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Universal quantum gate set for Gottesman–
Kitaev–Preskill logical qubits
 

V. G. Matsos    1,2  , C. H. Valahu    1,2,3, M. J. Millican1,2, T. Navickas1,2,4, 
X. C. Kolesnikow    1,2, M. J. Biercuk1,2 & T. R. Tan    1,2,3 

Conventional approaches towards creating a large-scale, fault-tolerant 
quantum computer require an error correction scheme that uses multiple 
physical qubits to encode one logical qubit of protected quantum 
information. A key limiting factor in realizing error-corrected quantum 
information processing is the large ratio of physical-to-logical qubits 
required by many error correction codes, outstripping the size of near-term 
devices. The Gottesman–Kitaev–Preskill (GKP) code offers hardware 
efficiency at the cost of increased encoding complexity by encoding a 
logical qubit into a single quantum harmonic oscillator. Building on earlier 
demonstrations of GKP-encoded operations, we realize an entangling gate 
on GKP logical qubits. Our experiments use an optimal control strategy 
that deterministically implements a universal set of energy-preserving 
logical gates on finite-energy GKP states encoded in the mechanical motions 
of a trapped ion. We also directly generate a GKP Bell state starting from 
vacuum. Our approach is compatible with existing hardware architectures, 
demonstrating the potential for optimal control techniques with advanced 
encoding schemes to accelerate the path towards large-scale fault-tolerant 
quantum information processing.

Using bosons for quantum information processing (QIP) is a promising 
pathway to accelerate the realization of scaled quantum computers 
to solve practical problems in quantum chemistry, material designs 
and secured communications, among others. Bosonic quantum com-
puting leverages the infinite-dimensional Hilbert spaces of harmonic 
oscillators to encode error-correctable logical qubits1,2. This encoding 
strategy can be implemented on existing devices without the need for 
substantial physical redundancy, offering a hardware-efficient avenue 
for fault-tolerant QIP. Among the various bosonic error correction 
schemes that have been proposed3–5, the Gottesman–Kitaev–Preskill 
(GKP) encoding6 provides in-principle superior error correction per-
formance against dominant hardware decoherence channels7. This, 
coupled with the relative ease of implementing Pauli and stabilizer 
operations, has made it an attractive option for realizing bosonic error 
correction across various physical platforms, including electromag-
netic modes in microwave cavities8–12, optical photons13, and in the 

mechanical oscillation of trapped ions14–16. Recent years have seen 
substantial progress in this area, including using dissipative12,15 and 
measurement-based8,10 error correction to stabilize GKP code words. 
However, a key outstanding requirement for universal GKP QIP—a uni-
versal gate set for GKP codes—remains elusive.

This challenge arises for two primary reasons. The first is the dif-
ficulty of engineering high-quality controls to realize an entangling 
interaction between bosonic modes. Second, complications due to 
physically realizable GKP states require careful consideration as they 
diverge from idealizations17. Ideal GKP states are unphysical due to 
their infinite energy. They are made physical by applying a damp-
ing envelope, typically a Gaussian profile, that bounds the energy 
(Fig. 1a,b). Crucially, applying logical operations designed for ideal GKP 
states to physical GKP code words distorts the Gaussian envelope and 
causes errors. Although these errors may be corrected, they require 
additional rounds of error correction. Several proposals aim to reduce 
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where Ωj = 2π × 2.4 kHz is the Rabi rate on bosonic mode j, with  
annihilation operator ̂aj; ϕs and ϕm are independently controllable 
phases associated with the spin and bosonic modes, respectively.  
The operator σ̂ϕs(t) = σ̂x cosϕs(t) + σ̂y sinϕs(t)  is expressed in terms  
of Pauli matrices σ̂x, σ̂y  that act on the spin state of the ion. The non- 
commutativity of the modulated SDF interaction provides the requisite 
nonlinearity to prepare and control the GKP states16. Alternating the 
SDF interactions between two bosonic modes (Fig. 1b) enables entan-
gling operations between them26. We achieve state preparation and 
logical operations exclusively through the modulation of the phases 
ϕs(t) and ϕm(t) in ̂H

SDF
j (t). The waveforms for these modulations are 

numerically optimized27. The constructed pulses are designed to pre-
vent distortions of the physical code words. Specifically, the cost func-
tion for both SQ and TQ gates minimizes the average error that maps 
a set of finite-energy input states to the target corresponding output 
states9. The cost function for preparing the Bell state minimizes the 
state overlap infidelity with respect to the target finite-energy state. 
The result of these optimizations is a library of waveforms that can be 
sequenced to enact the desired quantum circuit.

