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Abstract

We investigate the thin accretion disk around Bardeen black hole (BH) surrounded by

perfect fluid dark matter (PFDM), focusing on how the magnetic charge g and dark matter

(DM) parameter b affect its radiative properties. The results show that increasing g slightly

enhances the energy flux, radiation temperature, luminosity, and efficiency, while shifting

the innermost stable circular orbit (risco) inward. Additionally, the influence of b is found to

be dominant, making it a key parameter in distinguishing PFDM-surrounded Bardeen BH

from their Schwarzschild counterparts.

Keywords: Bardeen black hole surrounded by perfect fluid dark matter; thin accretion disk

1. Introduction

Black holes (BHs) represent some of the most mysterious and extreme predictions

of general relativity (GR). As the strongest gravitational sources of gravity known in the

universe, they are often characterized by rapid rotation, immense density, and strong

magnetic fields. These attributes make BHs unique astrophysical laboratories for probing

the fundamental nature of spacetime, matter, and energy under extreme gravitational

conditions. Over the past decade, a series of landmark discoveries has transformed BHs

from theoretical concepts into observable cosmic realities. The first direct evidence came

from the detection of gravitational waves generated by merging BHs, observed by the LIGO

and Virgo Collaborations [1,2]. This achievement was followed by the historic imaging of

the M87* shadow [3–6] and, more recently, that of the supermassive BH Sgr A* at the center

of our galaxy [7–12], both captured by the Event Horizon Telescope (EHT) through Very

Long Baseline Interferometry. Complementary evidence also arises from the observation of

electromagnetic emissions from accretion disks surrounding BHs, whose spectra and lumi-

nosity profiles reveal the dynamics of matter in strong gravitational fields [13]. Together,

these discoveries mark a new era in BH astrophysics. They not only provide unprecedented

tests of GR in the strong-field regime but also open promising avenues to investigate po-

tential deviations predicted by modified gravity and to understand the complex interplay

between gravity, magnetism, and high-energy plasma near event horizons.

It is a established fact that BHs themselves emit no light; however, the accretion of

surrounding hot and magnetized plasma gives rise to a luminous accretion disk, which

serves as the dominant source of observable emission in the vicinity of the event horizon.

Within this disk, heated and accelerated electrons produce strong synchrotron and inverse

Compton radiation, generating broadband electromagnetic spectra that extend from radio

to X-ray frequencies [14,15]. The radiative properties of the accretion flow—such as its
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temperature, density, and magnetic field structure—play a decisive role in shaping the

observed brightness and morphology of BH images. In addition, in the case of rapidly

rotating BHs, the extraction of rotational energy can further enhance emission through

magnetohydrodynamic processes that drive powerful relativistic jets [16,17]. Consequently,

the accretion disk acts as the primary radiative engine, while the jet contributes additional

nonthermal emission near the polar region. Various accretion models—including spherical

inflow [18,19], geometrically thin disks [20–34], and geometrically thick disks [35–38]-have

been extensively analyzed to understand how different radiative and dynamical envi-

ronments influence the appearance of BH shadows and the corresponding observational

signatures across multiple wavelengths.

Observations of galaxy cluster dynamics have long indicated the existence of an un-

seen mass component in the universe. Zwicky’s analysis of the Coma Cluster revealed a

substantial discrepancy between the observed luminous mass and the total gravitational

mass, leading to the hypothesis of an invisible component now known as dark matter

(DM) [39]. Subsequent studies by Holmberg and Smith on galactic systems and the Virgo

Cluster reached similar conclusions [40,41]. However, since DM does not interact with elec-

tromagnetic radiation, it neither emits, absorbs, nor reflects light, rendering direct detection

impossible. Although DM has not been directly observed, multiple independent observa-

tions provide strong indirect evidence for its existence. These include the asymptotically

flat rotation curves of spiral and elliptical galaxies [42], the gravitational dynamics of galaxy

clusters, and the anisotropies observed in the cosmic microwave background (CMB) [43].

Therefore, investigating the nature of DM remains crucial endeavor in astrophysics. In

addition to its cosmological role, DM may significantly influence the spacetime geometry

and the physical properties of matter surrounding compact objects and BHs [44–50]. Recent

investigations into superradiant instability and axion-like DM accretion around BHs further

suggest that DM could be indirectly detected through gravitational wave emissions [51–58].

Among various DM models, the perfect fluid dark matter (PFDM) framework treats

DM as a perfect fluid and has been successfully applied to explain the observed flat rotation

curves of spiral galaxies [59,60]. Moreover, References [13,59] provide empirical support

for the PFDM framework, linking it to observed galactic dynamics. Several spherically

symmetric BH solutions surrounded by PFDM have been derived [61–63], demonstrating

that PFDM can induce notable modifications to the surrounding spacetime geometry. In

particular, for the Bardeen BH immersed in PFDM, both the DM component and the mag-

netic charge are expected to affect the properties of the accretion disk, including its radiation

flux, luminosity distribution, and overall radiative efficiency. Furthermore, observational

signatures of regular BHs, including their accretion properties, are currently an active area

of research, especially in light of EHT observations that probe the near-horizon region [64].

