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CrossMark
Abstract
The goal of this paper is to provide a definition for a notion of extended
boundary at time and space-like infinity which, following Figueroa-O’Farril—
Have—Prohazka—Salzer, we refer to as Ti and Spi. This definition applies to
asymptotically flat spacetime in the sense of Ashtekar-Romano and we wish
to demonstrate, by example, its pertinence in a number of situations. The
definition is invariant, is constructed solely from the asymptotic data of the
metric and is such that automorphisms of the extended boundaries are canon-
ically identified with asymptotic symmetries. Furthermore, scattering data for
massive fields are realised as functions on Ti and a geometric identification
of cuts of Ti with points of Minkowski then produces an integral formula of
Kirchhoff type. Finally, Ti and Spi are both naturally equipped with (strong)
Carrollian geometries which, under mild assumptions, enable to reduce the
symmetry group down to the BMS group, or to Poincaré in the flat case. In par-
ticular, Strominger’s matching conditions are naturally realised by restricting
to Carrollian geometries compatible with a discrete symmetry of Spi.
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In this article we wish to promote a definition* for extended boundaries at timelike and spatial
infinity, which, following [1], we refer to as Ti and Spi°. It applies to any asymptotically flat
spacetime in the sense of Ashtekar—Romano [2]. Our goal is to demonstrate, by example, the
pertinence of this extended boundary in a number of situations.

4 See definitions 3.1 and 3.2, section 3.1.
5 These are meant to rhyme with ‘scri’.
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Figure 1. The projective and conformal compactifications of Minkowski space M+,
On the left (a), the projective compactification: I* ~ H" denotes future/past project-
ive infinity, isometric to hyperbolic space. Z° ~ dS" denotes projective spatial infinity,
isometric to de Sitter space. Projective null infinities ¢F ~ §"! are (Riemannian) con-
formal spheres. Altogether the boundary is topologically S”. The lightcone of the origin
is represented by the dotted orange line, it divides the compactified spaf:etime into dif-
ferent regions that are foliated with the level hypersurfaces of p = NEl The faint
black horizontal (resp. vertical) curves are the ¢ = cst (resp. r = cst) slices. On the right
(b), the conformal compactification: the inside is foliated horizontally (resp. vertically)
by the # = cst (resp. r = cst) hypersurfaces. .# = ~ §"~! x R denotes future/past con-
formal null infinity while conformal future/past i* and spatial ® infinities are reduced
to points. The total boundary is topologically S' x §"~'. Reproduced from [55], with
permission from Springer Nature.

The origin of the construction lies in the seminal work by Ashtekar and Hansen [2, 3].
There, spatial infinity Z° ~ dS® was constructed as a blow up of ., the singular point in the
conformal boundary of a four dimensional asymptotically flat spacetime where future %+
and past .# ~ meet [4, 5], see figure 1. The authors then go on to consider a natural line bundle
R x Z° — 0 over spatial infinity. As was remarked in [6], the resulting 4D manifold is—
weakly pseudo—Carrollian (in the sense of [7]). However, this construction was really tied
up to assumptions about how future and past null infinity are joined together along a point
and does not immediately extend to spacetimes which are asymptotically flat in the sense of
Ashtekar—-Romano [2, 8].

In most of the recent literature on spatial infinity, and following the seminal work [2, 8,
9], spatial® infinity Z° is indeed rather thought of as a co-dimension one boundary added at
spatial infinity [10-30] (this, however, does not prevent Ashtekar—Hansen’s initial idea of a
one-point completion from being useful [31-36]). Similarly, past (future) timelike infinity have
been investigated in [37—44]. This is similar in spirit to Penrose’s conformal compactification,

6 We will use the terms ‘space-like’ and ‘spatial’ interchangeably.
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allowing one to treat asymptotics of the fields in terms of local differential geometry close
to Z°, but, as we will review later on, rather genuinely belongs to the realm of projective
compactification as introduced by Cap and Gover in [45, 46]; see figure 1 for comparison and
see [47-55] for related works.

Nevertheless, the (projective) boundaries Z—,Z° Z+ at past/spatial/future infinity are too
rigid. For example, one cannot realise the asymptotic symmetry group, i.e. the SPI group from
[2], as some intrinsic symmetry group of Z~,Z° T alone. A closely related point is that the
scattering data for massive fields are not, strictly speaking, functions on Z=. The extended
boundaries TiT ~ R x Z* and Spi ~ R x 79 will solve these problems.

Extended boundary at spatial and timelike infinity.

In introducing these extended boundaries, we are heavily influenced by the work [1] of
Figueroa O’Farrill, Have, Prohazka and Salzer which, in the flat case of Minkowski, described
natural line bundles over spatial and time infinity. They introduced the names Ti and Spi for
the (pseudo) Carrollian homogeneous spaces associated to the Poincaré group ISO(3,1) =
SO(3,1) x R*:

4
i@ = SOG DX RY s SOB,1)
SO(3) x B3 SO(3)
(1.1)
3 SO(3,1)xR* SO(3,1)
(3) _ ) 3 _ )
S =0y r S S0y

These homogeneous spaces naturally fibre over the (projective) boundaries I+ ~ 3, I ~ dS?
and it was conjectured in [1] that they are related to the construction of Ashtekar—Hansen [3].
This situation was generalised to a curved setting in [54, 55], under the implicit assumption
that the mass aspect was vanishing. In the present article, we will relax this assumption and
therefore complete the program of describing Ti and Spi as canonical extensions of time/spatial
infinity.

We shall prove that, in the flat case, our definition for Ti and Spi implies that they are
naturally equipped with a transitive action of the Poincaré group, induced by the action of the
bulk, and are therefore canonically identified with the homogeneous space (1.1). Furthermore,
we shall see that this definition can be related to that of Ashtekar—-Hansen [3] in the curved
case and, consequently, that it bridges between the two approaches.

Integral formula for massive fields. In Minkowski space-time, the intersection of the null
cone emanating from a given spacetime point X* with .+ defines a cut §? < .# ~ R x 2.
The value ®(X) of a massless field at X* is then given by some integral of the scattering
data on this section S* C .# this is the Kirchhoff-d’ Adhémar formula [56-58] which encodes
causality. In section 4 we will generalise these results to past/future time infinity and massive
fields. We will show that the set of timelike geodesics passing through X* asymptotically
defines a cut H> C Ti of Ti ~ R x H>, that massive fields induce scattering data at Ti and that
the value ®(X) of the massive field at X* can be recovered by an integral formula over the
corresponding section H* C Ti, see proposition 4.1.

Once more, we are inspired by [1] and [59]: in the former, cuts of Ti and Spi were intro-
duced, however, without relating it to the geometry of spacetime geodesics and, in the latter,
it was shown that massive unitary representations of the Poincaré group can be naturally real-
ised on the homogeneous spaces (1.1) and that the corresponding Carrollian fields relate to
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Fourier modes of massive fields. However, in this approach, and since Ti was again defined as
an abstract homogeneous space with a priori no relationship to Minkowski space, the diction-
ary between Carrollian fields and spacetime massive fields can only be tautological. This is
in contrast with the present work, in which Ti is defined in terms of the asymptotic geometry.
In particular, since our construction makes sense on general grounds, the results are expec-
ted to extend to the boundary value of a massive field propagating on an asymptotically flat
spacetime.

Asymptotic symmetries and Carrollian geometry. Finally, definitions 3.1 and 3.2 for Spi/Ti
will enable us to generalise Ashtekar’s description of radiative data at null infinity [60-62] in
terms of (an equivalence class of) Carrollian connections at .#; see [63] for the precise relation
to Carroll geometries and [64, 65] for a conformally invariant realisation in terms of Cartan
geometries. The presence of gravitational radiation at .# is characterised by curvature, while
flatness is equivalent to the possibility of picking up a Poincaré group ISO(3, 1) C BMS, inside
the BMS group.

Similarly, we will show that Spi/Ti is canonically equipped with a Carrollian connection.
When flat, it allows us to single out a Poincaré group ISO(3, 1) C SPIy, this time inside the SPI
group. In the presence of curvature, this connection encodes late-time asymptotics of the grav-
itational fields and allows us to define a BMS group BMS, C SPl, inside the SPI group. At Ti,
this is straightforward and, along the way, yields a representation of the BMS group on massive
fields. In fact, it realises the Longhi—-Materassi representation [66] geometrically. At Spi, the
parity conditions studied in [17-23, 44, 67—-69], which are known to imply Strominger’s match-
ing conditions [70], are very naturally realised by requiring that a certain discrete symmetry
of the model is preserved in the curved case.

The article is organised as follows. In section 2, we review the definition of asymptotically
flat spacetimes from [2]. In section 3, we introduce the definition of Ti and Spi and demonstrate
that it neatly accommodates both asymptotic symmetries and scattering data of massive fields.
In section 4, we establish, at Ti, the integral formula that generates the massive field from its
scattering data. Finally, in section 5, we show that Spi/Ti are examples of Carrollian geomet-
ries and use the corresponding Carrollian connection to geometrically realise the restriction of
the SPI group to BMS and Poincaré.

2. Ashtekar-Romano spacetimes

Let us begin by reviewing, from [2, 8], the features of asymptotically flat spacetimes at spatial/-
time infinity that we will need in the rest of the article. We will primarily follow the notation
and conventions of [44], which very nicely gathers together and improves upon results that are
scattered in the literature. Nevertheless, our main definition for asymptotically flat spacetimes
at spatial/time infinity will be different (but equivalent). We believe that this new definition,
heavily influenced by the work of Cap and Gover [45, 46] on projective compactification of
Einstein metrics, is not only more compelling geometrically, but also more economical.

2.1. Definition

In what follows, the generic symbol Z will stand for either Z~, Z° or Z*; we will always
assume that M is of dimension d = n + 1, consequently, these boundaries are of dimension #.
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Definition 2.1. A spacetime M, ga») Will be said to be asymptotically flat at, respectively, past
time-like, space-like or future time-like infinity, if it can be embedded onto the interior of a
manifold M with boundary respectively denoted by Z~, Z° or Z, and there is a boundary
defining function p

plz =0, Vaplz #0, (2.1)
such that g is Einstein up to order 2, i.e.

