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Orme des Merisiers, 91191 Gif-sur-Yvette Cedex, France

E-mail: lilian.chabrol@ipht.fr

Abstract: We consider a non trivial solution to the section condition in the context of

R+×E3(3) exceptional field theory and show that allowing fields to depend on the additional

stringy coordinates of the extended internal space permits to describe the monodromies

of (p, q) 7-branes in the context of F-theory. General expressions of non trivial fluxes

with associated linear and quadratic constraints are obtained via a comparison to the

embedding tensor of eight dimensional gauged maximal supergravity with gauged trombone

symmetry. We write an explicit generalised Christoffel symbol for E3(3) EFT and show that

the equations of motion of F-theory, namely the vanishing of a 4 dimensional Ricci tensor

with two of its dimensions fibered, can be obtained from a generalised Ricci tensor and an

appropriate type IIB ansatz for the metric.

Keywords: D-branes, F-Theory, p-branes, String Duality

ArXiv ePrint: 1901.08295

Open Access, c© The Authors.

Article funded by SCOAP3.
https://doi.org/10.1007/JHEP08(2019)073

mailto:lilian.chabrol@ipht.fr
https://arxiv.org/abs/1901.08295
https://doi.org/10.1007/JHEP08(2019)073


J
H
E
P
0
8
(
2
0
1
9
)
0
7
3

Contents

1 Introduction 1

2 Structure of SL(3) × SL(2) exceptional field theory 3

3 Fluxes 5

3.1 Embedding tensor structure of D = 8 gauged maximal supergravity with

trombone symmetry 6

3.2 Generalised dynamical fluxes 7

4 Equations of motion 8

4.1 Generalised Christoffel symbol 9

4.2 Generalised Ricci tensor 10

5 Recovering F-theory 11

5.1 Review of F-theory 11

5.2 Type IIB ansatz and generalised diffeomorphisms 12

5.3 F-theory as R+×E3(3) EFT with non standard solution to the section condition 14

5.4 Equations of motion via the generalised Ricci tensor 16

6 Conclusion and outlook 18

A Projectors 19

B Determination of Γ 20

1 Introduction

String theory shows a particularly rich structure of discrete duality symmetries after

toroidal compactification given by the discrete split real forms of exceptional groups

Ed+1(d+1)(Z), where d is the dimension of the torus on which one compactifies [1]. In

its low energy limit, those discrete groups become continuous and 11 dimensional super-

gravity has a global Ed(d)(R) ≡ Ed(d) symmetry group, whereas for type II supergravity

theories the symmetry groups are Ed+1(d+1). In the case of T-duality this led to the con-

struction of Double Field Theory (DFT) [2, 3] as well as Generalised Geometry [4, 5], which

make manifest an O(d, d) symmetry. DFT was constructed using a doubled space with as-

sociated additional “winding coordinates” [6–10] . They are later removed by a section

condition to recover a physical theory. Generalised geometry on the other hand extends

the tangent space T to the combination T ⊕ T ∗, thus describing both vectors and 1-forms
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in a unique fiber. Both theories are manifestly O(d, d)-covariant, and combine diffeomor-

phisms as well as B-field gauge transformations in a single object: double vectors in DFT

and sections of the generalised fiber in generalised geometry. Extensions of those theories

were constructed to consider the full U-duality and the expected Ed+1(d+1)(R) symmetry

one gets from string theory compactifications in the low energy limit: Exceptional Field

Theory (EFT) [11–19] and Exceptional Generalised Geometry (EGG) [20, 21]. The group

of symmetry is larger when one considers the S-duality in addition to T-duality. Thus,

the space is no longer doubled for exceptional field theories but is rather decomposed into

an external space and an extended internal one. The geometric structure of this internal

space is then constructed to be manifestly Ed(d) covariant in order to render manifest the

symmetries between the NS-NS and RR fields after compactification. Generalised vectors

on this extended internal space and sections of the generalised fiber in the case of EGG then

describe usual diffeomorphisms combined with NS-NS and RR gauge transformations [22–

26]. In this context, massless type II and eleven dimensional gauged supergravities were

obtained in a unified framework in various dimensions [17–19, 27–30]. Massive type IIA

was then obtained using a violation of the section condition in double field theory [31] as

well as deformation of the generalised Lie derivative structure in the context of EFT and

EGG [32, 33]. If one considers a dependency of the fields only on the dual coordinates,

first in the context of DFT and then in EFT, one can describe non pertubative objects

called “exotic branes”. They are low codimension branes (≤ 2) whose tensions scales as

gαs with α < −2. In the case of codimension-2 exotic branes they have in particular non

trivial monodromies as one encircles them [34–41]. As F-theory is a description of Type

IIB string theory with exotic 7-branes, this leads to wonder if EFT or EGG permit to

describe some of its aspects. Its link to R+×SL(2) EFT was first looked at in [30], and we

ourself will focus on R+× SL(3)× SL(2) EFT which, with an appropriate ansatz, contains

both NS-NS and RR two-forms.

F-theory can be thought of as a geometric formulation of type IIB string theory with D7

branes, and more generally (p, q) 7-branes [42, 43].1 The axion (C0) and the dilaton (φ) of

type IIB string theory are combined into a complex field, the axio-dilaton (τ = C0 + ie−φ),

which becomes the complex parameter of a fibered 2-torus with constant volume fibered

over a 10 dimensional space, thus leading one to consider a pseudo 12 dimensional theory.

As the D7 brane is a magnetic charge for the axion, the axio-dilaton presents a singularity at

the location of the brane, leading to a monodromy as one goes around it. Now, considering

the type IIB effective action, one shows that the monodromies need not only act on the

axio-dilaton but also on the NS-NS and RR two forms B2 and C2 respectively. In the

general case of (p, q) 7-branes the monodromies are entirely described by SL(2,Z), and

they act on the NS-NS and RR two-forms fields by mixing them. As one combines gauge

transformations of the NS-NS and the RR forms in a single object in EFT and EGG

one can ask whether they can also describe monodromies and type IIB supergravity with

D7 branes.

Here we focus on the E3(3) = SL(3) × SL(2) exceptional field theory arising for com-

pactifications of type IIB to 8 dimensions [27]. In order to describe properly warped

1For comprehensive reviews on F-theory see for example [44–46].
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compactification of type IIB supergravity one has to consider that the duality group is

extended by a conformal factor to R+×E3(3). In the context of supergravity the conformal

symmetry is called trombone symmetry and can be thought of as a generalisation of the

rescaling symmetry of the metric in Einstein’s theory of gravity [47, 48].

In the first part of this paper we present a review of the basic results of R+ × SL(3)×
SL(2) EFT and in particular the sufficient conditions needeed for a consistent theory.

