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Abstract: We obtain exact black hole solutions to Einstein gravity coupled with a nonlinear elec-

trodynamics field, in the presence of a cloud of strings and quintessence, as sources. The solutions

have four parameters, namely m, k, a, and α, corresponding to the physical mass of the black hole,

the nonlinear charge of a self-gravitating magnetic field, the cloud of strings, and the intensity of

the quintessential fluid. The consequences of these sources on the regularity or singularity of the

solutions, on their horizons, as well as on the energy conditions, are discussed. We study some

aspects concerning the thermodynamics of the black hole, by taking into account the mass, Hawking

temperature, and heat capacity and show how these quantities depend on the presence of the cloud

of strings and quintessence, in the scenario considered.

Keywords: black hole; cloud of strings; quintessence; non-linear electrodynamics

1. Introduction

Black holes are sufficiently massive objects that create “a region of no escape”, i.e., a
region from where no object can escape, not even light [1]. The first and simplest black hole
solution was obtained by Schwarzschild in 1916 by solving the Einstein fields equations
for a static and spherically symmetric gravitating body [2]. Since then, black holes have at-
tracted the attention of scientists and have been extensively studied. Recently, astrophysics
experiments have confirmed the existence of black holes by observing a black hole shadow
in M87 [3] or, indirectly, with the detection of a gravitational-wave signal from a binary
black hole merge [4,5].

Based on the idea that the universe can be represented by a collection of one-dimensional
strings rather than point particles, Letelier [6] introduced a gauge invariant model of a
cloud of strings in the framework of General Relativity and obtained a generalization of
the Schwarzschild solution, in the sense that it corresponds to the space-time of a static
and spherically symmetric gravitating body, surrounded by a cloud of strings [6]. It is
important to mention that some authors obtained space-times mathematically similar
to the one obtained by Letelier, but from different matter-energy content. For example,
Guendelman and Rabinowitz proposed a spherically symmetric “hedgehog” configuration
in scalar field theories, which has the same space-time metric of a black hole with a cloud
of strings [7]. The effect of a cloud of strings can also be obtained by a nonlinear gauge
theory [8], or considering a solid angle deficit [9].

Since being introduced in the literature, the spherically symmetric cloud of strings
has been considered in many black hole scenarios, not only in General Relativity [10–14],
but also in Modified Gravity Theories [15–19]. It is important to call attention to the fact
that some astrophysics analyses were performed from the shadow of Sgr. A, which was
detected by Event Horizon Telescope, assuming that this black hole is surrounded by a
cloud of strings [20].

Astrophysical observations suggest that the universe is filled by baryons, dark matter,
and dark energy, with the latter component being used to understand the present stage of
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accelerated expansion of the universe [21–23]. Many theoretical models were developed
to explain this exotic energy and, among them, the so-called quintessence, which can be
described as a scalar field slowly rolling down a potential barrier [24], and which behaves
like inflation. The solution corresponding to a static black hole surrounded by quintessence
was obtained by Kiselev [25] and, after this, several studies were performed to know how
is the role played by quintessence in the behavior of astrophysical systems [14,17,26–29].

In the mid-1930s, Born and Infeld proposed a generalization of the Maxwell’s elec-
trodynamics [30,31], in such a way to remove the energy divergence associated with a
point-like charge, turning its self-energy finite. An extension of the Nonlinear Electrody-
namics proposed by Born and Infeld [30,31], to the framework of the General Relativity was
performed by Plebanski [32]. In this context, a static and spherically symmetric solution
was obtained some decades ago, by Pellicer and Torrence [33].

Considering nonlinear electromagnetic fields as physical sources of black holes in
the context of the General Relativity, it is possible to obtain regular solutions which obey
the weak energy condition [34,35]. The thermodynamics properties of these gravitating
bodies have been studied [36–38], as well as many other characteristics and their influ-
ence on some physical systems [36,37,39–49]. In summary, the interest in considering the
coupling of nonlinear electromagnetic fields with gravity is largely motivated by the fact
that it is possible to obtain various regular (as well as singular) space-times, with geome-
tries of physical interest, with several publications about this subject; among them, we
mention [34,35,50–64].

It is worth calling attention to the fact that black holes are gravitational bodies that
involve very high energies and strong nonlinearities. This means that, in order to consider
appropriately the behavior of charged particles placed in the space-times generated by
these bodies, it is necessary to include a nonlinear electromagnetic field as a possible
source of the gravitational field as described by General Relativity. Thus, it is important
to think about the question concerning the coupling between gravitational and nonlinear
electromagnetic fields.

