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Abstract: We show that whenever the Gibbs state of a quantum spin system satisfies
decay of correlations, then it is stable, in the sense that local perturbations affect the
Gibbs state only locally, and it satisfies local indistinguishability, i.e. it exhibits local
insensitivity to system size. These implications hold in any dimension, require only
locality of the Hamiltonian, and are based on Lieb—Robinson bounds and on a detailed
analysis of the locality properties of the quantum belief propagation for Gibbs states.
To demonstrate the versatility of our approach, we explicitly apply our results to several
physically relevant models in which the decay of correlations is either known to hold
or is proved by us. These include Gibbs states of one-dimensional spin chains with
polynomially decaying interactions at any temperature, and high-temperature Gibbs
states of quantum spin systems with finite-range interactions in any dimension. We also
prove exponential decay of correlations above a threshold temperature for Gibbs states of
one-dimensional finite spin chains with translation-invariant and exponentially decaying
interactions, and then apply our general results.
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1. Introduction

One of the characteristic features of quantum many-body systems is the locality of
their interactions. In the last decades, this property has been largely exploited in the
characterization of their thermal (Gibbs) states and their ground states. In this work we
are interested in Gibbs states and, in particular, in their locality and in their stability
against local perturbations. Understanding how the locality of Hamiltonians of many-
body systems translates to the locality of the Gibbs states is of crucial importance for
the preparation and simulation of quantum states [6,17,53].

There are several ways to describe how local a quantum state is. Here we focus on
three main concepts: local indistinguishability, the principle that local perturbations
perturb locally (LPPL) and the well-known decay of correlations. The main purpose of
this work is to show how these three locality properties are related to each other and
to show that they are all equivalent under certain conditions. Let us first describe these
concepts informally.

Consider an interacting quantum spin system defined on A € Z", v € N, with a
Hamiltonian H 4 that is a sum of local terms. Let pé‘ denote the Gibbs state of H,4 at
inverse temperature 8 > 0,

pé‘ = e PHA [ Ty s (e7PHA).

For every A’ C A, we define the local Gibbs state pé‘/ to be the Gibbs state of the

Hamiltonian consisting only of terms supported on A’. Then, let A be an observable
supported in an inner region X C A’ C A: local indistinguishability of the Gibbs state
(see Definition 3) is a quantitative version of the statement that

Trx (,oé‘ A) % TrA/(pé‘/ A).

The concept of local indistinguishability [5,7] goes also under the name of locality of
temperature [33]. Roughly speaking, local indistinguishability says that local observ-
ables cannot distinguish between the Gibbs state of the full Hamiltonian and the Gibbs
state of its truncated version. On the other hand, the concept of LPPL, originally intro-
duced in the context of gapped ground states [9,13,21,29], is concerned with localized
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perturbations of a quantum system. Let V be a generic perturbation supported on a re-
gion Y C A and let I:IA := Hx+ V. We denote by ,b"'g‘ the Gibbs state associated to I:IA.
Let A be an observable supported on a set X far from Y, then LPPL (see Definition 2)
is a quantitative version of the statement that

Tra(pf A) ~ Tra(pf A).

which means that the expectation values of local observables supported far from the per-
turbation are not influenced by the presence of the perturbation. The notion of LPPL thus
concerns the Gibbs states of two different Hamiltonians, the perturbed and unperturbed
one.

A condition similar to local indistinguishability named Local Topological Quantum
Order (LTQO) has been previously considered in the literature [10,11,41] in the context
of ground states of topologically ordered Hamiltonians. For frustration-free Hamilto-
nians, LTQO implies stability of the spectral gap. In a sense, it states that the effect
of boundary conditions is exponentially suppressed in the bulk. And while generally
difficult to prove, LTQO is known to hold for one-dimensional matrix product states
with normal tensors [18] and for some projected entangled pair states with commuting
parent Hamiltonians [49] in two dimensions.

Another standard way to measure the locality of a quantum state p is in terms of
the decay of correlations in such a state. This amounts to study the behaviour of the
covariance [3,5,7,24,33,45]

Cov,(X;Y) = sup |TrA(,oAB)—TrA(,oA) Trx (,oB)|
AeAyx: |Al=1,
BeAy: ||B||l=1

with respect to the distance d(X, Y) between the support of the observables.

Our main result shows that decay of correlations of the Gibbs state (see Definition 1)
implies the stability of the Gibbs state against local perturbation, namely LPPL. The main
ingredient in our proof is the so-called quantum belief propagation (QBP) introduced by
Hastings [26], and with a recent increase of attention due to its various applications, see
e.g. [1,5,23,28,31,32,34,36,48]. We show that quantum belief propagation, together
with the well-known Lieb—Robinson bounds [38,42,43], allows exploiting the local
structure of the Hamiltonian in order to prove LPPL.

Then, by using QBP again, we show that uniform decay of correlations implies
uniform stability to local perturbations (uniform LPPL), which in turn implies local
indistinguishability of the Gibbs state. Uniformity here means that a property does not
only hold for a given Gibbs state or Hamiltonian, but also for the Gibbs states of the
restrictions of the Hamiltonian to smaller domains.

Finally, to close the circle, we also show that local indistinguishability implies uni-
form decay of correlations. This is well-known in the case of finite-range Hamiltonians,
but the proof for arbitrary local Hamiltonians requires more care and is again based on
QBP.

Combining these three implications, our main result is that local indistinguishability,
uniform LPPL and uniform decay of correlations are actually three equivalent ways to
describe the locality properties of Gibbs states. See also Fig. 1.

Main Result (informal). Let H be the Hamiltonian of a finite interacting quantum spin
system and B > 0. Then the following three properties are equivalent:

(a) The Gibbs state at inverse temperature B satisfies uniform decay of correlations
(Definition 1).
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(b) The Gibbs state at inverse temperature B satisfies uniform LPPL, i.e. the expectation
values of observables are stable against local perturbations of the Hamiltonian
(Definition 2).

(c) The Gibbs state at inverse temperature B satisfies local indistinguishability (Defi-
nition 3).

In the main text, the three implications (a) = (b), (b) = (c)and (¢) = (a) are
split into the three Theorems 22, 29 and 31, respectively, and refined results for one-
dimensional spin chains can be found in Theorems 36, 37 and 38.

We emphasize that we present a rigorous framework that allows relating LPPL and
local indistinguishability to decay of correlations for very general interactions that have
a finite interaction norm of the form (1). In this way, we are able to treat finite-range,
short-range, and long-range interactions in a unified way. To guide the reader through our
results, we always show, along with the general statements, the implications for short-
range interactions as an immediate and demonstrative example. The core message of our
work is that, whenever there are results on the decay of correlations for the Gibbs state,
one can immediately obtain quantitative versions of LPPL and local indistinguishability
by applying our theorems.

To illustrate this idea, in Sect.3 we collect some physically relevant applications
of our general results and prove LPPL and local indistinguishability for systems for
which these properties have not been known before. First, we focus on one-dimensional
quantum spin chains: assuming translation invariance, (uniform) exponential decay of
correlations is known to hold at every temperature if the interactions are also finite-range
[3,7], and above a critical temperature in the short-range case [45] for the infinite-chain.
We first extend the latter result to finite chains, and then, by applying our framework,
we show LPPL and local indistinguishability. Quite recently it has been shown [35] that
decay of correlations for short-range interactions holds at any positive temperature if
one relaxes the decay to stretched exponential. With that input, we directly obtain LPPL
and local indistinguishability with a stretched exponential decay rate for such systems.
Furthermore, we also apply our results to spin chains with long-range interactions, where
polynomial decay of correlations has recently been shown [35] at any positive tempera-
ture. Finally, in any dimension, for quantum spin systems with finite-range interactions
at high enough temperature, it is known that Gibbs states satisfy (uniform) exponential
decay of correlation, as proven in [33]. Thus, as a byproduct of our results, we also re-
cover the known results [33] of uniform LPPL and local indistinguishability, both with
exponential decay. Compared to the proof in [33] our methods have the advantage of
relying only on decay of the covariance of the unperturbed Gibbs state, rather than on
decay of the generalized covariance of the perturbed Gibbs states, an object about which
much less is known.

On the side, we use QBP to recover a known result saying that the Gibbs state is
stable (in trace norm) against small (in norm) perturbations. Moreover, we show that
local expectation values are stable against perturbations by sums of small local terms in
the underlying Hamiltonian, assuming some algebraic decay of correlations. A similar
result was recently indicated in [46]. Furthermore, we note that in the recent work [51],
the stability against sum of local terms perturbations has been analysed in connection
to quantum simulations and quantum advantage. Related and in some respects stronger
results for small perturbations of classical systems at low temperature were obtained in
[19,20].
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uniform (for A’ C A)
decay of correlations Theorem 22

QBP and LR-bounds

Theorem 31

[COVpA/ (X:Y)<cC |X|e—ad(X,Y)]
B

T ; - . uniform (for A’ C A)
(Iocal |nd|st|ngmshablllty] T Theorem 29 [Iocal perturbations perturb Iocally]
A A 7 ’
|Tr(og B) = Tr(pg B) ITe(of [H) B) — Te(pf [H + V] B)|

< C||B] 44 A\4) < C||B]| eIV —ad(X.)

Fig. 1. The diagram shows the main implications discussed in this work for short-range interactions. In
particular, we show “equivalence” of the three concepts in the picture. Note, that the formulas are mainly
illustrative for the concepts and in particular the constants change, see Remark 33. A crucial ingredient in
all the implications is quantum belief propagation (QBP) coupled with Lieb—Robinson bounds. For precise
statements we refer to the Theorems. In certain physical dimensions and temperature regimes, exponential
decay of correlations is known to hold by earlier results, for which all three properties are thus satisfied

1.1. Organization of the paper. In Sect.2 we introduce the mathematical framework and
provide a precise definition of decay of correlations, LPPL and local indistinguishability.
After that, in Sect. 3 we conclude the introductory sections by showing several applica-
tions of our main results to Gibbs states of one-dimensional quantum spin chains and to
high-temperature Gibbs states in any dimensions. Section4 is devoted to the analysis of
quantum belief propagation, which is the tool at the core of our proofs. The proofs of
the results of Sect.4 are given in Sect. 10. Section 5 contains the theorems, which allow
concluding (uniform) LPPL from (uniform) decay of correlations. Then, in Sect.6 and
Sect.7, we provide the equivalence shown in Fig. 1. In Sect. 8 we show stability of local
expectation values against perturbations in the underlying Hamiltonian. Finally, Sect.9
is dedicated to the analysis of one-dimensional spin chains.

2. Mathematical Setup and Important Concepts

Consider the regular lattice Z", for fixed v € N, equipped with the £'-metric d: Z" x
7" — N. We denote arbitrary subsets as A C Z" (including equality) and finite subsets
by A" € A (again including equality if A is finite). The cardinality of a set A € Z" is
denoted by | A|. Given any two subsets X, Y C Z" we denote by d (X, Y) their distance
with respect to the metric d. Likewise, we denote by diam(X) := sup, ,cx d(x, y) the
diameter of X. For aset X C A and r > 0, we denote the r-neighbourhood

X, ={xeAldx,X)<r}

where the base set A will be clear from the context.

With every site x € Z" we associate a finite-dimensional local Hilbert space H, =
CP with the corresponding space of linear operators denoted by A, := B ((CD ) For
each A € Z" we define the Hilbert space H 4 := ®x e Hyx, and denote the algebra of
bounded linear operators on H 4 by A4 := B(H 4). Due to the tensor product structure,
we have Ay = @, .4 B(H,). Hence, for X C A € Z", any A € Ax can be viewed
as an element of A, by identifying A with A ® 14\x € A4, where 14\x denotes the
identity in A4\ x. This identification is always understood implicitly and for B € A4
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we denote by supp(B) the smallest Y C A such that B € Ay. For every A C Z", let

.AA = U AA'

AEA

be the algebra of quasi-local observables, where completion is with respect to the operator
norm and is only relevant if A is not finite.
An interaction on A C Z" is a function

Ui (X EA > Ap, X ¥ (X)eAx with ¥(X) =¥ (X)*.
For each A’ € A, the corresponding local Hamiltonian is then defined as
Hy = Z ¥ (X).
XcA

There are several types of interactions we will consider in the following. The first are
finite-range interactions, for which there exists R > 0 and J > 0 such that ¢ (X) = 0
whenever diam(X) > R and |¥ (X)| < J forall X C A.

The other are general decaying interactions, for which we define the interaction norm

[Z| ¥ (D)
U g = § 1
¥F = ngg =, dlam(z)) (H

for some decaying F': [0, o0) — (0, co) with F'(0) < 1 and require ||¥ | r < oco. The
extra | Z| is included in the norm to obtain simpler explicit bounds. Along all the general
statements, we will provide exemplary results for so-called short-range or exponentially
decaying interactions with F'(r) = exp(—br), for some b > 0. Other regularly used
classes are stretched exponentially decaying interactions with F(r) = exp(—br?) for
some p € (0, 1) and so-called long-range or polynomially decaying interactions with
F(r) = (r+1)7* for some @ > 0. Relevant applications to all those types of interactions
can be found in Sect. 3.

Note that on finite A, every interaction can be seen as a finite-range interaction with
range R < diam(A). However, the range R will enter our bounds explicitly. Hence, even
on finite lattices, it makes sense to consider general decaying interactions, for which only
the interaction norm (1) enters the bounds.

We also emphasize that the various constants, which appear in all definitions and
results below, do not depend on A. Thus, all results are uniform in | A|, and one can take
the thermodynamic limit.

For any Hilbert space H and self-adjoint operator H € B(H) we denote the Gibbs
state at inverse temperature 8 € (0, co) by
Higy._ €0
pg [H] = Tr(e—PH)’

where Tr denotes the (unnormalized) trace over H. For a lattice system on A C Z" and
A’ @ A we abbreviate

4 H 4 ’ ’
pp (K] := pg VK] for K €Ay and pp = pj [Hyl.
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Additionally, whenever we consider a path H/(s) = Hpr +5s V € A4/, we denote

pi(5) == P [Ha(9)].

Let us now introduce the three concepts for which we want to prove equivalence as
described in the introduction and depicted in Fig. 1.

2.1. Decay of correlations. Let A € Z" and p be a state on A 4. Then the covariance
of two operators A € Ax and B € Ay, localized in X, Y C A is defined as
Cov,(A, B) := Tr(,o A B) — Tr(,o A) Tr(,o B). )

To remove the explicit dependence on the operators, we define

Cov,(X;Y) = sup |C0vp(A, B)|.
AeAx: ||A|=1,
BeAy: ||B||=1

One of the main concepts, we will use later is decay of correlations, sometimes also
called clustering (of correlations).

