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Abstract

The dynamics of generic closed many-body quantum systems is believed to be

ergodic. A paradigmatic example is a quantum quench, which takes the system out of

equilibrium. Local properties relax quickly and then approach the thermal equilibrium

asymptotically, which can be sufficiently described via the eigenstate thermalization

hypothesis (ETH). Alternatively, non-equilibrium dynamics can also be induced by

time-dependent drives. In this setup, as energy conservation is absent, those systems

normally keep absorbing energy and heat up to a featureless "infinite-temperature"

state.

There has been great effort on the last decades to understand how to prevent

many-body systems from thermalization. For time-independent systems, a prominent

example is many-body localization (MBL) where all eigenstates deviate from the ETH

prediction. The recent discovery of quantum many-body scars (QMBS) suggests that

special ergodicity-breaking eigenstates can also appear in an otherwise thermalizing

spectrum. Periodically driven or Floquet systems can also be non-ergodic. The driving

induced heating can either be completely evaded via MBL, or significantly suppressed

by using high frequency driving which can give rise to a transient but long-lived

prethermal phenomenon.

This thesis introduces several new ergodicity-breaking phenomena in closed quan-

tum many-body systems. First, an experimentally feasible protocol will be proposed

to realize QMBS in optical lattices via Floquet engineering. Then I will show that

QMBS in a fractionalized strongly correlated system can demonstrate the coexistence

of persistent oscillations and the volume-law entanglement generation. Such a behav-

ior is very counter-intuitive as within the ETH paradigm, volume-law scaling normally

implies ergodic behavior. Similarly, in all previously identified models demonstrating

persistent oscillations, the underlying QMBS only exhibits sub-extensive entangle-

ment.

The fact that Hamiltonians governing these non-ergodic phenomena always have

time translation symmetry (TTS) naturally raises the question: Can systems without

TTS also exhibit interesting non-ergodic collective phenomenon? Those systems can

be expected to exhibit far richer dynamics, yet are also challenging to study due to
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the lack of Floquet theory. Nevertheless, I will provide affirmative answers to the

above question by investigating both quasi-periodic and structured random drivings.

For continuous quasi-periodic driving, the idea of the Floquet time spiral will be

developed. This leads to a new non-equilibrium phase of matter — the discrete-time

quasicrystal where quasi-TTS is spontaneously broken. I will finally introduce a new

family of random driving protocols with a n−multipolar structure. Although the TTS

is completely broken due to the temporal randomness, I will show that a prethermal

phenomenon still exists for high frequency driving similar to Floquet systems. This

provides a sufficiently long time window to host novel non-equilibrium phases, e.g. a

prethermal random multipolar discrete time crystal.
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Chapter 1

Introduction

Understanding the rich behavior of quantum many-body systems is one of the biggest

challenges of modern science. Although the underlying fundamental laws governing

their dynamics can be simple, the macroscopically large number of degrees of freedom

significantly increases their complexity [1]. Fortunately, many interesting features of

interacting many-body systems in or close to thermal equilibrium, e.g. different phases

of matter, are universal and their microscopic details are less important. Instead

of analyzing the behavior of individual particles, we can describe these phenomena

by only using a small number of thermodynamic quantities, such as temperature

and magnetization. However, a true equilibrium phenomena can only be reached

asymptotically and the vast majority of what we observe in our daily life, such as air

cooling, oscillation of pendulums and chemical reactions, are far from equilibrium. In

this thesis, I am particularly interested in the non-equilibrium phenomena of isolated

quantum many-body systems.

Unlike the equilibrium scenario, fewer universal principles have been established in

non-equilibrium settings and many studies can only target specific examples. Perhaps

the most important question to understand is the following: How do closed many-body

systems approach thermal equilibrium after they are taken far from it? For classical

systems, the nonlinearity and chaoticity of the equations of motion provide a plausible

answer. It is believed that all accessible regions, subjected to a few macroscopic

constraints such as energy and particle number, of the phase space are equally likely

to be explored in the long-time limit [2, 3]. This idea is known as the ergodicity

hypothesis, which is pivotal to the current development of statistical mechanics [4].

However, the understanding for quantum systems is more subtle as their dynamics



2 Chapter 1. Introduction

is governed by the linear Schrödinger equation, which by itself seems insufficient for

chaos. Additionally, the uncertainty principle [5] indicates that a particle cannot have

a well-defined trajectory in phase space as its position and momentum cannot be

simultaneously determined.

A remarkable breakthrough bridging the gap between microscopic quantum dy-

namics and statistical mechanics was the proposal of the Eigenstate Thermalization

Hypothesis (ETH) [6, 7]. Assuming many-body systems can act as their own bath,

ETH states that each eigenstate of a static Hamiltonian is thermal. Those thermal

eigenstates can be locally described by the microcanonical ensemble constrained by

a set of macroscopic quantities, for instance, energy and particle number. Hence,

generic initial states, which are normally superpositions of a plethora of eigenstates,

will thermalize after a quench. Namely, the expectation values of local observables

equilibrate to the thermal prediction after a sufficiently long time.

The advent of highly controllable experimental techniques permits us to modu-

late quantum many-body systems in a time-dependent fashion [8, 9]. The ensuing

non-equilibrium phenomenon is rightfully expected to be richer than static quench,

yet challenging to analyze. As a special case which preserves TTS, periodic driving

has been widely employed to drastically modify properties of quantum systems which

can be conveniently analyzed by the Floquet theory [10]. However, by Noether’s

theorem [11, 12], generic time-dependent quantum systems do not preserve energy.

Therefore, they are expected to keep absorbing energy from the drive and eventu-

ally heat up indefinitely towards a so-called "infinite temperature state" without any

interesting local features [13].

The exploration of ergodicity-breaking phenomena in closed quantum systems

flourished in the past decades, which is the main focus of the thesis. Apart from

the basic motivation of understanding different paths towards the thermal equilib-

rium, interest also comes from the fact that thermalization poses a serious limitation

to the development of quantum technologies, for instance, quantum computers [14]

or simulators [15, 16]. Prominent mechanisms of ergodicity-breaking include integra-

bility and, more generically, many-body localization (MBL) when strong disorder is

present. These systems have been shown to strongly violate ETH as all eigenstates
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are non-thermal, and the asymptotic states after a quantum quench maintain the lo-

cal memory of the initial states. The recent discovery of quantum many-body scars

(QMBS) significantly enriches this field. Here, ergodicity-breaking phenomenon only

happens for some special eigenstates, which coexist with a sea of thermal eigenstates.

These ergodicity-breaking mechanisms also notably change the thermalization pro-

cedure in Floquet systems and can prohibit Floquet heating. The stability of MBL in

Floquet systems furthermore enables a range of novel non-equilibrium phases of mat-

ter, for example, the discrete time crystals [17] and the anomalous Floquet-Anderson

insulators [18]. Additionally, as a transient ergodicity-breaking phenomenon, prether-

malization has been attracting great attention and extensively studied in Floquet

systems. It appears when using high frequency drives and does not require MBL or

integrability. Instead of monotonically heating up to a featureless state, the system

first relaxes towards a quasi-steady state where the heating is exponentially sup-

pressed [19]. Such prethermal states can be engineered to exhibit sought-after non-

equilibrium properties which might not be obtainable in static systems [8], e.g. the

matter-field couplings in a Z2 lattice gauge model [8].

Besides quenching and Floquet driving, there are many other ways for taking a

quantum system out-of-equilibrium which are yet to be fully explored, for instance

by using a random drive where TTS is absent. A crucial question of broad interest is

whether non-ergodic behaviors can still appear without TTS? If so, are there interest-

ing collective phenomena which are long-lived and perhaps unobtainable in Floquet

systems? The intuitive answer should be No as those driving protocols normally in-

volve more complicated driving tones. These additional tones unavoidably open more

resonance channels than Floquet systems which rapidly destabilize any non-trivial

phenomena. Fortunately, it turns out that the absence of TTS does not completely

exclude ergodicity-breaking behaviors. I will briefly review the recent insightful de-

velopments considering both continuous quasi-periodic and discrete drivings.

1.1 Thesis Outline

In the remainder of this Chapter, I will introduce the main concepts used through-

out the thesis. In Sec. 1.2, I will elaborate quantum thermalization and ETH in both
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static and periodically driven systems. I also introduce a few commonly used methods

to diagnose quantum thermalization. In Sec. 1.3, my focus will shift to ergodicity-

breaking phenomena discovered in the past decades, ranging from integrable systems,

MBL to QMBS. I will show that some or all eigenstates in these systems deviate

from the ETH prediction, hence, their dynamics can be either slowly thermalizing or

completely non-thermal. The transient prethermal phenomenon will be introduced in

Sec. 1.4 with the particular focus on Floquet systems. I will also give an explicit exam-

ple illustrating how to use Floquet engineering to realize quantum phase transitions.

The final section of this chapter, Sec. 1.5, concerns the progress in understanding the

dynamics with quasi-periodic drivings without TTS.

I will start introducing my own discoveries in Chapter. 2 where I propose an exper-

imentally feasible model to realize QMBS via Floquet engineering in optical lattices.

In Chapter 3, I investigate a fractionalized model where orthogonal QMBS appear

with novel entanglement properties absent in all previously discovered QMBS. Next

in Chapter 4, I propose the construction of Floquet time spirals in quasi-periodically

driven (QPD) systems. This leads to the discovery of a new non-equilibrium phase of

matter — the discrete time quasi-crystal (DTQC)— which does not have any counter-

part in Floquet systems. In Chapter 5, I introduce a new family of driving protocols

without TTS, named as random multipolar drivings, and show that they give rise to a

prethermal regime with the notably suppressed heating. Finally, in Chapter 6, I close

this thesis by summarizing my findings and discussing open questions worth exploring

in the future.

1.2 Quantum Thermalization

Let us first define the precise meaning of quantum thermalization by considering

a quench from an initial state |ψ(0)〉 by a generic local Hamiltonian H in a lattice.

Normally, we consider the initial state as a simple product state as this is most relevant

for experiments, but the following arguments would still be valid for general initial

states that are not eigenstates of H. One can decompose the initial state over the
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Figure 1.1: Schematic diagram of generic interacting many-body systems. (a) Blue spins
denote the subsystem A of interest and the rest system represent subsystem B described by
the reduced density matrix ρ̂A and ρ̂B respectively. (b) Subsystem B acts as a heat bath of

ρ̂A which thermalizes after a sufficiently long time.

eigenbasis |α〉, as

|ψ(0)〉 =
∑

α

Aα |α〉 , (1.1)

where the coefficient is defined via Aα = 〈α |ψ(0)〉. Each eigenstate acquires a phase

factor during time-evolution as

|ψ(t)〉 = e−iĤt|ψ(0)〉 =
∑

α

Aαe
−iEαt|α〉, (1.2)

where Eα denotes the corresponding eigenenergy. I am interested in properties of a

subsystem A of size LA which is normally small compared with the whole system size

L. Such a subsystem can be described by a reduced density matrix

ρ̂A(t) ≡ TrB(|ψ〉〈ψ|), (1.3)

and exchanges energy and information with the rest of the system B in the presence of

generic many-body interactions. The subsystem B can be effectively treated as a heat

bath, sketched in Fig. 1.1, and quantum thermalization occurs as ρ̂A evolves towards

the thermal canonical ensemble [20]

lim
t→∞

ρ̂A(t) = TrB(ρ̂G), (1.4)
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where the corresponding density matrix is defined by

ρ̂G =
1

Z
e−βĤ , (1.5)

where Z is the partition function and β denotes for the inverse temperature associated

with the energy of the initial state. Correspondingly, the expectation value of any

physical observable Ô, which normally takes the form of a product of local operators,

also approaches its thermal prediction as [20]

lim
t→∞

O(t) ≡ lim
t→∞
〈ψ(t)|Ô|ψ(t)〉 = Tr

[
ρ̂GÔ

]
. (1.6)

1.2.1 Eigenstate Thermalization Hypothesis (ETH)

According to Eq. (1.2), the time-dependent expectation value of Ô can also be formally

expanded in the eigenbasis as

O(t) =
∑

α

|Aα|2Oαα +
∑

α 6=β
A∗αAβOαβe

i(Eα−Eβ)t, (1.7)

where Oαβ = 〈α|Ô|β〉. Its long time behavior converges to the infinite-time average

of the expectation value O(t) as [20]

〈Ô〉∞ = lim
T→∞

1

T

∫ T

0
O(t)dt =

∑

α

pαOαα, (1.8)

where nondegeneracy of the eigenvalues is assumed. pα = |Aα|2 defines the probability

distribution of finding an eigenstate for a given initial state, and the off-diagonal

contributions in Eq. (1.7) oscillate with irregular frequencies hence average out for

large T .

The assumption of non-degenerate spectrum is indeed reasonable for generic many-

body systems once all symmetries of the Hamiltonian are resolved [2]. Degenerated

eigenstates lead to time-independent off-diagonal contributions in Eq. 1.7, which will

not be averaged out even for a large T . However, in the thermodynamic limit, as long

as there are not extensively many degeneracies, diagonal contributions still dominate

the dynamics, hence, Eq. 1.8 still gives a good approximation to the expectation value

〈Ô〉∞.
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(a)
<latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit>

p↵
<latexit sha1_base64="sv99CBfbMp0Wxy4hEybhMLSz5y0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOTJfROJsmQ2dlhZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrUoIb6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqyho0EYluR2iY4JI1LLeCtZVmGEeCtaLx7cxvPTFteCIf7ESxMMah5ANO0TrpUfWyLgo1wmmvXPGr/hxklQQ5qUCOeq/81e0nNI2ZtFSgMZ3AVzbMUFtOBZuWuqlhCukYh6zjqMSYmTCbXzwlZ07pk0GiXUlL5urviQxjYyZx5DpjtCOz7M3E/7xOagfXYcalSi2TdLFokApiEzJ7n/S5ZtSKiSNINXe3EjpCjdS6kEouhGD55VXSvKgGfjW4v6zUbvI4inACp3AOAVxBDe6gDg2gIOEZXuHNM96L9+59LFoLXj5zDH/gff4A3bWRBw==</latexit><latexit sha1_base64="sv99CBfbMp0Wxy4hEybhMLSz5y0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOTJfROJsmQ2dlhZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrUoIb6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqyho0EYluR2iY4JI1LLeCtZVmGEeCtaLx7cxvPTFteCIf7ESxMMah5ANO0TrpUfWyLgo1wmmvXPGr/hxklQQ5qUCOeq/81e0nNI2ZtFSgMZ3AVzbMUFtOBZuWuqlhCukYh6zjqMSYmTCbXzwlZ07pk0GiXUlL5urviQxjYyZx5DpjtCOz7M3E/7xOagfXYcalSi2TdLFokApiEzJ7n/S5ZtSKiSNINXe3EjpCjdS6kEouhGD55VXSvKgGfjW4v6zUbvI4inACp3AOAVxBDe6gDg2gIOEZXuHNM96L9+59LFoLXj5zDH/gff4A3bWRBw==</latexit><latexit sha1_base64="sv99CBfbMp0Wxy4hEybhMLSz5y0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOTJfROJsmQ2dlhZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrUoIb6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqyho0EYluR2iY4JI1LLeCtZVmGEeCtaLx7cxvPTFteCIf7ESxMMah5ANO0TrpUfWyLgo1wmmvXPGr/hxklQQ5qUCOeq/81e0nNI2ZtFSgMZ3AVzbMUFtOBZuWuqlhCukYh6zjqMSYmTCbXzwlZ07pk0GiXUlL5urviQxjYyZx5DpjtCOz7M3E/7xOagfXYcalSi2TdLFokApiEzJ7n/S5ZtSKiSNINXe3EjpCjdS6kEouhGD55VXSvKgGfjW4v6zUbvI4inACp3AOAVxBDe6gDg2gIOEZXuHNM96L9+59LFoLXj5zDH/gff4A3bWRBw==</latexit><latexit sha1_base64="sv99CBfbMp0Wxy4hEybhMLSz5y0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOTJfROJsmQ2dlhZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrUoIb6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqyho0EYluR2iY4JI1LLeCtZVmGEeCtaLx7cxvPTFteCIf7ESxMMah5ANO0TrpUfWyLgo1wmmvXPGr/hxklQQ5qUCOeq/81e0nNI2ZtFSgMZ3AVzbMUFtOBZuWuqlhCukYh6zjqMSYmTCbXzwlZ07pk0GiXUlL5urviQxjYyZx5DpjtCOz7M3E/7xOagfXYcalSi2TdLFokApiEzJ7n/S5ZtSKiSNINXe3EjpCjdS6kEouhGD55VXSvKgGfjW4v6zUbvI4inACp3AOAVxBDe6gDg2gIOEZXuHNM96L9+59LFoLXj5zDH/gff4A3bWRBw==</latexit>

Ē<latexit sha1_base64="Xi4EQlWWRhiODHnXspYxvNP5gc0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GNRBI8V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLa+sbmVnm7srO7t3/gHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94iTlQUyHSkSCUbRSuxdSnd9N+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNzp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+50MhOYM5cQSyrSwtxI2opoytAlVbAj+8surpHVR872a/3BZrd8UcZThBE7hHHy4gjrcQwOawGAMz/AKb07qvDjvzseiteQUM8fwB87nD1Z5j44=</latexit><latexit sha1_base64="Xi4EQlWWRhiODHnXspYxvNP5gc0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GNRBI8V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLa+sbmVnm7srO7t3/gHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94iTlQUyHSkSCUbRSuxdSnd9N+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNzp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+50MhOYM5cQSyrSwtxI2opoytAlVbAj+8surpHVR872a/3BZrd8UcZThBE7hHHy4gjrcQwOawGAMz/AKb07qvDjvzseiteQUM8fwB87nD1Z5j44=</latexit><latexit sha1_base64="Xi4EQlWWRhiODHnXspYxvNP5gc0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GNRBI8V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLa+sbmVnm7srO7t3/gHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94iTlQUyHSkSCUbRSuxdSnd9N+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNzp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+50MhOYM5cQSyrSwtxI2opoytAlVbAj+8surpHVR872a/3BZrd8UcZThBE7hHHy4gjrcQwOawGAMz/AKb07qvDjvzseiteQUM8fwB87nD1Z5j44=</latexit><latexit sha1_base64="Xi4EQlWWRhiODHnXspYxvNP5gc0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GNRBI8V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLa+sbmVnm7srO7t3/gHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94iTlQUyHSkSCUbRSuxdSnd9N+27Vq3lzkFXiF6QKBRp996s3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNzp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQe5UGmGXLHFoiiTBBMy+50MhOYM5cQSyrSwtxI2opoytAlVbAj+8surpHVR872a/3BZrd8UcZThBE7hHHy4gjrcQwOawGAMz/AKb07qvDjvzseiteQUM8fwB87nD1Z5j44=</latexit>

�
<latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit>

O
(E

↵
)

<latexit sha1_base64="uo+e6Ye7q4S0yXsxaa7F+TwZq/o=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegCN6MYB6QLKF3MkmGzM6uM7OBsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glhwbVz321lZXVvf2Mxt5bd3dvf2CweHdR0lirIajUSkmgFqJrhkNcONYM1YMQwDwRrB8GbqN0ZMaR7JRzOOmR9iX/Iep2is5N+XbjtpG0U8wMlZp1B0y+4MZJl4GSlChmqn8NXuRjQJmTRUoNYtz42Nn6IynAo2ybcTzWKkQ+yzlqUSQ6b9dHb0hJxapUt6kbIlDZmpvydSDLUeh4HtDNEM9KI3Ff/zWonpXfkpl3FimKTzRb1EEBORaQKkyxWjRowtQaq4vZXQASqkxuaUtyF4iy8vk/p52XPL3sNFsXKdxZGDYziBEnhwCRW4gyrUgMITPMMrvDkj58V5dz7mrStONnMEf+B8/gAF9pGa</latexit><latexit sha1_base64="uo+e6Ye7q4S0yXsxaa7F+TwZq/o=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegCN6MYB6QLKF3MkmGzM6uM7OBsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glhwbVz321lZXVvf2Mxt5bd3dvf2CweHdR0lirIajUSkmgFqJrhkNcONYM1YMQwDwRrB8GbqN0ZMaR7JRzOOmR9iX/Iep2is5N+XbjtpG0U8wMlZp1B0y+4MZJl4GSlChmqn8NXuRjQJmTRUoNYtz42Nn6IynAo2ybcTzWKkQ+yzlqUSQ6b9dHb0hJxapUt6kbIlDZmpvydSDLUeh4HtDNEM9KI3Ff/zWonpXfkpl3FimKTzRb1EEBORaQKkyxWjRowtQaq4vZXQASqkxuaUtyF4iy8vk/p52XPL3sNFsXKdxZGDYziBEnhwCRW4gyrUgMITPMMrvDkj58V5dz7mrStONnMEf+B8/gAF9pGa</latexit><latexit sha1_base64="uo+e6Ye7q4S0yXsxaa7F+TwZq/o=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegCN6MYB6QLKF3MkmGzM6uM7OBsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glhwbVz321lZXVvf2Mxt5bd3dvf2CweHdR0lirIajUSkmgFqJrhkNcONYM1YMQwDwRrB8GbqN0ZMaR7JRzOOmR9iX/Iep2is5N+XbjtpG0U8wMlZp1B0y+4MZJl4GSlChmqn8NXuRjQJmTRUoNYtz42Nn6IynAo2ybcTzWKkQ+yzlqUSQ6b9dHb0hJxapUt6kbIlDZmpvydSDLUeh4HtDNEM9KI3Ff/zWonpXfkpl3FimKTzRb1EEBORaQKkyxWjRowtQaq4vZXQASqkxuaUtyF4iy8vk/p52XPL3sNFsXKdxZGDYziBEnhwCRW4gyrUgMITPMMrvDkj58V5dz7mrStONnMEf+B8/gAF9pGa</latexit><latexit sha1_base64="uo+e6Ye7q4S0yXsxaa7F+TwZq/o=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegCN6MYB6QLKF3MkmGzM6uM7OBsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glhwbVz321lZXVvf2Mxt5bd3dvf2CweHdR0lirIajUSkmgFqJrhkNcONYM1YMQwDwRrB8GbqN0ZMaR7JRzOOmR9iX/Iep2is5N+XbjtpG0U8wMlZp1B0y+4MZJl4GSlChmqn8NXuRjQJmTRUoNYtz42Nn6IynAo2ybcTzWKkQ+yzlqUSQ6b9dHb0hJxapUt6kbIlDZmpvydSDLUeh4HtDNEM9KI3Ff/zWonpXfkpl3FimKTzRb1EEBORaQKkyxWjRowtQaq4vZXQASqkxuaUtyF4iy8vk/p52XPL3sNFsXKdxZGDYziBEnhwCRW4gyrUgMITPMMrvDkj58V5dz7mrStONnMEf+B8/gAF9pGa</latexit>

E↵
<latexit sha1_base64="rLiDH8XAnEwX1tKRbfWM5/1d5Ts=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiCB4r2A9sQ5lsN+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUUdaksYhVJ0DNBJesabgRrJMohlEgWDsY38z89hNTmsfywUwS5kc4lDzkFI2VHm/7WQ9FMsJpv1xxq+4cZJV4OalAjka//NUbxDSNmDRUoNZdz02Mn6EynAo2LfVSzRKkYxyyrqUSI6b9bH7xlJxZZUDCWNmShszV3xMZRlpPosB2RmhGetmbif953dSEV37GZZIaJuliUZgKYmIye58MuGLUiIklSBW3txI6QoXU2JBKNgRv+eVV0rqoem7Vu7+s1K/zOIpwAqdwDh7UoA530IAmUJDwDK/w5mjnxXl3PhatBSefOYY/cD5/AJsGkNw=</latexit><latexit sha1_base64="rLiDH8XAnEwX1tKRbfWM5/1d5Ts=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiCB4r2A9sQ5lsN+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUUdaksYhVJ0DNBJesabgRrJMohlEgWDsY38z89hNTmsfywUwS5kc4lDzkFI2VHm/7WQ9FMsJpv1xxq+4cZJV4OalAjka//NUbxDSNmDRUoNZdz02Mn6EynAo2LfVSzRKkYxyyrqUSI6b9bH7xlJxZZUDCWNmShszV3xMZRlpPosB2RmhGetmbif953dSEV37GZZIaJuliUZgKYmIye58MuGLUiIklSBW3txI6QoXU2JBKNgRv+eVV0rqoem7Vu7+s1K/zOIpwAqdwDh7UoA530IAmUJDwDK/w5mjnxXl3PhatBSefOYY/cD5/AJsGkNw=</latexit><latexit sha1_base64="rLiDH8XAnEwX1tKRbfWM5/1d5Ts=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiCB4r2A9sQ5lsN+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUUdaksYhVJ0DNBJesabgRrJMohlEgWDsY38z89hNTmsfywUwS5kc4lDzkFI2VHm/7WQ9FMsJpv1xxq+4cZJV4OalAjka//NUbxDSNmDRUoNZdz02Mn6EynAo2LfVSzRKkYxyyrqUSI6b9bH7xlJxZZUDCWNmShszV3xMZRlpPosB2RmhGetmbif953dSEV37GZZIaJuliUZgKYmIye58MuGLUiIklSBW3txI6QoXU2JBKNgRv+eVV0rqoem7Vu7+s1K/zOIpwAqdwDh7UoA530IAmUJDwDK/w5mjnxXl3PhatBSefOYY/cD5/AJsGkNw=</latexit><latexit sha1_base64="rLiDH8XAnEwX1tKRbfWM5/1d5Ts=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiCB4r2A9sQ5lsN+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUUdaksYhVJ0DNBJesabgRrJMohlEgWDsY38z89hNTmsfywUwS5kc4lDzkFI2VHm/7WQ9FMsJpv1xxq+4cZJV4OalAjka//NUbxDSNmDRUoNZdz02Mn6EynAo2LfVSzRKkYxyyrqUSI6b9bH7xlJxZZUDCWNmShszV3xMZRlpPosB2RmhGetmbif953dSEV37GZZIaJuliUZgKYmIye58MuGLUiIklSBW3txI6QoXU2JBKNgRv+eVV0rqoem7Vu7+s1K/zOIpwAqdwDh7UoA530IAmUJDwDK/w5mjnxXl3PhatBSefOYY/cD5/AJsGkNw=</latexit>

Tr(⇢̂1Ô)
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Figure 1.2: Distribution of expectation values of local observables for eigenstates O(Eα) ≡
〈α|Ô|α〉 as a function of sorted eigenenergies. According to ETH, such a distribution matches
well with the prediction (black line) by Gibbs density matrix. (a) For a generic non-integrable
system, O(Eα) is a continuous function of energy in the thermodynamic limit. The distribu-
tion pα defines the weight of eigenstates for a given initial state, which is normally narrow.
(b) O(Eα) becomes independent of energy for Floquet-ETH (see Sec. 1.2.3) as all eigenstates

locally cannot be distinguished from infinite-temperature state ρ̂∞.

As the distribution of pα versus eigenenergy is normally narrow [20] (sketched as

shaded area in Fig. 1.2 (a)), the natural way to ensure 〈Ô〉∞ reaches its thermal value

for any generic initial state is by assuming that each eigenstate |α〉 is thermalizing

which forms the central idea of ETH [6, 7]. Therefore, illustrated as a black line in

Fig. 1.2 (a), local expectation values for individual eigenstate follow the canonical

prediction

〈α|Ô|α〉 =
1

Z
Tr
(
Ôe−βαĤ

)
, (1.9)

where βα defines the inverse temperature for each eigenstate |α〉. By inserting Ô = Ĥ

in Eq. (1.9), one can determine the inverse temperature βα for each eigenstate |α〉 via

the relation

Eα =

∑
γ Eγe

−βαEγ
∑

γ e
−βαEγ . (1.10)

Therefore, according to Eq. (1.9), the expectation value of the local observable 〈α|Ô|α〉

solely depends on the inverse temperature βα or its energy Eα, rather than the local

details of each eigenstate.

More precisely, consider a distribution pα centered around the energy

Ē ≡ 〈ψ(0)| Ĥ |ψ(0)〉 ,
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with a small energy variance ∆ ≡
√〈

ψ(0)
∣∣∣Ĥ2

∣∣∣ψ(0)
〉
− Ē2 in the thermodynamic

limit. As long as the thermal expectation O(Eα) ≡ 〈α|Ô|α〉 is a continuous function

and can be approximated as linearly varying within a small energy shell [Ē−∆, Ē+∆] 1

with N(Ē,∆) number of eigenstates as shown in Fig. 1.2 (a), the late time expectation

can be well approximated as [2]

lim
t→∞

O(t) =
∑

α

pαOαα ≈
1

N(Ē,∆)

Ē+∆∑

Eα=Ē−∆

Oαα ≈ O(Ē). (1.11)

This is independent of the details of the initial state but only a function of the mean

energy.

For a better understanding of the approach to thermal equilibrium, the following

formal ansatz for operator Ô is introduced in Ref. [21]

〈α|Ô|β〉 = O(Eα)δαβ + e−S(E)/2Rαβf(ω,E), (1.12)

where E = (Eα + Eβ)/2, ω = Eα − Eβ denotes the energy average and difference

respectively, Rαβ is a random number with zero mean and unit variance, O(Eα)

is the thermal expectation value as defined in Eq. (1.9), and f(ω,E) represents a

spectral function (both O(Eα) and f(ω,E) are smooth function) and S(E) is the

thermodynamic entropy at energy E which scales as logD for eigenstates in the middle

of the spectrum withD the Hilbert space dimension. Hence, Eq. (1.12) implies that the

width of the distribution of the expectation values of operator Ô decreases for larger

Hilbert space as 1/
√
D, which serves as a standard measure to diagnose ETH [2]. In

addition, Eq. 1.12 also leads to the equation

lim
T→∞

1

T

∫ T

0
dt
(
O(t)−O(Ē)

)2
= O

(
e−S(E)

)
= O

(
D−1

)
, (1.13)

which bounds the temporal fluctuation at late time which is exponentially suppressed

in system sizes [2].
1We are interested in states which are experimentally accessible and these states normally have a

narrow energy variance ∆. In principle for the initial state, one can also consider a superposition of
two eigenstates with a large energy difference. This state has a large ∆ and O(Eα) might not vary
linearly within the energy shell [Ē−∆, Ē+∆]. Thus, the diagonal contribution does not match with
the microcanonical prediction. However, such an initial state is normally long-range correlated and
difficult to prepare in experiments.
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1.2.2 Diagnostics of Thermalization

Apart from the fact that the width of the distribution of 〈α|Ô|α〉 decreases for larger

system sizes as a result of ETH, there are some other diagnostics for quantum ther-

malization which will be briefly reviewed in the following.

Entanglement

Bipartite entanglement, normally quantified via the von Neumann entropy, serves as a

good measure for quantum thermalization and has been extensively studied in quan-

tum information research [22, 23]. The entanglement entropy between a subsystem A

and the rest of the system is defined as [22]

Sent(A) = − tr ρ̂A log ρ̂A = −
∑

i

λi lnλi, (1.14)

where λi are eigenvalues of the reduced density matrix ρ̂A.

For the ground state of a gapped local quantum many-body system, it is well-

known that the entanglement entropy exhibits an "area-law", namely Sent ∼ Ld−1

where d denotes the physical dimension and L represents the linear system size [24].

Intuitively, one can understand this behavior as quantum correlations in the ground

state can only be established via local interactions with a finite number of neighbors

at the boundary of the subsystem A. As a special case for d = 1, this boundary does

not increase with the subsystem size, hence, Sent remains as a constant [25].

As a comparison, for highly excited eigenstates of generic non-integrable systems,

any local observables are thermal and ETH applies. Hence, Sent is equal to the ex-

tensive thermodynamic entropy at the corresponding temperature of the subsystem

ρA [26]. Therefore, the entanglement entropy obeys an "volume-law", i.e. scales lin-

early with system volume as Sent ∼ Ld. In a quench setup, starting from a initial

product state, Sent normally increases linearly with time before the finite-size satura-

tion occurs [27, 169].

It is worth noting that although thermal eigenstates necessarily have volume-

law entanglement, it is not always true the other way around. Exceptions include

integrable systems where the usual ETH fails, as detailed in Sec. 1.3.1, in which excited

eigenstates might also have volume-law entanglement but the prefactor of the scaling
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exhibits a dependence on a fraction of the subsystem [28]. Additionally, in Chapter 3,

I introduce a new form of ergodicity-breaking behavior showing that eigenstates can

exist with volume-law entanglement but nevertheless result in non-thermal persistent

oscillations [29].

Level Statistics

The statistical properties of the distribution of eigenenergies are also insightful to pre-

dict whether quantum thermalization happens. Remarkable results have been made

from Wigner [30], Dyson [31] and others for understanding the spectrum of compli-

cated atomic nuclei. Thereafter those results have been further developed to describe

quantum chaos, and nowadays are known as random matrix theory (RMT) [32].

As quantum chaos is tightly related to ETH [2], some of the results predicted from

RMT will also be valid in systems where ETH applies. One important conclusion

obtained from RMT is that, in a given symmetry sector, neighboring energy levels of

generic interacting systems repel each other. More precisely, I focus on the probability

distribution P (sn) of neighboring energy gaps sn defined as

sn = (En+1 − En) , (1.15)

where En denotes the ordered eigenenergies. It has been numerically verified that

P (sn) drops to zero (level-repulsion) for sn → 0 in a number of thermalizing many-

body systems [33]. On the contrary, sn demonstrates a Poisson distribution for

ergodicity-breaking systems where ETH fails. Predominant examples for the latter

include integrable and many-body localized systems which will be further illustrated

in Sec. 1.3.

Alternatively, one can also use the probability distribution P (r) of the ratio be-

tween consecutive energy gaps defined as [34]

r =
min (sn, sn+1)

max (sn, sn+1)
, (1.16)

with r ∈ [0, 1]. According to the RMT prediction [35, 36], for a non-integrable Hamil-

tonian with real symmetric elements, the distribution P (r) matches well with the
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Figure 1.3: Level statistics for a non-integrable spin model which follows the Gaussian
orthogonal ensemble (GOE) prediction exhibiting level repulsion. The ratio between adjacent

energy gaps is defined in Eq. (1.16).

Gaussian orthogonal ensemble (GOE) prediction

PGOE(r) =
27

4

r + r2

(1 + r + r2)5/2
, (1.17)

with the average value 〈r〉GOE ≈ 0.535898 [35]. Whereas for integrable systems, it

follows Poisson statistics (POI)

PPOI(r) =
2

(1 + r)2
, (1.18)

with average 〈r〉POI ≈ 0.386294 [35].

1.2.3 Periodically Driven Systems and Floquet-ETH

Periodically driven systems, or Floquet systems, are receiving growing interest and

tremendous progress has been made during the last decades. For instance, discrete

time crystal (see Sec. 1.3.2) and anomalous Floquet-Anderson insulators [18] are novel

non-equilibrium phases of matter absent in undriven systems [37]. The vast develop-

ments in accurate control of quantum simulators also stimulate studies of Floquet en-

gineering [38] which will be later elaborated in Sec. 1.4.3. However, time-dependence

of the Hamiltonian also implies that the system does not conserve energy. Therefore,

generic Floquet systems can absorb energy from the drive and are expected to keep

heating to a featureless infinite temperature state.
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To understand such a heating phenomenon more rigorously, let us consider a tem-

porally periodic Hamiltonian, Ĥ(t) = Ĥ(t + T ), where T defines the period of the

driving. In addition, I also assume that the Hamiltonian Ĥ(t) is local at each time

t. The time evolution operator over a period from t = 0 to t = T is captured by the

Floquet operator ÛF defined as

ÛF = T e−i
∫ T
0 dtĤ(t), (1.19)

where T denotes time ordering. ÛF is now time independent and one can formally

define the time-independent Floquet Hamiltonian ĤF via the relation

ÛF = e−iĤFT . (1.20)

Therefore, as long as we are interested in the dynamics at stroboscopic times t = nT ,

the dynamics is governed by the Floquet Hamiltonian as

ÛnF = e−iĤFnT . (1.21)

The thermalization processes for Floquet systems can then be understood in a similar

way as for the static systems discussed in Sec. 1.2 by analyzing properties of eigenstates

and eigenenergies of ĤF [36].

However, the determination of the Floquet Hamiltonian is a highly-nontrivial task,

and only few results are known in a closed form, for instance a two-level system subject

to special driving fields [39, 40]. For generic many-body systems, one can instead

construct ĤF perturbatively if the system is in the rapid driving regime, i.e. the

driving frequency ω = 2π/T is the dominant energy scale. Following Ref. [41], let me

expand the Floquet Hamiltonian as

ĤF =

∞∑

n=0

TnΩ̂n, (1.22)
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with a small driving period T . The contribution to each order can be obtained via a

Floquet-Magnus expansion as 2

Ω̂n =
∑

σ

(−1)n−θ[σ]θ[σ]!(n− θ[σ])!

in(n+ 1)2n!Tn+1

∫ T

0
dtn+1

∫ tn+1

0
dtn · · ·

∫ t2

0
dt1

×
[
Ĥ
(
tσ(n+1)

)
,
[
Ĥ
(
tσ(n)

)
, . . .

[
Ĥ
(
tσ(2)

)
, Ĥ
(
tσ(1)

)]
. . .
]]
,

(1.23)

where σ denotes one permutation of {1, 2, . . . , n+1} and θ[σ] =
∑n

i=1 θ(σ(i+1)−σ(i))

with the unit step function θ(·) [41]. All possible permutations will be summed over

in the above equation. The lowest order contribution is simply the temporal average

as Ω̂0 =
∫ T

0 dtĤ(t). Suppose the Floquet-Magnus expansion converges, due to the

locality of Ĥ(t), the Floquet Hamiltonian ĤF becomes quasi-local3 which can be

sufficiently approximated via a few lowest orders of the expansion. Consequently,

the Floquet dynamics thermalizes similar to a static system governed by the quasi-

local Hamiltonian ĤF , and its local properties of which can be predicted by the

corresponding microcanonical ensemble.

For generic interacting many-body systems, it is believed that the Floquet-Magnus

expansion diverges. To see this, the following upper bound of the operator norm

||TnΩ̂n|| can be calculated [13]

||TnΩ̂n|| ≤
(

1

ξ

∫ T

0
||H(t)||dt

)n
, (1.24)

where ξ is a universal constant. The norm of the Hamiltonian ||H(t)|| increases with

the system size and diverges in the thermodynamic limit. Therefore, the convergence

condition of the Floquet-Magnus expansion,
∫ T

0 ||H(t)||dt ≤ ξ, cannot be satisfied

unless the driving period T also scales with the system size. The Floquet Hamil-

tonian ĤF now contains highly non-local many-body operators. The dynamics is

not restricted to any energy shell and it is then suggested that any subsystem A for

all eigenstates |α〉F of ĤF , can be treated as an infinite-temperature density matrix

ρ̂∞ = 1̂/D with D the Hilbert space dimension. As shown in Fig. 1.2 (b), the local
2Note, other perturbation expansions of the Floquet Hamiltonian have also been proposed, see

details in Ref. [42–45].
3"Quasi-local" here means that a term in the Hamiltonian can involve local operators distant in

space but the associated amplitude rapidly decays in space.
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expectation value for each eigenstate also becomes trivial, given by [46]

〈α|Ô|α〉F =
1

Z
Tr
(
Ôρ̂∞

)
=

1

D
Tr Ô. (1.25)

Such a behavior is also named Floquet-ETH which has been verified numerically [36,

46] and also experimentally [47] in many systems. It is thus implied that for a generic

interacting Floquet many-body system, initial states will eventually approach the same

infinite-temperature state and lose all interesting local features. The entanglement

entropy also reaches the average value S∞ of a random state in the Hilbert space [48],

which, for a spin−1
2 chain of length L reads

S∞ =
L log 2− 1

2
. (1.26)

1.3 Violation of ETH

Now I start introducing non-ergodic systems where all or some eigenstates violate

the canonical ETH prediction. These systems can thus maintain the memory of local

properties of the initial states either permanently or for an exceptionally long time.

1.3.1 Integrable Systems

As the first example, I focus on integrable systems. Although a precise definition

is still under debate, here by "integrable systems" I mean there exists an extensive

number of local integrals of motion Îk which commute with each other as well as the

Hamiltonian. Note that the projector |α〉 〈α| on each eigenstate |α〉, also commute

with the Hamiltonian Ĥ, however, they are normally highly non-local hence do not

imply integrability. The statistics of the level spacing is thus expected to follow

Poisson distribution due to the presence of degeneracy in the spectrum induced by

Îk [33].

