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1 Introduction

The AdS/CFT correspondence [1–3] has been extensively used to study the thermodynamic
and transport properties of strongly correlated quantum field theories at finite temperature.
Applications of the correspondence to many areas of physics, such as quantum chromody-
namics (QCD) [4, 5] and condensed matter physics [6, 7], have been studied in the last
two decades. In this paper, we focus particularly on critical phenomena at a tricritical
point (TCP) that is one of universal phenomena in QCD and condensed matter physics.
In QCD, there is a TCP associated with the chiral phase transition in the chiral limit [8].
In condensed matter physics, on the other hand, a TCP can be observed, for example, in
a metamagnet such as a FeCl2 crystal [9, 10].

In the context of the AdS/CFT correspondence, there are in general two different
approaches to study the holographic dual description of QCD or condensed matter physics:
a top-down approach and a bottom-up approach. For example, one of the QCD-like models
in the top-down approach is the D3/D7 model [11], where the D3-branes represent the gauge
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degrees of freedom and a probe D7-brane represents the flavor degrees of freedom in the dual
field theory. To be precise, the D3/D7 model is dual to the N = 4 supersymmetric Yang-
Mills theory with the N = 2 hypermultiplets. The dual system undergoes the chiral phase
transition at finite temperature in the presence of the magnetic field and the baryon number
density [12] (see also [13, 14]), although the transition is between the different classical
solutions in the bulk picture. Considering the massless quark, the TCP associated with
the chiral phase transition emerges [12] as in QCD. The corresponding Nambu-Goldstone
modes have been studied in [15, 16]. In this paper, we investigate the critical phenomena
at the TCP in the D3/D7 model.

In general, critical phenomena are characterized by a few critical exponents associated
with the critical behaviors of the physical quantities. The critical exponents are related
to each other through the scaling relations which are justified by the scaling hypothesis
in the vicinity of the critical point. Phenomenologically, the Landau theory presents an
effective description of critical phenomena near a critical point. In the conventional Landau
theory, critical exponents take the mean-field values and a system belongs to the mean-
field universality class. However, it is not so obvious that the tricritical phenomena in the
D3/D7 model obey the scaling theory and the Landau theory because the system is not a
standard statistical system but a classical gravity system. In this paper, we numerically
determine the values of the critical exponents and confirm if the scaling relations among
them are satisfied at the TCP. Then, we determine the universality class of the TCP in
the chiral phase transition of the D3/D7 model. This is the main purpose of this paper.
The analysis of the tricritical phenomena in this paper will follow the discussion in [17].

One of the motivations of this paper is to reveal the difference between the tricritical
phenomena in the equilibrium regime and the non-equilibrium regime. The author studied
tricritical phenomena in the non-equilibrium steady state using the D3/D7 model [18],
where we employ the current density as a parameter. In [18], we found that the tricritical
phenomena is asymmetric with respect to the chiral symmetry restored (χSR) phase and
broken (χSB) phase. Furthermore, the values of the critical exponents (γ, ν) in the χSB
phase are not the mean-field values, whereas those in the χSR phase are the mean-field
values. Note that the other critical exponents determined in [18] agree with the mean-field
values irrespective to the χSR phase or χSB phase. That is why we study the tricritical
phenomena in the equilibrium regime and compare them to those in the non-equilibrium
regime.

The paper is organized as follows. In section 2, we present a review of the scaling
theory at a TCP. In section 3, we discuss the tricritical behaviors in the framework of the
Landau theory. In section 4, we introduce our holographic setup and present the main
results of this paper, that is, the tricritical phenomena in the D3/D7 model. Section 5
is devoted to conclusion and discussions. In the appendix, we discuss a method for the
calculation of the Green’s functions in the χSB phase.
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Figure 1. Schematic phase diagram of a system in which a TCP emerges. We use temperature T ,
chemical potential µ, and quark mass m as parameters. The left panel shows the phase diagram
of the m = 0 plane. The blue double and red solid line denote the first and second order phase
transition points, called the triple line (Lτ ) and λ-line (Lλ), respectively. The point P denotes the
TCP. In the three dimensional phase diagram (right panel), two extra red lines denote the second
order phase transition points, corresponding to the lines of the critical end points (L±). The gray
shaded surfaces denote the first-order phase transition points.

2 Scaling theory of tricritical points

In this section, we briefly review the scaling theory of TCPs. A critical point is defined
as the end of a two-phase coexistence line. In analogy, a TCP is defined as the end of a
three-phase coexistence line, the so-called triple line. The most essential feature of critical
phenomena is a singular behavior of physical quantities, such as the order parameter and
susceptibilities, in the vicinity of the critical point or the TCP. In general, the scaling
theory is a strong tool for studying the critical behaviors.

We suppose a system in which a TCP emerges, such as a metamagnet or quark matter
in the chiral limit. With a chiral symmetry breaking in mind, we consider the phase
diagram as shown in figure 1, where we employ three parameters: temperature T , chemical
potential µ, and quark mass m. Note that the quark mass m is an external source that
explicitly breaks the chiral symmetry. In the plane of m = 0 (left panel of figure 1), there
are lines of first- and second-order phase transitions, called the triple line (Lτ in figure 1)
and the λ-line (Lλ in figure 1), respectively. By definition, the point P denotes the TCP.

The λ-line (T ≤ Tt) can generally be expanded near the TCP as

µλ(T ) = µt −A0
T − Tt
Tt

+ · · · , (2.1)

where µt and Tt are the chemical potential and temperature at the TCP. The dots denote
higher order terms in T − Tt. The triple line for T ≥ Tt can be written as

µτ (T ) = µt −A0
T − Tt
Tt

+ · · · . (2.2)

Here, we assume that the λ-line and the triple line are asymptotically parallel at the TCP.
Thus, a positive constant A0 relates to the slope at the TCP. We introduce the scaling
fields:

t = T − Tt
Tt

, g = (µ− µt) +A0t, h = m. (2.3)
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Note that the TCP is at t = g = h = 0. One can see that the path of |t| → 0 with g = 0 is
approaching the TCP and asymptotically tangential to the phase boundary.

A tricritical scaling hypothesis can be formulated in terms of the scaling fields t, g,
and h [19, 20]. We assume that the singular part of the free energy in the vicinity of the
TCP can be written as

Gsing(t, g, h) ' |t|2−αG(±)
(
g

|t|φ
,
h

|t|∆

)
, (2.4)

where G(±)(x) is the scaling function which is assumed to be regular at the TCP. The
superscript (±) represents the sign of t. The exponents (α, φ,∆) are the tricritical expo-
nents. To be specific, α is called the thermal exponent and (φ,∆) are called the crossover
exponents. In order to describe the critical behaviors near the TCP correctly, the scaling
function G(±)(x) must satisfy some requirements, which leads to some scaling relations
between the critical exponents. Similarly, the scaling hypothesis can also be written as

Gsing(t, g, h) ' |g|2−αtG(±)
t

(
t

|g|φt
,
h

|g|∆t

)
, (2.5)

where the sets of exponents (αt, φt,∆t) are related to (α, φ,∆) through

2− αt = 2− α
φ

, φt = 1
φ
, ∆t = ∆

φ
. (2.6)

The exponents (α, φ,∆) describe the leading singular behavior when we consider a path
to the TCP that is tangential to the phase boundary, whereas (αt, φt,∆t) characterizes
the singular behavior along a path to the TCP at a finite angle with the phase boundary.
Hence, we distinguish between the critical behaviors along a path that is tangential and not
tangential to the phase boundary. We will denote the subscript t for the critical exponents
in the latter case, that is, a path that is not tangential to the phase boundary.

