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The Pauli—Villars regularization is appropriate to discuss the UV sensitivity of low-energy
observables because it mimics how the contributions of new particles at high energies cancel
large quantum corrections from the light particles in the effective field theory. We discuss the
UV sensitivity of the Casimir energy density and pressure in an extra-dimensional model
in this regularization scheme, and clarify the condition on the regulator fields to preserve
the Lorentz symmetry of the vacuum state. Some of the conditions are automatically sat-
isfied in spontancously broken supersymmetric models, but supersymmetry is not enough
to ensure the Lorentz symmetry. We show that the necessary regulators can be introduced
as bulk fields. We also evaluate the Casimir energy density with such regulators, and its
deviation from the result obtained in the analytic regularization.

Subject Index B33, B41, B43

1. Introduction

The Casimir effect is a macroscopic quantum effect that has been observed in various exper-
iments and the observed values are in good agreement with theoretical predictions [1-5]. The
Casimir energy is defined as the energy difference between the vacuum energy in a compact
space, such as a space enclosed by conducting plates, and that in a noncompact space. The
vacuum energy in quantum field theory (QFT) is generally divergent and must be regularized,
such as the cutoff regularization, in which the cutoff scale Ay is set for the momenta of virtual
particles in the loops. It is well known that the Casimir energy remains finite even in the limit of
Ayt — 00. The scale Ay 1s regarded as a scale at which the theory under consideration breaks
down and is replaced with a more fundamental theory. The Casimir effect also plays an impor-
tant role in extra-dimensional models. The quantum correction for the extra-dimensional mod-
els is Kaluza—Klein (KK) Casimir energy, which depends on the compactification scale mgk
and determines the physical properties of the extra-dimensional models [6-9]. Since the extra-
dimensional models are nonrenormalizable, they should be regarded as effective theories of
more fundamental ones, such as string theory or quantum gravity (QG). Hence A, cannot be
infinite, and may be close to mygy. In the latter case, the unknown ultraviolet (UV) physics can
affect the KK Casimir energy. This indicates that the Casimir energy in the extra-dimensional
models have regularization dependence [10-15], in contrast to the case of renormalizable theo-
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ries, in which we can safely take the limit A ., — oo. In particular, one of the authors suggests
that the Casimir energy receives a large correction from the UV physics when Ay is not far
from mg in the cutoff regularization scheme [15].

In 3 4+ 1D QFT, there is a significant discussion regarding Lorentz symmetry violation in the
regularization of vacuum energy. Indeed, when utilizing the cutoff regularization, the UV diver-
gences break the Lorentz symmetry [16-18]. If this Lorentz symmetry violation is considered
as an actual physical phenomenon, it could lead to significant cosmological issues [19]. When
we consider the Friedmann—Lemaitre—Robertson—Walker (FLRW) universe with the metric ds”
=d* — a*(1)é ;jdx'dx/, the semiclassical Friedmann equations for a flat universe with a vacuum
state are given by

1
H2=§(Acc+<0|ﬁ|0>), (1)

2H +3H? = Aee — (0] p10), 2)

where A is the cosmological constant, the hat denotes an operator, o is the energy density, p
is the pressure, the dot denotes the time derivative, and H = a/a is the Hubble parameter. A
combination of these equations leads to

H=—(0]p+p|0). (3)

In the cutoff regularization, we have

Acut d3k kz
<0|ﬁ+13|0>=(—1)8ff/ {\/k2+m2+—}
0

227 )} 3Vk?: + m?
s Agut Agut + m?
= (e @

where 8;7 is the Kronecker delta with i = b, f for bosons and fermions respectively, and m is the
mass. This shows that the UV divergences directly contribute to the dynamics of the universe.!
On the other hand, we should note that Eq. (4) for the fermionic contribution clearly violates
the null energy condition (NEC). The NEC is known as a necessary condition to eliminate any
pathological space-time or unphysical geometry [21,22] and it states that 7),,n*n" > 0 for any
null light-like vector n**. This is summarized as p + p > 0 for the FLRW metric. In the context
of the vacuum energy of the quantum fields and its regularization, there exist issues related to
the breaking of Lorentz symmetry and the violation of the NEC.

In this paper, we explore the KK Casimir energy density and pressure from compact dimen-
sion. We particularly study the UV sensitivity of the KK Casimir energy. As we will show in
the next section, the analytic regularization inherently omits the UV contributions, and the cut-
off regularization violates the Lorentz symmetry in the vacuum state. Therefore, we adopt the
Pauli-Villars regularization, which effectively demonstrates the cancellation of large quantum

"We briefly mention the observational constraints on (0| 5 + p|0). These are derived from the current
measurements of the dark energy and the constraints on its equation of state wg,.k. The Lorentz violation
by dark energy can be formalized by the following expression:

Pdark T Pdark = (1 + Wdark) Pdark ™~ (1 + Wdark) (10_3 CV)4 . (5)

Although some results suggest a slight phantom-like equation of state, wg, =~ —1.03, several in-
dependent observations are broadly consistent with the cosmological constant value of wgyx =
—1.013f8;82§ [20]. Thus, the vacuum must preserve the Lorentz symmetry with the accuracy pgark +
Paark S O(1072)(107 V)%,
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corrections by the contributions of high-energy virtual particles in the effective field theory.
We further specify the necessary conditions on the regulator fields to preserve Lorentz sym-
metry.” Although spontaneously broken supersymmetric (SUSY) models satisfy some of these
conditions, SUSY is not enough to ensure the Lorentz invariance of the vacuum state.