As the Îk commute with the Hamiltonian, their expectation values at any given

time are fixed by the initial state |ψ0〉, hence, deviate from the canonical ensemble

prediction as reviewed in Sec. 1.2. Therefore, apart from the regular energy or mo-

mentum conservation, these new conserved quantities impose additional constraints

on the thermal equilibration. To capture the thermal relaxation of local observables



1.3. Violation of ETH 15

for integrable systems, the generalized Gibbs ensemble (GGE) was proposed [49] and

its density matrix reads

ρ̂GGE =
exp

(
−∑k λkÎk

)

Tr
[
exp

(
−∑k λkÎk

)] , (1.27)

which maximizes the entropy S = kB Tr [ρ̂ ln(1/ρ̂)] subject to the additional con-

straints. The values of the Lagrange multipliers are determined by requiring

Tr
[
ρ̂GGEÎk

]
= 〈ψ0| Îk |ψ0〉 . (1.28)

The validity of the GGE has been verified in many integrable models, for instance

hard-core bosons [50] and transverse field Ising models [51].

Floquet Systems Integrability significantly changes the heating behavior for Flo-

quet systems. Instead of heating to the infinite temperature, it is shown that after

a sufficiently long time, a steady state is obtained which can be described by the

periodic Gibbs ensemble (PGE) proposed in Ref. [52] as

ρ̂PGE(t) = Z−1exp

(
−
∑

k

λkÎk(t)

)
, (1.29)

where Z is the time-independent normalization factor. The operators

Îk(t) = Û(t)ÎkÛ
†(t),

where Û(t) denotes the time evolution operator for Floquet systems at time t, are

temporally periodic integrals of motion, the expectation value of which defines time

independent conserved quantities [52]. Therefore, the PGE ensemble is also periodic,

hence, the expectation values of local observables synchronize with the drive.

1.3.2 Many-Body Localization

Another important mechanism to evade quantum thermalization is many-body local-

ization (MBL) [53–55]. It is a generalization of Anderson localization [56] by including

many-body interactions. The XXZ spin model serves as a paradigmatic model for
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Figure 1.4: (a) Local integrals of motion l−bits τi can be transformed from physical qubits
σi via a local unitary transformation V . Support of τi decays exponentially away from site

i. (b) Eigenstates |α〉 of a MBL Hamiltonian are products of the eigenstate of τzi .

MBL captured by the Hamiltonian [57, 58]

ĤMBL =
∑

i=1

J
(
σxi σ

x
i+1 + σyi σ

y
i+1

)
+ Jzσ

z
i σ

z
i+1 + hiσ

z
i , (1.30)

where σαi represents pauli operators for spin-1
2 operators at site i, J and Jz denotes

interaction strength and hi defines a random field on each site. Via the Jordan-Wigner

transformation [59], the XXZ model can be mapped to a fermionic model as

ĤMBL =
∑

i

2J
(
ĉ†i ĉi+1 + H.c.

)
+ Jz (2n̂i − 1) (2n̂i+1 − 1) +

∑

i

hi (2n̂i − 1) , (1.31)

where ĉ†i defines standard fermionic creation operator at site i and n̂i = ĉ†i ĉi denotes

the occupation number. For a vanishing interaction Jz = 0, Eq. (1.31) describes the

Anderson localized model where all single-particle eigenstates become localized for

any nonzero disorder potential. Such localization generalizes to MBL in the presence

of weak interaction Jz 6= 0 as long as the disorder strength is sufficiently strong.

Many properties of MBL in spin systems can be understood via the phenomenolog-

ical degrees of freedom (d.o.f.) τi as illustrated in Fig. 1.4 (a) [60]. They are known as

l−bits, which can be transformed from the physical qubit of σ via a local transforma-

tion V as τi = V †σiV . Crucially, they commute with other l−bits as [τi, τj ] = 0 [61].

In the localized phase, the original Hamiltonian take the general form

ĤMBL =
∑

i

h̃iτ
z
i +

∑

ij

Jijτ
z
i τ

z
j +

∑

ijk

Jijkτ
z
i τ

z
j τ

z
k + · · · , (1.32)

where h̃i denotes an effective random field, and Jij and Jijk characterize interaction

between l−bits which decays exponentially with distance |i − j|. As the Hamilto-

nian is purely diagonal in the new basis, all l−bits commute with the Hamiltonian
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<latexit sha1_base64="uo+e6Ye7q4S0yXsxaa7F+TwZq/o=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegCN6MYB6QLKF3MkmGzM6uM7OBsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glhwbVz321lZXVvf2Mxt5bd3dvf2CweHdR0lirIajUSkmgFqJrhkNcONYM1YMQwDwRrB8GbqN0ZMaR7JRzOOmR9iX/Iep2is5N+XbjtpG0U8wMlZp1B0y+4MZJl4GSlChmqn8NXuRjQJmTRUoNYtz42Nn6IynAo2ybcTzWKkQ+yzlqUSQ6b9dHb0hJxapUt6kbIlDZmpvydSDLUeh4HtDNEM9KI3Ff/zWonpXfkpl3FimKTzRb1EEBORaQKkyxWjRowtQaq4vZXQASqkxuaUtyF4iy8vk/p52XPL3sNFsXKdxZGDYziBEnhwCRW4gyrUgMITPMMrvDkj58V5dz7mrStONnMEf+B8/gAF9pGa</latexit><latexit sha1_base64="uo+e6Ye7q4S0yXsxaa7F+TwZq/o=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegCN6MYB6QLKF3MkmGzM6uM7OBsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glhwbVz321lZXVvf2Mxt5bd3dvf2CweHdR0lirIajUSkmgFqJrhkNcONYM1YMQwDwRrB8GbqN0ZMaR7JRzOOmR9iX/Iep2is5N+XbjtpG0U8wMlZp1B0y+4MZJl4GSlChmqn8NXuRjQJmTRUoNYtz42Nn6IynAo2ybcTzWKkQ+yzlqUSQ6b9dHb0hJxapUt6kbIlDZmpvydSDLUeh4HtDNEM9KI3Ff/zWonpXfkpl3FimKTzRb1EEBORaQKkyxWjRowtQaq4vZXQASqkxuaUtyF4iy8vk/p52XPL3sNFsXKdxZGDYziBEnhwCRW4gyrUgMITPMMrvDkj58V5dz7mrStONnMEf+B8/gAF9pGa</latexit><latexit sha1_base64="uo+e6Ye7q4S0yXsxaa7F+TwZq/o=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegCN6MYB6QLKF3MkmGzM6uM7OBsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glhwbVz321lZXVvf2Mxt5bd3dvf2CweHdR0lirIajUSkmgFqJrhkNcONYM1YMQwDwRrB8GbqN0ZMaR7JRzOOmR9iX/Iep2is5N+XbjtpG0U8wMlZp1B0y+4MZJl4GSlChmqn8NXuRjQJmTRUoNYtz42Nn6IynAo2ybcTzWKkQ+yzlqUSQ6b9dHb0hJxapUt6kbIlDZmpvydSDLUeh4HtDNEM9KI3Ff/zWonpXfkpl3FimKTzRb1EEBORaQKkyxWjRowtQaq4vZXQASqkxuaUtyF4iy8vk/p52XPL3sNFsXKdxZGDYziBEnhwCRW4gyrUgMITPMMrvDkj58V5dz7mrStONnMEf+B8/gAF9pGa</latexit><latexit sha1_base64="uo+e6Ye7q4S0yXsxaa7F+TwZq/o=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegCN6MYB6QLKF3MkmGzM6uM7OBsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glhwbVz321lZXVvf2Mxt5bd3dvf2CweHdR0lirIajUSkmgFqJrhkNcONYM1YMQwDwRrB8GbqN0ZMaR7JRzOOmR9iX/Iep2is5N+XbjtpG0U8wMlZp1B0y+4MZJl4GSlChmqn8NXuRjQJmTRUoNYtz42Nn6IynAo2ybcTzWKkQ+yzlqUSQ6b9dHb0hJxapUt6kbIlDZmpvydSDLUeh4HtDNEM9KI3Ff/zWonpXfkpl3FimKTzRb1EEBORaQKkyxWjRowtQaq4vZXQASqkxuaUtyF4iy8vk/p52XPL3sNFsXKdxZGDYziBEnhwCRW4gyrUgMITPMMrvDkj58V5dz7mrStONnMEf+B8/gAF9pGa</latexit>

E↵
<latexit sha1_base64="rLiDH8XAnEwX1tKRbfWM5/1d5Ts=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiCB4r2A9sQ5lsN+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUUdaksYhVJ0DNBJesabgRrJMohlEgWDsY38z89hNTmsfywUwS5kc4lDzkFI2VHm/7WQ9FMsJpv1xxq+4cZJV4OalAjka//NUbxDSNmDRUoNZdz02Mn6EynAo2LfVSzRKkYxyyrqUSI6b9bH7xlJxZZUDCWNmShszV3xMZRlpPosB2RmhGetmbif953dSEV37GZZIaJuliUZgKYmIye58MuGLUiIklSBW3txI6QoXU2JBKNgRv+eVV0rqoem7Vu7+s1K/zOIpwAqdwDh7UoA530IAmUJDwDK/w5mjnxXl3PhatBSefOYY/cD5/AJsGkNw=</latexit><latexit sha1_base64="rLiDH8XAnEwX1tKRbfWM5/1d5Ts=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiCB4r2A9sQ5lsN+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUUdaksYhVJ0DNBJesabgRrJMohlEgWDsY38z89hNTmsfywUwS5kc4lDzkFI2VHm/7WQ9FMsJpv1xxq+4cZJV4OalAjka//NUbxDSNmDRUoNZdz02Mn6EynAo2LfVSzRKkYxyyrqUSI6b9bH7xlJxZZUDCWNmShszV3xMZRlpPosB2RmhGetmbif953dSEV37GZZIaJuliUZgKYmIye58MuGLUiIklSBW3txI6QoXU2JBKNgRv+eVV0rqoem7Vu7+s1K/zOIpwAqdwDh7UoA530IAmUJDwDK/w5mjnxXl3PhatBSefOYY/cD5/AJsGkNw=</latexit><latexit sha1_base64="rLiDH8XAnEwX1tKRbfWM5/1d5Ts=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiCB4r2A9sQ5lsN+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUUdaksYhVJ0DNBJesabgRrJMohlEgWDsY38z89hNTmsfywUwS5kc4lDzkFI2VHm/7WQ9FMsJpv1xxq+4cZJV4OalAjka//NUbxDSNmDRUoNZdz02Mn6EynAo2LfVSzRKkYxyyrqUSI6b9bH7xlJxZZUDCWNmShszV3xMZRlpPosB2RmhGetmbif953dSEV37GZZIaJuliUZgKYmIye58MuGLUiIklSBW3txI6QoXU2JBKNgRv+eVV0rqoem7Vu7+s1K/zOIpwAqdwDh7UoA530IAmUJDwDK/w5mjnxXl3PhatBSefOYY/cD5/AJsGkNw=</latexit><latexit sha1_base64="rLiDH8XAnEwX1tKRbfWM5/1d5Ts=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiCB4r2A9sQ5lsN+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUUdaksYhVJ0DNBJesabgRrJMohlEgWDsY38z89hNTmsfywUwS5kc4lDzkFI2VHm/7WQ9FMsJpv1xxq+4cZJV4OalAjka//NUbxDSNmDRUoNZdz02Mn6EynAo2LfVSzRKkYxyyrqUSI6b9bH7xlJxZZUDCWNmShszV3xMZRlpPosB2RmhGetmbif953dSEV37GZZIaJuliUZgKYmIye58MuGLUiIklSBW3txI6QoXU2JBKNgRv+eVV0rqoem7Vu7+s1K/zOIpwAqdwDh7UoA530IAmUJDwDK/w5mjnxXl3PhatBSefOYY/cD5/AJsGkNw=</latexit>

T
<latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit>

hr
i

<latexit sha1_base64="YcXAzbuD4zLErqjphY9vHHx2FcY=">AAAB+XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxgv2AppTNdtou3WzC7qZQQv+JFw+KePWfePPfuE1z0NYXFh7emWFm3zARXBvP+3ZKG5tb2zvl3cre/sHhkXt80tJxqhg2WSxi1QmpRsElNg03AjuJQhqFAtvh5H5Rb09RaR7LJzNLsBfRkeRDzqixVt91A0HlSCBRgcqh71a9mpeLrINfQBUKNfruVzCIWRqhNExQrbu+l5heRpXhTOC8EqQaE8omdIRdi5JGqHtZfvmcXFhnQIaxsk8akru/JzIaaT2LQtsZUTPWq7WF+V+tm5rhbS/jMkkNSrZcNEwFMTFZxEAGXCEzYmaBMsXtrYSNqaLM2LAqNgR/9cvr0Lqq+V7Nf7yu1u+KOMpwBudwCT7cQB0eoAFNYDCFZ3iFNydzXpx352PZWnKKmVP4I+fzB2sCk4E=</latexit><latexit sha1_base64="YcXAzbuD4zLErqjphY9vHHx2FcY=">AAAB+XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxgv2AppTNdtou3WzC7qZQQv+JFw+KePWfePPfuE1z0NYXFh7emWFm3zARXBvP+3ZKG5tb2zvl3cre/sHhkXt80tJxqhg2WSxi1QmpRsElNg03AjuJQhqFAtvh5H5Rb09RaR7LJzNLsBfRkeRDzqixVt91A0HlSCBRgcqh71a9mpeLrINfQBUKNfruVzCIWRqhNExQrbu+l5heRpXhTOC8EqQaE8omdIRdi5JGqHtZfvmcXFhnQIaxsk8akru/JzIaaT2LQtsZUTPWq7WF+V+tm5rhbS/jMkkNSrZcNEwFMTFZxEAGXCEzYmaBMsXtrYSNqaLM2LAqNgR/9cvr0Lqq+V7Nf7yu1u+KOMpwBudwCT7cQB0eoAFNYDCFZ3iFNydzXpx352PZWnKKmVP4I+fzB2sCk4E=</latexit><latexit sha1_base64="YcXAzbuD4zLErqjphY9vHHx2FcY=">AAAB+XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxgv2AppTNdtou3WzC7qZQQv+JFw+KePWfePPfuE1z0NYXFh7emWFm3zARXBvP+3ZKG5tb2zvl3cre/sHhkXt80tJxqhg2WSxi1QmpRsElNg03AjuJQhqFAtvh5H5Rb09RaR7LJzNLsBfRkeRDzqixVt91A0HlSCBRgcqh71a9mpeLrINfQBUKNfruVzCIWRqhNExQrbu+l5heRpXhTOC8EqQaE8omdIRdi5JGqHtZfvmcXFhnQIaxsk8akru/JzIaaT2LQtsZUTPWq7WF+V+tm5rhbS/jMkkNSrZcNEwFMTFZxEAGXCEzYmaBMsXtrYSNqaLM2LAqNgR/9cvr0Lqq+V7Nf7yu1u+KOMpwBudwCT7cQB0eoAFNYDCFZ3iFNydzXpx352PZWnKKmVP4I+fzB2sCk4E=</latexit><latexit sha1_base64="YcXAzbuD4zLErqjphY9vHHx2FcY=">AAAB+XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxgv2AppTNdtou3WzC7qZQQv+JFw+KePWfePPfuE1z0NYXFh7emWFm3zARXBvP+3ZKG5tb2zvl3cre/sHhkXt80tJxqhg2WSxi1QmpRsElNg03AjuJQhqFAtvh5H5Rb09RaR7LJzNLsBfRkeRDzqixVt91A0HlSCBRgcqh71a9mpeLrINfQBUKNfruVzCIWRqhNExQrbu+l5heRpXhTOC8EqQaE8omdIRdi5JGqHtZfvmcXFhnQIaxsk8akru/JzIaaT2LQtsZUTPWq7WF+V+tm5rhbS/jMkkNSrZcNEwFMTFZxEAGXCEzYmaBMsXtrYSNqaLM2LAqNgR/9cvr0Lqq+V7Nf7yu1u+KOMpwBudwCT7cQB0eoAFNYDCFZ3iFNydzXpx352PZWnKKmVP4I+fzB2sCk4E=</latexit>

4
<latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVr1ir12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit><latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVr1ir12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit><latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVr1ir12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit><latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVr1ir12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>

0.38
<latexit sha1_base64="eTZ/eOHlT2iImv41UrUgkwV0w3I=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0i0YI9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55LnXjWG15rneAmid+AWpQYHWsPo1GMUkFVQawrHWfd9LTJBhZRjhdF4ZpJommEzxmPYtlVhQHWSLW+fowiojFMXKljRoof6eyLDQeiZC2ymwmehVLxf/8/qpiRpBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10nnyvU913+o15q3RRxlOINzuAQfbqAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AHQ3Y1r</latexit><latexit sha1_base64="eTZ/eOHlT2iImv41UrUgkwV0w3I=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0i0YI9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55LnXjWG15rneAmid+AWpQYHWsPo1GMUkFVQawrHWfd9LTJBhZRjhdF4ZpJommEzxmPYtlVhQHWSLW+fowiojFMXKljRoof6eyLDQeiZC2ymwmehVLxf/8/qpiRpBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10nnyvU913+o15q3RRxlOINzuAQfbqAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AHQ3Y1r</latexit><latexit sha1_base64="eTZ/eOHlT2iImv41UrUgkwV0w3I=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0i0YI9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55LnXjWG15rneAmid+AWpQYHWsPo1GMUkFVQawrHWfd9LTJBhZRjhdF4ZpJommEzxmPYtlVhQHWSLW+fowiojFMXKljRoof6eyLDQeiZC2ymwmehVLxf/8/qpiRpBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10nnyvU913+o15q3RRxlOINzuAQfbqAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AHQ3Y1r</latexit><latexit sha1_base64="eTZ/eOHlT2iImv41UrUgkwV0w3I=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0i0YI9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55LnXjWG15rneAmid+AWpQYHWsPo1GMUkFVQawrHWfd9LTJBhZRjhdF4ZpJommEzxmPYtlVhQHWSLW+fowiojFMXKljRoof6eyLDQeiZC2ymwmehVLxf/8/qpiRpBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10nnyvU913+o15q3RRxlOINzuAQfbqAJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AHQ3Y1r</latexit>

0.54
<latexit sha1_base64="e8IwMpn37auOT0od86SKxOV8Km0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0ikRY9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55LmN+rBa81xvAbRO/ILUoEBrWP0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URDdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10nnyvU913+o15q3RRxlOINzuAQfrqEJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AHN141p</latexit><latexit sha1_base64="e8IwMpn37auOT0od86SKxOV8Km0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0ikRY9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55LmN+rBa81xvAbRO/ILUoEBrWP0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URDdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10nnyvU913+o15q3RRxlOINzuAQfrqEJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AHN141p</latexit><latexit sha1_base64="e8IwMpn37auOT0od86SKxOV8Km0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0ikRY9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55LmN+rBa81xvAbRO/ILUoEBrWP0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URDdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10nnyvU913+o15q3RRxlOINzuAQfrqEJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AHN141p</latexit><latexit sha1_base64="e8IwMpn37auOT0od86SKxOV8Km0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0ikRY9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55LmN+rBa81xvAbRO/ILUoEBrWP0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URDdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10nnyvU913+o15q3RRxlOINzuAQfrqEJ99CCNhCYwDO8wpsjnBfn3flYtpacYuYU/sD5/AHN141p</latexit>

L = 10
<latexit sha1_base64="qRiQnGN1AaQ7ORy5/KoCLqxS+Kc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8mKoAhCwYsHDxWsLbRLyabZNjTJLklWKEv/ghcPinj1D3nz35ht96CtDwYe780wMy9MBDcW42+vtLK6tr5R3qxsbe/s7lX3Dx5NnGrKWjQWse6ExDDBFWtZbgXrJJoRGQrWDsc3ud9+YtrwWD3YScICSYaKR5wSm0t31z7uV2u4jmdAy8QvSA0KNPvVr94gpqlkylJBjOn6OLFBRrTlVLBppZcalhA6JkPWdVQRyUyQzW6dohOnDFAUa1fKopn6eyIj0piJDF2nJHZkFr1c/M/rpja6DDKuktQyReeLolQgG6P8cTTgmlErJo4Qqrm7FdER0YRaF0/FheAvvrxMHs/qPq779+e1xlURRxmO4BhOwYcLaMAtNKEFFEbwDK/w5knvxXv3PuatJa+YOYQ/8D5/AAD4jYQ=</latexit><latexit sha1_base64="qRiQnGN1AaQ7ORy5/KoCLqxS+Kc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8mKoAhCwYsHDxWsLbRLyabZNjTJLklWKEv/ghcPinj1D3nz35ht96CtDwYe780wMy9MBDcW42+vtLK6tr5R3qxsbe/s7lX3Dx5NnGrKWjQWse6ExDDBFWtZbgXrJJoRGQrWDsc3ud9+YtrwWD3YScICSYaKR5wSm0t31z7uV2u4jmdAy8QvSA0KNPvVr94gpqlkylJBjOn6OLFBRrTlVLBppZcalhA6JkPWdVQRyUyQzW6dohOnDFAUa1fKopn6eyIj0piJDF2nJHZkFr1c/M/rpja6DDKuktQyReeLolQgG6P8cTTgmlErJo4Qqrm7FdER0YRaF0/FheAvvrxMHs/qPq779+e1xlURRxmO4BhOwYcLaMAtNKEFFEbwDK/w5knvxXv3PuatJa+YOYQ/8D5/AAD4jYQ=</latexit><latexit sha1_base64="qRiQnGN1AaQ7ORy5/KoCLqxS+Kc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8mKoAhCwYsHDxWsLbRLyabZNjTJLklWKEv/ghcPinj1D3nz35ht96CtDwYe780wMy9MBDcW42+vtLK6tr5R3qxsbe/s7lX3Dx5NnGrKWjQWse6ExDDBFWtZbgXrJJoRGQrWDsc3ud9+YtrwWD3YScICSYaKR5wSm0t31z7uV2u4jmdAy8QvSA0KNPvVr94gpqlkylJBjOn6OLFBRrTlVLBppZcalhA6JkPWdVQRyUyQzW6dohOnDFAUa1fKopn6eyIj0piJDF2nJHZkFr1c/M/rpja6DDKuktQyReeLolQgG6P8cTTgmlErJo4Qqrm7FdER0YRaF0/FheAvvrxMHs/qPq779+e1xlURRxmO4BhOwYcLaMAtNKEFFEbwDK/w5knvxXv3PuatJa+YOYQ/8D5/AAD4jYQ=</latexit><latexit sha1_base64="qRiQnGN1AaQ7ORy5/KoCLqxS+Kc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8mKoAhCwYsHDxWsLbRLyabZNjTJLklWKEv/ghcPinj1D3nz35ht96CtDwYe780wMy9MBDcW42+vtLK6tr5R3qxsbe/s7lX3Dx5NnGrKWjQWse6ExDDBFWtZbgXrJJoRGQrWDsc3ud9+YtrwWD3YScICSYaKR5wSm0t31z7uV2u4jmdAy8QvSA0KNPvVr94gpqlkylJBjOn6OLFBRrTlVLBppZcalhA6JkPWdVQRyUyQzW6dohOnDFAUa1fKopn6eyIj0piJDF2nJHZkFr1c/M/rpja6DDKuktQyReeLolQgG6P8cTTgmlErJo4Qqrm7FdER0YRaF0/FheAvvrxMHs/qPq779+e1xlURRxmO4BhOwYcLaMAtNKEFFEbwDK/w5knvxXv3PuatJa+YOYQ/8D5/AAD4jYQ=</latexit>

L = 12<latexit sha1_base64="yVw5pXRcegyHw8Nza6hS+f7NlII=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoAhCwYsHDxXsB7ShbLabdunuJuxuhBL6F7x4UMSrf8ib/8ZNmoO2Phh4vDfDzLwg5kwb1/12SmvrG5tb5e3Kzu7e/kH18Kijo0QR2iYRj1QvwJpyJmnbMMNpL1YUi4DTbjC9zfzuE1WaRfLRzGLqCzyWLGQEm0y6v/Eaw2rNrbs50CrxClKDAq1h9WswikgiqDSEY637nhsbP8XKMMLpvDJINI0xmeIx7VsqsaDaT/Nb5+jMKiMURsqWNChXf0+kWGg9E4HtFNhM9LKXif95/cSEV37KZJwYKsliUZhwZCKUPY5GTFFi+MwSTBSztyIywQoTY+Op2BC85ZdXSadR99y693BRa14XcZThBE7hHDy4hCbcQQvaQGACz/AKb45wXpx352PRWnKKmWP4A+fzBwQAjYY=</latexit><latexit sha1_base64="yVw5pXRcegyHw8Nza6hS+f7NlII=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoAhCwYsHDxXsB7ShbLabdunuJuxuhBL6F7x4UMSrf8ib/8ZNmoO2Phh4vDfDzLwg5kwb1/12SmvrG5tb5e3Kzu7e/kH18Kijo0QR2iYRj1QvwJpyJmnbMMNpL1YUi4DTbjC9zfzuE1WaRfLRzGLqCzyWLGQEm0y6v/Eaw2rNrbs50CrxClKDAq1h9WswikgiqDSEY637nhsbP8XKMMLpvDJINI0xmeIx7VsqsaDaT/Nb5+jMKiMURsqWNChXf0+kWGg9E4HtFNhM9LKXif95/cSEV37KZJwYKsliUZhwZCKUPY5GTFFi+MwSTBSztyIywQoTY+Op2BC85ZdXSadR99y693BRa14XcZThBE7hHDy4hCbcQQvaQGACz/AKb45wXpx352PRWnKKmWP4A+fzBwQAjYY=</latexit><latexit sha1_base64="yVw5pXRcegyHw8Nza6hS+f7NlII=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoAhCwYsHDxXsB7ShbLabdunuJuxuhBL6F7x4UMSrf8ib/8ZNmoO2Phh4vDfDzLwg5kwb1/12SmvrG5tb5e3Kzu7e/kH18Kijo0QR2iYRj1QvwJpyJmnbMMNpL1YUi4DTbjC9zfzuE1WaRfLRzGLqCzyWLGQEm0y6v/Eaw2rNrbs50CrxClKDAq1h9WswikgiqDSEY637nhsbP8XKMMLpvDJINI0xmeIx7VsqsaDaT/Nb5+jMKiMURsqWNChXf0+kWGg9E4HtFNhM9LKXif95/cSEV37KZJwYKsliUZhwZCKUPY5GTFFi+MwSTBSztyIywQoTY+Op2BC85ZdXSadR99y693BRa14XcZThBE7hHDy4hCbcQQvaQGACz/AKb45wXpx352PRWnKKmWP4A+fzBwQAjYY=</latexit><latexit sha1_base64="yVw5pXRcegyHw8Nza6hS+f7NlII=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoAhCwYsHDxXsB7ShbLabdunuJuxuhBL6F7x4UMSrf8ib/8ZNmoO2Phh4vDfDzLwg5kwb1/12SmvrG5tb5e3Kzu7e/kH18Kijo0QR2iYRj1QvwJpyJmnbMMNpL1YUi4DTbjC9zfzuE1WaRfLRzGLqCzyWLGQEm0y6v/Eaw2rNrbs50CrxClKDAq1h9WswikgiqDSEY637nhsbP8XKMMLpvDJINI0xmeIx7VsqsaDaT/Nb5+jMKiMURsqWNChXf0+kWGg9E4HtFNhM9LKXif95/cSEV37KZJwYKsliUZhwZCKUPY5GTFFi+MwSTBSztyIywQoTY+Op2BC85ZdXSadR99y693BRa14XcZThBE7hHDy4hCbcQQvaQGACz/AKb45wXpx352PRWnKKmWP4A+fzBwQAjYY=</latexit>

L = 14<latexit sha1_base64="q6NIEO79MoRWPjpWZSzUtuQYjTA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoAhCwYsHDxXsB7ShbLabdunuJuxuhBL6F7x4UMSrf8ib/8ZNmoO2Phh4vDfDzLwg5kwb1/12SmvrG5tb5e3Kzu7e/kH18Kijo0QR2iYRj1QvwJpyJmnbMMNpL1YUi4DTbjC9zfzuE1WaRfLRzGLqCzyWLGQEm0y6v/Eaw2rNrbs50CrxClKDAq1h9WswikgiqDSEY637nhsbP8XKMMLpvDJINI0xmeIx7VsqsaDaT/Nb5+jMKiMURsqWNChXf0+kWGg9E4HtFNhM9LKXif95/cSEV37KZJwYKsliUZhwZCKUPY5GTFFi+MwSTBSztyIywQoTY+Op2BC85ZdXSeei7rl176FRa14XcZThBE7hHDy4hCbcQQvaQGACz/AKb45wXpx352PRWnKKmWP4A+fzBwcIjYg=</latexit><latexit sha1_base64="q6NIEO79MoRWPjpWZSzUtuQYjTA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoAhCwYsHDxXsB7ShbLabdunuJuxuhBL6F7x4UMSrf8ib/8ZNmoO2Phh4vDfDzLwg5kwb1/12SmvrG5tb5e3Kzu7e/kH18Kijo0QR2iYRj1QvwJpyJmnbMMNpL1YUi4DTbjC9zfzuE1WaRfLRzGLqCzyWLGQEm0y6v/Eaw2rNrbs50CrxClKDAq1h9WswikgiqDSEY637nhsbP8XKMMLpvDJINI0xmeIx7VsqsaDaT/Nb5+jMKiMURsqWNChXf0+kWGg9E4HtFNhM9LKXif95/cSEV37KZJwYKsliUZhwZCKUPY5GTFFi+MwSTBSztyIywQoTY+Op2BC85ZdXSeei7rl176FRa14XcZThBE7hHDy4hCbcQQvaQGACz/AKb45wXpx352PRWnKKmWP4A+fzBwcIjYg=</latexit><latexit sha1_base64="q6NIEO79MoRWPjpWZSzUtuQYjTA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoAhCwYsHDxXsB7ShbLabdunuJuxuhBL6F7x4UMSrf8ib/8ZNmoO2Phh4vDfDzLwg5kwb1/12SmvrG5tb5e3Kzu7e/kH18Kijo0QR2iYRj1QvwJpyJmnbMMNpL1YUi4DTbjC9zfzuE1WaRfLRzGLqCzyWLGQEm0y6v/Eaw2rNrbs50CrxClKDAq1h9WswikgiqDSEY637nhsbP8XKMMLpvDJINI0xmeIx7VsqsaDaT/Nb5+jMKiMURsqWNChXf0+kWGg9E4HtFNhM9LKXif95/cSEV37KZJwYKsliUZhwZCKUPY5GTFFi+MwSTBSztyIywQoTY+Op2BC85ZdXSeei7rl176FRa14XcZThBE7hHDy4hCbcQQvaQGACz/AKb45wXpx352PRWnKKmWP4A+fzBwcIjYg=</latexit><latexit sha1_base64="q6NIEO79MoRWPjpWZSzUtuQYjTA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoAhCwYsHDxXsB7ShbLabdunuJuxuhBL6F7x4UMSrf8ib/8ZNmoO2Phh4vDfDzLwg5kwb1/12SmvrG5tb5e3Kzu7e/kH18Kijo0QR2iYRj1QvwJpyJmnbMMNpL1YUi4DTbjC9zfzuE1WaRfLRzGLqCzyWLGQEm0y6v/Eaw2rNrbs50CrxClKDAq1h9WswikgiqDSEY637nhsbP8XKMMLpvDJINI0xmeIx7VsqsaDaT/Nb5+jMKiMURsqWNChXf0+kWGg9E4HtFNhM9LKXif95/cSEV37KZJwYKsliUZhwZCKUPY5GTFFi+MwSTBSztyIywQoTY+Op2BC85ZdXSeei7rl176FRa14XcZThBE7hHDy4hCbcQQvaQGACz/AKb45wXpx352PRWnKKmWP4A+fzBwcIjYg=</latexit>

(a)
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Figure 1.5: (a) Local expectation values for (Floquet-)MBL eigenstates fluctuate chaoti-
cally. (b) Level statistics of a Floquet model with disorder. The average value of the ratio of
consecutive quasi-energy gaps detects the Floquet-MBL to thermal phase transition, which

occurs for a large driving period T . Figure is adapted from Ref. [62]

[τi, ĤMBL] = 0 and they are regarded as emergent local integrals of motion, which

makes the system similar to an integrable model. The level statistics therefore obeys

POI distribution stemming from the lack of level repulsion, which has also been em-

ployed as a signature to probe the MBL-thermal phase transition [58].

All eigenstates of MBL are simply products of τi, as shown in Fig. 1.4 (b), which

maintain locality even when transformed back to the physical d.o.f. It results in

the area-law scaling of the entanglement entropy as localized bits cannot establish

correlations throughout the whole system [58], in sharp contrast to the volume-law

scaling expected for ETH-obeying excited eigenstates. Likewise, the system cannot act

as its own thermal bath. Hence, eigenstates are not thermal and their local properties

fluctuate chaotically even for eigenstates close in energy as shown in Fig. 1.5 (a). In

a quench setup, the expectation values of each l−bit are determined by the initial

condition and remain conserved during the time evolution. Therefore, the memory

of initial states is preserved for an infinitely long time [63] as verified in recent cold

atoms experiments [64, 65].

Floquet MBL

MBL has also been shown to evade heating when the system is subject to a periodic

drive [66], which again can be intuitively understood via the l−bits representation [62].

Without loss of generality, here I consider a generic MBL system driven by a local

field D̂ which oscillates monochromatically as

Ĥ(t) = ĤMBL + D̂ cos(ωt), (1.33)
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where ω determines the driving frequency. As the eigenstates of ĤMBL are products

of l−bits, a local drive can only modify a group of l−bits in a finite spatial region.

These l−bits span a typical local energy bandwidth W . In the rapid driving regime,

as long as ω � W , there are no transition channels between different many-body

eigenstates to absorb an energy quanta ω. Therefore, MBL remains stable in Floquet

systems (Floquet-MBL) [62]. Formally, although there is no rigorous proof, such

a non-thermal behavior suggests that the Floquet-Magnus expansion introduced in

Eq. (1.23) converges for sufficiently rapid driving and strong disorders [67]. The

resulting Floquet Hamiltonian ĤF defined in Eq. (1.22) is also many-body localized

associated with a new set of dressed l−bits different from the ones for the undriven

Hamiltonian ĤMBL. The late time relaxation in such a system will be similar to the

Floquet integrable systems discussed in Sec. 1.3.1, namely synchronizing with the

driving and the stroboscopic time evolution is purely captured by ĤF .

When the driving frequency is reduced, a transition from Floquet-MBL to the

thermal phase happens, illustrated in Fig. 1.5 (b), as energy absorption via many-

body resonances is restored for ω . W . In other words, higher order contributions

obtained from the Floquet-Magnus expansion become dominant for smaller driving

frequency. These highly non-local processes eventually destabilize MBL and heat up

the system.

Floquet Time Crystals

The stability of MBL in Floquet systems permits the existence of non-equilibrium

phases of matter without any counterpart in static systems. There are many of

them [18, 37, 68], but here I focus on discrete time crystals (DTC) which have at-

tracted great attention in recent years. As discussed in previous sections, the late-time

steady state ρ̂(t) of a Floquet many-body system either synchronizes with the peri-

odic drive for integrable models or completely thermalizes. These two types of steady

states are both periodic in time with the same frequency as the driven Hamiltonian4,

hence preserving the discrete time translation symmetry (TTS). A natural question
4Infinite temperature state is indeed time-independent but can still be regarded as periodic in

time
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arises, namely is it possible to realize a time crystal with spontaneous time transla-

tion symmetry breaking (TTSB) in a similar way to the spatial symmetry breaking in

crystals? To be precise, for a simple initial state subject to a driving Ĥ(t) of period

T , is it possible that the expectation value of at least one local observable O(t) of the

steady state exhibits persistent regular dynamics? For instance, periodic oscillations

as O(t+ T ′) = O(t) where T ′ is different from T hence breaking TTS of the original

Hamiltonian.

There are lots of models identified to demonstrate TTSB and the so-called π−

spin glass (SG) serves as an exemplary one with period-doubling time crystalline

dynamics [69], i.e. the observable oscillates with a doubled period T ′ = 2T . I first

focus on the soluble limit where the driving protocol consists of two steps captured

by the Floquet operator

ÛF = e−iĤxe−iĤz , (1.34)

where Ĥx =
∑L

i giσ
x
i and Ĥz =

∑L
i Jiσ

z
i σ

z
i+1, here L is the system size. Both of them

commute with a global Z2 Ising symmetry generated by the operator Px =
∏
i σ

x
i .

The coupling strength Ji is randomly chosen and results in a spin glass phase, see

details in [17, 69]. For gi = π/2, the second driving step reduces to

exp


−iπ

2

∑

j

σxj


 = (−i)L

∏

j

σxj , (1.35)

which is proportional to the Ising symmetry operator Px up to a phase.

Time crystalline behavior appears for any Ising symmetry broken state. For in-

stance, after the first half of the drive, the state |↑↑↓ . . . ↑↓〉 only gains an additional

phase induced by Hz as such the spin configuration remains invariant. The Ising sym-

metry operator then performs a spin flip on all of the sites, thus, after a single period

one obtains

ÛF |↑↑↓ . . . ↑↓〉 ∝ |↓↓↑ . . . ↓↑〉 . (1.36)
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The initial spin configuration can be restored after two periods hence the magnetiza-

tion exhibits period-doubling behavior as 〈σi〉(t+2T ) = 〈σi〉(t). Likewise, the Floquet

Hamiltonian of the Floquet operator for two periods reads

Û2n
F =

[
(−i)LPxe−iHz

]2n
= e−i2nĤz , (1.37)

suggesting the dynamics after even periods is fully governed by Ĥz.

Surprisingly, thanks to the stability of Floquet-MBL, the period-doubling behavior

described above is not merely a fine-tuned phenomenon, but rather defines a non-

equilibrium n−DTC phase of matter with n = 2. It remains infinitely long lived

with a period rigidly locked at 2T even when deviating from the soluble limit [70], for

instance, in the presence of rotation imperfections during the spin flip, or perturbations

which break the Ising symmetry of Ĥz as long as the perturbation strengths are small.

Nowadays the zoo of DTCs keeps growing and developments include, for instance,

the ones with higher (n = 4) [71] or fractional (n = 8/3) orders [72] and also in

higher dimensions [73]. I am particularly interested in time crystalline dynamics in

time-dependent systems which cannot be simply captured by the Floquet framework.

For instance in Chapter 4 and 5, I will show the TTSB can also appear in systems

driven by quasi-periodic and structured random drivings.