In the first experiment, we implement and fully characterize a 
logical SQ gate set. The experimental sequence consists of three steps: 
state preparation, gate application and logical readout. State prepara-
tion creates GKP states from vacuum in the radial-x motional mode 
using a similar optimized state preparation protocol16, augmented to 
suppress previously neglected errors from higher-order Hamiltonian 
terms. Numerically optimized waveforms are independently generated 
to prepare different approximate logical GKP states, including |+XL〉,  
|+YL〉, |+ZL〉 and |–ZL〉, with durations between 651 μs and 821 μs. The 
approximate nature of the states is parameterized through their  
envelope parameter Δ, and the ideal GKP states are retrieved in the  
limit of infinite squeezing (Methods). Our prepared states have a  
target envelope parameter between 7.9 dB and 8.9 dB. During gate 
application, ̂H

SDF
x (t)  is applied with the waveform corresponding  

to the desired gate, with durations ranging from 196 μs to 339 μs. 
Mid-circuit measurements are performed after state preparation and 
gate application to remove residual spin–boson entanglement 

this overhead9,17–19, but experimental demonstration has been limited 
to single-qubit (SQ) operations through a dissipative strategy15.

Here we demonstrate the first realization of a universal logical 
gate set for GKP qubits. Our gate set is coherent, deterministic and 
designed to avoid code word distortion of finite-energy GKP states. 
The key enabler of our approach is an optimal control strategy that 
implements a highly tunable temporal modulation of a spin– 
boson interaction. This interaction couples a high-quality ancillary 
two-level spin and two bosonic modes of a trapped ion (Fig. 1 shows a 
visual summary). The spin’s excellent coherence properties enable it 
to function as a nonlinear element for implementing logical GKP opera-
tions, and as a mediator of bosonic entanglement with minimal deco-
herence. We implement a gate set composed of the SQ gates 
{ ̂R
X
L(−π/2), ̂R

Z
L(−π/2), ̂TL = ̂R

Z
L(π/4)}  and the two-qubit (TQ) controlled- 

Z (CZL) gate, which contains all necessary operations for universal 
quantum computation20,21. We also demonstrate the preparation of a 
GKP Bell state from vacuum in a single step, providing an alternative 
route to universality22. We perform logical quantum process tomog-
raphy (QPT) and logical quantum state tomography (QST) to character-
ize the logical gate set and the Bell state, and we discuss strategies to 
mitigate identified error sources.

We perform experiments with a single 171Yb+ ion confined in a 
room-temperature Paul trap with favourable coherence in both the 
ancillary qubit and the bosonic modes (ref. 23 provides details on the 
experimental setup). The ancillary qubit has a measured T∗2 coherence 
time of 8.7 s (ref. 24); the motional coherence time of an equal super-
position of the Fock states, |0〉 and |1〉, is measured as ~50 ms (ref. 16); 
and the heating rate is 0.2 quanta per second. Coherent phase- 
modulated spin–motion interactions are implemented by a 355-nm 
pulsed laser through stimulated Raman transitions.

The control required to prepare and manipulate approximate GKP 
code words is provided by laser-driven state-dependent forces (SDFs) 
with the Hamiltonian described by25

̂H
SDF
j (t) =

Ωj
2 σ̂ϕs(t) (

̂a†j e−iϕm(t) + ̂ajeiϕm(t)) , (1)
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Fig. 1 | Implementation of a universal gate set in an ion trap with logical GKP 
states. a, SQ gates are implemented with a unitary operation, ̂U . An example of a 
̂TL gate acting on a |+XL〉 initial GKP state is shown. The Wigner functions of the 

initial and final GKP states are plotted. b, A TQ CZL gate is implemented with a 
sequence of three sequential unitary operations, namely, ̂V1, ̂V2 and ̂V