By investigating the thin accretion disk in this scenario, our work aims to provide theoreti-

cal templates that can be tested against these high-precision electromagnetic observations.

These results are further compared with those obtained for standard BHs in GR without

DM, providing valuable insight into the interplay between DM and BH astrophysics.

This paper is organized as follows. Section 2 presents a concise overview of the

Bardeen BH surrounded by PFDM. We then examine the parameter space of the magnetic

charge g and DM parameter b to determine the ranges that ensure the existence of both the

inner and outer horizons. In Section 3, we derives the geodesic equations in the equatorial

plane and illustrates the variation of the risco with respect to these parameters. Section 4

investigates the physical properties of thin accretion disks around PFDM-surrounded

Bardeen BHs, focusing on the effects of g and b on the energy flux, radiation temperature,

and emission spectrum. Finally, Section 5 summarizes the main results.
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2. Bardeen Black Hole Surrounded by Perfect Fluid Dark Matter

The Bardeen BH represents the regular (singularity-free) BH model within GR. Origi-

nally proposed by Bardeen in 1968, it was introduced as a theoretical counterexample to

the assumption that all gravitational collapses must lead to singularities hidden by event

horizons [65,66]. Later, Ayon-Beato and García reinterpreted this model as the gravitational

field of a nonlinear magnetic monopole, showing that it can be derived as an exact solution

of Einstein’s equations coupled to nonlinear electrodynamics (NLED) [67]. This reinterpre-

tation endowed the Bardeen model with a well-defined physical source, thereby promoting

it from a phenomenological metric to a physically motivated spacetime geometry.

In the Bardeen spacetime, the metric takes the form

ds2 = −
(

1 − 2Mr2

(r2 + g2)3/2

)

dt2 +

(

1 − 2Mr2

(r2 + g2)3/2

)−1

dr2 + r2dΩ
2, (1)

where M denotes the ADM mass and g is interpreted as the magnetic monopole charge.

dΩ
2 stands for the standard element on the unit 2-sphere dΩ

2 = dθ2 + sin2(θ)dϕ2. Un-

like the Reissner–Nordström solution, in which the charge term behaves as 1/r2, the

Bardeen correction term appears as 1/r3, ensuring that all curvature invariants (such as R,

RµνRµν, and RµναβRµναβ) remain finite everywhere, including at r = 0. Thus, this geometry

avoids the formation of a curvature singularity, while still allowing for the existence of

event horizons.

Physically, the regularity of the Bardeen BH originates from the coupling between

gravity and a nonlinear electromagnetic field characterized by the Lagrangian L(F)

L(F) =
3M

|g|3

(

√

2g2F

1 +
√

2g2F

)
5
2

, (2)

which satisfies the weak energy condition. where Fµν = ∇µ Aν − ∇ν Aµ and L(F) is a

function of 1
4 FµνFµν. In a broader astrophysical setting, incorporating PFDM into the

Bardeen spacetime provides a natural framework for studying the interplay between DM

and regular BHs. Since PFDM effectively captures the large-scale DM distribution that influ-

ences galactic dynamics and BH environments, embedding it within the Bardeen geometry

enables a detailed examination of how DM affects the horizon structure, thermodynamic

properties, and energy conditions of a regular BH. Assuming that the BH is immersed in a

PFDM background, Zhang et al. [68] further investigated the coupling between gravity and

a nonlinear electromagnetic field, and derived the corresponding Bardeen BH surrounded

by PFDM. The energy–momentum tensor can be written as

T
µ
ν = diag(−ρ, pr, pθ , pϕ), (3)

with

ρ = −pr =
b

r3
, pθ = pϕ =

b

2r3
, (4)

where ρ, pr, and pθ = pϕ denote the energy density, radial pressure, and tangential

pressures of the DM, respectively [69]. The weak energy condition Ttt ≥ 0 outside the

event horizon imposes the constraint b ≥ 0 [68]. In this framework, attention is mainly

directed toward the localized effects of DM in the vicinity of the BH, rather than its global

cosmological influence on the asymptotic properties. As a result, the DM parameter b

reflects the local density profile and dynamical interaction of DM surrounding the BH, and

is not associated with large-scale cosmological quantities such as the overall DM content of

the universe. In observational contexts, b can be constrained by comparing model-based
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predictions—for instance, from galaxy rotation dynamics or angular diameter of the BH

shadow-with empirical data obtained for particular BH systems.