Let us see the scaling relations that should be satisfied near the TCP. Here, we first
consider a path tangentially approaching to the phase boundary. The order parameter is
defined by

σ(t, g, h) = −
(
∂Gsing
∂h

)
t,g
, (2.7)

where the derivative is evaluated with other variables (t, g) fixed. Similarly, we define the
“density” by

σ2(t, g, h) = −
(
∂Gsing
∂g

)
t,h

. (2.8)

Since it is natural to assume that the derivative of the free energy can be applied to the
scaling hypothesis, the order parameter and density can also be written as the following
scaling forms near the TCP:

σ(t, g, h) ' |t|βM(±)
(
g

|t|φ
,
h

|t|∆

)
, σ2(t, g, h) ' |t|β2M(±)

2

(
g

|t|φ
,
h

|t|∆

)
, (2.9)
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whereM(±)(x, y) andM(±)
2 (x, y) are given by

M(±)(x, y) = − ∂

∂y
G(±)(x, y), M(±)

2 (x, y) = − ∂

∂x
G(±)(x, y). (2.10)

The exponents β and β2 are defined by the critical behavior of the order parameter and
density in the vicinity of the TCP, respectively. The scaling forms of (2.9) imply the scaling
relations:

β = 2− α−∆, β2 = 2− α− φ. (2.11)

In addition, the corresponding susceptibilities are defined by

χ(t, g, h) =
(
∂σ

∂h

)
t,g
, χ2(t, g, h) =

(
∂σ2
∂g

)
t,h

. (2.12)

In analogy, the scaling forms of the susceptibilities can be written as

χ(t, g, h) ' |t|−γX (±)
(
g

|t|φ
,
h

|t|∆

)
, χ2(t, g, h) ' |t|−γ2X (±)

2

(
g

|t|φ
,
h

|t|∆

)
, (2.13)

where the scaling functions X (±)(x, y) and X (±)
2 (x, y) are given by

X (±)(x, y) = − ∂2

∂y2G
(±)(x, y), X (±)

2 (x, y) = − ∂2

∂x2G
(±)(x, y). (2.14)

Thus, γ and γ2 are defined by the critical behaviors of the corresponding susceptibilities.
Similarly, we obtain the following scaling relations from (2.13)

γ = − (2− α− 2∆) , γ2 = − (2− α− 2φ) . (2.15)

Eliminating ∆ and φ in (2.11) and (2.15), we obtain the scaling relations:

α+ 2β + γ = 2, α+ 2β2 + γ2 = 2, (2.16)

which are known as the Rushbrooke’s scaling relation. The critical behaviors of the order
parameter and susceptibilities along the various paths approaching the TCP in the three-
dimensional space (t, g, h) can be derived from the scaling forms, (2.9) and (2.13). In
particular, considering a path such that |t| → 0 with g = 0 for σ and |t| → 0 with h = 0
for σ2, one finds that the order parameter and density are given by

σ(h) = |h|β/∆ ≡ |h|1/δ, σ2(g) = |g|β2/φ ≡ |g|1/δ2 . (2.17)

Here, we have used the fact that the order parameter must be regular on the path, such as
M(±)(0, x) → xβ/∆ for x → ∞. Combining with (2.11), (2.15), and (2.17), we obtain the
following scaling relations:

γ = β (δ − 1) , γ2 = β2 (δ2 − 1) , (2.18)

which are known as the Widom’s scaling relation. Moreover, eliminating γ and γ2 in (2.16)
and (2.18), we obtain

α+ β(δ + 1) = 2, α+ β2(δ2 + 1) = 2, (2.19)

which are known as the Griffiths’ scaling relation.
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The derivation of the scaling forms for (αt, βt, δ, γt) and (αt, β2t, δ2, γ2t) is straightfor-
ward because the above discussion can also be applied to a path approaching the TCP at
a finite angle with the phase boundary.

In summary, the tricritical exponents (α, φ,∆) characterize the critical phenomena
at the TCP. On the other hand, we define the exponents (α, β, δ, γ) associated with the
singular behaviors of physical quantities. These four exponents are not independent of
each other and are related through the scaling relations because only the three exponents
(α, φ,∆) are independent. In other words, the scaling relations will serve as the consistency
check for the validity of the scaling hypothesis.

The scaling hypothesis can be applied to the correlation function which depends on
the spatial coordinate ~x. In momentum space, we assume that the correlation function is
written in the following scaling form:

G(t, g;~k) = kη−2C(±)
( |t|
k1/ν ,

|g|
k1/νt

)
, (2.20)

where k = |~k|, and C(±)(x, y) is the scaling function. The exponent η is called the anomalous
dimension. At the TCP (t = g = 0), this scaling form is given by

G(k) ∝ kη−2. (2.21)

Here, ν is defined by the critical behaviors of the correlation length, as we will explain
later. If we first take the limit of k → 0 in (2.20), the correlation function corresponds to
the susceptibility. Assuming that the scaling function is regular for k → 0, we obtain the
following scaling relations:

γ = ν(2− η), (2.22)

which is known as the Fisher’s scaling relation. Note that the similar discussion can be
applied in the derivation of the scaling relations for (γ2, ν2, η2). Here, one expects ν = ν2
because the singular behavior of the correlation function is characterized by the single
length scale, the correlation length. For a path approaching at a finite angle with the phase
boundary, we obtain the Fisher’s scaling relation of the exponents with the subscript t.

3 Landau theory of tricritical points

In this section, we briefly review tricritical behaviors in the framework of the Landau theory.
In section 3.1, we begin with the free energy functional, the so-called Landau free energy,
and derive the critical behaviors and the scaling relations. Here, we assume that the order
parameter is spatially uniform and show the critical exponents (α, β, δ, γ). In section 3.2,
we study the critical phenomena associated with the correlation function by considering
the spatial dependence of the order parameter. Here, we show the critical exponents (ν, η).

3.1 Critical exponents from free energy

In the vicinity of the TCP, we expand the free energy functional in powers of the order
parameter up to a sixth-order term

Φ(σ;T, µ,m) = Φ0 −mσ + a

2σ
2 + b

4σ
4 + c

6σ
6, (3.1)
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where we assume that the first term Φ0 contributes only to a regular part of the free energy.
Furthermore, we also assume that c is a positive constant, while a and b depend on T and µ.
For our present purpose, we do not consider the σ3 and σ5 terms without loss of generality.
The free energy is invariant under the transformations of m→ −m and σ → −σ, implying
the phase diagram is symmetric with respect to the plane of m = 0. Therefore, we refer to
the plane of m = 0 as the symmetric plane. The expectation value of the order parameter
is given by the condition for a local minimum of the energy functional:

∂Φ
∂σ

= 0 ⇐⇒ m = aσ + bσ3 + cσ5 (3.2)

First, we consider the symmetric plane (m = 0). In this case, the only solution is
σ = 0 for positive a and b, which corresponds to the symmetry restored phase. For a < 0
and b > 0, on the other hand, σ = 0 is the local maximum of Φ, and we obtain the two
local minimum solutions:

σ± = ±
(
−b+

√
b2 − 4ac

2c

)1/2

, (3.3)

where the subscript ± denotes the sign of the right hand side. Since σ → 0 in the limit of
a → 0, the line of a = aλ(b) = 0 can be identified as a line of critical points, the λ-line.
For b < 0, there are two specific values of a. One is a = b2/(4c), above which the non-zero
solutions σ± appear, whereas below which σ = 0 is the only solution. The other is the
value at which the three phases coexist:

Φ(σ±) = Φ(0) ⇐⇒ a = 3b2

16c . (3.4)

In other words, the line of a = aτ (b) = 3b2/(16c) is the three-phase coexistence line, the
triple line. The TCP is defined by the end point of the triple line, namely a = b = 0.

In the vicinity of the TCP, we assume that the coefficients a and b depend analytically
on T and µ and are expanded as

a(T, µ) = a1(T − Tt) + a2(µ− µt) + · · · , (3.5)
b(T, µ) = b1(T − Tt) + b2(µ− µt) + · · · , (3.6)

where ai and bi (i = 1, 2) are constants. These constants need to satisfy some conditions
depending on the geometry of the phase boundary. Note that this crucial assumption leads
to the behavior in the mean-field approximation. Furthermore, we rewrite the coefficients
a and b with the scaling fields t and g. Using the definition of the scaling fields (2.3), we
can write

a(t, g) = Ag + · · · , (3.7)
b(t, g) = Bt+ Cg + · · · , (3.8)

where A > 0, B > 0, and C is a constant. Here, a(t, g) does not contain a linear term in
t because the line of g = 0 is the tangential line at the TCP and corresponds to the λ-line
(a = 0) in the linear level.
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To study the critical behavior, various paths approaching the TCP are possible. For
example, let us consider a path a → −0 (T < Tt) with b = 0, which is not asymptotically
tangential to the phase boundary. Then, we find that the critical behavior of the order
parameter is given by

σ± = ±
(√
−4ac
2c

)1/2

∝ |g|1/4, (3.9)

where we obtain βt = 1/4. We consider another path along the triple line, b → −0 with
a = aτ (b) = 3b2/(16c). Then

σ± = ±
(
− b

4c

)1/2
∝ |t|1/2, (3.10)

where we obtain β = 1/2. Note that the difference between these two values of βt and β
results from a choice of the path to the TCP as discussed in the previous section.

Here, we attempt to write the order parameter as the scaling form. For our convenience,
we introduce new scaling fields g̃ ≡ a/c1/3 and t̃ ≡ b/c2/3, (3.3) can be written as1

σ̃(t̃, g̃) ≡
√

2c1/6σ± = ±
(√

t̃2 − 4g̃ − t̃
)1/2

, (3.11)

and this can be written as the scaling form

σ̃(t̃, g̃) = ±
∣∣t̃∣∣βM(±)

(
g̃∣∣t̃∣∣φ
)

= ±|g̃|βtM(±)
t

(
t̃

|g̃|φt

)
, (3.12)

where

M(±)(x) =
(√

1− 4x∓ 1
)1/2

, (3.13)

M(±)
t (y) =

(√
y2 ∓ 4− y

)1/2
, (3.14)

with β = 1/2, βt = 1/4, and φ = φ−1
t = 2.

