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1 Introduction

A multitude of exotic hadrons has been unearthed in the last two decades [1-8], sparking

interest in providing first-principles predictions of their properties through quantum chromo-
dynamics (QCD). Despite the theoretical suitability of lattice QCD for such endeavors, its
practical application encounters limitations due to the extensive array of open decay modes

associated with many of these exotic resonances.

In this work we address one particular limitation of the formalism that has been derived

to date [9-33], namely the restriction to a single three-particle channel [11, 12, 14, 16, 17],



or to several degenerate such channels [23, 34]. In particular, we consider a system with
two distinct three-particle channels, although the generalization to multiple such channels is
straightforward. This is a step on the way to a completely general formalism that includes
channels with two, three and more particles.!

To have a concrete system to discuss, we consider the b;(1235) and 1(1295) resonances
in isosymmetric QCD. These have quantum numbers I¢(JP¢) = 17(177) and 07 (0~F), and
in particular have positive G parity and unnatural J*. These resonances decay into two
three-particle channels, namely K K7 and 77, as well as into 47 modes. They cannot decay
to two pions (a channel having natural J¥) or to three pions (due to G parity). Thus, if we
neglect the four pion modes, and also the other kinematically allowed channels that have
not yet been observed in the decays of these resonances (6, 87, 47 + n), this is a system
that has our desired property of two different three-particle channels.?

In this work we make the desired generalization using the generic relativistic field-theoretic
(RFT) approach to the derivation of three-particle formalism [11, 12]. In particular, we use
the method of derivation based on time-ordered perturbation theory (TOPT) introduced
in ref. [24]. The formalism we obtain is a synthesis of methodologies developed previously
for three distinct particles [28], for 2 4+ 1 systems (comprising two identical and one dis-
tinct particle) [30], for three pions of arbitrary isospin [23], and for the doubly-charmed
tetraquark [34]. We avoid repeating steps in the derivation that are presented in these works
to the extent possible while retaining readability.

This paper is organized as follows. In the following section, section 2, we introduce the
two-channel system that we study, and point out the pertinent general features. The core
of this paper is section 3, in which we derive the multichannel three-particle quantization
condition, following what are now fairly standard steps in the TOPT approach. The only
new feature is the projection onto the sector of positive G parity, discussed in section 3.8.
Since the 77n and K K7 channels have substantially different thresholds, one can ask how
the two-channel formalism reduces to that for a single channel as one drops below the
upper (K Kr) threshold. We address this in section 4. Practical applications require the
use of parametrizations of the three-particle K matrix, and we describe in section 5 how
symmetries constrain the allowed forms. We conclude in section 6. Various technical details
are collected into seven appendices.

2 Overview

The total isospin of both K’ K7 and w77 channels can be I = 0, 1, or 2. Although resonances
are present only for the first two of these values, we derive the formalism for all three
choices. All three can be accessed by studying the sector with quantum numbers I3 = 0,

!We note that the formalism that includes channels with both two and three particles has been derived
in ref. [13], but this is restricted to the case in which all the particles are spinless and identical. Another
approach to the “2 + 3” case has recently been proposed for the D*D + DDm system in ref. [34].

2The b resonance has been studied using lattice QCD for heavier-than-physical quark masses such that
My =~ 390 MeV, in which case it decays primarily to the two-particle channel 7w, and thus can be analyzed
using the two-particle quantization condition [35].



U=0,D=0,S=0.2 There are six different flavor channels with these quantum numbers,

{K+(’€1)F0(k2)7f_(k3)’ K (k1)K (ko)m°(k3), KO(k) K (ko) (Ks),
(2.1)
K°(k) K~ (ko)mt (k3), nt (ki)™ (k2)n(ks), Fo(kl)ﬂo(kﬂﬁ(ks)} ,

where we include momentum labels for later use. These decompose into isospin as the I3 =0
components of the following seven channels,

I=2: a) [[KKhrlz, b) [x7]2n]2;

I=1: a)[[KKh7li, b) [KK]orh, ¢) [[xnlin)i; (2.2)
I=0: a)[[KK]iro, b) [r7]on]o;

—

where the subscripts indicate isospin, and the momentum labels are implicitly ordered as in
eq. (2.1): ki1, ko2, and k3. The increase from six to seven dimensions arises because, when
decomposing under isospin, the symmetric and antisymmetric parts of 777~ are treated
separately. The relation between the isospin and flavor bases, which will be needed in the
subsequent discussion, is given in appendix A.

In order to avoid mixing with the three-pion channel, we must restrict the states to
have G = +. This is automatic for the w77 channel, but not for K’ K7, which can have
either G parity. This restriction can be implemented by applying relations between the
four K K7 flavor channels in eq. (2.1), or equivalently upon the corresponding four channels
in eq. (2.2). It is simpler to state the restrictions for the latter:* To have overall G = +,
the KK pairs must have G = —. This implies that [K K]; pairs must be symmetric under
k1 <> ko (and thus have only even relative angular momentum), while [K K]y pairs must be
antisymmetric (implying odd relative angular momentum). This follows because the action
on kaons of G = Ce™ v (where C is the charge conjugation operator and I,, the second
component of isospin) is KT — FO, K% —» —K—, ' = —K*, and K~ — K°. Here we have
used the result that the kaon isodoublets are (K+, K°) and (—K, K~). Thus, for example,
[KK]oox KT K~ + KOFO, which under G transforms to K K° + K~ K. Since the K and
K are interchanged, to obtain a negative G parity the relative spatial wavefunction must be
antisymmetric. We stress that G parity is an exact symmetry of lattice QCD if m, = mg, so
that these considerations apply without approximation to the results of simulations.

In the derivation that follows, we will implicitly assume that these restrictions have been
applied, so that only G = + states are present. We will not explicitly apply these restrictions
until after the final form has been obtained. Having the restrictions (implicitly) in place
allows us to neglect mixing with the 37 channel. We stress that it would be straightforward,
though tedious, to include this channel as a third three-particle state. This would result in a
separate formalism describing the 37 and odd-G-parity K K system, since G parity is an

3We have also checked the final results by considering the channels with Iz = 1 and 2, which contain,
respectively, total isospins I = 1,2 and [ = 2.

“For completeness we note that the restrictions on the channels in eq. (2.1) are as follows: the first and
fourth must be symmetric under k; <> k2, as must the difference between the second and third channels,
while the sum of the second and third channels must be antisymmetric under ki < ko.



exact symmetry of isosymmetric QCD. We choose not to do so in order to keep the focus
on the essential new features that arise when there are additional three-particle channels,
and to avoid cumbersome expressions.

As noted in the introduction, the b1(1235) and 7(1295) do not couple to nm states,
because these resonances have unnatural J. However, coupling between 7y or KK and
7 states is possible for natural J¥ other than 07. For example, two pions in a p-wave
combined with an 7 in a relative p-wave leads to an overall J© = 17, which can mix with
two pions. In finite volume, the rotation group is broken to a finite subgroup, with parity not
being a good symmetry in moving frames. Thus mixing with two-pion states is allowed in any
finite-volume irreducible representations (irreps) into which natural J¥ values are subduced.
Therefore, in the following, we implicitly assume that we are using irreps into which only
unnatural J values are subduced, thus avoiding the mixing with two-pion states. It is
straightforward to determine which irreps these are, using, for example, the group-theoretical
results presented in ref. [36]. For the rest frame, where parity is a good symmetry, we can
use the Ay, Tig, Aag, Ey, and Tb, irreps, with the first two, respectively, picking out the
n(1295) and b;(1235) quantum numbers. In other frames, we can only use the A irrep,
which couples to both the 1(1295) and b1(1235), except for the following caveat. For frames
with momenta of the form {0,0,n}, {0,n,n}, {n,n,n}, {n,n,m}, and {n, m,0}, natural J*
values do appear in the As irrep, but only starting at 4%, 2%, 37, 1~ and 1™, respectively.
Thus we can only use these frames if we assume that the mixing is small in the corresponding
values of J¥. This appears most reasonable for the {0,0,n} and {n,n,n} frames.

3 Derivation of quantization condition

We follow the TOPT approach introduced in ref. [24], a work hereafter referred to as BS1. In
particular, we make extensive use of the results for three distinguishable particles (derived
in ref. [28], referred to as BS3 henceforth) and for “241” systems (ref. [30], referred to as
BS2). We use Minkowski time and confine space within a cubic box of side-length L with
periodic boundary conditions. The starting point is the finite-spatial-volume Minkowski-space
correlation matrix,

~

CL(P) i = / dz” /L e PHHEOTO; () OL(0)|0): (3.1)

where the indices i and j run over the six flavors given in eq. (2.1), with O;(x) being any
quasilocal operator possessing the appropriate quantum numbers to annihilate states with
flavor j, coupling with all allowed irreducible representations of the cubic group. The overall
momentum vector P is constrained by the boundary conditions to lie in the finite volume
set 2mn/L, where n € Z3.

For a specified P, the energies of finite-volume states are determined by the poles of Cf, as
a function of E. Our derivation will hold in a kinematic range where the only relevant on-shell
states are w7mn and KK, the thresholds for which are Mry ~ 820 and M g ~ 1130 MeV,
respectively, for physical quark masses. For the heavier-than-physical quark masses often used
in present lattice simulations of multiparticle states, the two channels will lie closer together,
since the pion mass rises more rapidly with increasing quark mass than those of the kaon or



7. Since we are restricting ourselves to positive G parity, and to irreps that do not mix with
7 states, the other potentially relevant channels are 47, 67, 87, 47 + 1, 67 +n and KK7r.
As noted in the introduction, we will neglect the coupling to these channels, but keep in mind
that, in a practical application of our formalism, this approximation will become increasingly
inaccurate as the energy increases. We expect the range of approximate applicability to be

Moy — 2My = My, < E* = \/ E? — P? < Mgy, + M, . (3.2)

Here the lower limit is set either by the presence of the single 7 intermediate state (for the
I = 0 channel), or, more generally, by the closing of the #7 subchannel at the left-hand
cut due to two-pion exchange.

3.1 All orders expression obtained using TOPT

Through a straightforward extension of the work in BS2 and BS3, we can express the finite-
volume-dependent part of Cf, in the relevant kinematic range as a geometric series. This
series involves TOPT Bethe-Salpeter kernels By ;, and Bs situated between cut factors, D,
that carry the singularities associated with three-particle states:

1
1— i(BQ,L + B3)iD

ACL=Cp —CO = A'iD A+ O(e MLy | (3.3)

Here, A’ and A represent endcaps, encompassing all diagrams connecting the operators
O; and C’),t to a three-particle intermediate state, while Cég) is the contribution devoid of
three-particle intermediate states. All quantities in eq. (3.3) are matrices, spanning both
flavor space and momentum space. Momentum indices are denoted as {k} = {k1, k2, k3},
with the triplets of finite-volume momenta constrained by ki + ko + k3 = P. The derivation
of eq. (3.3) relies on the fact that finite-volume momentum sums of nonsingular summands
can be replaced by the corresponding infinite-volume integrals, with corrections exponentially
suppressed in ML [37]. Throughout this derivation, such corrections are assumed negligible,
and will be omitted from subsequent expressions. A key consequence of this assumption is
that the Bethe-Salpeter kernels, the endcaps, and OS,S) are infinite-volume quantities, aside
from a trivial L dependence in Bs 1, to be described below.

We now describe the remaining quantities present in eq. (3.3), starting with the cut
factors. These are diagonal in flavor and take the form

D = diag(Dy, Dy, Do, Dy, Dy, 3Dy), (3.4)

where Dy and Dg are standard TOPT energy denominators,

PR B

0= {p}{k}LG 8(4.)1(,02(4.)3E — W1 — Wy — W3 ’
_ 1 1 1
Do = 5{p}{k}ﬁ8wiwéwéE —w] —wh —wh’

Here w; = wp, = /p? + M? and W} = wy, = \/p? + Mi’2 are single-particle energies, with

M; drawn from the ordered set {Mg, Mg, M}, and M] drawn from {M,, My, M,}. The
momentum-space Kronecker delta 0,14y is shorthand for

(3.5)

(3.6)

Ofp}{k} = Op k1 0p,kOpghs - (3.7)



Note that in the final entry of D, which corresponds to the 2+1 system 7°7%n, the factor
of Dy is accompanied by a symmetry factor of 1/2.

The appearance of two different cut factors, i.e. Dy and Dy, which have singularities
at different energies, is the first new feature due to the presence of multiple three-particle
channels. This presents no obstacle to deriving the all-orders result eq. (3.3)— one simply
has to keep both types of cut factor explicit.

Next we consider the matrix Bs 1, which contains two-particle Bethe-Salpeter kernels,
denoted, using calligraphic font, as Bs. These kernels are defined as sums over all TOPT
diagrams contributing to two-to-two processes that lack two-particle cuts in the s channel. In
these diagrams, all momentum sums are replaced by integrals, rendering them infinite-volume
quantities. Extending the analysis from BS2 and BS3, we arrive at the following block
form for the flavor structure,

B11 Bio
By r = 3.8
2k <321 BQ2> (3.8

where

Bo o (KTE «KTK") 0
+Bo (Kt «kKtn™) Bop(K 77« K™ 7% By p(Ktn~ « K°°) 0
+BQ,L(§O‘A’7<—KD7T7)
—0 Bo (KTK +KTK™) 0
Bop(K~m%« K 77)  +Born(Ktn’«K*x%) By (KTK~«+ KK ) By (KT7%« K%7)
By = +Bo,r (K~ 70« K~ xY) Y .
— 0 Bo 1 (KOK +K°K’) — 0 ’
627L(K07T0<—K+7T7) BQ’L(KOK <—K+K7) +32,L(K07r0<—K07r0) BQ,L(K 7T0<—K77T+)
+82,L(f07r0<—f07r0)
—0 Bo, (K°K~ K K™)
0 By p (Ko7t « K+t70) By p(K—nt« K 7%) 4By (K7t K ™)
+827L(K77r+<~K77T+)

(3.9)
BQ’L(KJFFO <—7T+’I7) 0
0 Bo (KT K~ «7%)sP
By = 22 0 ™) ) (3.10)
0 BQ’L(KOK <—7T077)SD
By (KOK™ < 7m7n) 0
B BQ,L(W“'neK"'FO) 0 0 By p(m <+ KK™)
21 — 7 B
0 SPBy 1 (x%  K+K~) SPBy 1 (7' KK") 0
(3.11)
and

Bo,(ntnemtn)
+By p(nmnen—n)  Bop(ntaT + n07Y)
Boy = +By L (rtr +ntaT) - b . (312)
_ S¥B 0n¢70n)S
By, (w07 7t77) +B:f((:0:0:ﬂg]710)
The texture of nonzero entries is dictated by the two-particle interactions capable of inducing
the necessary changes in flavor composition. For instance, the top-right entry in B2 vanishes
because there are no two-particle interactions that connect K +K'r to 7070, since all

three particles must change.