1.3.3 Quantum Many-Body Scars

Both the integrability and MBL strongly violate ETH as all eigenstates are non-

thermal. An interesting phenomenon observed experimentally on a Rydberg atom

platform as seen in Fig. 1.6 (a) [74] suggested that ergodicity-breaking can also happen

in non-integrable systems in a weak manner [75–79]. Persistent coherent oscillations

appeared only for certain special initial states, while most of the other generic initial

states rapidly thermalize. It turns out that a special band of non-thermal eigenstates,

named quantum many-body scars (QMBS) as seen in Fig. 1.6 (b), play a key role

in the appearance of the non-ergodic dynamics. QMBS have dominant support in a

small portion of Fock space and are decoupled (either approximately or exactly) from

the sea of thermalizing eigenstates obeying ETH. Therefore, any initial states with a

large overlap with QMBS display non-ergodic behavior that manifests itself through
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<latexit sha1_base64="9WrAhtNlHskRAYaDdD6FisWw/ZY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUDwVvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW3Kzu7e/sH1cOjlk4yxbDJEpGoTkg1Ci6xabgR2EkV0jgU2A7HtzO//YRK80Q+mkmKQUyHkkecUWOlB8+97FdrnuvNQVaJX5AaFGj0q1+9QcKyGKVhgmrd9b3UBDlVhjOB00ov05hSNqZD7FoqaYw6yOenTsmZVQYkSpQtachc/T2R01jrSRzazpiakV72ZuJ/Xjcz0XWQc5lmBiVbLIoyQUxCZn+TAVfIjJhYQpni9lbCRlRRZmw6FRuCv/zyKmlduL7n+veXtfpNEUcZTuAUzsGHK6jDHTSgCQyG8Ayv8OYI58V5dz4WrSWnmDmGP3A+fwBVoI0i</latexit><latexit sha1_base64="9WrAhtNlHskRAYaDdD6FisWw/ZY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUDwVvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW3Kzu7e/sH1cOjlk4yxbDJEpGoTkg1Ci6xabgR2EkV0jgU2A7HtzO//YRK80Q+mkmKQUyHkkecUWOlB8+97FdrnuvNQVaJX5AaFGj0q1+9QcKyGKVhgmrd9b3UBDlVhjOB00ov05hSNqZD7FoqaYw6yOenTsmZVQYkSpQtachc/T2R01jrSRzazpiakV72ZuJ/Xjcz0XWQc5lmBiVbLIoyQUxCZn+TAVfIjJhYQpni9lbCRlRRZmw6FRuCv/zyKmlduL7n+veXtfpNEUcZTuAUzsGHK6jDHTSgCQyG8Ayv8OYI58V5dz4WrSWnmDmGP3A+fwBVoI0i</latexit><latexit sha1_base64="9WrAhtNlHskRAYaDdD6FisWw/ZY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUDwVvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW3Kzu7e/sH1cOjlk4yxbDJEpGoTkg1Ci6xabgR2EkV0jgU2A7HtzO//YRK80Q+mkmKQUyHkkecUWOlB8+97FdrnuvNQVaJX5AaFGj0q1+9QcKyGKVhgmrd9b3UBDlVhjOB00ov05hSNqZD7FoqaYw6yOenTsmZVQYkSpQtachc/T2R01jrSRzazpiakV72ZuJ/Xjcz0XWQc5lmBiVbLIoyQUxCZn+TAVfIjJhYQpni9lbCRlRRZmw6FRuCv/zyKmlduL7n+veXtfpNEUcZTuAUzsGHK6jDHTSgCQyG8Ayv8OYI58V5dz4WrSWnmDmGP3A+fwBVoI0i</latexit><latexit sha1_base64="9WrAhtNlHskRAYaDdD6FisWw/ZY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUDwVvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW3Kzu7e/sH1cOjlk4yxbDJEpGoTkg1Ci6xabgR2EkV0jgU2A7HtzO//YRK80Q+mkmKQUyHkkecUWOlB8+97FdrnuvNQVaJX5AaFGj0q1+9QcKyGKVhgmrd9b3UBDlVhjOB00ov05hSNqZD7FoqaYw6yOenTsmZVQYkSpQtachc/T2R01jrSRzazpiakV72ZuJ/Xjcz0XWQc5lmBiVbLIoyQUxCZn+TAVfIjJhYQpni9lbCRlRRZmw6FRuCv/zyKmlduL7n+veXtfpNEUcZTuAUzsGHK6jDHTSgCQyG8Ayv8OYI58V5dz4WrSWnmDmGP3A+fwBVoI0i</latexit>

0.8
<latexit sha1_base64="9QBJTr8CeT00qkKryuiijpxfqrI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsHgqePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzwlQKg5735ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkgNl0LxFgqUvJtqTuNQ8k44uZn7nUeujUjUA05THsR0pEQkGEUr3XtufVCtea63APlL/ILUoEBzUP3sDxOWxVwhk9SYnu+lGORUo2CSzyr9zPCUsgkd8Z6lisbcBPni1Bk5s8qQRIm2pZAs1J8TOY2Nmcah7Ywpjs2qNxf/83oZRvUgFyrNkCu2XBRlkmBC5n+TodCcoZxaQpkW9lbCxlRThjadig3BX335L2lfuL7n+neXtcZ1EUcZTuAUzsGHK2jALTShBQxG8AQv8OpI59l5c96XrSWnmDmGX3A+vgFbsI0m</latexit><latexit sha1_base64="9QBJTr8CeT00qkKryuiijpxfqrI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsHgqePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzwlQKg5735ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkgNl0LxFgqUvJtqTuNQ8k44uZn7nUeujUjUA05THsR0pEQkGEUr3XtufVCtea63APlL/ILUoEBzUP3sDxOWxVwhk9SYnu+lGORUo2CSzyr9zPCUsgkd8Z6lisbcBPni1Bk5s8qQRIm2pZAs1J8TOY2Nmcah7Ywpjs2qNxf/83oZRvUgFyrNkCu2XBRlkmBC5n+TodCcoZxaQpkW9lbCxlRThjadig3BX335L2lfuL7n+neXtcZ1EUcZTuAUzsGHK2jALTShBQxG8AQv8OpI59l5c96XrSWnmDmGX3A+vgFbsI0m</latexit><latexit sha1_base64="9QBJTr8CeT00qkKryuiijpxfqrI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsHgqePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzwlQKg5735ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkgNl0LxFgqUvJtqTuNQ8k44uZn7nUeujUjUA05THsR0pEQkGEUr3XtufVCtea63APlL/ILUoEBzUP3sDxOWxVwhk9SYnu+lGORUo2CSzyr9zPCUsgkd8Z6lisbcBPni1Bk5s8qQRIm2pZAs1J8TOY2Nmcah7Ywpjs2qNxf/83oZRvUgFyrNkCu2XBRlkmBC5n+TodCcoZxaQpkW9lbCxlRThjadig3BX335L2lfuL7n+neXtcZ1EUcZTuAUzsGHK2jALTShBQxG8AQv8OpI59l5c96XrSWnmDmGX3A+vgFbsI0m</latexit><latexit sha1_base64="9QBJTr8CeT00qkKryuiijpxfqrI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsHgqePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzwlQKg5735ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkgNl0LxFgqUvJtqTuNQ8k44uZn7nUeujUjUA05THsR0pEQkGEUr3XtufVCtea63APlL/ILUoEBzUP3sDxOWxVwhk9SYnu+lGORUo2CSzyr9zPCUsgkd8Z6lisbcBPni1Bk5s8qQRIm2pZAs1J8TOY2Nmcah7Ywpjs2qNxf/83oZRvUgFyrNkCu2XBRlkmBC5n+TodCcoZxaQpkW9lbCxlRThjadig3BX335L2lfuL7n+neXtcZ1EUcZTuAUzsGHK2jALTShBQxG8AQv8OpI59l5c96XrSWnmDmGX3A+vgFbsI0m</latexit>

1.2<latexit sha1_base64="EV9f5ebh+2ubU5ZuDjbggHrNCS0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CkkRFE8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O2vrG5tb26Wd8u7e/sFh5ei4ZZJMM95kiUx0J6SGS6F4EwVK3kk1p3EoeTsc38789hPXRiTqEScpD2I6VCISjKKVHny31q9UPdebg6wSvyBVKNDoV756g4RlMVfIJDWm63spBjnVKJjk03IvMzylbEyHvGupojE3QT4/dUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0XWQC5VmyBVbLIoySTAhs7/JQGjOUE4soUwLeythI6opQ5tO2YbgL7+8Slo11/dc//6yWr8p4ijBKZzBBfhwBXW4gwY0gcEQnuEV3hzpvDjvzseidc0pZk7gD5zPH1QejSE=</latexit><latexit sha1_base64="EV9f5ebh+2ubU5ZuDjbggHrNCS0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CkkRFE8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O2vrG5tb26Wd8u7e/sFh5ei4ZZJMM95kiUx0J6SGS6F4EwVK3kk1p3EoeTsc38789hPXRiTqEScpD2I6VCISjKKVHny31q9UPdebg6wSvyBVKNDoV756g4RlMVfIJDWm63spBjnVKJjk03IvMzylbEyHvGupojE3QT4/dUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0XWQC5VmyBVbLIoySTAhs7/JQGjOUE4soUwLeythI6opQ5tO2YbgL7+8Slo11/dc//6yWr8p4ijBKZzBBfhwBXW4gwY0gcEQnuEV3hzpvDjvzseidc0pZk7gD5zPH1QejSE=</latexit><latexit sha1_base64="EV9f5ebh+2ubU5ZuDjbggHrNCS0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CkkRFE8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O2vrG5tb26Wd8u7e/sFh5ei4ZZJMM95kiUx0J6SGS6F4EwVK3kk1p3EoeTsc38789hPXRiTqEScpD2I6VCISjKKVHny31q9UPdebg6wSvyBVKNDoV756g4RlMVfIJDWm63spBjnVKJjk03IvMzylbEyHvGupojE3QT4/dUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0XWQC5VmyBVbLIoySTAhs7/JQGjOUE4soUwLeythI6opQ5tO2YbgL7+8Slo11/dc//6yWr8p4ijBKZzBBfhwBXW4gwY0gcEQnuEV3hzpvDjvzseidc0pZk7gD5zPH1QejSE=</latexit><latexit sha1_base64="EV9f5ebh+2ubU5ZuDjbggHrNCS0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CkkRFE8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O2vrG5tb26Wd8u7e/sFh5ei4ZZJMM95kiUx0J6SGS6F4EwVK3kk1p3EoeTsc38789hPXRiTqEScpD2I6VCISjKKVHny31q9UPdebg6wSvyBVKNDoV756g4RlMVfIJDWm63spBjnVKJjk03IvMzylbEyHvGupojE3QT4/dUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0XWQC5VmyBVbLIoySTAhs7/JQGjOUE4soUwLeythI6opQ5tO2YbgL7+8Slo11/dc//6yWr8p4ijBKZzBBfhwBXW4gwY0gcEQnuEV3hzpvDjvzseidc0pZk7gD5zPH1QejSE=</latexit>

T ime after quench (µs)
<latexit sha1_base64="F4FfW9Cb5bDxjghuE4dJQS8lPfo=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbkoiguKq4MZlhb6gCWUyvWmHziRxZiKU0I0bf8WNC0Xc+g/u/BunbRbaemDgcM693DknSDhT2nG+rcLK6tr6RnGztLW9s7tn7x+0VJxKCk0a81h2AqKAswiammkOnUQCEQGHdjC6mfrtB5CKxVFDjxPwBRlELGSUaCP17OMGE+BhEmqQHr5PIaJDD1c8kWJ11rPLTtWZAS8TNydllKPes7+8fkxTAZGmnCjVdZ1E+xmRmlEOk5KXKkgIHZEBdA2NiADlZ7MUE3xqlD4OY2lepPFM/b2REaHUWARmUhA9VIveVPzP66Y6vPIzFiWpNvHmh8KUYx3jaSW4zyRQzceGECqZ+SumQyIJNZ2okinBXYy8TFrnVdepuncX5dp1XkcRHaETVEEuukQ1dIvqqIkoekTP6BW9WU/Wi/VufcxHC1a+c4j+wPr8Addll3Y=</latexit><latexit sha1_base64="F4FfW9Cb5bDxjghuE4dJQS8lPfo=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbkoiguKq4MZlhb6gCWUyvWmHziRxZiKU0I0bf8WNC0Xc+g/u/BunbRbaemDgcM693DknSDhT2nG+rcLK6tr6RnGztLW9s7tn7x+0VJxKCk0a81h2AqKAswiammkOnUQCEQGHdjC6mfrtB5CKxVFDjxPwBRlELGSUaCP17OMGE+BhEmqQHr5PIaJDD1c8kWJ11rPLTtWZAS8TNydllKPes7+8fkxTAZGmnCjVdZ1E+xmRmlEOk5KXKkgIHZEBdA2NiADlZ7MUE3xqlD4OY2lepPFM/b2REaHUWARmUhA9VIveVPzP66Y6vPIzFiWpNvHmh8KUYx3jaSW4zyRQzceGECqZ+SumQyIJNZ2okinBXYy8TFrnVdepuncX5dp1XkcRHaETVEEuukQ1dIvqqIkoekTP6BW9WU/Wi/VufcxHC1a+c4j+wPr8Addll3Y=</latexit><latexit sha1_base64="F4FfW9Cb5bDxjghuE4dJQS8lPfo=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbkoiguKq4MZlhb6gCWUyvWmHziRxZiKU0I0bf8WNC0Xc+g/u/BunbRbaemDgcM693DknSDhT2nG+rcLK6tr6RnGztLW9s7tn7x+0VJxKCk0a81h2AqKAswiammkOnUQCEQGHdjC6mfrtB5CKxVFDjxPwBRlELGSUaCP17OMGE+BhEmqQHr5PIaJDD1c8kWJ11rPLTtWZAS8TNydllKPes7+8fkxTAZGmnCjVdZ1E+xmRmlEOk5KXKkgIHZEBdA2NiADlZ7MUE3xqlD4OY2lepPFM/b2REaHUWARmUhA9VIveVPzP66Y6vPIzFiWpNvHmh8KUYx3jaSW4zyRQzceGECqZ+SumQyIJNZ2okinBXYy8TFrnVdepuncX5dp1XkcRHaETVEEuukQ1dIvqqIkoekTP6BW9WU/Wi/VufcxHC1a+c4j+wPr8Addll3Y=</latexit><latexit sha1_base64="F4FfW9Cb5bDxjghuE4dJQS8lPfo=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbkoiguKq4MZlhb6gCWUyvWmHziRxZiKU0I0bf8WNC0Xc+g/u/BunbRbaemDgcM693DknSDhT2nG+rcLK6tr6RnGztLW9s7tn7x+0VJxKCk0a81h2AqKAswiammkOnUQCEQGHdjC6mfrtB5CKxVFDjxPwBRlELGSUaCP17OMGE+BhEmqQHr5PIaJDD1c8kWJ11rPLTtWZAS8TNydllKPes7+8fkxTAZGmnCjVdZ1E+xmRmlEOk5KXKkgIHZEBdA2NiADlZ7MUE3xqlD4OY2lepPFM/b2REaHUWARmUhA9VIveVPzP66Y6vPIzFiWpNvHmh8KUYx3jaSW4zyRQzceGECqZ+SumQyIJNZ2okinBXYy8TFrnVdepuncX5dp1XkcRHaETVEEuukQ1dIvqqIkoekTP6BW9WU/Wi/VufcxHC1a+c4j+wPr8Addll3Y=</latexit>

�5
<latexit sha1_base64="GgmTG8KpXokSSDz34KXYAAnubqI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURRfFU8OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9HB22StX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26YScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpm+TvtCcoRxbQpkW9lbChlRThjackg3BW3x5mTTPq55b9e4vKrWbPI4iHMExnIIHV1CDO6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AHniozo</latexit><latexit sha1_base64="GgmTG8KpXokSSDz34KXYAAnubqI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURRfFU8OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9HB22StX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26YScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpm+TvtCcoRxbQpkW9lbChlRThjackg3BW3x5mTTPq55b9e4vKrWbPI4iHMExnIIHV1CDO6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AHniozo</latexit><latexit sha1_base64="GgmTG8KpXokSSDz34KXYAAnubqI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURRfFU8OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9HB22StX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26YScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpm+TvtCcoRxbQpkW9lbChlRThjackg3BW3x5mTTPq55b9e4vKrWbPI4iHMExnIIHV1CDO6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AHniozo</latexit><latexit sha1_base64="GgmTG8KpXokSSDz34KXYAAnubqI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURRfFU8OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9HB22StX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26YScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpm+TvtCcoRxbQpkW9lbChlRThjackg3BW3x5mTTPq55b9e4vKrWbPI4iHMExnIIHV1CDO6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AHniozo</latexit>

�10
<latexit sha1_base64="hkaWdRvL6UmecImIkC4r1cwjG84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRguKp4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eHCc/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9PjY0e</latexit><latexit sha1_base64="hkaWdRvL6UmecImIkC4r1cwjG84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRguKp4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eHCc/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9PjY0e</latexit><latexit sha1_base64="hkaWdRvL6UmecImIkC4r1cwjG84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRguKp4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eHCc/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9PjY0e</latexit><latexit sha1_base64="hkaWdRvL6UmecImIkC4r1cwjG84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRguKp4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eHCc/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9PjY0e</latexit>

�15
<latexit sha1_base64="dvGAT1CdCFR+n2mILtVSME+9V+I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURRfFU8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHs68y1654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns1Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz2My6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8BZfXibN86rnVr37i0rtJo+jCEdwDKfgwRXU4A7q0AAGA3iGV3hzhPPivDsf89aCk88cwh84nz9XIY0j</latexit><latexit sha1_base64="dvGAT1CdCFR+n2mILtVSME+9V+I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURRfFU8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHs68y1654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns1Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz2My6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8BZfXibN86rnVr37i0rtJo+jCEdwDKfgwRXU4A7q0AAGA3iGV3hzhPPivDsf89aCk88cwh84nz9XIY0j</latexit><latexit sha1_base64="dvGAT1CdCFR+n2mILtVSME+9V+I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURRfFU8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHs68y1654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns1Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz2My6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8BZfXibN86rnVr37i0rtJo+jCEdwDKfgwRXU4A7q0AAGA3iGV3hzhPPivDsf89aCk88cwh84nz9XIY0j</latexit><latexit sha1_base64="dvGAT1CdCFR+n2mILtVSME+9V+I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURRfFU8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHs68y1654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns1Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz2My6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8BZfXibN86rnVr37i0rtJo+jCEdwDKfgwRXU4A7q0AAGA3iGV3hzhPPivDsf89aCk88cwh84nz9XIY0j</latexit>

�20
<latexit sha1_base64="as+gHhE6fZ3Wm8JKaxOH+veuLUQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpguKp4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eGi5vbLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWtWtVzq979ZaV+k8dRhBM4hXPw4ArqcAcNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx9REo0f</latexit><latexit sha1_base64="as+gHhE6fZ3Wm8JKaxOH+veuLUQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpguKp4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eGi5vbLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWtWtVzq979ZaV+k8dRhBM4hXPw4ArqcAcNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx9REo0f</latexit><latexit sha1_base64="as+gHhE6fZ3Wm8JKaxOH+veuLUQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpguKp4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eGi5vbLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWtWtVzq979ZaV+k8dRhBM4hXPw4ArqcAcNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx9REo0f</latexit><latexit sha1_base64="as+gHhE6fZ3Wm8JKaxOH+veuLUQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpguKp4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eGi5vbLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWtWtVzq979ZaV+k8dRhBM4hXPw4ArqcAcNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx9REo0f</latexit>

20
<latexit sha1_base64="im2gA5mhtmaSjQOd5RHg503zzJo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUPFU8OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5Hbud564NiJWjzhNuB/RkRKhYBSt9FBzB+WKW3UXIOvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny0unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/G0yFJozlFNLKNPC3krYmGrK0IZTsiF4qy+vk3at6rlV7/6q0rjJ4yjCGZzDJXhQhwbcQRNawCCEZ3iFN2fivDjvzseyteDkM6fwB87nD+ePjOg=</latexit><latexit sha1_base64="im2gA5mhtmaSjQOd5RHg503zzJo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUPFU8OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5Hbud564NiJWjzhNuB/RkRKhYBSt9FBzB+WKW3UXIOvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny0unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/G0yFJozlFNLKNPC3krYmGrK0IZTsiF4qy+vk3at6rlV7/6q0rjJ4yjCGZzDJXhQhwbcQRNawCCEZ3iFN2fivDjvzseyteDkM6fwB87nD+ePjOg=</latexit><latexit sha1_base64="im2gA5mhtmaSjQOd5RHg503zzJo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUPFU8OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5Hbud564NiJWjzhNuB/RkRKhYBSt9FBzB+WKW3UXIOvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny0unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/G0yFJozlFNLKNPC3krYmGrK0IZTsiF4qy+vk3at6rlV7/6q0rjJ4yjCGZzDJXhQhwbcQRNawCCEZ3iFN2fivDjvzseyteDkM6fwB87nD+ePjOg=</latexit><latexit sha1_base64="im2gA5mhtmaSjQOd5RHg503zzJo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUPFU8OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5Hbud564NiJWjzhNuB/RkRKhYBSt9FBzB+WKW3UXIOvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny0unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/G0yFJozlFNLKNPC3krYmGrK0IZTsiF4qy+vk3at6rlV7/6q0rjJ4yjCGZzDJXhQhwbcQRNawCCEZ3iFN2fivDjvzseyteDkM6fwB87nD+ePjOg=</latexit>

0
<latexit sha1_base64="+kYPchScNyik1n1ulpTEzE1fdeA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2Vmu6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv83jKMIZnMMleFCDOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHdrGMrA==</latexit><latexit sha1_base64="+kYPchScNyik1n1ulpTEzE1fdeA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2Vmu6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv83jKMIZnMMleFCDOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHdrGMrA==</latexit><latexit sha1_base64="+kYPchScNyik1n1ulpTEzE1fdeA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2Vmu6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv83jKMIZnMMleFCDOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHdrGMrA==</latexit><latexit sha1_base64="+kYPchScNyik1n1ulpTEzE1fdeA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2Vmu6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv83jKMIZnMMleFCDOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHdrGMrA==</latexit>

0
<latexit sha1_base64="+kYPchScNyik1n1ulpTEzE1fdeA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2Vmu6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv83jKMIZnMMleFCDOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHdrGMrA==</latexit><latexit sha1_base64="+kYPchScNyik1n1ulpTEzE1fdeA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2Vmu6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv83jKMIZnMMleFCDOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHdrGMrA==</latexit><latexit sha1_base64="+kYPchScNyik1n1ulpTEzE1fdeA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2Vmu6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv83jKMIZnMMleFCDOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHdrGMrA==</latexit><latexit sha1_base64="+kYPchScNyik1n1ulpTEzE1fdeA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2Vmu6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv83jKMIZnMMleFCDOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHdrGMrA==</latexit>

9 atoms
<latexit sha1_base64="Ol91JQo0SKGYY+dW6wHoN+863Ik=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMU8OIxgomBZAmzk9lkyOzMOtMrhJCf8OJBEa/+jjf/xkmyB00saCiquunuilIpLPr+t1dYWV1b3yhulra2d3b3yvsHTaszw3iDaalNK6KWS6F4AwVK3koNp0kk+UM0vJn6D0/cWKHVPY5SHia0r0QsGEUnta46hKJObLdc8av+DGSZBDmpQI56t/zV6WmWJVwhk9TaduCnGI6pQcEkn5Q6meUpZUPa521HFU24DcezeyfkxCk9EmvjSiGZqb8nxjSxdpRErjOhOLCL3lT8z2tnGF+GY6HSDLli80VxJglqMn2e9IThDOXIEcqMcLcSNqCGMnQRlVwIweLLy6R5Vg38anB3Xqld53EU4QiO4RQCuIAa3EIdGsBAwjO8wpv36L14797HvLXg5TOH8Afe5w+KCI+b</latexit><latexit sha1_base64="Ol91JQo0SKGYY+dW6wHoN+863Ik=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMU8OIxgomBZAmzk9lkyOzMOtMrhJCf8OJBEa/+jjf/xkmyB00saCiquunuilIpLPr+t1dYWV1b3yhulra2d3b3yvsHTaszw3iDaalNK6KWS6F4AwVK3koNp0kk+UM0vJn6D0/cWKHVPY5SHia0r0QsGEUnta46hKJObLdc8av+DGSZBDmpQI56t/zV6WmWJVwhk9TaduCnGI6pQcEkn5Q6meUpZUPa521HFU24DcezeyfkxCk9EmvjSiGZqb8nxjSxdpRErjOhOLCL3lT8z2tnGF+GY6HSDLli80VxJglqMn2e9IThDOXIEcqMcLcSNqCGMnQRlVwIweLLy6R5Vg38anB3Xqld53EU4QiO4RQCuIAa3EIdGsBAwjO8wpv36L14797HvLXg5TOH8Afe5w+KCI+b</latexit><latexit sha1_base64="Ol91JQo0SKGYY+dW6wHoN+863Ik=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMU8OIxgomBZAmzk9lkyOzMOtMrhJCf8OJBEa/+jjf/xkmyB00saCiquunuilIpLPr+t1dYWV1b3yhulra2d3b3yvsHTaszw3iDaalNK6KWS6F4AwVK3koNp0kk+UM0vJn6D0/cWKHVPY5SHia0r0QsGEUnta46hKJObLdc8av+DGSZBDmpQI56t/zV6WmWJVwhk9TaduCnGI6pQcEkn5Q6meUpZUPa521HFU24DcezeyfkxCk9EmvjSiGZqb8nxjSxdpRErjOhOLCL3lT8z2tnGF+GY6HSDLli80VxJglqMn2e9IThDOXIEcqMcLcSNqCGMnQRlVwIweLLy6R5Vg38anB3Xqld53EU4QiO4RQCuIAa3EIdGsBAwjO8wpv36L14797HvLXg5TOH8Afe5w+KCI+b</latexit><latexit sha1_base64="Ol91JQo0SKGYY+dW6wHoN+863Ik=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMU8OIxgomBZAmzk9lkyOzMOtMrhJCf8OJBEa/+jjf/xkmyB00saCiquunuilIpLPr+t1dYWV1b3yhulra2d3b3yvsHTaszw3iDaalNK6KWS6F4AwVK3koNp0kk+UM0vJn6D0/cWKHVPY5SHia0r0QsGEUnta46hKJObLdc8av+DGSZBDmpQI56t/zV6WmWJVwhk9TaduCnGI6pQcEkn5Q6meUpZUPa521HFU24DcezeyfkxCk9EmvjSiGZqb8nxjSxdpRErjOhOLCL3lT8z2tnGF+GY6HSDLli80VxJglqMn2e9IThDOXIEcqMcLcSNqCGMnQRlVwIweLLy6R5Vg38anB3Xqld53EU4QiO4RQCuIAa3EIdGsBAwjO8wpv36L14797HvLXg5TOH8Afe5w+KCI+b</latexit>

51 atoms
<latexit sha1_base64="P4Srhedp2if/MXFHAbSc1vYXbDI=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUawCNpYRTIwkR9jb7CVLdveO3TkhhPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolQKi77/7RVWVtfWN4qbpa3tnd298v5B0yaZYbzBEpmYVkQtl0LzBgqUvJUaTlUk+UM0vJn6D0/cWJHoexylPFS0r0UsGEUnPV4EHUIxUbZbrvhVfwayTIKcVCBHvVv+6vQSlimukUlqbTvwUwzH1KBgkk9KnczylLIh7fO2o5oqbsPx7OAJOXFKj8SJcaWRzNTfE2OqrB2pyHUqigO76E3F/7x2hvFVOBY6zZBrNl8UZ5JgQqbfk54wnKEcOUKZEe5WwgbUUIYuo5ILIVh8eZk0z6qBXw3uziu16zyOIhzBMZxCAJdQg1uoQwMYKHiGV3jzjPfivXsf89aCl88cwh94nz/0no/S</latexit><latexit sha1_base64="P4Srhedp2if/MXFHAbSc1vYXbDI=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUawCNpYRTIwkR9jb7CVLdveO3TkhhPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolQKi77/7RVWVtfWN4qbpa3tnd298v5B0yaZYbzBEpmYVkQtl0LzBgqUvJUaTlUk+UM0vJn6D0/cWJHoexylPFS0r0UsGEUnPV4EHUIxUbZbrvhVfwayTIKcVCBHvVv+6vQSlimukUlqbTvwUwzH1KBgkk9KnczylLIh7fO2o5oqbsPx7OAJOXFKj8SJcaWRzNTfE2OqrB2pyHUqigO76E3F/7x2hvFVOBY6zZBrNl8UZ5JgQqbfk54wnKEcOUKZEe5WwgbUUIYuo5ILIVh8eZk0z6qBXw3uziu16zyOIhzBMZxCAJdQg1uoQwMYKHiGV3jzjPfivXsf89aCl88cwh94nz/0no/S</latexit><latexit sha1_base64="P4Srhedp2if/MXFHAbSc1vYXbDI=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUawCNpYRTIwkR9jb7CVLdveO3TkhhPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolQKi77/7RVWVtfWN4qbpa3tnd298v5B0yaZYbzBEpmYVkQtl0LzBgqUvJUaTlUk+UM0vJn6D0/cWJHoexylPFS0r0UsGEUnPV4EHUIxUbZbrvhVfwayTIKcVCBHvVv+6vQSlimukUlqbTvwUwzH1KBgkk9KnczylLIh7fO2o5oqbsPx7OAJOXFKj8SJcaWRzNTfE2OqrB2pyHUqigO76E3F/7x2hvFVOBY6zZBrNl8UZ5JgQqbfk54wnKEcOUKZEe5WwgbUUIYuo5ILIVh8eZk0z6qBXw3uziu16zyOIhzBMZxCAJdQg1uoQwMYKHiGV3jzjPfivXsf89aCl88cwh94nz/0no/S</latexit><latexit sha1_base64="P4Srhedp2if/MXFHAbSc1vYXbDI=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUawCNpYRTIwkR9jb7CVLdveO3TkhhPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolQKi77/7RVWVtfWN4qbpa3tnd298v5B0yaZYbzBEpmYVkQtl0LzBgqUvJUaTlUk+UM0vJn6D0/cWJHoexylPFS0r0UsGEUnPV4EHUIxUbZbrvhVfwayTIKcVCBHvVv+6vQSlimukUlqbTvwUwzH1KBgkk9KnczylLIh7fO2o5oqbsPx7OAJOXFKj8SJcaWRzNTfE2OqrB2pyHUqigO76E3F/7x2hvFVOBY6zZBrNl8UZ5JgQqbfk54wnKEcOUKZEe5WwgbUUIYuo5ILIVh8eZk0z6qBXw3uziu16zyOIhzBMZxCAJdQg1uoQwMYKHiGV3jzjPfivXsf89aCl88cwh94nz/0no/S</latexit>

MPS
<latexit sha1_base64="L5ehwdGVTY0lVbB8D3Q9dOxlwSg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHgRKrUf0Iay2U7apZtN2N0IJfQnePGgiFd/kTf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH80kQT+iQ8lDzqixUuO+3uiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSuqh6btV7uKzUbvI4inACp3AOHlxBDe6gDk1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kD5HSNgA==</latexit><latexit sha1_base64="L5ehwdGVTY0lVbB8D3Q9dOxlwSg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHgRKrUf0Iay2U7apZtN2N0IJfQnePGgiFd/kTf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH80kQT+iQ8lDzqixUuO+3uiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSuqh6btV7uKzUbvI4inACp3AOHlxBDe6gDk1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kD5HSNgA==</latexit><latexit sha1_base64="L5ehwdGVTY0lVbB8D3Q9dOxlwSg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHgRKrUf0Iay2U7apZtN2N0IJfQnePGgiFd/kTf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH80kQT+iQ8lDzqixUuO+3uiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSuqh6btV7uKzUbvI4inACp3AOHlxBDe6gDk1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kD5HSNgA==</latexit><latexit sha1_base64="L5ehwdGVTY0lVbB8D3Q9dOxlwSg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHgRKrUf0Iay2U7apZtN2N0IJfQnePGgiFd/kTf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH80kQT+iQ8lDzqixUuO+3uiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSuqh6btV7uKzUbvI4inACp3AOHlxBDe6gDk1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kD5HSNgA==</latexit>

0.6
<latexit sha1_base64="2/M30rzXdy2WU2AwpEAuNknKXOo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEVDwVvHisaG2hDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlQKg5737ZRWVtfWN8qbla3tnd296v7Bo0kyzXiTJTLR7ZAaLoXiTRQoeTvVnMah5K1wdDP1W09cG5GoBxynPIjpQIlIMIpWuvfci1615rneDGSZ+AWpQYFGr/rV7Scsi7lCJqkxHd9LMcipRsEkn1S6meEpZSM64B1LFY25CfLZqRNyYpU+iRJtSyGZqb8nchobM45D2xlTHJpFbyr+53UyjK6CXKg0Q67YfFGUSYIJmf5N+kJzhnJsCWVa2FsJG1JNGdp0KjYEf/HlZfJ45vqe69+d1+rXRRxlOIJjOAUfLqEOt9CAJjAYwDO8wpsjnRfn3fmYt5acYuYQ/sD5/AFYqI0k</latexit><latexit sha1_base64="2/M30rzXdy2WU2AwpEAuNknKXOo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEVDwVvHisaG2hDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlQKg5737ZRWVtfWN8qbla3tnd296v7Bo0kyzXiTJTLR7ZAaLoXiTRQoeTvVnMah5K1wdDP1W09cG5GoBxynPIjpQIlIMIpWuvfci1615rneDGSZ+AWpQYFGr/rV7Scsi7lCJqkxHd9LMcipRsEkn1S6meEpZSM64B1LFY25CfLZqRNyYpU+iRJtSyGZqb8nchobM45D2xlTHJpFbyr+53UyjK6CXKg0Q67YfFGUSYIJmf5N+kJzhnJsCWVa2FsJG1JNGdp0KjYEf/HlZfJ45vqe69+d1+rXRRxlOIJjOAUfLqEOt9CAJjAYwDO8wpsjnRfn3fmYt5acYuYQ/sD5/AFYqI0k</latexit><latexit sha1_base64="2/M30rzXdy2WU2AwpEAuNknKXOo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEVDwVvHisaG2hDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlQKg5737ZRWVtfWN8qbla3tnd296v7Bo0kyzXiTJTLR7ZAaLoXiTRQoeTvVnMah5K1wdDP1W09cG5GoBxynPIjpQIlIMIpWuvfci1615rneDGSZ+AWpQYFGr/rV7Scsi7lCJqkxHd9LMcipRsEkn1S6meEpZSM64B1LFY25CfLZqRNyYpU+iRJtSyGZqb8nchobM45D2xlTHJpFbyr+53UyjK6CXKg0Q67YfFGUSYIJmf5N+kJzhnJsCWVa2FsJG1JNGdp0KjYEf/HlZfJ45vqe69+d1+rXRRxlOIJjOAUfLqEOt9CAJjAYwDO8wpsjnRfn3fmYt5acYuYQ/sD5/AFYqI0k</latexit><latexit sha1_base64="2/M30rzXdy2WU2AwpEAuNknKXOo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEVDwVvHisaG2hDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlQKg5737ZRWVtfWN8qbla3tnd296v7Bo0kyzXiTJTLR7ZAaLoXiTRQoeTvVnMah5K1wdDP1W09cG5GoBxynPIjpQIlIMIpWuvfci1615rneDGSZ+AWpQYFGr/rV7Scsi7lCJqkxHd9LMcipRsEkn1S6meEpZSM64B1LFY25CfLZqRNyYpU+iRJtSyGZqb8nchobM45D2xlTHJpFbyr+53UyjK6CXKg0Q67YfFGUSYIJmf5N+kJzhnJsCWVa2FsJG1JNGdp0KjYEf/HlZfJ45vqe69+d1+rXRRxlOIJjOAUfLqEOt9CAJjAYwDO8wpsjnRfn3fmYt5acYuYQ/sD5/AFYqI0k</latexit>

0.2
<latexit sha1_base64="FODP/Zjqqzdp2amjKBlZVjzGaHc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CkkRFE8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dtbWNza3tks75d29/YPDytFxSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLHSg+fW+pWq53pzkFXiF6QKBRr9yldvkLAsRmmYoFp3fS81QU6V4UzgtNzLNKaUjekQu5ZKGqMO8vmpU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif181MdB3kXKaZQckWi6JMEJOQ2d9kwBUyIyaWUKa4vZWwEVWUGZtO2YbgL7+8Slo11/dc//6yWr8p4ijBKZzBBfhwBXW4gwY0gcEQnuEV3hzhvDjvzseidc0pZk7gD5zPH1KYjSA=</latexit><latexit sha1_base64="FODP/Zjqqzdp2amjKBlZVjzGaHc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CkkRFE8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dtbWNza3tks75d29/YPDytFxSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLHSg+fW+pWq53pzkFXiF6QKBRr9yldvkLAsRmmYoFp3fS81QU6V4UzgtNzLNKaUjekQu5ZKGqMO8vmpU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif181MdB3kXKaZQckWi6JMEJOQ2d9kwBUyIyaWUKa4vZWwEVWUGZtO2YbgL7+8Slo11/dc//6yWr8p4ijBKZzBBfhwBXW4gwY0gcEQnuEV3hzhvDjvzseidc0pZk7gD5zPH1KYjSA=</latexit><latexit sha1_base64="FODP/Zjqqzdp2amjKBlZVjzGaHc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CkkRFE8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dtbWNza3tks75d29/YPDytFxSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLHSg+fW+pWq53pzkFXiF6QKBRr9yldvkLAsRmmYoFp3fS81QU6V4UzgtNzLNKaUjekQu5ZKGqMO8vmpU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif181MdB3kXKaZQckWi6JMEJOQ2d9kwBUyIyaWUKa4vZWwEVWUGZtO2YbgL7+8Slo11/dc//6yWr8p4ijBKZzBBfhwBXW4gwY0gcEQnuEV3hzhvDjvzseidc0pZk7gD5zPH1KYjSA=</latexit><latexit sha1_base64="FODP/Zjqqzdp2amjKBlZVjzGaHc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CkkRFE8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dtbWNza3tks75d29/YPDytFxSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLHSg+fW+pWq53pzkFXiF6QKBRr9yldvkLAsRmmYoFp3fS81QU6V4UzgtNzLNKaUjekQu5ZKGqMO8vmpU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif181MdB3kXKaZQckWi6JMEJOQ2d9kwBUyIyaWUKa4vZWwEVWUGZtO2YbgL7+8Slo11/dc//6yWr8p4ijBKZzBBfhwBXW4gwY0gcEQnuEV3hzhvDjvzseidc0pZk7gD5zPH1KYjSA=</latexit>

0
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Figure 1.6: (a) Coherent oscillations of the domain wall density observed when Rydberg-
atoms are quenched from the |Z2〉 initial state. The exceptionally slow thermalization persist
in large systems of 51 atoms, and the dynamics can be captured using matrix product state
(MPS) simulation. Figure is adapted from Ref. [74]. (b) Overlap between the initial states
and eigenstates proposed in Ref. [75]. The slowly thermalizing dynamics in (a) is attributed
to a band of non-thermal eigenstates, namely the quantum many-body scars which weakly
break the ergodicity. The color scheme represents the density of eigenstates. This figure is

adapted from Ref. [75]

persistent coherent oscillations. A key characteristic of QMBS is their sub-volume

entanglement entropy [80, 81] whereas other ETH-obeying eigenstates are volume-

law entangled. This property is also commonly used for the diagnosis of QMBS as

entropy-outliers which clearly separates them from other thermal eigenstates in the

bulk of the spectrum as shown in Fig. 1.7 (a).

Many different mechanisms have been discovered so far to realize the decoupling

between the scared subspace with the thermal ones [82], for instance, spectrum-

generating algebra [83], projector embedding [84] and Hilbert space fragmentation

(HSF) [77, 79, 85] which will be covered in Chapters 2 and 3 of the thesis. For a

Hamiltonian Ĥ and some arbitrary state in the Hilbert space |ψ0〉, one can define

the Krylov subspace K by repeatedly applying the Hamiltonian on the state as [82]

K = span
{
|ψ0〉 , Ĥ |ψ0〉 , Ĥ2 |ψ0〉 , . . . Ĥn |ψ0〉 . . .

}
. For a given system size, HSF hap-

pens when the Krylov subspace stops growing for larger n and its dimension is much

smaller than the total Hilbert space. I also restrict the state |φ0〉 in a given symmetry

sector to ensure the disconnection of different Krylov subspaces is not due to obvious

symmetry reasons as sketched in Fig. 1.7 (b). For instance, K does not involve states

with different particle numbers if the starting state |φ0〉 and the Hamiltonian Ĥ both

preserve the particle number.