Now we study the critical behavior of the chiral susceptibility given by

χch ≡
∂σ

∂m

∣∣∣∣
m=0

= 1
a+ 3bσ2 + 5cσ4 , (3.15)

where we obtain this by differentiating (3.2) with respect to m. Here, σ is the solution
given by (3.3), and we omit the subscript ±. Along the path considered in (3.9), the chiral
susceptibility is given by

χch = − 1
4a ∝ |g|

−1, (3.16)

1The scaling fields t̃ and g̃, introduced instead of t and g, are convenient to describe the scaling forms.
However, when we consider the two typical paths, namely a path that is asymptotically tangential to the
phase boundary and not tangential, the critical behaviors with either scaling field can be described in the
same way. For instance, a path a → −0 with b = 0 corresponds to g → 0 with t ∼ g and g̃ → 0 with
t̃ = 0, respectively. Hence, we use t and g for the critical behaviors of each quantity, whereas t̃ and g̃ for
the scaling forms.
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where we find γt = 1. In addition, along an asymptotically tangential path, such as along
the triple line considered in (3.10), we find a different critical behavior,

χch = −4c
b2
∝ |t|−2, (3.17)

where we find γ = 2. The chiral susceptibility is rewritten with the new scaling fields as
follows:

χ̃ch(t̃, g̃) ≡ c1/3χch = 1(
t̃2 − 4g̃ − t̃

√
t̃2 − 4g̃

) , (3.18)

and this can be written as

χ̃ch(t̃, g̃) =
∣∣t̃∣∣−γX (±)

(
g̃∣∣t̃∣∣φ
)

= |g̃|−γtX (±)
t

(
t̃

|g̃|φt

)
, (3.19)

where

X (±) (x) =
(
1− 4x2 ∓

√
1− 4x2

)−1
, (3.20)

X (±)
t (y) =

(
y2 ∓ 4− y

√
y2 ∓ 4

)−1
, (3.21)

with γt = γ/φ = 1. Note that the critical exponent γ can be also defined in the symmetry
restored phase (σ = 0). In this case, χch = a−1 and the critical behavior is the same as
in (3.16).

Substituting the solution (3.11) to the free energy, we obtain the singular part of the
free energy

Φ(t̃, g̃) = t̃(t̃2 − 6g̃)− (t̃2 − 4g̃)3/2

24 , (3.22)

and the scaling form is given by

Φ(t̃, g̃) =
∣∣t̃∣∣2−αG(±)

(
g̃∣∣t̃∣∣φ
)

= |g̃|2−αtG(±)
t

(
t̃

|g̃|φt

)
, (3.23)

where

G(±)(x) = ±(1− 6x)− (1− 4x)3/2

24 , (3.24)

G(±)
t (y) = y(y2 ∓ 6)− (y2 ∓ 4)3/2

24 , (3.25)

with α = −1 and αt = 1/2. From the definition of α in (3.23), the critical exponents α
and αt are related to the singular behaviors of the second derivative of the free energy:

cg ≡ −
∂2Φ
∂t2
∝ |t|−α (along τ -line), χ2 = −∂

2Φ
∂g2 ∝ |g|

−αt (along t = 0). (3.26)

Here, χ2 is the susceptibility with respect to the density and cg is defined as the specific
heat with the scaling field g fixed.
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So far, we have discussed the critical behaviors in the symmetric plane (m = 0). For
finite m, we can study another critical exponents from the behavior of the order parameter
with respect to m. For t = 0 and g = 0, one finds the following relation from (3.2) using
the scaling field h = m,

σ± ∝ |h|1/δ, (3.27)

with δ = 5.
By differentiating the free energy with respect to the scaling field g, we obtain the

density σ2. Applying the similar procedure of the above discussion, we define the critical
exponents associated with the density by

σ2 ∝
{
|g|β2t (along t = 0)
|t|β2 (along τ -line)

, χ2 ∝
{
|g|−γ2t (along t = 0)
|t|−γ2 (along τ -line)

, (3.28)

where β2t = β2/φ = 1/δ2 and γ2t = αt by definition (see (2.17) and (3.26)). In the
conventional Landau theory, we obtain β2 = 1, δ2 = 2, γ2 = 1, and γ2t = 1/2. The scaling
form for σ2 is given by

σ2(t̃, g̃) =
∣∣t̃∣∣β2M(±)

2

(
g̃∣∣t̃∣∣φ
)

= |g̃|β2tM(±)
2t

(
t̃

|g̃|φt

)
, (3.29)

where

M(±)
2 (x) = 1±

√
1− 4x
4 , M(±)

2t (y) = y −
√
y2 ∓ 4
4 . (3.30)

Similarly, the scaling form for χ2 is given by

χ2(t̃, g̃) =
∣∣t̃∣∣−γ2X (±)

2

(
g̃∣∣t̃∣∣φ
)

= |g̃|−γ2tX (±)
2t

(
t̃

|g̃|φt

)
, (3.31)

where

X (±)
2 (x) = − 2√

1− 4x
, X (±)

2t (y) = − 2√
y2 ∓ 4

. (3.32)

In summary, we show the definitions and mean-field values of the critical exponents

σ± ∝
{
|g|βt(along t = 0)
|t|β(along τ -line)

, χch ∝
{
|g|−γt(along t = 0)
|t|−γ(along τ -line)

, (3.33)

cg ∝ |t|−α (along τ -line), σ± ∝ |h|1/δ (at TCP), (3.34)

σ2 ∝
{
|g|1/δ2(along t = 0)
|t|β2(along τ -line)

, χ2 ∝
{
|g|−αt(along t = 0)
|t|−γ2(along τ -line)

, (3.35)

with
αt βt γt δ δ2
1
2

1
4 1 5 2

(along t = 0),

α β γ β2 γ2
-1 1

2 2 1 1
(along τ -line).

Note that the mean-field values of the critical exponents satisfy the scaling relations such
as (2.16), (2.18) and (2.19).
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3.2 Critical exponents from correlation functions

In the above discussion, we have neglected fluctuations in microscopic variables. To study
the behavior of the correlation function, we consider the spatial dependence of the order
parameter. Here, the order parameter is given by the expectation value of the microscopic
fluctuating variable, φ(x):

σ(x) = 〈φ(x)〉 . (3.36)

If we assume that the source m also depends on the spatial coordinate, the free energy
functional is given by

Φ =
∫
d3x

(
−m(x)φ(x) + 1

2 [∇φ(x)]2 + V [φ(x)]
)
, (3.37)

where
V [φ(x)] ≡ a

2φ(x)2 + b

4φ(x)4 + c

6φ(x)6, (3.38)

and we ignore the constant term Φ0. If the source is spatially uniform, the local minimum
of Φ gives a spatially uniform order parameter σ̄ because the gradient term in Φ is non-
negative. The equation of state is given by

m(x) = −∇2σ(x) + V ′ [σ(x)] . (3.39)

Taking the derivative of this with respect to m(y), we obtain

δ(x− y) =
(
−∇2 + V ′′ (σ)

)
G(x− y), (3.40)

where
G(x− y) = 〈(φ(x)− σ̄) (φ(y)− σ̄)〉 = δσ(x)

δm(y) , (3.41)

which is the correlation function of the order parameter. Here, m and σ are taken to be
spatially uniform after differentiation. The correlation function is given by the Ornstein-
Zernicke form:

G(x) = 1
(2π)3

∫
d3k eikx

1
k2 + χ−1

ch
, (3.42)

where χch = V ′′ [σ]−1 is the chiral susceptibility. When |x| is large, the correlation function
behaves as G(x) ∼ exp

(
−|x|/√χch

)
, and the correlation length is given by ξ = √χch.

Thus, the divergence of the correlation length near the TCP is related to that of the chiral
susceptibility:

ξ ∝ |t|−ν ∼ |t|−γ/2, ξ ∝ |g|−νt ∼ |g|−γt/2, (3.43)

with ν = 1 and νt = 1/2. In addition, the correlation function of the order parameter in
Fourier space is given by

G̃(k) = 1
k2 + χ−1

ch
. (3.44)

Since the chiral susceptibility diverges at the TCP, we find G̃(k)|TCP ∼ k−2 and η =
0. Furthermore, using (3.18), the correlation function with the scaling fields t̃ and g̃ is
rewritten as

G̃(t̃, g̃, k) = |k|η−2C(±)
( ∣∣t̃∣∣
k1/ν ,

|g̃|
k1/νt

)
, (3.45)
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where the scaling function is given by

C(±)(x, y) =
(

1 + x2 − 4y − x
√
x2 − 4y

)−1
. (3.46)

The correlation function of the density can also be written as the scaling hypothesis. The
critical exponent η2 for the correlation function of the density is different with η, whereas
ν2 = ν as discussed in the previous section.

