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Abstract

The standard U (N) and SU (N) integrals are calculated in the large N limit. Our main finding is that for
an important class of integrals this limit is different for two groups. We describe the critical behaviour of
SU (N) models and discuss implications of our results for the large N behaviour of SU (N) lattice gauge
theories at finite temperatures and non-zero baryon chemical potential. The key ingredients of our approach
are 1) expansion of the integrals into a sum over irreducible representations and 2) calculation of sums over
partitions of r of products of dimensions of two different representations of a symmetric group S, .
© 2020 Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Let U € G, where G =U(N), SU(N) and A, B are two arbitrary N x N matrices. TrU will
denote the character of the fundamental representation of G and dU - the normalized (reduced)
Haar measure on G. In this paper we evaluate the following integral over G in the large N limit
for some particular choices of A and B

Nh .
Z6(A, B) = /dU exp [7 (TrAU+TrBU )} . (1)
G
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Though the constant /2 /2 can be incorporated into A and B it is convenient to keep it in the present
form. Many cases of the integral (1) are well-known in the context of the lattice gauge theory
(LGT) and classical spin models. Let us briefly summarize the known facts. When A =B =1
the integral in (1) gives the exact solution of two-dimensional LGT with the Wilson action in
the thermodynamical limit. The large N solution of this integral had been obtained in [1,2] and
is known as the Gross-Witten-Wadia (GWW) solution. The third order phase transition (often
referred to as the GWW transition) was found in this limit. More general case with B = AT in
the large N limit was solved in [3]. The actual calculations in [3] were performed for U (N)
group. This solution also revealed the existence of the third order phase transition. Integrals of
type (1) can be considered as a generating functional for many group integrals of polynomial
type [4,5]. They also appear in the mean-field treatment of LGT and principal chiral models
[6-8]. Important usage of such integrals can be found in many effective models describing the
Polyakov loop interactions in finite temperature LGT. For example, if one takes A = ¢*] and
B = ¢ "I then the expression in the exponent of the integrand is nothing but the leading term
in the expansion of the quark determinant at large masses, where TrU can be interpreted as the
Polyakov loop. Such broad applications make it necessary to have a deep understanding of the
properties of the integral in different regimes. Particularly important is the knowledge of the
integral in the large N limit and, indeed there exists a huge literature devoted to this limit when
G =U(N) (see, e.g. Ref. [9] and references therein). SU (N) integrals are also well studied for
finite N and, in some cases also in the large N limit [8—13]. Still, we think the large N limit of
SU(N) integrals remains largely unexplored. This is probably due to the fact that since in the
large N limit SU (N) reduces to U (N), the standard claim is that the same holds for integrals (1).
The purpose of this paper is to show that it is not always the case. Moreover, based on examples
we consider below we can conclude that the large N limit of integrals of type (1) is the same for
U(N) and SU (N) only in exceptional cases. Probably, there is only one such case when integrals
are equal for all values of &, namely ReA = ReB.

There are several methods developed to compute the large N limit of group integrals [1,2,
14-16]. We shall not discuss these methods because here we use a different approach based
on the expansion of the group integrals in a sum over dimensions d(A) of representations of a
permutation group S,. Precisely, the integral in (1) can be evaluated for G = SU(N) as [17]

0 p\ 2Nl
ZSU(N)(AaB):Z Z <7>

r=0g=—00

y Z dd(r+1gIN) si(AB)

lq
A+ Nigh! sam) O @

Ar

where C = A if ¢ > 0 and C = B if g < 0. s, _is the Schur function defined on the eigenvalues
of AB. Summation goes over all partitions A of r: A = (A1, A2, -+, Ay) is a partition A - r,
AM>A>--->Ay>0and ng Ai = |A| =r, where [()) is the length of the partition A. We
have used the short-hand notation A + qN =(A1+9, -, Ay +¢g). When G = U(N) one should
take the only term with ¢ = 0 in expression (2). It can be proven that the resulting formula
agrees with the U (N) result [18,19]. Furthermore, the corresponding representation for U (N)
integral has recently been used to rigorously prove the large N asymptotic expansion in the strong
coupling region (small & region) [19]. Our method relies on calculating large N limit of sums
over all partitions A. This is particularly simple for examples we consider in this paper when the
sum over A can be reduced to the calculation of the following expression
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On(rg) = Y da)di+Ig). 3)

Ar

This paper is organized as follows. In Sec. 2 we consider the simplest case when one of the
matrices A or B vanishes. Sec. 3 treats more general case A =¢e"C, B=e¢""C ~1 for real and
imaginary p. Results and applications are discussed in Sec. 4. In the Appendix A we study large
N expansion of Qn(r, g) defined in Eq. (3) and related functions.

