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Abstract In this paper, we consider the possible effect of
the teleparallel gravity on the production of the primordial
black holes (PBH) and on the gravitational waves (GWs). We
investigate the relationship between the slow roll, the e-folds
number and the teleparallel parameters. We show that in the
case of the teleparallel parameter δ = 3, the e-folds number
reaches the values 50 and 60 in consistency with the contour
plot of the (r, ns) plane obtained by Planck data at 1σ and 2σ

C.L. Furthermore, we use the fraction of the energy density
and the variance of the density perturbations approach to
study the abundance of the production PBH. We find that the
PBH overproduction can be satisfied for specific values of
parameters of the non-adiabatic curvature power spectrum at
some narrow parametric resonance. Moreover, to explain the
GWs expected by observations, the duration of preheating
should be bounded by values less or equal to 2. This bound
is in agreement with values of the tensor-to-scalar ratio and
the spectral index constrained by Planck data.

1 Introduction

General theory of relativity (GR) successfully describes
many observational phenomena either at astrophysical [1–
4] and cosmological [5–9] scales. However, this theory
faces many issues such as the standard big bang problems
explained in the context of the inflationary paradigm [10,11].
Indeed, among the most exciting theories that explain the
origins of the Universe is the inflation scenario [12–14].
This paradigm, described through various models, gives

a e-mail: k.elbourakadi@yahoo.com (corresponding author)
b e-mail: brahim.asfour95@gmail.com
c e-mail: zb.sakhi@gmail.com
d e-mail: mdbennai@yahoo.fr
e e-mail: t.ouali@ump.ac.ma

a satisfying solution to the standard big bang problems. Accu-
rate measurements of the cosmic microwave background
(CMB) and the large-scale structure (LSS) of galaxies pro-
vide helpful constraints on this inflationary paradigm [15].
Furthermore, at late-time, General theory of relativity cannot
explain the current speed of the expansion of the Universe
[16] unless an unknown exotic energy density dubbed Dark
energy is introduced. Other observations that form a stum-
bling block for general relativity may be find in [17–19]. To
overcome these issues, many alternatives to GR have been
suggested [20–24]. An interesting alternatives that has gained
more attention recently are f (R) gravity [25], f (G) gravity
[26] and f (T ) teleparallel gravity [27–30]. In this formalism,
the geometrical deformation that produces gravitational field
is originated by the scalar torsion and not by the scalar cur-
vature. Teleparallel gravity is one of the alternative theories
of gravity that gives successful descriptions of the late-time
acceleration as well as the inflationary expansion phase [31].
Even though teleparallel gravity reproduces GR in its classi-
cal level, many developments of such modified theories has
received a lot of attraction [32–40]. To discriminate among
the number of modified theories of gravity, further analysis
should be done in order to discard some of those theories
which disagree with observations. This alternative theory of
GR were considered in many contexts such as in linear per-
turbations [34,41], inflation and reheating process [42].

The abundance of primordial black holes (PBH) depends
on the primordial power spectrum obtained at the end of infla-
tion and could be considered as a candidate for the formation
of dark matter [43–47]. Indeed, PBH forms due to the ampli-
fication in the primordial power spectrum on small scales
[48]. Assuming that the Universe has reached the adiabatic
limit when it is radiation-dominated, the comoving curvature
perturbation is frozen on superhorizon scales. When the scale
re-enters the Hubble horizon, some regions may have a large
positive curvature which is equivalent to a closed Universe.
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At this step the expansion eventually stops and the contrac-
tion starts, then the Hubble size region with large positive
curvature will collapse to a black hole [48]. Furthermore, it
has been argued that after inflation, the inflaton condensate
energy density may collapses and forms black holes [49].
After inflation, the Universe enters a reheating era preceded
by an era called preheating. In the preheating phase inflaton
field began to oscillate and decay into massive bosons due
to the parametric resonance. In our model we focus on the
preheating period which occurs via a broad parametric res-
onance. We study the formation of PBH during these period
knowing that the scale that exit outside the Hubble radius
towards the end of inflation could possibly re-enter the Hub-
ble radius after reheating during the radiation dominated era.
However, amplified fluctuations during preheating lead to
PBH formation on the slightly shorter scales which re-enter
the Hubble radius during preheating [50]. Moreover, these
amplifications during the preheating process can lead to the
amplification of sufficiently large curvature perturbations and
lead to the overproduction of primordial black holes [50].
The imprints that PBH may leave in observations provide an
important background to some astrophysical issues. Indeed,
these signatures may interpret the non linear seeds of the
large scale structure and the PBH evaporation could explain
the point-like gamma-ray sources [51,52].