Definition 1 ((Uniform) decay of correlations). Let A € Z" and p be a state on .4 4. We
say that p satisfies decay of correlations with respect to the continuous functions ¢coy,
fcov: [0, 00) — [0, 00) and n > 0 if and only if

Covo(X; Y) < IXI" feov(1Y1) Scov(d(X, 1))

forall X, Y C A.

With a little abuse of notation, we say that an interaction ¥ satisfies uniform decay
of correlations (at inverse temperature ) on A if and only if the Gibbs states plg‘/ [Hy]
satisfy decay of correlations with respect to the same functions and n for every A’ C A.

One could equivalently take the minimum with the same bound where X and Y are
exchanged. But for simplicity in the presentation, we will always write the bound in this
way without writing the minimum explicitly. We choose this rather general definition
with arbitrary functions as a compromise between understandable proofs and validity
for different results on decay of correlations coming from previous literature [3,33,35].
A possible extension is to consider a bound where the growth is only in the size of
the boundaries X and dY of the sets. This setting will be discussed in detail for one-
dimensional spin chains, where |0 X| = 2 for all intervals X.

We say that p satisfies exponential decay of correlations, if {coy(r) < Ccoy €~ Cov"
for some Ccoy, ccov > 0.

2.2. Local perturbations perturb locally. The second concept measures stability of a
system against local perturbations, in the sense that expectation values of local observ-
ables supported far away from the perturbation change only very little. We refer to this
stability as local perturbations perturb locally (LPPL), a term used for the local stability
of ground states in previous works [9,13,21,29].
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Definition 2 ((Uniform) local perturbations perturb locally (LPPL)). Let A € Z" and
H € A, be self-adjoint. We say that H satisfies LPPL (at inverse temperature ) with
respect to the continuous functions fippr, gLppPL, {LppPL: [0, 00) — [0, 00) and n > 0,
if and only if

Te(pf [H1B) — Tr(pg (H + V1B)| < I1BIIXI" fippL(1¥]) gLpp(IV 1) cLppL(d (X, V)

forall X, Y C A,V € Ay self-adjointand B € Ay.
We say that an interaction ¥ satisfies uniform LPPL (at inverse temperature ) on A if
and only if H 4 satisfies LPPL with respect to the same functions and n forevery A’ C A.

2.3. Local indistinguishability. The final property we are interested in is locality of
the Gibbs state, in the sense that expectation values of local operators can be well
approximated by the expectation values in the Gibbs state on a smaller set A" C A as
long as they are localized far apart from A\ A’. This property goes under the name local
indistinguishability [5,7]. We note that it was also called locality of temperature in [33].

Definition 3 (Local indistinguishability). Let A € Z" and ¥ be an interaction. We say
that ¥ satisfies local indistinguishability (at inverse temperature 8) on A with respect
to the continuous functions fi1 and ¢r1: [0, c0) — [0, co) if and only if

Tr(pf LHAI B) — Tr(pj [Ha1 B)| < 1BI| fu(1Y1]) Sui(d(Y, A\ A)))
forallY Cc A’ C Aand B € Ay.

A similar property for ground states is also of great interest and often called local
topological quantum order (LTQO) for historical reasons. See [44, sect. 2.2.2] for a
discussion of LTQO. To emphasize the above flavour, it sometimes gets more descrip-
tive names like “indistinguishability radius” [44]. In most works, LTQO is taken as an
assumption, see e.g. [9,41]. It is only known to be satisfied in very simple systems, see
[44] for an overview and [9,18,29,49].

Remark 4. Note that decay of correlations is a property of a state, LPPL is a property of a
Hamiltonian, and local indistinguishability is a property of an interaction. Clearly in all
three concepts the most relevant information is the decay function: ¢coy encodes the rate
of decay of correlations in a state between different regions in space, ¢ ppr, controls the
rate at which the influence of a perturbation decays in the distance to the region where it
is supported, and &1 | encodes the rate at which the influence of the boundary on a Gibbs
state decays into the bulk of a system.

Remark 5. Let us briefly comment on how our results extend to infinite volume systems
and how they are related and might be useful for related questions in infinite volume.
Since all our estimates are uniform in the system size | A, they extend to the KMS state
for the infinite volume system that is obtained as the weak™-limit of the finite volume
Gibbs states plg‘ for A 7 Z". The existence of this limit is guaranteed, for example, by
the local indistinguishability property. In particular, our circle of equivalences implies
that uniform decay of correlations or uniform LPPL at a certain inverse temperature j
are also sufficient conditions for the existence of this limit. Note, however, that even
if one had a property like local indistinguishability uniformly for different boundary
conditions, uniqueness of the KMS state is not expected to our knowledge [16, chap. 6].
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Related questions concerning the stability of KMS states in infinite volume that have
been discussed intensively in the literature are return and approach to equilibrium (see
e.g. [30,47] and references therein). Roughly speaking, return to equilibrium is the
property that a KMS state of a locally perturbed system returns under the unperturbed
dynamics to the associated KMS state of the unperturbed system in the limit # — oo and
in the weak™*-topology [47]. The idea is that local changes in the KMS state disperse or
propagate to spatial infinity under the unperturbed evolution, which is usually assumed
to be asymptotically abelian. Note that this problem is somewhat independent of LPPL,
which claims that a local perturbation leads to a local change in the Gibbs or KMS state.
It is conceivable that a local perturbation changes the KMS state only locally, but that
this change then persists under the unperturbed dynamics. On the other hand, it is also
possible that a system does not satisfy LPPL, but still exhibits return to equilibrium.
This is because LPPL implies that the perturbed KMS state is normal with respect to the
unperturbed one, while this is not a necessary condition for return to equilibrium [47].

The problem of approach to equilibrium in its general formulation proposed in [30]
is completely open. The question is whether general initial states approach in the long
time average and in the weak™ sense a superposition of KMS states. In [30] this problem
was studied for initial states that are themselves KMS states for a different system.
While to our understanding this problem is also independent of the LPPL property, our
Theorem 34 establishes a form of Lipschitz continuity of the Gibbs state as a function
of the defining interaction, which might be a useful ingredient when studying approach
to equilibrium.

3. Applications of the General Results

Before formally stating and proving our main results, in this section we first present,
also as a motivation, a collection of applications to various classes of spin systems. In all
cases, we start from quantitative bounds on the decay of correlations, which have either
been shown before or will be shown later.

We focus first on one-dimensional quantum spin systems, for which we consider the
following cases separately: translation-invariant short-range interactions at high enough
temperature, short-range interactions at any positive temperature, and long-range inter-
actions at any positive temperature.

For all of them, decay of correlations (with different decay rates) is known to hold
[3,7,35,45] oris proved in this paper (see Theorem 6). We then turn our attention to finite-
range quantum spin systems of arbitrary dimension, for which (uniform) exponential
decay of correlations above a threshold temperature is known to be satisfied [33].

3.1. One-dimensional translation-invariant short-range systems. In this section, we re-
strict our attention to translation-invariant short-range spin systems. For one-dimensional
translation-invariant systems, Araki [3] proved that the infinite chain satisfies exponential
decay of correlations at every positive temperature, and this was subsequently extended
to short-range interactions in [45] above a threshold temperature. As a consequence
of this, the analogous result for finite-range finite chains was recently shown in [7].
In the current manuscript, we extend this to short-range interactions above a threshold
temperature. A precise definition of translation-invariant interactions is given in Sect.9,
basically it means that ¥ (X) and ¥ (X + n) are the same operator on different parts
Ax >~ Axy, of the lattice.
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Theorem 6. Letb > Qand ¥ be atranslation-invariant interaction with | ¥ ||exp(—p» ) < 00
and denote B* := b/ (2 ||¥ ||1). Then, for all B € (0, B*), the Gibbs state satisfies decay
of correlations in the sense that there exist Ccoy, cCoy > 0 such that for every finite
interval I C 7 and subintervals X, Y C 1, it holds that

Cov,1 (X ¥) = Ceoy g CCovd(XY)

From Theorems 36 and 37, we conclude the following statement.

Corollary 7. Let b and Ciyy > 0, and ¥ be a translation-invariant interaction with
¥ llexp(—b-) < 00. Denote B* := b/(2||W¥1). Then, for all B € (0, %), there exist
constants CLppL, cLppL, CLI, cL1 > O such that the following statements hold for all
intervals I € Z.

(a) The Gibbs state satisfies LPPL in the sense that
| Tr(ppLHy1B) — Tr(pglHp + V1 B)| < Crppr 1V (14| V]]) || B]| e~ crpr 4D

for all subintervals X, Y1,Yy C I, suchthat Yy < X < Ya, Y = Y1 U Yy, all self-
adjoint perturbations V. € Ax and all observables B = By ® By with By € Ay,
and By € .Ayz.

(b) The interaction satisfies local indistinguishability in the sense that

|Tr(pé B) - Tr(pé\x B)| < Cyp || B e~ et %)

for all subintervals X,Y1,Y> C I, suchthat Yy < X < Y, Y =Y UY>3, and all
observables B = By ® By with B| € Ay, and By € Ay,.

The proof of this result is a straightforward application of Theorems 36 and 37 under
the conditions of Theorem 6. We refer to Sect.9 for a detailed exposition of all these
results.

3.2. One-dimensional short-range systems. In this and the next section we restrict to so
called k-local interactions, which satisty ¥ (Z) = 0if | Z| > k. Additionally we will - as
before - require a decay of the terms ¥ (Z) in diam(Z) by specifying an interaction norm.
And again, we only consider one-dimensional systems A € Z. For such systems, Kimura
and Kuwahara [35] recently proved decay of correlations for short-range interactions.

Theorem 8 ([35, Theorem 1]). Let b, Ciyy and k > 0. Then, for any > 0 there exist
constants Ccoy, cCov > 0 such that all k-local interactions ¥ with | |lexp(—b-) < Cint
satisfy decay of correlations such that

Covpéx (X:Y) < Ceoy e~ CCov VAXY)

forall A € Z, and intervals X, Y C A.

From Theorems 22 and 29 we obtain the following statement. A short proof is given
in Appendix A.1.

Corollary 9. Let b, Ciyc and k > 0. Then, for any B > 0 there exist constants CyppL,
cLppL, CL1 > O such that the following statements hold for all k-local interactions ¥
with ”lp”exp(—b-) < Cint.
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(a) The Gibbs state satisfies LPPL in the sense that
|Tr(pj (Ha] B) = Tr(pj [Ha + V1B)| < Crep IV (14 | V]]) || B|| e~ VAT (3)

forall A € Z, intervals X, Y C A, V € Ay self-adjoint and B € Ay.
(b) The interaction satisfies local indistinguishability in the sense that

Te(oft B) = Tr(pf B)| = CLilBI (1+/d(Y, A\ A)) e uv/d0 A

forall A" C A € Z,intervalsY C A'and B € Ay, withcy = bcLppL/,/b? + cprL.

Kimura and Kuwahara [35] prove a more general statement, which includes stretched
exponentially decaying interactions. For such interactions, one obtains a similar result
by using different Lieb—Robinson bounds to calculate {opp. Moreover, they prove decay
of correlations for long-range interactions, which we discuss in the next section.

3.3. One-dimensional long-range systems. Let us consider k-local interactions (see
Sect. 3.2) with polynomial decay in the sense that

. ¥ ()l
¥ IllF, == sup T
x,yeA Z@A:Fa(d(x’ y))
x,yeZ

00, “4)

with Fy(r) := (r + 1)~*. For such interactions, Kimura and Kuwahara [35] recently
obtained a bound on decay of correlations in one-dimensional systems.

Theorem 10 ([35, Theorem 1]). Let @ > 2, acoy < @ — 2, Cine and k > 0. Then, for
any f > 0 there exist constants Ccoy, ccov > 0 such that all k-local interactions ¥ with
¥ llF, < Cin satisfy decay of correlations such that

Covya (X ¥) = € Fog, (d(X.Y))

forall A € Z and intervals X, Y C A.

From Theorems 22 and 29 we obtain the following statement. A short proof is given
in Appendix A.2.

Corollary 11. Let Cipe > 0, k, B > 0. The following statements hold.

(a) For every o > 2, arppL, < o — 2 there exist a constant Cyppy, > 0 such that for all
k-local interactions ¥ on Z with |||¥ || r, < Cint

|Tr(0f [HAl B) — Tr(pf [Ha + V1B)|
< Cropr €IV (1 + V) 1 B)| Fappe (d(X, Y)) Q)

forall A € Z, intervals X, Y C A, V € Ay self-adjoint and B € Ay.
(b) Foreverya > 3, ar1 < o — 3 there exist a constant Cry > 0 such that for all k-local
interactions ¥ on Z with |||¥ ||| r, < Cint

rp - rlo/ = LI oL )
Tr(pf' B) — Tr(pj B)| < CLilIBI| Fuy, (d(Y. A\ A"))

forall A" C A @Z, intervals Y C A and B € Ay.
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3.4. v-dimensional short-range systems at high temperature. At high enough tempera-
ture, Gibbs states of finite-range Hamiltonians in any dimension satisfy uniform expo-
nential decay of correlations [33] (see Remark 14). This behaviour is expected also for
systems that have short-range interactions.

Conjecture 12. Let Cj, b > 0 and v € N, then there exists 8*, Ccoy, ccoy > 0
and n € N such that the following holds: Let ¥ be an interaction on Z' such that
1¥ llexp(—b-) < Cine- Then, for every B < g* and A € Z", the Gibbs state pé‘ satisfies
decay of correlations in the sense of Definition 1 with constants such that

Covpg (X’ Y) = CCOV |X|I’l |Y|n e_cC&)vd(X,Y)

forall X,Y C A.

If the Conjecture 12 is satisfied, then our general Theorems 22 and 29 imply that
the Gibbs states of such systems are also stable against local perturbations and satisfy
local indistinguishability. A short proof of how the claimed exponential decay rates are
obtained from the general formulas is given in Appendix A.3.

