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The aim of th is  work is to present an overview including recent 

advances in our understanding of the behavior of nuclear matter at 

extreme conditions such as high baryon density and/or high temperature. 

The fol lowing subjects are covered: 

1. The World of Quarks and Gluons 

2. From Quark Bag to Quark-Gluon Plasma 

3. Strangeness in the Quark-Gluon Plasma 

4. Thermodynamics of the Interact ing Hadronic Gas 

5. Formation and Cooling of a Baryon-Rich Quark-Gluon Plasma in 

Nuclear Col l is ions.  

Unti l  now most of the invest igat ions on the fundamental properties 

of matter have been performed with two-body systems. While th is  is an 

essential f i r s t  step, there exist important phenomena based on many- 

body effects which therefore are not observable in the simple systems. 

One such a phenomenon is the hypothetical new phase of matter, v i z . ,  

the quark-gluon plasma, which is that state where owing to a suitable 

combination of baryon and energy densit ies the indiv idual  hadrons have 

melted together, or, said d i f f e r e n t l y ,  have dissolved, freeing the 

hadron constituents to form a weakly in teract ing Fermi and Bose gas. 

The existence of such a state of matter is an almost inevi table conse- 

quence of quantum chromodynamics (QCD) and the study of i t s  properties 

is c lear ly  of utmost importance [1 ] .  

The rapid development of th is new and exci t ing f i e ld  of high 

energy nuclear physics is based largely on the hypothesis that the 

energy available in the c o l l i s i o n  of two r e l a t i v i s t i c  heavy nuclei is 
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equipartitioned among the accessible degrees of freedom. Of course, 
i t  is not needed that the whole system part ic ipate in this thermaliza- 
t ion;  in addition, i t  is l i ke l y  that only a small fract ion of nuclear 
co l l is ions leads to this reaction channel. This means that occasion- 

a l l y  a domain in space arises in a center-of-mass frame in which the 
energy of the longitudinal motion has been largely transferred to 

transverse degrees of freedom. We cal l  this region the " f i r e b a l l . "  
The physical variables characterizing a f i r eba l l  are: energy density, 
baryon number density, and total  volume. The basic question concerns 
the internal structure of the f i r e b a l l .  I t  can consist either of 
individual hadrons, or, instead, of quarks and gluons in a new physical 
phase, the plasma, in which they are deconfined and can move f reely  
over the volume of the f i r e b a l l ,  I t  appears that the phase t rans i t ion 
from the hadronic gas phase to the quark-gluon plasma is controlled 
mainly by the energy density of the f i r e b a l l .  Several estimates [2] 
lead to 0.6-I GeV/fm 3 for the c r i t i c a l  energy density, to be compared 
with ca. 0 .16  GeV/fm 3 in nuclear matter. Many fundamental questions 
about the nature of the strong interactions wi l l  be settled when the 
properties of the phase t ransi t ion are determined. 

An important aspect of the developments in this f ie ld  concerns the 
observabi l i ty  of the plasma state. I t  seems that in order to observe 

the characterist ics of the plasma one must either use electromagnet- 
i c a l l y  interacting part ic les [3] (photons, lepton pairs) which can 
rathe,r easi ly leave the plasma, or study the heavy-flavor abundance 

generated in the co l l i s ion  [4] .  To understand the la t te r  point imagine 
that strange quarks are very abundant in the plasma (and indeed they 
are!). Then, since the (sss)-state is bound and stable in the pertur- 
bative QCD-vacuum, i t  would be the most abundant baryon to emerge from 
the plasma. Surely the observation of such an "omegaization" of 
nuclear matter could not leave any doubts about the presence of the 
plasma. The observation of other exotic hadrons [5] such as, ~.~.,  
csq, cs, etc. would support this conclusion. But even the enhancement 
of the abundance of the more accessible A may already be suf f ic ient  at 

least for demonstrating the existence of a plasma. 

To continue to higher energy densit ies, one may speculate that the 
restoration of the perturbative QCD vacuum may be accompanied by the 
restoration of chiral symmetry, then followed by the restoration of the 
SU(2) symmetry, and f i n a l l y  of the SU(5) symmetry. This way one could 
trace back the evolution of the universe [6] in the laboratory. In 
f igure 1 we display qua l i t a t i ve l y  the boundary of the d i f ferent  phases 
for T < 200 MeV. 



365 

v iS"////..-> . \ 
[GeV 1l.~ Nuclear ~ ". \ 
" ~ ,. ' l /~.Matter~_ ",. \ 

, .u ~/~///~... - - ,  CoexistenceL, 
I . : , t " / "  .,~..~,.omain ~ Guark G[uon Plasma 

/ ,, Chira[ 
0 5F \\\ ~\-- ~ Sym • Hadronic x ~  ~ . " .  | ,C 

/ ' . \ 
0 L , I l--l--I I l -- 

0 100 T 1 T O T 2 200 T[Me~]]  

Fig. 1 Phase diagram of hadronic matter in the p-T plane. 

Another speculation concerns the fundamental aspect of the possi- 

ble catalyzation of the baryon decay in the plasma [5] .  A possible 

mechanism which has been discussed in the recent l i t e ra tu re  [7] 

involves the presence of magnetic monopoles. The quark-gluon plasma 

might just be the proper environment in which the catalyzer could 

continue to burn the baryon number at a rate suf f ic ient  to maintain the 

necessary part ic le densities and temperatures. However,in view of our 

ignorance of precisely how SU(5) tumbles down to SU(3) x SU(2) x U(1) 

we should be prepared for great surprises in this matter. Certainly, 

i t  would be most challenging to unlock the energy which had orginated 

in the Big Bang and has since remained frozen in the baryon number. 

I t  appears that magnetic monopoles in centers of giant stars could 

generate suf f ic ient  amounts of energy in order to provide a quasar 

energy generation mechanism [7].  

Coming back to earth we begin by recal l ing that in a s t a t i s t i c a l  

description of matter the un-handy microscopic variables, v i z . ,  energy, 

baryon number, etc. are replaced by thermodynamical quanti t ies. To 

wit ,  the temperature T is a measure of energy per degree of freedom; 

the baryon chemical potential I~ controls the mean baryon density (see 

f ig .  I ) .  The s t a t i s t i c a l  quantit ies such as entropy (: measure of the 

number of available states), pressure, heat capacity, etc. also w i l l  

be functions of T and I~ and w i l l  have to be determined. The theoret i -  

cal techniques required for the description of the two quite d i f ferent  

phases, v i z . ,  the hadronic gas and the quark-gluon plasma, must allow 
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for the formation of numerous hadronic resonances [8 ] ,  which then at 

s u f f i c i e n t l y  high energy density dissolve into the state consisting of 

the i r  consti tuents, At th is  point we must appreciate the importance 

and help in reaching the t rans i t ion  to the quark-gluon plasma provided 

by a f i n i t e ,  i . e . ,  non-zero temperature, To obtain a high par t ic le  
D 

density, instead of compressing the matter (which as i t  turns out is 

quite d i f f i c u l t ) ,  we may heat i t  up; many pions are generated easi ly ,  

allowing the t rans i t i on  to occur at moderate, even vanishing baryon 

density [9 ] .  

We begin by considering a summary of the relevant postulates and 

resul ts that characterize the current understanding of strong in te r -  

actions in QCD. The most important postulate is that the true physical 

vacuum state in QCD is not the t r i v i a l  perturbative state which is 

changed l i t t l e  when the interact ions between quarks and gluons are 

turned off  or on. In QCD the true vacuum state is believed to have a 

complicated structure which originates in the gluon (gauge) sector of 

the theory. I t  is supposed not to permit the presence of color f i e lds ,  

The perturbative vacuum is an excited state with an energy density B 

above the true vacuum. I t  is to be found inside hadrons where the per- 

turbat ive quanta of the theory, in par t icu lar  the quarks, therefore can 

ex is t .  The occurrence of the true vacuum state is int imately connected 

with the gluon-gluon in terac t ion ;  gluons also carry the color charge 

that is responsible for the quark-quark in terac t ion .  The confinement 

of quarks is a natural consequence of th is hypothetical structure of 

the true vacuum. 

An important feature which arises as a consequence of the energy 

density B of the perturbative vacuum is that the true vacuum exercises 

a pressure on the surface of the region of the perturbative vacuum. 

Indeed, th is is just the idea behind the or ig inal  MIT bag model [10]. 

The Fermi pressure of the confined almost massless l i gh t  quarks is in 

equi l ibr ium with the vacuum pressure B, When many quarks are combined 

to form a giant quark bag then the i r  properties inside the bag can be 

obtained using standard methods of many-body theory [2 ] .  In par t ic -  

u lar ,  th is  also allows the inclusion of the effect of internal exci ta-  

t ion through a f i n i t e  temperature and through a change in the chemical 

composition, a subject discussed in the subsequent lectures. 

The essential role of strangeness as a character is t ic  observable 

of the plasma state [4] with par t icu lar  emphasis on strangeness genera- 

t ion in the plasma by elementary processes, and on expectations about 
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the normal hadronic gas phase is addressed next. From the comparison 

of the expectations for both phases of hadronic matter we are led to 

consider the strange-part icle abundances as a possible approach to the 

observation of the properties and parameters of the quark-gluon plasma 

created in nuclear co l l i s ions .  I tsuggests i t s e l f  that strangeness is 

an excellent experimental tr igger for the presence of plasma droplets 

in high energy nuclear, or slow ~-nucleus, co l l i s ions .  

A very important observation in this context is that strangness is 

a character ist ic signal of the gluon abundance, which comprises the 

only essential difference in the structure of the plasma state and the 

hadronic gas. As we show [4] ,  a large abundance of strangness is 

generated by the gluon fract ion in the plasma state and can not be 

obtained from the hadronic gas phase owing to the fact that the then 

required numerous Bosonic degrees of freedom are available only when 

T > 500 MeV. But even then color is not free and the abundance of 

strangness would s t i l l  be about 3-5 times smaller. The presence of 

gluons in the plasma state speeds the generation of strangeness 

allowing the eqUilibrium abundance to be reached so that in that case 

an up to 100 times larger strangeness abundance can be expected. 

The state of hadronic matter formed by individual baryons and 

mesons, which we cal l  the hadronic gas phase is described next. The 

present summary of the theoretical development of this f ie ld  is based 

on the work of Hagedorn and Rafelski [9 ] ,  We content ourselves here 

with the presentation of the main results in so far as they influence 

our thinking about the phase t rans i t ion to the quark-gluon plasma. 

The attent ive reader might question the v a l i d i t y  of using simul- 

taneously the bootstrap model and the bag model to describe hadronic 

states. We wi l l  indeed find that the description in terms of the 

s t a t i s t i c a l  bootstrap for the hadronic gas on the one hand, and of 

hadrons as bound quark states on the other hand, have many properties 

in common and are quite complementary. Both the s t a t i s t i c a l  bootstrap 

and the bag model of quarks are based on quite equivalent phenomenolog- 

ical observations, While i t  would be most interesting to derive the 

phenomenological models quant i ta t ive ly  from the accepted fundamental 

basis the Lagrangian quantum f ie ld  theory of a non-abelian SU(3) 

gluon gauge f ie ld  coupled to colored quarks in this report we w i l l  

have to content ourselves with a qua l i ta t ive  understanding only. 

Already this w i l l  allow us to study the properties of hadronic matter 



368 

in both aggregate states - with the emphasis in this report put in 

part icular on the state in which individual hadrons have dissolved into 

the plasma consisting of quarks and of the gauge f ie ld  quanta, the 

gluons. 

Having described the properties of both hadronic phases, we pres- 

ent a discussion of the possible production and l i fe t ime of the baryon- 

rich plasma in nuclear co l l is ions in the central kinematic region and 

then describe the phase t ransi t ion between the hadron gas and the 

plasma. In the f inal  chapter we describe the formation mechanism for a 

baryon-rich plasma as possibly created at ~ 5 GeV/Nuc c.m.  energies. 

The conditions prevail ing here are just opposite to those found in 

u l t r a - r e l a t i v i s t i c  co l l is ions in which the baryon density is expected 

[11] to be low in the central rap id i ty  region, In our approach [11, 

12] there is a substantial baryon density arising from pile-up of 

nuclear matter in the co l l i s ion  region. The description of u l t ra -  

r e l a t i v i s t i c  co l l is ions is based on extrapolations of pp and pA c o l l i -  

sions, which in our view cannot lead to the pileup of matter, i . e . ,  
m 

baryon number, which is needed in our description. In order to es t i -  

mate the evolution of the plasma state we consider, contrary to popular 

be l ie f  [13] that hydrodynamical expansion dominates the plasma evolu- 

t ion,  the losses arising from part ic le radiation through the plasma 

surface [14] and determine the corresponding time evolution of the 

baryon-rich plasma. 

i .  THE WORLD OF QUARKS AND GLUONS 

From the study of the hadronic spectra as well as from hadron- 

hadron and hadron-lepton interactions there has emerged convincing 

evidence for the description of the hadronic structure in terms of 

quarks [15]. For many purposes i t  is en t i re ly  sat isfactory to consider 

baryons as bound states of three f rac t iona l l y  charged par t ic les,  while 

mesons are quark-antiquark bound states. One of the central aims of 

this and the next section is to show how this picture of hadrons can be 

reconciled with the description of hot hadronic matter consisting of 

individual part ic les described in section 4. 

We now recall  some fundamental assumptions about the strong in ter -  

actions, as needed here. The elementary quantum f ie lds which appear in 

quantum chromodynamics are: 
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Spin 1: gauge bosons - g luons  G i p, i : I . . , 8  

Spin 1 /2 :  b a r y o n i c  ma t te r  - quarks ~ = R,G,B = c o l o r  
qy '  y = d , u , s , c , b , ( t )  = f l a v o r  

The o c t e t  o f  gauge  bosons  G m e d i a t e s  the  q u a r k - q u a r k  and q u a r k -  

a n t i q u a r k  i n t e r a c t i o n s  between the c o l o r  t r i p l e t s  {Red, Green, B lue }  

and a n t i t r i p l e t s .  The gauge v e c t o r  f i e l d s  are w r i t t e n  as 

8 i x i  
G - S G - -  ( I  . I )  

i = l  ~ 2 

where x i  are the g e n e r a t o r s  of the SU(3) a lgeb ra  [16 ]  

[ x i , x  j ]  : 2i f i j k  xk ( 1 . 2 )  

_ _ . ,  ÷ 1 /3 .  The On l y  q u a r k s  and a n ' t i q u a r k s  c a r r y  ba ryon  number, i . e  bq _ 

f l a v o r  of  the quarks r e p r e s e n t s  a l l  i n t e r n a l  quantum numbers conserved 

in  s t r ong  i n t e r a c t i o n s  - the up and down quarks c a r r y  ± 1/2 u n i t s  of  I 
Z 

( i s o s p i n )  and combine to form the lowes t  b a r y o n i c  i s o s p i n  d o u b l e t  

/~\(:} : luud~ (1 3a) 
\ddu/ \ n /  

and the mesonic i s o s p i n  t r i p l e t  

= 1 ( - u u  + dd 

~d 

( l . 3 b )  

These are the i n p u t  p a r t i c l e s  of  the s t a t i s t i c a l  b o o t s t r a p  model 

d i s cussed  in  s e c t i o n  4. The h e a v i e r  f l a v o r s  of quarks i n c l u d e  the 

s t r a n g e ,  charm, bottom and perhaps the as ye t  und i scove red  top quark .  

The e l e c t r i c  charge of u, c, t is  + 2/3 and t h a t  of  d , s , b  i s  - 1 /3 .  
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I t  is the color-charge of the quarks that introduces the quark- 

quark i n te rac t ions .  The important empirical fact is that a l l  known 

hadrons are color neutral (~.~. ,  color s i ng le t s ) .  Inc luding color into 

the wave funct ions eq (1.3) and ignoring the space and spin degrees of 

freedom we have, ~ .~ . ,  

P = 1 (uRuGd B _ uGuRd B + uGuBd R _ uBuGd R + uBuRd G _ uRuBd G) 

~6 
(1.4) 

~+ : ~ (uRd R + uGd G + uBd B) (1,5) 

where the p, and baryons in general, are color-ant isymmetr ic and ~, and 

the mesons, are color symmetric. The antisymmetry of the baryonic wave 

funct ions in a hidden degree of freedom has been one of the o r i g i na l  

reasons f o r  the i n t r o d u c t i o n  of  c o l o r .  O t h e r w i s e ,  e . g . ,  

(z~++) I=3/2 = (uuu) I=3/2 could not have an ant isymmetr ic  quark wave 

funct ion as required for Fermions. Further experimental evidence [17] 

of color includes the ~° ~ 2y decay rate and the size of the e+e - 

hadrons ann ih i l a t i on  cross sect ion. However, the evidence for color as 

a dynamical degree of freedom, in p a r t i c u l a r ,  as being responsible for 

quark-quark in te rac t ions ,  is derived from deep- ine las t ic  lepton-nucleon 

sca t te r ing ,  from a detai led study of e+e - ann ih i l a t i on  into hadrons, 

and in p a r t i c u l a r ,  from the flavor-independence of the charmonium and 

upsilonium potent ia l  which y ie lds a quan t i t a t i ve  agreement between the 

experimental and the theore t ica l  exc i ta t i on  spectra. 

The Lagrangian of quarks and gluons is very s imi la r  to that of 

electrons and photons, which is 

LQE D : ~[y,(p-eA) - m) ¢ - ¼ F vF~V , (1.6) 

except for the required addi t ional  summations over f lavor  and co lor :  

X i f lavors 3 i 8 (" 2 - ~  i 
LQCD: r ~ [~=1 ~' qr(Y'P-mr)qr + g~, :1 ~r Y~i:IZ G ) q r  ~) 

1 ~ i F~V - T F + herm conj + gauge f i x i n g  
~: i  p v  1 " ' 

(1.7) 
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The f l a v o r - d e p e n d e n t  masses m r of the quarks are smal l .  For u,d 

f l a v o r s  one est imates mu, d ~ 5-20 MeV when the strange quark mass is 

chosen in the range 150-280 MeV. In pa r t i cu la r  [18] ,  

md mu 1 
md + mu : ~ ; ( 1 . 8 a )  

m 

---u-u : 0 .38  ± .13 ; ( 1 . 8 b )  
m d 

m d 
- -  = 0 . 0 4 5  ± 0 . 0 1 1  ( 1 . 8 c )  
m s 

The heavy-quark mass di f ferences can be obtained r e l i a b l y  from the 

deta i led study of the quarkonium spectra [19 ] , [20 ]  

m b - m c = 3400 MeV; m c m s = 1280 MeV (1.9) 

The color f i e l d  strengths are now 

F i = ~ G i _ ~ G i + g f i j k  G j G k 
p v  p v v ~ ~ v 

( 1 . 1 0 )  

We note the non l i nea r i t y  of F which is required to secure the 

invariance under local non-abelian gauge transformations. The presence 

of th is  gluon-gluon in te rac t ion  leads to major di f ferences between the 

propert ies of QED and QCD. As an example le t  us consider b r i e f l y  the 

asymptotic freedom of gauge theories [21] .  

To introduce the subject we note that i t  is often convenient to 

define a q-dependent coupling constant by wr i t ing  

e 2 1 
4~ D(q2) = ~(q2) ~_~ (1.11) 

where in the case of QED D is the QED long i tud ina l  photon propagator. 

We ignore for the moment the transveral photon degrees of freedom. In 

terms of the po la r i za t i on  funct ion II(q 2) we have 
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(x(q 2) = e2/4x 
e 2 1 q2 ~ 0 
T - ~  = T ~  • , 

~(o) 

1-~(0)6- ~ ~n(-m~e 2) 

2 , I q 2 1  > m e 

(I.12) 

or, with the more complete form of the polarization function 

~-i(q2) = a-l(o) + ri(q2)/~(O) 

4m 2 

(1.13) 

The electron-loop polarization function ~(q2) follows from the 

iteration of the standard lowest order diagram: 

(1.14) 

As easily can be seen, ~-i(q2) decreases with increasing q2 > 4me2" 

This means that for short distances the effective strength of the QED 

interaction increases. Only because of the magnitude of ~-I(0) = 137 

is this effect usually unimportant. However, i t  is part of the QED 

radiative corrections and has been quite precisely verified. 

In QCD additional contributions originate in the gluon-gluon 

interaction 

÷ ~ +  iterations 
G G 

(1.15) 
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Since gluons are massless we cannot select the point q2 = 0 as a re fe r -  

ence point. We have [21], 

2n 2 
= + [ 1 1  - (1.16) 

with a certa in space-like q2 = p2 ~ 0 now serving as the reference. 

n is the number of l i g h t  quark f l avo rs  (m 2 < lq21). For large q2, q r 
absorbing the f i r s t  term on the r igh t  hand side in eq (1.16) in the 

d e f i n i t i o n  of p2 we have the so called asympototic freedom formula: 

12~ 1 
~S (q2) = 33 " 2n An(- qZ/Az) (1.17) 

q 

which, unlike the case of QED leads to 

f a l l i n g  ~ w i th  r i s i n g  lq21 for the 
S 

l i k e l y  case n < 16. Hence, at q 
a s y m p t o t i c a l l y  short d istances the 

in terac t ion  diminishes and the theory 

becomes f ree .  We emphasize tha t  

therefore the chain of approximations 

leading to eq (1.17) here, i . e . ,  in 

QCD, becomes more and more consistent 

as lq21 increases, In f igure 1.1 the 

running coupling constant is shown for 

s p a c e - l i k e ,  q2 < O, and t ime- l i ke ,  

q2 > O, momenta. In the l a t t e r  case 

we show Re ~s: 

q2 

SpoceUke 

I I I 
-1000 -IO0 -IO 

~s j~ Re(as) 
-1.0 

q2 
TimeUke 
Rec~(q 2) 

I 1o 10o IOOD-(q/X} ~ 

Fig. 1.1 Cs(q 2) for space-l ike 

and Re ~s(q 2) for time- 

l i ke  momenta. 

Re ~s(q 2 > O) : 12~ 
33 - 2n q 

J~nlq2/A2] (1.18) 
(ZnlqZ/A_Zl)Z + ~z 

We notice that at the presently accessible momenta, _i.e., up to IOOA 

(A ~ 200-400 MeV), m s is considerably smaller for t ime- l i ke  q2 than for 

space- l i ke  q2. For large ~s(q 2) other than order g2 diagrams must be 

included in the determination of Cs(q2). This may change the value of 

A which at th is  stage is a phenomenological parameter f i t t e d  to the 

experiment and which re f lec ts  in i t s  value the order of the expansion. 

At present the actual value of A is rather uncertain since as can be 
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seen in eq (1.17) i t  manifests i t s e l f  only in small logar i thmic correc- 

t ions ,  Quarkonium f i t s  (space-l ike q2) favor A ~ 400 MeV [19] while 

deep- ine last ic  experiments ( t ime- l i ke  q2) ind icate A = 100 ± 100 MeV 

[17] .  