On the other hand, gravitational waves, which is theo-
retically predicted by general relativity, is originated from
astronomical objects or by the dynamical expansion of the
early Universe. While merging black hole or colliding neu-
tron stars may describe the first generation, the so called
primordial GWs are generated in the early Universe. In this
paper, we consider the second generation of GWs which is
generated during the inflationary era by means of the enhanc-
ing of the primordial curvature perturbations. However, a
significant production of GWs is sourced in the preheating
era characterized by the parametric resonance [53,54] . These
GWs leave an indirect imprint in the cosmic microwave back-
ground temperature anisotropies, specially in the measure-
ment of its polarization [55]. At the end of inflation, inho-
mogeneities of the time-dependent field act as a gravitational
source and the spectrum of GWs can be linked directly to the
duration of preheating. Inflationary scenario predicts such
GWs and their detection, whether directly or indirectly, can
provide us a unique opportunity to test theories of inflation
[56]. The amplitude of the GWs spectrum, which is gener-
ated during preheating, is independent of the energy scale
of inflation characterizing the present peak frequency of the
GWs spectrum [57,58].

Motivated by the increasing interest in teleparallel grav-
ity, we study the production of the primordial black hole,
the constraints of the amplitude of the scalar primordial on
the parameters of the model. The gravitational waves are also
considered in this context. To this aim, we introduce the infla-

tionary paradigm and relate its parameters to the subsequent
era namely the preheating and the reheating phases.

The paper is organized as follows: in Sect. 2, we setup
the basic concept of teleparallel gravity and introduce some
fundamental parameters of the inflationary scenario. In Sect.
3, we constrain the e-fold parameter of the preheating era
to those of inflationary paradigm. In Sect. 4, we derive the
reheating phase in terms of the e-folds number Nre, we
brievely discuss the perturbative process of reheating and
highlight the correlation of f (T ) model parameters and the
reheating duration. In Sect. 5, we introduce the primordial
black holes and their production by means of model param-
eters. In Sect. 6, we study the production of the gravitational
waves and their constrains from observations. Section 7 is
dedicated to conclusions.

2 Teleparallel gravity and inflationary parameters

As an alternative formulation of gravity, teleparallel gravity is
a theory formulated in terms of torsion with no curvature term
[59]. The fundamental orthonormal field which maps space-
time coordinates xμ to the coordinates xa on the tangent-
space is the tetrad ea μ. In terms of the tetrad, the space-time
metric can be expressed as follows [60]

gμν = ηabe
a
μe

b
ν,

where ηab is the Minkowski metric. The tetrad obeys nor-
malization conditions eaμe

μ
b = δab and eaμe

ν
a = δν

μ. The
Latin and Greek indices stand for tangent space and space-
time coordinates, respectively. Modified gravity can also be
constructed by a given action based on teleparallel gravity.
We construct the modified teleparallel gravity by an action
depending on the torsion scalar T, minimally coupled to a
barotropic fluid described by the scalar field, φ, and the radia-
tion’s Lagrangian density, £r . The action under consideration
is then given by [61]

S =
∫

d4x
√−g

[
M2

p

2
f (T ) + 1

2
∂μφ∂μφ − V (φ) + £r

]
,

(1)

where g is the determinant of the metric. The torsion scalar
T is constructed by a contraction of the torsion tensor

T = 1

4
TρμνT

ρμν + 1

2
T νμρTρμν − T ρ

ρμ T νμ
ν (2)

with the torsion tensor given by

T γ
μν = Γ γ

μν − Γ γ
νμ = e γ

a
(
∂μe

a
ν − ∂νe

a
μ

)
. (3)

In the context of the flat Friedmann–Lemaître–Robertson–
Walker (FLRW) metric

ds2 = −dt2 + a2(t)
(
dr2 + r2(dθ2 + sin2 φ2

)
, (4)

123



Eur. Phys. J. C           (2022) 82:792 Page 3 of ??   792 

the tetrad field of a FLRW Universe is given by

eaμ = diag(1, a(t), a(t), a(t)), (5)

and the modified Friedman equations in teleparallel gravity
are

H2 = 1

3M2
p

(
ρφ + ρr + ρT

)
, (6)