Corollary 13. Assume that Conjecture 12 holds true. Let Cin;, b > 0 and v € N, and
let B* and n as in Conjecture 12. Then there exist constants C, ¢ > 0 such that the
following holds for all interactions ¥ on 7" satisfying ||¥ llexp(—b-) < Cint:

(a) Forall A € Z’, X, Y C A, V € Ay self-adjoint, B € Ay and B < B*
Tr(pf [HA B) — Tr(pf [Ha + V1 B)| < CPIVI (14 [ V])) | B] X" |Y[" e XD,
(b) ForallY c A" c A €Z", B € Ay and B < B*
[ Tr(oft B) = Tr(pf B)| < C BIB |Y|"™! = c!®-M,
Remark 14. A few remarks are in order:

e Conjecture 12 is known to be true for finite-range interactions, as it has been shown in
[33], which s also one of the very few previous results on LPPL and local indistinguisha-
bility for finite-range interactions. Indeed, by using the explicit decay of correlations
obtained in [33] together with our Theorem 22 and Theorem 29 we recover the result of
[33], namely estimates analogous to those in Corollary 13 (a) and (b) but with scaling
|0Y |2 instead of the |X|" |Y|" and |Y|**!, respectively.! However, we emphasize that
the proof in [33] requires not only the control on the decay of correlations but also on the
decay of the generalized covariance for all the Gibbs states of the perturbed Hamiltonian
H (s). In this respect, our result makes the locality and stability results in principle more
accessible.

e In dimension v = 1, Conjecture 12 is true for translation-invariant interactions. More-
over, the critical temperature 8* vanishes when reducing to translation-invariant finite-
range interactions in one dimension due to [45]. This setting is addressed in detail in
Sect.9.

e Theorem 3.2 in [24] implies Conjecture 12. However, after finishing this manuscript,
it was pointed out to us [12] that the proof presented in [24] only proves a scaling
exp(|X| + 1Y) [25] instead of the claimed |X| |Y|. The exponential prefactor, which is
not considered to be optimal, is insufficient to apply our results.

1 First, note that Y in [33] is the boundary in the interaction graph, i.e. it scales with the range R. To obtain
the claimed scaling, we slightly modify their proof: After [33, eq. (47)] we apply the same bound, but with
x = 1,toupperbound [33,eq. (47)] by 23 | e ~L/EWB) y(1 —e~V/EB)) forall L > Ly := &(B) In(|aY|/(1-
e~ 1/E(B))), where &(B) as in [33, eq. (10)]. Multiplying this bound by [3Y|/(1 — e~ 1/5B)) = eLo/8(B) > |
makes it valid for all L > 0 due to the trivial bound |Cov, (X; Y)| < 2.
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4. Quantum Belief Propagation

This section is devoted to the introduction of the quantum belief propagation (QBP), the
main tool for our analysis. The concept was originally introduced by Hastings [26]. More
recently, the concept of QBP attracted more attention and has been used for different
applications, see for example the works [1,5,23,28,31,32,34,36,46,48]. See also the
review [2] and Remark 21 for a more detailed discussion on the literature.

Here, we offer a rigorous exploration of quantum belief propagation, expanding upon
earlier findings. In particular, we show how to extend the technique from the exponential
of a Hamiltonian to its Gibbs state. A step which was used in some of the mentioned
works without justification. Moreover, we also include short- and long-range interactions
instead of finite-range interactions only. To enhance the text’s clarity, we have chosen to
postpone the proofs to Sect. 10.

The first theorem does not need any locality properties of the Hamiltonians. There-
fore, we state the theorem for general self-adjoint operators on a finite-dimensional
Hilbert space. Notice that in [23] the authors extend the QBP equation for the perturbed
exponential, namely equation (6), to KMS states of general W*-dynamical systems.

Proposition 15 (Quantum belief propagation, general statement). Let H be a finite-
dimensional Hilbert space and H and V self-adjoint operators on H. We consider the
path of Hamiltonians H(s) := H + s V. Then, the following holds true.

(a) The exponentials e P satisfy the differential equation

d B '
L oBHG) — _P | —BH(s) HH)
ds© 2 {e - Pp <V>}, (6)

where ¢£I(S)(V) is defined by

00 . .
(pg(Y)(W) = / dt fﬂ(t) e*llH(S) WeltH(X), (7)
—00
for all self-adjoint operators W on H with fg an exponentially decaying L'-function,
which is explicitly given in (26). Clearly H @g(s)(W) H < |[|W].
Moreover, there exists a path of operators s +— n(s), given in (28), such that
e PHE) = n(s)ePHO) n(s)* and n(s)| <171,
(b) Equation (6) implies that the path of perturbed Gibbs state s — pg(s) 1= ,0731[H(s)]

satisfies the differential equation

d p H(s)

Zpp() = =3 {05, 0 (V = (V)00) |- ®)
Moreover, there exists a path of operators s +— 1(s) suchthat pg(s) = 7(s) pg(0) 7(s)*,
7o)l < eIVl and

lop(0) — pg(s)ll1 < 2PV _ g, )

Proposition 15 not only gives two useful differential equations, but also proves conti-
nuity of the Gibbs state in the Hamiltonian and stability of the Gibbs state against small
perturbations, see equation (9). To make the result more explicit, we often use the bound

e —1<x(@ —1) forall x €[0,1],y >0, (10)
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which for example allows to bound e?# 1Vl — 1 <5 (e2£IVI — 1),

Note that the existence of an operator « (s) such that e PHE) = o (5) e PHO) 4 (5)*
is not surprising, and the same holds for the normalized state. Indeed, many choices
are possible since we only require one state to be mapped to another. One can also
choose k (s) = e PH)/2 BHO)/2 see 16, Corollary 5.4.2] together with the discussion
following it and [2, sect. III.B]. This is enough to obtain continuity of the Gibbs state,
ie. lpg(0) — pg(s)l — O for s — O but without the explicit bound in (9), see [16,
Theorem 5.4.4(3)].

The main advantage of the specific operators n(s) and 77(s) provided by quantum
belief propagation is their bounded norm and the locality, which will be stated in Propo-
sition 18. For the « (s) given above, boundedness and locality can be proven above a
threshold temperature for finite-range Hamiltonian, see [2, eq. (36),(37)]. But for smaller
temperatures, there are nearest neighbour Hamiltonians [ 14, Main Theorem], where these
proofs fail and where we expect that the norm of « (s) diverges in the thermodynamic
limit.

Remark 16. A very similar concept appears in the context of Hamiltonians with gapped
ground states [13]. There

d o
—i P =—[P@), @V (V)],

where P (s) is the projection onto the ground state of H (s) and qﬁ;’ ®) (V) is defined as
in (7) but with a different function f, . One then solves the Schrodinger equation and
obtains the unitary propagator U (s) such that

P(s)=U(s) PO U(s)",

which one can also approximate. It satisfies |[U(s)|| = |U(s)*|| = 1 and U(s)* =
U (s)~!, which we do not have for the n(s). For the ground state projection, the uniform
(in s) gap above the ground state is crucial, which is not the case for the Gibbs state.
However, the estimates we obtain for the Gibbs state are not useful to analyse the § — oo
regime.

Proposition 15 becomes even more interesting when we apply it to the lattice setting
described in Sect. 2, because locality of the Hamiltonian H 4 and localization of V will

result in quasi-locality of d)g“ ©) The locality of the Hamiltonian is often measured

in terms of Lieb—Robinson bounds [38,42,43]. These bounds measure how fast (the
support of) an operator spreads under the Heisenberg time evolution.

Definition 17 (Lieb—Robinson bound). Let A € Z'. We say thata Hamiltonian H € A4
satisfies a Lieb—Robinson bound with decay {1r: {X C A} x {Y C A} x [0, 00) —
[0, c0) if

[[e" Ae"™, B]| < Al IBI tLr(X. Y. |t])
forall X, Y C A,A e Ax,B € Ay andt € R.

For short-range interactions, the Lieb—Robinson bound decay can be proven to be

ar(X, Y. |t]) =2 min{|X], |Y|} ePClImdXT)
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with the Lieb—Robinson velocity v = 2 ||¥ [lexp(—b ) /b, see Proposition 44 for a precise
statement. Such Lieb—Robinson bounds are known for spin systems [43, Theorem 3.1]
and lattice fermions [42, Theorem 3.1(i)]. Similarly, for long-range interactions, Lieb—
Robinson bounds with polynomial decay in the distance d(X, Y) are known [22], see
Proposition 45. We keep this very general assumption on the Lieb—Robinson bounds
to render our results applicable for a large class of interactions. Moreover, it allows us
to obtain improved results for one-dimensional systems when we restrict X to be an
interval.

Proposition 18 (Quantum belief propagation on a lattice). Let A € Z", H € Ay
self-adjoint, X C A, and V € Ay self-adjoint. For s € [0, 1], consider the path of
Hamiltonians H(s) := H +s V. Moreover, assume that all Hamiltonians H (s) satisfy a
Lieb—Robinson bound with {1 r decay uniformly in s. Let {gpp: { X € A} x [0, 00) —
[0, 00) with

Gopp (X, 1) = min{2, inf SR (X. A\ X, lzmgorarp +4e 7 [ (1D

which only depends on {1 R and the inverse temperature B. Then the following holds:
(a) For any W € Ay, the operators q§g(s)(W) defined in (7) can be approximated by

local operators <Dgr(s)(W) € Ax, supported on the r-neighbourhood X,, such that

o W)l < 1@, (W) and

|25 W) — oW < IWIl ¢orp(X. ).
(b) The operators n(s) defined in Proposition 15 (a) can be approximated by local op-
erators 0, (s) € Ax, supported on X, such that ||n,(s)|| < ||n(s)| and

B
Ines) = n)| < Esivirez " zope (X, r).

(c) The operators 1)(s) defined in Proposition 15 (b) can be approximated by operators
nr(s) € Ax, supported on X, such that ||, (s)|| < |7(s)|| and

[iis) = 7 )| < Bs IVIIeP TV copp(X, r). (12)

When using the approximations given by Proposition 18, it is important to note that
bothmaps o — 7j(s) o0 7%(s) and o — 7,(s) o 77} (s) are completely positive, butin gen-
eral not trace preserving. Only for the Gibbs state pg (s), clearly, Tr(ﬁ(s) pp(0) * (s)) =
Tr(pg(s)) = 1, and by (12) one can conclude Tr (7}, (s) pp(0) 7} (s)) ~ 1.

For the applications discussed in this work, it is enough to have some local approxima-
tion of ¢g(‘y)(W), which we construct in Sect. 10.2.2 using a conditional expectation,
which is basically a partial trace for spin systems. For numerical implementations, it

might be useful to instead use cbgl’(’ (W), i.e. (7) with the Hamiltonian truncated to X,

as an approximation. Qualitatively, the result would be as in Proposition 18 by using a
bound like [43, Theorem 3.4 (ii)] instead of (32) in the proof.

Remark 19. In Proposition 18 we assume a uniform Lieb—Robinson bound for all Hamil-
tonians H (s) = H+s V. This simplifies the statement and allows for better bounds when
we later prove local indistinguishability. The assumption can be dropped by the stability
result for the Lieb—Robinson bound we provide in Lemma 42 at the price of an extra
factor ||V || in {gBp, see Lemma 20 (b).
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Lemma 20 ({ggp for short-range interactions). Let b > 0 and ¥ be an interaction on
A € 77 satisfying |¥ |lexp(—p) < 00, X C A and V € Ay self-adjoint. Then for all
Hamiltonians H(s) = H + s V the following holds:

(a) If also |¥ + V |lexp(—b-) < 0O, then

b
CoBp(X,7) <6|X|e T

where a = 2 max{||¥ lexp(—b-). | + V [lexp(=b-)}-
(b) In general, it holds that

_b
¢qep(X,r) < Capp (1 + V) |X|e T, (13)

where Copp = 6 max{1,2/(bvy)} and a = % 1Y llexp(—b -)-

Moreover, if X = B;(R) :={x € A|d(x,z) < R}isaball(forsomez € AandR > 1)
we can replace | X| in both bounds with l%b |0X|, where 0X = B;(R)\B;(R — 1). In

particular, for intervals X C 7 in dimension v = 1, we can replace | X| by 2 %.

We also provide similar estimates for long-range interactions in Lemma 46, the proofs
are given in Sect. 10.3.

Remark 21. The original proof of the quantum belief propagation is due to Hastings
[26] and was only concerned with a differential equation for the perturbed exponential
e BHG) namely the first part of Proposition 15 (a) and Proposition 18 (a) and (b).
However, note that the equation obtained in [26] was different than the one we show
here, which is instead the one that is commonly used nowadays and, as far as we know,
appeared first in [34,36]. The other works that used QBP [1,5,23,28,31,32,34,36] were
mainly focused on a differential equation for the perturbed exponential, while our main
focus is the use of QBP directly on the Gibbs state, namely the differential equation (8)
and its locality properties, for which we provide a thorough discussion in Sect. 10. A
similar approach was used for a slightly different application and finite-range interactions
in [48].

5. LPPL from Decay of Correlations

Using quantum belief propagation, we now show that Gibbs states are stable against
local perturbations in the Hamiltonian whenever they satisfy decay of correlations.

Theorem 22 (LPPL from correlations in the unperturbed state). Let A € Z*, H € Ay
self-adjoint, X C A, and V € Ay self-adjoint. For s € [0, 1], consider the path of
Hamiltonians H(s) := H + sV with Gibbs states pg(s). Moreover, assume that all
Hamiltonians H (s) satisfy a Lieb—Robinson bound with {1 r-decay uniformly in s, and
let ¢qBp be the function from Proposition 18. Then, forallY C A, B € Ay andr > 0,
we have

| Tr(pp(0) B) — Tr(pp(1) B)| < V1Bl (Covy0)(Xr: ¥) +4 B[V coBp(X, 7).
(14)
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Remark 23 (Simplified short-range version). Let ¥ be a short-range interaction and
assume that the Gibbs state pg(0) satisfies exponential decay of correlations with respect
to Loov(7) = Ccov €€, foov(IY]) = |Y|™ and n > 0 in the sense of Definition 1.
Then Theorem 22 implies that for every ¢ < cp 1= ccov cQBP/(CCov + CQBP), Where
cqBp is the decay exponent in (13), there exists a constant C > 0 such that for all X,
Y C A,V € Ay self-adjoint and B € Ay

[ Te(pp (0) B) — Tr(pp(1) B)| < eIV (14 |V ) 1B |X|™X2) |y emedD),

Notice that we only need to know decay of correlations in the unperturbed state pg(0)
in order to control the bound (14). This allows to use it in conjunction with decay
of correlations in translation-invariant systems in one dimension [3,45]. Although the
bound (14) holds for all temperatures, it still diverges for 8 — oo and is thus not useful
in the zero temperature limit.

