-8949/2010/T140/014054
https://doi.org/10.1088/0031-8949/2010/T140/014054
https://doi.org/10.1017/CBO9780511535048
https://doi.org/10.1017/CBO9780511535048
https://doi.org/10.1103/PhysRevResearch.6.023077
https://doi.org/10.1103/PhysRevResearch.6.023077

Rexigel et al. EPJ Quantum Technology (2025) 12:22 Page 20 of 20

64.

65.

66.

67.

Kohnle A, Baily C, Campbell A, Korolkova N, Paetkau MJ. Enhancing student learning of two-level quantum systems
with interactive simulations. Am J Phys. 2015;83(6):560-6.

Robinson JM, Miklos M, Tso YM, Kennedy CJ, Bothwell T, Kedar D, Thompson JK, Ye J. Direct comparison of two
spin-squeezed optical clock ensembles at the 10- 17 level. Nat Phys. 2024;20:208-13.

Cohen J. Statistical power analysis for the behavioral sciences. 2nd ed. New York: Lawrence Erlbaum Associates,
Publishers; 1988. https://doi.org/10.4324/9780203771587.

Marshman E, Singh C. Investigating and improving student understanding of quantum mechanical observables and
their corresponding operators in Dirac notation. Eur J Phys. 2018;39(1):015707. https://doi.org/10.1088/1361-6404/
aa8e73.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.4324/9780203771587
https://doi.org/10.1088/1361-6404/aa8e73
https://doi.org/10.1088/1361-6404/aa8e73

	Investigating the use of multiple representations in university courses on quantum technologies
	Abstract
	Keywords

	Introduction
	Research background
	The field of QIST education
	Learning with multiple representations
	Research questions

	Methods
	Participants
	Questionaire design
	Analysis

	Results
	Course characteristics
	Representations of single- and multi-qubit states
	Effect of course characteristics on representations used

	Discussion
	Conclusion
	References

