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Abstract The motion of spinning particles around a
quantum-corrected black hole is examined in this paper. We
investigate the dynamics of spinning test particles by using
the Mathisson–Papapetrou–Dixon equations, the Tulczyjew
spin-supplementary condition, and restricting the motion to
the equatorial plane. We determine the innermost stable cir-
cular orbit (ISCO), effective potential, and effective force
and examine how these depend on the black hole’s α param-
eter and the particle’s s spin. However, we also take into
account a superluminal bound on the motion of the spin-
ning particle since its kinematical four-velocity and dynam-
ical four-momentum are not always parallel. We also show
how the parameter α affects the maximum value of the spin
parameter s. We determine the critical angular momentum
of the particle for which a collision is possible by investi-
gating collisions of spinning particles close to the horizon
of a black hole. Finally, we compute the particle’s center-of-
mass energy Ecm and analyze how the spin of the colliding
particles affects it.
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1 Introduction

The black holes (BHs) are the most intriguing and fascinat-
ing objects in the Universe. The gravity of the BHs is dom-
inating over all other interactions; thus, they play a role of
cosmic laboratory for gravitational physics. General Rela-
tivity (GR) proposed by Einstein in 1915 properly describes
the gravitational effects surrounding BH. Most of the exist-
ing experiments and observations are consistent with GR and
adequately describe the effects around BH. Recent observa-
tion of the shadow of a supermassive BH [1,2] and detection
of gravitational waves [3] can be considered as a test of GR
in the strong-field regime. However, GR meets fundamental
issues as a classical field theory. Particularly, the existence
of singularity at the origin of classical solutions of GR and
inconsistency with the quantum field theory require one to
consider further modifications of GR or alternative theories
of gravity. Fortunately, the current resolution of the experi-
ments and observations used to test GR allows one to consider
such modifications.

In the literature, there exist a large number of modified and
alternative theories of gravity. In order to sort out these theo-
ries, one needs to develop corresponding tests of the particu-
lar theory. The huge number of theories creates an additional
problem related to the degeneracy issues: the parameters of
different theories/models may mimic each other. In order to
resolve this issue, one needs to develop independent experi-
mental/observational tests. Other ways of solving this prob-
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lem can be performed by introducing the parameterization
of the space-time metric [4–6].

No hair theorem claims that the solution of field equa-
tions describing BH may carry only three parameters: mass
M , angular momentum J , and electric charge Q [7,8]. Pos-
sible modifications of GR may be related to the reconsider-
ation of this theorem and include additional charges of BH,
which may lead to the quantum hair [9]. One of the pos-
sible quantum hair of BH is considered in Ref. [10] where
the authors have found that trivial deformations of the seed
Schwarzschild vacuum preserve the energy conditions and
provide a new mechanism to evade the no-hair theorem.
Thermal analysis and thermal fluctuations of this solution
have been explored in Refs. [11,12]. Different astrophysical
scenarios have been studied to bypass the no-hair theorem in
Refs. [13–18]). Other works devoted to the analysis of hairy
BH can be found in [19,20].

The motion of particles around compact gravitating
objects may be used as a useful tool to test gravity theories. In
metric theories of gravity, test particles follow the geodesics,
and thus the trajectories of the particles may provide informa-
tion about the physical parameters of the central object. On
the other hand, particles with non-zero spin parameters will
be deflected form geodesics due to interaction of spin and
curvature of the spacetime. The exploration of the spinning
particles motion may provide more information about space-
time structure. The investigations of the dynamics of neu-
tral, charged, magnetized particles around compact objects
in different models can be found in Refs. [21–31]. More-
over, the electromagnetic field around the compact object
may have new effects on the motion of charged / magnetized
particles [32–35]. The study of the interaction of the spin of
the particle with the background geometry may be found in
Refs. [36–50].

The dynamics of non-zero spin particles can be explored
using MPD [51]. Mathisson-Papapetrou-Dixon (MPD) equa-
tions contain terms that are responsible for the interaction
of the spin tensor and the curvature tensor. One of the main
features of the spin-particle dynamics is spin precession [52–
54].