G =0 (r*).
and the rescaled inverse metric:

g =p2g” 2.2)

satisfies the following axioms.

1. g% extends’ to M and is invertible on M \ Z.

2. N*:= p~2g®V,p and v := N*V ,p have finite non-vanishing limits on Z.

3. The restriction 1’ := g®|z, which defines a metric on Z°/Z* by the previous assump-
tions, is invertible and has Euclidean signature (+ + - - - +) for past/future time-like infin-
ity ZF (resp. Lorentzian signature (— + - - - +) for space-like infinity Z°).

One can check that, up to regularity considerations, these assumptions are equivalent to
those required by Ashtekar—Romano to have an asymptote at (spatial, in their case) infinity [2].
Note that the second assumption implies that, introducing a local chart (p,y®), where y* are
coordinates on Z° Z* extended to M by the requirement N*V,y® = 0, one can write

g =vp?0,0, +~v*79,0s, (2.3)

and this implies that we have an asymptotic expansion for the metric of Beig—Schmidt type
[8]. Following the conventions and assumptions of the recent works [15, 44], we will assume
that g, has the following behaviour:

Sab=p " 1/0_1 (1 +2p0 + p*o’ + 0 (p3 lnp)) dp?

(2.4)
+ (hap + p(kap — 20hap) + O (p*Inp)) dy“dy”:

the potential logarithmic terms hidden in the remainders will play no role in this article. We
deduce that:

v=uy(l—2pc)+o (pz) , yB =pB —p (kaﬁ — 20ha6) +0 (p2 Inp). (2.5)

In the above, h,g is the inverse of h*8 and this metric along the boundary is used to lower and
raise indices «, 3,7, ... from the beginning of the Greek alphabet. Also note that:

sgn(vy) = +1 on 70 sgn(vy) =—1 on I7F, (2.6)

where again Z~/Z+, Z° respectively stand for past/future time-like and spatial infinity.

7 See equation (2.4) for the typical level of differentiability that we will implicitly assume here.
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Einstein’s equations

Here we give an overview of some of the consequences of Einstein’s equations on g. Since
definition 2.1 is equivalent to that of Ashtekar-Romano, the results summarised below are
equivalent to those in the literature [15, 44]. We will, however, work in arbitrary dimension
d=n+1,n>1. Gab = O(pz) implies that the first two orders of IA?L,;, vanish. To leading order
in p, one obtains:

DaV() =0

2.7
R(h)aﬂ =1 (n— l)hag,

where D, and R™ g are, respectively, the covariant derivative and the Ricci tensor associ-
ated to h,5. The first equation in (2.7), combined with the ambiguity in the boundary defining
function that will be emphasised in the next section, means that || can be prescribed arbitrar-
ily. In the literature, it is common practice to assign || = 1; we will divert slightly from this
by allowing it to take an arbitrary positive value. The second equation is the vacuum Einstein
equation on Z° Z*. In dimensions n < 3, the Weyl tensor vanishes identically and it imposes
that Z% Z* have constant sectional curvature x = 14. In higher dimensions, this is no longer
necessary but we will nevertheless assume that past/future timelike infinity Z% is (locally)
hyperbolic space H", and spacelike infinity is (locally) De Sitter space dS,;; this will simplify
the presentation but a number of the results in this article will not rely on this assumption.
At next order in p, Einstein’s equations on ¢ yield:

(D* +nvy) o =0, (2.8)
and
hWBD[ﬁka]“f =0,
1
5 (Dzkag — nuokag — DaDﬁk—l— l/ohaﬁk) — VV(h)é(aﬁ)wkg = (n — 3) (DQDBU + l/ohaﬁa) .

The first and third equations are respectively evolution equations on o and k,g, while the
second is a constraint on k,g. It is interesting to note that it is only possible to separate the
equations when n = 3; this is achieved through the definition of k. In other dimensions, o
will source the evolution on k3. We briefly observe that the last two equations can be rewritten
in the more compact form:

hVBD[ﬁka],y =0, 09
e (DvD{&ka]ﬁ + %kweW(h)Eﬁaa) = (n—=3)(DaDso + 1ohapo). '

These equations have some important invariance properties in terms of projective geometry,
that we will discuss in a subsequent work.

Ambiguity in the boundary defining function

Definition 2.1 of asymptotical flatness at time/space-like infinity guarantees the existence of a
boundary defining function p, such that conditions 1-3 are satisfied. However, these conditions
do not uniquely determine p. For instance, if Condition 1 holds for p it will also hold for any
other boundary definition function

p'=Xp=(Xo+0(p))p,
where )\ is a nowhere vanishing function on I+ /IO. Condition 2, on the other hand, requires
that \y must be a constant function on Z+ / 79. This constant can be fixed to one, if we require

7
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that the scalar curvature of the boundary metric A5 be fixed to some constant value n(n — 1)y
or, equivalently, that v is kept fixed under change of boundary defining function. Overall, with
this minor restriction, we see that the boundary defining function p is defined up to:

p = p(1+0(p)). (2.10)

Finally, there is also a famous four-parameter ambiguity [8, 31] in the differential structure
at Z°/T*, pertaining to the fact that changing the boundary defining function according to:

p +— p(l—Hplog(p)+0(p)), 2.11)

where (DoDg + vohap)H =0, will give another asymptotically flat spacetime. These log-
symmetries will play no role in the present article.

2.2. Asymptotic symmetries

The algebra of asymptotic symmetries of (2.4) is given by vector fields £ = £°0, +£%0,
whose Lie derivative preserves the form of the physical metric, including the values of v
and h, . In this case, we have® [2, 44]:

& =—pwy)+o(p’), =X +pvy 0w +o(p), (2.12)

where x is a Killing vector for the hyperbolic metric /1,5 on Z° T +, Ly hag = 0. Altogether,
these vector fields form the algebra of the SPI group’ [2]:

SPL,; ~ SO(1,n) x C*(T). (2.13)

It will be of importance for us that asymptotic symmetries (2.12) act infinitesimally on the
tensor k3(y) in the metric (2.5) according to:

kag () = kap (V) + Lykag (V) +2 (has + 15 ' DaDg)w (). 2.14)

2.3. Projective compactness

For comparison with the work of Ashtekar—Hansen, it will be enlightening to relate the state-
ment of definition 2.1 to the notion of projective compactness (of order 1) as introduced by
Cap and Gover in [46].

This section is independent from the rest of the article and can safely be skipped upon first
reading.

Definition 2.2. Let M be a manifold with boundary with interior M and boundary OM. A
metric ¢ on M is said to be projectively compact (of order 1) if near every point xo € OM one
can find a neighbourhood U of xy and a boundary defining function p : U — R such that the
connection V on U N M constructed from the Levi-Civita connection V by:

R cvc cvc

V= Ve T Loy SV 2.15)
P P

has a smooth extension to U N OM.

8 Here, we are omitting potential log-symmetries; they play no role in the present work.

9 Note that, since a generic Einstein metric f,  need not to have any isometries, this really makes use of the assump-
tion that Z°/ Z% is dS,/ H".
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In practice, one checks the above condition by considering the Christoffel symbols in a
local boundary chart near xy which are related to those of V by

T

Equation (2.15) is precisely the condition that V and V are projectively equivalent, that
is, they have the same unparametrised geodesics. The following proposition gives the precise
sense in which boundary points can be thought of as end points of geodesics of g.

Proposition 2.1 (from [45], see proposition 2.4). Let V be the Levi-Civita connection of
a projectively compact metric § on M (of order 1). Let xo € OM and suppose that there is
a geodesic curve 7y : [0,1] = M for the connection (2.15) which reaches x transversely i.e.
~v(1) =xo, ¥(1) ¢ TOM. Then there exists an asymptotic parametrisation 4 : [0,00) — M of
the curve which satisfies 5([0,00)) C M, lim ~(t) = xo and such that v is an affinely para-
meterised geodesic for V. e

A necessary condition for projective compactness of an Einstein metric is the following.

Proposition 2.2 (from [45, 46]). Let (M,g) be a projectively compact Einstein metric with
vanishing cosmological constant, then it must be asymptotically flat at time/space-like infinity
in the sense of definition 2.1.

That the converse statement is not true in general can be seen from computing the
Levi—Civita connection of (2.4)

.. 2 . .
L ==204Vwr = % (&"VioV;pVip) + 0 (p"). .17

Thus, a metric that is asymptotically flat at time/space-like infinity in the sense of definition
2.1 is projectively compact if and only if the mass aspect o is constant along the boundary
0,0 = 0. However, by (2.9), this means that ¢ vanishes.

Allowing a non-vanishing mass aspect therefore necessarily breaks projective compactness,
leading to O(1/p) terms in the connection V defined by (2.15). Nevertheless, one can observe
that projective compactness still almost holds: the divergent terms are located in the transverse
components of the connection forms. Hence, although the projective structure does not extend
to the boundary, the general picture of projective compactness remains intact. Importantly,
this is true with regards to the geometric structures one can obtain at the boundary, there-
fore projective geometry still provides insight and intuition for studying asymptotic flatness at
space/time-like infinity.

3. Ti and Spi

In this section, we introduce our definition of Ti and Spi,
Tit ~ 7T xR — 7%, Spi~I° xR — 7°, (3.1

as canonical extensions of the boundary Z+/ Z° of asymptotically flat spacetime at time/spa-
tial infinity (in the sense of Ashtekar—Romano). As we will prove later, in the flat case, our
definition will be isomorphic to the homogeneous model of [1]. When the comparison makes
sense, it will also be equivalent to the construction of Ashtekar—Hansen [3].