Proof. For the proof, we drop the subscript g. Under the assumptions of the proposition,
let 77(s) be the operators from Proposition 15 (b) such that p(s) = 77(s) p(0) 77(s)*, and
1, (s) be their local approximations from Proposition 18 (c¢) with r < d(X,Y) such
that [B, 77,] = 0. We abbreviate p := p(0), 17 := 1(s), and 7, := 1, (s). Then,

Tr(,o (s) B) — Tr(,o B)
=Tr(7p7* B) — Tr(p B)
= Te(( — ) p 7* B) + Te (it p Gi* — i7) B) + Te (o 7 i, B) — Tr(p B).

The first two terms are bounded by |7 — 7|l (71l + I7-1l) I Bll. Thus, for B = 1, we
obtain |Tr(p 7 i) — 1| < Ilii — @Il (Il7ill + ||7-1l). Hence, we can replace Tr(p B) by
Tr(p 71} 7r) Tr(p B) to recover the covariance and obtain

|Tr(p(s) B) — Tr(p B)|
< 215 = 7 (Il + 171) 1Bl + |Cov, (7} 7y, B)|
<4| B Bs VIV copp(X, ) + | B 51V Cov, (X, ; V).
O

Remark 24. The same calculations can also be done in the ground state setting (see
Remark 16). There one does not need to define a U (s) because U(s) is already the
mapping of the ground state projection. Moreover, one does not need to assume decay
of correlations because Covp(U* U, B) = 0 anyway since U* U = 1. And the scaling
in || V|| is also better. However, as pointed out above, the gap is necessary and thus LPPL
of this form only holds if V does not close the spectral gap, which is in general only true
for small ||V ||.

Furthermore, if we know how to control the correlations for all Gibbs states along
the path, we obtain a better scaling in the norm of the perturbation, as is shown in the
next proposition.

Theorem 25 (LPPL from correlations along the path). Let A € Z', H € Ay self-
adjoint, X C A, and V € Ay self-adjoint. For s € [0, 1], consider the path of
Hamiltonians H(s) := H + sV with Gibbs states pg(s). Moreover, assume that all
Hamiltonians H (s) satisfy a Lieb—Robinson bound with ¢ r-decay uniformly in s and
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let {opp be the function from Proposition 18. Then, forallY C A, B € Ay andallr > 0,
we have

|Tr(pp(0) B) — Tr(pp(1) B)| < BIIVII B ( s%p”Covpﬁm(Xr; Y) +2¢qep(X, r)).

Remark 26 (Simplified short-range version). Let ¥ and ¥ + V be short-range interac-
tions and assume that all Gibbs states pg(s) satisfy exponential decay of correlations
with respect to {cov(r) = Ccov e ", feov(IY]) = |Y|™ and n > 0 in the sense of
Definition 1. Then Theorem 25 implies that for every ¢ < cg, with cg as in Remark 23,
there exist a constant C > 0 such that forall Y C A and B € Ay

| Te(pp(0) B) — Tr(pp(1) B)| < C BV [BI| | X|™*12 y | emed ™D,
Proof. We again drop the subscript g. Integrating (8), we obtain

Tr(p(1) B) — Tr(p(0) B)

‘3 1 s §
=-3 [0 Tr({,o(s), CD;( )(V) - TT(P(S) ‘D;?( )(V))} B) ds

B ! :
=3 ) Covps) (@4 (V). B) + Covyiy(B. @4 (V) ds.

H(s)

Approximating q)éf(f)(v) in X, using Proposition 18 (a) and || Cbﬁ)r WM < IV, gives

1
|Tr(p(1) B) — Tr(p(0) B)| < BIVIIIBI (/0 Cov,(s)(Xr; Y) ds +2 {opp(X, r>).

Bounding the integral with the supremum concludes the proof. O

A result similar to Theorem 25 was obtained by Kliesch et al. [33]. They also start with
a differential equation for pg. But later they need to use not only decay of correlations
for all s, but decay of the generalized covariance for all s, which, they can only prove
in finite-range systems at high temperature. Instead, Theorem 25 can also be applied if
one only has information about decay of correlations. And in Theorem 22 it is enough
to know decay of correlations in the unperturbed state pg(0). See in particular the
applications we give in Sect. 3. In Sect. 9, we will discuss consequences of the results for
translation-invariant one-dimensional spin chains, where decay of correlations is known
for finite-range interactions at any temperature [3,7].

Remark 27. Since the proofs of Theorems 22 and 25 are mainly based on quantum belief
propagation and Lieb—Robinson bounds, which hold true also for fermionic systems,
analogous propositions can be stated and proved in a fermionic setting with minor
modifications. Similarly, the following Theorems 29 and 31 hold for fermionic systems
as well. In this paper we focus on quantum spin systems for simplicity.



From Decay of Correlations to Locality Page 19 0of 49 43

6. Local Indistinguishability from Uniform LPPL

In this section we prove that uniform LPPL implies local indistinguishability if also
the interaction decays fast enough. The main idea is to remove A\ A’ from A point
by point, for which we have to assume LPPL at all intermediate steps. The idea is
inspired by Brandao and Kastoryano [5], who removed point by point a boundary region
dA’ C Atodecouple the system in A’ from the rest. With our improved method we can
improve the scaling with A" and extend the result from finite- to short- and long-range
interactions. The first result will later be used to remove single vertices.

Lemma 28. Let A € 7", F be a decay function, and ¥ be an interaction such that
I¥|lF < 00. Moreover, assume that ,oé‘ satisfies LPPL with respect to fLppL, £LPPL,
ZrppL, and n > 0 as in Definition 2. Then, for any X C A it holds that

I Te (o7 B) —Tr(py ™ B)| < IBIIXI" fieeL(1¥1) e(IXI 1% 11F) £ (d(Y. X))

forallY C A\X and B € Ay, where

g(v) := max{grepL (v). (" — 1)} and ¢(r) = Jmin (2R + D" cpp(r = R) + F(R).

Proof. In the proof we will compare p, = plg‘[HA] and pa\x = plg‘[HA\X] such that
we can always use the same trace. By the different normalizations in the Gibbs state, it
holds that
A\X A\X
Tra(pax B) = Tra(pf [Hax1 B) = Trax (oj “[Hax]1B) = Travx (of ** B)

for all B € A4\ x and the result follows.
We split the difference H4 — Hx\x = Vi + V2 into a finite-range part and the rest,

Vi = ZW(Z) and  V, = ZLII(Z)

ZCA: ZCA:
XNZ#P, XNZ#P,
diam(Z)<R diam(Z)>R

for some R > 0,and use p := ,o’g‘ [H 4 — V1] as an intermediate step. The perturbation V;
is supported in X g and bounded || V|| < |X|||¥ | r. Hence, by LPPL we find

[ Tr(pa B) = Tr(p B)| < IBIIX&I" fieer(1Y1) guppL(IX1 1% 11 F) Cuppr (d(Y, X) — R)

for all B € Ay. The remaining perturbation V; is small,

IVall < DI ()| < IXI I |IF F(R),

ZCA:
XNZ#9,
diam(Z)>R

and with the bound (9) from Proposition 15 (b) and (10) it holds that
[Te(5 B) = Te(pavx B)| < I1B] (71721 — 1) < ||BI| F(R) (2P *11¥]r —1).

The result follows by triangle inequality. O
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The bound provided in Lemma 28 on its own is not very good because it scales at
least exponentially in | X |. This might be enough in one-dimensional systems where one
needs to remove only a constant number of sites to decouple two halves of a system. But
in general it is more advantageous to remove X site by site. Therefore, we assume that
there exists a sequence (A,~)1N= o such that Ag = A and Ay = A’ along which each pg"'
satisfies LPPL.

Theorem 29. Let A € 7V, F adecay function, and W be aninteraction suchthat ||| F <
oo. Let A" C A and assume that there exists a sequence ()c,-)lN:1 C A\A' defining
Aj = A\{xj|j=1,...,i}suchthat Ay = A’ and ,02" satisfies LPPL with respect
to fLPPL, LPPL, CLPPL, and n > 0 as in Definition 2 for everyi =0, ..., N — 1.

Then,

=

ITe(of B) — Te(pf B)| < 1BIl fiee (1Y1) (19 11) Z (d.x)) (5

forallY Cc A" and B € Ay, where g and ¢ as in Lemma 28.

Moreover, if ¢ decays fast enough, i.e. such that £ (0) defined below converges, one
can bound

N

Y c(d(¥,x) < IYIZ(d(Y, A\ A)) where ¢(r):=2" q" " t(g). (16)

i=1 q=r

Remark 30. (Simplified short-range version). Let & be a short-range interactionon A €
7" such that |¥ |lexp(—p.) < oo and assume that all Gibbs states '0/?, with A" C A satisfy
LPPL with respect to &L ppL (1) = CrppL €L, fippL(Y]) = |Y|™, gLppL(v) = e3PV
and n > 0 in the sense of Definition 2. Then, for every ¢ < b crppL/(b + cLppL) there
exists C > O such thatforallY ¢ A’ C Aand B € Ay

Tr(pf B) — Tr(pf B)| < C[|B]| [Y|"*! eIV lexnipy gmed(FmAD,

Proof. Equation (15) follows from Lemma 28 and triangle inequality. To prove (16) we
split A\ A’ into shells

Sy i={ze A\ A'|d(¥,2)=q)

which clearly satisty [S, | < [Y[2"¢"~". Then, {x; [i = 1,..., N} = U;Zuv.a\a1) Sq
and (16) follows. O

To recover the result from Brandido and Kastoryano [5], note that they restrict to
finite-range interactions and therefore only need to remove enough points along the
boundary of A’ to decouple the system in A’ from the rest. Then they use the trivial
bound | A\ A'| £ (d (Y, A\ A")) for the sum in (15) and thus obtain alinear scaling in [0 A'].
Our improvement is to observe (16) such that the statement is independent of | A\ A’
and applicable to short-range interactions.

More specific results can be found in Sect.9 for one-dimensional spin chains.
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A

)

Ay, A\ A/)I /‘d(y. S)) =4 A

Nd(Xg.Y)=d(x,Y)—R
N\

é

Xr = Bx(R)

Fig. 2. Depicted is the main idea for the proof of local indistinguishability from uniform LPPL. The idea is
to remove all points x € A\ A’ one by one. Therefore, we first apply LPPL to the sum of all interaction terms
connecting x with its R-neighbourhood By (R). For short-range interactions, the remaining interaction terms
including x are exponentially small in R and can be removed using QBP. Furthermore, the points x are grouped
into shells S; > x according to their distance g := d(x, Y) to Y. We then choose the parameter R depending
on g, so that the error for operators B € Ay introduced by removing all points in S; decays exponentially
in g. This allows to sum the error terms introduced by removing all shells with ¢ and still obtain exponential
decay in the distance d (Y, A\ A”)

7. Uniform Decay of Correlations from Local Indistinguishability

In this section we briefly discuss how to close the circle of implications in Fig. 1, i.e. how
to conclude decay of correlations from local indistinguishability. This is a simple and
well known consequence for finite-range Hamiltonians. We present the statement here
for short- and long-range Hamiltonians. We will also discuss in detail the dependence
on the support of the observables.

Theorem 31. Let A € ZY, F a decay function, and ¥ be an interaction such that
I¥|lF < oo and assume that ¥ satisfies local indistinguishability at inverse tempera-
ture B with respect to f11 and {1 in the sense of Definition 3. Then, for all disjoint X,
Y C 4,

Cov,a (X; ¥) = max{|X], fur(I1X|+ Y1)} ¢ (d(X, 1)),
where

£(r) = 30;;5”2(;“(@) +@PIPIF _ 1y e+ 1) F(r — 2@).

Remark 32. (Simplified short-range version) Let A € Z" and ¥ be a short-range inter-
action such that [|¥ [|exp(—».) < 00 and assume that it satisfies local indistinguishability

at inverse temperature 8 with respect to fL1(|Y|) = |Y|™ and ¢ 1(r) = Crye Y. Then,
for every ¢ < bcr1/(2b + cLy), there exists C > 0 such that for all X, Y C A,

COVpé\ (X, Y) S C (|X| + |Y|)max{1,m} e—c‘d(X,Y)_

Proof. Let A € Ay and B € Ay with unit norm. Then choose 0 < ¢ < d(X, Y)/2 and
A’ = Xy UY,. We first use local indistinguishability to approximate

|Covp§(A, B) — Cov (A, B)| <3 fu(IX1+1Y1) cui(e). (17
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A

A=X,UY,

Xy

—

d(Xg. Yy)

Fig. 3. Depicted is the situation from the proof of Theorem 31. By local indistinguishability, the covariance
of the Gibbs state on A and A’ = Xy U Y, are similar. The remaining distance d (X, Y;) must be chosen so
large that the remaining interactions coupling both regions are small. In the case of finite-range interactions,
the distance must be chosen larger than the interaction range, so that the regions completely decouple

In the case of finite-range interactions with range R, one could choose £ sothatd (X, Yy) >

R for which pé‘/ = pgl ® ,0})3/[ and Cov _, (A, B) = 0. For short-range interactions,
;

however, we have to remove the interactions coupling regions X, and Y, first. Therefore,

enumerate Xy = {x, x2, ..., xy} and let

Vii= Y w(Z), whichsatisfies Vil <Y I (2]l < I¥]F F(d(Xe, Yo)).

ZCA": ZCZY:
Xi€Z, X1,....Xi—1¢Z, . Xi€Z,
ZNYe#D diam(Z)>d(X¢,Yy)

Moreover, H, — Z,N=1 Vi = Hx, + Hy, and by Proposition 15 (b) and (10)

[COV 11y (A B) = Cov gy (A, B)| < 3F(d (X, Yo)) (e2Pir 1),

pg LH=V;
for all Hamiltonians H € Aypandalli =1,..., Naslongasd(Xg, Y¢) > 0. Choosing
H=H, — Z;—: l1 V;, by triangle inequality and vanishing of Cov P lHx,+ HY@](A’ B)it
follows that

|Cov_ v (A, B)| <31X| 20+ 1) F(d(Xe, Yo)) (2P1Y1F —1). (18)
Pp

Combining (17) and (18) concludes the proof. O
This statement closes the circle depicted in Fig. 1.