Furthermore, considering that the metric is static and spherically symmetric, the

corresponding BH solution can be expressed in the following form

ds2 = − f (r)dt2 + f (r)−1dr2 + r2dΩ
2, (5)

and

f (r) = 1 − 2Mr2

(r2 + g2)
3
2

− b

r
ln

r

|b| . (6)

From the above equation, it is evident that the solution reduces to the Schwarzschild

BH when both the DM parameter b = 0 and the magnetic charge g = 0. In the absence

of DM, the spacetime corresponds to the Bardeen BH, while setting g = 0 yields the

Schwarzschild BH surrounded by PFDM. In Figure 1, we plot the inner and outer horizons

of the Bardeen BH, the Schwarzschild BH surrounded by PFDM, and the Bardeen BH

immersed in PFDM. The horizontal axis represents the dimensionless radial coordinate

r/M, while the vertical axis denotes the metric function f (r). The condition f (r) = 0

determines the locations of the inner and outer horizons.
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Figure 1. The upper-left panel corresponds to the Bardeen BH compared with the Schwarzschild

case, the upper-right panel shows the Schwarzschild BH surrounded by PFDM, and the lower panel

illustrates the Bardeen BH immersed in PFDM.

From the Bardeen BH, it can be seen that the Schwarzschild BH possesses only a single

event horizon, whereas the presence of a magnetic charge g introduces two horizons until a

critical configuration is reached, corresponding to an extremal BH. By solving f (r∗, g) = 0

and f ′(r∗, g) = 0, the maximum magnetic charge is found to be g/M = 0.7698, with the

coincident horizons located at r+/M = r−/M = r∗/M = 1.08866. This implies that two

horizons exist for g/M ∈ (0, 0.7698), while no horizon appears beyond this range. For
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the second type of BH—the Schwarzschild BH surrounded by PFDM—a similar analysis

shows that the dark matter parameter b/M admits two horizons only within the interval

b/M ∈ (0, 2); outside this range, the spacetime represents a naked singularity. Finally, the

third type—the Bardeen BH immersed in PFDM—is illustrated in the bottom panels of

Figure 1. In this case, the extremal BH condition is determined by the system of equations

f (r∗, g, b) = 0 and f ′(r∗, g, b) = 0. These equations define a curve in the two-dimensional

(b, g) parameter space, which separates the BH region from the naked singularity region.

The values of b/M selected in this study are intended to comprehensively illustrate the

effects of PFDM across the theoretical parameter space. In realistic astrophysical scenarios,

the value of b should be constrained by observations. For instance, for the Galactic center

BH Sgr A∗, observational constraints on the enclosed DM mass within the central parsec-

derived from stellar dynamics and preliminary shadow analyses-imply an upper limit on

the DM density [70]. However, we restrict our parameter space to only include those values

where the BH possesses both an inner and an outer horizon. We do not impose constraints

on the parameters based on known astrophysical BHs. Furthermore, utilizing a larger value

of b allows for a better distinction between our model’s predictions and those of GR.

3. Timelike Geodesics Equations and Stable Circular Orbits

In this section, we investigate the timelike geodesics and the conditions for stable

circular orbits around the Bardeen BH immersed in PFDM. The motion of a massive test

particle follows the timelike geodesics determined by the underlying spacetime geometry,

which provides important insights into the gravitational structure and accretion disk

dynamics. By analyzing the effective potential associated with the particle’s motion, one can

identify the regions where circular orbits are allowed and determine their stability criteria.

The formation of an accretion disk originates from the motion of particles that follow

geodesic trajectories around a compact central object under the influence of gravity. These

particles gradually lose angular momentum through various dissipative processes, allowing

them to settle into nearly circular orbits and form a geometrically thin, optically thick disk

structure. The motion of the particles, and consequently the overall dynamics of the

accretion disk, are entirely determined by the background spacetime geometry. In the case

of a static and spherically symmetric spacetime, the metric that governs such motion can

be expressed in the following general form

ds2 = gtt dt2 + grr dr2 + gθθdθ2 + gϕϕdϕ2, (7)

where the metric given in Equation (7), owing to the symmetry of the spacetime-namely,

the existence of a timelike Killing vector field ∂
∂t associated with time-translation invariance

and three spacelike Killing vector fields corresponding to rotational symmetry on the

two-sphere (S2)—the metric components gtt, grr, gθθ , and gϕϕ depend solely on the radial

coordinate r. In this study, we focus on the motion of test particles confined to the equatorial

plane (θ = π/2). Within this spacetime geometry, two conserved quantities naturally

emerge: the specific energy at infinity, denoted by Ẽ, and the z-component of the specific

angular momentum at infinity, denoted by L̃ [71]. These quantities arise directly from the

spacetime’s Killing symmetries associated with time translation and axial rotation. These

quantities can be given by
{

gtt
dt
dτ = −Ẽ,

gϕϕ
dϕ
dτ = L̃,

(8)

here τ denotes the affine parameter along the particle’s worldline. In the equatorial

plane, the timelike geodesic equation governing the motion of a massive test particle can

https://doi.org/10.3390/universe12010008
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be derived from the metric through the Euler-Lagrange formalism. By exploiting the

symmetries of BH, one obtains a simplified form of the geodesic equation



















dt
dτ = − Ẽ

gtt
,

dϕ
dτ = L̃

gϕϕ
,

grr

(

dr
dτ

)2
= Veff(r),

(9)

with the effective potential

Veff = − Ẽ2gϕϕ + L̃2gtt

gttgϕϕ
− 1. (10)