We then compute the fluxes of the theory, which we compare to the embedding tensor

of the associated supergravity theory with gauged trombone symmetry. As the gauging

of the trombone symmetry was only done for simple groups, we present a construction

in the particular case where the original global group symmetry is SL(3) × SL(2). We

then construct explicitly a generalised Christoffel symbol and remind the reader about the

construction of a generalised Ricci tensor done in [49]. We then focus on a non standard

solution to the section condition leading to the description of the monodromies of (p, q)

7-branes in F-theory. This is done by considering that the fields of the final theory will have

a dependency on 2 coordinates of the internal extended space, which are linear combination

of both the usual coordinates and the stringy coordinates. This in particular ensures that

product and inverse of fields have a similar dependency on the generalised space and are

therefore also solutions to the section condition. The description of the monodromies leads

to the breaking of both gauge transformations of B2 and C2 which seem to be entirely

constrained. This is however not a particular issue as the monodromies of (p, q) 7-brane

were only constructed when the only non zero field living on the brane was C8, the dual

field of the axion C0. It is thus plausible that when one is describing the full backreaction

of the brane with non trivial NS-NS and RR fields living on its world volume, the gauge

symmetry of these fields normal to the brane would be broken. Finally, when one considers

the standard solution to the section condition, we show that the generalised Ricci tensor

gives the equations of motion of F-theory as a Ricci-flatness of a four dimensional space

with two fibered directions.

2 Structure of SL(3) × SL(2) exceptional field theory

Compactifying M-theory on a d-dimensional torus, or Type II on a d − 1 torus leads to

an underlying U-duality symmetry given by the exceptional groups Ed(d)(Z). In the low

energy limit where we recover the eleven dimensional and massless type II supergravities,

an underlying Ed(d)(R) global symmetry appears. This symmetry can be made manifest

in the context of exceptional field theory where the space is decomposed into an external

space, and an internal extended space. The structure of the internal space will then differ

from Riemannian geometry and have a manifest Ed(d) covariance. Here we will consider d =

3, corresponding to a 8-dimensional external space combined to a 6-dimensional internal

extended space with a E3(3) = SL(3)× SL(2) geometric structure. In fact, as mentioned in

the introduction, one can extend this duality group by considering the trombone symmetry

appearing in supergravity theories. The duality group becomes therefore R+ × SL(3) ×
SL(2). The extended internal space will be our main focus throughout this paper as the

tensor hierarchy of E3(3) exceptional field theory is done in [27]. We now present the basics

of R+×SL(3)×SL(2) exceptional field theory which will be needed throughout this paper.
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We introduce a set of coordinates XM , where M,N,P = 1, . . . , 6 of the 6-dimensional

internal space which lives in the vector representation (3,2) of SL(3) × SL(2). We can

decompose the index of the fundamental representation M into M = mγ where all Latin

letters m,n, p, . . . = 1, 2, 3 and all Greek letters γ, η, ρ, . . . = 1, 2 correspond respectively to

the SL(3) and SL(2) part of E3(3). We will note ∂M = ∂mγ the derivative with respect to

XM = Xmγ .

The usual action of Riemannian Lie derivatives does not preserve the group structure

of the theory: this leads to the introduction of a generalised Lie derivative [50] which can

be written for any exceptional geometry as [26]

LΛV
M = LΛV

M + ZMN
PQ∂NΛPV Q +

(
λ(V )− 1

p

)
∂NΛNVM (2.1)

where L is the usual Riemannian Lie derivative and λ(V ) the conformal weight of the

vector V . p has a different value for every exceptional geometry and is equal to 6 in the

case of E3(3). The tensor Z encodes the deviation from Riemannian geometry and is given

in terms of the invariants of the duality group, which in our case is

ZMN
PQ = Zmγnηpρqσ = εmnzεpqzε

γηερσ (2.2)

where εs are totaly antisymmetric invariant tensors of SL(3) and SL(2). The invariant

tensor verifies in particular LZ = 0. Another expression for the generalised Lie derivatives

which will be useful later to determine the fluxes of the extended space is

LΛV
M = ΛN∂NV

M − 2(P(8,1))
M
N
P
Q∂PΛQV N − 3(P(1,3))

M
N
P
Q∂PΛQV N

+ λ(V )∂NΛNVM
(2.3)

where (8,1)⊕ (1,3) is the adjoint of SL(3)× SL(2) and the projections on each subspaces

are given by

(P(8,1))
M
N
P
Q = (P(8,1))

mγ
nη
pρ
qσ =

1

2
δγη δ

ρ
σ

(
δpnδ

m
q −

1

3
δmn δ

p
q

)
=

1

2
δγη δ

ρ
σ (P8)m n

p
q

(P(1,3))
M
N
P
Q = (P(1,3))

mγ
nη
pρ
qσ =

1

3
δmn δ

p
q

(
δρηδ

γ
σ −

1

2
δγη δ

ρ
σ

)
=

1

3
δmn δ

p
q (P3)γ η

ρ
σ

(2.4)

with P8 and P3 the projectors onto the SL(3) and SL(2) adjoint respectively. The expres-

sions of the projectors onto the adjoint using the generators of SL(3) and SL(2) are detailed

in appendix A. Finally, using (2.4) we can write the generalised Lie derivative in terms of

SL(3) and SL(2) indices

LΛV
mγ = Λnη∂nηV

mγ − V mη∂nηΛ
nγ − V nγ∂nηΛ

mη +

(
λ(V ) +

5

6

)
∂nηΛ

nηV mγ . (2.5)

In order for the theory to be consistent, the algebra of the generalised Lie deriva-

tives (2.1) has to close, i.e. it should satisfy

[LΛ1 ,LΛ2 ] = LΛ12 (2.6)
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where

Λ12 ≡ [Λ1,Λ2]E =
LΛ1Λ2 − LΛ2Λ1

2
(2.7)

is the analogy of the Courant bracket introduced in generalised geometry but in the context

of exceptional geometry [21, 50]. The closure of the algebra however is only achieved if one

imposes a constraint on the different fields known as the section condition2

ZNKPQ∂N ⊗ ∂K = εnkzεpqzε
ηκερδ∂nη ⊗ ∂kκ = 0

⇔ ∂nη ⊗ ∂kκ − ∂nκ ⊗ ∂kη + ∂kκ ⊗ ∂nη − ∂kη ⊗ ∂nκ = 0.
(2.8)

The fields of the theory therefore can no longer depend arbitrarily on the 6 dimensional

internal space, but in our case rather a 2 or 3 dimensional subspace. This allows one to

describe in particular 8+3=11 dimensional supergravity or 8+2=10 dimensional type II

supergravity respectively. We will consider the embedding of type IIB supergravity: we

will focus on the solutions where the fields effectively depend on a two dimensional subspace

of the six dimensional internal space. The usual way to do this is to consider that

∂1γ(A) = ∂2γ(A) = 0 (2.9)

for any field A. This leads to the breaking of SL(3) into SL(2) × U(1). To make this

breaking manifest we can split the index M = mγ of the fundamental representation into

mγ = (m̂γ, 3γ) where m̂ = 1, 2.