Remark 33. Notice that the constants get worse in each step, when going around the circle
shown in Fig. 1. Indeed, let b > 0 and ¥ be an interaction such that |¥ [|exp(—p.) < 0.
Moreover, let A € Z" and assume that ,oé‘ satisfies uniform exponential decay of
correlations in the sense that there are constants C, ¢ and n such that

Cov v (X:Y) < C (IX|+ [7))" e XY forall X, ¥ C A C A.
B
Then there exist constants C > C and ¢ < ¢, which in particular depend on C, ¢, B

and ||¥ |lexp(=b-)» such that after going once through the statements about LPPL and
local indistinguishability as indicated in Fig. 1 one obtains

Cov v (X; ¥) < C (1X| + Y ))"™* e XY forall X, ¥ € A C A.
B
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8. Stability Against Small SLT Perturbations from Decay of Correlations

This section is devoted to a result which is not part of the implications depicted in Fig. 1.
In Proposition 15 we already observed stability of the Gibbs state against small (in norm)
perturbations. Using the idea from Theorem 25, we can extend this to stability against
perturbations which are small in an interaction norm. We call these sum-of-local-terms
(SLT) perturbations. Their norm grows like | A|. Hence, if we aim to find a bound uniform
in the system size, they are not small in norm. In contrast to the bound in (9), which
is in trace norm, we compare local expectation values of the Gibbs states, which is the
natural topology for extended systems.
The idea to this observation comes from [46] and we give a rigorous proof here.

Theorem 34 (Stability against small SLT perturbations). Let Ciy > 0, n € Ny, o > 0

and
(a) acoy > v, b > 0and F(r) :=e~ " or
(b) a, acoy > (m+ D vand F(r) = Fu(r) ;= (1 +r)~%

Then there exists a constant C > 0 such that the following holds: Let A € 7",
B € (0, Bo), ¥y and Wy be interactions such that |y F, |YvIF < Cint and denote
the Gibbs state of Wy + s Wy by pff (s). Assume that all Gibbs states satisfy decay of

correlations with respect to {coy < (1 +)7%, fooy and n as in Definition 1, then for

allY C A and B € Ay we have
[Tr(pp(0) B) = Tr(ps (1) B)| = C 1wyl 1¥] (1+ feon(1¥1) ) I BII

Remark 35 Concerning temperature dependence, we observe that pé{r Aﬂ[H ] =

Pk AH + ﬁ 2By ]. Hence, Theorem 34 implies that, assuming all Gibbs states for inverse

temperatures in [, B + AB] satisfy decay of correlations (w.r.t. the functions above),
local expectation values change slowly in 8, namely

|Tr(0f B) — Tr(pjyap B)| < C AB | Pullr Y] (1 + fCov(|Y|)> IBII,

uniformly in A with the constant from above. For only this statement, the proof could
be simplified since @5(3)(H ) = H in (6) and (8).

Proof. As in the proof of Theorem 25, we drop the subscript g and have
|Tr(p(1) B) — Tr(p(0) B)|

= g (|C0Vp(v) (CD Hs )(V) B)| + }COVP(S)(B, (P:(S)(V))

where V. =}, , ¥y (Z). We now bound the first term, as the second is bounded

analogously,

[Covii (@] V). B)|

<Z 3 ‘Covp(s)( (W (2)). )‘

k=0 ZcA:
d(Z,Y)=k
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<20BIY. Y Iwv@l

yeY ZcCA:
yezZ

HIBIY. Y v @limin(1Z,1" feon (1Y 1) oo (d(Z. 1) + 2 5up(Z. 1)),

k=1 ZcA:
d(Z.Y)=k

where we used the approximation @ Igl fs) (v (2)) from Proposition 18 (a), Cov () (A, B) <
2 ||A|l | B]|, and the assumption on decay of correlations. The first summand is bounded
by 2|Y|||¥vIlF|IB|l. For the second summand, we first replace d(Z,,Y)
= max{d(Z,Y) — r,0}. Then notice that for every Z C A with d(Z,Y) = k, there
exist y € Y and z € Z with d(z, y) = k. Moreover, under the assumptions (a) and (b),
¢oBP(Z, r) = |Z| {gBp(r) scales linearly in |Z| for some decaying {qpp(r), by Lem-
mata 20 and 46, respectively. Hence, by overcounting each of the terms with k > 1, the
second summand is bounded by

DY D @l o‘EQk('Z'” (142" feov(1Y1) Gcov (k = r) +2|Z] ;QBp<r>)

yeY zeA: ZCA:
d(z,y)=k z€Z

<|¥|2 k' Or;_irfmk(m +20)" feor(1Y1) Gov (k = 1) +2 121 Gqmp()),
where

Cr:=sup Y |Z|™ " ||y (2)| < C} ¥y llr

€2 zca:
zeZ

and we used |{z € A|d(z, y) =k}| <2"k""'and |Z,| < |Z| (1+2r)". Defining

o0
ci=2+2"¢; Y k! Omink( (1+21)"" teou (k= 1) + 2gQBP(r)),

<r<
k=1 -

the bound given in the statement follows when C < oo.

For the case of short-range interactions with assumption (a), {opp(r) < 6e“QBP”
for some cqpp > 0, which can be chosen uniformly in 8 € (0, Bo) and [Py +s Yy | F <
2 Cipy by Lemma 20 (a). To bound Cy, we use |Z| < (diam(Z) + 1)” to find C{ <
max,en(r + 1) e P < oo, which only depends on b and n. Finally, C is bounded if
Ccov(k) < (1 +k)~9 with ¢ > v, by choosing r = k@—)/Cvm) /2

For long-range interactions, Ci < 1 and for every agpp < o and By there exist Copp
such that {gpp(r) < Cqap Fagpp (r) by Lemma 46 (a). Thus, C can be bounded after
choosing r = k/2 under the assumptions specified in (b). O

9. Results for One-Dimensional Short-Range Systems

We now restrict our attention to translation-invariant one-dimensional spin chains.

For every x € Z, n € N consider Y = [x,x +n] C Z and for every A € Ay
define 1,(A) € Apxin) by 1,(A) = A ® 1y\(x1n}, Where we made use of the canonical
identification of Ay\(x+x) as a subalgebra of Ay. Then, let I € Z and consider the
set I +n ={x € Z|x—n € I}.LetY C Zsuchthat I,I +n C Y. Define
the algebra *-isomorphism lr{Z A; — Ajn by l‘,i (®ierAi) = Qicitn(A;) @ 1y\(14n)-
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The *-isomorphisms t,{ induce a *-algebra automorphism 1, of the algebra of quasi-local
observables Az. Analogously, one can define 7, for —n € N. The family {7, },<z is called
the family of lattice translations. Translation-invariant interactions are interactions that
satisfy the additional constraint that forall X € Z andn € Z

LW (X) =¥ (X +n).

In this section we assume v = 1 and consider only local translation-invariant interac-
tions on Z. For every finite interval I = [x, y] € Z and every inverse temperature 8 > 0,
we additionally denote the Gibbs state as a functional <pgx‘y !, Alx,y] = Conthe operator
algebra, defined by

0p Q) = Tr(pg Q) forall Q€ Ay

and extended to a state on Az, e.g. by using the Hahn-Banach Theorem as in [15,
Proposition 2.3.24]. We denote by ¢g the unique KMS state over the infinite chain at
inverse temperature 8 > 0 [4]. Following the discussion in e.g. [16, Proposition 6.2.15],
for every increasing and absorbing sequence I, ' Z, the sequence of states goé" is
convergent to ¢g, in particular

pp(Q) = nllpgo goé”(Q) forall Q e Ajy.

In the infinite-chain regime, we define the covariance to measure correlations as an
extension of equation (2) by

Covp, (A, B) := @g(A B) — ¢p(A) pp(B),

forall A, B € Az.

Araki [3] proved that a translation-invariant, finite-range interaction satisfies expo-
nential decay of correlations, and this was recently extended to short-range interactions
in [45]. That is, there exist constants ', « > 0 such that for every x € Z, k € N,
A e A—cox1and B € Apxik 00>

lop(A B) — pp(A) pp(B)| < Ke ™ ||A|l | B,

whenever 8 < B*, where the precise form of 8* is given in Theorem 6. For finite-
range interactions, the result was extended to the finite-chain regime in [7], where it was
proven that any condition of uniform decay of correlations in the infinite-chain can be
transferred to the finite-chain, and vice versa. It is natural to ask whether this is also
correct in the presence of exponentially decaying interactions. And one of the main
results of this section is a positive answer to this question. The precise formulation of
this theorem has already appeared in Sect. 3.1, but we restate it here for convenience
with a new notation. To simplify notation, we will drop the union sign XY := X UY
from unions of finite intervals X, Y C Z, and we will write hereafter XY whenever
X <Y and YX for Y < X. And since we only deal with short-range interactions, we
abbreviate

1¥1ls == 1¥llexp(—b-)> b>0.

We restate Theorem 6 with this notation. Its proof is deferred to Sect.9.1.
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v=1,8<pB*
translation-invariant Hamiltonian

Araki [3]
Pérez-Garcia and Pérez-Hernandez [45]

infinite chain
decay of correlations

[Cova X:;Y)<C e_“d(X’Y))

Theorem Gﬂ ”

finite chain
decay of correlations Theorem 36

Theorem 38

[Covpé X;y)=<cC e_“d(X’Y)]

(Iocal indistinguishability) & [Iocal perturbations perturb locally

- Theorem 37
|Tr(of B) —Tr(pp B)| |Te(pp [H] B) — Tr(pg[H + V] B)|
< C|B||e D < C[|B]| eIV I emad XD

Fig. 4. The diagram shows the main implications for one-dimensional (translation-invariant) spin chains,
which are discussed in this section. Here, I C Z is a finite interval, X C I a subinterval and Y C I a
union of two intervals. In particular, we show “equivalence” of the four concepts in the picture. Note that the
constants are not the same, and we refer to the Theorems for precise statements. A crucial ingredient in all
the implications is quantum belief propagation (QBP) coupled with Lieb—Robinson bounds. For finite-range
or exponentially decaying interactions, exponential decay of correlations is known to hold by earlier results
for the infinite-chain regime at every positive or high enough temperature, respectively, for which all four
properties are thus satisfied

Theorem 6. Letb > 0 and ¥ be atranslation-invariant interaction suchthat | ¥ ||, < 0o
and denote B* := b/ (2 ||¥ o). Then, for all B € (0, B*), the Gibbs state satisfies decay
of correlations in the sense that there exist Ccoy, CCoy > 0 such that for every finite
interval I C 7 and subintervals X, Y C 1, it holds that

COVpé (X, Y) < CCOV e*CCovd(X‘Y).

Note that, for finite-range interactions, we have 8* = oo, recovering the results of
[3,7]. Additionally, in [7], it was shown that having exponential decay of correlations for
finite-range interactions is equivalent to local indistinguishability. This is extended below
to exponentially decaying interactions as well. Following the lines of the equivalence
of notions of locality and decay of correlations presented in Fig. 1, we first show that
exponential decay of correlations implies LPPL, and subsequently prove that the latter
implies local indistinguishability. This is reflected in Fig.4. The use of quantum belief
propagation and Lieb—Robinson bounds is again pivotal to derive these results.

In contrast to the results at high temperature, Theorem 6 only provides decay of
correlations between two operators each supported on an interval. As a consequence, we
will only prove LPPL for perturbations V supported in an interval X C I and observables
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V

2000000000000000000000000
X

Fig. 5. Representation of an interval / with subintervals X, Y1, Y C I. Anexample of a perturbation V € Ay
such that the distance between X, and Y = Y] U Y is atleast r. Here, r = |d(X,Y)/2] =2

B = By ® B> with By and B; supported on intervals Y7 and Y, respectively, where
Y1 < X < Y as in Fig.5. Thus, we use slightly different definition for the three
concepts decay of correlations, LPPL, and local indistinguishability and adjust some
of the arguments. One could extend all to arbitrary operators in Ay,uy, by using the
Schmidt decomposition and allowing for an exponential growth in |Y; U Y>|.

Theorem 36. For every b, Ciy, B, Ccoy and ccoy > 0, there exist constants CyppL
and cLppL > 0 such that the following holds: Let ¥ be an interaction on 7 satisfying
1Wp < Cint, I € Z be a finite interval, and assume that the corresponding Gibbs state
,oé satisfies decay of correlations in the sense given in Theorem 6 with constants Ccoy
and ccoy. Then the Gibbs state satisfies LPPL in the sense that for all subintervals
X,Y1,Yo C I, suchthat Y1 < X < Yo, Y = Y1 U Y, all self-adjoint perturbations
V € Ax and all observables B = By ® By with By € Ay, and By € Ay,, it holds true
that

| Tr(pjLHi1 B) — Tr(pjlHy + V1 B)| < Crppe 1Bl IV (14 V) emcrerdn),

If also || + V||p < Cin, one can drop the factor (1 + ||V||).

The geometry described in the statement is depicted in Fig. 5. In Theorem 36 included
is the case where Y; is empty and B; = 1 which corresponds to Y being a single interval.
Together with Theorem 6, Theorem 36 shows that LPPL holds for local, translation-
invariant interactions ¥ satisfying ||¥||, < oo at inverse temperatures § < B* :=

b/21¥ o).

Proof. Letus denote r := |d(X, Y)/2] and abbreviate p := pé[HI] and p := ,oé[HI +

V]. From the last line in the proof of Theorem 22 we obtain

Te(o B) = Te(5 B)| < VI (sup [Cov, (W, B)| +4 B IVIIBI came(X. 1)),
WE.AX :

IWI=1
(19)

in this setting, where we write the covariance with a supremum only in the first argument,
to use the product structure of B = By ® By = Bj B to obtain

Cov, (W, By By) = Cov,(W By, Ba) + Tr(p By) Cov, (W, By) — Tr(p W) Cov,(By, By).

By Theorem 6, there exist constants Ccoy and ccoy only depending on ||¥ ||, and 8 such
that

|Cov, (W, By Bo)| < 3 Ccoy W | Byl | B2 e~ cCoXr-),
And since B = By ® B; is a tensor product, ||B1|| || B2|| = || B||, such that

sup  |Cov, (W, B)| <3 Ccoy | B e X112, (20)
WeAy,: |W|=1
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For the decay function {ggp we use Lemma 20 for intervals X. Thus, for every b, Ciy,
B, Ccov and ccov, there exists Copp and cgpp such that

cqBp(X, 1) < Cagp (1 + || V])” e caser, 1)

with y = 0if ||[¥ + V||, < Cin and y = 1 otherwise. Replacing now (20) and (21)
into (19), we obtain

[Te(o B) Te(5 B)|
< VLB (3 Ceoy e KNI 4 4 g V] Cqppeamr(dX112-1))

38|V —crppLd(X,Y

< CLppL € BlIVII | Bl e ~CLPPL ( )’

where cpppr, := min{ccoy, cQpp}/2 and CrppL := 3 Ccov + 4 Copp €°®F, and we have
used that x < e*. O

Next, we show that this slightly restricted version of LPPL also implies local indis-
tinguishability in one-dimensional spin chains. Together with Theorems 6 and 36, The-
orem 37 indeed gives that local indistinguishability holds for local, translation-invariant
interactions ¥ satisfying ||¥ ||, < oo at inverse temperatures 8 < 8* := b/(2 ||¥|lo).