After introducing these extended boundaries, we explain why they are the natural places
for asymptotic data of massive fields and how asymptotic symmetries are canonically realised
as the group of automorphisms.
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3.1. Definition of Ti and Spi

As we have already emphasised, the boundaries
Ie{1T*1° =M (3.2)

come with a preferred boundary defining function p defined up to p — p+ O(p?). At the level
of jets, this defines a section
2 i (M)
I ——= 33
of the canonical projection i* (J2M) — l’ ((;Zz%)) .
On the other hand, there is no canonical way to make a choice of p in a neighbourhood of 7
in M and thus no preferred way to uniquely extend the section ¢ to a section of i* (J*M) — Z;
this is the basis of the definition below for Ti/Spi. We will make use of the fact that
i* (J*M)
L:=i"(PM) —» ———~ 3.4
" (/M) i (2p2) (3.4)

is a line bundle and use the map (3.3) to pull back this line over Z.

Definition 3.1. The line bundle Spi — Z° which we refer to as ‘spi’ is defined as the pullback
bundle

&L — 1°. (3.5)

This is summarised by the diagram:

Spi = ¢*L L=1" (JQM)
J ) i*(J2M
° i*((JQ/Jz))

The definition is identical for ‘past/future tie’ Tit — 7+:
Definition 3.2. The line bundles Ti* — ZF are defined as the pullback bundles
O'L— TF. (3.6)

The definition should be read as follows: a point (p,,y) in Ti or Spi, with coordinates (u,y) €
R x Z, consists in a point y in Z together with a choice of 2-jet p, € Jsz of the form p, =
jy2 o+ ujy2 p*. In practice however, when performing computations, we will often abuse notation
and extend this 2-jet to a boundary defining function p, € C*°(M)

pu=p(L+pu+0(p*). (3.7)

and check a posteriori that our results do not depend on the choice of extension. In particular,
no derivatives in u should appear.
3.2. Application: Boundary value of a massive scalar field at Ti*

As an example of application of this definition, let us study how massive scalar fields induce
a boundary value on Ti™ in flat space,
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Let

2
keR”n—><Vl+k>eR1’” (3.8)

k

be coordinates on the future unit hyperboloid H" C R!". Consequently, a moment of mass m
is parametrised by k — P* = mP" (k) with

P (k) = <V 1+k2> . (3.9)

k

A real valued solution ® of the massive scalar field equation (with mass m) ind = n + 1 dimen-
sions can then be written in integral form:

mn—l d"k
o (X) = 7
22m)° ) V14K

Introducing Beig—-Schmidt type of coordinates (p,y) € RT x R" on the inside of the future
light-cone Mt c M!»",

Xt = p! (V 1+y2>, G.11)

y
the standard flat-space metric can then be written:

(a (k) P X —&-a(k)Te_imﬁ'x) . (3.10)

1+ [y[?

The asymptotic behaviour of the field at (future) time-like infinity is then given by [71],
[72, Chapter 7], see also [40, 591,10

1]

m?:2

~ — — yOéy o
ar=—p tdp* + p*hap,  hap= (&m - )dy dy”. (3.12)

oIS

—imp ' —inZ imp~'+inZT n
o (X) p:o P 2(2@% (a(y)e imp™ ! —i 4_’_a(y)TCI P~ Hi 4)+0(p2+1). (3.13)
We can use this to derive the value of the field at Ti", where ‘plus’ here stands for ‘future’.

Proposition 3.1. Let (u,y) be a point of Ti", then the limit

@ (u,y) := lim % (<I> X)— ilquvapuva@()()) (O+ — ipu)

p—0

2 ginF gimp; (3.14)

exists and defines a field on Tit. In terms of the Fourier coefficients (3.10), this reads
1

2(27)"

We will call this function the scattering data induced by the massive field on Ti.

o (u,y) = a(y)e ™, (3.15)

Proof. By hypothesis, V*p, = p* (=9, + h**V 4udg) + O(p*); note that the index has been
raised using the rescaled inverse metric g?’. Consequently,

1y
L) ~ ot
im p=0" 2(27)2

(a (y)eime~' =g _ a@)Teimf’*'“”%) 4o (p%“) (3.16)

10 There appears to be some discrepancy in the literature regarding the phase factor "% in this expression. For this
reason, we include details on the computation in appendix B.

1



Class. Quantum Grav. 42 (2025) 205012 J Borthwick et a/

from which we obtain

1 1 .
(X)) — —V'2u V(X)) | ~ p? —
(200 vinview) ~ o
This selects one of the asymptotic plane waves, and the remaining factors lift it to a field
onTit:

mi—!

aly)e ST Lo (pit). (3.17)

mi!

(<1> (X) - %Vapuvan(X)) (o+ - ipu)ii eimer! o ma@)e*im +0(p). (3.18)
™

0| —

O

Note that in the final result no derivatives of u appear, indicating that the limit only depends
on the 2-jet of p,, which is the necessary condition for it to genuinely define a field on Ti™.

3.3. Carrollian geometry and asymptotic symmetries

The Carroll limit was first studied by Levy-Leblond [73] (and independently by Sen Gupta
[74]) as an alternative to the more usual Galilean limit. Both limits can be realised as Inonu—
Wigner contractions of the Poincaré group but the geometry (and physics) of the resulting
spaces is obviously very different, we refer to [7] for a wonderful exposition of the subject. As
was emphasised in [75] the BMS group can be realised as the group of conformal automorph-
isms of a (weak) Carrollian geometry; see also [60, 62] for classical work relating the BMS
group to the null geometry of ‘scri’ .#.

At spatial infinity, where asymptotic symmetries form the SPI group of [2, 3], the situation
might appear to be quite different at first glance. However, as was remarked in [6], these sym-
metries can still be understood as the Carroll automorphisms of Ashtekar—Hansen’s boundary
at spatial infinity. As we mentioned previously, and will be discussed again in further detail
in section 3.4, when definition 3.1 and Ashtekar—Hansen’s definition both make sense, they
essentially coincide. It is therefore not surprising that the SPI group will be realised a group
of Carrollian automorphisms of Spi and Ti. This result will in particular lead to a realisation
of a representation of the SPI group on massive fields.

As was first pointed out in [17], the BMS group can also be recovered as a preferred sub-
group of asymptotic symmetries at spatial infinity. We will postpone discussion of this point
to section 5, where we will show that Spi and Ti are actually examples of strongly Carrollian
geometries.

3.3.1. Carrollian geometry

Proposition 3.2. Ti/Spi are naturally R-principal bundles over T+ /TI°. In other terms, we
have a canonical complete vector field n® along the fibres.

The natural coordinate system (u,y) previously described, provides a natural global trivi-
alisation: the R-action is a just constant translation in u and n® = 9,.

Proof. Let p, be an arbitrary admissible boundary defining function. Then, referring to the
discussion in section 2, (p,)’ = p, + ap? is also an admissible boundary defining function
and its 2-jet at any boundary point defines a point in Ti/Spi that only depends on the 2-jet
of p, at that point, i.e. the point of Ti/Spi defined by p,. For each @ € R, we obtain in this
way a diffeomorphism R,, of the extended boundary. In the canonical coordinates (u,y) given
by (3.7) is simply given by:

Ro:(u,y) = (u+ay).
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Note that the R-action on the 2-jets at y can also be concisely be written as
Ra(pu) = pu+ ajyp*. O

In particular, one sees from (3.15) that the scattering data ¢ induced on Ti by a massive
scalar field must satisfy (En + im)ap = 0. These are in fact equivariant functions under the
R-action,

Rip(uy) = p(u+ay) =e " o(uy) = pn(—a).o(uy) (3.19)
for the representation
pm: CxXR — C (3.20)

(p,) = e
We therefore have the following:
Proposition 3.3. The space of scattering data p(u,y) of massive fields of mass m on Ti" is

in to one-to-one correspondence with the space of sections y — a(y) of the associated bundle
Tit x,, C — H" over H".

Proof. By definition, a section of the associated bundle Ti' x on C — H" over H" is given by

a: H' — Tit x,, C

3.21
y oo (@) ey, 62D

where brackets denote the equivalence class for the relation, ((u,y),¢) ~ ((u+
@,y), pm(—).¢), defining Tit %, C. O

It follows from our definition and proposition 3.2 that Spi/Ti are naturally equipped with a
(weakly) Carrollian geometry (h,p,n%), consisting of a vector field and degenerate metric (of
signature (0,F,+---+) such that

n“hab == 0, £nhub =0. (322)

In our preferred local coordinates (u,y), these are n® = 9, and hu, = hop(y)dy“dy? where
hes(y) is the hyperbolic metric on Z°/Z+.

3.3.2. The SPI group.  As was already noted in [54], asymptotic symmetries of the space-
time coincides with automorphisms of the Carrollian geometry on Spi/Ti. This parallels the
situation at null infinity where the asymptotic symmetry group reduces along null infinity to
conformal Carrollian symmetries [60, 75].

Proposition 3.4. The asymptotic algebra symmetries (2.12) naturally acts on Spi/Ti.
Moreover, this action coincides with the algebra automorphisms of the Carrollian structure
(hap,n®), i.e. vector fields & satisfying Lehay = Len® = 0:

E() =w )+ X" (¥)Oyo. (3.23)
Proof. Let <I>f denote the local 1-parameter group of diffeomorphisms generated by the vector
field ¢ given by equation (2.12). Define a local 1-parameter group of diffeomorphisms on
J?M by:

Pho= 7 (fo®S)) . .

oF (x)
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Explicitly, in canonical coordinates on J?M i.e. such that:

= <p ()" () f(P),0pf (P) , Ouf (P) » af&%fa}p(;) gig%ﬂ ) ’

a point (u, y) of the extended boundary can be identified with a 2-jet:

o 2u 0
(07y 707]‘707[0 O})'

The image of which under the local diffeomorphism is given explicitly by:

(0.5 (@1 (1)), 00,87, (%1 (1)), 02, (2, (p)).
2002, (@, (p)) 2", (%1 (p)) + 092, (2. (p))] ) (3.24)

taking the derivative with respect to ¢ evaluated at =0 we find that at these points the infin-
itesimal generator is:

(O,X”‘ (¥),0,0,0, {afz’gp(”) 8]) = (07Xa (¥),0,0,0, [2“0(y) 8]).

this shows that the restriction of the diffeomorphism to these jets yields a diffeomorphism on
the extended boundary generated by the vector field:

E() =w () Ou+ x* (y) Oye.
0

Combining this realisation of the SPI group with the expression (3.15) for massive fields
we obtain the following.

