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Abstract: In the theory of open quantum systems, the Markovian approximation is very widespread.
Usually, it assumes the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) equation for density matrix
dynamics and quantum regression formulae for multi-time correlation functions. Nevertheless, now,
quantum non-Markovianity is being actively studied, especially the non-Markovianity of multi-time
correlations. In this work, we consider dynamics with a random Hamiltonian, which can lead to
GKSL dynamics of the density matrix for some special cases, but correlation functions generally do
not satisfy the quantum regression formulae. Despite the fact that random Hamiltonians have been
actively studied, dynamics with such Hamiltonians has been little discussed from the viewpoint of
multi-time correlations. For specific models with a random Hamiltonian, we provide the formulae for
multi-time correlations which occur instead of the usual regression formulae. Moreover, we introduce
and calculate the memory tensor, which characterizes multi-time correlations against the Markovian
ones. We think that, despite being applied to specific models, the methods developed in this work
can be used in a much broader setup.

Keywords: random Hamiltonian; quantum stochastic process; multi-time correlation functions;
regression formula

MSC: 81522; 81Q15; 60B20

1. Introduction

Markovian quantum dynamics is very important in the theory of open quantum
systems ([1], Section 3.2). Even if the dynamics is not exactly Markovian, the Markovian
approximation usually plays the role of zero-order approximation of some perturbation
theory [2—4] or the dynamics becomes Markovian after the inclusion of some degrees of
freedom of the heat bath into the new system [5-12]. Several recent results [13-17] also
suggest that the dynamics of open quantum systems can become Markovian at long times
with very high accuracy under very generic conditions.

There are many distinct approaches to the definition of quantum Markovianity [18].
Most of them assume at least the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) equa-
tion for density matrix dynamics. Sometimes, only this assumption is included in the
definition of quantum Markovianity and its measures [19-21]. But even in the classical
case, the Markovian master equation for one-time dynamics is not enough for the classical
stochastic process to be Markov [22,23]. One of the most natural approaches to define the
quantum Markov stochastic process in such a way that it generalizes classical Markovian
dynamics is to assume that the multi-time correlation functions are defined by regression
formulae. Nevertheless, now, quantum non-Markovianity is being actively studied [24-27],
especially the non-Markovianity of multi-time correlations [28-32].

In this work, we consider dynamics with a random Hamiltonian. It can lead to both
GKSL and non-GKSL dynamics of the density matrix [33-36]. But even for GKSL dynamics,
the correlation functions do not satisfy the quantum regression formulae in this case. There
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are some different examples in the literature with the same property, but dynamics with a
random Hamiltonian seems to be very natural from the physical point of view. On the one
hand, random Hamiltonians ([37], Chapters 13-14) and unitary dynamics with random
Hamiltonians [38,39] have been actively studied. On the other hand, we think that it is little
understood from the viewpoint of multi-time correlations for such dynamics.

Despite the fact that the usual regression formulae are not valid in such a case, we
show that it is still possible to calculate multi-time correlations explicitly. Namely, we
calculate the so-called process tensor, which defines such correlations. Moreover, we
represent the process tensor as a product of the process tensor for Markovian dynamics and
another tensor, which we call the memory tensor and which characterizes the Markovianity
violation for multi-time correlations.

We use the characterization of multi-time correlations of a quantum system in terms
of the process tensor, which has become widespread in modern works on open quantum
systems [40-42]. So, in Section 2, we introduce all necessary definitions. There are also
several different approaches in the physical and mathematical literature to characterizing
the multi-time correlations. So, in Section 2, we briefly discuss their relation to the approach
that we use. In Sections 2.1 and 2.2, we specify the process tensors for closed and Markovian
dynamics, respectively.

In Section 3, we consider the model of dynamics with a random Hamiltonian with
multiplicative dependence on a classical random variable. We calculate the one-time
dynamics in this case. We introduce and calculate the memory tensor for such a model.
And we discuss its physical meaning. To illustrate our results, we provide explicit formulae
for the Gaussian and Poisson cases in Sections 3.1 and 3.2, respectively.

In Section 4, we discuss a more complicated model. We consider the model from
Section 3 as a free dynamics. And we perturbate it with a deterministic interaction Hamil-
tonian. We do not assume that the interaction Hamiltonian commutes with the free Hamil-
tonian or satisfies some simple commutation relation with it. So, for such a general case,
it seems hard to obtain some non-perturbative formulae. But we develop systematic
asymptotic expansions for one-time dynamics and the memory tensor.

In Conclusions, we summarize our results and discuss possible directions of further study.

2. Process Tensor and Regression Formulae

We consider only finite-dimensional matrices and maps throughout the work. We refer
to linear maps between finite-dimensional matrices as super-operators. We also assume
that the readers know the basic definitions from open quantum systems theory, quantum
information theory and related areas of science such as density matrices and positive and
completely positive maps (see, e.g., [43]). But let us recall the definition of a quantum
instrument, because we will need some generalizations of it in our work.

Definition 1. Let X be a finite set (of outcomes). Then, the function A(x) from X to completely
positive, trace non-increasing maps is called an instrument if

Y, Alx)

xeX

is a trace-preserving map.