This paper is organized as follows. In Section 2, we obtain the solution corresponding
to the black hole with a cloud of strings and quintessence in a non-linear electrodynamics
scenario. In order to obtain this solution, we firstly consider the particular case when the
cloud of strings and the quintessence are absent. In the sequence, we consider firstly that
only the cloud of strings is present, and then that only the quintessence is present. Finally,
we consider the general case with the presence of both sources, namely the cloud of strings
and quintessence, in the nonlinear electrodynamics scenario. In Section 3, we focus the
discussion on the horizons and Kretschmann scalar analysis. In Sections 4 and 5, we discuss
the black hole energy conditions and its thermodynamics, respectively. Finally, in Section 6,
we present the discussion and conclusions.

2. Black Hole with a Cloud of Strings and Quintessence in a Non-Linear
Electrodynamics Scenario

In this section, we obtain the metrics corresponding to a static black hole with a cloud
of strings and quintessence in a non-linear electrodynamics scenario.

Einstein’s field equations in vacuum can be obtained from the following action:

SEH =
1

2κ2

∫

d4x
√

−gR, (1)

with κ2 = 8πG/c4, where G is the Newton Gravitational constant and c is the velocity of
light in vacuum. The quantities g = det(gµν) and R = gµνRµν are the metric determinant
and the Ricci scalar, respectively.

The Einstein equations with matter sources are obtained by adding a matter La-
grangian to the functional S. Thus, considering the Lagrangian of the nonlinear electro-
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magnetic theory, L(F), and coupling this quantity with the one associated with the cloud of
strings, LCS, we obtain the following action:

Sm =
∫

d4x
√

−g (L(F) + LCS), (2)

where F = 1
4 FµνFµν, with Fµν being the Maxwell–Faraday tensor.

Therefore, the total action describing the black hole with a cloud of strings as a source
in the framework of a non-linear electrodynamics scenario is given by

S = SEH + Sm

=
1

2κ2

∫

d4x
√

−gR +
∫

d4x
√

−g (L(F) + LCS).
(3)

Varying the action (3) with respect to the metric, we find

Rµν −
1
2

gµνR = κ2(TNED
µν + TCS

µν ), (4)

where the stress–energy tensor of the non-linear electromagnetic theory (TNED
µν ) and the

stress–energy tensor for cloud of strings (TCS
µν ) are given, respectively, by [6,65]:

TNED
µν = 2

(

L(F)gµν −
∂L(F)

∂F
Fµ

αFνα

)

, (5)

TCS
µν =

ρΣ
β

µ Σβν

κ2(−γ)1/2
. (6)

Let us assume that the Lagrangian density of the non-linear electrodynamics, with a
quintessential fluid as a source, can be obtained by combining the Lagrangian densities
presented in [37,66]. Considering only the contribution arising from the quintessence
coupled with the nonlinear electromagnetic field in the Lagrangian density presented
in [66], and redefining the constants, we find that

L(F) =
Fe

− k
4
√

2q2F

q

κ2 − 3
2κ2 αωq

(

2F

q2

)

3(ωq+1)
4

, (7)

where k = q2/2m is the non-linear self-gravitating magnetic charge, and m is a quantity
related to the mass black hole. For a spherically symmetric space-time sourced only by a
magnetic charge, the only non-null component of Fµν is F23 = q sin θ and the scalar F is

F = q2

2r4 .
The action that describes the cloud of strings is given by [6,12]

SCS =
∫

d4x
√

−g LCS =
∫

(−γ)1/2Mdλ0dλ1 =
∫

M
(

−1
2

Σ
µν

Σµν

)1/2

dλ0dλ1, (8)

with M being a dimensionless constant associated with each string, and γ being the
determinant of the induced metric, γAB, which is given by

γAB = gµν
∂xµ

∂λA

∂xν

∂λB
, (9)

where xµ = xµ(λA) describes the string world sheet, with λ0 and λ1 being time-like and
space-like parameters, respectively. The bivector Σ

µν can be associated with the string
world sheet, and is written as
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Σ
µν = ϵAB ∂xµ

∂λA

∂xν

∂λB
, (10)

where ϵAB is the Levi–Civita symbol, such that ϵ01 = −ϵ10 = 1. Due to the space-time
symmetry, the only non-null component of the bivector Σ

µν is Σ
01 = a/ρr2, which depends

only on the radial coordinate. In this identity, a is an integration constant related to the
cloud of strings, which assumes values in the range 0 < a < 1.