As we have seen above, the strength of the gluon-gluon in te rac t ion  

inf luences s i g n i f i c a n t l y  the gluon propagation in the (per tu rbat ive)  

vacuum. L i t t l e  is known about the behavior of the gluon propagator 

at small q2, i . e . ,  at large distances. A t t r ac t i ve  channels in the 
B 

gluon-gluon in te rac t ion  are expected to induce a gluonic s t ructure onto 

the vacuum state [ 2 2 ] , [ 2 3 ] .  To appreciate th is  remark le t  us imagine a 

box of size R f i l l e d  with a gas of N gluons. Inc luding a 1/R k ine t i c  

energy and an a t t r ac t i ve  long range in te rac t ion  we have for the energy 

densi ty E/V: 

~Box(N) ~ NIR 4 - N 2 g21R4 (1.19) 

and hence for some N = Ncr i t  would cost no energy to f i l l  the box with 

gluons. Hence the empty box (per turbat ive  vacuum) and the box with Ncr 

par t i c les  would be degenerate. We conclude that an improved gound 

state,  ~ .~ . ,  the true vacuum, has to be constructed. Such a state 

would have a lower energy densi ty than the value of the per turbat ive 

state.  

The energy densi ty of the per turbat ive state l is  defined with 

respect to the true vacuum state and hence is by d e f i n i t i o n  a pos i t i ve  

quant i ty ,  denoted by B. This notion has been introduced o r i g i n a l l y  in 

the MIT bag model [10] ,  but i n i t i a l l y  in a d i f f e r e n t  context .  The 

value of B is derived phenomenologically from a f i t  to the hadronic 

spectrum [10 ] , [24 ]  or from sum rule considerat ions [25] which give 

B : [(140 - 210) MeV] 4 : (50 - 250) MeV/fm 3 (1.20) 

The central  assumption of the quark-bag approach is that inside a 

hadron where quarks are found the true vacuum structure is displaced or 

destroyed. One can turn th is  point around: quarks can only propagate 

in domains of space in which the true vacuum st ructure is absent. This 

statement is a reso lu t ion  of the quark confinement problem. The 

remaining d i f f i c u l t  problem is to show the i n c o m p a t i b i l i t y  of quarks 

with the true vacuum s t ruc ture .  Examples of such behavior in ordinary 

physics are eas i ly  found: ~ .~ . ,  a l i gh t  wave is re f lected from a mirror 

surface; magnetic f i e l d  l ines are expelled from superconductors; etc. 
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In th is  s p i r i t  we may argue that al l  color-charged part ic les are 

ref lected at the true vacuum surface (stat ionary waves) or alterna- 

t i v e l y ,  may under certain circumstances deform the surface. Whatever 

is the case, the presence of color e lec t r i c  f ie lds  in a volume element 

is incompatible with the presence of the true vacuum structure. I t  is 

in terest ing to note that the Lorentz covariance of the theory requires 

that a negative pressure p = -B as seen from the perturbative vacuum 

acts on the surface between the true and the perturbative vacuum. 

Hence, in the absence of other forces the excited space domain contain- 

ing the perturbative vacuum would quickly vanish. 

In th is  picture of hadronic structure and quark confinement a l l  

colorless assemblies of quarks, antiquarks, and gluons can form 

stat ionary states, called a quark bag. In par t icu lar  al l  higher combi- 

nations of the three-quark baryons (qqq) and quark-antiquark mesons 

(qq) form a permitted s ta te ,  i . e . ,  a hadronic resonance, much in the 
B 

s p i r i t  of the s t a t i s t i c a l  bootstrap model of the hadronic gas, to be 

described la te r .  

The energy of a hadronic bag of radius R including the par t i c le  

and the volume bag terms is :  

E(R) = (5 Xi)/R + ~ XR3 B (1.21) 
1 

where Xi/R are the appropriate eigenvalues, ~ .~ . ,  s ing le  p a r t i c l e  

energies of "confined" par t ic les and the sum is over al l  quanta in the 

bag. Ef fects  of i n te rac t ions  can be considered to be included in Xi, 

in which case the X i become functions of the in teract ion strength and 

the number of par t ic les present. For massive part ic les an addit ional 

dependence on mR is present. The radial pressure (force/area) on the 

surface is:  

-~E/~R (~Xi)  
Pr = ~ = -B + ~ (1.22)  

which, combined with eq (1.21) leads to the in terest ing re la t ion  

: + 4B)V ( i , 2 3 )  E(R) (3P r 

For a r a d i a l l y  stable object Pr must vanish, or, in other words, E(R) 

must have a minimum. From eq (1.22) we have 
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sxi)l 4 
Rmi n : B-I/4 ( ~  ( 1 . 2 4 )  

and from eq (1.23) 

E(Rmin)  : 4BV : BI/4(SXi)3/4 4 (4x )  1/4 (1.25) 

From eqs (1.24), (1.25) we learn that the radius of the bag grows 

with ( Z X i ) i / 4 ,  while i t  decreases as B - I / 4 ,  as could be expected from 

dimensional arguments. S imi lar ly ,  the energy (mass) of the bag grows 

with (~Xi)3/4,  but also with B I /4, as expected on dimensional grounds. 

The remarkable relat ion E = 4BV is often called the v i r i a l  re lat ion as 

i t  follows alone from the dimensionality of space. We further notice 

that the dimensionless structure constant 

Rmi n E(Rmi n) = ~ (ZXi) (1.26) 

can not be d i rec t l y  compared with the values known for example for 

protons: 

Rcharged 
proton Mproton : 3.82 (1.27) 

since Rmi n is not the charge radius but the hadronic radius of the bag. 

Also note that eq (1.26) has been obtained without interact ions. 

To i l l u s t r a t e  the conf l ic t  between both the quantit ies of (1.27) 

consider the true lowest eigenvalue X0for the quark wavefunctions; is 

found by solving the three-dimensional Dirac equation with the bag 

boundary condition [10], which leads to 

R E = X o = 2.04 . (1.28) 

When inserted into eq (1.26), we would find with three quarks for the 

hadronic radius of a nucleon 

Rmi n ~ 4 x 2.04 x 197 MeV fm/940 MeV ~ 1.7 fm (1.29) 

which c lear ly  is an unacceptable resul t .  
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Obviously, something is missing in eq (1.22), and i t  must be added 

in order for i t  to give the proper phenomenology of hadronic states. 

In the or ig ina l  MIT bag approach an addit ional zero-point energy 

-Z o 
Eo = R (1.30) 

was int roduced.  This can be taken care of by replacing (SXi) in above 

formula by (~X i - Zo). Wi th th is we find for the proton 

4 
Rmi n = ~- (ZX i - Zo)/m p (1.31) 

which requi res Z o ~ 2 in order to make Rmi n s u f f i c i e n t l y  small, ~ .~ . ,  

< 1 fm, as long as the noninteracting value X o = 2.04 is employed. The 

constraint  ar is ing from the fact that the sum of the bag energy and E o 

must not become negative has been so far l i t t l e  appreciated, Namely, a 

negative value is unacceptable, as i t  leads to stable empty bags; th is  

would contradict the charac ter is t i cs  of the true vacuum. Us ing the 

v i r i a l  re la t ion  eq (1.23), th is constraint  becomes: 

0 < Eo + BV = Eo + ¼mp = (¼ mp Rmi n- Zo)~min ( l  .32) 

Recall ing now eq (1.31) we find from eq (1.32) the constraint  

0 < E o + BV ~ Z o < ¼ zX i (1.33) 

This consideration is equally val id for mesons, but is less conclusive 

since other ef fects intervene, such as the restorat ion of t rans la t iona l  

invariance to the quark bound states. For nucleons, eq (1.33) implies 

Z o < ¼ X o (1.34) 

which is usual ly just barely sa t i s f ied  once one includes the i n te r -  

actions. At any rate, for three quarks the introduct ion of Z o coupled 

with the constraint (1.33) reduces the numerical value eq (1.29) at 

most by a factor 3/4, which is not enough to y ie ld  the empirical value 
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Clearly, this discussion shows that in order to resolve this 

apparent contradiction one must include the quark-quark interaction and 

eventually project on t rans la t iona l l y  invariant states. For our pres- 

ent discussion i t  is important to real ize that the quark-bag picture 

can be made in te rna l l y  consistent only when the quarks are allowed to 

interact .  Unfortunately, for "small" bags, i . e . ,  for normal hadronic 
m 

states, this opens the Pandora's box of al l  complicated self-energy, 

exchange and other contributions leading to the current confusion in 

the f ie ld  of how such large corrections can mutually cancel; not to 

speak about such problems as the theoret ica l ly  i n f i n i t e  values for Zo, 

or the influence of pionic degrees of freedom when the bag radius is 

too small. However, we note that most of these problems disappear in 

"large" bags, i . e . ,  those bags which contain many s ing le-par t ic le  

exci tat ions. Also in this case the treatment of the quark-quark in ter-  

actions by perturbative QCD becomes very simple, and hence we w i l l  

introduce the interactions in this case below. 

2. FROM QUARK BAG TO QUARK-GLUON PLASMA 

A large quark-gluon bag, ~.~., one which contains many par t ic les,  

is  cha rac te r i zed  by the ava i lab le  modes X i and t h e i r  occupation 

numbers n i .  An important s impl i f icat ion of i ts  description arises i f  

i t  is possible to use a s t a t i s t i ca l  treatment. 

As the u and d quarks are almost massless inside a bag they can be 

produced in pairs, and at moderate internal excitat ions, i . e . ,  tempera- 
m 

tures, many q~ pairs wi l l  be present. Simi lar ly ,  st pairs also w i l l  be 

produced. We wi l l  return to this point at length below. Furthermore, 

real transversal gluons can be excited and w i l l  be included here in our 

considerations. We now f i r s t  convince ourselves that already a 

moderate number of quarks j u s t i f i e s  the s t a t i s t i c a l  approach. For a 

degenerate Fermi gas of quarks the number of l ight  quarks (u and d) 

determines the quark Fermi energy ~q. Omitting for the present the qq 

interactions we have 

3 b = Nq = 2sX2fX3cXV (2x) 34X 31 ~'q3 = V 2_._~2 ~'q3 (2,1) 

where the indices s , f ,c  refer to spin, f lavor ,  and color degeneracies 

respectively. Equation (2.1) establishes a re lat ion between a given 
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baryon number b (quarks carry 1/3 unit of baryon number) and the 

var iables V (volume) and ~q. The energy of the quark bag is easily 

obtained noting that 

dSp 
Eq,gas = 2sX2fX3cXV 

(2~) 3 
~Zmq--T" ~ e( ,2  _ ( p 2 -  m ~ ) ) ( 2 . 2 )  

Hence in the l i m i t  of small quark mass, ~ .~ . ,  ~q >> mq, we f i nd ,  

omitting here again for the sake of s impl ic i ty the qq-interact ion term, 

E(V.p(Nq.V))  : BV + V 2~ 23 Pq4 + O(mqlB) . (2,3) 

In order to determine the exp l i c i t  dependence on a given quark number 

(baryon number) we use eq (2.1) to eliminate pq: 

E(V,Nq) : BV + 3 i/3 
Vi/3 T ( ) (2.4)  

This expression has as before a minimum as function of the volume V, 

which corresponds to the equilibrium state: 

÷ ¼ ,q 
p : _ ~ I s .  b (Vmi n 

Combining eqs (2.4) and (2.5), of course we find again 

(2.5)  

Emi n = 4BVlmin (2.6) 

and hence we see that in agreement with the v i r i a l  theorem the energy 

density is 4B also in the s ta t i s t i ca l  bag ,  Combining eq (2.4) with 

(2.5),  we find furthermore for the energy per quark the usual resul t :  

(E/Nq ~gas'mln : (~q)min : Bl/4(2x2) l /4 : 2,11 B 1/4 . (2.7) 

Here (Pq)min is the chemical p o t e n t i a l .  I t  is found by inser t ing  

eq (2.5) into eq (2 ,1 ) ,  upon which the Nq-dependence drops out, This 

resu l t ,  eq (2,7) can be compared with a similar result for the smallest 

closed-shell bag which contains 12 quarks owing to 2sX2fX3 c = 12. With 

X o = 2.04 we find from eq (1.25) 
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(E/12)bag = (12 x 2.04) 3 / 4 1 2  T3 (4=)i/~ B1/4 = 2.3 B I/4 (2.8) 

Thus we conclude that the s ta t i s t i ca l  resul t ,  eq (2,6) is in a remark- 

ably good agreement with a closed shell bag even when i ts baryon number 

is o~ly 4. As the energy per quark in the s ta t i s t i ca l  bag approach is 

s l i gh t l y  underestimated we conclude that the quark (~.~., baryon) 

density 

NqlV : (E/V) (NqlE) = 4BI(EINq) (2.9) 

is somewhat overestimated. 

As a f inal remark we note that eqs (2.3) and (2.6) imply that the 

energy per baryon in the bag is just p, i . e . ,  the baryon chemical 

potential 

Elb = ~ Eql(Nql3) = 3pq = (2,10a) 

The factor 3 is necessary to account for the baryon number 1/3 of the 

quarks: three quarks form one baryon, We note that from eq (2.10) 

= mp/3 = stems the conventional wisdom that pq at T 0 where T is the 

temperature. Omitting the bag term in eq (2.2) one finds the well- 

known r e l a t i v i s t i c  ideal-gas result 

Eq/N = 3/4 p . (2.10b) 

Thus we see that the bag term is a necessary ingredient for recovering 

the hadronic gas l imit  [9] 

E/blT=O = p (2.11) 

Quarks wi l l  not always form a degenerate Fermi gas,  especially 

inside a large bag. Depending on the creation history of the bag i t  is 

very l i ke ly  that in an i n i t i a l  stage some of the quarks wi l l  be in 

excited states. In the s ta t i s t i ca l  approach this situation easily can 

be described by introducing a quark temperature T = 1/~ which describes 

the internal excitat ions of each bag (= hadronic cluster) [26]. This 

does not imply an exact internal thermodynamic equil ibrium of the quark 
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gas in the bag. However, an assembly of excited bags in mutual thermal 

contact which is sharing to a certain extent the internal exc i ta t ions,  

may be already simi lar in nature to the Gibb's grand canonical ensem- 

ble, i . e . ,  an i n f i n i t e  number of in teract ing ident ical  subsystems. 
m 

Hence, though the quarks in each indiv idual  bag may be far from 

thermodynamic equi l ibr ium, in an assembly of bags which are able to 

scatter several times the average d i s t r i bu t i on  may be much closer to 

the equi l ibr ium. When making these remarks we have here pa r t i cu l a r l y  

in mind highly excited nuclear matter as created in r e l a t i v i s t i c  

nuclear co l l i s i ons ,  and, perhaps in antiproton annih i la t ions in nuclei .  

Other circumstances prevail in e+e - ~ hadrons or even in pp reactions. 

But also in our case the word "k inet ic  equi l ibr ium" has to be used with 

great care: the fur ther in a par t icu lar  bag the mean k inet ic  energy of 

the quarks is from ~ T, the less re l iab le  becomes a p r i o r i  the equi- 

l ibr ium assumption. We record here, however, that par t ic le  spectra 

from p-p co l l i s ions  [8] behave as i f  a thermal equi l ibr ium were always 

reached, Therefore the concept of "preformed" equi l ibr ium has been 

introduced in thermodynamical models of hadron reactions. 

With these remarks in mind we now turn to the descript ion of 

excited quark bags with the help of quantum s t a t i s t i c a l  methods. We 

w i l l  i n i t i a l l y  ignore the effect of quark-quark interact ions and return 

to th is  problem further below. In p r inc ip le ,  we could avoid the formal 

development and simply proceed by including the temperature through a 

Fermi d i s t r i bu t i on  function in eq (2,2).  However, as is well known, a 

complete descript ion of the thermodynamical behavior of a many-particle 

system can be derived from the grand canonical pa r t i t i on  function Z. 

Hence i t  is more useful for further developments to obtain right-away 

the grand pa r t i t i on  functions for ideal Fermi and Bose gases. We 

fo l low here i n i t i a l l y  the standard textbooks [27] in calculat ing the 

grand canonical pa r t i t i on  function which is defined as 

Z(~,pq . . . .  ) : Tr(e -~(H - PQ)) (2.12) 

Here H is the Hamiltonian of the system and Q is the baryon charge 

operator. The chemical potential  p determines the average baryon 

number of the system. The trace is to be carried out over al l  allowed 

states of the many-body system. We note that 
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<Q> ~ Tr qe -~(H'pQ) : ~ ~_ ZnZ(~,~ . . . .  ) (2 13) 

Tr e -R(H-pQ) ~ B~ 

< H >  - 
Tr He -~(H '~Q) 

Tr e -B(H- pQ) 
= - ~ Z n Z ( ~ , p , .  ) + p<Q> (2 14) ~ . . . .  

The par t i t ion function may depend imp l i c i t l y  on other quantit ies such 

as the volume or even the shape of the considered quantum system. 

In the particle-number representation the trace, eq (2.12), can be 

easily carried out for free quarks. Here 

Zn ~ Z-Z H : ~ ~i i + ~ Eini (2.15a) 
i ,~ i ,~ 

Q : Z b~{n#- n'~)1 (2.15b) 

where n~ is the number operator of the i th s ing le-par t ic le  state of a 
I 

quark (n# for antiquarks) with (discrete) quantum numbers "Z", such as 

f l avo r ,  bz is the baryon charge, i . e . ,  + 1/3 for quarks and - 1/3 for 

antiquarks as already introduced e x p l i c i t l y  in eq (2.15b). A quantum 

state is character ized by the occupation numbers n~, B~I of the quarks 

and antiquarks. Hence the trace which sums only the diagonal matrix 

elements is 

E - 1 1 3  p) n i z(Ef+iz3 
i , Z  

-[8 7 
Z : Z e i ,~ (2.16) 

Q 

Here the sum runs over al l  sets of numbers n~, n~. We factorize the 
I 

par t i t ion function in terms of the discrete quantum numbers ~: 

Zq : ~Z ZZ (2 .17a )  

Z~ : Z I Ie (2.17b) 
i 
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The i n f i n i t e  product  over a l l  s ta tes  can be in terchanged wi th the 

i n f i n i t e  sum over a l l  occupat ion  numbers, lead ing to :  

,)n. 
~.nZ~ : .Z [(Zn Z e )+(~n Z e ) ]  . (2 .18)  

n .  n -  
1 1 

Only n~ = 0 1 is al lowed for  Fermions Hence we f ind the well known 

resu l t  ( f  = f l a v o r ,  s = spin, c = co lor )  

: ~ 2 3C[ Z ZnCl + e ) + Z Zn(l + e )]  
~nZq f l avo r  s i i (2.19) 

where the spin and co lo r  f a c t o r s  count the r e s p e c t i v e  degenerac ies .  In 

the continuum l i m i t  

Z m >  f d3x d3P : V f d3P (2.20a)  
I (2x)  3 (2~) 3 

f 
- ->  / p - - ~ f  (2.20b) 

and we f ind  

d3 p - ~ ( ¢ m f - - ~ - l l 3  ~) 
~nZq : ~ 2 s 3 c V f (2~) 3 [~n( l+e  ) 

- ~( Vmf - -~+ l /3  ~) 
+ Zn Cl+e ) ] .  (2 .21)  

For the l i g h t  u and d quarks ,  fo r  which usua l l y  mf << ~ is  f u l f i l l e d ,  

we can eva lua te  the momentum i n t e g r a l s  a n a l y t i c a l l y  [ 2 b ] ,  [ 2 8 ] :  

(T Z n Z q ) l i g h t  f l a v o r s  
2sX2fX3cXV 

24,~ 2 

The quark chemical p o t e n t i a l  

i pq : ~ p (2.23) 
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controls the quark number Nq N~. 

In order to recover the l im i t  T ~ O, eq (2.3), we must introduce a 

phenomenological bag, ~.~., vacuum term 

znZbag =-BVp . (2.24) 

With eq (2.24) and 

~.nZ : ~.nZq + ).nZva c ( 2 .25  

we indeed find 

E : <H> : ~ ~nZ + ~-~ , - ~  T ZnZ 

: BV + 3 V [p~ + 2,~(~T) 2 + ~5 (xT) 4] (2.26 
2~ 2 

and at the same time for the baryon number 

b/3  : <~ Q> = Nq N~ : a T ZnZ aPq 

: 2___ VCP.C~ + pq(xT)2) 
x 2 

(2.27 

Equations (2.26) and (2.27) generalize the T = 0 results,  eq (2.1) and 

(2.3) to f i n i t e  temperatures. We note also that for f i n i t e  T i t  is 

possible to e l iminate pq ana ly t i ca l l y  from eq (2.26) with the help of 

Cardan's formulae [28] for eq (2.27), and to obtain E(V,b,T). 

We have not yet considered one quite important aspect of the 

excited bag, v iz . ,  the possible presence of real transversal gluons. 

At present the evidence for the existence of perturbative gluons inside 

bags is not quite conclusive. Some theoretical calculations [29] indi -  

cate that gluons could be admixed to the quark wave functions in bags. 

However, gluonium, i . e . ,  gluon-only bags have not yet been conclusively 

established experimentally [30]. None-the-less i t  is very l i ke l y  that 

in a large quark bag at f i n i t e  temperature the transversal gluons w i l l  

be present with an abundance corresponding to that expected from the 



385 

blackbody radiation law, i . e . ,  as given by the Stefan-Boltzmann 

equation. To include these bosonic degrees of freedom we evaluate 

eq (2.16) taking into account the fact that the occupation number of 

the gluon modes can be n i = 1,2 . . . .  ~, and that gluons do not carry 

baryon charge. We thus find 

-~n~ i 1 
Zg n ~i Z e ~ in Z (2.28) 

1 - e 

Here z counts the N 2 - 1 = 8 

two t r a n s v e r s a l  p o l a r i z a t i o n s .  

degenerate  w i th  respec t  to ~. 

c o l o r  degrees of freedom as wel l  as the 

A l l  gluon s i n g l e - p a r t i c l e  energ ies  are 

Taking the cont inuum l i m i t  we f i n d :  

ZnZg = -8 c x 2 s x V f T ~ -  ~ Zn ( l  - e - ~ I ~ I  ) (2 .29)  

This  exp ress ion  is  very  wel l  known and, except  fo r  the co lo r  f a c t o r ,  

cor responds to the standard photon r e s u l t .  We f i nd  e x p l i c i t l y  

V T ZnZg : 8 4--~-~-~ (=T) 4 (2 .30)  

As emphasized at the end of the l a s t  sec t i on  the quark -quark  i n t e r -  

a c t i o n  s t i l l  must be taken i n to  account .  We s h a l l  use here the c o n t r i -  

b u t i o n s  which are f i r s t  order  in the QCD runn ing coup l i ng  cons tan t  

~ s ( q  2) : g 2 / 4 ~ .  As ~s (q  2) i n c r e a s e s  when t h e  ave rage  momentum 

exchanged between quarks decreases i t  would seem tha t  t h i s  approach 

w i l l  have on ly  l i m i t e d  v a l i d i t y  at r e l a t i v e l y  low d e n s i t i e s  and/or  

t e m p e r a t u r e s .  However, the c o l l e c t i v e  sc reen ing  and the phonon modes 

in  the plasma are of  comparable order  of magnitude and cancel each 

o the r  [ 3 1 ] .  The i n f l u e n c e  of p e r t u r b a t i v e  c o n t r i b u t i o n s  are governed 

by the  expans ion  f a c t o r  6 = ( 4 / 3 ) ( ~ s / ~ )  ~ 0.15 0 .3 .  In o ther  words, 

s ince 62 < 0.02 - 0.09 the use of f i r s t  order  p e r t u r b a t i o n  t heo ry  may 

be q u i t e  adequate [ 3 2 ] .  For the case of the quark -g luon  plasma in the 

p e r t u r b a t i v e  vacuum, one f i n d s  fo r  the p a r t i t i o n  f u n c t i o n  an a n a l y t i c  

e x p r e s s i o n  through f i r s t  order  in ~s when n e g l e c t i n g  the quark masses. 