The particle dynamics may lead to the energetic of the BH.
In particular, BHs may play the role of particles accelerator.
In Ref. [55] it has been shown that for fine-tuned values of
the parameters of the particles and extreme rotating BH the
center of mass energy of two colliding particles may diverge.
This mechanism is referred to as the BSW mechanism after
the authors (Banados, Silk, and West). Here, we plan to ana-
lyze the collision of two spinning particles in the vicinity
of quantum corrected BH. The effect of the modifications
to gravity theory on the spin-particle dynamics has been
explored in [44,56–58]. Recent studies have explored the
motion of charged, spinning, and magnetized test particles
around quantum improved charged black holes, highlighting

the significant effects of quantum corrections on their orbital
dynamics [59].

We intend to investigate the dynamics of spinning particles
in the vicinity of the quantum-corrected BH characterized
by the solution presented in [60]. The paper is structured as
follows. We examine the solution of a quantum-corrected BH
in Sect. 2.1. Section 2.2 is dedicated to the examination of
the equations of motion for spinning particles in a generic
context. The behavior of spinning particles around quantum-
corrected BHs has been examined in Sect. 3. We regard the
spinning particle collision discussed in Sect. 4 as a significant
application of particle dynamics. We summarize our findings
in Sect. 5. We employ a geometrical unit system in which
G = 1 = c and the space-time signature is (−,+,+,+).
Latin (Greek) indices range from 1(0) to 3.

2 Basic equation of motion

2.1 Quantum corrected black hole

The classical BH solutions are altered by quantum correc-
tions, which may cause variations in the behavior of nearby
particles. By adding higher-order terms in the curvature to the
Einstein-Hilbert action, the effective field theory approach
introduces one such correction. We aim to examine the
dynamics of spinning particles near the quantum-corrected
black hole, described in spherical coordinates by the solution
presented in [60,61].

ds2 = − f (r)dt2 + f (r)−1dr2 + r2dθ2 + r2sin2θdφ2. (1)

In the above equation f (r) representing the lapse function,
which is further defined as:

f (r) =
(

1 − 2M

r
+ αM2

r4

)
, (2)

where M represents the Arnowitt–Deser–Misner mass, and
α = 16

√
3πγ 3l2P is a parameter influenced by quantum cor-

rections. In this expression, γ denotes the Immirzi parameter
which measures the size of the quantum of area in Planck
units while lP refers to the Planck length [62]. The quan-
tum corrections introduce a minimum mass Mmin for the
quantum-corrected BH. This solution originates from the
quantum extension of the Oppenheimer–Snyder model in the
framework of Loop Quantum Cosmology. For simplicity, we
use the dimensionless parameter α̂ = α/M2 instead of α

throughout this work. When α̂ = 0, the Eq. (1) simplifies
to the line element of a standard Schwarzschild BH. α̂ must
be less than 27

16 for a quantum-corrected BH to exist. It is
obvious from Fig. 1 that for the values α̂ > 27

16 a horizonless
configuration arises.

123



Eur. Phys. J. C           (2025) 85:646 Page 3 of 11   646 

Fig. 1 The radial dependence of the lapse function for different values
of the parameter α̂

2.2 Equations of motion for a spinning particle

Spinning particles move in significantly different ways com-
pared to non-spinning ones. While spinning particles follow

differential equations with additional variables related to the
connection between the Riemann curvature tensor and the
particle’s spin, non-spinning particles follow the geodesic
equation within the specified background geometry. The set
of differential equations for describing the motion of massive
spinning particles is called the MPD equations [52,53] and
has the following form:

Dpα

dλ
= −1

2
Rα

βδσu
β Sδσ ,

DSαβ

dλ
= pαuβ − pβuα,

(3)

where D/dλ ≡ uα∇α is the projection of the covari-
ant derivative along the trajectory of the particle as uμ =
dxμ/dλ is the test particle’s 4-velocity, pα is the canonical
4-momentum, Rα

βδσ is the Riemann curvature tensor, λ is

an affine parameter and Sαβ is the antisymmetric spin ten-
sor: Sαβ = −Sβα . Alternatively, when the components of

Fig. 2 The radial dependence of the effective potential, Veff, for vary-
ing parameter sets. The upper row illustrates the behavior of Veff for
fixed values of the parameter α̂ = 0.6 and 0.9, with different spin

values s = − 0.2, 0, 0.2. The lower row highlights fixed spin values
s = − 0.2 and 0.2, while varying α̂ = 0.2, 0.6, 1.4
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Fig. 3 Maximal value of spin parameter dependence of α̂