†
1 . In both 

quantum circuits, the unitary operations comprising the logical SQ and TQ gates 
act on both spin (straight line) and bosonic (wavy line) modes, and are obtained 
from a numerically optimized phase modulation of the SDF interaction (inset of 
̂U  in a). All gates are deterministic and preserve the finite-energy envelope of 

physical GKP states, which can be seen from the preservation of the envelope of 

the final state. The envelope is characterized by the envelope parameter, Δ.  
c, Logical GKP states are encoded in a single trapped ion’s radial-x and radial-y 
motional modes. A pair of radio-frequency and d.c. electrodes generate the  
two radial harmonic potentials with frequencies {ωx, ωy} = 2π × {1.33, 1.51} MHz. 
Laser interactions induce SDFs that couple the ancillary spin and motion.  
d, Single- or two-mode measurement of logical GKP Pauli expectation values.  
The measurement is obtained by spin readout in the σ̂z  basis after applying 
displacements conditioned on the ancilla state in the σ̂x  basis (black diamond). 
The logical Pauli measurement is chosen by the complex values of the 
displacements, γ and δ.
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(Supplementary Fig. 4). Additionally, the experiment only proceeds 
when the spin is determined to be in |↓〉 via projective measurement. 
Logical readout is achieved by applying an SDF pulse that transfers 
logical information from the GKP state to the ancilla, which is then 
measured using state-dependent fluorescence (Fig. 1d). This measure-
ment probes the real part of the expectation value of a displacement 
operator, Re ⟨ ̂D(γ)⟩, where ̂D(γ) = eγ ̂a†−γ∗ ̂a  denotes the bosonic dis-
placement operator.

The experimental sequence outlined above describes one step 
of a QPT routine on the logical SQ gates. By preparing a range of input 
states and decoding the input and corresponding output states, QPT 
characterizes a completely positive trace-preserving map, ℰ. This 
mapping relates the reconstructed logical input and output states 

as ρ̂outL = ℰ(ρ̂inL ) = ∑m,nχm,n ̂Emρ̂inL ̂E
†
n, where ̂Em are the standard Pauli 

operators, forming the operator basis for the logical Hilbert space. 
The complex matrix χ fully describes ℰ and determines the logical 
process fidelity, ℱ̄proc. = Tr(χχid), where χid describes the ideal trans-
formation associated with the target gate on two-level systems.  
Furthermore, we relate ℱ̄proc.  to the logical average gate fidelity28, 

ℱ̄gate =
dℱ̄proc.+1

d+1
, where d is the dimension of the logical Hilbert space, 

to quantify the fidelity of the gate averaged over all pure logical input 
states. For all operations presented, we also simulate the ideal unitary 
evolutions corresponding to the designed control pulses, which act 
on the full joint Hilbert space of the spin and bosonic mode(s). All 
operations achieve near-unity average gate fidelities, ℱgate, in the 
absence of decoherence (Supplementary Section A).

We use the stabilizer subsystem decomposition (SSSD) formal-
ism29 to efficiently retrieve the logical information contained in the 
finite-energy GKP qubits. This approach addresses the shortcomings 
of measuring finite-energy GKP states via the conventional usage of 
the logical Pauli operators, {⟨ ̂XL⟩, ⟨ ̂YL⟩, ⟨ ̂ZL⟩}. The SSSD may be used to 
provide a more accurate fidelity estimate by measuring the expecta-
tion value of logical Pauli measurement operators (henceforth  
referred to as Pauli measurement operators for brevity), namely, 
{⟨ ̂Xm⟩, ⟨ ̂Ym⟩, ⟨ ̂Zm⟩} . Each expectation value of the Pauli measurement 
operators is obtained by a weighted sum of displacements on the GKP 
lattice (Methods)30. In practice, the truncation of this sum can be 

chosen to obtain adequate accuracy of fidelity. The reconstructed χ 
matrices obtained from QPT through SSSD for the SQ gate set 
{ ̂R
X
L(−π/2), ̂R

Z
L(−π/2), ̂TL = ̂R

Z
L(π/4)}  are shown in Fig. 2. From this, we 

compute ℱ̄gate = {0.94(2),0.96(2),0.95(2)}.
In the second experiment, we implement and characterize a TQ 

CZL entangling gate by interleaving SDF interactions between bosonic 
modes. In particular, the CZL gate is decomposed into three sequential 
unitary operations, ̂UCZ = ̂V

†
1 ̂V2 ̂V1  (Fig. 1b), each involving a single 

bosonic mode, leading to a total gate duration of 993 μs; ̂V1 and ̂V2 are 
generated by applying ̂H

SDF
y  and ̂H

SDF
x , respectively. Decomposing the 

CZL operation into three individual spin–boson interactions offers two 
notable advantages: first, this reduces the complexity of the experi-
mental implementation by requiring fewer calibration steps; second, 
it increases the computational efficiency of the control waveform 
design, since expensive tasks in numerical optimization need to only 
consider a reduced Hilbert space. Computational efficiency is further 
increased by constraining the first and third unitary operations to be 
inverse of one another.