We ob ta i n  fo r  the quark Fermi gas [ 2 b ] .  [ 2 g ] .  [ 2 8 ] :  

gV 3 [ (  1 2~ s x2 50 ~s 7x4 
ZnZq(#,p)  : ~ 8- _ = )(¼ ( ~ ) 4  + ~__ ( , 6 ) 2 )  + ( i  - T f  ~ )  6-0 - - ]  

(2 .31 )  
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where g = (2s + 1)(21 + I)N = 12 counts the number of the components, 

i . e . ,  the degeneracy of the quark gas.  The gluon par t i t ion  function is 

s im i la r l y  reduced by the interactions: 

8~ 2 15~ s 
~RZg(~,X) = V 4 T  6-3 ( i  - ~ )  (2.32) 

We notice above the second relevant difference from the photon gas: 

aside from the presence of the degeneracy factor 8 there is the term 

associated with the gluon-gluon interaction since gluons carry color 

charge. 

F i n a l l y ,  le t  us reca l l  the true-vacuum term Zn Zvac, eq (2.24), 

which describes the required posit ive energy density B within the 

volume occupied by the colored quarks and gluons and leads to a nega- 

t ive  pressure on the surface of this region. As discussed above, at 

this stage this term is ent i re ly  phenomenological. The equations of 

state for the quark-gluon plasma are obtained by d i f fe ren t ia t ing  

~nZ : ZnZ + ZnZ + ~nZ (2 ,33 )  q g vac 

w i th  respec t  to 6, P, and V. The energy d e n s i t y ,  baryon number den- 

s i t y ,  p r e s s u r e ,  and en t ropy  d e n s i t y ,  of  u,d quarks and gluons r espec -  

t i v e l y ,  are w r i t t e n  in terms of the ba ryon ic  chemical  p o t e n t i a l  p and 

the  t empera tu re  T 

0 2os¼ ½ OS o [ ( i  2 = - + (~) (xT) 2) + (1 - ~-~'50 __)  (xT)4]  

8 15 as + ~ (~T) 4 ( i  - ~ ~--) + B (2 .34 )  

2 2~s 
v ~ [ (1  ) ( ( ~ ) 3  : I I  + ~ (xT) 2) (2"35) 

P : ~ (~ - 4B) (2.36) 

s 2 (1 - 2=s 1 4 ( i  50 as 32 (1 : ~ = ) ( ~  ) 2 ( X T )  + I T ~  - 2-T ~ - - ) ( = T ) 3  + 
15 as ~ - -~ ) ( xT )  3 

(2.37) 
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In eqs (2.34) and (2.37) the second T 4 and T 3 terms o r ig ina te  in the 

gluonic degrees of freedom. In eq (2.36) we have r igh t  away used the 

r e l a t i v i s t i c  r e l a t i o n  between the quark and gluon energy density and 

pressure 

1 Pq : -~ ~q, pg : ~" ~g ( 2 . 3 8 )  

in order to derive th is  simple form of the equat ion-o f -s ta te  of the 

quark-gluon plasma. This form is s l i g h t l y  modified when the f i n i t e  

quark masses are included, or when the dependence of the QCD coupling 

constant a s on the dimensional parameter A is taken into account. 

As we have already seen in the discussion of the hadronic bag 

structure in section i ,  an assembly of quarks w i l l  assume a geometric 

conf igura t ion  such as to make the to ta l  energy E(V,b,S) as small as 

possible at given baryon number and f ixed to ta l  entropy. As is appar- 

ent from the f i r s t  law of thermodynamics 

we have 

dE = - PdV + TdS + l~db (2.39) 

p = _ ~ E ( V , b , S )  ( 2 . 4 0 )  
~V 

Hence, the geometr ical ly  stable conf igurat ion ~E/~V = 0 corresponds 

also to the conf igurat ion with vanishing pressure P. Rather than to 

work in the microcanonical ensemble with f ixed b and S, we exp lo i t  the 

advantages of the grand cononical ensemble and consider P as a funct ion 

of p and T: 

P : - ~  CT . t nZ ( l ~ ,T ,V ) )  ( 2 . 4 1 )  

with the resul t  as given by eq (2.36). From eq (2.36) i t  fo l lows that 

when the pressure vanishes in a s ta t ic  conf igurat ion the energy density 

is 4B, independent of the values of p and T which f i x  the l ine  P = O. 

We reca l l  that th is  has been precisely the kind of behavior found for 

the hadronic gas. For P > 0 we have E > 4B. We reca l l  that in the 

hadronic gas we always had E < 4B. Thus, in th is  domain P > 0 of the 

- T plane the quark-gluon plasma must be exposed to an external force 

to achieve a s tat ionary state. 
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In order to obtain an idea of the form and locat ion of the P = 0 

conf igurat ion in the p - T plane for the quark-gluon plasma, we rewr i te  

eq (2.36) for P = O: 

B = 

(1 2~s 
- ) 

162~ 2 

T4~ 2 5~ s 15~ s 
[~2 + (3,~T)212 _ [ 12 (1  - ) - 8 (1  ) ]  

45 3~ 4~ 
( 2 , 4 2 )  

Here, the last term is the cont r ibut ion of the gluons to the pressure. 

We find that the greatest lower bound on the temperature Tqat p = 0 is,  

for a s = 1/2 about 

T ~ .83B I / 4  ~ 160 MeV : To ( 2 . 4 3 )  q 

This resul t  shows the expected order of magnitude. The most remarkable 

point is that i t  leads to a numerically s imi lar  value as that which we 

w i l l  f ind below in the study of the hadronic gas. Another point worth 

mentioning is the inf luence of the strange quarks: they increase the 

quark pressure just by the amount needed to counter the ef fect  of the 

in te rac t ion  in eq (2.42), Hence we indeed have T O ~ B I /4 ,  including 

the strange quarks (see the discussion af ter  eq (2.46)) .  

Let us here fur ther note that for T << ~ the baryon chemical 

potent ia l  tends to 

: 3~q :=> 3B 1/4 [ 
2x2 ] I /4  

(1 2:S 
- ~ )  

= 1320 MeV [a s = 1/2, B I /4 : 190 MeV], 

( 2 . 4 4 )  

In concluding th is  discussion of the P : 0 l ine  of the quark-gluon 

plasma, l e t  us note that  the choice a s ~ I /2 is motivated by the f i t s  

to the charmonium and upsilonium spectra as well as to deep ine las t i c  

scat ter ing data. In both these cases space-l ike domains of momentum 

t r a n s f e r  are explored. The much smaller value of a s ~ 0.2 is found in 

t ime- l i ke  regions of momentum transfer in e+e-÷ hadron experiments. We 

reca l l  that th is was the behavior derived from eq (1.17) (see f i g .  1.1). 

In the quark-gluon plasma, described up to f i r s t  order perturbat ion 

theory, both pos i t ive  and negative q2 occur: the per turbat ive correc- 

t ions to the rad ia t i ve  T 4 cont r ibu t ion  is dominated by t ime- l i ke  momen- 

tum t ransfers,  while the correct ion to the ~4 term or ig inates from 

space-l ike quark-quark scat ter ing.  Hence i t  is preferable that two 

d i f f e ren t  values of ~ be used in the above expressions. 
S 
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Consider now the energy density at p = 0. 

resu l t ,  restat ing again some factors 

We f ind the simple 

~2 15 (z 50 (x 
__.ss) + 2 X3cX ¼ ( I  - s E(~, = 0) : B + TO T4 [2sX8c xC1 " T ~ IX2s ~ "~'-)] • 

(2 .45)  

We note that in both quarks and gluons the in te rac t ion  conspires to 

reduce the e f fec t i ve  ava i lab le  number of degrees of freedom. At a s = 0 

we f ind the handy r e l a t i o n  

+ ~ = ( T )4 rGeV 
~q g 160 MeV Lfm--m"~] (2 .46)  

At ~ = I /2  we seem to be l e f t  with only ~ 50% of the degrees of free- s 
dom, and the temperature "un i t "  in the above formula drops to 135 MeV. 

However, as mentioned above, we rather should use a s ~ .2 in eq (2.45) 

in which case the cont r ibu t ion  of strange quarks, which is about 30% of 

the last  term in (2.45) just compensates these in te rac t ion  e f fec ts .  

Hence (2.46) is the proper rough estimate to be kept in mind. 

We now discuss b r i e f l y  the inf luence of the heavy f lavors .  For a 

charm quark with a mass of about 1500 MeV the thermodynamic abundance 

is s u f f i c i e n t l y  low to ignore i ts  inf luence on the propert ies of the 

plasma. While i ts  production is exceedingly slow, even the inf luence 

of i t s  equi l ib r ium abundance on the thermodynamic propert ies of the 

plasma would be quite neg l i g i b l e .  To wi t ,  evaluat ing the phase-space 

in tegra ls  we f ind that the ra t io  of charm to l i gh t  an t i f l a vo r  (e i ther  u 

or d) is 

B 

c/~ = ~/~ : e (mc-~13) IT (~'-'mc)3/2 ½ ¢ 2 
(2.47) 

Taking as a numerical example m c : 1500 MeV, T : 200 MeV, p : 0 one 

f inds  c/q = 7.10 -3 T h u s  the energy f r a c t i o n  carr ied by the plasma 

charm here would be ~ 0.2% and unimportant for the thermodynamic prop- 

e r t ies  of the plasma, but quite s i gn i f i can t  in d i rec t  charm detect ion 

experiments. However, the approach to chemical equ i l ib r ium (see below) 

is too slow to saturate in nuclear c o l l i s i o n s  the phase space even 

wi th in  the most op t im is t i c  scenarios, except in circumstances in which 

T ~ ~ m were reached. c 



390 

Clearly, we must turn our attention to strangness. With a current 

quark mass of about 150-180 MeV we are actually at the threshold T = m s 
and indeed one finds that there is quite an appreciable s-abundance. 

An exp l i c i t  calculat ion [4b] has shown that chemical equil ibrium w i l l  

be reached during the short time of a heavy ion reaction. The motion 

of the pa r t i c l es  being already s e m i - r e l a t i v i s t i c ,  the ss productiuon 

results in a s igni f icant  increase in the number of available degrees of 

freedom of quarks in eq (2.45).  Thus for T > m s we have to increase 

the number of flavors to 3 while at T ~ m the ef fect ive f lavor number 
s 

is 2.8. The appearance of strangeness is a very important qua l i ta t ive  

feature and we w i l l  return to i ts discussion in section 3. 

As a f ina l  aspect of the perturbative quark-gluon plasma we con- 

sider now the role of the color charge in the s ta t i s t i ca l  description. 

We note that for f i n i t e - s i z e  bags i t  is essential to ensure the color 

neut ra l i ty  of the considered states: much of the hadronic structure is 

a consequence of the requirement of color neut ra l i ty  and of the symme- 

t r ies  of the quark wave functions in the bags.  However, we have not 

yet included this effect of color into our considerat ions.  As long as 

only very few part ic les are present, color neutral states can be 

constructed e x p l i c i t l y .  But  how can we treat an excited, r e l a t i v i s t i c  

many-body system? The answer is quite simple in pr inc ip le :  in 

eq (2.12) the trace has to include only color neutral states. That  is, 

we should consider 

-~(H-pqQ) 
Zc= o = Trc= o e (2 ,48 )  

However, in order to arrive at a manageable result we had to allow a l l  

states in the trace. In order to solve this problem [33] we borrow the 

main technical idea from the work of Redlich and Turko [34]. 

Actually, for simple cases, an answer to this problem can be 

d i rec t l y  written down [35]. Each state of the Hamiltonian H can be 

c lass i f ied within the irreducible subspaces according to i ts transfor- 

mation properties under the representations of the SU(3) color group. 

In order to compute the singlet contr ibution eq (2.48) we f i r s t  in t ro-  

duce the generating functional 

= X d~ Xc(¢i) Zc 
c 

(2.49) 
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where the sum is carried out over all i r reducible representations 

character ized by the index c. The var iables ¢i of the coe f f i c i en t  

f u n c t i o n s ,  ~ .~ . ,  group characters Xc w i l l  permit the invers ion of 

eq (2.49) through a relat ion of the type found when solving for a set 

of complete orthogonal functions, i . e . ,  

f dn¢ M(¢i) Zc,(¢ i) Zc(¢ i) : 6cc, (2.50a) 

~k 

Z Xc(~ ~) X c ( *  i )  : 6n(~  ' - ~) 
c 

2.50b) 

Hence d c in eq (2.49) is a suitable normalization constant (dimension 

of the rep resen ta t i on ) ,  while M(xi) is a funct ion defining the Haar 

measure [35]. With these relat ions we have 

Z c = d c fdn¢ M(¢ i )  ~(c(¢i ) ~ ( (3 ,V . . . ; ¢  i )  (2.51) 

The problem is to obtain a suitable set of functions ¢c(Zi) such that 

i)  ~ eq (2.49) can be e x p l i c i t l y  computed, ~.~. ,  in the par t ic le 

number representation, and 

i i )  eqs (2.50) are sat is f ied.  

A hint of how to proceed is contained in eq (2.12): since the baryon 

number operator commutes with the Hamiltonian we could use Q in the 

exponent in order to divide the Hilbert space into sectors of given 

baryon number. We proceed now in this fashion with the non-abelian 

group SU(3). There are two mutually commuting charges; in the standard 

representation of SU(3) they are the 3 and 8 directions of the color 

space. We therefore consider the fol]owing Ansatz for the generating 
function 

-~(H-~qQ) 
: Tr(e ~(¢3, ¢8) ) (2.52a) 

here 

u'(¢~,¢8) : e -i¢3Qs-iCBQB (2.52b) 
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where we have in t roduced the new fac to r  ~. Since the norm of ~ is 

bounded by un i ty  we have no trouble to establ ish the existence of the 

generating funct ion (2.52): i t s  absolute value must always be smaller 

than Z, which is obtained replacing ~ by un i ty .  

I t  is our f i r s t  aim now to show that eq (2.52) y ie lds the desired 

form (2.49).  The Hi lber t  space spanned by H is a d i rec t  product of 

orthogona] subspaces characterized by the color c of states belonging 

to each sec to r  ( ~ . e . ,  t r ans fo rma t i on  p rope r t i es  under the SU(3) 
c 

group). Hence we can wr i te :  

~ Tr [e-~(H-~q Q) i¢3Q3-i¢sQ8] : e -  ( 2 , 5 3 )  
c c 

where the sum c is a symbolic sum over a l l  i r reduc ib le  representat ions 

of SU(3), usual ly  characterized by two pos i t ive  integers (p,q) ~ (0 ,~) .  

We can now constrain our discussion to the "good color"  subs ectors of 

the ent i re  H i lber t  space of the color space. Within each sector, a 

complete orthonorma] set of states is generated in the pa r t i c l e  number 

representat ion of H: 

d c 
i c : Z Z IVc,~c> <~c,Vcl (2.54) 

~c = 1 v c 

where d c is  the degeneracy, ~ .~ . ,  d imensional i ty  of each color mu l t i °  

p l e t ,  wh i le  ~c denotes a l l  quantum numbers w i th in  a given i r reduc ib le  

r e p r e s e n t a t i o n  which are re la ted  to the i n t e r n a l  symmetry, v c is a 

short-hand notat ion for the set of states determined by the occupation 

numbers n i of the i th momentum state. Inser t ing eq (2.54) into (2.53) 

we f ind 

-~(H-pqQ) 
7 = Z {~ Z Z Z <~c,Vcl e 

c ~c Vc ~c Vc 

x <~c 'v'Ic e-i~¢3Q3"i~¢aQ8 Ivc'~c>} (2.55) 

Owing to the assumed exact color symmetry the f i r s t  factor in eq (2.55) 

is diagonal in ~. S im i l a r l y ,  the second factor is diagonal in v. Thus 

we have both 6 ~ ,  and 6vv, as f ac to r s  and two of the sums col lapse. 

Dropping the i r re levan t  indices we f ind 
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- ~(H- ~,qQ) dc 
Z {Z I e l c> Z 
c v c ~c =I 

<~c ( e -i¢3Q3"i¢BQ8 l~c> } . (2.56) 

Recalling that by def in i t ion  

-~(H-~qQ) 
Z c = Tr c e = d c Z 

V c 

-p(H- pqQ) 
<Vcl e iVc> (2.57) 

we find the desired decomposition (2.49) with 

d c 
Xc ( 4'3, ~8) : Z 

~c =1 
<~c l e-i¢3Q3-iCeQ8 ]~c > (2.58) 

now being recognized as the character of the irreducible representa- 

t ion,  The relat ions (2.50) are automatically sat is f ied for al l  compact 

semi-simple Lie groups. Even without the use of methods of group 

theory one easi ly can ver i f y  in part icular cases that eq (2,58) indeed 

defines a suitable set of functions. Returning for a moment to the Lie 

group SU(2) we find 

+J - i¢3m z sin(2J + 1)¢ 3 
SU(2) (¢3) : Z e : xj 

mz=-J sin 1/2 ¢3 
(2.59) 

Hence, with the Haar measure [36] 

1 sin2¢3/2 ¢3 c- (0,2x) (2.60) MSU(2)(¢3) = ~ 

equations (2.50) easi ly are ve r i f i ed .  Note that the rank of the 

irreducible representation enters in eq (2.59) only via the summation 

over the eigenvalues of 13. An equiva]ent remark holds for SU(3), 

eq (2,58). 

The crucial point of this approach is the fact that the generating 

function ~, eq (2.53) can be e x p l i c i t l y  determined! Actually the steps 

are identical to those used above, c . f . ,  eqs (2.16)-(2.21). The reader 
m m 

is invited to repeat the derivation now with complex quantit ies i¢ 

instead of the chemical potent ia l .  One simply finds for quarks the 

analogue of eq (2.21): 
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= d 3 
Zn~q ~ 2sX V f ~ Z Zn[1 + exp(-~(Jp--~-~'~f - ,b) i~c)  ] (2.61)  

f l a v o r  c,b 

f o r  c o l o r e d  qua rks .  Ins tead of a co lor  f ac to r  3 c we now f ind  the sum 

o v e r  t he  e i g e n v a l u e s  : i  o f  t he  c h a r g e s  Q3, Q8; in  t he  t r i p l e t  

(c ~ ( 1 , 0 ) )  and a n t i t r i p l e t  (c ~ ( 0 , 1 ) )  r e p r e s e n t a t i o n .  In the t r i p l e t  

r e p r e s e n t a t i o n  for  which b = + 1/3 we have 

CR = ¢1/2 + ¢2/3 (2.62a) 

~G : "¢ i12 + ¢2/3 (2.62b) 

~B : -2/3 ¢2 (2 .62c)  

where R,B,G, r e f e r s  to the usual red,  b lue,  green co l o r s .  In the 

a n t i t r i p l e t  r e p r e s e n t a t i o n  in which b : - 1/3 the sign of a l l  the th ree 

angles reverses .  We note that  except when p : O, the genera t ing  

f u n c t i o n  ~, eq ( 2 . 6 1 )  w i l l  not be r e a l .  Of cou rse ,  the i n t e g r a t i o n  

over the group wi th the proper Haar measure [36] leads to a real  r e s u l t  

for  the p a r t i t i o n  f unc t i on  Z c. This measure is for  SU(3) 

8 ¢z ¢2 Cz Cz Cz 
d 2 ¢ M ( ¢ I , ¢ 2 )  : - ~  d ( ~ )  d(~---)[sin~ (T- + ¢2) sin ~-- sin~ (- ~ + ¢2)]  2 

¢ i ,  ¢2 ~ [ - x , ~ ]  (2.63) 

We note that  for  massless quarks, i . e . ,  neg lec t i ng  the st range quark 

f r a c t i o n  eq (2.61) can be evaluated a n a l y t i c a l l y  f o l l o w i n g  the r e s u l t s  

of eq (2.22) and rep lac i ng  ~ ~ ~ ± i~ .  In order to judge the i n f l uence  

of the co lor  conserva t ion  i t  is s u f f i c i e n t  to cons ider  compu ta t i ona l l y  

the p a r t i c u l a r  case of a ba ryon- less ,  p = O, plasma d r o p l e t .  In t h i s  

case we f i n d ,  s u b s t i t u t i n g  p/T ~ i~ in eq (2.22)  

= l n ~  °) inZ'~ I) ~n~'q (2.64a) 

~.n ~'~ o) 7 = VT 3 ~2 
3O 

(2,64b) 

.2 Z [ ½ (Tz). - (T-)2] (2 64c) £n~" 1) : VT3 .~_" i :R,G,B 
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~n~(O) Here is the partition function without the color constraint 
CL 

while kn~ I) vanishes at ¢i = O. 

I t  is  impo r tan t  to a p p r e c i a t e  tha t  in the qua rk -g luon  plasma the 

p r o j e c t i o n ,  eq (2 .51)  on a good c o l o r  sec to r  has to be c a r r i e d  out fo r  

both quarks and gluons s i m u l t a n e o u s l y .  Hence one has to c a r r y  out the 

i n t e g r a l  

1 2¢ , Z c = ~--f  d M(¢I ¢2) 9¢c (¢) ~q (~,V,~;¢) Zg (~,V;¢) 
C 

(2 .65)  

where fo~ the s i n g l e t ,  c = O, the c h a r a c t e r  z0 is  j u s t  u n i t y .  

to ob ta in  ~ we have to e v a l u a t e  the analogue of eq (2 .29)  g 

In order  

8 ~ - ( 31p l - i =  i 
: ~ V I ~ n l l  - e ) (2 .66)  Zn2"g 2s i = l  

where the c o l o r  sum i runs over the oc te t  of gluons w i th  the e igen -  

va lues  of the Q3,QB charges in the oc te t  r e p r e s e n t a t i o n  ( I , I ) ,  

As the oc te t  r e s u l t s  from the product  of the t r i p l e t  and a n t i -  

t r i p l e t  r e p r e s e n t a t i o n s  of SU(3), o m i t t i n g  the s i n g l e t ,  we have s imp ly  

c~, = ~j - Ck ' j , k  c (R,B,G) . 2.67a) 

In detail, 

c~ = ( : R -  ~G' C G -  ~B' : B -  ~R' 

- (~R - ~G ) '  - ( ~ G -  ~B ) '  ( ~ B -  ~R ) '  0 ,0 )  

We t h e r e f o r e  f i n d  

2,67b) 

Zn~'g = Zn~'~°) + Zn~'~ 1) 

kn~(O) : VT 3 ~2 8 
g 45 

2.68a) 

2.68b) 

'4' Zn~[ I) = VT3 ~_ i__Z 1 [_ ½ + ( x 1) 2 - 21_. ( 1) 4 ] 2 .68c)  
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We note that the color sum in eq (2.68) was s imp l i f ied  and now includes 

only the f i r s t  three terms of eq (2.67b). Again, Z (°)  is the p a r t i t i o n  

f u n c t i o n  wi thout  the color const ra in t  eq (2.30), while ZnZ i)  vanishes 

at c~ = O. 