Sμν are null, the differential equation simplifies as:

Dpμ

dτ
= 0. (4)

The center of mass of the spinning test particle is an essential
component of the MPD equations. In this sense, to solve the
system in Eq. 3, one needs to fix its center of mass [63].
Although a particle is point-like, its motion is defined in
relation to the center of mass. This is especially essential to
mitigate uncertainty in predicting the dynamics of spinning
particles from the following condition:

Sαβ pα = 0. (5)

The Tulczyjew spin supplementary condition (SSC) is the
name given to this situation.The SSC relation and the MPD
equations yield two independent conserved quantities: the
canonical momentum and the particle’s spin, as defined by
the following relations:

Sαβ Sαβ = 2S2,

pα pα = −m2.
(6)

Now, by using Eq. (3), one can introduce the following
quantity

μ = −Pβuβ. (7)

Further, Eq. (3) gives the relation as:

Pα = μuα − uβ DSαβ

Dλ
. (8)

The above expression indicates that the momentum and
velocity vectors are no longer parallel for spinning particles.

Moreover, along with the SSC-dependent conserved val-
ues, there exist standard background-dependent conserved
quantities linked to the Killing vectors. In an axially symmet-
ric space-time, two Killing vector fields exist. One belongs
to invariant time translations ξα , while the other allows rota-
tions about the azimuthal angle φ, ψα . These quantities can

be calculated using the following equation:

pακα − 1

2
Sαβ∇βκα = pακα − 1

2
Sαβ∂βκα = constant, (9)

where kα represents the two Killing vector fields: ξα and ψα .

2.3 Superluminal bound

It is worth mentioning the fact that spinning particles should
have a constraint for the values of spin, a superluminal con-
straint, above which the velocity of the particle exceeds the
speed of light, which is non-physical.This is because the four-
velocity uα and the four-momentum pα are not parallel. The
four-velocity of the particle uα is not time-like, but the four-
momentum pα is clearly a conserved quantity (see Eq. (6))
and always time-like. As a result, the normalization require-
ment uαuα = − 1 is not sufficiently satisfied and the values
of the normalization condition may be positive for certain
spin values s. As a result, the particle’s motion loses its phys-
ical significance and takes on the appearance of space-like.

The following restriction must be applied (on the equato-
rial plane) in order to maintain the trajectory of spinning test
particles with time-like character:

uαuα

(ut )2 = gtt + grr ṙ
2 + gϕϕϕ̇2 ≤ 0. (10)

In this case, the derivative with respect to the time coordinate
t is indicated by the dot. The following form represents the
expressions for dr/dt and dϕ/dt obtained by solving the
MPD equations:

dr

dt
= ur

ut
= C pr

Bpt
,

dϕ

dt
= uϕ

ut
= Apϕ

Bpt
,

(11)

where

A = gϕϕ +
(
Sϕr

pt

)2

Rtrrt ,

B = gtt +
(
Sϕr

pt

)2

Rϕrrϕ,

C = grr +
(
Sϕr

pt

)2

Rϕt tϕ.

(12)

To determine the superluminal bound, we establish the func-
tion F = uαuα/(ut )2 and investigate three cases:

• if F < 0, the particle’s journey is time-like and the spin
values are physical.

• if F = 0, there is a superluminal bound (the critical
values of spin smax ).

• if F > 0, the spinning test particle follows a space-like
trajectory with non-physical spin values (forbidden).
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Fig. 4 The variation of the radius, specific angular momentum, and energy at ISCO for fixed values of α̂ in spin parameter s

To put it simply, the superluminal bound is the threshold that
distinguishes space-like trajectories from time-like ones. The
spin values of the test particle are valid until the function
vanishes F = 0. This is because, according to condition Eq.
(10), positive values of F indicate that the test particle may
have a velocity that exceeds the speed of light c, which is
non-physical. The second condition mentioned above yields
the critical values of the spin smax .

3 Dynamics of spinning particles around quantum
corrected black hole

3.1 The effective potential

In the preceding section, we examined the fundamental prin-
ciples of the equations that describe the motion of a spinning
particle. This section focuses on the analysis of spinning par-
ticle dynamics within the specified metric (Eq. (1)).

