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Abstract. In this paper, a description is given of some interesting processes involving the
interaction of a muon, a positron, or an antiproton with atoms and molecules. The process
involving a muon is the resonant formation of the muonic molecular ion, dtu, in the muon
catalyzed fusion cycle. In the case of a positron, the process considered is positron
annihilation in low-energy positron scattering by the hydrogen molecule. The antiproton is
considered as the nucleus of an antihydrogen atom interacting with simple atoms. Attention is
given to antiproton annihilation through the strong interaction. An outline is given of
proposed tests of fundamental physics to be carried out using antihydrogen.

1. Introduction
In my talk at the Advanced Science Research 2009 Symposium at Tokai, I described particular
interactions of muons, positrons and antiprotons with atoms and molecules.

2. Muon catalyzed fusion

The particle the muon that is central to muon catalyzed fusion was discovered by Anderson
and his first graduate student, Neddermeyer, in 1936 when studying cosmic rays [1]. The muon
has a mass of 207m., where m, is the mass of the electron. It has a mean lifetime of 2.2
microseconds. See, for example, [2]. The muon may have a positive or a negative charge. In
what follows, I will assume that the muon being considered is negatively charged.

If the electron in a hydrogen atom (H) is replaced by a muon, the result is a hydrogen-like

a
atom pu. The reduced mass of this atom is 186m.. Thus its bohr radius is &, where ag is

the bohr radius of H. The binding energy of each of its bound states is 186x (the
corresponding value for the H atom). ppu is thus very compact and strongly bound.

An electron can bind two protons to form a weakly bound ion, H;‘ , the hydrogen molecular
ion. If the electron in this ion is replaced by a muon, the resulting ion in its ground state is
very compact and strongly bound like pu. As is to be expected, these properties remain if
either or both protons are replaced by a deuteron (d) or a triton (t).

A natural question to ask is whether any way could be found of bringing about fusion that did
not require very high temperatures, such as are necessary for fusion in the core of the sun and
in the ITER project. In 1947, Frank [3] suggested that in the presence of protons and
deuterons a slow muon might bind to a p to form pu. This could come close to a d and form
pdp which we have seen is tightly bound. Frank thought that it was sufficiently tightly bound
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that p-d fusion might occur. With luck, this would leave the muon free to catalyze further
fusions, i.e. bring about p-d fusion while remaining unchanged at the end of the reaction.
Experiments on d-d fusion catalyzed by a muon carried out by Dzhelepov et al. [4] at the Joint
Institute for Nuclear Research (JINR) in Dubna, north of Moscow, in 1966 revealed a strong
and unexpected temperature dependence in the rate of formation of ddu. This was a very
exciting discovery. It strongly suggested that a resonant process was involved and held out the
possibility of a large increase in the fusion rate under suitable conditions.

It was not long before a form was suggested for this resonant process. In 1967, Vesman [5]
proposed that the formation of ddu could occur by the reaction

dp + Do — [(ddpu)* dee] (1)

where the species on the right-hand side is a muonic molecular complex in which ddu, in a
weakly bound excited state, forms one of the nuclei. Such a mechanism depends crucially on
the existence of a weakly bound state with binding energy less than the 4.5 eV dissociation
energy of Dy. Gershtein and Ponomarev and their group [6, 7] showed that ddu did indeed
have a weakly bound state which had rotational and ‘vibrational’ quantum numbers
(J,v) = (1,1) and binding energy ~2 eV. They were also able to show that a corresponding
weakly bound state of dtu exists with binding energy ~1 eV.
The most favourable muonic molecular ion for muon catalyzed fusion is dtu. For example, the
d-t fusion rate for this ion is more than 1000 times larger than for any other ion. Also, it
produces nearly the highest energy per fusion (17.6 MeV). See, for example, [8].
In the resonant reaction

tu + D2 — [(dtu)ndee] (2)

dtp is formed in its J = 1, v = 1 state. However, rapid fusion only takes place if dtp is in a
state with J = 0. It is thus important to know the binding energies and wave functions of the
various states of dtu below the very weakly bound (1, 1) state. These binding energies are
given in [9]. Deexcitation to these lower states is brought about by Auger decay.