From the point of view of quantum information theory, a completely positive, trace-
preserving map is usually called a quantum channel ([43], Section 6.3).

Definition 2. Let f € R¥ with elements t]-,j =0,...,k such that tg < ... < t. We call fa

vector of measurement times. Let AJ(x;), x; € X; be instruments, j = 0,... k. Let us define a
k-time factorized instrument as

A(%) = A () @ - 0 A(xg), 1
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where X € Xg X -+ - X Xy.

Despite the fact that the definitions of the vector of measurement times and the k-time
factorized instrument are not couples, we combine them in one definition. We do so due
to the fact that from the physical point of view the k-time factorized instrument 2 (X) is
interpreted as an independent application of instruments A/ (x ;) to the quantum system at
times ¢;, forming the vector of measurement times.

Similarly to [41], let us introduce the following definition.

Definition 3. A linear map T from the set of all (k — 1)-time factorized instruments with fixed
k € N to the matrices of the system is called a k-time process tensor if

Y TR

XQseeerXf—1

is a density matrix for any (k — 1)-time factorized instrument 2(X).

From the physical point of view, this density matrix is interpreted as a final state of
the system at the time t;, when we have applied instruments A/ (x;) non-selectively to the
quantum system at times {;, j = 1,...,k — 1. If we do not need to specify k explicitly, we
will write just “multi-time factorized instrument” and “process tensor”.

Sometimes ([40], Section V.D), the term “process tensor” is used for a linear function
from the set of all k-time (in contrast to (k — 1)-time in the definition below) factorized
instruments to the segment [0, 1]. In the present notation, such a function has the form

Tr A" () T[(T)],

where 21(¥) is a (k — 1)-time factorized instrument and A* (x;) ® 21(X) is a k-time factorized
instrument. From the physical point of view, this function gives a probability that we have

obtained outcomes x; as a result of applying instrument Aﬁcj to the quantum system at time
tyj=1,...,k

Usually, the process tensor depends on the vector of measurement times as a parameter,
so we will write 7 (f) to emphasize this dependence.

Until recently, it has been common in the physics literature ([1], Section 3.2.4) to define
time-ordered correlation functions of von Neumann observables instead of process tensors.
If, in Formula (1), instead of instruments one formally (which is possible due to the linearity

of T (f)) sets
A (x) = AP . AW, ?)

where A(Lk) and A%k) are Hermitian operators (von Neumann observables), then the time-
ordered correlation functions can be defined as

(AR (1) - A )AL (1) - A (1)) = T A )T OREDL @)
where the left-hand side is written in usual physical notation ([1], Section 3.2.4). By A - Ar
for arbitrary (not necessarily Hermitian) matrices Aj g, hereinafter we will denote a super-
operator, which acts on a matrix M as (A - Ag)(M) := ALMAR.

Let us note that due to the fact that (2) are not instruments, the operational meaning
of such correlation functions is not so direct and it differs from its classical analogs. Nev-

ertheless, it is possible to represent super-operator A(Lk) : A%k) as a linear combination of
instruments ([18], Section 3.5.2). Thus, the tensor product of them, which defines (2), can
also be represented as a linear combination of multi-time factorized instruments. But it
is not a multi-time factorized instrument itself. So, from the physical point of view, the
measurement procedure behind (3) assumes time-correlated measurement rather than sep-
arate instruments at the specified times. And this fact is a bit hidden in the usual physical
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notation <A§Q0) (to) ~...- Ag{) (tk)A(Lk) (k) ... A(LO) (to)) of multi-time correlation functions.
Actually, multi-time correlation functions are usually measured by some interference se-
tups, which are indeed not just sequences of separated measurements. Such setups are
usual for spectroscopy [44,45] or for measurements based on homodyne detection [46] such
as quantum tomography [47,48], which is still actively being developed [49,50].

If the process tensors are given for all possible sets of times, this fact can be con-
sidered as a possible definition of the quantum stochastic process in the sense of [51].
But let us remark that, more widely used, the mathematical literature definition [52] of
a quantum stochastic process includes more information than the process tensor. The
“gap” between these definitions is discussed, e.g., in [53]. This “gap” occurs due to the fact
that Formula (3) does not allow one to calculate out-of-time-ordered correlation functions,
but these functions have attracted much attention of researchers and, in particular, the
regression formulae for them have been studied [54].

We will not dwell further on the definition of quantum stochastic processes and will
consider only the process tensors.

Let us remark that we consider finite sets of outcomes and finite-dimensional spaces
in this work only for simplicity. The notion of instrument can be generalized to infinite
sets of outcomes (but the set of outcomes should have a structure of a measurable set) and
for infinite-dimensional Hilbert spaces ([53], Section 4.1.1). This allows one to generalize
Definitions 2 and 3 as well. If one considers only instruments for discrete observables, such
a generalization is quite straightforward. But for continuous observables, there are known
issues with the mathematical theory of their repeated measurements ([53], Section 4.1.5).

The main idea of such issues can be caught from the following non-rigorous consider-
ation. Let one measure a coordinate of the system, obtaining some fixed result, and want to
measure momentum just after that. Then, the “distribution” of possible momenta, after the
first measurement is done, is homogeneous on the whole real axis. But such “distributions”
do not fit the usual (Kolmogorov) probability theory, as they are not g-additive. There
are several approaches [55,56] to deal with such issues, but we will not dwell on these
directions further, restricting overselves to the finite-dimensional case with a finite set
of outcomes.