2. Reduced integral: B =0
In this Section we explore the simplest case with B = 0 and an arbitrary matrix A

7o (h) = /dU ¢’ TrAU (4)
G

which can be solved exactly and which shows that the large N limit differs for two groups.
Indeed, if G = U(N) one gets the trivial result for all N, namely Zyny(h) = 1. Instead, if
G = SU(N) we obtain from (2)

= ()™
Zsuwy ()= e @@ on0.9). 5)
q=0 '

Keeping notation & for h(]_[lN: 1 ai)% with a; - eigenvalues of A and using (34) the last equation
is presented as

> (Nh\™Y
stN)(h):Z(—) An(q) . 6)

2
g=0
where the function Ay (g) is defined in (35). With help of Eq. (51), one gets

o]

h
Zsywny (h) = Z exp |:N2 (x lna +f(x)>i| , (7

q=0

where f(x) is given by Eq. (52) and x = ¢/N. In the N — oo limit the summation over ¢ can
be replaced by the integration and we obtain for the free energy

. 1 h
Fh) = lim V2 InZsuw) (h) = xo In 3+ f(xo) . ®)
where xq is determined from the saddle-point equation
h
1+ln5+xolnx0—(1+x0)ln(1+x0) =0. ©)]

There is no real solution to this equation if 4 < 2/e. Therefore, F(h <2/e) =0. When h =
2/e the real solution xo = 0 appears and solution becomes non-trivial in the region 7 > 2/e.
Approximate solution in the vicinity of 2 =2/e + 0" and the free energy can be written as

I 2 AW (—zfo) (Woi (—zf) — 1) =5
A — , 10
O W —zen WA Wz 1O
1 1
Fy=—7 (142W_1 (=z/e) y* + 2 ¥ +0(3*) . an
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Fig. 1. Comparision of the analytical solution and numerical computations. Left panel: Blue line presents analytical
solution near critical point. Numerical computations are performed for N = 10 (red line), N = 20 (yellow line), N =40
(green line). N = 100 data are practically indistinguishable from the blue analytical line. Right panel: Blue lines present
analytical solution (11) (lower branch) and (13) (upper branch). Numerical computation is performed for N = 40 (red
line). (For interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)

where y = m, z=1+1In % and W_;(—z/e) is the lower branch of the Lambert function.

Near critical point z = 0 the Lambert function can be expanded as W_j(—z/e) & Inz/e —
In(—Inz/e)+---. It follows that the free energy and its first two derivatives vanish in the critical
point while the third derivative diverges like 1/(z In” z). The model exhibits the third order phase
transition from U (N) regime with vanishing free energy to a regime with a non-trivial depen-
dence on & which we term SU (N) regime in what follows. On the left panel of Fig. | we compare
analytical solution (11) with numerical computations performed with Eq. (6) for various values
of N near critical point.

When £ is large the saddle-point solution and the corresponding free energy read

h 1 1 2

- ___ 12
=372 4h+o(h ) (12

ol h 1 .,
F(h)—z—z<21n§+3)—m+o<h ) 13)

We could not find an exact solution of the saddle-point equation for all values of 4. Never-
theless, we think the phase transition at 4 = 2/e is the only phase transition occurring in the
large N limit. To see this we have performed numerical computations of the partition function
(5) and its first three derivatives for & > 1.4 and found no evidence on non-analyticity of the
free energy in this regime. On the right panel of Fig. | we compare analytical solutions for
the free energy, Eqgs. (11) and (13), with numerical computations performed with Eq. (6) for
N =40.