Initially, we aim to determine the effective potential of a
rotating test particle in the vicinity of a quantum-corrected

BH. In order to simplify the equation, we examine the motion
within the equatorial plane (θ = π/2).

In static and spherically symmetric spacetimes, there exist
two conserved quantities: energy E and total angular momen-
tum J (where J = L + S), with S representing spin and L
representing orbital angular momentum. Further, these both
quantities are defined as:

−E = pt − 1

2
gtt,r S

tr

J = pφ − 1

2
gφφ,r S

ϕr ,

(13)

Furthermore, considering particle’s motion is constrained to
the equatorial plane, the antisymmetric spin tensor Sαβ has
just two independent components [64] which are expressed
as:

Str = pφs√−gtt grr gφφ

,

Sϕr = − pt s√−gtt grr gφφ

,
(14)

where, s = S/m represents the specific spin angular momen-
tum of the particle, which can be positive or negative depend-
ing on the direction of pφ .
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Fig. 5 The variation of the radius, specific angular momentum, and energy at the ISCO with respect to the parameter α̂ of the BH for various
particle spin values

Fig. 6 Effective force as a function of radial distance in various spin parameter s and α̂
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Substituting Eq. (14) into Eq. (13) and performing basic
calculations, the formulations for energy E and total angular
momentum J can be reformulated as:

−E = pt − spφgtt,r
2
√−gtt grr gφφ

= pt + s

2r
f ′(r)pφ

J = pφ + spt gφφ,r

2
√−gtt grr gφφ

= pφ + spt .
(15)

By solving the above system for pt and pφ , one can easily
get the following results:

pt = J Ms
(
2αM − r3

) − Er6

2αM2s2 − Mr3s2 + r6 ,

pφ = r6(Es + J )

2αM2s2 − Mr3s2 + r6 .

(16)

Now, from Eq. (6), one can get the expression for the radial
canonical momentum as:

(pr )2 = −grr [gtt p2
t + gφφ p2

φ + m2]. (17)

By substituting Eq. (16) and the components of the metric
tensor into Eq. (17), one can easily derive the quadratic equa-
tion for the energy E of the spinning particle [64,65] as:

ρ(ur )2 = αE2 + δE + γ, (18)

where,

α = 4[r2 − s2 f (r)], (19)

δ = 4sJ [−2 f (r) + f ′(r)r ], (20)

γ = J 2
[
f ′(r)2s2 − 4 f (r)

]
− f (r)

[
2r − f ′(r)s2

]2
(21)

ρ =
[
2r − f ′(r)s2

]2
. (22)

Now, in further calculations, one can use the following
dimensionless variables: J = J

mM , ∫ = S
mM , E = E

mM .
Now, one can rewrite Eq. (18) as:

(ur )2 = α

ρ
(E − V+)(E − V−). (23)

To achieve the circular motion of the spinning particles, we
impose the condition pr = 0, from which we can define the
effective potential [36,43] in the following manner:

V± = −δ ± √
δ2 − 4αγ

2α
. (24)

One can define the effective potential under the following
assumption that spinning particles possess positive energy:
Vef f = E+. Figure 2 demonstrates the radial dependence of
the effective potential at fixed L = 3.5 for different values of
the parameter α̂ and s. The upper row of the plot shows the
dependence of the effective potential on the radial motion
of the spinning particle for different values of s, with the
parameter fixed at α̂ = 0.6 and α̂ = 0.9. An increase in the
parameter α̂ results in an increase in the effective potential.
In contrast, the bottom row of the plot depicts the influence

of the various values of the parameter α̂ on the effective
potential at a fixed value s = 0.2 and s = − 0.2. As r/M
increases, Vef f approaches an asymptotic value, indicating
stable behavior at large radial distances. We can see from
the graph that, if s increase Vef f is also increases signifi-
cantly. The bottom graphs show that for different values of
the parameter α̂, Vef f is nearly similar at large radial dis-
tances.

3.2 Innermost stable circular orbit

We now examine the dynamics of a spinning particle in space-
time (1) by identifying the stable circular orbits, which are
consistently the focal point of attention. It is widely recog-
nized that two conditions must be satisfied for circular orbits:

(i) dr/dτ = 0 or E = Vef f (r) (the motion with a constant
radius R) and (ii) d2r/dτ 2 = 0 or V ′

e f f (r) = 0 (the motion
with zero acceleration). However, these constraints alone do
not ensure the stability of circular orbits. To guarantee sta-
bility, the second radial derivative of the effective potential
must be positive, specifically d2Vef f /dr2 ≥ 0. Moreover,
the equality of the last condition signifies the ISCO.