The dimension of K has a strong dependence both on the Hamiltonian Ĥ and
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<latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit>

(a)
<latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit>

0
<latexit sha1_base64="BaWOYlcO6WKSQVWlhi1yn3P92v0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2Vmu6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv83jKMIZnMMleFCDOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHd+WMsA==</latexit><latexit sha1_base64="BaWOYlcO6WKSQVWlhi1yn3P92v0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2Vmu6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv83jKMIZnMMleFCDOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHd+WMsA==</latexit><latexit sha1_base64="BaWOYlcO6WKSQVWlhi1yn3P92v0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2Vmu6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv83jKMIZnMMleFCDOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHd+WMsA==</latexit><latexit sha1_base64="BaWOYlcO6WKSQVWlhi1yn3P92v0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2Vmu6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv83jKMIZnMMleFCDOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHd+WMsA==</latexit>

10
<latexit sha1_base64="qcj+8VqLgjjTy6sFZs/lFEhNUVI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt2kO2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlB88dVGtu3c1BVolXkBoUaA6qX/1hzNIIpWGCat3z3MT4GVWGM4GzSj/VmFA2oSPsWSpphNrP8ktn5MwqQxLGypY0JFd/T2Q00noaBbYzomasl725+J/XS0147WdcJqlByRaLwlQQE5P522TIFTIjppZQpri9lbAxVZQZG07FhuAtv7xK2hd1z61795e1xk0RRxlO4BTOwYMraMAdNKEFDEJ4hld4cybOi/PufCxaS04xcwx/4Hz+AOc+jOs=</latexit><latexit sha1_base64="qcj+8VqLgjjTy6sFZs/lFEhNUVI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt2kO2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlB88dVGtu3c1BVolXkBoUaA6qX/1hzNIIpWGCat3z3MT4GVWGM4GzSj/VmFA2oSPsWSpphNrP8ktn5MwqQxLGypY0JFd/T2Q00noaBbYzomasl725+J/XS0147WdcJqlByRaLwlQQE5P522TIFTIjppZQpri9lbAxVZQZG07FhuAtv7xK2hd1z61795e1xk0RRxlO4BTOwYMraMAdNKEFDEJ4hld4cybOi/PufCxaS04xcwx/4Hz+AOc+jOs=</latexit><latexit sha1_base64="qcj+8VqLgjjTy6sFZs/lFEhNUVI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt2kO2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlB88dVGtu3c1BVolXkBoUaA6qX/1hzNIIpWGCat3z3MT4GVWGM4GzSj/VmFA2oSPsWSpphNrP8ktn5MwqQxLGypY0JFd/T2Q00noaBbYzomasl725+J/XS0147WdcJqlByRaLwlQQE5P522TIFTIjppZQpri9lbAxVZQZG07FhuAtv7xK2hd1z61795e1xk0RRxlO4BTOwYMraMAdNKEFDEJ4hld4cybOi/PufCxaS04xcwx/4Hz+AOc+jOs=</latexit><latexit sha1_base64="qcj+8VqLgjjTy6sFZs/lFEhNUVI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt2kO2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlB88dVGtu3c1BVolXkBoUaA6qX/1hzNIIpWGCat3z3MT4GVWGM4GzSj/VmFA2oSPsWSpphNrP8ktn5MwqQxLGypY0JFd/T2Q00noaBbYzomasl725+J/XS0147WdcJqlByRaLwlQQE5P522TIFTIjppZQpri9lbAxVZQZG07FhuAtv7xK2hd1z61795e1xk0RRxlO4BTOwYMraMAdNKEFDEJ4hld4cybOi/PufCxaS04xcwx/4Hz+AOc+jOs=</latexit>

�10
<latexit sha1_base64="CvdLy7MVkkEdTPOXgi7I11P3u9A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgp6k4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eHCc/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9QwY0i</latexit><latexit sha1_base64="CvdLy7MVkkEdTPOXgi7I11P3u9A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgp6k4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eHCc/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9QwY0i</latexit><latexit sha1_base64="CvdLy7MVkkEdTPOXgi7I11P3u9A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgp6k4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eHCc/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9QwY0i</latexit><latexit sha1_base64="CvdLy7MVkkEdTPOXgi7I11P3u9A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgp6k4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eHCc/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9QwY0i</latexit>

E↵
<latexit sha1_base64="bnf/gqyYzJcW70fVzmx0B/UB6x8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpiOCxgv3ANpTJdtMu3WzC7kYoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFWVNGotYdQLUTHDJmoYbwTqJYhgFgrWD8c3Mbz8xpXksH8wkYX6EQ8lDTtFY6fG2n/VQJCOc9ssVt+rOQVaJl5MK5Gj0y1+9QUzTiElDBWrd9dzE+Bkqw6lg01Iv1SxBOsYh61oqMWLaz+YXT8mZVQYkjJUtachc/T2RYaT1JApsZ4RmpJe9mfif101NeOVnXCapYZIuFoWpICYms/fJgCtGjZhYglRxeyuhI1RIjQ2pZEPwll9eJa2LqudWvfvLSv06j6MIJ3AK5+BBDepwBw1oAgUJz/AKb452Xpx352PRWnDymWP4A+fzB5nSkNg=</latexit><latexit sha1_base64="bnf/gqyYzJcW70fVzmx0B/UB6x8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpiOCxgv3ANpTJdtMu3WzC7kYoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFWVNGotYdQLUTHDJmoYbwTqJYhgFgrWD8c3Mbz8xpXksH8wkYX6EQ8lDTtFY6fG2n/VQJCOc9ssVt+rOQVaJl5MK5Gj0y1+9QUzTiElDBWrd9dzE+Bkqw6lg01Iv1SxBOsYh61oqMWLaz+YXT8mZVQYkjJUtachc/T2RYaT1JApsZ4RmpJe9mfif101NeOVnXCapYZIuFoWpICYms/fJgCtGjZhYglRxeyuhI1RIjQ2pZEPwll9eJa2LqudWvfvLSv06j6MIJ3AK5+BBDepwBw1oAgUJz/AKb452Xpx352PRWnDymWP4A+fzB5nSkNg=</latexit><latexit sha1_base64="bnf/gqyYzJcW70fVzmx0B/UB6x8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpiOCxgv3ANpTJdtMu3WzC7kYoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFWVNGotYdQLUTHDJmoYbwTqJYhgFgrWD8c3Mbz8xpXksH8wkYX6EQ8lDTtFY6fG2n/VQJCOc9ssVt+rOQVaJl5MK5Gj0y1+9QUzTiElDBWrd9dzE+Bkqw6lg01Iv1SxBOsYh61oqMWLaz+YXT8mZVQYkjJUtachc/T2RYaT1JApsZ4RmpJe9mfif101NeOVnXCapYZIuFoWpICYms/fJgCtGjZhYglRxeyuhI1RIjQ2pZEPwll9eJa2LqudWvfvLSv06j6MIJ3AK5+BBDepwBw1oAgUJz/AKb452Xpx352PRWnDymWP4A+fzB5nSkNg=</latexit><latexit sha1_base64="bnf/gqyYzJcW70fVzmx0B/UB6x8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpiOCxgv3ANpTJdtMu3WzC7kYoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFWVNGotYdQLUTHDJmoYbwTqJYhgFgrWD8c3Mbz8xpXksH8wkYX6EQ8lDTtFY6fG2n/VQJCOc9ssVt+rOQVaJl5MK5Gj0y1+9QUzTiElDBWrd9dzE+Bkqw6lg01Iv1SxBOsYh61oqMWLaz+YXT8mZVQYkjJUtachc/T2RYaT1JApsZ4RmpJe9mfif101NeOVnXCapYZIuFoWpICYms/fJgCtGjZhYglRxeyuhI1RIjQ2pZEPwll9eJa2LqudWvfvLSv06j6MIJ3AK5+BBDepwBw1oAgUJz/AKb452Xpx352PRWnDymWP4A+fzB5nSkNg=</latexit>

S
↵

<latexit sha1_base64="qGtcu7Ac3eLiWfCOmgVvban1oik=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePFY0X5gG8pku2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOgFqJrhkTcONYJ1EMYwCwdrB+Gbmt5+Y0jyWD2aSMD/CoeQhp2is9Hjfz3ookhFO++WKW3XnIKvEy0kFcjT65a/eIKZpxKShArXuem5i/AyV4VSwaamXapYgHeOQdS2VGDHtZ/OLp+TMKgMSxsqWNGSu/p7IMNJ6EgW2M0Iz0sveTPzP66YmvPIzLpPUMEkXi8JUEBOT2ftkwBWjRkwsQaq4vZXQESqkxoZUsiF4yy+vktZF1XOr3t1lpX6dx1GEEziFc/CgBnW4hQY0gYKEZ3iFN0c7L86787FoLTj5zDH8gfP5A6+IkOY=</latexit><latexit sha1_base64="qGtcu7Ac3eLiWfCOmgVvban1oik=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePFY0X5gG8pku2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOgFqJrhkTcONYJ1EMYwCwdrB+Gbmt5+Y0jyWD2aSMD/CoeQhp2is9Hjfz3ookhFO++WKW3XnIKvEy0kFcjT65a/eIKZpxKShArXuem5i/AyV4VSwaamXapYgHeOQdS2VGDHtZ/OLp+TMKgMSxsqWNGSu/p7IMNJ6EgW2M0Iz0sveTPzP66YmvPIzLpPUMEkXi8JUEBOT2ftkwBWjRkwsQaq4vZXQESqkxoZUsiF4yy+vktZF1XOr3t1lpX6dx1GEEziFc/CgBnW4hQY0gYKEZ3iFN0c7L86787FoLTj5zDH8gfP5A6+IkOY=</latexit><latexit sha1_base64="qGtcu7Ac3eLiWfCOmgVvban1oik=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePFY0X5gG8pku2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOgFqJrhkTcONYJ1EMYwCwdrB+Gbmt5+Y0jyWD2aSMD/CoeQhp2is9Hjfz3ookhFO++WKW3XnIKvEy0kFcjT65a/eIKZpxKShArXuem5i/AyV4VSwaamXapYgHeOQdS2VGDHtZ/OLp+TMKgMSxsqWNGSu/p7IMNJ6EgW2M0Iz0sveTPzP66YmvPIzLpPUMEkXi8JUEBOT2ftkwBWjRkwsQaq4vZXQESqkxoZUsiF4yy+vktZF1XOr3t1lpX6dx1GEEziFc/CgBnW4hQY0gYKEZ3iFN0c7L86787FoLTj5zDH8gfP5A6+IkOY=</latexit><latexit sha1_base64="qGtcu7Ac3eLiWfCOmgVvban1oik=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePFY0X5gG8pku2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOgFqJrhkTcONYJ1EMYwCwdrB+Gbmt5+Y0jyWD2aSMD/CoeQhp2is9Hjfz3ookhFO++WKW3XnIKvEy0kFcjT65a/eIKZpxKShArXuem5i/AyV4VSwaamXapYgHeOQdS2VGDHtZ/OLp+TMKgMSxsqWNGSu/p7IMNJ6EgW2M0Iz0sveTPzP66YmvPIzLpPUMEkXi8JUEBOT2ftkwBWjRkwsQaq4vZXQESqkxoZUsiF4yy+vktZF1XOr3t1lpX6dx1GEEziFc/CgBnW4hQY0gYKEZ3iFN0c7L86787FoLTj5zDH8gfP5A6+IkOY=</latexit>

1
<latexit sha1_base64="qPrFR/ej1+QZrrwGX6t1pyBO+v4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2Vmt6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv83jKMIZnMMleFCDOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHeWmMsQ==</latexit><latexit sha1_base64="qPrFR/ej1+QZrrwGX6t1pyBO+v4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2Vmt6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv83jKMIZnMMleFCDOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHeWmMsQ==</latexit><latexit sha1_base64="qPrFR/ej1+QZrrwGX6t1pyBO+v4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2Vmt6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv83jKMIZnMMleFCDOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHeWmMsQ==</latexit><latexit sha1_base64="qPrFR/ej1+QZrrwGX6t1pyBO+v4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2Vmt6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv83jKMIZnMMleFCDOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHeWmMsQ==</latexit>

2
<latexit sha1_base64="FrxRrc9vgf74Bezk8oi4FLuoKl8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te86pSv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPeu2Msg==</latexit><latexit sha1_base64="FrxRrc9vgf74Bezk8oi4FLuoKl8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te86pSv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPeu2Msg==</latexit><latexit sha1_base64="FrxRrc9vgf74Bezk8oi4FLuoKl8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te86pSv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPeu2Msg==</latexit><latexit sha1_base64="FrxRrc9vgf74Bezk8oi4FLuoKl8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVc6te86pSv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPeu2Msg==</latexit>

3
<latexit sha1_base64="+7cqGEJYX9o6ztPj1oLRsoEB/qk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjct+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ffHGMsw==</latexit><latexit sha1_base64="+7cqGEJYX9o6ztPj1oLRsoEB/qk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjct+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ffHGMsw==</latexit><latexit sha1_base64="+7cqGEJYX9o6ztPj1oLRsoEB/qk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjct+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ffHGMsw==</latexit><latexit sha1_base64="+7cqGEJYX9o6ztPj1oLRsoEB/qk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjct+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ffHGMsw==</latexit>

4
<latexit sha1_base64="QnYO0nSxSUOtjZvg18QMXhnt20c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7auq51a9Zq1Sv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPffWMtA==</latexit><latexit sha1_base64="QnYO0nSxSUOtjZvg18QMXhnt20c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7auq51a9Zq1Sv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPffWMtA==</latexit><latexit sha1_base64="QnYO0nSxSUOtjZvg18QMXhnt20c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7auq51a9Zq1Sv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPffWMtA==</latexit><latexit sha1_base64="QnYO0nSxSUOtjZvg18QMXhnt20c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoCcpePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmrVBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7auq51a9Zq1Sv83jKMIZnMMleHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPffWMtA==</latexit>

5
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Figure 1.7: (a) Entanglement entropy Sα for all eigenstates versus eigenvalues Eα [86].
QMBS manifest themselves as entropy-outliers highlighted via blue or red circles whereas
others are mostly volume-law entangled. Figure is adapted from Ref. [86]. (b) Schematic
diagram for Hilbert space fragmentation. The Hilbert space is block-diagonalized due to
symmetry reasons (gray), but can be furthermore fragmented into isolated Krylov subspaces

K (green).

the starting state |φ0〉. It can scale exponentially versus system size or even remain

constant [77]. Special subspaces K may have a small dimension that is insufficient for

thermalization hence hosting QMBS and violate ETH. Time evolution of a state within

a small K will always remain in the same subspace and exhibit coherent oscillations.

HSF has been proposed in systems with strong kinetic constraints induced by, for

instance, higher momentum conservation laws [77, 87] and a strong tilt in optical lat-

tices [88]. In Chapter 2, I will employ the idea of Floquet engineering (see details in

Sec. 1.4.3) for the realization of QMBS in optical lattices. By periodically modulating

the on-site interaction of the Bose-Hubbard model, I show that the so-called density-

assisted tunneling emerges. This can be tuned to significantly constrain the dynamics

of cold atoms. These kinetic constraints induce QMBS, and they will be further veri-

fied via the spectrum properties of the Floquet operator and the long-lasting coherent

oscillations for special initial states.

In Chapter 3, I will address the intriguing question of whether long-lived coherent

oscillations can coexist with rapid volume-law entanglement generation in a standard

quench setup. I confirm its existence by imposing kinetic constraints to a multi-

component strongly correlated system, which naturally hosts two fractionalized d.o.f.

It turns out that the kinetic constraints result in HSF in one component, hence,

persistent oscillations appear and break the ergodicity. However, the other emergent

d.o.f. is thermal and generates volume-law entanglement.
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1.4 Prethermalization

Instead of focusing on the asymptotic long-time behavior of a quantum system, I am

also interested in a transient non-ergodic phenomenon, dubbed as prethermalization.

When there are several well-separated time scales in a many-body system, the state

might first relax to a prethermal quasi-steady state of a finite lifetime instead of

thermalizing monotonically towards the eventual equilibrium. This behavior has been

identified in both static or Floquet systems as elaborated in this section.

1.4.1 Static Systems

Consider a time-independent Hamiltonian consisting of two parts

Ĥ = Ĥ0 + λV̂ , (1.38)

where λ is dimensionless and controls the separation of different time scales. If λ

is very small, the short time evolution is thus mainly governed by Ĥ0. Hence, the

system quickly relaxes to a prethermal state at some timescale which we call τrel.

According to ETH as reviewed in Sec. 1.2, its local expectation values of operator

Ô can be predicted as Tr
[
ρ̂preÔ

]
, where the density matrix ρ̂pre corresponds to the

microcanonical ensemble for Hamiltonian Ĥ0. However, such a prethermal state is

not stable as V̂ will introduce slow processes which, in many cases, become notable

at a time scale τpre = O
(
λ−2

)
. Thereafter the prethermal state evolves towards the

final steady state [41] captured by the microcanonical ensemble ρ̂ for Ĥ.

However, for generic non-integrable systems and a small λ, the density matrix

ρ̂pre is similar to the ρ̂. Hence, distinguishing the prethermal value Tr
[
ρ̂preÔ

]
and

the asymptotic value Tr
[
ρ̂Ô
]
can be difficult and prethermalization might be invisi-

ble. For this reason, prethermalization in static systems normally happens when the

Hamiltonian Ĥ0 preserves a number of conserved quantities until the time scale τpre.

Then the perturbation V̂ breaks one of these conservation laws and leads to eventual

thermalization [89–91].
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<latexit sha1_base64="/WbM35diN8r3YRmPYh361XA4PP0=">AAACA3icbVBNS8NAEN34WetX1ZteFovgqSRV0GPRi3iqYD+gCWGznaRLd5OwuxFKKHjxr3jxoIhX/4Q3/42btgdtfTDweG+GmXlBypnStv1tLS2vrK6tlzbKm1vbO7uVvf22SjJJoUUTnshuQBRwFkNLM82hm0ogIuDQCYbXhd95AKlYEt/rUQqeIFHMQkaJNpJfOXQTARFxowjf+rkriB5IkUMYjsd+pWrX7AnwInFmpIpmaPqVL7ef0ExArCknSvUcO9VeTqRmlMO47GYKUkKHJIKeoTERoLx88sMYnxilj8NEmoo1nqi/J3IilBqJwHQWR6p5rxD/83qZDi+9nMVppiGm00VhxrFOcBEI7jMJVPORIYRKZm7FdEAkodrEVjYhOPMvL5J2veac1ep359XG1SyOEjpCx+gUOegCNdANaqIWougRPaNX9GY9WS/Wu/UxbV2yZjMH6A+szx97xJgR</latexit>

⌧rel
<latexit sha1_base64="8vH02trgm7GUSNdyYvqyceoFzbQ=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaQKuiy6cVnBPqAJYTKdtENnJmFmIoQQf8WNC0Xc+iHu/BsnbRbaemDgcM693DMnTBhV2nG+rbX1jc2t7dpOfXdv/+DQPjruqziVmPRwzGI5DJEijArS01QzMkwkQTxkZBDObkt/8EikorF40FlCfI4mgkYUI22kwG54GqVB7nGkp5LnkrCiCOym03LmgKvErUgTVOgG9pc3jnHKidCYIaVGrpNoP0dSU8xIUfdSRRKEZ2hCRoYKxIny83n4Ap4ZZQyjWJonNJyrvzdyxJXKeGgmy5Bq2SvF/7xRqqNrP6ciSTUReHEoShnUMSybgGMqCdYsMwRhSU1WiKdIIqxNX3VTgrv85VXSb7fci1b7/rLZuanqqIETcArOgQuuQAfcgS7oAQwy8AxewZv1ZL1Y79bHYnTNqnYa4A+szx/W65WK</latexit>

⌧pre
<latexit sha1_base64="f+cE//XET4AVaHx6BOhUYvWIXEc=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaQKuiy6cVnBPqAJYTKdtENnJmFmIoQQf8WNC0Xc+iHu/BsnbRbaemDgcO493DMnTBhV2nG+rbX1jc2t7dpOfXdv/+DQPjruqziVmPRwzGI5DJEijArS01QzMkwkQTxkZBDObsv54JFIRWPxoLOE+BxNBI0oRtpIgd3wNEqD3ONITyXPjbcoArvptJw54CpxK9IEFbqB/eWNY5xyIjRmSKmR6yTaz5HUFDNS1L1UkQThGZqQkaECcaL8fB6+gGdGGcMoluYJDefqb0eOuFIZD81mGVItz0rxv9ko1dG1n1ORpJoIvDgUpQzqGJZNwDGVBGuWGYKwpCYrxFMkEdamr7opwV3+8irpt1vuRat9f9ns3FR11MAJOAXnwAVXoAPuQBf0AAYZeAav4M16sl6sd+tjsbpmVZ4G+APr8wfdDJWO</latexit>

h (t)|Ô| (t)i
<latexit sha1_base64="wQot4HD5ueRUzREMsjppgMVvaLI=">AAACD3icbVA9SwNBEN3zM8avqKXNYlBiE+6ioGXQxs4I5gNyR9jb7CVL9vaO3TkhXPIPbPwrNhaK2Nra+W/cJFdo4oOBx3szzMzzY8E12Pa3tbS8srq2ntvIb25t7+wW9vYbOkoUZXUaiUi1fKKZ4JLVgYNgrVgxEvqCNf3B9cRvPjCleSTvYRgzLyQ9yQNOCRipUzhxBZE9wdxY8xKcjtw+gfR2PMKZ4Kqp3SkU7bI9BV4kTkaKKEOtU/hyuxFNQiaBCqJ127Fj8FKigFPBxnk30SwmdEB6rG2oJCHTXjr9Z4yPjdLFQaRMScBT9fdESkKth6FvOkMCfT3vTcT/vHYCwaWXchknwCSdLQoSgSHCk3BwlytGQQwNIVRxcyumfaIIBRNh3oTgzL+8SBqVsnNWrtydF6tXWRw5dIiOUAk56AJV0Q2qoTqi6BE9o1f0Zj1ZL9a79TFrXbKymQP0B9bnDwCVnKE=</latexit> h (0)|Ô| (0)i

<latexit sha1_base64="i1/kuPQWlB5tgZ1t3dZVoHIWmOs=">AAACD3icbVA9SwNBEN3zM8avqKXNYlBiE+6ioGXQxs4I5gNyR9jbzCVL9vaO3T0hXPIPbPwrNhaK2Nra+W/cJFdo4oOBx3szzMzzY86Utu1va2l5ZXVtPbeR39za3tkt7O03VJRICnUa8Ui2fKKAMwF1zTSHViyBhD6Hpj+4nvjNB5CKReJeD2PwQtITLGCUaCN1CicuJ6LHwY0VK9mnI7dPdHo7HuFMcOXU7hSKdtmeAi8SJyNFlKHWKXy53YgmIQhNOVGq7dix9lIiNaMcxnk3URATOiA9aBsqSAjKS6f/jPGxUbo4iKQpofFU/T2RklCpYeibzpDovpr3JuJ/XjvRwaWXMhEnGgSdLQoSjnWEJ+HgLpNANR8aQqhk5lZM+0QSqk2EeROCM//yImlUys5ZuXJ3XqxeZXHk0CE6QiXkoAtURTeohuqIokf0jF7Rm/VkvVjv1sesdcnKZg7QH1ifPyminBk=</latexit>

log(t)
<latexit sha1_base64="NWynGvk/SLj3ox75a/StZzL1FD0=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBHqpSRV0GPRi8cK9gPaUDbbTbt0sxt2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAhu0PO+nbX1jc2t7cJOcXdv/+CwdHTcMirVlDWpEkp3QmKY4JI1kaNgnUQzEoeCtcPx3cxvPzFtuJKPOElYEJOh5BGnBK3U7gk1rOBFv1T2qt4c7irxc1KGHI1+6as3UDSNmUQqiDFd30swyIhGTgWbFnupYQmhYzJkXUsliZkJsvm5U/fcKgM3UtqWRHeu/p7ISGzMJA5tZ0xwZJa9mfif100xugkyLpMUmaSLRVEqXFTu7Hd3wDWjKCaWEKq5vdWlI6IJRZtQ0YbgL7+8Slq1qn9ZrT1cleu3eRwFOIUzqIAP11CHe2hAEyiM4Rle4c1JnBfn3flYtK45+cwJ/IHz+QO1Xo8n</latexit>

log(t)
<latexit sha1_base64="NWynGvk/SLj3ox75a/StZzL1FD0=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBHqpSRV0GPRi8cK9gPaUDbbTbt0sxt2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAhu0PO+nbX1jc2t7cJOcXdv/+CwdHTcMirVlDWpEkp3QmKY4JI1kaNgnUQzEoeCtcPx3cxvPzFtuJKPOElYEJOh5BGnBK3U7gk1rOBFv1T2qt4c7irxc1KGHI1+6as3UDSNmUQqiDFd30swyIhGTgWbFnupYQmhYzJkXUsliZkJsvm5U/fcKgM3UtqWRHeu/p7ISGzMJA5tZ0xwZJa9mfif100xugkyLpMUmaSLRVEqXFTu7Hd3wDWjKCaWEKq5vdWlI6IJRZtQ0YbgL7+8Slq1qn9ZrT1cleu3eRwFOIUzqIAP11CHe2hAEyiM4Rle4c1JnBfn3flYtK45+cwJ/IHz+QO1Xo8n</latexit>

Sent
<latexit sha1_base64="RqYe80TdVKqh6it8jW42DJlDEN8=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaQKuiy6cVnRPqANYTKdtENnkjAzKZSQP3HjQhG3/ok7/8ZJm4W2Hhg4nHsP98wJEs6Udpxva219Y3Nru7JT3d3bPzi0j447Kk4loW0S81j2AqwoZxFta6Y57SWSYhFw2g0md8W8O6VSsTh60rOEegKPIhYygrWRfNt+9LOBwHosRUYjnee+XXPqzhxolbglqUGJlm9/DYYxSYVxE46V6rtOor0MS80Ip3l1kCqaYDLBI9o3NMKCKi+bJ8/RuVGGKIyleZFGc/W3I8NCqZkIzGYRUi3PCvG/WT/V4Y2XsShJNY3I4lCYcqRjVNSAhkxSovnMEEwkM1kRGWOJiTZlVU0J7vKXV0mnUXcv642Hq1rztqyjAqdwBhfgwjU04R5a0AYCU3iGV3izMuvFerc+FqtrVuk5gT+wPn8AVWWUHQ==</latexit>

S1
<latexit sha1_base64="vuIZc61HHmkJ3WjOQpk6kMZ6OTg=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/cA2lM120y7dbMLuRCih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp8b6XdYUKcTzplcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y6miETd+Nrt4Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhlZ8JlaTIFZsvClNJMCbT90lfaM5Qji2hTAt7K2FDqilDG1LRhuAtvrxMmtWKd16p3l2Ua9d5HAU4hhM4Aw8uoQa3UIcGMFDwDK/w5hjnxXl3PuatK04+cwR/4Hz+AOjckRI=</latexit>

Prethermalization
<latexit sha1_base64="x7hvPau8BXNmMQoHqaxTrRnuz0o=">AAAB+nicbVDLTgJBEJz1ifgCPXrZSEw8kV000SPRi0dM5JHAhswOvTBhZnYz06tB5FO8eNAYr36JN//GAfagYCWdVKq6090VJoIb9LxvZ2V1bX1jM7eV397Z3dsvFA8aJk41gzqLRaxbITUguII6chTQSjRQGQpohsPrqd+8B214rO5wlEAgaV/xiDOKVuoWijUNOAAtqeCPmVbyyt4M7jLxM1IiGWrdwlenF7NUgkImqDFt30swGFONnAmY5DupgYSyIe1D21JFJZhgPDt94p5YpedGsbal0J2pvyfGVBozkqHtlBQHZtGbiv957RSjy2DMVZIiKDZfFKXCxdid5uD2uAaGYmQJZZrbW102oJoytGnlbQj+4svLpFEp+2flyu15qXqVxZEjR+SYnBKfXJAquSE1UieMPJBn8krenCfnxXl3PuatK042c0j+wPn8AehilGs=</latexit>

(a)
<latexit sha1_base64="sOjZUoNK33Nc8nqmGB8ygq4L+xA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWULvZDYZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdDvzW09MaR7LRzNOmB/hQPKQUzRWeijjea9YcivuHGSVeBkpQYZ6r/jV7cc0jZg0VKDWHc9NjD9BZTgVbFroppolSEc4YB1LJUZM+5P5qVNyZpU+CWNlSxoyV39PTDDSehwFtjNCM9TL3kz8z+ukJrz2J1wmqWGSLhaFqSAmJrO/SZ8rRo0YW4JUcXsroUNUSI1Np2BD8JZfXiXNasW7qFTvL0u1myyOPJzAKZTBgyuowR3UoQEUBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AifmNTg==</latexit>

(b)
<latexit sha1_base64="7tVg+AhPeiaMnY5qvG8kDXGmdb0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZSD816x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3UaneX5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4Ai36NTw==</latexit>

Tr(Ô⇢̂pre)
<latexit sha1_base64="I8rNYAlFRUZG+vha1w7+Y2x6R3M=">AAACHHicbVDLSgMxFM3UV62vqks3g0WomzKjBV0W3LizQl/QKUMmzbShyWRI7ghlmA9x46+4caGIGxeCf2Om7UJbL4Qczrk3OfcEMWcaHOfbKqytb2xuFbdLO7t7+wflw6OOlokitE0kl6oXYE05i2gbGHDaixXFIuC0G0xucr37QJVmMmrBNKYDgUcRCxnBYCi/fOnJmCoMUkVY0LSlsqo3xpDeZbPLU2OZ+aknMIyVSM3TWXbulytOzZmVvQrcBaigRTX98qc3lCQRNALCsdZ914lhkGIFjHCalbxE0xiTCR7RvoG5Ez1IZ8tl9plhhnYolTkR2DP290SKhdZTEZjO3KVe1nLyP62fQHg9SFkUJ0AjMv8oTLgN0s6TsodMUQJ8agAmihmvNhljhQmYPEsmBHd55VXQuai5Ts29r1ca9UUcRXSCTlEVuegKNdAtaqI2IugRPaNX9GY9WS/Wu/Uxby1Yi5lj9Kesrx/WcKOk</latexit><latexit sha1_base64="I8rNYAlFRUZG+vha1w7+Y2x6R3M=">AAACHHicbVDLSgMxFM3UV62vqks3g0WomzKjBV0W3LizQl/QKUMmzbShyWRI7ghlmA9x46+4caGIGxeCf2Om7UJbL4Qczrk3OfcEMWcaHOfbKqytb2xuFbdLO7t7+wflw6OOlokitE0kl6oXYE05i2gbGHDaixXFIuC0G0xucr37QJVmMmrBNKYDgUcRCxnBYCi/fOnJmCoMUkVY0LSlsqo3xpDeZbPLU2OZ+aknMIyVSM3TWXbulytOzZmVvQrcBaigRTX98qc3lCQRNALCsdZ914lhkGIFjHCalbxE0xiTCR7RvoG5Ez1IZ8tl9plhhnYolTkR2DP290SKhdZTEZjO3KVe1nLyP62fQHg9SFkUJ0AjMv8oTLgN0s6TsodMUQJ8agAmihmvNhljhQmYPEsmBHd55VXQuai5Ts29r1ca9UUcRXSCTlEVuegKNdAtaqI2IugRPaNX9GY9WS/Wu/Uxby1Yi5lj9Kesrx/WcKOk</latexit><latexit sha1_base64="I8rNYAlFRUZG+vha1w7+Y2x6R3M=">AAACHHicbVDLSgMxFM3UV62vqks3g0WomzKjBV0W3LizQl/QKUMmzbShyWRI7ghlmA9x46+4caGIGxeCf2Om7UJbL4Qczrk3OfcEMWcaHOfbKqytb2xuFbdLO7t7+wflw6OOlokitE0kl6oXYE05i2gbGHDaixXFIuC0G0xucr37QJVmMmrBNKYDgUcRCxnBYCi/fOnJmCoMUkVY0LSlsqo3xpDeZbPLU2OZ+aknMIyVSM3TWXbulytOzZmVvQrcBaigRTX98qc3lCQRNALCsdZ914lhkGIFjHCalbxE0xiTCR7RvoG5Ez1IZ8tl9plhhnYolTkR2DP290SKhdZTEZjO3KVe1nLyP62fQHg9SFkUJ0AjMv8oTLgN0s6TsodMUQJ8agAmihmvNhljhQmYPEsmBHd55VXQuai5Ts29r1ca9UUcRXSCTlEVuegKNdAtaqI2IugRPaNX9GY9WS/Wu/Uxby1Yi5lj9Kesrx/WcKOk</latexit><latexit sha1_base64="I8rNYAlFRUZG+vha1w7+Y2x6R3M=">AAACHHicbVDLSgMxFM3UV62vqks3g0WomzKjBV0W3LizQl/QKUMmzbShyWRI7ghlmA9x46+4caGIGxeCf2Om7UJbL4Qczrk3OfcEMWcaHOfbKqytb2xuFbdLO7t7+wflw6OOlokitE0kl6oXYE05i2gbGHDaixXFIuC0G0xucr37QJVmMmrBNKYDgUcRCxnBYCi/fOnJmCoMUkVY0LSlsqo3xpDeZbPLU2OZ+aknMIyVSM3TWXbulytOzZmVvQrcBaigRTX98qc3lCQRNALCsdZ914lhkGIFjHCalbxE0xiTCR7RvoG5Ez1IZ8tl9plhhnYolTkR2DP290SKhdZTEZjO3KVe1nLyP62fQHg9SFkUJ0AjMv8oTLgN0s6TsodMUQJ8agAmihmvNhljhQmYPEsmBHd55VXQuai5Ts29r1ca9UUcRXSCTlEVuegKNdAtaqI2IugRPaNX9GY9WS/Wu/Uxby1Yi5lj9Kesrx/WcKOk</latexit>

Tr(Ô⇢̂1)
<latexit sha1_base64="57q52pAzqXPMbfgaloVeObclrbo=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSLUhSWRgi4LbtxZoS9oSplMJ+3QyUyYuRFCyFe48VfcuFDErbjzb5w+Ftp6YJjDOfdy7z1BzJkG1/22CmvrG5tbxe3Szu7e/oF9eNTWMlGEtojkUnUDrClngraAAafdWFEcBZx2gsnN1O88UKWZFE1IY9qP8EiwkBEMRhrYF76MqcIglcARzZoqr/hjDNldPvt8NZb5IPOZCCHNzwd22a26MzirxFuQMlqgMbC//KEkSUQFEI617nluDP0MK2CE07zkJ5rGmEzwiPYMne6g+9nsrNw5M8rQCaUyT4AzU393ZDjSOo0CUxlhGOtlbyr+5/USCK/7GRNxAlSQ+aAw4Q5IZ5qRM2SKEuCpIZgoZnZ1yBgrTMAkWTIheMsnr5L2ZdVzq959rVyvLeIoohN0iirIQ1eojm5RA7UQQY/oGb2iN+vJerHerY95acFa9ByjP7A+fwCISKDK</latexit><latexit sha1_base64="57q52pAzqXPMbfgaloVeObclrbo=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSLUhSWRgi4LbtxZoS9oSplMJ+3QyUyYuRFCyFe48VfcuFDErbjzb5w+Ftp6YJjDOfdy7z1BzJkG1/22CmvrG5tbxe3Szu7e/oF9eNTWMlGEtojkUnUDrClngraAAafdWFEcBZx2gsnN1O88UKWZFE1IY9qP8EiwkBEMRhrYF76MqcIglcARzZoqr/hjDNldPvt8NZb5IPOZCCHNzwd22a26MzirxFuQMlqgMbC//KEkSUQFEI617nluDP0MK2CE07zkJ5rGmEzwiPYMne6g+9nsrNw5M8rQCaUyT4AzU393ZDjSOo0CUxlhGOtlbyr+5/USCK/7GRNxAlSQ+aAw4Q5IZ5qRM2SKEuCpIZgoZnZ1yBgrTMAkWTIheMsnr5L2ZdVzq959rVyvLeIoohN0iirIQ1eojm5RA7UQQY/oGb2iN+vJerHerY95acFa9ByjP7A+fwCISKDK</latexit><latexit sha1_base64="57q52pAzqXPMbfgaloVeObclrbo=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSLUhSWRgi4LbtxZoS9oSplMJ+3QyUyYuRFCyFe48VfcuFDErbjzb5w+Ftp6YJjDOfdy7z1BzJkG1/22CmvrG5tbxe3Szu7e/oF9eNTWMlGEtojkUnUDrClngraAAafdWFEcBZx2gsnN1O88UKWZFE1IY9qP8EiwkBEMRhrYF76MqcIglcARzZoqr/hjDNldPvt8NZb5IPOZCCHNzwd22a26MzirxFuQMlqgMbC//KEkSUQFEI617nluDP0MK2CE07zkJ5rGmEzwiPYMne6g+9nsrNw5M8rQCaUyT4AzU393ZDjSOo0CUxlhGOtlbyr+5/USCK/7GRNxAlSQ+aAw4Q5IZ5qRM2SKEuCpIZgoZnZ1yBgrTMAkWTIheMsnr5L2ZdVzq959rVyvLeIoohN0iirIQ1eojm5RA7UQQY/oGb2iN+vJerHerY95acFa9ByjP7A+fwCISKDK</latexit><latexit sha1_base64="57q52pAzqXPMbfgaloVeObclrbo=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSLUhSWRgi4LbtxZoS9oSplMJ+3QyUyYuRFCyFe48VfcuFDErbjzb5w+Ftp6YJjDOfdy7z1BzJkG1/22CmvrG5tbxe3Szu7e/oF9eNTWMlGEtojkUnUDrClngraAAafdWFEcBZx2gsnN1O88UKWZFE1IY9qP8EiwkBEMRhrYF76MqcIglcARzZoqr/hjDNldPvt8NZb5IPOZCCHNzwd22a26MzirxFuQMlqgMbC//KEkSUQFEI617nluDP0MK2CE07zkJ5rGmEzwiPYMne6g+9nsrNw5M8rQCaUyT4AzU393ZDjSOo0CUxlhGOtlbyr+5/USCK/7GRNxAlSQ+aAw4Q5IZ5qRM2SKEuCpIZgoZnZ1yBgrTMAkWTIheMsnr5L2ZdVzq959rVyvLeIoohN0iirIQ1eojm5RA7UQQY/oGb2iN+vJerHerY95acFa9ByjP7A+fwCISKDK</latexit>

Figure 1.8: Thermalization of the state |ψ(t)〉 in Floquet systems with rapid driving (red) or
relatively slow driving (gray). (a) For ω � Jeff , after a transient period, expectation of a local
observable Ô first saturates to a prethermal plateau before heating to infinite temperature
state ρ̂∞. Whereas for slower driving, the state evolves to ρ̂∞ rapidly. (b) Likewise the
dynamics of entanglement entropy Sent also exhibits prethermal plateau before reaching the

maximum value S∞. For a spin-1
2 chain of length L it reads S∞ = (L log 2− 1)/2 [48].

1.4.2 Floquet Systems

As discussed in Sec. 1.2.3, a generic interacting many-body system heats indefinitely to

infinite temperature unless the system is integrable or exhibits MBL. Here I show that

prethermalization also appears in Floquet systems for high frequency drivings, which

can be treated as a generic method to suppress drive induced heating in non-integrable

systems. When the driving frequency ω is much larger than the local bandwidth Jeff

of the effective Hamiltonian governing prethermal dynamics, energy absorption can

only happen via many-body resonances. For instance, simultaneous flips of multiple

spins, the number of which scales as nflip = ω/Jeff . The probability for such an event

to happen is exponentially small in nflip, hence, resulting in an exponentially long

lifetime of prethermalization as illustrated in Fig. 1.8. Such an intuition has been

verified in many setups both numerically [92] and experimentally [47, 93]. In fact, it

can also be rigorously proved via bounding the heating rate [19, 94] obtained by the

Floquet-Magnus expansion introduced in Sec. 1.2.3.

Let us consider a non-integrable system described by the time-dependent Hamil-

tonian Ĥ(t) = Ĥ(t + T ). The stroboscopic dynamics after each period is governed

by the time-independent Floquet Hamiltonian ĤF which can be perturbatively deter-

mined by the Floquet-Magnus expansion [Eq. (1.23)]. One can then define an effective
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Hamiltonian by truncating the expansion up to a finite order n as

Ĥ
(n)
F =

n∑

m=0

TmΩ̂m, (1.39)

which remains local if the original driven Hamiltonian Ĥ(t) is local, hence, does not

obey Floquet-ETH introduced in Sec. 1.2.3. Instead, the effective Hamiltonian Ĥ(n)
F

obeys the usual ETH, thus, the system approaches the prethermal state captured by

the microcanonical ensemble ρ̂pre = e−βĤ
(n)
F as shown in Fig. 1.8.

For a short-ranged interacting system, rigorous results have been established in

Ref. [19, 41]. The upper bound for the distance between a local operator Ô propagated

either by the Floquet Hamiltonian or the effective Hamiltonian at stroboscopic time

t is given by [41]

∥∥∥eiĤFtÔe−iĤFt − eiĤ
(n0)
F tÔe−iĤ

(n0)
F t

∥∥∥ ≤ t‖Ô‖vlkge−O(1/(kgT )), (1.40)

where ‖·‖ denotes the operator norm, n0 defines the optimal order beyond which the

Floquet-Magnus expansion starts to diverge. The optimal order scales linearly in

frequency as n0 ∼ O(1/(kgT )), where k measures the maximum interacting range of

Ĥ(t) and the absolute energy per site is bounded above by g. The above inequality

indicates that the local property of the Floquet dynamics can be well-approximated

by the truncated Hamiltonian up to the prethermal time scale τpre ∼ eO(1/(kgT )).

