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Abstract

From the motion of hurricanes to the cooling of a cup of tea, dissipative dynamics are
ubiquitous in nature. Unfortunately, when studying lattice-based strongly correlated
quantum systems, a common focus of experiments and highly relevant for material
science, the curse of dimensionality prevents us from directly solving the exact
equations describing the dissipative motion. We instead often use approximations
and numerical analysis, as few analytical techniques currently exist which can
provide useful insights.

This thesis studies the constraints that non-abelian algebraic structures place
on the dynamics of such non-equilibrium many-body quantum systems. In doing so,
we develop novel algebraic methods that provide previously absent analytic insight
into a range of problems. We apply these new techniques to study dynamical phases
of quantum matter that are of both theoretical and experimental interest.

We study how simple algebraic structures imply persistent non-stationarity in
dissipative many-body quantum systems. These results enable us to develop a
theory of quantum synchronisation based on symmetries and to explore a novel
class of time crystals where order is induced by noise. These dynamical phases
of matter have been gaining recent interest for their insights into thermalisation
and their potential application in quantum technologies. We therefore use our
results to explore experimentally realisable models.

We also use the general principles of prethermalisation to propose a new theory
to potentially explain recent experiments studying light-induced superconductivity
in terms of eta-pairing and approximate symmetries. We discuss the merits and
weaknesses of our proposal in relation to the experimental evidence. We also
indicate techniques that, within our theory, stabilise superconducting states by
harnessing the quantum Zeno effect

For certain systems, known as integrable, there are enough symmetries to allow
for exact solutions using the Bethe ansatz. We demonstrate that Bethe ansatz
techniques can be extended and applied to non-equilibrium problems. As an
example, we use this method to analytically study the dynamical phase transitions

of an XXZ spin chain with boundary loss.
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Non-equilibrium many-body quantum
mechanics

The central aim of this thesis is to develop new analytic insights
into the dynamics of non-equilibrium many-body quantum systems.
Our approach will be to study the constraints that non-abelian
symmetries place on the dynamics of non-equilibrium many-body
quantum systems and, in doing so, develop novel algebraic methods
that provide previously absent analytic insight to a range of problems.
The key advantage of such methods based on the algebra of quantum
mechanical operators is that they are generally independent of
system size, making them easier to apply to many-body systems and
have the additional advantage of being rigorously well defined in the
thermodynamic limit through C*-algebras. Our aim is motivated
by the desire to understand dynamical phases in the types of
lattice-based out of equilibrium quantum systems that are prevalent
throughout experimental physics, material science and quantum
technologies. Consequently, throughout this thesis we will use our

theoretical results to study experimentally relevant models.

We will begin this thesis by providing a comprehensive introduction
to non-equilibrium many-body quantum systems in order to explain
the key results and highlight the numerous challenges in the field.
This will further motivate our approach of using algebraic techniques.
Our introduction will finish by discussing the types of systems and
the particular dynamical phases of matter that we will focus on in
the remainder of the thesis.
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1 Many-body quantum mechanics and emergent
dynamics

In 1972, Nobel Laureate Philip Anderson claimed in his essay “More is Different”
[1] that the complex dynamics observed in the world around us cannot be explained
and understood directly from a fundamental quantum theory. This view is at odds
with the longstanding reductionist hypothesis that is prevalent throughout science.
However, 50 years later, it would appear Anderson is correct as relatively little
progress has been made towards connecting the quantum world of few particles
and the classical world around us. This is despite the wide application of such an
understanding to a diverse range of fields such as quantum chemistry, materials
science, condensed matter physics and quantum technologies.

The central obstacle preventing us from understanding quantum systems of
many strongly interacting particles is that the complexity of a such system increases
dramatically with the number of interacting bodies present — the so-called ‘many-
body problem’. This is not a challenge that is unique to quantum mechanics. Indeed
in Newtonian mechanics there does not exist a general closed-form solution to
the motion of three gravitationally interacting objects. Instead, one is required to
solve the equations of motion numerically to find the objects’ trajectories which
usually requires very high precision, and hence computationally expensive, numerical
integration as the system of equations are known to exhibit chaos [2].

In quantum mechanics exact numerical integration of the equations of motion
becomes almost impossible for systems of more than a handful of particles, even
with state-of-the-art supercomputers. Here the problem is the exponential growth
of Hilbert space with the number of particles since quantum mechanical systems are
composed by taking tensor products. Focusing as we will throughout on lattice based
quantum systems, suppose a single particle has a Hilbert space of dimension d, then a
system of NV such particle will have a Hilbert space of dimension on the order of dV. If
our unit system is a spin—% particle with dimension 2 then fifty such particles will have
a Hilbert space of dimension 2°° = 1125899906842624. Describing a state vector with
1125899906842624 complex elements in double-precision floating-point arithmetic
requires approximately 12.5 petabytes of computing memory. This exceeds the
random access memory capacity of even the most powerful supercomputers (3} 4]
and this is without considering performing any numerical operations. Unfortunately,
most systems in the world around us are made up of on the order of 10%* rather than
on the order of 50 particles which leaves a substantial gap between the systems we
can study exactly and the macroscopic systems we would like to describe quantum
mechanically. Clearly, as supercomputers improve we will gain access to larger and
larger systems. However, at the current rate of computational improvements, this
is unlikely to bring us any closer to our target of 10%® particles any time soon.
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1.1 Approximate numerical methods

The exponential growth of Hilbert space, which is at the heart of the many-body
problem, is closely related to entanglement. This manifestly quantum phenomenon
is where the quantum state of individual particles cannot be described independently
of the states of other particles. Much progress has been made over the last few
decades in accessing larger systems through approximate numerical methods which
limit the degree of entanglement that can be described. One of the most prominent
of these are tensor network-based methods using matrix product state (MPS) [5} 6],
matrix product operator (MPO) [7] and projected entangled pair states (PEPS) [8,
9] descriptions. This broad class of methods generally approximate the state of the
system as a ‘train’ |[10] of tensors connected by ‘bonds’ with a limited maximum
dimension which controls the overall degree of entanglement that can be described.
The first such method was the density matrix renormalisation group (DMRG) |11} [12]
which proved very successful for studying low energy eigenstates of 1D Hamiltonians
with short-range interactions. It was later shown that DMRG can be viewed as a
variational method over the space of matrix product states [13], and in turn that
because of their entanglement structure matrix product states are especially suited
to describing 1D lattice systems with short-range interactions and an energy gap [14].

More pertinent to the focus of this thesis is the application of these methods
for studying the dynamics of many-body systems. The main such methods are
time-evolving block dissemination (TEBD) [15], time-dependent DMRG (t-DMRG)
[16}, 17|, time-evolving matrix product states (t-MPS) [18], and the time-dependent
variational principle (TDVP) 19, 20]. These are once again based on the suitability
of MPSs to describe the states of 1D quantum systems, but use different methods
to propagate the state in times. TEBD and tDMRG, which are mathematically
identical though numerically different [18], both approximate the time-evolution
operator, U(dt), using a Suzuki-Trotter [21] decomposition which is particularly
suited to systems with short-range interactions. They then update the matrix
product state bond-by-bond for each timestep. The t-MPS algorithm is very similar
but updates all bonds at once and does not necessarily require a Suzuki-Trotter
decomposition, although the use of one can improve efficiency. On the other hand,
TDVP uses Krylov subspaces [22] to directly approximate the action of U(dt) on
the current state without explicitly calculating U(dt). In-depth details of these
methods can be found in reviews such as [18] or [23], while the specific methods
used for the simulations in this thesis are outlined in the appendices.

These approximate numerical methods, and their numerous variants and refine-
ments [8, 18, 24-31] have proven incredibly useful for studying many-body quantum
systems and have provided great insights into various phenomena. However several
serious limitations still exist. Firstly matrix product states are best suited to one
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dimensional systems with short-range interactions which is quite a restricted class
of problems. While alternative decompositions such as PEPS are more suited to
higher dimensions, these are generally significantly more expensive computationally
since exact contractions are #P-Hard [32]. Secondly, by design, these methods
can only study weakly entangled systems. This is not a significant issue when
studying low-temperature, equilibrium properties when the systems are known to
be weakly entangled, but can cause problems when studying dynamics as there
is often no reason for the entanglement to remain low. Additionally, in most
calculations, the ‘bond dimension’, often denoted as x, which controls the degree of
entanglement is a user-defined variable that must balance providing a sufficiently
accurate representation of the system while still remaining numerically tractable.
While methods do exist, it is often difficult to predict a priori how large to take y
and equally difficult to evaluate whether a sufficiently large value was used. Finally,
calculating accurate long-time dynamics is incredibly computationally expensive.
This is not a problem unique to quantum systems, but it is particularly relevant
when the computational complexity of storing and performing basic operations
on the state is already very high.

1.2 Thermalisation

In parallel to the progress made by developing approximate numerical methods,
substantial efforts have been made to understand the dynamics of many-body
systems analytically. This work has, for the most part, focused on the relaxation
of isolated many-body systems to thermal equilibrium, in line with Anderson’s
assertion that computing emergent dynamics is impossible. This focus has also
been motivated by connecting the results of quantum mechanics with the long
standing fields of statistical mechanics and thermodynamics.

The study of how quantum systems thermalize began with von Neumann in
1929 when he proved the Quantum Ergodic Theorem [33] in an attempt to explain
how statistical mechanics could emerge from quantum theory. This theorem, in
the words of Goldstein et al. [34], states

For a typical finite family of commuting macroscopic observables, every
initial wave function from a microcanonical energy shell evolves so that
for most times, in the long run, the joint probability distribution of these
observables obtained from the unitarily time-evolved wave function is
close to their microcanonical distribution.

The quantum ergodic theorem, which has since been understood through random

matrix theory [35-37], can be seen as a precursor to the more recent Eigenstate
Thermalisation Hypothesis (ETH) [35] 38)[39]. To briefly explain the ETH, consider
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the evolution of a pure state |¢)y) under some Hamiltonian H in an isolated

system. We can write

[W(t) =D e e k), (1.1)

k
where |k) are eigenstates of H with eigenvalue Ej and we have set i = 1 as we will
throughout this thesis. The amplitudes ¢ are determined by the initial state |t).
The evolution of the expected value of some observable O can then be written as

O®)) =" |ew*Oni + > ckcj-ei(E’“’Ej)tOjk, (1.2)

k k#j
where O, = (j|O|k). It is instructive to observe that as the size of the system
increases the energies, Fj, will generically become dense and incommensurate,
up to perhaps some finite gaps, and thus the second term begins to resemble

an integral similar to

chc;fei(E’“_Ej)tOjk ~ /da f(e)e*. (1.3)
k]
Importantly, the Riemann-Lebesgue lemma [40] then states that under fairly relaxed
conditions on f(e) this integral vanishes as ¢t — oo, indicating stationarity in the
long time limit. This process, referred to as eigenstate dephasing, can be observed
in systems of relatively small size, as we will see in Ch[d] Eignestate dephasing can

be viewed as the principle motivation for the ETH which asserts that

1 = —
Oji = O(E)dji + 5e ™ fo(B,w) Ry, (1.4)

where E = L(E; + E}), w = Ej, — E; and S(E) is the entropy at energy E [35]. The
functions O(E) and fo(FE,w) are smooth and O(FE) is exactly the expectation value
of O given by the microcanonical ensemble, which directly connect this hypothesis
with classical statistical mechanics. Finally R;; are independent random variables
with zero mean and unit variance.

This ETH ansatz has direct consequences for the thermalisation of a many-body
system. For instance, one can show that under the ETH long-time averages of
temporal fluctuations of (O) vanish exponentially with system size. Additionally,
the temporal fluctuations of extensive observables satisfy the standard fluctuation-
dissipation relations. However, as the name suggests, the above ansatz for the
matrix elements Oj;, is only a hypothesis. It is currently unknown exactly which
observables it holds for and when it can be expected to be violated. One important
class of systems which do not thermalise according to the ETH are integrable

systems, although a generalisation of the ETH to integrable systems or those
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under the influence of weak integrability breaking has been studied [41]. More
discussion and the precise definition of integrable models will be given in Chapter [2|
Numerical evidence currently indicates that the ETH holds for few-body observables,
irrespective of locality, but not for eigenstate projectors [35], 42]. For more details
about eigenstate thermalisation, the reader is directed to the excellent review of [35].

The ETH indicates that generic isolated quantum systems will thermalise so that
any measurements will return the value associated with the microcanonical ensemble.
However, it does not make direct predictions about the time scales involved. For
instance, if one considered the whole universe to be the ‘system’ in question then
our very existence is itself evidence that these time scales can be arbitrarily long.
It is expected that the thermalisation time can be related to the energy scale of the
system’s Hamiltonian but also that it generically grows with system size. We must
also then consider what is meant by an ‘isolated’ system since once could argue
that the only perfectly isolated system is the whole universe. At this point it is
important to make the following experimental consideration: a system of interest
can be considered to be isolated if the time scales on which it interacts with the
environment are much longer than those on which it thermalises. This consideration
allows us to separate what we mean by the ‘system’ and the ‘environment’; but raises
the immediate questions: what happens when the system-environment interactions
become stronger so that the interactions occur on time scales closer to those on
which the system thermalises? Can we understand the dynamics of the system
before the ETH predicts that the system and environment should thermalise?
This brings us to the realm of non-equilibrium quantum mechanics, which will be
the central focus of this thesis. As we will discuss in the following sections, non-
equilibrium quantum systems can exhibit a range of interesting phenomena which
bring us closer to understanding the emergence of complex dynamics. Additionally,
there are a plethora of experimentally and technologically relevant models that
are out-of-equilibrium. For example, the deep optical lattices commonly used
in cold atom experiments are known to induce strong dephasing while the error
inducing quantum channels found in qubit systems are also usually caused by

interactions with the environment.

2 Open quantum systems

In this section we will discuss the dynamics of non-equilibrium quantum systems,
also referred to as open quantum systems, where the system of interest interacts
with an environment/bath [43, |44]. Before doing so, we will recap the density
operator formalism for quantum mechanics in order to demonstrate how we arrive

at the equations of motion for an open quantum system.
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2.1 Density operator formalism

2.1.1 Properties and operations

In the density operator formalism, the state of a quantum system with Hilbert

space H is described by a bounded, self-adjoint linear operator
p:H—H (1.5)

which is positive semi-definite and has unit trace. Since the operator has non-
negative eigenvalues and unit trace its spectral decomposition

p= zk:pk\w (Ur] (1.6)

satisfies

domk=1 (1.7)

and hence the state p can be interpreted as a statistical ensemble of pure states, |1)y),
which occur with probability p,. In a general basis, such as the particle number,
energy or computational bases, however, the state p will likely not be diagonal and
the off diagonal components correspond to quantum coherences. Broadly speaking,
as we discuss below, it is these off diagonal terms that contribute to quantum effects
such as interference and entanglement, so when the system experiences decoherence
and the off diagonal terms decay, the resulting dynamics become effectively classical.

Given positive operator-valued measure (POVM), {M,} with >, MM, = 1,

the probability that a system in a state p returns the result a is
P(a) = Te(MapM)), (1.8)
while the expected value of an observable O is given by
(O) = Tr(Op). (1.9)

The space of bounded linear operators acting on H, to which both the states and
observables belong is labeled B(H). This construction is known as the Dirac-
von Neumann azioms of quantum mechanics. We will sometimes make a use of
Fock-Liouville space [45] and ‘vectorise’ operators in B(#) using double-kets,

p > lo)), (1.10)
which will allow us to write the Hilbert-Schmidtt inner product as

Tr(A'B) <— ((AT|B)). (1.11)
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This notation will be useful when discussing superoperators that act on operators
in B(H). Importantly, however, a state |1))) € B(H) is not necessarily a density
operator describing the state of a quantum system. We will indicate where this
could cause any confusion.

An important operation that can be performed on a density operator, p4? which

acts on a composite Hilbert space, H4 ® Hp is the partial-trace, defined as
Trp(a ®b) = aTr(b), for a € B(Ha), b € B(Hp) (1.12)
which in turn defines the reduced density operator for the system A as
pt =Trp (pAB) : (1.13)

The reduced state, p, represents the state of the subsystem A if we have no
knowledge of the subsystem B. The partial trace is the unique operation that gives
the correct description of observable quantities for the reduced system in this sense.

For our purposes, the most important use of the partial trace will be to separate
the system we are interested in from the environment. We will usually consider the
full system-environment Hilbert space, Hgsg, as the tensor product of the sepatate
environment and system Hilbert spaces,

Hsg = Hs ® Hg, (1.14)

and then describe the system using the reduced density operator obtained by
tracing out the environment Hilbert space. By doing this, even if the full system-
environment system is described by a pure state, the system on its own is described
by a mixed state. Further, entanglement between the system and the environment
causes the off diagonal elements of the reduced system density operator to decay,
known as decoherence. As a simple example of this, consider the case of a two
level system, with basis {|j)} and a two level environment with basis |e;) where
7 = 0,1. Suppose the full system-environment state is

1
@) = Wi—ara ((10) + [1))(leo) — len)) +2c]0) |er)), a€R,  (1.15)

then the reduced density operator describing the system of interest is given in
the {|j)} basis by

(1.16)

1 (1—2&—}—2042 1—a>
pPs = .

2(1 — a+a?) l-a 1

We see that as a — 1 the system is described by a classical probability distribution
over the states |j), which is exactly the behaviour described as decoherence.
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Computing the Renyi-2 entropy as a measure of the entanglement between the
system and environment gives

(1.17)

_ 22
Sy = — Trlog(ps?) = log ( 20 —a+a’) ) :

2 —4da + Ha? — 4ad + 204

This entanglement measure is maximised at a = 1, in other words the system
completely decoheres when it is maximally entangled with the environment. This
simple example demonstrates the counterintuitive mechanism by which strong
entanglement - a manifestly quantum phenomenon - effectively hides quantum
mechanics from us in the classical world.

2.1.2 Evolution

The postulates of quantum mechanics state that the evolution of a closed quantum
system from time t, to ¢; is described by a unitary transformation with operator
U(to,t1). Thus we have

p(tr) = Ulto, t1)p(to)U (to, t1)". (1.18)

In the case that the evolution is smooth, this corresponds to the Schrodinger equation
d

i p(t) = [H(), p(t)], (1.19)

for some possibly time-dependent Hamiltonian, H(¢). However, we once again run
into the problem of what is meant by “closed” as no system is ever completely
isolated from the environment. Here we can be more rigorous and introduce the
system-environment model. We divide our joint system into the system of interest,
S, and the environment, E which can be arbitrarily large. When the joint system
evolves under Eq. from an initial state p5¥ we have

oE(t) = U S U (1), (1.20)

We then discard the environment by taking the partial trace so that the evolution
of the system of interest is given by

po(t) = Trp (U()psEU)) . (1.21)

The final assumption we must now make is that there are no initial correlations
between the system and the environment, and thus we can write p5¥ = p§ ®
To. In this case we can write

p(t) = Trp (U(t)(po ® 1)U (1)) = Aulpo), (1.22)

where we have dropped the system index on the state. This equation now describes
the evolution of the state of the system of interest in terms of a linear super-operator
Ay Written in this way, the Steinspring dilation theorem [46] immediately tells us
that A; is a completely-positive trace-preserving (CPTP) map.
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Definition (CPTP Map). A map A(p) is CPTP if it preserves the trace of p, i.e
Tr(A(p)) = Tr(p) and for all n € N the map A ® Id,, is a positive map. Here 1d,, is

the identity operator on a Hilbert space of dimension n.

Importantly CPTP maps are exactly those maps that preserve the fundamental
properties of density states we gave previously. It is often miss-interpreted that
CPTP maps are the only maps which can describe the evolution of a quantum
state. However, as the above discussion indicates, this is only true when there
are no initial correlations between the system and its environment, [47]. Indeed
there are notable examples of situations when non-completely-positive maps are
necessary to describe the evolution of a quantum system, in particular quantum
process tomography [48, 49]. While this is an interesting line of study, in the
remainder of this thesis we will be concerned exclusively with CPTP evolutions

as these are widely considered the standard.

2.1.3 (*-algebras

Before introducing the Lindblad equation, which will be central to this work, we
give a brief discussion of C*- algebras. This discussion is important to emphasise
the importance of C*-algebras for describing physical systems in a mathematically
rigorous way and to motivate our use of symmetries and algebraic relations to
study quantum dynamics.

Let us first define what is meant by a C*-algebra.

Definition (C*-algebra). A C*-algebra, A, is a complex vector space with an
associative product which is linear in both arguments. The space is also endowed

with a norm with respect to which the product is continuous, i.e,
IAB[| < [[AllllBIl, VA BeA (1.23)

Finally there also exists an involution operator, * : A — A, such that for A, B € A
and A\ € C,

(A+B)* = A"+ B*, (M)*=)\A*, (AB)"=B*A*, (A")*=A.  (1.24)
This involution operator must satisty the C*-condition
1A Al = [|A]*. (1.25)

This structure provides a natural extension of matrix algebra to more abstract
objects. As we will now illustrate, this is also the natural language with which to
describe all physical systems, both quantum and classical, in an operational way.
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Summarising the arguments presented by [50], consider any physical system that
can be experimentally prepared. We can then describe this system mathematically
as the collection, S, of all possible states, w, that we can prepare. A physical
property of the system, or observable, A, is defined by some experimental procedure
or apparatus which we use to measure the system. In practice we take many
measurements on identically prepared states and then conclude that the expected
value of an observable A on a system in a state w is defined as the average of these
multiple measurements, w(A). From an operational point of view, our only way
of understanding the system is through the set of all possible measurements, O,
and so we must identify two states, w; and ws as the same physical state if they

cannot be distinguished by any observable, i.e.
w =wy <<= wi(4) =ws(A), YVAecO. (1.26)

In a similar way, two observables, A;, Ay, must be identified if they return the
same result for all states,

Al = A2 e (,U(Al) = CU(AQ), Yw € S. (127)

It is also operationally possible, for instance by rescaling our ruler or taking powers
of the measurement result, to define observables corresponding to real polynomials
of A. This means that there exists for each A € O a commutative polynomial
algebra of observables, O, C O. This can, without loss of generality, be extended
to a complex polynomial algebra A,4. One can further argue, based on physical
and operational considerations [50], that these complex polynomial algebras are
in fact exactly C*-algebras and that the states of our system define normalised
positive linear functionals on them.

It is plausible to conjecture that the set of all observables of our system generate
a C*-algebra, A, such that the states described by normalised positive linear
functionals on the indiviual complex polynomial algebras, A4, now naturally extend
to normalised positive linear functionals on A. Although this structure of observables
and states may be questioned, it is satisfied by classical systems, and is implied
by the Dirac-von Neumann axioms through the Gelfand-Naimark theorem and
the Gelfand-Naimark-Segal construction [50-54]. In this unified C*-algebraic
picture of physical systems, the only difference between a classical and quantum
mechanics is that the algebra of operators, A, is commutative in the classical and
non-commutative in the quantum cases.

As a concrete example, consider the case of a single particle with spin s fixed
in space. The C*-algebra of observables is then generated by all possible linear

combinations of the operators

(S2)*(S,)?(S.)", «,B,7 €N, (1.28)
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where S;, Sy, 5. satisfy the usual commutation relations
[Saa Sb] = igachc- (129)

The states of the particle can then be described as normalised positive linear

functionals on this algebra, for example

_ Tr(exp(—BS.)A)
) = T (exp(~85.))

Finally, we can fix the total spin of the particle by restricting to the represen-

(1.30)

tation in which
2 2 2
S, + S, +5;=s(s+1). (1.31)

There are many results in the study of C*-algebras and their consequences
for quantum mechanics, although these will not be directly relevant to the rest
of this thesis and the reader is directed to the works of [50, 52, 53, |55] for more
details. The key relevance of C*-algebras for our work is that they are manifestly
well defined in the thermodynamic limit where the number of particles in our
system is taken to infinity, since they make no a priori reference to the size of
the physical system. In this limit, other techniques can be poorly defined unless
treated carefully so C*-algebras indicate that for many-body quantum mechanics,
it is the operator algebra generated by observables that should be studied, thus
motivating our focus on symmetries and algebras. In this thesis we will not work
directly with C*-algebras and assume that dim(H) = d < oo is arbitrarily large
but strictly finite unless explicitly stated. However, since many of our results are
formulated in terms of operator algebra, especially those of Chs|3]|- bl future works
should be able to extend them to the rigorous language of C* algebras so that
they can be formally applied in the thermodynamic limit. These extensions may
also allow us to connect the results obtained here for quantum systems to classical

systems through the unifying language of C*-algebras

2.2 The Lindblad equation
2.2.1 The generator of CPTP maps

In Section [2.1] we demonstrated that the evolutions of quantum systems are almost

always described by CPTP maps

p(t) = Aiz[p(T)]. (1.32)
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Notice that A;, depends explicitly on both the initial, 7, and final, ¢, times. This
is important as we will now restrict ourselves to Markovian evolutionsﬂ where the

maps A, satisfy the inhomogeneous composition law
AsolNs; =N, VT <s<Ht. (1.33)

For most evolutions it is also physically reasonable to assume that for each 7 the
operators A;,; form a one-parameter family of differentiable CPTP maps, with

a generating equation

d

%At,’r — ﬁtAt,Tv AT’T - Id (134)

)

Here it is again the Markovian assumption that restricts the generator L; to
be 7 independent. This in turn gives us a time-local master equation for the

evolution of the state

2 o(t) = Llo(1)] (1.35)

We can now use the fact that A;; is a CPTP map to derive an explicit form for
L;. To do so, following the standard route [45], we first recall the Choi-Krauss
theorem [56]. This states that a map A : B(H) — B(H) is CPTP if and only
if it has a Krauss decomposition
d2
Alp) = 3= MypMy., (1.36)
k=1

where d < dim(H) and the Krauss operators, { My}, obey the completeness relation
d2
3" MM, =1d. (1.37)
k=1
We can thus write the evolution equation as
d2
p(t) =D Mi(t, 7)p()M(t, 7)". (1.38)
k=1

Now we choose an orthonormal basis, {F} gil, of B(H). Without loss of generality
we can take the first element in the basis to be F; = 1/v/d which then requires
all other elements to be traceless. Next we expand Eq. (1.38) as

d2

p(t) = > Ciy(t,m)Fip(7)F}, (1.39)

ij=1

'We will briefly discuss non-Markovian quantum evolutions in a separate section below, but the
results in this thesis focus exclusively on Markovian dynamics.
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where
d—1

Cij(t,7) = 2 (B M (t, 7)) (M (t, 7) | F})). (1.40)

k=1

We can compute the time derivative of p(t) as

d 1| & ;
%p(t) = 611%210& Zl Cij(t+ 6t t)Fip(t) F} — p(t)] (1.41a)
d2
= lim — Z C;;(t + 6t t)Ep(t) F) + \/—ZCH (t 4 0t, 1) Fp(t)

\}—ZCM (t+0t.t)p(t)F} + <\}EC’171(t—|—5t,t) — 1> p(t)]

(1.41b)
Zz 913 (O FEp(8) Ff + F()p(t) + p() F () + g(t)p(1), (1.41c)
ij
where we have defined
9i;(t) = lim C”(t(;; &’t), (1.42a)
F(t) = Jim Cll(t;&’t)ﬂ, (1.42Db)
o(t) = lim (Slt ( JECult+6t.1) - ) (1.42¢)
We now separate F'(t) into its Hermitian and anti-Hermitian parts as
F(t) = G(t) —iH(t), (1.43)

and then define G(t) = G(t) + g(t)/2 to absorb the term which is proportional to
the identity operator. Dropping the time dependence of p(t) this gives

4 i@+ 5 s OFeE] + {00.5) (141

1,)=2

Since they come from an outer-product in Eq. (1.40), the numbers g; ;(t) form a

positive semi-definite Hermitian matrix at all ¢ and hence we can diagonalise

Z 913 (t) FipF) _ZLk )oLi(t)". (1.45)

i,j=2

Finally, we also impose trace preservation which implies that

— 5 T Ll ) (1.46)
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This gives us the Lindblad, or Gorini-Kossakowski-Sudarshan-Lindblad, master equa-
tion [57]:

d

7= THO. 1+ X (0L = L@ L. 0}) | (047

which describes the most general Markovian dynamics in a quantum system. We
will call the generator,

Lilp] = {H(@).0+ 5 (Lo La(0) = S Lu(0), }). (1.48)

the quantum Liouvillian.

2.2.2 The limit of weak system-environment interactions

Although the above derivation demonstrates that the Lindblad equation is very
general, it does not give us much insight into what the different parts of it physically
represent. To this end, we will now present an alternative derivation that will
provide us with the intuition behind how the Lindblad equation relates to open
quantum systems.

Following |43] and [45] this alternative approach begins with Eq. where
we expressed the evolution of our system by partially tracing out the environment,

pi(t) = Tre (U1 (0)U®)1) . (1.49)

We further assume for simplicity that the evolution of the joint system is time-
homogeneous and described by the time-independent Hamiltonian

Hr=Hs®1+1® Hg +aH;, U(t) = et (1.50)

Here « is a small parameter which controls the strength of the coupling between
the system and the environment. It is also convenient to decompose the interaction

Hamiltonian as

Hr=> Sp® Ey. (1.51)
k

Using perturbation theory to second order, and switching to the interaction picture

(indicated by a tilde and additional time dependence) we have

S0 () = ~ial (1), 7P O)] — o [ ds [Ay(0), [Fr(s), p°P(0)] + O(¥). (152

We must now trace out the environment in order to obtain an evolution equation

for p°(t). To make progress we make two further assumptions:
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i) At time ¢t = 0 the system and environment are separable, i.e psg(0) =
p°(0) ® p¥(0).

i) The environment is initially in the thermal state, p(0) = e #H= / Tr (e_BHE>.

After taking the partial trace, these assumptions allow us to deduce that the first
term in Eq. (1.52) can be written as

Teg[Hi(t), 577(0)] = Zk:[gk(t), p°(0)] Tre (Ex(£)5"(0)) . (1.53)

It is always possible to ensure that Trg (Ek(t) ﬁE(O)) = 0 by adding a trivial energy

shift term to the full Hamiltonian which does not affect the dynamics [45], and
hence this first term vanishes. We then make a more restrictive assumption that
due to the weak coupling between the system and the environment the environment

is always in a thermal state and decoupled from the system. This leaves us with

d s

2050 = —a? [ ds Tup ([ (0), [ (5), 7°(0) © 9 O)])) + O(e?),  (1.54)

which while now only dependent on 5°(t), is implicitly non-Markovian. To make
further progress, since we know from above that the Lindblad equation holds only
for Markovian evolutions, we assume that the s dependence decays fast enough that
we can freely extend the integration limits. After also changing variables we have

d . o0 ~ ~ - .

Eps(t) — —a2/0 ds Trg ([Hf(t), [Hi(s —t), p°(t) ®pE(0)]]) +0(a?).  (1.55)
This is known as the Redfield equation which was first applied for studying nuclear
magnetic resonances [58]. Our final assumption is to make the rotating wave
approximation which after some algebra and transforming back to the Schrodinger

picture gives [45]

d

0= —ilHs + Hye pl + 37 %(w) [Si(@)pS; ()" = 3{S]Siw). p}] . (1.56)

i7j7w
Here the term Hj, is the Lamb-shift Hamiltonian which renormalises the system’s
energy levels due to its interaction with the environment. The S;(w) operators are
a frequency expansion of the S; operators from the system-environment interaction

Hamiltonian which obey
[Hs, Si(w)] = —wSi(w). (1.57)

The coefficients v;;(w) form a positive semi-definite Hermitian matrix and so as
before we can diagonalise to obtain the Lindblad equation as in Eq. ([1.47]).
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This derivation indicates that under the assumption of weak, Markovian system-
environment interactions, the L operators in Eq. can be directly related to
the interaction Hamiltonian. In some cases, these can even be derived explicitly
from first principles following this or similar approaches [59]. Intuitively, they
represent the instantaneous interaction between the system and the environment,
and are thus referred to as “jump operators” In practice, they are often taken to
be particle creation/annihilation operators to describe particle gain/loss or number
operators to describe dephasing, but more exotic choices are also sometimes used.

2.2.3 Example: A two level system with decay

In order to understand the relevance of the Lindblad equation, we will briefly
discuss the simplest example of a two level system experiencing decay. Consider
a system with two energy eigenstates, the ground state |g) and the excited state
le). The Hamiltonian is then expressable as

H = |g) {9l + Ale) (el (1.58)

where we have set the ground state energy to be unity and the energy gap to be
A — 1. In the absence of dissipation a generic density operator state will evolve as

t”01> , (1.59)

Por 1= poo

i(A-1)
Poo e
p(t) = <€i(A1)t

where ppy € R and py; € C describe the initial state of the system and satisfy
lpo1|* < poo(1 — poo)- Importantly we see that the probability of the system being
in either the ground or excited state, which is given by the two diagonal entries
respectively, does not depend on time, while the off diagonal coherences oscillate
at a frequency w = A — 1.

Now suppose that the system were in contact with some environment which
induces decay from the excited state to the ground state at a rate I". This would
be modelled by introducing a Lindblad operator

L=+T|g) (e]. (1.60)
The density operator describing the system will now evolve as

(poo — 1) e 41 pyre @A)
t) = ) 1.61
p(t) < PSle_t(F+l(A_1)) (1= poo) o—2l't ( )

Now we observe that probability of the system being in the excited state decays
exponentially so that after a time period on the order of 1/I" the system is almost
certainly in the ground state. We also notice that the off-diagonal elements decay,
indicating the decoherence of the system.
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2.2.4 Non-Markovian dynamics

Before moving on to the important matter of solving the Lindblad equation, we
make some brief remarks about the description of non-Markovian dynamics.

Non-Markovian dynamics in quantum systems are usually defined in terms of
CP-divisibility of the evolution operators A;.

Definition (CP-divisibility). A one-parameter family of evolution operators, A; is
said to be CP-divisible if for all ¢ > 0 there exists a map /~\t7s such that

At = At,s o As (162)
with A, CPTP for all 0 < s < t.

A quantum evolution is then said to be Markovian if it is CP-divisible [60, [61].
Recall that when we derived the Lindblad equation as a generator of CPTP maps
above, we explicitly assumed this behaviour. This definition attempts to extend the
classical ideas of Markovian processes to quantum evolutions, indeed the definition of
CP-divisibility is strikingly similar to the usual Chapman-Kolmogorov equations [62].
It can be shown that this definition corresponds to interactions with a memoryless
environment in the context of collisional-type system-environment interactions such
as [63-65]. There also exists a more rigorous, algebraic definition of Markovian
evolutions in the language of C*-algebras that implies the above definition [66].
Recent progress has been made in quantifying the ‘degree’ of non-Markovianity in
an evolution by looking at the change of trace-distance between two states under the
same evolution [67H69] which can be interpreted as a flow of information, although
the two definitions appear to diverge under certain conditions |70] and the matter
is far from settled with many other measures and witnesses being studied [61}, [71].

Intuitively, non-Markovian dynamics are where the evolution retains some
‘memory’ of its previous state. This is made obvious in the most often used

non-Markovian master equation, the Nakajima-Zwanzig equation [43, [72],

;ltp(t) = /Ot ds K(t — s)p(s), (1.63)

where the operator (¢ — s) is called a memory kernel. This clearly shows that
the evolution of the state at time ¢ depends on its state at all previous times
that the memory kernel is non-zero. In this form, there are no straightforward
conditions on the kernel, K(s), that will generally guarantee CPTP dynamics,
although some progress has been made towards this [73]. Further, there is often
no easy correspondence between terms in the memory kernel and the microscopic
interactions that are being described. This problem can often lead to physically
motivated memory kernels which unfortunately produce ill-defined or unphysical
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dynamics [74]. In spite of these difficulties much work is being done to better
understand non-Markovian dynamics in quantum systems, partially as they have
a number of interesting applications in quantum technologies [75-78]. While this
is an interesting topic, the remainder of this thesis is concerned exclusively with
Markovian dynamics. We will thus use the term “open system” to refer to a system

whose dynamics are described by the Lindblad equation.

2.3 Solving the Lindblad equation

We have now introduced the Lindblad equation, which will be the central equation
for the remainder of this thesis. Indeed, this thesis aims to provide algebraic
solutions to the Lindblad equation for many-body systems which can be used to
study dynamical phases of matter. It is, therefore, useful to give a discussion of
the methods currently available for tackling these dynamics.

At a basic level, the Lindblad equation is simply a system of 3 (d* +d — 1)
coupled first-order ordinary differential equationﬂ While some analytic techniques
exist for solving general systems of coupled ODEs [79, 80| these are often impractical
due to the often large dimension of the system. For example, even in a two-
level, time-independent system sophisticated techniques and non-trivial algebra are
required [81]. Occasionally perturbative techniques such as those used to study
time-dependent closed systems can be applied, but these are often still restricted to
relatively small systems and to situations where only short time dynamics are being
studied. Therefore it is almost always necessary to resort to numerical integration
of some kind. While this is feasible for systems of only a handful of particles, up
to the usual challenges of numerically integrating coupled ODEs, we once again
reach the curse of dimensionality and cannot cope with the exponential size of
the Hilbert space for many-body systems. In these cases, many of the numerical
methods outlined in Sec. have been adapted to deal with open quantum
systems. For general time-dependent Liouvillians, one straightforward method
is to apply t-DMRG/t-MPS algorithms to the space of density operators using
matrix-product-operators or matrix-product-states to describe the state [25, 29,
82, |83]. Alternatively, if the evolution of a pure initial state is required then the
quantum trajectories method can provide a more efficient option [84) |85]. These
two methods are both used to provide numerical simulations in this thesis and are
outlined in the Appdx[C] It should be noted that these techniques often suffer from
numerical instabilities. For instance, naive extensions of the TEBD algorithm often

do not preserve the trace or Hermitianity of the state due to the approximations

2Note this assumes we are restricting ourselves to the space of unit-trace Hermitian operators
relevant for describing quantum states.
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that are made to reduce dimensionality. While solutions to this problem exist 86,
87], they are often more computationally expensive or difficult to implement.

Focussing now on the case that the Liouvillian, £, is time-independent, it is
known that the evolution operators A; form a semi-group,

At+s = At @) As; t, S Z 0 (164)
and can be formally expressed as the exponential,
Ay = et (1.65)

Evan’s theorem [88, 89] also proves that there always exists at least one non-
equilibrium steady state (NESS), po, which satisfies

Llps] = 0. (1.66)

It is often physically relevant to find this NESS but such calculations present
significant challenges. Numerically evolving the system until it converges is often
impractical due to the numerical instabilities which prevent long time calculations.
Direct diagonalisation techniques based on Arnoldi iterations and Krylov subspaces
can prove useful [90] and are often better than numerical integration, but these
are again restricted to relatively small systems. The most progress can often be
made when the Liouvillian has particular symmetries [91]. For example, if the
jump operators satisfy the condition

S L =Y L (1.67)

k k
then the completely mixed state, 1/ Vd, is a NESS. In this case, the Liouvillian is
called unital. Symmetries and their applications will be discussed in more detail
in Sec. |3] and will be central to the approaches used in this thesis for providing
analytic solutions to the Lindblad equation.

Diagonalisation, when possible, can also provide an approach to finding the
dynamics of an open system. It is important to note that the superoperator £ need
not be self-adjoint or even normal, and thus cannot always be diagonalised. When
it can, there exist separate sets of left and right eigenstates, {px, o} which obey

Lloe)) = Aelow))s LM ow)) = Nilow)), {(owlp)) = drs. (1.68)
This allows us to decompose the evolution operator as
A= i) (ol - (1.69)
k

Note that the eigenstates, {pg, 0%}, are not necessarily density operators. We will
make extensive use of this decomposition throughout this work, and by studying
symmetries to understand the spectrum of the Liouvillian we will present analytic
solutions to the dynamics of open quantum systems.