In summary, we show the definitions of the critical exponents associated with the
correlation function and these mean-field values [20, 21]:

ξ ∝
{
|g|νt (along t = 0)
|t|ν (along τ -line)

, G̃(k) ∝ kη−2, G̃2(k) ∝ kη2−2, (3.47)

with
νt ν η η2
1
2 1 0 1

.

Here, G̃2 is the correlation function of the density. The exponents η and η2 are evaluated at
the TCP, (t = g = 0). Note that the mean-field values of the critical exponents associated
with the correlation functions satisfy the Fisher’s scaling relation (2.22).

3.3 Critical end point

For finite m, the order parameter at the critical end point has a finite value σ0, and there
is a two-phase coexistence line corresponding to the first-order phase transition line. At
the critical end point (Tc(m), µc(m)), the two minima and a maximum of the free energy
functional coalesce. Hence, the critical end point is determined by the following conditions:

Φ′ = −m+ amσ0 + bmσ
3
0 + cσ5

0 = 0, (3.48)
Φ′′ = am + 3bmσ2

0 + 5cσ4
0 = 0, (3.49)

Φ′′′ = 6bmσ0 + 20cσ3
0 = 0, (3.50)

where am ≡ a (Tc(m), µc(m)) and bm ≡ b (Tc(m), µc(m)). Then, we obtain

σ0 =

√
−3bm

10c , am = 9b2m
20c , bm = − 5

541/5 c
3/5m2/5. (3.51)

Combining them with (3.5) and (3.6), the critical end point for small m is written as

Tc(m)− Tt = − 45a2c
1/5

4 (54)2/5 (b1a2 − a1b2)
m2/5 +O

(
m4/5

)
, (3.52)

µc(m)− µt = 5a1c
3/5

(54)1/5 (b1a2 − a1b2)
m2/5 +O

(
m4/5

)
, (3.53)

which gives the critical behavior of the line of the critical end points near the TCP.
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4 Tricritical phenomena in holography

In this section, we discuss the tricritical phenomena in the QCD-like holographic model,
the D3/D7 model. The D3/D7 model presents N = 4 supersymmetric Yang-Mills theory
in (3 + 1) dimensional spacetime with N = 2 hypermultiplets [11]. For our purpose, we
consider the system with a finite baryon number density and a finite magnetic field so that
the TCP associated with the chiral phase transition emerges.

4.1 D3/D7 model

We consider a stack of Nc D3-branes and a single D7-brane in the (9 + 1) dimensional
spacetime. The intersection of these branes is given by

0 1 2 3 4 5 6 7 8 9
D3 X X X X − − − − − −
D7 X X X X X X X X − −

(4.1)

Taking the large-Nc limit with the large ’t Hooft coupling, the D3-branes can be considered
as the source of supergravity fields in AdS5×S5 in the gravity picture. A finite-temperature
system in dual field theory corresponds to the supergravity in the Schwarzschild-AdS5×S5:

ds2 = 1
u2

(
−f(u)dt2 + du2

f(u) + d~x2
)

+ dΩ2
5, (4.2)

where
f(u) = 1− u4

u4
H
. (4.3)

Here, (t, ~x) = (t, x, y, z) denote the coordinates of the dual field theory in the (3+1) dimen-
sional spacetime and u denotes the radial coordinate of the AdS5 geometry. For simplicity,
the radius of AdS5 and S5 are set to be unity. The location of the black hole horizon is
given by u = uH. dΩ2

5 is the line element of S5 part, given by

dΩ2
5 = dθ2 + sin2 θdψ2 + cos2 θdΩ2

3, (4.4)

where dΩ2
3 denotes the line element of the S3 part. The D7-brane fills the AdS5 part and

wraps the S3 part of S5 as shown in (4.1). The configuration of the D7-brane is determined
by the embedding functions (θ, ψ).

The dynamics of the D7-brane is given by the Dirac-Born-Infeld (DBI) action:

SD7 = −TD7

∫
d8ξ

√
− det (gab + 2πα′Fab), (4.5)

where the D7-brane tension is given by TD7 = (2π)−7(α′)−4g−1
s with the string coupling

constant gs and the string length ls = α′1/2. The induced metric on the D7-brane is given by

gab = ∂XM

∂ξa
∂XN

∂ξb
GMN , (4.6)
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where XM (M,N = 0, · · · , 9) denotes the target space coordinate and ξa (a, b = 0, · · · , 7)
denotes the worldvolume coordinate on the D7-brane. GMN denotes the background metric
given by (4.2). The U(1) gauge field strength on the D7-brane is defined by 2πα′Fab ≡
∂aAb − ∂bAa. For our purpose, we assume the following ansatz for fields:

θ = θ(u), ψ = 0, At = at(u), Ay = Bx, (4.7)

and the other components of the gauge fields are assumed to be zero. Then, the DBI action
can be explicitly written as

SD7 = −NVol4
∫

du cos3 θ
√
−gxx (g2

xx +B2)
(
a′2t + gttguu

)
, (4.8)

where
N ≡ TD7(2π2) = Ncλ

(2π)4 . (4.9)

Here, we used the relation 4πgsNcα
′2 = λα′2 = 1, where λ = 4πgsNc = g2

YMNc is the
’t Hooft coupling, and Vol4 is the volume of the four dimensional spacetime (t, ~x).

Near the AdS boundary, the fields are asymptotically given by

sin θ(u) = mu+ cu3 + · · · , (4.10)
at(u) = µ− ρ

2u
2 + · · · , (4.11)

where, according to the AdS/CFT dictionary, m and c are related to the quark mass mq

and chiral condensate 〈q̄q〉, and µ and ρ are related to the chemical potential µq and the
expectation value of the baryon charge density in the dual field theory [22–24]:

mq = λ1/2

2π m, 〈q̄q〉 = 2Ncλ
1/2

(2π)3 c, (4.12)

and
µq = λ1/2

2π µ, nq = Ncλ
1/2

(2π)3 ρ. (4.13)

Note that ρ is related to the baryon number density which is given by nb = nq/Nc, where
nq is the expectation value of the quark number density [24]. Henceforth, we refer to m, c,
µ, and ρ as the quark mass, the chiral condensate, the chemical potential, and the density,
respectively.

Since the DBI action contains only the derivative terms for the gauge fields, we obtain
the conserved quantity from the equations of motion for at

δSD7
δFut

= gxx
(
g2
xx +B2) a′t cos3 θ√

−gxx (g2
xx +B2)

(
a′2t + gttguu

) . (4.14)

Substituting the asymptotic form (4.11) near the AdS boundary, we find that this conserved
quantity coincides with ρ as ρ = − limu→0 δSD7/δFut. Thus, the solution is given by

a′t(u) =
√

−gttguuρ2

ρ2 + gxx (g2
xx +B2) cos6 θ

. (4.15)
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If ρ = 0, the solution is trivial and we obtain the constant at. For a finite ρ, the chemical
potential is given by

µ ≡ lim
u→0

at(u) =
∫ uH

0
du

√
−gttguuρ2

ρ2 + gxx (g2
xx +B2) cos6 θ

. (4.16)

For convenience, we perform the Legendre transformation of the action with respect
to at(u):

S̃D7 = SD7 −
∫

d8ξFut
δSD7
δFut

= −NVol4
∫

du
√
−gttguu

√
ρ2 + gxx(B2 + g2

xx) cos6 θ. (4.17)

Then, we consider the equation of motion only for the embedding function θ(u). To deter-
mine the configuration of the D7-brane, we numerically solve the equation of motion for
θ(u) obtained from (4.17). There are three types of solutions depending on the boundary
condition in the bulk region: the Minkowski embedding, black hole embedding, and critical
embedding [22, 23]. In the Minkowski embedding, the D7-brane does not reach the black
hole horizon. In the black hole embedding, on the other hand, the D7-brane falls through
the black hole horizon. The critical embedding is between the above two embeddings and
forms a conical singularity at a point of the horizon. In the dual field theory picture, the
Minkowski and black hole embedding are identified as the bound state of mesons, i.e., the
quark-antiquark bound state, and the meson melting state, respectively [22].