One can further show that the effective Hamiltonian can be regarded as a conserved

quantity during prethermalization by inserting Ô = Ĥ
(n)
F in Eq. (1.40) for 0 ≤ n ≤ n0

as

1

V

∥∥∥eiĤFtĤ
(n)
F e−iĤFt − Ĥ(n)

F

∥∥∥ ≤ tkg2e−O(1/(kgT )) +O
(
Tn+1

)
, (1.41)

where V denotes the system size and O
(
Tn+1

)
measures the fluctuation which is

time independent. The expectation value of Ĥ(0)
F is normally interpreted as the mean

energy of the state, which remains conserved up to an exponentially long time as

suggested by Eq. (1.41) for n = 0. Therefore, the heating rate of the system, whose

energy grows towards the infinite-temperature value Tr
(
Ĥ

(0)
F ρ̂∞

)
, is exponentially

small in frequency. Hence, the change in the energy only becomes notable after an
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exponentially long time.

1.4.3 Floquet Engineering

Floquet driving allows us to drastically modify the dynamical properties of quantum

many-body systems and create effective physical processes which are otherwise difficult

to obtain. Although for generic non-integrable systems these driving induced effects

ultimately disappear, prethermalization allows us to observe them in a sufficiently

long time window. Such an idea is also called Floquet engineering [38], which is

broadly applied not only in cold atoms in optical lattices [95, 96], but also in electronic

systems [38]. However, according to the rigorous results of the last section, Floquet

heating is only well controlled when the driving frequency is the dominating energy

scale of the system and crucially the driving amplitude should not be too strong. As

such, the resulting effective Hamiltonian Ĥ(n)
F can be well approximated as Ĥ(n)

F ≈ Ω̂0

because higher order corrections are negligible. It indeed poses a strong limitation

to Floquet engineering as the induced dynamics remain close to the undriven ones

trivially generated by Ω̂0. One exception happens when Ω̂0 vanishes, in which the

effective Hamiltonian is dominated by the first order process

Ĥ
(n)
F ≈ T Ω̂1, (1.42)

this can be very non-trivial as presented in Ref. [97].

Alternatively, strong driving is commonly used to significantly modify the Hamil-

tonian by using a driving amplitude comparable to, or even much larger than, the

driving frequency. Although the standard Floquet-Magnus expansion becomes invalid,

one might find a properly defined rotating frame in which the driving amplitude does

not contribute to the amplitude of the Hamiltonian. Therefore, the driving frequency

is still the largest energy scale permitting a perturbative expansion in the new frame.

For concreteness, I will illustrate the idea of Floquet engineering through the

periodically driven 1D Bose-Hubbard system described by the Hamiltonian

Ĥ(t) =
∑

〈pq〉

ĉ†pJpq ĉq +
U

2

∑

p

n̂p(n̂p − 1) + F (t)
∑

p

εpn̂p, (1.43)
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where ĉp(ĉ
†
p) annihilates (creates) a boson at site p, and n̂p = ĉ†pĉp is the occupation

number operator. This Hamiltonian has been discussed in Ref. [98] and describes

a system of spinless bosons in the lowest band of 1D driven optical lattices. The

first term on the right hand side indicates that particles can hop to its neighboring

sites with the bare hopping rate Jpq = −J . The second term represents the on-site

interaction with the amplitude U , tunable by modulating a magnetic field inducing a

Feshbach resonance [99]. The sign of U can be either positive or negative, generating

repulsive or attractive forces between particles if more than two of them are occupying

the same site. The final term defines a tilted potential with εp = −p, and its amplitude

F (t) is a temporally periodic function with a period T . Experimentally, the time

dependence can be achieved via a periodic tilt or acceleration of the lattice [100].

For the static system with F (t) = 0 and positive U , the dimensionless quantity

U/J drastically changes the groundstate property [101]. For U/J � 1, where hopping

dominates, the groundstate features superfluidity (SF) where all particles are free to

move. On the contrary for U/J � 1, the system enters a Mott insulator (MI) phase

where particles fix their position on each lattice site to avoid on-site repulsion. The

SF to MI phase transition has been realized experimentally in optical lattices by

increasing the lattice depth [102, 103].

The SF-MI phase transition can also be realized by periodically shaking the lattice

with a continuous driving profile, e.g. F (t) = F1 cos(ωt), with a large amplitude i.e.

F1 & ω. In this case, the lowest order contribution to the effective Hamiltonian Ω̂0

is the time average of Ĥ(t) which trivially gives the static Bose-Hubbard model, and

the higher-order expansion of the Hamiltonian quickly diverges. To resolve this, the

time dependent unitary transformation R(t) was employed in Ref. [98] as

R(t) = exp

[
i
∑

p

θp(t)n̂p

]
, (1.44)

where θp(t) = εp
∫ t

0 dτF (τ). The Hamiltonian H̃(t) = RĤ(t)R†−iRṘ† in the rotating

frame reduces to

H̃(t) =
∑

〈pq〉

ĉ†pÂpq(t)ĉq +
U

2

∑

p

n̂p(n̂p − 1), (1.45)
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where the hopping term is modified to

Âpq(t) = Jpqe
i(θp(t)−θq(t)), (1.46)

and the driving profile F (t) contributes a time-dependent phase factor. The Hamilto-

nian in the rotating frame now permits a perturbative expansion in the rapid driving

regime, i.e. ω � J, U , and the lowest order contribution reduces to

Ω̂0 = −Jeff

∑

〈pq〉

ĉ†pĉq +
U

2

∑

p

n̂p(n̂p − 1), (1.47)

where the hopping rate is now renormalized as Jeff = JB0(F1/ω), here B0(x) denotes

the zero-th order Bessel function [98]. Consequently, the ratio between the renor-

malized hopping and the on-site interaction Jeff/U can be tuned in a wide range by

varying F1/ω, enabling the SF-MI phase transition [98].

There has been a vast amount of research on Floquet engineering and many the-

oretical proposals have already been experimentally realized [38]. Besides the above-

mentioned renormalization of hopping rates [100], artificial gauge fields [95, 96] and

a basic Z2 lattice gauge model [8] have been simulated by Floquet engineering. In

Chapter 2, I will further modulate the on-site interaction of the Bose-Hubbard model

[Eq. (1.43)] and investigate the interaction induced process - the density-assisted tun-

neling. For special driving profiles, this process constrains the dynamics notably and

results in QMBS.

1.5 Quasi-Periodically Driven Systems

By now I have discussed non-ergodic systems exhibiting either non-thermal or slowly

thermalizing dynamics caused by a static quench or Floquet driving. Hamiltonians

in both situations possess TTS, thus both the eigenstates and eigenvalues of either

the time-independent Hamiltonians or Floquet operators are well-defined. Based on

ETH, properties of these eigenstates provide useful information to infer whether the

quantum system thermalizes, and if so, how they approach thermal equilibrium.

However, there are many other ways for taking a quantum system out-of-equilibrium

which are yet to be fully explored, for instance, by applying driving fields following
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quasi-periodic (or aperiodic) sequences. Quasi-periodic drives (QPD) are determin-

istic and structured in time whereas TTS is absent, hence, such setups interpolate

between perfectly periodic and purely random protocols. As those systems are not re-

stricted by TTS, it is expected that they can give us more flexibility and controllability

to engineer exotic physical processes or new non-equilibrium phases of matter [104–

106]. On the other hand, the absence of TTS also implies that Floquet theory funda-

mentally does not work which makes both the numerical simulations and analytical

investigations of these non-equilibrium phenomena very difficult.

Although there is not yet a well-established universal theoretical framework for

studying aperiodically driven systems, interesting properties have been proposed for

special types of drivings. I will first briefly review the up-to-date findings in the

following section and later introduce my new discoveries of non-equilibrium phases of

matter and prethermalization in aperiodically driven systems in Chapters 4 and 5.

1.5.1 Continuous Driving

There are two commonly used approaches to achieve a quasi-periodic driving, either

in a continuous or a discrete manner. I first consider the Hamiltonian of a contin-

uous QPD system with a finite number of driving frequencies defined via a Fourier

expansion [107–109]

Ĥ(t) =
∑

~n

Ĥ~ne
i~n·~θt , (1.48)

with ~n = (n1, n2, n3, . . . ) ⊆ ZN and θt,i = ωit. The system is QPD if all or a subset

of the N frequencies ωi are incommensurate, i.e. their mutual ratios are irrational.

Indeed, investigations of QPD systems actually started decades ago focusing on simple

two level systems. For instance in Ref. [110], it was shown that even a two-level system

driven by two incommensurate frequencies can exhibit quantum chaos.

Recently there is a resurgence of interest in studying such QPD systems and an el-

egant generalization of Floquet theory facilitates the investigation. There, the system

is transformed into a higher-dimensional synthetic Floquet lattice where the time-

dependent QPD Hamiltonian now becomes static. The dimension of the Floquet

lattice equals the incommensurate quasi-periodic tones [108, 111]. For some special
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QPD protocols, one can then treat the spatial and synthetic dimensions on equal foot-

ing, which has been further applied to realize higher dimensional topological phases

in QPD low-dimensional systems [112, 113].

Although the idea of a Floquet lattice is in principle valid for any QPD system

with a finite number of incommensurate tones, simulations of the dynamics quickly

become unfeasible for interacting many-body systems. Indeed, most of the recent

findings [112–115] are mainly focusing on two-level systems or one dimensional tight-

binding models.

Compared with Floquet systems, many-body QPD systems are also expected to

suffer from a more drastic heating issue. To see this, let us consider a bichromatic

driving with incommensurate frequencies ω1 and ω2. A generic many-body system

can absorb the amount of energy ∆E = |n1ω1±n2ω2| for an arbitrary integer photon

number n1/2 via multi-photon events. It has been shown that ∆E can be arbitrarily

small if the photon number is sufficiently large [104]. Such a property makes QPD

systems manifestly different from Floquet systems where ∆E is strictly bounded from

below. Therefore, simply increasing the driving frequency does not necessarily sup-

press heating as it can still happen via multi-photon events instead of many-body

resonances which is the main reason for Floquet heating as introduced in Sec. 1.4.2.

It is thus expected that heating in generic QPD many-body systems is inevitable

and, non-equilibrium phases like MBL cannot be stable for an infinitely long lifetime.

Very recently, it has been proposed that heating can still be controlled by suppressing

the probability of multi-photon events [104]. Consequently a transient but long-lived

prethermal regime can appear if the QPD protocols satisfy some restrictive condi-

tions [104].

Despite the lack of a generic framework to investigate QPD systems, in Chapter 4,

I will show a specific example, e.g. the Floquet time spiral (FTS), which can be

mapped to Floquet system via a time-dependent unitary transformation. Hence, a

FTS can be efficiently treatable within the known Floquet framework. A QPD two-

level system is first studied as a pedagogical example, followed by a generalization

to a disordered many-body system. It further leads to the discovery of a new non-

equilibrium phase of matter, the discrete time quasi-crystal, which remains stable even

when the equivalence to its Floquet counterpart is absent.
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1.5.2 Discrete Driving

Another approach to induce quasi-periodic driving is by stepwise protocols following

aperiodic sequences generated by recursive relations [116–119]. For instance, the ape-

riodic Thue-Morse sequence involving an infinite sequence of si = ±1 can be obtained

as follows: One first starts from the element s1 = −1, then sequentially appends a

sequence containing all elements in the previously obtained sequence but with the

opposite sign, e.g. s1, s2 = −1,−(s1) = −1,+1. One can repeat this procedure and

get the following sequence recursively

s1, s2, s3, s4 = −1,+1,+1,−1,

s1, . . . . . . , s8 = −1,+1,+1,−1,+1,−1,−1,+1,

s1, . . . . . . , s16 = −1,+1,+1,−1,+1,−1,−1,+1,+1,−1,−1,+1,−1,+1,+1,−1.

(1.49)

To perform the corresponding driving protocol, one can define two operators U+ and

U− and apply them to an initial state according to the sequence above. Compared

to the continuous quasi-periodic functions [Eq. (1.48)] whose Fourier decomposition

is a simple collection of delta functions, these aperiodic sequences can have a more

complicated and perhaps continuous frequency spectrum [120]. A large number of

frequency components also implies that the above-mentioned Floquet lattice has an

infinite dimension, thus cannot provide useful insights for the understanding of the

resulting dynamics.

The recursive relation used for the generation of Eq. 1.49 indeed permits us to

efficiently simulate the time evolution of a quantum system [117]. Starting by defining

the matrices

U0 = U+, Ũ0 = U−, (1.50)

one can construct the time evolution operator Un after exactly 2n drives recursively

as

Un = Ũn−1Un−1, Ũn = Un−1Ũn−1, (1.51)

with an integer n. For instance, after 2 steps, the time evolution operator is U1 =
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Ũ0U0, and after 4 steps, U2 = Ũ1U1 = U0Ũ0Ũ0U0. It is worth noting that only

a linearly increasing number O(n) of matrix multiplication is needed to simulate

exponentially long times O(2n). Similar ideas have been employed to analyze the

slow relaxation or non-thermal behavior in some integrable or MBL systems subject

to aperiodic drives [105, 117–119, 121].

In Chapter 5, I propose a family of discrete driving protocols, the nth order random

multipolar driving (RMD), to further investigate the effect of the quasi-periodicity

in heating suppression for generic non-integrable systems. For n → ∞, n−RMD

corresponds to the quasi-periodic Thue-Morse driving. The non-negative integer n

quantifies the temporal correlation in the protocol which leads to a polynomially

suppressed low frequency spectrum. For n ≥ 1, prethermalization appears and its

lifetime follows a surprisingly simple algebraic scaling versus the driving rate with

exponent 2n+ 1. A simple theory based on Fermi’s golden rule is sufficient to explain

this behavior. In spite of its eventual heat death, I will demonstrate that the time

crystalline behavior can exist even the driving protocol does not have TTS.
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Chapter 2

Floquet Engineering of Quantum

Many-body Scars

QMBS have been recently discovered as a novel mechanism to weakly break ergodicity.

These special eigenstates violate ETH and have sub-extensive entanglement whereas

most of other eigenstates are thermal. Any initial state with a dominant overlap with

QMBS exhibits non-thermal coherent oscillations and low entanglement generation.

By now, QMBS have been identified in several theoretical proposals, mostly in spin

models [75–78, 122–130] and fermionic models [88, 131]. One common feature of these

models is the finite local Hilbert space dimension. A crucial question I want to address

is whether QMBS can also occur in experimentally realizable settings with bosons.

In this Chapter, by periodically modulating the on-site energy and interaction, I

propose an experimentally feasible driving protocol to engineer the density-assisted

tunneling for bosonic atoms trapped in an optical lattice. As shown in Sec. 2.1 and

Sec. 2.2, this tunneling process appears as a dominant effective process of the mod-

ulated BHM for high frequency drivings. Hence, the rate for a particle to tunnel

depends on the number of particles on its local site and neighboring sites. By tuning

the driving amplitudes and frequencies, these hopping rates also change accordingly. I

find the optimal driving parameters such that some tunneling channels are suppressed

to zero between Fock states that are connected without the driving. Consequently,

HSF happens for the effective model even though the local Hilbert space for bosons

can be infinitely large. In Sec. 2.3, I confirm the appearance of QMBS in the rapid

driving regime by analyzing the properties of the Floquet operator. In Sec. 2.4, I

further demonstrate that QMBS can be experimentally probed by preparing selected
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initial states and detecting the long-lived coherent oscillations. Later in Sec. 2.5, I

compare these coherent oscillations with Bloch oscillations that can appear without

the need of driving. Finally, potential experimental realizations and open questions

will be discussed.

2.1 Bose-Hubbard Model with Doubly Modulation

Let me focus on a system of spinless bosons occupying the lowest band in the 1D

optical lattice described by the BHM,

Ĥ(t) =
∑

〈pq〉

ĉ†pJpq ĉq +
U(t)

2

∑

p

n̂p(n̂p − 1) + F (t)
∑

p

εpn̂p , (2.1)

εp = −p represents the tilt potential, F (t) is the shaking amplitude, U(t) is the

amplitude of the on-site interaction, and Jpq = −J is the bare tunneling rate between

adjacent sites. The same model with a static on-site interaction has been discussed

in Sec. 1.4.3 where the hopping rates can be dynamically suppressed by tuning the

shaking profile F (t). Here, I also periodically drive the on-site interaction U(t) and

its time dependence can be experimentally achieved via modulating the magnetic field

which induces a Feshbach resonance [99, 132].

Let me now show that this driving can lead to density-assisted tunneling which

does not exist in the bare Hamiltonian. For a suitably chosen set of driving pa-

rameters, such tunneling processes can effectively introduce kinetic constraints to

the system, hence, breaking the ergodicity of the dynamics. A monochromatically

varying on-site interaction U(t) = Ud cos(ωt) and a bichromatic shaking F (t) =

F2 cos(2ωt) + F4 cos(4ωt) are sufficient for my purpose. In the following, I intro-

duce the dimensionless quantities Ũd = Ud/ω, F̃2 = F2/2ω and F̃4 = F4/4ω for

simplification.

2.2 Floquet Engineering of Density-Assisted Tunneling

Following the discussion in Sec. 1.4.3, I employ a strong driving in both the interaction

and the shaking to dramatically modify the dynamics, namely Ũd, F̃2 and F̃4 are

not necessarily small. Therefore, I first need to perform a time-dependent unitary



2.2. Floquet Engineering of Density-Assisted Tunneling 35

transformation, such that in the rotating frame, the strong driving amplitude does

not contribute to the amplitude of the Hamiltonian. For the model in Eq. 2.1, I

consider a unitary transformation which has been previously used in Refs. [133, 134]

R(t) = exp

[
i

(∑

p

θp(t)n̂p +
Γ(t)

2

∑

p

n̂p (n̂p − 1)

)]
, (2.2)

where Γ(t) =
∫ t

0 dτU(τ) and θp(t) = εp
∫ t

0 dτF (τ). The Hamiltonian H̃(t) = RĤ(t)R†−

iRṘ† in the rotating frame reduces to

H̃(t) =
∑

〈pq〉

ĉ†pÂpq(t)ĉq, (2.3)

where the hopping term modifies to

Âpq(t) = Jpqe
i(θp(t)−θq(t))eiΓ(t)(n̂p−n̂q). (2.4)

The detailed derivation is illustrated in the Appendix. A. The fact that strong driving

amplitudes now only contribute to the time-dependent phase factor permits us to de-

rive an effective Hamiltonian to approximate the dynamics. Importantly, modulation

of the interaction leads to a phases which depends on particle number n̂p. The lowest

order contribution to the high-frequency expansion (Eq. (1.23)) is the time average

Ĥ0
eff = 1

T

∫ T
0 dtH̃(t), which reduces to the so-called density assisted tunneling [133]

Ĥ0
eff =

∑

pq

ĉ†pÂ
0
pq(n̂p, n̂q)ĉq. (2.5)

The hopping process now depends on the occupation number, which is contained in

the operator

Â0
pq(n̂p, n̂q) = −JJ0

(
Ũd(n̂p − n̂q), F̃2(p− q), F̃4(p− q)

)
, (2.6)

in terms of the zeroth order three-dimensional Bessel function J0, see details in Ap-

pendix. A. The existence of the term n̂p − n̂q in the operator Â0
pq suggests that

the hopping rates explicitly depend on the occupation number difference of specific

initial and final states. More concretely, I consider the one-dimensional Fock state
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|ψi〉 = |n1 . . . nN 〉 as initial state and obtain

ĉ†pÂ
0
p,p+1ĉp+1 |ψi〉 = hLnp,np+1

ĉ†pĉp+1 |ψi〉 , (2.7)

where the prefactor is in the form of the Bessel function

hLnp,np+1
= −JJ0(Ũd(−np + np+1 − 1), F̃2, F̃4) . (2.8)

It can be regarded as the tunneling rate for a particle to transit from site p+ 1 to p,

or in order words, to the left. Similarly for a particle to tunnel to the right from site

p to p+ 1, the rate reads

hRnp,np+1
= −JJ0(Ũd(−np + np+1 + 1), F̃2, F̃4) , (2.9)

and explicitly depends on the occupation number difference on neighboring sites. Here

I will mainly focus on systems with a low particle density because they are experimen-

tally most relevant and can be sufficiently simulated via exact diagonalization. More

interesting features can appear at a larger filling which will be further explored in

the future. At a low filling, the following rates for different hopping channels become

particularly relevant

hL(0,1) = hR(1,0) = hR(2,1) = hL(1,2) = −JJ0(0, F̃2, F̃4) ,

h
L/R
(1,1) = hR(2,0) = hL(0,2) = −JJ0(Ũd, F̃2, F̃4) ,

hL(2,1) = hR(1,2) = hL(0,3) = hR(3,0) = −JJ0(2Ũd, F̃2, F̃4) ,

(2.10)

which are crucial for the formation of Hilbert space fragmentation and QMBS.

2.2.1 Hilbert Space Fragmentation

Specific choices of the hopping rates in Eq. (2.10) can result in different connectivity

of the Hilbert space. To understand how Hilbert space fragmentation happens, I start

from the following insightful example of three lattice sites with periodic boundary

condition as illustrated in Fig. 2.1. Fock states are connected via solid and dashed

lines, which represents different hopping channels, and processes that occur with the
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<latexit sha1_base64="XXfR5bZ59cgSZGbOdA44vD2J5mY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnlyvPlBUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm6Q1g==</latexit><latexit sha1_base64="XXfR5bZ59cgSZGbOdA44vD2J5mY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnlyvPlBUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm6Q1g==</latexit><latexit sha1_base64="XXfR5bZ59cgSZGbOdA44vD2J5mY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnlyvPlBUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm6Q1g==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="QFfGC3Su3Lk2CNqdBPkcdu2ju+Q=">AAAB6HicbZDNSgMxFIXv+Ftr1erWTbAIrkqmG10KblxWsD/QGUomvdOGZjJDkhHK2Ndw40IRn8idb2Om7UJbDwQ+zkm4NyfKpDCW0m9va3tnd2+/clA9rB0dn9RPa12T5ppjh6cy1f2IGZRCYccKK7GfaWRJJLEXTe/KvPeE2ohUPdpZhmHCxkrEgjPrrOCZ+q1AMzWWWB3WG7RJFyKb4K+gASu1h/WvYJTyPEFluWTGDHya2bBg2goucV4NcoMZ41M2xoFDxRI0YbHYeU4unTMicardUZYs3N8vCpYYM0sidzNhdmLWs9L8LxvkNr4JC6Gy3KLiy0FxLolNSVkAGQmN3MqZA8a1cLsSPmGacetqKkvw17+8Cd1W06dN/4FCBc7hAq7Ah2u4hXtoQwc4ZPACb/Du5d6r97Gsa8tb9XYGf+R9/gCT+I+C</latexit><latexit sha1_base64="QFfGC3Su3Lk2CNqdBPkcdu2ju+Q=">AAAB6HicbZDNSgMxFIXv+Ftr1erWTbAIrkqmG10KblxWsD/QGUomvdOGZjJDkhHK2Ndw40IRn8idb2Om7UJbDwQ+zkm4NyfKpDCW0m9va3tnd2+/clA9rB0dn9RPa12T5ppjh6cy1f2IGZRCYccKK7GfaWRJJLEXTe/KvPeE2ohUPdpZhmHCxkrEgjPrrOCZ+q1AMzWWWB3WG7RJFyKb4K+gASu1h/WvYJTyPEFluWTGDHya2bBg2goucV4NcoMZ41M2xoFDxRI0YbHYeU4unTMicardUZYs3N8vCpYYM0sidzNhdmLWs9L8LxvkNr4JC6Gy3KLiy0FxLolNSVkAGQmN3MqZA8a1cLsSPmGacetqKkvw17+8Cd1W06dN/4FCBc7hAq7Ah2u4hXtoQwc4ZPACb/Du5d6r97Gsa8tb9XYGf+R9/gCT+I+C</latexit><latexit sha1_base64="LPEQSVFgiVY/vpEe750rJAkdngM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqWx6sceCF48V7Ae0oWy2k3bpZhN2N0KJ/RtePCji1T/jzX/jps1BWx8MPN6bYWZekAiuDSHfTmlre2d3r7xfOTg8Oj6pnp51dZwqhh0Wi1j1A6pRcIkdw43AfqKQRoHAXjC7zf3eIyrNY/lg5gn6EZ1IHnJGjZWGT8RrDBWVE4GVUbVG6mQJd5N4BalBgfao+jUcxyyNUBomqNYDjyTGz6gynAlcVIapxoSyGZ3gwFJJI9R+trx54V5ZZeyGsbIljbtUf09kNNJ6HgW2M6Jmqte9XPzPG6QmbPoZl0lqULLVojAVrondPAB3zBUyI+aWUKa4vdVlU6ooMzamPARv/eVN0m3UPVL37kmt1SziKMMFXMI1eHADLbiDNnSAQQLP8ApvTuq8OO/Ox6q15BQz5/AHzucPzS6Q0g==</latexit><latexit sha1_base64="XXfR5bZ59cgSZGbOdA44vD2J5mY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnlyvPlBUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm6Q1g==</latexit><latexit sha1_base64="XXfR5bZ59cgSZGbOdA44vD2J5mY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnlyvPlBUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm6Q1g==</latexit><latexit sha1_base64="XXfR5bZ59cgSZGbOdA44vD2J5mY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnlyvPlBUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm6Q1g==</latexit><latexit sha1_base64="XXfR5bZ59cgSZGbOdA44vD2J5mY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnlyvPlBUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm6Q1g==</latexit><latexit sha1_base64="XXfR5bZ59cgSZGbOdA44vD2J5mY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnlyvPlBUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm6Q1g==</latexit><latexit sha1_base64="XXfR5bZ59cgSZGbOdA44vD2J5mY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnlyvPlBUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm6Q1g==</latexit>

|102i
<latexit sha1_base64="oWagyUTzivL/lOzi5x9EVhWDhos=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnjy3PlBUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm+Q1g==</latexit><latexit sha1_base64="oWagyUTzivL/lOzi5x9EVhWDhos=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnjy3PlBUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm+Q1g==</latexit><latexit sha1_base64="oWagyUTzivL/lOzi5x9EVhWDhos=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnjy3PlBUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm+Q1g==</latexit><latexit sha1_base64="oWagyUTzivL/lOzi5x9EVhWDhos=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnjy3PlBUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm+Q1g==</latexit>

|021i
<latexit sha1_base64="NCOcXTQC5dngcgJClhLOvJyqAwE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnty6N1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm+Q1g==</latexit><latexit sha1_base64="NCOcXTQC5dngcgJClhLOvJyqAwE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnty6N1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm+Q1g==</latexit><latexit sha1_base64="NCOcXTQC5dngcgJClhLOvJyqAwE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnty6N1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm+Q1g==</latexit><latexit sha1_base64="NCOcXTQC5dngcgJClhLOvJyqAwE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnty6N1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm+Q1g==</latexit>

|111i
<latexit sha1_base64="jeQcAqIoGEsWeyOP5HodKMaAMW0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKYI8FLx4r2A9oQ9lsJ+3SzSbsboQS+ze8eFDEq3/Gm//GpM1BWx8MPN6bYWaeH0thrOt+O6WNza3tnfJuZW//4PCoenzSMVGiObZ5JCPd85lBKRS2rbASe7FGFvoSu/70Nve7j6iNiNSDncXohWysRCA4s5k0eKKUDjRTY4mVYbXm1t0FyDqhBalBgdaw+jUYRTwJUVkumTF96sbWS5m2gkucVwaJwZjxKRtjP6OKhWi8dHHznFxkyogEkc5KWbJQf0+kLDRmFvpZZ8jsxKx6ufif109s0PBSoeLEouLLRUEiiY1IHgAZCY3cyllGGNciu5XwCdOM2yymPAS6+vI66VzVqVun99e1ZqOIowxncA6XQOEGmnAHLWgDhxie4RXenMR5cd6dj2VrySlmTuEPnM8fznCQ1g==</latexit><latexit sha1_base64="jeQcAqIoGEsWeyOP5HodKMaAMW0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKYI8FLx4r2A9oQ9lsJ+3SzSbsboQS+ze8eFDEq3/Gm//GpM1BWx8MPN6bYWaeH0thrOt+O6WNza3tnfJuZW//4PCoenzSMVGiObZ5JCPd85lBKRS2rbASe7FGFvoSu/70Nve7j6iNiNSDncXohWysRCA4s5k0eKKUDjRTY4mVYbXm1t0FyDqhBalBgdaw+jUYRTwJUVkumTF96sbWS5m2gkucVwaJwZjxKRtjP6OKhWi8dHHznFxkyogEkc5KWbJQf0+kLDRmFvpZZ8jsxKx6ufif109s0PBSoeLEouLLRUEiiY1IHgAZCY3cyllGGNciu5XwCdOM2yymPAS6+vI66VzVqVun99e1ZqOIowxncA6XQOEGmnAHLWgDhxie4RXenMR5cd6dj2VrySlmTuEPnM8fznCQ1g==</latexit><latexit sha1_base64="jeQcAqIoGEsWeyOP5HodKMaAMW0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKYI8FLx4r2A9oQ9lsJ+3SzSbsboQS+ze8eFDEq3/Gm//GpM1BWx8MPN6bYWaeH0thrOt+O6WNza3tnfJuZW//4PCoenzSMVGiObZ5JCPd85lBKRS2rbASe7FGFvoSu/70Nve7j6iNiNSDncXohWysRCA4s5k0eKKUDjRTY4mVYbXm1t0FyDqhBalBgdaw+jUYRTwJUVkumTF96sbWS5m2gkucVwaJwZjxKRtjP6OKhWi8dHHznFxkyogEkc5KWbJQf0+kLDRmFvpZZ8jsxKx6ufif109s0PBSoeLEouLLRUEiiY1IHgAZCY3cyllGGNciu5XwCdOM2yymPAS6+vI66VzVqVun99e1ZqOIowxncA6XQOEGmnAHLWgDhxie4RXenMR5cd6dj2VrySlmTuEPnM8fznCQ1g==</latexit><latexit sha1_base64="jeQcAqIoGEsWeyOP5HodKMaAMW0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKYI8FLx4r2A9oQ9lsJ+3SzSbsboQS+ze8eFDEq3/Gm//GpM1BWx8MPN6bYWaeH0thrOt+O6WNza3tnfJuZW//4PCoenzSMVGiObZ5JCPd85lBKRS2rbASe7FGFvoSu/70Nve7j6iNiNSDncXohWysRCA4s5k0eKKUDjRTY4mVYbXm1t0FyDqhBalBgdaw+jUYRTwJUVkumTF96sbWS5m2gkucVwaJwZjxKRtjP6OKhWi8dHHznFxkyogEkc5KWbJQf0+kLDRmFvpZZ8jsxKx6ufif109s0PBSoeLEouLLRUEiiY1IHgAZCY3cyllGGNciu5XwCdOM2yymPAS6+vI66VzVqVun99e1ZqOIowxncA6XQOEGmnAHLWgDhxie4RXenMR5cd6dj2VrySlmTuEPnM8fznCQ1g==</latexit>

|201i
<latexit sha1_base64="0s9UmFqjfsKQHzYk+uFh9WV8gWA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnuquN1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znGQ1g==</latexit><latexit sha1_base64="0s9UmFqjfsKQHzYk+uFh9WV8gWA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnuquN1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znGQ1g==</latexit><latexit sha1_base64="0s9UmFqjfsKQHzYk+uFh9WV8gWA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnuquN1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znGQ1g==</latexit><latexit sha1_base64="0s9UmFqjfsKQHzYk+uFh9WV8gWA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnuquN1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znGQ1g==</latexit>

|030i
<latexit sha1_base64="fluziN6e/icoevJt6QOg4p0l19E=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lY0K9ljw4rGC/YAmlM122i7dbMLuRiixf8OLB0W8+me8+W/ctDlo64OBx3szzMwLE8G1IeTbWVvf2NzaLu2Ud/f2Dw4rR8dtHaeKYYvFIlbdkGoUXGLLcCOwmyikUSiwE05uc7/ziErzWD6YaYJBREeSDzmjxkr+E7kivqJyJLDcr1RJjczhrhKvIFUo0OxXvvxBzNIIpWGCat3zSGKCjCrDmcBZ2U81JpRN6Ah7lkoaoQ6y+c0z99wqA3cYK1vSuHP190RGI62nUWg7I2rGetnLxf+8XmqG9SDjMkkNSrZYNEyFa2I3D8AdcIXMiKkllClub3XZmCrKjI0pD8FbfnmVtC9rHql599fVRr2IowSncAYX4MENNOAOmtACBgk8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AM5wkNY=</latexit><latexit sha1_base64="fluziN6e/icoevJt6QOg4p0l19E=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lY0K9ljw4rGC/YAmlM122i7dbMLuRiixf8OLB0W8+me8+W/ctDlo64OBx3szzMwLE8G1IeTbWVvf2NzaLu2Ud/f2Dw4rR8dtHaeKYYvFIlbdkGoUXGLLcCOwmyikUSiwE05uc7/ziErzWD6YaYJBREeSDzmjxkr+E7kivqJyJLDcr1RJjczhrhKvIFUo0OxXvvxBzNIIpWGCat3zSGKCjCrDmcBZ2U81JpRN6Ah7lkoaoQ6y+c0z99wqA3cYK1vSuHP190RGI62nUWg7I2rGetnLxf+8XmqG9SDjMkkNSrZYNEyFa2I3D8AdcIXMiKkllClub3XZmCrKjI0pD8FbfnmVtC9rHql599fVRr2IowSncAYX4MENNOAOmtACBgk8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AM5wkNY=</latexit><latexit sha1_base64="fluziN6e/icoevJt6QOg4p0l19E=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lY0K9ljw4rGC/YAmlM122i7dbMLuRiixf8OLB0W8+me8+W/ctDlo64OBx3szzMwLE8G1IeTbWVvf2NzaLu2Ud/f2Dw4rR8dtHaeKYYvFIlbdkGoUXGLLcCOwmyikUSiwE05uc7/ziErzWD6YaYJBREeSDzmjxkr+E7kivqJyJLDcr1RJjczhrhKvIFUo0OxXvvxBzNIIpWGCat3zSGKCjCrDmcBZ2U81JpRN6Ah7lkoaoQ6y+c0z99wqA3cYK1vSuHP190RGI62nUWg7I2rGetnLxf+8XmqG9SDjMkkNSrZYNEyFa2I3D8AdcIXMiKkllClub3XZmCrKjI0pD8FbfnmVtC9rHql599fVRr2IowSncAYX4MENNOAOmtACBgk8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AM5wkNY=</latexit><latexit sha1_base64="fluziN6e/icoevJt6QOg4p0l19E=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lY0K9ljw4rGC/YAmlM122i7dbMLuRiixf8OLB0W8+me8+W/ctDlo64OBx3szzMwLE8G1IeTbWVvf2NzaLu2Ud/f2Dw4rR8dtHaeKYYvFIlbdkGoUXGLLcCOwmyikUSiwE05uc7/ziErzWD6YaYJBREeSDzmjxkr+E7kivqJyJLDcr1RJjczhrhKvIFUo0OxXvvxBzNIIpWGCat3zSGKCjCrDmcBZ2U81JpRN6Ah7lkoaoQ6y+c0z99wqA3cYK1vSuHP190RGI62nUWg7I2rGetnLxf+8XmqG9SDjMkkNSrZYNEyFa2I3D8AdcIXMiKkllClub3XZmCrKjI0pD8FbfnmVtC9rHql599fVRr2IowSncAYX4MENNOAOmtACBgk8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AM5wkNY=</latexit>

|120i
<latexit sha1_base64="dYqm0BnWWxvxFi7hiw3cBK9AisU=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnry6O1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znGQ1g==</latexit><latexit sha1_base64="dYqm0BnWWxvxFi7hiw3cBK9AisU=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnry6O1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znGQ1g==</latexit><latexit sha1_base64="dYqm0BnWWxvxFi7hiw3cBK9AisU=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnry6O1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znGQ1g==</latexit><latexit sha1_base64="dYqm0BnWWxvxFi7hiw3cBK9AisU=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnry6O1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znGQ1g==</latexit>

|210i
<latexit sha1_base64="GBd64Zy4G+xDvF/KFUy0bw8Tt/Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnuqeO1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znKQ1g==</latexit><latexit sha1_base64="GBd64Zy4G+xDvF/KFUy0bw8Tt/Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnuqeO1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znKQ1g==</latexit><latexit sha1_base64="GBd64Zy4G+xDvF/KFUy0bw8Tt/Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnuqeO1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znKQ1g==</latexit><latexit sha1_base64="GBd64Zy4G+xDvF/KFUy0bw8Tt/Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnuqeO1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znKQ1g==</latexit>

|300i
<latexit sha1_base64="pCF62wACtRlc+rKB7aFl1Q6v1HE=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lY0K9ljw4rGC/YAmlM122i7dbMLuRiixf8OLB0W8+me8+W/ctDlo64OBx3szzMwLE8G1IeTbWVvf2NzaLu2Ud/f2Dw4rR8dtHaeKYYvFIlbdkGoUXGLLcCOwmyikUSiwE05uc7/ziErzWD6YaYJBREeSDzmjxkr+0xUhvqJyJLDcr1RJjczhrhKvIFUo0OxXvvxBzNIIpWGCat3zSGKCjCrDmcBZ2U81JpRN6Ah7lkoaoQ6y+c0z99wqA3cYK1vSuHP190RGI62nUWg7I2rGetnLxf+8XmqG9SDjMkkNSrZYNEyFa2I3D8AdcIXMiKkllClub3XZmCrKjI0pD8FbfnmVtC9rHql599fVRr2IowSncAYX4MENNOAOmtACBgk8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AM5zkNY=</latexit><latexit sha1_base64="pCF62wACtRlc+rKB7aFl1Q6v1HE=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lY0K9ljw4rGC/YAmlM122i7dbMLuRiixf8OLB0W8+me8+W/ctDlo64OBx3szzMwLE8G1IeTbWVvf2NzaLu2Ud/f2Dw4rR8dtHaeKYYvFIlbdkGoUXGLLcCOwmyikUSiwE05uc7/ziErzWD6YaYJBREeSDzmjxkr+0xUhvqJyJLDcr1RJjczhrhKvIFUo0OxXvvxBzNIIpWGCat3zSGKCjCrDmcBZ2U81JpRN6Ah7lkoaoQ6y+c0z99wqA3cYK1vSuHP190RGI62nUWg7I2rGetnLxf+8XmqG9SDjMkkNSrZYNEyFa2I3D8AdcIXMiKkllClub3XZmCrKjI0pD8FbfnmVtC9rHql599fVRr2IowSncAYX4MENNOAOmtACBgk8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AM5zkNY=</latexit><latexit sha1_base64="pCF62wACtRlc+rKB7aFl1Q6v1HE=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lY0K9ljw4rGC/YAmlM122i7dbMLuRiixf8OLB0W8+me8+W/ctDlo64OBx3szzMwLE8G1IeTbWVvf2NzaLu2Ud/f2Dw4rR8dtHaeKYYvFIlbdkGoUXGLLcCOwmyikUSiwE05uc7/ziErzWD6YaYJBREeSDzmjxkr+0xUhvqJyJLDcr1RJjczhrhKvIFUo0OxXvvxBzNIIpWGCat3zSGKCjCrDmcBZ2U81JpRN6Ah7lkoaoQ6y+c0z99wqA3cYK1vSuHP190RGI62nUWg7I2rGetnLxf+8XmqG9SDjMkkNSrZYNEyFa2I3D8AdcIXMiKkllClub3XZmCrKjI0pD8FbfnmVtC9rHql599fVRr2IowSncAYX4MENNOAOmtACBgk8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AM5zkNY=</latexit><latexit sha1_base64="pCF62wACtRlc+rKB7aFl1Q6v1HE=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lY0K9ljw4rGC/YAmlM122i7dbMLuRiixf8OLB0W8+me8+W/ctDlo64OBx3szzMwLE8G1IeTbWVvf2NzaLu2Ud/f2Dw4rR8dtHaeKYYvFIlbdkGoUXGLLcCOwmyikUSiwE05uc7/ziErzWD6YaYJBREeSDzmjxkr+0xUhvqJyJLDcr1RJjczhrhKvIFUo0OxXvvxBzNIIpWGCat3zSGKCjCrDmcBZ2U81JpRN6Ah7lkoaoQ6y+c0z99wqA3cYK1vSuHP190RGI62nUWg7I2rGetnLxf+8XmqG9SDjMkkNSrZYNEyFa2I3D8AdcIXMiKkllClub3XZmCrKjI0pD8FbfnmVtC9rHql599fVRr2IowSncAYX4MENNOAOmtACBgk8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AM5zkNY=</latexit>

|003i
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Figure 2.1: Fragments for a system of 3 sites. Connections are assigned with hopping rates.
If all dashed ones are forbidden for conditions in Eq. (2.11), four blocks of states appear.