1. Non-equilibrium many-body quantum mechanics 21

3 Symmetries in quantum systems and their gen-
eralisations

Having introduced the key ideas behind many-body and non-equilibrium quantum
mechanics, let us discuss the role of symmetries in quantum theories and argue
why this thesis will use techniques based on symmetries to solve the Lindblad
equation analytically.

Symmetries have played a central role in physics for centuries and are generally
responsible for reducing the complexity of a given system by fixing certain degrees
of freedom. This idea was formalised in 1918 when Emmy Noether proved that
every smooth symmetry of a system is associated with a conservation law [92]. The
same idea is at the heart of quantum theory although the symmetries are generally
more exotic. It is interesting to note that even though group theory had existed in
mathematics since the early 1800s, it was only around the 1920s that the theory of
group representations emerged, coinciding with the developments of early quantum
theory [93]. Representations are the crucial link with which to connect abstract
groups and symmetries in physical systems and so their introduction alongside

quantum theory illustrates the importance of symmetries in quantum mechanics.

3.1 Groups and representations

Before defining what we mean by a symmetry of a quantum system, let us first
recall some elementary group theory to establish the nomenclature. We have

two definitions:

Definition (Group). A group G = (G, - ) is defined as a set G and a closed binary
operation, - : G X G — G which satisfies

1. (Identity) There exists a unique element e € G such that Vg € G, e-g = g-e = g.

2. (Inverse) For every g € G there exists an inverse element ¢! € G such that

9.9 =g g=e
3. (Associativity) For all a,b,c € G, (a-b)-c=a- (b-c).

Definition (Unitary Representation). A unitary representation of a group G on a
Hilbert space H is a homomorphism from G to the group of unitary transformations

acting on H.
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We write the representation of G on H as U(g) for each g € G. If the group G is
also a simply connected Lie group, i.e a group that is also a connected differentiable
manifold with no holes, then we can associate each representation U of G with a
representation, 7, of the corresponding Lie algebra g via the exponential map

UeX)=e ™ Xecg, g=e*ca. (1.70)

Importantly 7(X) is a Hermitian operator acting on H. This corresponding
representation of g preserves the Lie bracket in the sense that

T(X)1(Xs) — 1(Xo)m(X1) = 7([ X1, Xa]). (1.71)

We will often refer to the commutation relations of a representation 7, which are
in turn the commutation relations of given Lie algebra, g, as “the algebra” of g.
There are of course more complicated prescriptions for non simply-connected Lie
groups but these will not be important for the following discussions and further

details can be found in many textbooks such as [94} 95].

3.2 Symmetries and conservation laws

3.2.1 Closed systems

Let us now return to the matter of symmetries in quantum systems. For a closed
system described by the Hamiltonian, H, if there exists a group GG and a unitary

representation, U, of G acting on H such that for all g € G
U(g)HU(9)" = H, (1.72)

then we say that G is a symmetry group of the system. The individual elements
U(g) are referred to as symmetries. If G is a simply connected Lie group then
this is equivalent to

[H,7(X)] =0, VX €g, (1.73)

where 7 is the corresponding representation of g. Since 7(X) is Hermitian, we can
interpret it as an observable quantity and then the Schrodinger equation trivially
implies that its expected value, (m(X)), is a conserved quantity and does not vary
in time. This is reminiscent of Noether’s equivalence between symmetries and
conserved quantities. For pure states, one can think about a symmetry of the
Hamiltonian as restricting the evolution to a fixed manifold within A in a similar
way to how symmetries in classical systems restrict the trajectories in phase space.

It is important to consider the locality of symmetries and conserved charges,
i.e. the region of space on which the operator has support. For instance, in the
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lattice models we will be considering in this work a conserved charge is said to

be local if it can be written as the sum
Q=7 d, (1.74)

where ¢ is a strictly local operator which acts only on the site 2 and its [ nearest
neighbours. We also say that a conserved quantity is extensive if its norm scales
with the size of the system. If instead the operator ¢! were a conserved charge,
we would call this a strictly-local conserved charge. As an example, consider the

Hamiltonian for free, spinless fermions on a periodic ring,
L
H=73 cle,n+ chica, (1.75)
=1

where ¢l creates a fermion on site  and site L + 1 is identified with site 1. Two

examples of local symmetries are the total fermion number, and the total current

N=>"ce,, J=1> clepr — lce (1.76)
x €T

which are each comprised of sums of operators with support on only one or two sites

respectively. Symmetries that are not local include projectors to energy eigenstates.

Take, for simplicity, the one body energy eigenstates
|k) = Zei’“cjﬁ 12) (1.77)

where |Q2) is the vaccum. Then the operators P, = |k) (k| trivially commute with

the Hamiltonian but when written as a sum of individual terms,
b= >3 Ml 10) (Q) ¢y, (1.78)
z oy

we see that this includes long range terms with support at distantly separated sites,
and is thus not local. We can also see that the operator norm of these projectors is
independent of system size, thus they are not extensive symmetries either.

The existence of local conserved charges can have important consequences for
the transport properties of a system, through the Mazur bound [96, (97]. The Mazur
bound places lower bounds on the long-time averaged autocorrelation functions of
observables in terms of equilibrium correlation functions of conserved charges. More
recent work has generalised these ideas to quasi-local conserved quantities, which
have been succesfully used to explain transport properties, thermalisation behaviour
and quench dynamics in intregrable lattice models [98-103]. This emphasises the
physical significance local symmetries when studying many-body systems.
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A slight variant on this notion of symmetries are so-called dynamical symmetries

[104+106], defined as operators that obey the closure relation
[H, A] = wA, (1.79)

for non-zero w. This relation can also be viewed as a spectrum generating algebraﬂ
since it generates a series of energy eigenstates with evenly spaced energies. Similarly
to conserved quantities, such operators can be trivially constructed by taking the
outer product of two energy eigenstates with differing energies, i.e A = |Ey) (E)|
with E} # E; which describe transitions between energy levels. However, in many-
body systems, these operators are non-local and consequently do not influence the
local physics on longer timescales. Instead, particular interest is given to dynamical
symmetries which are extensive. These extensive dynamical symmetries are relevant
in the thermalisation of many-body systems [106] and we will also use them to study
persistent non-stationarity of non-equilibrium systems in Chs Further, strictly
local dynamical symmetries have been shown to have interesting consequences in
quasi one dimensional lattice models, such as the emergence of a classical many-body
attractor even in the absence of a well defined classical limit |110].

Open systems

The classification of continuous symmetries and conserved quantities is less straight-
forward when we are considering dynamics defined by the Lindblad equation and
to do so we must introduce some additional notation. First, the adjoint Liouvillian

is given by the superoperator
1
Llw] =i[H,w] + 3 LjwL;, — §{L2Lk,w}, w € B(H), (1.80)
k

and is used to describe the evolution of observables in the Heisenberg picture. Second,
we introduce the adjoint representation of an operator U in the superoperator
level [91], [111] as

U:BH) — B(H), Uw]=UwU". (1.81)

Note that if U = e 4 for some Hermitian A, then the adjoint representation

of U can be written as
U=t Al = [A, ] (1.82)

We can then make three definitions [111].

3Note that these terms have been previously used to describe various related but slightly different
concepts [107H109).
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Definition (Strong Symmetry). An open system has a strong symmetry if there
exists a unitary operator, U, acting on ‘H which commutes with each individual
element of the set {H, Ly, k=1,2,...},

[U,H] =0, [UL]=0 k=12,... (1.83)

Definition (Weak Symmetry). An open system has a weak symmetry if there
exists a unitary operator U acting on H such that for all p € B(H)

LIUpU =U(L[p)UT. (1.84)

Definition (Conserved quantity). An open system has a conserved quantity, A = AT,
if
LI[A] = 0. (1.85)
As we have discussed, these three definitions are equivalent for closed systems
but this is not the case for open systems. It is immediate that the existence of
a strong symmetry implies the existence of a weak symmetry and the existence
of a conserved quantity, but the converse does not hold. Also, a weak symmetry,
U = e "4 does not imply the existence of a conserved quantity, A, with

d
%A:£Wﬂ:0 (1.86)

As a trivial example of this, consider a single bosonic mode, a, with Liouvillian
L[p] = 2apa’ — a'ap — pa'a (1.87)

where the unitary operator U(s) = e~isala ig o weak symmetry for all s € R but

CZ(LTa = (a")?a® — (a'a)? # 0, (1.88)

demonstrating that a'a is not conserved. Further, a conserved quantity implies
neither the existence of a weak nor strong symmetry as is immediate from the
trivial conservation of the identity operator. These relations can be summarised
in the following diagram adapted from [91].

Strong
Symmetry

%/ \\& (1.89)

Weak Conserved
Symmetry Quantity

It should be noted that these relations hold only for continuous symmetries and
that stronger conditions hold in the case of discrete symmetries such as reflections,
discrete rotations or parity transformations [91].
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3.3 Applications of symmetries

The existence of symmetries and conserved quantities place constraints on the
evolution of open systems. Several previous results [91} 1115116 have been concerned
with studying the number of stationary states of the system and deducing their
properties. Weak symmetries are useful because they allow for the Liouvillian to be
block diagonalised with each block corresponding to an eigenvalue of Y. However,
this does not necessarily constrain the number of steady states. Instead, if one has
a strong symmetry, U, then it is possible to bound the number of distinct steady
states as being greater than or equal to the number of distinct eigenvalues of U
[111]. Further, when the system has a unique steady state, ps, weak symmetries
are sufficient to construct selection rules that can be used to deduce some long-time
properties of the system directly from its initial state [116].

It is also possible to consider symmetries that only preserve the steady-state
subspace [91, 113]. By this we mean that if L,, C B(H) is the space of all
steady-states then steady-state subspace symmetries are those unitary operators,
U,s, such that

UsspooUl, € Ly, Vpoo € L. (1.90)

Although all weak and strong symmetries of the system are steady-state symmetries,
there can exist steady-state symmetries that are not symmetries of the full system.
These are related to the block diagonal structure of the steady states which can be
rotated within themselves and exchanged with other blocks of the same dimension.
Since a steady-state symmetry, U,,, needs only have support on L, it is in some
cases possible to extend steady-state subspace symmetries to global symmetries
of the whole system, provided Eq. is maintained [91]. This procedure can
allow one to control decoherence-free subspaces and noiseless subspaces which are
used to protect qubits in quantum computers. It has further been demonstrated
that the generators of these subspace symmetries can be approximated using
physically realisable operations [117].

On the other hand, conserved quantities are very useful for determining the
long-time properties of a system directly from their initial conditions. One can
relate the existence of conserved quantities to the dimensions of the steady-state
subspace through the conserved quantity — steady state correspondence [91, |112].
This states that in the absence of purely imaginary eigenvalues of the Liouvillian,
if we choose an orthonormal basis {Mu , for Ly then there exist D linearly

independent conserved quantities, J,,, such that

Poo = hm e“py = ZTr (1.91)
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This shows that in the more common case where the steady-state is unique, no
information about the initial state is preserved by the evolution.

When considering dynamics, symmetries have also been demonstrated to have
significant use. In particular, several of the above results contain the caveat
“assuming the absence of purely imaginary eigenvalues”. When the Liouvillian
has purely imaginary eigenvalues the resulting long-time state does not become
stationary but instead continues to oscillate. Recent work studying decoherence-free
subspaces [118] and strong dynamical symmetries [119, 120] have provided sufficient
conditions for the existence of these purely imaginary eigenvalues. These results
will be extended in Ch [3] and applied in Chs [ & [5

Moving away from symmetries of the Lindblad equation, another setting where
symmetries have proven to be very useful is for studying integrable systems. In these
systems, an extensive set of local conservation laws places sufficient constraints
on the Hamiltonian that the eigenvalues and eigenstates can be expressed in
terms of solutions to the Bethe equations [121-124]. Although these equations
are often difficult to solve completely, even numerically, much has been learned
about the thermalisation and transport properties of isolated integrable systems.
More recent work has been interested in studying open integrable systems, which

can in principle mean two things:

o The full Liouvillian can be mapped to an isolated non-Hermitian system that

is integrable, or

e The open system in question has a Hamiltonian, H, which is integrable but

the influence of the environment must now be considered.

The mapping of full Liouvillians to non-Hermitian integrable systems has been
studied extensively for various models [125-128] and has uncovered several interesting
properties. However, the models to which this method can be applied can sometimes
be rather contrived and less experimentally relevant. The question of integrable
systems in the presence of an environment, which is arguably more relevant to
experiments and technological applications, has been less studied analytically
and will be the topic of Ch [2

These various applications of symmetries and the corresponding algebras demon-
strate the utility of algebraic methods for studying the dynamics of quantum
systems, even in the presence of an environment. These methods often have
the advantage of being independent of system size and being well defined in the
thermodynamic limit through C*-algebras. It is for these reasons that this thesis
will use algebraic techniques to provide solutions to the dynamics of many-body
open quantum systems.
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4 Dynamical phases of matter and their techno-
logical applications

Having introduced the main ideas behind the focus of this thesis — solving the
dynamics of the Lindblad equation for many-body systems using symmetries —
let us outline some of the phenomena that we will study with these solutions.
In this work, we will focus on lattice systems, which are particularly relevant
for quantum technologies and material science, and thus we refer to the broad
class of phenomena as dynamical phases of matter. More specifically we will be
interested in three main phenomena: transport properties and superconductivity,
synchronisation and time crystals.

Transport properties and superconductivity

In condensed matter and atomic physics, there has been a long-standing interest
in understanding the motion of quantum charges such as energy, electric charge
and spin through a system that is not in equilibrium. Historically, transport has
either been classified as ballistic, where the total current is proportional to the
total charge, or diffusive, where the current scales as 1/L where L is the system
size. These phases correspond to the charge carriers moving either with constant
velocity or evolving according to the diffusion equation respectively. When studying
transport in quantum systems, these phases are usually characterised by studying the
Drude weight and Onsanger matrix [129] or by the scaling of two point correlation
functions. Recent works in this direction have been focused on classifying the
dynamical phases of a quantum system into these different universality classes using
a variety of theoretical techniques and experimental evidence to understand their
origins [130]. It has also been found that there exists another universal transport
phase, referred to as KPZ-diffusion [131-134], where higher order noise terms become
relevant in the hydrodynamic description of the system, leading to a new scaling law.

Studying the transport of quantum systems in the hydrodynamic regime has
led to the recent development of generalised hydrodynamics (GHD) [129, 135, 136].
GHD uses the thermodynamic Bethe ansatz for integrable quantum systems [137,
138] to describe the dynamics of these systems in the hydrodynamic limit using
non-linear wave equations. We will discuss GHD further in Ch [2] focussing in
particular on its application to systems experiencing dissipation.

The final transport property of quantum matter that we will be interested
in is superconductivity. First discovered by Onnes in 1911 [139] and described
microscopically for the first time by Bardeen, Cooper, and Schrieffer in 1957 [140],
superconductivity describes a phase of matter where electrical resistence vanishes

and magnetic fields are expelled. The magnetic behaviour is evidence that this phase
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cannot simply be understood through extensions of classical perfect conductivity.
Superconducting materials have a wide array of applications, but are primarily
limited by only existing at extremely low temperatures. Many studies have been
concerned with inducing and stabilising superconductivity in materials at higher
temperatures and this will be the topic of Ch [6]

Synchronisation

The scientific study of synchronised dynamical systems dates back to 1673 when
Huygens studied the motions of two weakly coupled pendula [141]. He observed
that pendula clocks hanging from the same bar had matched their frequency and
phase exactly. Since Huygens in the 17th century, synchronisation has been a topic
of significant interest in an ever-expanding range of scientific and technological
fields [142} 143]. The synchronisation in quantum systems has also been attracting
more recent attention with several systems having been studied in a case-by-case
manner and various measures of quantum synchronisation having been introduced
[144-156]. Unfortunately, much of this work has been focused on small systems
using methods that often do not scale well for many-body problems.

However, synchronisation in quantum systems holds much technological promise.
For instance, by synchronising spins one could engineer homogeneous and coher-
ent time-dependent magnetic field sources. Such sources of homogeneous and
coherent time-dependent magnetic fields have the significant potential application
of improving the resolution of MRI images [157]. In an alternative direction,
the role of synchronisation in the security of quantum key distribution (QKD)
protocols has been recently explored [158-160]. One could envisage that by
improving our understanding of quantum synchronisation we could improve security
against specialist attacks that exploit the dependence of several QKD schemes
on a synchronisation calibration step.

Time crystals

Time crystals are states of quantum matter that are ordered in the time domain
and break time translational symmetry. They were first proposed by Wilczek in
[161] for undriven closed systems. This original proposal was soon claimed to be
impossible by Watanabe and Oshikawa [162], but their original proof was incorrect
[163] and required revision [164]. Slight variations on Wilczek’s initial proposal for
a time crystal in an undriven closed system have also been studied [106, |165].
The original no-go theorem of Watanabe and Oshikawa motivated the study of
more exotic criteria for time crystals in non-equilibrium and driven systems such
as Floquet time crystals in periodically driven systems [166-169], dissipative time
crystals where the ordered state is induced by a noisy environment [119, (170} [171]
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and extensions to classical models [172-174] among many others. The reader is
directed to the review of Khemani et al. [163] for an extensive discussion of the
current state of the time crystal landscape.

From a theoretical viewpoint, time crystals have provided a new insight into
thermalisation and relaxation to equilibrium or more interestingly the alternatives
that can and do exist. Additionally, the study of Floquet time crystals has driven a
number of advances in our understanding of periodically driven systems and the
techniques available to study them. On the experimental front, recent experiments
have been able to create several types of time crystals for the first time |175-179].
Further, there are proposals to utilise time crystals to improve the performance of
quantum computers at warmer temperatures, or to improve atomic clocks 180, [181].

5 Summary

To summarise, in this comprehensive introductory chapter we have introduced the
ideas of many-body non-equilibrium quantum systems and set the scene for the
remainder of this thesis. In particular, we have derived the Lindblad equation as
the most general evolution for a Markovian system that is interacting with the
environment. We highlighted the challenges that arise when trying to solve the
Lindblad equation for many-body systems and argued how symmetry constraints and
the related algebras can provide a natural language with which to construct solutions.

The remainder of this thesis will be focused on solving the dynamics of non-
equilibrium quantum systems in different settings. We will first study integrable
systems, which have so many symmetries that when isolated their spectrum can
be completely solved analytically. We will study the consequences of loss in such
systems and construct a method to analytically find the Liouvillian spectrum.
We then use this to understand the transport phenomena of an XXZ spin chain
with boundary loss, although other possible examples where this method can
be applied will be indicated.

We then move on to study more general systems with less strict algebraic
structure. In these systems we will be able to give nessesary and sufficient conditions
for the system described by the Lindblad equation to be persistently non-stationary,
almost akin to a perpetual motion machine. These conditions will then allow
us to study the phenomena of time crystals and quantum synchronisation in
experiementally realisable models.

Our final topic will be to study non-equilibrium superconductivity in driven
materials. Here we will not use the Lindblad equation directly, but instead rely
on even more general principles of perthermalisation in an attempt to understand

how recent experiments have succeeded in inducing superconductivity well above
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T, using laser driving. We will propose a theory based on approximately conserved
symmetries related to Yang’s n-pairing of electrons.

We will then conclude by evaluating our results and discussing avenues for future
follow-up work. Details of the numerical methods used to perform the simulations
in the thesis are presented in the appendices.



Integrable systems in the presence of
dissipation

For centuries, physical systems that can be exactly solved analyt-
ically in terms of a few dependent parameters have been studied.
The most canonical examples from classical physics include har-
monic oscillators and motion in central forces such as gravity or
electromagnetism. The reason for the sustained interest in these
integrable models is two-fold: firstly, analytic solutions generally
allow for more straightforward analysis of exciting features of the
dynamics such as phase transitions, stationary states or bifurcations.
Secondly, we can use our exact solutions to perturbatively solve
similar models or to construct more complex models and theories
that can also be solved exactly.

In quantum mechanics, integrable models of lattice electrons, spin
chains and 1D Bose gasses, all in isolated systems, have been
studied extensively over the last 90 years, both theoretically and
experimentally. The first topic of this thesis will be to study the
dynamics of these integrable quantum systems in the presence of
dissipation, a subject that is only recently attracting attention.
We will present a method that can be employed to solve for the
Liouvillian eigenvalues of integrable systems in the presence of either
pure loss or pure gain. This method will be applied to study the
interesting dynamics of an XXZ spin chain with localised loss at
one boundary.

We will then discuss the issues that arise when extending our
techniques to the thermodynamic limit. This will lead naturally to
a discussion of the recently developed field of generalised hydrody-
namics, where the dynamics of quantum systems are studied using
an approach similar to that of fluid dynamics. We will comment on
how these new ideas can be used to study dissipative systems and
indicate some interesting potential applications.

32
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1 Introduction to integrability

Let us first give a very brief introduction to integrability to highlight the techniques
that will be important in subsequent sections. Unfortunately, it will be impossible to
provide a comprehensive review of the field nor details of all the related derivations
and calculations as such a discussion would consume this whole thesis if not more.
Instead, we will focus on highlighting the key concepts and only presenting details
directly relevant to the new results presented in the following sections. For more
comprehensive treatments, see [123, (182, 183| and the further references therein.

The study of integrability has its roots in classical dynamics, where integrability
generally refers to the existence of sufficiently many conserved quantities, also
sometimes called first integrals, such that the evolution is restricted to a submanifold
of phase space with significantly fewer degrees of freedom than the dimension of
phase space. One of the most famous results in this field is the Arnold-Liouville
theorem [184], which completely solves a time-homogeneous Hamiltonian system
with a 2n-dimensional phase space in terms of action-angle variables constructed
through integration over n-dimensional tori provided the system has at least n
independently conserved quantities. This result explicitly solves the system’s
dynamics in terms of the conserved quantities and completely determines the
motion in terms of the initial conditions.

Unfortunately, the Arnold-Liouville approach is only suited to Hamiltonian
systems of ordinary differential equations. However, alternative methods have been
developed for non-linear partial differential equations, most notably the inverse
scattering method and the GLM equation [185-18§|. Inspired by the discovery
of solitons solutions to the KAV equation in the 1960’s [189], these and similar
methods rewrite the PDE using a Lax pair, which then fixes the spectral evolution
and allows the dynamics to be determined from the initial conditions in a similar
way to the application of Fourier analysis for linear PDEs. These Lax operators
can also then be used to construct an infinite hierarchy of conserved quantities.

1.1 Integrability of a quantum system and the Yang-Baxter
equations

The development of the inverse scattering method for PDEs subsequently inspired
a unification of quantum integrability. Previously, it had been known that the
eigenvalues and eigenstates of several systems could be solved for exactly in terms of
Bethe equations using an ansat#!] for the wavefunction, but the general underlying
structure that connected these seemingly unrelated models was not very well
understood. This unification is known as the algebraic Bethe ansatz, which can be

1See Sec for more details.
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viewed as a second quantisation of the previously used coordinate Bethe ansatz
and uses the Yang-Baxter algebra to construct excitation operators that give the
Hamiltonian eigenstates [123]. This formulation has allowed integrable quantum
systems to be understood in terms of quantum groups and their related algebras
[190]. It is also interesting to note that the algebraic Bethe ansatz provides a
connection between integrable 1D quantum systems and two-dimensional integrable
classical models from statistical physics, providing yet another possible angle from
which to understand quantum systems [123, |191} 192].

We will now briefly outline the algebraic Bethe ansatz using the example of
a closed XXX spin-1/2 chain. The XXX model is one of the earliest examples of
an integrable quantum system, being first studied by Hans Bethe in 1931 [124],
and is often taken as the simplest model of quantum magnetism. It can also be
applied, following a Jordan-Wigner transformationﬂ, to study spinless fermions in
1D. The XXX Hamiltonian for a chain of length N is given by

N
H==3 s sj, (2.1)
j=1

where we have assumed periodic boundary conditions so that the site N + 1 is
identified as the site 1. Here and throughout this thesis subscripts are used to
indicate the lattice site upon which an operator acts, i.e.

0;=1,® - ®1;_ 18001, ® @ 1Ly. (2.2)

Note that we can also write the Hilbert space of the system as

Jj=1

where h; = C? is the local Hilbert space of each site. We will use the z basis for
each site, denoting a spin up as |T) and a spin down as ||). We have also use the
spin-1/2 operators, which in this basis are defined as

I T

with the raising and lowering operators also given by

1 1
st = 5 (s +is), s = 5 (s* —1isY). (2.5)

To formulate the algebraic Bethe ansatz, we must now construct the Lax
operators, labelled L;,. These operators act on the space h; ® V, where V, is an

2See appendix |A| for details of the Jordan-Wigner transformation.
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auxiliary space. For the examples of an XXX spin-1/2 chain, we take V, = C?
but in general, h; and V, need not be the same. Our Lax operators are defined
for some complex spectral parameter \ as

)\—I—lsj is; ) 7 (2.6)

Lj,a(/\)zmﬂ”Sj@Ua:( st A—is

where we have written the matrix representation in block form. These operators
can be interpreted as a kind of connection along the chain in the sense that when
we take the classical continuum limit the Lax operator performs parallel transport

[193]. Following this interpretation it is natural to define the monodromy matrix

T.A) HRV, > HRV,

2.7)
7Tz<)‘) - LN,a()‘>LN—1,a()‘> s Ll,a<>\)7

which descibes parallel transport around one complete loop of the chain. We
then require that transport around two loops of the chain should be related by

a similarity transform

TaN)To (1) Rap (it — A) = Rap(pe — N) T (1) Ta(N), (2.8)

where R, : V, ® Vi, = V, ® V4 is known as the R-matrix. The existence of such a
similarity transform follows from the R-matrix satisfying the Yang-Baxter equation

RLQ()\ — ILL)RLg()\ — I/)ngg(ﬂ — I/) = R273(,u — I/)R173(/\ — I/)RLQ()\ — V). (29)

This equation is usually taken as the definition of integrability, and all solutions to it
generate a family of integrable models by using the following construction. However,
there is no known predefined method for determining the R-matrix corresponding
to a given Hamiltonian if it even exists. Instead, the usual approach is to seek a
solution to Eq. for a given auxiliary space and then use the corresponding
Lax operators to derive the resulting model. Reasonable guesses for such an ansatz
can be made from the methods developed for 2D classical integrable models [191].
In the case of the XXX model we are considering, the R-matrix is given by

A+i 0 O 0
0 X i 0
Ra,b()‘) - 0 i\ 0 (210>
0 0 0 A+i

Given an R-matrix and corresponding Lax operators, the Hamiltonian is defined
in terms of the transfer matrix. The transfer matrix, which acts only on the Hilbert

space H, is found by tracing out the auxillary space from the monodromy matrix

T(\) = Try, Ta(N). (2.11)
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Notice from the definition of the monodromy matrix that the transfer matrix is
a polynomial of order N in A. Importantly, the transfer matrices with different

spectral parameters all commute,
[T(A), T(p)] =0, (2.12)

as a direct consequence of Eq. . Since the transfer matrices are polynomials of

degree N in A this construction has provided a set of N independent commuting
operators on H. The Hamiltonian is then defined as
idl N

H = _iﬁ'T A:%—l—?. (2.13)

Note that, in general, different constants can be chosen for different models, but this

combination recovers Eq. . Since we have constructed H in terms of commuting

transfer matrices, we can conclude that T()) is a conserved quantity for each A,

and thus we have found N independently conserved quantities. This connects us

back to the classical definition of integrability from the Arnold-Liouville theorem.

We can now also construct the eigenstates of H in terms of the monodromy

matrix. To do so we write

AN B\
%(A)=<C(A) D(A)>, (2.14)

so that when we trace over the auxillary space we have
T(A) = A(\) + D(N). (2.15)

The Yang-Baxter equations give us a long list of relations between these operators,

most importantly

[B(A.),B(u)] =0, (2.16a)
ANB) = TS BEAN) + T BOAG),  (216h)
D(NB(n) = A;f:i (1)DO) = = BOD (). (2.16¢)

We then define the vacuum state as

Q) = [t... 1), (2.17)

which is an eigenstate of T(\) with eigenvalue

AQY) = <A+;)N+ (A—;>N. (2.18)
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We can then use the relations in Eq. (2.16) to show that for a set of values
{\ L, the so-called Bethe states

W) = B\)... BOw) [27). (2.19)

have eigenvalues

N M . . N M . .
i A— A 1+<)\ i A )\k—i-l' (2.20)

A(A;{)\k})=<)\+2> 15— ‘2) 1155

k=1 k=1

Notice however that this equation has poles at A = A\x. These are removed exactly

when N
)\k + i/2 )\ )\ +1i
— = — k=1,... M 2.21
Gioie) mHaoaet et e
and in this case we can conclude that these states are eigenstates of H with energies
1M
E({\}) = 5 (2.22)

The parameters {\;} are known as the Bethe roots or rapidities, while Eq.
are known as the Bethe equations. We can interpret the B(\) operators as creating
excitations on top of the vacuum, each with a quasi-momentum A. It can also be
shown that a state corresponding to M < N/2 Bethe roots is an eigenstate of the
total S* =3~ sj operator with eigenvalue % — M and vanishes under the action of
St =3 si. The remaining states with magnetisation less than zero can be found
by applying the lowering operator, S~ = 3 s, , to the Bethe states or by following

a similar construction from the alternative vacuum state, |27) = || ... ).

1.2 Coordinate Bethe-ansatz

Before discussing the consequences of these results, we will also present an alternative
derivation known as the coordinate Bethe ansatz. This is the original method
proposed by Bethe in [124] and extended by others to many other models [194-199].
We will follow [194] and use this method to derive the Bethe equations for an
open XXZ spin-1/2 model with a boundary term, as this will be relevant to our
example in the next section.

Our starting point is the Hamiltonian
H=asi+ ) sispy + skl + Aspsigy. (2.23)
We take the state

|pm) = Z flzr, .o xm) |, . xm) (2.24)

1<z <-<Tm <N
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for a state with total magentisation m — N/2. Note that |z1,...,x,,) indicates
the positions of m sites with spin up while all other sites have spin down. We
use the coordinate ansatz

f@r,.. am) = epAlky, ..., kel krzitthmem) (2.25)
P

where the summation is over all permutations and negations of the set {k;} and
ep changes sign with each such mutation. Directly solving the eigenvalue equation
for H, after a little algebra we arrive at the Bethe equations

1 Zkl
(€% A —1)(1 — e (20 + A) g S(e (2.26)

Here we have written the two body scattering matrix as

(a —2Aab+b)(1 — 2Aa + ab)

b) = 2.2
@0 = S A T B (1 = 280 + ab) (227)
and find that the coefficients A(ky,...,k,,) are given by
Ao i) = TL(AC™Y — = Dk) T B(—ky, k)e ™,
j=1 1<j<i<m (2.28)
Bk, k') = (1 = 2Ae™* 4 e *FK)) (1 — 2Ae7 4 =R,
Finally, this calculation gives us the energy of the state as
1 m
E({k;}) = 1 (N —=1)A =2a) + ) (coskj — (2.29)
7j=1

We note that this same result can be obtained using the algebraic Bethe ansatz
in a similar way to our explanation above. However, since the pseudo-Hamiltonian
contains a boundary term, the definition of the monodromy matrix must be modified
using Sklyanin’s reflection algebra [200]. Additionally, adapting the algebraic Bethe
ansatz to allow for A # 1 requires g-deformation [201} |202]. Thus, in this case,
it is arguably more straightforward to use a sensible coordinate ansatz and solve

the eigenvalue equation directly.

1.3 Discussion

The two preceeding sections have demonstrated how Bethe ansatz techniques enable
us to transfer the problem of diagonalising an exponentially growing Hamiltonian,
to solving a system of Bethe equations. At the heart of both methods is the

simplification that arises from the M-body scattering amplitude factorising into
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products of the 2-body scattering amplitude. We can see this by rewriting the
Bethe equations in ([2.21]) as

M
ePORN = TT S(A — Am), (2.30a)
m=1
At Ati/2
SOy = 21 o) = Ziteg 2 EY (2.30b)

A—i’ A—i/2°

Here we have expressed the momentum of an excitation with quasi-momentum
Ak as p(Ar) and written the two-body scattering amplitude as S(A). From this, it
is clear that the Bethe equations precisely describe how the M-body scattering
amplitude is expressible in terms of 2-body amplitudes. This phenomenon is, in
fact, one manifestation of the integrability of a general model.

Unfortunately, the solution provided by the Bethe ansatz is not as straightforward
to use in practical applications as one might hope. Firstly, for most systems, the
Bethe equations are very difficult to solve, even numerically, as they are highly
non-linear coupled equations. While effort has been devoted to developing methods
for solving these equations [203-205], it remains a non-trivial task that must be
completed to use the subsequent results. The second difficulty arises when trying
to compute expectation values and overlaps. This is because the eigenstates given
by the construction in Eq. are expressed in terms of highly non-local B(\)
operators whose expression in the z basis is far from straightforward. There have
been substantial results in this direction, with the relevant form factors for several
models being calculated [206-212]. However, in general, it remains a difficult
question to calculate to overlap between a Bethe state and some initial state as
is required when calculating dynamics.

As a result of these difficulties, many successes in studies of integrable models
have been in the thermodynamic limit. Here, the thermodynamic Bethe ansatz
(TBA) [138, 213] has been developed to extend the ideas above which apply to
strictly finite-dimensional systems. More recently these ideas have been extended
to study dynamics through generalised hydrodynamics (GHD) 129, 136} 214]. We
will give more details of both the TBA and GHD later in this chapter. Using
these techniques, much has been learnt about the transport and thermalisation
properties of closed integrable systems.

2 Dissipative Bethe Ansatz

Having given a brief outline of the basic techniques of integrability in quantum
systems, we are ready to introduce the dissipative Bethe ansatz. This novel method
allows us to exactly calculate the spectra of interacting, many-body Liouvillians
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where the system is experiencing pure losses. The dissipative Bethe ansatz opens the
possibility of analytically calculating the dynamics of a wide range of experimentally
relevant models, including cold atoms subjected to one and two body losses, coupled
cavity arrays with bosons escaping the cavity, and cavity quantum electrodynamics.
Such analytic results have previously been inaccessible for systems of this type.
It is important to distinguish our results from two classes of similar studies.
Firstly, there has been intense recent interest in studying integrable Liouvillians. In
these models, the full Liouvillian can be mapped to some non-Hermitian Hamiltonian,
which is integrable using the above techniques [125H128, 215H217]. In our case, it will
not be necessary that the full Liouvillian be integrable in this sense. Indeed for the
example that we study in detail, the Liouvillian itself does not seem to be mappable
to any known integrable non-Hermitian Hamiltonian. We checked this by performing
vectorisation and then attempting to solve a reflection equation that would generate
the Liouvillian, but it proved impossibleﬂ Secondly, we must emphasise that, in
general, the models that this method applies to are strongly interacting. This should
be contrasted with results based on 3"-quantisation [218|, |219] which reduces the
dimensionality of the problem to polynomial rather than exponential. Importantly
3'9-quantisation can only be applied to models that are quadratic in either bosonic
or fermionic operators, or weakly interacting models through perturbative analysis.

2.1 Spectral solutions to models with loss

The problem of interest will be to find the spectrum of some Liouvillian describing

a quantum evolution through the Lindblad equation,
d :
Splt) = Lot) = —ilH, p(t)] + 3 (2Lup(0L] — (L L p(0}), (231)
m

where H is the system Hamiltonian and L, are the Lindblad jump operators
modeling the influence of the environment on the system. As we discussed in
Ch [I] under the assumption that the system is diagonalisable we can decompose
the evolution of operators in terms of the eigenstates and eigenvalues. Thus
solving for the spectrum of the Liouvillian provides great insight into the dynamics
of the system.

The general setup that we consider comprises an integrable Hamiltonian H
with a conservation law M and Lindblad operators L, that change the eigenvalue
of M by well-defined amounts

(M, L,] = —m,L,, m, >0, (2.32)

3Note that the spectral statistics cannot be used to check for integrability because the spectrum
of the Liouvillian is the same as that of the integrable non-Hermitian Hamiltonian.
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Such Lindblad operators can be interpreted as inducing the loss of the quantity
M in the system. For instance M can be the total particle number and L,
particle annihilation operators. For the following dicusssion it will be useful to
represent the Liouvillian superoperator in Fock-Liouville space with doubled degrees

of freedom using vectorisation

) (¢l = ) ©¢), (2.33)

which gives

L=-iHo1-10H")+Y (2L, ® L, - LiL,®1 -1 (L{L)"). (2.34)
o

We then define the non-Hermitian pseudo-Hamiltonian |81}, |220)]

H=—iH - LiL,, (2.35)
7

so that the Liouvillian in Eq. (2.34)) can be decomposed as

L =adH + D, (2.36a)
adH=Ho1+1e H, (2.36b)
D=2>L,®L}. (2.36¢)

Let us now consider a basis of states that are eigenstates of the conservation

law superoperator
M=MRSJIN+1 M, (2.37)

and ordered by their corresponding eigenvalues. Since the action of L, is to stricly
lower the value of the conservation law, the matrix elements of D in this basis
will lie strictly above the diagonal. Further, since [H, M] = 0 the matrix elements
of adH all lie on the diagonal in this basis. This immediately implies that the
eigenvalues of £ coincide with those of adH. Finally, since adH is a sum of two
operators acting on the factors in a tensor product independently, we can deduce
that its eigenvalues are given by

Nk = Ej + Ef, (2.38)

where EZ are the pseudo energies of H. Thus, provided that the non-hermitian
Hamiltonian H = —iH — PP LLLu is exactly solvable, we have found the full
spectrum of the Liouvillian. However, the structure of Liouvillian eigenvectors
corresponding to the eigenvalue J; ; is more complicated and includes couplings
between different eigenspaces of the conservation law, as we will show later in
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the example. Note that systems with Lindblad operators describing pure gain
can be treated on exactly the same footing.

For general interacting, many-body systems, solving H is still intractable due to
the exponential complexity. However, in many physically relevant situations, the
dissipative contribution, >, LLL#, modifying the system’s integrable Hamiltonian,
H, will leave H integrable in the following sense. Our integrable system Hamiltonian,
H(ay,...,ax), will generally depend on some parameters, a; € R, such as interaction
strengths, potentials etc.. We are interested in the situations where the pseudo-

Hamiltonian can be written as

H=H(ay,...,q) (2.39)

for some modified parameters o;; € C. In these cases, we may use the Bethe Ansatz
solution to H with the new parameters to determine the spectrum of H and hence
the spectrum of our full Liouvillian. In the next section, we will demonstrate
how every integrable system Hamiltonian offers at least one corresponding lossy
dissipative process that renders it solvable according to our approach.

2.2 Examples of dissipative quantum models solvable by
the dissipative Bethe ansatz

Here we detail examples of physically relevant lossy dissipative processes that
allow integrable Hamiltonians to remain integrable in our procedure, and thus the
corresponding Liouvillian spectrum can be found analytically.

2.2.1 Single body loss

The most straightforward example is to take any integrable U(1) symmetric

Hamiltonian with symmetry N = 37, a;aj, and corresponding loss L = ~ay,
[N,a;] = —a,. We have immediately that,
H = —iH — «N, (2.40)

which is trivially integrable.