2.1. Regression Formulae for Closed Dynamics

For unitary dynamics of closed quantum systems, it is usually assumed that
TORUE)] = Usp A" (1) - AT (01)Us 1A (x0) 1, )
where (%) = A (x_1) ®...® A%xp) is a (k — 1)-time factorized instrument and
Ups :=Ups - Utts, ®)
where Uy 1, is a solution of the Cauchy problem

d .
autls = 71H(t)ut,s, ut,s = I.

Usually, outside of open quantum systems theory, Formula (4) is not written explicitly,

but it is equivalent to the assumption that at the left-hand side of Equation (3) A(Lkl)z(t)
are just dynamics of von Neumann observables in the Heisenberg representation and the
symbol ( - ) means just the average with respect to the initial density matrix ( - ) :=
Tr( - pt,). That is why no significant discussion usually occurs when defining multi-time
correlation functions for closed systems.

Let us remark that Equation (4) can be used not only directly but also for multi-time
generalization of the concept of decoherence-free subspaces [57-59]. We can do so because,
informally speaking, decoherence-free subspaces are such subspaces on which dynamics is



Mathematics 2023, 11, 3854

50f19

effectively unitary. But to formalize it in our setup, we need to formulate this concept in
terms of instruments instead of density matrices.

Definition 4. A linear subspace is called a support of instrument A(x) if it is a union over all
density matrices p and over all x € X of supports of matrices

A(x)p.

From the physical point of view, it is a union of supports of matrices, which can be
“prepared” by the instrument .A(x) from some density matrix p.

Definition 5. A linear subspace is called a support of k-time factorized instrument (1) if it is
a union of supports of the instruments Al (x;).

So, from the physical point of view, we “prepare” a state with such a support at least
at one of the measurement times (but not necessarily all of them).

Definition 6. A linear subspace is called a decoherence-free subspace under k — 1-time factor-
ized instruments if for any k — 1-time factorized instrument 2A(X) with support H the process
tensor can be computed by Formula (4) for some Uy s of the form (5).

The usual definition ([59], Defintion 1) of a decoherence-free space occurs for 0-time
factorized instruments with a given support, which from the physical point of view are just
all possible “preparations” of the initial states with a given support from an arbitrary state.

2.2. Regression Formulae for Markovian Dynamics

For general Markovian dynamics, the process tensor takes the form ([40], Section D)
TORIF)] = Pryp A (1) - AL (1) Py 1y A (x0) 01, ©6)

where

d
Eth,s = ﬁ(t)th,s/ th,s =1, t=2s2>1

and L(t) has the (possibly time-dependent) GKSL form [60,61]
. 1
£lop = ~ilr(0), e+ Z(LOpL0) - SEOLWe - S OLOP), @

where H(t) = H'(t). Formula (6) generalizes Formula (4) for closed dynamics. In physics,
the formulae for correlation functions (3) defined by process tensors (6) are usually called
regression formulae (or generalized regression formulae, using the term “regression for-
mulae” only for the case k = 1 or k = 2 with a trivial instrument at time £(), so we use this
term for (4) and (6) as well.
For general quantum dynamics, if the one-time dynamics of the density matrix is
given by
ot = Yirpter  Yigre =1, (8)

such that ¥, is invertible, then one can define
Dps = Frpy(Fspy) )

If the super-operator &, ¢ is completely positive, then dynamics is called CP-divisible
([26], Definition 5.1). ®; ; satisfies the propagator property ®;s = & DPrsfort >t >5>
to, which is not necessarily true for ¥;,. In such a general case, we will use Formula (6) as
the definition of the Markovian process tensor 7 (£) [21(¥)].
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Formula (6), informally speaking, means that multi-time dynamics is fully character-
ized by one-time dynamics. In particular, if each instrument A/ ! (xj-1) in the tensor (6)
has a support included in decoherence-free subspace in the usual sense, then @y, 4, , is
reduced to some unitary maps U+, , on such a support. Hence, the whole tensor (6)
reduces to the tensor of the form (4) for a (k — 1)-time factorized instrument 2 (X) with
such a support. Thus, in the Markovian case (6), the usual decoherence-free subspaces are
also decoherence-free subspaces under (k — 1)-time factorized instruments for any k € N.
And, in particular, these spaces are fully defined by the properties of generator (7). But
this is not necessarily the case for non-Markovian process tensors. This is important due to
the fact that in many experimental setups [44,45] the quantum coherence is measured via
multi-time correlation functions. So, we should remark that it can be related to quantum
coherence in terms of density matrix dynamics only in the Makovian case.

In our calculation, we will rewrite Formula (4) in another form. To do it, we will use
Definition 1 from [62], so let us recall it in the following form.