So, the dependence of the ISCO radius, the specific angu-
lar momentum, and the specific energy at ISCO on the
spin s for different values of α̂, is presented in Fig. 4. The
graphs indicate that for small values of s, an increase in
the para decrease in both the radius rISCO and the spe-
cific energy EISCO, while the specific angular momentum
LISCO increases. Beyond a certain value of s, the curves for
larger values of α̂ cross over and switch positions with those
for smaller α̂. This suggests a complex interaction between α̂

and s, possibly due to dynamic changes in orbital stability and
spacetime geometry at high spin. Moreover, the third graph of
the specific energy is of particular interest. As observed, the
ISCO energy is independent of the parameter α̂ to s ≈ 1.5
and begins to differ noticeably only after s ≈ 1.5. Addi-
tionally, the vertical lines in Fig. 4 define the superluminal
bound, the maximum values of the spin s, after which the val-
ues of the ISCO are non-physical. In other words, the left side
of the lines corresponds to the time-like particles, while the
right side represents space-like particles, which lacks physi-
cal meaning. Furthermore, the influence of the same physical
quantities (rISCO, LISCO), and EISCO on the parameter α

for different values of spin s is illustrated in Fig. 5. The plot
illustrates a linear relationship between rISCO and EISCO
with respect to α̂, and a rise in spin s results in higher function
values. The dependence of the particle’s angular momentum
LISCO on α̂ remains largely unaffected. In Fig. 3, the vari-
ation of the critical spin values smax with respect to α̂ is pre-
sented. Clearly, when the α̂ parameter increases, the critical
value of the spin also increases.
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3.3 Effective force

The effective force acting on a particle reveals its motion,
indicating whether it is being attracted toward the BH or
moving away from it. We examine the spinning particle’s
motion around quantum-corrected BH, where both attrac-
tive and repulsive gravitational forces can occur. Using the
expression for Vef f , we determine the effective force acting
on the particles, which is given by

F = −1

2

dVef f
dr

. (25)

The behavior of the effective force around the quantum-
corrected BH is shown in Fig. 6, as a function of r , for the
parameter of varying values of α̂ and spin s. It is noted that the
effective force acting on the particles has the same behavior
for both the parameters α̂ and the parameters s. The effective
force is small when the parameter α̂ or the spin parameter s
has small values, however, the effective force increases when
the parameter α̂ or s increases. When we fix s and vary α̂, the
effective force radial profiles coincide as the radial distance r
increases. However, for varying values of α̂, different radial
profiles of the effective force can be observed as the radial
distance r increases.

4 Collision of spinning particles

This section is devoted to investigating the head-on collision
of two particles near the horizon of the BH and the ultra-high
energy produced by it. Here, we assume that particles coming
from infinity fall freely and produce a head-on collision near
the horizon of the BH. For this, we first analyze the particle’s
angular momentum, which is extremely important.

4.1 Angular momentum

It is worth mentioning that, to produce a head-on collision
of two particles, we need to know the critical values of the
angular momentum of the particle for which the collision is
possible. In order to find these values of the angular momen-
tum Lcr , the following conditions should be satisfied:

(i) ṙ2 = 0;
(ii) dṙ2/dr = 0.

Obviously, particles with an angular momentum higher
than the critical values cannot approach the BH and produce
a collision.

Figure 7 shows the critical angular momentum of a spin-
ning particle as a function of spin s and the parameter α̂.
The first graph shows that the limiting values of the angular

momentum Lcr decrease slightly when α̂ increases. In addi-
tion, for fixed α̂, the values of the critical angular momentum
decrease with increasing spin s.

The behavior of Lcr in terms of α̂ for various values of spin
s is shown in the second graph of Fig. 7. It is clear from the
graph that the dependence of Lcr on α̂ is linear and gradually
decreasing, and a rise in the spin s gives a negative shift in
the critical angular momentum.