2.2.2 Localised loss on two sides

A direct generalisation of the loss studied in the following section is putting a
loss process on both ends of a 1D chain. This could be done, for instance, by
studying the 1D Hubbard model,

H = —tz (0;700j+17g + C;r-_,_l,JCj,U) + UanTnﬂ (241)

j?a
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and introducing four Lindblad operators

Lyt = Ve, Lty = VINCN (2.42)

The Liouvillian is triangular and,

H=—iH~- Y mniy+Wnine, (2.43)
ce{ti}

which is integrable [221]. Of course, the Hubbard model is just a concrete example
and any other boundary integrable model would work here, too.

2.2.3 Two-body loss

Consider the Lieb-Liniger model of cold bosons,
H= / da [~ () 02U (x) + VT (2) U (2) U (2) ¥ ()] (2.44)
An experimentally relevant loss process is two-body loss [222-224],
Lp=—ilH,p| +7 / de [20%(2)p¥ 1" () — {0 () WP(2), p}] . (245)

This may be understood as a continuous set of Lindblad operator L(z) = /7¥(z)? in-
ducing pure loss. This leads to the triangular form the Liouvillian required. Further-

=i / de [~0(2) {020 (2) + (c — i7) U (2) U (2)U(2) U ()] | (2.46)

which is a modification of the interaction leaving H integrable. Another concrete
physical example of two-body loss treatable with our method is the 1D Hubbard
model with two-body recombination of fermions of spin-down and spin-up [225].

2.2.4 Dissipative lossy nearest-neighbour hopping

A related loss process is the following. Consider an XXZ spin chain with L; =
VY05 0541 with j=1,..., N — 1. In that case £ is again triangular and,

1=

N-1
H=—iH - —(1+0;)(1+07,,), (2.47)
7=1

which is again integrable because it corresponds to an addition of constant magnetic
field and boundary field. It also renders the A complex. This is interesting from
the point of quantum phases because it allows for a physically motivated reason to
extend the already rich quantum phase diagram of the XXZ spin chain to complex
A. This is similar to two-level systems coupled by dipolar interactions and subject

to nonlocal dissipation, i.e. decay through optical emissions [226, 227].
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2.2.5 Collective loss processes

Collective loss processes are quite ubiquitous from the point of view of descriptions
of cavity experiments [228-232] and BECs [233] 234]. As an example we will
take the Bose-Hubbard dimer [235-23§],

H = k(N; — No)? — v(Ny — No) + u(Ny + Ny) — e(blby + blby), (2.48)

which has the total particle number U(1) symmetry and is exactly solvable via a
Bethe ansatz [239, 240]. We now take global loss L = /7(b; 4 bz), which leaves
the Liouvillian triangular, and the non-Hermitian Hamiltonian is just iH with
i — p— iy and € — € —iy. Other possible examples of models with collective
loss may include Richardson-Gaudin models [241].

2.3 Application to a boundary loss XXZ model

We now study the example of an XXZ spin-1/2 chain with a single boundary spin
sink. Our method allows us to find the scaling of the Liouvillian gap analytically
and to understand the formation of domain walls in the easy-axis regime via a class
of states which we call boundary bound states which we later describe.

2.3.1 DBA Solution

The Heisenberg Hamiltonian reads

N-1

Hxxz =Y sjs5 +s)si +Asist ), (2.49)

Jj=1

where A is the anisotropy which in the Jordan-Wigner picture corresponds to
an interaction strength, and N is the number of spin sites. We study the setup
of single spin loss on the first site, with an arbitrary loss rate I', as described
by the Lindblad operator

Ly = VTsy, s; = s; — is]. (2.50)

J J
Importantly the Hamiltonian has a U(1) symmetry,
M =Y s, (2.51)
J
with
(M, L] = —1L,. (2.52)

We therefore follow the procedure described above, to find the corresponding

pseudo-Hamiltonian

N r
iH = HXXZ - IFST - 151, (253)
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which we recognise from Sec above as corresponding to an XXZ model with a
boundary field, up to the addition of an identity operator. This identity operator
trivially adds a constant to all eigenvalues so has no significant effect.

Since the dissipation drives the system to a state where all the spins are down,

it is natural to work from a vaccum state

) =11...1). (2.54)

We will now refer to states with spins pointing up as magnons. From above, the
complex energies of H corresponding to m magnons read

E({k;}) = —71 — 12 cos( (2.55)

where the momenta of the magnons, {k;}, are obtained by solving the Bethe equa-

tions 20Ny A ) (it A)
eV (A —e") (e 4 21" — M T
(eFA = 1)(1+ ek (2l — A)) 11;1 S(e™,e™). (2.56)

The scattering matrix of two magnons is again

(a —2Aab+b)(1 — 2Aa + ab)

S(a,b) = . 2.57
(@:0) = 0 Z2A + b)(1 = 22 + ab) (2.57)

This gives the final Liouvillian eigenvalues as
Ateay = E{ki}) + E({g;})" (2.58a)

Mg mg
=i (Z cosq; — ) cos kz> . (2.58Db)
j=1 i=1

We also solve for the Liouvillian eigenstates. Recall that the Bethe states are

given by
H{ki}it,) = Z f(xr, o xm; {kj}) |21, o 2m) (2.59)
1<z1<...<xm<n
@, o mm {k 1) =Y ep Ak, ., ki e Frort-kmem) (2.59b)
P
A(kry oo k) = [J(Ae™®N — 7 TR T B(—k;, ky)e ™ (2.59¢)
j=1 1<j<I<m
Bk, k') = (1 — 2Ae* 4 ! FHR)) (1 — 2Ae ™ 4 ¢ =R)), (2.59d)

where the summation is performed over all permutations and negations of {k;},
and ep changes sign with each such mutation. In the following we will simplify
notation and label the Bethe states as simply |¢Z‘> where the superscript m indicates
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the magnon sector and 7 denotes that state within that sector. We then use the
triangular form for the Liouvillian, i.e that

LM @M = (M @M)o (M aMT), (2.60)

where M is the subspace with magnetisation a, to make the ansatz that the
eigenstate of £ with eigenvalue Eyo + B, is given by
¢

min{a,b}

[@50) = ) [9F) + Z ZB (i, ) 1657) 1657 (2.61)

Substituting this gives the recurrence relation

B,(i,7) - ( ZBN 10, Q) a1 (0, 1) Xy p11(q, 7))+ Boli,J) = 8iy0,¢
(2.62)
for p = 1,...,min{a, b}, where we defined
Yn(p, i) = Z Fp(Li T2, oo T frne1,i(@a, - o, Tin). (2.64)

{z2,..km}, z2>1

In general, this recursion relation is significantly more complex than computing
the Bethe states of H. We have also assumed that Bethe states with different
magnetisation do not have the same energies so that E,(i,j) # 0. However
this construction does provide an insight into the structure of the eigenstates.
Importantly the eigenvalue of a Liouvillian eigenstate depends only on the Bethe
states with highest magnetisation. For later convenience we introduce a pair of
labels (mp, mpg) referring to the eigenstates of £ comprised of tensor product of
two Bethe states with m; and mpzr magnons as well as tensor products of Bethe
states with less ¢, < mp and gg < mpg magnons.

We will now use this solution to study physically interesting properties of

the dynamics of this model.

2.3.2 Eigenvalue Structure and the Liouvillian gap

The first problem that we consider is the Liouvillian gap, R, of L. It corresponds to
the maximum real part of the eigenvalues different from 0, which is the relaxation
rate of the longest-lived eigenmodes. We plot it in Fig. for different values of the
anisotropy parameter A. The scaling of the gap with the system size N is one of
the primary features of open quantum systems governing the late time dynamics.
We observe numerically that the gap corresponds to the eigenstates of £ with
my, + mg = 1, which agrees with the physical intuition that states with greater
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Figure 2.1: Scaling of the Liouvillian gap, R, with system size for [' = 0.1. In each case
the solid lines are numerical calculations while the dashed lines indicate the corresponding
analytic scaling laws derived in the main text. (a) Power law closing of the gap for A <1
with R o 1/N? (dashed line) shown for comparison. (b) Exponential closing of the gap
for A > 1 with R oc A=2" (dashed line) shown for comparison.

magnetisation should decay quicker. These solutions can be physically understood
as free magnons that live in the bulk of the system and only experience the effects of
other magnons and the boundary in sub-leading order in the size of the system. By
examining the single magnon, m = 1, solutions of Eq. on top of the steady-
state, we find that the gap closes at different rates depending on the value of A.

Easy plane, A < 1, regime. We start with the logarithmic form of the

Bethe equations,

1 , , 2iml;
21]{}] = N (Z log |:S(61kj’ 61ki):|) . 1]7; J . (265)
i#]

In the single magnon limit, where numerical evidence and physical intuition suggests

the gap to be located, these equations simplify significantly to

Q(Gik) _ 217'(']1

2ik = 2.
where (aA — 1)(—1 + a(A — 2iT"))
alA —1)(—1+a(A —2i
Qa) =1 2.
(a) = log ( (a— A)(a+2i — A) ) (2.67)
We now expand the momenta k as the power series in 1/N,
L)
=k 4+ — .., (2.68)

N
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which we truncate at the order O(1/N?). In principle the constant I; can take any
integer value between 0 and N so it is important to distinguish between the cases
when I is close to 0 or scales with N. By checking both cases we find that the gap
corresponds to I; = N — 1. In this case we obtain the series solution

k= —rt +1< L L +1)
NI TN T oA+l A+

1 7(=2CA+A2—1)

) (2.69)
NS AY (2T A1 T © <N4> '

We finally use Eq. (2.58) with k& as above and ¢ = 0, corresponding to an off-
diagonal state composed of the vacuum state and the single spin-up excitation,
to obtain the Liouvillian gap

1 27T 1
A E T Arie © <N3) ' (2.70)

Easy axis, A > 1, regime. We again consider the single magnon Bethe equation
but this time we make the ansatz

1
k= ilog (A> — @A L O(A), (2.71)
and expand Eq. (2.66) to find,
0= (A% —1)(=2i + A? — 1) — 2T'Aa; + O(A™). (2.72)
This gives
o 1 (A2 B 1)(_21F + A2 B 1) —2N —2N
k= ilog (A> - = AN L O(AN), (2.73)

which again using Eq. (2.58|) with k& as above and ¢ = 0 gives a Liovillian gap

1 (A2—1)°

==

AT L O(ATY). (2.74)

Strictly speaking, these results for both the easy axis and easy plane regime
represent an upper bound on the gap. However, extensive numerical evidence shows
that they are also a lower bound. This is illustrated in Fig[2.1] It may be possible to
prove this rigorously by extending techniques for the isolated XXZ spin chain [242].
It is interesting to observe that for A < 1 the longest-lived excitations correspond
to the solutions with limy_,o Im(k;) = 0, while for A > 1 they correspond to
solutions with limy_, Im(k;) = —log(A), which illustrates that the states found
for A > 1 cannot form except in the presence of dissipationﬂ The difference in

4Note that in the absence of dissipation all Bethe roots are real.
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scaling of the Liouvillians gap between A < 1 and A > 1 is linked to the existence
of boundary bound states only for A > 1, as we will explore in the next section.
These states are effectively domain walls which separate regions of up-spins from
the loss site and hence effectively freeze the dynamics.

Another interesting observation regarding the Liouvillian eigenvalue structure
is to consider the Ising limit where we take A — oo. In this limit, assuming the

imaginary parts of the solutions do not grow with A, the Bethe equations from

Eq. (2.56) reduce at zeroth order to

G2(N=1k; _ [ ¥ = e2m=ks, (2.75)
I#]

so that the Bethe roots are simply fractions of w. These solutions give pseudo-
energies with zero real part. On the other hand, searching for solutions where
the imaginary parts of the roots can grow with A reveals the existence of states
where exactly one of the Bethe roots is given by

k= ilog (A — 2T) + O (i) . (2.76)
States containing such a Bethe root have pseudo energies with real part —I'+O(1/A)
and are the only states with non-zero real part of the pseudo-energy at zeroth order.
Therefore in this limit the Liouvillian eigenvalues will cluster in bands around the
lines Re(\) = 0, —I', —2I". This is shown in Figure for a small system where
exact diagonalisation is possible. Physically this corresponds to different subspaces
of the Hilbert space decaying in separate stages, leading to a separation of time
scales. Note that similar band formation occurs in the quantum Zeno [243}246]
limit of taking [' — oo for any A, but that this is not the same phenomena we are

observing here. The quantum Zeno limit will be discussed further in later chapters.

2.3.3 Boundary bound states, domain wall formation and dynamical
phase transitions

We now study the evolution of the model from a specific initial state. We consider
the case where the system is initialised in a highly excited, maximally polarised
state with all spins pointing up. In this case, due to the structure of the Liouvillian
eigenstates, we need only consider eigenstates with equal left and right magnetisation,
mr = mgr = m. To study the long time dynamics, we focus on the most stable
eigenvalues, i.e. those with the smallest real part, in the m top-magnon sector. By
top-magnon, we refer to a Bethe state with m spins pointing down and N —m
spins pointing up. The Bethe equations for top-magnons can be obtained from
Eq. by replacing I' — —I" in the sector with m magnons.
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Figure 2.2: Full spectrum for a 6 site system with I' = 0.5 at various A. We see the
emergence of bands forming as A increased at Re(\) =0, —I", —2T.

Boundary bound states. Focusing on the easy-axis, A > 1, regime, let us
consider states in the m top-magnon sector with limy_, Im(k;) > 0. We may solve
the m top-magnon Bethe equations in the N — oo limit by observing that %" — (
under our assumption that limy_, Im(k;) > 0. We arrive at the following simple
form of the Bethe equations in the N — oo limit,

(1+ €™ (—A = 2iD0)) TT (—2Ae 4 e® 7m0 4 1) (kR —2Aeh 4 1) =0,

i#]
(2.77)
which may be recursively solved to give
. 1 . 1
L L (2.78)

2A — etk A+ 20

Importantly, since we are in the region A > 1, we see inductively that we always
have |e*i| < 1. Thus we can interpret the state physically as the top-magnon with
pseudo-momentum k; being localised at the loss site with support only in the region

0<zg (2.79)

1
A2 44T
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Figure 2.3: We plot (s}) for the lowest five top-magnon boundary bound states for
A =1.5, I' =0.5. The boundary bound states correspond to domain walls that separate
the bulk positive magnetisation from the loss site which leads to the insulating behaviour
for A > 1. The dashed curves fit the spin profile to a typical tanh(z) shaped domain wall
to guide the eye.

and the j-th top-magnon being bound to the (j — 1)-st one, which is itself recursively
bound to all lower top-magnons. Since these states are recursively bound to the
loss site at the boundary we call them ‘boundary bound state’. This property
also characterises a domain wall state which can be seen in Fig [2.3] where we
plot the spin-distribution of several boundary bound states. Note that these
boundary bound states are not eigenstates of the full Liouvillian. The corresponding
Liouvillian eigenstates involve coupling to lower magnon sectors and are far more
computationally expensive to find.

To establish the lifetime of the m top-magnon boundary bound state, we first

decompose the equation for its pseudo-energy as
Ep=-T— ifjl (; (e +eh) - A) . (2.80)
j=
Regrouping the terms, we simply get
E,, = —;i (" —a). (2.81)

Therefore, in order to demonstrate stability it is sufficient to show that the imaginary
part of e*m goes to 0 in the limit of large top-magnon number, m — oco. Solving for
the fixed points of the recurrence relation in Eq. (2.78)) we find two real solutions

leA—\/A2—1, 22:A+\/A2—1, (282)
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with z; being the stable fixed point. Since we are in the region A > 1 we can apply
the Sleszynski-Pringsheim theorem [247] to the recurrence relation in Eq.
and immediately conclude that the fixed point is converged to for any choice of
A > 1, T' > 0. This indicates that the boundary bound top-magnon states are
exponentially stable and thus dominate the long time dynamics.

Domain wall formation. The existence of these boundary bound states has
intriguing physical consequences as it results in domain wall formation if the system
is initialised in the maximally polarised state. Naively one might think that such
a state is the most unstable, however t-DMRG simulations, as shown in Fig. [2.4]
in the A > 1 regime reveal that the total spin leaking out of the system increases
only logarithmically with time. This can be understood as a consequence of the
exponential stability of the boundary bound states. Namely, exponentially long
times in m are required for the loss site to remove all the states with m down-
turned spins. Moreover, in Fig. 2.6 we show that the decay rates of boundary
top-magnons well describe the dynamics of magnetisation close to the spin loss
site. From this, we can deduce that the system can be interpreted through the
incremental decay of each top-magnon sector. On the other hand, in Figure [2.5
we see that the decay of the maximally polarised state in the A < 1 regime is
very rapid, and the total loss of magnetisation increases linearly with time. There
have recently been a number of studies addressing the dynamics of domain walls in
integrable [248-251] and nonintegrable |252] systems without dissipation. While
the ballistic expansion in the A < 1 regime is well understood, the domain wall
freezing was analytically unresolved.

Dynamical phase transition. The existence of boundary bound states also has
profound consequences on the spectral properties of the Liouvillian and results in a
novel type of dynamical dissipative phase transition when the system is initialised
in the maximally polarised state. To see this we study the one top-magnon Sectoﬂ
The single top-magnon Bethe equations correspond to setting

Q(a) = log <(GA<G__1K)_(01L t gi(FAjAzl)F))) (2.83)
in Eq. . The corresponding pseudo-energies of H are
E, = —-T —i(cos(k,) — A), (2.84)
while the eigenvalues of £ read
Aoy = Ep + B (2.85)

SStates with a single spin down in a background of all spins up.
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Figure 2.4: (a) Magnetisation along the chain as a function of time for an initially
fully polarised state with I' = 0.5 and A = 1.5. (b) The total spin in the system,

(S*(t)) = >, (sZ(t)), for the same evolutions. This is logarithmic in time as a result of

the domain wall preventing spin from leaking out. Note that the axes match Fig [2.5] for
direct comparison.

We follow the similar series expansion in N as before but now focus on the case
when [ is finite. Numerically we observe that this corresponds to the leading decay
rates in the single top-magnon sector for A < 1 in the small I" limit. Performing

the same expansion as before, relabeling I; — p, we obtain

1 1
7Tp<_—21r+A—1+1—A_1”' (2.86)

We take the derivative of Eq. (2.84]) with respect to A which gives

dXp

I . Ak, dk
A= [— sm(k;p)d—Ap + sin(k,,) dAp] . (2.87)
Using (2.86) we obtain,
Dy _ o (PP D" p* +p” 1 ( 1 )
P — +0(— 2.88
an ((1 “AR T iy a—1e) v Y\ (2.88)

which diverges as A — 1 at leading order in I', signalling the phase transition in
these highly excited states. Similar analysis can be performed in other sectors,
either analytically or numerically, to obtain the same result.

In contrast to standard dissipative phase transitions [253], the stationary state
remains the same. The phase transition, in our case, rather happens in all sectors
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Figure 2.5: (a) Magnetisation along the chain as a function of time for an initially
fully polarised state with I' = 0.5 and A = 0.5. (b) The total spin in the system,

(S*(t)) = Y_,(si(t)), for the same evolutions. This is linear in time as there are no

boundary bound states to create a domain wall. Note that the axes match Fig [2.4] for
direct comparison.

of the relaxation spectrum. At leading order in I' as N — oo the transition occurs
at A = 1. This is similar to the dynamical dissipative phase transitions studied
by , but the discontinuous eigenvalues that are relevant for the dynamics
are not only the Liouvillian gap. This is reflected in the fact that the dynamics
well inside the easy-plane and easy-axis regimes are qualitatively different at short
times. The discontinuity is shown in Fig. where, by taking small I', we can
see non-analyticity in eigenvalues in three different top-magnon sectors at A = 1.
This is characteristic of all sectors. The non-analyticity shown corresponds to the

non-existence of boundary bound state solutions for A < 1 for all values of T'.

2.4 Extensions to the thermodynamic limit

As mentioned briefly in Sec [I] although analytically appealing, solutions in terms
of Bethe states are notoriously difficult to work with in practice. In general, solving
the Bethe equations and finding the corresponding complete set of eigenstates is
little easier than direct diagonalisation. Therefore finite-dimensional Bethe ansatz
solutions are usually used to probe very specific properties of a system, as we have
demonstrated in the example above. However, the key strength of the Bethe ansatz
is its extension to the thermodynamic limit, where thermodynamic properties can
be accessed directly without the need to compute eigenstates.
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Figure 2.6: The spin decay on the first and second sites in 10 (solid line) and 30 (circles)
site systems with A = 1.5, I' = 0.5. We also plot the infinite chain 0 and 1 top-magnon
decay rates in green and red respectively for comparison. Note the logarithmic axes in
order to observe exponential decay.

To briefly outline the thermodynamic Bethe ansatz (TBA) [123, (138} 213], we
introduce the Lieb-Liniger model, which is often used to describe one-dimensional
bosonic gasses in the limit of pure contact interaction [255-257]. The Hamiltonian

can be given in second quantised form as
H= / T dr 9,01 (2)8, 0 (x) + W (2) W (1) (2) U (), (2.89)

where ¢ describes the interaction strength. The system has an immediate U(1)

symmetry corresponding to conservation of the number operator
N :/ dr U (2)U(2). (2.90)

To quantize the system we restrict the system to the box of finite length L. Then
considering the sector with M total particles, the system can be solved via the

Bethe ansatz leading to Bethe equations

M
il = (—1)M HeiG(kr’w)’ j=1,..., M, (2.91)
=1
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Figure 2.7: (a) The Liouvillian eigenvalues with maximum real part when N — oo
(circles) for A > 1 compared with a 50 site system (line) for 1, 2 and 3 top-magnon
sectors at I' = 0.01. (b) The largest (solid line) and second largest (dashed line) real
part of the eigenvalues of the Liouvillian in the one top-magnon sector for different N
at I' = 0.01. We see a cusp forming with increasing N close to A = 1 indicating the
dynamical dissipative phase transition in the large N limit at leading order in I'.

where 0(q) = —2arctan(q/c) is the two particle scattering phase. Taking the
logarithm yields

o 1M
kj= L+ =S 0k — k), (2.92)
L L&

where the quantum numbers /; uniquely characterise the state, and are always
ordered, I; < I;;;. The corresponding energy and momentum of the Bethe
state is given by

M M
E=K, P=Y k. (2.93)
=1 =1

ki—1 > 0(k; — ki) = y(k;) (2.94)

where y(k) is called the counting function that takes the values 271;/L at k = k;.
We then define the density of quasi-momenta as p(k) = y/(k)/2m which describes
the number of excitations with quasi-momenta in the range [k, k + dk|. Replacing
summations with integrals and taking the limit L, M — oo we recover the TBA
integral equation, also known in this case as the Lieb-Liniger equation ,

k:max C
o) = 5+ /m G et (2.95)
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This integral equation determines the density of the quasi-momenta in terms of
the limits, kpnj, and Ky, which correspond to the choice of quantum numbers,
I;, before we took the thermodynamic limit. Note that these are constrained by

the requirement that the total particle density is

M kmax
f:/k< di p(k). (2.96)

The usual approach is to start from the ground state, where the limits are symmetric,
and then to study quasi-particle excitations above this ground state which introduce
so-called ‘holes’. A careful treatment can then lead to the Yang-Yang equation,
which describes the Helmholz free energy in terms of a dressed energy per excitation
[213]. From the corresponding partition function, one can calculate thermodynamic
properties of the model. We also note that this procedure can be generally applied
to most integrable models, such as the XX7 or Hubbard models, but the results
are more complex relating to the need for the string hypothesis |258].

The immediate question is whether these well established TBA techniques can
be coupled with our dissipative Bethe ansatz method for solving systems with
loss. Unfortunately, as we will now demonstrate, extending our method to the
thermodynamic limit using the TBA leads to obstacles that are yet to be overcome.

As one of the simplest examples, we take as our lossy model the Lieb-Liniger
Hamiltonian above subject to two-body losses of strength v. As we outlined in
Sec the corresponding pseudo-Hamiltonian contains a complex interaction term,
¢ = c—iy. In Fig. we plot the solutions to Eq. with the quantum numbers

[ ={—(M—1)/2,—(M —3)/2...(M —3)/2}. (2.97)

This choice of quantum numbers is known to correspond to the ground state of the
standard Lieb-Liniger Hamiltonian, although its interpretation in our case is not
clear. Importantly, we see that as v is varied, the Bethe roots trace out new curves in
the complex plane for each v which cannot be straightforwardly related to the model
parameters without fully solving Eq. . Therefore unlike the usual case, where
the quantum numbers determine limits of integration along the real line, here they
determine a curve in the complex plane, and hence Eq. must be adapted to
1 1 ¢

plk) = 5+ = /C W e, (2.98)
where C is a curve in C which now characterises the state. It is unclear how to
determine these curves, either analytically or numerically, such that p(k) remains real
and positive along the curve. Further, we cannot use standard contour deformation
techniques as we do not know a priori the locations of any poles of the integrand
or the endpoints of the curve, C.
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Figure 2.8: The Bethe roots of the Lieb-Liniger model with complex interaction ¢ = 1—~i
for a system with length L at half filling, found by solving Eq. (2.92). The quantum
numbers were taken as I; = {—(M —1)/2,—(M —3)/2...(M — 3)/2} where M = L/2.
In (a) we plot the roots for small v while in (b) we plot them for larger v. The dashed
grey curve traces the end points as v is varied from 0 — 150.

It is also important to consider what Eq. means for the full Liouvillian,
supposing we could solve it in some way. Given some curve C describing the state and
the corresponding root density, p(k), we can calculate the pseudo energy and hence
some Liouvillian eigenvalue. Without understanding in more detail the properties of
the corresponding quantum state, particularly its relation to the vacuum, it is not
clear how the eigenvalue can be used to understand the system’s dynamics. Also,
since the system is decaying to a known stationary state, in our case the vacuum,
it is unlikely that techniques such as the Yang-Yang equation will be applicable.
Unfortunately, it therefore seems that, in general, the usual TBA machinery cannot
be directly used in tandem with our dissipative Bethe ansatz. We remark, however,
that the work of Nakagawa et al. appeared to make some progress using TBA
techniques when considering the Hubbard model with two-body losses, and they

were able to find both the Hubbard and Liouvillian gap, as well as a novel phase,
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dubbed the ‘Zeno’ insulator. Their work relied on starting with a known set of
quantum numbers and using numerical calculations to argue the location of poles and
limits of integration. While successful in this limited setting, the generality of this
approach is unclear, but perhaps future work in this direction could prove fruitful.

2.5 Discussion

So far in this chapter, we have developed a framework for diagonalising quantum
Liouvillians with integrable Hamiltonians and dissipative loss. We have demon-
strated the utility of our method through an example of the Heisenberg XXZ
spin chain with boundary loss. The method allowed us to directly identify phase
transitions in the Liouvillian spectrum and calculate the Liouvillian gap. This led
us to observe two intriguing physical phenomena, namely domain wall formation
and a dissipative phase transition, which we link to the existence of boundary bound
top-magnons. It is expected that similar remarkable phenomena could occur in
other models with localised loss, such as the 1D Hubbard model and interacting
bosons in 1D [223], which are both importantly also amenable to treatment by
our technique and very relevant experimentally.

Several questions remain open. The first natural extension of our results would
be to directly calculate the quantum Liouvillian’s full eigenstates. It is possible that
the expansion we presented in terms of Bethe states could be simplified, at least in
some limit, which would allow us to study more general dynamics in at least a finite-
sized system. The results in our example also suggest connections with boundary
states [259) 260] and strong edge modes [261] in closed systems which should be
explored further. As we have discussed, the thermodynamic Bethe ansatz does not
provide a straightforward route to exploring the models in the thermodynamic limit.
Still, perhaps some more advanced adaptations could prove fruitful in the future.

One alternative route to studying the dynamics of thermodynamically large
integrable systems in the presence of dissipation is through the recently developing
field of generalised hydrodynamics [214]. In the remainder of this chapter, we
will briefly introduce this theory and discuss some possible ways it can be applied
to systems with dissipation.

3 Generalised Hydrodynamics with dissipation

Before concluding this chapter, we will briefly discuss the recently developed field
of generalised hydrodynamics and comment on some of its applications to systems
with dissipation. Although no substantial new results are presented, this short
section is intended to indicate the most natural extension for studying the dynamics
of integrable systems in the presence of dissipation and to highlight some potential
fruitful pathways for future study.



2. Integrable systems in the presence of dissipation 60

t it !
1 1
1 1
1
1 1
1} 1
1
[ n 000000
1 t 1 : ; _|_ 5
n x Tz +0x t ¢
i i
1 1
1 1
Macroscopic I Mesoscopic I Microscopic

Figure 2.9: Separation of scales for hydrodynamics. Hydrodynamic theories are
concerned with macroscopic quantities where each space-time cell can be approximated
as a mesoscopic maximum entropy state. This mesoscopic state contains the details of
the microscopic theory through entropy maximisation.

3.1 Introduction to GHD

We first give a very brief description of the fundamentals of GHD. This description
will give only enough detail to motivate the key equations and sufficiently set the
scene. For more details and rigorous proofs see either the lecture notes of Doyon
[262, 263], or the works of [129] [135] [136] 264}, [267].

In hydrodynamic theories, either classical or quantum, one is interested in

studying the behaviours of local conserved charge and current densities, gx(z,t)

and ji.(z,t) respectively, which satisfy the continuity equationd|
Ovqr(z,t) + 0pjr(x,t) = 0. (2.99)
These continuity equations follow from the conservation of the total charge

Qr = /d$ ar(x,t), 0Qr =0. (2.100)

The fundamental assumption of hydrodynamical theories is that to a good approxi-
mation entropy is maximised locally. This idea is related to a separation of scales
from microscopic to mesoscopic to macroscopic as depicted in Fig In particular,
hydrodynamic theories consider temporal and spatial variations that are sufficiently
slow that each fluid cell can equilibrate. As a result, we approximate the states at

every point in space-time as being described by a local maximum entropy state.

SThroughout this section we will be considering exclusively 1D systems.
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As we have mentioned earlier, integrable quantum systems posses an infinite set
of quasilocal conserved charges [99], and global maximisation of entropy has been
rigorously shown [103] to lead to a generalised Gibbs ensemble of the form

pox e~ Qe (2.101)

with Lagrange multipliers 3, where the charges () are now quantum mechanical
operators. Therefore when treating an integrable system hydrodynamically, we

assume that the system at a fixed point in space-time is described by a state
plx,t) o< e” 22 Br(@)an(@,0) (2.102)

From this, one can then derive [262] the continuity equation (2.99) for the expectation
values of the charge and current densities,

Qe (z,t) = (ar(0,0)) gy, Jn(z,t) = (Jk(0,0)) pa.p), (2.103)

where the ( - )@+ notation indicates expectation in a local GGE state with
parameters B(z,t). In turn, since the fundamental quantities describing the state
are the Lagrange parameters, B(z,t), the continuity equation can be recast as

OB (z,t) + Z Api(2,1)0.8;(z, t) = 0, (2.104)

for a diagonalisable matrix Ay;(x,t) known as the flux Jacobian, which has a
geometric interpretation [262, 264]. We then diagonalise this equation in terms
of the so-called normal modes, ¥, as

O, t) + v (2, 1)0,0% (2, 1) = 0, (2.105)

where the effective velocities, v§(z, t), are interpreted as the velocity of each normal
mode so that this is effectively a wave equation.

It is not evident that progress has been made since we still do not know how
to relate these normal modes to physical quantities or calculate the corresponding
effective velocities. These problems can be resolved when considering integrable
systems where the thermodynamic Bethe ansatz can be used. To minimise notation,
we will consider primarily the Lieb-Liniger model since this has only a single
spectral parameter, but the general principles apply to any integrable model
after suitable adaptation.

Recall that the thermodynamic Bethe ansatz describes the state by a quasi-
particle density, p(k). From this, it is possible to calculate the expected value of an
observable from the corresponding one particle eigenvalue, h(k), by

(alh]) = [ dk p(k)h(k) (2.106)
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In the Lieb-Liniger model, for example, the one particle eigenvalue for the energy den-
sity is €(k) = k? while for momentum density it is p(k) = k. It has then been found
that the normal modes, and corresponding velocities in Eq. (2.105)) are given by

2mp(k) o [ (k)]
k) = ——-, k) = , 2.107
= e T e (2107
where the dressing operation is defined by solving the integral equation
[F(R)]* = f(k) = ;i;j@’(k — &)I(R)[f(R)]". (2.108)

Here 0(k) is the usual two-particle scattering matrix for the integrable model.
The normal modes, ¥(k), are now referred to as the filling function, satisfying
0 <9(k) < 1. Notice also that the expression for the effective velocity is analogous
to the usual group velocity, up to applying the chain rule and introducing the dressing
operator. We now make the hydrodynamic approximation outlined above so that

the filling function now varies in space-time, and we arrive at the final GHD equation
O (w,t, k) + v (2, t,k)0,9(x,t, k) = 0. (2.109)

This is a highly non-linear system of both integral and differential equations
that is far from straightforward to solve in general. However, reducing a many-
body quantum mechanical system with an exponentially growing Hilbert space
to the system of numerically tractable equations is a significant achievement and
has led to several interesting results. One notable example has been to calculate
the exact charge and current profiles of a thermodynamically large XXZ spin
chain following a quench [135]. The results obtained using the analytic solution of
Eq. are in impressive agreement with numerical simulations using matrix
product state methods, indicating the accuracy of GHD for even relatively small
systems. Additionally, the appealingly intuitive form of Eq. has been
extended to describe systems with fields that vary in both space and time, which
correspond to forcing terms [265-267]. Such has been the interest in generalised
hydrodynamics from both theoretical and experimental perspectives that an open-
source numerical package has been developed specifically to solve the GHD equations
for some standard models [268].

We will now briefly comment on two applications of GHD to systems experiencing

dissipation that we envisage as interesting for future study.
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3.2 Lossy systems

Our first example is related to the previous work of this chapter regarding localised
losses. Consider again the XXZ spin chain with loss on the center site, where the
evolution of a general observable is described by

Ci(@ = —iTr([H, p|O) + T Tx((205 poi — ofog p — podoy)O) (2.110)
where p(t) is the state of the system at time t. We now follow a similar idea to
Bouchoule et al. when studying atomic losses in the Lieb-Liniger model [269] and
take the thermodynamic limit so that position is now labeled by = € (—o0, 00).
We make the standard hydrodynamic assumptions outlined above so that away
from =z = 0 the system rapidly relaxes locally and it may be described by paag.
Now consider the evolution of the local conserved charges gx(z). Away from = = 0

we have the usual GHD equation

d

= (2,k) =0 (2.111)

d
<qk(x)>ﬁGGE =0 = %P
where p(k) is the rapidity distribution. This follows from (qx())sqqs =~ p(2,k),
where we have now used a vector of spectral parameters, k, as required for the

XXZ model in the A > 1 regime. However, at x = 0 we instead have

chit@k(o)) = 20(0 ™ (0)[gxc(0), 0" (0)]) - (2.112)
We rewrite this as
ip(o, k) = T'F[p(0,k)], (2.113)

for some functional F'. These equations can then be written as

Op(z,t, k) + 0 [v° M (z,t, k) p(x, t, k)] = 0 (2.114a)
9ip(0,t, k) + 0, [ (z, ¢, k) p(x,t,K)]|o—o = TF[p(0,t, k)] (2.114b)

which correspond to Eq. rewritten in terms of the quasi-particle density
rather than the filling function.

The critical question is to evaluate the functional F[p]. In [269], it was
demonstrated that this could be achieved through Monte-Carlo sampling of Bethe
states, although this method was found to be incredibly expensive computationally.
However, in that context, the model was taken as the Lieb-Liniger model, where the
exact forms of the local conserved charges are not known [270]. It may be feasible
to compute them for the XXZ model instead, perhaps at least in the Ising limit of
A — oo where the conserved charges coincide with those of the XY model [271],
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and to obtain F[p] in this way. Alternatively, perhaps a series expansion could
be obtained assuming that p(z,t, k) varies sufficiently slowly in both space and
quasi-momentum, k. It would also be interesting to study carefully the effects of
a boundary at x = 0 in order to make a connection with the results from earlier
in this chapter or to consider perhaps systems with two boundaries with losses
at one side and gain at the other which would be similar to previous studies of

driven transport in integrable systems.

3.3 Dephased systems

The second example is to consider systems with localised dephasing. In particular,
consider the Lieb-Liniger model from Sec with localised particle number
dephasing at « = 0 described by the Lindblad operator L = /4UT(0)¥(0). It
is known that self adjoint Lindblad operators can be absorbed into the Hamiltonian
dynamics by introducing a stochastic, time dependent term [272, 273]. In our

case our Hamiltonian becomes

H(t)= /Oo dr 0,97 (2)0, ¥ (x) + Ul (2) U (2) U (2) T (x) + /2y (t)0(x) T (2) ¥ (2),

- (2.115)
where 7)(t) is white noise with E[n(t)n(t')] = 0(t —t’). Following the work of [267] re-
garding generalised hydrodynamics with stochastic fields, we obtain GHD equations

gtﬂ(k) + veﬂ(k)aiﬁ(k:) + mn(t)af(x);wk) 0. (2.116)

The delta function introduces a discontinuity to the filling function and effective
velocities at = 0. After careful treatment using regularisations of the delta

function, we obtain the jump condition,

(0, )97 (0,\) = \/Zn(t)aja)\ﬁJr(O, A) (2.117a)
¥~ (0,\) = const. (2.117b)

where we have for convenience defined

1

P, N) = 5 0N £9(-2,0) & vF(@ ) = (v, A) £ 0 (=2, 1)) .

(2.118)
Away from x = 0 we have the ‘free’” GHD equation but importantly due to the

DO | —

non-linearity this cannot be recast in terms of ¥*(x, \) separately.
While the jump condition can be written neatly, the practicality of using this
in numerical calculations remains unexplored. However, it has been conjectured

that this and/or similar models may display a phase transition as the strength
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of the dephasing noise is increased past a critical point [274]. Generalised hydro-
dynamics provides a very promising platform from which to study such a phase
transition should it exist. However, it is unclear whether such a transition would
be unobservable due to the hydrodynamic assumptions that have been made. This
is certainly a question which warrants further study.

4 Conclusions

In this chapter, we have studied integrable systems in the presence of dissipation.
This study has been complementary to, but distinct from, similar studies [126,
217] concerning integrable quantum Liouvillians. Our main result has been to
develop a method, dubbed the dissipative Bethe ansatz, to analytically calculate
the Liouvillian spectrum of integrable systems subject to specific loss mechanisms.
We used our method to study the experimentally relevant example of an XXZ7 spin
chain subjected to boundary losses where we were able to directly identify phase
transitions in the Liouvillian spectrum and calculate the Liouvillian gap. This led
us to observe two intriguing physical phenomena, namely domain wall formation
and a dissipative phase transition, which we link to the existence of boundary bound
top-magnons. Such remarkable phenomena could also occur in other models with
localised loss, such as the 1D Hubbard model or interacting bosons in 1D, which
can also be studied analytically using our method.

We then discussed the problem of extending our method to the thermodynamic
limit, particularly the issue of determining which curves in the complex plane
the quasi-momenta lie on. Progress on this seems to have been made by [225],
but further study is required in order to examine the limits of applicability. We
then finally introduced generalised hydrodynamics and discussed some directions
for interesting further study.

In the remainder of this thesis, we will move away from the strict symmetry
structure provided by integrable systems. It is important to do so as the vast
majority of quantum models are not integrable. In general, this means that
analytic calculations become more challenging, but as we will see, much can
still be learned about long-time dynamics even when the system has a much

weaker symmetry structure.