The rest of this paper is organized as follows. In Section 2, we review the analytic and cutoff
regularizations of the KK Casimir energy density and pressure. We point out that these reg-
ularizations are not adequate to evaluate the UV sensitivity of the Casimir energy preserving
the Lorentz symmetry. In Section 3, we consider the Pauli—Villars regularization to regularize
the Casimir energy density, and provide the necessary conditions for regulator fields to pre-
serve Lorentz symmetry. In Section 4, we numerically calculate the Casimir energy density and
pressure in the Pauli—Villars regularization, and evaluate their dependence on the UV regulator
mass scale. In Section 5, we conclude our work.

2. Regularizations

We take the following semiclassical treatment [24], which approximately combines QFT and
general relativity (GR), and is expected to be reliable under conditions where QG is not impor-
tant. We treat space-time classically and use the expected value of the quantized stress—energy
tensor in Einstein’s equations. Hence, the quantum effect of matter fields on space-time geom-

etry can be approximately described by the semiclassical equations?

G/w + Accguv = (Tp.v> s (6)

where G, is the Einstein tensor, A is the cosmological constant, and (7),,) is the expected
value of the quantum stress—energy tensor. Phenomenologically, such treatment will suffice.*

It is known that the (quantum) vacuum is Lorentz invariant to a high accuracy from observa-
tions [38,39]. Therefore, the vacuum energy density o must give rise to an energy—momentum
tensor in the 4D Minkowski space-time of the form

<TJSC> =(01010) nuv, (7

where 1, = diag(—1, 1, 1, 1) is the Minkowski metric, and thus the quantum correction to
the vacuum energy density is renormalized by the cosmological constant A... Note that Eq. (7)
indicates that

(01p+p10) =0, @®)

where p = T} = T3¢ = T35 is the vacuum pressure. Therefore, the LHS of Eq. (8) measures
the violation of the Lorentz symmetry.

2See also Ref. [23], which discusses related issues.

3Here we have taken the unit of the gravitational constant, i.e. 87 Gy = 1.

4This approach has challenges. Specifically, the quantized stress—energy tensor in curved space-time
introduces higher-derivative corrections, leading to nonunitary massive ghosts and potential instability
in space-time and its perturbations, as referenced in various studies [25-35]. These quantum effects could
contradict current observations if they significantly influence the universe [35]. Thus, the semiclassical
gravity may not hold up under higher-perturbative calculations and may require specialized analysis
methods within the effective field theory [36,37]. In this paper, we do not consider such higher-order
calculations.
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2.1.  Formal expressions for energy density and pressure
To simplify the discussion, we consider a real scalar theory in a flat 5D space-time, and one of
the spatial dimensions is compactified on S'/Z,:

L= —%aﬂcpap ;MbulkCI)z, )
where u = 0, 1, -+, 4, and My is a bulk mass parameter. The coordinate of the compact
dimension is denoted as y = x*. The fundamental region of S'/Z, is chosen as 0 < y < 7R,
where R is the radius of S'. The real scalar field ® is assumed to be Z, odd. Then the KK
masses are given by

2
MZ, + = n=1,2,--+) (10)
The vacuum energy density and the vacuum pressure in the 4D effective theory are formally
expressed as

d*k
2 2
2/2(271)3 k* 4+ m2,

d’k k?
11
Z/ 20y S (
These obviously diverge, and we need to regularize them. In the following, we review the analytic
and the momentum-cutoff regularizations, and mention unsatisfactory points for our purpose.
To make the relation between them clear, we introduce the cutoff for the KK mode number Ny,
the momentum cutoff’ Ay, and the complexified dimension d. Then, Eq. (11) is regularized as

Neut A d
cut d k
01510) = / K e,
; 0 2Q2m)dpd-3
1Ncut

Acut ddk k2
01p0=5> | , (12)

2070 etk

where u is some scale to adjust the mass dimension. Naively, the cutoff scales for the 3D mo-
mentum and the fifth one are expected to be common. Thus we assume that my,, >~ Agy, Or

more specifically
Ney = floor (R,/ A2, — Mﬁulk) (13)

Performing the k-integral, we obtain

Neut d+1
m d d+1
01510) = : B (-5,
e M
Neut d+1
m d+2 d+ 1)
0 D 0 = L B —€ A s ’ 14
(01510) gzd(4n)d/2ud_3r(%,) i ( T (14)
where I'(«) is the Euler gamma function, B.(«, B) is the incomplete beta function, and
2
m
= n___ 15
‘ cut + m}%l ( )

2.2.  Analytic regularization
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2.2.1.  Review of conventional derivation. The most popular regularization scheme for the
calculation of the Casimir energy is the combination of the dimensional regularization and the
zeta-function regularization, which we call analytic regularization in this paper.

Let us take the limit A — o0, i.e. €, — 0, keeping d — 3 nonzero, in Eq. (14). Then, the
incomplete beta function reduces the complete beta function, and becomes n-independent:

(4T (-4t
1m1BF6(ﬁ,_iil>:23<ﬁ’_iil)::_ (5)T( z[
€,—0 "\ 2 2 2 2 2ﬁ
d+2 d+1 d+2 d+1 dr (4)1r (-4
61”121031 € (T’ _T> o B< 2 7 o 2 ) - 2ﬁ . (16)

Thus, Eq. (14) becomes

R _ w? d d+1\ < [(m, dtl
01510 = 3 )B<5, al )Z(I)

4 o0 d+1
R n d+2 d+1> (mn)
01p|0) = B , — —
O1p10) 2@y T (2) ( 3 7 E »

4 d+1) oo d+1
Sy () (17)