Ḣ = − 1

2M2
p

(
ρφ + ρr + ρT + Pφ + Pr + PT

)
, (7)

where H and Ḣ are the Hubble parameter and its differ-
entiation with respect to the cosmic time t . The energy
density of the scalar field and its pressure are given by
ρφ = φ̇2/2 +V (φ) and Pφ = φ̇2/2 −V (φ), respectively. ρr
and Pr are the energy density and the pressure of radiation. In
the FLRW, the torsion scalar is related to the Hubble param-
eter as T = −6H2, the energy density ρT and the pressure
PT are written as [61]

ρT = M2
p

2

(
2T f,T − f − T

)
, (8)

PT = −M2
p

2
(−8ḢT f,T T + (

2T − 4Ḣ
)
f,T − f

+4Ḣ − T ), (9)

where

f,T = ∂ f (T )

∂T
and f,T T (T ) = ∂2 f

∂T 2 . (10)

In order to analyze preheating parameters, we introduce
the model used in [42] to derive the inflationary parame-
ters that are directly linked to inflation parameters. Usually
preheating is characterized by the production of χ -particles
through the parametric resonance which could be either nar-
row or broad resonance depending on a specific condition
on the parameters of the well-known Mathieu equation that
describe χ -field evolution. To illustrate our purpose, we con-
sider a power-law modified teleparallel [62]

f (T ) = CT 1+δ, (11)

where δ is a positive integer and C = 1/M2δ with M =
10−4Mp is a mass dimension constant.

For later uses, we give the background and the perturbative
parameters in the slow-roll approximation. The first and the
second slow-roll parameters, defined as ε1 = −Ḣ/H2 and
ε2 = ε̇1/Hε1, are given by [62]

ε1 = −
(
−M2

pC
(
δ + 1

2

))(
1

1+δ

)

(1 + δ)

V ′(φ)2

V (φ)

(
δ+2
δ+1

) , (12)

ε2 = 2ε1

(
(2 + δ) − 2 (1 + δ)

(
V ′′(φ)V (φ)

V ′(φ)2

))
. (13)

The e-folds number of inflation considered from the time
of the horizon crossing to the inflation’s end, labeled by the
index “k” and “end” respectively, is written as

NI � −
∫ φend

φk

3H2

V ′(φ)
dφ

= 2
−δ
1+δ

(
M2

p(−1)δC (1 + 2δ)
) 1

1+δ

∫ φk

φend

V (φ)
1

1+δ

V ′(φ)
dφ. (14)

The spectral index and the power spectrum are given by [62]

ns − 1 � −2ε1 − ε2, (15)

Ps �
(

H2
k

8π2M2
pc

3
s ε1

)

csk=aH

, (16)

where cs denotes the sound speed and the power spectrum
is evaluated at the horizon crossing i.e. at csk = aH . The
sound speed for our suggested model is

c2
s = f,T

f,T + 12H2 f,T T
= 1

1 + 2δ
. (17)

The relation between inflationary parameters and cosmolog-
ical perturbations provides a useful way to constrain preheat-
ing parameters for a chosen model of inflation. For the case
of chaotic potential V = m2φ2/2 which is recently argued
that is the simplest and perhaps the most elegant model [63],
the solution to the well known Klein Gordon equation cor-
responding to the inflaton field is given by φ = Φ · sinmt
with m is the inflaton mass and Φ is the initial amplitude
of the φ-field oscillations. The spectral index for the chaotic
potential is given by ns −1 � −4ε1 since ε2 = 2ε1. Next, we
compute preheating parameters, in particular, the inflation-
ary e-folds NI , the Hubble parameter during inflation Hk and
the potential at the end of inflation Ve. The e-folds number
during inflation can be calculated as

NI = 4 · (−1)
2

1+δ

(1 − ns) (δ − 1)
. (18)

In order to calculate the Hubble parameter H, one needs to
compute the power spectrum given by [42]

Ps �

⎛
⎜⎜⎝−

(
−M2

pC
( 1

2 + δ
)) 2δ

1+δ
(1 + δ)

12π2C2M6
p

√
1 + 2δ

M2
p

α2

V (φ)
3−δ
1+δ

V ′(φ)2

⎞
⎟⎟⎠

csk=aH

,

(19)
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which in the case of chaotic inflation writes

Ps � −8

3

m2

π2C2M6
p

√
1 + 2δ

(
−M2

pC
( 1

2 + δ
))2

(1 + δ)(1 − ns)2 , (20)

knowing that ε1 = (1 − ns)/4, Eq. (16) can be rewritten as

H2
k � 2π2M2

pc
3
sPs (1 − ns) . (21)