We characterize the TQ CZL gate using QPT to reconstruct the χ 
matrix and determine the process fidelity. The experimental sequence 
follows the general structure of the SQ experiment. First, state 
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X
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Z
L(−π/2) (b)  
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Z
L(π/4) (c) gates. The non-zero values of the ideal χ matrix, χid,  

are represented by thick coloured borders around the experimental data.  
From the experimental χ matrices, we obtain logical process fidelities  
of ℱ̄proc. = {0.94,0.96,0.96} and logical average gate fidelities of 
ℱ̄gate = {0.94(2),0.96(2),0.95(2)}, where the uncertainties are obtained  
from a bootstrapping analysis of the experimental χ matrices (Methods).  
The fidelity is primarily limited by motional dephasing. The ideal unitary 
operations, ̂U , yield average gate fidelities, ℱgate > 0.998, limited by  
pulse-design imperfections (Supplementary Section A). Re[χ]
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pulse-design imperfections (Supplementary Section A).
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preparation uses numerically optimized preparation waveforms to 
sequentially initialize GKP states in the radial-y and radial-x modes. 
Gate application implements the CZL operation by sequentially apply-
ing modulated SDF pulses, as described above. Logical readout uses 
two sequential SDF pulses to transfer information from both bosonic 
modes to the ancilla (Fig. 1d). This allows the simultaneous measure-
ment of both modes of the form Re⟨ ̂D(γ) ⊗ ̂D(δ)⟩ . Setting γ and δ to 
points on the GKP square lattice results in joint expectation values of 
the logical Pauli operators (for example, ⟨ ̂XL ⊗ ̂ZL⟩), which inform the 
χ matrix calculation. Here we only measure the expectation value of 
the logical Pauli operators instead of the Pauli measurement operators 
to reduce the total number of required measurements. This introduces 
a non-negligible error that we discuss below. The reconstructed  
χ matrix for CZL is shown in Fig. 3. From this, we extract a logical aver-
age gate fidelity of ℱ̄gate = 0.73(1). The experimental and ideal χ matri-
ces show good qualitative agreement: the dominant elements of the 
matrix are real and are located in the Pauli basis labels {II, ZI, IZ, ZZ}, 
and the imaginary part of the experimental χ matrix remains near zero. 
The infidelity is due to known experimental errors, described below.

In the third experiment, we directly prepare a GKP Bell state 
from vacuum in a single step, representing an efficient method for 
GKP resource state synthesis31. This direct preparation removes the 
usual overhead of state preparation followed by an entangling  
gate to generate a Bell state. We prepare the logical Bell state, 
||Φ+

L ⟩ = (|+ZL, +ZL⟩ + |−ZL, −ZL⟩) /√2 , from the initial ground state,  
|↓, 0, 0〉. Similar to CZL, the unitary operation ̂UBell is constructed  
with three numerically optimized unitary operations applied in 
sequence, ̂UBell = Ŵ3Ŵ2Ŵ1, with a total duration of 1.86 ms.

The Bell state is characterized using QST by measuring the 
two-mode Pauli measurement operators, for example, ⟨ ̂Xm ⊗ ̂Zm⟩ . 
Experimental expectation values of these operators are shown in Fig. 4. 
These measurements are used to construct a logical density matrix, 
ρ̂L,Bell, which contains the logical information encoded in the state 
(Methods). Performing logical state tomography through the SSSD in 
this way requires a vastly reduced set of measurements compared with 
the number of measurements required to perform full state tomogra-
phy for a two-mode bosonic state. We determine a logical state 
fidelity32, ℱ̄ = ⟨Φ+| ρ̂L,Bell |Φ+⟩, of 0.83(3).

The investigation of the impact of various noise mechanisms in 
our experiment reveals that the dominant error source is motional 

dephasing originating from fast fluctuations in the trapping potential. 
The CZL experiment also suffers from non-negligible logical readout 
error due to measurements of logical Pauli operators on finite-energy 
states; this accounts for approximately one-fifth of the total error. This 
can be mitigated by measuring the Pauli measurement operators at 
the cost of more experimental measurements. In the Bell state experi-
ment, the state fidelity suffers additional errors from thermal noise 
due to imperfect bosonic ground state initialization. A comprehensive 
analysis of the dominant errors is given in Supplementary Section C.