Theorem 37. Foreveryb, 8, CLppL and cLppL. > 0, there exist constants Cyyandcyry > 0
such that the following holds: Let W be an interaction on Z, satisfying |¥||p < 0o, | € Z
be a finite interval, and assume that the corresponding Gibbs state p’ satisfies LPPL in
the sense given in Theorem 36 with constants CyppL and cLppL. Then the Gibbs state
satisfies local indistinguishability in the sense that for all subintervals X, Y1,Y>» C I,
sothatYy < X < Y2, Y =Y, UY>, and all observables B = B| ® By with B € Ay,
and By € Ay,, it holds true that

|Tt(of B) — Tr(pg"* B)| < Cup [|Bl|e=ud™- ),
Proof. Let us first explain the conceptual difference to the proof of local indistinguisha-
bility in Sect. 6: Since we do not have uniform decay of correlations, we cannot remove X
site by site. And looking back at Lemma 28 we should not remove X in one step, because
that leads to an exponential scaling in | X |. Instead, here we only remove the interactions
between X and 7\ X, which leads to an exponential scaling in |0 X| = 2.
If X N'Y # (J the statement is trivial, otherwise we have

Tr(pg\XB) - Tr(pé\x ® pi B) = Tr(ph[Hpx + Hx] B)

for all B € Ay. Thus, we can apply Theorem 36 with the perturbation given by V :=
Hj—Hp x —Hy,i.e.allinteraction terms whose supportintersects X and /\ X. Following
the idea of Lemma 28, we split V into

Vo :=le(2) and V/ :=Zw<z>,

ZClI: ZClI:
(I\X)NZ#D (I\X)NZ#D
XNZ#£) XNZ#)D
diam(Z)<R diam(Z)>R

for some R € N to be chosen later. Since each Z in the sum of V) needs to contain a site
in{x € X|d(x,I\X) < R} we have ||Vp|| < [0X|R ||¥lp and Vp € Ax,. Thus, by
Theorem 36 we find

[Te(0f B) — Tr(oh[Hy — Vol B)| < Cuppt | B[ #1¥10 ¢=euem. (40X )
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< CrppL || B| e~ 1PLdX1/2,

by choosing « := cpppL (68|¥ |0 +cLppL) ! /2and R := |ad (X, Y)]. Then, denoting
gn = {x € X |d(x,\X) =n}and Q, := /= ¢; we split V/ = 3", V, with

Vo= W(Z),
ZCI\Qy:
ZNgn#9

ZN(I\X)#D
diam(Z)>R

where the sum is actually finite. Then, ||V, || < 2 |||l e 2™ {R+L.n} Using Proposi-
tion (b) and equation (10), we thus find

|Tr(/0,_{;[H1 - Z:z:_ol Vil B) — Tr(pé[HI _ Z?:O Vil B)|
< ||B|| e~bmax{R+1,n} (e4ﬂ||t1/\|h _ 1)'

Hence, by triangle inequality, > 00 . e " < e PR /b, supp_o Re PR/2 < 2/(be)
and 2/e + 1 < 2 we obtain

|Tr(P,§[H1 — Vol B) — Tr(,oé[HI\X + Hx] B)| < 25671 || B|| e PR/ (e4ﬁ“""”b ).
Again by triangle inequality,
[ Te(ph B) = Te(pg" B)| < Cuppr ||B||e=1d X112
+2b7 | B e PR (4P1¥1h 1)

< Crp || B|| e 140X,

with Cp1 := CrppL + 2p1 (64/3”W”b - 1) e b/2 and cp1 ;= min{cLppL/2, @ b/2}. |

To conclude the circle in Fig. 4, we would need to show that local indistinguishability
implies decay of correlations. This is completely analogous to Theorem 31 for any
dimension at high enough temperature.

Theorem 38. For every b, B, CL1 and c1 1 > 0, there exist constants Ccoy and ccoy > 0
such that the following holds: Let W be an interaction on Z satisfying |¥||p < oo,
I € Z be a finite interval, and assume that the corresponding Gibbs state p ;5 satisfies
local indistinguishability in the sense given in Theorem 37 with constants Cy1 and cL].
Then, the Gibbs state satisfies decay of correlations in the sense that for all disjoint
intervals X,Y C I, and all A € Ax and B € Ay, it holds true that

Cov,1 (X; ¥) < Ceoy e CCovd(X.Y) (22)

Proof. Without loss of generality we assume X < Y and extend them to the boundary
of I such that I = X xY where also x C [ is an interval and X, Y and x are pairwise
disjoint. This puts us in a situation, where we can proceed almost as in Theorem 31, but
with the restricted version of local indistinguishability where we can only remove one
interval.

Take A € Ax and B € Ay, let r < d(X,Y)/2 to be chosen later and consider
I’ := X, UY,. We first use local indistinguishability to cut out a part between X and Y

|COV (A, B) —Cov (A, B)| <3CullA| |IB]le .
g g
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Then we remove the remaining interactions coupling the regions X, and Y, as in the
proof of Theorem 31 with a slight modification: We choose the enumeration X, =

{x1,x2, ..., xy} decreasing such that ||V;|| < [|@]p efb(d(x”y"”(i*l)), then we can
resum as in the proof of Theorem 37 to obtain a result independent of | X|:

|COVp[’(A, B)| < 3eb b—l ||A|| ||B|| e—bd(Xr,Yr) (GZﬁl\'PIIb _ l)
B

Choosing o = b(cry + 2b6) ' and r = |lad(X,Y)] gives the bound in (22) with
ccov == bevr (e +2b) 7" and Ceoy := 3 Cpyet +3e? b1 (e2P1¥Ie — 7). u!

There are various reasons for studying the case of one-dimensional spin chains sep-
arately. On one hand, all results from this section present the obvious advantage with
respect to those from Sect. 3.4 in the range of 8 for which they hold, since the 8* in this
case reduces to oo for super-exponentially decaying interactions, as opposed to the case
of high dimensions. However, they have the drawback that one needs to assume trans-
lation invariance for this to be true. This is a direct consequence of the regimes where
correlations are known to decay exponentially fast in one- and higher-dimensions, re-
spectively. Other cases in which correlations are known to decay with slower rates for
one-dimensional systems, such as those of short-range and long-range interactions at
every positive temperature, are discussed in Sects. 3.2 and 3.3, respectively.

On the other hand, the study of decay of correlations, with different measures than
that given by the covariance, in one-dimensional spin chains with translation-invariant,
finite-range interactions, has been incredibly fruitful in the past few years. Given a finite
interval I C Z,with X, Y C I, XNY # (J, astate p on I, and denoting pz := Trp\ z(p)
for Z C I, some other quantities of relevance in this context are for example the
mutual information, given by 1,(X,Y) := Tr(pxy (log pxy — log px ® py)), and the
mixing condition, given by ||,0XY pgl ® ,0;1 —1xy H It is not difficult to show, see [7,
Section 3.1], that, for any state p on / such that pxy is full-rank, the following holds:

FCov,(X; Y)Y’ < I,(X, Y) < |pxy px' ® py ' — Lxy .

Thus, a ¢-decay with d(X, Y) for the mixing condition implies the same for the mutual
information and a +/2¢ -decay for the covariance. Interestingly, in one-dimensional spin
chains with translation-invariant, finite-range interactions, a converse is proven for the
Gibbs state p = ,oé, and all the latter conditions are shown to have equivalent decays.
We expect that a similar result can be derived in the short-range regime. See [8] for an
analogous result in high dimensions, at high-enough temperature.

9.1. Exponential decay of correlations for short-range interactions. This subsection is
devoted to the proof of Theorem 6. The procedure we will follow is very similar to that of
[7, Theorem 6.2]. First, note that I can be writtenas I = Z1 X Z,Y Z3 for certain intervals
Z1,Z>, Z3 C I. Without loss of generality, let us assume for this proof that both Z;
and Z3 are empty so that we only have to prove the result for the case in which I = X ZY.
If not, we enlarge X and Y, which will only allow for more observables A and B and
yield the same bound.

For the rest of the section, we fix b > 0, atranslation-invariant interaction ¥ satisfying
[¥lp < ooand B* :=b/2[¥]lo).
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We need to rephrase some results from [45], where the authors use a different inter-
action norm?

Nl = Z " sup Y W (2)].

n=0 €2 VAV
z€Z,
diam(Z)>n

It can be upper bounded with our norm for every A < b, i.e.

o0

_ 1
il < D0 e 1wlpe™" < = 1%,
n=0

such that |||, < oo implies |||¥ ||| < oo for all A < b. The statements we use from
[45] all hold for B < B := A/ ||¥llo) if [|¥]ll < oo. With the above observation,
they thus also hold for all 8 < B*.

Next, for 8 > 0,a € Z, and p, g € Ny, we define the expansional

E‘/?p q — e_,BH[afp,a+l+q] eﬂH[afp,a] eﬂH[a+l.a+l+q].

Then we extract the following Lemma from [45, Corollary 3.3 and section 4.1].

Lemma 39. Let B < B*. Then there exist constants G > 1 and § > 0 such that for all
a€Z,and p,qg >0,

| E2.).

A ek

and for all ¢ > q,

16 g = Evpll = G

For V, W & Z, we introduce the slightly more general expansionals
E\fi,w .— e~ BHvw oBHy oBHw
As a consequence of the previous lemma, we can provide the following bounds for these

expansionals.

Lemma 40. Let B < B*. Then there exist constants G > 1 and § > 0 such that for all
disjoint intervals V, W € Z,

”Eew v w7 =6

and if we append intervals Vand W €ZtoV and W, respectively, it holds that

||E€W Ge™

VV WW” -

as long as |V|, |W| > gq.



43 Page 32 of 49 A. Capel, M. Moscolari, S. Teufel, T. Wessel

Xl
%—/

X

Fig. 6. Splitting of an enlarged interval / of an original interval / with X, Y C I and d(X, Y) > 0, to which
we have appended regions X and Y on the left and the right side, respectively, which are subsequently divided

in two subregions each

Now, let us enlarge the finite interval / = XZY C Z to [ = XXZYY asin Fig.6.
The appended systems X and Y are split into two subsystems each, denoted X = X2X,
and Y = Y, Y». Let us further assume, without loss of generality, that | X|, |Y| > |Z],
otherwise we can again redefine X, Y and Z by moving the left third of Z into X and the
right third of Z into Y, reducing |Z| to 1/3 of its original value. Finally, we also choose

IX1l, | X2, [Y1], 1 Y2] > |Z].

This brings us in position of proving exponential decay of correlations in this setting
for which we now also fix 8 < B* and the constants G and § from Lemma 40. We define

_ By B B
B2 =e2 Hyxzyvy e_iH’_inzy—

Xxzv.7 "
which can be easily shown to coincide with

EZP? _gTP2
XX7ZY)Y X, XZY

Then, by Lemma 40

—B/2 EP2 p=B/2
”EXXZYY X1X YY] ”

_ -B/2 -B/2 —B/2 —ﬂ/2
- ” EXXZY Y EX xzy EX| X Y Yi ”

XXZy,Y ~X,XZY Y.y X, XZy

<g||E B/2 _E ﬂ/2||+g||E B/2 _E—ﬂ/ZH

Xxzv.vy
<2GetdXY),

X, XZY

HE B/2 Eﬂ/2 _E /3/2E B/2 H“‘HE B/2

B
7 Hy

)

B/2 /3/2 -B/2
EXXZY EX]X Y., ”

Next, following the calculations of [7, Sect. 6], and recalling that A € Ay and B € Ay,

it is not difficult to realize that

X,XZY,Y

(S, ) AB(E

*
)”(,XZY,Y) )

94(AB) =

In a slight abuse of notation, let us consider the map

A[ — .A[
Q > Tri(p} Q)

[ —B/2
‘pflf<(E5(,Xzy,17) (E

)

2 While the symbol is the same, this is obviously a different norm than the one used for long-range

interactions in Sect.3.3.
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for the unnormalized partial trace in /

Tr;: Ay — Ay
R®S > Tr(R)(1; ® S)

forany I C J,and any R € A;, S € Aj\;. Then, it is contractive as a consequence of
the Russo-Dye theorem, and using this as well as Lemma 40, we see that

67 < oh((ExSns) (Exltors)")
and
o (B2 (EPR) (3) (E4%)) < 6
This is fundamental for proving that ¢ é (A B) can be approximated by
b ((EXPR) A (Ex7R)" (E757°) B (B 5)")
oh ((ExI%) (ExIR) (B 57) (E:57))

up to an error that decays exponentially with the distance between X and Y. Indeed,
using the following standard inequality for scalars a, a’, b, b’ € C

/
a
= la—al+ 14

= Ib— b, (23)
|b| b |5’

W€ can prove

7 —B/2 —B/2 —-BJ/2 —-B/2
b ((EXR) A (PR (v ) B (£, 52))

i —B/2 —BJ2 —B/2 —B/2
o ((ExPR) (EXLR) (B 52 (E75)7)

—B/2 —B/2 —B/2 —B/2 —B/2 —B/2
=g (1, ) AB(ELL ) = (EXTR) A B (B8 B (£, 57

—B/2 —B/2 —B/2 —B/2 —B/2 —B/2
G218 (E, ) (ER5L o) = (BxDR) (B PR (752 (55 5

<GIIA| Bl e XY, (24)

Ph(AB) —

for G > 1 a constant. Since we have approximated (pé (A B) by an expression that

is independent of X; and Y5, we can take a limit with | X5/, |Y2| — oco. Thus, (p/g (AB)
can be also approximated by

on ((Ex%) A (BXR) (EZS) B (B P)7)
o5 (EXR) (BXDR) (E757) (E757))

keeping the same error as in the finite chain case. Now we can apply decay of correlations
for the infinite chain as proven in [45].