24m) > T\ M

The infinite sum over the KK modes is evaluated by the zeta-function regularization tech-
nique [8,40,41]. Using the formula (B10) with Eq. (B11) in Appendix B, the energy density
is expressed as

w3 dr( d+1 00 m

(01p10) = ( (MEy +77) %
2(4n)'¥‘Rd+ 2:1: oulk
3 d prd+1 1 3—d
4(4m)d+1)/2 8(4r )i/ bulk
d+2
3 dM 2
bulk 7M
(2,,)d+1 TR S Ky 22 (2mn M) (18)
n=1

where My = RMyui, and K, (z) is the modified Bessel function of the second kind. The first
term diverges as d — 3, but it does not depend on R and is irrelevant to the stabilization of the
extra dimension. Thus we simply neglect it. We require that the vacuum energy density in the
decompactified limit R — oo vanishes [42]. Thus the Casimir energy density, which is a function
of R, is defined as

(01510)casimic (R) _ (0[p[0)(R) lim (01p510)(R)
7R o 7R R—>00 7R '

(19)

Note that the subtraction should be performed for the 5D energy density since the second term
is the quantity in the decompactified limit. Then, the second term in Eq. (18) is canceled, and
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we obtain

(0 | /5 | 0)Casimir = (27‘[)d+1;;;;2 Z niiK(H—Z (2nnRMbulk)

5

M
bulk
- n ZK 2nnR My, 20
L6 22 s( bulk )- (20)

We have taken the limit d — 3 at the last step. Similarly, the vacuum pressure is calculated as

0]p]0
<O|ﬁ|0>Casimir = <0| |0> R lim M

R—0

n=1

deélk g2
= W Zl’l 2 K% (27Ti’lRMbu1k)
n=1

M

bulk
— E n 2K5(27TI’!RMbu1k) (21)
1674R> o

In the massless case My, = 0, Eq. (20) reduces to the well known form

0171 Ohcugme = LGV HD) 3
e 2d+27 5d+2 Rd+1 128776 R4’
where ¢(s) is the Riemann zeta function.

From Egs. (20) and (21), we can see that the sum of the KK Casimir energy density and

pressure are exactly zero:

(22)

Ofp+ ﬁ | 0>Casimir =0. (23)

Thus, the Lorentz symmetry and NEC are both preserved in this regularization.’

2.2.2.  Cutoff sensitivity in analytic regularization. Although the formulae (20) or (21) are
useful because of their rapid convergent property, the analytic continuation processes make it
difficult to see how the divergent terms are removed. It is well known that this regularization
only captures the logarithmic divergences, and is insensitive to the power-law divergences of
Acyt. To see the situation, let us review the procedure that we have performed in Eq. (16) in
more detail. As long as Ay is kept finite, the incomplete beta functions in Eq. (14) are well
defined for any values of the dimension d. Before taking the limit A, — oo, let us consider
a case that d < —1. Then, using Eq. (A6) in Appendix A, the incomplete beta functions are

expanded as
d d+1 2 _aa 4 — 217
—B(=, — 2
(2’ 2 )+d+1€” a1

d d+1

B (3-57)
d—2)d—4) 1 s
-9 >ez+o<€v),

m

d—3 n n
d+2 d+1 d+2 _dil d 1d
S R St N
d(d—2) 3« 5-d
D oy <z4>

SWe can already see this in the formal expressions in Eq. (17).
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Since all the powers on the RHS are positive for d < —1, we can safely take the limit Ay, —
oo (i.e. €, — 0), and drop all ¢,-dependent terms. After dropping them, we can move d to a
value close to 3. This is what we have done in Eq. (16). However, if we keep the €,-dependent
terms when we move d to a value close to 3, the second and third terms on the RHS of Eq. (24)
have negative powers, and correspond to the quartic and quadratic divergences, respectively.®
Therefore, what we have done in Eq. (16) is just to drop the quartic and quadratic divergent
terms by hand.

A similar prescription has been performed when we apply the zeta-function regularization for
the infinite sum over the KK modes. If we keep the cutoff Ay finite, the incomplete functions
in Eq. (14) depend on the KK level #, and cannot be factored out from the summation over 7.
Therefore, it is not easy to perform the exact calculation of Eq. (14). Hence we investigate the
following expression instead:

i d+1 d d+1 —d?
Z 2(47.[):1/2 d=-31 ( )Bl_en <§’ _T) ¢ ’ (25)

n=1

where a = 1/N¢ is a tiny positive constant. Instead of the sharp cutoff at n = N, we introduce
the damping factor e, which suppresses the contribution of heavy KK modes with m,, >
Acu.” Then, Eq. (25) is rewritten as

) 1 d d+1 _,
01410y = 2(dn Y Pud=3RIIT (2) v (5’ 2 Mbmk) ’ (26)

where U(a, B; M?) is defined in Eq. (B1) in Appendix B. According to Eq. (B3) with Egs. (B4)
and (B12), this has the following terms:

U g _d+1 M _ (Acutlz)d-"_1 _ Mgulk(AcutR)d_l 3M§u]k(AcutR)d_3
27 2 bullk | ™ d(d + 1) 2d(d — 1) 8d(d — 3)
_ G ( d+1 Mgulk) (A R)? — C2( szrl’ Mgulk) (AeR)?
dﬁ cut dﬁ cut
C3( d+1’ M2u ) - N _
B dzﬁ P (AR + O (d: M)+ 27
where C(8; M?) (i = 1, 2, 3) are defined in Eq. (B13), and
. - 2(AeuR)? & - n?
. 2 _ t
U, (d, Mbulk) = + nX_I: \/(AcutR)2 + Mtzaulk + n2exp (—m ) (28)

and the ellipsis denotes terms that appeared in Eq. (18) and irrelevant terms that will vanish in
the limit of Acy — oo when d = 3. In the limit of d — 3 keeping Ay finite, the terms shown in
Eq. (27) represent power-law-divergent terms up to quintic in A¢y. This is expected because we
are considering the 5D theory. In the derivation of Eq. (18), we have taken the limit of Ay —
oo for d < —2, where all terms shown in Eq. (27) vanish. However, this treatment is equivalent
to just dropping those terms by hand. Therefore, the analytic regularization is inappropriate for
studying the UV sensitivity of the Casimir energy density or pressure.