The form of the individual entries in By ;, is exemplified by
_ —0
By (70 = KK )ip}.1ky = 2wp, L20p, ks Bo (7 (p1)n(p3) + K (k1)K (k2)],  (3.13)

which appears in the lower row of Boj. The explicit L dependence arises from keeping track
of TOPT propagator factors. The single momentum Kronecker-delta arises because one of
the particles spectates (here, one of the 7). Note that we have chosen the 7 particle in the
final state of the scattering to be that with momentum p;. The other possible choice, ps,
is included by the factor of S, a symmetrization operator defined as

SP =14 PP , 1= 5{p},{k} , PP = 5p1k25p2k:16p3k3 . (3.14)

In words, PP interchanges the first two momenta. All other entries in By 1, have a similar form,
with the choice of spectator momenta depending on the flavors involved in the two-particle
scattering, and factors of S appearing when a single 7° is involved in the scattering.

To complete the description, it remains to define Bs. The entries in this flavor matrix are
the sum over all TOPT diagrams connecting initial and final flavors with no three-particle cuts.
Momentum sums are replaced by integrals, rendering all entries infinite-volume quantities.
The only properties of B3 that we will need are that it conserves isospin and is symmetric
under interchanges of identical particles in either the initial or final states.

3.2 On-shell projection

The next step is to project the kernels and endcaps on either side of each cut factor in eq. (3.3)
on shell, using the approach of BS1. The new feature due to having two three-particle
channels is that the kinematic details of on-shell projection differ for the two types of cut.
This is straightforward to implement.

As explained most extensively in BS2, a convenient first step is to relocate the sym-
metrization operators from the Bethe-Salpeter kernels into the cut factors D. This can be
accomplished by following the same steps as in BS2, leveraging the symmetry under exchange
of two identical particles. We first pull out the factors of Sp in By j, by writing

By = SDBQ,LSD , (3.15)
where
Sp = diag(1,1,1,1,1,57) . (3.16)

327 1 contains no factors of Sp and will be given explicitly below. Next, we introduce a

rescaling matrix
R =diag(1,1,1,1,1,1), (3.17)
such that the following identities hold
A=SpRA, A'=A'RSp, Bsz=SpRB3RSp. (3.18)

These follow from the invariance under the interchange of the two 7’s, with the factor of
1/2 in the last slot of R cancelling the double counting introduced by applying Sp. Then
we can rearrange the volume-dependent part of the correlator into the form
1 _

A

ACy, = A'iD _ _
L o 1-— 'L.(B2,L + Bg)iDS

(3.19)



where
Dg = SpDSp = diag(Dy, Dy, Dy, Do, Do, 257Dy SP), (3.20)

and
Bs=RB3sR, A'=A'R, A=RA. (3.21)

The explicit form of B27 1 is
- By B
Byp = <~” ~12> , (3.22)

where the top-left block is unchanged from Bj 1, eq. (3.9), the off-diagonal blocks Bis and Boy
are given by eq. (3.10) and eq. (3.11), respectively, except with the factors of Sp removed, and
Ba,p (ntnemtn) 0709

+B2, L (mTnem"n) %Bg}L(Tr—"TF_ — T

B — +Bs, (rtn=ntn) . 2
22 o Ba, 1, (w0n7"n) (3:23)

0.0 00

1 0.0 —
282,L(7T ST ) +iB27L(7T 704n070)

With the form eq. (3.19) in hand, we can now apply the on-shell projection and resum-
mation methodology of BS1. The on-shell projection changes the momentum indices into the
standard {kfm} coordinates of the three-particle formalism. This involves picking a spectator
particle, whose momentum is k (chosen from the finite-volume set), and then projecting
the remaining pair onto spherical harmonics in their rest frame (with components labeled
by ¢m). As detailed in BS3, for channels with three distinct particles, and in particular
the KK channels, this leads to an enlargement in the flavor space by a factor of three,
corresponding to the three possible choices of spectator. For the 2 + 1 channel 7%7%, the
enlargement factor is two, corresponding to the two choices of spectator, as explained in BS2.
The only exception to this counting is the 777 channel, where it is preferable to enlarge by
four rather than three by decomposing the 777~ pair into parts with even and odd relative
partial waves. This facilitates the decomposition into isospin channels, and borrows from
the work of ref. [34] on the doubly-charmed tetraquark.

The result of these enlargements is a flavor matrix of dimension 3+3+3+3+4+2 = 18.
Each index corresponds to a choice of spectator together with a choice of “primary” member
of the pair, i.e. that with respect to which the spherical harmonic decomposition is defined.
The ordering we use is

{[K+KO]7T_, Kt K, (RO K+, [KHK )0, (KK, [K- K™,

[K'K"70, [KO7O)K°, [K'7°|K°, [K°K |« [KOxH)K~, [K nt|K°,
[mT 7 )en, [mtn o, [nTln™, [rqlat, [#%70n, [7707]]770}, (3.24)

where in each case the pair is enclosed in square brackets, with the primary member appearing
first, while the third entry corresponds to the spectator. The subscripts e and o refer to
even and odd partial waves, respectively. Note that we have adopted the convention that the
primary member of the pair is defined with a priority order given by {K, K, 7% 7% n}.



On-shell projection converts cut factors into either F' or G cuts, depending on whether
the spectator is unchanged or not. We adhere to the prescriptions presented in BS2 and BS3,
slightly generalized to handle flavor off-diagonal terms following ref. [34], and obtain

PN 1 -~
ACy = AliFg — ORI A. (3.25)
1—i(KCor + Kat's YiFg
We now proceed to explain the elements of this result.
The cut-factor matrix ﬁ’G has block-diagonal form,
Bl = diag (5, FYTH+L FAH41 LA pid p2i) | (3.26)

with entries
F™ PGP, G*Kp,
FH = | pGETp,  FK  GEE || (3.27)
PZGKW G«KK FK

P,EMP, 0 P.G""P, P.,G'"'"™P,
o _ 0 P,F"p, —P,G""P, P,G'"" P, 398
G — ey _ p T i I ’ ( : )
PG™P, —P,G'"™P, F G
Pgé”mpe Pgélwn P, Glﬂ'T( F!Mr

(3.29)

F2 P.F"P, 2P.G""P,
G \/ﬁPgém”Pe F~1/T( +é/7r7r

The standard kinematic functions £* and G% are defined in appendix B. Those with a prime
have the w77 cut, while those without have the K K7 cut. The factors of

Pt otm = O pOteOmrm(—1)° (3.30)
are needed to correct for mismatches in the conventions for primary spectator between Fi
and GY. For example, in the upper-right element of Fé““, the final-state spectator is the
pion, and thus in G™ the initial-state Kn pair is decomposed in harmonics relative to the
pion direction. This conflicts with our standard convention, requiring a factor of P, to the
right (initial-state) side of GP™. The factors of P, = (1+ P;)/2 and P, = (1 — P;)/2 project,
respectively, onto even and odd partial waves. Finally, we stress that neither F* nor G%
contain symmetry factors; the only symmetry factors here are the occurrences of /2 in Fé“.

Next we discuss /EZL, which contains the two-particle K matrices, and arises from
summing products of factors of 327 1 sewn together with principal-value-regulated integrals
over phase space. An explicit formula can be given by generalizing results in BS2 and BS3,
but will not be displayed as it is not needed in the following. The structure of 1627 L is
straightforward: there are nonzero entries whenever two channels have a shared spectator.
For example, the {1,1} entry involves K K« KK scattering with a 7 spectator,
and has the explicit form

[/62 L} = Sy, 2wi. L3600 KL (K TR « KTRY). (3.31)
L1k m! 1kbm



The superscript on ICS indicates the partial wave, and this quantity has an implicit dependence
on the relative momentum in the center-of-momentum frame (CMF) of the scattering pair.
An example of an offdiagonal element is that in the {3,6} slot,

=9 — k20 LS008 K (KO~ K~ x0). (3.32)

3k"0'm’ 6kim
The complete set of nonzero entries of 162, 1 is provided in appendix C.

The matrix I%g’é;f ) is algebraically related to the quantities discussed above, including
B3 in particular, but again we do not display the result as it is not needed in the following.
All that is essential to know about I%gég ) is that it is an infinite-volume quantity, devoid of
any singularities associated with three-particle intermediate states, and with nonzero entries
in all elements. The (u,u) superscript indicates that it is an unsymmetrized quantity, the
precise meaning of which we will explain in section 3.4 below.

Finally, the relation between the new endcaps A and A (which are, respectively, 6 x 18
and 18 x 6 matrices) to the earlier endcaps is known, but not needed in the following. Indeed,
we will not keep detailed track of changes to the endcaps in the subsequent manipulations.

Below, we will need to convert 18-dimensional matrices in the {k¢m} basis (such as
/Ef;;g)) into 6-dimensional matrices in the original index space given by eq. (2.1) and labeled
by triplets of momenta {p}. Thus we need to recombine the different choices of spectator
flavor, and convert from the {kfm} basis to the momentum basis. A convenient notation
for formalizing the basis conversion was introduced in ref. [34], and we recall this notation
in appendix B. It involves operators X ([Jl-cab]’ defined in eq. (B.12), that act from the left on
objects with {kfm} indices, as well as the conjugate operators that act from the right. In
term of this, the conversion from an 18-d matrix Mc(ﬁg) to a 6-d matrix MC(S), both in the
charge basis, is accomplished by conjugation

M® =coMm{¥oct, (3.33)

where C is a 6 x 18 matrix of operators with block form

x® o0 0o 0 0 0
0 x® 0 0 0 0
0o 0 x® o0 o0 0
- 34
¢ 0 0 0o x® o 0 ) (3.34)
0 0 0 0 X(4) 0
O 0 0 0 0 Spx®
where
3) (312) (213) (123)
= (312 (312) (213)  4,(123)
x® = (x[,wb} Pey X0 Pos X o) s X frat) ) , (3.35)

92) _ 1 4-(312) 4,(123)
X( ) = (\/;X[kab] 7X[kab]> :
The choices of superscripts in these vectors determines which momentum is assigned to each
particle. The fixed subscript on these objects, [kab], indicates that the first superscript index
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corresponds to k, the spectator; the second to a, the preferred partner in the interacting
pair; and the third to b, the remaining partner. This ordering follows from the choices in
eq. (2.1) as well as the conventions for momentum labels in eq. (3.24). The a and b that
appear here should not be confused with those appearing in eq. (2.2), which label distinct
isospin channels. The symmetry factor of /1/2 is explained in BS2, and the appearance
of Sp follows from eq. (3.15).

We stress, as explained in BS2 and ref. [34], that this conversion is only precise in the
L — oo limit; this, however, will be sufficient for our purposes in the following.

3.3 Converting to the total isospin basis

We now convert to the total isospin basis. We choose the following ordering,
N17la, [K 73 /o K2, [[K]3/2 K)o, [[7mlan]a, [m]i7]a,

hry, (K Koy, [Knls oK1, [[K 7 o Ky, ([K7ly o K, [[K ) o K],
mr]in], ([l

KR i)o, [[K7h2K]o, [K 7] 2 Ko, [[w7lon)o, [[nlim]o}

where, as before, the final entry corresponds to the spectator, and the first entry to the

K
K
(3.36)

primary particle in the pair. The first five elements have I = 2, the next eight have I = 1,
and the final five have I = 0. Since isospin is an exact symmetry in our setup, we must
find that all matrices block diagonalize according to isospin.

The unitary matrix Cc(}lls_)ﬁso that converts between bases is given in appendix E. We insert
[C’C(Ilgiso]_lCc(kli)}iSO = 1 between all matrices in eq. (3.25), such that each of these matrices is
converted to the isospin basis by conjugation, as in eq. (E.1), while the endcaps are rotated.
We simplify notation by using the same symbols for all quantities after conversion to the
isospin basis, so that the result for AC7, maintains exactly the form of eq. (3.25).

After conjugation, the matrices ﬁ(;, eq. (3.26), and 162, L, given in appendix C, are indeed
found to be block digaonal in isospin. The explicit forms are given below in the summary
section, section 3.5. As for le((ff‘,’g), all we know is that it must be block diagonal, but is
otherwise of general form, aside from certain symmetry constraints. We postpone discussion
of its form until we reach its symmetrized version below.

At this point we observe that ACT, has a pole, corresponding to a finite-volume energy

level, whenever
det [14 (Ko + Kirs) Fa| =0. (3.37)

This is the asymmetric form of the three-particle quantization condition, and has the standard
form first given in BS1. It has potential utility as a bridge to quantization conditions derived
in the finite-volume unitarity approach [17], as outlined in ref. [25]. We note that the presence
of two three-particle channels leads to ﬁ’G having two types of free-particle singularities, and
to the presence of additional channels in the two- and three-particle K matrices.