For a particle to maintain circular orbit in the equatorial plane, the following conditions

must be simultaneously satisfied [72–74]

Veff = 0,
∂Veff

∂r
= 0. (11)

Because the spacetime exhibits reflection symmetry about the equatorial plane, parti-

cles located at θ = π/2 naturally satisfy the condition ∂θVeff = 0. Under these equilibrium

conditions, the motion of test particles becomes purely circular and stable within the

equatorial plane. By applying the above relations, one can derive explicit expressions

for the specific energy Ẽ, specific angular momentum L̃, and specific angular velocity Ω,

which follows







































Ẽ = −gtt√
−gtt−Ω2gϕϕ

=

√
2
(

g2r
√

g2+r2+r3
(

−2+
√

g2+r2
)

−b(g2+r2)
3/2

ln( r
b )
)

(g2+r2)
3/2
√

br+2r2− 6r6

(g2+r2)
5/2−3b ln( r

b )

,

L̃ =
Ωgϕϕ√

−gtt−Ω2gϕϕ
=

r

√

b ln( r
b )−b+

2(r5−2g2r3)

(g2+r2)
5/2

√

−3b ln( r
b )+b− 6r5

(g2+r2)
5/2 +2r

,

(12)

where the angular velocity is

Ω =
dϕ

dt
= ±

√−gtt,rgϕϕ,r

gϕϕ,r
= ±

√

√

√

√

b ln
(

r
b

)

− b + 2(r5−2g2r3)

(g2+r2)
5/2

2r3
. (13)

It should be emphasized that the positive and negative signs in the derived expressions

represent the co-rotating (prograde) and counter-rotating (retrograde) motions of test

particles, respectively, relative to the rotation direction of the BH.

For test particles orbiting the Bardeen BH surrounded by PFDM, the innermost stable

circular orbit (ISCO) is defined as the radius where the second derivative of the effective

potential with respect to the radial coordinate vanishes, Veff,rr = 0. This condition char-

acterizes the marginally stable orbit, marking the transition between stable and unstable

circular motion. Additionally, the effective potential can be expressed as

Veff = −1 +
f1

f2
, (14)

where f1 = Ẽ2gϕϕ + L̃2gtt and f2 = −gttgϕϕ, with the constraint f2 ̸= 0 to maintain

regularity. By imposing the circular orbit condition Veff(r) = 0, one obtains the relation

f1 = f2. Differentiating with respect to r and applying Veff,r(r) = 0 yields f1,r f2 − f1 f2,r = 0.
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Combining these relations and further requiring Veff,rr(r) = 0 provides the critical condition

that determines the ridus of ISCO (risco)

0 =
(

−gttgϕϕ

)

Veff,rr = Ẽ2gϕϕ,rr + L̃2gtt,rr −
(

−gttgϕϕ

)

,rr
, (15)

beyond which circular orbits become dynamically unstable. It is noteworthy that the risco

can also be derived using an alternative method, referred to here as method dẼ
dr = 0. These

two approaches are analytically equivalent, and after extensive algebraic manipulation, the

governing equation for determining risco can be written as

4

[

8g6r4
√

g2 + r2 − 9g2r8
√

g2 + r2 + b2
(

g2 + r2
)5

−4br3
√

g2 + r2
(

−2g6 − 3g4r2 + r6
)

− r10

(

−6 +
√

g2 + r2

)]

+ 2b
(

g2 + r2
)

ln
( r

b

)

[

−30g4r3
√

g2 + r2 + 12g2r5
√

g2 + r2+

12r7
√

g2 + r2 − 4b
(

g2 + r2
)4

− r
(

g2 + r2
)4

+ 3b
(

g2 + r2
)4

ln
( r

b

)

]

= 0.

(16)

Given that the resulting analytical expression for the ISCO radius is intractable, its

functional dependence on the governing parameter was subsequently determined and

plotted using numerical root-finding algorithm implemented in Mathematica.In Figure 2,

we present the variations of the risco as functions of the magnetic charge g, and the DM

parameter b.
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Figure 2. These two panels illustrate the dependence of the risco on the the DM parameter b and

magnetic charge g, respectively.

From the left panel of Figure 2, it is evident that risco varies differently with the DM

parameter b. The red curve represents Schwarzschild BH surrounded by PFDM. As the

magnetic charge g increases, risco for the PFDM surrounded BH decreases relative to the

Schwarzschild case, indicating that larger g reduces the radius. Likewise, the right panel of

Figure 2 shows that, for a fixed b, increasing g decreases risco. In contrast, the right panel of

Figure 2 reveals a non-monotonic relationship: for a fixed magnetic charge g, as the DM

parameter b increases, risco initially expands before eventually decreasing.