®Besides, the fourth terms also diverge as d — 3 and contain logarithmic divergent terms.
"To simplify the discussion, we approximate a as @ = (A R) .
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2.3.  Cutoff regularization
Next, we consider the cutoff regularization. Take the limit d — 3, keeping Ay finite, in Eq.
(14). Then we obtain

New m4 3
01p10)=) o8, 6,1(5,_2)

n=1
Neut Acutm (2Agut }%) mﬁ 1 Cut + \/m
_ - n ,
nX:l: 3272 3272 my
Neut 4
m 5
01910 =3 37 i (5 —2)
— 24 2
B % Acm\/m (2% — 3my) n ) In Acuc + \/m (29)
- g 9672 3272 m, ’

The sum of the vacuum energy density and pressure is
Agut + m121

1272 ’

cut A3

cut

(O1p+p10)= (30)
n=1
where the logarithmic terms exactly cancel but the cutoff divergences remain. Namely, the
Lorentz symmetry is violated in this regularization. If @ is replaced with a 5D fermion, an
overall minus sign appears in the above expressions. Hence NEC is also violated in that case.
For a light mode with m,, << Ay, its contribution to the vacuum energy and the vacuum
pressure can be expanded as

m? 3
6(my) = s=5B1-¢, | 5,2

1 m? m? 2A mb
— A4 A2 2 n n 1 cut O n ,
167 2( cut T Acudl?n + 8) 272 Ty O\ A2
m? 5
p(m,) = "B« [=,-2
p(my) a2 B n(z )

1 Tm* m* 2A m6
= (A% — A2 " L P | . 31
48712( fut ~ A ~ g )+32n2 " TR GD

cut

After summing over the KK modes, the leading terms of (0|5 |0) and (0| p|0) are

5
NcutAcut ~ RAcut - 1k/Acut

<0 | /6 | 0>1eading ~

1672 1672 ’
: Newdd,  RAL[1— ME /A%
(O | y4 | 0>leading ~ 4872 ~ 48772 s (32)

where Ny is defined in Eq. (13). Since these are proportional to R, they are canceled in the
Casimir energy density and pressure defined in Egs. (19) and (21), respectively. However, the
other terms remain and violate the Lorentz symmetry. Thus the cutoff regularization is con-
sidered to be problematic for the calculation of the Casimir energy [16-18].

From the physical point of view, contributions of massive KK modes near the cutoff
scale Acye should be suppressed by UV physics. In the previous work [15], we introduced a
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damping function, such as

n2
Gaump() = €Xp ( o ) , (33)
or
1 n
Zdamp(n) = 5 [1 + tanh {A (1 W t)” , (34)

where 4 2 10 is a positive constant that controls the steepness around the cutoff scale, and
inserted it into Eq. (14) as

> md+] d d+1
Bio (% —222) gaamp(n). 35
Z2(47f)d/2r‘ 4" "(2’ 2 )gd () (35)

n=1 2

2

Then we obtain a finite value for the Casimir energy density, which agrees with the value ob-
tained by Eq. (21).8 The cutoff regularization considered in this subsection corresponds to the
limit of 4 — oo in Eq. (34). It is known that the regularization with such a sharp cutoff pro-
vides a divergent Casimir energy density, and should not be applied to the calculations for the
Casimir energy density and pressure [15].

3. Pauli—Villars regularization

As mentioned in Section 2.3, the contributions of massive KK modes near A¢y should be
suppressed by the UV physics, such as contributions of new particles with masses of O(Acyy).
Such contributions can be mimicked by the Pauli—Villars regulators. However, a single regulator
that has opposite statistics and a large mass M, is not enough to suppress contributions of
KK modes heavier than Mreg.9 Hence, for each KK mode with mass m1,,, we introduce k species
of regulators. Then, its contributions to the Casimir energy density and pressure are modified
as

k
pu = Plmy) = Y eip(My),

i=1

k
Pn = Plma) = Y cip(My), (36)
i=1

where p and p are defined in Eq. (31) and M; and an integer ¢; denote the mass and the degree of
freedom for the ith regulator, respectively. We assume that all M; (i=1, 2, ---, k) are of O(M ).
Note that we introduce both bosonic (¢; < 0) and fermionic (¢; > 0) regulators. Then, using the

$With the damping function in Eq. (34), the parameter A has to be chosen to a value in the appropriate
region to obtain a consistent value with Eq. (21).
°In the Pauli-Villars regularization, M, plays the role of Agy in the cutoff regularization.