In summary, we demonstrated a universal gate set and direct 
Bell state generation for finite-energy GKP qubits. Our approach uses 
dynamically modulated light-atom interactions to implement coher-
ent operations that are made to preserve the finite-energy envelope of 
GKP code words. These control pulses take advantage of the excellent 
coherence properties of the spin present in the trapped-ion system, 
which serves as a resource-efficient nonlinear element to enable high 
controllability and as a high-quality mediator of bosonic entanglement. 
We characterized these operations with an efficient multimode logical 
tomography procedure tailored for finite-energy GKP qubits.

We identified straightforward hardware improvements to sup-
press infidelities. Motional dephasing errors can be mitigated by reduc-
ing the dissipative rate in the hardware and increasing the speed of 
state preparation and logical gates. A faster speed can be achieved 
by increasing our light-atom coupling strength, Ωj, which is modest 
compared with state-of-the-art trapped-ion platforms33. We estimate, 
through numerical simulation, that a ten times improvement of the cou-
pling strength and increasing the motional coherence time to 200 ms 
suppress the dephasing error to below 3 × 10−3 across all experiments. 
Similarly, bosonic thermal noise can be suppressed by improving the 
bosonic mode initialization protocol34.

Looking forward, our demonstration of a universal gate set on GKP 
qubits provides a foundation to enable large-scale QIP with bosonic 
resources on trapped-ion devices. The control methods developed 
here are compatible with a range of existing hardware. These include 
linear Coulomb crystals35,36, two-dimensional ion arrays37–40, quantum 
charge-coupled devices25,41 and micro-Penning traps42. These methods 
can also be extended to the manipulation of motional modes in neutral 
atoms trapped in optical tweezers43. Recent experimental advances 
motivate further exploration of scalable bosonic QIP in trapped-ion sys-
tems. Following the demonstration of a protected-mode encoding to 
mitigate measurement-induced heating in a quantum charge-coupled 
device trap44, a promising direction is to integrate universal control 
and quantum error correction with the non-destructive measurements 
of bosonic modes. Additionally, our control facilitates scaling across 
multiple trapping zones in distributed architectures, leveraging pho-
ton interconnects and spin–boson interactions to enable teleported 
entangling operations between bosonic modes45. Although our work 
focuses on GKP states, these control strategies are adaptable to other 
bosonic codes, including rotation-symmetric codes5, which may offer 
enhanced robustness against dephasing noise and exotic multimode 
grid state codes46. Finally, the high-fidelity spin–boson interactions 
demonstrated here could pave the way for emerging hybrid discrete- 
and continuous-variable QIP schemes47, which have the potential to 
greatly advance quantum information science.
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Methods
GKP code
Here we give some background on GKP codes, highlighting some of the 
more salient features in our experiment and simulations. For a more 
comprehensive summary, see the original proposal6 and more recent 
reviews48,49. The GKP code is a stabilizer code defined in a bosonic 
Hilbert space. Its stabilizer generators define a set of lattice points in 
phase space, which define the code. A family of GKP codes exists, each 
corresponding to a distinct lattice in phase space46,50. Here we focus 
on the square GKP code, which is the most fundamental qubit code in 
this family. The stabilizer generators for this code are given by the two 
commuting displacement operators

̂SX = ̂D(2α), ̂SZ = ̂D(2β), (2)

where β = iα = i√π/2 . These admit the following logical Pauli 
operators

̂XL = ̂D(α), ̂YL = ̂D(α + β), ̂ZL = ̂D( β), (3)

which commute with the stabilizer generators. Furthermore, a logical 
CZL gate takes the simple form

ĈZL = ei ̂q1 ̂q2 , (4)

where ̂qj = ( ̂aj + ̂a†j )/√2  denotes the position operator for mode j.
The code words, which are defined to be the ±1 eigenstates of the 

stabilizer generators in equation (2), may be expressed in phase space 
as an infinite sum of coherent states localized at the lattice points 
defined by α and β:

||+Z idealL ⟩ =
∞
∑

k,l=−∞
e−iπkl||2kα + lβ⟩c,

||−Z idealL ⟩ =
∞
∑

k,l=−∞
e−iπ(kl+l/2)||(2k + 1)α + lβ⟩c,

(5)

where |γ⟩c = ̂D(γ) |0⟩  is a coherent state and |0〉 is the vacuum state.  
These states are the ±1 eigenstates of ZL, and similar expressions for the  
±1 eigenstates of the other logical Pauli operators, ||± X idealL ⟩ ||± Y idealL ⟩, 
may be obtained by taking superpositions of these states.