From the preceeding der ivat ions the seemingly enormous inf luence 

of color n e u t r a l i t y  is apparent. P r a c t i c a l l y  a l l  states have to be 

rejected when evaluat ing the trace (2.48) constrained to color 

s ing le ts .  A global quark-gluon color co r re la t ion  is introduced in view 

of eq (2.65).  Bo th  quark and gluon f rac t ions  of the plasma separately 

can have color as long as overal l  n e u t r a l i t y  is assured. However, in 

the l i m i t  V ~ ~ one can see that color n e u t r a l i t y  ac tua l l y  should not 

be that important. To w i t ,  color f l uc tua t i ons  should go only as the 

square root of n, hence, the inf luence of the requirement of exact 

color conservation should not be f e l t .  While th is  argument eas i l y  can 

be proven a n a l y t i c a l l y  i t  turns out [33] that the l i m i t  V ~ ~ ac tua l l y  

means 

VT 3 > 10 (2.69) 

To i l l u s t r a t e  th is  point 

we show in f i g u r e  2.1 

the energy dens i t y  as 

derived from eq (2.65) 

and divided by ~T4: 

1.0 

0.5 

TV~a ~c 
0 i 
0.5 2.5 3.0 

I i i 

1.0 1.5 2.0 

Fig.  2.1 Re la t i ve  degeneracy Def f of the 

quark-gluon plasma, as a funct ion 

of TV t/3 . 

Def f - c/~T 4 , 

= (2 x 8 + 2 x 2 x 2 x 3 x 87-) ~2/30 

(2.70a) 

(2.70b) 

for a quark-gluon p|asma, c . f . ,  eq (2.45).  On the other hand we 

observe that at TV I /3 ~ 1.5 only hal f  of the expected number of exc i ta -  

t ions is ava i lab le .  
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We also can evaluate Def f at f i n i t e  p, in which instance we expect 

to obtain a less str ingent constra int :  The larger number of the avai l -  

able par t ic les per unit  volume reduces the importance of the con- 

s t r a i n t .  The constraint can only become relevant when in the available 

volume the number of charge carrying quanta is of the order of one per 

degree of freedom. In f igure 2.2 we display Def f for ~ = 0 and p = xT 

as function of the volume. The dot-dashed l ine shows the influence of 

the perturbative QCD corrections. 

Fig. 2.2 

, Deft Stefan- BoEtzmann- Limit 

1"0 ----~-T= 1 ..... ~--~~ 

. . . . .  

0 t t t t I t  t I , 1 ,  I I ] 1  , j i  I 1  J l l ,  I t  I I  t t ~  

0 1 2 3 

The e f f e c t i v e  r e l a t i v e  degeneracy D e f f  
energy levels.  

of single par t ic le  

We can thus conclude that the color constraints w i l l  a l ter the 

properties of quark-gluon plasma droplets, whenever they have b < 4. 

In par t icu lar  th is  observation concerns the study of the phase t rans i -  

t ion from the plasma state to the hadronic gas; color configurations 

and correlat ions here w i l l  be of great relevance. However, in such an 

approach to the phase t rans i t i on  the inclusion of the effects of the 

in teract ion together with the color constraints is of essence. There- 

fore, no analyt ical  understanding of the properties of the plasma near 

to the phase t rans i t i on  l im i t  is available as of now. Though l a t t i c e  

gauge calculat ions have recently been carried out for such cases, no 

conclusions have been reached in view of the formidable numerical 

d i f f i c u l t i e s .  The understanding of the phase t rans i t i on  region from 

the quark-gluon plasma to the hadronic gas phase is at present an open 

physical question. 
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3. STRANGENESS IN THE QUARK-GLUON PLASMA 

We now show in some deta i l  why the strange pa r t i c l e  abundances are 

so helpfu l  [4] in observing the formation and the propert ies of the 

quark-gluon plasma. F i rs t  we note that at a given temperature the 

quark-gluon plasma w i l l  contain an equal number of strange (s) quarks 

and an t i s t range  (~) quarks. Thus, assuming chemical and thermal equi- 

l ib r ium in the quark plasma we f ind the density of the strange quarks 

to be (two spins and three co lors) :  

d 3p 1 Tm s 2 
s/V : ~/V : 6 ~ ~ ~ 3 K2(ms/T) (3.1) 

(2~)3 (e ~ / ~ / T  + i )  ~2 

neglect ing,  for the time being, the QCD per turbat ive cor rect ions.  We 

r e c a l l  tha t  the mass of the strange quarks, ms, in the per turbat ive 

vacuum is believed to be of the order of 140-200 MeV [18] .  In eq (3.1) 

we were able to use the Boltzmann l i m i t  since the phase space density 

of strangeness is not too high. S im i l a r l y ,  the l i g h t  antiquark dens i ty  

(q stands for e i ther  u or 4) is :  

d3p 1 -pq/T T 3 6 
( 3 . 2 )  q/V = 6 f ~ Ipl/T+pq/T ~ e 

(2x) 3 Ce + i )  =2 

The chemical p o t e n t i a l  of the quarks surpresses the ~ densi ty .  This 

phenomenon r e f l e c t s  on the chemical e q u i l i b r i u m  between q-~ and the 

presence of a l igh t -quark  densi ty associated with the net baryon 

number: the ~ are e a s i l y  destroyed by the abundant q 's when the q- 

density is large. 

We now intend to show that  o f ten more s quarks are present than 

antiquarks of e i ther  l i g h t  f l avo r .  Indeed: 

: ms)2 m s 
s/q ½ ( T  K21T) e~/3T (3,3) 

Th is  r a t i o  is shown in f i g u r e  3.1.  We not ice  tha t  in our case of 

i n t e r e s t ,  i . e . ,  pq ~ T the abundances of ~ and ~ quarks are comparable 

and, in many cases of i n te res t ,  ~/~ ~ 5. For p ~ 0 at T ~ m s there are 

about as many u and d quarks as there are s quarks. 



399 

9 ~ (~) -N 

7 T IMeV]=120 
m~ I MeV ] ~15~/ 

/ 5 
/ 16o . /~ 

/ 
4, / 
3 

1 
~B[MeV] 

I I I I I I I I . ~  

0 200 400 600 800 

Fig. 3.1 Abundance of s t range (or a n t i s t r a n g e )  quarks r e | a t i v e  to the 

l i g h t  quark abundance as f u n c t i o n  of p fo r  severa l  cho ices of 

the tempera tu re  T and of the s t range quark mass m s . 

When the  quark ma t te r  hadron izes  some of the numerous s and s may 

form s t rangness c l u s t e r s  such as 8, Q, and t h e i r  a n t i p a r t i c l e s ,  and 

a lso e x o t i c  s t range ob jec t s  i ns tead  of being bound in kaons. The prob-  

a b i l i t y  fo r  t h i s  process seems to be of  s i m i l a r  magnitude as the 

p r o d u c t i o n  by the quarks of the ~ c a r r y i n g  a n t i b a r y o n s .  I t  is  p a r t i c u -  

l a r l y  no tewor thy  t h a t  c o n v e n t i o n a l l y ,  i . e . ,  in pp c o l l i s i o n s ,  they  can 

be produced on ly  in d i r e c t  pa i r  p roduc t i on  r e a c t i o n s .  This process is  

suppressed by energy-momentum c o n s e r v a t i o n  and phase space c o n s i d e r a -  

t i o n s  up to high energ ies  s ince the f i n a l  s t a t e  has to con ta i n  four  

p a r t i c l e s ,  T h i s  l e a d s  to the argument tha t  a s tudy of the A, ~, S, 

in h i g h - e n e r g y  nuc lear  c o l l i s i o n s  could shed l i g h t  on the e a r l y  stages 

o f  the r e a c t i o n  in which a quark -g luon  plasma may have been p resen t .  

However, these a n t i b a r y o n s  have a l a rge  t r a n s f o r m a t i o n  p r o b a b i l i t y  i n to  

kaons .  To w i t ,  the  abundance of  ~ would be equal to Q i f  the plasma 

s t a t e  would f reeze  out d i r e c t l y  i n to  a low d e n s i t y  hadron gas. In 

c o n t r a s t ,  in a long c o l l i s i o n  process the ~ abundance may be dep le ted  

by a number of t r a n s f e r ,  i . e , ,  exchange, p rocesses ,  in p a r t i c u l a r  by 

Q+ p ~KKK + X 



400 

owing to the s t r o n g l y  exo the rm ic  c h a r a c t e r  of  t h i s  r e a c t i o n .  As these 

remarks demons t ra te ,  s t r angness  is  not on l y  a tag of the plasma s t a t e  

but a lso a d i a g n o s t i c  t oo l  f o r  the t r a n s i t i o n ,  plasma ÷ had ron i c  gas, 

and f o r  the e v o l u t i o n  of the had ron i c  gas. 

The c r u c i a l  aspects  of the proposa l  to use s t rangeness  as a s i g n a -  

t u r e  f o r  the q u a r k - g l u o n  plasma i n v o l v e :  

i )  
i i )  

assumpt ion of  thermal  and chemica l  e q u i l i b r i u m  

compar ison between r e s u l t s  a n t i c i p a t e d  in  both had ron i c  phases 

at g i ven  T and ~, where the chemica l  p o t e n t i a l  must be d e t e r -  

mined by o the r  c o n s i d e r a t i o n s .  

We now turn to the discussion of both these points and begin by calcu- 

lat ing the abundance of strangeness as function of the l i fet ime and 

excitat ion of the plasma state [4b]. 

In  lowes t  o rde r  in  p e r t u r b a t i v e  QCD, ss -quark  p a i r s  can be c rea ted  

by a n n i h i l a t i o n  of  l i g h t  q u a r k - a n t i q u a r k  p a i r s  ( f i g .  3 .2a)  and in  

c o l l i s i o n s  of  two g luons  ( f i g .  3 . 2 b ) .  The averaged t o t a l  c ross  

s e c t i o n s  f o r  these processes were c a l c u l a t e d  by Combridge [ 3 7 ] .  For 

f i x e d  i n v a r i a n t  m a s s - s q u a r e d  s : (k I + k2 )2  , where k i are the f o u r -  

momenta of the incoming part icles [w(s) : (I 4M2~ I/2) 
- T "  we have: 

o) 
k 1 " ' . . . ~ q  I 
k2 t ~I " ~',~q2 

b) 

>-< 
F ig .  3.2 L o w e s t  o r d e r  QCD d i a g r a m s  f o r  ss p r o d u c t i o n :  a) qq ÷ ss ;  

b) gg ÷ ss. 

8==s2 2M 2 
: [1 + ) w(s)  ( 3 . 4 )  

qq~ss 27S S 
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[ (1 + 4M2s + s M-~) tanh-1 w(s) - ( + -~-) w (s ) ]  (3 .5)  

For the mass of the strange quark we w i l l  assume, a) the value [10] 

f i t t e d  w i t h i n  the MIT bag model: m s = 280 MeV and, b) the typ ica l  

value [18] found in the study of quark currents: m s = 150 MeV, When 

d iscuss ing l i g h t  quark production below we w i l l  use m = 15 MeV. The q 
e f f e c t i v e  QCD coup l ing  constant a s = g2/4= is an average over space- 

l i ke  and t ime- l i ke  domains of momentum transfers in the reactions shown 

in f i g u r e  3.2 as discussed in sect ion 1. We use: (a) a s = 2,2, the 

value cons is ten t  with m s = 280 MeV in the MIT bag model, and (b) the 

value a s = 0.6, expected at the momentum transfers in this process, We 

bel ieve the choice (b) of the parameters to be r e a l i s t i c  and to be 

consistent with the s p i r i t  of th is  work, The choice (a) is used as a 

reference; even when m = 280 MeV we w i l l  see that the chemical e q u i l i -  
s 

brium w i l l  be reached. 

Given the averaged cross sections i t  is easy to ca lcu late the rate 

of events per unit time, summed over a l l  f i na l  and i n i t i a l  states: 

dN d3kt ~ P i (k l , x )  f d3k2 
d-T : f d3x ~ (2~)31k l  I i (2~)31k21 

x ]~ P i ( k 2 . x )  ~M2dS 6(s - (k 1 + k2)2 ) k~k2,  T~(s) (3 .6 )  

The sum over i n i t i a l  states involves the discrete quantum numbers i 

(co lor ,  spin, etc, )  over which eq (3.5) was averaged. The factor 
k l - k  2 

I k l l l k 2 1  is  the r e l a t i v e  v e l o c i t y  fo r  massless p a r t i c l e s ,  and we have 
in t roduced  a dummy i n t e g r a t i o n  over s in order to f a c i l i t a t e  the ca lcu -  
l a t i o n s .  We now rep lace the phase space d e n s i t i e s  P i ( k . x )  by momentum 
d i s t r i b u t i o n s  fg(k) ,  fq(k),  fq(k) of gluons, quarks, and antiquarks 
that can s t i l l  have a parametric x-dependence through a space- 

dependence of the temperature T = T(x) and the chemical potent ia l  

= p(x). The invar ian t  rate per unit time and volume for the 

elementary processes shown in f igure 3.2 is then: 
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dN 1 ~ d3k d3k2 
A . . . .  ~ s ds a(s - (k I + k2 )2 ) ~ 1 

dtd3 x 2 M2 (2~)31k11 (2~)31k2 1 

x { (2 x 8) 2 f g ( k l )  f g ( k 2 )  ~ _ (s )  
gg-~ss 

+ 2x(2 x 3) 2 f q ( k l )  f (k2) T~ ( s ) }  , (3 .7)  
q ~ s ~  

where the numerical factors count the spin, color and isospin degrees 

of freedom. 

Assuming that in the rest frame of the plasma the d i s t r i b u t i o n  

funct ions f depend only on the absolute value of the momentum, 

Ikl = k o ~ k, we can evaluate the angular in tegra ls  in eq (3 .7) :  

A=  .2sds [f dkl I °dk2o(4k k2 s) f (kl) fg(k2)] 
gg÷s~ o g 

+ ~g ~M 2s ds ~qq÷ss[f~ dkt f~O dk2e(4ktk2 - s) fq(k I) fq(k2) ], (3.8) 

S M2 ' where the step funct ion e requires that klk 2 ) T ) We now turn to 

the discussion of the momentum d i s t r i b u t i o n  and related questions. The 

ant ic ipated l i f e t i m e  of the plasma created in nuclear c o l l i s i o n s ,  as 

discussed below in section 5, is about 6 fm/c = 2 x 10 -23 sec, Af ter  

th is  time the high in terna l  exc i ta t i on  w i l l  most l i k e l y  have dissipated 

to below the energy density required for the quark-gluon plasma, We 

reca l l  again that the t r a n s i t i o n  between the hadronic and the quark- 

gluon phase is expected at an energy density of approximately 0.6 

l GeV/fm 3. Under  these condi t ions each per turbat ive quantum ( l i g h t  

quark, gluon) in the plasma state w i l l  rescat ter  several times during 

the l i f e t ime  of the plasma, Hence the momentum d i s t r i b u t i o n  funct ions 

f (p)  can be approximated by the s t a t i s t i c a l  Bose or Fermi d i s t r i b u t i o n  

funct ions,  regardless of the shortness of time: 

f g (p )  : (e ~ 'p - l )  " I  , ( g l u o n s )  (3 .9a )  

f (p) ~ (e ~'p X± + I) - I ,  (quarks-antiquarks) 
q/~ 

(3.9b) 
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where # i s  the  c o v a r i a n t  t e m p e r a t u r e ,  #-p : #oI~I  - ~ ' ~  fo r  mass]ess 

p a r t i c l e s ,  ( # . ~ ) - 1 / 2  = T is  the tempera tu re  and X ± is  the baryon number 

( a n t i b a r y o n  number) f u g a c i t y .  In the r e s t  frame of the plasma, 

#.p : i ~ I / T .  The d i s t r i b u t i o n s  (3 ,9 )  can be taken s e r i o u s l y  on ly  fo r  

l ~ i  not v e r y  much l a r g e r  than T; to popu la te  the high energy t a i l  of 

the d i s t r i b u t i o n s  too many c o l l i s i o n s  are r equ i r ed  fo r  which there  may 

not be enough t ime dur ing  the l i f e t i m e  of the plasma. Fur thermore ,  we 

note t h a t  wh i l e  in each i n d i v i d u a l  nuc lear  c o l l i s i o n  the momentum d i s -  

t r i b u t i o n  may v a r y ,  the ensemble of many c o l l i s i o n s  may have a b e t t e r  

s t a t i s t i c a l  d i s t r i b u t i o n ,  

F i n a l l y ,  consider the values of the fugacit ies X ± in eq (3.9b). 

As we w i l l  show the gg ÷ q~ reaction time is much shorter than that for 

q~ ÷ s{ production since the l ight  quark masses are only of the order 

of ~ 15 MeV. Consequently we may assume chemical equilibrium between q 

and q, ~ . ~ . ,  

k+ : i__ = e-~q IT 
X- ' P = 3~q ( 3 . 1 0 )  

and the baryon density is given by eq (2.35) omitting for the present 

the 0(~) corrections, i . e . ;  
m 

v(T, pq) = ~ (pq3 + ~q(=T 2) 

We note that since gluons dominate the ss production in the plasma 

state, the conditions at the phase t rans i t ion ,  such as the abundances 

of q and q, w i l l  not matter for the ss abundances at times comparable 

to the l i fe t ime of the plasma. 

We now return to the evaluation of the rate integrals,  eq (3.8). 

In the gluon part of the rate A, eq (3.8), the kt,k 2 integral can be 

carried out exactly by expanding the Bose function in a power series in 

exp(-k/T): 

~ ~ 1 / 2 )  
ds S 3/2 ~ (s)  ~ ( n n , ) _ t / 2  Kt ( ( n n ' s )  (3 11) 

Ag = ~ T ,2 gg÷ss n , n ' = l  T " " 



404 

In the quark con t r ibu t ion  an analy t ic  treatment of the Fermi funct ion 

is not feasible and the in tegra ls  must be evaluated numerical ly.  I t  is 

found that the gluon con t r i bu t i on ,  eq (7.11),  dominates the rate A 

For T/M > i we f ind :  
N 

7 A ~ A g : ~"~'~ ~S 
2 MT 3 e -2M/T (1 + ~41 -T M + . . )  (3.12) 

The abundance of  s ~ - p a i r s  cannot grow f o r e v e r ;  at some po in t  the 

s ~ - a n n h i l a t i o n  r e a c t i o n  w i l l  d e p l e t e  the s t range  quark p o p u l a t i o n .  The 

loss  term of the s t rangeness  p o p u l a t i o n  is  p r o p o r t i o n a l  to the square 

o f  t he  d e n s i t y  n s of s t range  and a n t i s t r a n g e  quarks .  With ns(m ) be ing 

the s a t u r a t i o n  d e n s i t y  at l a rge  t imes ,  the f o l l o w i n g  d i f f e r e n t i a l  

equa t i on  de te rm ines  n s as f u n c t i o n  of t ime :  

dn 
S ~ A[1 ) / n s ( ~ )  dt _ (ns( t )2 ]  (3 ,13 )  

We note tha t  eq (3 .13)  in p r i n c i p l e  should a lso i n c l u d e  a term l i n e a r  

in  n s ( t ) .  Namely ,  when the  p lasma d e n s i t y  is  s u f f i c i e n t l y  high the 

produced s t range  quarks have d i f f i c u l t y  to q u i c k l y  get away from each 

o t h e r .  With a s c a t t e r i n g  l eng th  of the o rder  of 1/3 fm in extreme 

cases one has to cons ide r  d i f f u s i o n  r a t h e r  than f r ee  mot ion ,  Hence in 

t h i s  l i m i t i n g  case we have a lways  a s s  p a i r  in a g iven un i t  volume, 

l e a d i n g  to 

dn s 
d t :  A(1 - n s ( t ) / n s ( ~ ) )  . 3 .13b)  

The s o l u t i o n s  of eq (3 ,13)  are,  r e s p e c t i v e l y  

ns ( t  ) = ns(~ ) t a n h ( t / ~ )  3 .14a)  

w i th  

n s ( t )  : ns(~.) (1 e - t / ~ )  3 ,14b)  

: ns (~ ) IA  3 .14c)  
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Both solutions are monotonically r is ing saturating functions with 

s imi lar behavior, controlled by the character ist ic time constant ~. In 

a thermally equil ibrated plasma the asymptotic strangeness density, 

ns(=), is that of a chemical ly unconstrained r e l a t i v i s t i c  Fermi gas 

(X = i ) :  

ns(= ) 2x3 M2 = ( - ) n  -1 : ~ T Z n K2(nM/T) , (3 .15)  
n=l 

We find for the relaxation time (3,14c) from eq (3,12), (3.15) 

: ~g = T9 (~R)112 ~s- 2 MtI2 T-312 eMI T (1 + ~99 ~ + . . , ) - 1  (3.16) 

which f a l l s  rapidly with increasing temperature. 
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Fig. 3.3 Chemical relaxation times as functions of the temperature T. 

Ful l  l i n e s :  qq ÷ ss and gg ÷ ss; dashed l ines q~ ~ s~; 

dotted l ines gg ~ q~ (mq = 15 MeV). Curves marked I are for 

a s = 2.2 and m s = 280 MeV, those marked I I  are for a s = 0.6 

and m = 150 MeV: a) rates A; b) time constants ~, s 

We now discuss the numerical results for the rates, time con- 

stants, and the expected strangeness abundance. In figure 3.3a we 

compare the rates for strangeness production by the processes depicted 

in figure 3.2 for the two d i f ferent  choices of parameters discussed 

above, a f ter  eq (3 .5) .  The rate for qq ~ ss alone (shown separately) 
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contributes less than 10 percent to the total  rate. In f igure 3.3b we 

show the corresponding character is t ic  relaxat ion times toward chemical 

equi l ibr ium, ~, defined in eq (3.14). While our results for strange- 

ness production by l i gh t  quarks agree only in order of magnitude with 

those of Bird and Zim6nyi [38] owing to the difference in the chosen 

values of the parameters, i t  is obvious from our resul ts that gluonic 

strangeness production, which was not discussed i n i t i a l l y  by these 

authors [39], is the dominant process. I f  we compare the time constant 

with the estimated l i fe t ime of the plasma state we find that the 

strangeness abundance w i l l  be chemically saturated for temperatures of 

160 MeV and above, i . e . ,  for an energy density above 1 GeV/fm 3. We 
m 

note that ~ is quite sensit ive to the choice of the strange-quark mass 

parameter and the coupl ing constant a s which must, however, be chosen 

consis tent ly .  A measure of the uncertainty associated with the choice 

of parameters is i l l us t ra ted  by the difference between our resul ts for 

the two parameter sets taken here. 