For a spherically symmetric space-time, the general metric can be written as

ds2 = f (r)dt2 − 1
f (r)

dr2 − r2dθ2 − r2 sin2 θdϕ2. (11)

Concerning the stress–energy tensors of the non-linear electromagnetic field (TNED
µν )

and of the cloud of strings (TCS
µν ), the non-null components are given by

TNED
00 =

2km f (r)e−
k
r

κ2r4 − 3αωq f (r)r−3ωq−3

κ2 . (12)

TNED
11 =− q2(k − 2r)e−

k
r

2κ2r3 − 3
2κ2 αωq(3ωq + 1)r−3ωq−1. (13)

TCS
00 =

f (r)

κ2
a

r2 , TCS
11 = 0. (14)

Using Equations (12)–(14) and considering the line element expressed by Equation (11),
the Einstein field equations are written as

1 − a − f (r) + r f ′(r) + r2 f ′′(r)

− 2kme−
k
r

r2 +
q2e−

k
r (k − 2r)

r3

+ 3αωq(3ωq + 2)r−3ωq−1 = 0,

(15)

whose solution is

f (r) = 1 − a − 2me−
k
r

r
− αr−3ωq−1 + C2r +

C1

r
. (16)

In the analysis that will be performed, only one case will be considered, namely
quintessence dark energy, which corresponds to ωq = −2/3. In this case, the fourth and the
fifth terms in Equation (16) can be combined. Then, also combining the third and last terms
as well, we can write f (r) in a simplified form. Thus, substituting this simplified form of
f (r) into Equation (11), we finally obtain the space-time metric corresponding to a black
hole surrounded by quintessence and a cloud of strings in a non-linear electrodynamics
scenario coupled to Einstein gravity, which is given by

ds2 =

(

1 − a − α

r3ωq+1 − 2m

r
e−k/r

)

dt2

−
(

1 − a − α

r3ωq+1 − 2m

r
e−k/r

)−1

dr2 − r2dΩ
2.

(17)

Note that, in Equation (17), the constant ωq was preserved, but we have in mind that
ωq = −2/3.

The above metric can be understood as the solution of the Einstein field equation,
in which the gravitational field is coupled to a nonlinear Maxwell field with two sources,
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namely the cloud of strings and the quintessence. The metric can also be interpreted as
generated in the framework of the General Relativity, with three physical sources, namely a
nonlinear electromagnetic field, a cloud of strings, and a quintessential fluid. Note that our
result when both sources are included, namely the cloud of strings and the quintessence,
is a generalization of a result already published [37], which investigated the role played
by the presence of the cloud of strings on the thermodynamics properties, quasi-normal
modes, and the shadow.

As should be expected, in the limit k = 0, the solution is reduced to the Letelier solution
with quintessence [11], and if k = 0 and a = 0, we recover the Kiselev solution [25]. If k = 0
and α = 0, we obtain the Letelier solution [6] and, finally, we obtain the Schwarzschild
solution [2] for k = 0, a = 0, and α = 0. It is worth calling attention to the fact that, for
r >> k, the obtained solution reduces to the Reissner–Nordström with cloud of strings and
quintessence as should be expected [67].

3. Black Hole Horizons, Regularity and Singularity

3.1. Black Hole Horizons

Now, let us investigate the black hole horizons, which can be determined by solving
the following equation:

f (r) = 1 − a − α

r3ωq+1 − 2m

r
e−k/r = 0. (18)

In Figure 1, we represent the function f (r) for different values of a, α, k and for
ωq = −2/3, which is the only case to be considered. The horizons of the black hole are
defined by the roots of the function f (r). We can see that the black hole will have, at most,
three horizons.
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Figure 1. The function f (r) for different values of k, α and a.

3.2. Regularity and Singularity

The search with the aim of knowing if a given black hole is regular or singular can be
performed following different routes, such as by investigating whether singularities exist
or not in some invariant constructed with the curvature tensor, or by examining whether
the geodesics are extensible or not.
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Among these two procedures, the analysis of the behavior of the scalar constructed
with the curvature, furnish us a local and simple analysis concerning the existence of
singularities or not.

We will adopt the criterion to test for the existence of singularities of a metric by
examining one of the coordinate invariants quantities constructed with Rµν or Rµνσρ. There
is a finite number of possibilities to construct these invariants. We will consider one of
them, named the Kretschmann scalar, which is given by K = RµνσρRµνσρ.

In what follows, let us calculate the Kretschmann scalar, and check for singularities
by examining its behavior for r → 0 and r → ∞. These calculations will be performed
in four different cases, namely, a black hole solution coupled with nonlinear electrody-
namics, which is equivalent to consider as a source, a nonlinear electromagnetic field.
In the sequence, we will add a cloud of strings as a source, then substitute this source by
quintessence and, finally, add the cloud of strings and quintessence as sources.

