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Abstract

The paper considers quantal many-boson systems that are described by a rotationally
invariant and boson-number conserving Hamiltonian. The properties of a generic model
are studied, which treats N bosons of p different kinds with non-zero angular momenta
0,0, ..
the interaction between the bosons is arbitrary, and closed formulas are given for matrix

,£p, possibly augmented with a (number of) scalar s boson(s). The order k of

elements between N-boson states for any k if p = 1 and p = 2. A recursive procedure is
defined for arbitrary k and p. With the expressions derived in the paper, it is possible to
express symbolically a Hamiltonian matrix element between N-boson states as a linear
combination of k-body interaction matrix elements. More generally, the formulas allow
the evaluation of matrix elements of tensor operators that are not necessarily scalar nor
boson-number conserving. The numerical implementation of the formalism is discussed
and illustrated with a few examples.

Keywords: interacting boson models; k-body interactions; symbolic calculation

1. Introduction

Many quantum systems can be modeled in terms of bosons. Although the system’s
basic constituents are fermions (e.g., neutrons and protons in an atomic nucleus), clusters
of an even number of them can be treated approximately as bosons, leading to a significant
simplification of the original many-fermion problem. However, since the bosons are not
elementary and violate the Pauli principle that acts among the fermions, the price to pay is
an interaction between the bosons that is complicated and usually of higher order.

The purpose of this paper is to present a formalism that deals with quantal systems
consisting of bosons with complex higher-order interactions. It is assumed that the system
is described by a Hamiltonian that is rotationally invariant so that its eigenstates are
characterized by an angular momentum | and its projection on the z axis M. Furthermore,
the Hamiltonian is also assumed to conserve the total number of bosons N. The bosons
,p- The
number 7n; of ¢; bosons is not conserved in general, and interactions may transform a

can be of p different kinds that have the respective angular momenta ¢;,i =1, ...

boson with angular momentum /; into another one with ¢;;. With these assumptions the
expressions given in this paper enable the construction of matrix elements of a Hamiltonian
with k-body interactions, or any higher-order non-scalar operator, between N-boson states
for arbitrary order k and arbitrary number p of different kinds of bosons.

A system of N bosons of one kind with angular momentum ¢ can be considered as
the most ‘elementary’ one. Models of this type shall be referred to as the ¢/-interacting
boson model or /-IBM. In Section 3, a generic algorithm is presented, which enables the
solution of the eigenvalue problem in ¢-IBM for interactions between the bosons that are,
in principle, of arbitrary order k.
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The elementary /-IBM can be generalized to /; ... {,-IBM. For p = 2, explicit formulas
are given in Section 4 for the N-boson matrix elements in ¢1¢,-IBM, valid for arbitrary
angular momenta ¢; and ¢, and arbitrary order k of the interaction. For p > 2, explicit
formulas become cumbersome because of the complicated angular momentum recoupling.
In that case a recursive procedure is defined in Section 5, reducing a matrix element in
{1...£,-IBM to a linear combination of products of p matrix elements in /;-IBM, i =1,..., p.

The set of bosons {bgi,i =1,...,p} may contain a scalar s boson with zero intrinsic
angular momentum, ¢ = 0. This possibility covers two important models, namely the
vibron model of molecules [1] with s and p (¢ = 1) bosons and the IBM of nuclei [2] with s
and d (¢ = 2) bosons. As will be shown below, the s-boson dependence of matrix elements
can be factored out if operators are written in normal-ordered form with creation operators
to the left and annihilation operators to the right. In case the model contains several kinds
of s bosons, they can all be eliminated from normal-ordered operators, leaving a model of
the type £; ... £,-IBM with £; # 0. The assumption /; # 0 is not a fundamental restriction
but is made for convenience. All formulas given in this paper are valid if some ¢; are zero;
the recursive algorithm, however, is more efficient if the s boson(s) is (are) eliminated from
the start.

The straightforward elimination of scalar bosons is not possible if operators are not
given in normal-ordered form. A particularly important case concerns operators given
in multipole form, which is discussed in Section 6. An operator in multipole form can
always be reduced to a combination of normal-ordered operators. In Section 7, a generic
algorithm is described, which converts a multipole Hamiltonian into its normal-ordered
representation for arbitrary order k of the interaction.

The formalism presented in this paper is capable of dealing with systems consisting of
bosons that are intrinsically different but have the same angular momentum. For example,
the neutron—proton IBM or IBM-2 [3] can be considered as s, s,d,d.-IBM, which after the
elimination of the s, and s, bosons reduces to d,d-IBM, the matrix elements of which are
quadratic combinations of those in d-IBM. Likewise, the isospin-invariant IBM or IBM-3 [4]
can be treated as s,555,;dyd;d7-IBM and can be reduced to a problem in d-IBM.

The paper starts with a brief review, given in the next section, of the algorithm to
calculate coefficients of fractional parentage (CFPs) on a seniority basis.

2. Coefficients of Fractional Parentage in a Seniority Basis

The definition of CFPs for fermions can be found in standard textbooks [5] and is
easily extended to bosons [6]. All formulas given in this section are valid for fermions as
well as for bosons, and the notation j is used for the angular momentum of either a fermion
or a boson. Therefore, j can be an integer or half-odd-integer. Sections after the present
one only deal with bosons with integer angular momenta ;.

A many-body wave function expanded in terms of CFPs is rotationally invariant; that
is, it carries the quantum number of angular momentum |, and it satisfies the requirement
of anti-symmetry for fermions or symmetry for bosons. The definition of CFPs usually
applies to single-j systems, when all particles have the same angular momentum j. This is
not a fundamental restriction as the notion of CFPs can be generalized to multi-j systems [7],
consisting of particles with several angular momenta j;,i = 1,...,p.

A many-body calculation in terms of CFPs has the marked advantage that the order of
the interaction between the particles is automatically taken care of. This will be illustrated
below for single-j CFPs, but the statement is also valid for the multi-j generalization of
CFPs appropriate for several angular momenta j;. It is indeed possible to formulate the
many-body problem to any order of the interaction between the particles in terms of
generalized CFPs. This technique can be applied to the shell model in a space with several
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single-particle levels or to IBMs with bosons with different angular momenta. Owing to
the proliferation of the number of multi-j CFPs, this method, however, is restricted to a
relatively small number N of particles and a limited number p of angular momenta j;.

Numerical calculations are vastly more efficient for single-j than they are for multi-j
CFPs. In fact, the matrix elements of a many-body Hamiltonian can always be written
in terms of single-j CFPs, but this requires the recoupling of the angular momenta j;
of the particles. The analytic expressions of such matrix elements become increasingly
cumbersome as the order k of the interaction as well as the number p of angular momenta
ji increases. One concludes, therefore, that many-body calculations in terms of multi-j
CFPs are convenient if the Hamiltonian contains interactions of higher order k but become
computationally prohibitively expensive as the number N of particles and/or the number
p of angular momenta increases. On the other hand, analytic expressions for Hamiltonian
matrix elements in terms of single-j CFPs become prohibitively complicated with increasing
korp.

The method proposed in this paper is based on single-j CFPs, which is computationally
more efficient than that based on multi-j CFPs. It avoids the complex analytic expressions
of angular-momentum recoupling through a recursive procedure.