Another possible approach is to express the constant / as a function of x¢ from (9). Then, the
free energy can be studied as a function of xg. This study also reveals that the point xo = O is the
only critical point of the free energy.
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3. Integral with A = e*C, B=¢""*C"!
The next example we explore deals with the integral

Z (ho ) = /dU o2 TCU+e H T U) (14)
G

The example studied in the previous section with A = I is . — oo limit of the integral (14) such
that he” = const. The integral (14) arises in the strong coupling and heavy quark limit of SU (N)
LGT at finite baryon density. Parameter / can be related to the quark mass and TrU is the traced
Polyakov loop. Hence, the model (4) is a heavy dense limit of QCD. Keeping notation e for
et (]_[IN= 1 c,-)% with ¢; - eigenvalues of C and using (2) and (3) the result of the integration in
(14) is presented in the form

i Nuqi (NTh)2r+|q\N
Zsyny (h, ) = e ———— On(r, lql) . (15)
I + IgIN)!

g=—00

If G = U(N) only term with g = 0 contributes and all dependence of the integral on p drops. The
integral reduces to 2d U (N) LGT solved in [1,2]. Using representation (36) we rewrite SU (N)
integral (15) as

ot Nh lgIN N
Zsuawy (o) = Y (7) N1 An(lql) Hy (h. 1q]) . (16)
g=—00
where we denoted
Hy(,lgl) = ) == By lq)) - (a7

r=0

The function Hy (h, |q]) is studied in the Appendix A. Next, we proceed as in previous section.
Combining Egs. (44), (51), (52) we write down the partition function in the form

o0
Zsug (o) = 3 exp[N2Flhpn)]  x=1.  (18)

q=—00

(3 h 1, 1 )
F(h,u,x):Z—l— E—i—,u—i—lnz x—i—ix lnx—E(l—l—x) In(14+x)—Px), (19)

where P(x) is given in Eq. (45). Replacing the summation by the integration one obtains in the
large N limit

F(h,p) = F(h, n,xo) . 20)
The saddle-point equation is given by (we suppose u > 0)
h aP(xg)
1+M+ln§+xolnxo—(1+XO)ln(1+XO)— 5 =0 (21
X0

If » <1 and p is sufficiently small there is no solution to this equation and the free energy
equals to the U (N) free energy, namely F(h, 1) = h*/4. When p grows a non-trivial solution
appears which provides maximum of the integrand in (18). This solution can be constructed using
expansion (49) for the function P (x). With notations

5
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1++/1—h2
y=— z=,u—1n+T+\/1—h2 22)
.z
W_l( e‘/1h2>
the solution and the free energy can be written as
1
xo==y+ 2 +0(x?) 23)
_ p2)3/? __z
2(1—h?) <1+W1< - 1_;,2))

o1 z ) 1 ; 4
F(h,li)=7—z 1+2W_ _NT—W))y —m)’ +(9(y). (24)

One finds a third order phase transition along the critical line which is given by the equation

1+/1—i2
z2=0 éu:ln%—\/l—lﬂ. (25)

When u = 0, the critical value of & equals 4. = 1 and coincides with U (N) critical point. In the
region h > 1 the solution is found with the help of the expansion (50) for the function P (x). The
solution and the corresponding free energy appear to be

1 cosh2u —5 cosh2u —2

2 48h(coshw)?  24hZ(cosh p)®
3cosh6u — 902 cosh4u + 14845 cosh2u — 18810 1

a 18432043 (cosh 11)° ) +0 (/7*) ’

Pl ) = heoshp — (2 4 mncoshy ) - @w> (L
,u)=hcoshpu — = | = +Inhcos -
H =312 H 24k \coshp © 2h(coshm)*
cosh4pu — 176 cosh2u + 783  3coshdu — 74cosh2u + 143 1
ol—=). 27
1920h2(cosh )7 320h3(cosh )10 h*
This result can be checked with the help of the asymptotic expansion (57) valid at large values

of h. Using Eq. (57) one can reproduce leading three terms in Eq. (27).
Let us add a few comments:

xp = h sinh u — tanh ( (26)

e When p = 0 the solution (26) vanishes, the free energy (27) reduces to the U (N) free energy
and equals the GWW solution.

e Though we could not prove it analytically we think the transition from the regime described
by Eq. (24) to the large i regime in Eq. (27) is smooth and is not accompanied by any
phase transition. We have numerical evidence which supports this statement. If so, the large
N limit exhibits one third order phase transition from U (N) to SU(N) regime and whose
critical line is given by Eq. (25). This line is shown in Fig. 2.

e Another approach is to express the parameter © as a function of x from the saddle-point
equation (21). Then, one can study the free energy in the (4, x)-plane. This study also reveals
that there is only one phase transition described by the critical line (25) above which the free
energy is an analytical function.