Owing to their infinite extent in phase space, these code words 
have infinite energy. Finite-energy GKP states may be defined by apply-
ing the envelope operator onto the infinite energy code words:

|±PL⟩ =
e−∆2a† ̂a

𝒩𝒩
||±P idealL ⟩ , (6)

where P = X, Y, Z, and 𝒩𝒩 = √⟨±PidealL
|| e−2Δ2a† ̂a ||±PidealL ⟩. These are approxi-

mate ±1 eigenstates of the stabilizer generators and Δ ∈ [0, 1] param-
eterizes this approximation, with Δ→0 recovering the infinite energy 
code words. Crucially, the logical operators in equation (3) are not exact 
logical operators for the finite-energy code words. Methods to con-
struct logical operators that are exact for finite-energy code words via 
the envelope operator, for example, e−∆2 ̂a† ̂a ̂ZLe∆

2 ̂a† ̂a , have been 
explored for SQ gates in ref. 17 and for the CZL gate in ref. 19.

We stress that the construction for finite-energy GKP states in 
equation (6) is not unique, and that the exact form of the approxima-
tion will depend on the details of the experimental platform that the 
states are prepared in. This motivates our use of an optimizer to find a 
logical operation that is tailored to the exact form of the approximate 
GKP states. However, for numerical purposes, we find an alternative 
definition for the finite-energy GKP code, which was used in refs. 32,51, 
particularly useful. Here the code states are defined to be the quaside-
generate ground states of the Hamiltonian

̂HGKP = ω0 ̂a† ̂a − J(cos(2√π ̂q) + cos(2√π ̂p)), (7)

where ̂q = ( ̂a + ̂a†)/√2  and ̂p = −i( ̂a − ̂a†)/√2  are the position and 
momentum operators for a single bosonic mode, respectively; ω0 
represents the characteristic energy scale of the harmonic oscillator; 
and J quantifies the stabilizer potential enforcing the periodic structure 
of the GKP code. In the limit of large J/ω0, the ground states are approxi-
mately logical Hadamard eigenstates in the |+ZL〉 basis,

|+HL⟩ = cos(π/8) |+ZL⟩ + sin(π/8) |−ZL⟩ , (8a)

|−HL⟩ = − sin(π/8) |+ZL⟩ + cos(π/8) |−ZL⟩ , (8b)

and the squeezing parameter Δ of these states is related to the energy 
scales through Δ = (ω0/(4πJ))1/4. We find numerical diagonalization of 
equation (7) to be an efficient procedure to obtain the finite-energy GKP 
code words numerically. The relations in equation (8) may be inverted 
to obtain the |+ZL〉 code words, and the other logical Pauli eigenstates 
obtained from the appropriate superpositions of these states.

Furthermore, the squeezing parameter of these states in each 
quadrature ΔX/Z may be independently calculated from their stabilizer 
expectation values through the relations52

ΔX =√− 1
2π log [|⟨

̂SX⟩|2], (9a)

ΔZ =√− 1
2π log [|⟨

̂SZ⟩|2], (9b)

which can also be expressed in units of decibels, with 
ΔX/Z (dB) = −10log10[Δ2X/Z]. In this work, we set J/ω0 = 5.95 in equation (7) 
to target logical states {|+ZL〉, |−ZL〉, |+XL〉, |+YL〉} with squeezing param-
eters [ΔX, ΔZ] of {[8.39, 7.90], [8.36, 8.88], [7.90, 8.39], [8.38, 8.38]} dB, 
respectively.

Logical measurements on the GKP code using SSSD
SSSD provides a way to divide the infinite-dimensional Hilbert space 
into a logical subsystem, containing the logical information encod-
ing in a GKP state, and a gauge subsystem, referred to as the stabilizer 
subsystem29,53. Here we make use of this formalism to accurately and 
efficiently readout the logical information encoded in our states.

Logical readout for the ideal square GKP code corresponds to 
measuring the expectation values of the logical Pauli operators, 
{⟨ ̂XL⟩, ⟨ ̂YL⟩, ⟨ ̂ZL⟩}. The expectation values of these logical Pauli operators 
are obtained by applying an SDF interaction, which transfers informa-
tion from the bosonic mode to the ancilla, followed by an ancilla meas-
urement. Setting the phases ϕs and ϕm to be time independent with 
ϕs = 0, the application of the SDF interaction from equation (1) for a 
time t realizes the operation ̂D(γσ̂x/2), where γ = −iΩte−iϕm. The magni-
tude of displacement, |γ|, is controlled by the duration of the SDF pulse, 
t, and the phase of the displacement, arg(γ), is controlled by the SDF 
phase, ϕm. Following the SDF pulse, the state measurement of the 
ancilla gives ⟨σ̂z⟩ = Re[⟨ ̂D(γ(t,ϕm))⟩], whereas the imaginary part can be 
obtained by applying an ancilla qubit rotation before the SDF. Setting 
γ = {α, α + β, β} leads to the measurements of {⟨ ̂XL⟩, ⟨ ̂YL⟩, ⟨ ̂ZL⟩}.