For clarity one of these is shadowed in gray.

same rate are depicted with the same color.

Suppose that the all rates of processes depicted with dashed line are suppressed

to zero, the Hilbert space is being separated into four fragments – one involving three

states |012〉, |102〉, |003〉, two blocks containing their cyclic permutations, and the

one-dimensional fragment |111〉. Such fragmentation happens if hopping channels

specified in Eq. (2.10) fulfill the conditions

hR(2,0) = hL(0,2) = h
L/R
(1,1) = 0 , hL(1,2) = hR(2,1) = 0 . (2.11)

In practice, these rates do not need to vanish exactly. Notable deviation from ETH as

a signature of ergodicity breaking can also be observed when small but finite values

of these hopping rates are present, which can be thought of as leaking channels.

Fragmentation also arises in large systems of any number of sites and filling factor

via combing elementary building blocks of few sites. The simplest ones for unit filling

would be the Mott state |111 . . . 1〉 as well as the density wave state |2020 . . . 20〉,

which are generated from the building block |1〉 and |20〉 respectively. Since no dy-

namics are permitted for these two states, they are also the eigenstates of the effective

Hamiltonian.

I am more interested in building blocks where dynamics are allowed. One example

containing the Fock states |n1n2n3n4n5n6〉 for a system of six sites at unit-filling is

illustrated in Fig. 2.2, where the dashed line connects the mirror symmetric states.

Notice that the n2 and n5 always has a particle number smaller than or equal to 2,

hence according to the condition in Eq. (2.11), no particle is permitted to move to
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Figure 2.2: Fragments for a system of 6 sites where both ends are empty. Connections are
assigned with hopping rates and doted lines connect mirror symmetric states.

the boundary sites. Therefore, starting from any initial state within this fragment,

the vanishing occupation on sites 1 and 6 is conserved throughout time evolution.

Additionally, a product form of such 6-site states also retains, simply because no

particles can hop across different blocks. As such, it generates a fragment which has a

much smaller dimension than the total Hilbert space. This product form also implies

that only area-law entanglement can be established as a typical behavior of QMBS.

There are many other building blocks resulting in a substantial number of QMBS in

large systems.

2.2.2 Optimal Control

To achieve the Hilbert space fragmentation experimentally, the driving parameters

need to be chosen such that

J0(Ũd, F̃2, F̃4) = 0 , J0(0, F̃2, F̃4) = 0 , (2.12)

to satisfy the conditions given in Eq. (2.11).

In general, according to Eq. (2.10), a large ratio of Ud/ω is needed for a notable

difference between hopping rates with different occupation numbers. For concreteness,

from now on I fix the parameters Ud/J = 12, ω/J = 6. I will use the ratio between

dominant leaking rates and the leading hopping rate within the fragment

r =
|hL(0,1)|+ |hL1,1|
|hL(2,1)|

,

to measure how well the fragmented subspace can be disconnected with others. Phys-

ically, it serves as a suitable quantity to indicate the existence of long-lived coherent



2.3. ETH Violation in Spectrum 39

log

 
|hL

(0,1)| + |hL
(1,1)|

|hL
(2,1)|

!

F2[J ]
<latexit sha1_base64="dZwja01waF0CuVuP548nrdJOCEo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktQj0WCiKeKtgP2C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tEyVYS2ieRS9UKsKWeCtg0znPYSRXEcctoNJ825332iSjMpHsw0oUGMR4JFjGBjpc7NoObfBYNyxa26C6B14uWkAjlag/JXfyhJGlNhCMda+56bmCDDyjDC6azUTzVNMJngEfUtFTimOsgW187QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP89PTXQdZEwkqaGCLBdFKUdGovnraMgUJYZPLcFEMXsrImOsMDE2oJINwVt9eZ10alXPrXr3V5VGM4+jCGdwDpfgQR0acAstaAOBR3iGV3hzpPPivDsfy9aCk8+cwh84nz+6r46Q</latexit><latexit sha1_base64="dZwja01waF0CuVuP548nrdJOCEo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktQj0WCiKeKtgP2C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tEyVYS2ieRS9UKsKWeCtg0znPYSRXEcctoNJ825332iSjMpHsw0oUGMR4JFjGBjpc7NoObfBYNyxa26C6B14uWkAjlag/JXfyhJGlNhCMda+56bmCDDyjDC6azUTzVNMJngEfUtFTimOsgW187QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP89PTXQdZEwkqaGCLBdFKUdGovnraMgUJYZPLcFEMXsrImOsMDE2oJINwVt9eZ10alXPrXr3V5VGM4+jCGdwDpfgQR0acAstaAOBR3iGV3hzpPPivDsfy9aCk8+cwh84nz+6r46Q</latexit><latexit sha1_base64="dZwja01waF0CuVuP548nrdJOCEo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktQj0WCiKeKtgP2C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tEyVYS2ieRS9UKsKWeCtg0znPYSRXEcctoNJ825332iSjMpHsw0oUGMR4JFjGBjpc7NoObfBYNyxa26C6B14uWkAjlag/JXfyhJGlNhCMda+56bmCDDyjDC6azUTzVNMJngEfUtFTimOsgW187QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP89PTXQdZEwkqaGCLBdFKUdGovnraMgUJYZPLcFEMXsrImOsMDE2oJINwVt9eZ10alXPrXr3V5VGM4+jCGdwDpfgQR0acAstaAOBR3iGV3hzpPPivDsfy9aCk8+cwh84nz+6r46Q</latexit><latexit sha1_base64="dZwja01waF0CuVuP548nrdJOCEo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktQj0WCiKeKtgP2C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tEyVYS2ieRS9UKsKWeCtg0znPYSRXEcctoNJ825332iSjMpHsw0oUGMR4JFjGBjpc7NoObfBYNyxa26C6B14uWkAjlag/JXfyhJGlNhCMda+56bmCDDyjDC6azUTzVNMJngEfUtFTimOsgW187QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP89PTXQdZEwkqaGCLBdFKUdGovnraMgUJYZPLcFEMXsrImOsMDE2oJINwVt9eZ10alXPrXr3V5VGM4+jCGdwDpfgQR0acAstaAOBR3iGV3hzpPPivDsfy9aCk8+cwh84nz+6r46Q</latexit>

F2[J ]
<latexit sha1_base64="dZwja01waF0CuVuP548nrdJOCEo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktQj0WCiKeKtgP2C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tEyVYS2ieRS9UKsKWeCtg0znPYSRXEcctoNJ825332iSjMpHsw0oUGMR4JFjGBjpc7NoObfBYNyxa26C6B14uWkAjlag/JXfyhJGlNhCMda+56bmCDDyjDC6azUTzVNMJngEfUtFTimOsgW187QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP89PTXQdZEwkqaGCLBdFKUdGovnraMgUJYZPLcFEMXsrImOsMDE2oJINwVt9eZ10alXPrXr3V5VGM4+jCGdwDpfgQR0acAstaAOBR3iGV3hzpPPivDsfy9aCk8+cwh84nz+6r46Q</latexit><latexit sha1_base64="dZwja01waF0CuVuP548nrdJOCEo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktQj0WCiKeKtgP2C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tEyVYS2ieRS9UKsKWeCtg0znPYSRXEcctoNJ825332iSjMpHsw0oUGMR4JFjGBjpc7NoObfBYNyxa26C6B14uWkAjlag/JXfyhJGlNhCMda+56bmCDDyjDC6azUTzVNMJngEfUtFTimOsgW187QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP89PTXQdZEwkqaGCLBdFKUdGovnraMgUJYZPLcFEMXsrImOsMDE2oJINwVt9eZ10alXPrXr3V5VGM4+jCGdwDpfgQR0acAstaAOBR3iGV3hzpPPivDsfy9aCk8+cwh84nz+6r46Q</latexit><latexit sha1_base64="dZwja01waF0CuVuP548nrdJOCEo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktQj0WCiKeKtgP2C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tEyVYS2ieRS9UKsKWeCtg0znPYSRXEcctoNJ825332iSjMpHsw0oUGMR4JFjGBjpc7NoObfBYNyxa26C6B14uWkAjlag/JXfyhJGlNhCMda+56bmCDDyjDC6azUTzVNMJngEfUtFTimOsgW187QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP89PTXQdZEwkqaGCLBdFKUdGovnraMgUJYZPLcFEMXsrImOsMDE2oJINwVt9eZ10alXPrXr3V5VGM4+jCGdwDpfgQR0acAstaAOBR3iGV3hzpPPivDsfy9aCk8+cwh84nz+6r46Q</latexit><latexit sha1_base64="dZwja01waF0CuVuP548nrdJOCEo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktQj0WCiKeKtgP2C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tEyVYS2ieRS9UKsKWeCtg0znPYSRXEcctoNJ825332iSjMpHsw0oUGMR4JFjGBjpc7NoObfBYNyxa26C6B14uWkAjlag/JXfyhJGlNhCMda+56bmCDDyjDC6azUTzVNMJngEfUtFTimOsgW187QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP89PTXQdZEwkqaGCLBdFKUdGovnraMgUJYZPLcFEMXsrImOsMDE2oJINwVt9eZ10alXPrXr3V5VGM4+jCGdwDpfgQR0acAstaAOBR3iGV3hzpPPivDsfy9aCk8+cwh84nz+6r46Q</latexit>

F
4
[J

]
<latexit sha1_base64="yNxM3xqJQluBBWzmIuWFioE6VU8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVQj0WCiKeKtgP2C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tEyVYS2ieRS9UKsKWeCtg0znPYSRXEcctoNJ825332iSjMpHsw0oUGMR4JFjGBjpc7NoObfBYNyxa26C6B14uWkAjlag/JXfyhJGlNhCMda+56bmCDDyjDC6azUTzVNMJngEfUtFTimOsgW187QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP89PTXQdZEwkqaGCLBdFKUdGovnraMgUJYZPLcFEMXsrImOsMDE2oJINwVt9eZ10rqqeW/Xua5VGM4+jCGdwDpfgQR0acAstaAOBR3iGV3hzpPPivDsfy9aCk8+cwh84nz+9vY6S</latexit><latexit sha1_base64="yNxM3xqJQluBBWzmIuWFioE6VU8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVQj0WCiKeKtgP2C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tEyVYS2ieRS9UKsKWeCtg0znPYSRXEcctoNJ825332iSjMpHsw0oUGMR4JFjGBjpc7NoObfBYNyxa26C6B14uWkAjlag/JXfyhJGlNhCMda+56bmCDDyjDC6azUTzVNMJngEfUtFTimOsgW187QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP89PTXQdZEwkqaGCLBdFKUdGovnraMgUJYZPLcFEMXsrImOsMDE2oJINwVt9eZ10rqqeW/Xua5VGM4+jCGdwDpfgQR0acAstaAOBR3iGV3hzpPPivDsfy9aCk8+cwh84nz+9vY6S</latexit><latexit sha1_base64="yNxM3xqJQluBBWzmIuWFioE6VU8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVQj0WCiKeKtgP2C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tEyVYS2ieRS9UKsKWeCtg0znPYSRXEcctoNJ825332iSjMpHsw0oUGMR4JFjGBjpc7NoObfBYNyxa26C6B14uWkAjlag/JXfyhJGlNhCMda+56bmCDDyjDC6azUTzVNMJngEfUtFTimOsgW187QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP89PTXQdZEwkqaGCLBdFKUdGovnraMgUJYZPLcFEMXsrImOsMDE2oJINwVt9eZ10rqqeW/Xua5VGM4+jCGdwDpfgQR0acAstaAOBR3iGV3hzpPPivDsfy9aCk8+cwh84nz+9vY6S</latexit><latexit sha1_base64="yNxM3xqJQluBBWzmIuWFioE6VU8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVQj0WCiKeKtgP2C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tEyVYS2ieRS9UKsKWeCtg0znPYSRXEcctoNJ825332iSjMpHsw0oUGMR4JFjGBjpc7NoObfBYNyxa26C6B14uWkAjlag/JXfyhJGlNhCMda+56bmCDDyjDC6azUTzVNMJngEfUtFTimOsgW187QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP89PTXQdZEwkqaGCLBdFKUdGovnraMgUJYZPLcFEMXsrImOsMDE2oJINwVt9eZ10rqqeW/Xua5VGM4+jCGdwDpfgQR0acAstaAOBR3iGV3hzpPPivDsfy9aCk8+cwh84nz+9vY6S</latexit>

A
m

p
li
tu

d
es

[J
]

<latexit sha1_base64="q30gZBoo0a8yCvHPbD4vokiuPwI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOlF/FUwdZCGspms2mX7m7i7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6acaeO6305pbX1jc6u8XdnZ3ds/qB4edXSSKULbJOGJ6oZYU84kbRtmOO2mimIRcvoYjpoz/3FMlWaJfDCTlAYCDySLGcHGSsGNsEtMFlHt3wX9as2tu3OgVeIVpAYFWv3qVy9KSCaoNIRjrX3PTU2QY2UY4XRa6WWappiM8ID6lkosqA7y+dFTdGaVCMWJsiUNmqu/J3IstJ6I0HYKbIZ62ZuJ/3l+ZuLrIGcyzQyVZLEozjgyCZolgCKmKDF8YgkmitlbERlihYmxOVVsCN7yy6ukc1H33Lp3f1lrNIs4ynACp3AOHlxBA26hBW0g8ATP8Apvzth5cd6dj0VrySlmjuEPnM8fxsOSFw==</latexit><latexit sha1_base64="q30gZBoo0a8yCvHPbD4vokiuPwI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOlF/FUwdZCGspms2mX7m7i7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6acaeO6305pbX1jc6u8XdnZ3ds/qB4edXSSKULbJOGJ6oZYU84kbRtmOO2mimIRcvoYjpoz/3FMlWaJfDCTlAYCDySLGcHGSsGNsEtMFlHt3wX9as2tu3OgVeIVpAYFWv3qVy9KSCaoNIRjrX3PTU2QY2UY4XRa6WWappiM8ID6lkosqA7y+dFTdGaVCMWJsiUNmqu/J3IstJ6I0HYKbIZ62ZuJ/3l+ZuLrIGcyzQyVZLEozjgyCZolgCKmKDF8YgkmitlbERlihYmxOVVsCN7yy6ukc1H33Lp3f1lrNIs4ynACp3AOHlxBA26hBW0g8ATP8Apvzth5cd6dj0VrySlmjuEPnM8fxsOSFw==</latexit><latexit sha1_base64="q30gZBoo0a8yCvHPbD4vokiuPwI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOlF/FUwdZCGspms2mX7m7i7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6acaeO6305pbX1jc6u8XdnZ3ds/qB4edXSSKULbJOGJ6oZYU84kbRtmOO2mimIRcvoYjpoz/3FMlWaJfDCTlAYCDySLGcHGSsGNsEtMFlHt3wX9as2tu3OgVeIVpAYFWv3qVy9KSCaoNIRjrX3PTU2QY2UY4XRa6WWappiM8ID6lkosqA7y+dFTdGaVCMWJsiUNmqu/J3IstJ6I0HYKbIZ62ZuJ/3l+ZuLrIGcyzQyVZLEozjgyCZolgCKmKDF8YgkmitlbERlihYmxOVVsCN7yy6ukc1H33Lp3f1lrNIs4ynACp3AOHlxBA26hBW0g8ATP8Apvzth5cd6dj0VrySlmjuEPnM8fxsOSFw==</latexit><latexit sha1_base64="q30gZBoo0a8yCvHPbD4vokiuPwI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOlF/FUwdZCGspms2mX7m7i7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6acaeO6305pbX1jc6u8XdnZ3ds/qB4edXSSKULbJOGJ6oZYU84kbRtmOO2mimIRcvoYjpoz/3FMlWaJfDCTlAYCDySLGcHGSsGNsEtMFlHt3wX9as2tu3OgVeIVpAYFWv3qVy9KSCaoNIRjrX3PTU2QY2UY4XRa6WWappiM8ID6lkosqA7y+dFTdGaVCMWJsiUNmqu/J3IstJ6I0HYKbIZ62ZuJ/3l+ZuLrIGcyzQyVZLEozjgyCZolgCKmKDF8YgkmitlbERlihYmxOVVsCN7yy6ukc1H33Lp3f1lrNIs4ynACp3AOHlxBA26hBW0g8ATP8Apvzth5cd6dj0VrySlmjuEPnM8fxsOSFw==</latexit>

Figure 2.3: Left: Figure of merit for the appearance of quantum many-body scars given
by the ratio (log scale) of leaking and hopping channels for a Hilbert space fragment. The
red region labels the best parameter space with ratios lower than 10−4. Right: Hopping rate

as a function of F2. Two leaking channels cross zero at the same time.

oscillations because its inverse indicates the time scale for the leaking effects to be-

come notable. In the left panel of Fig. 2.3, I plot the ratio r as a function of the

shaking amplitude F2, F4 . A sweet spot in black can be identified around (28.8, 2.8)

with the ratio r < 10−6. The right panel illustrates the rates for a fixed shaking

amplitude F4 = 2.8J , where two leaking rates cross zero at the same point. As such

these two leaking channels can be suppressed to strictly zero where perfect fragmented

subspaces appear.

So far our discussion focus on the conditions for fragmentation of the Hilbert

space of the effective Hamiltonian Ĥ0
eff , which significantly modifies the stroboscopic

dynamics for rapid driving, but higher order processes of magnitude O(1/ω) will play

an increasing role for smaller frequencies. Therefore, leaking channels will inevitably

exist for any finite frequency and the transition to an ergodic system without scars is

expected. In the following, I use exact diagonalization implemented via the Quspin

package [135] to analyse higher order effects through the spectrum of the Floquet

operator, Û(T ) = T
∫ T

0 exp
(
−iĤ(t)dt

)
. The ratio between the driving amplitude

Ud, F2, F4 and frequency ω is fixed to the optimal point determined in this section.

2.3 ETH Violation in Spectrum

Unlike the smooth dependence of expectation values of local observables versus eigenen-

ergies for ETH-obeying eigenstates as reviewed in Sec. 1.2.1, QMBS typically lead to
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<latexit sha1_base64="hlYq1dIhAnCYgsrEEf7mLDBs9Ps=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBTSib7aRdupsNuxuhhP4NLx4U8eqf8ea/cdPmoK0PBh7vzTAzL0w408Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKgptKrlUvZBo4CyGtmGGQy9RQETIoRtO7nK/+wRKMxk/mmkCgSCjmEWMEmMl35cCRgTf4IZbGVRrbt2dA68SryA1VKA1qH75Q0lTAbGhnGjd99zEBBlRhlEOs4qfakgInZAR9C2NiQAdZPObZ/jMKkMcSWUrNniu/p7IiNB6KkLbKYgZ62UvF//z+qmJroOMxUlqIKaLRVHKsZE4DwAPmQJq+NQSQhWzt2I6JopQY2PKQ/CWX14lnUbdu6g3Hi5rzdsijjI6QafoHHnoCjXRPWqhNqIoQc/oFb05qfPivDsfi9aSU8wcoz9wPn8A4VmQRA==</latexit>

! = 10
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! = 4
<latexit sha1_base64="S16vzLMq+F/rGtvw/1QPWgfkhns=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4Kkkt6EUoevFYwX5AGspmO2mX7mbD7kYooT/DiwdFvPprvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb2dtfWNza7u0U97d2z84rBwdd7RMFYU2lVyqXkg0cBZD2zDDoZcoICLk0A0nd7nffQKlmYwfzTSBQJBRzCJGibGS35cCRgTf4EZ5UKm6NXcOvEq8glRRgdag8tUfSpoKiA3lRGvfcxMTZEQZRjnMyv1UQ0LohIzAtzQmAnSQzU+e4XOrDHEkla3Y4Ln6eyIjQuupCG2nIGasl71c/M/zUxNdBxmLk9RATBeLopRjI3H+Px4yBdTwqSWEKmZvxXRMFKHGppSH4C2/vEo69Zp3Was/NKrN2yKOEjpFZ+gCeegKNdE9aqE2okiiZ/SK3hzjvDjvzseidc0pZk7QHzifP3NnkAw=</latexit>

! = 1
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<latexit sha1_base64="ugpe/8v04dsWA18tWqipUUyOHKY=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UYiMEtLCwiGg+IDnC3mYuWbK3d+zuCSHkJ9hYKGLrL7Lz37hJrtDEBwOP92aYmRckgmvjut/Oyura+sZmbiu/vbO7t184OGzoOFUM6ywWsWoFVKPgEuuGG4GtRCGNAoHNYHg99ZtPqDSP5aMZJehHtC95yBk1Vnq4u6p0C0W35M5AlomXkSJkqHULX51ezNIIpWGCat323MT4Y6oMZwIn+U6qMaFsSPvYtlTSCLU/np06IadW6ZEwVrakITP198SYRlqPosB2RtQM9KI3Ff/z2qkJL/0xl0lqULL5ojAVxMRk+jfpcYXMiJEllClubyVsQBVlxqaTtyF4iy8vk0a55J2XyvcXxepNFkcOjuEEzsCDClThFmpQBwZ9eIZXeHOE8+K8Ox/z1hUnmzmCP3A+fwCf741e</latexit>

L = 8
<latexit sha1_base64="xHZc8R8y4H5H2UaTsYjDIsT/THs=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UTCMEtLCwiGg+IDnC3mYuWbK3d+zuCSHkJ9hYKGLrL7Lz37hJrtDEBwOP92aYmRckgmvjut/Oyura+sZmbiu/vbO7t184OGzoOFUM6ywWsWoFVKPgEuuGG4GtRCGNAoHNYHg99ZtPqDSP5aMZJehHtC95yBk1Vnq4u6p0C0W35M5AlomXkSJkqHULX51ezNIIpWGCat323MT4Y6oMZwIn+U6qMaFsSPvYtlTSCLU/np06IadW6ZEwVrakITP198SYRlqPosB2RtQM9KI3Ff/z2qkJK/6YyyQ1KNl8UZgKYmIy/Zv0uEJmxMgSyhS3txI2oIoyY9PJ2xC8xZeXSaNc8s5L5fuLYvUmiyMHx3ACZ+DBJVThFmpQBwZ9eIZXeHOE8+K8Ox/z1hUnmzmCP3A+fwChc41f</latexit>

L = 6
<latexit sha1_base64="xqkvLezFy6Xxv5s9neAprKZPc0Y=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6kUI6MGDh4jmAckSZie9yZDZ2WVmVghLPsGLB0W8+kXe/Bsnj4MmFjQUVd10dwWJ4Nq47reztLyyurae28hvbm3v7Bb29us6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGFyP/cYTKs1j+WiGCfoR7UkeckaNlR7urs47haJbcicgi8SbkSLMUO0UvtrdmKURSsME1brluYnxM6oMZwJH+XaqMaFsQHvYslTSCLWfTU4dkWOrdEkYK1vSkIn6eyKjkdbDKLCdETV9Pe+Nxf+8VmrCSz/jMkkNSjZdFKaCmJiM/yZdrpAZMbSEMsXtrYT1qaLM2HTyNgRv/uVFUi+XvNNS+f6sWLmZxZGDQziCE/DgAipwC1WoAYMePMMrvDnCeXHenY9p65IzmzmAP3A+fwCea41d</latexit>
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<latexit sha1_base64="UeDKNk4ed8xefKiY5cibyeOQFME=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9FjQg8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh0u3Vyq7FXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezSCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhM3yZ9oTlDObaEMi3srYQNqaYMbThFG4K3+PIyaVYr3nmlen9Rrt3mcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH/BujPk=</latexit>

100
<latexit sha1_base64="3f8hhrGCqT19VKbKfWVWOb+VWD8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSg+e6/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuq3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AFYcI0v</latexit>
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<latexit sha1_base64="c/6g80g/2nHfSUO7ZRvCrysgn2I=">AAACDHicbVC7SgNBFJ31bXxFLW0Gg2AVd6OgpaCFhYWCMYFsCHcnN8ng7Owyc1cISz7Axl+xsVDE1g+w82+cxBSaeGDgcM653LknSpW05Ptf3szs3PzC4tJyYWV1bX2juLl1a5PMCKyKRCWmHoFFJTVWSZLCemoQ4khhLbo7G/q1ezRWJvqG+ik2Y+hq2ZECyEmtYik8R0XAQwW6q5CHPaBcD1r55UFlEJqR6FJ+2R+BT5NgTEpsjKtW8TNsJyKLUZNQYG0j8FNq5mBICoWDQphZTEHcQRcbjmqI0Tbz0TEDvueUNu8kxj1NfKT+nsghtrYfRy4ZA/XspDcU//MaGXVOmrnUaUaoxc+iTqY4JXzYDG9Lg4JU3xEQRrq/ctEDA4JcfwVXQjB58jS5rZSDw3Ll+qh0ej6uY4ntsF22zwJ2zE7ZBbtiVSbYA3tiL+zVe/SevTfv/Sc6441nttkfeB/fbHqbPA==</latexit>

0
<latexit sha1_base64="u7q39KiZPt+kUMfYWd2ycQaLLP8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVRrzctK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/ewGMug==</latexit>

1<latexit sha1_base64="4y3a1wo6wa7xUmxmljmBdZwE1xI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vml6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVRrzctK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fIWMuw==</latexit>

2<latexit sha1_base64="xgRa2tBvrVMa1jRdYNUf83Mi9AU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2VmrV+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7VrVu6jWmpeV+m0eRxFO4BTOwYMrqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AH4JjLw=</latexit>

3
<latexit sha1_base64="KtIq1cPSnzPN57YL++EpGGwDQlw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewmgh4DevCYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjWq/WHLL7gJknXgZKUGGer/41RvELI1QGiao1l3PTYw/pcpwJnBW6KUaE8rGdIhdSyWNUPvTxaEzcmGVAQljZUsaslB/T0xppPUkCmxnRM1Ir3pz8T+vm5rwxp9ymaQGJVsuClNBTEzmX5MBV8iMmFhCmeL2VsJGVFFmbDYFG4K3+vI6aVXKXrVcaVyVandZHHk4g3O4BA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AX+NjL0=</latexit>

![J ]
<latexit sha1_base64="VTX735KkyXiZSdlKpx3P+a6S1/A=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF/EgEUyMbJYwO5lNhsxjmZkVwpKv8OJBEa9+jjf/xkmyB00saCiquunuilPOjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpTowN5UzSlmWW006qKRYxpw/x6GrqPzxRbZiS93ac0kjggWQJI9g66bGrBB3g8CbqVWt+3Z8BLZOgIDUo0OxVv7p9RTJBpSUcGxMGfmqjHGvLCKeTSjczNMVkhAc0dFRiQU2Uzw6eoBOn9FGitCtp0Uz9PZFjYcxYxK5TYDs0i95U/M8LM5tcRjmTaWapJPNFScaRVWj6PeozTYnlY0cw0czdisgQa0ysy6jiQggWX14m7bN64NeDu/Na47aIowxHcAynEMAFNOAamtACAgKe4RXePO29eO/ex7y15BUzh/AH3ucPkfKQRw==</latexit><latexit sha1_base64="VTX735KkyXiZSdlKpx3P+a6S1/A=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF/EgEUyMbJYwO5lNhsxjmZkVwpKv8OJBEa9+jjf/xkmyB00saCiquunuilPOjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpTowN5UzSlmWW006qKRYxpw/x6GrqPzxRbZiS93ac0kjggWQJI9g66bGrBB3g8CbqVWt+3Z8BLZOgIDUo0OxVv7p9RTJBpSUcGxMGfmqjHGvLCKeTSjczNMVkhAc0dFRiQU2Uzw6eoBOn9FGitCtp0Uz9PZFjYcxYxK5TYDs0i95U/M8LM5tcRjmTaWapJPNFScaRVWj6PeozTYnlY0cw0czdisgQa0ysy6jiQggWX14m7bN64NeDu/Na47aIowxHcAynEMAFNOAamtACAgKe4RXePO29eO/ex7y15BUzh/AH3ucPkfKQRw==</latexit><latexit sha1_base64="VTX735KkyXiZSdlKpx3P+a6S1/A=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF/EgEUyMbJYwO5lNhsxjmZkVwpKv8OJBEa9+jjf/xkmyB00saCiquunuilPOjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpTowN5UzSlmWW006qKRYxpw/x6GrqPzxRbZiS93ac0kjggWQJI9g66bGrBB3g8CbqVWt+3Z8BLZOgIDUo0OxVv7p9RTJBpSUcGxMGfmqjHGvLCKeTSjczNMVkhAc0dFRiQU2Uzw6eoBOn9FGitCtp0Uz9PZFjYcxYxK5TYDs0i95U/M8LM5tcRjmTaWapJPNFScaRVWj6PeozTYnlY0cw0czdisgQa0ysy6jiQggWX14m7bN64NeDu/Na47aIowxHcAynEMAFNOAamtACAgKe4RXePO29eO/ex7y15BUzh/AH3ucPkfKQRw==</latexit><latexit sha1_base64="VTX735KkyXiZSdlKpx3P+a6S1/A=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF/EgEUyMbJYwO5lNhsxjmZkVwpKv8OJBEa9+jjf/xkmyB00saCiquunuilPOjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpTowN5UzSlmWW006qKRYxpw/x6GrqPzxRbZiS93ac0kjggWQJI9g66bGrBB3g8CbqVWt+3Z8BLZOgIDUo0OxVv7p9RTJBpSUcGxMGfmqjHGvLCKeTSjczNMVkhAc0dFRiQU2Uzw6eoBOn9FGitCtp0Uz9PZFjYcxYxK5TYDs0i95U/M8LM5tcRjmTaWapJPNFScaRVWj6PeozTYnlY0cw0czdisgQa0ysy6jiQggWX14m7bN64NeDu/Na47aIowxHcAynEMAFNOAamtACAgKe4RXePO29eO/ex7y15BUzh/AH3ucPkfKQRw==</latexit>

(b)
<latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit>

(a)
<latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit>

Figure 2.4: Violation of ETH as a function of driving frequency in units of J . (a) Expec-
tation value of the local particle number operator, with respect to eigenstates of the Floquet
operator as function of the quasienergy for system size L = 8. (b) Width of the distribution

of 〈n̂L/2〉 as a function of frequency for different system sizes .

very different values even for states close in energy. Fig. 2.4 (a) illustrate the ex-

pectation value of the local particle number 〈n̂L/2〉 for eigenstates of the Floquet

operator versus quasienergy εα. For slow driving (red), the local particle number is

close to one for all values of quasienergy. As a comparison, for faster driving (blue),

the local expectation fluctuates notably from one eigenstate to the next. The range of

the quasienergies also indicates the formation of scared states in fast driving regime:

the full interval [−ω/2, ω/2) is occupied outside the fast driving regime (ω/J = 1),

whereas the occupied interval hardly increases with larger ω for ω/J ≥ 4.

The width of the distribution of local particle numbers can be characterized via

the difference between the largest and smallest values. Fig. 2.4 (b) depicts the width

∆〈n̂L/2〉 = 〈n̂L/2〉max − 〈n̂L/2〉min, where 〈n̂L/2〉max/min is the average over the 20

largest/lowest local particle numbers. The error bars are estimated from the variances

of these averages. The dependence of ∆〈n̂L/2〉 on the driving frequency ω shows a

well-pronounced increase suggesting the formation of scared states on the transition

to the high-frequency regime.

After confirming the existence of scared eigenstates in the spectrum, I will con-

centrate on the crucial question: how to experimentally realize and detect them from

the dynamics?
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<latexit sha1_base64="Nqf4LCX/E/Hh8oEs4Y92pzrFsMs=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5KIr2WxG5cV7APaECbTaTt0ZhJmJkIN+RI3LhRx66e482+ctFlo64GBwzn3cs+cMGZUadf9tkpr6xubW+Xtys7u3n7VPjjsqCiRmLRxxCLZC5EijArS1lQz0oslQTxkpBtOm7nffSRS0Ug86FlMfI7Ggo4oRtpIgV1tBumAIz2RPL28yrLArrl1dw5nlXgFqUGBVmB/DYYRTjgRGjOkVN9zY+2nSGqKGckqg0SRGOEpGpO+oQJxovx0HjxzTo0ydEaRNE9oZ67+3kgRV2rGQzOZZ1TLXi7+5/UTPbrxUyriRBOBF4dGCXN05OQtOEMqCdZsZgjCkpqsDp4gibA2XVVMCd7yl1dJ57zuuXXv/qLWuC3qKMMxnMAZeHANDbiDFrQBQwLP8Apv1pP1Yr1bH4vRklXsHMEfWJ8/wQKTIw==</latexit><latexit sha1_base64="Nqf4LCX/E/Hh8oEs4Y92pzrFsMs=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5KIr2WxG5cV7APaECbTaTt0ZhJmJkIN+RI3LhRx66e482+ctFlo64GBwzn3cs+cMGZUadf9tkpr6xubW+Xtys7u3n7VPjjsqCiRmLRxxCLZC5EijArS1lQz0oslQTxkpBtOm7nffSRS0Ug86FlMfI7Ggo4oRtpIgV1tBumAIz2RPL28yrLArrl1dw5nlXgFqUGBVmB/DYYRTjgRGjOkVN9zY+2nSGqKGckqg0SRGOEpGpO+oQJxovx0HjxzTo0ydEaRNE9oZ67+3kgRV2rGQzOZZ1TLXi7+5/UTPbrxUyriRBOBF4dGCXN05OQtOEMqCdZsZgjCkpqsDp4gibA2XVVMCd7yl1dJ57zuuXXv/qLWuC3qKMMxnMAZeHANDbiDFrQBQwLP8Apv1pP1Yr1bH4vRklXsHMEfWJ8/wQKTIw==</latexit><latexit sha1_base64="Nqf4LCX/E/Hh8oEs4Y92pzrFsMs=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5KIr2WxG5cV7APaECbTaTt0ZhJmJkIN+RI3LhRx66e482+ctFlo64GBwzn3cs+cMGZUadf9tkpr6xubW+Xtys7u3n7VPjjsqCiRmLRxxCLZC5EijArS1lQz0oslQTxkpBtOm7nffSRS0Ug86FlMfI7Ggo4oRtpIgV1tBumAIz2RPL28yrLArrl1dw5nlXgFqUGBVmB/DYYRTjgRGjOkVN9zY+2nSGqKGckqg0SRGOEpGpO+oQJxovx0HjxzTo0ydEaRNE9oZ67+3kgRV2rGQzOZZ1TLXi7+5/UTPbrxUyriRBOBF4dGCXN05OQtOEMqCdZsZgjCkpqsDp4gibA2XVVMCd7yl1dJ57zuuXXv/qLWuC3qKMMxnMAZeHANDbiDFrQBQwLP8Apv1pP1Yr1bH4vRklXsHMEfWJ8/wQKTIw==</latexit><latexit sha1_base64="Nqf4LCX/E/Hh8oEs4Y92pzrFsMs=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5KIr2WxG5cV7APaECbTaTt0ZhJmJkIN+RI3LhRx66e482+ctFlo64GBwzn3cs+cMGZUadf9tkpr6xubW+Xtys7u3n7VPjjsqCiRmLRxxCLZC5EijArS1lQz0oslQTxkpBtOm7nffSRS0Ug86FlMfI7Ggo4oRtpIgV1tBumAIz2RPL28yrLArrl1dw5nlXgFqUGBVmB/DYYRTjgRGjOkVN9zY+2nSGqKGckqg0SRGOEpGpO+oQJxovx0HjxzTo0ydEaRNE9oZ67+3kgRV2rGQzOZZ1TLXi7+5/UTPbrxUyriRBOBF4dGCXN05OQtOEMqCdZsZgjCkpqsDp4gibA2XVVMCd7yl1dJ57zuuXXv/qLWuC3qKMMxnMAZeHANDbiDFrQBQwLP8Apv1pP1Yr1bH4vRklXsHMEfWJ8/wQKTIw==</latexit>

100
<latexit sha1_base64="RozqCSRBFTxmNJFkx4wA2ypwEVc=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU9mIUI9FLx4rmLbQhrLZbtqlm03Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YSq4Nhh/O5WNza3tnequu7d/cHhUOz7p6CRTlPk0EYnqhUQzwSXzDTeC9VLFSBwK1g2nd4XffWJK80Q+mlnKgpiMJY84JcZKvoex6w5rddzAC6B14pWkDiXaw9rXYJTQLGbSUEG07ns4NUFOlOFUsLk7yDRLCZ2SMetbKknMdJAvjp2jC6uMUJQoW9Kghfp7Iiex1rM4tJ0xMRO96hXif14/M9FNkHOZZoZJulwUZQKZBBWfoxFXjBoxs4RQxe2tiE6IItTYfIoQvNWX10nnquHhhvdwXW/dlnFU4QzO4RI8aEIL7qENPlDg8Ayv8OZI58V5dz6WrRWnnDmFP3A+fwC/1o1R</latexit><latexit sha1_base64="RozqCSRBFTxmNJFkx4wA2ypwEVc=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU9mIUI9FLx4rmLbQhrLZbtqlm03Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YSq4Nhh/O5WNza3tnequu7d/cHhUOz7p6CRTlPk0EYnqhUQzwSXzDTeC9VLFSBwK1g2nd4XffWJK80Q+mlnKgpiMJY84JcZKvoex6w5rddzAC6B14pWkDiXaw9rXYJTQLGbSUEG07ns4NUFOlOFUsLk7yDRLCZ2SMetbKknMdJAvjp2jC6uMUJQoW9Kghfp7Iiex1rM4tJ0xMRO96hXif14/M9FNkHOZZoZJulwUZQKZBBWfoxFXjBoxs4RQxe2tiE6IItTYfIoQvNWX10nnquHhhvdwXW/dlnFU4QzO4RI8aEIL7qENPlDg8Ayv8OZI58V5dz6WrRWnnDmFP3A+fwC/1o1R</latexit><latexit sha1_base64="RozqCSRBFTxmNJFkx4wA2ypwEVc=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU9mIUI9FLx4rmLbQhrLZbtqlm03Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YSq4Nhh/O5WNza3tnequu7d/cHhUOz7p6CRTlPk0EYnqhUQzwSXzDTeC9VLFSBwK1g2nd4XffWJK80Q+mlnKgpiMJY84JcZKvoex6w5rddzAC6B14pWkDiXaw9rXYJTQLGbSUEG07ns4NUFOlOFUsLk7yDRLCZ2SMetbKknMdJAvjp2jC6uMUJQoW9Kghfp7Iiex1rM4tJ0xMRO96hXif14/M9FNkHOZZoZJulwUZQKZBBWfoxFXjBoxs4RQxe2tiE6IItTYfIoQvNWX10nnquHhhvdwXW/dlnFU4QzO4RI8aEIL7qENPlDg8Ayv8OZI58V5dz6WrRWnnDmFP3A+fwC/1o1R</latexit><latexit sha1_base64="RozqCSRBFTxmNJFkx4wA2ypwEVc=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU9mIUI9FLx4rmLbQhrLZbtqlm03Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YSq4Nhh/O5WNza3tnequu7d/cHhUOz7p6CRTlPk0EYnqhUQzwSXzDTeC9VLFSBwK1g2nd4XffWJK80Q+mlnKgpiMJY84JcZKvoex6w5rddzAC6B14pWkDiXaw9rXYJTQLGbSUEG07ns4NUFOlOFUsLk7yDRLCZ2SMetbKknMdJAvjp2jC6uMUJQoW9Kghfp7Iiex1rM4tJ0xMRO96hXif14/M9FNkHOZZoZJulwUZQKZBBWfoxFXjBoxs4RQxe2tiE6IItTYfIoQvNWX10nnquHhhvdwXW/dlnFU4QzO4RI8aEIL7qENPlDg8Ayv8OZI58V5dz6WrRWnnDmFP3A+fwC/1o1R</latexit>