3.4 Expressing results in terms of symmetrized quantities

The drawback of the quantization condition eq. (3.37) is that it contains a three-particle K
matrix, /cfi?’g), that is asymmetric. As discussed in detail in BS1, BS2 and BS3, the elements
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of this matrix are defined by summing an infinite series of products of Bethe-Salpeter kernels,
such that, if the external kernel is a Bj, then the noninteracting particle is always the
spectator. This means that only a subset of the total number of diagrams are being included.
In this section we use the method developed in BS1, and extended in BS2 and BS3, to
“symmetrize” the three-particle K matrix, by which we mean combining contributions such
that all diagrams are included.

The method is most straightforwardly implemented on a different finite-volume quantity
than Cpr, namely Moa3 1 o¢. This is a finite-volume 3 — 3 correlation function involving
external single-particle legs at fixed momenta (drawn from the finite-volume set). External
TOPT propagators are amputated, and final and initial times are sent to d=oco, respectively.
The subscript “23” indicates that this quantity contains not only fully-connected contributions,
but also those in which one of the three particles spectates while the others interact. (A more
detailed explanation is given in figure 2 of BS3.) The subscript “off” indicates that this is an
off-shell amplitude because the energy E does not, in general, equal the sum of the external on-
shell energies. Using Magz 1, ot also allows the determination of the integral equations relating
the three-particle K matrix to the infinite-volume three-particle scattering amplitude, Msj.

Just as for O, Mos 1o is a 6 x 6 matrix in flavor space, with the channels those of
eq. (2.1). It also has momentum indices {k}. Following the arguments in BS2 and BS3,

it has the form
1

1-— Z'D’L'(BQ’L + Bg) ’

- - 1 .
— Sp(Bor + B ! _Sp, 3.39
Pt B B+ By " (339

where the quantities are the same as those appearing in C. In the second step we have

Moz 1 of = (Ba,1 + Bs) (3.38)

moved symmetrization factors onto the Ds. We observe that the correlator can be written
in terms of Moas 1o [24]

ACy = A'iDsA + A'iDgiMas 1 oiiDs A . (3.40)

This implies that poles in Moa3 1 o can also be used to determine the finite-volume en-
ergy levels.

As in the analysis of C,, we next introduce additional matrix indices as above to convert
to 18-d matrix forms, and then project on shell (so that the subscript “off” is dropped).
There then follows a series of steps that are essentially exact copies of those used in BS2,
BS3 and ref. [34], and which we do not reproduce here. These involve tedious algebra, plus
the use of symmetrization identities. The end result is that

M237L =Co M\%Z%) o CT ,

fluw) o Suw) | r(uu) (3.41)
M23,L :MQ,L'i_DL +Mdf,3,L7
where
—~ ~ 1
Bb T iRk (342
~ —~ ~ o~ 1
L ’ T1+GMay,
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g (u,u 1 Nu,u) 5| & 1 1 A (u,u
A= osp R L[] e

df,3 =~
1+ F3de,3 3
Dy = Mo, + Dy (3.45)
3 (IC27L)_1 + Fg

The quantities in these expressions are the same as earlier, with C given in eq. (3.34). We
have also used the decomposition

Fog=F+@, (3.47)

where F' and G contain, respectively, only the F and G terms contributing to ﬁg, whose
form is given in egs. (3.26)—(3.29).

Various features of eq. (3.41) deserve discussion. First, it was noted earlier that Mas 1,
includes disconnected contributions. These lead to the /\//1\2, 1, term, which should be subtracted
to obtain the fully connected M3 1. Second, the operators C and ¢! in eq. (3.41) serve to
symmetrize M\%’Z) in the sense discussed earlier in this section, namely adding together all the
terms that contribute to the finite-volume amplitude. However, as noted when these operators
were defined, their action leads to terms that can be added only in the infinite-volume limit.
While sufficient for deriving integral equations for M3, as we do below, this is problematic if
one wishes to use the expression eq. (3.41) in finite volume. This brings us to the third point,
which is that in BS1, BS2 and BS3, building on the work of refs. [11, 12], symmetrization
operators were introduced that can be used in finite volume. The net effect is that an equation
of similar form to eq. (3.41) can be written, with C and C' replaced by these new operators,
and effectively inserted into eq. (3.40). This implies that this properly symmetrized Mas f, is
part of a finite-volume correlator, and thus its poles determine the finite-volume energies.
Only the third term in Mo3 1, namely /(/l\g;:;{, can lead to such poles, since three-particle
energies must depend on the three-particle K matrix. This allows us to read off a new form
of the quantization condition, as is done in the following section.

The fourth feature of eq. (3.41) concerns the nature of l€df73. As indicated by the
absence of the (u,u) superscript, this is a symmetrized quantity. This follows from the
derivation given in BS1, BS2 and BS3. In particular, for a given choice of external particles,
all contributions are included in its definition. Different choices of spectator flavors lead
to different decompositions into {kfm} indices, but the underlying quantity is the same.
This is not the case for I%gfg) A particularly explicit discussion of this point is given in
appendix A of BS2.

Finally, we note that we are free to rotate from the charge basis to the isospin basis,
leaving the form of all equations unchanged. In the following, we assume that this rotation
has been carried out.

3.5 Symmetric form of three-particle quantization condition

As just discussed, the poles in /(/l\((ﬁg L correspond to finite-volume energy levels. This implies

a second form for the quantization condition,®

det [1+ FyKqs3| =0, (3.48)

5As shown in appendix G, one can also derive this form directly from the asymmetric form of the
quantization condition.
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where Fj is given in eq. (3.46). This result takes the standard form for all quantization
conditions obtained previously in the RFT approach [11, 13, 18, 23, 28, 30, 34, 38]. We call
this the symmetric form, as it contains a symmetrized three-particle K matrix. Given that
this minimizes the number of independent components of Ky 3, it is the simplest form of
the quantization condition to implement in practice.

Since all matrices contained in the quantization condition block diagonalize in isospin,
we can solve the condition separately for each block. This leads to our final form

det |1+ FyKli) =0, (3.49)
for I = 2,1,0, with
il
A= BN pu . L P (3.50)
3 (KoL)t + Fg

We collect here the explicit forms for the isospin blocks, beginning with those for I = 2,

1+1+41
pli=2) _ (Fg 0
Bl _< . Fé“) (3.51)

Kgi(,[:l 0 0 0 K;nLHKK,I:l
o 0 Kap™=% o 0 0
Ky = 0 0o K o 0 (3.52)

0 0 0o i 0
— KK, I=1 I=1
K31 0 0 0 K51

The subblocks in FiM' "1 and F5™ are given in egs. (3.27) and (3.29), respectively. The
]

elements of 16[2122 contain the underlying two-particle K matrix along with kinematic factors,
and are defined in appendix B. The structure of these matrices follows from the ordering

of indices given in eq. (3.36), with the I = 2 part given by

KR, ([KnlsyoK, ([KnlsoKl, ([xnlanla, [[mnim)a} (3.53)

In particular, the diagonal entries of IE[QIEQ] correspond to the scattering of the pair, with

a symmetry factor of 1/2 for the identical particle case, while the offdiagonal entry is that
for which there is a common spectator particle.

The results for the I = 0 blocks are similar to those for I = 2, as expected because
of the similarity of the corresponding indices,

{K R Jumlo, (1)Ko, K]y 2 Ko, [elonlos [[mnlimlo } - (3.54)
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—=1+1+1
sl=0 _ (Fa 0
Fy = . Fé“) (3.55)
—=KK,I=1 e KK, =1
Ko 0 0 0 K3
0 Kap'=? o 0 0
Ky = 0 o KT o0 o . (3.56)
0 0 o ikgp 0
K;rijHKK,I—I 0 0 0 K:;Zil_l
where
F~ -P,G™8 P, —G™E P,
FS M = | -pGE P, FK GKK (3.57)
—PgéKﬂ- GKK FK

differs from Fé+1+1, given in eq. (3.27), by signs in some of the offdiagonal terms.

Finally, for I = 1, for which the indices are

{HKK]NT]D [[KK]OT‘-]M [[KW]3/2K]17 [[KW]I/ZK]M HKW]S/QK]M [[Kﬂ-]l/QK]l?
[[rmlan]y, [[mnlim)i ), (3.58)

we obtain
(6)
~[]= F 0
U=t — (Yo 3.59
G 0 F?;H ( )
where

(3.60)

—211 P.F"P,  —\/2P,G'"" P,
= _\/ipgé/ﬂ"rlpe F/ﬂ- o Glﬂ'ﬂ' s

which differs from Féﬂ, eq. (3.29), by several signs, and

Fr 0 —\/ngCNJ’TKPg \/ngé’TKPg fﬁéwm \/gépr[,
0 F™ ﬁp@ﬂpg \/gpeéﬂfpg f@éwm f\/gé’pr(Z
—\/gpgéffﬂpe \/gpgéfﬁfpé FK 0 _L1GKK _\/géKK
\/%PeéK”Pe \/%PtzéK”Pe 0 FX —\/géKK 1GKK
_\/gpeél(w _\/%Pzéf(ﬂ' _%éKK _\/géKK K 0
\/gPZéKﬂ- _\/gPZéKn- _\/%éKK %éKK 0 FK

(3.61)
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The two-particle K matrix is

Koy '™ 0 0 0 0 0 0 KR

0 Kor ' ™" 0 0 0 0 0 0

0 0 Ky o 0 0 0 0

Rl _ 0 0 0 Ky, R 0 0
’ 0 0 0 0 Kyp 0 0 0

0 0 0 0 0 KTV o 0

0 0 0 0 (Y o 0

Kot i I=t g 0 0 0 0 0 Ko
(3.62)

The form of the isospin blocks of Iedfg, is more complicated to determine, and we discuss
this in the following section.

With the result in hand, we can study the impact of having multiple (here two) three-
particle channels. We saw above that there are two classes of the kinematic functions F
and G, one with singularities at w77 free energies, the other with singularities at KK free
energies. Above the KK threshold, these free energies can lie close to each other. For
each total isospin, the sub-blocks of }A?G containing these two classes are connected by the
two-particle 7 <+ KK scattering, and by elements of l€df73. This connection can therefore
lead to finite-volume states that cannot be thought of as close to either type of free state,
but are instead mixed. The situation is analogous to that for the two-particle quantization
condition when there are multiple channels. From a practical point of view, the impact is
simply that the matrices in the quantization condition become larger.

3.6 Form of Kqr 3

As already noted, the three-particle K matrix block diagonalizes according to total isospin.
In this section we present the general form of these blocks, 165?73. The analysis follows the
methodology introduced in appendix A of ref. [34].

For each choice of I, there are some number of independent channels, as shown in eq. (2.2):
two each for I = 2 and 0, and three for I = 1. These are the distinct asymptotic states
that can scatter into one another. Assuming PT symmetry, this implies that there are three
independent 3 — 3 amplitudes for I = 2 and 0 (two diagonal and one offdiagonal) and six
for I = 1. Since the corresponding 1651973 matrices have 5 x 6/2 = 15 independent entries
for I = 0,2, and 8 x 9/2 = 36 for I = 1, there must be many relations between entries.
Determining these relations is the task of this section.

We begin by writing down the form in the charged basis based on results for nondegenerate
and 2 + 1 systems, and then rotate to the isospin basis. The block structure of the 18-d
matrices is 34+ 3 + 3 + 3 + 4 + 2, where 3 indicates the nondegenerate blocks, 4 the extended
nondegenerate block with even and odd 77 waves separated, and 2 the 2 4 1 block, We label
these blocks with an index that runs from 1 to 6. Within each block the entries of Kyr 3 are
given by the same underlying function, denoted /C;.({p}, {k}) with j, k& being block indices,

expressed in different coordinates, i.e. with different choices of spectator and primary member
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of the pair. PT symmetry relates off-diagonal blocks,

Kik({pi}, {ki}) = K ({ki}, {pi}) (J# k), (3.63)

so there are 28 independent underlying functions. These must be related in such a way that in
the isospin basis Kg¢ 3 is block diagonal. We will not, however, need (or display) these relations.
The structure within each block is an outer product built from the following three vectors,

kablt kab]t kab]t
YO = (i) Yoy Yo ) (3.64)
[kab] kablt  ~slkablt  ~,[kab]t
y( "= <P y 312 P yE312]) ’ y£213]) ) y[123] ) y (365)
_ kab]t kab]t
- ([y£312])7 y£123] ) ; (3.66)
and their conjugates
[kab]
y[kab] y (312) P
(312) [kab] that]
Va1 Fo \f y
3) _ [kab] 4) _ (312) 2 (312)
y( )= y(213) ’ y( )= [kab] ) y( ) = ( [kab] ) . (367)
y[kab] y(213) y(123)
(123) lkab)
y (123)

Here we are using the operators ) and Y1, introduced in ref. [34], which are defined in
appendix B. They convert functions of the triplet of on-shell momenta to the kfm basis,
and thus are essentially the inverses of the operators X introduced above. The permutation
associated with the Y indicates, in order, the assignment of momenta to the spectator, the
primary member of the pair, and the remaining member of the pair. The ordering of these
permutations within each of the vectors Y is determined by our choice of momentum labels
in eq. (2.1) and of the ordering within blocks given in eq. (3.24). The factor of 1/v/2 is
explained in BS2. We note that in Y we can freely replace yh;? with Y ];?g) because
this acts on a function that is symmetric under the interchange of the two neutral pions
(whose momenta are labeled 1 and 2).

The outer product form depends only on the dimensions of the block. Thus, for example,
the {5, 3} block, which has dimensions 4 x 3, contains y<4>/c53y 3T and similarly in other cases.