This phenomenon stems from the fact that PFDM modifies the spacetime geometry

by introducing a non-zero energy momentum tensor. Specifically, the logarithmic term in

the metric potential f (r) alters the radial dependence of the metric (Figure 1), which in

turn modifies the Riemann curvature components in the vicinity of the risco. According to

the Ricci scalar R = 6Mg2(4g2−r2)
(g2+r2)7/2 + b

r3 , a clear competition arises between the Bardeen term

https://doi.org/10.3390/universe12010008
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(

6Mg2(4g2−r2)
(g2+r2)7/2

)

and the PFDM contribution
(

b
r3

)

. For Schwarzschild BH surrounded by

PFDM (g = 0), the Ricci scalar remains strictly positive due to the dominance of the second

term. However, for Bardeen BH surrounded by PFDM, the first term typically yields a

negative value at (risco). The inclusion of the PFDM parameter b acts to counteract this

negativity, effectively shifting the curvature from negative to positive values. Consequently,

the Ricci curvature of Bardeen BH surrounded by PFDM exhibits a unique transition,

characterized by being initially lower than that of Schwarzschild case before surpassing it

as the influence of DM parameter b prevails.

4. Continuum Spectrum in Bardeen Black Hole Surrounded by Perfect
Fluid Dark Matter

Thin accretion disk surrounding BH is a rotating structure formed by infalling matter

under strong gravitational attraction. Governed by gravity, magnetic fields, and viscous

effects, it constitutes one of the most dynamic regions near a BH. The disk, composed

of rapidly orbiting rings, emits intense radiation—from optical to X-rays and gamma

rays—due to energy dissipation in its plasma. The temperature increases toward the inner

regions, producing complex spectral features. Investigating thin accretion disks is crucial

for understanding accretion dynamics and high-energy astrophysical phenomena.

In this section, we will investigate the radiant energy flux, radiation temperature,

and observed luminosity from thin accretion disk. These calculations are used to inves-

tigate observable characteristics of Bardeen BH surrounded by PFDM and to identify

potential diagnostics for distinguishing it from the GR BHs. The continuum spectrum is

modeled within the Novikov–Thorne framework [75,76], which relies on the following

key assumptions:

(1) The system is in a steady state with a constant mass accretion rate throughout

the disk.

(2) The accreting matter follows nearly Keplerian motion, implying the absence of a

significant large-scale magnetic field.

(3) The disk is geometrically thin, with a vertical scale much smaller than its radial

extent, allowing efficient radiative cooling of viscously generated energy.

(4) The disk radiates locally as a black body in thermal equilibrium, emitting perpendic-

ularly to the disk plane, consistent with an optically thick medium.

(5) The continuum spectrum is dominated by thermal emission from the accretion disk.

(6) The background spacetime is stationary, axisymmetric, and asymptotically flat, with

reflection symmetry across the equatorial plane.

(7) The self-gravity of the disk is negligible and does not alter the background metric.

(8) Gas particles orbit between the innermost stable circular orbit (risco), and an outer

radius rout.

(9) The disk lies in the equatorial plane, aligned with the black hole’s spin axis.

Although the Novikov–Thorne model has been previously applied to various BHs,

we revisit its formulation here in spherical coordinates—an approach not frequently used

in earlier studies—to systematically investigate the radiation properties around Bardeen

BH in a PFDM environment.

Furthermore, the study of accretion disk radiation requires a set of fundamental physi-

cal parameters. In the following analysis, we adopt the following values for the physical

constants and thin accretion disk parameters: c = 2.997× 1010 cm s−1, M⊙ = 1.989× 1033 g,

Ṁ0 = 2 × 10−6 M⊙ yr−1, 1 yr = 3.156 × 107 s, σSB = 5.67 × 10−5 erg s−1 cm−2 K−4,

h = 6.625 × 10−27 ergs, and kB = 1.38 × 10−16 erg K−1. The BH mass is set to

M = 2 × 106 M⊙. The supermassive BH SgrA* at the Galactic center serves as an as-
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trophysical example of such a system, with a mass of approximately 4.1 × 106 M⊙ and an

estimated accretion rate in the range Ṁ0 = 10−9 − 10−7 M⊙ yr−1.

It is worth emphasizing that we adopt the Novikov–Thorne model as a geometric

probe to examine how the spacetime of PFDM-surrounded Bardeen BH affects radiative

properties. The Novikov–Thorne framework is analytically tractable, enabling energy flux

and luminosity to be computed directly from the background metric. This transparency

allows the effects of the DM parameter (b) and magnetic charge (g) to be isolated without

the complexities and physical degeneracies inherent in thick-disk GRMHD simulations.

We emphasize that the EHT parameters used in our analysis, such as the BH mass and

accretion rate, serve only as astrophysical scale inputs and do not imply an assumption

that the actual accretion flows in Sgr A* or M87* are thin or cold. Instead, our results

will provide a theoretical baseline that highlights the fundamental geometric influence

of DM, with the identified qualitative trends expected to remain robust in more complex,

geometrically thick accretion scenarios.

4.1. The Radiant Energy Flux

In the steady-state accretion disk model, the infalling matter is described as an

anisotropic fluid, whose dynamics are governed by the energy–momentum tensor [77,78].