The computation of (n — 1) x 1 — n CFPs relies on the following recursive formula,
known as the Redmond relation [5,6]:

" ) aalal) = (Bt + (1= DR DT
“Ji

x[f“(a’lm,ﬂ}j"1a1hnj"2<aaf1>,j|}f"1@121] M

where [x] stands for /2x + 1 and the symbol in curly brackets is a 6j symbol. The recurrence
relation (1) expresses an (1 — 1) x 1 — n CFP on the left-hand side of the equation in terms
of a sum of (n —2) x 1 — (n — 1) CFPs on the right-hand side. The algorithm cannot
be applied as such, however, since in the CFP on the left-hand side the n-particle state
refers to a non-orthonormal, overcomplete basis, characterized by the labels [«;]>] of the
(n — 1)-particle parent state, while in the CFPs on the right-hand side the (n — 1)-particle
states must form an orthonormal basis. To carry out the orthonormalization, one orders
states in the overcomplete, non-orthonormal basis in a sequence |j" [axJk]]), k =1,2,...,q,
where g is the number of independent (anti-)symmetric n-particle states with total angular
momentum |. The sequence and the order of the states are arbitrary but for the fact that
the states must be linearly independent. A set of orthonormal states can be obtained from
the expansion

["ar]) =Y anl " i), T=1,2,...,4, 2)
=1

where the coefficients a,; are identified with the following sequence in a Gram-Schmidt
orthonormalisation procedure:

) = J%U"[almn,
lj"as]) = — (|j"[a2]2]]) — 621" [ 1] ])),
22 — (021)
. 1 ., S
oel) = (u well]) ~ Lol [wzm), 3

https://doi.org/10.3390/sym18020348


https://doi.org/10.3390/sym18020348

Symmetry 2026, 18, 348 4 of 22
until k = g, with
e
Ne =0 — Y (0)% o = Gl I i), Ok = G il T e ). 4)
r=1

The coefficients a,; (needed for r > k) can be calculated recursively from

1 1 r—1 S
G = —, 0y = ———— Orslgk, Ops = A1 04 (5)
\/MI T \/M s;k SK7 sgl §S" s’y

which as only input requires the knowledge of the overlap matrix

op = Zf[fnil(“i]i)/]'|}]‘n[“k]km G (i), 713" [ 1)) (6)

With the help of Equation (2), the CFPs in the orthonormal basis can be expressed in
terms of those in the non-orthonormal basis,

[ Nar 1), |} e ]] = Zark Yaah), j1} adil]), r=12,...,q. 7)

The Redmond relation (1), together with Equation (7), defines a genuine recursive
scheme. The basis defined by the label &,, however, depends on the chosen sequence
li"[axJk]]), k =1,2,...,q, which in general is different from a seniority basis. The latter basis
is mathematically convenient since it can be obtained from group-theoretical considerations,
as will be discussed in Section 3 in the case of bosons. In addition, the seniority label has a
useful intuitive interpretation since it corresponds to the number of particles not in pairs
coupled to angular momentum | = 0 [8]. For these reasons, it is of interest to adapt the
Redmond recursive scheme to include seniority.

To construct basis states |j"va]), where « is now a label additional to the seniority
v, one proceeds as follows. As the procedure is recursive, one assumes that the CFPs
[/*~Y(viaq]1)j] }jfva]] are known for k < n. The task is to compute them for k = n. All
CFPs [j" Y (via1]1)j| }j va]] with v = n —2,1n —4,...,1 or 0 can be obtained from seniority
reduction formulas, which for fermions (j half-odd-integer) read [5]

"o —1,a1)1),j|}j va]]

2j+3-n-0)]"% .
- [ O e o= ), e,

Y+ 1,a11), j]} " va]]

_ (_)]Jrjfh {(U + 1)(” - U)(Zh + 1)
n(2j+1—-2v)(2J] +1)

1/2
| rean i to s vanl @
while for bosons (j integer) they are [6]

[ Y —1,a111),j|}j"va]]

. 1/2
- [”(Zf “ldn- ”>] 10— 1), v,

n(2j —1+2v)
[ (0 + 1,01 )1), 1} va]
J@+Dm—0)@a+ D)2
= (_)]+] [1’1(2j+1+20)(2]1+ 1)] [] (U‘X])/”}] +1U+1/0‘1h]' (9)

https://doi.org/10.3390/sym18020348


https://doi.org/10.3390/sym18020348

Symmetry 2026, 18, 348

50f22

Equations (8) and (9) determine all (n — 1) x 1 — n CFPs except those with v = n,

[j”_l(vl =n—1,a1)1),jl}jv =n,a]]. (10)

Since a single particle can change seniority by at most one unit, the (n — 1)-particle
state must have v; = n — 1 in order to lead to an n-particle state with v = n. The CFP (10)
must be obtained from the Redmond relation (1) and therefore derived from the CFPs in
the non-orthonormal basis,

" or = 0= Laa ), 1} [0 = n — 1 af2]]]. (n

The state |j"[n — 1,a2]5]]), which has the parent |j*~1n — 1,a2]>), is a mixture of v = n
and v = n — 2 states, and the latter components must be projected out in order to arrive
at an orthonormal basis. This can be achieved by including the states |j"n — 2,a]) in
the Gram—Schmidt orthonormalization. The overlap matrix that should be used in this
procedure is

(" =2, ]|j"n = 2,a5])  ("n=2,a]|j"[n =1L, a]i]])
N ! N v , (12)
("n = Lol Jli"n = 2,as]) - ([ = L il 1" [0 = L Ji]])
where the upper-left matrix is diagonal,
(j"n —2,0,]|j"n — 2, a5]) = Oys, (13)

the off-diagonal matrices are

("= 2,0 17" [n = Ll 1) = (" [n — Lafel 1" — 2,00
= Y " Nowidi), j1Yn = 2,0 1" (o i), 13 I = L idT] (14)

vie;Jj

and the lower-right matrix is given by Equation (6).

The above formulas define a recursive procedure to determine the (n —1) x 1 — n
CFPs [j"~(v1a1]1), | }j*va]] in an orthonormal basis that includes the seniority quantum
number. For the construction of the Hamiltonian matrix of a k-body interaction in an
n-particle basis, knowledge of k x r — n CFPs, with k 4 r = n, is required. These can be
computed from

[ (vke ), " (Urer Jo) |} Unttn ]
A AT A <—>f+fé+fn+fr{ i i fk}

o o JrJn T
< [/ keSO [ orar il G (o) (o ) 1 e ) (15)

This equation is written in terms of 1 x (n — 1) — n CFPs and defines a recursive
procedure ending in 1 x (n —1) — n CFPs. These can be related to (n —1) x1 — n
CFPs through

[ 1" (Wha T 1" ontea ] = (=) [ (o) T1), 1" onttn T, (16)

where ¢ = +1 for bosons and ¢ = (—)"~! for fermions.
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3. The s¢-IBM

This section deals with boson models that include a scalar s boson and another type of
boson with angular momentum /. The ensuing model will be referred to as s¢-IBM and
covers two important cases, namely the vibron model [1] with s and p bosons and the
IBM [2] with s and d bosons. As the dependence of matrix elements on the s boson can
be readily factored out, the problem can be reduced to one in /-IBM. Note that there is,
in principle, no restriction on the values of ¢ and therefore the formalism of this section can
also be used to deal with models of interacting bosons with high angular momentum, such
as those related to aligned neutron—proton pairs [9].