After constructing the 18 x 18 matrix Iadﬂg in this fashion, we rotate to the isospin
basis, and examine the three isospin blocks in turn. For the I = 2 block we find a sum
of four outer products

il [=2 =2z I=2],x _
Icgfg] = Z y[l 2Lz ,C([if,g} y({p}, {k}) o y[[ 0/2],er7 (3.68)
z,y€{a,b}

where
—2)at _ (~slkab]t kab]t kab]t
yU=2at = (YEN, Yo, P 0, 0) )
3.69
Eab]t kab]t
yU=2bt (0 0,0, /3Pl [213]),
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with the conjugate vectors given similarly. The superscripts a,b here refer to the two
independent states that contribute, respectively [[K K]i7]s and [[77]2n]s. Thus, for example,
ICEI;;]’IM corresponds to the K matrix for the process mmn <— KKm. PT invariance implies
that ICgf 32 ba({ H{k}) = ICdIf 32] ab({kz},{p}), so that there are only three underlying K
matrices, as claimed above. Finally, we note that, to obtain these results, we have used the
fact that the I = 2 w7y state is symmetric under the interchange of the two pions.

The choice of normalization of the Y/=217 ig arbitrary, since any changes can be absorbed
by a redefinition of K([j[sz],my‘ The normalization that we choose is explained in the following
section, and in particular is such that eq. (3.89) holds.

The result for the I = 0 block takes the same form as for I = 2,
~[I1=0 =0,z 1=0],z =
Kis' = > Y0 ok (), (k) o PI=0T, (3.70)
z,y€{a,b}
where
I=0],at __ [kab]t [kab]t [kab]t
plr=obat — (J? 312)’ y(213 3)(123) 0, 0)

(3.71)
y[IZO]vbT — y[[ 2],bt .

In this case a,b refer to [[KK]7]o and [[r7]on]o, respectively. Again, using PT symmetry,
there are three independent underlying functions.

Finally, for I = 1, where the block is eight dimensional and there are three underlying
states, we obtain

i%ﬁﬂ?,” _ Z yl=1lz ,C([illel,wy o yU=1wt (3.72)

z,y€{a,b,c}

where a, b, ¢ correspond to [[K K]y, [[KK]o7]1, and [[r7]1n]1, respectively, and the vectors
are now

=1],at _ [kab]T [kab]t [kab]T [kab]t [kab]T
y[l that - < (312) 0 \/73;(213 \/7)) 213) \/73; 123) \/7)) 123) 0 O>
3.73)
—1pt kab]t [kab]t kab]t [kab]t kab]t (
U=t — ( [312] \/73) 213)7 \[y£213] \/73) 123)7 \fy[m:a] ) ,
y[l:chT — (07 0, 0, 0, 0, 0, \/gyg(ig];’ y[gﬂllgﬁ) )

Using PT symmetry, there are here six underlying functions.
The form of the underlying functions in the above expressions is constrained by symmetries.
This will be discussed in section 5 below.

3.7 Integral equations relating K43 to M3y

Implementation of the three-particle formalism involves two steps: first, determine (constraints
on) the three-particle K matrix, KCq¢ 3 using the quantization condition eq. (3.48) to fit to
finite-volume energies; and, second, determine the three-particle scattering amplitude M
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by solving the integral equations that relate it to /Edﬁg [12]. In this section we describe
the required integral equations.

These are obtained by taking an appropriate limit of Mg 1, which, from eq. (3.41) and
subsequent discussion, is given by

Msp=CoDoct. +coMiy) octh. (3.74)

The first term describes a ladder of one-particle exchanges, as can be seen from its definition
in eq. (3.43), and does not involve k\:df’g. It contains the divergences that are known to be
present in three-particle amplitudes. The second term is the divergence-free part of Mjs, and
is denoted Mg¢ 3. As can be seen from eq. (3.44), it vanishes unless I/C\df73 is nonzero.

The desired integral equations are obtained by reinserting ie factors in the numerators
of F and G, taking the L — oo limit, and then sending e — 0 [12]

Ms = hm hm Msp. (3.75)

e—0 L—o0

We do not write out the detailed form of the integral equations, as these are essentially the
same as those that have appeared in previous RFT works; see, e.g., refs. [11, 38] and BS3.
What is new here are the presence of two types of singularity in the one-particle exchange
terms, due to the presence of two distinct intermediate states, namely K K7 and 7. This
simply leads to additional matrix indices that are built into the formalism.

The additional feature of the present application is the need to decompose into different
total isospin channels. In particular, the “core” of the integral equations resulting from
eq. (3.75) (i.e. dropping the factors of C and CT) involves 18-d matrices in flavor space, which,
as we have seen above, block-diagonalize into 5-d, 8-d, and 5-d blocks corresponding to
I =2,1,0, respectively. The final integral equations, by contrast, involve 7-d flavor matrices,
and the isospin blocks are of size 2, 3, and 2, corresponding to the states listed in eq. (2.2).
This is because the integral equations are given in the momentum basis, with no choice
of a spectator or pair required.

Putting this together, what we require is the 7 x 18 matrix of operators

CisolSﬂiso? = Cch—>iso c [0(18) ]_1 ) (3'76)

ch—iso

where the three matrices on the right-hand side are given in eq. (A.9), eq. (3.34), and
appendix E, respectively. An important check on the form of these matrices is that Cigo18—iso7
should itself be block diagonal, with 2 x 5 blocks for both I = 2 and 0, and a 3 x 8 block
for I = 1. We indeed find this to be the case.

The explicit form of the 2 x 5 block for I = 2 is

=2 xl=2.a
C1[5018]—>1307 <X[I:2]’b ’ (377)

where

1=2la _ [ 4(312) (213) (123)
X[ Ao = (X[kab} X[kab]’ X[k:ab]’ 0, O)

=2 312 (123) | 4(213)
xU=30 = (0,0, 0, V2x ), 22+ 200

(3.78)
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For the I = 0 block we find
[I=0]
I=0
61[5018]—>1$o7 (X[I_O]’b> ) (379)
where

I=0],a _ (312) (213) (123)
xl=00a _ (x[,mb], X o =X g 0, 0),

(3.80)
xI=0lb — yplI=21b
Finally, for I = 1, the 3 x 8 block is
X[I:l],a
Ci[io:lg—)iso’? = XU:l]’b ) (381)
X[I:1]’c

where
I=1],a __ (312) (213) (213 (123) (123)
X[ he = ( [kab] \/>X kab] ’ \/>X[kab] ’ \/>X[kab] \/>X kab] ’ > )
=11 _ ( 2312 (213) (213) (123) (123) .
X[ b= < [kab] \/>X[kab] ’ \/IX kab] \/7X[kab] ’ \/>X[kab] ’ > ’ (3 82)

_ (312) (123) (213)
xl=1e (0 0, 0, 0, 0, O, \kaab X[,mb] +X[k:ab]>

To be completely explicit, the final result in the isospin basis is

M[I] = lim lim Cl[s(])lEHISO7 o (ﬁ(Lu,u),[I] + M\é?:gv)g[[}) ot (3.83)

50 L is018—iso7 »

where the quantities inside the parentheses on the right-hand side are given by eq. (3.43)
and eq. (3.44), respectively, except that all matrices in these relations are restricted to the

(u,u)

corresponding isospin block. As above, if we drop the D I

(1]

then we obtain the divergence-free amplitude, M ;. We also stress that the operators C

term from the right-hand side,

and C' convert the core matrices, which are in the {k¢m} basis, to the momentum basis
{k}, as is appropriate for a scattering amplitude.

As a final check, we note that in the formal limit in which we treat My and Kgr 3 as
small, we find from eq. (3.44) that

MGt = Kéf% L+ O(Ma, Kat)] - (3.84)
Thus, in this limit,
I I w,u)l,[ 1 I
[M([if}ﬁ} Ty = |:CI[S(})18—>ISO7 ° MEI 3)L[ } o Ci[s<])T18—>iso7} zy (385)
I I I
- |:C£S]018—>ISO7 9IC([if]3 Ci[S(]JT18—>iso7] (386)
Ty
Z xe o ylila! U] oY Ylly't o plut (3.87)
x "L' ,'y Y 9
— ;c([ffl i (3.88)
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where in the penultimate step we have used the outer-product form of Kyt 3 derived in the
previous section. To do so, we have combined the individual isospin results eqs. (3.68), (3.70)
and (3.72) into a generic notation, where z, 2,3,y are summed over {a,b} for I = 2,0 and
over {a,b,c} for I = 1. In the last step we have used,

e o yllhe’ — 35, (3.89)

which can be shown from the results in egs. (3.69), (3.73), (3.78), (3.80) and (3.82) given
that X7, defined in eq. (B.11), is the inverse of y,[f“”], defined in eq. (B.13). We stress
that eq. (3.89) holds only when acting on components of ngf]73, for it relies on the symmetry
or antisymmetry under pion exchange in the mmn components. The normalization of the
Y was chosen in the previous section so that the right-hand side of eq. (3.89) contains the
factor of 3. This was done so that Mg¢3 and Kg4¢3 have the same normalization in the

weak coupling limit, as shown by eq. (3.88).

3.8 Projection onto positive G parity

In this section we discuss how the above-described formalism can be projected onto states of
positive G parity. As described in section 2, this is necessary to avoid mixing with three-pion
channels, mixing that we have ignored so far in the development of the formalism.

The projection can be applied to the external operators of eq. (2.2), in a manner already
described in section 2. The action on this 7-d space is by the projection matrix

PV = diag (1512, 1,151, $An, 1, §812, 1) , (3.90)

where S19 = 1+ Pjs and Ao = 1 — Pjo, with Pj» the operator that interchanges the momenta
k1 and ko. The action of this projector propagates through the formalism, and leads to a
reduction in the size of the matrices entering the quantization condition. We stress that this
projection commutes with total isospin, so we can consider this reduction block by block.

To determine the projectors on the isospin blocks we need the G-parity transformation
of the KK operators in eq. (2.1),

K* (k1)K (ko)m~ (ks) — K (k1) K (ko)™ (ks) .
K* (k1) K~ (k)7 (ks) — —K° (k1)K (ko)7° (ks)
KO(ky) K (ko) m° (k) — —K (k) KT (ko) m° (k) ,
KO(k) K~ (ko) (k3) — K~ (k1)K (ko) (k3) .

(3.91)

Here we have used the action of G described in section 2, as well as the negative G-parity of
pions. For the first and fourth operators G parity simply leads to the interchange ki < ko,
while the second and third operators are themselves interchanged, with an overall sign flip,
as well as k1 <> ko interchange. Note that the m7n operators automatically have positive G
parity and thus are unchanged. We now expand out each of the twelve K K7 operators in
the isospin basis eq. (3.36) in terms of underlying operators in eq. (3.91) (with momentum
assignments changed, in general), and apply the G-parity transformation. The results are

[[KK]le/oﬂ']I — i[[KK]le/oTr][7 HKK]Oe/oﬂ-]l — :FHKK]Oe/oﬂ']l >
([Kml32K]r > [[Knl30K]r,  [[K7li 2K > [[K7)1 K], (3.92)
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where [ takes all allowed values, and e and o refer, respectively, to projections onto even
and odd partial waves.
Thus the projectors onto positive GG parity are

P.0000
01200
P —pl=— o0 1lo0], (3.93)
00010
00001
P.000000O
0P 00000
00303000
=y [0 00302100
fe = 00303000 (3:94)
000302100
00000010
00000001

These project the 5-d blocks for I = 2,0 down to 4-d, and project the 8-d blocks for I =1
down to 6-d.

The result is that the quantization condition for each isospin takes the same form as
above, egs. (3.49) and (3.50), but with the matrices ﬁg], I/C\Z,L, and I/Cdf’g replaced by their

reduced versions. We first describe these new versions for ﬁg ] and 1627 1. For I =2, we find

P.F™P, \2P.G™8Pp, 0 0
A= 2P,GE™p, FK + GKK 0 0
U=, | V2RGETER R 0 - , (3.95)
0 0 P.F'MP, \/2P.G""P,
0 0 \/§ Pé G«lrrn Pe F/TI’ 4 Glﬂ'ﬂ'
P/cff”P 0 0 PIC"HKKfl
[
ki~ 0 S 0 (3.96)
2,L 0 0 %@21—2 0 .
’CW'm—)KK A= 11:)e 0 0 K’;Qr’nlilzl

Several comments are in order. First, we note that the upper 2 x 2 block in ﬁg =2 how has a
similar structure to the lower such block, which is given by the 2+1 form Fé“. Thus the
projection onto G' = + in some sense treats the K and K as identical particles. Second, we
could replace P, F™P, with P,F™ , due to the properties of ﬁ’ as explained in appendix A of

ref. [11]. Similarly we do not need a P, on both sides of the top-left entry in IC[ 2

2]

the G = + 71 state only couples to the KK state with even partlal waves. In all cases, we

Finally,

the factors of P, acting on the offdiagonal 71 <+ KK entries in IC[ can be dropped7 since

keep the factors of P, to illustrate the action of the projectors.
The results for I = 0 are similar

P.E™P, —\2P.G™5P, 0 0
ﬁ,[[:()} o —ﬁPgGKWPe FK 4 GKK ~O 0~ (3.97)
¢ 0 0 P.EMP, \2P,G""P, |
0 0 V2P,G'™P, F'™ 4 G'™T
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—KK,I=1

Py, P. 0 0 P.Ky T
—Kn,]=1/2
S[I= 0 K 0 0
kU= 2.L o , (3.98)
’ 0 0 iK3T 0
,C7r77<—>KKI lp 0 0 IC;WZI 1
€ b
and analogous comments apply.
For I = 1, we find
(4)
S=1 F, 0
5 }—>< 0 F2+1) , (3.99)
G
where Ty | is given in eq. (3.60), and
P.F™P, 0 —\/gpeéﬂf P, \/gpeé“f P,
" 0 PF"P,  —\[iP,G™ P, —\[3P,G" P,
F = . ) ) ) ) . (3.100)
—\/3PGK"P, —\[PGKTP, FK - 1GKK . [SGKK
VARGKTP, —\[2RGKTP, —\[SGKK  FK 1 1GKK
while the two-particle K matrix reduces to
PRSP, 0 0 0 0 REgOKEI=
0 PEAE=p, 0 0 0 0
cl=n 0 0 Kap'=% o 0 0
2,L =K I=1/2
0 0 0 Kiyp 0 0
0 0 0 0o ik 0
IC n<—>KK] IP 0 0 0 0 ICmy,I 1
e
(3.101)