Theorem 41 ([45, Theorem 4.4)). Let B < B*. Then there exist constants G > 1 and § >
0 such that foralla, b € Z witha < b, A € A(—xc,a) and B € App o) it holds that

08 (A B) = 05(A) 0s(B)| < 141 |1B G~
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Thus, together with (23) and similar inequalities to the ones above for the infinite
chain, we can find /C > 1 and y > 0 such that

on ((ExR) A (BXR) (E7 S B (B 3P)")
o5 (EXPR) (ExPR)" (B2 5%) (E757)°)
—B/2 —-B/2 —B/2 —B/2
o5 ((Ex%) A (EXR)) 0o (B A1) B (ES))

ZB/2N\ [ B2 ZB/2\ [ B2
‘/’ﬁ((EXIﬂ/X) (EXF/X)*) (7 ((EY/?/{ )(EY/?/{ )*)

< KAl 1B e "4,

(25)

so that together with (24) the second summand in the norm is an approximation of ¢ é (A B).
By choosing A = 1 we also obtain

—B/2 —B/2\*
s ((Exl,x) A (Exl‘x) )
—B/2 —B/2yx*
B ((EX.,X) (EX|,X) )
from (24) and (25), and an analogous statement also for the expectation value of B with

sets Y, Y1. Combining these three approximations, we conclude that there exist Ccoy > 1
and ccoy > 0 such that

<K|A| |B e 77!

g (A) —

[0h(AB) — 0h(A) 0h(B)| < Ceoy Al [|B]| e D),

thus concluding the result.

10. Properties of Quantum Belief Propagation

In this section we review the proof of the quantum belief propagation for the Gibbs state.
The central point is to analyse how the Gibbs state of a certain Hamiltonian is modified
when the system is perturbed.

10.1. Differential equations. We begin with the discussion of Proposition 15 where no
underlying lattice structure is necessary. Therefore, let 7 be a finite-dimensional Hilbert
space and H and V be two self-adjoint operators on . Furthermore, let H(s) := H+s V.

10.1.1. Differential equation for the exponential e P ) The basic idea is to write a
differential equation for e ##)_ Hastings [26] proves a version where
ie*ﬂH(S) — Ae BHE) L o=BH() g+

ds
for some quasi-local (in the case of an underlying lattice structure) A, while later works
use an anti-commutator form

d

— a—BH(G) _ _é —BH(s) 4H(s)
dse =3 {e ,<Dﬂ (V)}

which we prove in the following.
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We mostly follow the proof from Hastings [26] but more explicitly work in the
energy eigenbasis of H(s). Let {Wa (s)}a be the eigenbasis of H (s) such that H(s) =

Y a Ea(8) 1%4(s)) (¥4 (s)|. Then we can also write V in this basis as

V=" Van(s) [¥a()) (¥ (5)].

a,b
Using Duhamel’s formula we find

1
die—ﬂHm - _ﬂ/ e BTHE) 7 o=BU-DHG) 47
§ 0

1
=B /0 e POV p(s) [Wa(9) (W ()| T dr e PHE
a,b

1
=3 Vi) [T ) )] P
0

a,b

=-h Z Vb (s) (1 + eﬂAEa,b(S))—l

a,b
1
x [P gt (e PO, 1y () o)
0
— _g {e_ﬂH(S)’ @é’l(-?)(v)]’
with AE, ,(s) := Ep(s) — E,(s) and

W) =Y Fo(AEab()) Vab(s) Va () ()]

a,b

(e.¢]
— / fﬁ (t) e—ltH(S) V ell‘H(S) dt,
—00

where

1
f3(w) ::2(1+e’3‘”)_l / efredr =

i 2 efoi 20 tanh B2
0

Bow ePoyl
w=0 ﬂT’”

and fp(¢) is its inverse Fourier transform given by, see [1, SM Sec. 5.1] and [23, Ap-
pendix C],

D= [T ) do = 2 tog (S 26
fﬂ()—g _Ooe Sfp(@) w_ﬂ_n g\ mE—1) (26)
The inverse Fourier transform satisfies | fgl/1(r) = 1 and, since In(x) < x — 1,
< 4 —1 27
fﬁ(t)_ﬂ_ﬂeﬂltl/ﬁ—l’ ( )

which decays exponentially in |z].
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We can now give the general solution of this equation. Therefore, let

n(s) := 7 exp <—§ / q)g’(ﬂ)(v) dG)
0
0 n S o on—1
;:Z(—g) / ng/ ]d52.../ do, (pgl(m)(v) (plgl(nz)(v),_,q)gl(nn)(v)’ (28)
=0 0 0 0

with 7 being the time-ordering operator. Then its adjoint is

- noff on-t H H
= (=5) [ dov | doaee [ doy o )@y
0 0
H
p

with 7 being the reverse-time-ordering operator. By definition, these satisfy

d . d
L1®==5e/YWine) and 0T =-En) V).

Hence,
e PO = y(5) e PHO y(5)*,
Moreover, we have
Esivil Esivi
()] <ez and  |In(s) — 1| <e2 -1

Later, in Sect. 10.2, we discuss how to approximate q§g(s)(V) and 7 (s) by strictly local
operators if one has an underlying lattice structure.

10.1.2. Differential equation for the Gibbs state pg(s) In the previous section, we dis-
cussed an evolution for the exponential e ##*) Due to the missing normalization, this
cannot be directly applied to the Gibbs state pg(s) = e P / Tr(e PH®)), which was
overlooked by some previous works, e.g. [5]. Instead, we will discuss how to deal with
the full Gibbs state pg(s) in the following.

By Leibniz rule, equation (6) allows writing the differential equation for the normal-
ized Gibbs state pg(s) as

d B , .
—pp(6) = =2 ps®). 2 O W)} + Bos) Tr(pp) 2 V(1)) 29)

It appears, with one missing pg(s), already in [34, equation (32)] (see also [36, Lemma
17)]) and, tested against local observables, in [48, Appendix C]. Note that we have
Tr(,oﬁ (s) Q)gl(s)(V)) = Tr(pﬂ (s) V) =: (V)pﬁ(s) due to cyclicity of the trace. Hence,
we can further simplify (29) to obtain

d B .
—opp(6) = =3 {0p(. 0V = (V)00) -
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This equation is not linear in pg(s) anymore, but presuming we know pg(s), it still
gives a nice evolution

pp(s) = 17(s) pp(0) 7(s)",
with

n(s) := 7T exp (—g /0 qsg’(")(v — (V)pﬁ(g)) da) .

This 7(s) is very similar to n(s) from (28) and thus has similar properties. In particular,

B
o)l < e Fr P V=gl < oBIVE ana iics) — 1) < IV 1.

As a simple consequence,

) = pp)]|, = sup [Tr((pp () = pp(s)) A))|
IAlI=1

= s los Ol 4 =) 4]

< sup (HA (1=a@)|+]@-7")A ﬁ(””)

lAl=1
< 2BVl _ g
<28 |v] eIV,

The formula for 7(s) given above is particularly useful to obtain the same locality
results as for 7(s), see the next section. However, since (V') pp(0) is just a number (with
an implicit unit 1 in the definition of 7(s)), we can also factor

n(s) = exp (_g /(; <V>p,q(0) dU) n(s).

Observing

Tr(e PHO

Tr(e——ﬂH(S)) n(s) pp(0) n*(s),

i(s) pg(0) 71" (s) = pp(s) =

we can thus conclude

Tr(e—ﬁH(O)) s
W = exp <_:3/0 (V) ppo) dcr) )

This might help to understand the difference between the two differential equations (6)
and (8) for e #H ) and pp(s), respectively. In particular, 7(s) pg(0) n*(s) differs from
pp(s) by exactly this factor. However, for explicit computations of pg(s) the original
approach of [26] to compute 1(s) e A7 © y*(s) and normalize might be more practical.
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10.2. Locality properties. In this section we discuss, how to obtain Proposition 18 from
Proposition 15, which we discussed in the previous section. Therefore, we now restrict
to the Hilbert spaces H 4 with underlying lattice structure as discussed in Sect. 2.

We now fix the interaction ¥ of the Hamiltonian H,4 and the perturbation V € Ay
with X C A. We will only write the proof of Proposition 18 (b). Proposition 18 (c)
then follows by choosing V := V — (V) pp(s) and noting that we can write (V) p,(s) =

(V) pps) 1x € Ay such that also V € Ay.

10.2.1. Lieb—Robinson bound for the perturbed Hamiltonian H,+s V To prove locality
of the generator <P5(S) (V) and the exponential 7(s) in the next sections, we need Lieb—
Robinson bounds for the Hamiltonian H(s) = H + V. Hence, we need to extend the
Lieb—Robinson bounds for H(0) to s > 0.

Lemma 42 (Lieb—Robinson bound for perturbed Hamiltonians). Let A C Z" and H €
Ay self-adjoint, and assume that H satisfies a Lieb—Robinson bound with decay g“&
as in Definition 17. Moreover, let V. € Ay self-adjoint, then H + V satisfies the Lieb—
Robinson bound

” [e—it(H+V) A el (H+V), B] ”
7]

) 30)
< IAl'lIBI (E]ﬁ{(y’ Z,|t))+ 2 V] min f]f{z(xy w, S)dS)
we{z,v} Jo
forall A e Ay, Be Az andt € R.

We will apply the above result in the cases A = V or A = V for which X = Y
and the minimum is attained at W = Z. Moreover, since Lieb—Robinson bounds are
increasing in s, the integral in (30) can be bounded by |¢] {& (X, W, |t]) so that (30) is
bounded by

TAIIBI (L +21VIHe]) &R (X, Y. 12])
in this case.

Proof. We abbreviate 7;(A) := e "H Ael' and 7,(A) = e #H+V) At (H+V) We
will later prove

|7l
17 (A) — (A < IVILIA] A GR(X, Y, 5)ds, €2y

which allows to bound
[[F). B]| = [ ). B]| + [ (4) = w(a). B]|
t
< AN B (6lhr. 2D+ 20V [ el Y.l as).

The minimum can be concluded using || [f,(A), B] || = || [A, f_t(B)] || and the above
argument with the roles of A and B exchanged.

To prove (31) we follow very closely the proof of [43, Theorem 3.4 (i)]. By funda-
mental theorem of calculus,

7 (A n=[ L A))ds =i
T (A) — 7 ( )_/O £<‘ESO‘L}_X( )) s_1/0

which gives (31) by using the Lieb-Robinson bound for [V, 7,(A)]]. O

t

Z([V. mms )] ) ds,
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In the special case of a short-range Hamiltonian H satisfying the Lieb—Robinson
bound given in Proposition 44, we can actually carry out the integration in (30) and
obtain the following result.

Corollary 43. Let ¥ be a short-range interaction with || ¥ ||lexp(—p.) < 0O for some b >
0. Then, forall X, Y C A € Z', V € Ay self-adjoint, A € Ax, B € Ay andt € R

. i 21V _
|||:e 1t(H+V)Aelt(H+V),B]” < 2||A|| ”B” (1 + bvb )ebvbll Ze bd(x,Y)’

xeX
with vy, as in Proposition 44.

Lemma 42 justifies to assume that H (s) satisfies a Lieb—Robinson bound with de-
cay ¢ r uniformly in s. In particular, the perturbation V only changes the constant in the
Lieb—Robinson bound, but not the Lieb—Robinson velocity. This Lieb—Robinson bound
allows to approximate the Heisenberg time evolution e 7/# &) W el"H () of any W e Ay
with a local operator in Ay, .

10.2.2. Locality of the “generator” (V) Given the Lieb-Robinson bound, there

exists a conditional expectation [43, Lemma 4.1] Ey, : A4 — Ax,, which for us is just
the normalized partial trace since we are in finite dimensions, such that

| =Ex) (e O we )| < W[ ar(X, A\ X, 1) forall W e Ay.
(32)

It allows decomposing qﬁgl(s) (V) = A, (s) + A, (s) into two parts

Oo . .
Ar(s) = / dt fp(t) Ex, (e "H® v &) and
o0

Ar(s) :=/ dt fg(1) (1 — Ex,) (e "H@ y el HW),

By definition A, (s) € Ay, is strictly local and bounded by ||A,(s)|| < ||V |]. Using the
Lieb—Robinson bound and the conditional expectation we can bound the remainder by

1A )1 < IV ’ Tfﬂ(t)s“LR(X,A\Xr,t)dt+2||V|| ’ Tfﬁ(t)dt
t=< 1=

32 =z
< WVI (18l ) ISR (K AN X leqorry + 5 e ).

Here, we bounded the second integral assuming 7' > g In2, by using (27) and substi-

tuting u = %t —1n2

8 o0 1 16 _=
O .
[t=T 7e Jaroma 2et —1

Additionally, we have the trivial bound || A, (s)|| < 2 ||V || Il fellLiwy = 211V, such that
one can now optimize the bound for a given ¢ r. More precisely, we obtain

A ()1 < IVl Zop(X, )
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with

. . _rr
Gep(X, r) = min{2, inf JlaR(X A\ Xy )llqorry +4e 7],
7>£ 2

where we bounded 32/7'[2 < 4. Then, 4 e_%T >2forT < £ 1n 2, which together with

T
the trivial bound allows us to take the infimum over all 7 > 0O instead of T" > g In2.

We bound ¢qgp explicitly for short- and long-range interactions in Sect. 10.3.

10.2.3. Locality of the exponential n(s) The local approximation of @ 4 (V) from the
previous section also allows us to approximate 7(s) by a local version

N
nr(s) := T exp <_g / A,(a)da>. (33)
0
It is easy to show by induction that for all operators Ay, ..., A, and By, ..., B, itholds
that
n
A1Ay--- A, = B BZ"'Bn+ZA1"'Aj—1 (Aj — Bj)Bj+1--- By.
j=1
Hence,

[A1Az--- Ay — By By Byl

n—1
§n< sup maX{IIAJII,IIB’jII}> sup |[Aj — Bjll. (34)
JE{l,n} J€e{l.n}
Using (34) for A; := ¢£](aj)(V) and B; := A, (o) together with (28) we find
o n
n g _
In)=nr@)] = 30 (5) S nIvIr VI gope(X. 1)
n=0 :

B
<Zsvie ™l gopp (X, r).

And by the definition (33) we have the same bound |5, (s)] < egS”V” as for n(s).

10.3. Specific decay {qp for short- and long-range interactions. We now obtain the
specific {opp stated in Sect. 4 for short- and long-range interactions. Moreover, we will
explain how to optimize the bound on {ggp (X, r) for balls X, which we use for intervals
in the one-dimensional setting. In all cases, we start with a discussion of available Lieb—
Robinson bounds.
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10.3.1. Short-range interactions For short-range interactions, Lieb—Robinson bounds
have been proven in several different forms, for example in [27,38,39,43]. A more com-
plete discussion about the history is given in [43]. For our specific interaction norm, we
adopt the proof of [39, Theorem 7.3.1] which is based on the proof of [43, Theorem 3.1].