3 Fluxes

Compactifying string theory with fluxes leads, in the low energy limit, to gauged super-

gravity. They correspond to deformation of abelian supergravities where a subgroup G0 of

the global symmetry group G of the supergravity theory is promoted to a local symmetry.

The embedding of the gauge group G0 into the global symmetry group G can be described

by an object called the embedding tensor, which corresponds exactly to the fluxes. Super-

symmetry and gauge invariance of the embedding tensor then leads to a set of linear and

quadratic constraint on the embedding tensor, which by extension should be verified by

the fluxes of the corresponding low energy limit of string theory [51, 52].

Here we derive the expression of the generalised fluxes for the R+ × SL(3) × SL(2)

exceptional field theory. They will have to verify both linear and quadratic constraints so

that the corresponding 8 dimensional gauged maximal supergravity we obtain in the low

energy limit after compactification with fluxes is consistent. Considering the warp factor

in the duality group will lead us to consider gauged supergravity with a gauged trombone

symmetry. The gauging of the trombone symmetry for SL(3) × SL(2) exceptional field

theory has never been done before due to the group product structure of this particular

theory. We construct it here similarly to what was done in [48] where the trombone

symmetry was gauged for simple groups.

2More generally, there are four constraints which in the case of the split forms of the exceptional groups

Ed(d) (d = 2 . . . 7) are equivalent to the section condition [26].
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3.1 Embedding tensor structure of D = 8 gauged maximal supergravity with

trombone symmetry

A way to describe the gauging of a subgroup of a global symmetry group G in supergravity

theories is through the constant embedding tensor ΘM
Γ [51, 52], where Γ is an index

of Adj(G) = Adj (SL(3)× SL(2)) in our case and M corresponds to the fundamental

representation (3,2). A consistent local gauging of the theory forces one to consider two

constraints on this embedding tensor: a linear one and a quadratic one. Let us recall the

results already known for the particular case of E3(3) exceptional field theory, without the

scale factor of the general extended group. A priori the embedding tensor ΘM
Γ of the

theory lives in

(3,2)× ((8,1) + (1,3)) = [(3,2) + (6,2) + (15,2)] + [(3,2) + (2,4)]] (3.1)

but due to the linear and quadratic constraints, the embedding tensor only has (6,2) and

(3,2) components. Using this linear constraint we can write the generators of the gauge

group of the theory using the embedding tensor and the generators of the adjoint of the

gauge group {tΓ}

(XM )N
P = ΘM

Γ(tΓ)N
P = Θmγ,n

pδρη + Θmγ,η
ρδpn (3.2)

with

Θmγ,η
ρ = ξmηδ

ρ
γ −

1

2
δρηξmγ = P(3SL(2))

ρ
η
δ
γξmδ

Θmγ,n
p = fγ

(pb)εbmn −
3

4

(
ξnγδ

p
m −

1

3
ξmγδ

p
n

)
= fγ

(pb)εbmn −
3

4
P(8)

p
n
r
mξrγ

(3.3)

with Θmγ,η
ρδpn ∈ (3,2) and Θmγ,n

pδρη ∈ (6,2).3 To avoid confusion between the fundamen-

tal representation of SL(3) and the adjoint of SL(2) we denoted the later (3SL(2)).

This is not the more general story of supergravity gauging however, as one can gauge

the trombone symmetry [47, 48]. In order to do that we have to consider a more general

ansatz than the one used in [48], as the global symmetry group is not simple in our case

but a product of simple groups. Considering the R+ factor in the duality group leads to

an additional generator (t0)N
P = −δPN in equation (3.2), and a corresponding additional

component of the embedding tensor ΘM
0 ≡ KM . This component lives in the (3,2)

representation, and we expect it to appear in the same way as the other (3,2) parameter

ξM . This leads to the following ansatz for the generators of the gauge group

XMN
P =Θmγ,n

pδρη + Θmγ,η
ρδpn +

(
ζ1P(8)

p
n
k
mδ

ρ
ηδ
κ
γ + ζ2P(3SL(2))

ρ
η
κ
γδ
p
nδ
k
m − δKMδPN

)
Kkκ

(3.4)

where ζ1 and ζ2 are two real parameters. The symmetric part of the generators of the gauge

group, the intertwining tensor, should be in the same representation whether or not we

consider an R+ gauging. This is necessary in order to preserve the two-form field content

3fγ
mn and ξmα need to verify a set of quadratic constraints which can be found in [53].

– 6 –
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of the theory [48]. This is verified for ζ1 = −ζ2 = 6. The generators still have to verify a

set of constraints which can be expressed in terms of the tensors introduced before as

0 =XMN
PKP + 6P(8)

r
m
p
nKrγKpη − 6P(3SL(2))

δ
γ
ρ
ηKmδKnρ −KmγKnη (3.5)

0 =XPM
NXNK

R +XN
PKXMN

R −XPN
RXMK

N −KPXMK
R

+ 6
(
P(8)

q
p
n
mδ

σ
ρ δ

η
γ − P(3SL(2))

σ
ρ
η
γδ
q
pδ
n
m

)
KqσXnη,kκ

rδ

− 6
(
P(8)

q
p
r
nδ
σ
ρ δ

δ
η − P(3SL(2))

σ
ρ
δ
ηδ
q
pδ
r
n

)
KqσXmγ,kκ

nη

+ 6
(
P(8)

q
p
n
kδ
σ
ρ δ

η
κ − P(3SL(2))

σ
ρ
η
κδ
q
pδ
n
k

)
KqσXmγ,nη

rδ.

(3.6)

3.2 Generalised dynamical fluxes

Now that we have described the embedding tensor of maximal supergravity in 8 dimensions

with a gauged trombone symmetry we look at the fluxes of R+×SL(3)×SL(2) EFT. First

let us consider the generalised metric of the extended space. We can define a generalised

metric H living in the quotient R+ × SL(3)
SO(3) ×

SL(2)
SO(2) which transforms covariantly under

R+ × SL(3) × SL(2) and is invariant under the maximal compact subgroup of E3(3) i.e

SO(3) × SO(2). Due to the product structure of the group, we define a generalised bein

which splits as

EĀ
M = e−∆eā

mlᾱ
γ (3.7)

where ∆ is the R+ component of the metric, eā
m and lᾱ

γ the SL(3) and SL(2) beins

respectively. ā and ᾱ are SO(3) and SO(2) planar indices respectively. The metric of the

internal space is then

HMN = EĀ
MEB̄

NδĀB̄ = e−2∆Hmngγη (3.8)

where

Hmn = eā
meb̄

nδāb̄

gγη = lᾱ
γlβ̄

ηδᾱβ̄
(3.9)

correspond to an SL(3) and SL(2) metric respectively.