Next we describe the reduced forms of Kyt 3. The expressions in terms of sums over outer
products, egs. (3.68), (3.70) and (3.72), remain valid, but the vectors themselves change to

et (ol + Vi VRO + YD 0.0).
3.102
1 ~slkab]t [kab]t ( )

O 0 §y 312) y 213 ’

=0],a kab]t [kab]t [kab]t kab]t
Y=ot o (Sl + Vi - IO + . 0. o).
[kab]t [kab]t
0, 0, \/gy312 ) y213 > J

E (3.103)
Vi=tet s (S + Vi, oo+ i e + ¥ie. 0 o).

yl=olbt _,

= kab kab]t kab kab]t kab kab]t
y[I A 0, %07[312]T o yE321) ) \[oj[zlarr o yE123) ) \[Oj[mgﬁ o yE123}) ) 0, 0)

et (0,000, 3l o5
(3.104)
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The final change is to the integral equations relating Kqf 3 to M3. Here again the form
of the relations, eq. (3.83), remains unchanged, as does the expressions for the conversion
matrices, egs. (3.77), (3.79) and (3.81). The vector of operators entering the latter expressions,
however, change to

xl=2a _, (%xf;jif]) + X)X + X, o 0> ’

s (3.105)
1=2],b 312 123 213
2= (0, 0, v )+ x)
yl=0la 1312 (321) 1/ 4(213) (123)
<2 [k:ab] X[kab]) \/;(X[k:ab] X[k:ab]) 0, 0) ’ (3106)

312) 123 (213)
AU (0, 0, VR2RE, X0+ X))
612 | (32 (213) (123) (213)
(é [ka b] [kab])’ Oa_\/%(x[kab] +X[kab])’\/g(x[kab] +XR123)’ 0, O) ’
1 312) (321) (213) (123) (213)
xU=1b (07§ fhat] X[kab])’\/I(X[kab] _X[kab])’f(x[ y — XR123), 0, 0)’

(312) _ 3(123) (213)
xl=te (0’ 0, 0, 0, fx[kab]’_ (kab] +X[k;ab]) :

xl=1a

(3.107)

The orthogonality relation eq. (3.89) remains true with these changes.

4 Reduction to single-channel formalism for E* < Mgk,

Up to this point, we have had in mind working above both w7 and K Kn thresholds, i.e. in
the regime where both resonances of interest lie. In this section we consider the range between
the thresholds, My, S E* S Mgkyr. Here our formalism remains valid, but we expect
that it can be reduced to that for a single three-particle channel by “integrating out” the
contributions associated with the K’ K7 state. Our aim is to sketch how this reduction occurs.

The first point to observe is that, due to the presence of our cutoff functions, the KK
channel will be automatically and smoothly turned off as the energy is reduced. As described
in appendix B, this will occur in two stages, first when the KK channel closes, and second
upon the closure of the K7 channel. A similar phenomenon occurs in the D D7 system, which
is where the two-stage turn-off was first noted [34]. For physical masses, the two closures
occur, respectively, at the three-particle energies

Ef = My + 2/ M3 — M2 ~ 1090MeV and Ej = Mg + 1/ M% — M2 ~970MeV. (4.1)

These lie about 40 and 160 MeV below the threshold at Mg g, ~ 1130 MeV, and both are
well above the lower threshold at M., ~ 820 MeV.

The regime we are interested in here is thus E5 < E* < Mgg,, so that two-channel
formalism applies but only one of the channels is kinematically open. In fact, there is a
further constraint on the relevance of the considerations of this section, namely that we
cannot integrate out the K’ K channel if A = My, — E* is too small. This is because there
are finite-volume effects arising from the proximity to on-shell K K states that scale roughly
as exp(—AL). These are captured by the full, two-channel quantization condition, but not by
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the reduced version. Thus we should use A 2 M, since then the errors caused by reduction
to a single-channel form are comparable to the exponentially-suppressed terms ~ exp(—M, L)
that the formalism does not control. This leaves a very small window Ej < E* < Mg gr— My
where the considerations of the remainder of this section apply. Nevertheless, we think the
analysis is of interest both from a purely theoretical point of view, and because the window
of applicability could be larger in other multichannel systems.

The strategy we follow is to represent the matrices that enter the quantization condition
in block form, where the blocks correspond to the w77 and K K7 channels, respectively. Thus,
for example, in the I = 0 case after G-parity projection, the 4 x 4 flavor matrices such as
Fg =0y eq. (3.97) have two w77 entries (the last two) and two K K7 entries (the first two).
In general, these two blocks will have different dimensions. We write the block form as

M= [ Ma M) (4.2)
Mc Mp

and make repeated use of the following standard results (valid if M ~! exists)

det M = det(M4 — MpMp' Mc) det(Mp), (4.3)
-1 ~1 -1 _1 1 -1
(M~ |4 = (MA — MpMp, MC) ; M~ ]p = (MD — McM, MB) ,
Ma[M g =—-Mg[M]p, M~ YoMy = —[M~YpMc.
(4.4)

We first consider the case that Kg¢3 = 0, so that the quantization condition can be
written det(Fy 1) = 0. Here, and in the remainder of this section, we drop isospin superscripts,
since the considerations are general. For brevity, we also drop carets. We are thus looking for
energies where an eigenvalue of F3 diverges. Given the form of F3, eq. (3.50), and the fact that
F only diverges at noninteracting energies, we can rewrite the quantization condition as [19]

det (K5, + Fg) = 0. (4.5)

This is also equiavlent to the asymmetric quantization condition, eq. (3.37), when le((;f;f) =0.
Our aim is to rewrite this as a single-channel three particle quantization condition. It will

turn out to be easier to initially aim for the asymmetric form, which can be written
=1 e e 7(’“’7“)
det(/C + [FG]A) = 0, K= ]CQ’L + de73 s (46)

where K is a reduced matrix living only in the w77 block. Here we allow for the possibility that
integrating out the K K channel leads to the reappearance of Kg¢ 3 (here in asymmetric form).

To proceed, we note that Fg is block diagonal with no B or C' components, so that,
using eq. (4.3), the quantization condition eq. (4.5) becomes

det(rA—i—fA —TB[’I“D—}-fD]_ch) det(rD+fD) =0, (47)

where we have introduced the shorthands r = Ky i and f = Fg. We now make the key
assumption, namely that the second determinant does not vanish. This is plausible because
fp = [Fg]p contains only the K K singularity, which is finite in our kinematic regime. With
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this assumption, the quantization condition becomes the vanishing of the first determinant in
eq. (4.7). This has the desired form of the reduced quantization condition, eq. (4.6), if we take

— 1
K= . 4.8
ra——rglrp + fp] tre (48)

Using eq. (4.4), we find, after some algebraic effort, that

K =[Kat]a = [Ko,rls[Falny + [Ko Ll]D[FG]D

[Ka,Llc - (4.9)

To achieve our aim, we must decompose this into the form of the second equality in eq. (4.6),
i.e. a EQ, L part that involves a spectator momentum Kronecker-delta plus an overall factor
of 2wL?, but is otherwise an infinite-volume quantity, and a Kff;;;j) part that is purely an

infinite-volume quantity. The first part is obtained by keeping only the F' terms in eq. (4.9),

1
b1+ [KCo.L]p[Fp

Ko, = [Ka,L]a — [Ko,1]B[F) KCoL)c - (4.10)
This involves the same spectator (a pion) throughout, and the 2wL? factors cancel between
adjacent factors of F' and Kg 1, leaving a single overall such factor. Concerning [F]p, one
might expect the sum-integral difference in F' to vanish, up to exponentially-suppressed
corrections, since the summand/integrand involves K K7 denominators and is nonsingular
[see eq. (B.1)]. In fact, because of our definition of the PV-regulated integral [11], there
is an additional infinite-volume contribution, proportional to the subthreshold part of p,
eq. (B.18). This leads to the following interpretation of Ko 1: the second term adds back
the on-shell, but subthreshold, contributions to 77 scattering that involve KK intermediate
states. By construction, these contributions are not included in [Kg 1]4, but are needed in
the full single-channel two-particle K matrix when the K K state is integrated out.

The remainder of K involves at least one factor of [G]p, which switches the spectator
from a pion to a K or K. In fact, it is easy to see that, after expanding the geometric series
in eq. (4.9), at least two factors of [G]p are needed to bring the spectator back to being a
pion. Although an explicit all-orders expression can be given, it is not illuminating. The
important properties are that all three particles are involved in the process, that the various
factors of 2wL? [including two for each G — see eq. (B.7)] cancel aside from an inverse for
each internal momentum sum, and that these momentum sums can be converted to integrals
up to exponentially suppressed corrections (since the summands involve K K7 intermediate

(u,u)

states and are thus nonsingular). The result is a contribution to Ed?:g , an infinite-volume
quantity involving all three particles. It is asymmetric because only the external pions are
spectators. The interpretation of this contribution to the reduced three-particle kernel is
simply that it adds in contributions involving intermediate K K7 states that lead to power-law
volume effects above the K K7 threshold, due to the singularities in G, but now lead only
to exponentially-suppressed volume dependence.

We now repeat the argument in the general case, but starting with the asymmetric form

of the quantization condition, written as

det ([fCo,r + K57 + F ) = 0. (4.11)
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We follow exactly the same steps as above, leading to the reduced quantization condition
eq. (4.6), in which K (denoted with a prime to distinguish it from the earlier form) has the form

el u,u u,u 1 u,u
K =Ko +K§3) 14 — [Kop + ’Céf,’s)]B[FG]D o Kar, + K53
1+ KoL+ Kg's'Ip[Falp
(4.12)
This can be decomposed as
K =Ko+ K((;;:;) + [K§¥j§)]A + Eli(:éu) ; (4.13)

where the first two terms on the right-hand side are those discussed above in the Kgf3 = 0
case, the third term is simply the A block of the asymmetric three-particle K matrix, and
the final term is the new contribution arising from integrating out K K in the presence of a
non-zero Kgr 3. An example of a contribution to the final term is

-/ (u,u)

a5 o~k lFe]plKa e (4.14)

As above, it is straightforward to see that, for all contributions, the 2wL? factors combine to
convert sums into integrals up to exponentially-suppressed volume dependence. The result is
that Kii(qu éu) is an infinite volume quantity with the correct properties to be a contribution to
the asymmetric KCqf 3. Thus the last three terms in eq. (4.13) constitute the renormalized
reduced three-particle K matrix.

The final step is to symmetrize the quantization condition. This can be done using the
symmetrization identities given in BS2 and BS3, as already noted in section 3.4. However, the
method used in those works is based on Moz 1, rather than the quantization condition. Since
here we work directly with the latter, we provide the necessary generalization in appendix G.
The conclusion is that we can convert the asymmetric form of the reduced quantization
condition to the desired symmetric form,

det [1 + ngdﬂg} =0, (4.15)
Fy 1

F3="%2 —Fi—
E A(Kar) "'+ [Fala

Fa, (4.16)
in which g4t 3 is a symmetrized three-particle K matrix that is algebraically related to Kii(flf éu).

An alternative method of determining the reduced, single-channel quantization condition
is to begin with the full symmetrized quantization condition, expressed as

det |Kars + Fy '] =0, (4.17)

and to apply eq. (4.3) with M = Kqr 3 + F3_1. Expanding inside the first determinant of
eq. (4.3), one can identify [F; 4 and —[F; '5([F5 ]a) " [F5 ']c as the only terms with
overlap of F5 , the quantity appearing in the new single-channel quantization condition. As
with the method described above, these terms split into two parts: those that contribute to
de:), and those which can be folded into F; ! through the correct definition of fg’ 1. Both
methods arrive at the same expression for KZ L, given in eq. (4.10), and we expect Edﬁg can
be brought into the same form through symmetrization.

In summary, we have shown explicitly how, if one goes far enough below the KK
threshold, the quantization condition reduces to the expected form for a single channel

system, with a renormalized Ko and ICE;;’;).
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5 Parametrizations of K¢ 3

In a practical application, one must parametrize the three-particle K-matrix. This should be
done respecting the symmetries of the theory, in particular Lorentz, P, and T invariance, and
the exchange symmetries of the three-meson states. Of particular interest are the behavior
near threshold and in the vicinity of a three-particle resonance. We discuss these two regimes
in turn, generalizing the methods introduced in refs. [19, 23].

Near threshold, Kq¢ 3 can be expanded in terms of kinematic invariants that vanish at
threshold. The procedure for doing so was laid out in ref. [19] in the case of three identical
particles, and has been subsequently generalized to many systems [23, 30, 34, 38, 39]. The
main new feature here is the presence of two thresholds, corresponding to the w7y and
KK channels.

From section 3.6, we know that the underlying functions that we have to parametrize
are the ICgf]:;y that appear in egs. (3.68), (3.70) and (3.72), where z,y run over the different
channels. Each of these K matrices are Lorentz-invariant functions of the three incoming
on-shell four-momenta, which here we denote {k;}, and the corresponding outgoing momenta,
denoted {k!}. For our two channels, we use the labels i = 1,2 for the two particles that are
degenerate, while 7 = 3 denotes the particle with a distinct mass. We denote the initial-state
masses as m; and the final-state masses as mj. The threshold CMF energies for the two
channels are then M = 2my + ms and M’ = 2m/} + mf. We call the smaller of these Myin,
and use this to set the scale in the following.