Proposition 3.5. The action of the SPI group on the scattering data (3.15) of a massive scalar
field is given by

o (uy) —ou+w(y),y () = a(y) ma(y')e ™0 (325)

It follows from proposition 3.5 that scattering data of massive fields form a unitary irredu-
cible representation (UIR) of the SPI group. The norm preserved by the representation coin-
cides with the usual norm on the space of massive fields,

n—1

m dl’ly
ol = 57— _a
(2m) Hy1+Yy

Therefore, this shows that usual massive UIR of the Poincaré group can naturally be extended
to UIR of the SPI group. This is similar to the situation of massless fields at null infinity: there,
as was highlighted in [76], the massless UIR of the Poincaré group lifts to an UIR of the BMS
group (Sachs representation [77]).

As we shall discuss in section 5.3, restricting the action of proposition 3.5 to the BMS
group will yield (see proposition 5.4) a geometrical realisation of Longhi—Materassi BMS
representation [66]. BMS UIRs have been classified by McCarthy in a series of papers [78—
85] (see also [86]); from this perspective, the representation that will be obtained in proposition
5.4 is very specific: see [87, 88] for a physical interpretation of generic BMS UIRs as well as
a detailed discussion on how the Longhi—Materassi BMS representation sits in McCarthy’s
classification.

W)a* ().
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3.3.3. SPI versus BMS supertranslations. The group of SPI supertranslations 7gpy ~
C>°(Z) is the abelian group of functions w(y) on Z. BMS supertranslations Tgys =~ E[1](S"~1)
form the abelian group of weight one conformal densities £(z') on the celestial sphere $"~!.

Letz' € R"~! be stereographic coordinates on the celestial sphere "' and let 2/ +— O (Z/)
be the embedding of this sphere into the null cone of R"*! given by

o 1+ 7
Qu (Zl> — Zzi i (326)
1272

It is well known that this gives rise to a canonical embedding R™! < Tgpums of translations
into BMS supertranslations given by

§(&) =1"0u(<).
Despite this, there is however no preferred embedding of the Poincare group inside the BMS
group.
Similarly, at Ti, we have a canonical embedding Tgms < 7Tspr of BMS supertranslations
into SPI supertranslations given by [40, 42]

w = n—1 g(—zl)
5@)—/@_1(&) 7 0)6, @) (3.27)

where P*(y) is given by (3.9).

Proof. This is just the application of a bulk to boundary propagator for the equation (D?* +
von)w(y) = 0. For completeness, let us give a brief proof. By construction Qu is a map from
R>! to £[1](5"~") while P,, is a map from R>! to C°°(H"). Since we are working in stereo-
graphic coordinates (dz)"~! coincides with the canonical volume form of conformal weight
n — 1 on the sphere. Therefore the integrand is a genuine, i.e. non weighted, volume form on
the celestial sphere. Now since P is timelike and Q% is null then P* (y)Q,L is nowhere zero
and the volume form is smooth. We conclude that the integral is finite and defines a func-
tion on Z* = H". That (3.27) is always a solution (D* + vyn)w(y) = 0, can be checked using
identities (5.12). O

Here again, without introducing further geometrical data, there is no preferred embedding
of the BMS group inside the SPI group. However, it turns out that Ti is always equipped with
a Carrollian connection that will provide such a choice of BMS group.

Note that for Spi the situation is more complicated since the above propagator will have
some divergences which then need to be regularised and leads to an extra branch of solution.

3.4. Comparison with the previous literature

Homogeneous models

In [1], Figueroa-O’Farril-Have—Prohazka—Salzer introduced the names Ti and Spi for the
(pseudo) Carrollian homogeneous spaces associated to the Poincaré group ISO(1l,n) =
SO(n, 1) x R*1:

o SO )R SO(n,1)
~ SO(n)xR~" ~ SO(n) ’
(3.28)
. SO(n,1)x R*! SO(n,1)
Spi" = ’ ds, = )
P = Som-L) xR SO(n—1,1)
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We shall prove, see section 4.3, that, in the flat case, definition 3.2 of Ti implies that this
space is naturally equipped with a transitive action of the Poincaré group, induced by the
action of the bulk, and is therefore canonically identified with the homogeneous space (3.28).
It should also be clear that, when adapted to spacelike infinity, the same results are true for
Spi. Furthermore, we shall also see (below) that definition 3.1 can be understood to coincide
with that of Ashtekar—Hansen [3] in the curved case and, therefore, that it bridges between the
two approaches.

Ashtekar-Hansen construction

In the seminal work [3], spatial infinity Z° = H> was constructed as a blow up of (°, but the
authors also introduced a natural line bundle over Z°. It was already remarked in [6] that the
resulting 4d manifold is (weakly pseudo) Carrollian. As we shall now explain, this construc-
tion of Ashtekar—Hansen is essentially equivalent to definition 3.1. The main difference is
that Ashtekar—Hansen’s definition is really tied up to assumptions about how future and past
null infinity connect to each other while definition 3.1 relies on the existence on Ashtekar—
Romano’s asymptotics. Furthermore, as will be shown in section 5, it follows quite straight-
forwardly from our definition of Ti/Spi that they are strongly Carrollian: the ‘first order struc-
ture’ of [2, 3], in fact, corresponds to a Carrollian connection on Ti/Spi. This allows for a
completely geometrical realisation of the BMS and Poincaré group at Ti/Spi.

We now explain in which sense definition 3.1 can be understood to coincide with Ashtekar—
Hansen’s. In [3], the blow up Z° = H? of /° is constructed as the space of endpoints of spatial
geodesics v : R — M, |§| > 0. This is, in essence, the idea underlying projective compactific-
ation, in the sense of Cap—Gover [45, 46] (see the discussion in section 2.3). As we recalled,
projectively compact manifolds are asymptotically flat in the sense of definition 2.1; in the
absence of mass aspect the converse is also true and end points of geodesics are then genu-
inely identified with Z¢. Asymptotically flat manifolds with non zero mass aspect are however
not, strictly speaking, projectively compact and the identification in this case is more heuristic.

Ashtekar—Hansen then define the line bundle attached to Z° by making the following
remark: the norm of the asymptotic speed || of the geodesics ending at .° can be fixed uniquely
to be some fixed constant value, but this is not the case of the asymptotic tangential acceleration
4 - 4. Points in the fibres over Z° were then defined to be a choice of such asymptotic tangen-
tial acceleration. This can be rephrased by saying that geodesics have an asymptotic preferred
parametrisation p, with p = 0 being the boundary, defined up to p — p + up* + O(p?) and that
point in the fibres are identified with choice of u. This should make it clear that, when the
spacetime is projectively compact at least, definition 3.1 coincides with the extended bound-
ary of Ashtekar—Hansen. This is in particular is the case at time-like infinity in the absence of
mass or at spatial infinity for Minkowski space.

4. An integral formula on Ti for massive fields on Minkowski space

In this section, we will present an integral formula at Ti which allows to produce solutions of
the massive Klein—Gordon equation,

(O-m*) @ (X)=0.

It will proved a complete parallel of the Kirchhoff-d’ Adhémar formula at null infinity
[56-58] for massless particles.
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We first show that any point X in Minkowski space uniquely defines a cut &x : H" — Ti,
i.e. asection of Ti,y — (y,u = x(y)). Secondly, we prove that integration of suitable functions
©(u,y) on these cuts produces solutions ®(X) of the massive Klein—-Gordon equation.

4.1 Cuts of Ti

Let us introduce again Beig—Schmidt coordinates (p,y) on the inside of the future light-cone
in Minkoswki M c M, by

RxR" — M+
(py) + p“(”Hyz)' @
y

Expressed in these coordinates, the flat metric is then given by (3.12).
We now pick a point X* € M!'"* of Minkowski space and a time-like future directed unit

vector
PH (k) = (V 1 +k2> , (4.2)

k

and consider the map, describing a geodesic shot from this point in the direction ﬁ“(k),
given by:

RxR* — M @3
(s,k) +— Xt+4sPrk)’ '
Expressing the flow (4.3) in our coordinates (4.1), we arrive at:
sk)=s"+52X-P(k)+ 0 (s7°
p(s.k) (k)+0(s7) @)

y(s,k)=k+0(s7").

As there is no mass aspect in Minkowski space-time, projective compactness implies that
geodesics really extend to infinity (see section 2.3), and in a suitable neighbourhood of future
time-like infinity (4.3) actually defines a local chart. This chart can be compared to (4.1) to
obtain the corresponding transition functions. Asymptotically, one has

s =p—p’X-P(y)+0(p”°)

4.5
k=y+0(p). (%)

We have therefore found that any point X* of Minkowski space generates a boundary defin-
ing function on time-like infinity, obtained by taking the inverse arc length py := s~ ! of the
geodesic flow starting at X*:

px=p—p’X-Py)+0(p77). (4.6)

It associates a 2—jet to each point y of the asymptotic hyperboloid and, consequently and by
definition of Ti™, defines a section (or ‘cut’) éx € T’ [Tiﬂ :

H = Tit
y = (u=-X-PQy),y)

A similar calculation for Ti~ would give exactly the same result (with no sign difference in
the expression for the cuts). Note that, since we are working in mostly plus conventions for

Ex 4.7

17
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the metric and P is future-directed, 6X - f’(y) < 0 for any future-directed translation 6X and
therefore the orientation of the R action at Ti coincides with the orientation induced by time
translations.