States with N bosons in s/-IBM can be constructed in the ‘vibrational’ basis

U(20+2) > U@L+1) D SO(2¢+1) S SO@B) > SO(2)

! ! ! ! L)
[N] n v al M

where N is the total number of s + ¢ bosons and the number of £ bosonsisn = 0,1, ..., N.
The states in the ¢" system associated with the classification U(2¢ + 1) D SO(2¢+ 1) D SO(3)
coincide with those obtained with the CFP algorithm explained in the previous section.
The basis states (17) are characterized by the seniority quantum number v, which can take
the values v = n,n —2,...,0 or 1. The allowed values of the angular momentum L follow
from the SO(2¢+ 1) D SO(3) reduction, for which no simple, closed formula exists for
general £ but which can be obtained with group-theoretical methods [10]. The ¢ bosons
are possibly characterized by an additional label &, which specifies how many times the
angular momentum L occurs for a given seniority v, « = 1,2,...,d,(v, L). The multiplicity
dy(v, L) is known as a complex integral over the characters of SO(2¢ + 1) and SO(3) [11,12],

i (v L) _ L?{ (22L+1 _ 1)(ZZU+ZZ—1 _ 1) I—[iﬁz—lZ(Zv—i-k _ 1)
o 27 Jiz|=1 Zlv+L+2 H}%@:EZ(ijLl —-1)

dz. (18)

For simplicity of notation, the label a will be suppressed in the following if it
is not needed, that is, if dy(v,L) = 1. The label M of the final SO(2) algebra in
Equation (17) is the projection of the angular momentum L on the z axis, which satis-
fies M = —L,—~L+1,...,+L. Throughout this paper rotationally invariant Hamiltonians
are considered, for which all such M states have the same energy. The label M will be
suppressed if it is not needed.

A general number-conserving k-body interaction between the bosons can be expressed
as follows:

ZZ Z vlrcrll{/,m’v’(_)LBlJcrva ’ Bkm’V’L' (19)
L mvm'y!

where the operator B,J(rmv M (Brmyrm) creates (annihilates) a normalized state of k bosons

according to the classification (17), with m the number of ¢ bosons, v their seniority and L
kL

- mv,m'v’
coefficient that determines the strength of the interaction and By, .y = (— VEMB v — M-

The s-boson part in the operators BZm Jm and Biuvrm can easily be taken care of,

their angular momentum. Further, the dot indicates a scalar product, v is a numerical

(S‘r)kfm

Blwim = W Bl vims  Brmvim = WBMVLM/ (20)

where B;ij M (B,.yr.m) creates (annihilates) a normalized state of m ¢ bosons.
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Matrix elements of an interaction term in the expansion (19) between basis states (17)
can be factored as follows:

(NnUaT| (<) By - Bt IN'0a' )
B <SN—n | (S+)k—m(s~)k—m/ |SN—n’>

V (k—m)!(k —m')!

The s-boson matrix element in this equation follows from

<S”s ‘ (ST)mS (§)m§ |S";> B s n; 1/25 (22)
\/W N Mg m; Ng—Mmg,Ng—Mg/

while the expression for the /-boson matrix element is

(nva]|(=) B, - Byryp In'v'a’]). (21)

1/2
- n n'
(nvaJ|(—)LBE,, - By |n'v'a'T) = [( > ( , ﬂ E St O
n//v//a//L//

m m

x [0 (vL) 0" (0" & L") | M va]] [0 (VL) (0" L) [} 0 )], (23)

in terms of the m x n” — nand m’ x n’” — n’ CFPs, which are known from Equation (15).
Note that the multiplicity label « is included in the states with 1, n’ and n” bosons, where it
is frequently needed, but not in the configuration that specifies the interaction, where it
is usually not required. For example, in sd-IBM no multiplicity label is needed up to and
including five-body interactions.

Matrix elements of non-scalar operators that do not necessarily conserve boson number
can be derived in a similar fashion. One finds

<N7’1UDC]H (BlthL X Bk’m’v’L’) (R) ||N/7’1,U/06/]’>
GN=n|(gt\k=m (g)K —m | N'—n’ - R
= < \|/((k )— m)(i (3{’ _ m|/)| > <nU“]H (B:’H/L x Bm’v’L’)( )||n/0/“,],>' (24)

The s-boson matrix element is given by Equation (22) while for the ¢-boson matrix
element one obtains

< R
(nva]| (B;WL X Bm/v/y)( )Hn'v’a’]’>

_ nl(n '\ jerev4p [ LOLDOR
- UHR]U}{< m )( ' )] n/lv;“”,//(_) { ]/ ] ]// }571”,717"1511”11’7"1’

% [gm (vL)E”” (U”a”]”)”énvﬂé]] [em’ (V’L)f"” (U”D&”]")H@n/vloc/]/]. (25)

The doubled-barred matrix elements in Equations (24) and (25) are reduced in angular
momentum by virtue of the Wigner—Eckart theorem, defined according to the convention
of Refs. [5,6].

Equations (21)—(25) are closed expressions for matrix elements between many-boson
states in s¢-IBM of a k-body interaction and of a non-scalar operator of arbitrary order.
While there is, in principle, no restriction on the order k of the interaction or on the number
of bosons N, the computational cost for calculating the k x r — n CFPs increases with k
and N since these are obtained recursively.

4. The s£1£2-IBM

This section deals with a system consisting of N bosons that occupy an s level and
two additional levels with angular momenta ¢; and ¢,. The most relevant application of
this case is sdg-IBM [13] with s, d and g bosons, that is, if /1 = 2 and ¢, = 4. Throughout
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this section it is assumed that labels with index “1” act on the ¢; bosons while those with
index ‘2" act on the ¢, bosons.
States with N bosons in sf1¢,-IBM can be defined in the basis

U(le + 1) D) U(Ql) ® U(Qz) o 0 D 5012(3)
\: A A Loy (26)
[N] ny 1 L

where (); = 2¢; +1 and Q1 = Q1 + Oy. The number of ¢; bosons is n; and their sum
is N, that is, (n1,n2) = (N,0),(N —1,1),...,(0,N). The intermediate classification in
Equation (26) for each unitary algebra U(();) reads

U(Ql) D) SO(QI) > SOZ‘(?))
1 1 Loy (27)

n; v; a;L;

with labels as defined in the previous section. It is convenient to introduce at this point
the short-hand notation I’; for the set of labels {n;v;«;];} associated with a state and A; for
labels {m;v;L;} associated with an operator.

The generalisation of Eq. (19) from s¢-IBM to s{1£,-IBM leads to the following expres-
sion for a number-conserving k-body interaction:

(S‘r)k—m(g)k—m/

kL + + \(L) (pt NN
v . B\ X B B\, X B}, , 28
B, o, Tt T 7 P (B X B G
with m = my + mp and m' = m} + m!,. With the result
ot Mg o5 (D)
(BR, x BR,)ar = (=) M(Ba, x Ba,) hys (29)
the interaction can be rewritten as
tNk—m (z\k—m'
kL (s") (3) Lpt i
v ' ar —)"B -B , (30
;A;\z AllAlz AlAZrAlAz \/(k _ m)'(k — m,)| ( ) AlAzL A/lAéL )
where the B operators are defined as
_ (L) i e 5 (L)
Bl aoim = (Bh, X BR,) o Bayaim = (Ba, X Bay) - (31)

Matrix elements of a single interaction term in the expansion (30), that is, of the operator

Lpt 5
o=tk Baina B (32)
between the basis states (26), (27) can be written as the product of two factors. The first
one equals

<SN—n ‘ (S+)k—m(§)k—m’ |SN—n’>

V (k—m)!(k —m')!