Having defined the generalised bein and a consistent generalised Lie derivative of the

theory, one defines the generalised fluxes similarly to the fluxes in general relativity as4

LEĀEB̄ = FĀB̄
C̄EC̄ . (3.10)

In a coordinate frame, we find the fluxes to be

FMN
P = ΩMN

P − (2P(8,1)
P
N
R
S + 3P(1,3)

P
N
R
S)ΩRM

S +
1

6
ΩRM

RδPN (3.11)

where

ΩMN
P = (E−1)N

Ā∂MEĀ
P (3.12)

4For more details see [49].
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is the Weitzenböck connection.5 Now, using the expressions of the bein (3.7) we obtain

ΩMN
P = −∂M∆δPN + δρη(e−1)n

ā∂mγ(eā
p) + δpn(l−1)η

ᾱ∂mγ(lᾱ
ρ)

= −∂M∆δPN + δρηΩmγ,n
p + δpnΩmγ,η

ρ
(3.13)

where

δρηΩmγ,n
p = δρη(e−1)n

ā∂mγ(eā
p) ∈ (3,2)× (8,1)

δpnΩmγ,η
ρ = δpn(l−1)η

ᾱ∂mγ(lᾱ
ρ) ∈ (3,2)× (1,3)

(3.14)

The first term −∂M∆δPN obviously lives in (3,2)× (1,1) = (3,2).

After some manipulations we find the following generalised fluxes

FMN
P =

[
fγ
pzεzmn −

3

4
P(8)

r
m
p
nξrγ

]
δρη +

[
P(3SL(2))

ρ
η
δ
γξmδ

]
δpn

+

(
3

2
− 3

4
ζ

)
P(8)

r
m
p
nKrγ + ζP(3SL(2))

ρ
η
δ
γKmδ −Kmγδ

p
nδ
ρ
η

(3.15)

where

(6,2) : fγ
pz = εkq(zΩkγ,q

p) (3.16)

(3,2) :



θmγ = Ωrγ,m
r − 4∂mγ∆

θ̃mγ = Ωmδ,γ
δ − 3∂mγ∆

Kmγ = −1
6(θmγ + θ̃mγ)

ξmγ = (θ̃mγ − θmγ)− ζKmγ

(3.17)

and ζ is only used to write the fluxes in a similar form compared to the gauge genera-

tors (3.4). Choosing ζ = −6 gives us the the same expressions we found after considering

the intertwining tensor constraint in the context of D = 8 gauged maximal supergravity

with gauged trombone symmetry. We thus have to consider the quadratic constraints (3.5)

and (3.6) on K and f. We present simplified expressions of these constraints for the type

IIB supergravity solution of the section condition in the last section, after choosing an

appropriate ansatz of the generalised bein (3.7).

4 Equations of motion

We will now look at the equations of motion of the theory. A general expression of these

equations was obtained in [22, 50] using the supersymmetric variations of the internal and

external gravitino and a torsion-free/metric compatible connection. In fact it is precised

that in our case, for E3(3) EFT, one can define a unique generalised Christoffel symbol.

In this section we find the expression of this generalised torsion free, metric compatible

connection. We then find a generalised Ricci tensor following the construction of [49]

for E7(7) EFT. In the last section we finally obtain the equations of motion of type IIB

supergravity after having chosen an appropriate ansatz for the generalised R+ × SL(3) ×
SL(2) bein.

5We are abusing notation as the Weitzenböck connection should be globally defined, which is a priori

not the case here.
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4.1 Generalised Christoffel symbol

Connections are defined to describe how a field is transported along curves on a manifold.

Their definition can thus be chosen to be exactly the same as the one from Riemannian ge-

ometry

∇MEĀN = ∂MEĀ
N + ΓMK

NEĀ
K . (4.1)

The torsion however is defined using the Lie derivative and will differ from the usual

Riemannian geometry [50]

TĀB̄C̄ = (E−1)M
C̄
(
L∇EĀ − LEĀ

)
EB̄

M (4.2)

with L∇ the generalised Lie derivative (2.1) where every derivative is replaced by a covariant

one. Requiring that the generalised torsion is null we get from (4.1) that the generalised

connection Γ should verify the following generalised torsion condition

ΓMN
P = 2P(8,1)

P
N
D
QΓDM

Q + 3P(1,3)
P
N
D
QΓDM

Q − 1

6
ΓDM

DδPN (4.3)

which can also be written

2Γ[MN ]
P = −ZPNRKΓRM

K . (4.4)

Using those expressions it is possible to seek a generalised Christoffel symbol of the form

ΓMN
P = Γmγ,n

pδρη + Γmγ,η
ρδpn + trace terms. (4.5)

without loss of generality.6 Now, considering the metric compatibility condition

0 = ∇MHNP = ∂MH
NP + ΓMR

NHRP + ΓMR
PHRN (4.6)

and the splitting of the metric (3.8) the first two terms of the expression (4.5) are found

to be

Γmγ,n
p =

1

2
Hpr (∂mγHnr + ∂nγHmr − ∂rγHmn) (4.7)

Γmγ,η
ρ =

1

2
Hρδ (∂mγHηδ + ∂mηHγδ − ∂mδHγη) . (4.8)

The first term (4.7) is just 2 copies of a three dimensional usual Riemannian Christoffel

symbol (for each value of γ), and the second term (4.8) is 3 copies of a two dimensional

one (for each value of m). Finally, using the torsion condition (4.3) we find the generalised

Christoffel symbol, with vanishing generalised torsion and metric compatibility to be

ΓMN
P = Γmγnη

pρ = Γmγ,n
pδρη + Γmγ,η

ρδpn + 2
(
HpkHmn∂kγ∆δρη − ∂nγ∆δpmδ

ρ
η

)
+ 3
(
HρκHγη∂mκ∆δpn − ∂mη∆δpnδργ

)
+ ∂M∆δPN

(4.9)

whose traces are

ΓRM
R = −ΓMR

R = 6∂M∆. (4.10)

6For more details see appendix B.
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This comes from the fact that the scalar that transforms properly under generalised dif-

feomorphisms is e−6∆ for SL(3)× SL(2) i.e.

δξ(e
−6∆) = ∂P

(
e−6∆ξP

)
. (4.11)

We use the fact that the scalars of the theory should be of this particular form later in

order to define a proper ansatz for the generalised metric and find the equations of motion

one expects in F-theory.

4.2 Generalised Ricci tensor

A generalised Ricci tensor for the R+ × E7(7) EFT which transforms covariantly under

generalised diffeormorphisms was proposed in [49]. It seems to hold for any exceptional

field theory as it is written in terms of the tensor Z without need of its precise form.

Here we show that for R+ × SL(3)× SL(2) it gives the expected equations of motion, thus

confirming the proposed form of a generalised Ricci tensor in exceptional field theory. We

review the main steps in order to construct a generalised Ricci tensor.