9122

20z Aepy 90 uo Jesn 1gIN3 Ad 852219.2/909€¥0/v/¥20Z/e10ne/de1d/woo dno-ojwepede//:sdiy wolj pepeojumoqd



PTEP 2024, 043B06 H. Matsui and Y. Sakamura

expanded expressions in Eq. (31), we have

1
n= 167r2 {( Z cl) cut T Azut (m,zz - ZQ‘ME) + 3 (mfl — ZC"M?)}

6
mi 2Acut n ch M4 2Acut Lo (Mreg> ’

32712 m, 327 7! M,; A2,
Pn= 487-[2 {( ch> cut cut (Wl _ZCM2> <m2_ZCle4>]
m2 2A " M2 Ac . MS,
s In—— — Lo =), 37
T3 Z 322 " a, TO\ R, G7)

If we require the integers ¢; (i = 1, 2, ---, k) to satisfy [17,23]"°

k k
Y=l M= Y aM=n, (38)
ji i=1 i=1

the Lorentz-violating terms are canceled, and we obtain

n reg reg
= C b
o= "0 T, +Z 132 25

4
reg reg
Pn= el Z “3om? 327‘[2 M (39)

in the limit of A — oo. Hence we have

on+ P =0. (40)

The first condition in Eq. (38) is the requirement of the balance between the bosonic and
fermionic degrees of freedom. The second one has the same form as the supertrace mass for-
mula in a model that has spontaneously broken supersymmetry (SUSY) [43]. Namely, the first
two conditions in Eq. (38) are automatically satisfied in such a model. To preserve the Lorentz
symmetry, however, the third condition is also necessary. It is intriguing to discuss the possibil-
ity of constructing a SUSY model in which all conditions in Eq. (38) are satisfied [23].

To suppress the contributions of massive KK modes heavier than M., we should also require
that

lim p, = lim p, = 0. 41)
This is rewritten as
lim <m In —- Zc M In — ) = 0. (42)
=00 reg i=1 reg
In the case of
k = 3, Ccl = 1, Cy) = —(C3, (43)

OWolfgang Pauli found these constraints (38).
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we can solve Eq. (38), and obtain

c—1 o+ 1
M; = M; p
2 26’2 ! + 26‘2 e
e+ 1 o —1
M = M} . 44
3 2C2 ! + 26‘2 M ( )

For ¢, = 3, we have four bosonic and four fermionic degrees of freedom in total that can be
embedded into a chiral multiplet in a (spontaneously broken) SUSY model. In the following,
we consider the case of Eq. (43) with ¢, = 3 as a specific example.

We assume that M} (i = 1, 2, 3) are functions of m, and My,,. In solving Eq. (42), we are
interested in the KK modes with m,, > M¢,. Thus, we expand M 12 as

Mi =am, (1+ B8+ p28* +---), (45)

where § = Mrzeg /m?. Using this expression and Eq. (44), we can expand the LHS of Eq. (42) as

2 3 2
m M:
m*ln —2- — eiM?*In —
" 2 M2
reg i—1 reg

2
m
- (clmﬁ +CmP M2+ c3Mreg) In -7

reg
reg

M6
+ Cymi) + Csmz ML, + Cs M, + O ( r§g> : (46)

ml’l

where the coefficients C; (i = 1, 2, ---, 6) are functions of «, 1, and B,. The requirement (42)

indicates that all C; (i = 1, 2, ---, 6) vanish. We find that C;, C;, and C; automatically vanish, and

do not give any constraints on «, 81, and ;. The coefficient Cy4 is a function of only «,

2)? 2 2 1) 2 1
_(oe+ ) lnoz—}— +(oz—l— ) In o+ ’
3 3 3 3
and the solution of C4 = 0 is « = 1. Under the condition « = 1, we can easily see that both Cs
and C¢ vanish identically. Therefore, we can take 8, = 0, and assume that

C4 = —042 Ino

(47)

M} =m> + ﬂleeg, (48)

as a solution to Eq. (42). If we rescale Mrzeg, we can always set 81 = 1. As a result, we can choose
a solution of Eq. (42) (and Eq. (38)) as

reg reg

M? (mﬁ, M> ) = M2, + i,

1
M> <m§, M> ) — M2+ m?

reg 3 reg n’
2 2 2 2 2 2
M3 (3 M2, ) = SMR 4. (49)

This result indicates that the regulators can be regarded as the KK modes for 5D bulk fields. In

fact, if we introduce one fermionic 5D field with the (squared) bulk mass Mgulk + Mrzeg, three

fermionic 5D fields with M2, + %M 2. and three bosonic 5D fields with M2, + %M 2 the

reg’ reg’

conditions (38) and (41) are satisfied for each KK mode.
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Before ending this section, we comment on the relation to analytic regularization. In that
regularization, p, and p, are read off from Eq. (17) as
3—d
"(57-2)
2

N G ) (mn)d“ s ( m )

IOn = —Dn= ——+ E— — —

2(4m) T\ 1 2

m* 1 1 m? 3 d—3

=——"1— -1 - O — 50

32n2{3—d 2<n47m2 2+VE>+ ( 2 )} (50)

where y g is the Euler-Mascheroni constant. We have used Eq. (A3) at the last equality. After
the minimal subtraction, we have

d-3
2

m*  om?
= —p, = —"In 2. 51
P V4 6477211“2 (51

To match Eq. (37) with this result, a further additional condition has to be imposed [17]:
k 2
M:
> eiMiln—L =0. (52)
i=1 ®

Therefore, the number of regulator species has to be chosen as k > 4. Then, Eq. (37) agrees
with Eq. (51) in the limit of A,y — oco. However, we do not have a simple solution for Eq. (38)

when k > 4. For example, if we assume that k = 4 and ¢3; = —c¢4, we obtain from Eq. (38)
M;=—-A+B,
M;=A+B, (53)
where

aM? + (1 —c)M32 — m?
2C3 ’
C]]Mil + (1 — C1)M§1
4e3 A ’
Plugging this into Eq. (52) and solving it, we can express M22 in terms of M 12 in principle. As a
result, M? (i = 2, 3, 4) can be expressed as functions of M7 and 2. However, we do not have
analytic expressions for them in general.