Also included in figures 3.3a, and 3.3b are our results for gluon 

conversion into l i gh t  quark-antiquark pairs. The shortness of ~ for 

th is  process indicates that gluons and l i gh t  quarks reach chemical 

equi l ibr ium during the beginning stage of the plasma state, even i f  the 

quark/antiquark, ~.~. ,  baryon/meson rat io  was quite d i f fe ren t  in the 

pr ior hadronic compression phase. 

The evolution of the density of strange quarks, eq (3.14), re la-  

t i ve  to the baryon number content of the plasma state, is shown in 

f igure 3.4 for various temperatures. The saturation of the abundance 

is c lear ly  v i s ib le  for T ~ 160 MeV. To obtain the experimentally 

accessible abundance of strange quarks, the corresponding values 

reached after the typical  l i fe t ime of the plasma state, 2 x 10 -23 sec, 

can be read off  in f igure 3.4 as a function of the temperature. The 

strangeness abundance shows a pronounced threshold behavior at 

T ~ 120 -160 MeV. 

We thus conclude that the strangeness abundance saturates in a 

s u f f i c i e n t l y  excited quark-gluon plasma with T > 160 MeV, ~ > 1 GeV/fm 3 

owing to the high gluon density. This allows strangeness to be an 

important observable indicat ing the presence of gluons in the reaction. 

We hence turn to the study of the strangeness in normal nuclear matter 

in order to gain insight into the relevance of strangeness as a charac- 

t e r i s t i c  signature of the quark-gluon plasma. 
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Fig. 3.4 Time evolut ion of the re la t i ve  strange quark to baryon number 

abundance in the plasma for various temperatures T. 

m s 150 MeV, a s 0.6, 

To th is  end we must f i r s t  establish [4c, 40] the relevant re la t i ve  

strange par t ic le  rates or ig inat ing from highly excited matter consis- 

t ing of ind iv idual  hadrons, the hadronic gas phase. The main hypo- 

thesis which allows us to s impl i fy  the s i tuat ion is to postulate the 

resonance-dominance of hadron-hadron interact ions (see section 4). In 

th is  case the hadronic gas phase is a superposition of d i f fe ren t  

hadronic gases and al l  information about the in teract ion is hidden in 

the mass spectrum ~(m2,b) which describes the number of hadrons of 

baryon number b in a mass interval  dm 2. When considering strangeness 

carrying par t ic les ,  al l  we then need to include is the influence of the 

non-strange hadrons in the baryon chemical potential established by the 

non-strange par t ic les .  The total  pa r t i t i on  function is approximately 

addit ive in these degrees of freedom: 

Zn Z = Zn Z n°n-strange + Zn Z strange . (3.17) 

In order to determine the par t ic le  abundances i t  is su f f i c i en t  to l i s t  

the strange part ic les separately and we find 
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Zn Z strange (T,V,ks,~,q) : C {2W(Xk) [XsXql + XsLXq] 

2 + Xs - 2 ] }  (3,18a) + 2[W(xA) + 3W(xs)] [ksk q Lkq 

m i 2 m i 
W(xi) : (-~,--) K2CT- ) (3.18b) 

We have C = VT3/2~ 2 for a fu l l y  equil ibrated state. The case of chemi- 

cal non-equilibrium can be e f fec t ive ly  taken care of by using smaller 

values of C. Since the strangeness-exchange cross sections are very 

large, strangeness always wi l l  be distr ibuted among all part ic les in 

= kB1/ (3.18a) according to the values of the fugacit ies kq 3 and k s . 

Hence we can speak of re la t ive strangeness chemical equil ibrium, see 

below. We have neglected to write down quantum s ta t i s t i cs  corrections 

as well as the multi-strange part ic les,  E and O-, as our considerations 

remain valid in this simple approximation [40]. Interactions are 

e f fec t i ve ly  included through exp l i c i t  reference to the baryon number 

content of the strange part ic les as just discussed. Non-strange 

hadrons inf luence the strange fract ion by establishing the va]ue of Xq 

at the given temperature and baryon density. 

As introduced here, k s contro ls  the strange quark content while 

the up- and down-quark content is controlled by kq = kB1/3, 

Using the par t i t ion function eq (3.18a) and (3,18b) we calculate 

for given PB" T, and V the mean strangeness by evaluating 

< n  - n > = k s ~ Z strange 
s s ~ ~n (T,V,ks,Xq) , (3.19) 

which is the difference between strange and anti-strange components. 

This expression must be equal to zero since strangeness is a conserved 

quantum number with respect to the strong interact ions. From this 

condition we get: 

W(x k) + X~ l [W(x A) + 3W(xE)]]II2 

x s = xq LW(xk) + XB [W(x A) + 3W(x~)]] - Xqy . 
(3.20) 
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We not ice  a strong dependence of y on the baryon number. For large ~B 

the term with XB-I w i l l  tend to zero and the term with X B w i l l  dominate 

the expression for X s and y. As a consequence the pa r t i c les  with fuga- 

c i t y  X s and strangeness S = -1 (note that by convention strange quarks 

carry S = -1, while strange antiquarks carry S = 1) are suppressed by a 

factor  y which is always smaller than un i ty .  Conversely, the produc- 

t ion  of pa r t i c les  which carry the strangeness S = +I w i l l  be favored by 

y-1. This is the consequence of the presence of nuclear matter; for 

= 0 we f ind y = I .  

In order to ca lcu la te  the mean abundance of strange par t i c les  we 

must introduce for each species i t s  own fugac i ty  which subsequently 

must be set equal to un i ty  since al l  d i f f e r e n t  strange par t i c les  are in 

mutual chemical equ i l i b r ium by assumption. This assumption is made as 

a consequence of the large strangeness exchange cross sections, in 

react ions such as 

N + K ÷~ Y + ~ ; ( 3 . 2 1 a )  

here Y stands for a hyperon A,S. These  are much larger then the 

strangeness production cross sections, such as 

N + N ÷N + A+ K (3.21b) 

or even 

+ N ~ }1 + K ( 3 . 2 1 c )  

when considered at moderate temperatures (energy threshold > 500 MeV). 

Hence in nuclear c o l l i s i o n s  the mutual chemical equ i l i b r i um,  that is ,  a 

proper d i s t r i b u t i o n  of strangness among the strange hadrons, most 

l i k e l y  w i l l  be achieved. By studying the r e l a t i v e  y ie lds  we can 

exp lo i t  th is  fact and e l iminate the absolute normal izat ion,  C, 

eq (3.18a) from our considerat ions.  We reca l l  that the value of C is 

uncertain for several reasons: ( i )  V is unknown, ( i i )  T 3 is s t rongly  

T( t , r ) -dependent ,  and ( i i i )  most impor tant ly ,  the absolute normaliza- 

t ion  assumes chemical saturat ion which is not achieved owing to the 

shortness of the c o l l i s i o n .  Indeed we have I c f . ,  eq (3 .3) )  

dC 
d~  : AH ( i  C ( t ) 2 / C 2 ( ' ) )  , ( 3 . 2 2 )  
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and the time constant ~H = C(~)/AH for strangness production in 

nuclear matter can be estimated to be 10 -21 sec. [41]. The generation 

of strangeness is most l i ke ly  driven by reaction (3,21c). Thus C does 

not reach C(~) in plasma-less nuclear co l l is ions.  I f  the plasma state 

is formed, then the relevant C > C(~), Details of the time dependence 

of the chemical composition of the hadronic gas are being studied [42]. 

We now compute the r e l a t i v e  strangness abundances. Using 

eq (3.20) we find from eq (3.18) the grand canonical par t i t ion sum for 

zero average strangeness: 

~n L o~strange = C {2W(x ) [y X + y-1 X ] + 2W(x ) [yX X + y-ZX-lX_] 
K K ~ A B A B A 

+ 6W(x ) [y}, X + y- IX- ix  ]} . 
~. B S B ~: 

(3.23) 

The strange part ic le mu l t i p l i c i t i es  follow from (i : K,K,A,A,Z,Z): 

<ni> = X i ~ Zn zstrangelxi = 1 ( 3 .24 )  

Exp l i c i t l y  we find 

<n C y~ l  K±> : W(XK) (3 .25a)  

±PB/T 
<n > : C y±l W(xA ) e (3 .25b)  

and hence the rat io <nK+>/<nK_> = y-2, This is shown in figure 3.5 as 

funct ion of the baryo-chemical potential PB for several temperatures. 

We note that this part icular part ic le rat io is a good measure of 

the baryon chemical potential in the hadronic gas phase, provided that 

the temperatures are approximately known. The mechanism for this 

process is: the strangeness exchange reaction (eq (3.21a)) t i l t s  to the 

le f t  (K-) or the r ight (abundance y ~ K +) depending on the value of the 

baryo-chemical potent ia l .  
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Fig,  3.5 The r a t i o  <nK+><nK_> = y-2 as a f u n c t i o n  of the baryo-chemica]  

potent ial  for several temperatures, 

We turn our fur ther interest to the rarest of al l  s ingly strange 

p a r t i c l e s ,  and show in f i gu re  3,6 the rat io  <n_>/<n >. We notice an 
A A 

expected suppression of A due to the baryo-chemical potential as well 

as the strangeness chemistry. This ra t io  exhib i ts  both a strong 

temperature and PB dependence. The remarkably small abundance of A, 

~.~. ,  I0-4A, under conditions l i k e l y  to be reached in an experiment at 

the end of the hadronization phase (T ~ 120 - 180 MeV, PB ~ (4-6)T) is 

character is t ic  of the nuclear nature of the hot hadronic matter phase. 

Our estimates for the quark-gluon plasma based on f lavor content are 

two to three orders of magnitude higher. One may observe that the 

formation of A in nuclear matter w i l l  probably be even much less than 

shown here since A w i l l  be much f u r t he r  away from the equ i l i b r i um  

abundance than A's. Hence the ra t io  of f igure 3.6 may be viewed as an 

upper l im i t  for the case of hot hadronic matter. 

We have already shown that the strangeness abundance is chemically 

equi l ibrated in the quark-gluon plasma phase and indicated that th is  is 

not the case in the hadronic gas phase. We now further note that even 

assuming, probably much too op t im i s t i ca l l y ,  absolute chemical equ i l i b -  

rium in the gas phase, we find 3 to 5 times more strangness in the 

plasma at comparable thermodynamic parameters, i . e . ,  equal p,T, This 
m m 
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F i g .  3,6 The r a t i o  <n_>/<n  > as a f u n c t i o n  of PB fo r  severa l  tempera-  
A A 

t u r e s  as an upper l i m i t  f o r  A abundance in the hadron ic  gas 

phase, 

is shown in f igure 3.7 as function of p at some selected values of T 

and ms, where the conversion from p as a var iable to baryon density has 

been done using per turbat ive QCD. Thus the simplest of a l l  observa- 

t ions point ing to the quark-gluon plasma is the measurement of an 

anomolously high strange pa r t i c l e  abundance as function of CM energy in 

the c o l l i d i n g  nuclei ,  i , e . ,  preferably at high pz, Furthermore we have 

argued that  A are s t rong l y  suppressed in the nuclear gas, Thus an 

anomalous y ie ld  of A's is an even more charac ter is t i c  observable of the 

plasma. 

More speculative is the observation that strangeness may c luster  

in the d i l u te  plasma to form strangeness impur i t ies such as ss, sss, 

e tc . ,  owing to the a t t rac t i ve  QCD-Coulomb in te rac t ion ,  Although the ss 

s ta te  would be more bound than ss or ss state, i ts  s t a t i s t i c a l  weight 
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associated with the color selec- 

t ion factors is so much smaller 

that we believe the la t te r  state 

to be the dominant strangeness 

c lus ter .  This coagulation of 

strangeness can proceed even 

f u r t h e r  with sss or sss states 

(free Q's) being formed. I t  is 

very hard to make a quant i ta t ive 

predict ion of th is  process, but 

c lear ly  one must look out to 

measure the abundances of such 

rare baryons as ~, possibly on 

event by event basis. However 

we observe that hadrochemical 

ca lcu la t ions,  ~,~. ,  those in hot 

nuclear matter eq (3.18) also 

lead to anomalous abundances of 

multistrange baryons [42, 43] 

quite simi lar to the resul ts of 

a recent hyperon beam experiment 

[ 44 ] ,  

i 

12i 

~8 

J 
~6 

v~  

Fig. 3.7 

. . . . . . . . . . . . . . . . .  -m~= 120 MeV 

T - 120 MeV 

. . . . . . . . . . . . .  m~= 280 NeV 

. .  T - 16{) HeY 

I - 160 MeV 

Ratio of strangeness 

along the t rans i t i on  l ine 

between the plasma and 

the hadronic gas phase as 

a func t i on  of assumed 

baryon dens i ty  on the 

plasma side. 

In the above discussion, the rapid production of strangeness in 

the plasma phase and i ts  higher s t a t i s t i c a l  abundance as compared with 

the hadronic gas phase, are the central features of strangeness as a 

character is t ic  observable for the quark-gluon plasma. We have 

discussed the large plasma domains. Now we turn our at tent ion to 

"small" plasma droplets which may be either created in co l l i s ions  of 

l i g h t  nuclei [45] or perhaps in antiproton annih i la t ions on nuclear 

targets [2h], [46]. Before turning to these phenomenological detai ls  

we f i r s t  derive another effect that fur ther enhances the role of 

strangeness as a signature for plasma droplets. 

As we have described at length in section 2, exact conservation of 

quantum numbers, here of the total  strangeness, great ly influences the 

actual pa r t i t i on  funct ion. Rewriting eq (2.61) for strange quarks we 

have the generating pa r t i t i on  function 
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: gs v [ d3P Zn ~qs (2x) 3 {Zn(1 + exp[-~¢'p-~'+T ~ - + i¢ ] )  

+ J~n(1 + exp[- (3Vp--~-+m -~ + ~ - i ¢ ] ) }  (3,26) 

where the s t a t i s t i c a l  degeneracy of strange quarks is gs = 2s x 3 c = 6. 

In eq (3.26) we have included the baryochemical potent ia l  associated 

with strange quarks. The angle ¢ is associated with the U(1) group and 

w i l l  allow to ensure exact strangeness conservation. 

From eq (3.26) we can extract the pa r t i t i on  function of given 

strangeness s by a simple integrat ion 

2~ ~T~'T~) - i¢ns ~qs Zns(T,V,~) = Io e (T,V,~;¢) (3.27) 

which in the Boltzmann l i m i t  can be carried out a n a l y t i c a l l y .  We have 

in th is case 

Zn ~qs ~ gsV f T ~  exp[-~JP-'4"m'~ " 3"~ ] ei¢ 

+ gs v [ ~ exp[-f3¢'~ 2-~'~ + 3"~] e - i¢  

VT3 W(m/T) [e - ~ / 3  e i¢ + e ~ /3  e - i ¢ ]  
= gs -~'~'2~ 

(3.28) 

where as usual W(x) = x2K2(x). 

We now recal l  the generating 

functions Ik(Z) 

series of the modified Bessel 

e z ( t + I / t ) / 2  : Z t k Ik(Z),  t ~ 0 (3.29) 

We introduce the de f i n i t i ons  

t : e -~/3+i@ , (3.30a) 
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z 2Z (1) VT 3 m 2 = = 2g s ~ (T) K2(~)  , (3 .30b)  

where Z ( I )  is the one-par t ic |e  p a r t i t i o n  func t ion .  For the generating 

p a r t i t i o n  funct ion in the Boltzman approximation we have hence 

~rco 

~ e -~pk /3  e ik@ IkC2Z(1)  ) (3 .31 )  Es : 

qs k : - =  

The i n t e g r a l  (3 .27 )  can now be c a r r i e d  ou t :  

- ~ n s / 3  
ZnS : e In ( 2 Z ( I ) )  (3 ,32 )  

s s 

For f i n i t e  n the chemical  p o t e n t i a l  r e g u l a t e s  the p a r t i c l e  abundances 
s 

in  t he  c o n v e n t i o n a l  f a s h i o n .  For n : 0 we have a very  i n t e r e s t i n g  s 
spec ia l  case [35 ]  

Zo(T,V ) : I o ( 2 Z ( 1 ) ( T , V ) )  (3,33) 

Z o ( T , V )  is  now p - i n d e p e n d e n t  and d e s c r i b e s  an a r b i t r a r y  number of ss 

p a i r s  in the volume V and at t empera tu re  T, but w i th  the number of s- 

q u a r k s  b e i n g  e x a c t l y  equal  to t ha t  of s quarks .  However, having used 

the  Boltzman l i m i t ,  we have c o n s t r a i n e d  the v a l i d i t y  of  eq (3 ,33 )  to 

t empe ra tu res  not much l a r g e r  than the s t range  quark mass; on ly  then is 

the e x p r e s s i o n  (3 ,28 )  v a l i d ,  i . e . ,  the phase space s u f f i c i e n t l y  t h i n l y  

popu la ted  a l l o w i n g  the neg lec t  of  quantum symmetry e f f e c t s .  

Next we n o t i c e  t ha t  the argument in the I o f u n c t i o n  is  the number 

o f  s t range  and a n t i s t r a n g e  quarks ,  computed as i f  we had neg lec ted  the 

i n f l u e n c e  of  exact  s t rangeness  c o n s e r v a t i o n ,  In the l i m i t  t ha t  t h i s  

number is l a rge  we can employ the asympto t i c  expans ion  

e Z 
l o ( z )  ( I  + 8~ + ' ' ' )  (3 .34 )  

/2~z 

to recover the usual resu l t  

£n Zo(T,V)  w >  2 Z ( 1 ) ( T , V )  : Z ( 1 ) ( T , V )  + Z ( 1 ) ( T , V )  
V~= s 

(3 .35 )  
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In the above equation we have the volume V as the only quant i ty  that 

contro ls  the argument of the p a r t i t i o n  funct ion at f ixed temperature. 

The actual number of s-pairs present in the plasma is 

<ns> k ~ Zn loCkl/22Z ( I ) )  k : l  I I ( 2Z (1 ) )  ( i )  : - Z (T ,V)  (3.36) 
- Io[2Z(Z)] 

where we note the appearence of a suppression factor 

I I [2Z (z ) )  

~(T,V) : (2Z(1)) 
I o 

(3.37) 

This factor is shown in f igure 3.8 

for T = 160 MeV and strange quark 

mass m s = 160 MeV as a funct ion of 

the volume. The volume is measured 10 

in terms of the elementary hadronic 

vo I ume V h 4x = T- (1 fro) 3 The impor- 

tant aspect of th is  resu l t  is that 
0.5 

as the volume goes from 1/2 V h to 

3 V h, ~l more than t r i p l e s .  Hence, 

we expect t h a t  in the plasma droplet 

strangeness would be enhanced by the 

r e l a x a t i o n  of phase space con- O0 

s t ra i n t s  ar is ing for small volumes 

from the fact that strangeness is 

generated in s~ production which is 

the physical fact expressed by the 

quenching factor (3.37). 

ms: 160 MeV 
T : 160 MeV 

I I I I Vl VH 
I 2 3 4 5 

Fig, 3.8 Suppression factor for 

strangeness production 

as a funct ion of the 

react ion volume 

This way we have two ef fects  leading to a s i g n i f i c a n t  increase in 

the strangeness abundance even in small plasma droplets :  

(a) The nonlinear volume e f fec t :  the abundance of strangeness is 

not only p r o p o r t i o n a l  to V through Z ( I )  eq ( 3 . 35 ) ,  but in add i t ion  

there is the disappearance of the phase space quenching factor  

eq (3 .37 )  for  volumes exceeding V H. Even for  small d rop le t s  w i th  

V ~ 2V H th is  ef fect  leads to an enhancement by a factor  ~ (V/Vh)2 = 4. 
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(b) The word "plasma" implies the equ id is t r ibu t ion  of the energy 

into the available degrees of freedom and a l i fe t ime of the droplet of 

more than 10 -23 sec. As the QCD cross sections indicate (see preceed- 

ing sections) th is time almost allows the chemical equi l ibr ium state to 

be reached. As discussed in section 7 th is means that the strangeness 

abundance found would be larger by a factor of 2 to 4 than in the 

equi l ibrated hadronic gas phase. As the equ i l i b ra t ion  is also un l ike ly  

in the gas phase, we must also expect at least a factor 5 or so more 

strangeness from the plasma droplet than from the gas phase. 

Taken together, both (a) and (b) imply that the strangeness o r i g i -  

nating from plasma droplets is more than ten times as abundant than 

that expected from the hadronic gas phase, making the appearance of a 

plasma easi ly v i s i b le  as the plasma production threshold is passed in 

suitable experiments. Actual ly ,  th is  factor very l i k e l y  w i l l  be more 

than 100 rather than 10, since in the hadronic gas phase the phase 

space of strange hadrons is not going to be saturated. 

While no systematic experimental information is available as of 

now, we have found one piece of data which seems to confirm these con- 

siderat ions. Namely, instead of using high-energy nuclear co l l i s i ons ,  

one can employ antiproton ann ih i la t ion  in nuclei in order to produce a 

local plasma droplet [46]. We would l ike to argue that when slow, 

i . e . ,  LEAR antiprotons penetrate into a nucleus the f i r s t  step in the 

ann ih i la t ion  process w i l l  be the formation of a baryon-number zero 

f i r e b a l l ,  f i l l e d  with colored gluons and quark-antiquark pairs. As i t  

turns out, th is  picture allows us to describe s a t i s f a c t o r i l y  the 

~ - m u l t i p l i c i t i e s  in annih i la t ions where i t  is important to consider the 

conservat ion of isospin [47]. In ~p reactions such a state would then 

break up into several mesons, a process that may last s u f f i c i e n t l y  long 

to allow the f i r e b a l l  to sometimes co l l ide  with one or more of the 

nearby nucleons in a nucleus. V e r y  l i k e l y ,  th is  w i l l  lead to the 

dissolving of some as yet unspecified number of nucleons into the 

f i r e b a l l .  What do equations of state, cf. section 2, t e l l  us about the 

physical properties of such a state? We have the energy density of a 

(relaxed) droplet,  eq 2.6): 

4B : EIV = (E/b)(blV) , b = A - 1 (3.38) 

where b is the baryon number of the droplet,  i . e . ,  one less than the 
m 

to ta l  number of nucleons A that have reacted with the incoming ant i -  

proton. We also know the total  energy E of the f i r e b a l l ,  
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E : (A + 1)m N + Ekin ( 3 . 3 9 )  

and hence can solve eq (3.38) for the baryon density v of the droplet :  

b 4B A-1 ( I  + I P m i 
v = blV = 4B ~- = mN A+I ~ Ekinl N )- ' (3.40) 

At low energy the last factor containing 2' 

the k i n e t i c  energy of p may be dropped. 

Figure 3.9 shows the "compression" v/v o 

as funct ion of A, where v o as usual is 1 

the normal  nuclear densi ty in heavy 

nucle i ,  v 0 = .145/fm 3 

We see that the baryon density of 

the droplet remains s imi lar  to that of 

the normal nuclear matter, i . e . ,  we f ind 
a 

no appreciable compression [46b]. 

LV/Vo 

0 i I I I i I I ~._ 
2 3 4 5 6 7 8 A 

(p) (d) ((~) 

F i g ,  3 ,9  N u c l e a r  m a t t e r  

compression as a 

funct ion of A. 