The usual Riemann tensor of a Riemannian space can be expressed as

RMNP
R = ∂MΓNP

R − ∂NΓMP
R + ΓML

RΓNP
L − ΓNL

RΓMP
L. (4.12)

This object however does not transform properly under SL(3) × SL(2) generalised diffeo-

morphisms. Its non covariant variation is

∆ξRMNP
R =2∆ξΓ[MN ]

QΓQP
R

where ∆ξ = δξ − Lξ. If one considers the torsion condition of the generalised Christoffel

symbol (4.4), the non covariant variation of the Riemann tensor is null if Z = 0 i.e. if the

usual torsion condition Γ[MN ]
P = 0 is satisfied. Now, the usual Ricci tensor should be

RMN = RMRN
R (4.13)

but again this does not transform as a tensor under generalised diffeomorphisms. Its non

covariant variation is

∆ξRMP =2∆ξΓ[MR]
QΓQP

R. (4.14)

One can then construct the following generalised Ricci tensor

RMN =
1

2

(
RMN +RNM + ΓRM

PZRSPQΓSN
Q
)

(4.15)

which verifies

∆ξRMN = 0. (4.16)

We will not detail here the expression of the generalised Ricci tensor obtained using our

result on a generalised Christoffel symbol (4.9). This will be our focus in the last section,

where we consider a particular ansatz for the R+×SL(3)×SL(2) bein in terms of the fields

of type IIB supergravity.
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5 Recovering F-theory

In this last section we use the results obtained before in order to relate R+×SL(3)×SL(2)

exceptional field theory to F-theory. We will begin by presenting a short review of F-theory,

in the particular viewpoint of type IIB string theory with varying axio-dilaton. We then

show that considering a non trivial solution to the section condition allows us to describe

the monodromies of (p, q) 7-branes appearing in F-theory. Finally we consider an ansatz

for the R+ × SL(3)× SL(2) bein which leads to the type IIB equations of motion. We also

show that the equations of motion obtained on the internal space using the generalised

Ricci tensor and the generalised Christoffel symbol are equivalent to the Ricci-flatness of a

4 dimensional usual Ricci tensor, of which two of the dimensions are fibered as one expects

from F-Theory.

5.1 Review of F-theory

F-theory was constructed as a 12 dimensional geometrisation of type IIB string theory

with 7-branes. In D = 10 type IIB, the axion C0 and the dilaton Φ can be arranged in a

manifestly SL(2,Z) complex field τ named the axio-dilaton. In F-theory this axio-dilaton

is the complex parameter of a two dimensional torus, with constant volume, fibered over

the 10 dimensional original space. This allows in particular to describe a varying axio-

dilaton with respect to the directions normal to the D7 brane, thus taking into account the

backreaction of the brane onto the geometry, and allowing for a strong coupling description

of type IIB string theory [45, 46].

Let us now go over some of the known results of F-theory. The effective bosonic action

of type IIB supergravity theory in the Einstein frame is

1

2π
SIIB =

∫
d10x
√
−g
(
R− ∂µτ∂

µτ̄

2Im(τ)2
− 1

2

|G3|2

Im(τ)
− 1

4
|F5|2

)
+

1

4i

∫
1

Im(τ)
C4 +G3 ∧ Ḡ3

(5.1)

where

τ = C0 + ie−φ, G3 = dC2 − τdB2,

F5 = dC4 −
1

2
C2 ∧ dB2 +

1

2
B2 ∧ dC2, |Fp| =

1

p!
Fµ1...µpF

µ1...µp
(5.2)

with τ the axio-dilaton, B2 the NS-NS two form and Cp the RR p forms. With this

expression it is clear that the following SL(2,R) transformations leave the action invariant

τ → aτ + b

cτ + d
,

(
C2

B2

)
= M

(
C2

B2

)
, C4 → C4, gµν → gµν (5.3)

where

M =

(
a b

c d

)
∈ SL(2,R). (5.4)

One should note that the group SL(2,R) is broken to SL(2,Z) when one is considering non

perturbative effects. Now, let us consider the simplest case first in flat space with a D7
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brane along R1,7 ⊂ R1,9 ' R1,7 ⊗ C. As the D7 brane is a magnetic charge for the axion

C0, one can show that, considering supersymmetry constraints, the axio-dilaton should

behave as

τ(z) =
1

2πi
ln(z − z0) + terms regular at z0 (5.5)

with z the complex coordinate of the normal space to the brane and z0 the position of the

brane. This implies in particular that the dilaton transforms as

τ → τ + 1 (5.6)

as one encircles the brane around z0, which corresponds to the SL(2,Z) transformation

introduced before with matrix parameter

M =

(
1 1

0 1

)
. (5.7)

Now one can consider a more general 7-brane. A D7 brane corresponds to an object on

which fundamental strings can end, strings which are coupled to the NS-NS two-form B2.

It is however possible to consider a BPS state of p fundamental strings, and q D1-strings

called (p, q) strings, which couples to the field pB2 + qC2. This leads to the consideration

of another category of 7-branes, (p, q) 7-branes, on which (p, q) strings can end. It is then

possible to show that the monodromies induced as one encircles a (p, q) 7-brane are given

by [46]

M =

(
1 + pq p2

−q2 1− pq

)
. (5.8)

5.2 Type IIB ansatz and generalised diffeomorphisms

In order to consider a type IIB solution of the R+× SL(3)× SL(2) exceptional field theory

the usual ansatz is (2.9) i.e. that the fields only depend on the coordinates X3γ . This

effectively leads to an 8+2 dimensional theory where the fields will have a dependency on

the 8 dimensional external space time, and two coordinates of the six dimensional internal

extended space. Now, let us consider a particular choice of gauge for the generalised

bein in terms of the fields of type IIB supergravity by breaking the SL(3) subgroup into

SL(3)→ SL(2)×U(1). The SL(3) bein can be chosen to be

eˆ̄a
m̂ =

 e
φ+∆′

2 e
φ+∆′

2 C0 0

0 e
−φ+∆′

2 0

e−∆′B e−∆′C e−∆′

 (5.9)

where φ and C0 are the dilaton and axion respectively. B, C are defined properly below in

terms of B2 and C2 and ∆′ will be related to the scale factor ∆ introduced in equation (3.8).