Algebraic conditions for persistent
non-stationarity in dissipative systems

Perpetual motion was long ago thought to be the holy grail of physics.
While several machines claimed to produce limitless energy, our
modern understanding of statistical mechanics and thermodynamics
precludes the existence of such an engine. Indeed, as we discussed in
Ch (1}, under a generic Liouvillian, an open quantum system will reach
a non-equilibrium steady state on a time scale usually comparable
to the energy scale of the Hamiltonian. This equilibration is also
consistent with the eigenstate thermalisation hypothesis. However,
for most microscopic models, these time scales are atomic, suggesting
that systems should reach stationarity incredibly quickly. Such short
thermalisation times are entirely at odds with the world around us,
where non-stationarity persists for extraordinarily long times, many
orders of magnitude above the atomic scale. This disparity motivates
studying non-stationarity in quantum systems, particularly those
with dissipation, with the ultimate goal of understanding how
macroscopic non-stationarity can be consistent with our microscopic

models.

In this chapter, we will approach the problem of persistent non-
stationarity by studying the purely imaginary eigenvalues of quan-
tum Liouvillians, which correspond to persistent oscillations. We
will extend previously studied conditions for the existence of these
special eigenmodes, which are purely algebraic and can be applied to
systems of arbitrary size. We will also study the behaviour of purely
imaginary eigenvalues under small perturbations to understand how

persistent non-stationarity can be broken.

66
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1 Solutions to long time dynamics of time homo-
geneous open systems

Recall that under the Lindblad equation, the state, p(t), of a quantum system

evolves according to

0(t) = Llp(0)] = —[H, )] + X 2Lup()L}, ~ (L} L o). (31)

Note we have restricted to the case that the evolution is time homogeneous. We
will also make the restriction, as we have throughout, that the systems have an
arbitrarily large, but strictly finite Hilbert space. We can formally solve this

evolution in terms of the superoperator exponential as

p(t) = e"“[p(0)]. (3.2)

Now we must note that the Liouvillian, £, is not necessarily diagonalisable and so
care must be taken when dealing with this superoperator exponential. Using
the Jordan normal form of £ we can write the superoperator exponential in

Fock-Liouville space as

N, N

=323 S T a) (o (33)
k np=0mg=ng
where the index k runs over the Liouvillian eigenvalues, {\x }, the states {|pp*)), |op*))
are the generalised eigenstates corresponding to the eigenvalue Ay and Ny is the
dimension of the respective Jordan block. The generalised eigenstates satisfy

the orthogonality relation

(o™ 105")) = Ok j0mym; - (3.4)

Since the Liouvillian generates a CPTP map, the eigenvalues are known to lie
in the left hand side of the complex plane, Re(\;) < 0. Thus we can deduce
that after sufficiently long times the dynamics are governed exclusively by the

purely imaginary eigenvalues
N, N ‘
lim ¢ = k:AkZ:iWk nkzzo m;nk ErET ek o)) (o] - (3.5)
At this point we can use the following Lemma to reduce this expression further.

Lemma 1. The purely imaginary eigenvalues of L have one-dimensional Jordan

blocks.
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Proof. Let the CPTP map generated by £ be T; = e*. Note that the eigenspace of
L with eigenvalue iw is also an eigenspace of T; with eigenvalue €™ which has unit
modulus. Thus by proposition 6.1 of [275] the Jordan blocks corresponding to €™
in 7; are all one-dimensional. It follows that the Jordan blocks of £ corresponding

to iw are also all one-dimensional. ]

Consequently our expression for the long time exponential reduces to the far

simpler expression,

t—o00

lim e'* = Zei“”“t lox)) (o], (3.6)
k
which then allows us to express the state at late times as

lim [p(6)) = 3 e [pu)) (ol p(0)))- (3.7)
k

This reduction of the long time dynamics under a time-homogeneous quantum

Liouvillian motivates studying the purely imaginary eigenvalues of £. In the

following sections, we will completely characterise the existence of purely imaginary

eigenvalues in terms of algebraic requirements and study how these eigenvalues

behave when the system is perturbed.

2 Conditions for persistent non-stationarity in
quantum systems

We first give a theorem that completely characterises the purely imaginary eigenvalue
of a Liouvillian in terms of a unitary operator, A, and a proper NESS, p.. By

proper we mean that the NESS is a density operator and thus a true quantum state.

Theorem 1. The following condition is necessary and sufficient for the existence
of an eigenstate p with purely imaginary eigenvalue iw, Lp = iwp, w € R:

We have p = Apso, where py is a proper NESS (non equilibrium steady state; c.f.
Eq. ) and A is a unitary operator which together obey,

(—i[H, Al - Z[LL,A]L,J Poo = iWAps, wER. (3.9)

I
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Proof. Sufficiency can be checked directly by calculating L[p] = L[Aps] as follows.

LlApo] = —ilH, Ap] + ¥ 2L, Apsc L, — {LL L, Apec) (3.10a)
"
= —i[H, Alpo —1A[H, poc] + Y 2A(Lupoc L)) +2[Ly, AlposLf, (3.10b)
I

— Apso Ll Ly, — (LI, Ly, Alpos — AL Lupos

= —i[H, Alpo — S[L} Ly, Alpec (3.10c)
= (—i[H, Al - Z[LL,A]LH> Poc (3.10d)
= iWApPs. (3.10e)

To prove necessity we first observe that p is also an eigenstate of the corresponding
quantum channel 7; = e** with eigenvalue e“!. Since this lies on the unit circle we
may apply Theorem 5 of [276] to deduce that p admits a polar decomposition of
the form p = AR where A is unitary and R is positive semi-definite with 7,R = R.
In particular this implies £[R] = 0 so that R is a steady-state of £ which we now
call poo = R. Note that this also implies p,, is Hermitian and may be scaled to

have unit trace, thus making p., a proper NESS.

Writing the channel in Kraus form as
Z M, ()M (t) (3.11)
we can apply Theorem 5 of [276] again to find
My (t) Apoe = €“F AM(1) poo- (3.12)

Now note that the adjoint channel is given by 7;'[z] = 3>, My, (t) z My (t), and so we

can compute the adjoint Liouvillian as,

T
Lia] = d;; |t=0 (3.13a)
= Z M (0)2M;(0) + M (0)2 M, (0). (3.13D)

Using the of derivative Eq. (3.12)) and the requirement that Kraus operators satisfy
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>k Mk » = 1 we can calculate,

ZM* )AM;,(0) pos (3.14a)

= > M (0)My(0)Apo (3.14b)

=y 4 <t>Mk<t>]t:0 Ape (3,140
+iw Z Mk; A,Ooo
= iwApeo. (3.144d)

A similar calculation using the conjugate equations, noting that p., is Hermitian,
yields
PooLI[AT] = —iwpa AT (3.15)

We will now also introduce the dissipation function [57,|112], defined for any operator

T as

D[z] = Li[zt2] — LT[z — 2T L[]

= S[Lyal (L1l (310
m
Then by unitarity of A and the above results for £T[A], LT[A'] we compute

0 = poc D[Alpoe = 3 poclLyss Al'[ Ly, Alpoe = D II[Ly, Alpec . (3.17)

Since this sum is positive definite we must have [L,, A]ps = 0 V. We now compute
L[Aps] = iwAposo using L{ps] = 0 and [L,, A]pos = 0 to obtain

(—i[]—], Al =STIL], A]L#> Poo = 1w AP, (3.18)

m

as required. O

This result allows us to see precisely when a purely imaginary eigenvalue will
occur and provides us with an exact expression for the corresponding state. As
promised, this condition depends only on the algebra of the Lindblad operators
and the Hamiltonian. The proof also highlights two important points. Firstly,
for sufficiency, the operator A need not be unitary, and the NESS need not be
a density operator. Similarly, we can note that the sufficiency of these criteria
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holds even in the case of infinite Hilbert spaces, such as for bosonic modes, but
necessity does not. We can also rephrase the necessity conditions of Eq. and
Eq. by making the following manipulations. First we may use the unitarity
of A and [L,, Alpss = 0 Vu to obtain

P ALY, Al Lupos = 0, Vpu. (3.19)
We then left multiply Eq. (3.18) by pe AT and use Eq. (3.19)) to obtain
—ipoc AT[H, Al pos = iwp. (3.20)

Finally using Eq. 1) and the unitarity of A, (which trivially gives [LL, ATA] =0),
we find poo [LL, A L,pso = 0,Vp. This immediately gives us the following corrolary.

Corollary 1. The Liouvillian super-operator, L, admits a purely imaginary eigen-
value, iw, only if the polar decomposition of the corresponding eigenstate can be

written as p = Apso With ps a proper NESS and A unitary satisfying

—ipe ATH, Alpse = iwp?,, (3.21)
poc ALY, AlLupos = 0, Yy, (3.22)
poo[LLa AT]LMpoo =0, V,u (323)

We can also use Thm [I] to understand the nature of the stationary state, if

there exists a non-zero purely imaginary eigenvalue.

Corollary 2. Suppose L has a non-zero purely imaginary eigenvalue, iw # 0, then
at least one NESS of L does not have full rank.

Proof. By Thm [I] we can express the corresponding eigenmode as p = Ap,, with A
unitary. Suppose, for a contradiction, that p,, has full rank and is thus invertible.

Right multiplying the conditions of Thm [I| by p! and pl At respectively gives

(L., A] =0, (3.24)
—i[H, AJAT = > "[LT, A]L, AT = w1 (3.25)

Using [L,, A] = 0 in the second line and taking the trace gives
iw||Al|* =0, (3.26)

and since A # 0 this must imply w = 0, giving us our contradiction. m
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Unfortunately, while these results completely characterise the purely imaginary
eigenvalues using only algebraic conditions and give some useful consequences, they
are often too complicated to use in practice for many body systems. This will
become clear when studying examples of quantum synchronisation later and is why
we will now make a connection with previous works studying purely imaginary
eigenvalues of quantum Liouvillians to obtain more applicable conditions.

In [119], it was first shown that the existence of a strong dynamical symmetry
was sufficient for the existence of purely imaginary eigenvalues. A strong dynamical
symmetry is the natural promotion of a dynamical symmetry of a closed system to a
symmetry of the Lindblad equation in the strong sense as per the discussion in Ch [I]

Definition (Strong dynamical symmetry). An operator, A, is a strong dynamical
symmetry if

[H, Al =wA, [L,,Al=[L},A] =0, Vu withw € R. (3.27)

Strong dynamical symmetries, and their extensions, have since been used in several
places when studying the persistent dynamics of open quantum systems [119, 120,
277). We now extend the results of [119] to show that if there exists a stationary
state with full rank, then strong dynamical symmetries are, in fact, necessary for the
existence of purely imaginary eigenvalues. To streamline the proof of this extension,
we first prove a proposition regarding the eigenstates of the adjoint Liouvillian
when there exists a full rank stationary state.

Proposition 1. Suppose there ezists a faithful (i.e. full-rank/invertible) stationary
state, poo, and let A be an eigenstate of the adjoint Liouvillian with purely imaginary
eigenvalue, L1[A] = —iwA. Then A is a strong dynamical symmetry.

Proof. The asymptotic subspace of the Liouvillian, As(H), is defined as a subspace
of the space of B(#H) that all initial states, p(0), arrive in at infinite times, p(t —
o) € As(H). The projector P to the corresponding non-decaying part of the
Hilbert space is uniquely defined [112, [278| as, for all p,, € As(H),

Poo = Ppso P, tr(P) = max {rank(p.)}. (3.28)
Poc€EAS(H)

It follows that if there is a full rank p., then P = 1. From the proof of Theorem 4
(Egs. (2.39-2.40)) of [112] since A is an eigenmode of the adjoint Liouvillian with
purely imaginary eigenvalue, LT[A] = —iwA, we have,

[PHP,PAP] = wPAP, (3.29)
[PL,P,PAP] = [PL! P, PAP] =0, '

which reduces to
[H, A] = wA,
(L., Al = [L, A] =0,

since P = 1. Hence A is a strong dynamical symmetry. O

(3.30)



3. Algebraic conditions for persistent non-stationarity in dissipative systems 73

We can now prove the following theorem.

Theorem 2. When there exists a faithful (i.e. full-rank/ invertible) stationary
state, poo, p 1S an eigenstate with purely imaginary eigenvalue if and only if p can

be expressed as,
P = Prm = A" poo(AN™, (3.31)

where A is a strong dynamical symmetry obeying

[H, Al =wA

(L, Al = [LI, Al = 0 vy, (3.32)

and pso 18 some NESS, not necessarily ps.. Moreover the eigenvalue takes the form
A= —iw(n —m). (3.33)

Furthermore, the left eigenstates, with LYo, = iw(n — m)om,.,, are given by

O = (A)™ ((A’)T>n where A’ is also a strong dynamical symmetry.

Proof. Since the sufficiency direction of the first statement was shown in [119], we
need only show necessity.

Assume that £ has a purely imaginary eigenvalue iw with corresponding eigen-
state p. This eigenstate is then also an eigenstate of the map T; = exp (t£) with
eigenvalue e“!. Since this eigenvalue lies on the unit circle, and j,, is strictly
positive, by Lemma 3 of [276], there exists a corresponding eigenstate, A = ppt, of

L. Hence by Proposition (I, A is a strong dynamical symmetry. Thus we have
P = Apso, (3.34)

so p must be of the form required by Eq. (3.31)).
For the final statement regarding the purely imaginary eigenstates of the adjoint
Liouvillian, necessity follows immediately from Proposition (1| while sufficiency is a

direct calculation. O

Compared with Theorem [I, we see that this result is significantly simpler,
provided it is obvious that a full rank stationary state exists, as it depends only
on understanding the symmetries of the Hamiltonian and then checking their
compatibility with the Lindblad operators. While checking the existence of a
full rank stationary state is generally non-trivial, it is immediately satisfied if the

Liouvillian is unital. A Liouvillian is unital if

L[] =o, (3.35)
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which in terms of the Lindblad operators reduces to
S LIL, =Y L,Li. (3.36)
1 1

This condition can be easily satisfied when for example the Lindblad operators are
self-adjoint, such as for dephasing, or when both L, and LL appear as separate
jump operators, such as for balanced loss and gain. We will see later that unital
maps are particularly relevant for quantum synchronisation. We also remark that
in contrast with Thm. [I], the strong dynamical symmetries are not unitary if we
are to have w # 0. This can be easily seen by the manipulations

[H, Al = wA (3.37a)
AT'HA — H=wl (Assuming A is invertible) (3.37b)
0 =wTr(1) (Taking trace). (3.37¢)

We can also take the trace directly of Eq. to see that strong dynamical
symmetries must be traceless.

The equivalence between purely imaginary eigenvalues, persistent non-stationarity,
and strong dynamical symmetries under reasonably general assumptions is incredibly
powerful, as we will see in the applications to time crystals and synchronisation.
These results also allow us to present a theorem that can determine the absence of
persistent non-stationarity by considering only the commutant of the Hamiltonian
and the Lindblad operators.

Definition (Commutant). Let M C B(H). The commutant of the set M is defined
as the set of all elements in B(H) which commute with all the elements of M. We
denote the commutant of M as M’. Recall from Ch (1] that B(H) is the set of

bounded linear operators on the Hilbert space H

Notice that by definition, multiples of the identity operator always belong to
the commutant. If these are the only elements of the commutant, then we say the

commutant is trivial. We can now prove the following.

Theorem 3. If there is a full rank stationary state p (i.e. no zero eigenvalues,
invertible) and the commutant of {H, L,,, LL} is trivial, then there are no non-zero

purely imaginary eigenvalues of L.

Proof. Suppose that there exists a state p with purely imaginary eigenvalue iw. Since
poo has full rank, by Thm. [2| we can write p = Aps where [H, A] = wA, [L, A] =
[LT,A] = 0 and L[pse] = 0. We then see that ATA and AAT both belong to the
commutant {H, L,,, LL}’, and so

ATA =1, AAT = ¢, (3.38)
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Taking the trace trivially gives ¢; = ¢5 = ¢. Notice that ¢ # 0, since ¢ = é Tr(ATA) =

LIIAlI?, and so ¢ = 0 would correspond to A = 0. Now we compute,
Tr (A'[H, A]) = TrwA'A (3.39a)
Tr (ATHA — ATAH) = wTr ATA (3.39b)
0=wTr(ATA). (3.39¢)

Hence w = 0. Consequently, no non-zero purely imaginary eignenvalue can exist. [

This condition is particularly useful as we know from the theorems of Evans
and Frigerio [89, 279, |280] that a trivial commutant is equivelant to the full rank
stationary state being the unique steady state. A trivial commutant is also directly
implie by the set {H, Ly, Li} generating B(H). This can, for instance, be easily
shown in the case of a system of N spin-1/2 particles with arbitrary Hamiltonian

and onsite Lindblad operators, Ly = vi5¢, Ly = YkSi, - The map is unital since

ST LELk+ LIy = > visisi +visist = > Ll + L) (3.40)
k k k
and the spin raising and lowering operators generate B(#). It is natural to wonder
whether these conditions, which preclude persistent non-stationarity, can be related
to thermalisation since this is by definition the approach to stationarity of the
system. Unfortunately no work has yet been persued in this direction and the
relation remains an interesting open question warranting future study.

From experience with these systems we also make the following conjecture,

which generalises the previous theorem.

Conjecture. Suppose the Liouvillian has a unique NESS, then there cannot exist

any purely tmaginary eigenvalues.

If the unique NESS has full rank, then this is true either by the above theorem
or as a consequence of Cor [2l We believe that this conjecture may be related
to the fact that if p = Ap, has a non-zero purely imaginary eigenvalue then
p = Apso Al is also a NESS?L and in some way to Cor |2/ but for now a proof or

counter-example remains elusive.

'f a set M C B(H) generates an algebra A, i.e all elements in A can be written as polynomials
of elements in M, then M’ = A’. Also, the commutant of B(#) is trivial.

2This follows from a simple computation using the conditions of Thm |1l However this does not
preclude Apsc At = pso.
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3 Perturbations to systems possessing purely imag-
inary eigenvalues

In the previous section, we have presented several results that characterise entirely
the purely imaginary eigenvalues of quantum Liouvillians using algebraic conditions.
In practice, most systems will not perfectly satisfy these conditions, so it is essential
to study how purely imaginary eigenvalues behave when the system is perturbed in
some way. This analysis will be especially relevant for understanding the stability
of persistent dynamics in the next chapters.

In this section we will consider a Liouvillian, £(s), with some small perturbative
parameter, s € R. To avoid unwanted technicalities we will assume that this

Liouvillian admits a series expansion with an infinite radius of convergence,
5(8) = £0 + S£1 + S2£2 + 0(83). (341)

This is not a particularly significant restriction as in most cases the Hamiltonian
or Lindblad operators are only perturbed to some finite order. We will label the
eigenvalues of L£(s) as A(s) and assume that £y has a purely imaginary eigenvalue,
i.e. A(0) =iw. We now divide our analysis into the cases that w = 0 and w € R\ {0}.

3.1 Ultra-low frequency and Zeno dynamics

Considering first the case where A(0) = 0, it is important to note that this eigenvalue
can only be perturbed if the zero eigenstate of £, is degenerate, since there must
always exist a zero eigenmode. This regime has been studied extensively by
Macieszczak et al. [281] who showed that when L£(s) is perturbed away from s = 0
the degeneracy in the 0 eigenvalue is lifted in such a way that the eigenvalues
are at least twice continuously differentiable,

A(s) = iAis + Aas® + o(s?), (3.42)

where A\; € R and Re()\2) < 0.

This result shows that the resulting oscillations have a time period that scales
as ~ 1/s and a lifetime that scales as ~ 1/s%. For experimental purposes, this
behaviour is likely difficult to detect since as we tune our system to extend the
lifetime of the dynamics, the oscillations occur over more extended time periods and
are thus harder to observe on experimental time scales. This case will consequently
be less relevant for our later discussion of dynamically ordered phases of matter.

A more experimentally relevant regime in which to apply these results is when

we can write the Liouvillian as

L1p] = —ilH, p| + +Dlg] + O (i) , (3.43)
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for some large v > 0, where the evolution is dominated by the dissipative term
Dlp] = > 2L,pL}, = {L L, p}. (3.44)
m

This regime is usually referred to as the Zeno regime [243-246). Now rescale

the full Liouvillian as

L= l.c, (3.45)
gl

and use s = 1/v as our perturbative parameter. We denote the eigenvalues of
L as A(s). Assuming A(0) = 0 is degenerate we observe that by the previous
results we have

A = iws 4 Ags? 4 o(s?) (3.46a)
11 ,
= 1w§ + )\2¥ + o(s?), (3.46b)
and hence
: 1 1
A7) =iw + Az; +o (’y) , Re(Xg) <0. (3.47)

Here we see that a system with a degenerate stationary state in the limit of infinite
dissipation will exhibit long-lived oscillation on the characteristic time scales of the
Hamiltonian when the dissipation is weakened. We will see that this effect can be
observed experimentally in the example in Ch [4] Sec [3.3.3]

3.2 Metastable dynamics

Now let us turn to the case that w # 0. This corresponds to perturbing a system
that already exhibits persistent non-stationarity and studying how stable the
long-time dynamics are to such perturbations. We can apply the results of [282]

to prove the following result.

Theorem 4. For analytic L(s) with A\(0) = iw, w € R we have
o 141 141
As) =iw+iNs+Aes P Ho|s P (3.48)

for some integer p > 1. We also find that A\ € R and Ay has non-positive real part.

Proof. We first note that if A(0) is a non-degenerate eigenvalue, then it is known
that A\(s) is analytic; thus, the above result is trivial. In fact, in this case, we also
find that the eigenstate p(s) also depends analytically on s.
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For the case where iw is an m-fold degenerate eigenvalue of £y we define the ‘w-
rotating stable manifold’ (w-RSM) as the eigenspace spanned by the m eigenmodes
corresponding to iw. By Lemma [I| above, iw is a semi-simple eigenvalue and we can
directly apply Theorem 2.3 of [282] to write

1

1 1
A(s) = iw+ A\is+ Aas P+ 0 (sHP) (3.49)

for some integer p > 1. Finally we observe that since L£(s) always generates a CPTP
map, we must have Re(A(s)) <0 for all s € R and thus immediately we can deduce
that \; is purely imaginary and A\, has non-positive real part.

]

Crucially, this means that at first order in the perturbation, the eigenvalues
remain purely imaginary, and their real part, which contributes to decay, is higher-
order in s, and thus the decay occurs on much longer timescales. We can refine
the above theorem under the additional condition that the perturbation is at
leading order only in the Hamiltonian.

Theorem 5. Suppose our Liowvillian L(s) has Hamiltonian H(s) and jump opera-
tors L, (s). If the perturbation is such that

H(s)=HO + sHY + O(s?)

Lu(s) = L) + O(s" 0

then we find that p =1 in the result of Theorem[4).

Proof. From [282] we recall that the eigenvalues perturbed away from w (called the
w-group) are not in general analytic. They are instead branches of analytic functions
and the corresponding eigenstates may contain poles. However the projection onto
the span of the w-group eigenstates is analytic and thus the restriction of L(s) to
this subspace is also analytic. Let us write this projection operator as P(s) and
thus the restricted Liouvillian is given by [£(s)]p) = P(s)L(s)P(s). We can use
the result from Section I1.2 of [282] to write

P(S) = 7)0 + SPl + O(S2>, (351)

where

Py = —SL1Po — PoLsS. (3.52)

Here Py is the zero order projector onto the w-RSM and S is the reduced resolvent
of L(s) at iw which obeys SPy = PoS = 0 and S(L —iwid) = (L —iwid)S = id —P,.
We also write (as on page 78 of [282])

[L(8)lp(s) = iwPo + s[L1]p, + O(s[| La]])- (3.53)



3. Algebraic conditions for persistent non-stationarity in dissipative systems 79

Since £, = —i[H", o] we can see that £; generates unitary dynamics, and thus its
projection to the w-RSM, [L4]p,, also generates unitary dynamics and consequently
has purely imaginary eigenvalues which are semi-simple. By the reduction arguments
in Section I1.3 [282], we can deduce that the eigenvalue A(s) is twice differentiable,

A(8) = iw +iAs + Aps® + 0 (52> , (3.54)
corresponding to p = 1 in Thm [4 ]

This theorem should be contrasted with the earlier ultra-low frequency case
in Eq. . Under these perturbations, we observe that there are two orders
of s between the decay rate, —Re)ys, and the oscillation frequency, w + A;s, of
the resulting dynamics. This demonstrates that these are more stable and thus
easier to observe experimentally and more relevant for utilisation than the ultra-low
frequency case where there was only one order of s difference. These results together
also confirm the intuition that weakly breaking the algebraic conditions of Thms
& [2] should only weakly break the persistent non-stationarity. One final result we
shall present shows that the first-order change in the purely imaginary eigenvalue

vanishes under particular types of perturbations.

Proposition 2. Let A : B(H) — B(H) be a superoperator that acts trivially on
the left and right eigenspaces of Ly with purely imaginary eigenvalues. If the first
order perturbation, L., is anti-symmetric under A, i.e. ATLIA = —L,, then the

frequency of long-lived oscillations is stable to next-to-leading order in s, i.e. Ay = 0.

Proof. Note again that the projector, P(s), to the A(s) group is differentiable to
leading order [282]. We may write the eigenmode equation L(s)p(s) = A(s)p(s)
using projection operators and Eq. (3.53)) as,

[L(8)]pes) [p(s))) = A(s)P(s) |p(s))) (3.55a)
(iwPo + sPoL1Po + O(s7)) |p(s))) = (iw + sAy + O(s /7)) (3.55b)
: (770 + sP1 + 0(52)> p(5)))

SPoL1Po |p(s))) = s (1wPr + M Py + O(s" /7)) |p(s))) (3.55¢)
Using [p(s))) = [p(0))) + o(s)

PoLsPo|p(0))) = (iwPy + MPo) |p(0))) + o(s) (3.55d)
Left multiplying by ((c(0)| the left eigenstate which is orthonormal to |p(0)))

{(a(0)[ L1 [p(0))) = M +iw ({(0)| P1 |p(0)))- (3.55¢)

Now we recall the equation for P; from above

Pl - —8£1P0 - ,P0£18, (356)
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where SPy = PyS = 0. This implies ((a(0)| Py |p(0))) = 0, so that we are left with

the familiar expression
A= ((a(0)[ £1p(0))). (3.57)

Now we use the hypothesis that £; is anti-symmetric under A, to obtain
M == ((o(0)] ATLLAp(0))). (3.58)

But also by assumption A|p(0))) = |p(0))) and A|o(0))) = |0(0))) which gives
A1 = —A; hence \; = 0. O

This result is somewhat unintuitive as it implies that the system is most robust
to perturbations which explicitly breaks some symmetry of the purely imaginary
eigenmodes. We will see that this result is particularly relevant to quantum synchro-
nisation, where a translationally invariant synchronised quantum system is most

robust to perturbations that anti-symmetrically break this translational symmetry.

4 Summary

To summarise this chapter, we have presented several results on the existence and
perturbative behaviour of purely imaginary eigenvalues of quantum Liouvillians.
We first wholly characterised purely imaginary eigenmodes in terms of what we will
refer to as “A-operators” and their algebraic relations with the Hamiltonian and
Lindblad operators. If the system has a full rank stationary state, we were able
to refine this result and show that the existence of purely imaginary eigenmodes
was equivalent to the existence of strong dynamical symmetries. This result is
particularly useful in the case of unital maps where a full rank stationary state
exists by definition. We also showed that if a system has a unique stationary state
that further has full rank, this precludes any persistent non-stationarity.

We then studied the behaviour of purely imaginary eigenvalues under perturba-
tions. We showed that they are always once continuously differentiable and that
under the additional assumption that the perturbation to the Lindblad operators
is at least quadratic the purely imaginary eigenvalues are twice differentiable.
These results help us understand the time scales on which the resulting long-time
oscillations will decay. We also showed that if a first-order perturbation explicitly
breaks some symmetry of the purely imaginary eigenstates, then the perturbed
eigenvalues do not change at first order.

In the following two chapters, we will use these results to study what we will
refer to collectively as persistently ordered dynamical phases of matter that remain
both dynamic and ordered forever in the absence of perturbations. The first will be
dissipative time crystals, where we find that environmental noise can stabilise the
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dynamics of a system so that it displays clean periodic oscillations. This chapter,
and in particular the discussions in Sec. [, will help to elucidate more concretely the
various definitions we have introduced here. The second dynamical phase of matter

will be spontaneously synchronised quantum systems that arrive in a non-stationary
synchronised state after some transient time period.



Dissipative time crystals

Crystalline structures can be found everywhere in the world around
us. Characterised by a fixed unit cell that is repetitively translated
along its principal axes, crystals in one, two or three-dimensional
space come in a vast array of different geometries and are at the
heart of many studies in physics, material science, engineering and
chemistry. Crucially, in all crystals, the repeated translation breaks
the continuous translational symmetry of space into a discrete
translational symmetry by fixed unit vectors.

Time crystals are a proposed phase of matter that similarly break
continuous-time translational symmetry into a discrete symmetry
with a fixed time-step. While trivial examples of a time crystal
behaviour can be found in single body systems, such as a spin-
1/2 particle undergoing Larmor precession around a magnetic field
which continues to oscillate forever at a fixed frequency, to be a
genuine time crystal, it is generally agreed that the system must be
many-bodied, strongly interacting and have some degree of stability
to perturbation.

In this chapter, we will define and study dissipative time crystals,
where the time crystallinity occurs only in the presence of dissipation.
This phenomenon will be studied using the techniques developed
in the previous chapter for studying persistent non-stationarity
in dissipative many-body quantum systems. Importantly we will
provide an experimentally verifiable model of our novel phenomenon.
We will also extend the concept of a dissipative time crystal to the
regime of periodically driven Floquet time crystals, where the time
translational symmetry imposed by periodic driving is broken by
the system exhibiting a sub-harmonic response.

82
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1 The origins of time crystals

We will first recap and expand upon our introduction to the field of time crystals
from Chapter . In [161], Wilczek proposed that a quantum time crystal would
be a state of matter that spontaneously broke time-translational symmetry in the
same way that a normal crystal breaks space translational symmetry. This would
require the system to oscillate periodically forever. Watanabe and Oshikawa [162]
formalised this idea by defining a time crystal to be an undriven closed system with
an extensive observable, O, which persistently oscillates at a single frequency, w.

This required that the equilibrium autocorrelation function,

(O(t)0O(0))e
sty = COT e, (4.1)
where V is the volume of the system, should at late times be expressed as
f(t) = Ccos(wt+0)+ D, (4.2)

t—o00

with C, D and 6 finite constants. This definition is akin to how one uses response
functions at equilibrium to define space-translational symmetry breaking. In the
same work, they then claimed to show that if the Hamiltonian is sufficiently
local, then C' must vanish and hence that time crystals in this sense cannot exist.
Their original proof was later shown to be incorrect and they have since revised
their arguments [164]. However, it is interesting to notice that the equal time
correlations vanish for a wide range of equilibrium states in the thermodynamic
limit at finite temperatures. In one dimension, this is a consequence of the Mermin-
Wanger theorem [283] 284] and hence one could instead interpret Watanabe and
Oshikawa’s conditions as probing the absence of long-range spatial order rather
than the presence of temporal order.

Two possible relaxations of these original conditions have been proposed for
undriven, closed quantum systems. The first, proposed in [106], is to instead
measure the correlation function

(O()0(0))eq

(0(0)) = Ccos(wt +6)+ D. (4.3)

It was shown that a non-zero C' can be implied by the existence of an extensive
dynamical symmetry, A, provided Tr(ATO(0)) # 0. This is because in the presence
of a dynamical symmetry, the system can be locally described[] by a time-dependent
generalised Gibbs ensemble (tGGE),

t—o00

p(t) = Z7Vexp(—BH + 3 puPQ; — plert Ay — (uyre Al (4.4)
J

'In the sense that pyqccr should only be used to evaluate expectation values of local observables.
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where f3 is the temperature, Z is a partition function, @); are conserved charges with
[H,Q;] = 0 and the A; are orthogonal’| dynamical symmetries with frequencies w.
The generalised chemical potentials ,uj-‘ and u? are determined from the initial state.
This is the natural extention of the well-stablished generalised Gibbs ensemble
(GGE) state that generically follows a quantum quench as a result of entropy
maximisation [285]. If there are many incommensurate w; which become dense
in the thermodynamic limit, this can result in noisy dynamics or even dephasing
to stationarity for sufficiently large systems. This can be particularly important
for free or many-body localised models [163, [286] which are generically likely to
have many dynamical symmetries.

The second extension [165] is to consider the generalised out-of-time ordered

correlation function

Cw,.v, (t1,t2) = —((Wa(t1), V,(0)][We(t2), V,(0)]) s, (4.5)

where W, V, are strictly local operators at sites x & y and the expectation is taken
in a thermal state at inverse temperature 3. This function quantifies the propagation
of the obervable W at location = to the observable V' at point y during the time
interval ¢ : t; — t5. An out-of-time ordered crystal (OTO crystal) is then defined
as a system which has stable persistent oscillations with frequencies wy, wy in both
temporal arguments of Cyy, v, (t1,t2). Moreover, the number of frequencies at which
persistent oscillations exist should grow with the separation between z and y to
ensure this is a many-body interacting effect. It was argued in [165] that dynamical
symmetries alone are not sufficient to generate an OTO crystal, and the phenomenon
is instead related to a novel type of local Hilbert space fragmentation [287-289).

Following Watanabe and Oshikawa’s original no-go theorem for time crystals, the
focus shifted to studying discrete time translational symmetry breaking in Floquet
systems with periodic driving. The resulting Floquet time crystal is defined as a
periodically driven system, with period 7', which presents a subharmonic response

for some observable O, i.e after evolution from some generic state we have
(O(t+nT)) = (O(t)) only for n > 1. (4.6)

Floquet time crystals have been studied in both closed |[166-168, [290-293] and
open [169], 294-296] quantum systems. The time crystal concept has also been
extended to classical models [172-174} 297], introducing non-local Hamiltonians
[298], time quasi-crystals [299, [300] and time glass [163]. Recent experimental
results [175, 176, 178, 179, [301] have also demonstrated the existence of this bizzare
phase of matter, motivating its study further.

2Orthogonal with respect to the Hilbert-Schmidtt inner product, (A4, B) = ((A|B)) = Tr (ATB).
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2 Definition of dissipative time crystals and their
spectral requirements

We will now define what we mean by a dissipative time crystal and discuss the
conditions under which they arise. This discussion will be closely related to the
results of Ch [3] but we will see that additional considerations will need to be made,
especially regarding the commensurability of eigenvalues. We will then demonstrate

this discussion by example in the following section.

2.1 Definition

We define a dissipative time crystal as a time-homogeneous quantum system coupled
to a noise inducing environment that exhibits periodic motion in some observable
at late times for generic initial conditions. Importantly, we will require that after
some finite transient period, during which some parts of the state decay, the
observable in question must display persistent and clearly measurable oscillations
which do not decay any further. This definition can be understood as the most
natural extension of the quench based notion of a time crystal as a closed system
that continuously oscillates periodically in time to the setting where the system
is interacting with some noisy environment. Importantly, we will only consider
strongly interacting, many-body systems to exclude single-body or collective models
that trivially oscillate, as is standard for studies of time crystals.

This definition should be contrasted with previous works which deal with time
crystals. Here we take a system in the presence of noise and the absence of any
time-dependent driving. In physics, one usually associates external noise with
decoherence and as a mechanism for destroying quantum behaviour. However, here
we will be studying the remarkable and unintuitive case that the external noise is,
in fact, responsible for the periodic motion within the system. This behaviour is of
particular interest for uncovering experimentally realisable time crystals since, in
all practical settings, the quantum systems we investigate are subject to some level
of external noise from an environment that we cannot eliminate completely.

We also note that this definition is presented with experimental application in
mind. We envisage a setup where the system can be initialised in a random pure
state that can be reliably created repeatedly to measure ensemble averages of the
relevant observables over different histories of interactions with the environment. As
an example, this is achievable in ultracold atom setups by using a speckle pattern of
pseudo-random on-site fields for each run of the experiment [302]. It is also crucial
that the resulting oscillations be clearly measurable on experimental time scales.
We will see that this condition is easily satisfied when the system is engineered to

have a non-trivial, i.e. extensive, strong dynamical symmetry.
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2.2 Spectral requirements

As we have done throughout this thesis, we will assume that the dynamics of the
system may be well described by the Lindblad equation,

d .
2P = —ilH, pl + 3 2LupLj, = {L} Ly, p}. (4.7)
N

Following our discussions in Ch 3], in order to observe persistent oscillations, the
Liouvillian must contain purely imaginary eigenvalues, iw,. However, in order
for the resulting non-stationary dynamics to be periodic, these purely imagainary
eigenvalues must be commensurable, that is

Yk eq, forall kL (4.8)
wi

We remark that the existence of commensurable purely imaginary eigenvalues is
highly non-trivial for general quantum Liouvillians that describe strongly interacting
many-body systems.

Further, the transient time which we must wait before such time crystalline
behaviour is visible is determined by the Liouvillian gap, R, defined as

R = min{||Re(\y)|| : Re(\s) < 0}. (4.9)

This value characterises the time scales of the slowest decaying parts of the system
and is well defined, provided the system in question is strictly finite. Determining
when the Liouvillian gap closes, in general, is an open question, although since we
always consider finitely sized systems, this is not an issue for us. We will make
some brief remarks in the next subsection regarding the thermodynamic limit and

the connection between our work and boundary time crystals.

Strong dynamical symmetries and dark states

In Ch[3]we proved that eigenstates with purely imaginary eigenvalues are completely
characterised by so-called ‘A-operators’ or, in the case of unital maps, as strong
dynamical symmetries. A subclass of these purely imaginary eigenstates that
will be relevant in our later examples are dark state coherences. Dark states
[118, |303] are defined as eigenstates of the Hamiltonian which are annihilated
by all the Lindblad operators,

and are thus invisible to the dissipation. They span the decoherence free subspace
of ‘H which is completely unaffected by the external noise. We then see that
dark state coherences,

Pnm = [Vn) (Yl , (4.11)
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are trivially Liouvillian eigenstates with purely imaginary eigenvalues A, ,, =

—i(E, — E,,). Notice that they can either be cast in A-operator form as

Pnm = An,mpom Poo = |wm> <wm‘ )
A =14 [thn) Wm| + [¥m) (Yl = [m) (Ym| = [¥0n) Wl

where A is unitary and satisfies the conditions of Eq. (3.8)) & (3.9)) by construction,
or be interpreted as strong dynamical symmetries with

(4.12)

Pnm = Apoo, Poo = |¢m> <¢m| , A= |wn> <¢m| ) (413)

where [H, A] = (E, — Ey) and [L,, A] = [LI, A] = 0.

There is generally no way to determine the eigenvalues associated with dark
state coherences in many-body systems when diagonalisation methods become
impossible. Further, it is rarely the case that the resulting Liouvillian eigenvalues
are commensurable, as we will show in our second example of the next section.
Even when the eigenvalues can be engineered to be commensurable, it is very
unlikely this commensurability will be stable to perturbations. This means that
when engineering dissipative time crystals, dark states should be avoided.

Instead, we should focus our attention on strong dynamical symmetries. We
know that if a strong dynamical symmetry exists, then this generates a series of
purely imaginary Liouvillian eigenvalues at integer multiples of the base ‘symmetry
frequency’. As we will show in our third example of the next section, this is ideal
for dissipative time crystals as it can guarantee commensurability and hence period
motion. We can also use our perturbative results from Ch [3| to understand the
stability of this periodicity. However, we should note that if there exist multiple
strong dynamical symmetries with distinct frequencies, then we find ‘strings’ of
imaginary eigenvalues, A, = i(n — m)w;, which are integer multiples of the
different w;. If these w; are not commensurable, then again, the time crystalline

behaviour will be precluded.