Cer ta in ly ,  the quark droplet w i l l  d is in tegra te  into A-1 baryons 

and several mesons. Our understanding of th is  process is s t i l l  unsat- 

i s fac to ry  but some propert ies of the emerging par t i c les  nonetheless can 

be estimated. F i rs t  we observe that inside the low density droplet a 

temperature of the order of about 160 MeV (A = 1) p reva i ls .  This value 

is ac tua l l y  s l i g h t l y  A-dependent but w i l l  be about 140 MeV even for 

large A, owing to the low baryon densi ty .  Par t ic les  o r i g i na t i ng  from 

the d i s i n teg ra t i on  of the droplet w i l l  in the event-ensemble show a 

momentum d i s t r i b u t i o n  with cha rac te r i s t i c  slope (~ l / T ) .  Para l le l  to 

th i s  e f fect  we should expect a s i g n i f i c a n t  enhancement of the strange 

pa r t i c l e  abundance, as just  described. 

Apparently, an experiment to observe a plasma droplet would 

consist of using a strangeness t r igger  and measuring the momentum 

d i s t r i b u t i o n  of high-momentum so cal led spectator protons. Such an 

experiment has ac tua l l y  been carr ied out for the l i gh tes t  nuc le i .  In 

f i g u r e  3.10 we show the r e s u l t s  of the p-d a n n i h i l a t i o n  taken from 

reference [48] .  Here  the event rate as a funct ion of the r eco i l i ng  

p ro ton  momentum is shown i f  the a n n i h i l a t i o n  is accompanied by KK 

production. 



419 

Indeed we see a s t r ong  enhance-  

ment at p ro ton  momenta p > .3 GeV 

which n i c e l y  f o l l o w s  a T : 160 MeV 

s l o p e .  I t  is  ve ry  i n t e r e s t i n g  to 

note t h a t  t h i s  c l e a r  s i g n a l  seems to 

d i sappea r  in  the background when the 

KK t r i g g e r  i s  not  used (see f i g .  2 

of  r e f e r e n c e  [ 4 9 ] ) .  Ano ther  c o n f i r -  

ma t ion  of  t h i s  i n t e r p r e t a t i o n  is  

o b t a i n e d  by  c o n s i d e r i n g  t h e  

r e a c t i o n  

~d ÷ A + X (3 .41 )  

The strangeness is now attached to 

the nucleon and the reac t ion  is 

sel f -analyzing in the sense that the 

reco i l ing  par t i c le  has the t r igger 

quantum number. I ndeed ,  in  

reference [50] Oh and Smith record 

that  the A pz spectrum is ident ical  

I 0 0 0  Z,(,, ~ ~ ; , , 

I (o) ~d~ (p~p} KR~s 

li momenlurn o f  Ps~ I 

i 

,oc ~ , . . t . . ,L~,  " 
b.I 

° 

~ \ ' 
Z I 0  ~ • • 

o.~ o . ,  o!~ a'.~ ,!o ,.2 
Morn. of Spectator P (GeV/cl 

Fig. 3.10 Momentum d i s t r i bu t i on  

of spectator protons 

in coincidence with 

strangeness production. 

to the i r  p spectrum in the bump above p± > .3 GeV. Recent measurements 

of the reaction (3.41) [51] attempt also an a l ternat ive in terpre ta t ion 

in terms of on-the-mass-shell K-exchange which, however, seems to f a l l  

short of the data. Another experimental evidence against the 

K-exchange mechanism is the anomalous enhancement of "K-d reactions" 

when the spectator momentum exceeds 200 MeV/c [52]. In favor of our 

present in terpre ta t ion is the recent resul t  that a hadronic gas with 

conserved charge and strangeness leads quan t i ta t i ve l y  to the observed 

momentum d i s t r i bu t i on  and absolute normalization for the ~-d spectators 

at p = 200 MeV/c [53]. This indicates a very high degree of thermali- 

zation which would require an intermediate plasma state. 

We can thus conclude that a f i r s t  signal for the ann ih i la t ion  on 

two nucleons leading to a b = i plasma droplet may have been seen in 

the ~ - d react ion. I t  would be of great interest to see i f  a s imi lar 

signal can be obtained, e._g., in ~ - ~ ann ih i la t ions .  Here in part icu- 

lar a 4~ geometry would be of great help in order to select events in 

which al l  three remaining nucleons share the ann ih i la t ion  energy. A 

simultaneous enhancement of the s-yield would give a confirmation of 

the presented arguments. 
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4, THERMODYNAMICS OF THE INTERACTING HADRONIC GAS 

The descript ion of the hadronic gas can be very much s impl i f ied by 

the hypothesis that the hadron-hadron in teract ion is dominated by the 

hadron resonances [8 ] .  In th is  case the hadronic gas phase is essen- 

t i a l l y  a superposition of d i f fe ren t  hadronic gases and al l  the informa- 

t ion about the interact ions is hidden in the mass spectrum ~(m2,b) 

which describes the number of hadrons of baryon number b in a mass 

in terva l  dm 2 [9 ] .  

Let us f i r s t  assume that the mass spectrum ~(m2,b.) is already 

known. Then,  fol lowing the developments of Refs. [ 8 ] , [ 9 ] ,  the grand 

canonical level density ~ is given by an invar iant  phase space 

in teg ra l .  The extreme richness of the spectrum, ~(m2,b) ~ exp(m/To), 

enables us to neglect Fermi and Bose s t a t i s t i c s  above T ~ 50 MeV and to 

t r e a t  a l l  pa r t i c les  as "Boltzmannions" in the external volume Vex. We 

f i n d  f o r  g iven p~ (E,~) and baryon number b (6 K Kronecker 6- 

function) 

= N 

~(P,Vex,b) : 64(P)6K(b) + Z ~ 64(P - ~ Pi ) 
N=I i =1 

N N 2A pip 
Z 6K(b " I b i ) II z(p~,bi)d (4.1) 

{b I } i=1 i=I  (2~) 3 4Pi 

Here, the f i r s t  term corresponds to the vacuum state. The N th term is 

the sum over al l  possible par t i t i ons  of the tota l  baryon number and the 

to ta l  momentum p among N Boltzmannions, each having an internal  number 

of quantum states given by ~(p~,bi) .  These Boltzmannions are hadronic 

resonances of baryon number b i ( -  = < b i < =). Every resonance can move 

f ree ly  in the remaining volume A l e f t  over after subtracting the proper 

volumes V of a l l  hadrons from the external volume V : 
C ex 

N 
A~ Z VP (4.2) 

= Vex i= l  c , i  ' 

V p is a covariant general izat ion of Vi; in the rest frame V : (V,O). 
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The generalization (4.1) of the fami l ia r  phase space formula 

includes the following three essential features of the hadronic in ter -  

actions: 

a) The dominance of the part ic le scattering by the dense set of 

hadronic resonances via ~(m~,bi). 

b) The proper natural volumes of hadronic resonances via a ~. 

c) The conservation of baryon number and the clustering of 

hadrons into lumps of matter with Ibl > i ,  

The thermodynamic properties of a hot hadronic gas follow from the 

study of the grand par t i t ion  function Z(~,V,X), as obtained from the 

level density ~(p,V,b): 

m: 

Z(~,V,X) : Z ~b fe-~. p ~(p,V,b)d4 p (4,3) 
b = - ~  

Here the covariant generalization of thermodynamics with the inverse 

temperature four -vector  ~ has been used. In the rest frame of the 

r e l a t i v i s t i c  baryon the chemical potential ~ is defined by 

X = exp(p/T) ; (4.4) 

i t  is introduced in order to conserve the baryon number in the s ta t i s -  

t i ca l  ensemble, All quantit ies of physical interest can be derived as 

usual by d i f fe ren t ia t ing  ZnZ with respect to i ts  variables, 

Equations (4,1)-(4.3) leave us with the task of finding the mass 

spectrum ~. Experimental knowledge of • is l imited to low excitat ions 

and/or low baryon number. Hagedorn [8] has introduced a theoretical 

model, "the s t a t i s t i c a l  bootstrap," in order to obtain a mass spectrum 

consistent with direct and indirect experimental evidence, The qual i-  

ta t i ve  arguments leading to an integral equation for ~(m2,b) are the 

f o l l ow ing ,  When Vex in eq (4,1) is just  the proper volume V c of a 

hadronic cluster then, up to a normalization factor ~ in eq (4.1) is 

essent ia l ly  the mass spectrum ~. Indeed, one cannot dist inguish 

between a composite system as described by eq (4.1) compressed to the 

natural volume of a hadronic cluster and an "elementary" cluster having 

the same quantum numbers. Thus we demand 
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~ (p ,V ,b )  Iv: v - H,~(p2,b) ( 4 , 5 )  
c 

where the " b o o t s t r a p  c o n s t a n t "  H is  to be de te rmined be low.  I t  is  not 

s u f f i c i e n t  s imp l y  to i n s e r t  eq (4 .5 )  i n t o  eq ( 4 , 1 )  to o b t a i n  the boo t -  

s t r ap  e q u a t i o n  f o r  ~; more i n v o l v e d  arguments are necessary  [ 9b ]  in  

o rde r  to o b t a i n  the f o l l o w i n g  " b o o t s t r a p  e q u a t i o n "  f o r  the mass spec-  

t rum:  

® N 

H'c(p2,b) = HZbSo(P2 - M~)+N=~2 ~" f84(P -i=lZ Pi ) 

N N 

x Z 8K(b ~ bi) 11 H'~(p~,bi)d4Pi . (4.6) 
{b z } i=1 i=1 

The f i r s t  term is  the lowes t  o n e - p a r t i c l e  c o n t r i b u t i o n  to  the mass 

s p e c t r u m ,  z b i s  i t s  s t a t i s t i c a l  w e i g h t  (21 + I )  (2J + I ) .  The index  

"o" r e s t r i c t s  the 8 f u n c t i o n  to the p o s i t i v e  r o o t .  Only  terms w i t h  

b : O, ± i ,  c o r r e s p o n d i n g  to lowest  energy qq ( p i o n )  and qqq ( n u c l e o n )  

s t a t e s  c o n t r i b u t e  in  the f i r s t  term of  eq ( 4 . 6 ) .  A l l  e x c i t a t i o n s  are 

c o n t a i n e d  in  the second term s ince  a r b i t r a r y  quark c o n f i g u r a t i o n s  can 

be a c h i e v e d  by comb in ing  [ ( q ~ ) n  (qqq)m] .  The smal l  i n f l u e n c e  of  heavy 

f l a v o r s  is  i gno red  at t h i s  p o i n t  but e a s i l y  can be i n t r o d u c e d .  

In the course  of  d e r i v i n g  the b o o t s t r a p  e q u a t i o n  ( 4 . 6 )  i t  t u r n s  

ou t  t h a t  t he  c l u s t e r  vo lume V c grows p r o p o r t i o n a l l y  to the i n v a r i a n t  

c l u s t e r  mass [ 9 ] ,  

m 

Vc(P2 ) : ~p2/ (4B)  ( 4 . 7 )  

The p r o p o r t i o n a l i t y  c o n s t a n t  has been c a l l e d  4B in  o rder  to e s t a b l i s h  a 

c l ose  r e l a t i o n s h i p  w i t h  the quark bag model [ i 0 ] .  The va lue  of  B can 

be d e r i v e d  from d i f f e r e n t  c o n s i d e r a t i o n s  i n v o l v i n g  the  t r u e  and 

p e r t u r b a t i v e  QCD s t a t e s .  Whi le the o r i g i n a l  MIT-bag f i t  has been 

B I / 4  : 145 MeV, the ( u n w e i g h t e d )  average of  d i f f e r e n t  f i t s  i s  t oday  

B I / 4  : 190 MeV 

B : 170 MeV/fm 3 
( 4 , 8 )  
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As far as the bootstrap is concerned the constant H and the bag 

constant B are free parameters. However, as just pointed out, B is 

determined from other considerations, while H turns out to be invers ly  

proportional to B [9b]. Hence, i f  one wishes to believe the s t a t i s -  

t i c a l  bootstrap approach to the last  deta i l  there remains no free 

parameter in th is approach. The impl icat ions of this for the t rans i -  

t ion ,  gas to plasma, w i l l  now be discussed. 

Instead of solving eq (4.6),  which leads to the exponential mass 

spectrum [8 ] ,  

• (m2 ,b )  ~ e m/TO ( 4 . 9 )  

we wish to concentrate here on the double in tegra l ,  i . e . ,  the Laplace 

transform of eq (4.6) which w i l l  be a l l  we need to establ ish the phys- 

ical  properties of the hadronic gas phase. Introducing the transforms 

of the one-part ic le term, eq (4.6) 

¢(~,~) = Z X b HZb6o(P2 Mb2)e-(3"d d4p (4.10 
b:-o~ 

with pions and nucleons only 

m N m l)mN K ( ~ ) ]  ¢(~,X) = 2~HT [3m KzC~ --~) + 4(x + -~ I (4.11 

(K n is the modified Bessel funct ion) ,  and the mass spectrum: 

¢((3,X) = Z X b fH~(p2,b)e -(3.d d4p , (4.12) 
b--_~ 

we find for the ent i re eq (4.6) the simple re la t ion  

¢(~,X) : e(~,X) + exp[¢((3,Z)] ¢(b,X) - 1 (4.13) 

To study the behavior of ¢(~,~,) we make use of the apparent i m p l i c i t  

dependence: 

¢(~,X) : G(e(B,X)) (4.14a) 
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with the funct ion G being defined by eq (4.13) 

= 2G + i -exp G . (4.14b) 

This funct ion G(e) is shown in f igure 2.1. As is apparent there is a 

maximal value ~o 

~o : ~n(4/e) = 0.3863 (4,14c) 

Fig. 4.1 

v 
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Bootstrap funct ion G(~). 
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The dashed l ine  represents the 

beyond which the funct ion G has no real so lu t ions ,  Recal l ing the 

physical meaning of G, eq (4.12, 4.14a) we conclude that eq (4.14c) 

establ ishes a boundary for the values of X, i . e , ,  ~, and T beyond which 

the hadronic gas phase cannot ex i s t .  This boundary is i m p l i c i t l y  given 

by the re l a t i on  (4.11): 

m m N 

~n(4/e) : 2~HTcr[3m Kl('Tcr) + 8mNKl(T---)cr c°sh(~cr)]cr (4.15) 

shown in f igure 4,2. The region denoted "Hadronic Gas Phase" is 

described by our current approach. With H correlated to B as given by 

eq (4.8) we f ind that 

Tcr(~c r : O) = T o ~ 160-170 MeV , (4.16) 
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Fig, 4,2 Boundary of the "hadronic gas phase" in the bootstrap model. 

In the shaded region quantum s t a t i s t i c s  cannot be neglected, 

However, in view of the uncer ta in t ies  involved i t  is more prudent to 

argue t h a t  the va lue  Tcr ~ 160-170 MeV which is requ i red  in the 

d e s c r i p t i o n  of hadronic r e a c t i o n s  determines the value of the 

parameter H. Note  that p = 0 implies zero baryon number of the plasma 

s ta te .  For Po = ~cr(Tcr  = O) the s o l u t i o n  of eq (4.15) is simply 

Pcr ~ mN since no quantum s t a t i s t i c s  ef fects have been included. Thus 

the dashed region in f igure 4.2 "nuclear matter" must be excluded from 

our considerat ions.  As we shal l  see sho r t l y ,  the boundary to the 

hadronic gas phase is also characterized by a constant energy densi ty 

: 4 B .  

Given the funct ion G(~) : ¢((3,X) we can in p r i nc i p l e  study the 

form of the hadronic mass spectrum. As i t  turns out we can obtain the 

p a r t i t i o n  funct ion d i r e c t l y  from ¢, Namely, the formal s i m i l a r i t y  

between eq (4.3) and eq (4.12) can be exploi ted to derive a r e l a t i on  

between t he i r  in tegra l  transforms [9] (from here on: (3 -- ~p~P) 

~nZ( 13,Vex, X ) = 2a (Vex )  
H(2~) 3 ~)~ @(~,~,) (4.17) 
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where Vex is the external volume, i . e . ,  the volume not occupied by the 

hadrons. Equation (4.17) can also be written in a form which makes 

more exp l i c i t  the d i f ferent  physical inputs: 

A(Vex) ~G(e) 
~nZ(~ ,Vex  X) : Z I ( ~ , X , V  ) (4 18) 

' Vex ~ 

In the absence of a f i n i t e  hadronic volume and of the interactions 

described by the f i r s t  two terms respectively, we would simply have an 

ideal Boltzman gas described by the one-particle par t i t ion  function ZI: 

Z I = Zq~ + 2cosh(BIT) Zqqq (4,19) 

where 

VT 3 (m 2 
Zq~/qqq : (21 + 1) (2S + 1) ~ ~/....___NN) K2 ( ) , (4.20) 

The remainder of the discussion of the hadronic gas is an applica- 

t ion of the rules of s t a t i s t i ca l  thermodynamics. However, when working 

out the relevant physical consequences we must always remember that the 

f i r eba l l  is an isolated physical system for which the s ta t i s t i ca l  

approach has been taken in view of the internal disorder (high number 

of available states) rather than because of a coupling to a heat bath. 

Let us f i r s t  discuss the role of the available volume, As we have 

e x p l i c i t l y  assumed, al l  hadrons have an internal energy density 4B 

(actual ly  at f i n i t e  pressure there is a small correction, see Ref. [4a] 

for de ta i l s ) .  Hence the total energy of the f i r eba l l  E F can be written 

as 

E F -_- EVex : 4B(Vex - A] (4.21) 

where Vex - A is the volume occupied by the hadrons. We thus find 

A = Vex - EFI4B : Vex(1 - ~ I ( 4 B ) )  (4.22) 

By investigating the meaning of the thermodynamic averages i t  

turns out that the apparent (~,X) dependence of the available volume A 

in eq (4.22) must be disregarded when d i f fe ren t ia t ing  ~nZ with respect 
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to 6 and X. As eq (4.1) shows e x p l i c i t l y ,  the density of states of 

extended pa r t i c l es  in Vex is the same as that of point par t i c les  in A. 

Therefore also 

ZnZ(~,Vex,X ) - ~nZpt(~,A,X ) (4.23)  

We thus f i r s t  calculate the point pa r t i c le  energy, and baryon number 

dens i t ies ,  pressure, and entropy density 

i a 2 ~2 
~pt : - ~ ~'-'~ ZnZpt : ~ ~-~ ¢(#'x) (4.24) 

i X ~ 2 ~2 
Vpt : ~ ~ ~nZpt : - ~ X-~-~-~ ¢(~,X) (4.25)  

T ZnZ = 2T 
Ppt = ~ pt - ~ T~ ¢(6"x) (4.26) 

P. .  1 ~pt pVpt 
(TZnZ ) = ~ + Spt = ~ pt T (4,27) 

From th is ,  we easi ly  f ind the energy density as 

<E> : ] ~ -  ZnZ( X) : ~ (4.28)  
= Vex - Vex ~ 6'Vex" Vex ~pt 

Inser t ing eq (4.22) into eq (4.28) and solving for ~ we f ind:  

~pt (6, x ) 
~(~,X) = I + ~pt(6,X)/4B " 

(4.29) 

Hence we can wr i te eq (4,22) also in another form: 

Vex : A (I + ~pt(6,X)/4B) (4.30) 

Using eq (4,30) we find for the baryon density, pressure, and entropy 

densi ty:  

vDt 
v = 1 + ~pt/4B (4.31) 
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Ppt (4 .32)  
P = i + Ept/4B 

Spt (4 .33)  
s : I + ~pt/4B 

We now have a complete set of equa t ions  of s t a t e  f o r  the obse rv -  

able q u a n t i t i e s  as f u n c t i o n s  of the chemical  p o t e n t i a l  ~, the tempera-  

t u r e  T, and the  e x t e r n a l  volume Vex, While these equat ions  are semi- 

a n a l y t i c ,  one has to e v a l u a t e  the d i f f e r e n t  q u a n t i t i e s  n u m e r i c a l l y  

owing to the i m p l i c i t  d e f i n i t i o n  of ¢(~,~,) t ha t  de te rmines  ZnZ, How- 

ever ,  when ~,x  approach the c r i t i c a l  cu rve ,  f i g u r e  2 .2 ,  we e a s i l y  f i nd  

from the s i n g u l a r i t y  of ¢ t ha t  ~pt d i v e r g e s ,  and t h e r e f o r e  

> 4B 

p .> 0 (4 .34)  

A ~ >  0 

These l im i ts  indicate that at the c r i t i c a l  l ine matter has lumped 

into one large cluster with the energy density 4B. No free volume is 

l e f t  and as only one cluster is present the pressure has vanished. 

However, the baryon density varies along the c r i t i c a l  curve; i t  f a l l s  

with increasing temperature. This is easi ly understood: as the temper- 

ature is increased more mesons are produced that take up some of the 

available space. Therefore hadronic matter then can saturate at lower 

baryon density. We further note here that in order to properly under- 

stand the apoproach to the phase boundary one has to incorporate and 

understand the properties of the hadronic world beyond the c r i t i c a l  

curve. Therefore we now turn to the study of the world of quarks and 

gluons and u l t imate ly  of the phase of matter consisting of these 

quanta. 

5.  FORMATION AND COOLING OF A BARYON RICH QUARK-GLUON PLASMA 

IN NUCLEAR COLLISIONS 

Two extreme pictures of a high energy c o l l i s i o n  between two heavy 

nuclei suggest themselves: 

(a) c o l l i s i o n  between two rather transparent bodies where the 

reaction products remain essent ia l ly  in the p ro jec t i le  and the 

target reference frames respect ively,  
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(b) co l l i s ion  between two rather absorbent bodies in which matter 

pi les up in the co l l i s ion  and where therefore the reaction 

products appear in the central rap id i ty  region. 

Off hand picture (a) would seem to be the more reasonable one 

considering the rather small high energy hadron-hadron cross sections. 

This is the basis of a number of models purporting to describe high 

energy nuclear co l l is ions [11]. However, recent experimental evidence 

from p-nucleus co l l is ions and cosmic ray data indicate that case (b) is 

a more frequent reaction channel for the formation of a quark-gluon 

plasma. In par t icu lar ,  according to the analysis of Busza and 

Goldhaber [54], the recent 100 GeV p-nucleus experiment of Barton 

et al .  [54b] indicate that the pp-data seriously underestimate the 

extent to which heavy nuclei slow one another down. Instead of losing 

one unit of rap id i ty  in traversing the other nucleus, they find that a 

heavy nucleus would lose perhaps 2.8 units of rap id i t y .  Thus there 

would be nothing l e f t  of the central baryon-free region. Whi le this 

substantial co l lec t ive  slowing effect is ver i f ied experimentally only 

in 100 GeV lab energy co l l i s ions ,  the cosmic ray data indicate a 

s imi lar  phenomenon at ultra-high energies [55]. We further recal l  the 

recen t l y  observed rather narrow rap id i ty  d is t r ibut ions at ~ = 540 GeV 

from the CERN pp co l l ider  [56] which indicate hadronic non-transparency 

at a level not anticipated before. 