Inflation ends when the slow-roll parameter |ε1(φend)| ≈ 1
and the value of the field at the end of inflation writes

φ2
end = 2δ+2

(
1

1 + δ

)1+δ (
M2

pCm2δ

(
1

2
+ δ

))
. (22)

An essential inflationary parameter is the tensor-to-scalar
ratio which is given, in teleparallel gravity, by [62]

r = 16c3
s ε1. (23)

The observable quantities r and ns can also be obtained in
terms of NI as

r = 16

NI (δ − 1)
√

1 + 2δ
,

ns − 1 = − 4

NI (δ − 1)
. (24)

Considering the chaotic potential in our chosen teleparal-
lel gravity, Fig. 1 shows that the tensor-to-scalar ratio, r , is
a decreasing function with respect to the spectral index, ns .
The results show a good consistency for a specific range of
model parameters with the latest observations from Planck
data. Moreover, in the case of δ = 3, the choice of 50 and 60
inflationary e-folds produces consistent observational param-
eters with recent results. Finally, since NI , H , and Ve are
expressed as functions only of δ and ns, one may extend the
investigation to the preheating parameter Npre and to the so-
called non-adiabatic curvature ζnad that arises from χ field
perturbation. The next section will be devoted to this task.

3 Constraints on preheating parameters

In order to describe preheating through the parametric res-
onance, one would introduce a preheating field χ. During
preheating the potential gets an additional term [64]

V (φ, χ) = m2φ2/2 + g2φ2χ2 (25)

with g is the coupling of the inflaton to the χ field. After
inflation, amplified quantum fluctuations in χ field obey the
wave equation [65]

δχ̈ + 3Hδχ̇ +
(
k2

a2 + g2φ2
)

δχ = 0, (26)

Fig. 1 r as a function of ns for a chaotic potential in modified telepar-
allel gravity. Inner and outer shaded regions are 1σ and 2σ constraints
in combination with CMB lensing reconstruction and BAO from Planck
data, respectively. We choose three different values of δ, the black line
for δ = 3 , the red line represents δ = 4 and the blue line for δ = 6. The
dots correspond to 50 and 60 inflationary e-folds for the case of δ = 3,
respectively

where k is the comoving wavenumber and a is the scale
factor. The χ field with the effective mass results in an
efficient preheating with large amplitude oscillations when
q ≡ g2Φ2/4m2 � 1. The growth of the χ field fluctuations
during preheating gives rise to the non-adiabatic curvature
perturbation ζnad . Since the inflaton decay can violate the
adiabatic condition during preheating, pressure perturbations
can be split into adiabatic and non-adiabatic parts and the
evolution of ζ arises from the non-adiabatic part of pressure
perturbations. Moreover, the non-adiabatic perturbations can
cause a change in ζ on arbitrarily large scales when non-
adiabatic pressure perturbations are non-negligible. In fact,
variations of ζ during preheating could be driven by the non-
adiabatic part of the χ field perturbation. The power spectrum
resulting from this amplification is given by [64,65]

Pζnad � 29/23

π5μ2

(
Φ

MP

)2 (
Hend

m

)4 g4

q
1
4

(
k

kend

)3

I (κ,mΔt),

(27)

where, by defining κ2 ≡ 1
18

√
q

(
k

kend

)
,

I (κ,mΔt) ≡ 3

2

∫ κcut

0
dκ ′

∫ π

0
dθe2(μκ′+μκ−κ′ )mΔtκ ′2 sin(θ),

(28)

here θ is the angle between κ ′ and κ , κcut is an ultraviolet cut-
off. The comoving wavenumber at the Hubble radius exit and
at the end of inflation are denoted by k and kend , respectively.
The term mΔt is an alternative way to estimate how long
the process of preheating will proceed and μ = (ln 3)/2π

for q � 1. At the end of inflation when mΔt = 0, the
integral appeared in the power spectrum Pζnad is estimated
to I (κ, 0) = κ3

cut ∼ 1 [64].
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Fig. 2 The non-adiabatic curvature perturbation Pζnad is presented for
different δ values, δ = 3, 4 and 6. The other parameters are given as :
Φ � Mp/

√
12π, g = 10−3, m = 10−6Mp, q = 6600

From Eq.(27), Hend is determined through the modified
Friedmann equation due to the teleparallel gravity under con-
sideration and is given by [42]