Reaction (2) is incomplete without an indication of what results from the formation of the
[(dtp)11dee] complex. With inclusion of the most important decay products, it becomes

ti + Do = [(dtp)11dee] — [(dtp) jode]™ + e, (3)

where (J,v) = (0,1), (2,0), (1,0) or (0,0). If the total angular momentum of the tu + D3 is
taken to be zero for simplicity, the cross section o,(FE) for this resonant process is determined
by the Breit-Wigner formula [10].

T r.r',

TR (E_-BE)2+ T(Te+Tg)? W

o, (E)

where k is the wave number of the relative motion of tu and Do,

FE = the energy of the system, F, = the energy of the resonant state,
T'. = partial width for back decay into tu + Do, and T', = partial width for Auger decay.

Fig 1 shows how dtu formation fits into the overall muon catalyzed fusion cycle.

Cohen at Los Alamos, who has made many contributions to the theory of muon catalyzed
fusion over the years, encouraged me to apply the methods of quantum reactive scattering to
reaction (3). This reaction has some similarities with the chemical reaction

H+ Dy — H+ Dy or HD + D. (5)
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This and other chemical reactions have been extensively studied by these methods. See, for
example, [12].

However, comparison of reactions (3) and (5) shows that (3) has a special feature not present
in (5), namely the Auger decay process which leads to the loss of the electron. Reaction (5)
corresponds quite closely to the much slower side reaction

i+ Dy S [(dtp)11dee] — [(dtp) o] +D (6)

where (J,v) = (0,1), (2,0), (1,0) or (0,0).

This reaction proceeds through the same resonances as reaction (3). In this case, the resonant
complex decays forward into the muonic molecule [(dtu) s,e] and a D atom or backward into
t,u + Ds.

One of the methods that has been applied to reaction (5) is the method of Pack and Parker
[13]. They use adiabatically adjusting, principal axes hyperspherical coordinates (APH) in
their calculations. These are elegant coordinates that transform smoothly between different
channels such as H + Dy and HD + D. Together with Pack, my postdoc Zeman and I applied
this method to reaction (6) [14-16].

Unfortunately, there was no easy way of including the Auger decay channel directly in our
treatment. However, as pointed out by Men’shikov and Faifman [10], the coupling between the
resonant channels is small as the lifetime of the resonant complex is much longer than the time
the complex takes to complete a vibration. Thus the various decay processes operate
essentially independently. This made it possible for us to obtain what we expect to be accurate
values for I', and I';,, the partial widths for back decay and for the decay of the complex into
[(dtp) jve] + D, by analysing our results for the cross section for the resonant reaction (6) using
the Breit—-Wigner formula. Details of our calculation are given in [15].

It was found, as expected, that the reaction proceeded only through the resonances. The
resonant states were found to be the vibrational states of the complex with vibrational
quantum number v, = 3 and 4. The center of the v, = 2 resonance was calculated to be just
slightly below threshold.

Somewhat to our surprise, we found that our calculated value of the back decay rate [16] was
much larger than the value obtained for it by Lane [17] and comparable with the calculated
values of the Auger decay rate in [18]. Further work is necessary to resolve this discrepancy.

3. Low-energy positron-hydrogen-molecule scattering

In this section, I wish to consider low-energy scattering of a positron, the antiparticle
corresponding to the electron, by the hydrogen molecule.

The calculations I wish to describe were carried out with the nuclei in a fixed position. The
quantity that we have calculated is Zog(k), the effective number of electrons in the Ho target
that are available to the incident positron for annihilation. k is the wave number of the
positron. The positron annihilation rate, A, is given by

A= WT%CDZeH(kZ), (7)

where ¢ is the classical radius of the electron and D is the density of Ho molecules in the
vicinity of the positron.

There is currently great interest in the very large positron annihilation rates, and hence Zg (k)
values, that have been observed in low-energy positron scattering by some organic molecules.
These are observed experimentally to occur at energies just below those of excited vibrational
states of the molecule concerned [19]. This has been explained by Gribakin [20] as being due to
resonant behaviour involving a positron-molecule quasi-bound state. It is hoped that useful
information about this process can be obtained from our study of e™Hy scattering.
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The protons are fixed at A and B, which have coordinates (0, 0, —g) and (0,0, %),
respectively, w.r.t. Cartesian axes. R is the internuclear distance. The prolate spheroidal
coordinates (A, i, ¢) used in the calculations are of the form

where r4 and rp are the distances of the point with coordinates (A, u, ¢) from A and B,
respectively. ¢ is the usual azimuthal angle of spherical polar coordinates. Unless stated
otherwise, the internuclear distance R was fixed at 1.4ag, the equilibrium value for the Ho
molecule.