We conjecture here, that in order to create a large size high- 

density region a quark-gluon plasma seed [12] must have been formed by 

a s t a t i s t i c a l  f luctuat ion.  Thereafter the plasma can begin to grow by 

capture of the t r a i l i n g  nucleons of the co l l id ing nuclei. In such a 

scenario, the densest plasma wi l l  result when the seed is formed early 

in the co l l i s ion ,  i . e . ,  in the central rap id i ty  region for symmetric 

c o l l i s i o n s  (Ap = At). However, plasma production w i l l  occur according 

to this mechanism with a non-negligible d is t r ibu t ion towards pro ject i le  

and target rap id i ty  l im i t s .  In events with an early plasma seed the 

baryon number content of the plasma would be appreciable for large 

nuclei, peaking in the central rap id i ty  region. 

In order to f u l f i l l  i t s  role the above introduced seed must indeed 

be a high par t ic le  density region simi lar to the quark-gluon plasma, 

albei t  small in size, with su f f i c i en t l y  thermalized momentum d is t r ibu-  

tions and with some color deconfinement; however, chemical equilibrium 

between d i f ferent  par t ic le  species, i . e . ,  quark f lavors,  is not 
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required. In such a case the quark mean free path, ~, can become 

comparable to the seed s ize,  R, and we can have R/X > I .  Occasional 
N 

formation of such seeds is assured by inspection of actual numerical 

resul ts obtained with r e l a t i v i s t i c  cascade calculat ions [57]. We have 

good reason to believe not only in occasional, but perhaps even in 

r e l a t i v e l y  frequent, creation of such a seed, through an accidental 

local large f luc tuat ion of par t ic le  density in a region of the size of 

a hadronic volume. 

The energy in f l ux  to the plasma seed is control led by the nuclear 

matter inf low. We consider here a) the kinematic conditions for the 

occurrence of the i n s t a b i l i t y ,  seed ~ plasma; and b) the maximum 

achievable temperature in the most favorable case. For th is purpose we 

do not need to consider the influence of the l i k e l y  increase of the 

energy and par t ic le  density of the pro jec t i le  or target in the i r  rest 

frames arising from the entrance channel in teract ions.  In order to err 

on the conservative side we compute as i f  al l  of the interact ing region 

would ins tan t ly  turn into the plasma state without compressions of 

nuclear degrees of freedom. Namely, i f  the formation of the seed is 

delayed, the increase of the densit ies would make the environment even 

more suitable for the occurrence of the plasma seed .  However, the 

crucial  condit ion to be respected follows from the observation that 

once the seed is there i t  can lead to a large-scale plasma state only 

i f  the energy loss of the seed is exceeded by i ts  energy gain. Even 

below this "sharp" boundary defined as the i n s t a b i l i t y  without nuclear 

compression in target or p ro jec t i l e ,  occasional formation of plasma 

drops in the dense regions of compressed nuclear matter w i l l  occur. 

These precursor phenomena w i l l  smear out the kinematic l i m i t ,  otherwise 

already spread out by f luctuat ions of the seed locat ion, range of the 

impact parameters, etc. We believe that a detailed discussion of these 

effects is premature. Therefore we now determine the conditions which 

must be f u l f i l l e d  for the i gn i t i on  of a large-scale central plasma 

state. 

While the plasma receives energy and baryon number by the nuc|eons 

impacting on i t ,  i t  also inev i tab ly  loses energy by thermal rad ia t ion.  

Thus, in order to grow there must hold for the tota l  plasma energy E, 

dE dE A dE R 
d"t" = d t . . . .  ~ > 0 (5.1) 
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where dEA/d t  i s  the h e a t i n g  by the incoming nucleons absorbed in the 

seed,  and dER/dt is  the energy loss by thermal  r a d i a t i o n ,  I f  dE/dt  is  

nega t i ve  the plasma w i l l  f i z z l e  r a t h e r  than grow. We now d iscuss  the 

two te rms,  beg inn ing  wi th  the gain term.  

The energy i n f l u x  into the plasma is cont ro l led  by the nuclear 

four  v e l o c i t y ,  u v - = y ( 1 , ~ ) ;  the plasma surface normal vector as seen 

from the CM-frame, n ~ = ( 0 , ~ ) ;  the nuclear energy-momentum tensor, 

• and the p r o b a b i l i t y  for the absorption of an incoming nucleon by T~v, 
the plasma, a. Thus we have, with d2A the surface element, 

dE A 
d-T- = f d2A(" T~v u~nVa) (5.2) 

As is  we l l  known 

T : ~o u u ( 5 . 3 )  
p.v l~ v 

where E o is the energy densi ty in the rest frame of the p r o j e c t i l e  or 

target nucleus, respec t i ve ly .  Hence we have 

u p n v ~ C (5 .4 )  T~v = Po m y • 

where Po is the equ i l ib r ium nuclear densi ty ,  ~ .~ . ,  Po = 1/6 fm -3 

Furthermore, seen from the CM frame and expressed in terms of the 

p r o j e c t i l e  laboratory energy per nucleon, Ep, we have 

v : ~p + (5 .5a)  

(2E m + 2m2) 1/2 
P ........ (5 .5b)  Y = 2m 

The absorption c o e f f i c i e n t  a is assumed, as usual, to be 

a ( z )  : l - e - z / x  (5 ,6 )  

where z is the thickness of the plasma region and X is the absorption 

length  of a hadron in the plasma. When weighted with ~ ° C over the 

plasma surface th is  leads to 
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a(R) = ½ {1 + 2e -2R/x [~R + (~R)2] - 2(~R)2 } . (5.7) 

The overall factor 1/2 ref lects the rat io between the surface of a 

c i rc le  with radius R and a half sphere, for X/R ÷ O. The absorption 

coef f ic ient  a(R) is indeed the average absorption probabi l i ty .  Through 

X i t  depends on the part ic le density in the plasma, i . e . ,  temperature 

and baryon density. The f inal  expression is,  in de ta i l ,  

d2Ad t = ~" Po Ep + (2Ep m + 2m 2) i/2 

x ½ [1 + 2e "2R/x (~R + ( ~ ) 2 )  _ 2(~R)2 ] (5.8) 

We now turn to the description of the energy loss term of eq (5.1). In 

general, two mechanisms for the cooling of a plasma are possible, v i z . ,  

adiabatic expansion and thermal radiat ion. At least in the beginning, 

~.~., at the time of decision between igni t ion and f i zz le ,  the expan- 

sion should play no role as the impacting nucleons provide an ine r t i a l  

confinement for the plasma. However, pion evaporation from the plasma 

is s t i l l  possible, and the cooling associated with this process 

provides the energy loss of eq (5.1). Of course, some of the emitted 

pions w i l l  be returned to the plasma by the incoming nucleons. 

However, this return w i l l  be too late to have an impact on the question 

f i zz le  or grow: once the process has f izz led,  i . e . ,  the plasma seed 
m B 

has hadronized, the co l l i s ion  is back to the hadron cascade regime. On 

the other hand, i f  plasma growth has taken place the returning pions 

w i l l  of course return their  evaporation energy to the plasma and 

contribute to the ultimate energy density of the plasma. Also, the 

influence of the plasma expansion has to be reconsidered then. 

We now develop a quanti tat ive model [14] suitable for surface 

temperatures of 150 220 MeV and moderate baryon densit ies, such that 

the part ic le density is less than ~ lO part icles/fm 3. Under these 

circumstances surface co l l is ions involving more than one part ic le per 

fm 2 are rare. Hence we can l im i t  ourselves to consider sequential one- 

par t ic le events. In such instance, the emission of pions from a large 

and highly excited quark bag is described by bag models incorporating 

the chiral symmetry [58]. In such a model the pions are supposed to 

interact l inear ly  with the pseudoscalar quark density at the bag sur- 

face. This is described by the Lagrangian 
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i 
Lq.~ : ~ ~I YS "~ " 'P~ q AS (5.9) 

where A s i s  the  s u r f a c e  6 - f u n c t i o n  and f i s  the  p ion decay c o n s t a n t  

( f  : 93 MeV). Equa t i on  (5 .9 )  d e s c r i b e s  the f o l l o w i n g  p rocesses :  

(a)  a quark or a n t i q u a r k  h i t s  the plasma s u r f a c e  and emi ts  a 

b r e m s s t r a h l u n g  p ion w h i l e  be ing r e f l e c t e d  back 

(b)  a q u a r k - a n t i q u a r k  p a i r  h i t s  the s u r f a c e  and c o n v e r t s  i n t o  a 

p i o n ,  

As the p ion  em iss ion  by plasma su r f ace  is  a d i r e c t  process the r e s u l t -  

ing  p ion spoectrum i n t e n s i t y  is  n o n - t h e r m a l ,  w h i l e  the s p e c t r a l  form is  

de te rm ined  by the therma l  quark s p e c t r a  [ 5 9 ] .  C o n s e q u e n t l y ,  the 

su r f ace  p ion r a d i a n c e  can s u b s t a n t i a l l y  exceed the b lack  body l i m i t .  

Th is  t r e a t m e n t ,  however,  must be viewed as be ing  semiphenomeno- 

l o g i c a l ,  as the t r u e  approach would have to be based on QCD and would 

at l e a s t  r e q u i r e  the proper  u n d e r s t a n d i n g  of the p ion f o r m a t i o n .  An 

a t tempt  at t h i s  is  terms of c o l o r  f l u x  tubes was made by G lenden ing  

et a l .  [ 6 0 ] .  However, the s t rong  quark b i n d i n g  in  the p ion in  the bag 

model i s  d i f f i c u l t  to account  f o r ,  and, a l s o ,  the r o l e  of the p ion as 

the  Go lds tone  meson of c h i r a l  symmetry i s  ignored  in  such a t r e a t m e n t .  

In c o n t r a s t ,  these f e a t u r e s  are emphazied in  the form (5 .9 )  of  the 

i n t e r a c t i o n .  

For the purpose of  e s t i m a t i n g  the impor tance  of  the p ion r a d i a t i o n  

process we c o n s i d e r  a model based on k i n e m a t i c s  o n l y :  in  o rder  f o r  the 

s u r f a c e  c o l l i s i o n  to lead to p ion emiss ion  the p a r t i c l e  momentum normal 

to  the su r f ace  must exceed a c e r t a i n  t h r e s h o l d .  In p a r t i c u l a r ,  t h i s  

momemtum has to be l a r g e r  than the normal momentum of  the em i t t ed  p i o n .  

We take t h i s  t h r e s h o l d  momentum to be of  the o rder  of  I / 4  GeV/c fo r  

quarks l e a d i n g  to p i o n s ;  our r e s u l t s  are q u i t e  i n s e n s i t i v e  to the p re -  

c i s e  c h o i c e ,  as we l l  as to the ac tua l  shape, of  the t h r e s h o l d  f u n c t i o n  

e d e s c r i b i n g  the p r o b a b i l i t y  of  p ion  e m i s s i o n .  Hence we w i l l  use: 

e(p) = 

1, P± ~ PM ~ 1/4 GeV 

O, 0 < pz ~ PM 

(5.10) 

We note t h a t  the average energy of the p r a c t i c a l l y  massless quarks is  

about 3T ~ 500-650 MeV and t h a t  the p a r t i c l e  d e n s i t i e s  peak at ~ 2T. 
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Hence almost ha l f  of a l l  quarks and ant iquarks can p a r t i c i p a t e  in the 

r a d i a t i o n  coo l i ng .  We also inc lude the pion bremsstrahlung by gluons 

impinging on the sur face.  

The energy per un i t  surface and un i t  time that  leaves the quark- 

gluon plasma is now s imply given by 

d3E = gf d3p p (p ) f (E)  E(p)e(p) d3V (5.11) 
d2Adt (2~)3 d2Adt 

where g are the degeneracies.  As only l i g h t  quarks lead to the domi- 

nant p ion channel we have gq : 3cX2sX2 f = 12, and gG = 2s x 8 c : 16. 

Here p(p) is the phase space dens i t y  of colored p a r t i c l e s ,  

p(p) : gq { [exp( (p  - pq)/T) + 1] - I  + [exp( (p  + ~q)/T]  + 1] -1 } 

+ gG[exp(p/T) i ]  -z (5.12) 

The d i f f e r e n t i a l  in (5.11) is s imply the normal v e l o c i t y  of p a r t i c l e s  

impinging on the plasma surface 

d3V d2Adz dz p± p± 
. . . .  V I = - - =  

d 2Adt d 2Adt dt E(p) (p±2 + pll 2) i / 2  
(5.13) 

Since the energy leav ing  the plasma region is not the t o t a l  energy 

contained in the leading p a r t i c l e  we have in (5.11) included the e f f i -  

c iency fac to r  f .  In the present case only one pa i r  is created to form 

the emit ted pion. A naive degree-of- f reedom count ing leads to f : 2/3.  

f probably approaches un i t y  for  very high energy leading p a r t i c l e s .  We 

d i s r e g a r d  the energy dependence o f  f ;  choos ing the value f = 2/3 we 

obta in  a lower l i m i t  on the energy t r a n s f e r .  

In view of the q u a l i t a t i v e  nature of our model i t  is s u f f i c i e n t  to 

expand in eq (5.12) the quantum d i s t r i b u t i o n s  and to r e t a i n  only the 

Boltzmann term for  the q,q,G d i s t r i b u t i o n s :  

- V ~ / T  
p(p) : (gq q(3) 2cosh(p/T) + gG ~(3) )  e 

8 - / ~ / T  
= T g e , (5.14) 
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where we have corrected the counting of the Bose and Fermi degrees of 

freedom by indlucing the phase space integral weights 0(3) = 0.9 and 

~(3) = 1.2 in the above.  F ina l ly ,  we must s t i l l  account for the 

requirement that the color and spin degrees of freedom of the emitting 

par t ic les ,  i . e , ,  the quarks or the gluons, must be coupled to the quan- 

tum number of the emitted pions. This introduces a factor which is 3/8 

for both cases, We already have included this factor in the def in i t ion  

of g; hence the factor 8/3 in (5.14). Collecting al l  factors we see 

that the ef fect ive number of Boltzmann degrees of freedom of quarks and 

antiquarks at pq = T is 12.5 while that of gluons is 7.5. At ~q = 0 

the number of quark degrees of freedom (22) is about that of gluons, 

Thus g varies between 16 and 21 as function of pq. 

Combining eqs (5.11) and (5.13) with eq (5.14 we obtain the 

generalized Stefan-Boltzmann law: 

d3E : ~g J" . . . . . .  dp± ~ PIldPn e-4Pll~+p±Z/T 
d2Adt PM (2x) P± 0 (2x) 

= ~ g T4 3e-PM/T (~ (PM) 2 + (PM) , i )  
2x 2 T T 

(5.15) 

In figure 5.1 we show the cool- 

ing rate calculated from eq (5.15) 

as a function of the surface temper- 

ature T, choosing pq/T = 1. For 

pq - 0 the values are lower by about 

20%, Our current values for the 

radiance of the plasma about half of 

those given by us ear l ie r  in Ref, 

[12] where the pion radiat ion by 

gluons and the coupling to the pion 

quantum numbers had not yet been 

i nc luded .  From f i g u r e  5.1 we 

further see that the precise value 

of PM' or ,  said d i f f e r e n t ] y ,  the 

p rec ise  form of the th resho ld  

funct ion B, eq (5.10),  does not 

matter, However, we note here that 

our estimate may be uncertain by 

0.5 

d3E r .23 ,1  / / I  LT~,U s j / /  

- .IT.I // I -~-. 0.3 GeV I 

, , ,  T[Mey 
0140 ' 160 180 200 220 

Fig. 5.1 Pion radiation surface 

brightness as function 

of temperature, 
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perhaps a factor 2 considering the qua l i ta t i ve  nature of our considera- 

t i o n s .  We see that indeed the precise value of PM' or, said d i f f e r -  

ent ly ,  the precise form of the threshold function e, eq (5,10), does 

not mat te r .  Concerning the choice of pq we note that even though 

equi l ibr ium baryon density does not very l i k e l y  prevai l ,  the best 

choice for ~q in the i n i t i a l  stages of the plasma formation would be 

pq ~ MN/3 = 2T, cons is tent  with the non-degeneracy assumption for 

T ~ T M N. As local thermalization occurs, ~q diminishes and approaches 

Before returning to the ign i t i on  condition given by the inequal i ty  

5,1) we discuss our resul t  in terms of a numerical example chosen to 

represent a typical  case of a quark-gluon plasma. Our example is a 

spherical plasma droplet of R = 4 fm, a surface temperature of 

T = 180 MeV, and p/T = 1. The energy density then is 2,1 GeV/fm 3 

according to eq (2.34) and reca l l ing that strange quarks compensate for 

a large part of the i n t e r a c t i o n  which is of order O(~s). The baryon 

density is according to eq (2,34), ~ .5/fm 3, ~ .~. ,  about 3 Po. The 

baryon number exceeds 150 i f  T is larger in the i n t e r i o r .  Since 

0.7 GeV/fm 3 is needed for creation of the f ina l  baryons implied by the 

assumed value of ~, the available energy density is about 1.4 GeV/fm 3 

and the total  available energy is ca. 400 GeV. For th is  example we 

f ind for the rate of energy loss through the surface A 

: GeV 10+2 3 -1  d Edt A f 0.25 ~ ~ = A 0.5 fm--~- ~ sec 

We note that th is confirms the assumption of a sequential i nd iv idua l -  

par t ic le  process: when one par t ic le  of 0.430 MeV impinges on a surface 

area of 1 fm 2 the next par t ic le  fol lowing i t  with l i gh t  ve loc i ty  would 

be behind by a distance of about 1 fm ( i . e . ,  several mean free paths). 

On the other hand, th is indeed is a very large energy loss rate. In 

our example, the energy loss in the f i r s t  10 -23 sec is (A = 200 fm 2) 

dE At ~-~-~ : 120 GeV 9 

which represents a substantial f ract ion of the total  available energy 

of about 400 GeV. Clearly the smaller the plasma droplet, the more 

relevant becomes the radiat ion loss for the l i fe t ime of the plasma. As 

the available exc i ta t ion energy scales with R 3 and the radiat ion loss 

with R, a small plasma droplet of b ~ 18, R ~ 2 fm and available energy 
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40 GeV radiates 30 GeV in the f i r s t  10 -23 sec, Hence we are led to 

urge that experiments involv ing very heavy nuclei be performed to allow 

for the creat ion of s u f f i c i e n t l y  longl ived (~.~. ,  large) plasma 

regions. 

We now return to the discussion 

of the i g n i t i o n  condi t ions:  we set 

dE = 0 in eq (5 1) In f igure 5.2 
dt ' " 
we show the minimum size a plasma 

seed must have in order for i t  to 

grow, i . e , ,  the minimum seed size 

for plasma i g n i t i o n ,  as a funct ion 

of p ro j ec t i l e  energy for a select ion 

of plasma i g n i t i o n  temperatures, T I ,  

computed taking p/T = 2. In the 

i n i t i a l  stages of the nuclear c o l l i -  

sion th is  is the more l i k e l y  nature 

of the parameters, q dominate q and 

we err on the conservative side by 

enhancing the rad ia t ion  losses by 

that choice. While at density of 

2 GeV/fm 3 in the plasma the pa r t i c l e  

density is about 4/fm 3 leading to 

x ~ ~ - ½ fm, we ant ic ipa te  that in 

the i n i t i a l  stages of the c o l l i s i o n  

we have a pa r t i c l e  density of about 

1/fm 3 and hence X ~ 1 - 1.5 fm, 

\ 
;0 1.50 160 170 180~ 1 Ix , 

~/T- 2 

} Ep [Ge,VI , _ 
0 2 ~ { ,5 IO 2 0  - 

Fig. 5.2 Minimum size of a 

plasma seed as funct ion 

of beam l a b o r a t o r y  

energy for d i f f e r e n t  

rad ia t ion  temperatures. 

For R/X ~ 1 we notice that at T I ~ 150 - 160 MeV beam energies of 

10 to 20 GeV/nucleon should suf f ice to lead to plasma i g n i t i o n  with 

R ~ X. We note that the seed size considered is of the order of the 

nucleon size. We note that the obtained lower l im i t s  for the heavy ion 

k ine t i c  energy is above the kinematic l im i t  obtained neglecting the 

loss term in eq (5,1) and requi r ing an i g n i t i o n  termperature of 160 MeV. 

On the other hand, i t  seems rather un | ike ly  that i g n i t i o n  can be 

achieved at much lower beam energies i f  the phase t r a n s i t i o n  is of 

f i r s t  order. Thus below our l i m i t  the c o l l i s i o n  w i l l  f i z z l e  and we 

just achieve a superheated nucleon gas. 

Once the plasma has igni ted the temperature of the plasma w i l l  

grow un t i l  the nuclear c o l l i s i o n  terminates or un t i l  the temperature 
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has risen to a level at which the pion radiation overwhelms the energy 

in f lux .  At this point one must re-examine the question of the cooling 

mechanism, i . e . ,  f i r s t ,  whether the evaporation of pions w i l l  lead to a 
m 

cooling off of the surface and hence to a shut-off of the evaporation 

process, or whether the plasma heat conductivity is su f f i c i en t l y  large 

to maintain a surface temperature high enough for pion radiation to 

continue; second, whether other processes, p r inc ipa l ly  expansion, con- 

t r ibute substant ial ly to the cooling process. 