A

B (54)

As we will see in the next section, even if the condition (52) is not imposed, the result agrees
well with the one obtained in the analytic regularization (20) as long as min (M7, M3, M3) >
_ p-1
MK = R~

4. Regulator mass dependence of Casimir energy

In this section, we will numerically calculate the Casimir energy density and pressure in the
Pauli—Villars regularization, and evaluate their dependence on the regulator mass scale M.
As a specific example, we choose the regulator masses as Eq. (49). In this case, the energy density
and pressure for the vacuum are expressed as

015100 =—(p|0)"Y

Mo o (ay oo ; 4 12
= i i, Innir, — Zc"Mi In M;
i=1

n=1
_ My,
T 64m?

Z F(an), (55)
n=1
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0.00} JERARA—

-0.05r

-0.15r

0.05 0.10 050 1 5 10

Fig. 1. The profile of the function F(x) defined in Eq. (56). The bulk mass is chosen as My = 0 (solid),
0.1 (dashed), 0.3 (dotted), and 0.5 (dot-dashed) from bottom to top.

where a = (MregR)_l, and

2
A2 m, 2 2.2 " Muix
n, = = Mgy +an, Myx= ,

n Mrzeg bulk u Mreg
N M? m? -
Mi=—b =1+ —2 =1+ (Myy +an’),
Mrzeg Mrzeg !
M2=M22—1+ m, —l+(M21k+a2n2)
2= = = b )
Mrzeg 3 Mrzeg 3 "
. M2 2 m? 2 .
iz, =3 g, =3 et ar)

F(x)= (Mtzmlk + xz)Z In (Mtzmlk +x7)

— (1+ Mg —|—x2)21n (1+ M +x7)
[ 2\’ 1 2
—3<§+Mbu1k+x) In §+Mbu1k+x

3

Figure 1 shows the profile of the function F(x) for various values of M. We can see that the
contribution of the KK modes damps around x = 1, which corresponds to the regulator mass

2 . o2
+ 3 <§ + Mtz)ulk + x2> ln (— + Mgulk + Xz) . (56)

scale M.
According to Eq. (19), the Casimir energy and pressure are given by
M
(O] /3 | 0>ngimir =—(0] [3 | O)E\a,simir = 64;g2 A(a)» (57)
where!!
oo o0 1
Ala) = ZF(an) — / dx F(ax)+ = F(0). (59)
n=1 0 2
""We have used that
- & a o a
lim n;aF(an) = fo dx F(x) = SF(0)=a fo dx F(ax) = S F(0). (58)

See Section 3.3 of Ref. [15] for details.
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In order to evaluate A(a), the Euler—Maclaurin formula is useful [44-46]. Then we obtain

cut New 1
A(a)= lim {ZF(an) / dxF(ax)—l—EF(O)}

Lut—)OO

Lut—)OO

cut Neut 1
— lim {ZF(an) / dxF(ax)}—EF(O)

= lim |:§ {F(O) + F(aNcut)}

Ncut_>oo
floor (¢/2) 2y
B F(O
+ opd {F‘z”’”(aNcut) —F(zl””(O)} +R, | — £0)
(2p)! 2
p=1
floor (¢/2) )
Br.a2P
=— > —2” : @r=D0)+ lim R,, (60)
2p) Neu—00
p=1
where B,, are the Bernoulli numbers, ¢ is an integer greater than 1, and
Neut B _ ﬂ
R, = (=)t / ax B N ) 1 p@(ay), 61)
0 q:

with the Bernoulli polynomial B,(x). At the last step in Eq. (60), we have used that
lim F(x)= lim FP(x)=---= lim F V(x)=0. (62)
Here we set ¢ = 2. Then, noting that FV(0) = 0 from Eq. (C1), Eq. (60) becomes

Ala) = — /000 dx Balx — ﬂ;)or(x))azF(z)(ax)

-2 Z / dx Ba()FOa(x + 1)) (©3)
where the explicit form of F?(x) is shown in Eq. (C1) in Appendix C, and
1
Bz(X) = Xz —x+ 8 (64)

To see the deviation of the Casimir energy (57) from the one obtained in the analytic regu-
larization (20), we define

<0 | ,0 | O>Celslmlr
(015100

Casimir

(65)

F'cas

where (05 ]0)2 . denotes Eq. (20). Figure 2 shows the ratio res as a function of @ =
mgx/ M.y, where mgg = 1/R is the KK mass scale. We can see that the result obtained by
the Pauli—Villars regularization agrees well with that of the analytic regularization as long as
the compactification scale mgx is well below the regulator mass scale M.

Before ending the section, one comment is in order. The above results can also be expressed
by using the analytic regularized formula (20). As mentioned below Eq. (49), the current choice

of the Pauli—Villars regulators can be understood as 5D fields. Thus, the Casimir energy density
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0.10 0.15 0.20 0.25 0.30 0.35 0.40
Myk/Mreg

Fig. 2. The ratio r, defined in Eq. (65) as a function of mgk/M,. The bulk mass is chosen as Myyic/ Mg
=0 (solid), 0.1 (dashed), 0.2 (dotted), and 0.3 (dot—dashed), respectively.

in Eq. (55) is also expressed as

(01510) Cxgimir = E(R, M) — (R VME L+ Mrzeg>
3¢ (R, | M? 1M2 3R, | M? 2M2 66
o butk 3 reg + bulk T 3 reg | (66)

5

M2
1674R>

where

E(R, M) =—

Zn sz (27nRM). (67)

Thus, Eq. (65) can be rewritten as
Feas =1 — A (Mbulk’ Mbulk =+ Mrzeg>

. 1 - 2
- 3A (Mbulk, Mbulk + ngZeg) + 3A (Mbulk, Mbulk + 3Mrzeg> (68)

where My = RMuyk, Myeg = RM,eq, and
Mz) Z;’;l n‘%K;(%T)’ZMz)

p— —. (69)
M) Y n ZK%(2nnM1)

A(Ml,Mz)—<

The function A(M;, M>) is exponentially suppressed when M| <« M,, but becomes nonneg-
ligible when M>, = O(M,). Since the infinite summation in Egs. (67) or (69) converges much
faster than the KK summation, this expression is convenient to the numerical computation.