2.3 Relation to boundary time crystals

It is important to briefly highlight a related phenomenon referred to as a boundary
time crystal. First presented in [304], these are defined as systems where time
translational symmetry breaking occurs only in the thermodynamic limit and only
in an infinitesimal fraction of the system. More specifically they consider a closed
composite system H = Hp @ H;, where H g represents the bulk while H,, represents
the boundary, and then consider a Hamiltonian

H=Hg+H,+V, (4.14)
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where V' is the interaction between the bulk and the boundary. Importantly
the time translational symmetry breaking is only studied in the reduced den-
sity operator for the boundary, p, = Trg(|1(t)) (¥(t)|), and occurs only in the

thermodynamic limit where

Ny, Ng — o0, Ny — 0, (4.15)
Np
where N, = dim (H,,). In this way, they attempt to be as close as possible to the
original definition of time crystals as a thermodynamic phenomenon. However, the
systems usually studied are many-body collective models that would exhibit Rabi
oscillations if the dissipation were removed and can thus be described as effectively
single-body systems with no interactions that exhibit persistent oscillations despite
dissipation [305, |306]. Further, in the models they study that do have interactions
between sites, these are described by quadratic collective operators, such as (S%)* =
(> 32)2, which are ‘all-to-all’ and highly non-local. Such non-local interactions
raise questions regarding the physicality of such models. Additionally, since these
systems are effectively treated in a mean-field limit, questions should be raised
regarding the quantum nature of these phenomena.

In contrast, the example we provide below is a genuinely many-body system with
strong, local interactions and no semi-classical limits. Further, it is straightforward to
modify a finite-sized dissipative time crystal caused by strong dynamical symmetries,
such as the model below, so that the purely imaginary eigenvalues appear only in
the thermodynamic limit. By adding an ultra-local term that breaks the strong
dynamical symmetries, the purely imaginary eigenvalues for any finite system size
acquire a negative real part, and thus the system eventually decays. However, as
a consequence of the Lieb-Robinson theorem [307] which requires a finite velocity
of propagation, the effect of the ultra-local term becomes irrelevant in the bulk
of the thermodynamically large system. Therefore, only the thermodynamically
large system has purely imaginary eigenvalues.

More work is clearly required to understand better the link between dissipative
time crystals, which we study exclusively in finite systems, and boundary time
crystals that are manifestly thermodynamic phenomena. It is conceivable that
this work could require reformulating dissipative time crystals using C*-algebras
so that they can be well defined and studied adequately in the thermodynamic
limit. However, challenges will likely arise from the appearance of ‘unwanted’
purely imaginary eigenvalues as the Liouvillian gap closes, which will generically

break the periodic nature of oscillations.
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3 Dissipative time crystals in a heated Hubbard
model

We now demonstrate the emergence of dissipative time crystals from the 1D Hubbard
model by coupling it to an environment with two body loss and gain processes.
The Hubbard model is the paradigmatic approximation of lattice electrons with
short-range repulsions. These models are naturally realisable in cold atom settings
[224]. We find that, due to the exponentially large number of eigenfrequencies, we
can illustrate the basic principles while looking at only very small systems. After
first outlining our methods and studying the evolution of the closed system, we
will progressively add more dissipation to demonstrate pedagogically the spectral
requirements discussed above. We will then introduce perturbations and study
the stability of the dissipative time crystal phase.

3.1 Measures of time crystalinity

To recap our setup, recall that we define a dissipative time crystal as a system that
exhibits periodic motion in some observable at late times for generic initial conditions.
Thus, in our simulations, we will initialise the system in some random pure state
and then calculate the evolution of the expectation values of two observables. This
setup could, in principle, be realised in ultra-cold atoms by fixing once a choice of
some very strong pseudo-random on-site fields, in addition to those already present
in the model being studied, and then cooling the system so that it is at least very
nearly in the ground state. This pure ground state becomes our random initial
state when we remove the additional fields and quench the system. Further, when
considering a system coupled weakly to the environment, by using the same choice
of pseudo-random on-site fields, we can repeatedly construct the same initial state
in order to experimentally obtain ensemble averages.

We will measure the transverse fermion spin on each site and the Loschmidt
echo of the initial state to witness non-stationarity. Our definition requires that at
least one of these probes must oscillate persistently at late times with clearly
observable periodicity.

Loschmidt echo. The Loschmidt echo, or return probability, is defined as

&(t) = Tr(p(0)'p(t)), (4.16)

and has seen widespread previous use in many fields such as quantum chaos [30§]
and more recently dynamical phase transitions [309]. It can be interpreted as
the probability that the system returns to its initial state, and for a pure initial
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state, it is exactly the fidelity between the state at time ¢ and the initial state. Its
periodicity is an incredibly stringent probe of time crystal-like behaviour in a setup
such as ours since its evolutions will generally contain contributions from all the
eigenvalues of £. Since there are often many eigenvalues even in small many-body
systems, the Poincare recurrence time, and thus the period of the Loschmidt echo,
can be effectively infinite for experimental purposes. Unfortunately, however, the
Loschmidt echo becomes impractical for studying larger systems since the amplitude
of its late time oscillations is inversely related to the dimension of H and thus
decays exponentially with system size. It can also be less practical to measure
experimentally, especially if the initial state is not precisely known. Nonetheless,
for our purposes in the following examples, it perfectly demonstrates our previous
discussions about the spectral requirements for dissipative time crystals.

Transverse spin. The model we consider will have a spin direction determined
by a uniform magnetic field along the z-axis. Therefore, we will refer to the spin
components in the x and y directions as the transverse spin. Since the models will
all conserve both total spin, S?, and spin along the z axis, S?, separately, we see that
the total transverse spin, S5 = (5%)% 4 (SY¥)?, is also trivially conserved. Further,
since the dissipative time crystal phase will, in our case, be translationally invariant,
we can conclude that the magnitude of any oscillations in the transverse spin will be
proportional to the initial transverse spin but inversely proportional to the size of the
system. However, for larger systems, we could envisage measuring the transverse spin

over some finite fraction of the total system so that the oscillation is easier to observe.

In order to detect oscillatory behaviour in these observables, we will use the
natural tool of discrete Fourier transforms (DFT), denoted F[f(¢)]. Importantly,
we will only calculate the DFT at late times after transient contributions have
vanished. Additionally, we use Blackman windowing to reduce the effects of spectral
leakage from calculating the DFT from a finite sample [310] and use a logarithmic
y scale for all spectra, as is standard practice.

3.2 Closed Hubbard model

We begin by introducing the Hubbard model and demonstrating that the dissipative
time crystal behaviour is not a trivial consequence of the dynamical properties
of the closed system. For a system of spin-1/2 fermions with L lattice sites in
1D, the system is described by the Hamiltonian

L—1 L

H = — Z Z (Cj,sci+1,8 + hC) + Z anj7¢nj,¢ + GjTLj + BS; (417)
=1 se{t,l} =1
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where ¢; ; annihilates a fermion of spin s on site j and obeys the canonical fermionic

anti-commutation relations. The on-site number operators are given by

Mjs =€ Cisr Ty =50 + 15, (4.18)

and the on-site spin operators are given by

55 = ;(nﬂ —n;y), sj = %CN, 57 = hcﬂ. (4.19)
We have included nearest neighbour hopping with unit strength, inhomogeneous
onsite interactions U;, an inhomogeneous spin independent potential €¢; and a
uniform magnetic field B aligned with the z-direction of the fermion spins. The
inhomogeneities demonstrate the stability of the dissipative time crystal phase
to almost any onsite interaction and potential. In all our numerics we chose
the Uj,¢; € [0, 3] to be a fixed realisation of independent, identically distributed
(i.i.d) uniform random variables. The inhomogeneous interaction and potential
break the usual SU(2) n-symmetry of the system [311] so that we are left with
only the spin SU(2) symmetry,

[H,S*] =0, [H,5F) = £BS*, (4.20)

where
SP=3 "5 ST=3 s ST =) s . (4.21)
J J J

The transverse fermion spin is then given by,

sj = %(c}ﬁcﬂ + C},WJ)T)‘ (4.22)

While the spectrum of H and hence £ = —i[H, e | can be found analytically
for constant Uj, €; by solving the Bethe equations [311], here we must instead use
numerical calculations. We plot the spectrum of £ in Figure for a 3 site system.
This system size is chosen so that the spectra may be directly compared across the
different examples, and in the open cases, any larger systems are computationally too
expensiveﬂ However, the spectra of larger systems are expected to be qualitatively
the same. Importantly for the discussion of periodicity, we find that the purely
imaginary eigenvalues are effectively incommensurable. By this, we mean that
while the numerically calculated eigenvalues are commensurable, as a result of finite
precision computation, the time period over which any oscillations would occur is far
longer than any reasonable time scale of an experiment. The immediate consequence
is that unless we carefully choose our initial state and observable such that the
dynamics contain only a commensurable subset of frequencies, the signal will never
be periodic on experimental timescales. In general, without such specific choices, the
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Figure 4.1: The spectrum of a 3 site closed system, characteristic of larger systems.
Note that we plot the imaginary part on the horizontal axis. All eigenvalues are purely
imaginary eigenvalues have plotted in orange to match later plots for open systems.

many incommensurate frequencies will interfere, producing either noise in smaller
systems or decay to stationarity by eigenstate dephasing [312] in larger ones.

We can see the manifestation of this by looking at plots of the transverse spin
and Loschmidt echo in Figure where a four-site system has been evolved from
one instance of a random initial state |¢) & >, u, [¢,). The w, are i.i.d uniform
random numbers on [0, 1] and |¢,) are the eigenstates of H. The calculations were
repeated for many different random initial states to check that indeed the resulting
behaviour is generic and not a consequence of some particular initial conditions. For
both probes, the signal is very noisy and far from periodic. The noise is suppressed
slightly in the transverse spin signal since some eigenstates have no overlap with
sy, thus removing the corresponding frequencies. In addition, these observations
are corroborated by the DFT spectra for the signal from both probes, which are
roughly flat for the majority of the frequencies, characteristic of noise [313].

We can thus conclude that in the absence of interactions with an environment, the
1D Hubbard model does not display periodic behaviour for generic initial conditions
on experimental timescales, even for very small systems. This can be understood by
eigenstate dephasing and demonstrates that the dissipative time crystal behaviour we

find in the open models is not a trivial consequence of the closed system’s dynamics.

3The Liouvillian for the 3-site open system has rank 4096, while for a 4-site system is has rank
65536.
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Figure 4.2: The evolution (a) and DFT (b) of the transverse spin on the third site and
Loschmidt echo respectively for a 4 site closed system which is initialised in a random
pure state.

3.3 Two-body loss

The first dissipative case we consider is when the system leaks eta-pairs, each
composed of a spin-up and a spin-down fermion, to the environment from every site
at a possibly inhomogeneous but strictly positive rate, v; > 0. This is described
by introducing the set of jump operators L; =, /7;c; ¢+ while keeping the same
Hamiltonian as in Eq. .

In this system, we find numerically that the only purely imaginary eigenvalues
correspond to coherences between dark states, which are left unaffected by the loss.
These dark states have no overlap with any eta pairs. We expect that one could
prove the non-existence of other purely imaginary eigenvalues as a consequence of
Sup. Thm. 2 of [119]. There exists a strong dynamical symmetry, generated by
St with [H,S*] = +BS*. However, we do not find any mixed coherences here
as all NESSs are pure dark states, and so the states of the form (S)"p..(S7)™

are coherences between dark states. All states with purely imaginary eigenvalues
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Figure 4.3: The spectrum of a 3 site system with pure loss, characteristic of larger
systems which are computationally out of reach. Note that we plot the imaginary part on
the horizontal axis. The purely imaginary eigenvalues have been highlighted.

are independent of the v;, so the only relevance of these coupling strengths for our
discussion is to determine the time period of the transient dynamics.

In Figure we plot the spectrum for a three-site system, but again this is
expected to be representative of larger systems. Compared with the spectrum of
the closed system, we see that there are significantly fewer imaginary eigenvalues.
Again, however, we find that the remaining imaginary eigenvalues are effectively
incommensurate.

We examine the time dynamics of our two stationarity probes in Figure [4.4]
for a four-site system in a random initial state. Starting with the echo, we see
that the signal is extremely noisy, an observation which is corroborated by the
DFT being roughly flat for much of the spectrum.

Looking next at the transverse spin, we see that, while not periodic, the signal
is noticeably less noisy than for the closed system. As before, this is a result of
many coherences between dark states not having any overlap with si and thus
the series expansion of the long time dynamics having significantly fewer terms.
This is clear from the DFT spectrum, where we can now see the emergence of
roughly 8-10 pronounced peaks at effectively incommensurable frequencies. While
this is not strictly time crystalline behaviour, it can reasonably be called quasi-time
crystalline behaviour, in analogy to quasi-periodicity created by a small number
of incommensurable frequencies .

By exploring this example, we have demonstrated that in the presence of only
two body losses, our 1D Hubbard model does not exhibit experimentally observable
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Figure 4.4: The evolution (a) and DFT (b) of the transverse spin on the third site and
Loschmidt echo respectively for a 4 site system with pure loss which is initialised in a
random pure state.

dissipative time crystalline behaviour owing again to the effectively incommensurable
eigenfrequencies. This shows how the existence of a strong dynamical symmetry is
not sufficient for such behaviour as this does not guarantee commensurable purely
imaginary eigenvalues. We have, however, found evidence of quasi-time crystalline
behaviour, at least with respect to the transverse spin, si. This weaker condition
requires only that there are few frequencies present in the evolution, not that they
are commensurable. We do not explore quasi-time crystal behaviour any further

here; however, we envisage this to be an exciting area for further study.

3.4 Two-body loss and gain

To finally uncover truly dissipative time crystalline behaviour, we now additionally

introduce two body gain terms into the Liouvillian as

Ly =/Tcl.cl (4.23)
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again for I'; > 0. This now represents a system where eta-pairs are both gained
and lost on each site at various rates. Importantly these additional jump operators
do not break the strong dynamical St symmetry.

In the case that I'; = ~; for each 7, the Liouvillian is unital and we can apply

Thm [2 to deduce that all purely imagainary eigenstates can be written in the form
Pnm = (S+)np00(s_)m~ (4.24)

Further, when I'; £ ~; it was found numerically that a full rank stationary state
still persists, and hence the purely imaginary eigenstates continue to all be of
the above form.

Although the persistence of a full rank stationary state has not been proven,
it can be shown that all dark state coherences are of the form in Eq. . In
fact we argue that all dark states are of the form

[6a) = (S [4... 4). (4.25)

To see this, note that a dark state, |¢,), must be annihilated by all L,, and hence
can only contain contributions from states where every site is singly occupied. Since
|pn) is also an energy eigenstate, H |¢,) cannot contain contributions from empty
or doubly occupied sites. Now note that the hopping term,

Hyop == (CLSC;H_LS + c.c.) , (4.26)
s

creates a doublon whenever there are two adjacent electrons with opposite spin. In
order to cancel this, |¢,) must contain a contribution from an otherwise identical
state with these two electrons swapped. Applying this to all possible up-down
pairings, we see that the only possibility is for |¢,) to be a uniform superposition
of all the states with n up spins and L — n down spins. It is easy to see that
this can be written as |¢p,) = (ST)" | ... ).

As a consequence of the strong dynamical ST symmetry generating all the
purely imaginary eigenvalues, they are all integer multiples of B and thus are
commensurable. We show this in Figure This is an example of the eigenvalue
structure that we require for time crystalline behaviour.

Indeed when we now look at the evolution of our probes (Figure , we see
that both the transverse spin and Loschmidt echo rapidly decay into persistent
oscillations. For the echo, the DTF spectrum shows that all purely imaginary
eigenvalues are present, whereas, for the transverse spin, only the eigenstates with
imaginary eigenvalue +iB contribute.

Here we have found the emergence of a dissipative time crystal. Critically the
purely imaginary eigenvalues have the necessary structure of commensurability
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Figure 4.5: The spectrum of a 3 site system with two body loss and gain, characteristic
of larger systems which are computationally out of reach. Note that we plot the imaginary
part on the horizontal axis. The purely imaginary eigenvalues have been highlighted.

that is required for periodic behaviour. We have further seen that this structure
has been provided by the strong dynamical symmetry generating all non-decaying
eigenstates. Significantly from an experimental point of view, we have seen that
this model’s dissipative time crystal phase is stable to any values of the on-site
repulsion and potential and the strengths of the two-body loss and gain as these
do not disturb the strong dynamical symmetry.

We also note that, counterintuitively, as we can see in Figure [£.7] each individual
quantum trajectory for the same initial state, obtained through the stochastic
unravelling of the master equations, is different, even at very late times after
transient behaviour has vanished. This essentially embodies the stochastic nature
of the quantum bath that acts on the system (cf. with ) This may also be
understood as a non-stationary quantum stochastic process .

3.5 Perturbations

We now introduce a perturbation to our dissipative time crystal to illustrate how
the previous results of Thm [5| and Prop [2| can be used to understand its stability.
We will, in this case, set the on-site interaction, potentials, and dissipation to be

uniform, and modify the magnetic term to

Hp =Y (B +8)st. (4.27)
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Figure 4.6: The evolution (a) and DFT (b) of the transverse spin on the third site and
Loschmidt echo respectively for a 4 site system loss and gain which is initialised in a
random pure state. We highlight the non-zero imaginary eigenvalues by dashed vertical
lines on the spectra.

We define
A = Z&;ﬂ, (4.28)

as the magnitude of the perturbation. For d; not all equal, this breaks the strong
dynamical ST symmetry in addition to the structure of the dark states. As a result,
the two remaining dark states are the all-spin-up and all-spin-down states. Further,
we find that coherences between these two states are the only eigenstates of £ with
non-zero, purely imaginary eigenvalues, given by +i (LB + >, d;). At late times
the system therefore can only oscillate at a single frequency. In Figure [£.8 we also
see that there are several eigenvalues with very small real parts, corresponding to
states which would have purely imaginary eigenvalues if the disorder in B; were
removed, resulting in a very small Liouvillian gap.

The consequence of the very small Liovillian gap is immediately seen in the
signals of our two probes. It is easy to see that the coherences between all-spin-
up and all-spin-down states have no overlap with s for any k£ and so after the
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Figure 4.7: Three quantum trajectories of the same initial pure state for the system in
Sec [3.4] with both two-body loss and gain. We plot the transverse spin on the third site
over time to demonstrate that, counterintuitively, each individual quantum trajectory for
the same initial state is different.

transient period, we have s} = const. Thus comparing Figure 1.9 with the previous
systems we find that here it takes at least an order of magnitude longer for the
transient behaviour to die away. We observe the same behaviour in the echo, and
the inset demonstrates that at sufficiently late times, once the transient modes
have become almost insignificant, the system reaches persistent oscillations at
the single frequency we expect.

After the transient period, the dynamics of the system on top of the steady
states is described by the effective, non-local Hamiltonian,

B
Ha=S (It 0 A= D ), (4.29)
where B = LB + . 0x. This drives coherent oscillations between two GHZ states,

o DER D)
> |

Note that here we have engineered an effective non-local dark Hamiltonian |119|

IGHZ), = (4.30)

through a local and physical Hamiltonian in the presence of noisy dissipation, rather
than assuming a closed non-local Hamiltonian with unclear stability properties
316]. However, the amplitude of the resulting dynamics depends on the
overlap between the initial states and the GHZ states, which for arbitrary initial

states will generically decrease exponentially with system size.
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Figure 4.8: The spectrum of a three-site system with two body loss and gain but an
inhomogeneous magnetic field, characteristic of larger systems that are computationally
out of reach. Note that we plot the imaginary part on the horizontal axis. The purely
imaginary eigenvalues are highlighted, and the inset focuses on those eigenvalues with
very small real parts caused by the inhomogeneities of the magnetic field.

We can thus conclude that the system remains a dissipative time crystal with
respect to the Loschmidt echo, at least for small systems, but not with respect to
the transverse spin. It is therefore instructive to observe how the time crystalline
structure with respect to the transverse spin is destroyed by the perturbation, and
how this phase can be protected, at least in some sense. To this end, recall from
Prop [2| that the oscillation frequency should be stable to second order in A for
perturbations which satisfy a certain symmetry. One class of perturbations that

satisfy the conditions of Prop [2] are detunings, where for fixed i and j we have

with all other §; = 0. These perturbations are anti-symmetric under exchanging
sites ¢+ and j while the purely imaginary eigenmodes of the unperturbed Liouvillian
are unaffected by such an exchange, and hence detunings satisfy the conditions of

Prop 2l This behaviour is demonstrated in Fig. [4.10] where a three site system is
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Figure 4.9: The evolution (a) and DFT (b) of the transverse spin on the third site
and Loschmidt echo respectively for a four-site system loss, gain and an inhomogeneous
magnetic field which is initialised in a random pure state. We highlight the non-zero
imaginary eigenvalue, B, by dashed vertical lines on the spectra. The inset in (a.i)
shows the long time decay of the spin observable, while the inset in (a.ii) shows that the
Loschmidt echo oscillates periodically with a fixed frequency at extremely late times. The
DFT spectra are calculated over the periods tg <t <ty + 200 with ¢y indicated in the
legend. We see the decay of all frequencies except B.

studied with two separate perturbations which as an example we take as

oM = A (\}5 —\}5, o) (4.32a)

187 90 7 45 (4.32b)
Note that for each of these perturbations > 6, = 0 so they do not introduce
a trivial shift in the mean magnetic field strength. In each case, the system
evolves, and the second site’s transverse spin is measured. We then extract the
dominant oscillation frequency and decay rate of the slowly decaying dynamics.
We see, in agreement with Prop , that under perturbation 8% the frequencies
barely change with A while under 8 they vary linearly. We also observe that
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Figure 4.10: The crosses show the dominant oscillation frequency (a) and decay rate
(b) of the slowly decaying dynamics for a system with inhomogeneous magnetic fields

described by Eq. (4.32a]) (blue) and Eq. (4.32b)) (orange). The dashed lines indicate
the linear and quadratic scaling expected from Thm . Since the perturbation 5 is

anti-symmetric under exchanging sites 1 and 2, we see that by Prop [2| the frequency
does not change at first order. Note that the discrepancy between the scaling and the
data is a result of numerical analysis of simulated evolutions being used instead of exact
diagonalisation (which is unfeasible computationally).

the decay rates vary in similar ways under both perturbations. From Sec
we know that for the transverse spin in the unperturbed case, there is only one
frequency, w = £B, present at late times, and so varying this frequency does
not affect the periodicity of the dynamics. However, if several commensurate
frequencies were present in the unperturbed system, perturbing them linearly with
A would generically break this commensurability and thus periodicity. Therefore
perturbations that do not affect the oscillation frequencies at first order will allow
the time crystal behaviour to survive for longer. This emphasises the importance

of Prop [2| for protecting dissipative time crystals.

3.6 Discussion

These examples demonstrate how dissipative time crystal behaviour can be induced
in a finite-sized system, starting from the 1D Hubbard model through noisy contact

with an external environment. They also show how purely imaginary eigenvalues
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of £ alone are not sufficient for such behaviour to emerge. Instead, we see that
these eigenvalues must at least be commensurable.

Commensurability alone is not a sufficient spectral structure in general. For a
robust dissipative time crystal in a practical setting, we desire persistent oscillations
that are clearly measurable. We discussed in Sec[3.2)that as a result of finite precision,
all frequencies in both numerical calculations and experimental measurements
will be commensurable. However, we may find that the corresponding time
periods are significantly longer than any experimental time scales, so the motion is
effectively aperiodic. We thus introduce the notion of effective incommensurability as
commensurable frequencies with a resultant time period longer than the experimental
time scale. Another way that commensurable frequencies can become effectively
incommensurable is if they are too dense with respect to the inverse of the
experimental timescale since the time period can grow exponentially in the number of
frequencies. In such a case, the spectral peaks of the signal’s DF'T could also become
merged and indistinguishable, rendering the commensurability of the frequencies
and hence the presence of persistent periodic motion possibly undetectable. While
the examples studied numerically here do not exhibit such behaviour, since quantum
many-body systems have exponentially many eigenvalues, it is in principle feasible
for this to occur and thus should be considered in future works.

The condition of nowhere-dense, commensurable, purely imaginary eigenvalues,
which are not effectively incommensurable, is in general highly non-trivial for
Liouvillians of many-body systems. Nevertheless, it can be guaranteed by the
existence of a single strong dynamical symmetry that generates all continuously
oscillating modes. Further, we can easily see that the imaginary eigenvalues will
not be closely spaced provided the symmetry-frequency is not too small with
respect to the inverse of the experimental timescale. This should be avoidable in
experiments as the symmetry frequency can generally be tuned by experimental
parameters, but it remains an important consideration. Suppose instead there are
purely imaginary eigenvalues beyond those guaranteed by the non-trivial strong
dynamical symmetryﬁ, e.g. coming from dark states. In that case, we see that
having a non-trivial strong dynamical symmetry is not sufficient for time crystalline
behaviour. This is illustrated by the example having two-body loss in Sec. [3.3] We
can further envisage the existence of two distinct strong dynamical symmetries with
effectively incommensurate frequencies and easily see that again, such a system
would not be periodic for generic initial conditions and observables on experimental
timescales. In contrast, the example in Sec. with an inhomogeneous magnetic
field demonstrates that extensive strong dynamical symmetries are not necessary

for dissipative time crystals.

4By non-trivial we mean that the dynamical symmetry is not a trivial coherence between dark
states.
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4 Dissipative Floquet time crystals in a heated
Hubbard model

As we mentioned in Sec[I], a substantial portion of the efforts to study time crystals
over the last decade have focused on Floquet time crystals [163, 166, 290]. These are
periodically driven systems that exhibit a sub-harmonic response. More specifically,

if a closed system is driven with a periodic Hamiltonian, H(t), such that
Ht)=H(t+T) ¥, (4.33)

then the system is a Floquet, or discrete, time crystal if some observable is periodic
with period nT for n € {2,3,...}. Originally, this phenomenon is usually studied
in closed systems with ‘pulsed’ Hamiltonians,

H 0<t<
Hty={"1 "="'~T (4.34)
H2 T§t<T

where 7 € (0,7). A notable example of such a Floquet time crystal is the 7-spin
glass model [317] in which the time crystalinity can be understood through many-
body localisation (MBL) [318, 319] and has since been observed experimentally
[177]. More recent studies have begun to explore Floquet time crystals in dissipative
systems [169, 294, [320} 321]. We now give a brief discussion of how the dissipative
time crystal model we have studied above can be adapted so that it becomes a
Floquet dissipative time crystal.

4.1 Periodically driven heated Hubbard model

When studying Floquet time crystals, the central operator of interest is the discrete
evolution operator

T
Ur = Texp / dt L(t) (4.35)
0

which evolves the system by 7" units of time. In general, time ordered exponentials
such as this are incredibly difficult to study except in particular cases such as pulsed
systems where they simplify considerably. For a Floquet time crystal, it is necessary
that there exists stationary states of (Ur)" for n > 1 that are not stationary states
of Ur. Equivalently, Ur must have eigenvalues

2mi
A= —. (4.36)
n
One trivial way in which such eigenvalues can arise, is when there exists a fixed state,

p, which is an eigenstate of L(t) at every time ¢ with a purely imaginary eigenvalue

L({t)[p] = iw(t)p. (4.37)
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In this case, p will also be an eigenstate of Ur with eigenvalue
T
A=i / w(t) dt. (4.38)
0

This situation can be easily engineered in our heated Hubbard model example.

For simplicity, take the homogeneous Hamiltonian

L—1 L L
H(t) = — Z Z (CI7SCi+1,S —+ hC) + U Z nmnm -+ B(t) Z S;, (439)
i=1 se{t,4} j=1 j=1

with time-independent Lindblad operators
LJH‘ = C;}TC;,J,’ Lj7_ = Cj1Cj |- (440)

From our previous discussions we know that the only eigenstates of L£(t) with

purely imaginary eigenvalues are
pam = (ST)"(S7)", w(t) = (n—m)B(). (4.41)

Thus by tuning the integral of our time varying magnetic field, B(t), we can
engineer a dissipative Floquet time crystal. This time crystal will also inherit all
the stability properties of the example in Sec [3.4] i.e. it will be unaffected by
inhomogeneities in the strength of the on-site repulsion, interaction and dissipation.
We demonstrate this in Figure for several different periodic driving functions
which are only restricted by

/OT B(t)dt = . (4.42)

This model of a Floquet time crystal is particularly novel because, as we see, the
exact waveform of the subharmonic response can be dramatically different depending
on the driving chosen. Additionally, as with the time-independent case studied above,
this phenomena only occurs in the presence of the symmetry selective noise we have
chosen. This construction is similar to the independent work of [277] but note that

here we are not restricted to sinusoidal driving in order to define a rotating frame.

4.2 Stability to Gaussian noise

The immediate question to understand is the stability of these time crystals to
perturbations. As we mentioned above, this model inherits the stability against
spatial inhomogeneities in the strength of the on-site repulsion, interaction and
dissipation from the time-independent case. It is also expected that the model is

stable against temporal inhomogeneities in these parameters, although it is unclear
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Figure 4.11: We evolve the heated Hubbard model with a periodic magnetic field from
a random initial state and measure the response in the transverse spin. The left column
plots the response, (s5(t)), while the right shows the Fourier transform. These are plotted
at late times after transient dynamics have decayed. The inset indicates the period driving
waveform used in each case. Every driving function had a period T'= 1 and was tuned to
give a 4™-order sub-harmonic response, as indicated by a spectral peak at k = 1

i
whether very specific driving of, say, the on-site interaction could disrupt the discrete
time order. This caveat is explained further in the discussion section below.

We consider the effect of temporal noise in the magnetic field. Firstly we

consider additive Gaussian noise of the form

B(t) — B(t) = B(¢) + n(t), (4.43)

where at each time n(t) is a mean zero Gaussian random variable with variance

0%, We can choose o2 to vary the corresponding signal to noise ratio of the
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magnetic field, which characterises the strength of the noise. We see in Figure
that our dissipative Floquet time crystal is remarkably stable to additive noise.
Although the response is not strictly periodic, there is nonetheless a very evident
and experimentally observable, approximate sub-harmonic response. This is easy to
understand as the eigenvalues of the discrete time evolution operator, Uz, depend
on the integral of B(t). However, the integral of n(t) vanishes almost surely, and so
the integral of B(t) is almost surely just the integral of B(t), which gives rise to

the desired sub-harmonic response. We can also consider multiplicative noise,

B(t) — B(t) = (1+n(1))B(t). (4.44)

In Fig[4.13 we once again see an impressive stability to the temporal noise. This
stability suggests that this model is a good candidate for experimental study.

4.3 Discussion

This example indicates how strong dynamical symmetries can help construct time-
dependent open quantum systems which exhibit specific properties, here Floquet
time crystallinity. Recent studies [277] have developed a similar idea further and
studied strong dynamical symmetries in a rotating frame, although this method
is limited to sinusoidal driving terms. It would be particularly desirable to find
general relationships between the purely imaginary eigenvalues of a time periodic
Liouvillian, £(t), and the eigenvalues of the discrete time evolution operator, Ur,
that lie on the unit circle since the eigenvalues of Uy on the unit circle are the
ones which correspond to long time persistent non-stationarity. If one could find
such a relationship, then it would be foreseeable that the necessary and sufficient
conditions from Ch [3| would then be applicable to periodic systems. This would
allow us to study dissipative Floquet time crystals in more detail and prove certain
properties that so far are inaccessible. One example of such a property is the
stability of our example above to temporal inhomogeneities in the other model
parameters. Note that the example relies on the only eigenvalues of Up lying
on the unit circle, which are not equal to one, being those that come from the
persistent strong dynamical symmetry of the model. However, it is possible that
some particular temporal driving of, say, the on-site field, ¢;(t), could introduce
additional non-decaying dynamical modes.
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Figure 4.12: We evolve the heated Hubbard model with a saw tooth magnetic field as
in Fig (b) including additive Gaussian noise with varying strength. The strength is
measured by the signal to noise ratio (S-N). In (a.i)-(a.iv) we plot the response of the
transverse spin, while in (b) we show the Fourier spectrum, calculated after transient
dynamics have decayed. Despite not being perfectly periodic, even with significant noise,
there is a very recognisable quasi-periodic response which is dominated by a 4*"-order
sub-harmonic response, as indicated by a spectral peak at k = }l. We include the Fourier
spectrum of the noiseless model for comparison.
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Figure 4.13: We evolve the heated Hubbard model with a saw tooth magnetic field as in
Fig[4.11| (b) including multiplicative Gaussian noise with varying strength. The strength
is measured by the signal to noise ratio (S-N). In (a.i)-(a.iv) we plot the response of the
transverse spin, while in (b) we show the Fourier spectrum, calculated after transient
dynamics have decayed. Despite not being perfectly periodic, even with significant noise,
there is a very recognisable quasi-periodic response which is dominated by a 4*"-order
sub-harmonic response, as indicated by a spectral peak at k = }l. We include the Fourier
spectrum of the noiseless model for comparison.
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It is unlikely that easily applicable conditions will exist for general periodically
driven Liouvillians, although it is possible that something similar to the following
conjecture holds for unital Liouvillians.

Conjecture. Let L(t) be a periodic Liouvillian that is unital at all times. The
corresponding discrete time evolution operator Uy has a non-trivial eigenvalue of

unit modulus if and only if L(t) has a purely imaginary eigenvalue for all t.

Note that by non-trivial we mean that the eigenvalue is not 1. This conjecture is
made because under the evolution of unital Liouvillians the />-norm of any state
cannot increase, as we can see from the following calculation.
1d,
- — T 1l
S llolP=Te (p'o+ i) (4.45a)
= —iTe (p'[H, p] + [H, p']p)
1 1
+> T (LwTLZp + p'LipLl = 5p"{LLLy, p} — S{L} Ly, pT}p)
k
(4.45b)
By cyclicity
=" Tr (Lip!Lp + p' LipLl — p'pLiLy — L Lipp') (4.45¢)
k

Unitality implies Z LZL;C = Z LkLL which we apply to the last term
k k

=Y Tr (Lip'Lip + p'LipLl — p'pLiLy — LiLipp") (4.45d)
Rewl;iting using H.S inner product

= Y 2Rel(pLLIEke) ~ Il - 3 Lol (4.45¢)
Cauchy-Schwarz

< Ek: 2l LI Lol — Ek: lpLil1* — Ek: ILLplI? (4.45f)
<= (ki - 1LLll)’ (4.45g)
<0. (4.45h)

Thus in order for a state, p, to be an eigenvalue of Uy with a unit modulus
eigenvalue its norm cannot decrease at any time during the evolution. Intuitively
states whose norms do not decay are associated with purely imaginary eigenvalues
of L(t), although so far subtleties relating to differing left and right eigenstates have
prevented a simple proof along these lines from being found. However, as the example
above and the work of [277] demonstrate, this is a line of enquiry that deserves future
effort as it has the potential to allow for much easier understanding of the dynamics
of certain time dependent open quantum systems in terms of algebraic structure.
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5 Conclusions

In this chapter, we have extended the concept of a time crystal and defined the
dissipative time crystal in open quantum systems. Such systems are interesting as
they exhibit persistent oscillations due to being in contact with a noisy environment.
This is of particular interest for realisable time crystals where the system will never
be completely isolated from noisy interactions with its surroundings.

We have demonstrated the importance of structure within the purely imaginary
eigenvalues of £ when observing the breaking of time symmetry in open, many-body
quantum systems. In particular, the purely imaginary eigenvalues must form a
nowhere-dense commensurable set, which must not be effectively incommensurable
for robustness. This is a highly non-trivial condition for general many-body
Liouvillians, which have exponentially many eigenvalues. We therefore applied the
results of the previous chapter to understand when purely imaginary eigenvalues
arise in the example of a heated Fermi-Hubbard model.

By first considering the isolated system, we showed that the existence of purely
imaginary eigenvalues of £ is not sufficient for persistent oscillations for generic
initial conditions and observables. However, further examples illustrated that such
behaviour can emerge provided the purely imaginary eigenvalues of the Liouvillian
are at least commensurable. The example with both two-body loss and gain
demonstrated that the condition of commensurability is guaranteed by the existence
of a single strong dynamical symmetry provided it generates all the continuously
oscillating modes. In general, however, the existence of a strong dynamical symmetry
is not sufficient for time crystalline behaviour, as illustrated by the example with
only two-body loss. This example also allowed us to define a dissipative quasi-time
crystal. Finally, the example with an inhomogeneous magnetic field provided an
example of a dissipative time crystal without any dynamical symmetries. This
model also intriguingly realises an effective non-local dark Hamiltonian at late times,
giving coherent dynamics between two GHZ states. Remarkably, such dynamics are
here achieved with a purely local physical Hamiltonian, and realistic dissipation.
Further the models are robust to variations in many of the model parameters.

Open questions still remain regarding a more general theory of time crystalline
behaviour in open systems. In particular in exploring whether realistic Liouvillians
of this type, describing many-body systems, can have additional non-zero, purely
imaginary eigenvalues which are not described by dark states or strong symmetries.
Additionally, the example in Sec. suggests the study of dissipative quasi-time
crystals, where one can have only a few incommensurate frequencies in analogy
with discrete time quasi-crystals [299, 300]. There are also clear connections that

can be drawn between our dissipative time crystals and boundary time crystals,
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although more work is needed to understand this relationship entirely. Such a study
is likely to require a better understanding of how the Liouvillian gap closes in the
thermodynamic limit, similar to the results in Ch [2|but now for more generic systems.

Finally, we presented an extension of our dissipative time crystal model which
satisfied the conditions for a dissipative Floquet time crystal. This model showed
impressive stability properties, suggesting it could be a suitable candidate for
experimental study, for example using cold atoms. We also briefly highlighted how
we believe the ideas of Ch [3| could be extended so that Floquet time crystallinity
could be studied more generally in open quantum systems. Such developments
would also have direct application to study driven synchronisation, as we will

briefly discuss in the following chapter.



Quantum synchronisation

Synchronisation is a ubiquitous phenomenon displayed in all manner
of systems, from mechanical vibrations to the flocking of starlings
and even to the spreading of epidemics and disease. Intuitively
understood as the process in which individual bodies in a many-
body system adjust their dynamics or configurations to match
that of the collective, various notions of synchronisation have been
studied for nearly 350 years and have been a cornerstone of the field
of classical dynamical and chaotic system analysis. This rigorous
understanding of how systems synchronise has played a crucial role in
developing numerous technologies, including digital communications,
nationwide electrical power supply, and automotive transmissions.

In the current age of developing quantum technologies, it is now
essential to understand how synchronisation in many-body quantum
systems can be engineered and controlled. In this chapter, we will
use the results of Ch [3|to present an algebraic theory of spontaneous
synchronisation in many-body quantum systems, which will provide
several illuminating insights and general principles for engineering
synchronised quantum systems. As in the previous chapter, we will
first recap and extend our introductory discussion from Ch [1] before
presenting our results and using them to study several pedagogical
and experimentally relevant examples.

115
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1 Introduction to synchronisation

Before discussing our theory of quantum synchronisation, it is instructive to discuss
synchronisation in general, with some historical background, to demonstrate the
subtleties surrounding the concept. We will then discuss the previous studies
of synchronisation in quantum systems before giving the formal definitions that

we will be using.