Tµν = ϵ0uµuν + 2u(µqν) + tµν, (17)

here, ϵ0, qµ, and tµν denote the rest-mass density, energy flux vector, and stress tensor,

respectively. These quantities are defined in the averaged rest frame of the orbiting fluid

elements with four-velocity uµ, where qµ and tµν are orthogonal to uµ (uµqµ = 0 and

uµtµν = 0). This tensor formulation effectively captures the transport of energy, angular

momentum, and radiation within the disk, allowing one to characterize the physical

processes underlying viscous dissipation, thermal emission, and mass accretion in the

vicinity of the BH. Additionally, in the steady-state regime, the particle motion is assumed

to follow nearly geodesic orbits, implying that the gravitational attraction of the central BH

overwhelmingly dominates over the pressure gradients. Consequently, the specific internal

energy of the accreting fluid is negligible compared to its rest-mass energy.

To evaluate the flux and luminosity emitted from the accretion disk, the Novikov–Thorne

model assumes that the accreting fluid obeys the conservation laws of mass, energy, and

angular momentum, expressed as























Ṁ = −2π
√

−g̃Σ(r)ur = const
(

ṀẼ − 2π
√

−g̃ΩWr
ϕ

)

,r
= 2π

√

−g̃F(r)Ẽ
(

ṀL̃ − 2π
√

−g̃Wr
ϕ

)

,r
= 2π

√

−g̃F(r)L̃,

(18)

where Σ(r) =
∫ H
−H⟨ϵ0⟩dz and Wr

ϕ =
∫ H
−H⟨tr

ϕ⟩dz are the averaged rest mass density and

the averaged stress tensor, respectively. g̃ denotes the determinant of the near-equatorial

metric in cylindrical coordinates, and ⟨tr
ϕ⟩ represents the time-averaged value of the stress

tensor. By employing the energy–angular momentum relation for circular geodesic orbits,

Ẽ,r = ΩL̃,r, the term Wr
ϕ in Equation (18) can be eliminated, leading to the final expression

for the radiative energy flux.

F(r) = − Ṁ

4π
√−g̃

Ω,r

(Ẽ − ΩL̃)2

∫ r

risco

(Ẽ − ΩL̃)L̃,r dr. (19)
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This equation has been widely used in the literature and is valid only in cylindrical

coordinates. When expressed in spherical coordinates with restored physical dimensions,

it takes the following form [79]

F(r) = − c2Ṁ

4π
√

−g/g

Ω,r

(Ẽ − ΩL̃)2

∫ r

risco

(Ẽ − ΩL̃)L̃,r dr, (20)

here, c denotes the speed of light. We consider mass accretion onto BH with total mass

M = 2 × 106 M⊙ and corresponding accretion rate Ṁ0 = 2 × 10−6 M⊙ yr−1.

The Figure 3 presents the variation of the radiative energy flux F(r) with radial

distance. For fixed magnetic charge values of g/M = 0, 0.1, 0.3, 0.5, the profiles exhibit

a Planck distribution, where the peak shifts toward larger radii as the DM parameter

increases. The flux magnitude remains on the order of 1013 erg. Moreover, increasing b

alters the location of the risco, which serves as the starting point for our numerical analysis.

Subsequently, the Figure 4 shows the effect of the magnetic charge g on the radiative

energy flux for fixed values of the DM parameter b. The variation of the flux with respect

to g is relatively weak; however, a slight enhancement in the flux is observed as g increases.

The peak gradually shifts toward smaller radii and becomes more pronounced with increas-

ing g. Moreover, the radiative flux of the Bardeen BH surrounded by PFDM is consistently

higher than that of the Schwarzschild BH in the same environment.
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Figure 3. The energy flux F(r) of the accretion disk is analyzed for magnetic charge values g/M =

0, 0.1, 0.3, 0.5 under different DM parameter b settings.
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Figure 4. The energy flux F(r) of the accretion disk is analyzed for DM parameter b/M =

0.1, 0.5, 0.9, 1.7 under different magnetic charge g settings.

4.2. The Radiation Temperature

We now investigate the radial distribution of the disk radiation temperature T(r).

In the framework of the steady-state thin disk model, the accreting matter is assumed

to maintain local thermal equilibrium, such that the energy generated through viscous

dissipation is efficiently radiated away from the disk surface. Consequently, the emitted

radiation can be well approximated by that of a perfect blackbody. Under this assump-

tion, the local temperature T(r) is directly related to the energy flux F(r) through the

Stefan–Boltzmann law,

F(r) = σSBT4(r), (21)

where σSB is the Stefan–Boltzmann constant. This relation provides a direct means to

connect the thermodynamic properties of the accreting matter with the observable radiation

characteristics of the disk.

Based on Figure 5, the radiation temperature T(r) of the accretion disk exhibits clear

dependence on both the magnetic charge g and DM parameter b. For each fixed mag-

netic charge, the temperature profile maintains a characteristic peak, whose position and

magnitude vary with b. As b increases, the peak of T(r) shifts outward.

Figure 6 illustrates the variation of the radiation temperature T(r) for fixed b and

different g. The profiles exhibit similar qualitative behavior across all cases, showing a

rapid rise near the inner edge of the disk, followed by a gradual decline at larger radii.