The expectation value of joint Pauli logical operators on two bos-
onic modes is obtained by applying two sequential SDF operations 
followed by an ancilla measurement, resulting in Re [⟨ ̂D(γ) ⊗ ̂D(δ)⟩].

To decode a GKP state, measuring the Pauli expectation values 
of finite-energy GKP states with the operators of equation (3) is only 
valid in the limit Δ→0. As explained in the main text, one can instead 
measure the expectation value of the Pauli measurement operators, 
which was done for the SQ gates and Bell state characterization. These 
operators are defined as a summation over displacement operators on 
the logical GKP lattice30:

̂Xm = 1
π

N−1
∑
n=−N

(−1)n

n + 1
2

̂D (α (2n + 1)) , (10a)
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̂Ym = 1
π2

N−1
∑

m,n=−N

̂D (α(2n + 1) + β(2m + 1))

(n + 1
2
) (m + 1

2
)

, (10b)

̂Zm = 1
π

N−1
∑

m=−N

(−1)m

m + 1
2

̂D (β (2m + 1)) , (10c)

where N sets a truncation, and the identity Pauli measurement operator 
̂Im coincides with the identity operator on Fock space. The expectation 

values ⟨ ̂Xm⟩, ⟨ ̂Ym⟩ and ⟨ ̂Zm⟩ are obtained by summing over the expectation 
values of the displacement operator, ⟨ ̂D(γ)⟩ . Here γ is varied to  
sample the various points determined by equation (10). Expectations 
of joint Pauli measurement operators for two bosonic modes, such as 
⟨ ̂Xm ⊗ ̂Zm⟩ , can be obtained by taking the tensor product of any two 
single-mode Pauli measurement operator of equation (10). Their joint 
expectation value will also be a summation over the expectation values 
of two-mode displacement operators.

The number of required measurements is reduced by using the 
fact that ⟨ ̂D(γ)⟩ = ⟨ ̂D(−γ)⟩

∗
. With this, the total number of measurements 

to calculate the three single-mode expectation values of the Pauli 
measurement operators of equation (10) is Nmeas = 2N + 2N2. For the 
expectation values of the 15 non-trivial two-mode Pauli measurement 
operators, the number of measurements is Nmeas = 4N + 8N2 + 8N3 + 4N4. 
The finite-energy envelope of the GKP states implies that ⟨ ̂D(γ)⟩ ≈ 0 for 
large enough |γ|, meaning that the sums in equation (10) converge with 
N. In both SQ gate and Bell state experiments, we choose a truncation 
of N = 2 to minimize the number of measurements required, but still 
achieve a good approximation (in Supplementary Section C, we quan-
tify the error arising from this truncation). This results in Nmeas = 12 and 
Nmeas = 168 measurements for logical SQ and TQ states, respectively. 
For the CZL gate experiment, we choose not to measure the Pauli meas-
urement operators because the required number of measurements 
for all 16 states is 2,688, leading to a much longer experimental runtime. 
Instead, we choose to measure the expectation values of the logical 
Pauli operators of equation (3), which requires a total of 240 measure-
ments, and incorporate the error from using these operators into our 
error budget (Supplementary Fig. 3).

State tomography
In the SQ experiment, the logical density matrices ρ̂inL  and ρ̂outL  are 
reconstructed from the Pauli measurement expectation values using 
the relation

ρ̂L =
1
2

̂E
0
+ 1
2

3
∑
i=1

⟨ ̂E
i
m⟩ ̂E

i
, (11)

where ̂E
i
∈ { ̂I, σ̂x, σ̂y, σ̂z}  are the usual one-qubit Pauli operators and 

̂E
i
m ∈ { ̂Im, ̂Xm, ̂Ym, ̂Zm}  are the Pauli measurement operators, which can  

be obtained from the experiment using equation (10). We construct a 
tomographically complete set of ρ̂inL  by preparing one of the four states 
{|+ZL〉, |−ZL〉, |+XL〉, |+YL〉} and taking measurements for each of the 
expectation values in equation (11), leading to a total of 4 × 12 = 48 
measurements (Supplementary Section B). Reconstructing each ρ̂outL  
is performed in a similar manner, but with the gate applied to each 
initial state.