To parameterize the three-particle amplitude Kqr3, we use generalized Mandelstam
variables,

s= (k1 +ko+k3)®, sy = (ki+kj)? s = (ki + k)2 tiy= K —k)*.  (5.1)

It is convenient to use the following seventeen dimensionless quantities,

_ M2 _ M/2 M/2 _ M2
A=2 7 A/EST:AJrizv
Mmin Mmin Mmin
A, = Sik (mj + my)? A= 8%y, — (m + m},)? - tij — (mh —m;)? (5.2)
7 — ) ; — Pl 7 p—y ) .
MI%lin ’ MI%lin ! Mglin

where, in the definitions of A; and AL, {i,j,k} form a cylic permutation of {1,2,3}. A and
A; vanish at the initial-state threshold, while A" and A/ vanish at the final-state threshold.
The #;; only vanish at threshold if the initial and final channels are the same; in general
they vanish if the final (7) and initial particles (j) are relatively at rest. We note that these
quantities are well-defined below as well as above the corresponding thresholds.

These seventeen quantities in eq. (5.2) are constrained by the relation between A and A’
given in that equation, as well as the following eight relations, seven of which are independent,®

3 3 3 !
~ 2m; (M — M)
A=A, A=A, tii=A;j — A+
3 2m/.(M — M)
=1 min

5Tn refs. [19, 30], the fact that only seven of these relations were independent was missed. This had no
impact on the threshold expansions developed in these works. The correct counting was also noted in ref. [39].
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where j = 1,2,3. This allows us to express Kqr 3 in terms of the following nine variables: A,
Ay, Ay, AY, A’Q, t11, t12, to1, and t2o. We develop the threshold expansion treating A, A;,
Al and the tzg as small. Since the thresholds differ, in practice some of these quantities will
be larger than others, and an asymmetric power-counting is appropriate. As the relative sizes
depend on the precise kinematics, which varies according to the values of the underlying quark
masses, we simply ignore this point and work to quadratic order in all variables, presenting
terms of up to linear order here, and collecting the quadratic terms in appendix F.

As we have seen in section 2, the requirement that the KK pairs have negative G parity
implies [KK]; must be symmetric under k; < ks, while [K K]y must be antisymmetric
under this exchange. Similarly, the [77]o 2 states are symmetric, while [77]; is antisymmetric.
Using these symmetry requirements allows us to write down all allowed combinations of
the nine kinematic variables in our chosen basis.

To begin, we consider I = 0 and I = 2, each of which have two channels [found in eq. (2.2)],

and which have the same symmetry properties. While ngsz’%ab nd IC[I 02ba ore symmetric

under the independent exchanges k; <+ ko and k] <> kb, IC([jIf 30 A.aa d IC[I 025 4 re also
symmetric under PT transformations. These symmetries lead to the followmg result for

the diagonal terms,

M2 K2 (Y (k) = K+ e A e (A + Ap+ A+ AY)
+ /C;[;,I]m(tn +t1g+to1 Ftag) + O(A?), (5.4)

Izx

where x = a or b, and the coefficients ICE- are real and dimensionless. For the off-diagonal

contributions the lack of PT symmetry leads to one additional term at linear order

I ’ 7ab I ba
M2 KH D (R (k) = M2 KL (R ()
=iy A e (A A)
+’Cgﬂab( /1—I-A/Q)-i-lcé[lnab(tn—i-tlg—i-tgl+t22)+O(A2)7 (5.5)

where again the coefficients are real and dimensionless. We note that, in both eqs. (5.4)
and (5.5), the leading coefficients lead to a contribution that is independent of momenta and
thus isotropic. Quadratic terms are given in egs. (F.1) and (F.2).

Now we turn our attention to I = 1, which contains transitions between three independent
states [found in eq. (2.2)]. While state a is symmetric under k; <> ko, states b and c are
antisymmetric under this exchange. These exchange symmetries, coupled with the PT
invariance of Kélle},m’ lead to the following results. For IC([iIf’:;Laa the result has exactly the
same form as that for I = 0,2, given in eq. (5.4). For the other diagonal terms, we find

I 1] K'Y ARY) = l]yy(tn—hz—tm +t29) + O(A?), (5.6)

where y = b or ¢. For the offdiagonal contributions, we obtain

LS (R (RY) = KLY (k) (k)
= KM A= AL 4 K () — 1o+ tay —tag) + O(A2),  (5.7)
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with y = b or ¢, and
K ARy AR = KT AR AR Y) = K1 (i — iz —tar 1) + O(AY). (5.8)

The antisymmetry of the b, ¢ channels leads to the absence of the isotropic contribution
and a smaller number of linear terms. Quadratic contributions for / = 1 K matrices are
given in egs. (F.3)—(F.5).

We next consider how the expressions given above can be augmented in the I = 0 and
I =1 channels (in which, respectively, the 7(1295) and the b;(1235) appear) to incorporate
an explicit pole that satisfies the relevant symmetries and has a factorizable residue. It is
plausible that such a pole will be needed to describe a resonance in M3 [40]. We are guided
here by the work of ref. [23] addressing the same issue for the 37 system, in particular for
the J¥ = 0~ resonance, 7(1300), and the J¥ = 17 resonance, a;(1260). We stress that the
pole terms we give below are to be added to the threshold expansion forms, and that we are
presenting only the simplest possible expressions in both cases. By its very nature, a pole
term violates the threshold expansion, and thus one does not have any power counting to
restrict the form of the residues. Thus, higher order terms may be needed in practice.

The simplest case is the I = 0 1(1295) resonance. This J¥ = 0~ state couples to both
7y and KK in s-wave states, and thus no momentum dependence is needed in the residue.
Thus the simplest form to add to Kgr 3 is

—0lz Vg
IC([iIf,?)O] g _73/ (x,y) € (aab)a (59)

where v = (v,4,vp) is a real vector describing the relative coupling to the two channels, with
v, and vy, being coefficients to be determined. We stress that the pole position Ey- will not
equal the 7(1295) mass, since to connect Kqf 3 to M3 requires solving integral equations,
and this will, in general, shift the pole position.

Two additional features arise for the I = 1, J¥ = 1% channel needed for the b;(1235).
The first is due to the resonance being a vector, and thus having a polarization vector.
Summing over this leads to a factor of

S eues =g, = g — PP,/ P2 (5.10)
€

The second new feature is the need to contract the open Lorentz indices with four-vectors
having the appropriate symmetries. The simplest form is

P /;L
o 3 Y ’LU ) (ﬂf,y) € (a,b,c), (511)
P2 — g2, 9w e My

[I=1]zy
Kags = 2
where

w” = (wa[ky + k3], wplky — ks, welky — k3])

5.12
wlt = (w0 + Kl — K, el — K1) 12

with w,; being real coefficients to be determined. We note that an additional allowed
contribution to the w, terms proportional to P” can be dropped since gﬁ,/P” = 0.
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6 Conclusions

In this work, we have generalized the three-particle formalism to accommodate systems
involving multiple three-particle channels. While we have focused on the two-channel 7w7n
and K K7 system, the generalization to additional three-particle channels will involve a
simple extension of the work presented here. Indeed, just as in the two-particle case, the
generalization to multiple channels is itself not the most challenging part of the derivation.
Instead, the complications mainly arise from the need to account for multiple subchannels,
and to determine isospin and G-parity projections. These aspects are similar to those arising
in the formalism developed for the DDm system in ref. [34]. The need for G-parity projection
is a new feature here, and turns out to reduce the dimensionality of the matrices appearing
in the quantization conditions.

The general structure of the quantization conditions and associated integral equations
is the same as that in all previous applications of the RFT approach. The presence of
two channels simply enlarges the space of spectator flavors. In our final results, given in
section 3.8, these spaces are of dimension 4, 6, and 4, respectively, for I =0, 1, and 2. As for
the DD system studied in ref. [34], the results for I = 0 and I = 2 are nearly identical.

The specific channels on which we have focused allow the application to the by (1235)
and 7(1295) resonances, as long as one neglects the coupling to channels with four or more
particles. As discussed in section 2, for such an application, one must use finite-volume irreps
in which there are no, or minimal, contributions from w7 states. There are several such irreps,
so we do not expect this to be a significant practical limitation. We hope that, in the next
few years, results from lattice QCD will be available that allow one to study these resonance.
This will likely first be with heavier-than-physical quark masses, which will, in fact, reduce
the problem with neglected channels containing four or more particles.

A three-particle formalism has now been developed that encompasses nearly all systems
of interest. The remaining lacuna is exemplified by the Roper resonance, which decays
to Nm and Nzw. This involves multiple channels with both two and three particles, as
well as nondegenerate particles with a variety of spins. Given the recent extension of
the formalism to three spin-1/2 particles [38], and the by now complete understanding
of incorporating nondegenerate particles [26, 28, 30, 34], the main challenge concerns the
combination of two- and three-particle channels. So far, two approaches have been used: one
in which the two-particle channel is incorporated explicitly [13], and the other in which it is
introduced by the presence of a bound state in a two-particle subchannel of the three-particle
system [22, 34, 41, 42]. It remains to be seen which approach, if either, is the best choice

for generalization to the Roper system.”
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A TIsospin relations
Here we give the relations between the isospin-basis states of eq. (2.2) and the flavor-basis

states of eq. (2.1). Doing so, it is important to keep in mind that, while the kaon doublet is
(K, K°), the antikaon doublet contains a sign: (—FO, K™). For I = 2, the results are

I=2,a: [KK |17]s — \/E(—Kﬂkl)f(o(kg)w(k3)+\f2K+(k1)K(k2)w0(k3)

—\@Ko(kzl)KO(kg)wO(kg)~|—K0(k:1)K_(kg)ﬁ*(kg)) , o
I=2b: [[r7] 27,2%[( 7 (k) + 270 (bt )7° (ko) 7~ (k) (ko) ) m(ks) . (A.2)
For I = 1 we have
I=1,a: [KK 17r1—>\f< K (k) B (ko) (kg)—KO(kl)K(kg)w+(k3)>, (A.3)
I=1,b: [KK Jor} — \@ <K+(k1)K_(kg)wo(kg)+K°(k1)K0(k2)7ro(k3)) : (A4)
I=1,c: [[xn]in): — \/g (7 (k)™ (o) =7 (k)™ (k) ) (k) (A.5)
Finally, for I = 0 we have
I=0,a: [[KK 17]o — ﬁ(— V2K () K (ko) (ks) — K (ky) K~ (ko) (ks3) s
+ KOk R (ko) (k3)+\/§K0(k:1)K_(k2)7r+(k3)>
I=0,b: [[rr]onlo — \[ ~ (ko) = 7O (k)7 (ko) + 7 (k) (ko) ) m(ks) . (A7)

Thus the conversion from the charged to the isospin basis is accomplished by a 7 x 6 matrix

Viso = Cch—sisoVch (A.8)
1 V2 -v2 1 0 0
0O 0 0 0 S 2
: V30 0 —/3 0 0
C’chaiso = \/; 0 \/g \/g 0 0 0 ) (A 9)
0 0 0 0 V341 0
—-V2-1 1 V2 0 0
0 0 0 0 V2S5 —V2

where S1o = 1+ P9 is the symmetrization operator acting on the k; and ko arguments, with
Pjo permuting these labels, while Ao = 1 — Pjs is the corresponding antisymmetrization
operator.
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B Kinematic functions

In this appendix we provide definitions of kinematic quantities and auxiliary operators that
enter the three-particle formalism. These are taken from previous works in the RFT formalism,
with the exception of the discussion of 162, 1 in the case of channel mixing.

We begin with the F' function for nondegenerate particles, which appears in the main
text starting in eq. (3.27). There are both primed and unprimed versions, corresponding to
nmrn and KK triplets. The latter are given, in the notation of ref. [30], by

- HO( UV 434
(i _
{F L)’K’m’;pﬁm 5 2 (Z L3 ng V/ ]
*/ , *(17j7p) 1 *(’L,j,p)
X[ygmic(li) 7 ) RO CENGENC) yzm%) 7 sy
(q27p,) dwg wy, (B —wp” —wi’ —wy, ) (q2,p)

Here {4, j, k} are a permutation of { K, K, 7}. The superscript on F® indicates the spectator
particle, while the label j refers to the primary particle of the nonspectator pair, with & is
the flavor of the third particle. The ordering conventions are given in eq. (3.24).

Other quantities appearing in eq. (B.1) are the on-shell energies, exemplified by

wl) =/ M? + p?; (B.2)

the “third” momentum b = P — p — a; and the magnitude of the (jk) pair momentum,
assuming three on-shell particles,

[ *(i)r _ )\(Uzgi)anzaMif)

2P 401())
o) = (B —wl))? — (P —p)?, (B.4)
Aa, b, c) = a’® +b% + ¢ — 2ab — 2ac — 2bc. (B.5)

The sum over a runs over the finite-volume set, a = (2r/L)Z3, and the integral over the
pole is regulated by the principal value (PV) prescription, possibly augmented by the Ipy
function introduced in ref. [22]. Both sum and integral are regulated in the same manner in
the ultraviolet, with the particular choice only changing F' by exponentially-suppressed effects.
The momentum a*(“3P) is the spatial part of the four-momentum resulting from boosting
(wéj ), a) to the center of momentum frame (CMF) of the nonspectator pair, and thus depends
on the spectator momentum p, the spectator flavor ¢, the mass of the primary member of the
pair, M;, as well as (implicitly) the total four-momentum (E, P). Note that we use * both to
indicate a quantity boosted to a pair CMF, and complex conjugation. Which usage applies

should be clear from the context. The cutoff function H®(p) will be defined below. Finally,
Vo (r) = VAT1 Y (7) (B.6)

are harmonic polynomials.
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The G function for nondegenerate particles is given by [30]

) #(1,5,)) F (@) p*ir)
pl'm’rlm 2wpl L3 (q27; ) bij — mk (ng ) 2w7=] I3

where ¢ and j indicate the flavor of the ﬁnal and initial spectators, respectively. The only
new notation here is that b;; = (E — wé’) w,(nj), P—p—r).
We now return to the cutoff function. This is defined, following refs. [11, 32, 34], as

(4) (4)

HO(p) = J (), 20(p) = (1 -+ en) " (B.8)
g 9 ag.
th min
0 z2<0
J(z) = Sexp(—Lexp[-1/(1-2)]) 0<z<1. (B.9)
1 1<z

Here U,Efl) = (M, + My)? is the value of a]gi) at the pair’s threshold, while ef is a small positive
constant introduced to avoid additional power-law finite-volume effects [32]. J(z) is any
function that smoothly interpolates between 0 and 1, and we have shown one possible form.