Since the system is invariant under a scale transformation, the three scale-free pa-
rameters (m̃, T̃ , µ̃) ≡ (m/

√
B, πT/

√
2B,µ/

√
B) characterize the system. To determine the

thermodynamic stability of the solutions, we define the thermodynamic potential density
with the on-shell action by

Ω(m̃, T̃ , µ̃) ≡ −SD7
NVol4

=
∫ uH

0
du
√
−gttguug2

xx

(
g2
xx +B2) cos6 θ√

(g2
xx +B2) gxx cos6 θ + ρ2 , (4.18)

where we rewrite the action as a function of ρ by substituting (4.15) into (4.8). Since
the integration is divergent at the boundary (u = 0), we introduce a UV cutoff at u = ε

with a small constant ε, and the divergence must be canceled by the counterterm. The
counterterm in our coordinates [25, 26] is given by2

Lct = L1 + L2 + Lf + LF , (4.19)

where

L1 = 1
4N

√
− det γij , L2 = −1

2N
√
− det γijθ(ε)2, (4.20)

Lf = 5
12N

√
− det γijθ(ε)4, LF = −1

4N (2πα′)2
√
− det γijF 2 log ε. (4.21)

Here, γij is the induced metric on the u = ε slice and (2πα′)2F 2 = 2B2 in our setup. By
adding the counterterm to the on-shell action, the divergence at the boundary is renormal-
ized. Thus, we can determine the thermodynamic stability and the phase transition points
for each parameter (m̃, T̃ , µ̃).

2Since the UV cutoff ε is a dimensionful constant, it is natural to describe the logarithmic counterterm
as −(B2/2) log κε, where κ is a dimensionful constant such that κε becomes dimensionless. The choice of
κ is scheme-dependent and provides a finite shift of the on-shell action. For simplicity, we choose κ = 1 as
in [27]. Other choices are discussed in [28, 29].
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Figure 2. The phase diagram for m̃ = 0. The black filled circle and orange filled square denote the
TCP associated with the chiral phase transition and the critical point of the transition between the
meson bound state and melted state, respectively. The blue and red solid lines denote the first- and
second-order phase transition lines, respectively. The gray dashed line denotes the second-order
phase transition line between the meson bound state and melted state, but we do not focus on this
transition in this paper.

4.2 Phase diagram

For the purpose for studying the chiral symmetry breaking, we first consider a massless
quark m̃ = 0. For m̃ = 0, there are two different types of solution in terms of the con-
figuration of the D7-brane: the flat configuration (θ = 0) and the bending configuration
(θ 6= 0). The solutions can be distinguished by the SO(2) rotational symmetry, where ψ
denotes the rotation angle. The SO(2) rotational symmetry in the bulk theory corresponds
to the U(1) chiral symmetry in the dual field theory [30]. Thus, these two configurations
are identified as the chiral symmetry restored (χSR) phase and broken (χSB) phase, re-
spectively. In fact, the chiral condensate c obviously vanishes for θ = 0, and becomes finite
for θ 6= 0. Note that the flat configuration is always the black hole embedding, although
the bending configuration is either the Minkowski or black hole embedding depending on
the parameters. Figure 2 shows the phase diagram for m̃ = 0. As shown, there are three
different phases: the meson melted χSR, meson melted χSB, and meson χSB phase. In
this study, we focus only on the meson melted χSR and the meson melted χSB phase
because we are interested in the critical phenomena at the TCP associated with the chiral
symmetry breaking (black filled circle in figure 2). The blue and red solid lines denote the
first- and second-order phase transition lines, respectively.3

For m̃ 6= 0, the chiral condensate is always finite because the chiral symmetry is
explicitly broken by the quark mass. That is why the λ-line for m̃ = 0 is replaced by the

3Compared to the QCD phase diagram in the chiral limit, the transitions’ orders are reversed in the
D3/D7 model as discussed in [12]. At zero temperature, for example, the transition with chemical potential
is second-order in our model, whereas first-order in QCD [8]. However, the critical phenomena at the TCP
should be independent of the explicit structure of the phase diagram.
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Figure 3. The three-dimensional phase diagram. The black dot denotes the TCP associated with
the chiral transition. The three red solid lines denote the second-order phase transition lines: the
λ-line for m̃ = 0 and two lines of the critical endpoints for m̃ > 0 and m̃ < 0. The blue solid line for
m̃ = 0 denotes the first-order phase transition line, called the triple line. The two orange dashed
lines for m̃ 6= 0 denote the lines of another critical point associated with the transition between the
meson bound state and melted state. The three gray surfaces denote the set of the first-order phase
transition points.

crossover, and the first-order phase transition line and the critical point are appeared for
finite m̃. The set of critical points for m 6= 0 forms the critical line, and ends at the TCP
for m̃→ 0. In this way, the three second-order phase transition lines, the λ-line for m̃ = 0
and two lines of critical end points for m̃ > 0 and m̃ < 0, end at the TCP. Figure 3 shows
the three-dimensional phase diagram near the TCP.

4.3 Tricritical phenomena from background

We study the critical phenomena near the TCP, and numerically determine the critical
exponents introduced in the previous section. In analogy to (2.3), we employ the following
scaling fields in our model:

t = T̃ − T̃t, g = (µ̃− µ̃t) +A0t, h = m̃. (4.22)

First, we analyze the critical behavior of the order parameter, the chiral condensate,
in the symmetric plane (h = 0). Figure 4 shows that the critical behaviors of the chiral
condensate for two different paths to the TCP: the paths along the triple line and with
t = 0 fixed. We find that the critical behaviors of the chiral condensate are described as

c̃ ∝ |t|β , c̃ ∝ |g|βt , (4.23)
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Figure 4. The critical behaviors of the chiral condensate for the two different paths to the TCP
in log scale. Inset shows the phase diagram for h = 0 and the two arrows denote the two different
paths. One path is along the triple line, which is asymptotically tangential to the phase boundary
(purple solid arrow). The other is the path with t = 0 (green dashed arrow). The open circles
and triangles denote the numerical plots for each path, respectively, and the purple solid and green
dashed lines show the fitting results.
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Figure 5. The critical behavior of the chiral condensate as a function of the quark mass in log
scale. The open circles denote the numerical plots, and the solid line denotes the fitting result.

where c̃ ≡ c/B3/2. We obtain β ≈ 0.501 and βt ≈ 0.247, which agree with the mean-field
values, i.e. (3.10) and (3.9), respectively.

Second, we analyze the critical behavior of the chiral condensate as a function of h
with t = g = 0. Figure 5 shows the relation between c̃ and h near the TCP in log scale.
The critical behavior is given by

c̃ ∝ h1/δ, (4.24)

and we obtain δ−1 ≈ 0.200 from the fitting of the numerical data. The value of the critical
exponent also agrees with the mean-field value, δ = 5, i.e., (3.27).
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Figure 6. The left panel shows the critical behavior of the internal energy as a function of tem-
perature. The inset shows the phase diagram, and the arrow denotes the path with the chemical
potential fixed. The vertical dashed line denotes the tricritical temperature. The right panel shows
the critical behavior of the specific heat in log scale. The open triangles and solid line denote the
numerical data and the fitting result, respectively.

Third, we analyze the critical behavior of the specific heat. Using the thermodynamic
relations, the specific heat at constant chemical potential is given by

cV ≡ −T
∂2Ω
∂T 2 = T

∂S

∂T
= ∂U

∂T
, (4.25)

where S = −∂Ω/∂T is the entropy and U = Ω + µρ + TS is the internal energy of the
system. Thus, we can read off the specific heat from the slope of the internal energy with
respect to temperature if we fix the chemical potential. The details of the calculation in
the D3/D7 model are discussed in [23, 24]. Figure 6 shows the critical behavior of the
internal energy (left panel) and the specific heat (right panel) with µ = µt. For the path
with the chemical potential fixed, the specific heat is divergent at the TCP and we obtain

c̃V ∝ |g|−0.501, (4.26)

where c̃V ≡ cV/B
3/2. On the other hand, figure 7 shows the critical behavior of the specific

heat for the path along the triple line. We find that the specific heat along the triple line
becomes divergent near the TCP with

c̃V ∝ |t|−1.063. (4.27)

This value of the exponent seems not to be the mean-field value, (3.26). However, this
is not inconsistent for the following reason. The specific heat at constant chemical po-
tential should contain the contributions of three different susceptibilities: cg = ∂2Ω/∂t2,
∂2Ω/∂t∂g, and χ2 = ∂2Ω/∂g2 in terms of the scaling fields. Since the strongest singularity
is that of χ2, the specific heat at constant chemical potential normally diverges at the TCP
with the exponent γ2 or γ2t. For this reason, the critical behavior of the specific heat for
each path represents the exponent γ2t = αt = 1/2 and γ2 = 1, respectively. Note that
we study the critical behavior of the specific heat for the path with µ = µt instead of
t = 0 as in (3.26). We do not verify the value of α for the path along the triple line from
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Figure 7. The plot shows the critical behavior of the specific heat along the triple line in log scale.
The open circles and the solid line denote the numerical data and the fitting result, respectively.
The inset shows the phase diagram, and the arrow denotes the path along the triple line.
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Figure 8. The plots show the critical behaviors of the density for a path with t = 0 (left panel)
and along the triple line (right panel).

the critical behavior of the specific heat because cg contributes the regular correction to
cV. However, all other exponents so far take the mean-field values, and we verify that the
Griffiths’ scaling relation (2.19) are satisfied for (αt, βt, δ). If we assume that the Griffiths’
scaling relation is also valid for the path along the triple line, we conclude α = −1 from
(β, δ)=(1/2, 5).