H2
end = 2

−δ
δ+1

3

(
Ve

3 (−1)δ M2
pC (1 + 2δ)

) 1
1+δ

. (29)

The amplitude of non-adiabatic curvature perturbations
Pζnad is displayed as a function of k/kend in Fig. 2, for δ = 3,
4, 6, mΔt = 0 and I (κ, 0) = 1. One can check that when
k/kend → 0, the power spectrum is in the order of ∼ 10−11.
On the other hand, when the ratio k/kend increases the power
spectrum increases towards values higher than ∼ 10−7. Since
Pζnad ∝ k3, when k ∼ kend and mΔt �= 0 the change in ζ

is weakly affected for the large scale structure to be formed
due to the preheating. In fact, small scale fluctuations may
become large enough for PBH to be overproduced [65]. We
will discuss this in more detail in the next section. Further-
more, extracting informations about preheating requires con-
sidering the phase between the scale at the horizon crossing
during inflation to the present time, which can be derived in
terms of inflationary parameters as [66,67]

Npre =
[

61.6 − 1

4
ln

(
Ve

γ H4

)
− NI

]
− 1 − 3ω

4
Nre, (30)

where the parameter γ is assumed to relate the energy den-
sity at the end of inflation, ρe, to the preheating energy den-
sity, ρpre. The reheating duration Nre can be obtained from
reheating energy density ρre = (ρe/γ ) e−3(1+ω)Nre [66],
with ρre = (

π2/30
)
g∗T 4

re and g∗ denotes the number of
relativistic degrees of freedom at the end of reheating [66]

Nre = 1

3(1 + ω)
ln

(
32 · 5 Ve
γπ2g∗T 4

re

)
. (31)

We provide a numerical evaluation of the duration of
preheating for the case of chaotic potential in the modi-
fied teleparallel inflation as shown in Fig. 3. We choose the
EoS parameter to be ω � 1/4 following the assumption
that during preheating the EoS gets closer to 1/3 [66], we
take also a fixed value of δ = 3 following constraints on
the inflationary e-folds found in the previous section. We
observe that the preheating duration is weakly sensitive to
the reheating temperature and is weakly shifted to the right
for higher values of the parameter γ . From Eq. (30), lower
values of reheating temperature allow a minimum value of the
preheating duration. In this direction, we choose two cases
of the final reheating temperature, the first one in order of
∼ 1012GeV and the second one in order of the electroweak
scale ∼ 100GeV . Both cases in the Fig. 3 show a good con-
sistency with recent observation results since all lines fall
toward the central value of the observational bound [15]. We
notice that from Eq. (31) the maximum reheating tempera-
ture is bounded as Tre ∼ [1012 − 1013] where reheating is
defined to be instantaneous. However, we consider a lower
case where the reheating occurs at the electroweak scale to
test the thermalization temperature effects on the reheating
duration. In this model, preheating could appear either instan-
taneously or reach Npre ∼ 10 to 14 e-folds depending on the
choice of Tre and γ parameter. On the other hand, in our
setup, preheating scenario is very sensitive to the δ parame-
ter of the chosen teleparallel model f (T ). In fact, the main
reason behind the choice of δ = 3 is the inflationary e-folds
number NI that will take higher values when δ > 3 which
is inconsistent with Planck observation as shown in Fig. 1.
Hence, higher values of NI affects the preheating duration
(see: Eq. (30)) and makes the curves fall away from the cen-
tral bound on ns .

4 Reheating in modified teleparallel gravity

During preheating, the oscillating inflaton field decays into
massive bosons χ . However, it is preferred that there will
be no explosive creation of fermions taking into consider-
ation the Pauli exclusion principle [68]. The explosive par-
ticles production during this step is due to the parametric
resonance when the amplitude of the inflaton field and the
coupling constants became large. From the measurements of
CMB anisotropies we know that the Universe reheated by
reaching a thermal equilibrium in the beginning of the big-
bang nucleosynthesis (BBN ) with a temperature satisfying
Tre > TBBN [69], this reheating phase occured from the end
of preheating at a = apre and ended at a = are. Usually
reheating is discussed through pertubative approach [70,71]
which describe the inflaton decay into relativistic bosonic
and fermionic particles. This decay is explained by inserting
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Fig. 3 The preheating Npre as functions of ns for chaotic inflation. We choose γ to be γ = 103 and γ = 106. The blue region represents Planck’s
bound on ns . In the left panel, we considered the temperature Tre = 1012 GeV, while in the right one, we choose a minimal reheating temperature
Tre = 100 GeV

the friction term Γ φ̇2 into the inflaton equation of motion,
where Γ is the decay rate [72].