In order to understand what are the fields B and C we look at the action of a generalised
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Lie derivative (2.3) of a generalised vector VM ≡ (V 1γ , V 2γ , vγ) onto the SL(3) bein (5.9)

which in the most general case is7

LV (eā
m) = V kγ∂kγeā

m − eāk∂kγV mγ +

(
λ (eā

m) +
1

3

)
∂kγV

kγeā
m. (5.10)

Now let us note L0
V the action of a generalised Lie derivative with respect to the generalised

vector V when the usual section condition (2.9) is verified. Inserting the expression of

L0
V (e3̄

3) in L0
V (e3̄

1) and L0
V (e3̄

2) and using the Leibniz rule property of generalised Lie

derivatives leads to

L0
V (C) = vγ∂3γC + ∂3γv

γC − ∂3γV
2γ (5.11)

L0
V (B) = vγ∂3γB + ∂3γv

γB − ∂3γV
1γ . (5.12)

Moreover one can show that the antisymmetric 2 dimensional tensor εαβ is invariant under

generalised diffeomorphisms. This allows to relate the 2 representation of SL(2) to its dual

2̄ using

Vα = V βεβα, V α = εαβVβ , (5.13)

thus allowing us to rewrite the generalised Lie derivatives as

L0
V (C) = vγ∂3γC + ∂3γv

γC − ∂3γV
2
ηε
γη (5.14)

L0
V (B) = vγ∂3γB + ∂3γv

γB − ∂3γV
1
ηε
γη. (5.15)

To be more precise, we can define B and C to be the Hodge duals of the NS-NS (B2) and

RR (C2) two-forms on the two dimensional space with metric Gγη ∝ gγη,8

B =
1√
|G|

εγη

2
Bγη

C =
1√
|G|

εγη

2
Cγη

V 1γ = V 1
ηε
γη =

λBη√
|G|

εγη

V 2γ = V 2
ηε
γη =

λCη√
|G|

εγη

(5.16)

therefore recovering the gauge transformations of B2 and C2

Cγη → Cγη + ∂[γλ
C
η]

Bγη → Bγη + ∂[γλ
B
η]

(5.17)

with λC and λB the one form parameters of the gauge transformations.

7The expression of the action of generalised Lie derivatives onto the representation (3,1) can be found

in [27].
8In the last section we find that Gγη = e−6∆gγη in order to recover the equations of motion of type IIB

supergravity.
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As expected from an exceptional field theory we can see that using generalised diffeo-

morphisms, we can describe the usual diffeomorphisms of the two dimensional space (via

vγ), combined with two gauge transformations of the RR and NS-NS two-forms (via V 1γ

and V 2γ). In the next section we look at the implication of a more general solution to the

constraint, which allows one to describe the monodromies of exotic (p, q) 7-branes using

the generalised Lie derivatives.

5.3 F-theory as R+ × E3(3) EFT with non standard solution to the section

condition

Exotic branes have been extensively studied in the context of DFT and EFT where one

considers the fields to depend on winding and wrapping coordinates [34–41]. In our case,

one can solve the section condition (2.8) by requiring that the fields depend on two co-

ordinates, but allow them to be a combination of the ordinary ones X3γ and the ones

associated to winding and D1 brane wrapping Xm̂γ . We propose the following solutions to

the section condition of R+ × SL(3)× SL(2) exceptional field theory

A = f(X3γ +Am̂X
m̂γ) (5.18)

for any field A and with m̂=1,2. In practice this can be seen as a SL(3) rotation of the

usual type IIB equations of motion and fluxes via the SL(3) rotation of the generalised

tangent space

∂mγ → Rm
k∂kγ (5.19)

with

Rm
k =

1 0 A1

0 1 A2

0 0 1

 (5.20)

and where one considers the fields to be usual solutions to the section condition (2.9).

One has to note that it is equivalent to rotate the SL(3) bein instead of the generalised

tangent space

eā
m → Rk

meā
k. (5.21)

The terms Am̂ are constant with respect to the 6 dimensional internal space, but can a

priori depend on the 8 dimensional space time coordinates. We recover the usual section

condition for Am̂ = 0. One should note that the structure of the ansatz (5.18) as a global

function of the combined coordinates is necessary in order for products and inverts of fields

to be well defined i.e. so that they are also solutions to the section condition.

Let us see what happens when performing generalised diffeomorphisms. As we are only

interested in the extra terms compared to the usual section condition solution (2.9), we

will again denote by L0
Λ the generalised Lie derivative with respect to a generalised vector

V when ∂1α(A) = ∂2α(A) = 0 for any field A, which corresponds to the equations (5.11)

and (5.12). Let us first look at the generalised Lie derivative of the fields φ and C0 using

– 14 –



J
H
E
P
0
8
(
2
0
1
9
)
0
7
3

the expression (5.10) and the Leibniz rule

LV (eφ) = L0
V (eφ) + V k̂κ∂k̂κ(eφ)

− eφ∂1κV
1κ − eφC0∂2κV

1κ +

(
λ(eφ) +

2

3

)
∂k̂κV

k̂κeφ

LV (C0) = L0
V (C0) + V k̂κ∂k̂κ(C0)− ∂1κV

2κ

− C0

(
∂2κV

2κ − ∂1κV
1κ
)
− C2

0∂2κV
1κ + λ(C0)∂k̂κV

k̂κC0.

(5.22)

We consider generalised diffeomorphisms that satisfy ∂k̂κV
k̂κ = V k̂κ∂k̂κ = 0 which can be

achieved by considering that V m̂γ verifies

A2V
2κ = −A1V

1κ. (5.23)

This gives

LV (eφ) = L0
V (eφ)− eφ∂1κV

1κ − eφC0∂2κV
1κ

LV (C0) = L0
V (C0)− ∂1κV

2κ − C0

(
∂2κV

2κ − ∂1κV
1κ
)
− C2

0∂2κV
1κ.

(5.24)

Here we see that the term −∂1κV
2κ is producing a shift of the axion, as is expected from

a monodromy of a (p, 0) 7-brane given by the equation (5.3) and using the corresponding

monodromy matrix (5.8). As the other terms are not particularly clear when one looks at

the fields φ and C0 let us consider the generalised Lie derivatives of the fields B and C.

Considering the ansatz (5.23) we obtain

LV (C) = L0
V (C)−B∂1κV

2κ − C∂2κV
2κ (5.25)

LV (B) = L0
V (B)−B∂1κV

1κ − C∂2κV
1κ. (5.26)

Now, to make sense of the two previous equation in terms of monodromies we take each

component of VM to be linear in its coordinates. Requiring the conditions (5.18) and (5.23)

for V m̂γ we are able to recover the monodromies of a general (p, q) 7-brane encoded into

the generalised Lie derivatives of the exceptional field theory

LV (C) = L0
V (C) + pqC + p2B

LV (B) = L0
V (B)− pqB − q2C

(5.27)

with the additional conditions

∂1κV
1κ = −∂2κV

2κ = pq

∂1κV
2κ = −p2

∂2κV
1κ = q2

qA1 = pA2.