Definition 7. Let us define the contraction map € as a linear map such that for any super-operators
AL, ..., A one has
c(AF®...0Al) = AF. . AL

Lemma 1. Let T () be defined by Equation (6). Then,
THR(F)] = CFHAF))or, (10)

where
3’(5 = q)tkftk—l ®... ¢t1,t0'

Proof. Using Definition 7 of the contraction map, we represent Equation (6) in the form
T(HRUF)] = Pt A (x1) - AT (301) P 1 A (x0) g
=¢ (q)tkrtk—l AT (1) ®...® thl,tOAO (x0)>Pto

= (’:((cptk,tm ®R...Q CDtl,tO)(.Ak_l (kal) ®R...Q0 AO(XQ)))ptO

Thus, using the definitions of 21(¥)) and §(f), we obtain (10). [

We will see that Formula (10) is useful for explicit calculations.

3. Dynamics with Random Hamiltonian

We consider finite-dimensional random unitary dynamics with a time-dependent
Hamiltonian of the following form:

H(t) = B,

where ¢ is a real random variable and B is a Hermitian n x n complex matrix.
Let us define Uy 1, as a solution to the Cauchy problem

d o
Eut,to = —iAtBUy 1, Ui o = 1,

or more explicitly as
A (11)

Proposition 1. Let us define the averaged propagator ¥ 1, as

Yig = E(Uy, - Uiy, (12)
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where E is the mathematical expectation and Uy s, is defined by (11). Then,
Yo = h(=[B, - [(At = Agy)), (13)

where h is the characteristic function of the random variable . The function of the super-operator
[B, -] is defined in terms of the spectral decomposition.

Proof. As B is Hermitian, then it can be represented in terms of the spectral decomposition
([43], p. 18)
B= Y bp,
bespec B
where spec B are the eigenvalues of matrix B and P, are orthogonal projectors (P, P, =
Sy Py, Pf = Pp) to eigenspaces correspondent to these eigenvalues. For any X € C"*",
using Y pespec 8 P = I, we have

B,X]=1| Y bwPX|= ) wPX—- Y XbbD,
bespec B by €spec B byespec B
= Y WPXPy,— Y PyXbP,= ) (b —b)Py, XD,
by,bpespec B by,bpespec B by,byespec B
= ), AbPapXPy,
bespec B,Ab

where the sum with respect to Ab runs over all the differences of the eigenvalues of B. Such
differences are usually called Bohr frequencies (see, e.g., [63], p. 122) and they are nothing
else but eigenvalues of the super-operator [B, - . Thus, we have

[B, -] =Y AbPy,
Ab

where

Pav= Y. Poinp - Py
bespec B

As for any Aby, Ab, € spec[B, - |,

PAbl PAbz = Z Z Pb1+Ah1 szJrAbz ' sz Phl
by espec B byespec B

= Z Z Oby+ by by +8by Oby by Pop+ 85, + Py
by espec B byespec B

= Y OpabbitabPoran, - Py
by €spec B

= Y. Onvyab o, - Poy = Oabyan,Pab,
by €spec B

and as Py, is self-adjoint with respect to the Hilbert-Schmidt scalar product ((A|B)) :=
Tr A" B of matrices A and B, then Py, are the eigenprojectors of the super-operator [B, - ].
Then, we have

‘Ft ty +— Eeiié[B’ ’ ](Ati/\to) = Z EeiiéAh(Atf)\to)PAb
Abespec|B, - |
= X B(=8b(Ae = Ay))Pap = h(=[B, - J(A = Ay)),
Abespec(B, - |

where the function of the super-operator [B, - | is defined in terms of the spectral decompo-
sition. So, we have obtained Equation (13). O
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If we assume that the initial condition p;, is deterministic, then the density matrix
averaged by a random variable ¢ has the form

ot = E(Usty01,Uf,) = ¥ totg (14)

with ¥}y, defined by (12). Then, using (8) and (9), we immediately obtain the follow-
ing proposition.

Proposition 2. Let h(u) # 0. Then,
Dps = h(—=[B, - J(As = Ag)) (h(=[B, - J(As — Ag))) (15)
Let, in addition, h be continuously differentiable. Then,

d

Ecbt,s - £(t)¢)t,s/ (16)

where
L(t) :==—A[B, - [W'(=[B, - [(At — Aty)) (h(=[B, - J(Ar — Agy)) L. (17)

If one assumes such a physical setup that only observations averaged with respect to a
random variable ¢ are accessible for given experimental capabilities (or only such averages
are interesting for some other reasons), then, similarly to (4) and (14), it is natural to define
the process tensor as

TE)[AF)] := By, A1) - AL Uiy 1 A (x0) 01, (18)

where U, s is defined by (5) and (11).

Let us remark that (14) and (18) can be represented in a more usual open quantum
systems form by changing [E to the partial trace with respect to a reservoir Hilbert space, ¢
to the multiplication operator in a reservoir Hilbert space and py, to py, ® pp, where pp is a
diagonal density matrix.

The Markovian process tensor 7 (F)[2((¥)] is defined by Formula (6), i.e.,

TM(?) [Q[(J?)] = q)tk/tkfl Akil(xk_l) e .Al (xl)CDtl,tOAO(xo)ptO, (19)

where @ ; is defined by Formula (15).
In the next theorem, we will also need to introduce

j—1 k
Bj := (@I)@B@(@ 1), (20)
i=1 i=j+1

where j =1,...,k, i.e, B; acts as B in the j-th tensor multiplicand and as I in all other tensor
multiplicands.