During inflation, the scalar field decreases very slowly, and
then after the slow roll, a rapid oscillation starts at reheating
phase, which generates relativistic particles. The produced
relativistic particles become dominant and compose a state
of thermal equilibrium fluid. During this rapid oscillation
until the radiation dominance, we can quantify the reheat-
ing phase by the duration Nre which takes into consideration
the parameters of our chosen modified teleparallel model of
gravity. Knowing that energy densities at the end of preheat-
ing and reheating respectively are given by ρre ∝ a−3(1+ω)

re

and ρpre = ρend/γ = a−3(1+ω)
pre [66]. The decay rate is given

in terms of the reheating temperature Tre and the number of
relativistic degrees of freedom g∗ by [69]

Γ 2 � π2

10M2
p
g∗T 4

re. (32)

Hence, the duration of reheating is derived as

Nre = ln

(
are
apre

)

= −1

3(1 + ω)
ln

⎛
⎜⎝

2
3γΓ 2

2δ+2
(

1
1+δ

)1+δ

M2
pCm2+2δ

( 1
2 + δ

)
⎞
⎟⎠ .

(33)

This analysis about reheating is based on the original stud-
ies of perturbative reheating after inflation where the ultra-
relativistic particles are gradually produced until the radiation
era begins to dominate. Our reheating duration result is com-
patible with the existence of a primary preheating phase that
is studied by non-perturbative methods. Here we suppose that

at this step the EoS is still moving towards ω = 1/3 where
the radiation era takes place.

5 Primordial black hole production

Preheating is the period of the broad parametric resonance
which occurs at the end of inflation and before reheating.
In addition, preheating is characterized by amplified χ field
fluctuations that are responsible for a non-adiabatic curva-
ture perturbation ζnad . The formation of PBH in the early
Universe is usually due to a collapse of large density pertur-
bations [73]. Some observational constraints on PBH abun-
dance have been considered in [74,75] and were estimated to
be less than 10−20 of the total energy density of the Universe.
An important condition that must be satisfied is that the den-
sity contrast must exceed the critical value δc = 0.414 [76]
in order for PBH to be formed during the radiation domina-
tion era when fluctuations enter the horizon. PBH production
is estimated by means of the fraction of the energy density
which in turns is related to the variance of the density pertur-
bation. To this aim, we use the power spectrum and a window
function W (kR) [48], to define the variance σ(k)

σ 2(k) = 16

81

∫ ∞

0

(
k̃

k

)4

Pζnad (k̃)W
2(k̃ R)

dk̃

k̃
, (34)

where the comoving horizon length R = 1/k is the scale
at which the variance is assumed to be coarse-grained. The
window function has a Gaussian form given by

W (k̃ R) = exp

(
− k̃2R2

2

)
. (35)

123



Eur. Phys. J. C           (2022) 82:792 Page 7 of ??   792 

Fig. 4 The mass variance σ(k) as a function of dimensionless
wavenumber k/kend , for δ = 3 (blue-line), δ = 4 (yellow-line), δ = 6
(red-line), Φ � Mp/

√
12π, g = 10−3,m = 10−6Mp and q = 6600.

The blue region shows the threshold σthresh = 0.08 at which PBH are
overproduced. The left panel presents the case of mΔt = 25, while in
the right panel mΔt = 50

The final form of the variance of the density perturbations is
obtained as [50]

σ 2(k) ≈ 10
√

2π
29/23

π5μ2

(
Φ

Mp

)2 (
Hend

m

)4

g4q1/2
(

k

kend

)3

I (κ,mΔt). (36)

Evaluating Eq. (36), we plot the mass variance σ(k) at the
horizon crossing in Fig. 4 as a function of the wavenumber
ratio k/kend for several values of δ. According to [65] at
later times of preheating, the integral appearing in Eq. (28)
is calculated as

I (κ,mΔt) = 0.86(mΔt)−3/2e4μmΔt . (37)

We find that for k/kend ≤ 10−1 and mΔt = 25, the
variance does not exceed the threshold value with σthresh =
0.08 [64,77] at which the overproduction of PBH occurs.
However, for the case mΔt = 50 and k/kend ≤ 10−1, the
overproduction of PBH take place for δ = 3, 4 as σ ≥
σthresh .