4.2. Reconstruction formula on Ti

We now present a generalisation of the Kirchhoff-d’Adhémar formula for massive scalar
fields.

Recall from proposition 3.3 that the scattering data (u,y) for massive fields of mass m are
equivariant functions on Ti for the representation p,, of (R, +) given by p,,(a)-p = e p;
equivalently, these are functions on Ti that satisfy:

(L, +im) @ (u,y) =0 & o (u,y)=A(y)e ™. (4.8)

The formula below will reconstruct the corresponding massive field. In parallel with the
classical Kirchhoff formula, it involves, for any point X of Minkowski, an integral [, £ duy
over the image of the corresponding cut (4.7). Here duy is the volume form on H”, naturally
pulled-back on the cut by the projection 7 : Ti — H".

Proposition 4.1. Given a section of Ti™ X pm C o1 equivalently, a function ¢ : Tit - C
satisfying (4.8) then

m n

d (X) = (7) / dur (0 + ") 4.9)
T2 Jex

satisfies the Klein—-Gordon equation, (O — m?)® (X) = 0. Moreover, ©(u,y) can be recovered

uniquely from ® (X) through equation (3.14). From proposition 3.1 all'! solutions of the Klein—

Gordon equations are obtained in that way.

Proof. The above proposition is coordinate free and therefore we can prove it in any coordinate
system that we like. We will pick Beig—Schmidt coordinates in a neighbourhood of time-like
infinity and prove that the proposed prescription recovers a field of the form (3.10).
Since o(u,y) satisfies (4.8) one can write ©(u,y) = A(y)e ™", The unit hyperboloid metric,
ha(bi"in the Beig—Schmidt coordinates is given by (3.12) and the corresponding volume form is
Y —. Thus,

Vity

(;)g/&dﬂff (p+¢")

m )% dny ( —imu T L imu
:(7 — Y (Ap)e ™ rap)e )
2m i 1 +y2 u:fi’()’)'X
m )% d'k ( imB(k)-X t—imB(k)-X
= (52) | == (40)e""®¥ 1 a(y)! e 0X)
2 V14K
which satisfies the massive Klein—-Gordon equation. Comparing with (3.10), we find A(y) =

mgfl _ mgfl —imu : :
20om)] a(y) and thus o (u,y) = 20m)] a(y)e which matches with (3.14). O

(4.10)

1A precise discussion of the functional spaces involved to make this statement precise is beyond the scope of this
paper and is left for future work. As an initial step, one may restrict to solutions whose initial value is an element of
the Schwartz space S(R?).
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4.3. Poincaré action and the flat model of Ti

It also follows from the previous discussion that an element of the Poincaré group (m*,,T) €
SO(n, 1) x R"*! acts on Ti according to

(w,y*) = (=T-PQy),p)")  whee Py =m" Py

see the detailed proof below. The action is transitive and the stabiliser of a given point (u , y“)
is defined by the relations:

T-PR)=0 PO =m"P(),

and is thus isomorphic to SO(n) x R™. Therefore, Ti — H" coincides, in this situation, with
the homogenous space
~ SO(n,1)

SO(n,1) x R+
=7t — sH'=—7 4.11
SO (n) X R” SO () 41D
Hence we recover that, in the flat case, our definition of (3.2) matches the homogeneous
model (3.28) discussed in [1].

it

Proof. Let us consider a Poincaré transformation ¢ : X" — (X*)' =T*+m", X" on
Minkowski spacetime, we shall first show that this extends to a transformation at timelike
infinity (for definiteness, the same proof would apply at spatial infinity). For this, we shall
consider the expression in the coordinates defined by equation (4.1), X* = p~!P*(y), let us
write (p’,y’) the coordinates of the image point, (X*)’" = (p’)~'P*(y’) , then for p sufficiently
small:

—1
2

p'=p(l- 2pT-mP(y) — p°T- 7)
Pr(y')=p' (T"+p~'mt,P" (y))

In the limit p— 0, one sees that P*(y’) =m*,P"(y)+O(p) and p' = p+ p*T-P(y’) +
O(p?). Therefore, the Poincaré transformation restricts to a Lorentz transformation on the
hyperboloid at infinity. It thus acts as an asymptotic symmetry and we can therefore con-
sider the transformation that it induces on Ti by the construction in proposition 3.4. Using
equation (3.24), one finds:

(M,y) = (M_ Tﬁ(yl)vy/) .
Observe that if m*,, = §* and we consider a cut {x of Ti then this is consistent with:

Ex V> Exqr

5. Carrollian geometry of Spi/Ti and the BMS group

At null infinity, it is well known [61, 62] that radiative data can be encoded in terms of (equi-
valence class of) Carrollian connections, with flat connections being identified with gravity
vacua; see [63] for more on the relation between null infinity and Carroll geometry. The situ-
ation at spatial/time infinity might seem quite different, we will however show that they are
in close analogy: Ti and Spi are always strongly Carrollian, i.e. equipped with a compatible

19
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torsion free connection. What is more, the appearance of the BMS group, as a subgroup of the
SPI group, stems from this extra geometric structure.

As was first shown by Troessaert in [17] for the linearised theory, the BMS group can be
realised as a group of asymptotic symmetries at spatial infinity. Corresponding, non linear,
asymptotic conditions (in Hamiltonian formalism) were described in [67, 69]. These involve
parity conditions on the asymptotic data that generalise the Regge—Teitelboim conditions [89].
Many of these developments have been inspired and motivated by Strominger’s matching
condition [70] at spatial infinity. These conditions define a global BMS group, acting sim-
ultaneously at future and past null infinity; it is in turn the global nature of this group which
allows BMS symmetries to constrain scattering observables [90]. Building upon these works
and motivations, there has been a lot of recent progress on the global nature of conserva-
tion laws at spatial and timelike infinity, see [17-23, 25-30, 33-36, 43, 44, 68]. In particular,
Strominger’s matching conditions have been shown to be closely related to parity conditions
at spatial infinity, see [91] for a review of these results in relations to S-matrix observables.

As is explained in appendix A, it turns out that the parity conditions associated to
Strominger’s matching are in fact very naturally realised in the model for Spi. In the curved
case, as we shall see, these are also neatly realised in terms of a symmetry requirement on
the Carrollian connection at Spi. Therefore, not only BMS symmetries are encoded by the
Carrollian connection at Spi but matching conditions stems from preserving, in the curved
case, a discrete symmetry of the model.

5.1. Carrollian connections and their flat models

As we discussed in section 3.3.1, Spi/ Tit — 7° /I are equipped with a weakly Carrollian
geometry (h,,,n"). We shall see that, in fact, we have more: there is always a canonically
induced Carrollian connection on Spi/Tii, i.e. a torsion free connection V satisfying

Vehay =0, V.n*=0. (5.1

The data (h,,n%, V) constitutes a strongly Carrollian geometry in the sense of [7]. As will
briefly be reviewed at the end of this subsection, when the connection is suitably flat, the group
of residual automorphisms coincides with the Poincaré group ISO(n,1) = SO(n, 1) x R"+1,

We recall (see e.g. [63, 92]) that, due to the degeneracy of the metric, connections satisfy-
ing (5.1) are not unique. However, if V and V are two Carrollian connections they can only
differ by a tensor of the form

(VC - V})ab = Cpe 1 (5.2)

where Cj, is symmetric and satisfies, n”Cy. = 0. Let (1, y*) be adapted coordinates on Spi /Ti™
i.e. such that

n =9, Bab = hag (v) dy*dy?, (5.3)

then the Christoffel symbols of any Carrollian connection V on Spi/Ti must be of the form

0 —lc gdy”
r)" = 2 0 5.4
(Te)"s (0 re, dy? (5.4

where I'J; are the Christoffel symbols of A, and Cag = C(ap) is the only free parameter,
i.e. unconstrained by (5.1).

20
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In the following subsection, we will prove that the geometry of Spi/Ti fixes this ambiguity
uniquely.

The flat models
We here review the flat models of Carrollian geometry (see e.g. [63]). Let k.3 be a constant
curvature metric i.e. with Riemann tensor!'?

R" “gys = 4N 0" ["/h5]ﬂ (5.5)

then taking, in the expression (5.4) for a Carrollian connection,
1
— 3 Cap =u20hap (5.6)

yields the flat models of Carrollian geometry. These connections can be invariantly character-
ised as those with constant curvature in the sense that

Ry =4A 5u[chd]b- 6.7

For A positive/null/negative these respectively give the Carroll-dS/Carroll/Carroll-AdS
models [93, 94]. At this stage we have not said anything about the signature of /,: in the liter-
ature the names Carroll-dS/Carroll/Carroll-AdS tend to be restricted to models with Euclidean
signature. In what follows, we will consider the model corresponding to Ti, which is genuinely
Carroll-AdS with base space H", and Spi, which is a pseudo Carroll-AdS space with base
space dS,.

Symmetries of the strongly Carrollian geometry are vector fields X satisfying'?

L:Xhab = O7 an“ = 0, (L‘XVC)”Z, = 0
Making use of the identity for the Lie derivative of a torsion-free connection

(LxVe)y =V VX — R, X4, (5.8)

the third condition is equivalent to V.V,X* = 2A (69cX?hg, — X*h.;,). From these conditions
we find that a symmetry is of the form

X=w(y)0u+x"(¥)0a,
where x*(y) and w(y) must satisfy:

Daxp) = 0, (DQD[-; + ZAhag)w =0. 5.9

These can be solved explicitly as follows, when A # 0. Let y® — P#(y) with P(y)? = (2A)~!
be an embedding of H"/dS,, into R™! (e.g. as in (3.9)). The Carroll symmetries are given by

Xa (¥) = 0aP" (y) My i P (), w(y) =Py)"T, (5.10)

where (Mj,,,],T") € so(n,1) x R™!. One can check that the resulting algebra of vector fields
coincides with the Poincaré algebra

iso (n,1) = s0(n,1) x R™!, (5.11)

12 We can take e.g. 2A = 14 to match with (2.7).
13 We remind the reader that the Lie derivative of a connection (LxVc)"p is a tensor and, when the connection is
torsion-free, is symmetric in b and c.