o In the case of an imaginary x one can recover again the GWW U (V) solution. Indeed, when
W is imaginary, there is no solution for the saddle-point equation on the real line. Therefore,
the maximum of the exponent in Eq. (18) is reached for x = 0 and this recovers the U (V)
case. We have also performed numerical computations of the free energy for several values

6
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Fig. 2. Critical line of the third order phase transition from U (N) regime to SU(N) one. In U (N) regime the free energy
does not depend on . In the limit ;© — oo the critical curve is well approximated by the formula p & In % -1

of imaginary p and various values of N € [10—35]. These computations clearly demonstrate
that the free energy converges to the U (N) free energy with N growing.

e In the heavy dense limit u — 0o, i — 0 such that he* = const one obtains from Eq. (25)
that the critical point is given by he* = 2/e. This agrees with the result of the previous
Section.

4. Summary

In this paper we have presented calculations of some classical SU (V) integrals in the large
N limit. Our most essential result is that in many important cases this limit differs from the
conventional limit obtained by calculating the same integrals over U (N). The important findings
and open issues can be shortly summarized as follows:

e In all cases studied we have found the third order phase transition from the U (N) regime to
the SU (N) regime. Unlike the GWW phase transition, the third derivative of the free energy
is infinite on the critical line.

e It would be important to solve the integral (1) in the large N limit for arbitrary matrices A
and B. Based on examples studied here we conjecture that this limit differs for two groups
unless ReA =ReB.

e Our main tool used to get the large N solution for SU (N) integrals relies on 1) the repre-
sentation (2) which is exact and 2) calculation of the function Qy (7, ¢) (3). We have been
able to calculate this function for all N and ¢ and for r = 1,2, ..., 11. This is sufficient to
establish the existence of the phase transition and calculate the critical line.

e We have also conjectured an exact form of the function Qn (7, g) at large N given by
Eq. (47). It remains a challenge to prove this form rigorously.

e We have derived leading terms in an asymptotic expansion for the SU (V) integral at large 5,
Eq. (57). This expansion has been used as an independent check of the free energy expansion
given by Eq. (27).
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Let us also emphasize the approach used here allows us to reproduce the GWW U (N) solution
in a very effective and simple manner. Finishing this paper we would like to briefly outline the
perspectives for future work. As follows from the results of Sec. 3, one could expect the different
large N limits for U (N) and SU (N) groups whenever the symmetry between U and U is broken
(in physical terms it means broken charge conjugation symmetry). This is a typical situation in
QCD at finite baryon chemical potential. For example, charge conjugation symmetry is broken
in all effective Polyakov loop models computed in lattice QCD at finite density. Consider, as the
simplest and well-known example, the following effective action

S = oy Y ReTRUWTU (x + ) + Nph Y (e“TrU(x) + e*ﬂTrUT(x)) (28)

X,V X

which describes the interaction between Polyakov loops TrU (x) at finite temperature in the
strong coupling region and in the presence of Ny heavy degenerate quark flavours. This and
other similar effective actions have been a subject of numerous analytical and numerical in-
vestigations. In particular, the large N limit has been studied in Ref. [20] using the mean-field
approach which is believed to be exact in this limit due to the factorization property. The re-
sulting mean-field integrals have been computed over U (N) group. As we have seen, however
when p is non-vanishing the SU (N) integrals differ from U (N) ones. Therefore, the analysis of
[20] should be re-examined for the SU (N) model. The same presumably refers to Polyakov loop
models with exact static quark determinant.

In Refs. [21,22] we have derived the dual representation for the Polyakov loop models of
the type (28) for all N. The function Qx(r, ¢) plays a central role in the dual construction and
appears as a result of the group integration. Combining the dual representation of [21,22] with
the large N representation of Qy(r, ¢) derived here one can construct the large N limit of the
model (28) and similar ones. These calculations will be reported elsewhere.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal rela-
tionships that could have appeared to influence the work reported in this paper.