Assuming that primordial curvature perturbations follows
Gaussian distributions lead to estimating the abundance of
PBH [48]. The fraction of the energy density that collapses
into PBH is estimated as [73]

β(k) = 1

2
Er f c

(
δc√

2σ(k)

)
. (38)

The complementary error function can be approximated so
that the energy density fraction can be rewritten as [76,78]

β(k) �
√

1

2π

σ

δc
exp

(
−

(
δc√

2σ(k)

)2
)

. (39)

One important question is whether PBH are large enough
to explain the LIGO events. For this reason, the fraction of the
energy density can give an alternative explanation to study
PBH collapses in the early Universe. Figure 5 shows the
fraction of the total energy density for spherically symmetric
regions collapsing into PBH as a function of the dimension-
less wavenumber k/kend . The results show that the curves
converge toward 10−1 for mΔt = 50 where the overproduc-
tion of PBH is less probable. However, for an overproduction
regime where mΔt = 65, PBH production is satisfied for
δ = 3, 4 and 6 when k/kend ≥ 0.015.

6 Gravitational waves production

In this section we discuss Gravitational Waves production in
f (T ) gravity. The intense production of matter fields after
inflation can promote substantial metric changes. However,
instead of the symmetric metric field, we only focus on the
tetrad field and the generation of GWs during preheating.
Since gravitational waves are detected through line element
change we no longer consider 10 components of the met-
ric tensor, instead, the 16 components of the tetrads must be
taken into consideration and the tetrad eaμ will have an addi-
tional tangent space-time indices [79,80]. The metric satisfies
the condition

gμν = ηabe
a
μe

b
ν = ηabē

a
μē

b
ν, (40)

and the tetrad can be decomposed as

eaμ = ēaμ + χa
μ, (41)

where ēaμ represents the part corresponding to metric com-
ponents, and χa

μ illustrates the degrees of freedom obtained
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Fig. 5 The fraction of the total energy density collapsing into PBH as functions of dimensionless wavenumber k/kend for δ = 3 (blue-line), δ = 4
(yellow-line) and δ = 6 (red-line). The left panel presents the case of mΔt = 50, while in the right panel is for mΔt = 65

from the local Lorentz transformation. Focussing only on
the ēaμ part, which can be perturbed around the flat FLRW
background that gives rise to metric perturbations. We can
obtain the perturbed torsion tensor from these calculations
that lead to perturbations in the field equations from which
the equation of motion for the GWs writes [81]

ḧi j +
(

3H + ḟ,T
f,T

)
ḣi j − ∇2

a2 hi j = 0 (42)

The energy density carried by GWs and sourced by the inho-
mogeneous decay of the symmetry braking field is given by
[82]

ρGW = M2
p

4
〈ḣi j (t, x)ḣi j (t, x)〉 (43)

the abundance of gravity waves energy density today is pre-
sented by the energy spectrum given as [82]

h2ΩGW,0( f ) = h2

ρc,0

dρGW,0

d ln f
, (44)

where h is the present dimensionless Hubble constant, f is
the frequency and ρc,0 = 3H2

0 /(8πG) is the current critical
energy density. Considering the scale factor at the present
time, a0, and at the time when GWs production stops, aend ,
the GWs spectrum can be converted into the actual physi-
cal quantities in order to correlate the density spectrum with
current observations [82]

aend
a0

= aend
apre

(
apre
are

)1− 3
4 (1+ω) (

g∗
g0

)− 1
12

(
ρr,0

ρ∗

) 1
4

, (45)

here we consider that at the end of preheating “pre” GWs
production stops. “0” and “re” indicate the present time and
the time when reheating is finished, respectively. ρ∗ and ρr,0

are the total energy density of the scalar field and the cur-
rent radiation energy density, respectively. The present GWs
spectra can finally be given in the form [66]

ΩGW,0h
2 = e−4Npre

(
g∗
g0

)− 1
3

Ωr,0h
2ΩGW ( f ), (46)

Equation (46) is obtained by considering that during preheat-
ing the equation of state jumps from ω = 0 to an intermediate
value close to ω = 1/3. Furthermore, ω will reach 1/3 just

after preheating [83] which leads to
(
apre/are

)1−1/4(1+ω) =
1. The current density fraction of radiation Ωr,0 = ρr,0/ρc,0
is given by Ωr,0 � 9.1 × 10−5. ΩGW,0h2 ∝ 1/a4

0, g∗ and g0

satisfies g∗/ g0 � 106.75/3.36 � 31. The recent analysis of
12.5-year of PTA published by the NANOGrav collaboration
shows a stochastic GWs behaviour. this analysis suggests a
power-law type of the strain of the GWs [84–87]

ΩGW ( f ) = 2π2 f 2
yr

3H2
0

A2
GWB

(
f

fyr

)α

. (47)

The NANOGrav measurements preferred ranges of param-
eters AGWB [87] while according to [88] α = (5 − γ ) ∈
[−1.5, 0.5], fyr is best estimated to fyr � 3.1 × 10−8 and
H0 is given by H0 ≡ 100h km/s/Mpc.