50
<latexit sha1_base64="UIPr3lvSQ6TvU1pc/zFoXxbvri0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpeu3EplUK25dXcOskq8gtSgQHNQ/eoPI5ZIVJYJakzPc2Prp1RbzgTOKv3EYEzZhI6wl1FFJRo/nd86I2eZMiRhpLNSlszV3xMplcZMZZB1SmrHZtnLxf+8XmLDGz/lKk4sKrZYFCaC2Ijkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/CWX14l7Yu659a9h8ta47aIowwncArn4ME1NOAemtACBmN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/V4eNGw==</latexit><latexit sha1_base64="UIPr3lvSQ6TvU1pc/zFoXxbvri0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpeu3EplUK25dXcOskq8gtSgQHNQ/eoPI5ZIVJYJakzPc2Prp1RbzgTOKv3EYEzZhI6wl1FFJRo/nd86I2eZMiRhpLNSlszV3xMplcZMZZB1SmrHZtnLxf+8XmLDGz/lKk4sKrZYFCaC2Ijkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/CWX14l7Yu659a9h8ta47aIowwncArn4ME1NOAemtACBmN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/V4eNGw==</latexit><latexit sha1_base64="UIPr3lvSQ6TvU1pc/zFoXxbvri0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpeu3EplUK25dXcOskq8gtSgQHNQ/eoPI5ZIVJYJakzPc2Prp1RbzgTOKv3EYEzZhI6wl1FFJRo/nd86I2eZMiRhpLNSlszV3xMplcZMZZB1SmrHZtnLxf+8XmLDGz/lKk4sKrZYFCaC2Ijkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/CWX14l7Yu659a9h8ta47aIowwncArn4ME1NOAemtACBmN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/V4eNGw==</latexit><latexit sha1_base64="UIPr3lvSQ6TvU1pc/zFoXxbvri0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpeu3EplUK25dXcOskq8gtSgQHNQ/eoPI5ZIVJYJakzPc2Prp1RbzgTOKv3EYEzZhI6wl1FFJRo/nd86I2eZMiRhpLNSlszV3xMplcZMZZB1SmrHZtnLxf+8XmLDGz/lKk4sKrZYFCaC2Ijkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/CWX14l7Yu659a9h8ta47aIowwncArn4ME1NOAemtACBmN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/V4eNGw==</latexit>

0
<latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit><latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit><latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit><latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit>

�2
<latexit sha1_base64="MPKebSdSiL59JaSWsXpadY9L+U8=">AAAB63icbVBNS8NAEJ34WeNX1aOXxSJ4sSRF0GPRi8cK9gPaUDbbTbt0dxN2J0Ip/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvTKSw6Hnfztr6xubWdmnH3d3bPzgsHx23bJwaxpsslrHphNRyKTRvokDJO4nhVIWSt8PxXe63n7ixItaPOEl4oOhQi0gwirl0WXPdfrniVb05yCrxC1KBAo1++as3iFmquEYmqbVd30swmFKDgkk+c3up5QllYzrk3YxqqrgNpvNbZ+Q8UwYkik1WGslc/T0xpcraiQqzTkVxZJe9XPzP66YY3QRToZMUuWaLRVEqCcYkf5wMhOEM5SQjlBmR3UrYiBrKMIsnD8FffnmVtGpV36v6D1eV+m0RRwlO4QwuwIdrqMM9NKAJDEbwDK/w5ijnxXl3Phata04xcwJ/4Hz+AE5bjRU=</latexit><latexit sha1_base64="MPKebSdSiL59JaSWsXpadY9L+U8=">AAAB63icbVBNS8NAEJ34WeNX1aOXxSJ4sSRF0GPRi8cK9gPaUDbbTbt0dxN2J0Ip/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvTKSw6Hnfztr6xubWdmnH3d3bPzgsHx23bJwaxpsslrHphNRyKTRvokDJO4nhVIWSt8PxXe63n7ixItaPOEl4oOhQi0gwirl0WXPdfrniVb05yCrxC1KBAo1++as3iFmquEYmqbVd30swmFKDgkk+c3up5QllYzrk3YxqqrgNpvNbZ+Q8UwYkik1WGslc/T0xpcraiQqzTkVxZJe9XPzP66YY3QRToZMUuWaLRVEqCcYkf5wMhOEM5SQjlBmR3UrYiBrKMIsnD8FffnmVtGpV36v6D1eV+m0RRwlO4QwuwIdrqMM9NKAJDEbwDK/w5ijnxXl3Phata04xcwJ/4Hz+AE5bjRU=</latexit><latexit sha1_base64="MPKebSdSiL59JaSWsXpadY9L+U8=">AAAB63icbVBNS8NAEJ34WeNX1aOXxSJ4sSRF0GPRi8cK9gPaUDbbTbt0dxN2J0Ip/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvTKSw6Hnfztr6xubWdmnH3d3bPzgsHx23bJwaxpsslrHphNRyKTRvokDJO4nhVIWSt8PxXe63n7ixItaPOEl4oOhQi0gwirl0WXPdfrniVb05yCrxC1KBAo1++as3iFmquEYmqbVd30swmFKDgkk+c3up5QllYzrk3YxqqrgNpvNbZ+Q8UwYkik1WGslc/T0xpcraiQqzTkVxZJe9XPzP66YY3QRToZMUuWaLRVEqCcYkf5wMhOEM5SQjlBmR3UrYiBrKMIsnD8FffnmVtGpV36v6D1eV+m0RRwlO4QwuwIdrqMM9NKAJDEbwDK/w5ijnxXl3Phata04xcwJ/4Hz+AE5bjRU=</latexit><latexit sha1_base64="MPKebSdSiL59JaSWsXpadY9L+U8=">AAAB63icbVBNS8NAEJ34WeNX1aOXxSJ4sSRF0GPRi8cK9gPaUDbbTbt0dxN2J0Ip/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvTKSw6Hnfztr6xubWdmnH3d3bPzgsHx23bJwaxpsslrHphNRyKTRvokDJO4nhVIWSt8PxXe63n7ixItaPOEl4oOhQi0gwirl0WXPdfrniVb05yCrxC1KBAo1++as3iFmquEYmqbVd30swmFKDgkk+c3up5QllYzrk3YxqqrgNpvNbZ+Q8UwYkik1WGslc/T0xpcraiQqzTkVxZJe9XPzP66YY3QRToZMUuWaLRVEqCcYkf5wMhOEM5SQjlBmR3UrYiBrKMIsnD8FffnmVtGpV36v6D1eV+m0RRwlO4QwuwIdrqMM9NKAJDEbwDK/w5ijnxXl3Phata04xcwJ/4Hz+AE5bjRU=</latexit>

�1
<latexit sha1_base64="Vil9MbeFmC1Lcuf9X/LZVsZ4fPM=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBiyURQY9FLx4r2A9oQ9lsJ+3S3U3Y3Qil9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8MBHcWM/7dkpr6xubW+Vtd2d3b/+gcnjUMnGqGTZZLGLdCalBwRU2LbcCO4lGKkOB7XB8l/vtJ9SGx+rRThIMJB0qHnFGbS5d+K7br1S9mjcHWSV+QapQoNGvfPUGMUslKssENabre4kNplRbzgTO3F5qMKFsTIfYzaiiEk0wnd86I2eZMiBRrLNSlszV3xNTKo2ZyDDrlNSOzLKXi/953dRGN8GUqyS1qNhiUZQKYmOSP04GXCOzYpIRyjTPbiVsRDVlNosnD8FffnmVtC5rvlfzH66q9dsijjKcwCmcgw/XUId7aEATGIzgGV7hzZHOi/PufCxaS04xcwx/4Hz+AEzVjRQ=</latexit><latexit sha1_base64="Vil9MbeFmC1Lcuf9X/LZVsZ4fPM=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBiyURQY9FLx4r2A9oQ9lsJ+3S3U3Y3Qil9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8MBHcWM/7dkpr6xubW+Vtd2d3b/+gcnjUMnGqGTZZLGLdCalBwRU2LbcCO4lGKkOB7XB8l/vtJ9SGx+rRThIMJB0qHnFGbS5d+K7br1S9mjcHWSV+QapQoNGvfPUGMUslKssENabre4kNplRbzgTO3F5qMKFsTIfYzaiiEk0wnd86I2eZMiBRrLNSlszV3xNTKo2ZyDDrlNSOzLKXi/953dRGN8GUqyS1qNhiUZQKYmOSP04GXCOzYpIRyjTPbiVsRDVlNosnD8FffnmVtC5rvlfzH66q9dsijjKcwCmcgw/XUId7aEATGIzgGV7hzZHOi/PufCxaS04xcwx/4Hz+AEzVjRQ=</latexit><latexit sha1_base64="Vil9MbeFmC1Lcuf9X/LZVsZ4fPM=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBiyURQY9FLx4r2A9oQ9lsJ+3S3U3Y3Qil9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8MBHcWM/7dkpr6xubW+Vtd2d3b/+gcnjUMnGqGTZZLGLdCalBwRU2LbcCO4lGKkOB7XB8l/vtJ9SGx+rRThIMJB0qHnFGbS5d+K7br1S9mjcHWSV+QapQoNGvfPUGMUslKssENabre4kNplRbzgTO3F5qMKFsTIfYzaiiEk0wnd86I2eZMiBRrLNSlszV3xNTKo2ZyDDrlNSOzLKXi/953dRGN8GUqyS1qNhiUZQKYmOSP04GXCOzYpIRyjTPbiVsRDVlNosnD8FffnmVtC5rvlfzH66q9dsijjKcwCmcgw/XUId7aEATGIzgGV7hzZHOi/PufCxaS04xcwx/4Hz+AEzVjRQ=</latexit><latexit sha1_base64="Vil9MbeFmC1Lcuf9X/LZVsZ4fPM=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBiyURQY9FLx4r2A9oQ9lsJ+3S3U3Y3Qil9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8MBHcWM/7dkpr6xubW+Vtd2d3b/+gcnjUMnGqGTZZLGLdCalBwRU2LbcCO4lGKkOB7XB8l/vtJ9SGx+rRThIMJB0qHnFGbS5d+K7br1S9mjcHWSV+QapQoNGvfPUGMUslKssENabre4kNplRbzgTO3F5qMKFsTIfYzaiiEk0wnd86I2eZMiBRrLNSlszV3xNTKo2ZyDDrlNSOzLKXi/953dRGN8GUqyS1qNhiUZQKYmOSP04GXCOzYpIRyjTPbiVsRDVlNosnD8FffnmVtC5rvlfzH66q9dsijjKcwCmcgw/XUId7aEATGIzgGV7hzZHOi/PufCxaS04xcwx/4Hz+AEzVjRQ=</latexit>

0
<latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit><latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit><latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit><latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit>

t[J�1]
<latexit sha1_base64="0UWL7k5RWTtm1E2xJMJaiNQl1WQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBG8WBIR9FjwIh6kgv2QNpbNdtMu3d2E3YlQQn+FFw+KePXnePPfuG1z0NYHA4/3ZpiZFyaCG/S8b2dpeWV1bb2wUdzc2t7ZLe3tN0ycasrqNBaxboXEMMEVqyNHwVqJZkSGgjXD4dXEbz4xbXis7nGUsECSvuIRpwSt9IDtm8fs1B8H3VLZq3hTuIvEz0kZctS6pa9OL6apZAqpIMa0fS/BICMaORVsXOykhiWEDkmftS1VRDITZNODx+6xVXpuFGtbCt2p+nsiI9KYkQxtpyQ4MPPeRPzPa6cYXQYZV0mKTNHZoigVLsbu5Hu3xzWjKEaWEKq5vdWlA6IJRZtR0Ybgz7+8SBpnFd+r+Hfn5eptHkcBDuEITsCHC6jCNdSgDhQkPMMrvDnaeXHenY9Z65KTzxzAHzifPzRQkAo=</latexit><latexit sha1_base64="0UWL7k5RWTtm1E2xJMJaiNQl1WQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBG8WBIR9FjwIh6kgv2QNpbNdtMu3d2E3YlQQn+FFw+KePXnePPfuG1z0NYHA4/3ZpiZFyaCG/S8b2dpeWV1bb2wUdzc2t7ZLe3tN0ycasrqNBaxboXEMMEVqyNHwVqJZkSGgjXD4dXEbz4xbXis7nGUsECSvuIRpwSt9IDtm8fs1B8H3VLZq3hTuIvEz0kZctS6pa9OL6apZAqpIMa0fS/BICMaORVsXOykhiWEDkmftS1VRDITZNODx+6xVXpuFGtbCt2p+nsiI9KYkQxtpyQ4MPPeRPzPa6cYXQYZV0mKTNHZoigVLsbu5Hu3xzWjKEaWEKq5vdWlA6IJRZtR0Ybgz7+8SBpnFd+r+Hfn5eptHkcBDuEITsCHC6jCNdSgDhQkPMMrvDnaeXHenY9Z65KTzxzAHzifPzRQkAo=</latexit><latexit sha1_base64="0UWL7k5RWTtm1E2xJMJaiNQl1WQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBG8WBIR9FjwIh6kgv2QNpbNdtMu3d2E3YlQQn+FFw+KePXnePPfuG1z0NYHA4/3ZpiZFyaCG/S8b2dpeWV1bb2wUdzc2t7ZLe3tN0ycasrqNBaxboXEMMEVqyNHwVqJZkSGgjXD4dXEbz4xbXis7nGUsECSvuIRpwSt9IDtm8fs1B8H3VLZq3hTuIvEz0kZctS6pa9OL6apZAqpIMa0fS/BICMaORVsXOykhiWEDkmftS1VRDITZNODx+6xVXpuFGtbCt2p+nsiI9KYkQxtpyQ4MPPeRPzPa6cYXQYZV0mKTNHZoigVLsbu5Hu3xzWjKEaWEKq5vdWlA6IJRZtR0Ybgz7+8SBpnFd+r+Hfn5eptHkcBDuEITsCHC6jCNdSgDhQkPMMrvDnaeXHenY9Z65KTzxzAHzifPzRQkAo=</latexit><latexit sha1_base64="0UWL7k5RWTtm1E2xJMJaiNQl1WQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBG8WBIR9FjwIh6kgv2QNpbNdtMu3d2E3YlQQn+FFw+KePXnePPfuG1z0NYHA4/3ZpiZFyaCG/S8b2dpeWV1bb2wUdzc2t7ZLe3tN0ycasrqNBaxboXEMMEVqyNHwVqJZkSGgjXD4dXEbz4xbXis7nGUsECSvuIRpwSt9IDtm8fs1B8H3VLZq3hTuIvEz0kZctS6pa9OL6apZAqpIMa0fS/BICMaORVsXOykhiWEDkmftS1VRDITZNODx+6xVXpuFGtbCt2p+nsiI9KYkQxtpyQ4MPPeRPzPa6cYXQYZV0mKTNHZoigVLsbu5Hu3xzWjKEaWEKq5vdWlA6IJRZtR0Ybgz7+8SBpnFd+r+Hfn5eptHkcBDuEITsCHC6jCNdSgDhQkPMMrvDnaeXHenY9Z65KTzxzAHzifPzRQkAo=</latexit>

Sub, ! = 60J
<latexit sha1_base64="tlJsduns/nOUTDp6LoEqr+WOl9w=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCCylJFXUjFtyIq4r2AU0ok+mkHTqTCTMToYS68VfcuFDErX/hzr9x0mahrQcuHM65l3vvCWJGlXacb2tufmFxabmwUlxdW9/YtLe2G0okEpM6FkzIVoAUYTQidU01I61YEsQDRprB4Crzmw9EKiqiez2Mic9RL6IhxUgbqWPvehzpvuTpXRKMjqAnOOmhi1PnpmOXnLIzBpwlbk5KIEetY395XYETTiKNGVKq7Tqx9lMkNcWMjIpeokiM8AD1SNvQCHGi/HT8wQgeGKULQyFNRRqO1d8TKeJKDXlgOrN71bSXif957USH535KozjRJMKTRWHCoBYwiwN2qSRYs6EhCEtqboW4jyTC2oRWNCG40y/Pkkal7B6XK7cnpeplHkcB7IF9cAhccAaq4BrUQB1g8AiewSt4s56sF+vd+pi0zln5zA74A+vzB4KJlkE=</latexit>

Real, ! = 60J
<latexit sha1_base64="pma2g84D9FuLdsTjpGuoO5vFrxE=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCBylJFfUiFryIpyr2A5pSNttpu3Q3CbsboYTixb/ixYMiXv0V3vw3btoctPXBwOO9GWbm+RFnSjvOtzU3v7C4tJxbya+urW9s2lvbNRXGkkKVhjyUDZ8o4CyAqmaaQyOSQITPoe4PrlK//gBSsTC418MIWoL0AtZllGgjte1dTxDdlyK5A8JHR9gLBfTIxalz07YLTtEZA88SNyMFlKHStr+8TkhjAYGmnCjVdJ1ItxIiNaMcRnkvVhAROiA9aBoaEAGqlYxfGOEDo3RwN5SmAo3H6u+JhAilhsI3nenBatpLxf+8Zqy7562EBVGsIaCTRd2YYx3iNA/cYRKo5kNDCJXM3Ippn0hCtUktb0Jwp1+eJbVS0T0ulm5PCuXLLI4c2kP76BC56AyV0TWqoCqi6BE9o1f0Zj1ZL9a79TFpnbOymR30B9bnDzkplqU=</latexit>

Real, ! = 2J
<latexit sha1_base64="1N6JXipxCsiJaNBVr+rCXFngZqU=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL4tF8CAlqYJexIIX8VTFfkATymY7aZfuJmF3I5RQL/4VLx4U8eq/8Oa/cdvmoK0PBh7vzTAzz485U9q2v63cwuLS8kp+tbC2vrG5VdzeaagokRTqNOKRbPlEAWch1DXTHFqxBCJ8Dk1/cDX2mw8gFYvCez2MwROkF7KAUaKN1CnuuYLovhTpHRA+OsZuJKBHLio3nWLJLtsT4HniZKSEMtQ6xS+3G9FEQKgpJ0q1HTvWXkqkZpTDqOAmCmJCB6QHbUNDIkB56eSDET40ShcHkTQVajxRf0+kRCg1FL7pHN+rZr2x+J/XTnRw7qUsjBMNIZ0uChKOdYTHceAuk0A1HxpCqGTmVkz7RBKqTWgFE4Iz+/I8aVTKzkm5cntaql5mceTRPjpAR8hBZ6iKrlEN1RFFj+gZvaI368l6sd6tj2lrzspmdtEfWJ8/vGCWZw==</latexit>

0
<latexit sha1_base64="yvdzdUBQiZRbuXUMfwlJb0Afo7Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6cEv9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzH+lCrDmcBZqZdqTCgb0yF2LZU0Qu1P55fOyJlVBiSMlS1pyFz9PTGlkdaTKLCdETUjvexl4n9eNzXhtT/lMkkNSrZYFKaCmJhkb5MBV8iMmFhCmeL2VsJGVFFmbDhZCN7yy6ukVat6F9Xa/WWlfpPHUYQTOIVz8OAK6nAHDWgCgxCe4RXenLHz4rw7H4vWgpPPHMMfOJ8/rqOMzA==</latexit>

20
<latexit sha1_base64="tHjKfyIM52u3FIHrkzdPkORO5ao=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ80t9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/SnVKJjks1IvNTyhbEyHvGupohE3/nR+6oycWWVAwljbUkjm6u+JKY2MmUSB7Ywojsyyl4n/ed0Uw2t/KlSSIldssShMJcGYZH+TgdCcoZxYQpkW9lbCRlRThjadLARv+eVV0qpVvYtq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gcEQnuEV3hzpvDjvzseiteDkM8fwB87nDx/EjQg=</latexit>

60
<latexit sha1_base64="iP1JMNP1pCXmVYNU43tozSLIJO0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XLrFXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE1nGoK3+PIyaVYr3nmlen9Rrt3kcRTgGE7gDDy4ghrcQR0awGAAz/AKb45wXpx352PeuuLkM0fwB87nDyXcjQw=</latexit>

100
<latexit sha1_base64="/YcQIek1+ObuFjgP6pyqb6DhWcY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7d3YTdiVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkLvc7T9xYEelHnMbcV3SkRSgYxVzyXLc8qFTdmjsHWSVeQapQoDmofPWHEUsU18gktbbnuTH6KTUomOSzcj+xPKZsQke8l1FNFbd+Or91Rs4zZUjCyGSlkczV3xMpVdZOVZB1Kopju+zl4n9eL8Hwxk+FjhPkmi0WhYkkGJH8cTIUhjOU04xQZkR2K2FjaijDLJ48BG/55VXSrte8y1r94arauC3iKMEpnMEFeHANDbiHJrSAwRie4RXeHOW8OO/Ox6J1zSlmTuAPnM8fjHeNQQ==</latexit>

�2
<latexit sha1_base64="zYlfn/XTGjR631zCTDiiKpNJ5W0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8eK9gPaUDbbTbt0swm7E6GU/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt5nfeuLaiFg94jjhfkQHSoSCUbTSw3m12CuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9CdUo2CST4vd1PCEshEd8I6likbc+JPZqVNyapU+CWNtSyGZqb8nJjQyZhwFtjOiODSLXib+53VSDK/9iVBJilyx+aIwlQRjkv1N+kJzhnJsCWVa2FsJG1JNGdp0shC8xZeXSbNa8S4q1fvLcu0mj6MAx3ACZ+DBFdTgDurQAAYDeIZXeHOk8+K8Ox/z1hUnnzmCP3A+fwAbMI0F</latexit>

�1
<latexit sha1_base64="+81cK5DCdffZ5JvE2apJdJtB+to=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilh3Ov2CuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadaQje4svLpFmteBeV6v1luXaTx1GAYziBM/DgCmpwB3VoAIMBPMMrvDnSeXHenY9564qTzxzBHzifPxmrjQQ=</latexit>

20
<latexit sha1_base64="tHjKfyIM52u3FIHrkzdPkORO5ao=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ80t9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/SnVKJjks1IvNTyhbEyHvGupohE3/nR+6oycWWVAwljbUkjm6u+JKY2MmUSB7Ywojsyyl4n/ed0Uw2t/KlSSIldssShMJcGYZH+TgdCcoZxYQpkW9lbCRlRThjadLARv+eVV0qpVvYtq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gcEQnuEV3hzpvDjvzseiteDkM8fwB87nDx/EjQg=</latexit>

40
<latexit sha1_base64="9f4iJNX2gdaf7nBBgn+fD5SL1JA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHoxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4aXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj28xvP3FtRKwecZJwP6JDJULBKFrpoeYW+6WyW3HnIKvEy0kZcjT6pa/eIGZpxBUySY3pem6C/pRqFEzyWbGXGp5QNqZD3rVU0Ygbfzo/dUbOrTIgYaxtKSRz9ffElEbGTKLAdkYUR2bZy8T/vG6K4bU/FSpJkSu2WBSmkmBMsr/JQGjOUE4soUwLeythI6opQ5tOFoK3/PIqaVUr3mWlel8r12/yOApwCmdwAR5cQR3uoAFNYDCEZ3iFN0c6L86787FoXXPymRP4A+fzByLQjQo=</latexit>

60
<latexit sha1_base64="iP1JMNP1pCXmVYNU43tozSLIJO0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XLrFXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE1nGoK3+PIyaVYr3nmlen9Rrt3kcRTgGE7gDDy4ghrcQR0awGAAz/AKb45wXpx352PeuuLkM0fwB87nDyXcjQw=</latexit>

0
<latexit sha1_base64="yvdzdUBQiZRbuXUMfwlJb0Afo7Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6cEv9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzH+lCrDmcBZqZdqTCgb0yF2LZU0Qu1P55fOyJlVBiSMlS1pyFz9PTGlkdaTKLCdETUjvexl4n9eNzXhtT/lMkkNSrZYFKaCmJhkb5MBV8iMmFhCmeL2VsJGVFFmbDhZCN7yy6ukVat6F9Xa/WWlfpPHUYQTOIVz8OAK6nAHDWgCgxCe4RXenLHz4rw7H4vWgpPPHMMfOJ8/rqOMzA==</latexit>

t[J�1]
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Figure 2.5: (a) Dynamics of correlation function for optimal driving parameters. Coher-
ent oscillation with fast driving (orange) can be well approximated via subsystem dynamics
(blue), suggesting the existence of scared states. As a comparison, correlation rapidly satu-
rates in the ergodic case with ω = 2J where higher order effects induce deleterious leaking.
(b) Deviation between real dynamics and subspace approximation log10(R(t)) [Eq. (2.13)]
for different driving frequencies. Some blue spots appear within the red region at longer

times because of the accidental similarity between Creal(t) and Csub(t).

2.4 Coherent Oscillation

For the optimal driving parameters and in the high-frequency limit, a properly selected

initial state can always remain within a perfectly isolated subspace. If the subspace

has a small enough dimension such that ETH does not apply, persistent oscillations

will appear and the system does not thermalize. For a finite but sufficiently large

driving frequency, the leaking rates will be non-zero but can be tuned to be much

smaller than the tunneling rates within the subspace. In this case, coherent oscillation

will persist for a finite but long lifetime with an overall damping before the eventual

thermalization.

Many initial states can be used to demonstrate the coherent oscillations. For

concreteness, I consider the initial Fock state |1100330011〉 of ten sites with periodic

boundary condition and simulate their stroboscopic dynamics. This state is a compo-

sition of the Mott state |1111〉 and a state of six sites |003300〉 where the oscillating

dynamics is permitted on the middle two sites. As shown in Fig. 2.5 (a), I use the

two-point correlation function, C56(t) = 〈n̂5(t)n̂6(t)〉 − 〈n̂5(t)〉〈n̂6(t)〉, of the two cen-

tral sites which exhibits coherent oscillations. The actual system dynamics Creal(t)

obtained by the Floquet operator are depicted in orange and compared to the dynam-

ics Csub(t) generated by the subsystem Hamiltonian where all leaking channels are

suppressed to zero. For slow driving (green), driving induced higher order effects are
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notable even at early times, hence, the dynamics is ergodic with the correlation sat-

urating rapidly on a time-scale t ∼ O(1/J). Although the deviation between the real

dynamics and the effective subsystem dynamics indicates the inevitable leakage, the

lifetime of the coherent oscillation still clearly exceeds the time-scale of thermalization

O(1/J).

To quantify the lifetime of the coherent oscillations, I define the difference between

the two correlation functions

R(t) = |Creal(t)− Csub(t)|, (2.13)

comparing the actual dynamics and the effective subsystem dynamics. Fig. 2.5 (b)

depicts the difference R(t) in log scale versus time t and driving frequency ω. Clearly,

at a fixed driving frequency, in the blue region, the difference remains small for short

times with R(t) smaller than 0.1. However, for longer times the deviation notably

increases as seen in the red area. As suggested by a dashed black line, the transition

between these two areas happens at a time which grows linearly with ω. It further

permits us to define the lifetime for QMBS, which thus become increasingly stable by

increasing the driving frequency.

2.5 Comparison to Bloch Oscillation

The long-lived coherent oscillation can also appear in the form of Bloch oscillations

(BO) as a non-interacting effect. It normally appears after quenching the bosonic

gases with a static tilted lattice instead of using periodic driving [136, 137]. Here I

discuss several crucial differences between BO and the coherent oscillation induced by

QMBS, such that one can experimentally distinguish these two phenomenon.

First, in contrast to BO, coherent oscillation observed in the previous section only

happens for properly prepared initial states, e.g. Fock states constructed with building

blocks of small dimension. The dimension also needs to be larger than one otherwise

the Fock state itself becomes an eigenstate such as the Mott state. However, the

superfluid state as a counter example, will thermalize very quickly. Moreover, the

oscillating frequency of BO is fixed by the tilted potential [136], while for the scared

dynamics, it can differ for different initial states.
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Second, in the presence of additional density-density interactions (of energy scale

U comparable to bare tunneling J), BO are very sensitive to interaction-induced de-

phasing and instabilities thus decay rapidly [137]. However, this is not true for scar

dynamics. The unitary transformation to the rotating frame as defined in Eq. 2.2 com-

mutes with density-density interaction, which can thus be simply introduced to the

lowest order effective Hamiltonian (Eq. 2.5) in the same form. Therefore, the density

assisted tunneling will not be impacted and resulting fragmented Hilbert space struc-

ture remains untouched. Even for a finite driving frequency, our previous work [133]

suggested that only negligible (1/ω2) interaction-induced effects appear, therefore the

coherent oscillation will still have a long lifetime for fast driving before thermalization.

Third, the correlation between different building blocks serves as a good mea-

sure since no tunnelling is permitted in-between in the effective Hamiltonian. As

an example, for the initial state |1100330011〉, the correlation function C15(t) =

〈n̂1(t)n̂5(t)〉−〈n̂1(t)〉〈n̂5(t)〉 remains zero for a sufficiently long time with fast driving.

On the contrary, BO will build up such a spatial correlation after a short period.

All these three aspects exploit the many-body character of the density assisted

tunneling which does not have a counterpart in non-interacting systems. Importantly,

they are experimentally verifiable via local occupation number or two-point correlation

functions as discussed in the last section.

2.6 Experimental Realization

The doubly modulated Hubbard system in cold atomic gases and the required initial

states can be constructed via existing experimental techniques. The driving can be

realized via a periodically modulating external magnetic field in the vicinity of Fes-

hbach resonances [99] and lattice shaking [138]. Indeed, density assisted tunneling

has already been successfully realized by Floquet engineering in 2016 [139] but they

are not sufficiently fine-tuned to impose kinetic constraints. Therefore, it has been

experimentally demonstrated that bosonic systems can be modulated up to 0.2s, corre-

sponding to around 5 tunneling times, which is enough to observe a complete coherent

oscillation as seen in Fig. 2.5. During the last years, the tunneling time scale has been

significantly increased; for instance, Refs. [9] and [140] show that systems of fermionic
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cold atoms remain stable with Floquet driving up to 1s, i.e. several hundreds of tun-

neling times. Even though experimental achievements with fermions do not directly

verify feasibility with bosons, these results give good reasons for confidence that the

coherent dynamics in my proposal can persist for more than 30 tunneling times in the

near future. Such a time scale allows one to show at least five coherent oscillations

as in Fig. 2.5 and to explore the more subtle higher-order effects, i.e. the coupling

between blocks, by scanning driving frequencies.

An additional, typically harmonic trapping potential will be involved in experi-

ments. However, as it commutes with the driving term in the Hamiltonian [Eq. (2.1)],

Hilbert space fragmentation happens in the same manner although the oscillating

frequency might change.

The remaining challenge is thus to prepare fine tuned initial states. The easiest

states to verify fragmentation and violation of ETH are the Mott insulator state and

the density wave state with two particles on every second site. Both of them are

eigenstates of the effective Hamiltonian, therefore, they will be frozen for a long time

in the high frequency regime until higher order leaking effects become notable. For

more interesting cases discussed in Sec. 2.4, one can first prepare Mott states with three

bosons per site [141] and then apply the single-spin addressing scheme [142] to remove

unwanted particles on selected sites to obtain, for instance |. . . 003300003300 . . .〉. Such

a state will result in coherent oscillations with an exceptionally long lifetime before

reaching the final thermal death.

2.7 Discussion

The proposal permits the experimental realization of QMBS in a bosonic system,

enabling the investigation of quantum thermalization and lack thereof in systems un-

reachable by classical means of numerical simulation. The emergent density-assisted

tunnelings by Floquet engineering are realizable independently of the dimensionality

and geometry. Therefore, it paves the way for further investigations of different ther-

malization approaches in higher dimensional systems with different lattice geometries.

It is also interesting to explore the topological properties of QMBS in bosonic systems

in higher dimensions [143].
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The suppression of leaking channels, as well as the density assisted hopping in

general, is not limited to realize QMBS. It can also be potentially useful to control

Floquet heating as discussed in Secs. 1.2.3 and 1.4.2 which impedes the development

of quantum simulation with driven cold atomic gases. Furthermore, the controlability

of the hopping channels between selected Fock states also provides new insights for

the states preparation. For instance, one can use it for the accurate creation of co-

herent superposition of multiple Fock states [144] as required e.g. for precision sensing.

By now, all of the QMBS discovered are sub-extensively entangled, i.e. the entangle-

ment entropy scales as an area- or subvolume- law. It is also clear that the fragmented

Hilbert space considered in Sec. 2.2.1 are spanned by products of building blocks of

small finite sizes, hence, cannot host eigenstates with volume-law. In the next chapter,

I will construct a minimal model demonstrating QMBS with volume-law entanglement

which are still non-thermal and violate ETH.
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Chapter 3

Orthogonal Quantum Many-body

Scars

QMBS generally exhibit an area-law or sub-volume law entanglement scaling. Such

a characteristic low entanglement behavior has also been employed routinely to de-

tect QMBS in the spectrum [82]. In this chapter, I propose a clean non-integrable

many-body system exhibiting QMBS with a volume-law entanglement scaling. They

lead to the intriguing phenomenon of the coexistence of long-lived coherent oscilla-

tions and rapid volume-law entanglement generation after quenching a simple initial

state. Such a counter-intuitive behavior has never been proposed because within the

ETH (or generalized ETH for integrable systems) paradigm volume-law entanglement

of eigenstates normally goes hand-in-hand with ergodic dynamics. Likewise, the fact

that persistent oscillations always appear together with an area-law scaling of entan-

glement has been thought to be governed by a much more fundamental principle of

quantum thermalization. This novel phenomenon is also in sharp contrast to non-

ergodic MBL systems, where the volume-law entanglement can be generated after

a quench but no coherent oscillations persist after averaging over disorder. How-

ever, strongly correlated multi-component systems can violate ETH in unexpected

ways. Here, I construct a concrete counter-example exhibiting the surprising form of

ergodicity-breaking dynamics.

It has been suggested that multi-component systems can evade or slow down ther-

malization via the inter-component interactions, for instance in the heavy-light par-

ticle mixtures [145–147]. There, quenched disorder is not present yet the slow heavy

particles in thermal equilibrium effectively generate the disordered background. Light



48 Chapter 3. Orthogonal Quantum Many-body Scars

particles can localize on this disordered background for a long time, thus slow down

thermalization. Thereafter, quantum disentangled liquids (QDLs) were proposed as

an ergodicity-breaking phase of matter [148], where certain d.o.f. exhibit a volume-law

while others show an area-law scaling of entanglement. By now, QDL-like behavior

has been identified in a number of strongly correlated systems, such as the Hubbard

model at half-filling [149], lattice gauge models [150–155] and frustrated quantum

magnets [156, 157]. However, none provide the intriguing phenomenon that I want to

achieve.

I will present a basic construction of a QDL where infinitely long-lived persistent

oscillations and rapid volume-law entanglement generation can coexist. The starting

point is the Orthogonal Metal (OM) model which was initially introduced in Ref. [158]

as a particularly simple example of a non-Fermi liquid. The original physical d.o.f. of

OMs can be decomposed into fractionalized d.o.f. which are decoupled, each carrying

fractions of the original quantum numbers. OMs were named orthogonal because the

physical charge carriers can be insulating despite of the presence of a well defined Fermi

sea. In the following, I will first follow Ref. [158] to briefly review the basic solvable

OM model in Sec. 3.1. Then I will elaborate how to impose kinetic constraints to the

OM for the realization of orthogonal QMBS in Sec. 3.2 which leads to the sought-after

coexistence of extensive entanglement and persistent oscillations. These oscillations

turn out to have a finite but long lifetime in the presence of generic perturbations as

verified at the end of this chapter.

3.1 The Orthogonal Metal

I first review the one-dimensional model containing two types of particles as proposed

in Ref. [158]:

HOM = −
∑

i

(
hσxi−1,iσ

x
i,i+1(−1)n̂i + Jσzi,i+1

)
− t
∑

i

(
c†iσ

z
i,i+1ci+1 + H.c.

)
, (3.1)

The c†i operators create physical spinless fermion d.o.f. at site i and n̂i = c†ici denotes

the occupation number. Note, the notation n̂ is used to distinguish it with the integer

number n. The σi,i+1 operators represent a spin-1
2 background field, and the subscripts
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Figure 3.1: Schematic picture of the multi-component model, with σ−spins positioned on
the bonds between c−fermions. Occupied fermionic site is represented by the filled black cir-
cle. This model can be decomposed into mutually commuting dual τ̃−spins and f−fermion.
Dynamics in each sector is described by the transverse field Ising model (TFIM) and the free

fermion Hamiltonian respectively.

{i, i+ 1} indicates that these spin d.o.f. are positioned on the links between site i and

i+ 1 of a one dimensional lattice as sketched in Fig. 3.1. Unlike models with a single

component of particles, here I also have inter-component interactions, for instance the

first term σxi−1,iσ
x
i,i+1(−1)n̂i where the coupling rate between adjacent spins has an

explicit dependence on the parity of the middle fermionic site. Similarly, the hopping

processes of c−fermions also couple to the background spin via c†iσ
z
i,i+1ci+1.

3.1.1 Duality Mapping of the Hamiltonian

Although the original d.o.f. are strongly coupled, as illustrated in Fig. 3.1, here I

demonstrate explicitly how the different sectors emerge to simplify the model. First,

a duality transformation [159, 160] maps the link-spins σ to a site-spin τ as

τ zi = σxi−1,iσ
x
i,i+1, τ

x
i τ

x
i+1 = σzi,i+1, (3.2)

such that the Hamiltonian reduces to

H = −
∑

i

(
Jτxi τ

x
i+1 + hτ zi (−1)n̂i

)
− t
∑

i

(
c†iτ

x
i τ

x
i+1ci+1 + H.c.

)
. (3.3)

Next, I introduce new d.o.f. for fermions fi = τxi ci and dual spins

τ̃ zi = τ zi (−1)f
†
i fi , τ̃xi = τxi . (3.4)
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Note, both of them are compositions of the physical spins and fermions. Finally, in

the new variables the Hamiltonian separates into two components H = Hτ̃ +Hf

Hτ̃ = −
∑

i

Jτ̃xi τ̃
x
i+1 + hτ̃ zi , Hf = −t

∑

i

f †i fi+1 + H.c. . (3.5)

Most importantly, these two fractionalized d.o.f. commute with each other as [τ̃αi , f
(†)
i ] =

0 for α = x, y, z, thus, the original model is now completely decoupled. This sepa-

rability can remain in the presence of certain types of interactions, for instance, the

density-density interaction between fermions can be introduced without influencing

the τ̃ d.o.f. However, I will first focus on the simplest model which already provides

useful physical insights before involving more complicated interaction.

It is worth noting that the τ̃−spin is now described by the transverse field Ising

Hamiltonian [161] meanwhile the fermionic sector becomes a simple free-fermion model.

This is in sharp contrast to some other models hosting emergent d.o.f, e.g. the Kiteav

honeycomb model [162] or lattice gauge models demonstrating disorder-free localiza-

tion [150] where the gauge d.o.f. is static. Both sectors are exactly solvable and the

f−fermion is clearly in a metallic phase and conducting [163]. For the τ̃−spin, one can

perform the well-known Jordan-Wigner transformations [164] to analyze the ground

state phase transition between the ordered (anti-)ferromagnetic with 〈τ̃xi 〉 6= 0 to dis-

ordered paramagnetic phase with 〈τ̃xi 〉 = 0 by tuning the ratio J/h, as well as their

non-equilibrium properties induced by a quench [165] or periodic drivings [166]. To

bridge the gap between these solvable properties of the emergent components and the

physically detectable phenomenon, I further illustrate the transformations of initial

states and observables in different representations.

3.1.2 Transformation of Observables

Dynamics of the physical variables is a combination of these separate sectors [158].

For instance, consider simple product states as initial states, the physical correlation

function and magnetization for the background σ−spin can be obtained according to

Eqs. (3.2) and (3.4) as

〈σxi−1,iσ
x
i,i+1〉 = 〈τ̃ zi 〉(1− 2〈ni〉), 〈σzi,i+1〉 = 〈τ̃xi τ̃xi+1〉. (3.6)
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Similarly, the correlation function of the physical c−fermions is a product of correla-

tion functions of the two emergent sectors

〈c†icj〉 = 〈f †i fj〉〈τ̃xi τ̃xj 〉, (3.7)

where I use ci = τ̃xi fi. The f−fermions are governed by the free theory as in Eq. (3.5),

therefore, they are obviously in a metallic phase with a power law decaying correla-

tion 〈f †i fj〉. However, the correlation function 〈c†icj〉 of the physical charge carrier

c−fermions can vanish which strongly depends on the τ̃−spins. In the ordered phase

of τ̃ where 〈τ̃xi τ̃xj 〉 6= 0, f−fermions have a non-zero overlap with the physical fermions,

hence the groundstate of which is also conducting and corresponds to a Fermi liquid.