We begin by considering the heat conductivity. Since the plasma 

consists of rather free part ic les the naive expectation is that a 

suf f icent ly  h igh conductivity obtains. Indeed,  the basic re lat ion 

between the heat flow Q and the energy density E is 

: ~ ~ E ( T ; p q l T )  ( 5 , 1 6 )  

where z is the mean free path. Assuming that only a radial gradient of 

T exists, with pq/T ~ const over the volume, the radiation equilibrium 

requires 

d3E ~T B~ ~ aT 
: Qr = ~ ~-'~ ~--f : ~ ~ 4c . ( 5 , 17 )  

In our numerical example the required temperature gradient 

surface is,  with Z in the range 1/2 - i /3 fm: 

~._~T T 0,215 GeV/fm 3 
~r = -Z 4 x 2,1 GeV/fm ~ = (5 - 8) MeVfm 

at the 

I t  appears that this temperature gradient is just within sensible 

bounds, leading for a plasma radius of 4 fm to a temperature d i f feren-  

t i a l  between the origin and the surface of ~ 15-20 MeV. We further 

note that unlike in non- re la t i v i s t i c  gases, the mean free path ~ here 

is inversely proportional to 5E/~T since i t  is inversely proportional 

to the p a r t i c l e  densi ty .  For ~q/T < 2 the energy per par t ic le in the 

plasma is just 3T and hence the part ic le density p = c/3T. Therefore 

the necessary temperature gradient, eq (5.17), turns out to be 

BT d 3E 1 ~---~ : ~ ~ ~ ( 5 . 1 8 )  

where ~ is the average pa r t i c le -pa r t i c le  cross section. The range of 

values given above for ~-~ corresponds to ~ ~~  to ½ fm 2 
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We now turn to the discussion of the adiabatic expansion of the 

plasma, To begin with one must recognize that in contrast to the above 

discussed pion radiation process the expansion requires a co l lect ive 

flow, i . e . ,  a flow in which a hydrodynamic veloci ty  is superimposed 
N 

over the random thermal motion of al l  the quarks and gluons. Therefore 

the relevant time constant is given by the speed of sound and thus is 

about three times larger than the radiation time constant. Further- 

more, the expansion is driven by the excess of the internal pressure 

over that exerted on the surface by the physical vacuum. Now, the 

effect of the internal pressure on the surface is reduced by the pion 

radiat ion.  The point is that those part ic les which penetrate the sur- 

face do not exert their  f u l l  force on the surface, We now demonstrate 

that they are responsible for a substantial fract ion of the internal 

surface pressure. Balancing the momenta at the surface we find that 

instead of 2p z the momentum transferred to the surface is 

I 2p± : p± < PM 
Ap : (5 ,19)  

2p±( l  - f )  : p± > PM 

where f is the fract ion of the normal momentum carried away by the 

emitted pion, We now recompute the ef fect ive pressure on the plasma 

surface: 

PM P T± dp H dPL 2p - -  p(p) 
Pq : gq I f °  (2~) i v i  (2~) 2 

dp ~ p IldP I1 
+ (I - f) ~ i 2pZv f0 P(P)] 

PM (2~) .L (2~) 2 
(5.20) 

where we have used eq (5.13).  Also, g is the e f f e c t i v e  number of q 
degrees of freedom for the quarks as devined in eq (5.14). We notice 

that the e f f e c t i v e  quark pressure P is equal to the expected quark q 
pressure Pq = 1/3 Eq, reduced by the con t r ibu t ion  of high normal 

momentum part ic les,  weighted by the factor f :  

dp ~ P II dp n 
Pq : Pq fg f ± 2p±v f p(p) (5.21) 

PM (2~) .L 0 (20) 2 
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The important point to real ize is that the contributions of part ic les 

with Pl > PM to the part ic le pressure Pq are dominant. To see this we 

evaluate, in obvious notation, 

. . . .  P i lT  dp±p±2 ~0 PlIdPll p(p) ~ dp±p± 2 e 
Pq(P± > PM ) PM CPi-'~Z~Z PM 

~' = - P i l T  PlIdP" P(P) fo dpzp l  2 e Pq f dpZPl2 ~0 ~~ 

-PM/T PM PM e (½ 2 
: (T-) + (T-) + 1) (5.22) 

This is a monotonically fa l l i ng  function of PM/T; for PM/T ~ 1 - 1.5 we 

find that the rat io eq (5.21) varies between ,92 and ,81. Hence, 

inserting eq (5,22) into eq (5,21) we find for f ~ 2/3 

Pq Pq (1 - f Pq(Pl > PM ) : # ) ~ 0.4 Pq (5.23)  
q 

A similar calculation can be carried out for the gluons with a simi lar 

outcome for the reduction at the pressure. The overall result is that 

only about half of the internal pressure acts on the surface. Thus, in 

ef fect ,  the time constant relevant for the cooling process through 

expansions is extended by a factor of almost two. Thus we are led to 

the conclusion that the expansion contributes only about 10-20% to the 

cooling of the plasma. Even though this effect is somewhat reduced for 

a baryonless plasma, i . e . ,  p = O, i t  s t i l l  rel ieves 1/3 of the total  

pressure. 

The physical d is t inc t ion between the cooling of the plasma by pion 

radiation vs. by expansion resides in that the former leads to a reduc- 

t ion of the plasma temperature without a s igni f icant  increase of the 

plasma volume. This, of course, has important consequences in the 

dynamics of the plasma development, and, in par t icu lar ,  eventually on 

the observable quanti t ies. In par t icu lar ,  cooling by radiation seems 

to convert the internal energy more e f f i c i e n t l y  into pions than the 

expansion mechanism. In an expansion this energy is converted into 

co l lect ive motion and is manifested in the form of additional kinetic 

energy of the produced part ic les.  Hence in the radiation cooling the 

available entropy is used to create more new part ic les,  i . e . ,  pions, 
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while in the adiabatic expansion i t  is essent ia l ly  contained in the 

kinetic motion. In both instances cooling is approximately adiabatic. 

We next discuss the maximally obtainable plasma temperature, 

neglecting the effect of the cooling by expansion. As already 

remarked, once the plasma has ignited a fract ion of the radiated pions 

w i l l  be swept along by the incoming nucleons and re-enter the plasma. 

This process introduces a dependence of the loss term on the beam 

character is t ics.  Even though this turn-around of the pions does not 

change the ign i t ion conditions i t  influences the maximal achievable 

plasma energy density. S ince the thermal radiation is isotropic the 

returned f ract ion,  ~, w i l l  be of the order ~ < 1/2. To obtain an es t i -  

mate of this maximum plasma energy density one has to mul t ip ly the 

energy radiation term, eq (5.15), with (1 ~) and balance i t  with the 

unmodified gain term, eq (5.8). We recall  that in the derivation of 

eq (5.15) a non-degenerate quark-gas has been assumed, and Bq/T is 

expected to be less than 2. As the co l l i s ion  process continues the 

temperature of the plasma wi l l  grow unt i l  the nuclear co l l i s ion  termi- 

nates o~ unt i l  the temperature has risen to a level at which the pion 

radiat ion overwhelms the energy in f lux .  This maximum achievable 

temperature is shown in figure 5.3 for a few choices of the pion turn- 

around coef f ic ient  ~, as a function of pro ject i le  beam energy. In view 

of high plasma density here we have used R/X = 5, p/T = i .  As one can 

see the maximal temperature achievable in the co l l i s ion  does not depend 

T~[MeV] 
300 ~ - 

~/T=I 

250 

, '  , , , I Ep{GeV],_ 

10 50 lO0-- 

F i g ,  5 ,3  Maximum a c h i e v a b l e  p lasma  t e m p e r a t u r e  as f u n c t i o n  o f  beam 

l a b o r a t o r y  e n e r g y  f o r  two v a l u e s  o f  t h e  p i o n  t u r n - a r o u n d  

c o e f f i c i e n t ,  
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too sensi t ive ly  on the choice of the parameters and reaches for 50 GeV 

a value around 230 MeV. Hence, once a plasma has ignited one can 

expect that a fu l l - f ledged quark-gluon plasma event w i l l  take place, 

with energy density reaching 4-5 GeV/fm 3. However, we note that under- 

lying this scenario is the requirement that the co l l is ions take place 

between two quite heavy nuclei. 

After the end of the build-up phase, i , e . ,  at the termination of 

the nuclear co l l i s ion ,  the dynamics is governed by a collaboration of 

pion radiation and hydrodynamic expansion of the plasma, At this point 

one must ask whether the density of the radiated pions is large enough 

for them to undergo multiple scattering, so that a pion gas cloud could 

be formed which would exert a back-pressure on the radiated pions, and 

thus could slow down the radiat ive energy loss of the plasma, and also 

the expansion. 

Considering that here we deal with hadronic (rather than QCD) 

cross sections and moderate part ic le densities one should think that 

the effect of the surrounding pion gas on the radiation should not be 

too large. 

In order to i11uminate this question, consider the case when the 

emitted pions would form a density p surrounding the plasma droplet of 

the form 

)2 
P = Po(~ • (5.24) 

Let us consider that a given pion travels through a gas having the 

density d is t r ibu t ion (5.24). In that case the scattering probabi l i ty  

is given by (j is the radial current of the considered pion) 

= )2 
i d ( j r2)  " J~P : -J~Po (~ r--~ ~T , ( 5 . 2 5 )  

and hence we have 

jo R2 
j : ~ e(~PoR)((R/r) 1) 

r 2 
(5,26) 
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For ~po R << 1 we f ind the unperturbed pion current which behaves l ike 

r -2 , The exponential describes the scattering in the gas ,  Taking for 

a numerical example R ~ 4 fm, Po = i fm -3, and, considering that the 

pion-pion scattering peaks at the p-meson mass, which is several 

l inewidths above a typical  c . m .  pion-pion energy, assuming ~ : 0.2 - 

0.5 fm 2, we f ind considering the value of j ( r  = ~) which represents the 

unscattered part of the beam that a pion w i l l  scatter one or two times 

on the way out to i n f i n i t y .  

We now turn our attent ion to the nature of the transformation of 

the quark-gluon plasma into indiv idual  hadrons. We recal l  here that 

we have developed two inherent ly  d i f fe ren t  descriptions which neverthe- 

less leads to the predict ion of a q u a l i t a t i v e l y  simi lar thermodynamic 

region for the t rans i t i on  between both phases of hadronic matter. As 

we shall see in a moment the physics which went into these theoret ical  

approaches requires that th is  is a f i r s t  order phase t r ans i t i on .  How- 

ever, of course, we cannot actual ly  deduce the order of the t rans i t i on  

in the presented considerations. We record here that recent Monte- 

Carlo simulations on a l a t t i ce  show phase coexistence in SU(3) gauge 

theories which is character is t ic  of f i r s t  order phase t rans i t ions  [6a], 

[41].  This is contrary to results found in SU(2) simulations [42], 

Consider the P-V diagram shown in f igure 5.4. Here we d is t inguish 

three domains, The hadronic gas region is simply a Boltzmann gas where 

the pressure raises with reduction of the volume. When the internal  

exc i ta t ion  r ises,  the ind iv idual  hadrons begin to c lus ter .  This 

reduces the increase in the Boltzmann pressure since a smaller number 

of par t ic les exercises a smaller pressure. In a complete descript ion 

of the d i f fe ren t  phases we have to allow for a coexistence of hadrons 

with the plasma state in the sense that the internal  degrees of freedom 

of each c luster ,  ~ .~, ,  quarks and gluons contr ibute to the tota l  pres- 

sure even before the d issolut ion of ind iv idual  hadrons. This indeed 

becomes necessary when the c luster ing overtakes the compressive effects 

and the hadronic gas pressure f a l l s  to zero as V reaches the proper 

volume of hadronic matter. At th is point the pressure rises again very 

quickly,  since in absence of ind iv idual  hadrons we now compress only 

the hadronic const i tuents.  By performing the Maxwell construction 

between volumes V 1 and V 2 as indicated in f igure 5.4 we can in part 

account for the complex process of hadronic compressib i l i ty  alluded to 

above. We find th is  way the most l i k e l y  path taken by the compressed 

hadronic gas in a nuclear c o l l i s i o n .  This discussion shows that in our 

approach we are s t ra igh t fo rward ly ' l ed  to a f i r s t  order phase t rans i -  

t ion ,  as f i r s t  conjectured in ref ,  [2g,h] .  
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P 

Fig. 5,4 

< b >  
I ~  T f i x e d  

V2 V 1 < V > 
P-V d iag ram f o r  the  g a s - p l a s m a  f i r s t  o r d e r  t r a n s i t i o n ,  

I t  is interesting to follow the path taken by an isolated quark.- 

gluon plasma f i r e b a l l  in the I~-T plane, or equivalently in the v-T 

plane, Several cases are depicted in figure 5.5. In the Big Bang 

expansion the cooling shown by the dashed l ine occurs in a universe in 

which most of the energy is in the radiat ion. Hence, we have for the 

chemical potential I~ << T. Simi lar ly ,  the baryon density v is quite 

small, In normal s te l l a r  collapse leading to cold neutron stars we 

follow the dash-dotted l ine paral lel  to the l~-resp, v-axis. The com- 

pression is accompanied by l i t t l e  heating, 

1000- 
MeV 

a) v, 
i® . .  

' "~_ " • • Plasma A 

g~g_B " I, 
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, b )  

t "Q 

t 
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Fig. 5.5 Paths taken in the (a) p-T plane and (b) v-T plane by d i f f e r -  

ent physical events. 

In contrast, in nuclear co l l is ions almost the entire ~-T and v-T 

can be explored by varying the parameters of the co l l id ing nuclei. As 

we have already argued the most easi ly accessible region corresponds to 

pq/T ~ 2. To appreciate th is  fur ther  consider the baryon density, 

eq (2.35). Call ~q/~T = 6 < i .  Then the baryon density is 
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2x 2c s 
v = ~-- CI - --~"-] (62 + I) T36 . (5.27) 

Since 6 < i by assumption, we neglect 62 against 1, that is 

-~ = 6 < 1 = ( 5 . 2 8 )  v ~ 1,4 T36 , ~T , a s .55 , 

At T = 160 MeV we ve r i f y  that (6.2) leads to v(160) = 3/46/fm 3. Hence 

v = 2v o implies 6 = 2/9 in agreement with our pr ior  assumption of a 

small 6 (v o is the normal baryon density in nucle i ,  v o = 1/6 1/fm3). 

Thus, as long as we are i n t e r e s t e d  in the domain T > 160 MeV, 
N 

v/v o ~ 2.6 we are allowed to use eq (5.28) to replace ~ ( i . e . ,  6 ) b y  v 

in the expressions for the energy density, eq (2.34) and entropy 

density eq (2.37). We f ind 

v 2 
s ~ 6.55 m + 8,12 T (5.29) 

T 3 

~ 9,82 T 2 + 6.1 T 4 + B = (6.55) T~ + (8.12) T 4 + B , (5.30) 

where in the last  equa l i ty  we emphasise the r e l a t i o n  to eq (5.29). I t  

is in te res t ing  to note that at constant v both s and ~ have a minimum 

at the same value of T, which is 

0 : ~ J  ~ T v : 0.965 v I /3 = 105 MeV (V/Vo)i /3 . (5.31) 
V 

Thus we f ind that both entropy density and energy density decrease as 

the temperature decreases from i ts  i n i t i a l  value around 200 MeV. This 

supports the proposi t ion of pion rad ia t i on  from the plasma at constant 

baryon dens i t y ,  at least un t i l  the minimum value T of the temperature 
V 

is approached, For ~/v o = 2.5 we have T2. 5 = 142 MeV while apparently 

T l = 105 MeV. 

We can fur ther  evaluate how much entropy each radiated pion 

removes from the plasma and how much must be generated in the rad ia t ion  

process. Here we reca l l  that each pion carr ies away about 3T MeV of 

energy and as a Boltzman pa r t i c l e  carr ies four units of entropy . From 

eqs (5.29) and (5.30) we f ind 
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s/~ : l 6.55 v2/T 3 + 8.12 T 3 

T 655 v2/T3 + ¼ 812 T3 + 8/T 

I 6.55 V 2 4 ~ [i 
8.12 T 6 

+ . . . .  0.094 B/T 4 ] 

4 3~ [ i  - 1.6 62 + . . . .  0,094 ( B I / 4 / T ) 4 ]  , (5 .32)  

Since B I/4 ~ T and 62 << I .  to the precision of our approximation 

(6 < 1) we find that when lowering the energy of the plasma by 3T 

( i . e . ,  by about the energy of the radiated pion) we must lower i t s  

entropy content by about four uni ts.  As th is  is exactly the same as 

the entropy content of an emitted pion we conclude that the pion radia- 

t ion is not a strongly entropy generating process, as i t  should be, in 

order for i t  to proceed without impediment. 

Some information about the evolution of the plasma volume can be 

derived from the f i r s t  law of thermodynamics (b is the baryon number) 

dE = -PdV + TdS + pdb . 

Let us now f i n a l l y ,  but b r i e f l y  cons ide r  the q u e s t i o n :  i s  the 

t r a n s i t i o n  had ron ic -gas  ÷~ quark -g luon  plasma in p r i n c i p l e  a phase 

t r a n s i t i o n  or i s  i t  on l y  a t r a n s f o r m a t i o n  t h a t  i s  a change in the 

nature  of hadron ic  m a t t e r ,  not assoc ia ted  w i th  any kind of s i n g u l a r i t y  

of  the p a r t i t i o n  f u n c t i o n  in the l i m i t  of i n f i n i t e  volume? The s p i r i t  

of  the t h e o r e t i c a l  approaches taken here r e q u i r e s  a f i r s t  o rder  

t r a n s i t i o n ,  However, t h i s  conc lus ion  is  on l y  p r e l i m i n a r y .  Con t ra ry  

arguments can be found [ 6 1 ]  by argu ing t h a t  on l y  a f i n i t e  number of 

incgm~essib~e hadrons can be f i t t e d  into a given volume. Here i t  

turns out that one must very care fu l l y  study the meaning of thermo- 

dynamical l im i ts  (see references [9d] and [62]) .  Even worse: for 

compressible indiv idual  hadrons we might f i n d  a second order phase 

t r ans i t i on .  We see that the phenomenological hadronic gas theory and 

the quark bag picture have l i t t l e  predict ive power about the i n i t i a l  

behavior. I t  is l i k e l y  that only the experiment w i l l  help us under- 

stand th is  important aspect of strong in teract ions.  Numerical d i g i t a l  

experiments concluded recently allow one to believe that we have been 

on the r igh t  track with our descript ion of the hadronic world. However 
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even these elaborate numerical experiments seem to lose the i r  predic- 

t i ve  power when fermions are included on the l a t t i c e .  Some numerical 

experimental groups continue to see a phase t rans i t i on  of f i r s t  order, 

while others claim only to observe a transformation. I t  is unfortunate 

that we probably w i l l  have to wait for some years for the needed actual 

physical experiments and we hope that as soon as the just  mentioned 

required experimental advances occur, we w i l l  review and re-analyze i t s  

content hoping to unravel th is  important question, 

6, SUMMARY 

These lectures aimed to provide an overview of the theory of 

h ighly excited hadronic matter. By considering matter in k inet ic and 

chemical equi l ibr ium we have been able to develop a thermodynamic 

descript ion val id for high temperatures, In the present work we have 

described two physica l ly  d i f fe ren t  domains: the hadronic gas phase, in 

which indiv idual  hadrons can exist as separate en t i t i e s ,  but are some- 

times combined to larger hadronic c lusters;  and the quark-gluon plasma, 

where indiv idual  hadrons dissolve into one large c luster consist ing of 

the hadron const i tu tents .  Our emphasis has been on the world of quarks, 

which is the more fundamental approach. 

In order to obtain a theoret ical  descript ion of both phases we 

have used some "common" knowledge and plausible in terpreta t ions of the 

cur rent ly  available experimental observations. The obtained equations 

of state of hadronic matter, of course, re f lec t  in certain ways on what 

we have included in our considerations, I t  is the quantitativ.e nature 

of our work that allows a detailed comparison with experiment. I t  is 

important to observe that the predicted temperatures and mean trans- 

verse momenta of par t ic les agree with the experimental resul ts ava i l -  

able at Ek, lab/A = 2 GeV [BEVELAC] and at 100 GeV [ISR] as far as a 

comparison is permitted [4a],  

The internal  theoret ical  consistency of our descript ion of the gas 

phase leads us in a straightforward fashion to the postulate of a f i r s t  

order phase t rans i t i on  to the quark-gluon plasma. In order to describe 

th is  phase in addit ion to the standard Lagrangian quantum f ie ld  theory 

of "weakly" in teract ing par t ic les at f i n i t e  temperature and density, we 
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also introduce the phenomenological vacuum pressure and energy density 

B. This term is required in a consistent theory of hadronic structure. 

I t  turns out that B 1/4 ~ 150 MeV is jus t ,  to wi th in 20%, the tempera- 

ture of the plasma phase before condensation into hadrons. This is 

simi lar to the well known Hagedorn temperature T o ~ 160 MeV. 

An interest ing aspect of our studies is the rea l i za t ion  that the 

t rans i t i on  to the quark-gluon plasma w i l l  occur at a lower baryon 

density for highly excited hadronic matter than for matter in the 

ground state (T = 0). Using the current ly  accepted value for B we find 

that at v ~ 2 - 3 vo, T = 150 MeV, the plasma phase may indeed already 

be formed. 

One of the possible plasma signatures is the enormous strangeness 

abundance in the plasma. We show that gluons have a s u f f i c i e n t l y  large 

reaction rate for the strangeness abundance in the plasma to reach 

chemical equi l ibr ium during the l i fe t ime of the plasma formed in high- 

energy nuclear co l l i s i ons .  The subsequent depletion of the strangeness 

during the plasma hadronization as well as i t s  preferred hadronization 

channels are current ly  being studied in de ta i l .  However, only i f  the 

plasma hadronization is an extremely slow process, last ing on the order 

of 10 -22 sec., a s ign i f i can t  depletion of the high s-abundance created 

at the maximal temperature reached in the c o l l i s i o n  can be ant icipated. 

As shown in f igure 3.3 the reaction rates drop quite rapid ly with 

decreasing temperature, leading to a rapid increase of the equi l ibr ium 

time constant ~. Hence the strangeness abundance decouples from the 

equi l ibr ium and remains a witness of the hot co l l i s i on  period. We have 

fur ther shown that strangness may be a useful experimental t r igger on 

plasma formation. 

I t  is apparent from our results that the measurement of production 

cross sections of anti-strange baryons already could be quite helpful 

in the observation of the phase t rans i t i on .  The high suppression of 

these degrees of freedom in the hadronic gas phase is not maintained in 

the plasma phase where the s abundance is larger than the u,~ abun- 

dances. A measurement of the re la t i ve  K+/K - y ie ld ,  while ind icat ive of 

the value of the chemical potential in a hot nuclear gas may carry less 

specif ic information about the plasma. The K/x ra t io  may also contain 

relevant information. However, since the ~ or iginates from diverse 

sources i ts  abundance is control led by the total  entropy created in N-N 

co l l i s i ons .  Hence, i t  w i l l  be much more d i f f i c u l t  to decipher the 

message. Perhaps a steep r ise of K/~ ra t io  at high p± could be helpful 

here. 
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On the other hand i t  appears that the abundances of otherwise 

quite rare strange hadrons w i l l  be enhanced, on the one hand by the 

r e l a t i v e l y  high phase space density of strangeness in the plasma, on 

hand in view of the at t ract ive ss-QCD interact ion in the 3c the other 

and ~s in I c channels. Hence we should search for the strangeness 

abundance in the yields of part ic les l ike ~,~,Q,~,¢, rather than in the 

K-channels. I t  may be that such experiments would uniquely determine 

the existence, and eventually the character ist ics,  of the phase t rans i -  

tion to the quark-gluon plasma. 

I t  is important to appreciate that the experiments discussed above 

would cer ta in ly  be quite complementary to the measurements u t i l i z i n g  

electromagnetically interacting probes, ~.~.,  di-leptons or direct 

photons. Strangeness-based measurements have the advantage over the 

measurement of the electromagnetic part ic les in that they involve the 

obse rva t i on  of a s t rong l y  in te rac t in9  p a r t i c l e  (s,~ quark) which 

happened to be a direct constituent of the hot plasma phase. 

F inal ly ,  we have described the radiation cooling of the plasma by 

the emission of pions, and the conditions under which a plasma seed 

w i l l  grow in a high energy nuclear co l l i s i on .  Us ing  the value 

T = 150-160 MeV as the phase t rans i t ion temperature we find that 15 to 

20 GeV/nucleon on a fixed target should suff ice to lead to a quark- 

qluon plasma. The frequency of such events is controlled by the 

probabi l i ty  that a plasma seed of adequate size be formed early in the 

co l l i s i on .  A plasma seed is needed since the hadron cross sections are 

too small to lead to energy confinement for the required length of 

time. The cross sections in a plasma can be much larger since the 

phase space there is much larger than in the hadronic gas phase owing 

to the absence of the color constraint; for example, a 3 quark system 

in the plasma has 27 color states while only the color singlet is 

permitted in the hadronic phase. We also have b r i e f l y  discussed the 

poss ib i l i t y  of a phase t rans i t ion plasma ~ hadronic gas. 
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