1.1 General synchronisation

The term synchronisation, or more specifically synchronous, stems from the ancient
Greek words ‘syn-’ meaning “together with” and ‘kronous’ meaning “time”. Thus
events are said to be synchronous if they occur at the same time. The scientific
study of synchronous (or synchronised) dynamical systems dates back to 1673 when
Huygens studied the motions of two weakly coupled pendula [141]. He observed
that pendula clocks hanging from the same bar had matched their frequency and
phase exactly. Following this observation, he explored both synchronisation and
anti-synchronisation where the pendula with approximately equal (or opposite
for anti-synchronisation) initial conditions would, over time, synchronise so that
their motions were identical (resp. opposite). Since Huygens, synchronisation
has been a topic of significant interest in an ever-expanding range of scientific
and technological fields. From a theoretical point of view, synchronisation is a
central issue in the study of classical dynamical and chaotic systems and is currently
an area of very active research.

Classical synchronisation is broadly split into two main classes: driven and
spontaneous. Studies into driven synchronisation are usually interested in when
the dynamics of the system in question synchronise with a driving force. Driven
synchronisation will not be relevant for our work as we will be exclusively interested
in spontaneous synchronisation within quantum systems, and so we will not discuss
this any further, other than to direct the reader to [322-324] for more details
regarding synchronisation in driven systems, especially the most commonly studied
master-slave systems. For completeness, we should also mention the related topic of
Synergistics, first introduced by Haken to initially study lasers and fluid instabilities
[325[4327]. Synergetics studies how circular causality between microscopic systems
and macroscopic order parameters can lead to self-organisation within open systems
that have been driven far from equilibrium 328}, 329]. In the years since its inception,
the theory has been applied to a wide range of disciplines such as studying human
ECG activity and machine learning [330].

Spontaneous synchronisation describes the phenomenon where individual sub-

systems within a many-body system adjust their motion and rhythms to match
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by mutual interactions - in the same way as Huygens’ pendula. For the rest of
this chapter, all synchronisation will be spontaneous, and hence we will no longer
need to specify. This behaviour can be further subdivided into two main classes

based on how the synchronised subsystems are related.

(i) Identical/Complete synchronisation

For a system comprising of identical coupled subsystems. Corresponding
variables in each of the subsystems become equal as the subsystems evolve in

time.

(ii) Phase synchronisation

For a system comprising of non-identical coupled subsystems. The phase
differences between given variables in the different subsystems lock while the

amplitudes remain uncorrelated.

One important additional constraint applies to both classes: synchronisation must
be robust to small perturbations in the initial conditions. This is important to
exclude many cases of trivially synchronised systems that arise simply through the
fine-tuning of initial conditions, in particular the case of non-interacting systems.
In order to make this clear throughout, we will use the term synchronised to
refer to any pair of time dependant signals which are equal or sufficiently similar,
usually after some transient time and the term synchronisation to refer to the
non-trivial process of two subsystems becoming synchronised, in a way that is
stable to perturbations in the initial conditions.

Identical synchronisation is in many ways the most fundamental and is what
Huygens originally studied with his coupled pendula. It has been extensively studied
in the past, both theoretically [331-336|, and for its applications [337-340]. Much
of this progress, which has been primarily focused on controlling synchronisation
within chaotic systems, has built upon the seminal work of Pecora and Carroll
[331] who formulated criteria based on the signs of Lyapunov exponents. We also
note that identical synchronisation can be extended to non-identical subsystems
by choosing appropriate, often de-dimensionalised, variables or coordinates for
the different subsystems.

In order to detect identical synchronisation or anti-synchronisation it is useful to

use the Pearson indicator [341] defined for two time-dependent signals, f(t) & g(t), as

dfog

Crg(t, At) =
f? 492

: (5.1)

(=)
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where At is some fixed parameter, usually taken to be the time period of any

oscillations, and
L 1 t+At L
X = 7/ X(H)dt, §X =X —X. (5.2)
At Jt

This measures the correlation between the two variables in the most intuitive way
and has been widely applied to classical |142, 342] and in some cases quantum
[120], 149, 343| |344] synchronisation. We can see that Cf , takes the value +1 for
‘perfect’ synchronisation and —1 for ‘perfect’ anti-synchronisation, and in these
cases is independent of At. Significantly the Pearson indicator is effective when the
signals f and g are not periodic. This is important because while synchronisation
is often understood through periodic systems, such as pendula, this is not strictly
necessary for identical synchronisation. The notion of two variables that become
equal over the period of evolution could just as well apply to two particles following
unbound trajectories as to two particles that remain within some finite region. We
can also easily present examples of quasi-periodic behaviour, that is a superposition
of Fourier modes with non-commensurate frequencies. This makes the Pearson
indicator an excellent order parameter for identifying identical synchronisation.
On the other hand, phase synchronisation requires periodic motion to mean-
ingfully define a relative phase difference between the two subsystems, although
extensions can be considered with simply a time delay rather than a true phase
difference. This is strictly weaker than identical synchronisation, even when we
consider the extension to non-identical subsystems, as it requires no direct correlation
between the variables describing the subsystems. Following work on cryptography
using chaotic maps [345|, 346], phase synchronisation was applied as a method for
secure communication [347-349]. Phase synchronisation has also been studied in
the quantum setting, usually through the use of Arnold tongues and Hussimi-Q
functions 144, 341]. However, these methods are usually aimed at probing the
system’s response to driving rather than mutual spontaneous synchronisation
between subsystems. We should also mention the interesting related case of
amplitude-envelope synchronisation in chaotic systems [350] where there is no
correlation between the amplitude and phases of the motion within the two systems,
but instead, they both develop periodic envelopes at a matched frequency. In the
remainder of our work, we will focus on studying identical synchronisation between
subsystems of an extended quantum system, although many of the results are either

directly applicable or can be adapted to the case of phase synchronisation.
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1.2 Quantum synchronisation

Synchronisation is usually studied in open quantum systems since in closed systems
a generic initial state will excite a large number of eigenfrequencies with random
phase differences leading to noise in small systems, as in Ch [4] Sec 3.2} or to
thermalisation via the ETH [35]. As a result, previous studies have focused on
the open quantum system regime, where interactions with the environment cause
decoherence and decay within the density operator describing the state, leaving only
a handful of long-lived oscillating modes as we have seen in the previous chapters.
Synchronisation in these systems has previously been studied on a case-by-case basis
with various measures of quantum synchronisation having been introduced. These
measures have been based primarily on phase-locking of correlations, or Husimi
Q-functions 120, |144] which are often unscalable to many-body problems.

As we noted in Ch [I quantum synchronisation holds promise for technical
applications. For instance, synchronising spins in a quantum magnet would allow
for homogeneous and coherent time-dependent magnetic field sources. Developing
sources of homogeneous and coherent time-dependent magnetic fields has the
significant potential to improve the resolution of MRI images [157]. Addition-
ally, recent studies have explored the role of synchronisation in the security of
quantum key distribution (QKD) protocols [158-160]. It is foreseeable that a
better understanding of quantum synchronisation could help improve security
against specialist attacks that exploit the dependence of several QKD schemes on
synchronised calibration. Synchronisation has also been proposed as a method
to improve atomic clocks and to store time in a quantum memory [351]. Despite
the intense recent study and the promise it holds, a general theory of quantum
synchronisation has been lacking until now.

In the remainder of this chapter, we will build upon the results of Ch [3| which
provided necessary and sufficient conditions for persistent dynamics in many-body
open quantum systems to understand in detail when the resulting dynamics will be
synchronised. The generic setup we will consider is an extended system made up of
arbitrarily, but finitely, many individual sites that can interact with each other and
with an external environment via the Lindblad equation. This scenario is depicted in
Fig[5.1l The restriction of having only finitely many sites can be reasonably justified
since two infinitely separated subsystems are prevented by locality from ever being
causally connected, thus rendering synchronisation impossible. Alternatively, sites
infinitely far apart could be redefined as belonging to the environment and thus
taken into account in that manner. As has been the case throughout this thesis,
these individual sites will have finite-dimensional Hilbert spaces and thus have no
well defined semi-classical limit. We will then consider synchronising the signals of
observables measured on different sites or groups of sites of the system. Following
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/N

Figure 5.1: An arbitrary interacting quantum many-body system of N sites (illustrated
as yellow spheres) which may interact with each other along the blue bonds. The sites
also interact with the background environment, illustrated by the red arrows. The sites
each have a finite local Hilbert space, illustrated as dimension d on one of the sites (i.e.
each site has d levels). This is the general system of interest we will be focusing on. The
goal will be to synchronise observables between different sites in the system. Crucially,
the sites that are to be synchronised do not have i — 0 or equivalent large parameter
(semi-classical) limits. Rather we make no assumptions on the size of the local Hilbert
space.

our discussion above regarding synchronisation in general, we will classify whether
the sites are synchronised based on the behaviour of expectation values of these
observables on each site over time. In this way, we have captured the fundamental

essence of synchronisation intuitively within the quantum regime.

1.3 Definitions

To summarise our discussion from above, for two systems to be identically synchro-
nised, we require that their matching motion be nonstationary and long-lasting. For
the extended quantum systems that we are interested in, we will interpret ‘motion’
via the behaviour of some local observable, O;, which is measured in the same
basis on every site. For simplicity, we will also consider only the strictest notion
of identically synchronised signals whereby after synchronisation has occurred,
the two synchronised signals, (O;(t)) & (Ok(t)), are identical and do not differ
by an overall phase, scale factor, or constant. This is stricter that the definition
provided by considering the Pearson indicator from Eq. but this is not so
restrictive as the results we present can be suitably adapted to consider these
alternative cases, as outlined later. However, as the technical discussions do not
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provide significant additional insight or understanding, we will work largely with
these very strict definitions given below.

In line with previous works, we consider separately stable and metastable
synchronisation to be where the signals remain synchronised and nonstationary
for infinitely-long, or finitely-long periods, respectively. In the case of metastable
synchronisation, we require some perturbative parameter within the system that
controls the lifetime of the synchronised behaviour. Finally, we must allow some
initial transient time period during which synchronisation can occur. These

considerations lead naturally to the following definitions.

Definition (Stably synchronised). We say that the subsystems j and k are stably
synchronised in the observable O if for some initial state and after some transient
time period 7 we have (O;(t)) = (O(t)) for all t > 7. Further we require that
(O;(t)) does not become constant, i.e 9,(O;(t)) # 0.

Definition (Metastably synchronised). We say that the subsystems j and k are
metastably synchronised in the observable O if for some initial state during the
interval ¢ € [1,T] where T' > 7 we have (O,(t)) = (O(t)) and again 0,(O;(t)) # 0.
Further, the cut-off time 7" must be controllable by some perturbative parameter, s,

in the system.

Note that equality in these definitions, and as in the rest of this work, is
understood as equality up to terms which are exponentially small in time and for
brevity, we do not continuously write “+O(e~7)”. These terms will always be present
for finite-dimensional systems as per Eq. but are negligible on the longer time
scales we will be concerned with. We also remark that metastable synchronisation
of this form has also been previously referred to as transient synchronisation in
[151], 352]. Metastable synchronisation is also sometimes weakened to allow the
two signals to differ by some finite amount provided this is also controlled by the

system’s perturbative parameter, for example

[(0;(8)) — (Ox(t))] < €(s). (5.3)

It is important to observe that these definitions do not require that the system
has an internal mechanism that synchronises the two sites. Since we only require
the existence of some initial state for which the observables are synchronised, this
initial state can be finely tuned so that the observables on the two subsystems are
initially equal and their evolutions are identical. To characterise synchronisation

which is robust to variation in initial conditions, we make the further definition.



5. Quantum synchronisation 120

Definition (Robustly synchronised). If the subsystems j and k are stably or
metastably synchronised in the observable O, this synchronisation is robust if
O;(t) = P;xOx(t) P, and 0,0;(t) # 0 on the operator level (i.e. in the Heisenberg
picture). Here P;j is a permutation operator exchanging subsystems j and k. As
with the definitions of stable and meta-stable synchronisation, these requirements

must hold for the same respective time periods.

This definition ensures that after the transient dynamics have decayed, regardless
of the system’s initial state, the observable on subsystems j and k will be equal
and for a large class of initial states will be nonstationary. Robustly synchronised
systems are the ones where some internal mechanism causes the synchronisation
process. However, as we will demonstrate later, several previously studied examples
of quantum synchronisation are, in fact, not robust and require fine-tuning of the
initial state. This highlights the importance of making these considerations and
definitions when studying quantum synchronisation.

Notice that, as with dissipative time crystals in the previous chapter, we have
defined synchronisation with respect to some observable. For most applications of
synchronisation, it is sufficient for just one observable to be synchronised. We can,
however, say that the two subsystems are completely synchronised if they are robustly
synchronised, whether stably or metastably, for all nonstationary observables [353].

These definitions are visualised in Fig. and characterise the possible cases of
identical synchronisation within a quantum system. As earlier remarked, the results
we present can be straightforwardly adapted to consider phase synchronisation
provided the long-lived oscillations are periodic. Moreover, we can easily extend our
analysis to other measures of synchronisation [354]. We may, for instance, define
limit cycle dynamics over a phase space composed of (O(t)) and another observable
(Qr(t)) provided they do not commute, [Qy, Ox] # 0.

Having made explicit what we mean when referring to quantum synchronisation

and introduced some of the notation, we can study these systems in more detail.

2 Algebraic conditions for quantum synchroni-
sation

2.1 Stable synchronisation

It is immediate from our definitions above that purely imaginary Liouvillian
eigenvalues are necessary for stable synchronisation since the sites in a system
cannot lock persistently into phase, frequency and amplitude if the frequency is
trivially 0. We can therefore deduce that there must exist some ‘A-operators’ from
Thm [I] or strong dynamical symmetries as in Thm [2l Using their existence, we can
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Vie [r,T], T >> 7 Vit >
[ Meta-Stable | [ stable |
O;(t) = PjxOx(t) P O;(t) = PjxOk(t) P
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YO YO
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Figure 5.2: Visualisation of the different definitions of synchronisation. If we have
equality in the expectation value of some nonstationary observable on different sites for
some initial state, then we classify the signals as either stably or metastably synchronised.
If we have equality on the operator level, then they are robustly synchronised. Finally, if
this holds for all nonstationary observables, then we say the subsystems are completely
synchronised.

formulate sufficient conditions that these A-operators must obey for two subsystems
to be stably synchronised in a many-body quantum system. Recall that we denote by
P; ; the operator exchanging subsystems j and k and thus define P; i (x) := Pjrz Pk

as the corresponding superoperator acting on B(H). We now prove the following,.

Theorem 6. Fulfilling all the following conditions is sufficient for robust and stable

synchronisation between subsystems 7 and k with respect to the local operator O:

o The operator P;j, exchanging j and k is a weak symmetry [111] of the quantum
Liowvillian L (i.e. [C,P;r] =0).

o There exists at least one A fulfilling the conditions of Thm 1 with w # 0.

o For at least one operator A fulfilling the conditions of Thm 1 and the corre-
sponding ps we have tr[O;Aps| # 0.

o All A fulfilling the conditions of Thm 1 also satisfy [Pjx, Al = 0.

Proof. In the long-time limit we have,

lim (O; (1)) = tr [0; Y cnAnpoone™| | (5.4)

t—o00
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where ¢, = ({0,]p(0))) for an initial state p(0) which we assume to be arbitrary.
The A, are all operators satisfying the conditions of Thm 1 and L[p ] = 0. Since
P?, =1 we can write

tlggo<0j (1)) = tr |O; P2 cnAnpoone | (5.5)
and hence we aim to commute the P;, to the left to use the relation O, = P} ,O; P,
which results in lim,_,o(O;(t)) = lim;_(Oy(t)) for any initial state. By assumption,
[A,, Pjx] = 0,Vn. Hence we must show that [pecn, Pjx] = 0, Vn.

To do so we use the fact that P;; is a weak symmetry of the Liouvillian
[Pjk, L] = 0. This implies that the Liouvillian is block reduced to the eigenspaces
B, and B_ corresponding to the +1 and —1 eigenvalues of P, , respectively [111].
Since the Liouvillian has been block reduced, we can conclude that the p;, o must
belong to either B_ or B;. For all po., € By we trivially have [pson, Pjx] = 0.
Hence suppose that some p,, .. € B_. We can then write

Prco = PipnooP- + P_ppnooPy, (5.6)

where 1
Pe= (@R, (57)

are the corresponding orthogonal projectors onto the eigenspaces of P; ;. We can
now choose a basis, {|1,)}, for H such that either P, [1),) = |¢0), P-|ta) =0
or the reverse. In this basis we see that p, ~ contains only off diagonal elements.
In the language of Baumgartner and Narnhofer [113], all p,, o, € B_ are stationary
phase relations. We then use Proposition 16 of |113] which states the existence
of a stationary phase relation implies the existence of a unitary U such that
[H,U] = [L,,U] =0,Yu. However, such a U must intertwine between the subspaces
+1 and —1 of P, ;, with projectors P, and P_, respectively, i.e. UP, = P_U and
therefore [U, P; ;] # 0. However, U satisfies all the conditions for an A operator from
Thm 1, and by assumption does not exist. Thus there are no non-zero p.,, € B_
and so all po , commute with P;. O

The most straightforward example of a weak symmetry is when [H, P;;] = 0
and P;j maps the set of all the Lindblad operators {L,} into itself, though more
exotic cases are possible [217, 355, 356]. Thus systems satisfying the conditions
of Thm [6] include, for instance, those for which P;; is a reflection operator, the
Lindblad operators act on each subsystem individually and the system Hamiltonian
is invariant under reflections.

We can further relax these requirements in quite general cases and achieve
total synchronisation across the system, i.e. synchronisation between all pairs of
subsystems. In particular, we can replace the requirement that P;; be a weak
symmetry with the condition that the Liouvillian be unital as follows.



5. Quantum synchronisation 125

Theorem 7. The following conditions are sufficient for robust and stable synchro-

nisation between subsystems j and k with respect to the local operator O:
o The Liouvillian, L is unital (L(1) =0).
o There exists at least one operator A fulfilling the conditions of Thm 1.

o For at least one A fulfilling the conditions of Thm 1 and the corresponding
Poo We have tr[0;Aps] # 0.

o All such A fulfilling the conditions of Thm 1 also satisfy [P;, A] = 0.

Furthermore, if all A are translationally invariant, [A, Pj 1] = 0,Vj, then every

subsystem is robustly and stably synchronised with every other subsystem.

Proof. We return to Eq. in the previous proof and wish to show that
[psons Pjk] = 0 but without the assumption of weak symmetry. If £ is unital,
then all A,, satisfy conditions of Thm 2 and therefore it straightforwardly follows
that A, Al is a strong symmetry [111},1357] of the Liouvillian and that the projectors
to the eigenspaces of A, Al, P, ., are stationary states £[P,,] = 0. By assumption
[P i1, AnAl] = [P, Pijs1] = 0. By Theorem 3 of [113], P,, are projectors
to enclosures. The existence of more minimal enclosures that do not satisfy the
symmetry requirement would imply that there are more operators A (as projectors
to enclosures satisfy the conditions of Thm 1 trivially), and this cannot happen
by our current assumptions. Therefore, P, , are projectors to minimal enclosures.
By Theorem 18 of [113] all the minimal diagonal blocks P, ,pP, , contain a unique
stationary state, which must be P, , up to a constant. The lack of stationary
phase relations and oscillating coherences that do not commute with P, follows
from the fact that by Theorem 18 of [113] the unique stationary state in each
off-diagonal block is of the form of UPF, ,. This intertwiner, like in the proof of Thm
6, satisfies the conditions for an A-operator and therefore must commute with P;

by assumption. O]

This result further illustrates the power and utility of unital maps in achieving
total synchronisation. Examples are 1D models that are reflection symmetric,
have only one A operator, and experience dephasing. This includes the cases
discussed before in [119] [120].
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Multiple frequencies and commensurability

It is important to make some brief remarks about the issues of multiple frequencies
and commensurability, which is closely related to the ideas presented in Ch [4]
Firstly, by allowing for multiple A operators, each of which need not correspond to
the same imaginary eigenvalue, the theorems above explicitly include the case of
multiple system frequencies. In general, if the multiple purely imaginary eigenvalues
of a system are not commensurate then the resulting oscillations will not be periodic.
This alone does not preclude quantum synchronisation, since unlike for dissipative
time crystals we have not required that the long-lived dynamics be periodic.

However, if there are too many incommensurable purely imaginary eigenvalues,
then they will generically dephase, leading to observables that are effectively station-
ary, or alternatively, the system may display noisy dynamics. This means that in
systems obeying the conditions for synchronisation but with many incommensurable
purely imaginary eigenvalues, additional analysis must be carried out to determine
if the synchronisation survives the dephasing process and if the dynamics become
chaotic. However, if all the strong dynamical symmetries are suitably permutation
invariant, the subsystems will always display the same dynamics even if it is chaotic
or relaxes to stationarity. For a more detailed discussion of such spectral problems
from a mathematical perspective, see [312].

It should also be noted that the situation is more straightforward in unital
evolutions, where each purely imaginary eigenvalue can be related to a strong
dynamical symmetry, A, and thus by Thm 2 is an integer multiple of some fixed
frequency corresponding to A. Generically in open quantum systems with sufficiently
many Lindblad jump operators, there are very few, if any, dynamical symmetries, and

thus any purely imaginary eigenvalues will be integer multiples of a few fixed values.

Extensions to weaker definitions of synchronisation

As we have emphasised throughout, our definitions pertain only to the strictest
notion of synchronisation, where the two signals must be identical. However, if
we were to use the Pearson indicator from Eqn. , this would instead allow
for two signals which differ by an overall additive constant or multiplicative factor.
From the proof of Thm [6] we can see how the conditions should be adapted to give
sufficient conditions for this relaxed notion of synchronisation. Firstly we no longer
need exchange superoperator P;; to be a weak symmetry and we do not need all
A-operators to satisfy [P, A] = 0. Instead we require that if p, = A, p, has
a non-zero, purely imaginary eigenvalue, then P;;p, = ap, P, for some o which
corresponds to the constant multiplicative factor between the two signals. Note
also that inhomogeneity of the NESSs under exhange, PjjpoonPjr 7 Poon leads
to an additive constant between the two signals.
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As an extension to this we can also see how alternate modes of synchronisation
can occur. For instance if there were only a single A operator and the condition
[Pk, A] = 0 were replaced by Pj;A — e?AP;; = 0 then we would have

lim (O, (t)) = Jim (Or(t+6/))), (5.8)

t—00

corresponding to phase synchronisation.

2.2 Metastable synchronisation

From the definitions in Sec [I.3] metastable synchronisation requires dynamics
which correspond to Liouvillian eigenvalues with vanishingly small real part. We
therefore refer back to the results of Ch |3| Sec|3| which classified the possible cases
of Liouvillian eigenvalues with vanishingly small real part. To recall that discussion
we concluded that under a perturbation of the form

E(S) = £0 + S£1 + 82£2 + ... s (59)
there are three important regimes:

« Ultra-low frequency regime. When the eigenvalue is of the form A(s) =
A1s + Aps? + ... so that the perturbed dynamics occur over very long time
periods. As before, we remark that in many ways this is rather unsatisfactory
for the purposes of synchronisation in an applicable sense since as we extend
the lifetime of our synchronisation, the periodic behaviour becomes harder to
observe as a consequence of the extended time period.

e Quantum Zeno regime. In this related case we have a Liouvillian of the

form

L(y) = —i[H,p] + 7 2LupL}, = {L}L,, p} + O(1/7),  (5.10)

where « is a large parameter. In this case we have Liouvillian eigenvalues of

the form
1 1
Ay) =iw+A—+o0 () : (5.11)
Y Y
leading to oscillations that occur on the relevant Hamiltonian time-scales for

all ~.

o Dynamical regime. From Thms {4 & [5 if we perturb a system which has

non-zero purely imaginary eigenvalues when s = 0, these eigenvalues vary as
A(s) = iw + iwys + Aos'T + 0 (SIJF%) ) (5.12)

where w; € R and p is some positive integer. We also saw that if the
perturbation is purely in the Hamiltonian then p = 1.
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Since they are the most relevant for experimental applications, we restrict
ourselves to the Zeno and Dynamical regime, where the resulting dynamics occur
on the relevant Hamiltonian time scales. To understand how synchronisation is
affected by the perturbation, we observe that provided the perturbation is small
enough that the Liouvillian gap does not close, the dynamics of the system are
controlled exclusively by Ly up to negligible contributions from £; on timescales
t < O(1/s). Since we also know that Ly has purely imaginary eigenvalues we can
apply the Thms [6] & [7] to £y to determine whether meta-stable synchronisation
occurs for some finite period before the effects of £; become relevant.

We can also apply the result from Prop [2[to determine when the frequency of
synchronised oscillations is stable. In particular, as we exploited in Ch [ Sec [3.5]
if the perturbation is anti-symmetric under the exchange of the two synchronised
subsystems, then the frequency of synchronisation is stable to next-to-leading order.

After making some brief comments on the relation between classical and quantum
synchronisation, we will apply these results to study several systems that both do

and do not exhibit robust quantum synchronisation.

2.3 Comparison between quantum and classical synchro-
nisation

We pause to comment on the relationship between quantum synchronisation in
our sense and classical synchronisation and the insights that our results provide.
Even though we are deliberately studying systems with no well-defined classical
limit, certain analogies can be drawn.

Firstly, by definition classical synchronisation requires stable limit cycles [143].
More specifically, suppose that a small perturbation in the neighborhood of a limit
cycle (O(t)) leads to a new trajectory (O(t)). The limit cycle is exponentially
stable if there exists a finite a > 0 such that |(O(t)) — (O(t))| < e~ . In our
case, provided the conditions of Thm [2 hold, any perturbation of the initial state,
p(0) = p(0) + dp, that does not change the value of the strong dynamical symmetry,
i.e. Tr(dpA) = 0, renders the limit cycle of (O(t)) exponentially stable. This follows
directly by linearity from Eqs., , Thm [2[ and by noting that any finite
sum of terms of the form 2"e~** can always be bounded by e~ for some positive
B. This fact is closely related to the guarantee that synchronisation occurs for
generic initial conditions. Perturbations for which Tr(dpA) # 0 generically change
the amplitude and phase of the limit cycle due to the finite-dimensionality of the
Hilbert space and linearity. This is an unavoidable implication of our results and
constitutes an important fundamental difference between the time evolution of a
quantum observable and a classical observable.
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Secondly, stability to noise for classical synchronisation follows directly from
exponential stability since classical noise may be understood as a random series
of perturbations. Quantum mechanically, the influence of noise is fundamentally
different as it generically induces decoherence and relaxation to stationarity. We
have seen, by Thm [ and the previous discussion of metastable synchronisation,
that quantum synchronisation is stable to random noise/dissipation at least to the
first order in perturbation strength. Moreover, in the quantum case, symmetry-
selective noise is essential to induce synchronisation that is robust to the initial
conditions. This is because, as we have seen, robust synchronisation occurs when
the Lindblad operators, which represent the noise, sufficiently reduce the space of
purely imaginary Liouvillian eigenstates to only those with the necessary symmetry.

Finally, in classical synchronisation, a perturbation can change the frequency
of oscillations, but in a way that neither grows nor decays in time [143|. In our
case, Thm 4| guarantees precisely this, and Prop [2| shows that when a perturbation
anti-symmetrically breaks the synchronisation, the frequency is, counter-intuitively,
one order more stable. This elucidates quantum synchronisation as a cooperative

dynamical stabilisation phenomenon analogous to classical synchronisation.

3 Examples

We now analyse several examples, both new and from existing seminal literature of
quantum synchronisation using our algebraic perspective and discuss the relevance
of the results above. The first is a straightforward demonstration of how to anti-
synchronise two qubits using a third ancilla qubit. While being an interesting result
in its own right, since it has previously been implied that two qubits cannot syn-
chronise in the sense of [145], this example should provide a pedagogical explanation
of how our theory works. We will then explore the previously studied example
of a driven-dissipative spin-1 pair which has previously been argued to display
quantum synchronisation [144]. We will, in fact, show that the synchronisation is
only metastable and not always robust to perturbations in the initial state. Finally,
we will discuss the heated Fermi-Hubbard model, similar to that of Ch 4] and use
this as a starting point to construct more general models which exhibit quantum
synchronisation. This will also lead us to an experiment where our results can

be directly applied and agree with the data.
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Figure 5.3: Anti-synchronising two spin-1/2 (sites 2, 3) via an effective non-Markovian
bath. The ‘bath’ is the site 1 spin and the L = oy loss term (the blue box).

3.1 Anti-synchronising two spin-1/2s

In [145] it was argued that the smallest possible system that can be synchronised is a
single spin-1 particle, although this result took a different notion of synchronisation
and was later refuted by . Here, using our theory, we show how it is possible
to anti-synchronise two spin-1/2s through an effective non-Markovian bath.

Let o}, @ = +,—,z, be the standard Pauli matrices on the site j. Take
any 3-site Hamiltonian which non-trivially couples the three sites, is symmetric

under exchanging sites 2 and 3,
PysHP,3 = H, (5.13)

and also conserves total magnetisation,

2

S*=3> 0% [HS5]=0. (5.14)
J

The Hamiltonian can then be decomposed into blocks of conserved total mag-

netisation. We consider the block with S* = —% and consider the most general

ansatz for an eigenstate in this block,
) =>_a; ), (5.15)
J

where |j) means there is a spin-up on site j and all other spins are down. Then
to be an eigenstate with H |[¢) = E |[¢)) we see,

H(Pas [¥) = PogHPo3Pos W) = PosH [) = EPy3[¢) = E(Pog ). (5.16)

Thus
|9) = [¥) — Pag [¢)) = (a2 — a3) [2) + (a3 — az) |3) (5.17)
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is also an eigenstate of H with energy F and it has a node on site 1. Provided
the Hamiltonian non-trivially couples the three sites, this state will be the unique
eigenstate in the S* = —1/2 sector with a node on site 1. We may exploit this
by introducing a pure loss Lindblad L = «yo; on site 1 as illustrated in Fig. m
In this case we have two pure stationary states,

p1oe =10,0,0)(0,0,0], (5.18a)
1
P2.00 = 5(\0,0, 1) —10,1,0))((0,0,1| — (0,1, 0]), (5.18Db)

where as usual a 1 indicates a spin up while a 0 indicates a spin down. The
A operator satisfying Thm [I| and giving rise to purely imaginary eigenvalues
is the dark state coherence,

A =(]0,0,1) —]0,1,0)) (0,0,0|, (5.19)

and the corresponding frequency w will depend on the specific choice of the Hamilto-
nian.
Taking for example the XXZ7 spin chain,

3
H= ]gl a;-rajjrl + 0']-_0']—-:_1 + Acjoi + Boj, (5.20)

with implied periodic boundary conditions, we have w = —1 + 2B — 4A. Observe
that there are persistent oscillations even in the absence of an external magnetic
field caused by the interaction term, Ac?o? ;, which corresponds in the Wigner-
Jordan pictureﬂ to a quartic term, picking out a natural synchronisation frequency.
Since A is antisymmetric under exchanging sites 2 and 3, the oscillating coherences
will also be antisymmetric. The symmetric stationary state p; ~ spoils perfect
anti-synchronisation between site 2 and 3 by offsetting the equilibrium value.
However, an observable that is zero in this state Tr (Ogp1,00) = 0, k = 2,3, will
be robustly and stably anti-synchronised lim; ., (O2(t)) = — lim;_,(O3(t)) with
frequency w. A possible choice is the transverse spin Oy = of, k = 2,3. This is
demonstrated in Figure 5.4 where we measure both the o} observable and a randomly
chosen Hermitian observable. This is yet another example where our definitions of
synchronisation could be relaxed to allow for a fixed offset, and indeed we also show
in Fig. that the Pearson indicator classifies both observables as anti-synchronised.
Using this example, we can further link to previous studies of quantum synchro-
nisation, which focused on limit cycles in phase space. In Figure[5.5 we plot the limit
cycles of the second and third spins in the phase space defined by the usual Bloch
sphere representation of a qubit. We see that the two limit cycles are perfectly out of
phase, as expected for anti-synchronisation. We can also see clearly that the first site
is not synchronised to either the first or second site since its phase space trajectory
quickly decays to a fixed point rather than the common limit cycle of sites 1 and 2.

1See Appdx |Alfor a description of the Jordan-Wigner mapping between fermions and spins.
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Figure 5.4: Evolution of the model described in Sec. With parameters A =1, B=0.5
and v = 0.5. The system is initially described by a randomly chosen density matrix. In (a)
we now compare the o® observable on each site and see perfect anti-synchronisation since
(0%) — 0 as t — co. In plot (b) we compare a randomly generated Hermitian observable,
Oy, on sites 2 and 3. While they oscillate out of phase they have an offset equilibrium
value which disrupts the perfect anti-synchronisation. In (c¢) we plot the Pearson indicator,
defined in Eq. , for both the observable Oy and o} between sites 2 and 3. In both
cases we see that after a transient period C' — —1 indicating anti-synchronisation in this
weaker notion.

3.2 Driven-dissipative spin-1 pair

We now explore the model of two weakly coupled, driven-dissipative spin-1 systems
as previously studied in a synchronisation context by [144]. In the absence of
environmental noise, two coupled spins, labelled A and B, evolve according to

the Hamiltonian
H = waSy +wpS; + % (5555 — 5557). (5.21)

where for convenience we define the detuning A = w4 — wpr. We then consider the
independent interactions of each spin with some external bath which, in the absense

of spin-spin interactions, drives the spins towards their own non-equilibrium steady
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= Site 1
Site 2
= Site 3

Figure 5.5: Bloch sphere representation of the evolution of the model described in Sec.
with parameters A = 1, B = 0.5 and v = 0.5 and a randomly chosen initial state.
We define the reduced density matrix for each site by taking the partial trace over the
other sites, p = Tra pxi(p). We then find and plot the corresponding Bloch sphere
representation, a(®) for the reduced states as pj, = %(]1 +a®) . o) where o are the usual
Pauli matrices. The initial point of each trajectory is marked with a cross. We see the
second and third sites reach a limit cycle which they orbit perfectly out of phase, while the
first site rapidly decays to the a = (0,0, 1) point on the Bloch sphere. This demonstrates
the anti-synchronisation between only sites 2 and 3. Note that since the reduced states
are not pure, the trajectories live within the sphere not on the surface.

states. These system-bath interactions are modelled by the Lindblad operators
Lug =yS7 S}, Lay =755 S, j=AB. (5.22)

Using the theory we have developed, we will analyse three examples that were
claimed by [144] to exhibit quantum synchronisation. The first example considers
driving the two spins in opposite directions without any detuning, the second
example introduces detuning but also takes the quantum Zeno limit of large driving,

and the third considers driving two detuned spins in opposite directions.



5. Quantum synchronisation 132

3.2.1 Inverted limit cycle: metastable ultra-low frequency
anti-synchronisation

We first analyse the so called inverted limit cycle. We take A = 0 and invert
the driving on the two spins so that

V=8 =7 Va =8 = (5.23)

and consider the limiting case 1 — 0. As in [144] the system is initialised in
the state p(0) = pg)) ® pg) where p§0) is the NESS of spin j in the absence of
spin-spin couplings. Thus we can consider this as a quench of the system where
the weak spin-spin interactions are instantaneously turned on. We find that in
the absence of spin-spin interactions, i.e ¢ = 0, and with u = 0, the independent

spins have degenerate stationary states

Pfa?) = PA |0>A <0|A + (1 _pA) |1>A <1|Aa
Pg) =PB ’O>B <O’B + (1 _pB) |_1>B <_1’B7

for p; € [0,1]. This degeneracy is lifted as soon as p becomes strictly positive and
we find po = pp = 1 in Eq. (5.24). Thus, to avoid this degeneracy and simplify
discussions, in the following we consider p infinitesimally small but still strictly

(5.24)

positive. Consequently we consider both p and e as perturbative parameters
while w, v remain O(1).

To understand the evolution of the system it is sufficient to consider those
eigenstates of £ which are excited by p(0), and in particular which of these have
eigenvalues with small real part compared to w and 7. We find that only 4 such

eigenmodes are excited, with corresponding eigenvalues
A= 07 _2:u + O(/“L27 627 GM)v

5.25
—p & 2ie + O(p?, €, ep). (5.25)

Of these, the relevant eigenvalues for synchronised oscillations are Ay = —p =+ 2ie +
O(p?, €%, ep) since they are the only ones with a non-zero imaginary part at leading
order. We conclude that this is an example of ultra-low frequency synchronisation
since both the real and imaginary parts of AL are O(e, u). The consequences of
this are shown in Figure where we consider the SjZ observables. We see that
the observable appears almost stationary on short time scales, t ~ O(1). When,
in Figure [5.6b, we consider significantly longer timescales, however, we see the
behaviour which we consider metastable synchronisation. We further find that the
decay rate is inversely proportional to €2 at the next lowest order, as indicated in
Prop 2l Consequently, there is only one power of € between the decay rate and the
frequency of the signal unless € is sufficiently small that ;i > €2 in which case the decay
rate is proportional to . This example demonstrates why we generally discount
ultra-low frequency dynamics since they are more difficult to observe experimentally.
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Figure 5.6: Evolution of S7 observable on sites A (blue) and B (orange) for the Spin-1
inverted limit cycle model with w = =1, pu = 0.0001, ¢ = 0.01. In (a) we see over
short time periods the observables are effectively stationary, as shown by the scale of the
inset, while in (b) we see that over much longer time scales decaying oscillations can be
measured. As per the frequency of these oscillations is 2e.

3.2.2 Inverted limit cycle: anti-synchronisation in the quantum
Zeno limit

We again consider the same system as above, but now detuned, wa # wg, and with
strong dissipation, 74 = 7% = v > w;,e. We find that the dissipation operator

Dlp] =25% 5395357 + 2555505555

s o ot s y o o (5.26)
- {SASASASAa P} - {SBSBSBSBu P}

has a stationary subspace with 16-fold degeneracy. Thus, when we lift the degeneracy
of this subspace by introducing comparatively weak unitary dynamics, we introduce
several eigenvalues with O(1) imaginary parts and O(1/v) real parts as per the
discussion in Ch 3| Sec |3} This leads to metastable dynamics on timescales relevant
to the Hamiltonian.

Unlike the previous example, we find meta-stable anti-synchronisation of the
S% observables that is robust to initialising the system in arbitrary states. This
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can be seen by noting that the eigenstates of the dissipation operator, D, are

coherences between the states
10,0), |1,—1), ]0,—1), [1,0). (5.27)

Under strong dissipation, the system rapidly decays onto the space spanned by
these eigenstates before the slower dynamics take over. Since this space spanned by

coherences of the above eigenstates is invariant under the transformation
S5 «— —5%, (5.28)

all dynamics within this space will satisfy (S%(t)) = —(S%(t)) regardless of the
initial state and for any wa,wp,e << 7 . However, we can easily see that the
system is not completely anti-synchronised because if we measure the observable
O; = [-1)(-1|; we see in Figure [5.7p that (Oa(t)) oscillates, while (Op(t))

rapidly becomes stationary.