, (33)
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with n = ny 4+ np and n’ = n} + n),. This factor is known from Equation (22) while the
second is given by

(NT1Lo; (=) BA, ayr - Barag INTITS; )

— (ViR L+ L (o] 4 q { Ly L, L }{ o] }
) PV 1 R LR KR

~ R = R
x (T1[| (BY, x Bay) ™ IT5) (T2 (B, x Bay) ™ ITS). (34)
The reduced matrix elements on the right-hand side of Equation (34) are known from
Equation (25).

Matrix elements of a non-scalar operator can be dealt with in a similar fashion. One in-
troduces the B operators

t\k—m t\k—m
t _ () t @ _ () t
Biaapim = 4(k ~ ). (BA1 X BAZ)M = (ki_ ! Ba, A
" I ) T RN ) B ) L
Bia LM = k= m) (Ba, X Bay)y, = k=) Ba,AyLMy (35)

and calculates the matrix element of a general non-scalar operator as

- R
(NT1T2; ]| (Bia, gt X kaA;A’zL/)( NN )
<SN—n ‘ (S’r)k—m(g)k/—m’ |SN/—n/>

5] R
- \/(k —m)!I(k' —m')! (T2 ]| (Bj\ﬂ\zL X BA’lA’zL/)( )”r/lrlz? T (36)

The s-boson matrix element is given by Equation (33) while for the ¢;¢;-boson matrix

element one obtains

~ R
(T102; ]| (BR, agz BAgA’zL')( Ty )

Ly L L h 2 ]
= [LIJIRILTT Y [Ra[R2)S Ly Ly L I
RiRy Ry R, R Ri R, R

% (1| (BY, x B ) VT (Tl (BR, x By) ™IS, (37)

where the symbols in curly brackets are 9j symbols [5,6].

Equations (33), (34), (36) and (37) are closed expressions for matrix elements between
many-boson states in s¢1¢,-IBM of a k-body interaction and of a non-scalar operator of
arbitrary order. As a reminder, in these equations I'; stands for the labels {n;v;«a;];} of a
state and A; for the labels {m;v;L;} of an operator, both associated with the boson with
angular momentum /;.

5. The st; ... £,-IBM

As the number of the different kinds of bosons increases the angular-momentum recou-
pling becomes more complicated and the resulting expressions increasingly cumbersome.
Instead of giving closed expressions in terms of 3rnj symbols, it is more appropriate to define
a recursive procedure, reducing a calculation in sf; ... £,-IBM to one in s/; ... £, _1-IBM, as
will be explained in this section.
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Basis states in s/ ... £,-IBM can be defined recursively according to

U,+1) D UQp1) @ UQp) D - D SOp ,(3)
1 I 1 N (38)
[N] N —n, np L

where ); = 2(; +1and Oy, = Oy + - - - + Q. The intermediate algebra U(Q);. , 1) can
be treated in the same fashion, ending in SOy ,_1(3), which is coupled with SO, (3) to the
total angular momentum algebra SO;. ,(3). According to this classification an operator
can be defined as follows:

I I L
(- ((BY, x B, = BR) ™ oo BY )Y, (39)

where A; stands for the labels {m;v;L;} and I; are intermediate angular momenta, resulting
from the coupling of I;_; and L;, in the convention that I[; = L; and that I, = L is the total
angular momentum of the operator. With the help of Equation (29) it can be shown by
induction that the Hermitian conjugate of the operator (39) is

I I ot
(- ((BY, < BR)™ < BL) ™ o x BE )Y

_ (_)L—M(_ - ((Ba, % Ba )(Iz) x B )(13) XX BA,,)(_L) _ (40)

2 M

3

Therefore, a general representation of a k-body interaction in sy ... £,-IBM is

!

22 z A (S+)k7111(§)k7m (_)LBJV— By (41)
. ALAT T )tk — m)]! {AL},L " PA{AT )Ly

IANT

where k — m (k — m’) is the number of s-boson creation (annihilation) operators, which
implies m = Y_; m; and m’ = }; m!, where the summation is over all ; bosons, i = 1,..., p.
The B operators are defined as

I I L
Bian,im =(- ((BX, % BY,) "™ Bh,) " x - x Bj\p)g\/l)’
~ ~ ~ I = I ~ L
Bian,m =( ((Ba, x Bay) ™ x Bay) ™ - x By ) (42)

The labels {A1,...,Ap} and {I,...,I,} are collectively denoted as {AI},. As the
proposed method is recursive in p, it is necessary to indicate the number of labels in the
sets A and I. In the interaction matrix elements v’/‘-\LT AT
they are defined in s/ ... £,-IBM for a given, fixed p.

this index can be dropped since

It is straightforward to deal with the s-boson dependence of any matrix element, which

is contained in the factor
<SN—n | (S’r)k—m (g)k/—m/ |SN/—n/>
V(k—m)!(k' —m")!

withn = Y ;n;and n’ =Y n;. The expression (22) can be used for a general non-scalar
operator, with possibly N # N’ and k # k’, and for a k-body interaction, for which N = N’
and k =K.

After factoring out the s-boson dependence, the remaining matrix element is defined
in fq...£,-IBM. A basis state of /1 ... {,-IBM can be written as

(43)

(- ((Ty x Tp) K2 x T3)(88) 5 .. T,) 1y = [{TK} 5 TM), (44)
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where T'; stands for the labels {n;v;a;];}. Akin to the notation for the operators, the labels
{Ty,...,Tp} and {Kj, ..., K} are collectively denoted as {TK},. The intermediate angular
momenta K; result from the coupling of K;_; with J;, in the convention that K; = J; and
that K, = ] is the total angular momentum of the state. The task is therefore the compute

(TR Y] = Kpl () Blagy 1 - Bravm, L IR} = K3, 45)

which is a generic matrix element of an interaction term in the expansion (41) between basis
states (44) of /1 ... £,-IBM. With use of the operator representation (39) this matrix element
can be rewritten as

TR}l () Blagy, - Brar, 'K }p)

1% L I K,_ K
()N L (o ) Z{ L/ o }{ p1 K/fp b }
R p-1 Ty p 1
< ({TR}p-1ll(B{zpy, , % By, ) IR Ly )Tyl (BY, x Bay) ™ IT)). (46)

The interaction matrix element is expressed as a sum of products of two reduced
matrix elements, the last one of which is

= R
(Tpll(BY, % Bay) ™ IT5) = (mpwpiap ol (B n, % Buguniy) X lhopat 1), 47)

where, for clarity’s sake, on the right-hand side all labels contained in T, T ;,, Ap and A;g are
denoted explicitly. The reduced matrix element (47) is known from Equation (25) while the
first reduced matrix element in Equation (46) is defined in /1 ... £, _1-IBM. Note however
that, although one started out with the matrix element of a scalar operator, the expansion
involves reduced matrix elements of non-scalar operators. The recursive procedure can be
readily extended to the latter operators through the relation

<{fK}p|(BI"} < Bam, ) B K'}p) (48)
I Ly Ip Ky Jp Kp
= LK) RIGIK,] Y. [RpallRplq Iy Ly Iy K. J K
Rp1Ry R,.1 R, R R,.1 R, R

< ({TRYy 11l (BEagy, , % Bramy, )™ IR Y1) (T, (BY, x Bag) ™I

This result is the generalization of Equation (37) from p = 2 to arbitrary p. The total
angular momenta J, ]/, L and L’ of the states in bra and ket and of the Bt and B operators
coincide with the final angular momenta in the series I, K, A and I, respectively, which
implies the equivalences | = K, ]' = K, L = I, and L' = Ij,.