3.2.1. Black Hole Solution Coupled with Nonlinear Electrodynamics

Firstly, as stated before, let us consider the case where the cloud of strings and the
quintessence are absent. Thus, a = 0 and α = 0, and Equation (17) turns into

ds2 =

(

1 − 2m

r
e−k/r

)

dt2 −
(

1 − 2m

r
e−k/r

)−1

dr2 − r2dΩ
2, (19)

whose Kretschmann scalar is

K =
4m2e−

2k
r
(

k4 − 8k3r + 24k2r2 − 24kr3 + 12r4
)

r10 . (20)

Calculating the limits of the Kretschmann scalar as r → 0 and r → ∞, we obtain

lim
r→0

K = 0 and lim
r→∞

K = 0. (21)

These results tell us that the metric describing a black hole space-time obtained in a
scenario where a nonlinear electromagnetic field is coupled to Einstein’s gravity is regular
at the origin, r = 0, i.e., it has no singularity at this point, confirming the results from the
literature [68].

3.2.2. Black Hole Solution Coupled with Nonlinear Electrodynamics and a Cloud of Strings
as a Source

Now, we consider the presence of a cloud of strings. The corresponding solution is
obtained by assuming that α = 0 in Equation (17). Thus, the resulting metric is given by

ds2 =

(

1 − a − 2m

r
e−k/r

)

dt2 −
(

1 − a − 2m

r
e−k/r

)−1

dr2 − r2dΩ
2. (22)

The Kretschmann scalar is now given by

K =
4a2

r4 +
16ame−

k
r

r5 +
4m2e−

2k
r
(

k4 − 8k3r + 24k2r2 − 24kr3 + 12r4
)

r10 , (23)

whose limits, when r → 0 and r → ∞, are

lim
r→0

K = ∞ and lim
r→∞

K = 0. (24)

Thus, we conclude that the inclusion of the cloud of strings in the non-linear electro-
dynamics black hole affects the regularity of the metric by introducing a true singular at
the origin [68].
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3.2.3. Black Hole Solution Coupled with Nonlinear Electrodynamics and Quintessence as
a Source

In what follows, let us consider another particular case of the metric given by
Equation (17), namely by considering a = 0, which means that there is no cloud of strings,
but only quintessence. In this case, the metric given by Equation (17) turns into

ds2 =

(

1 − α

r3ωq+1 − 2m

r
e−k/r

)

dt2

−
(

1 − α

r3ωq+1 − 2m

r
e−k/r

)−1

dr2 − r2dΩ
2,

(25)

whose Kretschmann scalar is now given by

K =+
4m2e−

2k
r
(

k4 − 8k3r + 24k2r2 − 24kr3 + 12r4
)

r10

+ 3α2
(

27ω4
q + 54ω3

q + 51ω2
q + 20ωq + 4

)

r−6(ωq+1)

+ 24αm
(

3ω2
q + 5ωq + 2

)

e−
k
r r−3(ωq+2)

− 48αkm
(

3ω2
q + 4ωq + 1

)

e−
k
r r−3ωq−7

+ 4αk2m
(

9ω2
q + 9ωq + 2

)

e−
k
r r−3ωq−8.

(26)

Let us consider the particular case ωq = −2/3, which corresponds to the quintessence.
Thus, we obtain the following results:

lim
r→0

K = ∞ and lim
r→∞

K = 0. (27)

In conclusion, we can say that, similarly to the previous case, when the quintessence is
present, namely the obtained metric has a true singularity at the origin, it is different from
what happens when there is no quintessence.

3.2.4. Black Hole Solution Coupled with Nonlinear Electrodynamics and a Cloud of Strings
and Quintessence as Sources

The metric of the non-linear electrodynamics space-time with quintessence and cloud
of strings is given by

ds2 =

(

1 − a − α

r3ωq+1 − 2m

r
e−k/r

)

dt2

−
(

1 − a − α

r3ωq+1 − 2m

r
e−k/r

)−1

dr2 − r2dΩ
2,

(28)

whose Kretschmann scalar is

K =+
4m2e−

2k
r
(

k4 − 8k3r + 24k2r2 − 24kr3 + 12r4
)

r10

+
16ame−

k
r

r5 + 4αk2m
(

9ω2
q + 9ωq + 2

)

e−
k
r r−3ωq−8

+
4a2

r4 + 3α2ωq

(

27ω3
q + 54ω2

q + 51ωq + 20
)

r−6(ωq+1)

− 48αkm
(

3ω2
q + 4ωq + 1

)

e−
k
r r−3ωq−7

+ 24αm
(

3ω2
q + 5ωq + 2

)

e−
k
r r−3(ωq+2)

+ 4αr−6(ωq+1)
(

2ar3ωq+1 + 3α
)

.