() is the minimum allowed value of a(i)

nin » , and should be chosen to avoid any

The quantity o
singularities in the two-particle K matrix for the pair. As discussed in detail in ref. [34], this
singularity is typically due to the nearest left-hand cut associated with exchange of one or more
particles. Here, for diagonal scattering in all the two-particle channels (KK, K, and K)

the nearest left-hand cut is due to t-channel exchange of two pions. Avoiding this requires that

o) > <\/M2 M2 +\/ME — M?) . (B.10)

(@) (4)

We also enforce that o)’ > o, so that the cutoff function has nonvanishing subthreshold

support. Numerically, the minimum values for ar(nzn are =~ 950 and =~ 475 MeV, respectively,
for i = 7, and i = K /K. These should be compared to the values of \/Otn, which are ~ 990
and 630 MeV, respectively. Thus we learn that the cutoff in the KK channel (i = ) is
much closer to threshold than that in the 7K /7K channels (i = K/K). This observation
will play a role in the discussion of section 4.

The primed quantities F') and G'09) are defined in exactly the same manner, except
that {7, 7, k} is now a permutation of {m, 7, n}. Strictly speaking, the cutoff functions should
be primed, i.e. H'() (p), to indicate that a new triplet of particles is being used. The nearest
left-hand cut in both 77 and 77 scattering is due to two-pion exchange so that the result for

(4) (4)

Opin» €d. (B.10), still holds. Numerically, the minimum values for \/o,; are 0 and ~ 535 MeV

for ¢ = 1 and 7, respectively, while those for JE}? are ~ 270 and 685 MeV.

We now turn to the X operators, introduced in ref. [34], and appearing in the main
text starting in eq. (3.35). These convert from the {kfm} to the momentum basis. The
operator X‘[’kab} acts on a vector fry, as

[X[kab] o f] ({p}) = [Z Y. (a fkfm] , (B.11)

k—=p,,,0=ps,,0=Ds,
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where o is a permutation of {1,2,3}. In words, the sum over ¢m yields a function of k and
a*. The former is then equated to p,, (the spectator momentum), while the latter, when
boosted to the CMF of the nonspectator pair, is set to the direction of p,,. For three on-shell
momenta, this completely determines p,, and also the final momentum b = P — k — a, which
is equated with ps,. The result is a function of the three on-shell momenta p1, p2, p3. The
left-acting version X g;;b] is defined analogously,

|:f © X[kab]} {k } [Z fkfm}/ém )‘| : (B12)

k—ksy,a—koy,b—kog

Next we introduce operators y[’“"’] that have the inverse action of the & ﬁmb], again

borrowing notation from ref. [34]. These appear first in the main text in section 3.6. The Vg [kab]

act on functions g({p;}) of three on-shell momenta, yielding objects that have {k¢m} indices:

Vhtog), = [ Yin(@)gl(pi) . B

Po(1) kK, Po(2)—a; Po(3)—b

where o is again a permutation of {1,2,3}. In words, we choose p,, to be the spectator
momentum, leaving p,, and p,, to be the remaining pair. We boost to the CMF of this pair,
and decompose into spherical harmonics, defining a* as the direction of p,, in this frame.
An analogous definition holds for the conjugate operator ng abH, which acts from the right
and includes the complex-conjugated spherical harmonics.

Finally, we give the explicit form for the two-particle K matrices, or, more precisely,
for the inverse of these matrices, since it is the latter that enter the quantization condition
[see egs. (3.49) and (3.50)]. We focus on channels having definite isospin, rather than using
the charge basis, since the former enter the final form of the quantization condition, both
before (section 3.5) and after (section 3.8) G-parity projection.

As can be seen from the form of the isospin blocks IC[2 ]L’ given in egs. (3.52), (3.56)
and (3.62) before G-parity projection and egs. (3.96), (3.98) and (3.101) after, the only mixing
occurs between the [KK]; and [r5]; channels. For the other channels, taking the inverse
is straightforward as the matrix is diagonal in all indices, and we discuss these cases first.
The general form of the inverse is exemplified by

1 1 1
S )] T—, YY), S _ (B.14)
—Kn1=3/2 Ko K g ttom'm T Kr I=372,00 iy
,C L ]k’ﬂ’m’,kﬁm 2wk L ’C2 " (qulg)
where we recall that the superscript K indicates the spectator flavor, and
1 Ni Kn,I=3/2 * K 1K
- — = da,1 COt 9, (g5 k) +lga |1 — H™ (k)] (B.15)
Km,I1=3/2,(0) , ;
Ko mI=3/2,( )(QZ,IIS) 87rak { ‘ }

Ni is a symmetry factor that is unity here and in all other channels except for wm, where
it is 1/2. Note that we are abusing notation slightly as the right-hand side depends on
the spectator momentum k and flavor (here i = K ), but we do not show this explicitly on
the left-hand side. The result eq. (B.15) can be generalized to deal with poles in Ky by
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introducing an Ipy function, matching the corresponding addition to F' noted earlier. The
details of this function and its role are described in ref. [22].

It will be helpful for the generalization to the case involving channel mixing to recall
the argument leading to the form of the right hand side in eq. (B.15). To do so we rewrite
eq. (3.42) as

[Ma,] ™ = [Kor] ™ + F. (B.16)
We first apply this to channels that only have diagonal scattering, where the inverses are
trivial. We take the L — oo limit in the fashion described in ref. [12], i.e. first introducing
the standard ie into the poles. A detailed description of this limit using the present notation
is given in section VII of ref. [28]. Removing common factors, one then finds

3)(0) ; #(3)\1— 0)(€) p *#(i)\1— = *
MY a1t = 1" (a1 + Hk)pas) (B.17)
@) ()2
~ (i) i —iqyr Qo =0
a , e B.18
Pl k ) = 87ra(’) {)QQ,k ( 2 o ( )

Here we are denoting the channel generically by the spectator index ¢, and we stress that
Mg")“) is the physical infinite-volume two-particle scattering amplitude. The Hp term in
eq. (B.17) comes from the L — oo limit of F, eq. (B.1), in which limit the sum-integral
difference vanishes aside from the difference between the PV and ie pole prescriptions. This
leads to the phase-space factor p, including its analytic continuation below threshold, as
well as the overall factor of H that comes with F. The unitarity constraint on Ms can

be resolved by writing

i i *(1 i ~ *(3
[M()()(q2(k))] - - (i)q25k>cot5<>(q2<k>)+p(q27(k))7 (B.19)

where the first term is the standard continuum definition of Ky 1. Equating the results in
eq. (B.17) and eq. (B.19) leads to the form given above in eq. (B.15). We note that the modified
K2 that appears in the RFT formalism agrees with the standard one above threshold (where
H = 1) and smoothly interpolates to My below threshold, with equality holding once H = 0.

We now extend this discussion to the case of two channel mixing. We label the two chan-
nels i = 1,2 for [K K]y, [7n]1, respectively. We use the Blatt-Biedenharn (BB) parametrization

of the S matrix [43],
Ce —S e 0 Ce 8
S, — [ € T ‘ € e B.20
2 <SE Ce ) ( 0 22 —sc ¢ )’ ( )

where ¢, = cos(e), se = sin(e), with e the mixing angle, and all quantities have an implicit
label (¢). The relation to the scattering amplitude is [44]

_ mai 1245
Sy =1+ 2iPM3P, P = dlag( pyore STI'E*) , (B.21)

where we are using E* in place of /o) for the total energy in the CMF, which is common
to both channels, and ¢} are the channel-dependent CMF particle momenta. We include

— 36 —



symmetry factors to keep the discussion general, although for the channels of interest
m = 12 = 1. The unitarity of S is ensured if M satisfies

Mt =K' —iP?, (B.22)

with K a real, symmetric matrix. Inserting the BB form of Sy into eq. (B.21) and comparing
to eq. (B.25), one finds

2 2 _
K-1_p (CE cot 01 + sZ cot 6y sece(cot 1 — cot 62)> P (B.23)

sece(cot 81 — cot 2) 2 cot 0y + 52 cot iy

which has the expected decoupled limit when ¢ — 0.

To relate K to the matrix in the quantization condition 162, L, we follow the same steps
as above. The result eq. (B.16) remains valid, though now as a 2-d matrix equation. Taking
the L — oo limit one now obtains

Myt =K' —iHP?, H =diag(H,(k), Ho(k)), (B.24)

where H; are the appropriate cutoff functions for the two channels, as discussed above.
Comparing to eq. (B.25) one finds

Kol =K' —i(1— H)P?, (B.25)

which is the generalization of eq. (B.15).

This discussion has assumed that both channels are above threshold. The analytic
continuation below threshold is done as shown in the definition of p, eq. (B.18): ¢* — i|g*|.
This suffices to define the P? term in eq. (B.24). As for K~!, if one uses the expression
eq. (B.23), it would appear that we would need to choose a branch of the square root in
P. However, we know that the elements of K are smooth functions of momenta, since it
involves PV-regulated integrals. Thus, in practice, it may be simplest to parametrize its
three independent elements as analytic functions of the ¢?.

C Form of matrix ’/C\Z,L in charge basis

Here we list the nonzero entries of 1627 1. We use the shorthand notation

LS gt tm = O 20k LS008 K5 (i 4= mim) (C.1)
. . . (FOWO(—K_TK'O'K+) s s
such that the right-hand side of eq. (3.32) is K5, "/, as well as the abbreviation

KggL';p) _ KSJL'HJ‘;;D) (C.2)

for diagonal scattering.
The diagonal entries are

(KHE m7) o (Kta= K)o (Kon K)o (KEKm0) g (KT a0k ™) o (Ko aK)
{K K K K. 7K2,L K

2L s B9 y 1o s 1o, s B9 )
—0 —0 —0
(KK ;79) (K970, K ) (K 7% K9) (KOK—;7t) (Ko7t K—) (K—7nt;K0)
Ky, Ky g Ky g oy Ko g Ko g )
([rtn~lem) ge(lmtnlom) p-(mtmm™) - mmt) 1 -(797%n) - (70n;70)
Ky, Ky KT o LN Ky g (C.3)
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We have augmented the notation with the subscripts e and o to indicated even and odd
partial waves.
The nonzero offdiagonal entries lying above the diagonal are

> o (K+fo<—7r+77;7r’) > o (K+7r*<—K07TO;FO)

[ICZL} 115 2L ’ {KQ’L} 28 Kar ' (C.4)

~ 770 _— - . ~ - 70,
[Kor] =g ™0 [Ryy] = kT (o)
*136 ; la ,

= o (K+K’<—7r07];7r0) = . (K+7TO<—K071'+;K’)

[ICZL} 418 Ksr ’ [’CQ’LL,H =KL ’ (C.6)
= . (K0?O<—7r07];7r0) = . (?OTFOFK77F+;KO)

[ICQ’L} 718 Kar ’ [’CQ’L}Q 12 Kar ’ (C7)
= A KOK— 7y T) = _ /1 ([t 7 )e+m270n)

[ICQ’L] 10,16 KoL ’ PCZL] 13,17 \/QKZL ’ (C-8)

while those below the diagonal are determined by the result that the matrix is symmetric.
Symmetry follows from PT symmetry, which implies that the K matrices for ij < mn
and mn < ij are equal.

The factors of 1/2 and 1/1/2 in the expressions above are symmetry factors that follow
from the considerations of BS2.

D Isospin decompositions of two-particle K matrices

In the following, the superscript £ is dropped, and we make use of the form of the triplet
and singlet KK pairs,

KK], = {—K+K°, VIETE - KOKO),KOK_} , (D.1)
[KK]o = /L(KT K~ + K°K"). (D.2)

For 77 scattering we have

Ko([ntn)e < [rF7]e) = é (K5™=2 4 2105 =0) (D.3)
Ko (70  7070) — é (k57172 4 K510 (D.4)
Ko(n27° & [7F77]e) = é (IC;”T’IZZ - IC;”“I:O> , (D.5)
Ka([rta ]y < [rta],) = %/c;“:l | (D.6)

To obtain these results, care must be taken with the meaning of the subscripts e and
o. For example, to obtain the last line, we use the fact that the I = 1,13 = 0 state is
(nt7 — m~7t)/v/2, and determine the contribution of all contractions. Even partial waves
cancel, while odd waves come with a factor of (1/v/2)? x 4 = 2. Since [7777], < [7T77],
means “take the odd partial waves of the amplitude for 7+7~ < 777", this leads to the
factor of 1/2 on the right-hand side of eq. (D.6).