21



Class. Quantum Grav. 42 (2025) 205012 J Borthwick et a/

In order to check these results, it is useful to have in mind the identities'* satisfied by the
coordinate functions of the embedding given by P*:

DoDsP (y)" = —2AhasP (y)", h*PDoP(y)' DsP(y)" =0 —2AP(y)" P(y)”. (5.12)

5.2. Carrollian geometry of Spi/Ti

We will realise the Carrollian connection in terms of the asymptotic data (2.4). In order to do
this, we need to relate coordinates on Spi/Ti with Beig—Schmidt charts.

Proposition 5.1. A coordinate system (u,y*) on Spi/Ti naturally defines a Beig—Schmidt
chart'® (p,y®). If (u1,y,%) and (uz,y,%) are two such coordinate systems with uy = u; +w
then

uy =y +w & p2=p1—wpi+ 0 (p}) (5.13)

and the corresponding coefficients kg and o, defined in these charts by (2.4), are related via

kaap (v,) dySdys = (Kiap — 2 (hapw + vy ' DaDpw)) (v)) dyidy!, o1 () = 02(y,)-
(5.14)

Proof. The set {u = 0} for the chosen coordinate system defines a section of Spi/Ti. By defin-
ition, this section defines, in turn, a boundary defining function p up to order 3: p — p + O(p?).

Letu; and u, = u; + w be two charts. The corresponding sections are given, when written in
the first chart, respectively by the equations #; = 0 and #; = —w. One concludes that the second
is obtained from the first via the R-action # — u — w. Once more by definition, this R-action
takes the corresponding boundary function p; to p; —wp? and thus py = p; —wp? + O(p3). It
is then always possible to choose this O(p?) such that the corresponding chart satisfies g,, =
p~2v5 ' (14 po)? to order three in p. The chart (p,y®) itself is then obtained by extending
y© from the boundary to the spacetime through the requirement NV ,y* = 0. Here N* is the
vector field appearing in definition 2.1.

One can now directly compute k;, k», 01 and o, in these charts to find the results or
adapt (2.14), the sign discrepancy corresponding to a difference in passive/active action of
the diffeomorphism. O

5.2.1. Carrollian connection.

Proposition 5.2. Let (u,y*) be a coordinate system on Spi/Ti. Let (p,y*) be the associated
Beig—Schmidt chart and ko3 (y) be the object appearing in the corresponding expansion (2.4).
Taking

1 1
—=zLas = A Rha Y ) 1
2C 8 VO(Zk g +uh B) (5.15)

14 This follows from the covariant derivative Do, of a one-form on the hyperboloid, induced from the n + 1 dimen-
sional metric. Explicitly, for vectors, DQ(V'B OgPH) := 0q (VB 83P“) .= Oa (VB 65P“) +2AV®hygP*, where
L indicates projection on the tangent space of the hyperboloid.

15 At least up to order O(p?) in p. It is in fact well known from [8] that the leading orders p of a boundary defining
function defines a unique Beig—Schmidt chart to every order, but we will not need this result here.
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in the expression (5.4) of a Carrollian connection then defines a Carrollian connection on
Spi/Ti. Moreover, the result does not depend on the coordinates chosen.

Proof. The coordinate expression (5.15) defines, together with (5.4), a Carrollian connection.
Let us now show that it does not depend on the coordinate system. If (u,y%) and (u’,y’") are
related via u’ = u + w we have, making use of (5.14), that upon such change of coordinates,

1

/
1
<2ka5> = Ekaﬁ — (hag + l/O_lDaDﬂ) w, u/haﬁ =uhog +whag,

and thus, if we define C,3 via (5.15),

1 ' 1 ' 1
(2Ca5) =1 ((Zkaﬂ> +u'haﬂ> = 7§Ca[3 — D.Dguw.

This is the consistent transformation law for a Carrollian connection under the change of
coordinate u’ = u + w. We therefore obtain that (5.15) transforms consistently under change of
coordinates and thus that the resulting Carrollian connection is independent of this choice. [l

Remark 5.1. If we apply the formula'® in the fibre for the connection coefficient Vqag con-
structed in [55], wherein the connection was obtained from geometric considerations in the
absence of mass aspect, we would arrive at:

1 _ . 4 1 o
Ecaﬁ_ Fl)lg})uop (u ;Faﬁ (hap + plkas 20ha5)+0(p))+uuoha5

1
=1 <2kaﬁ + (u — O’)/’lag) .

This coincides with (5.15) up to a shift of the trace of k£ by o. Note that this possible alternative
definition for the Carrollian connection suggests that the gauge fixing k — 2no = 0 might be
geometrically more natural, in the presence of mass, than the choice k = 0 which has been used
extensively in the literature.

5.2.2. Carrollian curvature. It is a straightforward computation that the curvature R;.; of
the Carrollian connection at Spi/Ti is given, in a coordinate system (u,y) by:

" 0 2 Dsksy dy® AdyY + vohg~ du A dy”
B=10 R, :

Note that the difference R%,.q — 21/ ¢ [Chd] » between this curvature and the curvature of the
model (5.7) is proportional to

R(h)aﬁ,y(g — 2 5ahh5]5, and D[—ykg]ﬂ- (5-16)

In the situation at hand, these in fact parametrise the curvature of a Cartan connection modelled
on (3.28), see [63]; in particular, the vanishing of the above two tensors is the necessary and
sufficient condition for Spi/Ti to be locally isomorphic to the models (and, for n =3, imply
the leading Einstein’s equations (2.7) and (2.9) for the spacetime; in higher dimensions, the
left hand side of (2.9) then vanishes and yields a further constraint on o).

16 After performing the appropriate rescaling and coordinate change to match the conventions of this paper.
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The curl of k appearing here is also well known to be related to the asymptotic Weyl tensor
of the spacetime, see e.g. [44]. In most of the literature, including [44], it is assumed that the
above curvature vanishes. Therefore, the induced Carrollian geometry must be flat and there
exists C(y) € C*°(dS,/H") such that

kap =2 (vy 'DaDg + hag) C. (5.17)

5.3. BMS group at Ti/Spi

For definiteness we assume, in this section, that we are in the most physically relevant situation
where 70 ~ dS,, | T+ ~ H".

5.3.1. Carrollian symmetries. As was recalled in proposition 3.4, the SPI group coin-
cides with automorphisms of the weak Carrollian geometry (h,,,n"). Preserving the (weak)
Carrollian geometry

LXhab = 0, EXn” = 0,

is equivalent to
X' =w ()0 +Xx*)Oa,

where x“(y)0, is a Killing vector for the metric, £, hqp = 0.
In general, strongly Carrollian geometries (h4,n%,V;) do not have any automorphisms:
the condition

LXVC = Oa

is generically too strong because the connection does not have to be flat. However, the
Carrollian connections (5.15) induced on Ti/Spi are rather special so we might be missing
something. Let us make use of the identity (5.8) to evaluate the corresponding Lie derivative
(LxV )% explicitly

0 (DyDyw + vohgyw + %Ly ks ch”> . (5.18)

E Vca - @
(LaVe)s (0 (LxDy)" g Vey?

Since it is assumed that x® is a Killing vector for /.3, it also is a symmetry of its Levi-Civita
connection D and the second line above is automatically vanishing. Therefore, one sees that
X“ is a symmetry if and only if

14
(DD + vohp,) w = _EO‘CX kg (5.19)

If this equation admits any solution then we in fact obtain a four parameter family of solutions
by further solving the homogeneous equation (DgD~ + 1phg~) w = 0. This would imply that
the geometry is maximally symmetric and therefore coincide with the flat model (3.28). In
general, however, the geometry is not flat and this equation has no solution.

5.3.2. BMS symmetries at Ti and representation on massive fields. As just discussed, in
general, there will be no symmetries of the strongly Carrollian geometry (g, n%, V).

Nevertheless, the Carrollian connections that we are considering are, once again, rather
special: from (5.18) their Lie derivatives (LxV )%, always satisfy n°(LxV.)%, = 0.
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Therefore, one sees that we can always consider the weaker symmetry condition, inspired
from Compere—-Dehouck [15] and Troessaert [17],

h (LxV.) "y =0, (5.20)

which, from (5.18), is equivalent to
(D* + von) w(y) = —%L’Xk(y). (5.21)

where k:=h“Pk,s5. Note that, when expressed in coordinates (u,y*) on Ti, the condi-
tion (5.20) simply means that the trace k := h®? kqp 1s preserved under such transformations
and one thus recovers the condition from [15, 17].
Contrary to (5.19), equation (5.21) always admits solutions. These have already been
worked out several times in the literature, see e.g. [44], we only review their essential features.
At time-like infinity, vy = —|vy|, any regular solution on the hyperboloid H" must be of the
form

wy) =) +wely),

where w(y) is any particular solution while we (y) is entirely parametrised by a free function
£(7') on the sphere $"~! = 9(H") and given by the bulk-to-boundary propagator (3.27). The
algebra of symmetries obtained in this way then coincides with the BMS group. This therefore
proves the following.

Proposition 5.3. The BMS group coincides with the subgroup of diffeomorphisms of Ti leav-
ing (hap,n®,[V,]) invariant, where [V,] is the equivalence class of connection given by the
induced Carrollian connection V , on Ti and the equivalence relation

Vo~ Vg + Tpent®, where n’T., =0, h®T., =0.

By means of a SPI supertranslation, one can in fact always choose a coordinate sys-
tem (u,y*) on Ti such that k=0. These coordinates then realise an explicit isomorphism
BMS, ;| =~ SO(n, 1) x E[1](S"~!) given, at the level of the algebra, by

(&Xa (,Y)) = Xa:wé (.Y)au+Xa (y)aa (5.22)
with x(y)9, € s0(n,1) aKilling vector on H" and £(z') € £[1](S"~!) a weight one conformal
density on the celestial sphere, and we (y) given by (3.27).