6. Multipole Interaction to Any Order

The previous sections described the evaluation of matrix elements in /1 ... £,-IBM if
the Hamiltonian and other operators are specified in normal-ordered form, that is, with all
creation operators on the left and all annihilation operators on the right. Alternatively,
operators can be written in multipole form in terms of bilinear operators

Ztﬂél b[ X bg/)( ), (49)
o

where the summation is over the bosons in the model and té‘g/ are pre-defined coefficients.
For example the quadrupole operator Q, in the SU(3) limit of sd-IBM [14] is defined
with t%Z = O =1 and i,‘22 = ++/7/2. If several operators occur with the same angular
momentum, they can be distinguished with an additional index r in ¢/, e
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A Hamiltonian with up to k-body interactions in the bosons can be defined in terms of
a multipole expansion of the form

(oo (T x Th2)(A2) TAs)(A3> X - X T)‘k)(Ak), (50)

where for a scalar operator Ay = 0. The bosons in the operator (49) can be scalar (¢ =0
and/or ¢/ = 0) and, unlike for an operator in normal-ordered representation, the s-boson
dependence of a multipole operator cannot be simply factored out. It is therefore neces-
sary to assume in this section that the angular momenta ¢; can take on arbitrary values,
including zero.

The task is therefore to evaluate matrix elements of the operator (50) between basis
states of /1 ... {y-IBM, which, following the notation of the previous section, can be written
as [{T'’K}p), where I and K are collective notations that denote {T’y,...,T};} and the inter-
mediate angular momenta {Kj, ..., K}, respectively, with T; being the labels {n;v;«;];}
associated with the ¢; boson. The reduced matrix element of an operator in multipole form
between basis states [{TK},) can be calculated recursively from

{TRY | (- (TM x Th2)(A2) TAs)(A3) Yo TAk)(Ak)||{f/K/}p>

1 A A A 5 A -

Ky+K),+A, k-1 k k

=gy LA e R, TR )
{f//K//}p p 14 p

s ({TR Y| (- -+ (T x PA2)(Ba) s PAaYRs) e phia) (i) prgry - (51)

where it is assumed that, in the final application of this recurrence relation for k = 2,
A1 = Aq. This relation is recurrent in k, the number of bilinear operators in the multipole
expansion (50), and all matrix elements in Equation (51) are defined in / ... £,-IBM. The
angular momenta K, K;, and K;,’ are the final entries in the series K, K’ and K", and
correspond to the total angular momenta of the bra, ket and intermediate state, that is,
] = Kp,]' = Kj, and J” = K. The recurrence relation (51) shows that the reduced matrix
element of a multipole operator of order k can be converted into a linear combination of
products of k reduced matrix elements of the type ({TK},||T%|{I'K’},). Although the
operator T"i refers to only two bosons with angular momenta ¢; and ¢/ (which may be
zero), the states in bra and ket of the matrix element ({TK}, || T(|{T’K’},) are defined in
{1...L,-IBM. The latter matrix element can be evaluated with the help of Equation (48)
with the substitutions B:E Any, b} and Byzrpy, — ng.

7. From Multipole to Normal-Ordered Interactions

The previous section specified the algorithm to calculate matrix elements in ¢; ... £,-IBM
of a Hamiltonian in multipole form. The algorithm is doubly recursive. First, it reduces a
matrix element of a product of k bilinear operators T;‘ to a linear combination of matrix
elements of products of k — 1 bilinear operators and, second, it reduces a matrix element of
TF/l\ in/; ...¢,-IBMto a linear combination of products of a matrix elementin {1 ... £, 1-IBM
times one in £,-IBM. A more efficient algorithm can be defined by converting the multipole
Hamiltonian from the start to its normal-ordered representation.

To achieve the conversion from multipole to normal-ordered form, one calculates
all possible matrix elements in the basis (38), diagonal and off-diagonal, for boson num-
bers N = 0,1,..., kmax, where kmax is the maximum order of the multipole expansion.
With use of Equation (46) the matrix elements can expressed analytically in terms of the

k-body interactions vk Alternatively, with use of Equation (51), one calculates the

ALA'T"
same set of matrix elements for the multipole Hamiltonian and equates them to the cor-
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responding expressions for the normal-ordered Hamiltonian. The resulting set of linear
equations can be solved and gives the interactions v’;\LI A In terms of the parameters of the
multipole Hamiltonian.

This procedure makes use of the generic expressions of the matrix elements of a
Hamiltonian in its normal-ordered and multipole representations but these are only needed
for boson numbers up to and including kmax. Once the conversion to the Hamiltonian’s
normal-ordered representation is obtained, the latter can be used for an N-boson calculation.
Equations (48) and (51) provide entirely different recursive schemes to calculate matrix
elements in / ... £,-IBM and therefore the conversion from one to the other representation
also provides a rigorous test of the present formalism and its numerical implementation
discussed in the next section.

8. Numerical Implementation

Several computer codes are available to solve the secular equation of a Hamiltonian
matrix for a system of interacting bosons. For applications to nuclei in the framework of
the IBM the first such code, named phint, was written by Olaf Scholten [15,16]. It solves
numerically the eigenvalue problem of a Hamiltonian in sd-IBM with single-boson energies
and two-boson interactions. This code has been the basis for numerous extensions. For
example, the version ibm. f [17] includes all three-body interactions between s and d bosons
and incorporates mixing between configurations with different total boson number N (for
an application, see Ref. [18]). A more versatile interacting boson code, named ArbModel,
was developed by Stefan Heinze [19]. It can deal with bosons with arbitrary angular
momentum and CFPs are calculated as the square root of rational numbers, which prevents
the loss of precision for large N. The interactions in ArbModel are limited to two-body at
most and the Hamiltonian matrix is constructed numerically.

It is worthwhile to compare the available nuclear-physics codes for interacting bosons
with those for fermions, that is, with shell-model codes. There exists a panoply of the latter.
The most recent ones, still in use, are nushellx [20,21], antoine [22], kshell [23,24] and
bigstick[25,26]. They can handle a large number of single-particle orbitals (corresponding
to p in the present formalism) but are generally restricted to two-body interactions, which
may be made nucleon-number dependent to approximate microscopically calculated three-
nucleon interactions. Dimensions of the Hamiltonian matrix in the shell model typically
are much larger than those in boson models. For this reason all current shell-model
codes are written on an m-scheme basis, such that matrix elements must not be stored
but can be calculated on the fly. To the best of the author’s knowledge, there exists no
publicly available shell-model code that is able to express symbolically matrix elements in
a rotationally invariant N-nucleon basis in terms of interaction matrix elements of arbitrary
order k.

The formalism presented in this paper has been implemented in a Mathematica code
named ibm.m [27]. It accepts p different kinds of bosons with arbitrary angular momenta
ly,£2,...,Ly, with an interaction of arbitrary order k. In addition, the Hamiltonian matrix
for N bosons is constructed symbolically; that is, all its elements are known analytically as
a linear combination of the k-body interaction matrix elements.

While the formalism is valid for arbitrary p, k and N, it is clear that a numerical
implementation imposes limitations on their values. In all boson models considered
to date, p is rather low: the most elaborate model in this respect is the sdpf-IBM, for
which p = 3 since the s boson can be eliminated before the recursive procedure is started.
Likewise, in all reasonable applications, the order k of the interaction is unlikely to cause
numerical problems. For sd-IBM, an example with kmax = 4 is discussed in Section 9, but
the order can be further increased to k = 5 or even k = 6, in which case there are 41 and
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176 Hermitian interaction matrix elements, respectively. In more elaborate models, like
sdg-IBM or spd f-IBM, the number of interaction matrix elements steeply increases with
k. For example, in sdg-IBM there are 32 two-body Hermitian matrix elements and this
number increases to 324 and 3425 for k = 3 and k = 4, respectively. The corresponding
numbers in spd f-IBM are 66,976 and 13,038, if parity conservation is imposed. While some
method is needed to determine the numerical values of such large sets of interaction matrix
elements, either from microscopic considerations or from a physics-based expansion of a
Hamiltonian in multipole form, the code ibm.m allows the construction of matrix elements
in an N-boson basis for all such values of k, provided N is not too large.