3.2.3 Pure gain: stable limit cycles, but no robust,
stable synchronisation

We now set v;-l =0, 7% # 7% # 0, although clearly the results are analogous if
we instead choose to have pure loss. In that case we find three proper (density

operator) stationary states,

Plioo = |_170> <_170‘

1€

+ ——(=1,0) (0, =1] = [0, =1) (~1,0]), (5.29a)
WA — WR
P2,00 = |_]—7_]-> <_]—7_]-|7 (529b)
1

Solving for the conditions of Thm 1 we find A-operators given by,

Al =a;|-1,-1) (=1,0]

+i(az —a3z) |—1,—1) (0, —1], (5.30a)
Ay = AT, (5.30b)
Ay = —i(ay + as) |-1,0) (=1,0]

+ay |—1,0) (0, —1|
as + as
as — az
+i(as — as) [0, —1) (0, -1, (5.30¢)

—a 0, 1) (=1,0|
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Figure 5.7: (a) Metastable anti-synchronisation of (SJZ (t)) (note we plot the absolute
values) in the inverted limit cycle model in the quantum Zeno limit with v = 100, x = 0,
wa = 0.5, wp = 1.5 and € = 2 where the system has been initialised in a random initial
state. The blue line indicates site A and the orange site B. (b) The dynamics of the
observables O; = |—1) (—1[; which do not synchronise. The metastable dynamics can
be understood as a consequence of the unitary dynamics lifting the degeneracy in the
stationary subspace of the dissipation. Comparison with Fig. [5.6] shows that in the Zeno
limit the oscillations are now on timescales relevant to the Hamiltonian.

where a; = 2¢ and ay = (wa — wp), az = \/462 + (wa — wp)?. The corresponding

frequencies are,

1
wy = é(wA +wp — as), (5.31a)
1
Wy = é(wA + wp + as), (5.31b)
w3 = as. (5.31¢)

There is no permutation or generalised symmetry between sites A and B and
so although we do have persistent oscillations and a limit cycle the sites are not

robustly synchronised as seen in Fig. [5.§
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Figure 5.8: Evolution of S7 (a) and S} (b) observables on sites A (blue) and B (orange)
for the Spin-1, pure gain model. We have non-zero detuning and interaction, A, e # 0
and asymmetric driving, 74 # . Initialising the system in a random state, we see that
while persistent dynamics occur the two sites do not identically synchronise for either
observable. This can be understood through the absence of generalised symmetry between
sites A and B. As with the example in Sec under a more relaxed definition the
observables 57 could be considered synchronised.

3.3 Lattice models with translationally invariant non-abelian
symmetries

The examples studied above have considered small systems and have been presented
to demonstrate the definitions we gave and show pedagogically how our results can
be applied. We will now use our results to understand synchronisation in a broad
class of truly many-body models. These systems will exhibit robust stable/meta-
stable synchronisation between every individual site as a direct consequence of their
symmetry structure. We first discuss the heated Fermi-Hubbard model as a base
case and then explore its generalisations to multi-band and higher spin versions
before commenting on how the theory we have developed can be applied to existing
experimental setups. We will also explain how systems can be engineered using
our theory to create long-lived synchronisation.
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3.3.1 Fermi-Hubbard model with spin agnostic heating

We first return to the Fermi-Hubbard model with spin-agnostic Lindblad operators,

which we previously studied in Ch[dl This model was interesting in the previous con-

text of dissipative time crystals because of the environmental noise-induced periodic

motion from a model that otherwise evolved chaotically. We will now demonstrate

that it additionally exhibits robust, stable synchronisation across all the sites.
Recall that our Hamiltonian is given by

Z Z clscjs+hc +ZUnJTnN

(i.) se{t,4}
s (5.32)
Z €N + ”J + = M)
and we introduce Lindblad operators
L =7;¢jicip (5.33a)
_ Tt
L3 = viny, (5.33¢)

on each site. Compared with our previous treatment in Ch {4 we have now included
on-site dephasing through the L terms which importantly do not affect the strong
dynamical symmetry structure of the model. These Lindblad operators represent
the dominant standard 2-body loss, gain and dephasing processes, naturally realised
in optical lattice setups [302, 359-363].

As we discussed before, when the magnetic field is homogeneous, B; = B, the
total spin raising operator S* =3, c}%ci | is a strong dynamical symmetry with,

[H,S%] = BS*, [L2, 5] = 0. (5.34)
For 77 = ~; we also have
YO[LS (L) =0, (5.35)
o,j

so we find the map is unital. Provided that ST and its conjugate S~ are the
only operator satisfying the conditions of Thm [2| as is generically the case unless
v = 7;»“ = 7; = 0, we may apply Thm E] and conclude that every site is stably,
robustly synchronised with every other site because St and S~ have complete
permutation invariance. We remark that the on-site potentials, ¢;, and interactions,
U;, need not be the same in this case. This explicitly demonstrates how our
theory can be applied non-perturbatively to non-identical subsystems. As with
the dissipative time crystal case discussed before, metastability can be achieved by,
for example, allowing detuning between the on-site magnetic field and considering
perturbations from the average value B, i.e. taking B; = B+ d;, or by introducing
weak next-nearest neighbour interactions. We illustrate these principles in Fig[5.9]
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Figure 5.9: (a) We plot the transverse spin on each site of a 4-site Fermi-Hubbard
model periodic boundary conditions, spin agnostic heating and a homogeneous magnetic
field when evolved from a random initial state, and observe complete stable robust
synchronisation. (b) We perturb the same system by introducing random spatial
inhomogeneities in the magnetic field. In (b.i) we plot the transverse spin and observe
that the perfect sychronisation is broken and that the oscillations are metastable. In
(b.iii) we show this decay more clearly over longer times and in (b.ii) show the slow decay
of the Pearson indicator between sites 2 and 3.

3.3.2 An algebraic framework for constructing models which exhibit
quantum synchronisation

The heated Fermi-Hubbard model above hints at a general framework to construct
more elaborate examples of systems that exhibit quantum synchronisation based on

their symmetry structure. To understand this we make the following observations:

(i) In the absence of a magnetic field and potential, B; = ¢; = 0, the Hubbard
model has a symmetry group G = SU(2) x SU(2)/Z,, coming from the
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independent spin and 7 symmetries [311].

(ii) Further, the representation of these symmetries are permutation invariant,
that is
[Sa? PJ7k] = [7704’ P]Jf] = O’ a = .T, y> Z.

(iii) Introduction of the magnetic field, BS*, which corresponds to the unique
element of the Cartan subalgebra of the spin-SU(2) symmetry, breaks the spin
symmetry. Consequently, the remaining elements, ST, S~ of the spin-su(2)
algebra become dynamical symmetries.

(iv) Choosing a unital set of Lindblad operators, L,, from the complementary
n symmetry guarantees that [L,, S¥] = 0 so that the spin operators are
strong dynamical symmetries as required for Thm 2. Also, since the choice of
Lindblad operators do not all commute with the n® operators, there can be no
further strong dynamical symmetries. Finally, since these strong dynamical
symmetries have complete permutation invariance the synchronisation is
robust, as per Cor 3.

These principles can be applied more widely to models with more elaborate symmetry
structures to guarantee quantum synchronisation. In the following section, we will
follow this framework to explore synchronisation in generalised SU(N) models,
which have previously been explored in cold atoms [364-367].

3.3.3 Generalised Fermi-Hubbard model with SU(N) symmetry and
experimental applications

For concreteness, we will first consider the model studied in [367] describing fermionic
alkaline-earth atoms in an optical lattice. These atoms are often studied as they
have a meta-stable 3P, excited state, which is coupled to the 1S, ground state
through an ultra-narrow doubly-forbidden transition [368]. We will refer to these
levels as ¢ (ground) and e (excited). We will further label the nuclear Zeeman levels
asm = —1I,..., I on-site i, where N = 2] 4 1 is the total number of Zeeman levels
of the atoms. For example, 8'Sr has N = 10. It is further known that in these
atoms, the nuclear spin is almost completely decoupled from the electronic angular
momentum in the two states {g, e} [368]. Thus to a good level of approximation,
one can describe a system of these atoms in an optical trap using a two-orbital
single-band Hubbard Hamiltonian [367],

H == Z Z JS(CZ,s,mCﬁ&m + C;,s,mCLS,m)
(4,4) ™M
+ Z USSHJ"S(?”L]"‘S — 1) —+ Vv Z nj’gnj,e (536)
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Here the c¢;,,, operator annihilates a state with nuclear spin m and electronic

orbital state s € {g, e} on site i. Further n;, =3 Cj,s,m counts the number

m Chsim
of atoms with electronic orbital state s on site j. This model assumes that the
scattering and trapping potential are independent of nuclear spin, which gives
rise to a large SU(N) symmetry.

Defining the nuclear spin permutation operators as
S’:Ln = Z Cj’,s,ncj,s,m7 (537)
7,8

which obey the SU(N) algebra,
[S3, SE] = 0imgSh — 6npSy (5.38)
we find that the Hamiltonian in equation has full SU(N) symmetry,
[H,S"] =0 Vn,m. (5.39)
We can also introduce the electron orbital operators as,

T = > c}s’mafjs,cj,s/,m, (5.40)
j,S,Sl,m
where a = z,y, 2 and ¢® are the Pauli matrices in the g, e basis. These operators
obey the usual SU(2) algebra and are independent of the nuclear spin operators,
[1T%,S"] = 0. In the specific case J. = J;, Ue = Uyy =V, V., = 0 these are
also a global symmetry of the system, [H,T%] = 0.
If we now introduce dephasing of the nuclear spin levels via the on-site Lind-
blad operators

LM = 4\m™ gm (5.41)

we break the SU(N) nuclear-spin symmetry, while the electronic orbital symmetry
is promoted to a strong symmetry [111] since the operators T all commute with
the Lindblad operators. This may be accomplished experimentally by scattering
with incoherent light that does not distinguish between various energy levels of
the internal degree of freedom s [359) 369|. In particular, this represents the fact
that the light has transmitted information to the environment about the location
of an atom, but not its internal degree of freedom that remains coherent. The rates
vj(m) can be made larger by introducing more light scattering.

In the presence of a field that only couples to the electronic degrees of freedom,

Hﬁeld =wl” (542)
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the electronic orbital SU(2) symmetry is broken to a dynamical symmetry with
frequency w. Since the T+ operators are translationally independent, all the
conditions of Cor 3 are satisfied to guarantee robust, stable synchronisation between
all pairs of sites.

In realistic setups, this strict symmetry structure is unlikely to be perfectly
maintained. In particular, certain cold atom species may have a finite exchange
term V., between the spin levels, e.g. [370, 371]. Thus we would expect metastable
synchronisation to be present when the conditions J. = Jy, Uee = Uyy =V, Vo, =0
do not hold perfectly or there are some inhomogeneities in the additional field.
More generally, we could consider cases of interacting systems where the nuclear
and electronic degrees of freedom are coupled through scattering processes, such
as in the experiment conducted by [372]. Generically such systems will lack the
symmetries required for robust, stable quantum synchronisation, and thus the
timescale over which synchronisation can be maintained will be a measure of how
much these symmetries are broken through these imperfections.

One possible approach for achieving metastable synchronisation in more complex
systems is to proceed as follows. Ignoring interactions, we can diagonalise the single
site Hamiltonians to obtain eigenstates |n) ; and energy levels £, ; for each site, j.
These give trivial onsite dynamical symmetries A7™ = |n) (m|; for E, ; # E,, ;. We
then introduce dephasing operators on each site which break all but a few of these
dynamical symmetries. When we reintroduce interactions between neighbouring
sites, we search for translationally invariant linear combinations of the remaining
on-site strong dynamical symmetries, which are as close as possible to dynamical
symmetries of the whole model. These linear combinations can, in principle, be
further optimised by adjusting the experimental parameters of the system. These
considerations emphasise the importance of our theory when engineering long-
lived synchronisation in more complex systems. Our theory tells us that in order
to produce quantum systems that exhibit long-lived synchronisation, it is the
symmetries that must be carefully controlled.

Another aspect of our theory that can be applied to these more complicated
systems, even if they do not admit the symmetries required for synchronisation, is
to give the scalings of decay rates and frequencies of the meta-stable oscillations. As
an example we consider the experimental set up investigated by [372, [373], where
fermionic atoms with nuclear spin-9/2 were confined to a deep optical lattice. In
their experiment they initialised the system so that every site contained two atoms,
one with m = 9/2 and the second with m = 1/2, and observed oscillations across
the whole system between this initial state and the state in which the two atoms
had spins m = 7/2 and m = 3/2. These oscillations were most pronounced in the
limit where the optical lattice was very deep, corresponding to minimal hopping. It
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Figure 5.10: The crosses mark the experimental results from [372] for the oscillation
frequencies of an effective 1D lattice of fermionic spinor atoms. We compare the
experimental data (crosses) with the prediction (dashed line) of Eq. where wp and
A are obtained by fitting to the data, and see remarkable agreement.

is known that deep optical lattices can often cause dephasing processes to occur,
so it is likely that in the limit of no hopping, the system also experiences strong
dephasing processes. Thus we apply the results of Ch [3| Sec to predict that as

the trap becomes shallower the frequency should vary as,
A
w=wy+ 5 +o(1/v) (5.43)

for some constant A\, where v = U/.J is the ratio between the interaction strength
and the hopping. This ratio is known to be related to the lattice depth in a 1D

sinusoidal lattice in the deep lattice limit as [362],

Y~ exp <\/V0) (5.44)

for Vj the lattice depth, measured in units of E,.. The 1D approximation is valid
because the other two dimensions of the optical lattice are kept at very deep values
Vi, = 35E, [372]. Thus we obtain

w(Vp) = wo + Aexp <—W> . (5.45)

We compare this prediction with the experimental data from [372] in Fig|5.10[ This
simple result appears to be in better agreement with the experimental measurements

than the numerical simulations in [372].
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4 Conclusions

This chapter builds upon the results from Ch |3 regarding Liouvillian eigenvalues to
present a general theory of spontaneous synchronisation in many-body quantum sys-
tems. The advantage of this theory is that it provides an algebraic framework based
primarily on dynamical symmetries from which to study quantum synchronisation
in many-body systems systematically.

We used this theory to study several examples, both new ones and from existing
literature, and to provide a framework for algebraically constructing models which
exhibit synchronisation. We also discussed how these results relate to experimental
setups and demonstrated why robust quantum synchronisation requires careful
engineering and symmetry selective controlling of experimental imperfections. Apart
from higher symmetry fermionic quantum gases, similar considerations can also be
directly applied to other complex cold atom systems with high degrees of symmetry
and a large number of degrees of freedom, such as quantum spinor gases [374-376].
This demonstrates how our theory provides a guideline for achieving synchronisation
that would be difficult to predict without resorting to using our algebraic perspective.

Our results provide several illuminating insights which are helpful for generating
models that exhibit synchronisation. The first is that the most straightforward
way to synchronise quantum many-body systems is to use unital maps, most
obviously dephasing. This is because we may reduce the problem to eliminating
dynamical symmetries that lack the required permutation symmetry structure
for synchronisation. Our results also indicate the importance of interactions.
For instance, if a model has only quadratic ‘interacting’ terms corresponding
to hopping or on-site fields, dynamical symmetries that are not translationally
invariant are possible [120]. In particular free-fermion models admit a host of
non-translationally invariant conservation laws and these ruin the translation
invariance in the long-time limit [286]. Adding interactions generally leaves only
translationally invariant A operators.

Interestingly, there has been recent debate about the related phenomenon of
limit cycles in driven-dissipative systems with finite local Hilbert space dimensions,
particularly spin-1/2 systems. Mean-field methods find evidence of limit cycles [171],
whereas when quantum correlations are included using numerical methods, studies
seem to indicate an absence of limit cycle phases in the same models [377, [37§].
Alternative methods [379], however, do show limit cycles in the fully quantum system,
making the issue controversial. Since limit cycles correspond to persistent dynamics
and purely imaginary eigenvalues of the corresponding quantum Liouvillians, our
general algebraic theory, particularly the results from Ch [3] should apply to these
systems and could be used to prove either presence or absence of limit cycles.
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We also remark again that it would be very desirable to develop corresponding
results to those of Ch [3|for periodically driven open systems. In the synchronisation
context, such results would allow us to study driven synchronisation which is the
natural next step having characterised sponanteous synchronisation in many body
systems. This could also lead to connection between our theory and the field of
Synergetics. As we mentioned in Ch 4| recent results of [277] have made progress
in this direction but much work still remains to be done.



Engineering superconductivity through
symmetries

Used in cutting edge physical experiments such as particle accelera-
tors, tokamaks, and quantum computers, as well as more widely in
MRI machines and maglev trains, superconducting materials are
at the heart of all manner of modern technologies. Unfortunately,
current superconducting materials only transition to their supercon-
ducting phase in extreme conditions such as very low temperatures or
very high pressures. Even the more recent ‘high-7,.’ superconductors
have a critical temperature of —170°C at atmospheric pressure,
and the cost of cooling to such temperatures renders many novel
applications prohibitively expensive.

As a potential solution, there has been substantial interest in
studying ‘induced’ superconductivity, where the superconducting
material transitions to its superconducting phase in response to some
stimulation. In particular, certain materials have been demonstrated
to exhibit superconducting properties well above their critical
temperature after being excited by laser driving.

This chapter will propose a theory to explain these recent experi-
mental results. Our explanation will rely only on well-established
principles of quantum thermalisation and the existence of an approx-
imate electron pairing symmetry which is often present in lattice
models of strongly interacting electrons. We will then use our ideas
to propose a mechanism for stabilising the superconducting state,
which relies, counter-intuitively, either on the system’s interaction
with an environment or external driving. While not all aspects
of the theory have been rigorously proven or tested, and there
are still unanswered questions, we will argue that our proposed
theory gives verifiable agreement with experiments and provides
an explanation that can be applied to most known examples of
light-induced superconductivity.

145
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1 Conventional vs. light-induced superconductiv-
ity

Superconductivity was one of the earliest observed macroscopic quantum phenomena,
first studied by Onnes in 1911 when he found that the electrical resistance of mercury
vanishes below 4.2 K [139]. In 1957, Bardeen, Cooper, and Schrieffer presented their
explanation of superconductivity in terms of Cooper pairs and their interactions
with lattice phonons |140]. Their theory accurately describes what is now referred
to as conventional superconductivity which occurs at temperatures T < 10 K.

Materials in a superconducting phase have two fundamental properties, which
both have substantial technological benefits. Firstly the electrical resistivity of a
superconducting material vanishes, as originally witnessed by Onnes. This has clear
applications for the lossless transmission of electrical energy, particularly at high
power. The vanishing resistivity of superconducting wires has also been exploited
to develop superconducting magnets. These are electromagnets made from coils of
superconducting wires, which can carry much higher currents than conventional
wires and thus generate a more intense magnetic field. Secondly, weak magnetic
fields cannot penetrate a superconducting material and instead, they remain at
the surface. This phenomenon, known as the Meissner effect, was first observed
by Meissner and Ochsenfeld in 1933 [380] and is understood through the London
equation for the penetration depth [381]. The Meissner effect has been used to
create frictionless bearings [382, [383] and mounts which reduce vibrations [384].

Unfortunately, conventional superconductors only transition to their supercon-
ducting phase at very low temperatures or very high pressures, severely limiting
their application. Even so-called ‘high-temperature’ superconductors, which are
beyond the regime of BCS theory, have a critical temperature of around 80 -
100 K. This is still too low for most applications due to the high cost of cooling.
Consequently, there has been a sustained effort to develop novel materials that
become superconducting at room temperatures and pressures, possibly after some
stimulation protocol. One successful line of research in this direction has been
light-induced superconductivity, where transient out-of-equilibrium superconducting
states are excited via light driving at temperatures above T, [385-389)].

The experiments we consider excite the sample material using short laser pulses
with drive times of approximately 10-100 fs. Following the short pulse, reflectivity
is probed using THz laser pulses, which can be directly connected to the optical
conductivity via Drude-Lorenz theory. It is signatures in the optical conductivity
that are usually used to determine whether or not the sample material is in a
superconducting state. The sample materials that provide the best superconducting
response have been found to be cuprates, or certain organic salts [388, [390-393].
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In these experiments, signatures of superconductivity at temperatures much
higher than T, were observed for an unexpectedly long time. For instance, a
recent experiment in an organic K3Cy found lifetimes on the order of milliseconds
at a temperature 7' = 100K > T, = 20K [387]. For comparison, electrons in
normal matter usually have energies around 10eV, which corresponds to attosecond
durations, while the screened hopping times are on the order of picoseconds. Hence
the superconducting state has a lifetime far longer than the relevant Hamiltonian
time scales of the electrons. This behaviour also seems to contradict theoretical
results regarding thermalisation |35, 1318, 394], which predicts thermalisation within
1-2 orders of magnitude of the hopping times for a spatially homogenous out-of-
equilibrium state, and that the thermalised state should not be superconducting.
Even considering the fact that the laser pulse is not homogenous in space but
has a wavelength of 1 um, an electron needs at most 10? ps to “smooth out” the
inhomogeneity. The experimental evidence suggests that thermalisation seems to
be delayed by between one to eight orders of magnitude depending on the material,
and explanations for this have so far been lacking.

Surprisingly, these results have been observed in various compounds, all at
significantly higher temperatures than critical, indicating that the phenomenon
results from general mechanisms with minimal dependence on the microscopic
details. Unfortunately, the transient superconducting states do not yet last long
enough to have technological applications. Understanding the general underlying
mechanism which governs these experiments has so far been challenging theoretically
but is of crucial importance for achieving a superconducting state at high temper-
ature that is stable for useful lifetimes. Several arguments have been previously
proposed to explain these experiments, primarily based on diagrammatic field theory
calculations [395] and numerical simulations [396, |397]. While these methods have
provided reasonable explanations for some of the observed phenomena, they are still
unsatisfactory in several ways. Firstly, the models corresponding to the materials
examined have strongly repulsive electronic structure making the validity of the
perturbation theory used in diagrammatic field theory calculations questionable.
Further, most numerical calculations assume charge conservation, but as we will
argue in Sec below, due to locality out-of-equilibrium protocols cannot both
conserve electron number and induce the off-diagonal long-range order thought
to be responsible for superconductivity if the system is initially in a clustering
state [398]. Another approach that proved fruitful in our understanding of ordinary
superconductivity is density functional theory [399, 400]. However, its application

and domain of validity are not precisely understood out of equilibrium.
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2 Theoretical background

Before expounding our theory and explaining its relation to the experiments, we first
review some technical background. In particular, why off-diagonal long-range order
(ODLRO) and n-pairing are generally believed to be related to superconductivity
and also some fundamental principles of prethermalisation and their consequences
for ODLRO and superconductivity.

2.1 ODLRO and superconductivity

The relation between off-diagonal long-range order and superconductivity was first
understood by Yang in his 1962 work [401] where he directly showed that ODLRO
implies magnetic flux quantisation - a hallmark of superconductivity. This result has
been confirmed and extended in subsequent studies to also include the prediction
of the Meissner effect [402-404]. ODLRO in a fermionic system is understood as
long-range order in the two-body correlation matrix, i.e.

<CZ,TCI,¢CJETCJ?¢> = Const. Vi, j, (6.1)

where ¢; ; annihilates a fermion on site ¢ with spin s. Importantly the sites ¢ and
7 can be arbitrarily far apart. Note that the operators

77? = eieic;r7ch’J,’ n; = _e_ieicmci,i» (6.2)
are associated with n-symmetry in single band Fermi-Hubbard models, where the
phases 60; depend on the lattice geometry. For this reason ODLRO in fermionic
models is often referred to as n-pairing.

In his 1986 paper [405], Yang showed that there exist eigenstates of the 1D
Hubbard model that exhibit ODLRO. These states are given by

™) o ()" J0). (6.3)
where

77+ = Z nlj’ (6‘4)
k

is the global n™ operator, and |0) is the vacuum state. Unfortunately, these states
are highly excited, and their long-range order is usually undetectable by experiments
that study thermal or ground state properties. However, many subsequent studies
have explored n-pairing superconductivity in the Hubbard and similar models, and
it is generally accepted that n-pairs can be a valid mechanism for superconductivity
provided they can be excited and sustained for sufficiently long times. We finally
note that finite Drude weight in superconductors has only been demonstrated under
additional model-specific assumptions, such as in standard BCS theory [406] and
that Meissner stiffness (implying supercurrent) and the Drude weight (implying
ballistic transport) are not the same quantity [407, 408].
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2.2 Prethermalisation

As we discussed in Ch [I} following a quench, quantum systems are generically
expected to thermalise via the eigenstate thermalisation hypothesis (ETH) [35,
38, 139]. However, in cases where the microscopic Hamiltonian has a separation of
scales, it is possible that the system first prethermalises on short time scales up
to t < Tpe before thermalising fully at times ¢ >> Tpe.

More specifically consider a Hamiltonian of the form

H:Ho—i—’)/Hl, (65)

where 7 is a perturbative parameter that separates the time scales of H. Provided
the thermalisation time of Hj is not too long the system will equilibrate under Hy
and reach a prethermal state described by ppre which lasts for times ¢ < 7. The

time Tpe is controlled by the parameter A and generically given by [394]
Tore = O(1/7%). (6.6)

Note that when we say the system is described by the prethermal state pp. we
mean this in the usual sense that a Gibbs ensemble can be used to accurately
describe observables of a thermalised system even if the true quantum state

remains pure. It is generally expected that the prethermal state is given by a

generalised Gibbs state (GGE)

G_Zk AkQk
PGGE = Tr [6_ Zk )\ka] )

(6.7)

where {Q} are the local/quasi-local conserved quantitites, or symmetries, of
Hy. If there exist extensive dynamical symmetries of Hy then the system instead
equilibrates to a time-dependent generalised Gibbs state (tGGE)

e 2k QD oy o (8) A+ (£) < A,

Tr [6_ Yo MQrty o, #k(t)Akﬂtk(t)*AH ’

PGGE = (6.8)

where [Hy, Ay] = —wi A, and
pr(t) = e, (6.9)

In essence, prethermalisation can be understood as conserving quantities on short
time scales before the symmetry breaking dynamics take over on longer time scales.

An important property related to thermalisation is clustering [394) |409]. A state
p is said to have clustering if for all strictly local observables O (x) which only
have support in some finite region around the location =,

lim (O ()0x(y)) = (O1(2))(O2(y))- (6.10)

le—y|—o0
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It is known that states with clustering include finite temperature states of one-
dimensional systems, ground states of gapped 1D systems and thermal states of
higher dimensional systems at sufficiently high temperature [394] where it is always
assumed that the Hamiltonians of these systems are local and do not contain any
long range interaction or hopping terms. In these same systems, we can use the
Lieb-Robinson bounds [307], which prove that systems with local Hamiltonians
cannot propagate correlations faster than some fixed velocity, to conclude that

time evolution preserves clustering, i.e

lim (O1(x,0)0(y, 0)) = (O1(x,0))(Ox(y, 0))

lz—y|—o00

= (6.11)
lim (Oy(x,1)0y(y, 1)) = (O1(x,1)){O2(y, 1)).

|z —y|—00

One may worry about the validity of the system size becoming infinite in a real
experiment where only finite samples are used. However, experiments with single
layer cuprates use samples with lengths on the order of 0.1 mm while the lattice
spacing is on the order of 1 A, and so with respect to the lattice spacing the
separations of distant sites is so large that no qualitatively new behaviour is
expected as the system size increases further. We can now make an important
observation about the production of n-pairing by driving thermal states. If an initial
thermal state has clustering and no off-diagonal long-range order, evolution under
a local Hamiltonian that conserves particle number cannot lead to the emergence
of off-diagonal long-range order. Importantly for our discussion of light-induced
n-paired superconductivity, this observation implies that if the light driving is to
induce off-diagonal long-range order in a system initially in a thermal state, then
it cannot conserve the number of electrons, at least in the superconducting band.
This immediately questions most previous explanations of this phenomenon that

consider exclusively single band models.

3 Possible explanation of experimentally observed
superconductivity

We now return to considering the experimental observations of light-induced
superconductivity, focusing primarily on single-layer cuprates. This restriction is
made for simplicity and so that we can compare directly with available experimental
results. Importantly our proposed explanation will not directly rely on any
equilibrium superconducting properties, and thus we are able to study single-
layer cuprates even though equilibrium superconductivity in these materials is not
yet understood. However, the general principles of our argument carry across
to other materials.
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3.1 Description of underlying Hamiltonian

3.1.1 The generic Hamiltonian

For our theory, we assume that the material can be well described by a general
strongly repulsive Hamiltonian. As such, we start with the most general possible
electronic Hamiltonian with phonon coupling,

H = Hy + Hyp + Hopph. (6.12)

For our electronic Hamiltonian, we will focus on a general p — d multiband model
that is generally used for the cuprates we are interested in [410, 411]. Additionally
this Hamiltonian is also applicable to organic Mott insulators which have also been
found to exhibit light induced superconductivity. Specifically we take

He = Z tz?\j/\lczAacj/\’U + V;;V\lnz‘AanjAa’ + (eix — H)Nixe, (6.13)

ijAN oo’
where ¢y, annihilates an electron/hole on lattice site j in orbital A with spin o
and njy, = cf Ao Cire 1S the corresponding local particle number. This Hamiltonian

is dominatedj by the on-site innner-band interaction term, V™, since we assume
that the electrons are strongly correlated. Importantly, we will also assume that
this Hamiltonian is local and thus the sum only runs over sites i,j with finite
separation. The term H_,, is a standard electron-phonon interaction, which
we assume to be well described by the Frohlich Hamiltonian [412-414], and H,,

is the phonon Hamiltonian,

Hyp =Y heogn (bl nban +1/2) (6.14)
q’n
Hapn= Y. ook @)k qotiove(ban + b gn), (6.15)
k,qn,\,\

where we have moved to momentum space and bg ,, is the boson annihilation operator
for a phonon with momentum q and in branch n. Note that, apart from when
describing polar materials, gx x . (k, q) is local in space [414]. For our work, we will
follow the usual assumption that the effective dynamics of the electrons are also local.

3.1.2 Hamiltonian symmetries

It was asserted in [401] that the origins of superconductivity at high temperatures
could be related to the off-diagonal long range order, which can arise due to the
existence of non-abelian symmetries, such as the SU(2) n-symmetry of the Hubbard
model studied by Yang and discussed above in Sec 2.1} In realistic situations, such
symmetries are, however, not exact. This means that the density operator describing
the state of the system will not be stationary and will instead eventually reach
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the thermal state. Therefore such symmetries are not so relevant at equilibrium.
However, driving the system out of equilibrium can, in general, lead to the onset of
the off-diagonal order, which typically decays on very long, possibly exponential in
the symmetry breaking parameter «y [415], timescales. This is similar to the meta-
stable dissipative time crystal in Ch [4] where the weakly broken strong dynamical
symmetry led to a meta-stable dynamical phase of matter. On shorter timescales,
before the weak symmetry breaking has been able to influence the dynamics, we
therefore expect the emergence of superconductivity due to the existence of a
non-abelian symmetry and consequently off diagonal long range order.

We can identify such symmetries in some of the materials which exhibit light-
induced superconductivity, such as the n-pairing in single layer cuprates as described
by the Hubbard model in Eq. . In the simplest example of a 1D system
with a single band the symmetry is given by

nt =Y (1) ., (6.16)
z

as we have seen before in Chs 4] & [l In 2D bipartite lattices, with multiple electron
bands, analogous SU(2) symmetries can be found. Further, in models of other
materials, superconductivity has been asserted to arise as a consequence of other
symmetries, such as in theories of SO(5) superconductivity [416]. Importantly, in
all models where the superconductivity can be related to a non-abelian symmetry,
if the symmetry breaking in those materials is expected to be small compared
to, say, on-site repulsion and nearest neighbour hopping, then we can expect the
superconductivity to be stable for some transient time. For instance, in single-layer
cuprates, the on-site repulsion is expected to be one or even two orders of magnitude
higher than the other parameters [417]. Similarly, in the organic Mott insulators,
the on-site repulsion significantly exceeds the symmetry-breaking terms Uy > 4Vj;14.

3.2 Microscopic description of the laser pulse and the in-
duction of ODLRO

3.2.1 Microscopic description of the laser pulse

We now consider the effect of driving the material with light. Since the pulse
interacts weakly with the system, at least compared to the Hamiltonian energy

scales, we can express the driving Hamiltonian as
Hdrive =H + Eh; (617)

where h represents the interaction between the light and the material. Since the

laser is only active for a short time in the experiments, which we label At, we
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can work perturbatively in time. Following our discussion of clustering, since we
assume the effective dynamics for the electrons are local, it is sufficient to consider
the evolution of (n*(¢)) during the laser pulse in order to determine whether the
state has ODLRO immediately after the pulse. As discussed previously, we assume
that the material is initially described by a clustering state pg, which has no off-
diagonal long-range order and is a stationary state of the undriven Hamiltonian.
It is also reasonable to assume that we can express this initial state as a series

in the small symmetry-breaking parameter, v, as
po = Ro+ 7Ry + O(*). (6.18)

We can then perturbatively expand (nT(At)) as

<,'7+(At)> — Tr (77+e(_inriveAt)poe(inriveAt)> (619&)
) 1
= T (1" (o — 15 Hares o] = 5 M s [ Haies po])) ) + O(AF)
(6.19b)
= —iAtTr (77Jr [Ho + vH; + €h, po]) (6.19¢)
1
— iAtz Tr ([HO + ’)/Hl + Eh, [H() + ’}/Hl + Eh, po]])
+ O(A#)
= —iAtTr (7[eh, Ro + vRi)) (6.19d)
1
— §At2 Tr ([HO + ’)/Hl + Gh, [Eh, Ro + ’}/Rl]])
+ O(*At, At?)
= —iAteyTr (n+ R, Rl]) (6.19¢)
1
— JAPE Ty (n* [, [, Ro)))
+ O(?At, yeAt?, At?)
= S1eAly + 22 At (6.19f)

In this calculation, we have used the requirement that the initial state is a
stationary state of the undriven Hamiltonian and made repeated use of the identity
Tr (A[B,C]) = 0 when any two of A, B,C' commute. We have assumed that the
relative strengths and time scales satisfy 7 < € < At, which is justified for the
materials and experimental parameters in question. The quantities d; » can both
be seen to depend on the material and the laser-material coupling. Importantly
we see that the change in (n*) is a function of F' = eAt which corresponds to the
fluency of the laser pulse. We will discuss this further in Sec [3.4]
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3.2.2 Induction of ODLRO from preformed pairs

From our previous discussion of clustering, we have established that to induce
ODLRO in a given electron band, which we will refer to as the superconducting
band, the light driving cannot conserve electron number in this band. This argument
extends naturally to the case of multiple superconducting bands. Subsequently,

there are two possible routes within the model for the laser pulse to induce ODLRO:

1. The laser could directly couple the superconducting band with some other
electron band and transfer electrons between these two bands.

2. The laser could couple to the phonon modes via the generalised Frohlich
Hamiltonian [414], leading to a change in the expectation value of (by ) for
some mode. This could proceed via a possibly non-linear phonon-phonon
interaction. Importantly, since the phonon degrees of freedom admit a mean-
field treatment, we can observe that in the electron-phonon Hamiltonian,
Hej_pp, this change in (bq ) — (bgn) +Abgn leads to an effective modification
of the electron hopping,

g)\)\’,n(k> q)CLJrq)\gck)\’U (bq,n + bT—q,n)
— g)\,)\’,n(ka q)CI{-i,-q)\ng)\’a ((bq,n> + <b1q,n>)
+ 29)\)\',”(1{7 q) Re {Aqu} (ClT(—i-q/\JCkXU)'
(6.20)
This modification again allows electrons to be transferred between the super-
conducting band and some other electron band. To make the energy transfer
to the phonons appreciable so that this effective coupling between electron

bands is strong, the phonons must be driven close to resonance.

In either case, we see that the laser-material coupling must drive electron transfer
between two different electron bands. However, it is essential to note that laser
driving cannot introduce or remove electrons, so the total electron number across
all the bands must remain conserved. Consequently, to induce n pairs in the
superconducting band, finite off-diagonal expectation values in the initial state
are required. To see this, we need focus only on the electronic degrees of freedom.
Let {|i)} be the electron number basis across all the electron bands and assume
that our state before the pulse, p, is diagonal so that

po =3 li) (il (6.21)

Let the action of the pulse be described by some unitary, U, so that after the
pulse that state becomes

p=UpU". (6.22)
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Then we can calculate the expected value of 7}, where v indicates the super-

conducting band,

(i) = Tr (el yqch,00) (6.23)
=Y (il el ek, UpoU' 1) (6.24)
= > o (il el ek, U 13) GLUTG) (6.25)

47]’

Since U must conserve the total electron number we see that (i CL’VTCL% WU lj) and
(i|U |j) cannot both be non-zero. Hence the initial state must have non-zero off
diagonal terms to induce non-zero (n*).

In other words, the material must initially have off-diagonal preformed electron
pairs, although these pairs will not be true n-pairs as the material is not initially
superconducting. This is in agreement with experimental results, which have so far
only observed transient light-induced superconductivity for initial states which are
believed to contain preformed pairs [417]. Finally, since no further superselection
rules are preventing a change of (™) to a finite value, it will generically happen,
and hence the constants ;5 in Eq. are expected to be O(1). For the case
of strongly repulsive systems, this may be mediated via on-site electron-electron
correlations hybridising with the driving.

3.3 Superconductivity following the laser pulse

So far, we have established that in order to induce ODLRO within our model, the
material must contain preformed pairs and be driven in such a way that electrons
are transferred between bands. If these conditions are met, then after the laser

pulse, our material is in some state, p, with
<77+>ﬁ = 51€At’}/ + 5262At2, (626)

at leading order. We now study the behaviour of the system following the pulse.

3.3.1 Description of prethermal state

As we discussed above, quantum systems with approximate symmetries are gener-
ically expected to rapidly relax to the prethermal time-dependent generalised
Gibbs ensemble. Therefore we can deduce that following the pulse, when the
system Hamiltonian is once again described by Eq. and thus admits the
decomposition in Eq. , the material prethermalises and after the very short
pre-relaxation time can be described by the tGGE state

PO Ho + p(t)n" + p (")
Tr [exp(—B"Ho + pu(t)n™ + p*(t)n~

ppr(t) ”7M@>:quma (6.27)
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where w is a frequency determined by the on-site electronic potentials and g is
a Lagrange multiplier fixed by the initial expectation value (n*); which is being
preserved by the prethermalisation. The exact relation between py and (n™) at
generic temperatures is usually impossible to calculate but for a standard N-site,
1D Hubbard model with interaction strength U and hopping amplitude ¢ at leading
order in inverse temperature we have

(n")

1
N = §U6/ cosh(po) tanh ('MQO) sech? (,uo> +0(8"?). (6.28)

2

Note that the inverse temperature, ', is not necessarily the same as before the
pulse, and is expected to generically decrease as the pulse transfers energy to the
system thus heating it up. We remark here that it may also include additional
conservation laws or dynamical symmetries for which [Hy, A,] = —w,A,, such as
charge number or the spin SU(2) algebra, but these are orthogonal to {n*,n~} and
will not change the value of the relevant superconducting pairing function.

Importantly, provided the temperature is sufficiently high, the tGGE state
satisfies clustering and so we can decompose

<77]'+nl;>pPT(t) = <n;r>pPT(t)<nl;>pPT(t)' (629>

Since our model Hamiltonian is translationally invariant the tGGE state is spatially
homogeneous in the thermodynamic limit, it suffices the focus on the relevant

extensive quantity

(") = )V, (6.30)

where V' is the number of electron sites in the material and j can be taken as
any lattice site. To reiterate, we are assuming that the experimental samples
excited by the laser are sufficiently large that these thermodynamic arguments
can be justified to a sufficient accuracy.