Lastly, we study the critical exponents associated with the density. Since the density
at the TCP is finite, we define the corresponding critical exponents by

|ρ̃− ρ̃t| ∝
{
|g|1/δ2 (along t = 0)
|t|β2 (along τ -line)

, (4.28)

where ρ̃ = ρ/B3/2 and ρ̃t is the critical value of ρ̃ at the TCP. Figure 8 shows the critical
behaviors of the density near the TCP. By fitting the numerical data, we obtain β2 ≈ 1.021
and δ−1

2 ≈ 0.498, which agree with the mean-field values, i.e. (3.28). In addition, we verify
that the Griffiths’ scaling relation (2.19) is satisfied with α = −1.
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So far, we have determined the critical exponents (α, αt, β, β2, βt, δ, δ2) at the TCP.
Although we can compute the chiral susceptibility and the baryon number susceptibility
by differentiating the order parameter and density with respect to the conjugate sources,
and determine critical exponents (γ, γt, γ2), we leave it in the next section because it can
be also computed from the correlation functions.

4.4 Tricritical phenomena from correlation functions

In this section, we study the critical exponents associated with the correlation functions.
In this paper, we consider the two-point correlation function of the chiral condensate c and
the density ρ. To compute the correlation functions, we consider small perturbations of
the fields: θ → θ + δθ and aµ → aµ + δaµ. In general, we assume that perturbations can
be written as the plane wave forms:

δθ(t, u, ~x) = ϑ(u)e−iωt+ikz, δaµ(t, u, ~x) = Aµ(u)e−iωt+ikz (4.29)

with momentum ~k = (0, 0, k), for simplicity. According to the holographic prescription [31],
we can compute the correlation functions, 〈c(x)c(y)〉 and 〈ρ(x)ρ(y)〉, by solving the equa-
tions of motion for the perturbations in bulk with the appropriate boundary conditions.
The correlation function of the order parameter is characterized by the correlation length
ξ that diverges at the TCP. However, the correlation function of the density does not have
a singular behavior if the density does not couple to the chiral condensate. Conversely, if
the density and chiral condensate are coupled, the correlation function of the density is
also characterized by the correlation length and expected to show the singular behavior.
This is the case in the χSB phase as we will discuss later.

4.4.1 χSR phase

In the χSR phase, the background solutions are explicitly written as

θ(u) = 0, a′t(u) = ρu√
ρ2u6 +B2u4 + 1

, (4.30)

where we have substituted the induced metric components into (4.15). Expanding the DBI
action up to the second order in perturbations, we obtain

S(2) =
∫
du

√
ζ

u

[
f

2u2ϑ
′2 + 1

u4

(
ω2u2

f
− (3 + k2u2)(1 +B2u4)

ζ

)
ϑ2

− ζ

1 +B2u4A
′2
t + fA′2z + (kAt + ωAz)2

f
+ · · ·

]
, (4.31)

where ζ = ρ2u6 + B2u4 + 1 and we choose the gauge δau = 0. The ellipsis denotes the
terms that contain Ax and Ay. Here, one can see that the perturbation of θ is decoupled
from the other perturbations, but the perturbation of at is coupled to that of az. As
mentioned above, in the χSR phase, the correlation function of the density does not show
a singular behavior at the TCP because the perturbations of θ and at are decoupled. This
is consistent with the fact that the susceptibility of the quark number, which corresponds
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to the correlation function of the density with ω = k = 0, is regular at the TCP in the
χSR phase [32]. Introducing the gauge-invariant field, kAt + ωAz, it shows the so-called
holographic zero sound mode at small temperature as discussed in [33–35]. For this reason,
we focus only on the perturbation of θ in the following.

The equation of motion for ϑ is given by

ϑ′′ +
(
f ′

f
− 3 +B2u4

uζ

)
ϑ′ +

(
ω2

f2 + (3− k2u2)(1 +B2u4)
u2fζ

)
ϑ = 0. (4.32)

For our purposes, we impose the ingoing-wave boundary condition at the horizon:

ϑ(u) ∼ (uH − u)−i
ω

4πT ϑreg(u), (4.33)

where ϑreg is a regular part at the horizon u = uH. Near the boundary, ϑ can be written
in the following asymptotic form:

ϑ(u) = ϑ(0)u+ ϑ(1)u3 + · · · , (4.34)

where ϑ(0) and ϑ(1) are the non-normalizable mode and the normalizable mode, respectively.
Following the analysis of critical phenomena in [36], we assume that each mode can be
expanded as a function of (ω, k),

ϑ(0) ∼ ϑ
(0)
0 + ωϑ

(0)
(1,0) + k2ϑ

(0)
(0,1), (4.35)

ϑ(1) ∼ ϑ
(1)
0 + ωϑ

(1)
(1,0) + k2ϑ

(1)
(0,1). (4.36)

Using these expressions, the retarded Green’s function is given by

GRϑϑ(ω, k) ∼ ϑ(1)

ϑ(0) ∼
ϑ

(1)
0 + ωϑ

(1)
(1,0) + k2ϑ

(1)
(0,1)

ϑ
(0)
0 + ωϑ

(0)
(1,0) + k2ϑ

(0)
(0,1)

∼
ϑ

(1)
0 /ϑ

(0)
(0,1)

−iqω + k2 + 1/ξ2 , (4.37)

where q ≡ iϑ(0)
(1,0)/ϑ

(0)
(0,1), and ξ ≡

√
ϑ

(0)
(0,1)/ϑ

(0)
0 is the correlation length.

If we take ω → 0, GRϑϑ(k) ∝ 1/(k2 + ξ−2). Then, if we find the poles of the retarded
Green’s function, k∗, near the TCP, we can explore the critical behavior of the correlation
length because ξ2 ∼ −k−2

∗ . Furthermore, if we take ω → 0 and k → 0 in (4.37), the retarded
Green’s function corresponds to the chiral susceptibility: χch = ϑ

(1)
0 /ϑ

(0)
0 . Figure 9 shows

the critical behavior of 1/χ̃ch and −k̃2
∗, where χ̃ch = χch/B and k̃∗ = k∗/

√
B, for the

two different paths. These critical behaviors are related to the critical exponents γ and
ν, respectively. Here, we consider the path along the λ-line as a tangential path. This
is because the order parameter is zero along the λ-line (χSR), whereas the finite order
parameter coexists along the triple line. By fitting the numerical data, we obtain

χ̃ch ∝
{
|t|−γλ (along λ-line)
|g|−γt (along t = 0)

, ξ̃ ∝
{
|t|−νλ (along λ-line)
|g|−νt (along t = 0)

, (4.38)

with γλ ≈ 1.009, γt ≈ 1.001, νλ ≈ 0.502, and νt ≈ 0.502. Here, we introduce γλ and νλ to
distinguish them from the exponents along the triple line. These values take the mean-field
values because the chiral susceptibility is written as χ̃ch ∝ |g|−1 in the χSR phase.
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Figure 9. The critical behavior of 1/χ̃ch (left panel) and −k̃2
∗ (right panel) along the λ-line (open

circles and solid purple line) and the path with t = 0 fixed (open triangles and dashed green line).
The inset shows the phase diagram and two arrows denote the two different paths.
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Figure 10. The left panel shows the critical behavior of 1/G̃Rϑϑ as a function of k̃2 at the TCP.
The open circles denote the numerical data, and the solid line denotes the fitting result. The right
panel shows the critical behavior of ω̃∗ along the λ-line (open circles and solid purple line) and the
path with t = 0 fixed (open triangles and dashed green line). The inset shows the phase diagram
and two arrows denote the two different paths.

Moreover, the retarded Green’s function with ω → 0 behaves as GRϑϑ(k) ∝ k−2 at the
TCP because the correlation length is divergent there. From the definition of the critical
exponent η in (2.21), we assumed η = 0 in the form of (4.37). We numerically confirm
η = 0 from the critical behavior of the retarded Green’s function as a function of k at
the TCP as shown in the left panel of figure 10. Here, the tilde denotes the dimensionless
variables, G̃Rϑϑ = GRϑϑ/B. By fitting the numerical data, we obtain

G̃Rϑϑ(k) ∝ k̃η−2, (4.39)

with η ≈ 0.005. Together with the critical exponents (γ, ν), these values satisfy the Fisher’s
scaling relation (2.22).