5. Discussions and conclusions
We have studied the dependence of the Casimir energy density on the UV dynamics in the
context of a 5D model with a compact dimension. In contrast to renormalizable theories, a
nonrenormalizable theory, such as our 5D model, should be regarded as an effective theory, and
be replaced by a more fundamental theory at some high energy scale Myy. A typical situation
is that some new particles appear at a scale around Myy, and cancel quantum corrections from
the light fields in the 5D effective theory.

If Myy is not far from myy, the existence of the new particles can affect low-energy ob-
servables, such as the Casimir energy density. We have evaluated such effects on the Casimir
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energy density (and pressure). The most popular way of calculating the Casimir energy is the
method using analytic regularization because the resultant expression is convenient for the nu-
merical evaluation and the regularization preserves various symmetries, including the Lorentz
symmetry. However, this regularization removes the power-law divergences by hand, and thus
is inappropriate for our purpose, as we showed in Section 2.2.2. Instead of this, we work in the
Pauli—Villars regularization, which mimics the situation that new particles cancel the quantum
corrections from the light particles. To preserve the Lorentz symmetry of the vacuum, we have
to prepare more than one regulator for each mode, and their masses and the degrees of free-
dom have to satisfy some conditions (see Egs. (38) and (41)). It should be noticed that two of
them are automatically satisfied in a (spontaneously broken) SUSY model. The result in Eq.
(49) indicates that the Pauli—Villars regulators can be regarded as the KK modes for 5D bulk
fields. In the case that the model is embedded into a (spontaneously broken) SUSY 5D theory,
the scalar field ® and the bulk regulators should be embedded into a 5D SUSY multiplet. Thus,
the example of the regulators considered in Section 3 must be modified. Needless to say, the
deviation from the result in the analytic regularization depends on the choice of Pauli—Villars
regulators. Still, our example shows a typical order of magnitude for the deviation.

If we do not impose the condition (52), it is not guaranteed that the resultant Casimir energy
density (or pressure) will agree with that obtained by analytic regularization. We numerically
evaluate them and confirm that they agree well with each other even if Eq. (52) is not satisfied,
as loong as the KK mass mgg and the bulk mass My, are smaller than all the regulator masses.
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A. Complete and incomplete beta and gamma functions

A.1. Definitions and properties
The integral expressions of the complete beta and gamma functions are given by

B(a, B) = /000 dx x*7'(1 = x)~' = B(B, a),

() = /Ooodz e, (A1)

which are valid only for Rea > 0 and Re 8 > 0. They are related as

T(e)I'(B)

Bl P = Tavp)

(A2)
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This relation holds over the whole domain of the beta function. The gamma function behaves
nearax =0, —1, =2 as

M) =1~y +0),

1
D(-1+€) == =1+ 7+ O(e).

1 3
_ - 4 2_ A3
P(=2+€)=5-+7 5 +0), (A3)
where y g is the Euler-Mascheroni constant.
The incomplete beta functions are defined as
Bxa,ﬂ)zt/“dxxﬂ—xl-xw—E (A4)
0

for Rea > 0, and the upper and lower incomplete gamma functions are defined as
o
rmuzf dt t“ e,

y.(a)=T(a) — () = /OZdZ e, (AS)

where the integral expression of y.(«) is valid only for Reo > 0. From Eq. (A4), we obtain
1
Bdap)= [ dry -yt p=1-v)

1 €
=‘/ dyJﬁ_IU»—JOQ_I—L/ dy yP71(1 = p)*!

0 0

€ o 2
R R T R e )
0
e a—1 o’ —3a+2
- N TRy - & ot SRSy - & o B+3
= B(a, B) 5 +ﬂ+1€ 261 2) P+ O(eP ), (A6)

for Rea > 0and Re 8 > 0.
Similarly, the incomplete gamma function can be expanded as

00 §
Fa(a)=/ dt t“_le_’—/ dt 1% e
0 0

) 2
:H@—Adm“%L4+L+OM4

2

5§ 8ot+l 80(—1—2
=T(a) — — — O(5*+). A7
s T TP S (A7)

The incomplete beta function is also expanded as
1 o 1

B _(a,8)= —— dx x%e T xe —eP(1—e). A8
e p) = s [T )+ 210 (A8)

We can show this by differentiating both sides concerning ¢, and checking that they coincide.
For B8 > 0, Eq. (A8) reduces to Eq. (A2) in the limit of € — 0.
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A.2. Explicit forms
Here we show the explicit forms of the incomplete beta functions that appear in Section 2.3:

3 5
Bi_.(=,-2), Bi_.|=,-2). A
! n(z ) 1 n<2 ) (A9)
m? A2

2
n cut _ X
2 — A2 - ’
Acut + le Acut + Wl% X2 + 1
where X = Ay /m,, the above functions can be expressed in the form of