Theorem 1. Let T (F)[2A(¥)] be defined by (18), with Uy 1, defined by (11), where & is a real random
variable with the characteristic function h(u) such that h(u) > 0. And let Ty (F)[24(X)] be defined
by (6), where Py s is defined by Formula (15). Then,

T(HR(E)] = Tu(®MBOA(F)], (21)
where M(F), which we call a memory tensor, is defined by

h(—[Br(Ay — Ay_y) + -+ Br(Ay, — Agy), - 1)

M(t) := .
® T (h(=[Bj, - J(Ag; = Atg)) (B(=[Bj, - J(Ag; 4 — Ag))) ™)

(22)

Here, the function is defined in terms of the spectral decomposition.
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Proof. Using Lemma 1, one can rewrite Formula (18) as

T(H)[A(2)] = CEF(H)A(X))pto, (23)

where
FE =Upp , ©...0 Uy, = ¢ B Ny =2y ) o g (B (A M)
= eXp(—iC[Bk(/\tk — /\tk—l) +...+ Bl(/\tl — /\to), . ])

Then,

EF(F) = h(—[Be(A, — Ay ,) + -+ Bi(Ay — Agy), - 1), (24)

where the function is defined in terms of the spectral decomposition, which can be justified
similarly to the proof of Proposition 1.
Similarly, by Lemma 1, Formula (19) takes the form

Tm(HRA(X)] = EE(Fm(H)A(X)) ot (25)
where

SM(_‘) = q>tk te—1 D...0 q)tl,to

_®( 10y = A (1B, + 100, = d)) )

—n( Jhy = M) = (B3, - 1(he = 2)) )

Then, using Formula (22), we have

S(E) = MEOTm ().

Thus, taking into account Formulae (23) and (25), we obtain (21). O

To clarify Formula (22), let us write it for k = 1 and k = 2 explicitly. For k = 1,
Formula (22) takes the form

h(—[B, - [(Ay — Aty))
h(—[B, - |(At; = Aty)) (h(—=[B, - J(Atg — Agy)))

So, for k = 1, it is trivial. For k = 2, Formula (22) takes the form

) = h(=[By, - |(At, = Ay) = [By, - [(Ay — Ayy))
—[Ba, - J(Aty = Ay))(h(=[Ba, - [(Aty = Agy))) "th(=[B1, - (A, — Agy))

Let us remark that to calculate quantum multi-time correlations, we only need to
use (23) along with (24), but we represented 7 (f) in terms of the Markovian process tensor
Tam(f) and the memory tensor M (f). This is because we think it is natural to consider
non-Markovian dynamics against the background of Markovian dynamics because the
Markovian assumption about correlation functions is usually implicitly embedded in
many physical setups. In particular, for Markovian dynamics, the memory tensor is trivial
Mm(F) = 1%k,

Formula (21) can also be interpreted as follows. The dynamics of multi-time cor-
relations could be considered Markovian, but the sequence of the measurements is not
factorized, which is described by the memory tensor DM(f). It can be considered as transfor-
mation into a “Markovian picture”, in a certain sense analogous to the transformation from
a Shroedinger picture to a Heisenberg picture.

m(f) =

(26)
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s

3

(?) = [/'\thkr ) }

(£) = [Ay;(Bj — Bj31), -]

Moreover, for h(u) > 0, the memory tensor S)Jt(?) is invertible, so due to the linearity
of the process tensor, one can rewrite (21) as

T(OIOR() T AR)] = T (D[A(F))-

From the physical point of view, it could be interpreted as the fact that the non-
Markovian dynamics described by the process tensor 7 () is seen for the observer to
be a Markovian one if the observer performs some time-correlated measurements described
by (9(f)) ~!2A(¥) but thinks that they are uncorrelated. And let us remark that, as we
have discussed in Section 2, even the measurement procedure for the usual correlation
function is actually time-correlated, so time-correlated instruments can occur in physics
quite naturally.

Of course, a deeper study of the physical realizability of such series of measurements
described by (M (£))2A(%) or by (9(f)) ~12U(¥) should be performed to justify their physical
meaning. But even at the present level, our results suggest that as other things in quantum
theory the Markovianity should be considered not as a property of the system only, but
rather as some observer-dependent property of the system.

Let us also remark that, similarly to Equations (16) and (17), one could write differential
equations for EF(F)

W (—=[Be(Ay, — Ay )+ ...+ Bi(Ay — Ay), - ])
h(—[Br(At, — At_,) + ..o+ Br(Ay, — Agy), - ])

EF(f), 27)

W (—=[Be(Ay, — Ay ) + ...+ Bi(Ay — Agy), - ])

h(=[Bk(At, — Aty y) + ...+ Bi(Ay, — Agy), - ]) ES(), (28)

where j =1,...,k — 1, with the initial conditions
ES(D)t=ty = 17, j=1,...,k

It can be considered as muti-time generalization of quantum master equations.
To illustrate our results, let us consider some special cases.