Appendix A. Function Qy(r, q)

The function Qx(r, ¢) plays a central role in our method of calculation of the large N limit.
It appears as a result of the evaluation of the following group integral

ON(r,q) = / dU (TrU)" (Try Ty TN = f dU (TrU) 4N (et . (29)
G G
The result of the integration over SU (N) reads [17]
On(rg) = Y d)dO+1gl™), (30)
Abr
where A +¢" = (A +¢, -+, Axy +¢), all notations are explained after Eq. (2) and the dimension

of the A representation of the symmetric group S, is given by
\ [l<icjcipy@i —Aj+j—10)
: 10. ; :

[T (i +100) — i)

d) =r (3D
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For U (N) the integral is only non-vanishing if ¢ = 0. The corresponding sum
On(r.0) = Y d*() (32)
Abr

and its many generalizations have wide applications in different branches of mathematics and
have been studied for years, see Refs. [23-25] (and references therein). We are not aware if a
sum of the form (30) has been studied before except for the case ¢ = 1 [26]. Therefore, in this
Appendix A we evaluate Q (7, g) for all N, g and various values of r. This enables us to com-
pute the large N behaviour of functions Q y (7, ¢) and Hy (h, ¢). Also, we derive an asymptotic
expansion of the SU (N) integral valid for large values of .

A.l1. Values of Qn(r, q) for fixed r

Without loss of generality we suppose that g > 0 in what follows. First, let us remind that for
g = 0 there is well-known result

On(@r,0) =r!l, r<N. (33)
Second, it is easy to calculate the value for » = 0. One finds

On(0.9) = @N)! An(q) . (34)
The function Ay (q) appears in the solution for the integral (4) and equals

_ GIN+DG(g+1)
An(q) = GN+q+D) (35

where G (k) is the Barnes function. Third, we note that the convenient representation for Q y (r, q)
can be deduced from (30) and reads

On(r,q) = (r+gN)! AN(q) BN(r,q) , (36)
while exact values of By (r, ¢) one calculates either from (30) or from the following relation
r! Ay (ki +q)
Bvng) = DL e ava) (37)
ki =r <1 N- N{q
1
Ayki +q) = det — . 38
Nk +q) T (38)

We had computed By (r, g) by “brute force” method for values r € [0, 11] by summing over all
partitions in (30). To reveal the structure of these coefficients we give here first three values

Bn(0,q) = BN(r,0) = 1, (39)
1

By(1,q) = 5’ (40)
1 N?y—1

ByQ2,q) = — ———— 41

N*y> = N’(By+2)+4
Y(N2y2 —1)(N2y2 —4)
where we denoted y = 1 + ¢q/N. These expressions are valid for r < N. We would like also to
quote result for g = 1

ByG3.q) = (42)
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Ba(n 1) = 1) 3
r, = T 5
N r+N)! "
where LﬁN) (x) is the generalized Laguerre polynomial. This formula can be obtained from for-
mulas in [26] and (36). All our coefficients agree with (43)if g = 1.
The knowledge of first eleven coefficients By (r, q) is sufficient to compute the function
Hy(h,|q|) in Eq. (17) up to O(h*). In reality, we conjecture that the following expression

2
Hy(h,|q]) = exp [Aﬂ (% —~ P(x))} : (44)
where x = ¢ /N and
eyt e (P @k, m)
P(x)_mZ::lx (—1) ,;(2 1 (45)

45T +k + 11T [m + 2k]

Qk,m)= F[% + 1T[m]C[k + 212k + 2]

(46)

gives an exact representation for the function Hy (h, |¢|) to all orders in £ in the large N limit.
First of all, this formula does reproduce correctly all coefficients in Hy (%, |g|) up to (’)(h24). Sec-
ondly, the corresponding exact large N representation for the function By (r, ¢) can be obtained
by expanding the right-hand side of Eq. (44) into power series in &, thus recovering represen-
tation (17). Combining the result for By (r, g) with (36) and with asymptotic expansion of the
function Ay (g), Eq. (51), one obtains exact large N representation for the function Q y (7, ¢)

(r+gnN)!
NaN
Here, f(x) is given by Eq. (52) and B,(l!c1,2!lcy...,rlc,) is the complete exponential Bell
polynomial. The coefficients ¢; are functions of x = g/N that can be derived from P(x) and
written in several different but equivalent forms. For example, one has ¢; = (1 4+ x)~! and for

i>1

On(r,q) = NI B (11ey, e, rler) 47)

x .1 13 ,
Ci=—m |:Ci—13F2(l—E,l,l+§; §,§;X> (48)
—x4i13Fz<i,i+l,i+l; 5,2;x2)},
2 2

where 3 F, is the hypergeometric function and C; are the Catalan numbers. We performed an
extensive numerical comparison of our conjectured formula with Eq. (30) and found perfect
agreement with N increasing.