It can be concluded, therefore, that neither p nor k represents a limiting factor in the
numerical implementation of the present formalism. The combination of a high boson
angular momentum ¢ and a large boson number N, however, does lead to numerical
difficulties for the following reason. The algorithm outlined in Section 2 calculates a
CFP as the square root of a rational number and loss of precision is therefore not an
issue. The number of states in the Gram—Schmidt orthonormalization procedure, however,
constitutes a limitation of the method. This number is given by the multiplicity d,(v, L)
of Equation (18). For ¢ = 2, as needed in sd-IBM, the number is small for all applications
to nuclei; for example, dp(v, L) < 4 for v < 20 and arbitrary L. The multiplicity increases
dramatically with ¢; for example, for a ¢ boson, dy(v, L) increases to 50 for v = 10 and
to 778 for v = 20. The latter number certainly cannot be handled by the Gram—Schmidt
orthonormalization procedure of Equations (3)—(6) and therefore an alternative, hitherto
unknown, algorithm for the construction of CFPs must be devised. With the current
algorithm calculations in sdg-IBM, they can be carried out by restricting the number of g
bosons to a lower value than the total boson number N.

9. Examples
9.1. The Classical Limit of the sd-IBM

Geometric insight into algebraic models can be obtained from their classical limit
(i.e., the limit of large boson number N) by means of a coherent state [28-30]. The topic of
this subsection is the classical limit of sd-IBM with the coherent state

1 , N
IN; By) = N oL (S+ + B[cos ydg + \/;Sm?(dtz + diz)]) lo),  (52)

where |0) is the boson vacuum and p and <y are the quadrupole shape parameters. The
calculation of the Hamiltonian’s expectation value in this state leads to a function of
N, B and 1, which has the interpretation of an energy surface in the shape variables and

depends on the interaction matrix elements v’%} defined in Equation (19). More generally,

v’
the coherent-state formalism can also be used to calculate off-diagonal matrix elements,
which have the interpretation of interactions between intrinsic states. This requires the

generalized definition

1 +2
N;g) = ———— (BON|0), Bl =st+ cdt, 53
IN;¢) N!(1+02)N( ¢) o), Be F:Z_Z udy (53)

where 2 = Yy c;jcy. With ¢g = Bcosy, cx1 = O0and cyp = %[3 sin 7y, the coherent
state (52) is obtained but the definition (53) covers other cases as needed, for example, in the
calculation of the matrix element between the coherent state (52) and the one obtained after
rotation. The generalized matrix element is calculated to be
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N! (1+c*- )Nk 1
(N=K)!' /A +AONA+ 2N \/(k— m)!(k —m')!

DD IDM ”iﬁf&“iyJ/LMHCV: H po (54)

M {pi} {pir}

<N;E|(_)LBI-<rnvL ) Bkn’v’L|N/'E/> =

For a diagonal matrix element, ¢ = &, this expression simplifies to

<N/'C_|(_)LBIJ<rnvL ’ Ekn/v/LlN; C_>

N 1 1 (i o}
= LY ¥ el 116 TTen 6
(N—k)'(1+c2)k \/(k*m)'(k*m ! M{ﬂz}{}l/} nv ULMZ_ i'=1
Use is made of the expansion of B, ,, in terms of uncoupled d-boson creation operators,
nvLM - E aiszd:llditz d;n’ (56)
{ni}

where {y;} refers to all possible sets {1, 2, ..., 4n} such that g +pp+ -+ -+ pp = M.
The expectation value can then be evaluated by noting that the action of the uncoupled
creation and annihilation operators is equivalent to a derivative [31].

The coefficients a%iL}M can be found by diagonalizing a d-boson Hamiltonian with
up to two-body interactions in the m scheme. The quantum numbers 7, v and L of the
eigenstates for a given value of M can be obtained from the eigenenergies since these are
known analytically. The corresponding eigenvectors determine the coefficients aiﬁfL}M.
A difficulty arises as the signs of the coefficients with fixed #n, v and L but varying
M are related through a Clebsch-Gordan series whereas numerically they are not. To
circumvent this problem, one calculates the coefficient tz%iL}M for a single value of M,
e.g, M = —L, and subsequently applies the raising operator L with use of the property
Ly|lLM) = /(L —=M)(L+M+1)L{|L, M +1). To obtain a normalized state, one uses

the operator

. Ly + t
T, = = E Tmb by, 57
+ VL-M)(L+M+1) =, Mt P 7

where
2000 +1)(20+1) V2
3(L—M)(L+M+1)

= (=)L (m+10—m|1+1), (58)
with ¢ = 2 in the case of d bosons.

The algorithm outlined above can be used to determine the classical limit of a Hamil-
tonian in sd-IBM with up to and including five-body interactions. For interactions of
higher order than five, the quantum numbers of seniority and angular momentum no
longer suffice to uniquely characterize an operator B! ,, and an additional label a is
sometimes needed. For example, for v = 6 two states occur with angular momentum
L =6,dy(v =L =6)=2. A possible strategy to deal with such even more complicated

{;4 ’} vt by diagonalizing in the m scheme a d-boson

interactions is to define the coefficients a,
Hamiltonian that includes a three-body 1nteract10n. The most logical choice is to consider
02 4d-daq- This particular interaction is expected to be related to n,, which is usually intro-
duced as an additional label [2] and is associated with the number of triplets of d bosons
coupled to angular momentum zero (see also the discussion in chapter 8 of Ref. [32]). In
fact, it can be shown that the operator Bn:l,:3, 1=M=0 annihilates a particular combination
of the two states with n = v = 6 and L = 6, and this provides a possible definition of the

state [n = v = 6,a = 1, L = 6) and therefore of the coefficients aiﬁiL}M.
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The energy surface of a generic sd-IBM Hamiltonian with interactions up to order kmax
can be written in the following manner:

R kmax _ R _ k
(N; B | PN B7) = Eg + 3 S 1()1 - ﬁ(gk D 50523 (cos ), (59)
k=1 rt

where the second summation is over all non-negative integer values of  and t such that
2r + 3t < 2k. The coefficients aﬁf) are well known (see, e.g., Ref. [31]) for k =1,

a(%) = €5, a%) =€y, (60)

where €; and €, are the s- and d-boson energies, and for k = 2,

”(()%)) = 3005 ‘1%) = %ﬁvgs-dd + Vs “cﬁ) = _Wz’?d-dd/
”%) = 10%4aa + 7V0.da + 35 Vddar (61)
which are written in terms of the combinations
L 1.1 L L
Uknv-kn'v' = E(Uknv,kn’v’ + Ukn’v’,knv) = Uknu,kn’v" (62)

where the last equality is valid for a Hermitian interaction.
The algorithm described in this section allows for the systematic calculation of the coef-
%) for k > 2 and is part of the code ibm.m [27]. The coefficients for k = 3 and 4 are
given in the Appendix A. From this extended analysis the following conclusions can be

ficients a

drawn. The number of d bosons involved in the interaction determines the power 2r 4 3¢
of B in the energy surface (59), that is, 2r 4+ 3t = n + n’ where n and n’ refer to the d-boson
numbers in the interaction (62). A non-zero power of cos 37y introduces a 7y dependence in
the energy surface, which can acquire a triaxial minimum with 0° < ¢ < 60° only if t > 2.
A power t of cos 3y requires at least 3t d bosons. In fact, analysis shows that the condition
is stronger since it requires at least 3t d bosons not in pairs coupled to angular momentum
L =0, thatis, |(v+v")/3] > t, where v and v’ refer to the seniorities in the interaction (62)
and | x| is the largest integer smaller than or equal to x. The explicit formula for ¢ is