3.1. Gaussian Case

Let us assume that the random variable ¢ has the standard normal distribution, i.e.,
with E¢ = 0 and E&? = 1. Then, we have

h(u) = e 1,
Equation (13) takes the form
it = e*%[B/[B: N (Ae—Agy)?
and Equation (15) takes the form
s = Fip(Vss) ! = e 2 [B/IB, - TI((At=Agy 2= (As=2¢)?)
Let us remark that, in particular, this is an explicit example showing that in general it

canbe @ # ¥ys.
Equation (17) for the generator takes the form

E(t) = —[B, [B, . H(/\t — /\to)/\t' t > tg.

In particular, for any monotonically non-decreasing function A¢, £(t) is a time-dependent
GKSL generator (7) with H(t) = 0 and L(t) = 1/2(A; — Ay, )A¢B, where t > t(. Let us re-
mark that if this is not the case, then ¥, is still invertible but not CP-divisible. It differs
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from some widely used physical models ([1], Section 10.1) for which CP-divisiblity becomes
broken exactly by non-invertibility of ¥ .
From the physical point of view, the most important cases are

L(t) = {

The first case leads to time-independent GKSL dynamics, despite the fact that the
initial random Hamiltonian depends non-trivially on time. Applications of such generators
can be found, e.g., in [64]. The second case for B = /70 leads to Gaussian decay of the off-
diagonal elements of the density matrix, which occurs in physical applications ([65], p. 14)
but is usually explained by non-trivial environment spectral density. But our approach
explaining it by a random Hamiltonian seems to be even more natural. And it predicts
that the difference between our explanation and the one mentioned occurs in multi-time
correlations, which can be tested experimentally.

Using Equation (26), the memory tensor for k = 2 takes the form

B/ [B/ : H/ )\t = \/EI tO = 0/
B, [B, ]]t, Ar =t tg=0.

I\)\H

—

Sﬁ(?) :eXp<;([B21 ) ]()\tz - Atl) + [B1, : ]()‘fl - Ato))z

+ 3 (B 00 = ) = 5(Ba 10 = A+ 5By, 1A~ 1))

=exp ((/\tl — Aty)(At, = Aty)[Ba, [Ba, - ]]) exp (()‘tz — Aty )(Ay — Agy)[Ba, [By, - ]])'

So, it is an explicit non-trivial example with 9(f) # 1%2.
For k = 2, multi-time master Equations (27) and (28) take the form

_> = BZ/\tzl BZ()\tz )‘t1) + By ()\fl - )‘to)/ ’ HES(?)r

EEM?} = —[(B1 = B2)Ayy, [B2(Ar, — Agy) + Bi(Ayy — Ary), - JJES(H).

3.2. Poisson Case

Let us now assume that the random variable ¢ has the Poisson distribution with
E¢ = 1. Then, we have

h(u) = exp(e™ —1).
Equation (13) takes the form

Yit, = exp (eii[B’ A=) 1)
and Equation (15) takes the form
Bys = exp (efi[B, JAe=Ayy) _ p~ilB, - }(Aﬂto))'
Equation (17) for the generator takes the form
L(t) = —iA[B, - Je 1B 1(Hi=2e),

In particular, for the special case B = 03, it takes the form

.3 1. .
L(t) = iAycos2(Ar — Agy) [0z, p] — EAt sin2(Ay — Ayy) 0%, [0%, p]].



Mathematics 2023, 11, 3854

12 0of 19

Thus, for A;sin2(A; — Ay) = —%% cos2(Ay — Ay,) = 0, the generator £(t) has GKSL
form (7) with H(t) = —A;cos2(As — Ay, )0z and L(t) = \/)\t sin2(A; — Ay, )o%. This condi-

tion is satisfied, e.g., for tg = 0and Ay = F(1 —e7).
Using Equation (26), the memory tensor for k = 2 takes the form

M(F) = exp (ei[Bz, Ay =An)—ilBr, - 1Ay ~Ary) _ pilBa, - 1(Aiy—Ayy)

o iBa 10 M) _ pilBr, - A, —w) '

For k = 2, multi-time master Equations (27) and (28) take the form

%ES@ — _i[Boky,, - Je B0 ) B0 M) D (),
2

%}ES({} = —i[(B; — BZ)/.\tlr . ]e_i[BZ(/\tz_)\fl)+Bl(/\t1 —Mg)s DES(?).
1
4. Asymptotic Expansion of Dynamics with Random Free Hamiltonian
Now, consider random unitary dynamics with a Hamiltonian of the form
H(a) =¢B+aV, (29)

where, similarly to the previous section, ¢ is a real random variable, B and V are Hermitian
n X n complex matrices and « is a real parameter. Instead of (11), we have

u; to = giiH(’X)(t*tO)' (30)
Proposition 3. Let us define the averaged propagator Y 1, as
Fiy(a) :=E(Usy, - Uly), (31)

where K is the mathematical expectation and Uy 4, is defined by (29) and (30). Then, the following
asymptotic expansion in the limit & — 0 holds.