In addition to the above critical exponents determined by the static correlation func-
tion, one can determine another critical exponent for finite ω. If we take k → 0 in (4.37),
we find GRϑϑ(ω) ∝ 1/(−iqω + ξ−2). Since the relaxation time is obtained from the imagi-
nary part of the pole, τ−1

k=0 ∼ − Imω∗, where ω∗ is the pole of (4.37) with k = 0, we can
determine the dynamic critical exponent z defined by the critical behavior of the relaxation
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Figure 11. The critical behaviors of the chiral susceptibility (left panel) and the baryon number
susceptibility (right panel) in log scale. Each plot shows the critical behaviors for the two different
paths denoted by the arrows in the inset.

time: τk=0 ∝ ξz. We have also assumed that z = 2 in (4.37), and numerically confirm this
in the right panel of figure 10. We find

τ−1
k=0 ∼ − Imω∗ ∝ ξ−z ∼

{
|t|zν (along λ-line)
|g|zνt (along t = 0)

, (4.40)

where we have assumed that the dynamic critical exponent z is independent of the path
to the TCP. We obtain zν ≈ 1.003 and zνt ≈ 1.007 from the fitting, leading to z ≈ 1.998
or z ≈ 2.006. Note that z = 2 − η corresponds to a model with a non-conserved order
parameter [37], which is consistent with our model.

4.4.2 χSB phase

In the χSB phase, the perturbations of θ, at, and az are coupled via the background
solutions θ and at. However, we will take ω → 0 (and/or k → 0) because we are interested
only in the critical behaviors of the correlation length (and susceptibilities). Then, the
perturbation of az is decoupled from the other perturbations. As a result, we solve the
equations of motion for ϑ and At, given by the pair of coupled differential equations. We
numerically solve the coupled equations with proper boundary conditions, and compute
the retarded Green’s function by following the method in [38]. The details of the method
are shown in appendix.

To determine the critical exponent γ in the χSB phase, we compute the retarded
Green’s function GRii (i = ϑ,At) with ω → 0 and k → 0. Figure 11 shows the critical
behaviors of the chiral susceptibility and the baryon number susceptibility. Here, we in-
troduce χB as the baryon number susceptibility which corresponds to χ2 in the previous
sections. By fitting the numerical data, we find

χch ∝
{
|t|−γ (along τ -line)
|g|−γt (along t = 0)

, χB ∝
{
|t|−γ2 (along τ -line)
|g|−γ2t (along t = 0)

, (4.41)

with γ ≈ 1.948, γt ≈ 1.006, γ2 ≈ 1.068, and γ2t ≈ 0.481. These values of the critical
exponents agree with the mean-field values, i.e. (3.16), (3.17), and (3.28).
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Figure 12. The left and right panel shows the critical behaviors of k∗ and ω∗ in log scale, respec-
tively. Each plot shows the critical behaviors for the two different paths denoted by the arrows in
the inset.

To determine the critical exponent ν, we find the pole of the mixed Green’s function
and see the critical behavior of the correlation length by assuming the form of (4.37). The
left panel of figure 12 shows the critical behavior of the pole k∗ with ω → 0. By fitting the
numerical data, we find

k−1
∗ ∼ ξ ∝

{
|t|−ν (along τ -line)
|g|−νt (along t = 0)

, (4.42)

with ν ≈ 0.973 and νt ≈ 0.507, which also agree with the mean-field values.
The dynamic critical exponent z can be determined by finding the pole ω∗ with k → 0

as already discussed in the previous section. The right panel of figure 12 shows the critical
behavior of − Imω∗ for the two different paths. By fitting the numerical data, we find
zν ≈ 1.989 and zνt ≈ 1.007 from (4.40). Using ν ≈ 0.973 and νt ≈ 0.507, we obtain z ≈ 2
again.

Before concluding this section, we show the critical behaviors of the chiral suscep-
tibility and the baryon number susceptibility near the TCP. Figure 13 shows the chiral
susceptibility (left panel) and the baryon number susceptibility as a function of µ̃ with
t = 0 fixed. As shown in the left panel of figure 13, the chiral susceptibility is divergent
in both the χSB and χSR phase. On the other hand, the baryon number susceptibility is
divergent in the χSB phase whereas regular in the χSR phase as mentioned earlier. The
critical exponents, γt and γ2t, associated with each singular behavior are given by (4.38)
and (4.41).

4.4.3 Scaling hypothesis for correlation functions

Let us check the validity of the scaling hypothesis for the correlation functions in our
system. Here, we again write the scaling hypothesis for the correlation functions:

G(t, g; k) ' |k|η−2G(±)
( |t|
k1/ν ,

|g|
k1/νt

)
. (4.43)

To see this, we compute |k|2−ηG̃R as a function of |g|/k̃1/νt for the path with t = 0.
Figure 14 shows the numerical plots of |k̃|2−ηG̃Rϑϑ (left panel) and |k̃|2−ηG̃RAtAt (right panel)
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Figure 13. The critical behaviors of the chiral susceptibility (left panel) and the baryon number
susceptibility (right panel) with t = 0 fixed. The vertical dashed line denotes the critical value of
the chemical potential µ̃ = µ̃t, corresponding to g = 0.
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Figure 14. The left and right panel shows |k̃|2−ηG̃Rϑϑ and |k̃|2−ηG̃RAtAt
with respect to |g|/k̃1/νt ,

respectively.

for several values of g. We set η ≈ 0 and νt ≈ 0.5 in the left panel, whereas η2 ≈ 1.1 and
ν2t ≈ 0.52 in the right panel. The coincidence of numerical data for several values of
|g| implies that the correlation function satisfies the scaling hypothesis (4.43) with these
critical exponents. Here, we introduce the exponent ν2t for the scaling hypothesis for GRAtAt .
However, since the critical exponent νt is given by the critical behavior of the correlation
length that is uniquely determined by the pole of the mixed correlation function GRii , νt and
ν2t are expected to be identical for each scaling form. In addition, we find that the value
of η2 also agrees with the mean-field value, that is, (3.47). Together with other critical
exponents, the critical exponents in the χSB phase satisfy the Fisher’s scaling relations

γt = νt (2− η) , γ2t = νt (2− η2) . (4.44)

We now see the dependence of |t|/k1/ν for the scaling function. To do so, we consider
a path to the TCP along the triple line which is asymptotically g = 0. Figure 15 shows the
numerical plots of |k̃|2−ηG̃Rϑϑ (left panel) and |k̃|2−ηG̃RAtAt (right panel) for several values of
t along the triple line. We set η ≈ 0 and ν ≈ 0.98 in the left panel, whereas η2 ≈ 0.90 and
ν2 ≈ 0.90 in the right panel. The numerical data is coincident in the left panel, implying
that the scaling hypothesis with the above critical exponents is satisfied again. In the right
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Figure 15. The left and right panel shows |k̃|2−ηG̃Rϑϑ and |k̃|2−ηG̃RAtAt
with respect to |t|/k̃1/ν ,

respectively.
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Figure 16. The critical behaviors of |T̃c(m) − T̃t| (left panel) and |µ̃c(m)− µ̃t| (right panel) as a
function of m̃ near the TCP.

panel, one can see that the numerical data is also coincident for small |t|/k̃1/ν2 . Note that
we obtain ν ≈ ν2 again. In addition, we find that the critical exponents along the triple
line satisfy the scaling relations:

γ = ν(2− η), γ2 = ν(2− η2). (4.45)

In summary, we numerically confirm that the scaling hypothesis for the correlation func-
tions (4.43) is well justified with the critical exponents whose values agree with the mean-
field values.

4.5 Critical end points

In the last part of this section, we study the critical behavior of the critical end points. As
seen in (3.52) and (3.53), the critical behavior of the critical end points are written as a
function of the sourcem near the TCP. Figure 16 shows the critical behaviors of |T̃c(m)−T̃t|
(left panel) and |µ̃c(m)− µ̃t| (right panel) near the TCP. By fitting the numerical data, we
obtain ∣∣∣T̃c(m)− T̃t

∣∣∣ ∝ m0.417, |µ̃c(m)− µ̃t| ∝ m0.382, (4.46)

which is roughly consistent with the expressions in (3.52) and (3.53), that is, they depend
on m2/5 for small m.
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5 Conclusion and discussions

In this paper, we study the critical phenomena at the TCP that emerges in the D3/D7
model. The TCP is associated with the chiral phase transition at finite temperature in the
presence of the magnetic field and baryon number density according to the AdS/CFT corre-
spondence. We numerically determine the values of the critical exponents (α, β, γ, δ, ν, η, z)
for two different paths to the TCP. One is a path which is asymptotically tangential to
the phase boundary, such as the path along the triple line. The other is a path that is not
asymptotically tangential to the phase boundary, such as the path with T = Tt fixed. In
addition, there are two different choices of parameters in the definition of the critical expo-
nents: the order parameter and density. In summary, we define the 15 critical exponents
(α, αt, β, βt, β2, δ, δ2, γ, γt, γ2, ν, νt, η, η2, z) in this paper. We confirm that all exponents de-
termined in this paper take the mean-field values and satisfy the scaling relations between
them, implying that the scaling hypothesis for the free energy and correlation functions
hold. We directly check the scaling hypothesis for the correlation function by plotting
the scaling function. Our results indicate that the critical phenomena at the TCP in the
D3/D7 model are well described by the conventional Landau theory discussed in section 3.
We infer that the agreement with the mean-field like behaviors is due to the large-Nc limit,
where fluctuations are suppressed.