Fmax = %(v—l—v/ —modg(v+U’)[7—3mod3(v—i—U’)]), t = tmax, tmax — 2, - -+ > 0. (63)

To understand the implications of this formula, one distinguishes the following three cases:

1. If mods(v+v') = 0, then tmax = (v+v')/3. This proves that a triaxial shape
associated with (cos 3’y)2 requires at least cubic interactions between the d bosons [31].
Since the 3d-boson states in v3;, ;;, have seniority v = 1, this interaction does not
contribute to (cos 3)?, in contrast to the interactions vﬁd 4.daq With L # 2, which have
v+v =6.

2. If mods(v+v') = 1, then tmax = (v+ v —4)/3. As a consequence, quadratic
interactions between the d bosons are independent of <y in the classical limit. Similarly,
since the sum of the seniorities in v2, ddy-ddddy O v?ldddr dddd, 18 U+ U = 4, these
four-body interactions are also independent of 7 in the classical limit.

3. Ifmods(v+v') = 2, then tmax = (v+ v' —2)/3. Quartic interactions between the
d bosons can have at most v + v/ = 8, in which case tmax = 2, yielding a term in
(cos37)? (t = 2) and one independent of 7y (t = 0).
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9.2. The QAV + ﬁy Expansion of the sd-Hamiltonian

Given the importance of quadrupole deformation in nuclei, several authors have
explored the results of an expansion in the quadrupole operator

Ou=(s"xd+dt x5 +x(@ xHP, (64)

with the goal to introduce higher-order interactions in the sd-IBM, see for example
Fortunato et al. [33]. The scope of such an approach can be enlarged by including the
angular momentum operator L, in the expansion, in which case eight third-order scalar
operators can be constructed, namely

LxLx1)o, (65)

where in each term the first two operators are coupled to the angular momentum of the
third operator to yield an overall scalar.

To answer the question how the operators (65) are related to each other, one applies
the algorithm of Section 7 that converts them to a normal-ordered representation. The
boson energies and the two-boson interactions of the eight operators are shown in Table 1.
The normal-ordered representation shows that

Lx0xQ) O =(Qx0xL)® £(QxLxQ), (66)

and that the three-body part of these three operators vanishes for any value of x. Similarly,
the three-boson interaction of (L x L x L)(%) vanishes identically. The only operators in the
list (65) with a non-zero three-boson interaction are those with three QA” operators or with
one QAV and two ﬁ}, operators, see Table 2. In addition, the normal-ordered representation
shows that the latter operators are independent of the order of ﬁ}, and Qy,

LxLx®)O=(LxOxL)O=(QxLxL)O. (67)

One concludes therefore that there are five independent operators in the list (65),
two of which have a non-zero interaction of order k = 3.

Table 1. The single-boson energies and the normal-ordered two-boson interactions for the eight cubic
operators of Equation (65).

(QxQAxQ)®  (OxLxQ)© (LxQxQ)© (LxLxQ)© (LxLx1)©
(OxOxD)®  (LxOxL)®

(OxLxL)®
€5 V5x —/30 0 0 0
€4 x(28-3x%) _Va? _YB24x%) V2ix NG
14V/5 V10 V10 V5
ol o 0 0 0 0 0
2D 6X -2v6 0 0 0
0 3x(14-3x2%) V6(24+3x%) V6(2+x%) 221y _
Ydd-dd AT e - 2v6
Vpsa 76%5 — ﬁ \65 (3/5 0
sd- 5 NG
02, 7304:2%2) _ 74@ 0 2 0
s 7v/10 5
2 9x(—14+3x2) _ V/3(14+x%) V3(2+x3) 173y -6
dd-dd 98v/5 7v10 V10 /35
o4 6x(14—3x2) 2v/2(14+x2) _ 2V2(244%) o8 4\/E
dd-dd T - NG N i 2
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Table 2. The normal-ordered three-boson interactions for four of the eight cubic operators of Equation (65).

(Ox0xQO  (IxLxQ)® (0x0xQ©®  (IxLxQ)®
(LxOx D) (LxOx D)
(OxLxL)© (OxLxL)®
Ugss-sss 0 0 vgsd«ssd g 0
Ugss-sdd 0 0 U;sd«sdd 1\? 0
Ugss-ddd 1? 0 vzsd.ddd ?;; 0
Usddsdd 5 0 Usdd-sdd ok 0
0 2 2 2
Usdd-ddd - 9\7/% —64/1 Usidd-ddd % —2,/%
0 3 2 3
Vidd-ddd 2{% Wf;c Vddd-dad - 298% - %
4 3
Usdd-sdd 7\/)(5 0 Vddd-ddd - 11947\7/% - 4—\/‘/%‘
. 6vI1x? 11 6 243 16v/3x
v _
de-ddd 1765’7% 4 8\/135 Vidd-ddd 975 i
Yddd-ddd v \’/‘5 _ \/ﬁx

Matrix elements of an operator in multipole form can be calculated in two different
ways, either with the recursive Formula (51) or by converting to the operator’s normal-
ordered representation and applying Equation (46). Both methods must yield the same
result but, as remarked earlier, the latter algorithm is more efficient. This can be illustrated
with the example of the (Q x Q x Q)(O) operator in the sd-IBM. For N = 10 bosons and
angular momentum | = 0 the construction of the entire Hamiltonian matrix is about
five times faster after conversion to normal order. This factor increases to ~100 for N = 20
and ] = 0.

One can extend this analysis to fourth-order multipole operators. If one considers for
simplicity’s sake only combinations of QH/ then there are five different operators,

(0x W x0)? x0)” = (0x QW x (@x O, 1=0,1,2,3,4. (68)

How the operators (68) are related to each other again can be studied by converting
to a normal-ordered representation. The full details of this analysis will not be given here
but its results can be summarized as follows. One finds that none of the operators in the
set (68) is equivalent to another one. The operators (68) with A = 1 and 3 have vanishing

three- and four-boson interactions, and their non-zero single-boson energies and two-boson
interactions can be written as follows:

A=1 e =-3f(x), g =06f(X) Vigaa =3F(X), Vigaa =4 (X),

A=3 e =-78(x), 4a0=148(X), VGgaa=—88(X), Vigas=—8x), (69
with ( 2)2 ( 2)2
C(2+x _ (-4
fx) = 03 g(x) YTV (70)

The non-equivalence of the five operators (68) can be illustrated with the example
of their expectation value in a [0;) ground state. For A = 0 this expectation value has
an important physics interpretation since it determines fluctuations in the quadrupole
deformation parameter B [34]. By way of example one can choose [0]) to be the ground
state of H = —xQ - Q with ¥ > 0, which is a frequently used sd-IBM Hamiltonian in

terms of a single parameter x [35]. For A = 1 and 3 one finds that the expectation value
vanishes identically,

OF (O x Q) x (O x Q)M Vo) = (07 (G x ) x (O x ©)®) Vo) =0, (71)
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and this is valid for arbitrary values of . The first of these identities is readily un-
derstood since the normal-ordered representation of the A = 1 operator given in
Equations (69) and (70) shows that

2+x*)23,

(Ox Q)W x (O x Q)(l))(o) = _WL . (72)

In the three remaining cases with A = 0, 2 and 4 the expectation value
1 A oA A oA 0
S OT1((@x QW x (@x QM) o), 73)

is shown in Figure 1 for two values of y: its SU(3) value y = ++/7/2 and its SO(6) value
x = 0. One observes a clear dependence on A for all N and this proves the non-equivalence
of the five k = 4 operators (68).