3.3.2 Superconductivity of the prethermal state

We now examine the superconductivity properties of the prethermal state. In
particular, we will calculate the Meissner stiffness, or superconducting weight, as
a function of g at high temperatures for a 1D ring of fixed finite radius. The
Meissner stiffness, ng, is defined through the London equation, which states that
for small magnetic fields with vector potential A the current response satisfies

(J) = —n,A. (6.31)

We assume that introducing a gauge field modifies the system Hamiltonian by
introducing a Peierls phase to the electron hopping. Focusing for simplicity on
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Figure 6.1: We consider a 1D periodic ring of IV lattice sites so that the current flows
around the ring. The magnetic field is transverse to the plane of the ring and we choose
the gauge in which the magnetic potential is tangential to the ring.

a single band Hubbard model on a 1D ring with NV sites and a fixed radius R.
Note that in this geometry, we must take N to be even in order to define an
n-pairing operator. The magnetic field is taken to be perpendicular to the plane
of the 1D ring, as illustrated in Fig 6.1 and we work in the gauge where the
magnetic potential is tangential to the ring.

The corresponding Hamiltonian, in units of the hopping amplitude, is

Ho[A] = Hyn + Hy (6.32a)
HolA] = — >0 (eMvicd ejina + e Miiel ci0) (6.32b)

Jae{t}

+ U Z UIRRION

j

where the Peierls phase, assuming there are sufficiently many lattice sites, is given by
2R dp

Mg =~ |Al= o7 (6.33)

where ®p is the total flux through the ring. Note that this simplification captures
the key features of the prethermal state that we believe are sufficient to understand
the superconductivity properties of the material following the pulse, in particular
n-pairing in a model of electron hopping.

When we turn on the external magnetic field in order to observe the Meissner
effect, by the usual assumptions of prethemalisation, the prethermal state adjusts
on time scales that are much shorter than the final relaxation time giving,

ppr[A] = exp(=f HolA] + p(t)n* + pw*(t)n") |
Tr [exp(—5 Ho[A] + p(t)nt + w*(t)n7)]

Crucially the strictly local hopping terms with the added Peierls phase cannot

(6.34)

change macroscopically the expectation value of |(n™)| because they conserve
total particle number.
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Taking the current operator to have the usual form corresponding to elec-

tron conservation,

JA =i > (ei’\f’f“c}’ScﬁLs —c.c. ) (6.35)
Jse{t4}

we can calculate the Meissner stiffness as

d
=), Y (6.36a)
= —Tr(J'[0] ppr[0] + J[0]ppr[0]) (6.36b)

= ;f <<Hkin> — () + B /O ds Tr(JpﬁiT‘S)Jpj,T)> , (6.36¢)

where in the final line all terms are evaluated at zero gauge field. This agrees with
the results of [418] where the Meissner stiffness is defined as the second derivative of
the free energy with respect to the flux, up to some multiplicative factors. While we
cannot exactly evaluate the right hand side of Eq. , progress can be made if
we assume that at high temperatures n, has an asymptotic series expansion. Under
this assumption we calculate the leading order term in 3’ as,

Tr (HkineA> Tr (HeA)
Z(07 “O)

1 o
—/ ds Tr(Je(ls)AJSSA)> +0O(87).
0

2w Rf’ ; ;
n, = W(Tr(HkinHeA)— +Tr(Je?)?  (6.37)

- NZ(()?HJO)

where Z(f', o) = Tr (6‘5H0+“(77++’7_)>. Evaluating each term for fixed system

size, N, we arrive at

ng =

Op (Sinh(uo)

. / /2
o (5] \ 1) B +0(87). (6.38)

This agrees with similar studies regarding n-paired superconductivity, which reported
that the superconducting weight increases quadratically with the n-pairing parameter
at leading order [419]. In particular, this argument demonstrates that provided the
laser pulse induces ODLRO, the resulting prethermal state will be superconducting.
However, we see in Fig that if too much ODLRO is induced, then the Meissner
stiffness decreases again. Unfortunately it is unclear whether this is an effect that
could be observed experimentally as the range of realistic experimental values
for pg are unknown, although it can be understood intuitively by the absence
of superconductivity in the infinite temperature state when pg > ', i.e. at
true infinite temperatures.

Unfortunately, the above calculation cannot be performed as easily for a 2D
square lattice due to the quadratic scaling of system size, but this is a direction
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Figure 6.2: We plot the Meissner stiffness calculated to leading order in § from Eq.
(6.38). The main figure shows the exponential decay with large |uo|, while the inset
shows the quadratic dependence for small |ug|. The peak is located at |ug| ~ 3.278 with
ne ~ 0.42570 5

that should be pursued in the future. It would also be desirable to compute
higher-order corrections in ' or perform numerical analysis in order to verify this
series expansion’s validity. Finally, we remark that to make a concrete link with
experiments, our theory should be used to calculate the Drude weight in a 2D
geometry. Unfortunately, such calculations have proven impossible so far, but it
is hoped that the recent work of Abanin [415] regarding exponential stability in
strongly correlated models could be used to demonstrate a non-zero Drude weight

for our theory, at least in the strongly interacting limit.

3.3.3 Decay of the prethermal state

We must now examine how the prethermal state decays in order to understand how
long the material will remain superconducting. Since we have been assuming generic
behaviour throughout, the decay can be modelled by a simple Pauli master equation
once we move first to a co-rotating frame to eliminate the trivial time-dependence

of ppr(t). In this basis the state is,

. exp(—0'Ho + po(n™ +n7))
PT ™ Ty [exp(— ' Ho + po(n* +17))]

(6.39)

which is a stationary state of the new Hamiltonian in the co-rotating frame. We
may now formally diagonalise p’p; in the energy eigenbasis of Hy. In this basis,
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which can be chosen so that plp is also diagonal, we have

Per = 2 Piles) (il (6.40)
J
We write the components as a vector P = P;, and then use [394] to obtain a

simple master equation for this vector,

dpP
— =WP A1

where W is a Markovian transition matrix in the interaction picture and its elements

are given by Fermi’s golden rule for weak perturbation,
Wom = 279" (ol Hy om)|? 0 (E) — ES,) (6.42)

Here E? are the energies of Hy with |p,) the corresponding eigenstates. This
is simply a standard Pauli master equation, which is well-established in per-
turbation theory.

This master equation cannot be directly solved since we do not know the exact
expression for W. We can deduce, however, that generically the decay will be given

by the eigenvalue of W that has a maximal finite real part,
Ay = max[—Re ();)], (6.43)
j

where ); are the eigenvalues of W that have Re();) < 0. This is often called the
gap and determines an exponential relaxation rate in the long-time limit, similar
to the Liouvillian gap from Ch [2 In a macroscopically large system, it is not
unreasonable to assume that this eigenvalue is degenerate and has corresponding
cigenstates {P\"}.

In the models relevant to the experiments we are concerned with, it is in
fact natural to assume that we have two sources of perturbation with differing
strengths that we write compactly as

W=W+rw, v>k>0, (6.44)

representing a hierarchy of timescales. Here W is the dominant perturbation
while w is the secondary perturbation. A standard example of this behaviour
is when the lattice geometry does not support n* as a (dynamical) symmetry
because it is not bipartite. This produces the large perturbation, W, while the
secondary weaker perturbation, w, comes from coupling to phonon modes of the
relevant band(s). Using further perturbation theory, under the assumption that
A1 is degenerate, it will typically split

Ay = Ay + O(K?). (6.45)
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Thus we have two or more dominant relaxation rates, leading to a double-exponential
decay
(n*) ~ Aexp (—A1t) + Bexp (—Aat) + .. .. (6.46)

A double exponential decay has been observed in the experiments of [387]. Within
our model and proposal, such phenomenology can be explained by degeneracies in the
hierarchy of perturbations and a non-closing of the gap. While the validity of these
assumptions has not yet been verified rigorously, the experimental observation of
double exponential decay combined with the existence of several perturbations with
different timescales seem to suggests that this or some similar mechanism is at work.

3.4 Predictions of the theory and agreement with exper-
imental evidence

We now summarise this theory’s key insights and predictions and discuss their
agreement with experimental results where possible.

Requirement of strong interactions The fundamental assumption that un-
derpins our theory is the separation of the full Hamiltonian into a part that
respects n-pairing symmetry and a much weaker part that does not. The most
common terms which respect n-pairing symmetry are nearest neighbour hopping
and on-site interaction. This suggests that the materials in which light-induced
superconductivity is observed should be strongly correlated. Indeed, as [415]
indicates, n-pairs in the Hubbard model are exponentially stable for large on-site
interactions. This prediction is corroborated by current experimental evidence,
where light-induced superconductivity has been observed in cuprates and organic
salts, all of which are strongly interacting.

Electron conservation The second prediction of our theory comes from our
discussion in Sec. where we argued that the laser pulse responsible for inducing
ODLRO must couple multiple electron bands and break electron conservation within
each band. This is an important observation because it questions many previous
attempts at explaining these experiments, which focused exclusively on single-band
electronic Hamiltonians. It is also important to understand this requirement when
engineering future mechanisms to induce n-paired superconductivity.

Necessity of preformed pairs We also argued in Sec. that because the
laser pulse must conserve total electron number across all the bands, there must
already exist off-diagonal terms in the initial state. These correspond to preformed
pairs which do not have the correct phases to be coherent BSC or n-pairs. This
is corroborated by current experimental evidence, which suggests light-induced
superconductivity occurs only in states with preformed pairs.
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Lifetime of superconducting state Using general arguments related to per-
turbation theory, we saw that the pre-thermal state could decay according to a
double-exponential under certain assumptions. Thus the experimental results of

[387] are not outside our model.

Dependence of the resistivity on fluency Finally, we can use our theory
to predict the behaviour of the materials resistivity while in the superconducting
phase. Assuming that the supercurrent is proportional to this pairing function,
as is widely argued [401} |419] and agrees with our discussion in Sec. m, the

scaling of the resistivity is given by simple Ohm’s law,

1

4
R x 7 (6.47)
1
4
x T 1 (6.48)
1
(6.49)

X I, + +bF? + cF3’

where F represents the fluency of the laser pulse. Here I,, is the normal component
of the current, and we have expanded the superconducting current, Ig in the leading
two orders of fluency using Eq. (6.19f). The coefficients b and ¢ are given by

b= 61’7, Cc = 5251’}/, (650)

where we recall that §; are material dependent constants of order 1 while v is the
symmetry breaking parameter. This is consistent with experimental measurements
of the resistivity in light-driven K3Cg [387], as we show in Fig[6.3]

4 Stabilising the superconducting state

Having presented our theory to explain the experimental observations of light-
induced superconductivity, we will now demonstrate how this general structure
admits a mechanism for stabilising the superconducting state. To do so, we will

utilise the Zeno effect, which offers theoretically arbitrarily long stabilisation.

4.1 Stabilisation from the quantum Zeno effect

It is well-established that external dissipation from a bath or incoherent driving,
which is either strong [243] 244, 420] or such that the bath is at high temperature
compared to the system [421] will induce the quantum Zeno effect. This has the

effect of partially freezing some dynamics of the system.
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Figure 6.3: The crosses and error bars show the experimental data for the dependence
of resistivity on fluency from [387] for K3Cgy. The dashed curve shows the prediction of
our theory by fitting the data to Eq. . The agreement is impressive and well within
experimental errors. The fitted parameters are I,, = 0.153, b = 1.05x107%, ¢ = 1.20x 1074,
which is in agreement with our derivation where b & c should be of the order v which
should be small.

As in Sec. [3.3.2] we will simplify our discussion to only consider a single band
model so as to remove redundant indices in our equations, but the generalisation

is immediate. Defining the on-site spin operators as
+ AT _ - 4
si=clacit 85 =gy =gy 55 = (7)) (6.51)

where n;, = c}ﬁgcj,g is the on-site particle number operator, we see that these

operators all commute with the on-site 77;7 pairing operators. If we introduce a

strong additional term so that our Hamiltonian becomes
! [ z
H —H0+’YH1+FZBJ ®Sj, (652)
yaes
where v < I" and Bf' are a set of external effective bath operators, then the quantum

Zeno effect will be induced [420]. Alternatively, we could introduce high-frequency

time dependent driving on each site through a term such as

H.(1) = Y x(0)s5. (6.53)
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Figure 6.4: We simulate the decay of n-pairing in a single band Hubbard model with
next nearest neighbour hopping. The two site hopping breaks n-symmetry leading to
decay. However this can be stabilised by introducing on-site spin dephasing Lindblad
operators Ly = ﬁsj As T is increased the lifetime of the n-pairing is extended. The
solid lines show numerical data while the dashed lines show extrapolation assuming double
exponential decay. The inset shows the linear relationship between the half-life of the
n-pairs, t; /o and the dissipation strength, I'.

At leading order, the effective dynamics for large I' are governed by [243, [244]
Heq =Y Pj(Ho +~vH))P, (6.54)
J
where P; are projectors to the local joint eigenspaces of s. Crucially, this means
that any term in H; that changes local spin on-site j will vanish in H.g. We can
interpret this as the strong driving suppressing processes that change the spin
degrees of freedom. Moreover, the Zeno dynamics conserve ;" because [;", P;] = 0.
Therefore ™ will be stabilised against all processes that change local on-site spin
values, an obvious example of which is electron hopping. We demonstrate this effect
in Fig. [6.4] where we stabilise the decay of the prethermal state in a 1D Hubbard
model against next nearest-neighbour hopping using strong dephasing baths.
Importantly, we expect that the dominant contribution to H; that destroys
n* will be charge-phonon coupling. This follows from a mean-field treatment of
the Frohlich Hamiltonian as in Eq. which shows the phonon contribution
to the electronic Hamiltonian can be written as

He_pp ~ Z f(bi,j) Z cz,gcj,a, (6.55)

3o (i),0
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where f(b; ;) is some function of the phonon degrees of freedom. This is effectively
a hopping-like interaction and therefore our quantum Zeno stabilisation suppresses
charge-phonon coupling.

Unfortunately, we do not expect the signatures of superconductivity to be
measurable during the stabilisation as dissipative effects generically lead to diffusive
transport. Additionally, our calculations in Sec [3.3.2] indicate that in an infinite
temperature state, which is where our stabilisation will generically drive the system,

the Meissner effect vanishes.

4.2 Possible realisations

We now briefly outline some possible routes for experimentally realising this proposed

Zeno stabilisation effect.

o The most theoretically straightforward method is to follow [422] and embed a
cuprate parent material into recently realised terahertz cavities, which will
strongly couple to magnetic fluctuations. The essential idea, as discussed by
Ashida et al. in [422] is that spin-orbit coupling cannot be neglected in the
case of a cavity, leading in the large U limit to an effective model of spin
dynamics. As recently shown by Ashida and collaborators at leading order,

this introduces a light-magnon interaction of the form,

Hint XX Z (—1)£EA'ZSZ"4 . Sj’g, (656)
(6,5),¢

where the sum is over nearest nieghbour lattice sites ¢ and j and E7 is an
electric field operator in the z-direction. By treating the driving of E7 in
the mean-field limit, we can assume that that the driving simply introduces
a spin-spin interaction term with strength A = <EZ> In the Zeno limit of
taking A to be very large, this means that the lifetime of the prethermal state,
ppr, scales as A%, while also possibly heating the state to arbitrarily high

effective temperature, 5 — 0.

» Alternatively, it may be possible to stabilise the n-pairing superconducting
order parameter against perturbations by driving a phonon mode that strongly
couples to the spin degrees of freedom in Hy. This means that, as we discussed
for the pulse inducing the superconducting state, we drive at a different
frequency to excite a phonon mode that has strong spin coupling. While
such optically active phonon modes with strong spin coupling have not been

observed in single-layer cuprates, they may exist in other materials.



6. FEngineering superconductivity through symmetries 166

o Finally, one could subject the system to a strong inhomogeneous external
magnetic field that is evolving randomly in time and is effectively white noise.
Such a magnetic field introduces on-site spin dephasing Lindblad operators,
which will stabilise the n-pairing as in Fig[6.4] Unfortunately, the magnetic
fields required to achieve this are likely at the edge of, if not beyond, those
that can currently be achieved experimentally.

5 Conclusions

To summarise, this chapter has proposed a new theory to explain recent experimental
evidence of light-induced superconductivity at temperatures well above critical.
The theory asserts that a laser pulse induces ODLRO in the material, which is
approximately conserved during a prethermalisation regime due to the material’s
Hamiltonian being dominated by a term that admits an 7-symmetry. The proposal
makes three key predictions that agree with experimental observations: (i) that
the material must have preformed pairs, (ii) that the material must be strongly
correlated and (iii) that the resistivity should at leading order be a function of
the fluency, as in Eq. . The ideas have been developed with minimal model-
specific assumptions and are based almost exclusively on well-established principles
of symmetries and thermalisation.

We have also presented a theoretical proposal for stabilising the prethermal
superconducting state by employing the quantum Zeno effect. It requires strongly
driving the spin degrees of freedom so that they become effectively frozen and
cannot contribute to the decay of the n-pairing. In Sec. [£.2] we gave possible
routes for experimentally realising this effect. This is an obvious avenue for
future research since the ability to stabilise superconducting states could have
far-reaching technological applications.

This work does not make predictions of exact values for particular quantities.
Instead, we have predicted general scaling arguments that are independent of
the specific model parameters. This is both a blessing and a curse. On the one
hand, our ideas cannot be used to a priori determine precisely which experimental
parameters will yield the best results or to calibrate set-ups using quantitative
theoretical prediction. However, our theory exposes the general mechanisms that
are potentially at work in these experiments and gives indications of approaches
that may or may not be successful.

Finally, it is essential to expound upon the areas of our work that still require
further study. The most pressing issue is rigorously demonstrating the prethermal
state’s superconductivity in a 2D lattice model. While the calculation in Sec [3.3.2]
may be possible for a 2D model, therefore implying the Meissner effect, it would
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also be desirable to demonstrate a non-zero Drude weight rigorously. To this end,
we envisage using the results of [415] to obtain an effective Hamiltonian in the
strong coupling limit and then constructing an appropriate Mazur bound. Efforts
should also be made to understand in more detail the induction of ODLRO through
light driving, ideally to establish a quantitative relation between the properties of
the pulse and the amount of ODLRO induced. In particular, it would be beneficial
to study possible toy models of the materials in question with approximately known
physical parameters and to carry out a detailed numerical analysis of our theory.
Such details would be incredibly beneficial for both verifying our predictions and for
influencing future experimental studies. Finally, our arguments regarding the double
exponential decay should be examined with more rigour to understand precisely
which spectral properties are required in the thermodynamic limit.



Conclusions and outlook

This thesis revealed new analytic insights into the dynamics of
non-equilibrium many-body quantum systems by considering the
constraints that non-abelian symmetries place on the evolution. In
particular, we utilised algebraic techniques to understand better
the behaviour of several dynamical phenomena in quantum matter.
These techniques were applied to several diverse topical areas of
resarch, specifically transport in integrable models, time crystals,
synchronisation and light-induced superconductivity, and our results
can be applied to experimentally relevant systems. In this final
chapter, we will summarise the key results of our work and evaluate
the degree to which we have achieved our ambitious aims. We will
also discuss the future work to which this thesis naturally leads.

In chapter [2l we studied integrable systems in the presence of dissipation. Integrable
systems provide the most natural setting for studying the dynamical constraints
of symmetries due to their rich algebraic structure. Our principal result was to
develop a method for analytically calculating the Liouvillian spectrum for integrable
systems in the presence of particular forms of loss. This method relies on the
pseudo-Hamiltonian resembling an integrable model with complex parameters. We
discussed how each integrable model admits some form of dissipation under which
it is soluble via our method.

We chose to study in detail the example of an XXZ spin chain with boundary
loss at one end. Our method allowed us to directly identify phase transitions in
the Liouvillian spectrum and calculate the Liouvillian gap. We were also able to
link the observed domain wall formation, and a dissipative phase transition to
the existence of boundary bound states which effectively insulated the bulk of the
system from the boundary in the easy axis regime.

While we demonstrated the analytic insight that our method can provide to
the dynamics of lossy integrable systems, the scope of this method is somewhat

168
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limited for two key reasons. Firstly it relies on solving a set of Bethe equations,
which is notoriously tricky in general, although, as in our example, progress can be
made within certain limits. Secondly, our method can only access the Liouvillian
eigenvalues and not the corresponding eigenstates. It is possible that the expressions
we gave for the eigenstates of the boundary loss XXZ model may reduce in some
limits, but it is unclear how much advantage this would give.

We then discussed the challenges involved in using the thermodynamic Bethe
ansatz to extend our method to the thermodynamic limit. These challenges are
mainly related to issues of holomorphicity and the location of poles in the complex
plane. This led us to consider alternative techniques to studying the dynamics of
dissipative integrable systems using generalised hydrodynamics. Here we highlighted
two possible avenues for future study, specifically localised loss in an XX7 model
and localised dephasing in a Lieb-Liniger model. Given the recent successes of GHD,
we expect this to be an exciting and fruitful path for future research to follow.

In chapter [3] we moved away from the restriction of integrability to study
more general models. We presented several very general results which completely
characterised the purely imaginary eigenvalues of a Liouvillian algebraically. Most
notably, we proved that when the Liouvillian has a full rank non-equilibrium
steady state, the purely imaginary eigenmodes are completely determined by the
strong dynamical symmetries of the system. This result improves upon previous
works, which showed strong dynamical symmetries to be sufficient for purely
imaginary eigenvalues. We were also able to prove results regarding the absence of
purely imaginary eigenvalues and the behaviour of purely imaginary eigenvalues
when the system is perturbed.

These results have a wide range of applications and represent a notable develop-
ment in the understanding of quantum Liouvillians in general. Additionally, because
they are formulated in terms of the algebra of the symmetries of the Liouvillian, it
is possible to apply them to larger systems that are beyond numerical treatment.
However, some theoretical questions still remained unanswered, in particular the
two|z| conjectures regarding the non-existence of purely imaginary eigenvalues when
the NESS is unique and the characterisation of purely imaginary eigenvalues of the
discrete-time evolution operator for time-dependent Liouvillians. These conjectures
provide a clear direction for future work.

Chapters [4] & [5] demonstrated the applicability of the formal results from chapter
[3 by using them to study time crystals and quantum synchronisation respectively.
In particular, in Ch [4] we studied a novel type of time crystal which we called a
dissipative time crystal, where the time crystallinity only occurs in the presence of
dissipation. We analysed this behaviour in the Hubbard model with electron pair loss

'Note that one conjecture was given in Ch [3|and a second in Ch
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and gain and explained how the model could be realised experimentally. This work
is closely related to the idea of boundary time crystals, and the links between these
two phenomena should be explored in more detail. We finally adapted our model by
introducing a time-dependent magnetic field so that the system displayed discrete
dissipative time crystal behaviour. These models showed impressive stability to
temporal noise, possibly indicating that they are good candidates for experimental
study. Future work regarding discrete dissipative time crystals is likely to be
connected to our conjectured characterisation of purely imaginary eigenvalues of
the discrete-time evolution operator.

Using our complete characterisation of the purely imaginary Liouvillian eigenval-
ues from Ch 3] in chapter [5| we gave sufficient conditions for many-body quantum
systems to exhibit robust spontaneous synchronisation. Again, these conditions
were formulated in terms of algebraic properties, making them incredibly useful for
studying many-body systems where existing techniques struggle. We used these
conditions to study several examples of spontaneous synchronisation in quantum
systems and presented several general principles for engineering quantum synchro-
nisation that our results elucidate. In particular, we found that unital Liouvillians
appeared to be the best candidates for models which exhibit synchronisation. This
is because we may reduce the problem to eliminating dynamical symmetries that
lack the required permutation symmetry structure for synchronisation. We were
also able to use our general principles to explain experimental observations of the
dynamics of fermionic spinor atoms in optical lattices.

These results provide the previously absent theory of spontaneous synchro-
nisation in many-body quantum systems and have far-reaching applications to
theoretical and experimental studies. The most obvious extension to this work
is to study driven synchronisation. This would again follow from a study of our
conjecture for time dependent Liouvillians and could also lead to a connection
between our theory and the field of Synergetics.

Finally, in chapter [0, we studied 7-paired superconductivity as a possible
explanation for the recent experimental evidence of light-induced superconductivity.
We presented a very general theory to explain these findings, which relied only on
well-established principles of thermalisation and n-pairing symmetry. Using minimal
model-specific assumptions, our theory asserts that a laser pulse induces ODLRO in
the material, which is approximately conserved during a prethermalisation regime
due to the material’s Hamiltonian being dominated by a term that admits an
n-symmetry. The proposal has several key predictions that agree with experimental
observations and does not suffer from some of the flaws of other theories.

However, our proposal still has its own unanswered questions that warrant further
investigation. The most pressing issue is to rigorously demonstrate superconductivity
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of our proposed prethermal state in a 2D lattice model that resembles one of the
materials used in experiments. This is a challenging problem, but we envisage
making progress using work regarding the exponential stability of strongly interacting
Hubbard models. Alternatively, it would be desirable to experimentally verify that
n-pairs are responsible for the observed superconductivity, although it is unclear how
this could be achieved. Efforts should also be made to understand in more detail
the induction of ODLRO through light driving, ideally to establish a quantitative
relation between the properties of the pulse and the levels of ODLRO, and by
extension superconductivity, induced.

In summary, this thesis demonstrated the utility of algebraic approaches for studying
the dynamics of non-equilibrium many-body quantum systems. The algebraic nature
of these results and methods make them useful for many-body systems as they avoid
the need for expensive or impossible computations in exponentially growing Hilbert
spaces and instead require only an understanding of the algebra of the symmetries.
Further, the ability to obtain exact anlytic solutions has enabled us to provided
substantial insight into transport in integrable models, time crystals, quantum
synchronisation and light-induced superconductivity with results that are of both
theoretical and experimental interest. Although we cannot claim to have wholly
disproven Anderson’s conjecture, this thesis marks a step in the right direction.
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The Jordan-Wigner transformation

Several of the models used as examples in this thesis were models of spinfull fermions
and were constructed using the on-site fermionic creation and annihilation operators.

These operators obey the cannonical anticommutation relation

{Cx,07 Cy,s} = {CI(,(w C;,s} = 07 {cx,aa C;S} - 5x,y50,s7 (A]-)

where x labels the lattice position and s € {1,]} labels the spin. In order to
perform numerical calculations these operators must be mapped to matrices in
C*" 4" where N is the total number of lattice sites. In one dimension, this can be
achieved using the Jordan-Wiger transformation [423] which we will now outline,
although generalisations have been studied and exist in higher dimensions [424-427].

In one dimension, the Jordan-Wigner transformation provides a one-to-one
mapping between spinful fermionic operators on N lattice sites and Pauli spin-1/2
operators on 2N lattices arranged in a ladder of length N as illustrated in Figure
. We label Pauli operators on the top chain as 0%, and those on the bottom
as 07, Each vertical rung, containing two spin-1 /2 sites, is then associated with

a single spinful fermion site through the mapping,

cjr = (H aztaib) Oy (A.2)

i<j

Gl = (H Uz‘z,taf,b) O} b (A.3)
1<j
with the creation operators given by taking the Hermitian conjugate. The operators

by, = O-Z,to-lj,ba (A4>

are sometimes referred to as the F-operators or Jordan-Wigner operators and
are Hermitian, involutory operators.

This mapping is non-local, as the operator ¢y 1, for instance, contains F-operators
on all sites preceeding k. One might worry that this breaks the locality of any
Hamiltonian or local observable constructed from these fermionic operators. However
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Figure A.1: The Jordan-Wigner ladder for a 1D Jordan-Wigner transformation between
spinful fermions and Pauli spin-1/2 operators. The blue sites represent Pauli spin-1/2
sites while the dashed boxes indicate the spinful fermion sites.

fermionic operators must appear in pairs to conserve fermionic parity and we see
that any pair of fermion operators has support only on the sites between them
as the F-operators cancel each other. For example,

¢ rn ) = (H F) o5 (H F) Tb (A.5)

1<j i<k

=05, ( 1T F,) Ok (A.6)

j<i<k

Alternatively, one can view this the other way as locality requiring that fermionic

operators come in pairs, thus conserving fermionic partiy.



Matrix product state calculations

As we discussed in Chl[I] exact numerical simulation of a many-body quantum system
is extremely computationally expensive as a result of the exponentially growing
Hilbert space with system size. The most widely used approach to mitigate this
hurdle is to describe many-body quantum states using tensor networks. Here we will
briefly outline the use of matrix product states (MPS) and matrix product operators
(MPO) for simulating the evolution of closed one-dimensional many-body quantum
systems. This discussion will be limited only to the essential details, and for further

information the reader is directed to [26|, 28, |428-432] and the references therein.

1 The MPS ansatz

At the heart of one dimensional tensor network methods for many-body quantum
systems is the matrix product state ansatz. Suppose that our system consists of N
sites each with a local Hilbert space H,,. that has dimension d. In principal the
local Hilbert spaces need not be identical but we focus on this case for simplicity.
Choosing a local basis for each site as {|i)}%, a general state of the full system
can be expressed as

|77Z}> = Z \Ililﬂﬁzp--iN |i1a Z-27 o ZN) ) (B]_)

11,12,...iN

where ¥;, 4, ;. is a tensor with O(dN ) complex entries. The MPS ansatz decomposes
v

iris.iy @S a ‘train’ of smaller tensors,

Uirigin = > Alia]y, Alia]p) [iS]gﬁ---A[iN—l]sz i)V, (B.2)

b1,b2,...0n_1

which we visualise as

oy =i E & N1 N (B3
Aliq] Alis] Alis) — Alin_1] Aliy]
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The labels on each link or bond between the sites indicate an index which is
contracted between the two adjacent tensors, while the labels on the ‘free’ links
indicate the site index which runs over the local basis states. We then require
that each bond has a fixed maximum dimension Y, called the bond dimension,
so that b; runs over 1,...,x for each site j. Using this representation, we have
O(Ndx?) complex parameters, which for fixed x scales only linearly with the system
size. It is important to note that when simulating models with conservation laws,
the MPS ansatz can be adapted to only express states on the relevant manifolds
within H, thus reducing the complexity further.

For sufficiently large y at fixed N the MPS ansatz can express all states in

H. To see this we can take a general state with wavefunction ¥, ;, ., and

N

consider this a matrix of dimension i X (igis3...1y). We then perform a singular

value decomposition to express

‘Ij = A[il]blAglqla,ig,ig...iNa (B4)

11,82, 0N

where A is a diagonal matrix containing the singular values. Pictorially we

can view this as

I I RN | IR

N — |Aiy] @ ¥ (B:5)

Repeating this procedure as a sweep across all the lattice sites and absorbing the

diagonal A matrix into the right-hand tensor yields an expression in the form of
Eq. . However, this immediately negates any benefit from using the ansatz as
in order to achieve this y must scale exponentially with N. Instead, we can limit
the maximum bond dimension by only keeping the y greatest singular values in
each singular value decomposition. This approximation limits the entanglement
and long-range correlations. Fortunately, states with limited entanglement and only
short-range correlations are exactly the typical states that arise when considering the
evolution of a system under local Hamiltonians with only short-range interactions.
Hence, we can be confident that the MPS ansatz will generally give a good
approximation for the dynamics, provided we take the bond dimensions to be
large enough. In practice, one generally increases the bond dimension incrementally

until the solution converges sufficiently.
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2 Matrix product operators

Having outlined how to describe pure quantum states using the MPS ansatz, we must
also indicate how to represent operators, such as the Hamiltonian or other observables

of interest. In the same basis we used above, we can express a generic operator, O, as

O= Y OMEIN|iy iy, . in) (ji,do, - - Gn] - (B.6)
01,82, AN
J1,J2,---JN

We can then use the analogous decomposition as for the MPS ansatz to express

OF1d2IN
11,02,..IN

= ) O[ihh]blO[iQ,jﬂZ; e O[iN—lajN—l]ijO[iN,jN]bN’l> (B.7)

b1,b2,..bn_1

which is pictorially represented by

i1 io IN—1 iN
0= O[ibjl] b O[’lé,jz] b b O[@'Nflaijl] b O[iijN] (B.8)
1 2 N—-2 N—1
J1 J2 JN-1 JN

The action of applying an operator to a state is then performed by contracting
the relevant indices as

1 19 IN—1 IN
Oliy, j1 Olia, Jo] e Olin-1, jn-1] Olin, jn|
. by — by bn_2 , by_1 .
Oy) = J J2 IN-1 IN
J1 J2 JN-1 IN
Alji] — Al —; p Aljn-1] Aljn]
bl b2 N—-2 N-1
(B.9a)
- ‘“ ‘Z? ‘iN*l ‘iN (B.9b)
Al | ATl | Wi o] ] Alin]
1 2 N—-2 N-—1

Note that when performing these contractions, it is usually necessary to perform
a sweep of singular value decompositions to ensure that the bonds still have
maximum dimension Y.

Finally we can calculate the overlap between two states, and by extension the

expectation values of observables or norms of states, by conjugating and contracting
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the appropriate indices. If the state 1)) has a MPS decompostion {A[i|} while |¢)

has a decomposition {B[i]} we can compute the overlap as

Aliy]* Alis]* Aliy_1]* Aliy]*
i) | Al | Al | Al
11 19 IN=-1 IN
(o) = , , ,
11 12 IN-1 IN
Blir] —— Blia] — —— Blin-1] — Blin]

b by Uy s b1

(B.10)

One important feature of matrix product states that can be used to improve

the computational efficiency when calculating local observables is gauge freedom.

This freedom corresponds to inserting an invertible matrix and its inverse into

each bond, which can be visualised as

Aliy]

Alia]

Alis]

Alia] O

Alia]

) () Ao

Aliy]

Alis]

where we have defined

Aliy] = M;7Y Alig]) M.

(B.11a)

(B.11b)

(B.11c)

(B.12)

The most common exploitation of gauge freedom is in fixing the orthogonality centre

of the MPS. This involves applying a gauge transformation so that when contracted,

all sites to the left and right of the desired orthogonality centre evaluate to the

identity, i.e. to the left of the orthogonality centre we have

Alig]*

Alia]”

Aliy]

Alia]

Alig]* ——

Alig] ——

(B.13)

and equivalently to the right. The expectation value of a single site observable is

most efficiently computed by moving the orthogonality centre to that site and then
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contracting the observable with the tensors for that site as

Alig]”

(Or) = 0] (B.14)

Alig]

By extension, careful positioning of the orthogonality centre can improve the

efficiency of computing the expectation value of any observable with finite support.

3 Time evolution operators

The matrix product state ansatz was initially developed to study the ground states
of many-body systems. However, under the assumption that the system does not
become too entangled as it evolves, the MPS ansatz can also be used to study
dynamics. In particular, these methods are most effective for time-independent
Hamiltonians with finite range interactions.

Consider the Schrodinger equation

Sy = —iH 1Y), [9(0) = o), (B.15)

which can be solved as

() = e Jahy) - (B.16)

For small 0t we can approximate
—i6tH . L
U(dt)=e :]1—1(5tH—7H + ... (B.17)

where we truncate the series at some finite order. If we have expressed H as an
MPO then by the above expansion we can also calculate an MPO approximation

to U(dt) from which we can compute

[ (ndt)) = U(68)" [¢o) - (B.18)

In practice, for a general Hamiltonian, it is usually only computationally feasible
to calculate the expansion in Eq. to second or possibly third order. However,
techniques have been developed to calculate U(dt) up to order k without calculating
H* directly. A widely used method, and the one used for simulations in this
thesis where applicable, is the Suzuki-Trotter decomposition [15, [21]. For this
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method, we assume that the 1D Hamiltonian contains only on-site and nearest

neighbour terms and can be written as
H=> ki, (B.19)
k

where hj acts only on sites £ and k + 1. This can be decomposed as

H=Y h+ ) h=F+G (B.20)
even | odd k
where [, hy] = 0 for [ even and k odd. We can then use the Trotter ex-
pansion to writd]
eIt — o—iBtF/2,—i6tG o —i6tF/2 | 0)(§43). (B.21)
Finally we notice that
M= TJ M, (B.22)
even 1

and similarly for G since the terms in F and G all commute. The operator e* is
a two site operator which can either be calculated exactly or easily approximated
to a very high accuracy.

It is important to remark that several other tensor-network algorithms for
simulating the evolution of closed many-body quantum systems exist and further

details can be found in the review of |23] and the references therein.

'Higher order approximations can be constructed. See [433] for details.



Tensor network methods for the dynamics
of open systems

We now outline two methods that extend the MPS based methods discussed above
in Appdx [B| to study the evolution of open many-body quantum systems when
described by the Lindblad equation.

1 Quantum Monte-Carlo

Also known at quantum trajectories or quantum jumps, this method uses Monte-
Carlo sampling to simulate the evolution of a pure initial state under the Lind-
blad equation [84, |85, 434 435]. The method proceeds as follows. Given a
Lindblad equation

d .
ZP(t) = —ilH, p] + > 2LipLf — {L{ Ly, p}, (C.1)

we define
Hpa=H—iY LIL. (C.2)

The algorithm then defines a stochastic evolution for a sample trajectory [¢;(t))
as follows. Given the state at time ¢y choose a random number r uniformly from
[0,1]. Then solve the equation

||e—it1Heff

vilto)) | =1, (C.3)

for ¢, using any numerical integration method. The time ¢; indicates the time at
which a ‘jump’ will occur. For t € [tg, 1] the trajectory is given by
e Mt Ien [4), (t))

YD) = et (o) I (G4)

Now let

et )
90 = ooty ) )

181
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be the state of the trajectory immediately before the jump and calculate

We now draw a second random number, s, unifomly from [0,1] and find the
smallest £ such that

s < Zikpm. (C.7)
We then define
Ly|p-)
() = ————, C.8

and repeat the procedure. Once we have computed M such trajectories indepen-
dently, the state of the system is approximated as

plt) = 37 2 W) (0 (©9)

and this approximation is then used to calculate expectation values of observables.
This method can be implemented using the MPS ansatz we outlined above and is
particularly convenient for computation as the individual trajectories are calculated
independently and can therefore be naturally parallelised. However, the method is
limited by requiring the initial state to be pure. In principle one can calculate the
evolution of a general mixed state, py = >, |¢x) (¥x], by evolving each component,
|tx), but this can rapidly become impractical, especially for thermal states.

2 Ancilla MPS description

The second method used in this thesis for simulating the Lindblad equation is the
ancilla method. Recall that an operator on H can be described as an MPO, and
thus we can write the density operator describing our state as

p=lo—fpp— o — o —{p]  ©10)

We can then move the downward facing legs to the top which creates a MPS with 2NV
legs

p)) = T R P (C.11)

_ | | | (C.12)

Pl—p’lﬁszp’a
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In the second line we have used a singular value decomposition to separate the
pairs of legs into single ‘ancilla’ sites. This is equivalent to working in Fock-
Liouville space with

D)) = D Pirgriseingn 11015 - - i, IN))- (C.13)

11,62, AN
J1,325---JN

We then write the Liovuillian superoperator as an MPO on the 2N legs and calculate
the time evolution using similar techniques to Appdx [B] When considering fermionic
systems, care must be taken to place the F-operators from the Jordan-Wigner
transformation on the correct legs.

This method can work with both pure or mixed initial states, so it is well
suited to studying the dynamics of thermal initial states. However, in this naive
implementation, there is no guarantee that the MPS will continue to describe a
density operator throughout the evolution, and so at each step one must enforce
hermicity and renormalise so that the trace remains 1. More careful implementation
can be restricted to the manifold of density operators, thus avoiding this problem.
In general, this method will require a higher bond dimension, y, to achieve a given
accuracy than when working with closed systems, and it remains to be understood
thoroughly how justified the MPS ansatz is for describing density states.
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