Yo (@) = Y (—ia)"C(gm(~[Buy1, - |, —[Br, -t —to)([V, - " @1)),  (32)
m=0
where , .
@n(by -, b1st) ::/O dsm.../o ds1h(Byyar (F— sp) + ... + brsy). (33)

The function of the super-operators [B;, - | is defined in terms of the spectral decomposition.

s
Proof. First of all, let us define
Wi(a) = ellHO), - Jtg=ilH@), ]t (34)

(From the physical point of view, W;(«) describes the dynamics in the interaction
picture). Then, W;(«) satisfies the Cauchy problem

%Wt(zx) — iV, - W), Wala) = I,

where V(t) := ¢/HO). 1ty = ¢i[B, -]ty Then, the Dyson expansion for W;(a) takes

the form
[ee]

Wi@) = 3 (i) [ dsw. [P dsilVom), ). VEs1), -]

m=0
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Taking into account

V(t), -] = [eié[B,A]tV, ] = [¢BteEBE ]
= eiéBt[V, p—iCBt | ,iCBt ]efiCBt — it[B, - ]t[V, ) ]efig[B, St

7

we have
= i (—ux)m /t dsm . /52 dsleig[B' : ]Sm [V, . }e—iC[B, : ](Sm—Sm,l) . [V, . }e_iC[Bf : ]Sl'
m=0 0 0

So, taking into account (34), we obtain
Uy, - u;ft — o~ ilH(a), -]t — —i[H(O),‘]th(a)

—wc / dsy, . . / dsle ig[ (s—5m) [V/ . ]efi@'[B, “1(sm—sm-1) . [V/ . ]efi@'[B, “Is1

i M8 I MS

(—ia)™ (/ dsp .. / dsye” CBnir(t=sm) - +Bisy, - ([, ~]®m®1)).

Substituting it into (31), we have

[ee]

\Ijt,to(lk) Ee_i[H(tx) '](t_tO) = Z (—izx)mx

t— to
xc(/ e [ ds(=[Busa (s = s) -+ Balor = s0), - DIV, ~1®m®l>)
Thus, taking into account (33), we obtain (32). O

Proposition 4. Let ®;s(«) be defined (for sufficiently small a) by (9), with ¥y 4, («) defined in the
previous proposition. Then, the following asymptotic expansion in the limit &« — 0 holds.

00 m—1
Dy s(0) = Z (—ia)™ Z (—=1)1 Z Gng(t —0) Gy (s — o) - .. qu (s —tg), (35)
m=0 =0 27 o mj=mm;>1
where
G (t) :== €(gm(=[Bms1, - 1,---, —[Br, - ;D)[V, - 7" @1), (36)

and let @y s(a) be differentiable with respect to t. Then,

%@t,s(a) — Lt a)ra(a), (37)

where the following asymptotic expansion in the limit & — 0 holds.

00 m—1
Lta):= Y (—ia)™ Y (—1) Y Gung (t = t0) Gy (£ —to) - .. G, (t — to). (38)
m=1 q=0 Z?:o mi=m,m;=1

Proof. Taking into account Definition (36), the asymptotic expansion (32) for ¥ s, («) takes

the form
[ee]

Yspo(a) = Y (—in)" Gy (s — to).

m=0
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Using Lemma 1 from [62], we have

m

(i)"Y (=1)" Y Guy(s—to)... G, (s —to)

g=1 Zq m; mm]>1

(Fsto(®) ' =

3
ire

As @p5(a) = Yigy(a)(¥sy(a)) 1, then by multiplying the series for ¥y, () and
(¥s,(a)) !, we obtain the asymptotic expansion (35).
From (9), we have ®;;(a) = I. Hence, from Equation (37), we have

L(ta) = <;tq°“( )>s_t.

Taking into account the expansion (35), we obtain (38). O

Let us remark upon the similarity between the expansion (35) and the expansion of
K(t) in ([62], Theorem 1).
For the next theorem, we need to expand notation (20), defining

B'Z'I

K (I®(m+1))®(l—l) ® (I®(j—1) ®B® I®(m+1—j)) ® (I®(m+1))®(k—l)

forj=1,...,m+1land! =1,...,k. And we denote €; as the contraction operator ¢, which
acts on indices j only, e.g.,

€1([Bj,1ys * 1[Bjp1ps 1) = [By,, - 1[Byy, - |-

Theorem 2. Let T (£)[RA(¥)] be defined by (18), with Uy, defined by (5) and (30) where ¢ is a
real random variable with the characteristic function h(u). And let Ty (f)[(X)] be defined by (6),
where Oy () is defined in the previous proposition. Then,

TOR(E)] = TuHIMOA)], (39)

where the memory tensor M (F) has the following asymptotic expansion in the limit & — 0.

o k /my—1
m) = Y L Gu@II( L
m=0 Ty my=m r=1
X ) Gy (tr—1 = £0) Gy 1,0 (b — £0) - - Gy (b — to)). (40)
Z?::O My i = My, 21
Here, the following notation is introduced.
Gl (F) = (=) €1 (g (— (B, AF), -1, = [(Br, a0, - i)V, - |7 @ ), @)

where gy, is defined by Formula (33),
(Bj, AF) = Bj(ty —tic1) +... + Bja(ti —t),  (ADgi=te—tiy,

and Gy, (t) is defined similarly to (20) acting as G, (t) defined by (36) in the r-th tensor multipli-
cand and as I in other ones.

Proof. Analogously to the proof of Theorem 1, let us rewrite 7 (£)[2(X)] using Lemma 1 in
the form of (23), where
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§(F) = exp(—ilHe(@) (b — ti 1) + ... + Hy (@) (b — fo), - ])

IEXP(—ig[Bk(tk —tr1) +... 4+ Bi(t —to), ]
—ia[Vi(ty — ti—1) + ...+ Vi(ty — to), -}).