4.2 The center-of-mass energy of spinning particles

Now, we utilize the following expression for computing the
center-of-mass energy Ecm of the colliding spinning parti-
cles:

E2
cm = −gμν(p(1)

μ + p(2)
μ )(p(1)

ν + p(2)
ν )

= m2
1 + m2

2 − 2gμν p(1)
μ p(2)

ν , (26)

where p(1)
μ and p(2)

μ are four-momentum of spinning parti-
cles, respectively (see Eqs. (16), and (17)). Here, we assume
that particles have the same mass m1 = m2 = m, but differ-
ent four-momenta p(1)

μ and p(2)
μ . Thus, the final expression

for the center-of-mass energy of colliding particles has the
form:

E2
cm = E2

2m2

= 1 − gtt p(1)
t p(2)

t + grr p(1)
r p(2)

r + gϕϕ p(1)
ϕ p(2)

ϕ

m2 . (27)

The radial dependence of the center-of-mass energy Ecm

of the spinning particles for different values of spin s at fixed
α̂ = 0.6 is given in Fig. 8. It consists of six panels divided
into three columns, each of which has the same fixed value
of the spin of the first particle while varying the values of
the second one. The first column illustrates the case of a
spinless particle that interacts with both positively and neg-
atively spinning particles. By comparing these graphs, we
observe that a spinless particle interacting with a negatively
spinning particle yields a higher center-of-mass energy than
when interacting with a positively spinning particle. The mid-
dle column presents interactions between a negatively spin-
ning particle and both a positively and negatively spinning
one. It is evident that the interaction between two negatively
spinning particles results in a higher released energy than
the interaction between a negatively and positively spinning
particle. The third column of the graphs shows the depen-
dence of the center-of-mass energy for the first positively
spinning particle s = 1.0 with different positively and nega-
tively spinning particles. The results indicate that a positively
spinning particle interacting with a negatively spinning par-
ticle produces the highest center-of-mass energy among the
cases considered.
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Fig. 7 Dependence of critical angular momentum on the spin s and α̂

Fig. 8 The radial dependence of the center-of-mass energy of spinning particles for different values of the spin at fixed α̂ = 0.6

5 Conclusions

This paper is devoted to investigating the spinning particle
motion around a quantum -corrected BH. In summary, the
following results should be emphasized below:

• Initially, we have examined the fundamental principles
of spinning particle motion using the MPD equations.

• The effective potential Vef f of the spinning particle
has been computed and its radial dependency has been
graphed for various parameter values of α̂ and s. Conse-
quently, both parameters increase the effective potential.

• Furthermore, the influence of parameters α̂ and spin s
on the ISCO has been examined. The presence of the

parameter α̂ reduces the radius of the ISCO. The influence
of the same parameters on the angular momentum and
energy at ISCO has been observed. The presence and
variation of the parameter α̂ increase the specific angular
momentum while diminishing the energy at the ISCO up
to the joining point.

• Moreover, constraints on spin s (the superluminal bound
condition) have been identified, beyond which the par-
ticle’s trajectory becomes space-like and non-physical.
The relationship between the critical values of spin smax

and α̂ has been illustrated and analyzed.
• We have also analyzed the effective force surrounding the

quantum-corrected BHs as a function of r, for different
values of the parameters α̂ and s. The effective force
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acting on the particles exhibits a similar trend for both
the parameter α̂ and the spin parameter s. Specifically,
the effective force is minimal when α̂ or s is small but
increases as these parameters grow. When the parameter s
is maintained constant and the BH parameter α̂ is varied,
the radial profiles of the effective force converge as the
radial distance r increases. However, for different values
of s, distinct radial profiles of the effective force can be
observed as the radial distance r increases.

• The collision of two spinning particles in proximity to
a quantum-corrected BH has been examined. We have
determined the critical values of the angular momentum
of the spinning particle, Lcr , and found that an increase
in α̂ and s results in its decrease .

• Finally, we have illustrated the radial dependence of the
center-of-mass energy Ecm of spinning particles for var-
ious values of s. The center-of-mass energy reaches its
highest value when one spinning particle has positive spin
and the other has negative spin.

Our work indicates substantial effects of quantum correc-
tions and spinning particle dynamics; however, the compre-
hensive implications of higher-order quantum gravity cor-
rections are still unexamined. Future research may expand
our current analysis to encompass non-equatorial motion and
examine the effects of different parameters on spinning par-
ticle motion.
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