Proposition 44 (Lieb—Robinson bound). Let A € Z¥ and ¥ be a short-range interac-
tion on A with ||¥ |lexp(—b.) < 00 for some b > 0. Then, for all X, Y C A, operators
A€ Ax, Be Ay, andt € R

H [e—itHA AeitHA, B]H < 2 ||A|| ||B|| ebvbm Ze—bd(x,Y)’

xeX
where vp := 2 | |lexp(—b )/ is the Lieb—Robinson velocity.

Proof. The interaction norm used in [39] does not have the extra factor | Z|. In the proof
of the Lieb—Robinson bound, they need to bound a factor |Z|, for which they use a
fraction of the decay in diam(Z) and supz ¢ 41Z]e™¢ diam(Z2) — 5o, instead, we use the
extra | Z| in the interaction norm.

More specifically, instead of [39, eq. (7.3.5)], we start with the induction hypothesis

ar(X,Y) < ||‘1/||le<)q)(_1J y&(X,Y),  where  gy(X,Y):= Z e~bd@.Y)

xeX

where a; (X, Y) is defined in [39, p. 313]. The proof for a; (X, Y) is the same, while for
the induction step, we find

¥ (D bdi _
ar+1(X, Y) = ”lp”fmp( b-) Z Z o—bdiam(Z) e P dumZ) g=bd@ )

xeX ZCA: zeZ
xeZ

) @]
=< ||‘1’||exp( b Z Z o—bdiam(Z) 1ZI

xeX ZCA:
xeZ

< Il 85X, Y).

With this small modification, the proof in [39] yields the claim. O

We are now ready to obtain {ggp for short-range interactions.

Proof of Lemma 20. Notethat [|[¥+s V |lexp(—p.) < max{ [ llexp(=b > 1Y +V llexp(—b .)}
by convexity. Hence, to prove Lemma 20 (a) we can choose the Lieb—Robinson velocity
vp = 2 max{[|¥llexp(—b-), 1¥ + Vllexp(—b ) } /b. We begin with the proof for general
sets and bound

Ze—bd(x,Y) < IX| e—bd(X,Y), (35)

xeX

which yields ¢ r (X, A\X,, 1) < Crgr |X|e?@11=") with Cy g = 2. This 1R attains its
supremum for r € [T, T] att = T. Hence, the infimum in (11) is attained at

br—c

T = W with ¢ := ln(CLR|X|bvbﬂ/(4n)).
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To obtain a simpler result, we just choose T :=br/( % + b vp) to get

__ b
top(X, ) < (CLr +4) |X|e T0wh " (36)

where Cir +4 = 6.

To obtain (13), we start with the Lieb—Robinson bound for the perturbed Hamiltonian
from Corollary 43, which means to replace Cg by 2 (1+2/(b vp) || V). In (36) we then
bound 2 (1+2/(bvp) |VIl) +4 < 6 max{1,2/(bvp)} (1 + V).

If X = B_(R) is a ball, we can improve the bound in (35) by summing over shells
Sk = {x € X |d(z, x) =k} which all satisfy |Sx| < |0X]| such that

R o
Z e*bd(x,A\Xr) S Z'Sk| e*b(r+R7k) S |8X| <ebr + / e*bq dq) S l-l:_b |8X| e*br'
xeX k=0 "

Hence, we just replace | X| with 122_17 |0.X] in {op to obtain the improved result for balls.
With the same proof it is also clear that this replacement works for every interval X C Z,
while strictly speaking, only intervals with an odd number of sites are balls. O

10.3.2. Long-range interactions Also for long-range interactions various Lieb—
Robinson bounds are available. Some of them only apply for a restricted set of times ¢
or only for two-body interactions. In particular, there was a focus on proving so-called
linear light cones in the last years. The bounds have the property that for each ¢ > 0
there exists v > 0 such that ;‘LR(X, Y,d(X, Y)/v) < ¢ in the limit d(X,Y) — oo,
see e.g. [37,52] and the discussion of light-cones in [22]. For our applications, it turns
out that we need a good decay in d(X, Y) and a bound which holds for all ¢, while the
growth in ¢ is not too important. This is due to the fact, that we only need to use the
Lieb—Robinson bound until 7" in (11) and can then use the exponential decay in T in the
second term to our advantage.

One bound, which provides a good decay and allows for general interaction, is proven
in [22], which is based on [40]. We give a slightly improved version here. From now on,
we will fix Fy(r) := (1 +r)*.

Proposition 45. Let o > v and o € ((v + 1)/(a + 1), 1). Then there exist constants C
and ¢ > 0 such that for all A € Z" and interactions ¥ on A with |¥ ||, < oo the
following Lieb—Robinson bound hold: Forall X, Y C A, A € Ax, B € Ay

” [e—itHA AeitHA, B]H

< CIAIIBI Y (=" +wlil (1+ @D 0=) o) (37)
xeX

wherer =d(x,Y) and v :=c||¥|F,.

Proof. First note, that the assumptions in [22, eq. (3),(5)] are satisfied if « > v and
I¥lF, < oo.Then [22, Theorem 1] proves the statement for a single point X = {x}.
From [50, Lemma 4] one obtains the statement for |X| > 1 with the sum over x € X.
Strictly speaking, the bound in [22] is only provided for ¢2-distance on Z", which
agrees with our setting only for v = 1. However, the proof can be modified to obtain the
same result also with ¢!-distance and directly with a linear scaling in |X|. Details will
be given in a future work, where we also consider fermions, for which [50, Lemma 4]
is not applicable. O
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Before we estimate {ggp, let us further upper bound (37) to obtain the simpler

GR(X.Y.)<C Y (e”f—d(*”"“ +(1+ @™/ =) Foo (d(x, Y))) (38)

xeX
after including a factor 2 in C. Then, for the dynamics of Hy + V with V € Ay we
obtain

é‘LR(Xv Y, t) < C (1 + ”V”) Z <evt—d(X,Y)1*U n (1 + (U t)2+V/(1—U)) Faa (d(x’ Y)))
xeX

(39)
using Lemma 42, again after adjusting C.

Lemma 46 ({gpp for long-range interactions). Leta > v, agpp < o, fo > 0and Ciy >
0. Then there exists a constant Cqopp > 0 such that the following holds:

Let W be an interactionon A € ¥, X C A, V € Ay self-adjoint and B € (0, Bo).
Then for all Hamiltonians H(s) = H + sV the following holds:

(@) If ||| £y |¥ + VIIE, < Cint, then
SQBp(X, 1) < CQBP|X| Faggp (r).
(b) If only |||k, < Cint, then
tQap(X, ) < Caap (1 + IV ) 1X] Faggp ().

Moreover, if X = {x € A|d(x,z) < R} is a ball (for some z € A and R > 0)
and aqpp < o — 1 we can replace | X| in both bounds with |0 X |. This replacement in
particular also works for all intervals X C Z, where |0 X| = 2.

Proof. For the proof, we will assume the ¢ r (X, Y, t) from (39) but without the (1+ v ||) .

It clearly upper bounds (38) and we can later add the factor (1 +|V ||) as in the proof of
Lemma 20. This way, we only need to bound (11) once.

As in the proof of Lemma 20, we start with the result for general |X|, where we
replace the sum with | X| and » with d(X, Y). Then,

IELr (X, AN X, Dl Loo—7,17)
<CIX| (e”T—’l‘” +(1+ (v T)*/(1=9)) Fm(r))

p(l—o) _,.1—-0
< CI|X] (er " + Faa—2p(1—0)—vp(r))

after choosing p € (0, 1), T = r?1=9) /y and adjusting the constant by a factor 2 after
using 1+7* < 2 (1+r)*. We now choose o and p such thateqpp = oo —2p(1—0)—vp,
which is possible, because we assumed agpp < « and can choose o arbitrarily close
to 1 and p arbitrarily close to 0, which will only change the constant C according to
Proposition 45. For every choice of o and p, we can also upper bound A

C Foggp (1) for some C > 0. Thus, we obtain

ISR (X, AN Xi, Dllzeeq—1.77) < C | X[ Fagpp(r)s

where T is chosen as above and the constant C only depends on o, agpp and v as

in the Lieb—Robinson bound. For the second summand in (11) we bound 4e 7T =
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4e_%’p(l ” <C Faggp (r) for some C > 0, where this C additionally depends on Sy
and Cjp;. Combining the two, proves Lemma 46 (a). And as said above, adding the
additional factor (1 + ||V ||) also proves Lemma 46 (b).

For balls X = B,(R) we use the same strategy as in the proof of Lemma 20. Here,
we bound

R o0
Y Faldx, AN X)) < D ISk Falr + R — k) < [0X] Y Fo(k) < 327 10X Fu1 (1),
xeX k=0 k=r
using
0 00
ZFa(k) < F,(r) +/ Fo(x)dx = ;%5 Fp—1(r) for a>1 (40)

k=r

for the second summand in (38) and (39). For the first summand one obtains a polynomial
correctioninr, seee.g. [22, Lemma 3] which will be absorbed by the exponential decay in
the end. Hence, after adjusting the constants, the result also holds with |d X | instead of | X |
for agpp < @ — 1. As in Lemma 20, the replacement also works for all intervals X C Z.

O
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A. Details on Sect.3

In this section we collect short proofs for the statements in Sect. 3.
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A.l. One-dimensional short-range systems. We begin with the proof for short-range
interactions.

Proof of Corollary 9. LPPL follows from Theorem 22 by choosing r = d(X,Y)/2,
using Theorem 8 to bound the covariance and using the specific form of {gpp from
Lemma 20 (b) for intervals. For more details, one can follow the proof of Theorem 36.

For local indistinguishability we first observe, that (3) also holds without the factor
(1 +|V ||), if |[¥+V |lexp(—b-) < Cint, see Lemma 20 (a). This is the form of LPPL that we
need in the proof of Lemma 28. Notice moreover, that we indeed provide uniform LPPL

for all A € Z, with respect to frppL, = CLppL, gLPPL(V) = 63’%, CrppL(r) = C_CLPPL\E
and n = 0 (in a restricted sense, where X and Y are intervals). Hence, we can apply
Theorem 29 by removing the sites from A\ A’. Therefore, we calculate, see Lemma 28,
g(v) = 3#? and bound

c(r) < (e*CLPPLm + e*b«/ﬁ) < Qe cuU \/;’

—b —b _ _ 2 2.2
where we boundede™* < e v for x > landchose R = ar, o = cfppy /(D" +Cippr)
and cr1 = b /a. It remains to bound the sum in (15), which in this case is

ZC d(y, Xz <2Z{(k) < 4e V" +4/ VA g

xeA\A/ k=r
8
< — (CLI\/_+1+C ) CLI“/;,
CLI

where we abbreviated r = d(Y, A\ A’). Absorbing all the constants in Cry proves the
Statement. O

Remark 47. With arefined proof as in Sect. 9, one could also obtain LPPL for observables
B = B B, with By € Ay,, B, € Ay, and Y, Y, C AintervalssuchthatY; < X < Y5.

A.2. One-dimensional long-range systems. We proceed with the proof for long-range
interactions.

Proof of Corollary 11. The interaction norm used in [35], which we give in (4) and
which is used in the formulation of Theorem 10 does not agree with the interaction
norm ||| r,, which we use in the rest of the paper. Clearly

v(Z w(Z
I llg, = sup K4l @l

x,yeA Z@A:Fa(d(x’ y)) T xea Z@A:Fa(diam(z))
x,yeZ xeZ

= ¥R,

so their result also applies for our norm. But it will be advantageous in terms of possible
a to bound the ||| F, norm with the [[[¥|||F, for some o’ and o and formulate the
assumptions using [||¥ ||| r, . Therefore, observe the following: For each Z € Z one can
find x, y € Z such that diam(Z) = d(x,y) < d(x,z) +d(y, z) for every z € Z by
triangle inequality. Thus, for every z € Z one can find w € Z (which is x or y) such that
diam(Z) < 2d(z, w). This allows to obtain the following bound for k-body interactions

Z| 1w (2)|
19, =sup 3 —
2€Z 7oy dlam(Z))
z€Z
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' ¥ (2)|
< 2% k sup Fo_o(d(z, w) Y
ze7, w% ool ) Zé Fo(d(z, w))
Z,WeZ
< Cou lII¥1llF,

with

Coor = 2% k sup Z Fy_o(d(z,w)) <00 ifa>a +1.
2€Z weZ

With the estimates on the interaction norms, for every o > 2 and agpp < a —1<
o — 2 we have

tqBp (X, r) < Caap (1+ V1) [X| Faqgp (r)

from Lemma 46 (b) for intervals X C A. We now choose agpp = ocov = QLpPL
and apply Theorem 22 with r = d(X, Y)/2. Using x < e* to absorb the B ||V in the
exponential, we obtain the statement on LPPL.

For local indistinguishability we again observe, that (5) also holds without the factor
(L+ V1), if [¥ + VIlg, < Cin, see Lemma 46 (a). As in the proof of Corollary 9,
we can apply Theorem 29, since we provide uniform LPPL for all A € Z, with respect
to fippL = CLppL, SLPPL(V) = €*PV, {ppL(r) = Fyypp (r) and n = O (in a restricted
sense, where X and Y are intervals). After choosing R = d(X, Y)/2, we obtain, see
Lemma 28, g(v) = e3#V and bound ¢ (r) < 24LPPL Foy pp (). For Theorem 29 it is left
to bound

o0
Z Farpey (d(Y’ x)) =2 Z Foppp (k) < a](j};)fil Foyppr—1 (d(Y7 A\ A/)),
xeA\A k=d(Y,A\A")

where we used (40). Putting everything together and absorbing the constants in Cp
proves the claim. O

A.3. v-dimensional short-range systems at high temperature.

Proof of Corollary 13. LPPL follows from Theorem 22 by choosing r = d(X, Y, using
Conjecture 12 to bound the covariance and using ¢opp from Lemma 20 (b). See also
Remark 23.

To obtain local indistinguishability, we first use Theorem 25 together with {ggp from
Lemma 20 (a), to obtain a better LPPL for the perturbations considered in the proof of
Lemma 28, similar to what is given in Remark 26. This way, we obtain a linear scaling
B |1Vl in the LPPL bound with a constant that can be chosen uniformly for 8 < *. To
keep this scaling also for local indistinguishability, we bound e*#* —1 < # v —_1)
to obtain (g,7(||lI/||exp(_;7 .)) < CBII¥|lexp(~b ) for some C, which only depends on *

and Cjpy, in Theorem 29. Since ¢ ppr and F decay exponentially, E (r) in Theorem 29
converges and decays exponentially. Thus, the result follows. O
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