In the main text we need small and large x representation of the function P (x). The first one
can be obtained directly from (45) by summing over k for fixed small values of m. One finds on
this way

1++/1—h2 2
P(x):x<1—\/1—h2+1n%> +%ln(1—h2)

X3 1 A 14+12(%)° 1
+€(m— )‘ﬂ A—mp

10
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(1425 +96(4)° 6
+@( TEarsDcaml +O<x>. 49)

To get convenient large x representation we first sum over m at fixed k in (45) and then re-expand
the result obtained at large x. This yields after summation over k

h2 h2 ]—i—,/l—i—ﬁ—; 1 K2
P()C):Z"FX 1-— 1+x—2+h’lf +Zln<1+ﬁ)+

h\2
+L<;_1>_ I (1—12(z> _1)+
2 2 2

6x (1+%)3/2 24x (1+%)3

1 [(1-42(&)* +96(L) »

Finally, we need large N expansion for the function Ay (g) from (35). It can be calculated by
making use of the well-known asymptotic expansion for the Barnes function. One gets for the
leading term

NV Ax(g) = MTOHON) g/, 61
3 1 2 1 >
fx) = Ex—§(1+x) ln(l+x)+§x Inx . (52)

A.2. Asymptotic expansion for large h

Some expansions of the function Q y (7, ¢) can be derived from the equality

00 N2 N
(%) r+lq|

N — ,q) = detl;_; 53
e A+ [gIN)! On(r,q) CLf; j+q(Z) (53)
which follows from the calculation of the integral
o
Zn@) = f dU eV = 3" dethi_ji4(z) . (54)
SU(N) E

Expanding the integrand in the Taylor series and computing the group integrals with the help of
(29) leads to the left-hand side of the Eq. (53) summed up over ¢, while the right-hand side can
be obtained by the direct calculation through an explicit parametrization of the group traces and
the invariant measure. When z is large the main contribution to the sum comes from terms away
from r = 0, the larger z the larger terms in the sum are important. In practice it is somewhat
simpler to compute Zy(z) by the saddle-point method when z is large. Parametrizing SU (V)
matrices through its eigenvalues one obtains

00 I N
1 dw; . w; — W; N LN
Zn(z) = Z N'/.l—[ an ﬂ4sm2< i 5 ]) oZ i1 COSWitiq YL Wi (55)
o i=l i<j

q=—00

Expanding the integrand around non-trivial saddle-point wy = i arcsinh % yields
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00 eN\/ZZ+q2—Nq arcsinh £
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v =Y. et dewH(wi C e WFRTLG | (s6)
q

=T RN i<j

The integral obtained is of the Selberg type which can be found, e.g. in the review [27]. Compar-
ing the result of the integration with Eq. (54) and taking z = Nh, ¢ = Nx one finds

1 GWN+1)
enr NIV

detl;_jyq(Nh) ~

1
exp { N? \/h2+x2—zln(h2+x2)—xln Th i+

h

x2

7 (57)

Substituting this expansion on the right-hand side of (53) one can derive the corresponding

asymptotics for the function Q y (r, g) at large r.

Let us finally mention that in the U(N) case ¢ = x = 0 and the formula (57) reproduces the
GWW solution in the weak-coupling (large /) region. Indeed, using the asymptotic expansion

for the Barnes function one can easily obtain

. 1 1 3
Nh_r)noomlndetli_j(Nh) = h_i Inh — 1

References

[1] DJ. Gross, E. Witten, Phys. Rev. D 21 (1980) 446.

[2] S.R. Wadia, Phys. Lett. B 93 (1980) 403.

[3] E. Brezin, D.J. Gross, Phys. Lett. B 97 (1980) 120.

[4] M. Creutz, J. Math. Phys. 19 (1978) 2043.

[5] J. Carlsson, Integrals over SU (N), arXiv:0802.3409 [hep-lat].
[6] V.F. Miiller, T. Raddatz, W. Riihl, Phys. Lett. B 122 (1983) 148.
[7] E. Green, S. Samuel, Nucl. Phys. B 190 (1981) 113.