(5.28)

Now let us look at the particular case of a stack of p D7 branes, as an arbitrary (p′, q′)

7-brane can be mapped locally to a (p, 0) one, using an SL(2,Z) transformation. We
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can make the following ansatz for the dependency of the Lie derivative generalised vector

parameter

VM =

(
0, X3γ − p2

2
X1γ , 0

)
(5.29)

where we put V 3γ to zero to remove the diffeomorphisms component. Using this we obtain

the full transformations of the fields to be

LV (eφ) = 0

LV (C0) = p2

LV (C) = p2B + 2

LV (B) = 0

(5.30)

The additional shift term in the action of the monodromy on C is coming from a breaking

of the gauge symmetry invariance of this field, which is also the case for B. The gauge

invariances of the fields B and C seem to be entirely constrained by the monodromies as

one goes around a D7 brane. One could notice that the breaking of the gauge invariances

is expected when non perturbative effects of string theory are taking into account. This is

however not an acceptable explanation in our case as we are in the perturbative regime.

A more appropriate explanation would be that the monodromies we described before have

an interpretation only when one is considering that the only term appearing in the Chern-

Simons action of a D7 brane is the C8 term dual to the axion C0 [54]. The full Chern-Simons

action is however ∫
M8

C ∧ e−B2 (5.31)

where M8 is the brane world volume and

C =
∑
p=0...4

C2p. (5.32)

This might break the gauge invariances of both B2 and C2.

5.4 Equations of motion via the generalised Ricci tensor

In this section we conclude by writing explicitly the equations of motion with usual section

condition (2.9) using the generalised Ricci tensor (4.15) and with the help of the symbolic

computer algebra system Cadabra [55, 56]. To begin with let us consider the proposed

ansatz (5.9) for the generalised bein. As we showed that the scalars which transform

properly are of the form e6n∆ where n ∈ Z, and as the R+ factor in the metric are of the

form e−2∆+∆′ and e−2∆−2∆′ , a plausible ansatz on the scalar ∆′ is

∆′ = −4∆. (5.33)

Now according to [50], the equations of motions should live in the representation

(5,1) + (1,2) + (1,1). (5.34)
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This leads to considering the following equations of motion

0 = Rmγ,nηHmn ∈ (1,2) + (1,1)

0 = R(m|γ,|n)ηg
γη ∈ (5,1) + (1,1).

(5.35)

Using the definition of the generalised Ricci tensor (4.15), the generalised Christoffel sym-

bol (4.9), the ansatz on the bein (5.9) as well as the ansatz on ∆′ (5.33) and the usual

section condition (2.9) we obtain the equations of motion of type IIB supergravity in 2

dimensions9

Rγρ
[
e−6∆g··

]
+

1

2
∂γφ∂ρφ+

1

2
∂γC0∂ρC0 = 0 (5.36)

gγρ
(
∇γ∇ρφ− e2φ∇γC0∇ρC0

)
= 0 (5.37)

gγρ (∇γC0∇ρC0 + 2∇γC0∇ρφ) = 0. (5.38)

where ∂γ ≡ ∂3γ and Rγρ[e
−6∆g··] corresponds to the usual Ricci tensor associated to the

metric e−6∆gγρ. ∇ is the covariant derivative whose connection is the usual two dimen-

sional Christoffel symbol of the same metric. One should note that the only way to recover

the equations of motions of type IIB supergravity is to combine the warp factor ∆ with

the R+ factor ∆′ coming from the breaking of SL(3) into SL(2) × U(1) as in (5.33). Fi-

nally as we stated before the fields should verify different constraints due to the quadratic

conditions (3.5) and (3.6) which in the end can be recast into

θ̃3[γ|Ω3|ρ],k
r = 0. (5.39)

If we write the geometric fluxes of the two dimensional space with bein l̃ᾱ
γ = e3∆lᾱ

γ as

wγη
ρ = 2(l̃−1)[γ|

ᾱ∂|η] l̃ᾱ
ρ (5.40)

we find that the condition (5.39) is equivalent to

w[γ|δ
δ∂|η]Φ = 0

w[γ|δ
δ∂|η]C0 = 0

w[γ|δ
δ∂|η]∆ = 0.

(5.41)

These can be solved in particular if we consider the trace wγδ
δ to be null, which is equivalent

to w = 0 for a two dimensional space. This in particular ensures that the two dimensional

internal space is compact [57].

To conclude we show that the equations of motion (5.35) are equivalent to the Ricci-

flatness of a 4 dimensional space: a two torus with constant volume equal to one, fibered

over a two dimensional Riemann space. To do that we consider a 4 dimensional space

whose metric is

HMN =

(
Hm̂n̂ 0

0 gγρ

)
(5.42)

9The expression (5.36) can differ from the literature by a minus sign due to the definition of the Riemann

tensor (4.12).
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where M = (m̂, γ) and with m̂ and γ being 1 or 2. Hm̂n̂ is an SL(2) metric while gγρ is

a GL(2) one. Now in order to describe a fibration we will consider that every field only

depends on the two coordinates xγ . Considering the usual Riemannian Ricci tensor of this

four dimensional space with ∂m̂ = 0 we have for M = γ

RM=γ,P=ρ = Rγρ −
1

4
∂γH

kr∂ρHkr (5.43)

where Rγρ is the two dimensional usual Ricci tensor associated to the metric gγρ. Assuming

that the SL(2) metric is of the usual form

Hm̂n̂ =
1

Im(τ)

(
|τ |2 −Re(τ)

−Re(τ) 1

)
(5.44)

with the axio-dilaton τ given by (5.2), we recover the expected equations of motion we

derived before. The equations of motion for the dilaton (5.37) and the axion (5.38) are

obtained by considering the other components of the Ricci tensor RM=m,P=p.

6 Conclusion and outlook

In this paper we showed that the equations of motion of F-theory as a Ricci-flatness of a four

dimensional space with two of its dimensions fibered are obtained from the R+ × SL(3)×
SL(2) exceptional field theory with the standard solution to the section condition. This was

done by considering an appropriate ansatz (5.9) on the generalised bein, a manifestly R+×
SL(3)× SL(2) covariant generalised Ricci tensor (4.15) proposed in [49] and a generalised

Christoffel symbol (4.9) with vanishing generalised torsion and metric compatibility. We

also showed that one can solve the section condition of exceptional field theory and still

allow the fields to have a dependency on the additional stringy coordinates. Every product

and inverse of fields satisfying our ansatz (5.18) still verifies the section condition and the

ansatz therefore seems to be appropriate. Finally we showed that this new solution to the

section condition describes the monodromies of (p, q) 7-branes in the context of F-theory.