(29)
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We will now determine the limit of the Kretschmann scalar with r → 0, which is
given by

lim
r→0

K = ∞. (30)

Thus, we conclude that including the cloud of strings in the non-linear electrodynamics
black hole with quintessence affects the regularity of the metric by making it singular at
the origin.

4. Energy Conditions

In the context of General Relativity, the energy conditions were introduced as physi-
cally reasonable restrictions on matter. Basically, they are restrictions concerning the local
energy density, which should be positive, and the velocity of current of the fluid of matter,
which cannot be superluminal. There are four main energy conditions: the weak energy
condition (WEC), the strong energy condition (SEC), the dominant energy condition (DEC)
and the null energy condition (NEC) [69].

It is known that regular black holes violate energy conditions [70]. Since introducing
a cloud of strings and quintessence has transformed the black hole metric into a singular
metric, we must analyze the energy conditions of the obtained black hole solution.

The stress–energy tensor can be written in the form

T
µ
µ = diag[ρ,−pr,−pt,−pt], (31)

where ρ is the energy density, pr is the radial pressure, and pt is the tangential pressure.
Considering the Einstein equations and Equation (11), we find

ρ =
1 − f (r)− r f ′(r)

κ2r2 , (32)

pr =
r f ′(r) + f − 1

κ2r2 , (33)

pt =
r f ′′(r) + 2 f ′(r)

2κ2r
, (34)

where f (r) is given by

f (r) = 1 − a − α

r3ωq+1 − 2m

r
e−k/r, (35)

which corresponds to Equation (16), assuming that the constants C1 and C2 are equal to
zero, or in other words, the fifth term was put together with the third and the last term
with the second. From now on, we will consider this algebraic form for the function f (r).
These conditions are given by the inequalities [13,69,71]

NEC1,2 = WEC1,2 = SEC1,2 ⇔ ρ + pr,t ≥ 0, (36)

SEC3 ⇔ ρ + pr + 2pt ≥ 0, (37)

DEC1,2 ⇔ ρ − |pr,t| ≥ 0, (38)

DEC3 = WEC3 ⇔ ρ ≥ 0, (39)

with the indexes 1 and 2 being related to the radial and tangential components of the
pressure, respectively. From the previous equations, we can observe that DEC1,2 ⇔
((NEC1,2) and (ρ − pr,t ≥ 0)). Thus, we can replace DEC1,2 by ρ − pr,t ≥ 0.

In what follows, let us consider f (r) > 0, in which case t is a time-like coordinate.
Thus, the energy conditions are given by the following relations:

NEC1 ⇔ 0, (40)

NEC2 ⇔ a

κ2r2 − kme−
k
r (k − 4r)

κ2r5 − 9αωq

(

ωq + 1
)

r−3(ωq+1)

2κ2 ≥ 0, (41)
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WEC3 ⇔ a

κ2r2 +
2kme−

k
r

κ2r4 − 3αωqr−3(ωq+1)

κ2 ≥ 0, (42)

SEC3 ⇔ −2kme−
k
r (k − 2r)

κ2r5 − 3αωq

(

3ωq + 1
)

r−3(ωq+1)

κ2 ≥ 0, (43)

DEC1 ⇔ 2a

κ2r2 +
4kme−

k
r

κ2r4 − 6αωqr−3ωq−3

κ2 ≥ 0, (44)

DEC2 ⇔ a

κ2r2 +
k2me−

k
r

κ2r5 +
3αωq

(

3ωq − 1
)

r−3(ωq+1)

2κ2 ≥ 0. (45)

If we consider −1 < ωq < − 1
3 and the limit r → ∞, we obtain

NEC1 ⇔ 0, (46)

NEC2 ⇔ 0, (47)

WEC3 ⇔ 0, (48)

SEC3 ⇔ 0, (49)

DEC1 ⇔ 0, (50)

DEC2 ⇔ 0. (51)

The results concerning the energy conditions show us that, in the case considered,
the energy conditions should be satisfied or violated, depending on the relation between
the parameters. For r → ∞, we can observe that all energy conditions are satisfied. We can
also state that the conclusions about energy conditions are the same for f (r) < 0, in which
case t is a space-like coordinate.

5. Black Hole Thermodynamics

In this section, we study some thermodynamic quantities associated with the black
hole solution obtained. Specifically, we will examine the behavior of the mass, Hawking
temperature and heat capacity.