In the TQ experiment, the input and output density matrices are 
reconstructed from Pauli expectation values using the relation

ρ̂L =
1
4

̂E
0
+ 1
4

15
∑
i=1
⟨ ̂E
i
L⟩ ̂E

i
, (12)

where ̂E
i
∈ { ̂I, σ̂x, σ̂y, σ̂z}

⊗2
 are the TQ Pauli  operators and 

̂E
i
L ∈ { ̂IL, ̂XL, ̂YL, ̂ZL}

⊗2 are the logical Pauli operators of equation (3). We 
first reconstruct each ρ̂inL  by preparing one of the 16 possible input 

states from the set {|+ZL〉, |−ZL〉, |+XL〉, |+YL〉}⊗2 and measuring the 15 dif-
ferent non-trivial logical Pauli operators, resulting in 16 × 15 = 240 
measurements. Similarly, each ρ̂outL  is retrieved by applying the CZL  
gate after preparing one of the input states.

The Bell state is characterized using logical QST, which aims to 
reconstruct the logical density matrix of the experimentally prepared 
state. In the Bell state experiment, we reconstruct the logical density 
matrix from

ρ̂L =
1
4

̂E
0
+ 1
4

15
∑
i=1
⟨ ̂E
i
m⟩ ̂E

i
, (13)

where ̂E
i
∈ { ̂I, σ̂x, σ̂y, σ̂z}

⊗2
 are the TQ Pauli  operators and 

̂E
i
m ∈ { ̂Im, ̂Xm, ̂Ym, ̂Zm}

⊗2 are the Pauli measurement operators. The expec-
tation values are calculated from equation (10), where a truncation of 
N = 2 results in 168 unique measurements. We apply a post-processing 
step in the logical Bell state analysis, ensuring that the reconstructed 
state is physical. After obtaining ρ̂L from equation (13), we use a convex 
optimizer to obtain a physical density matrix, ρ̂L,Bell, which minimizes 
||ρ̂L,Bell − ρ̂L||2 (ref. 54). ρ̂L,Bell is constrained to be non-negative definite 
and Tr (ρ̂L,Bell) = 1 . Expectation values of the physical density matrix 
ρ̂L,Bell are plotted in Fig. 4.

Uncertainty analysis
Uncertainties on the logical fidelities presented in this work are deter-
mined using a non-parametric bootstrap procedure. For each dataset, 
we resample the raw spin readout counts with replacement to create 
1,000 pseudo-datasets of identical size. Each resampled dataset is 
processed through the full analysis: first extracting the relevant dis-
placement operator expectation values, then reconstructing the logical 
density matrix or process matrix and finally calculating the fidelity 
metric. The standard deviation of the resulting distribution of 1,000 
fidelity values is taken as the one standard deviation (1σ) statistical 
uncertainty reported in the main text.

Calibration and experimental drift
To mitigate errors from slow experimental drifts, we implement an 
interleaved calibration routine throughout the experiment. The 
motional mode frequencies ωx and ωy, corresponding to the radial-x 
and radial-y modes, are periodically recalibrated approximately every 
30 s using a calibration protocol described in ref. 55. Independent 
measurements reveal that the frequency drifts by σδ ≈ 2π × 3.2 Hz 
between calibrations, and that drifts in ωx and ωy are highly correlated. 
We estimate errors due to frequency drifts from numerical simulations 
by repeating a similar analysis, as carried out in Supplementary Section 
C. The SDF Hamiltonian in equation (1) is modified by adding a noisy 
Hamiltonian term of the form δx ̂a†1 ̂a1 + δy ̂a†2 ̂a2 . We set δ = δx = δy to 
model-correlated frequency drifts, and δ ≈ 𝒩𝒩(0,σ2δ) is sampled from  
a normal distribution. The resulting infidelity is below 5 × 10−3 across 
all experiments.

By contrast, drifts in the qubit frequency and SDF Rabi rate occur 
on much slower timescales and are not included in the scheduled 
calibration routine. These parameters do not appreciably drift over 
the duration of the experiments and have a negligible impact on the 
fidelities relative to drifts in the motional frequency.

Data availability
The experimental data are available via Zenodo at https://doi.org/ 
10.5281/zenodo.13940370 (ref. 56). Source data are provided with 
this paper.
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