Longhi-Materassi BMS representation on massive fields
Combining the previous discussion with proposition 3.5, we obtain a geometrical representa-
tion of the BMS group on massive fields.

Proposition 5.4. Massive fields at Ti form a (unitary irreducible) representation of the BMS
group realised by

pluy) wotws)y' ) = al) —al)e W),

where we(y) is the function on H" given by (3.27).

This representation is isomorphic to the canonical realisation of Longhi—-Materassi [66].
As we previously pointed out, from the perspective of McCarthy’s classification of BMS
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UIRs [78-86]), this representation is rather specific: a precise description of how this rep-
resentation fits into the classification can be found in [87, 88], see in particular section 5 of
[88]. For completeness, we summarise here some relevant points: first, as should be clear from
the present exposition for example, the Longhi—-Materassi BMS UIR is obtained by extending
the usual (scalar) massive representation of the Poincaré group to the BMS group. In fact, it
follows from McCarthy’s work that all UIRs of the Poincaré group similarly lift to BMS UIRs:
these are the hard BMS representations of [87, 88] and, by definition, they are therefore in 1-1
correspondence with usual (Poincaré) particles. Generic BMS particles (i.e. BMS UIR) have
a much less straightforward interpretation as a quantum superposition of usual particles in all
possible gravity vacua, see [87]. Secondly, hard representations are almost uniquely singled out
by the requirement that their BMS little group and their Poincaré little group coincide (see the-
orem 5.1 in [88]). For the massive hard representation of proposition 5.4 this is in fact exactly
the case: the Longhi—Materassi representation of proposition 5.4 is the unique BMS UIR with
BMS little group SU(2) (in the present article we restricted ourselves to scalar fields but this
results extends straightforwardly to all spins, with BMS spins corresponding to a choice of
UIR of the little group).

5.3.3. BMS symmetries at Spi and the matching conditions. = We recall that the metric defin-
ing de Sitter space dS,, with scalar curvature n(n — 1)1y is given, in the standard coordinate
charty® = (¢,9) € R x "7, by:

1
has, = — (—dy? + cosh?ep dY* 1) .
Vo

In particular, it comes with a parity map Y : dS,, — dS,,, unique up to SO(n, 1), given by
1= (¢, 9) = (=¢,a"), (5.23)

where a : §"~! — §"~! is the antipodal map on the celestial sphere.
At space-like infinity, vy = |1 and regular solutions of (5.21) on de Sitter dS" must be of
the form (see e.g. [18, 44])

w(y) = () +wf () +wi (), (5.24)
where wo(y) is any particular solution, wg ) and wg, (v) are respectively odd and even for the
parity

* 0 __ o *x E _ E
TW&——(JJg, TLU£/—W£/,

and are parametrised by free functions £(z) and ¢’(z) on the sphere S"~!. In other words, while
at Ti the condition (5.20) was enough'” to single out the BMS group as a group of symmetry,
at Spi this will generically lead to twice as many free parameters. In order to select a unique
BMS group, one in fact needs, as first explained by Troessaert [17], to impose an extra parity
condition. We will here interpret this condition in terms of the Carrollian geometry of Spi.

As explained in appendix A, there is a natural discrete symmetry P acting on the model of
Spi. In particular, this implies that the (strong) Carrollian geometry of the model is invariant
under this discrete symmetry.

Having in mind the goal of generalising this property in the curved setting, we introduce a
notion of parity for Carrollian geometry.

17 Together with the crucial requirement that the solution be globally defined on time-like infinity Z+ ~ H".
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Definition 5.1. We will say that a map P : Spi — Spi is a parity of Spi if

i) it is an involution, P? = id,
ii) it satisfies

(Pun®, P*hyp) = (—n, hyy)

iii) the map it induces on dS" is a parity i.e. a non-trivial, time reversing, orientation preserving
involution of dS" for n odd (orientation reversing for n even).

If (u,y®) is a set of coordinates on Spi then a parity must be of the form
P:(u,y®) = (C(y) —u,T"y%) (5.25)

where C is even under de Sitter parity Y *C = C. This last condition follows from the require-
ment that P is an involution. Indeed, we have

P2 (u,y™) = (u—C(y) + T*C () y%). (5.26)

Definition 5.2 [Even Carrollian geometry at Spi]. A (strongly) Carrollian geometry
(n*, hap, V) at Spi will be said to be even if there exists a parity P : Spi — Spi such that

PV =V. (5.27)

As discussed in appendix A, globally flat Carrollian geometries on dS,, are always even. In
general however, a Carrollian geometry (n%, i, V) need not satisfy this property: the require-
ment that such a symmetry exists is an extra condition restricting the space of admissible con-
nections. In the coordinate system (u,y®) such that P is of the form (5.25) the condition (5.27)
reads

T* (kap +2 (g 'DaDs +hag) CE(y)) = — (kap +2 (V5 'DaDp +hap) CE(v)), (5.28)

where we here emphasised that CX = %C must be even. In other terms, kq5(y) must be odd
under parity of dS,, possibly up to a pure gauge even contribution. This is essentially the
parity condition at spatial infinity from [44] and is very reminiscent of the boundary condi-
tions imposed on the Cauchy data at spatial infinity by Henneaux and Troessaert [67, 69], see
also [22, 23, 95]. On can always adapt our coordinate system to choose 2C¥ = C = 0 and this
recovers the parity condition from [44]

Y kop = —kap- (5.29)

Note, however, that we never had to require here that the the connection is flat, which is always
implied in [44].

By construction, in this preferred set of coordinate, the subset of (5.24) preserving the extra
symmetry will be of the form w(y) = w(y) + wfo(y). Similarly to the situation at Ti, we can
now improve these coordinates to set k =0 and this then realises an isomorphism BMS, ;| ~
S0(n, 1) x E[1](S"~1):

(Ex“0) = X'= Wgo ) Ou+ X" (¥) Oa-
We thus proved

Proposition 5.5. Let (n® hy,,V,) be an even Carrollian geometry at Spi. The BMS group
coincides with the subgroup of diffeomorphisms of Spi leaving invariant (hgp,n®,[V,]) where
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[V,] is the equivalence class of even connections given by the induced Carrollian connection
V. on Spi and the equivalence relation

Ve~ Ve + Thent®, where 1T, =0, hT,, =0, Y T =—T..

At this stage, one might want to see how this parity reasoning applies to charges. Similarly,
one might wonder how Strominger’s matching conditions, that are a consequence of the parity
conditions [18, 20, 22, 23, 44, 95], are realised in this geometrical setting. We will discuss
these aspects in a subsequent work.

6. Discussion

The present work intended to highlight new definitions, definitions 3.1 and 3.2, for exten-
ded boundaries Spi ~ R x 7% and Tit ~ R x Z* at spatial and timelike infinity respectively;
these were first introduced in [54, 55] for projectively compact spacetimes. Although project-
ive compactness implies that the mass aspect is vanishing (see section 2.3), the present work
demonstrates that this assumption can be lifted without any harm.

Our definition cleanly ties up and relates two similar constructions which have appeared in
the literature. As we explained in section 3.4, when both construction make sense, the present
definition at spatial infinity is naturally identified with the extended boundary of Ashtekar—
Hansen [96]. What is more, when applied to Minkowski space, the obtained extended bound-
aries are canonically identified with the homogenous space (1.1) introduced by Figueroa
O’Farrill, Have, Prohazka and Salzer.

We also sought to demonstrate how efficient this construction is in capturing the essence
of the physics occurring at time-like infinity: the extended boundaries are naturally equipped
with (weak) Carrollian geometries and asymptotic symmetries of the spacetime are identi-
fied, through this construction, with Carroll automorphisms, see proposition 3.4. Moreover,
massive fields naturally induce on Ti an invariant notion of scattering data, see propositions
3.1 and 3.3. It follows that scattering data for massive fields on Ti carry a (unitary irreducible)
representation of the asymptotic symmetry group, see proposition 5.4. The scattering data are
identified with the Carrollian fields which were constructed in [59] by means of representation
theory. The present construction allows to go one step further for Minkowski space: spatial
geodesics emanating from points of Minkowski space naturally define a four-parameter space
of cut of Ti, see equation (4.7). Massive fields are then recovered from the scattering data by
a Kirchhoff-type formula involving integration over these cuts, see proposition 4.1.

Finally we proved, see proposition 5.2, that Ti and Spi are examples of (strongly) Carrollian
manifolds; the asymptotic geometry of the spacetime naturally induces on Ti/Spi a Carrollian
connection. This is in complete parallel with the geometry of null infinity [61, 63, 97] and ties
up with the known physics at time/spatial infinity in the following way: when the Carrollian
geometry is flat, it selects a preferred Poincaré group of symmetry at Time/Spatial infinity (see
section 5.1). When the geometry is not flat, a weaker notion of symmetry of the Carrollian
connection allows to select a preferred BMS group inside the SPI group, see propositions
5.3 and 5.5; this gives a geometrical realisation of Troessaert’s condition [17]. In particular,
the parity condition, usually imposed in this context, follows from requiring that the discrete
symmetry of the model, described in details in appendix A, is still present in the curved setting.

We hope that the present article convinced the reader that, despite the seemingly abstract
form of definitions 3.1 and 3.2, Spi and Ti are very practical constructions in nature and
allow to put in a coherent framework physical aspects of spatial and time infinity (massive
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fields, Carroll geometries, asymptotic symmetries and parity conditions) which might other-
wise appear falsely disconnected.

There is in fact more to this construction. It turns out that equations (2.9) have a projective
invariance which allows us to consistently add a projective boundary Ti = R x §*~! (for Spi
the boundary is disconnected with past and future components) to Ti/Spi . For Minkowski
space these boundaries, are identified with null infinity and, in the curved case, encode gravity
vacua. This will be discussed in a subsequent work.
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Appendix A. Models of Ti and Spi

We here briefly review the flat model of Ti and Spi introduced in [1] . We particularly emphasise
the realisation of a discrete parity symmetry.