5.1. Black Hole Mass

For any horizon of radius rh, we know that f (rh) = 0. This condition gives us the mass

m = −1
2

e
k

rh r
−3ωq

h

[

(a − 1)r
3ωq+1
h + α

]

, (52)

which is written in terms of the parameters that codify the coupling to the nonlinear
electrodynamics, the presence of the cloud of strings, as well as, of the quintessence. Note
that when k = 0, a = 0, and α = 0, we recover the mass of the Schwarzschild black hole in
terms of the horizon radius. Therefore, the expression given in Equation (52) represents
the mass (energy) of the black hole in a nonlinear electrodynamics scenario, appropriately
modified by the presence of the cloud of strings and the quintessence.

The mass given by (52) can be rewritten in terms of the entropy of the black hole
whose relation to the area of the horizon, A, as in ref. [72], is given by S = A/4 = πr2

h.
Thus, in terms of the entropy, Equation (52) turns into

m =

e
k
√

π√
S S− 3ωq

2

[

(1 − a)S
3ωq

2 + 1
2 − απ

3ωq
2 + 1

2

]

2
√

π
, (53)

whose behavior, is shown in Figure 2 for different values of k, a, and α.
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Figure 2. Black hole mass as a function of the entropy m(S) for different values of k, a, and α.

In Figure 2e, the behavior of the mass parameter, m, as a function of the black hole
entropy, S, in the absence of quintessence, α = 0 and without coupling with non-linear
electrodynamics, which means that k = 0 or, in other words, the Letelier space-time is
represented. It can be seen that, in this scenario, the mass parameter has only positive
values, for 0 < a < 1, and positive values of the entropy, S. Analogous behavior occurs
when we consider space-time in a non-linear electrodynamics scenario, Figure 2f. When we
add the quintessence, Figure 2a–c, the mass parameter will present positive and negative
values depending on the black hole parameters.

5.2. Hawking Temperature

The black hole Hawking temperature of the radiation emitted is given by [73]

Tκ =
κ

2π
, (54)

where

κ =
f ′(r)

2

∣

∣

∣

∣ rh

(55)

is the black hole surface gravity and ′ denotes the derivative concerning the radial coordinate.
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Using Equation (54) with κ given by (55), it is possible to calculate the Hawking
temperature, Tκ = T, for the black holes with a cloud of strings, quintessence, and non-
linear electrodynamics,

Tκ =
S− 3

2 (ωq+1)

4
√

π

[

k
√

π(a − 1)S
3ωq

2 + 1
2

−(a − 1)S
3ωq

2 +1 + kαπ
3ωq

2 +1 + 3αωq

√
Sπ

3ωq
2 + 1

2

]

.

(56)

In Figure 3, we represent the behavior of the temperature parameter, T, as a function
of the entropy of the black hole, S, in different situations. Note that for the Schwarzschild
space-time (k = 0, a = 0 and α = 0), the temperature parameter presents only positive
values for S > 0. Analogously, for the Letelier space-time, k = 0, 0 < a < 1, and α = 0,
as shown in Figure 3e.
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Figure 3. Black hole temperature as a function of the entropy T(S) for different values of k, a and α.

When we consider the non-linear electrodynamics space-time (a = 0 and α = 0),
Figure 3f, it is already possible to notice that the temperature parameter will present positive
and negative values for S > 0. This also occurs when considering the cloud of strings and
quintessence in non-linear electrodynamics space-time (α = 0.16 and 0 < a < 1).
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5.3. The First Law of Black Hole Thermodynamics

The black hole mass of Equation (53) can be written as m = m(S, α, a). If we consider
that the parameters related to the cloud of string and the quintessence, respectively a
and α, are extensive thermodynamic parameters, we can write the first law of black hole
thermodynamics as [74,75]

dm = THdS +AHdα + BHda. (57)

with

TH =
∂m

∂S
, AH =

∂m

∂α
and BH =

∂m

∂a
, (58)

where AH and BH are the intensive thermodynamic variables conjugate to the parameters
α and a, respectively.

Now, let us calculate the temperature TH using Equations (57), (58) and (53), which
results in

TH =
∂m

∂S
=

e
k
√

π√
S S− 3

2 (ωq+1)

4
√

π
×

[√
π(a − 1)kS

3ωq
2 + 1

2 − (a − 1)S
3ωq

2 +1 + αkπ
3ωq

2 +1 + 3α
√

Sπ
3ωq

2 + 1
2 ωq

]

.

(59)

We can notice that the temperature Tκ is different from TH . In addition to the tempera-
ture, the other quantities derived from the first law of thermodynamics can also present
similar behavior. To solve this problem, the first law of black hole thermodynamics needs
to be modified [76–79].