The Kohn trial function was taken to be of the form

n
Pirial = YpPtarget + Z 9iXi- (8)
=0

The open channel function 1), was taken to have the form

S+ atT
where
T =8 +iC 9)
_sinfe(A —1)]
S = N)\l—il (10)
o= NAZ D (g e - 1)) (11)

A —1
where A1 is the ellipsoidal prolate spheroidal coordinate for the positron,

c= %kR,

N is a normalisation constant, v is a non-linear parameter and ¢target is the Hy target wave
function. A linear combination of S and C, as above, is the simplest form for the function, ,,.
It represents the s-wave component of the part of the overall scattering wave function that is
of Z;r symmetry. {x;}_, are short-range correlation functions and a; and {g;} are linear
parameters to be determined by the complex Kohn method.

The short-range correlation functions are of the form

Xo = Cexp[—y(A1 — 1)]¢target (12)

Xi = SngXf"AS"A?M%S'#;C(Si, ti) exp[—aAi — B(A2 + A3)|Q, (i #0), (13)

where particle 1 is the positron and particles 2 and 3 the electrons, So3 is the electron
symmetriser, o and 3 are positive, non-linear parameters and NN is a normalisation constant.
ai, bi, c;, d;, e;, fi are non-negative integers. The forms used for C(s;,t;) are given in Table 1. If
the method of models [21] is used

Q= ¢target-
Otherwise () is taken to be equal to one.
Details of the first calculations carried out without using the method of models are given in
[22]. Earlier calculations by the generalised Kohn method used the method of models [23]. In
this method, the target Hamiltonian, ﬁt, is taken to be

Hy=-iV3-ivi+V, 4 (14)
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where Vmod is such that A
Ht¢target = Et¢target (15)

where E} is the expectation value of the energy of ¢target- No knowledge of V| )4 is required

when carrying out Kohn calculations. Also we do not have to consider the % electron
repulsion term in the exact form of the target potential.

This method had the very considerable advantage that it was possible to include the key
correlation functions in Table 1 containing C(1,1) = p12 = %rlg without calculating integrals
involving 22213 These functions are Hylleraas-type functions that correlate the positron and
the electrons. They play a very important role in improving the accuracy of the wave function
at points at which the positron and an electron coincide that are the key to calculating Z.g (k)
accurately. However, the complexity of the calculation prevented us from using a very accurate
target wave function.

Recently, we have taken account of the motion of the nuclei in our calculations as R has been
fixed at its equilibrium value, 1.4 ag. As a first step we have determined how Z.g(k) at

k = 0.04 varies with the internuclear distance, R. The results obtained both with and without
the use of the method of models are given in Table 2. It can be seen that the results obtained
using the method of modules are larger than those obtained without using this method. The
vibrationally averaged value of Z.g(k), obtained using a Morse function, is 13.5 when obtained
using the method of models and 9.7 without using this method [24, 25].

Thus the value obtained with the method of models is closer to the experimental value of 14.6
[26] than that obtained without using it. In a very recent, very accurate calculation of Z.g(k)
at very low energies, Zhang et al. [27] find similar behaviour to the behaviour we find using the
method of models as R increases beyond 1.6ag. The more accurate value obtained by the
method of models, despite using a less accurate target wave function, may be due to the better
convergence behaviour that is obtained using this method [28, 22].

4. Antihydrogen

There is great current interest in the preparation of cold antihydrogen (H), the simplest
antiatom made up of an antiproton and a positron. This work is being carried out by the
ALPHA and ATRAP collaborations at CERN [29, 30]. It is proposed to carry out tests of
fundamental principles of physics using trapped antihydrogen. There is a very good article on
the underlying theory by Shore [31]. For my summary with comments, see [32].

To this end, it is proposed to carry out the following experiments at CERN.

(1) Examination of the spectrum of H to test the CPT and Lorentz invariance of relativistic
quantum field theory.