Since

(A10)

l—¢,=1-—

x2

B . (a. 5)—/“ dx x* (1 — x)f 1, (A11)

X241

when Re« > 0. By differentiating this concerning X, we have

X2 a—l X2 B-1 XZ
oy B ,B)= 1 — oy | ———
xB g (@) <X2+1> < X2+1) X<X2+1>

2X2a—1
= (X2 1)etB’
Since B ;2 (o, B)lx=0 = 0, Eq. (A11) is reexpressed as

X441
X 2Y2a—1
B, ,B) = dYy ———. Al3
e = [ ay (A13)

(A12)

From this expression, we obtain

X
B (%,—2):f dY 2Y*/ Y2+ 1
0
:l{X\/XH—1(2X2+1)—ln(X+\/X2+1)},

X241

= AXVX2+102X*=3)+3In (X +VX2+1)}. (Al4)
4{ v (¥ + v 1))

B. Formulae for zeta-function regularization

In order to evaluate the regularized sums in Eq. (14), we define

[o.¢]
Ule. p: MY =Y Bie (o, p) (M? +1n?) " e, (B1)
n=1
where « is a tiny positive constant, and
§ = ———————. B2
s M (B2)
Using the formula (AS8), this is expressed as
0 00 XX Eﬂ(l _ én)oz
Ula, B; M?) = /d—l“ P SV
o gl: o arr gy e BT

x (M?* +n?) b g
_ Ul(a’:B;Mz) UZ(‘X’IB;MZ)

ala+ B) aa* (B3)
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where

Ul(oz,,B;Mz)E/ dx x%e S, (8; M?),
0

o]

Ss(B; M?) = Z (M* + ”2)_}3 L ognys (Be™ ™,

n=1

00 _aznz
e
UZ(aa ﬂ’ MZ) = o * (B4)
Here note that Ss(8; M?) can be rewritten as
o0
Ss(B; M*) = / dt 1P 1e ™M1y (¢ + o), (BS)
§

where 9(1) =) 7, ¢! is the Jacobi theta function, which has the property

1 1 /n T n?
9 =—=+=/—+ /=0 (—). B6
o=-3+37 /P (7) ®)
Using this property of 9(¢) and the definition of the gamma function, S,.,(8; M?) is expanded

as
JAIMTPN S 1
y-- E a'T —
+ cja B > J

Sa2x(ﬂ; Mz) = - B
Jj=0

(a2x)ﬂ B MZ(QZX)ﬁ-H N M4(a2x)ﬂ+2
28 26+1) 48 +2)
ﬁM—2,B+1

- {azﬂ’lHﬁf%(sz) — U H (M)

a2ﬂ+3 5

00 tﬁfleszt 72 2545
+ dt ¥ + O (aFP), B7
ﬁ/g Vit d (t+a2> (™) ®n
where the constants ¢; are defined by
(1+x)"2 = Z c;x’, (B8)
=0
and the function Hy(z) is defined as

Hy(z) = (BY)

:O

When Re 8 > %, all the powers of « are positive, and we can take the limit of « — 0 and obtain

So(B: M) = }}ggﬁ (B M) =T(B) Y (M* +n?) P

n=1

M «/_M 28+1 1
- L (r-3)
2.2
+f2/ dt P~ 26Xp< M%-”t”) (B10)
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When Re 8 < 1, the integral in the last term is expressed as

00 2.2 _1
g3 a2, TR Tn\B—3
/0 dit t Zexp< M- )_2(—M) K,_yQmnM). (B11)

Substituting Eq. (B7) into the first expression in Eq. (B4), we obtain

Ui(a, B; M?) = —

M—Zf‘arz(a)r(ﬁ) N ﬁM—Z‘“F(a) 3 e <ﬁ _ % _ j>

j=0
n M(a+ B+ l)azﬁ B MT(x + B+ 2)azﬁJr2 N M*T(x + B + 3)a2’3+4
28 2(6+1) 4B +2)
+ Ci(B; M)~ + (B M) + C3(B; MP)a?F

00 L[ tp—lp=Mt 2 245
+ﬁ0 dx x*e™ | i t+a20 P + O (a**),  (B12)
where
nM—Za—Z/S o]

Cl(ﬁ;Mz)E—%fo dy y e ™ H, 1 (y),

nM—Zoz—2ﬁ 00
Ca(fs M?) = ‘Ff /0 dy y*e "™ Hy 1 (),

ﬁM—Za—Zﬂ 00 Yy
Gy(B; M?) = —f/(; dy y%e y/MZH,ngg(V)- (B13)

C. Derivatives of F(x)
Here we collect the explicit forms of derivatives of F(x) defined in Eq. (56):

FD(x) = 4x[ (M + ) In (Mg + )
= (14 My +3%) In (1 + My +x%)
-3 (% + My + x2> In <% + My + x2>
+3 (% + Moy + x2) In (% + My + x2> }

~

M} .
FO(x) =12 (% + x2> In (Mg, + X%)

1+ M .
—12 (% + xz) In (1 + My + x%)

1 M 1.
- 36 <§ + —gulk + xz) In (§ + M, + x2>
2 M 2.
436 (5 y Mou x2) In (3 LR+ x2) | (1)
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For x > 1, F?(x) is expanded as

4 20(1+2M2,) 14
@)= — — bulk)
Fro=—ga+— %7 818

(5 + lngzmlk + 18]\,\Jf;ulk)

8 N N A
+ 9,10 (1+ 5Mpy + My + 6Mgulk)

44
2187x12

o). (C2)

{43 + 135Mt2>ulk (1 + Ml%ulk) (2 + 3j‘,\llzulk + 3M§ulk)}
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