The usual first law of black hole thermodynamics arises in a context in which the
Lagrangian of the theory does not explicitly depend on the mass of the black hole. When
building the first law for metrics with nonlinear electrodynamics and other similar theories,
derivatives of the stress–energy tensor must be taken into account and these corrections
modify the first law in such a way that the old thermodynamic quantities are relate to the
new ones through a correction factor [76–79]. Thus, the new first law of thermodynamics
of Equation (57) can be written as [76–79]

dM = TdS +Adα + Bda, (60)

where
dM = Wdm, (61)

and W is the correction factor given by

W =

(

1 + 4π
∫

∞

r+
r2 ∂T0

0
∂m

dr

)

, (62)

and T0
0 is a stress–energy tensor component.

Thus, we can write

Tκ = WTH = W
∂m

∂S
,

A = WAH = W
∂m

∂α
,

B = WBH = W
∂m

∂a
,

(63)

with the factor W being given by

W = e−k
√

π
S = e

− k
rh . (64)
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The intensive thermodynamic variables conjugate to the parameters α and a are,
respectively, given by

A = W
∂m

∂α
= −1

2
π

3ωq
2 S− 3ωq

2 = −1
2

r
−3ωq

h ,

B = W
∂m

∂a
= −1

2

√

S

π
= − rh

2
.

(65)

5.4. Heat Capacity

The black hole heat capacity can be calculated from

C = Tκ
∂S

∂Tκ
= Tκ

(

∂Tκ

∂S

)−1

. (66)

Substituting Equation (56) into Equation (66), we obtain the following expression for
the black hole heat capacity as a function of the entropy (S):

C =
2Sψ1

ψ2 + ψ3
, (67)

where

ψ1 =
√

π(a − 1)kS
3ωq

2 + 1
2 −

[

(a − 1)S
3ωq

2 +1
]

+ αkπ
3ωq

2 +1 + 3α
√

Sπ
3ωq

2 + 1
2 ωq,

(68)

ψ2 = −2
√

π(a − 1)kS
3ωq

2 + 1
2

+ (a − 1)S
3ωq

2 +1 − 3αkπ
3ωq

2 +1,
(69)

ψ3 = −3α
(

πk + 2
√

π
√

S
)

π
3ωq

2 ωq

− 9α
√

Sπ
3ωq

2 + 1
2 ω2

q ,
(70)

whose behavior is shown in Figure 4, as a function of the black hole entropy, for different
values of the parameters of the cloud of strings, non-linear electrodynamics, and quintessence.

It is known that the sign of the heat capacity is related to the thermodynamic stability
of a system. If C > 0, the system is called stable, and it is called unstable if C < 0.

From Figure 4, we can conclude that there are values of S for which the heat capacity is
positive, as well as there are values for which the heat capacity is negative. In other words,
the black hole can be thermodynamically stable or unstable and this stability is related
to the values of the cloud of strings, non-linear electrodynamics, and the quintessential
parameters. We can see that the transition point, in which the heat capacity diverges,
changes when we vary these parameters.

In the absence of the quintessence (α = 0) and of the non-linear electrodynamics
(k = 0), Equation (67) reduces to C = −2S, as expected for the case of Schwarzschild
space-time. In this case, the heat capacity is negative for S > 0, which indicates an unstable
thermodynamic system, as shown in Figure 4e.

Otherwise, when we consider the effect of the cloud of strings, non-linear electrody-
namics, and the quintessence, there are values of the entropy for which the heat capacity
acquires positive values.

It is important to highlight that the cloud of strings and non-linear electrodynamics
parameters plays a role in the behavior of the heat capacity, modifying the phase transition
point as shown in Figure 4b–f, since for k = 0, α = 0.16, and ωq = −2/3, there are no phase
transition points (Figure 4a).
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Figure 4. Black hole heat capacity as a function of the entropy C(S) for different values of k, a, and α.

5.5. Gibbs Free Energy

The Gibbs free energy of a thermodynamical system can be written as (Figure 5)

G = M − TS. (71)

From Equations (53) and (56), we can write

G =
1
4

(

−k(a + αrh − 1)− 2rhe
k

rh (a + αrh − 1) + rh(a + 2αrh − 1)
)

. (72)

The stability of a black hole can be analyzed by calculating the Hessian matrix, which
is given by [80]

H =

(

H11 H12
H21 H22

)

(73)

where H11 = ∂2G
∂T2 , H22 = ∂2G

∂A2
H

and H12 = H21 = ∂2G
∂AH∂T . Note that we are considering only

the intensive thermodynamic parameter associated with quintessence. Since H12 = H21,
the thermodynamical stability of the black hole can be analyzed by evaluating the trace of
H [80],

Tr(H) = H11 + H22. (74)
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Fixing ωq = −2/3, we obtain