For mn scattering we have

Ko(ntn « 77n) = Ko(n%n < %) = Ka(n <77 n) = IanJ:l , (D.7)
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while for 7 < KK we find

—Karn(rtn < KJF?O) =Kor(nn+ K'K™) =
= — V2K (1% & K'K") = V2K (7' ¢ KTK ™) = /CQ"LHKKI ! (D.8)

For K scattering, the results are

Ko(KTn~ « Ktn) = KQ(KOTI_-"- (_ K07r+) (Kgﬁr,lz?;m +2’CKTI’I 1/2) ’ (D.9)

1
3
1 . .
Ko (K970 « KO7%) = Ko(K+ 70  K+70) = (2/¢K A=82  pokmd= 1/2) . (D.10)
Ka(Ktr™ o K070) = Kp(KO7t & Ktn¥) = f (/CK“ Mgy ™) (D

Those for K7 scattering can then be obtained using charge conjugation, keeping in mind
that, for standard conventions, Crt = —7—, CK+t = K—, and CK" = K. We find

Ko(K~rt « K nt) = Ko(K'n + Kon ) = % (K3 ™=2 parc ™22 (D)
. . 1 . =
Ka(B'r0 « K1) = Ko(K~7° + K 7°) = 3 (265 ™2 4 ay ™) (D)

KoKt & Km0 = Ko (Kon ¢ K n%) = \3[( S e I (PR Ty

Finally, for KK scattering, we have

Ko(KTR’ « KTE") = Ko (KK~ + KK ™) = /cg”_( 1=t (D.15)
Ko(KTK™ « KTK™) = Ko(K'K” « K'K") = (ICKKI =0 4 K= ). (D)
Ko K¥K™ & KR’ = % (p =0 — e rr=) (D.17)

E Conversion from charge to isospin basis for 18-d matrices

We can convert the 18-d matrices to the isospin basis eq. (3.36) by means of conjugating
by the 18 x 18 orthogonal matrix o8

ch—iso*
18 18 18 18 -1
Mi(so) = C(Sh—)ﬁsoM(Sh ) |:Cc(h—)>iso} . (El)

To obtain this matrix we simply expand the entries of eq. (3.36) using isospin Clebsch-Gordon
coefficients, and then express in terms of the charge basis, eq. (3.24). The only subtlety is
the treatment of [7t7 7], Jo- In order for Cc(h_)nbo to correspond to a change of basis, it must
be unitary, and this requires maintaining normalizations. Thus we must consider [7 7], Jo
as corresponding to [rT7~ + 77 7t]/V/2.

The conversion matrix is too large to present in normal format, so we present it row by
row in a compact notation. We begin with the first five rows, which are those corresponding
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to I = 2, and are given by

(KKl /3 (~1,0,0,v/2,0,0,-v2,0,0,1, |0);) , (E.2)
([K7]5/2K] : /& (0.-1,0,0,v2,0,0,-v/2,0,0,1,0, |0),) . (E.3)
(K322 - /% (0,0,-1,0,0,v2,0,0,~v/2,0,0,1,(0);) , (E.4)

([rr]on) : \/§(|0>12,1,0,0,0,ﬂ, 0) (E.5)
[renimlz < /% (10),5,0,0,1,1,0,2) , (E.6)

where |0),, is the vector consisting of n zeros.

The middle eight rows, corresponding to I = 1, are

(KK : /3 (~1,0,0,0,0,0,0,0,-1,0,0,]0),) . (E.7)
[KKor: : 1/} (0,0,0,1,0,0,1,0,0,0,0,0,]0)) , (E.8)
(172K (/% (0,1,0,0,v/2,0,0,7/2,0,0,1,0,[0)) , (E.9)
(K] oK) - \/%( 0,-+v2,0,0,1,0,0,1,0,0, ~v2,0,(0);) . (E.10)
(K721 /% (0,0,1,0,0,-v2,0,0,~v2,0,0,1,{0);) . (E.11)
(K7 K] \/%(0,0,—\/5,0,0,—1,0,0,—1,0,0,—\@, 0)6) - (E.12)
[[mm]inl = (10)45,0,1,0,0,0,0) , (E.13)
[renlimly < /3 (10)15,0,0,1,-1,0,0) . (E.14)

The last five rows, corresponding to I = 0, are

[KK]im]o: /3 (~V2.0,0,-1,0,0,1,0,0,v/2,0,0,]0)) , (E.15)
([57]1/2Ko - /4 (0,7/2,0,0,1,0,0,1,0,0,~v/2,0,[0);) , (E.16)
[Enl /2K = /& (0.0,v/2,0,0,1,0,0,1,0,0, /2, |0),) . (E.17)

[lrrlonlo = /% (10)12,v/2,0,0,0,~1,0) (E.18)
[renlimlo = /4 (10)15,0,0,1,1,0,~1) , (E.19)

F Quadratic terms in the threshold expansion of Kg4¢ 3

Here we collect the quadratic terms in the threshold expansion developed in section 5, and
sketch the group-theoretic analysis that allows one to determine the number of terms with
given symmetry properties. Rather than give names to the coefficients we simply list the
independent terms, each of which will be multiplied by an independent real coefficient.
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For the I = 0,2 diagonal K matrices we find 11 terms, one choice of basis for which is,

ICEQ’;QE DA% (A1 Ay + A AYy), (Brfas + Tiafar), (A1 4 Ag)(A'y + Ay),
(11 + f2) (Fr2 + F21), (A} + AT+ A3+ AD),
A(AL+ A 4 Ao+ Ay, (B + 15 + 12 +15), ATy + Tio + o1 +120), (F.1)
(F11(AS 4+ Ag) + E12(A% + Aq) + 1o (A] + Ag) + a2 (A] + Ay))
(F11(A] 4+ Ap) + T12(A] + Ag) + Ta1 (A + A1) + a2 (A) + A)),

while for the offdiagonal case we find 17 terms,

KU A% Mg, AN, (AT +A3), (AT + A7), AAL+4y),
A(A'L + A'g), (ftio + tarfaa), (Frafar + tiote2), (f11taa + tiotar),
(A1 + M) (A + A'y), (B + By + 15 +839), A(f11 + 12 + o1 + T29), (F.2)
((F11 + t21) A1 + (T12 + T22)Ag), ((F11 + f21) Ao + (f12 + f22) A1),
(A" (t11 + t12) + A'a(tor + 122)), (A'2(f11 + t12) + A'1(f21 + 122)) .

For I =1, the aa quadratic terms are as in eq. (F.1), while those for bb and cc involve
the following 6 terms

/C[I ey . D (fiator — tialan), (A1 — Ag)(A'y — A'y),
(F — Ty — 131 +835), Alfu — fa2 — fo1 + I22), (F.3)
(A (f11 — t12) + Ay (Tan — f21) + (F11 — fo1) A1 + (f22 — £12)Ag),
(Al (t2e — t1) + Ab(f11 — t12) + (f22 — t12) A1 + (F11 — T21)A2).

As for the offdiagonal I = 1 contributions, we find 10 quadratic terms for ay, with y = b or ¢

Khis "R ARY) ¢ (nfar — fiaf), (A] + A5)(A1 — A), (AT +A), (AT - A),
(1 — 1o + 131 — 139), A(f11 — f12 + a1 — f22),
(12 + t22) A1 — (F11 + 121)A2), ((F11 + t21) A1 — (f12 + t22) Ap),
(Al (t11 — t12) + AL(fa1 — t22)), (AS(t11 — T12) + A1 (far — t22)),
(F.4)
and & terms for be
[I be | (5 / /
Kats tiator — tiitaz), (A1 — Ag)(A'y — A'y),
L — By — B3 +139), A(f11 —t12 — o1 + 122), (F.5)

H(
Gi
(A} (f11 — t12) + Ab(Taa — t21)), ((F11 — f21) A1 + (f22 — £12)Ag),
(A7 (f22 — to1) + AY(T11 — t12)), ((Fa2 — t12) A1 + (11 — t21)A).

The counting of terms can be done using a group theoretic method introduced in
appendix B of ref. [39]. This has the advantage over direct enumeration of avoiding the
possibility of missing terms. The method is based on the observation that all terms can

be built from products of the t~ij, as can be seen from the relations eq. (5.3). These 9
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objects transform under the symmetry group Ss x S, where Sy is the permutation group of
two elements, here generated by the interchange initial momenta ki < ko, while S} is the
corresponding group for final state interchange. This is the symmetry group that is applicable
for the off-diagonal elements of gt 3. For the diagonal elements, PT symmetry enlarges
the group to (S2 x S%) x Zs, with the Zs interchanging initial and final states. The Z5 acts
nontrivially — interchanging the two Sys — so the combination involves a semidirect product.

The method is now to decompose the 9 objects E-j and the 45 objects Ejfkg into irreducible
representations (irreps) of the appropriate group. We begin with the simpler Sy x S case.
Here there are four 1-d irreps, labeled (1,1), (1,-1), (—1,1) and (—1,—1) according to
symmetry /antisymmetry under the two subgroups. Determining the characters of tNij, we
find that these 9 objects decompose as

Ax (L) ®2x (1,-1)®2x (-1,1) & (~1,-1). (F.6)

The 4 singlets lead to the four linear terms in ICgf:gO’Q]ab, eq. (5.5), the two (—1,1) irreps lead

to the two linear terms in K([ilf]%b, eq. (5.7), and the single (—1,—1) irrep leads to the single

linear term in Kélf}’gc, eq. (5.8). A similar exercise for the ﬂjfkg finds

17 x (1,1) ®10 x (1,-1) @10 x (—=1,1) @& 8(—1,—1). (F.7)

This determines the number of independent quadratic terms, and is consistent with the
results quoted earlier in this section.

Now we turn to the diagonal cases, which have the larger (S2 x S5) x Zs symmetry. The
group can be represented by 4 — d matrices that act on the momentum vector {k1, ko, k7, k5},
and is generated by the block matrices

o0y , (10 01
fd = s d = s F8
. (0 1) » <0 o) 2T 1o (£8)

with o7 the usual Pauli matrix. There are 5 conjugacy classes, with elements {1}, {s2, s},
{s285}, {22, 822282}, and {z2s9, 2085}. There are correspondingly 5 irreps, four with d = 1
and one with d = 2. The character table is shown in table 1, with rather arbitrary names
chosen for the irreps.
The character vector of the t~ij is xt = {9,3,1,3,1}, from which one finds the de-
composition
3x1®la®lbd2 x 2. (F.9)

The three singlets correspond to the three linear terms in IC([ff:?)O’Q]’M, eq. (5.4), while the

la irrep is that which is fully antisymmetric, and thus leads to the single term in ICng:Bl]’yy,

eq. (5.6).
For ﬂjfkg, the character vector is x;2 = {45,9,5,9, 1}, leading to the decomposition

11x136x1lad6x1b®2x1cd10x 2. (F.10)

This leads to the 11 fully symmetric quadratic terms in eq. (F.1) above, and the 6 fully
antisymmetric terms in eq. (F.3)
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Class || 1 | so | s2sh | 22 | 22892

Dim 1] 2 1 2 2
1 1] 1 1 1
la 1]-1 1 1 -1
1b 1] 1 1 -1 -1
1c 1]-1 1 -1 1
2 210 -2 0 0

Table 1. Character table of (Sy x S5) x Zs.

G Symmetrization of the quantization condition

In this appendix we sketch how the asymmetric form of the three-particle quantization
condition, eq. (3.37), can be manipulated into the symmetric form, eq. (3.48). This is
done using symmetrization identities, which are valid only up to exponentially-suppressed
corrections. This is sufficient for our purposes, however, since the derivation of all forms
of the quantization condition discards such corrections.

For simplicity, we consider a single three-particle channel with distinguishable particles,
allowing us to use several results from ref. [28] (BS3). The generalization to identical particles,
2+ 1 systems, or multiple three-particle channels, is straightforward, since the symmetrization
identities take the same form in all cases. For brevity, we also drop carets in this appendix.

The asymmetric form of the quantization condition can be rewritten as

det M =0, M=1+Fg(Kar+KSy). (G.1)

Noting that Dgg:?, eq. (3.45), can be written as

1
pew - L G.2
23, ’CQ_,E-FFG (G.2)
we find
M= L, =1+ (1 FeD) Py G.3
. + ( GDs3' 1 ) Falyss' | - (G.3)

- 1- FeDyY

Since energy levels must depend on the three-particle K matrix, assuming that it has a
general form, we can rewrite the quantization condition as det M’ = 0. We note that M’
has the same form as the denominator in eq. (79) of BS3.

The next step is to use the algebraic result given in eq. (D9) of BS3,

u,u — %
’C((ifZS)M/ V= (14 Ko rIe)To(1 + E’CZL) , (G.4)
1

T =K — AR (G.5)

1+ [Fa — Ire — (Fe - 1a)DSy ) (Fo — Io)| K

1
K'=Z : (G.6)
1+ (IFG’ + fGICQ’LI—G))Z
Z = ——=Kg : (G.7)
1+ Ko rla ar.3 14+ igKQ’L
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%
where Irg, Ig and E are integral operators that enter the symmetrization identities given
in egs. (100)—(102) of BS3, which, in shorthand form, are

Fg—lmzé?F?, Fo—Io=FS, Fa—Ig=GF. (G.8)

F
Here ? and S are symmetrization operators, defined in eq. (98) of BS3.
Using these identities we find

— 1
T =K -KSP—— 8K G.9
L 14 Kar3F3 (6.9)
F (u,u) F 1
Fs=——-FDsy;//F=——F——F, G.10
Katz = glclg. (G.11)

This leads to the desired symmetric form of the quantization condition in the following
manner. As noted above, the quantization condition can be written det M’ = 0, which implies
that the left-hand side of eq. (G.4) must satisfy det(/C((ffL:g M 1) = 0. Now, in the right-hand
side, the integral operators sew the external factors of Ky, to the central 77, and do not
lead to divergences. These can only arise from 7j, itself, so that the quantization condition
can be rewritten as det 7y, = co. Using eq. (G.9), we then observe that this divergence can
arise only in the second term on the right-hand side, leading to the standard symmetric
form of the quantization condition,

det(l + de,3F3) =0. (G.12)

The symmetrization operators on both sides of K’ ensure that Kg¢ 3 is symmetric. Tracing
back through eqs. (G.6) and (G.7) we see that K’ is obtained from the K matrix that enters
the asymmetric form of the quantization condition, IC((ffL:g), by an infinite series involving
attaching factors of Ky 7 with the integral operators. An important point is that these

attachments convert one infinite-volume quantity into another.
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