In Fig. 6, we show the abundance of the energy density
of gravitational waves as a function of the present value
of the frequency. We also display some expected curves of
GW experiments from [89–94]. We numerically compute the
energy spectrum of the induced GWs and test the effect of the
preheating duration on the GWs spectrum. The GW spectrum
increases the frequencies and spans over some sensitivity
curves for Npre ≤ 2. We conclude that our teleparallel grav-
ity model can explain the energy spectrum at high frequencies
for Npre ≤ 2 such as ASTROD-GW, BBO and DECIGO.
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Fig. 6 The abundance of gravity wave energy density as function
of the present value of the frequency. We display, from [89–94], the
sensitivity curves of the Square Kilometer Array (SKA), European
Pulsar Timing Array (EPTA), Astrodynamical Space Test of Relativ-
ity using Optical-GW detector (ASTROD-GW), Laser Interferome-
ter Space Antenna (LISA), Advanced Laser Interferometer Antenna

(ALIA), Big Bang Observer (BBO), Deci-hertz Interferometer GW
Observatory (DECIGO), Advanced LIGO (aLIGO) and in yellow
NANOGrav 12.5 years experiments. We take α = 1/2 and three dif-
ferent values of preheating duration, Npre = 0 (black), 2 (red) and 3
(blue)

However, higher preheating duration are not consistent with
the expected GWs observatories. Unfortunately, our telepar-
allel gravity model is far away to explain the NANOGrav
experiments. Moreover, the parameter δ of our f (T ) model
can strongly affect the duration of preheating. According to
our previous results, the bound δ > 3 predict higher values
of Npre which can give inconsistent results with the GWs
observations curves. Furthermore, the case δ = 3 provides
compatible results with the blue tilted energy spectrum of
stochastic gravitational waves for higher frequencies. The
reason behind this is that our model of GWs spectrum is
derived taking into consideration the phase of preheating
rather than inflation alone. Here, we mention that the infla-
tionary gravitational waves are one of the most important
stochastic gravitational wave background sources that are
used to probe the Universe and can provide possible explana-
tion for the recent NANOGrav results. However, our model
predicts higher frequencies because we considered subse-
quent phases following inflation.

7 Conclusion

In this paper, we have reviewed briefly the teleparallel gravity
approach in which we have related the slow roll and perturba-
tives parameters of the inflationary paradigm. We have also
introduced the parametric resonance in the preheating era in
which the production of the χ fields and the growth of its fluc-
tuations are mandatory for the production of the primordial
black holes and gravitational waves.

We have found that, for a chaotic inflation, a good consis-
tency were observed in relation with the (r, ns) plane at 1σ

for and 2σ C.L. for some parameters of teleparallel gravity.
We have also obtained that the duration of the preheating is
consistent with the (r, ns) plane at 1σ for and 2σ C.L.

Moreover, we have also calculated the abundance of pri-
mordial black holes produced in the Teleparallel gravity
model using the fraction of the energy density and the vari-
ance of the density perturbations approach to study PBH col-
lapse. We have found that the primordial black holes over-
production can be satisfied for specific values of the non-
adiabatic curvature power spectrum.

We have also obtained that the duration of the preheat-
ing is consistent with the observational bound on ns and it
must be less or equal to 2 explain the present energy den-
sity of gravitational waves expected by gravitational waves
experiments.

We have calculated the energy spectrum of gravitational
waves numerically and have shown that it presents an increas-
ing behavior towards high frequencies. We have shown that
for the duration of the preheating equal to 2, our model may
explain the sensitivity curves expected by ASTEOD-GW,
BBO and DECIGO. On the other hand, instant transition of
preheating i.e. Npre = 0, our model may explain the sen-
sitivity curves of several gravitational waves experiments,
which gives the possibility for our chosen f (T ) model to be
examined by the energy spectrum of stochastic gravitational
waves observations.
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