15 T T T T T T T T T T T T
L SU3) | o8- _
. 15060 .
R 15
L . ‘.' 1
< | *, ®00000000 | =
g | 0."‘ {1 §o04r .
= T *0000000 | =
S 051 43 %o,
z | 4 QQ0QQ 1~ sl a QQ;\(;Q’ "“:loom
P ¢ QQ2QQ “T . 00200 00000 |
| @ QQ4QQ I 4
| 1 | 1 1 1 1 1 | ’ Q\Q QQ | | | | | |
4 6 8 10 12 14 16 18 20 4 6 8 10 12 14 16 18 20
boson number N boson number N

Figure 1. The expectation value of the fourth-order operators (68) in the ground state |0} ) of the
Hamiltonian —«Q - Q in the SU(3) limit (x = ++/7/2) and the SO(6) limit (x = 0). Results are shown
for A = 0,2 and 4. The notation QQAQQ stands for ((Q x Q)M x (O x Q)(A))(O)/N4.

10. Concluding Remarks

The formalism presented in this paper enables the solution of the eigenvalue problem
for a rotationally invariant and boson-number-conserving Hamiltonian in /1 ... £,-IBM.
In addition, matrix elements can be evaluated of tensor operators that are not necessarily
scalar nor boson-number conserving. There is, in principle, no restriction on N, the number
of bosons, on p, the number of different kinds of bosons, or on k, the order of the interaction
between the bosons but the overall computational cost mounts with increasing N, p and
k. Specifically, the numerical implementation of the formalism is mostly limited by a
combination of a high boson number N with a high boson angular momentum #.

One of the characteristic advantages of the symbolic method is that it expresses a
Hamiltonian matrix element between N-boson states as a linear combination of the interac-
tion matrix elements. This feature may give insight into the structure of the Hamiltonian
matrix. To obtain the eigenspectrum and eigenfunctions, this matrix must be diagonalized.
With very rare exceptions, this can only be achieved by inserting appropriate numerical
values for the interaction matrix elements.

It is relatively straightforward to extend the present formalism to a system of interact-
ing fermions, with possible applications to the nuclear shell model. Work in this direction
is in progress. However, dimensions can be very much larger in the shell model than they
are in the IBM, in which case it is more efficient to revert to a standard approach [20-26].
If shell-model dimensions are not too large, the symbolic method may prove to be useful
because it reveals the analytic dependence of the many-body Hamiltonian matrix on the
interaction matrix elements.
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Abbreviations

The following abbreviations are used in this manuscript:

CFP coefficient of fractional parentage

IBM interacting boson model

£1...£p-IBM  IBM with bosons of p different kinds with angular momenta /1 . ..
IBM-2 neutron-proton IBM

IBM-3 isopin-invariant IBM

Appendix A

This appendix lists the coefficients a( ) in Equation (59) for k = 3 and 4. They are
expressed in terms of the interaction matrix elements (62) and have been obtained with the

code ibm.m [27]. For k = 3 the coefficients ai?) have been derived previously [36] and are

repeated here for completeness,

B) _1.0 B)_ 1 0 1.2
A0 = gUssssssr 40 = /15 Usss-sdd T 2Vssd-ssd”

®) _ 1 /2.0 2.2
01 = 73\ 35Yss-ddd — \/ 7 Vssd-sdd

B _ 1.0 1,2 1.2 9 4
B30 = 10Ysdd-sdd T 7Ysdd-sdd T /7 Vssd-dda T 35 Vsdd-sdd

a® = 1. /2,0 V2,2 _18 /2.4
11— 5V 217sdd-ddd 7 “sdd-ddd 35\ 11"sdd-ddd’

(B3 _ 1.2

430 = 14%dd.dad T 30 Uddd ddd T 154 vdﬂld ddd T 165 vddd ddd’
(8) _ 1.0 3 6

A0y = 105Y%dd-ddd — %Uddd-ddd + mvdddddd 1155 Yidd-ddd’

For k = 4 the coefficients aif) are

) _ 1.0 @ _ 1 .0 1.2
200 = 24Ussssssssr Mg = zﬁvssss-ssdd + § Vsssd-sssd’

4 __1 0 _ 12

01 = 3,/70 “ssss-sddd /21 “sssd-ssdd’
1.0 1 0 1.2 1 2 9 .4

820 = 20¥ssdd-ssdd + 5/105 Ussss-dddd + T2 Ussdd-ssdd T 7 Usssd-sddd T 70 Ussdd-ssdd”

4 __1 0 12 _ 12 2 2 _ 18 4

11 = 5,/21 ssdd-sddd 7 “ssdd-sddd  3./21 sssd-ddddy  3,/231 sssd-ddddy  35,/11 ssdd-sddd’
1.2 1.3 34 7 6

930 = 12Yddd-sddd + 30Vsddd-sddd T 152 Vsddd-sadd T 165 Usddd-sddd
1 .0 1.2 1 2 3.4 3 4

+ T0vid Ussdd-dddd + 21 Ussdd-dddd, ~ 2711 Ussdd-dddd, T 35 Ussdd-dddd, T 771230 Cssdd-ddddy’

1.0 4 6
A0y = 105 Ysddd-sddd — SOUsddd sddd T 110 sddd sddd — TI55 Ysddd-sddd

+ 122 -2
7+/11  ssdd-dddd, 7./1430 ~ ssdd-dddd,’
a(4)__1vo S __2_ 2 _ 6
21 = 35y/6 sddd-dddd — 21%sddd-dddd, — 21,/11 sddd-ddddy — 35./11 sddd-dddd,

6 /2.4 6 6
+ 77\ & Ysddd-dddd, ~ 77,75 Usddd-dddd’
) _ 1

0 1.4 17 4
40 = W0Y%add-dadd T 36 Vldddy dddd, 3% Vlddd, dddd, - 70V adddy-dddd, - 5005V dddd, dddd

1.5 6 8 12 14
+ 210V ddd dddd T TO55 0 dddd-dadd ~+ To0T5 Voddd-dddd 63\/7 Vdddd,-dadds + 73250 Cdddd,-dddd,’

PG _ 12 .4 1.5 4+ 146 16 .8
12 = 262 adddy-ddddy ~ 5005 Vdddd-ddddy ~ 210 Vdddd-ddda * T65 dddd-dddd — ToOT5 Vidde-dddd

+ 12 __3 .4
213 /11 Vddddy-ddddy — 7./1430 Cdddd,-dddd,

(AT)

(A2)
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States with up to three d bosons are uniquely characterized by their angular momen-
tum L and there is no need to specify the seniority v. This is no longer the case for n = 4
where for L = 2 and 4 the seniority can be v = 2 or 4. This is indicated in Equation (A2)
with an index, that is, dddd, stands for a normalized state of four d bosons with seniority v.
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