(2) The weak form of Einstein’s principle of equivalence predicts that H should fall at the
same rate as H in a gravitational field. This is to be tested by an experiment to be carried
out by Kellerbauer et al. [33].

The proton and the antiproton are hadrons. Thus they can interact through the strong
interaction that brings about proton-antiproton annihilation. This interaction is much stronger
than the electromagnetic interaction that brings about electron-positron annihilation. The
strong interaction is described by Quantum Chromodynamics (QCD). Current applications
treat QCD as a perturbation. However, the coupling constant for QCD at very low energies is
too large for perturbation theory to be applicable. This situation is not very satisfactory.
However, the underlying problem ‘is a very difficult, long standing problem in QCD’ [34].

The most accurate practical treatment is to use a complex phenomenological potential taking
into account the following: the meson exchange part of the strong interaction,
proton-antiproton annihilation, the dipole interaction between the nuclear spins and spin-orbit
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coupling between nucleon spins and partial waves. The form of the terms in the potential is
determined from experiment. A detailed treatment of this type is possible for H + H [35], but,
as far as I am aware, not for more complicated systems.

Calculations that we have carried for HH scattering [36] show that cross sections for H loss
through the rearrangement reaction with product pp + Ps are larger than for H loss by
antiproton annihilation [35]. However, this is not the case for HeH scattering. Cross sections
for H loss through the three rearrangement reactions with products He*p + Ps, Hep 4+ et and
ap + Ps™, respectively, are much smaller than for H loss by antiproton annihilation [37, 25].

5. Conclusion

I have described interesting ways in which a muon, a positron and antihydrogen, which
contains an antiproton, can interact with simple atoms and molecules. It is to be expected
that new facilities such as J-PARC and further work at CERN will make possible many more
studies of interactions of this type.

I have also outlined proposed tests of fundamental physics to be carried out using
antihydrogen. These should either reinforce our present understanding of physics or show that
modifications to this understanding are necessary. A need for modifications would be a very
exciting outcome.
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Table 1. Forms used for the factor C(s;,¢;) in the short-range correlation functions.

S t; C(siyt;) Type of basis function
0 0 1 Product of ¢ functions
1 1 P12 Positron-electron

Hylleraas-type

1 2 P23 Electron-electron
Hylleraas-type

2
2 1 = (122 + Y1Y2) Positron-electron

configuration
interaction (CI) product of 7 functions

2
2 2 — (2223 + Y2ys3) Electron-electron CI, product of 7 functions

R is the internuclear distance.
The distance between particles ¢ and 7,

Tij = 5 Pij-



International Symposium on Advanced Science Research 2009 IOP Publishing

Journal of Physics: Conference Series 225 (2010) 012002

y

Cycle rate

A

c

Sticking

doi:10.1088/1742-6596/225/1/012002

1 Atom
formation

NG

Transfer

Aa n Muonic
molecule
formation

Figure 1. The principal muon catalysis fusion cycle in a deuterium and tritium mixture
[8]. Side chains involving d-d and ¢-t fusion are not shown. A\, = muonic atom formation rate
~ 4 x 10" s71; Ay = muon transfer rate from (du)1s to (tp)1s & 3 x 108 s71; Ay, = resonant
formation rate of dtyu ~ 4 x 10%sec™!; w, = effective sticking probability ~ 0.43%; A. = cycle
rate. Values [11] are for 7' = 300K and liquid hydrogen density (4.25 x 102® atoms m~3).

Table 2. The dependence of Z.g(k) for kK = 0.04 on the internuclear distance R.

Internuclear Zet (k)
distance, R | Calculated using the | Calculated without using
(ao) method of models T | the method of models *
0.8 6.4 5.0
0.9 7.2 5.8
1.0 8.0 6.5
1.2 10.0 8.1
14 12.6 9.6
1.6 15.8 10.6
1.8 19.8 11.1
2.0 24.3 10.8
2.1 26.7 10.5

1 Trial function containing 279 short-range correlation functions, 18 of which correlate the
positron and the electrons, and a target wave function that takes into account 57.1% of
the correlation of energy of Ho at R = 1.4ay.

* Trial function as above but with a target wave function that takes into account 96.8% of
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the correlation energy of Hy at R = 1.4ag.

The percentage correlation energy is given by the percentage of the energy, beyond the
SCF energy, taken into account by the wave function under consideration.
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