We will here use the notation Y* € R™! to denote vectors of Minkowski space and n wv the
corresponding Minkowski metric. Consider the ambient space R"+12 and let

Y+
yr | e RMH12, ¢ e RV (A.1)
-

be corresponding vectors. We take the ambient space to be equipped with a metric /;; of sig-
nature (n+ 1,2) and a preferred vector null I/ given by

0 0 1 1
hy=(0 7w 0], r'=10]. (A.2)
1 0 0 0

The action of the Poincaré group ISO(n, 1) on the ambient space is then obtained by con-
sidering the subgroup of SL(n + 3) preserving h;; and I. It can be parametrised as

1 —mr, T, —3T°
My=10 m*, ™ |, (m,, ") € SO(3,1) x R>!. (A.3)
0 0 1

It is typical, when considering this model, to quotient by the action of

P: Rn+1,2 N Rn+1,2

YI — _ YI (A4)

We shall not do that here; rather, as we shall see, this map acts as natural discrete symmetry
of Spi.
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A.1. Minkowski space compactifications

From the ambient space, we obtain (two copies of) a trivial bundle over Minkowski space
R x M™! by considering the open subset
ES = {Y eR""2 |V, =+1}. (A.5)
The isomorphism is straightforwardly given by:
RxM»!  — E*
u
(u,x*)  — xt
+1

(A.6)

Penrose’s conformal compactification is recovered by taking Y’ to be in the null cone (i.e. by
restricting to u = :F%Y“ Y”n,,,) while projective compactification is obtained by quotienting
by the lines of I’. If we stick to the ambient space, we obtain instead the extended boundaries.
See [54, 55] for further discussions and extension of this ambient picture in the curved case.

A.2. Extended boundaries

From the ambient space, the different boundaries of Minkowski space are obtained by consid-
ering

B:={Y eR""2|I'Y'hy = o}/N (A.7)
where Y/ ~ \Y", ) € R*. The boundary B ~ §"*! decomposes as
B=Titu st uSpil.s~ UTi- U{Iyu{-1}, (A.8)

where

Tit :=BN{Y e R""2 | Y'Y'h;; = —1, Y* future oriented},

ST :=BN {Y’ e RHH12 | Y'Y/ h;; =0, Y* non zero, future oriented} ,
Spi:=BnN {Yl e R YV by, = 1},

S~ =BN{Y e R"""2 | Y'Y'h;; =0, Y non zero, past oriented } ,

Ti" :=Bn{Y e R"""? | Y'Y h;; = —1, Y* past oriented} . (A.9)

The subset B C RP"*2 here is a boundary for E¥ = R x M"! in the sense that
RP"™2 —Et UBUE". (A.10)

Once again, Penrose’s conformal compactification is obtained by intersecting the above with
the null cone of the ambient space and projective compactification is obtained by quotienting
the above by the lines of /. We will now briefly describe coordinates on the different compon-
ents of the boundary and discuss the action of the discrete symmetry (A.4).

Past and future null infinity
Adapted coordinates are given by

Rxs—1 — FE
wd) o (o] e @)= 2 ) (A11)
0
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The discrete symmetry, P : Y — —Y!, sends £ 1 to .# . This induces, in terms of the above
coordinates, an antipodal map of the sphere.

Past and future Ti
Adapted coordinates are given by

RxH' — Tit

) o PM“@) where P (y) ;:( ;“’2). (A.12)
0

The discrete symmetry, P : Y/ +— —Y/, sends Ti" to Ti~. This induces, in terms of the above
coordinates, a parity map on the hyperboloid.

Spi
Adapted coordinates are given by

RxdS, — Spi

u sinh (v)) -
where P (y,0)" := <cosh(1/1) 9i ] 97 =1.

u

(u,0,9") = | P(,0)"
0

(A.13)

The discrete symmetry, P : Y/ — —Y!, is here an automorphism of Spi which induces on dS,,_;
the usual parity map. In particular, the whole Carrollian geometry must be invariant under this
transformation. This is this symmetry that the matching condition at Spi generalises.

Appendix B. Stationary phase approximation

There appears to be some discrepancy in the literature regarding the phase factor e appear-
ing in the result of the stationary phase approximation (see (3.13)). For this reason, we briefly
provide some elements of justification. Since both parts of the integral can be treated in a
similar fashion, we will only consider:

mn—l d"k ;
22m)" ) V14,2

The important point is that the phase in the integrand is of the form:

mP-X=p~lok), <p(k):m(—\/k2—|—1\/1+yzsgn(t)+k-y). (B.2)

(k)emPX (B.1)

At fixed X = p~ly lying within the light-cone of the origin, ¢ has one critical point at k =
sgn(?)y, at which:

e(y)=—sgn(t)m and (Hess ¢ ()5 = —msgn (t) hap. (B.3)

In particular, the Hessian is of rank n, definite negative when ¢t > 0 and definite positive when
1 < 0, whilst its determinant A(y) = Hess o(y) satisfies:

VIA(y)I=\/%~ (B4)
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Plugging this into the stationary phase approximation '8:
i 27\ ? . " .
/ g ~ 37 (D A (x0) | 7270 T g (x0) ) +okF),  (B.S)
Xo

where A and o are respectively the determinant and the signature'® of the Hessian and where
the sum is on all critical points (which must be non-degenerate), we obtain in the limit of
timelike infinity (p — 07),

n—1 n . 5—1
m d'k PATRL S

220) ma( )e 2(2n)

In order to provide some intuition for the phase factor, it can be interesting to review the 1D
case, to which multidimensional problems reduce through a diagonalisation argument exploit-
ing the Morse lemma [99, Lemma 3.2.3]. For simplicity, suppose that f € C5°(R) and consider:

e7isgn(t) (mp_]+n%)a (y) . (B.6)

[SIE]

/ e £(x) dx. (B.7)
R

Since f has compact support the integral is in fact over [—d, §] for some ¢ > 0. Using Taylor’s
theorem, we can write f{x) = f{0) + xf; (x) where f is smooth function and:

/ eMF(x) dx = £(0)e™M dx + / fixe™ dx. (B.8)
R [x|<o x|<8
Integration by parts in the second integral leads to:
; 1
fixe™ dy = 0(5). (B.9)
Ixl<s A

The first integral, on the other hand, can be evaluated using Cauchy’s integral theorem for
the holomorphic function z — eiZ over the contour represented on the figure 2. Indeed:

VAS
L 2f(0 .

lim £(0)e™dx= lim 0] / e du. (B.10)

A——4o0 |x|<6 A—+o00 \/X 0

iR
o Coo
Co R
Figure 2.

18 For a derivation, see for example [98, (S.P.) on p6].
19 In this context: number of positive eigenvalues—number of negative values.
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The integral on the C, curve is o(\%)’ and thus:

Vs ' vas 1
el““du:e‘%/ e ¥ dx+O(—= (B.11)
/0 0 VA

_ YTz
: +0(7. (B.12)

Overall, we obtain the result:

/em PR \/7]( 1eT 4ok )_ (B.13)
R

If a minus sign was present in the exponential, the appropriate contour would pass instead
through the lower half-plane, resulting in a phase of —7. This explains why the signature of
the Hessian is involved.

Appendix C. Connection and curvature forms for the Levi—Civita connection
of the physical metric g

In this appendix, for reference and the convenience of the reader, we provide some inter-
mediate computations. We recall that ¢ = ﬁg where g admits the asymptotic expansion in
equation (2.4).

Assuming v is a constant, the connection and curvature forms of the Levi—Civita connec-
tion in the coordinate chart (x°,x%) = (p,y®) are given by:

Connection forms: w! := T dx*

2
A= (2400 p0) +0(p)) o+ pl0uc +o(1) 0, )
1
Wl = p(Dqo+0(1))dp+ pry (hag —p <3aha3 — Zka/g) + 0(,0)> dy?, (C2)
—1
w§ = —V(J? (0% — p (k*P0go —300%0) +0(p))dp
1 1
+ ’ <—5g +p <2k§ - 05§> +0(p)) dy?, (C.3)
wg = p (—55 +p <2kﬂ — U5ﬂ> —|—0(p)) dp (C.4)

o 1
- (I‘(”) gyt P <D(7kg) —2D(,005) — 5D (kgy — 2ah,37)) +o (p)> dy’. (C.5)

Curvature forms: € := dw/ + wj A w = 1R, dx" A dx"

Jjmn

Qf =04 (1)dp Ady* + 045 (p) dy™ A dy”, (C.6)
Q% = p(—DsD oo — avphpe +o(1))dp Ady” (C.7)

1
+ p*vg (D(Wka)(; +5Ds (kary —20hay) + 0 (1)) dy? Ady?, (C.8)
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-1
1
0 = VOT (DD 0 + 19065 +0(1))dp A dy” + (2D7k/°3‘ —|—0(1)) dy? Ady?, (C.9)

I
0% =

1
=2 (DskS — Dkpo +0(1)) dp Ady” + (ZR(”) s — uoaﬁhﬁ(;) & Ady?  (C.10)

(0% a 1 (o34
+p <D5 ((D(A/kﬁ) —2D 065 — ED (kgy — 20h57)>) +o (1)) dy” Ady°
(C.11)

1
+ po (2 (kShps — kpsdS) +20hps505 + 0 (1)) dy” Ady’. (C.12)

Ricci tensor: R, := Q';(e;, 1) V¥ Vx* From the above, one can deduce immediately the
expression of the Ricci tensor.

—1

Roo = J’OT (D0 + o +o(1)) (C.13)
1

Rua = 5 (Dsk] — Dk +0(1)), C.14)

1 1
Rop = (Rg;; — (n= 1) ohap) + p(EDaD5k+ (n—3)DoDso — EDzkaﬂ (C.15)

1 1 5
+ 1 (2khaﬁ +3 (n—2)kap + (n— 3)haﬁa> —R"_ pky) +o(p), (C.16)
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