As the magnetic charge increases, the peak temperature shifts slightly toward smaller

radii and becomes marginally higher, indicating that the magnetic charge has a mild but

noticeable effect on the thermal properties of the accretion disk. It is also evident that the

radiation temperature exhibits behavior similar to that of the radiative energy flux. The

Bardeen BH surrounded by PFDM shows a higher radiation temperature compared with

the Schwarzschild BH in the same environment, with the temperature magnitude on the

order of 103 K.
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Figure 5. The radiation temperature profiles are examined for fixed g under different b.

Figure 6. The radiation temperature profiles are analyzed for fixed b with varying g.

4.3. The Observed Luminosity

The observed luminosity is key diagnostic quantities in characterizing the accretion

process around compact objects. The luminosity L(ν) represents the total radiative power

received by a distant observer per unit frequency, accounting for the redshift of photons as
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https://doi.org/10.3390/universe12010008


Universe 2026, 12, 8 13 of 19

they propagate from the emitting surface of the disk to infinity [80,81]. In relativistic disk

models, the observed luminosity incorporates both gravitational redshift arising from the

orbital motion of the emitting material. Accordingly, the luminosity can be expressed as

L(v) = 4π d2 I(v) =
8πh cos γ

c2

∫ rf

ri

∫ 2π

0

v3
er dϕ dr

e
hve
kBT − 1

, (22)

where d denotes the distance from the center of the accretion disk, I(ν) represents the

specific intensity of the radiation emitted from the disk surface, h is the Planck constant,

kB is the Boltzmann constant, and γ is the inclination angle of the disk, for which we take

γ = 0 corresponding to a face-on observer. The quantities ri and rf refer to the inner and

outer edges of the disk, respectively. Following the standard thin-disk assumption, the

radiation flux gradually vanishes at large radii, thus we adopt ri = risco and rf → ∞.

In addition, the emitted frequency is related to the observed frequency through the

redshift relation νe = ν(1 + z), where z represents the total redshift experienced by pho-

tons as they travel from the disk to the observer. This redshift factor encapsulates both

gravitational contributions arising from the curved spacetime geometry and the orbital

motion of the emitting material, and it can be expressed as

1 + z =
1 + Ωr sin ϕ sin γ

√

−gtt − 2Ωgtϕ − Ω2gϕϕ

, (23)

where the bending effect of light has been ignored [82,83]. While our model employs

certain simplifications, accounting for these factors would primarily yield quantitative

refinements without altering the core qualitative conclusions. Specifically, incorporating

gravitational lensing would enhance the absolute observed flux through multiple imaging

of the disk’s far side, yet the spectral peak position—dictated by the intrinsic energy dis-

tribution—remains largely stable. Similarly, non-zero inclination angle would introduce

Doppler-induced asymmetries, but this acts as a secondary modulation that does not coun-

teract the fundamental peak shifts driven by the parameter b. Furthermore, although BH

spin typically reduces risco, its influence is distinct from the PFDM-induced modifications

to the gravitational potential. In rotating system, the competing effects of spin and DM

would coexist, but for fixed spin, the characteristic trend of risco varying with b would still

persist, even if the absolute radii are smaller. Consequently, although accounting for these

effects might lead to slight numerical variations, the core qualitative findings are unaffected.

This demonstrates that our current simplifications are both reasonable.

Figure 7 shows the variation of the disk luminosity νL(ν) with frequency ν for the

Bardeen BH surrounded by PFDM at different values of b. From the plots, it is evident that

for a given magnetic charge g, the spectral luminosity increases with the DM parameter

b. Specifically, both the peak value and the total luminosity of the emission spectrum rise

as b increases. This behavior indicates that the presence of PFDM enhances the radiative

luminosity of the accretion disk, leading to stronger emission. Physically, this can be

attributed to the modification of the spacetime geometry by the DM component, which

affects the effective potential and consequently the energy release rate in the disk.

Figure 8 illustrates the effect of the magnetic charge g on the radiative luminosity

for a fixed value of the DM parameter b. It is evident that the variation of g produces

only a marginal influence on the disk luminosity, with a slight increase in g leading to

a minor enhancement in the overall emission intensity. This indicates that the magnetic

charge contributes weakly to the accretion efficiency and thermal emission of the disk.

Moreover, the luminosity profiles of the Bardeen BH surrounded by PFDM closely resemble

those of the Schwarzschild BH embedded in the same DM environment, suggesting that
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their radiative characteristics are nearly indistinguishable. Hence, the DM parameter

becomes the dominant factor in modifying the disk radiation and spectral distribution.