Before concluding this paper, we have some remarks. As mentioned in section 1, the
author studied the critical phenomena at the TCP that arise in the presence of an elec-
tric current in the D3/D7 model [18]. In [18], we found that the critical phenomena at
the TCP are asymmetric; the values of the critical exponents (γ, ν) are different in the
χSR and χSB phase. Thus, our results in the present paper imply that the tricritical
phenomena in equilibrium are symmetric and show the mean-field like behaviors, whereas
those in the non-equilibrium steady state regime are asymmetric and the critical exponents
(γ, ν) in the χSB phase are not the mean-field values. In other words, the study in this
paper emphasizes that the tricritical phenomena at the current-driven TCP are charac-
teristic of the non-equilibrium regime. It would be interesting to investigate the critical
phenomena for a different path, for example along the triple line as studied in this paper,
at the current-driven TCP and gain insight into the peculiar values of (γ, ν). Another
interesting direction is to analytically formulate the critical phenomena at the TCP. Since
we numerically confirm that the critical phenomena at the TCP show the mean-field like
behaviors, they should be formulated by the Landau free energy functional form (3.1) with
the coefficients expanded as (3.5) and (3.6). Hence, it would be interesting to investigate
an effective theory derived from the DBI action. However, it is left for a future work.
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A Green’s functions in the χSB phase

In this appendix, we briefly review the method for calculating the Green’s function in the
system of coupled equations. The formalism basically follows the discussion in [38]. In this
study, we consider the following perturbations of the background fields

θ → θ(u) + δθ(t, z, u), At → at(u) + δat(t, z, u), Az → 0 + δaz(t, z, u), (A.1)

where θ(u) and at(u) are the background solutions. Here, δaz is coupled because we assume
that the perturbations depend on the spatial coordinate z. Expanding the action to the
quadratic order, we obtain

S(2) = −N2

∫
dtd3~xdu

[(
∂αΦT

)
Aαβ∂βΦ + ΦTBα∂αΦ + ΦTCΦ

]
, (A.2)

where Φ = (δθ, EL)T and Aαβ , Bα, and C are coefficient matrices. Here, we have used the
gauge-invariant combination EL = −i(kδat + ωδaz). We consider the Fourier transforma-
tion of the fields

Φ(t, z, u) =
∫ d4q

(2π)4 e
−iqxΦ̃q(u), (A.3)

where q = (ω, 0, 0, k) in our case. Inserting this into (A.2), the quadratic action is given by

S(2) = −N2

∫ d4q

(2π)4

∫
du
[
Φ̃T ′
−qAqΦ̃′q + Φ̃T

−qBqΦ̃′q + Φ̃T
−qCqΦ̃q

]
, (A.4)

where the prime denotes the derivative with respect to u. The coefficient matrices are
explicitly given by

Aq = fu2L0
DG

[
ω2 − k2fF −iku4fθ′a′t
−iku4fθ′a′t u2H

]
, (A.5)

Bq = −6fu2 tan θL0
D

[
(ω2 − k2f)θ′ iku2a′t

0 0

]
, (A.6)

Cq = L0

3(−3 + 2 sec2 θ) + u2(ω2−k2fF )
fG + 9u4ω2 tan2 θa′2

t
D

−iku6θ′a′
t

G
−iku6θ′a′

t
G −u4H

fG

 , (A.7)

where

F = 1− u4a′t, G = 1 + u2fθ′2 − u4a′2t , H = 1 + u2fθ′2,

D = ω2H − k2fG, L0 = cos3

u5

√
(1 +B2u4)G,

Here, we can find A−q = A∗q , B−q = B∗q , and C−q = C∗q . To avoid double counting, we
consider the momentum integration only over positive momenta as follows:

S(2) =
∫

dq>
∫

du
[
Φ̃T ′
−q

(
Aq +A†q

)
Φ̃′q + Φ̃T

−qBqΦ̃′q + Φ̃T ′
−qB

†
qΦ̃q + Φ̃T

−q

(
Cq + C†q

)
Φ̃q

]
,

(A.8)
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where
∫

dq> = (2π)−4 ∫∞
0 dω

∫
R3 d~k. For convenience, we introduce a new variable

Φ̃q(u) = %(u)Φ̄q, (A.9)

where %(u) = diag(u, 1). This factor makes the asymptotic behavior of the fields into
Φ̄q(u → 0) = Φ(0)

q , where Φ(0)
q can be interpreted as the source of the dual operator.

Introducing the corresponding coefficient matrices by

Āq = %Aq%, (A.10)
B̄q = %Bq%+ %′Aq%, (A.11)
C̄q = %Cq%+ %Bq%

′ + %′B†q%+ %′Aq%
′, (A.12)

the quadratic action can be written in the same form as (A.4). Hence, the equations of
motion are given by((

Āq + Ā†q

)
Φ̄′q + B̄†qΦ̄q

)′
− B̄qΦ̄′q −

(
C̄q + C̄†q

)
Φ̄q = 0. (A.13)

We now consider the solutions Φ̄I
k which are sources for operators OI , where I = 1, 2 in

our case. A particular solution that sources OI is given by a set of functions
{

Φ̄I
k(u)

}
that

satisfy Φ̄I
k(ε) = δIJϕ

J
k , where ϕJk is the source of the corresponding operator OJ at the

boundary u = ε. We have introduced the small cutoff ε at the boundary. Since the fields
are coupled, a set of functions

{
Φ̄I
k(u)

}
source a linear combination of all the operators.

Then, we define the solution matrix F IJ as

Φ̄I
q(u) = F IJ(q, u)ϕJq , (A.14)

Φ̄I
−q(u) = F IJ(−q, u)ϕJ−q = ϕJ−qF

† I
J (q, u), (A.15)

where F IJ(q, ε) = δIJ is satisfied by definition. Inserting (A.15) into the action and using
the equations of motion, the boundary action can be written by

S
(2)
bdry =

∫
dk> ϕI−qFIJ(q, u)ϕJq

∣∣∣∣uH

ε
, (A.16)

where F(q, u) = F †
(
A+A†

)
F ′ + F †BF . According to the holographic prescription [39],

we obtain the general form of the retarded Green’s function

GRIJ(q) = − lim
ε→0
FIJ(q, ε). (A.17)

In general, it is difficult to find an analytic solution to the coupled equations (A.13).
Hence, we need to employ a numerical method to solve the equations with appropriate
boundary conditions. For our purpose, we impose the in-going wave boundary condition
at the horizon:

Φ̄(u) = (uH − u)−
iω

4πT Φ̄reg(u), (A.18)

where Φ̄reg is the regular function at the horizon. To calculate the retarded Green’s function
numerically, we first consider a set of linearly independent and in-going wave solutions
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{
φ(1), φ(2)

}
. In our calculation, we set φI(J)(uH) = δIJ with I, J ∈ {1, 2}. Solving the

equations of motion numerically with these boundary conditions at the horizon, we can
construct a matrix of these solutions:

HI
J(q, u) = φI(J)(u), (A.19)

where HI
J(q, uH) = δIJ by definition. The solution matrix F (q, u) that is normalized at

the boundary is linearly related to H(q, u) by

F (q, u) = H(q, u) ·H−1(q, ε). (A.20)

Near the boundary, the matrix H is asymptotically given by

HI
J(q, u→ 0) = SIJ(q) + OI

J(q)u∆I + · · · , (A.21)

where S and O are the coefficient matrices in a power series of H at the boundary, and
∆I is the corresponding power of each normalizable mode. Inserting this into (A.17), the
retarded Green’s function is given by

GR(q) = − lim
ε→0
F(q, ε) = − lim

ε→0

[(
A+A†

)
F ′ +B†

]
u=ε

= − lim
ε→0

[
∆Iε∆I−1

(
A+A†

)
O · S−1 +B†

]
u=ε

, (A.22)

where we have used F (q, ε) = 1 in the second equality. Note that the Green’s function
is obviously ill-defined if det S = 0. In other words, the poles of the Green’s function is
determined by imposing the condition

detH(q, ε) = 0. (A.23)

These poles corresponds to the quasi-normal modes in the gravity picture. The quasi-
normal modes for the massless case in the D3/D7 model have been studied in [40–42].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP3 supports
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