[8] A. Guha, S.C. Lee, Nucl. Phys. B 240 (1984) 141.

[9] A. Ahmed, G.V. Dunne, J. High Energy Phys. 11 (2017) 054.

[10] R. Brower, P. Rossi, Chung-I. Tan, Nucl. Phys. B 190 (1981) 699.
[11] R. Brower, P. Rossi, Chung-I. Tan, Nucl. Phys. B 235 (1984) 226.

[12] B. Lucini, M. Panero, Phys. Rep. 526 (2013) 93.

[13] P. Rossi, M. Campostrini, E. Vicari, Phys. Rep. 302 (1998) 143.
[14] Y.Y. Goldschmidt, J. Math. Phys. 21 (1980) 1842.

[15] P. Rossi, Phys. Lett. B 117 (1982) 72.

[16] J.W. Carlson, Nucl. Phys. B 248 (1984) 536.

(58)

[17] O. Borisenko, S. Voloshin, V. Chelnokov, Rep. Math. Phys. V 85 (2020) 129.

[18] B. Schlittgen, T. Wettig, J. Phys. A 36 (2003) 3195.
[19] J. Novak, arXiv:2006.04304 [math.CO].
[20] C.H. Christensen, Phys. Lett. B 714 (2012) 306.

[21] O. Borisenko, V. Chelnokov, S. Voloshyn, EPJ Web Conf. 175 (2018) 11021.

[22] O. Borisenko, V. Chelnokov, S. Voloshyn, Phys. Rev. D 102 (2020) 014502.

[23] A. Regev, Adv. Math. 41 (1981) 115.

[24] Alon Regev, Amitai Regev, D. Zeilberger, J. Differ. Equ. Appl. 22 (2015) 272.

[25] J. Novak, Adv. Appl. Math. 47 (2011) 49.
[26] F. Green, S. Samuel, Nucl. Phys. B 194 (1982) 107.
[27] P. Forrester, O. Warnaar, Bull. Am. Math. Soc. 45 (2008) 489.

12


http://refhub.elsevier.com/S0550-3213(20)30263-7/bib1D4E77454A230E5B676745AC93BC0BC3s1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bib16DFA398A758F27EBFCF0F5389C81D51s1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bibB1AFD67175470E8D5A848B9A6F569E33s1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bib1A19E941D8DFAE3DFA98EF17E6B6384As1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bib54B63A471CE267F20FB6F80EFB2C753Fs1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bib926DA7D8D4594B4D9B9E418EC00F71CCs1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bibEC185FB709A2D35541871997FEE870F8s1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bib6A5532D0CAEAB27088ED50A1B45FBD70s1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bib33A02566ABE51ADA1DF03570FBBDBA85s1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bib7BA6CF9F6729A2EB1B6D3E70D9BDFB04s1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bib057F04D581724585768414A391EC72F6s1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bibCC3B4F2385341A4B8C8C43066A4C72FBs1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bib61AAEF93CE839C878126187EB5ADFC9Es1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bib23E01E89A1516A5A281A8790CBB33291s1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bibF0116B9DD2B3008C00D554B58CF57A75s1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bibF6F85EC28192523AFC805721395B00E7s1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bib8889701F12D7D3294FC26C9C294EB140s1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bibFD738CEEF9D5C76E955CF1BB8E8222CBs1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bib7A4F7DBB8B2588654106A5721CF9ED65s1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bib3155D24CD6B562302C96A725428DBE15s1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bibC3030C9A5FEFCFA52A33914733E0110Cs1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bib5EB0BE9C03C36B903E670FAC080F79B8s1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bib645C7716CB39565734F93FC041882423s1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bibFD7B17D46AD50DA3317EE9C27776D245s1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bibE2C91986C7DA9788F5134399651762A0s1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bibC6BC00A133217995CC6D3C2FAF7EE913s1
http://refhub.elsevier.com/S0550-3213(20)30263-7/bibF80060CCDAE23BF31AC5D7A31155AEF8s1

	The large N limit of SU(N) integrals in lattice models
	1 Introduction
	2 Reduced integral: B=0
	3 Integral with A=eμC, B=e−μC−1
	4 Summary
	Declaration of competing interest
	Appendix A Function QN(r,q)
	A.1 Values of QN(r,q) for fixed r
	A.2 Asymptotic expansion for large h

	References