This leads to the breaking of the gauge invariances of the NS-NS and RR two-forms which

could be explained by the fact that the monodromies (5.3) are only valid when one is

considering that the only field living on the world volume of the D7 brane is the RR C8

form, not including other RR p-forms or NS-NS two-form. Interesting prospects would

be to understand this gauge symmetry breaking, and to look at the equations of motion

obtained from the generalised Ricci tensor but this time with a non standard solution to

the section condition.
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A Projectors

Here we present the construction of the projectors on the useful representations we used

along this paper. A detailed construction can be found in [52]: it is shown in the first

appendix of this paper that for an arbitrary simple group G, with the exception of E8, one

can decompose the product of the fundamental representation of the group G (D(Λ)) with

its adjoint Adj(G) as

D(Λ)×Adj(G)→ D(Λ) + D1 + D2 (A.1)

where D1 and D2 are two other representations. The ones of interest for us are only the

fundamental and the representation with the smaller dimension (D1), as they are the only

representations allowed for the embedding tensor after one considers the linear constraint

coming from supersymmetry consideration. If we note M the fundamental representation

of G and {tα} (α = 1 . . . dim(G)) the generators of the adjoint of G, the projectors on those

two representations can be written10

P(D(Λ))M
α,N

β = A(tαtβ)M
N

P(D1)M
α,N

β = a1δ
α
βδM

N + a2(tβt
α)M

N + a3(tαtβ)M
N

(A.2)

with A, ai constants which are given in [52] for every simple group.

Now let us look at the two simple groups of interest to us, SL(3) and SL(2), whose

fundamental representations (3) and (2) are written m and γ respectively. For clarity we

will note {tα} (α = 1, . . . , 8) the generators of the adjoint of SL(3), and {sα̃} (α̃ = 1, 2, 3)

the ones of SL(2). With this we find the projectors onto the the fundamental representation

of SL(3) and D1 = (6) to be

P(3),m
α,n

β =
3

8
(tαtβ)m

n

P(6),m
α,n

β =
1

2
δαβδm

n − 1

2
(tβt

α)m
n − 1

4
(tαtβ)m

n.

(A.3)

For the SL(2) case, the result is a little peculiar as one has the following relation

δα̃
β̃
δηγ − (sβ̃s

α̃)γ
η − (sα̃sβ̃)γ

η = 0. (A.4)

The only representations left are then D(Λ) = (2) and D2 = (4). The projection onto the

fundamental is

P(2),γ
α̃,η

β̃ =
2

3
(sα̃sβ̃)γ

η

=
2

3
(δα̃β̃δ

η
γ − (sβ̃s

α̃)γ
η).

(A.5)

We write these projectors in the fundamental representation of each groups, leading for

SL(3) to

P(3)mn
p,ab

c =
3

8

(
δpmδ

a
c δ
b
n −

1

3
δpnδ

a
c δ
b
m −

1

3
δpmδ

a
nδ
b
c +

1

9
δpnδ

a
mδ

b
c

)
P(6)mn

p,ab
c =

1

2
εmnrε

ab(rδp)c

(A.6)

10The adjoint indices are raised and lowered using the Cartan-Killing metric.
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and for SL(2)

P(2)γη
ρ,αβ

ξ =
2

3

(
δργδ

α
ξ δ

β
η −

1

2
δρηδ

α
ξ δ

β
γ −

1

2
δργδ

α
η δ

β
ξ +

1

4
δρηδ

α
γ δ

β
ξ

)
. (A.7)

These expressions are found using the projectors on the adjoint (8) of SL(3)

P(8)
m
n
p
q = (tα)n

m(tα)q
p = δmq δ

p
n −

1

3
δmn δ

p
q (A.8)

and the adjoint (3SL(2)) of SL(2)

P(3SL(2))
γ
η
ρ
δ = (sα̃)η

γ(sα̃)δ
ρ = δγδ δ

ρ
η −

1

2
δγη δ

ρ
δ . (A.9)

B Determination of Γ

The expression of the generalised Christoffel symbol (4.9) was hinted by a series of pro-

jections applied to the torsion condition (4.3). Here we detail the different relations that

permitted in the end to look for a generalised Christoffel of the form (4.5).

First of all, one can relate the traces of the Christoffel symbol by taking the trace of

the torsion condition

ΓMD
D = −ΓDM

D. (B.1)

By taking the partial traces on the different subspaces it is also possible to write the

following relations

Γmγ,nη
nρ = 3Γnη,mγ

nρ − 2Γrδ,mγ
rδδρη

Γmγ,nη
pη = 2Γnη,mγ

pη − Γrδ,mγ
rδδpn

(B.2)

which can be recast into

Γrγ,mδ
rδ = Γrδ,mγ

rδ

Γmδ,rγ
rδ = Γrδ,mγ

rδ.
(B.3)

Other useful relations are obtained by taking the projection of the torsion condition onto

the representations (8,1) and (1,3)

P(8,1)
R
S
B
CΓAB

C = 2P(8,1)
R
S
B
CΓBA

C

P(1,3)
R
S
B
CΓAB

C = 3P(1,3)
R
S
B
CΓBA

C .
(B.4)

We also have to recall from (A.1) that

PD(Λ) + PD1 + PD2 = IdD(Λ)×Adj(G) (B.5)

which for the groups SL(2) and SL(3) can be written11

P(2) + P(4) = Id(2)×(3)

P(3) + P(6) + P(15) = Id(3)×(8)

(B.6)

11In the case of SL(2) the space D1 is empty.
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where the traces on the spaces (4) and (15) are null. The torsion condition can then be

recast as(
Γ̃(15,2) + Γ̃(3,4)

)
MN

P = ΓMN
P +

1

6
ΓDM

DδPN −
[

7

8
P(8,1)

K
M
P
N +

7

3
P(1,3)

K
M
P
N

]
ΓRK

R

+

[
9

4
P(8,1)

K
M
P
NP(1,3)

R
K
S
T + 4P(1,3)

K
M
P
NP(8,1)

R
K
S
T

]
ΓSR

T .

(B.7)

The relations

9

4
P(8,1)

K
M
P
NP(1,3)

R
K
S
TΓSR

T =
3

8
P(8,1)

K
M
P
NΓSK

S

4P(1,3)
K
M
P
NP(8,1)

R
K
S
TΓSR

T =
4

3
P(1,3)

K
M
P
NΓSK

S
(B.8)

permit to write the last term between brackets into a trace part, which leads to

ΓMN
P =

(
Γ̃(15,2) + Γ̃(3,4)

)
MN

P + trace terms. (B.9)

Using

Γ̃(15,2)mγ,nη
pρ =

[
P(15,2)Γ

]
MN

P =
[
P(15)Γ

]
mγ,n

pδρη = Γ̃(15)mγ,n
pδρη

Γ̃(3,4)mγ,nη
pρ =

[
P(3,4)Γ

]
MN

P =
[
P(15)Γ

]
mγ,η

ρδpn = Γ̃(4)mγ,η
ρδpn

(B.10)

with partial traces of Γ̃(15) and Γ̃(4) null, we have

ΓMN
P = Γ̃(15)mγ,n

pδρη + Γ̃(4)mγ,η
ρδpn + trace terms. (B.11)

Using this expression in the metric compatibility condition (4.6) and the torsion condi-

tion (4.4) leads to the solution (4.9).

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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