Similarly to the proof of Proposition 3, but changing B to By (ty —ty_1) + ...+ B1(t; —
to) and V to Vi (tx — ty_1) + ...+ Vi(t1 — tp) and t — £ to 1, we obtain

=
=R
=

1
agk

(i) (8~ [(Bs1, ), -1, = [(BL D), - 1V, - |77 @ D)

3
Il

I
e

(—i)" Gy (F), (42)

3
g

where G () is defined by Formula (41).
Also, by Lemma 1, Formula (19) takes the form (25), where

k
%M(B - q>tk,tk,1 ®...&Q q>t1,t0 == H(Cpt,f,tr,l (“))r/

r=1

where (®y,;, | (a));, is defined similarly to (20) acting as ®4,;, , («) defined by (36) in the
r-th tensor multiplicand and as I in other ones. So, we have

k
Em®) " =T1(®r,,_, (@)1, (43)
r=1
Due to (35), we have
(@t p, (), =P,y 1, (1)

o my—1

= 2 (—ia)™ 2 (=1)7 x
m,=0 qr=0

X Y Gy (tr—1 = £0) Gy, r (tr — £0) - . Gy 1 (£ — Eo).

Z]q'::o mr,jy :mrrmr,jy >1

Substituting it into (43), we obtain

0 k /my—1
Gu®) " = ¥ (" ¥ H(D—l)*x

m=0 Yk my=m r=1 \gq,=0

X ) Ginyor (tr—1 = £0) Gy r (tr — t0) + .. Gy 1 (b — t0)>.
2;‘7::0 My j, =My, My jy >1
Substituting it and (42) into M(F) = (EF(F))(Fam(F)) !, we obtain (40). Thus, taking
into account Formulae (23) and (25), we obtain (39). [

5. Conclusions

In this work, we have introduced the memory tensor, which characterizes multi-time
correlations in quantum systems against Markovian ones. In Theorem 1, we have calculated
it explicitly for a simple model with a random Hamiltonian, with multiplicative dependence
on a random variable. In Theorem 2, we have calculated it perturbatively for a model with
a random free Hamiltonian and a deterministic interaction Hamiltonian. But we think that
the introduced concepts and developed approaches can be used in a much broader context.



Mathematics 2023, 11, 3854

16 of 19

First of all, the concept of the memory tensor itself can be applied to other quantum
problems and is not restricted to these specific models. Its interpretation in Section 3 in
terms of transformation into the “Markovian picture” is also general.

The analytical approach based on characteristic functions can be directly generalized
for an arbitrary commutative random Hamiltonian. And it seems to be generalizable
for more complex situations, when the randomness is quantum and is described by non-
commuting reservoir variables in the Hamiltonian, but the system variables in the Hamil-
tonian are still commuting with each other. In such a case, the characteristic functions of
quantum observables ([43], Section 12.3.1) will occur.

Despite the fact that the explicit perturbative formulae in Theorem 2 are a bit sophis-
ticated, the trick which was used in its proof allows one to calculate the process tensor
perturbatively, similarly to the perturbative calculation of one-time dynamics.

For several physical models [31,32], in a usual open quantum system setup it is shown
that only for flat spectral densities the regression formulae are satisfied, i.e., the memory
is trivial. Thus, when one assumes corrections to weak coupling limit GKSL equations
(e.g., Redfield without secular approximation, next-order time-convolutionless cumulant
corrections, etc.), it automatically leads to a non-trivial memory tensor. The results of [14,16]
suggest that under conditions of sufficiently fast decaying heat bath correlation functions,
the memory tensor becomes constant after bath correlation time in a usual weak coupling
limit setup. So, the systematic perturbative calculation of the memory tensor in the weak
coupling limit setup is one of natural directions for further study.

We think that the multi-time master Equations (27) and (28) introduced in Section 2.2
can be interesting for perturbative expansions based on cumulant expansions [2—4] or on
effective generators [66—-69]. Namely, the perturbative derivation of such master equations
in the setup of Section 4 can be considered as a resummation of the asymptotic series from
Theorem 2. And analogous multi-time master equations can be useful in the usual weak
coupling limit setup in open quantum systems theory to derive corrections to regression
formulae, e.g., their renormalization in the Bogolubov—-van Hove limit [14,16,70].

Let us remark that similarly to the specific model considered in this work, one can
assume that the reservoir spectral density has a random parameter and experimentally we
have only access to the averaged measurements on the systems. Then, even in the weak
coupling limit, one can obtain a non-trivial memory tensor by averaging weak coupling
limit Markovian dynamics. Similarly, it is natural to assume that only averaged reservoir
spectral density is experimentally observable. In particular, the same experimentally
observable reservoir spectral density can be obtained by a deterministic random variable
leading to a trivial memory tensor in the weak coupling limit and many other ones with
non-trivial memory tensors.

A similar thing can be done for the multi-bath setup for which usually the calculation
of the heat flows is interesting [71-73]. One can introduce a random parameter in such
a way that the average heat flows will be the same for its different distributions, but this
difference can be detected only by multi-time correlations of heat flows.
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