Consequently, constraining b through high-resolution observations, such as those from the

EHT, could offer a promising approach to distinguish between Bardeen and Schwarzschild

BHs surrounded by PFDM.
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Figure 7. The emission spectrum νL(ν) of disk around ardeen BH surrounded by PFDM with

different values of b.
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Figure 8. The emission spectrum νL(ν) of disk around Bardeen BH surrounded by PFDM with

different values of g.
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4.4. The Radiative Efficiency

The radiative efficiency ϵ of BH quantifies the fraction of the rest-mass energy of the

accreting material that is transformed into radiation during the accretion process. It serves

as a fundamental parameter governing the overall luminosity and spectral characteristics

of accretion disks. Physically, a higher radiative efficiency implies that a larger portion of

the infalling matter’s energy is converted into observable radiation, resulting in a more

luminous and energetic disk emission. This efficiency is closely related to the Eddington

luminosity, which defines the critical threshold at which the outward radiation pressure

counterbalances the inward gravitational attraction, setting an upper bound for the stable

luminosity of the system. Consequently, elucidating and quantifying the radiative efficiency

offer profound insights into the fundamental energy conversion mechanisms governing

accretion disk dynamics.

Assuming that all emitted photons can freely propagate to infinity without absorption

or scattering, the efficiency ϵ can be expressed in terms of the specific energy of a particle at

the marginally stable orbit (risco).

ϵ = 1 − Ẽisco . (24)

In this framework, ϵ reflects the binding energy per unit mass at risco, thereby linking

the disk’s radiative properties directly to the underlying spacetime geometry of BH.

Our analysis of the thin accretion disk surrounding PFDM-surrounded Bardeen BH

as summarized in Table 1, reveals the distinct influences of the BH’s magnetic charge

and the surrounding DM parameter on the disk’s properties. The radius of the risco

demonstrates a non-monotonic dependence on the PFDM parameter, initially increasing to

a maximum around b/M = 0.9 before decreasing for higher values, across all considered

magnetic charges. Conversely, the radiative efficiency ϵ increases monotonically with b.

Furthermore, for a fixed b, a larger g generally results in a smaller risco, while slightly

enhancing the radiative efficiency. These results quantitatively demonstrate that both the

PFDM environment and the BH’s intrinsic magnetic charge are critical factors governing

the accretion flow dynamics and its energy output, with the DM parameter exerting a

particularly strong influence on the efficiency of the accretion process.

Table 1. The table illustrates the variation of radiative efficiency ϵ.

g/M b/M risco /M ϵ

0 0.1 6.88 0.064

0.5 8.37 0.084

0.9 9.02 0.101

1.7 8.78 0.139

0.3 0.1 6.77 0.065

0.5 8.30 0.089

0.9 8.95 0.102

1.7 8.69 0.139

0.5 0.1 6.56 0.066

0.5 8.16 0.086

0.9 8.83 0.103

1.7 8.53 0.141

We now seek to clarify the underlying physical reasons. The term − b
r ln r

|b| in

Equation (6) contributes an additional negative gravitational potential. This effectively
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superimposes a “shallower” but more extended potential well onto the Schwarzschild or

Bardeen potential. Accreting matter falling into this modified potential well releases more

gravitational potential energy while moving from larger radii down to the risco. This extra

energy is converted into higher radiative flux and luminosity, explaining from an energy

conservation perspective why the radiative efficiency ϵ = 1 − Ẽisco increases with b (as

Ẽisco decreases).

5. Conclusions and Discussion

This study employs the Novikov–Thorne model to examine the properties of thin

accretion disks of Bardeen BH surrounded by PFDM. The equation determining the ISCO

radius is solved numerically to explore the effects of the magnetic charge g and the DM

parameter b on the disk’s physical characteristics. The analysis reveals that increasing

g slightly enhances the energy flux, radiation temperature, luminosity, and radiative

efficiency, while causing a minor inward shift of the risco. In contrast, the DM parameter b

exerts a more significant influence, as it shifts the spectral peaks and modifies the overall

radiative behavior of the disk.

The results further show that, for the same set of parameters, the PFDM-surrounded

Bardeen BH exhibits higher radiation flux and temperature than the PFDM-surrounded

Schwarzschild BH. These distinctions imply that while the magnetic charge has a modest ef-

fect, the DM parameter plays a dominant role in shaping the disk’s observational signatures.

As for why the magnetic charge contributes so little to the dynamics, we speculate that

several factors may be responsible. From the metric (5), both g and r appear in the denomi-

nator. The contribution of g becomes significant only when its magnitude is comparable to

r. In the large-scale regions considered in our study, r ≫ g, so the effect of the magnetic

charge on the dynamics is negligible. Its role is only noticeable near the central region,

where it serves to remove the curvature singularity inherent in the Bardeen BH, which

makes its observational signature extremely difficult to detect. Additionally, the PFDM halo

contributes significantly to the overall spacetime geometry. On macroscopic scales, the grav-

itational influence of DM halo dominates over that of magnetic charge, effectively masking

the subtle effects of g in the dynamics. Furthermore, precise observations—such as those

from the EHT—could potentially use the parameter b to discriminate between different BH

configurations and to probe the influence of DM in strong gravitational environments.

In future research, we plan to further investigate the PFDM-surrounded Bardeen

BH by analyzing how the radiation flux generated during accretion disk imaging and jet

formation can serve as an observational probe to distinguish it from the predictions of

GR. Moreover, we intend to utilize EHT observations to place stringent constraints on the

relevant model parameters.
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