H11 =− 8π2r3
h

(k(2a + αrh − 2)− arh + rh)3 [

r2
h

(

3α(a − 1)
(

k2 − 6krh + 2r2
h

)

+ (a − 1)2(rh − 3k) + α2krh(k − 6rh)
)

+(a − 1)2ek/rh

(

2k3 − 7k2rh + 8kr2
h − 2r3

h

)

+(a − 1)αrh(3k − rh)e
k/rh

(

k2 − 4krh + 6r2
h

)

+ α2kr2
hek/rh

(

k2 − 4krh + 6r2
h

)

],

(75)

H22 =
r2

h(−a + αk + 1)− 2e
k

rh
(

k2(a + αrh − 1)− krh(−a + αrh + 1)− (a − 1)r2
h

)

4r5
h

. (76)

In Figure 6, we represent the trace of the Hessian matrix as a function of the horizon
radius. Note that the black hole shows stability for k = 0, α = 0.16, ωq = −2/3, and positive
values of rh. On the other hand, for for k = 0.5, α = 0.16 and ωq = −2/3, the black hole
faces transitions as rh increases.

20 40 60 80
rh

-10

-5

5

10

15

G

a=0 a=0.5 a=0.9

k=1.5; ✁=0.16; ✂q=-2/3

0.1 0.2 0.3 0.4 0.5

200000

400000

600000

800000

(a)

20 40 60 80
rh

5

10

15

G

k=0 k=1 k=1.5

a=0.5; ✁=0.16; ωq❂�2/3

0.1 0.2 0.3 0.4 0.5

200

400

600

800

1000

(b)

Figure 5. Plot of Gibbs free energy as a function of horizon radius.
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Figure 6. The trace of Hessian matrix as a function of the horizon radius.

6. Concluding Remarks

We obtain exact black hole solutions to Einstein equations coupled with nonlinear
electrodynamic field, taking into account two sources, namely a cloud of strings and
quintessential fluid. The solutions have four parameters, m, k, a, and α, corresponding to
the physical mass of the black hole, the non-linear charge of a self-gravitating magnetic
field, the cloud of strings, and the intensity of the quintessential fluid.
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Concerning the horizons, Figure 1 tell us that there exist, at most, three horizons,
depending on the values of the parameters that appear in the solutions which characterize
the system under consideration. Examining the behavior of the parameter f (r) in the metric
of Equation (17), we can observe, in Figure 1, that the number and location of the black hole
horizons are determined by the parameters associated with the matter contents. For k = 0,
m = 1, α = 0, and ωq = −2/3, for example, a naked singularity is formed.

The obtained results when the sources are absent confirm that the metric describing
a black hole space-time obtained in a scenario where a nonlinear electromagnetic field is
coupled to Einstein gravity, is regular at the origin, r = 0, i.e., it has no singularity at this
point [68].

On the other hand, when a cloud of strings or a quintessential field is present, the met-
ric is no more regular at the origin. In fact, there is a true singularity at the origin [63].
Curiously, when both sources are present, namely, the cloud of strings and the quintessence,
the resulting metric is singular at the origin. In other words, the presence of one of these
sources, or both of them, removes the regularity of the metric at r = 0.

The conclusion with respect to the energy conditions is that they can be satisfied or
violated, depending on the relation between the parameters that appear in the metric.
On the other hand, if we consider these conditions for very large values of the radial
coordinate, we conclude that they are all satisfied and equal to zero. It is worth mentioning
that if we consider f (r) < 0, in which case the coordinate t is space-like, the conclusions
about the energy conditions are similar.

The behavior of the thermodynamic quantities as mass parameter and the Hawking
temperature as functions of the entropy S are represented, respectively, in Figures 2 and 3,
in which are pointed out the dependence of these quantities with the parameters a, k, and α.

Concerning the heat capacity, we can observe that for different values of the non-linear
electrodynamics parameter, this quantity has the same qualitative dependence with the
entropy, for different values of the parameter associated with the presence of the cloud of
strings, as shown in Figure 4a–d.

In Figure 4e, we can see that the heat capacity varies linearly with the entropy, such
that it decreases with the increasing of the parameter a. In the last figure is shown how the
heat capacity depends on the entropy, when the quintessence and the cloud of strings is
absent, taking into account different values of the parameter associated with the presence
of the nonlinear electromagnetic field.

Finally, it is important to observe that, in the absence of the non-linear electrodynamics
interaction (k = 0), we recover the results already obtained in the literature concerning the
Letelier space-time with quintessence [11].
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55. Salazar I, H.; García D, A.; Plebański, J. Duality rotations and type D solutions to Einstein equations with nonlinear electromagnetic

sources. J. Math. Phys. 1987, 28, 2171–2181. [CrossRef]
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