In contrast, in the disordered phase with 〈τ̃xi τ̃xj 〉 vanishing exponentially in distance

|i− j|, f− and c−fermions are orthogonal to each other, thus, the system enters the

so-called orthogonal metal as a simple non-Fermi liquid. Its transition to the Fermi

liquid phase is determined by the Ising transition of τ̃ . More discussion regarding

OMs and non-Fermi liquid can be found in Refs. [158, 167].

Lastly, as a special case, by setting i = j , the local density for c− and f− fermions

are identical as (τ̃xi )2 = 1.

3.1.3 Transformation of States

I will mainly consider the initial state in the product form |0〉 = |ψ〉c⊗|S〉σ with peri-

odic boundary condition, where |S〉σ denotes the state for σ−spin and |ψ〉c represents

the fermionic Fock state as |ψ〉c = c†ic
†
jc
†
k . . . |0〉, which takes the same form in the new

fermionic basis as f †i fi = c†ici.

Global constraint In order to identify the transformation between two spin d.o.f.,

it is crucial to realize the global constraint imposed by the duality transformation in

Eq. (3.2)

∏

i

τ zi =
∏

i

σxi−1,iσ
x
i.i+1 = 1, (3.8)

which trivially works for σ−spin as the σxi,j operator on each bond appears twice for

system with periodical boundary condition and the product of which automatically
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gives identity. However, such a constraint becomes non-trivial for τ−spin as well as

τ̃−spin as

∏

i

τ zi =
∏

i

τ̃ zi (−1)f
†
i fi = (−1)Nf

∏

i

τ̃ zi = 1, (3.9)

where Nf =
∑

i n̂i represents the total fermionic number. Thus, the product of τ̃ zi

depends on the fermionic parity as

∏

all i

τ̃ zi = (−1)Nf . (3.10)

I will consider the spin state polarized in z direction as |S〉σ = |↑↑ . . . ↑〉σ. According

to the duality transformation [Eq. (3.2)], the definition of dual spin [Eq. (3.4)] and

the global constraint [Eq. (3.10)], I derive the set of conditions

τ̃xi τ̃
x
i+1| ↑↑↑ · · · 〉σ = | ↑↑↑ · · · 〉σ,

∏

all i

τ̃ zi | ↑↑↑ · · · 〉σ = (−1)Nf | ↑↑↑ · · · 〉σ. (3.11)

The left set of conditions leads to the parameterized state | ↑↑↑ · · · 〉σ = α| →→

· · · 〉τ̃ + β| ←← · · · 〉τ̃ , and the right set of condition fixes the state up to a global

phase as

| ↑↑↑ · · · 〉σ =
1√
2

(
| →→ · · · 〉τ̃ + (−1)Nf | ←← · · · 〉τ̃

)
. (3.12)

In the following discussions, for my purpose, different initial states for σ−spins yield

qualitatively the same results hence I will fix the initial state as |↑↑ . . . ↑〉σ without

loss of generality. On the contrary, the dynamics of the composite system strongly

depends on the initial fermionic states as elaborated in detail later.

3.2 Kinetically Constrained Orthogonal Metal

The exactly solvable model becomes non-integrable once generic perturbations are

introduced. I would first consider perturbations which breaks the integrability but

preserve the separability of the model, therefore, the previous discussion of the trans-

formation of states and operators are still valid. Consequently, in each emergent

sector, the state will follow ETH’s prediction and thermalize quickly meanwhile gen-

erating extensive entanglement, but cannot exhibit any persist oscillations [168, 169].
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Figure 3.2: Schematic picture of the multi-component model with kinetic constraints, with
σ−spins positioned on the bonds between c−fermions. Occupied fermionic site is represented
by the filled black circle. In the emergent sectors, dynamics is governed by a non-integrable
spin Hamiltonian and a kinetically constrained fermionic model respectively. Fermionic
dynamics strongly depends on the configuration of initial states, and in the current case

dynamics is only permitted on the central two active sites.

To resolve this, I further introduce kinetic constraints to the physical fermions which

eventually lead to the coexistence of persistent oscillation and volume-law entangle-

ment.

3.2.1 The Model

Let me introduce density-dependence to the hopping

H = −
∑

i

(
hσxi−1,iσ

x
i,i+1(−1)n̂i + gzσ

z
i,i+1σ

z
i+1,i+2 + Jσzi,i+1

)

− t
∑

i

(
n̂i−1c

†
iσ
z
i,i+1ci+1n̂i+2 + H.c.

)
.

(3.13)

I also consider the interaction gzσzi,i+1σ
z
i+1,i+2 between adjacent spins which preserves

the separability of the model but breaks the integrability. This model is sketched in

Fig. 3.2.

Using the same mapping employed in the last section, the full Hamiltonian can be

decomposed as H = Hτ̃ +Hf where

Hτ̃ = −
∑

i

(
Jτ̃xi τ̃

x
i+1 + hτ̃ zi + gz τ̃

x
i τ̃

x
i+2

)
,

Hf = −t
∑

i

(
n̂i−1f

†
i fi+1n̂i+2 + H.c.

)
.

(3.14)

The newly introduced spin interaction σzi,i+1σ
z
i+1,i+2 was shown to only enter the τ̃

d.o.f. via using σzi,i+1 = τ̃xi τ̃
x
i+1 and break the integrability of TFIM. The hopping

process for f−fermion now depends on the local fermionic particle number n̂i. This
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operator has the same form in both c− and f−representations as f †i fi = c†ici(τ
x
i )2 =

c†ici.

3.2.2 Hilbert Space Fragmentation in Fermionic Sector

The density-dependent hopping processes in Hf significantly restrict the dynamics

of f -fermions, i.e. hopping is only permitted when two sites are both surrounded

by occupied ones. For example, applying one term of Hf on the Fock state |ψ〉f =

|n1, . . . , nN 〉f , one obtains

−tn̂i−1f
†
i fi+1n̂i+2 |ψ〉 = −tni−1ni+2f

†
i fi+1 |n1, . . . , nN 〉f , (3.15)

which gives non-zero value only when the sites i− 1, i+ 2 are both filled. More con-

cretely, I consider the Fock state of six fermionic sites |010110〉f with periodic bound-

ary condition as depicted in Fig. 3.2. The middle two sites are active where hopping

is permitted

H2
f |010110〉f = −Hf t |011010〉f = t2 |010110〉f . (3.16)

Other sites are frozen and the two ends always remain empty since particle on site 2

or 5 is forbidden to move due to the density-dependence in the hopping. As such, I

obtain a fragmented Hilbert space of dimension 2. Following the ideas developed in

Sec. 2.2.1, one can treat this state as an elementary building block to construct states

of large sizes, e.g. the product of the same state . . . |010110〉f⊗|010110〉f . . . at a finite

fermion density. As there is no hopping events permitted between different blocks, the

tensor product form is retained during time evolution. The dimension of the reduced

subspace, 2L/6 for a chain of length L which is a multiple of 6, becomes substantially

smaller than the total Hilbert space [80, 170]. Therefore, quenching this initial state

by the constrained model Hf only results in dynamics in a small isolated subspace,

where persistent oscillations appear1. As discussed in Sec. 3.1.2, the local density for

c− and f− fermions are identical thus the movement for the physical fermion is also

highly restricted. On the contrary, for a non-vanishing gz, the spin Hamiltonian Hτ̃

1In Appendix B, I show that for properly chosen initial states, the dynamics still persist in
the presence of fermionic density-density interaction. I also give one example with non-integrable
fermionic subspaces where the fermionic dynamics rapidly thermalizes.
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4⇥ |hc†
3c4i|

<latexit sha1_base64="fy7jfVrLLGiAxHa7K9ivRyQ3eUU=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdlaQt6LLgRncV7AOaGibT23ToZBJmJkJJ+wtu/BU3LhRx686df+P0sdDWAxcO59zLvfcECWdKO863tba+sbm1ndvJ7+7tHxzaR8dNFaeSQoPGPJbtgCjgTEBDM82hnUggUcChFQyvpn7rAaRisbjTowS6EQkF6zNKtJF8u1j1NItAjT1ORMgBU79yn3k9EoYgJ9SvenKmj3274JScGfAqcRekgBao+/aX14tpGoHQlBOlOq6T6G5GpGaUwyTvpQoSQockhI6hgpgrutnsowk+N0oP92NpSmg8U39PZCRSahQFpjMieqCWvan4n9dJdf+ymzGRpBoEnS/qpxzrGE/jwT0mgWo+MoRQycytmA6IJFSbEPMmBHf55VXSLJfcSql8Wy3UbhZx5NApOkNF5KILVEPXqI4aiKJH9Ixe0Zv1ZL1Y79bHvHXNWsycoD+wPn8A69eduw==</latexit>

4⇥ h�x
2,3�

x
3,4i

<latexit sha1_base64="NeyuMPpQacEjKzZ1oKo9LtWIf7g=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwUcpMW9BlwY3uKtgHdGrJpJk2NMkMSUYsQ//Djb/ixoUirgQX/o3pdARtPRA495x7yb3HjxhV2nG+rNzK6tr6Rn6zsLW9s7tn7x+0VBhLTJo4ZKHs+EgRRgVpaqoZ6USSIO4z0vbHFzO/fUekoqG40ZOI9DgaChpQjLSR+nal5mnKifIYEkNGoKfokKN+UilVp7f3P1W1VJtVMu3p20Wn7KSAy8TNSBFkaPTtD28Q4pgToTFDSnVdJ9K9BElNMSPTghcrEiE8RkPSNVQgs08vSW+bwhOjDGAQSvOEhqn6eyJBXKkJ900nR3qkFr2Z+J/XjXVw3kuoiGJNBJ5/FMQM6hDOgoIDKgnWbGIIwpKaXSEeIYmwNnEWTAju4snLpFUpu9Vy5bpWrF9lceTBETgGp8AFZ6AOLkEDNAEGD+AJvIBX69F6tt6s93lrzspmDsEfWJ/fFkKheA==</latexit>

h�z
2,3i

<latexit sha1_base64="Ba44yMAy/D/pcu9aErRQS9DFXSU=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgQkrSCrosuNFdBfuAJobJdJIOnUzCzESooSs3/oobF4q49Rvc+TdO0yy09cCFwzn3cu89fsKoVJb1bZSWlldW18rrlY3Nre0dc3evI+NUYNLGMYtFz0eSMMpJW1HFSC8RBEU+I11/dDn1u/dESBrzWzVOiBuhkNOAYqS05JmHDkM8ZAQ6koYR8rL6aWNy9+CIXPXMqlWzcsBFYhekCgq0PPPLGcQ4jQhXmCEp+7aVKDdDQlHMyKTipJIkCI9QSPqachQR6Wb5GxN4rJUBDGKhiyuYq78nMhRJOY583RkhNZTz3lT8z+unKrhwM8qTVBGOZ4uClEEVw2kmcEAFwYqNNUFYUH0rxEMkEFY6uYoOwZ5/eZF06jW7UavfnFWb10UcZXAAjsAJsME5aIIr0AJtgMEjeAav4M14Ml6Md+Nj1loyipl98AfG5w/nc5jJ</latexit>

F
er

m
io

n
<latexit sha1_base64="yl2uBS+PNXhBIggdkjlzDrKQccc=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh4Lguitgv2AdinZdLYNTXaXJCuUpT/CiwdFvPp7vPlvTNs9aOuDkMd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFcMmi0WsOgHVKHiETcONwE6ikMpAYDsY38z89hMqzePo0UwS9CUdRjzkjBortW9RSfv3yxW36s5BVomXkwrkaPTLX71BzFKJkWGCat313MT4GVWGM4HTUi/VmFA2pkPsWhpRidrP5utOyZlVBiSMlX2RIXP1d0dGpdYTGdhKSc1IL3sz8T+vm5rw2s94lKQGI7YYFKaCmJjMbicDrpAZMbGEMsXtroSNqKLM2IRKNgRv+eRV0qpVvYtq7eGyUr/P4yjCCZzCOXhwBXW4gwY0gcEYnuEV3pzEeXHenY9FacHJe47hD5zPH1ywj5s=</latexit>

S
p
in

<latexit sha1_base64="cmTdIXixruubyvl6TlRXFWuuwKs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF71VtB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Cbzu09UaRbJRzOLqS/wWLKQEWwy6SFmclituXU3B1olXkFqUKA1rH4NRhFJBJWGcKx133Nj46dYGUY4nVcGiaYxJlM8pn1LJRZU+2l+6xydWWWEwkjZkgbl6u+JFAutZyKwnQKbiV72MvE/r5+Y8NpPmYwTQyVZLAoTjkyEssfRiClKDJ9Zgoli9lZEJlhhYmw8FRuCt/zyKuk06t5FvXF/WWveFXGU4QRO4Rw8uIIm3EIL2kBgAs/wCm+OcF6cd+dj0Vpyiplj+APn8wcSS45H</latexit>

(a)
<latexit sha1_base64="1brEKMO4s1VTO0H7L9yvoims7wI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMeNFbRPOAZAm9k9lkyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFWUNGotYtQPUTHDJGoYbwdqJYhgFgrWC0c3Mbz0xpXksH804YX6EA8lDTtFY6aGM571iya24c5BV4mWkBBnqveJXtx/TNGLSUIFadzw3Mf4EleFUsGmhm2qWIB3hgHUslRgx7U/mp07JmVX6JIyVLWnIXP09McFI63EU2M4IzVAvezPxP6+TmvDan3CZpIZJulgUpoKYmMz+Jn2uGDVibAlSxe2thA5RITU2nYINwVt+eZU0qxXvolK9vyzV7rI48nACp1AGD66gBrdQhwZQGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBjBSNVQ==</latexit>

(b)
<latexit sha1_base64="CzWQh0E4LrgFBb8EGhJfbBkHW9I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMeNFbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWjzhOuB/RgRKhYBSt9FAOznvFkltx5yCrxMtICTLUe8Wvbj9macQVMkmN6Xhugv6EahRM8mmhmxqeUDaiA96xVNGIG38yP3VKzqzSJ2GsbSkkc/X3xIRGxoyjwHZGFIdm2ZuJ/3mdFMNrfyJUkiJXbLEoTCXBmMz+Jn2hOUM5toQyLeythA2ppgxtOgUbgrf88ippViveRaV6f1mq3WVx5OEETqEMHlxBDW6hDg1gMIBneIU3RzovzrvzsWjNOdnMMfyB8/kDjZmNVg==</latexit>

0
<latexit sha1_base64="dob/xBa3cDn//he5DUZ3s34egW4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF721YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVRrzctK/S6PowgncArn4MEV1OEWGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fIKMvw==</latexit>

50
<latexit sha1_base64="A468m+c3SOYnVxim/ccIm3Ur7AQ=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fjworcq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh0u3Vyq7FXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezSCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhM3yZ9oTlDObaEMi3srYQNqaYMbThFG4K3+PIyaVYr3nmlen9Rrt3lcRTgGE7gDDy4ghrcQh0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH/HvjP4=</latexit>

100
<latexit sha1_base64="PqsHUYT38b6JMiQy+ZktK7FGRxQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF71VtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSg+e6/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVup3eRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AFZ8Y00</latexit>

T ime
<latexit sha1_base64="t7So/bFJC+APBddYz34eNIJ7f1w=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF71V6Be0oWy203bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZeEAuujet+O4WNza3tneJuaW//4PCofHzS1lGiGLZYJCLVDahGwUNsGW4EdmOFVAYCO8H0LvM7T6g0j8KmmcXoSzoO+YgzajKpySUOyhW36i5A1omXkwrkaAzKX/1hxBKJoWGCat3z3Nj4KVWGM4HzUj/RGFM2pWPsWRpSidpPF7fOyYVVhmQUKVuhIQv190RKpdYzGdhOSc1Er3qZ+J/XS8zo1k95GCcGQ7ZcNEoEMRHJHidDrpAZMbOEMsXtrYRNqKLM2HhKNgRv9eV10q5Vvatq7fG6Un/I4yjCGZzDJXhwA3W4hwa0gMEEnuEV3hzpvDjvzseyteDkM6fwB87nDwGYjjw=</latexit>

Figure 3.3: Dynamics of local observables (orange) and nearest neighbor correlation (blue)
after a quench for physical c−fermions and σ−spins in panel (a) and (b) respectively (L =

20, h = 1, J = 0.7, t = 0.2, gz = −0.4).

is non-integrable and the dynamics is ergodic. In this case, local observable quickly

saturates to its thermal equilibrium and volume-law entanglement is established [171].

In the following, I will support the analysis via numerical calculation by exact

diagonalization, confirming the coexistence of persistent oscillations and volume-law

entanglement in the physical d.o.f..

3.3 Coherent Dynamics with Volume-Law Entanglement

The initial state |0〉 is a tensor-product of c−fermions and σ−spins as |0〉 = |ψ〉c⊗|S〉σ,

where |S〉σ = |↑↑ . . . ↑〉σ and |ψ〉c represents the fermionic Fock state. For simplicity,

I focus on a chain of length L with three fermions, and the initial state involves

one building block |010110〉c and empty sites |0 . . . 0〉c of length L − 6, i.e., |ψ〉c =

|0101100 . . . 0〉 with periodic boundary conditions. For a finite density of fermion, as

long as the the kinetic constraints result in small isolated active regions, e.g. here sites

3 and 4, which are separated by frozen segments, the qualitative behavior remains the

same.

In Fig. 3.3, I depict the dynamics of local observables (orange) and nearest neigh-

bor correlations (blue) for physical c−fermions and σ−spins in panel (a) and (b),

respectively. Note that the separability of the model enables us to simulate the dy-

namics of a large system size,

By construction, coherent oscillation of the fermionic occupation 〈ni〉 appears

only for i = 3, 4, while no dynamics is observed on other sites. Let me project

the Hamiltonian Hf to the reduced basis |01〉f , |10〉f where only the active sites are

involved. The effective Hamiltonian can be easily obtained as Hf = −t(f †3f4 + f †4f3).
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L = 7
<latexit sha1_base64="iYn3ggUPsLxXhBp1miQxQUB7c+8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGIV6EgCAePEQ0D0iWMDuZTYbMzi4zvUIIAX/AiwdFvPpF3vwbJ4+DJhY0FFXddHcFiRQGXffbyaysrq1vZDdzW9s7u3v5/YO6iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwNfEbj1wbEasHHCbcj2hPiVAwila6v70sd/IFt+hOQZaJNycFmKPayX+1uzFLI66QSWpMy3MT9EdUo2CSj3Pt1PCEsgHt8Zalikbc+KPpqWNyYpUuCWNtSyGZqr8nRjQyZhgFtjOi2DeL3kT8z2ulGF74I6GSFLlis0VhKgnGZPI36QrNGcqhJZRpYW8lrE81ZWjTydkQvMWXl0m9VPTOiqW780Ll+mkWRxaO4BhOwYMyVOAGqlADBj14hld4c6Tz4rw7H7PWjDOP8BD+wPn8AcaJjeA=</latexit>

L = 9
<latexit sha1_base64="pGM+jzfCmwpgzaE5Bcb2zNK/VU8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQT0IAUE8eIhoHpAsYXbSSYbMzi4zs0JYAv6AFw+KePWLvPk3Th4HTSxoKKq66e4KYsG1cd1vJ7O0vLK6ll3PbWxube/kd/dqOkoUwyqLRKQaAdUouMSq4UZgI1ZIw0BgPRhcjf36IyrNI/lghjH6Ie1J3uWMGivd315etPMFt+hOQBaJNyMFmKHSzn+1OhFLQpSGCap103Nj46dUGc4EjnKtRGNM2YD2sGmppCFqP52cOiJHVumQbqRsSUMm6u+JlIZaD8PAdobU9PW8Nxb/85qJ6Z77KZdxYlCy6aJuIoiJyPhv0uEKmRFDSyhT3N5KWJ8qyoxNJ2dD8OZfXiS1UtE7KZbuTgvl66dpHFk4gEM4Bg/OoAw3UIEqMOjBM7zCmyOcF+fd+Zi2ZpxZhPvwB87nD8mRjeI=</latexit>

L = 11
<latexit sha1_base64="izTICgsoUg5PH02+nhg3FnALEJo=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EgiAePFSwH9AuJZtm29AkuyRZoSwFf4EXD4p49Q9589+Y3fagrQ8GHu/NMDMviDnTxnW/ncLK6tr6RnGztLW9s7tX3j9o6ShRhDZJxCPVCbCmnEnaNMxw2okVxSLgtB2MrzO//UiVZpF8MJOY+gIPJQsZwSaT7q48r1+uuFU3B1om3pxUYI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtlVhQ7af5rVN0YpUBCiNlSxqUq78nUiy0nojAdgpsRnrRy8T/vG5iwks/ZTJODJVktihMODIRyh5HA6YoMXxiCSaK2VsRGWGFibHxlGwI3uLLy6RVq3pn1dr9eaV+8zSLowhHcAyn4MEF1OEWGtAEAiN4hld4c4Tz4rw7H7PWgjOP8BD+wPn8AS1mjhU=</latexit>

L = 13
<latexit sha1_base64="6gm5ruLFd2jK4rY+FS2gZzIbVDg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ltC3oRCoJ48FDBfkC7lGyabUOT7JJkhbIU/AVePCji1T/kzX9jtu1BWx8MPN6bYWZeEHOmjet+O7m19Y3Nrfx2YWd3b/+geHjU0lGiCG2SiEeqE2BNOZO0aZjhtBMrikXAaTsYX2d++5EqzSL5YCYx9QUeShYygk0m3V151X6x5JbdGdAq8RakBAs0+sWv3iAiiaDSEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcSCaj+d3TpFZ1YZoDBStqRBM/X3RIqF1hMR2E6BzUgve5n4n9dNTHjpp0zGiaGSzBeFCUcmQtnjaMAUJYZPLMFEMXsrIiOsMDE2noINwVt+eZW0KmWvWq7c10r1m6d5HHk4gVM4Bw8uoA630IAmEBjBM7zCmyOcF+fd+Zi35pxFhMfwB87nDzBujhc=</latexit>

20
<latexit sha1_base64="oY48JL7bOXLWyU3JXkODx19bRQ4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF71VsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHmpuv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0qpVvYtq7f6yUr/L4yjCCZzCOXhwBXW4hQY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+1gjPs=</latexit>

40
<latexit sha1_base64="t+GRg5N9oZgfNJeTuxp/mCz0qzE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgRW9V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKDzW3Xyq7FXcOskq8nJQhR6Nf+uoNYpZGXCGT1Jiu5yboZ1SjYJJPi73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3mWlel8r1+/yOApwCmdwAR5cQR1uoQFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD/BqjP0=</latexit>

0
<latexit sha1_base64="dob/xBa3cDn//he5DUZ3s34egW4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF721YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVRrzctK/S6PowgncArn4MEV1OEWGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fIKMvw==</latexit>

4
<latexit sha1_base64="eFdH8U60rn8eN/cW2XlKob5QViQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKezGgB4DXvSWgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjWq/WHLL7gJknXgZKUGGer/41RvELI1QGiao1l3PTYw/pcpwJnBW6KUaE8rGdIhdSyWNUPvTxaEzcmGVAQljZUsaslB/T0xppPUkCmxnRM1Ir3pz8T+vm5rwxp9ymaQGJVsuClNBTEzmX5MBV8iMmFhCmeL2VsJGVFFmbDYFG4K3+vI6aVXK3lW50qiWavdZHHk4g3O4BA+uoQZ3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AYKSjMM=</latexit>

3
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Figure 3.4: Dynamics of the half-system entanglement entropy which rapidly saturates
to a volume-law plateau. (inset) Average entropy for the plateau for varying system sizes.

h = 1, J = 0.7, t = 0.2, gz = −0.4

The initial state |01〉f hence starts evolving coherently within the isolated subspace,

resulting in the time-periodic occupation 〈n3〉(s) = sin2(ts) where s stands for time

with frequency 2t. The nearest-neighbor correlation function 〈c†3c4〉 oscillates as well

because my choice of quench parameters leads to 〈τ̃x3 τ̃x4 〉 6= 0.

In Fig. 3.3 (b), the local magnetization (orange) rapidly saturates, but surprisingly

the correlation (blue) between adjacent spins 〈σx2,3σx3,4〉 exhibits persistent oscillations.

Indeed, according to Eq. (3.6), it synchronizes with the local fermionic occupation if

〈τ̃ zi 〉 equilibrates at a non-vanishing value, which normally happens for quenches within

the disordered phase of Hτ̃ .

The entanglement behavior of the composite model strongly depends on the choice

of partition of the system. In Fig. 3.4, I depict the half-system entanglement SL/2 =

−Tr
[
ρ̂L/2 log ρ̂L/2

]
where ρ̂L/2 is the reduced density matrix for the whole system

defined by the physical d.o.f. of c−fermions and σ−spins. Entanglement quickly

grows before equilibrating around a plateau, the value of which is depicted as a grey

dashed line. As seen in the inset of the figure, this averaged entropy scales linearly

with system size, confirming the volume-law behavior of the entanglement. Note,

this volume-law entanglement is much smaller than the thermal value as only one

component thermalizes: In terms of the separable d.o.f., the non-intergrable τ̃−spins

are also volume-law entangled, whereas the f−fermions are only area-law entangled
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Figure 3.5: (a) Overlap between the initial state and eigenstates for L = 18. Eigenstate
pairing with energy difference 2t are visible for all eigenstates. The red dashed line denotes
the energy of the initial state. (b) Half-system entanglement entropy for each eigenstate for
L = 12. Eigenstates with a large overlap with initial state are highlighted in red. Compared
with panel (a), the width of the distribution of energy reduces since a smaller system size is

used for exact diagonalization. (h = 1, J = 0.7, t = 0.2, gz = −0.4).

as the spreading of correlation is prohibited by frozen sites. Indeed, the active and

frozen regions also retain for the physical c−fermions, thus for which only area-law

entanglement can be established. Such an exotic behavior of entanglement between

different species of particles is precisely the defining characteristic of the QDLs. Here

on top of that, persistent oscillations also appear owing to the kinetic constraints.

3.4 Eigenstate Pairing in Spectrum

In this section I discuss the peculiar features of orthogonal quantum many-body scars

via analysing the overlap Fα = |〈0|Eα〉|2 between the initial state |0〉 and eigenstates

|Eα〉. According to the separability of the model, one can decompose the eigenstate

as |Eα〉 = |Ef 〉 ⊗ |Eτ̃ 〉 and the eigenenergy reads

Eα = Eτ̃ + Ef (3.17)

where Eτ̃/f denotes eigenvalues for τ̃−spins and f−fermions respectively 2. The

quantity Fα can be obtained by products of the overlap between initial state and
2Note, eigenstates |Eτ̃ 〉 of Hamiltonian for τ̃−spins [Eq. (3.5)] does not automatically preserve

the global constraint [Eq. (3.10)]. However, eigenstates with proper global constraint can be selected
out by requiring Fα is non-zero, where the initial state has a well-defined global constraint as in
Eq. (3.19).
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eigenstates in each sector as

Fα = |〈ψc| ⊗ 〈Sσ|Ef 〉 ⊗ |Eτ̃ 〉|2 = |〈ψc|Ef 〉|2|〈Sσ|Eτ̃ 〉|2, (3.18)

to compute which one needs to follow the rules as explained in Sec. 3.1.3 to transform

the initial state into the emergent d.o.f. as

|ψ〉c ⊗ |S〉σ = |0101100 . . . 0〉c ⊗ |↑↑ . . . ↑〉σ

= |0101100 . . . 0〉f ⊗
1√
2

(| →→ · · · 〉τ̃ − | ←← · · · 〉τ̃ ) ,
(3.19)

where I used Nf = 3 to determine the fermionic parity required in Eq. (3.12).

The numerical results for the overlap is depicted in Fig. 3.5 panel (a) on a log scale

versus the eigenenergy Eα, and the color indicates the density of eigenstates. Unlike

the previous work about QMBS where the initial state has dominate overlap with a

few number of scared eigenstates as seen in Fig. 1.6 (b), here the initial state overlaps

with an extensive number of eigenstates. The initial state energy can be obtained as

E = 〈0|H|0〉 = −5.4 locating at the bulk of the spectrum as indicated via the red

dashed line in panel (a). Therefore, generic thermalizing behavior would be expect

if the kinetic constraints are absent. However, as seen in Fig. 3.3 thermalization

does not occur, thus indicating the violation of ETH which can be understood by

the decomposition as in Eq. (3.17). In the reduced subspace, eigenenergy for the

emergent f−fermion Ef only takes value ±t, thus all eigenstates shown in Fig. 3.5

(a) are paired with another one with the same overlap but with energy separation 2t.

These eigenstate pairs have different expectation values for the fermion number and

the energy separation 2t is directly related to the frequency of persistent oscillations.

Although ETH is strongly violated, entanglement can still be largely generated

for most of the eigenstates through the background spins. Fig. 3.5 (b) depicts the

entanglement entropy for the half-system SL/2 for all eigenstates in the reduced Hilbert

space3, which increases towards the bulk of the spectrum. Note that the distribution

of energies is different from Fig. 3.5 (a) due to a smaller system size, but in both
3Due to kinetic constraints, for the initial state in Eq. (3.19), two active sites contribute to

the dynamics, hence only two fermionic Fock state are needed for exact diagonalization |ψ〉c =
|0101100 . . . 0〉 and |ψ〉c = |0110100 . . . 0〉. One can use such reduced basis even in the presence of
separability breaking perturbation, as long as the kinetic constraint remains unperturbed.
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Figure 3.6: (a) Overlap between the initial state and eigenstates Eα. (b) Damping of the
local dynamics and correlation function. Parameters are chosen as L = 14, J = 0.7, h =
1, t = 0.2, gz = −0.4 with an additional interaction gx = 0.1 which breaks the fine-tuned

construction and separability into to independent sectors.

cases the energy of initial state locates in the bulk of the spectrum. The states with

dominant overlap with the initial state (log |〈0|Eα〉|2 > −3) are highlighted in red,

and most of them are highly entangled with SL/2 & 3.5. This is in sharp contrast to

known quantum many-body scars, which normally exhibit exceptionally low entropy

in accordance with their non-ergodic dynamical behavior.

3.5 Thermalization through Separability Breaking

The long-lived oscillation and volume-law entanglement generation also appear in the

presence of generic perturbations which break the separability of the Hamiltonian

into separate terms Hf and Hτ̃ . This can be demonstrated with the example of

the perturbation gx
∑

i σ
x
i−1,iσ

x
i,i+1 without the coupling to fermion (−1)c

†
i ci as in

the original model Eq. (3.13). As such, although the mobility of c−fermions remains

restricted to two active sites, their dynamics cannot be decoupled from the background

σ−spins. These spins can then act as a thermal bath for the fermions.

In Fig. 3.6 (a), I depict the overlap between initial states and eigenstates |〈0|Eα〉|2,

and the mean energy E = −4.2 (red dashed line) still locates in the bulk of the spec-

trum. The typical eigenstate pairing as seen in Fig. 3.5 is absent as the perturbation

violates the separability. The dynamics of local observables (orange) and correlation

functions (blue) of c−fermions is illustrated in Fig. 3.6 (b) for a finite perturbation
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Figure 3.7: (a) Damped oscillations of the local fermionic dynamics. Parameters are chosen
as h = 1, J = 0.7, t = 0.2, gz = −0.4. (b) Lifetime tth of the oscillation versus the separability

breaking perturbation gx, which fits well with tth ∼ g−2 .

strength gx = 0.1. The oscillations of the fermionic occupation is not infinitely long-

lived but decays with a finite lifetime eventually saturating to the thermal average

0.5.

To quantify the dependence of the lifetime tth on the perturbation strength gx,

in panel (a) of Fig. 3.7, I depict the deviation between the occupation number on

site 3 and its thermal equilibration 0.5 starting from the initial state |↑↑ . . . ↑〉 ⊗

|010110010 . . . 0〉 for L = 14. Similar as in Fig. 3.6, the oscillation is damping and I

fit the envelop as an exponential function 0.5e−t/tth as indicated as the black dashed

curve. In panel (b), the lifetime tth is plotted versus the inverse of the separability

breaking perturbation g−1
x which scales approximately as tth ∼ g−2

x as predicted by

the Fermi’s Golden rule [172].

The same behavior also appears for correlation functions, which decay towards

zero at long times. Therefore, in the presence of generic perturbations, the perfect

orthogonal QMBS turn into orthogonal scars demonstrating long-lived but not per-

sistent oscillations.

3.6 Discussion

By combining kinetic constraints with the fractionaliztion mechanism of the OM, I pro-

pose a simple model of orthogonal QMBS demonstrating the sought-after ergodicity-

breaking dynamics with the coexistence of persistent oscillations and extensive entan-

glement generation after a quench.
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This work motivates many future directions to explore and perhaps the obvious

one would be whether the orthogonal QMBS can appear in other correlated multi-

component systems. For example, one can consider introducing kinetic constraints to

the multi-orbital Hubbard systems which can host the OM as a low energy feature cap-

tured by slave-particle descriptions [158]. Furthermore, the current one-dimensional

example can be generalized to higher dimensions where both the conventional OM

and the kinetic constraints still exist [173]. Properties of the models in higher dimen-

sions are considerably richer because the background spin sector can be topologically

ordered [158]. Alternatively, another possible direction for future study is to explore

the interplay between kinetic constraints and local gauge symmetry. For example,

combining the disorder-free localization mechanism [150–155] with kinetic constraints

could potentially result in ergodicity-breaking dynamics of the gauge d.o.f..

The key elements of my model are potentially realizable on controllable quantum

simulators. The experimental tool boxes in development for lattice gauge theory sim-

ulations permits the coupling between the spin background and the fermions [8, 16,

174, 175]. The density-assisted tunneling for fermions can appear in the presence of

dominant nearest-neighbor density-density interactions [176]. Alternatively, it also

appears in cold atomic gases via periodic drives as previously illustrated in Chapter 2.

Up to now I have introduced several new non-ergodic behaviors related to QMBS

in both static and periodically driven systems. Hamiltonian in static systems is man-

ifestly time translation invariant as there is no time-dependence in the protocol after

the quenching. For Floquet systems, the Hamiltonian also has a discrete form of TTS

since the driving protocol repeats itself after a complete period. The existence of TTS

is essential for the definition of eigenstates and eigenvalues of the static Hamiltonian

or Floquet operators. They further allow us to determine whether and how many-

body systems thermalize according to different well-established measures, such as the

existence of QMBS, the level statistics of the spectrum or entanglement entropy of

eigenstates.

There are naturally many questions regarding the precise role of TTS in isolated

quantum systems: Does thermalization always occur asymptotically when TTS is
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absent, for instance in a QPD system? Is TTS a prerequisite condition for the ap-

pearance of stable non-equilibrium phases of matter in driven systems? Are there

any transient many-body phenomenon exhibiting interesting universal features in the

absence of TTS? Understanding these questions is not only for the theoretical interest

but also experimentally relevant. For instance, highly accurate temporal control which

does not preserve TTS can be readily implemented on superconducting qubits [115]

and nitrogen-vacancy center in diamond [114]. The remainder of the thesis will fo-

cus on these questions and provide concrete examples demonstrating either stable

non-equilibrium phases or transient prethermalization of a long lifetime.
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Chapter 4

Floquet Time Spiral in

Quasi-Periodically Driven Systems

For quantum systems with TTS, whether they thermalize or not in the long-time

limit can be diagnosed by properties of eigenvalues or eigenstates. These properties

can be numerically obtained via diagonalizing the static Hamiltonians or the Floquet

operators. Here I will address the following question: Can many-body systems driven

by protocols without TTS evade thermalization and demonstrate nontrivial steady

states, for instance, the time crystalline behavior? As reviewed in Sec. 1.5, the gen-

eral expectation is that non-integrable systems without TTS generically heat up to

featureless infinite-temperature states owing to the seemingly inevitable multi-photon

processes.

Although theoretically interesting and experimentally relevant, this question is

indeed generically difficult to answer. One obvious reason is that the lack of Floquet

theory significantly increases the numerical cost for the simulation of the dynamics.

It is also challenging because no well-defined eigenstates or eigenenergies can be used

to verify if ETH applies. In this chapter, I provide an affirmative answer to the

above question by considering a class of QPD systems that can be efficiently analyzed

within the Floquet framework. These systems can exhibit time-crystalline behavior

for special fine-tuned parameters. Its stability to generic perturbations is further

numerically investigated via exact diagonalization.

The main idea is that for special cases of QPD systems, the Hamiltonian H(t) can

be mapped exactly to a periodic counterpart H̃(t) in a rotating frame by performing
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a time-dependent unitary transformation U(t) as

H̃(t) = ÛĤ(t)Û † − iÛ∂tÛ †. (4.1)

The dynamics in the rotating frame can be efficiently solved by the Floquet theory,

then the inverse of the unitary maps the time-evolution back to the physical frame.

The basic idea originates from the study of spiral magnetism in doped Hubbard mod-

els [177–180], although in that case site-dependent rather than time-dependent unitary

transformations have been used. For co-planar spirals, by properly rotating the lo-

cal spin axis, the Hubbard model becomes translationally invariant. Therefore, the

system can be efficiently analysed via Bloch’s theorem even if spirals are incommen-

surate. I will elaborate this idea in Sec. 4.1 and translate it to the time domain for

the study of QPD systems, resulting in the construction of FTSs.

For pedagogical reasons, in Sec. 4.2 I will first demonstrate a FTS via a simple

two level system in the presence of two incommensurate driving tones. Thereafter in

Sec. 4.3, this idea is generalized to many-body systems. I construct a minimal model

showing a DTQC which exhibits a generalized version of TTSB. Most importantly,

in Sec. 4.4, it will be shown that the appearance of DTQC is not limited to models

equivalent to a Floquet problem. Instead, the many-body localized system can still

demonstrate the DTQC behavior even when this equivalence is absent when generic

perturbations are present. Therefore, the exactly solvable models constructed based

on FTS enable us to gain important lessons which are more fundamental than these

special fine-tuning cases.

4.1 Mapping Quasi-Periodic to Periodic Systems

The basic idea of mapping quasi-periodic to periodic systems from the studies of

magnetic phases in Mott-Hubbard insulators, where incommensurate spiral magnetic

states can be induced by doping [177–179]. To describe the spin-symmetry broken

phases within the single band Hubbard model, one convenient approach is by using

site-dependent unitary transformations to locally rotate the spin quantisation axis,
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e.g. a unitary transformation

R(Ωi) = e−i(φi/2)σze−i(θi/2)σy

with the spherical angles φi, θi for each fermionic operator d†iη =
∑

σ[R(Ωi)]ησc
†
iσ

(with the standard fermionic operator c†iσ to create a particle at site ri with spin σ).

In the rotating frame, the Hamiltonian (with nearest neighbor tunneling t, chemical

potential µ and onsite interaction U) has a new form as

H̃ = −t
∑

<ij>,σ1σ2

{
d†i,σ1

[R†(Ωi)R(Ωj)]σ1σ2dj,σ2 + h.c.
}

+U
∑

i

d†i,↑di,↑d
†
i,↓di,↓ + µ

∑

i,σ

d†σdσ.

(4.2)

Under the spin rotation, the Hubbard interaction and chemical potential remain in-

variant. The important question here is whether I can still use Bloch’s theorem and

momentum as a good quantum number despite the site-dependent unitary transfor-

mation? It turns out that one can still efficiently describe the homogeneous co-planar

spirals. Their oscillatory spiral spin order can be written as 〈Si〉 = m(sin θi, 0, cos θi),

with θi = Q ·ri defining the spiral wave number Q and m representing the magnetiza-

tion. For incommensurate spirals, the ratio (Qx, Qy)/(2π) is irrational hence resulting

in a infinitely large unit cell. By choosing φi = 0 and θi = Q · ri in Eq. (4.2), the spin

axis becomes aligned with the spiral after the rotation and the kinetic term

R†(Ωi)R(Ωj) = e−iQ·(ri−rj)σy/2

now only depend on the relative displacement ri− rj and not on ri, rj independently.

Hence, as indicated in Fig. 4.1 (a), the co-planar spiral maps to a ferromagnet (FM)

in the rotating frame. Importantly, the new Hamiltonian H̃ becomes translationally

invariant thus momentum serves as a good quantum number. The system can then

be conveniently analyzed, e.g. in a mean-field treatment of the interaction [178].

I generalize the same idea to the time domain: There are instances of Hamiltonians

Ĥ(t) which are temporally aperiodic such that Ĥ(t) 6= Ĥ(t + T ) for any T , but the

time evolution of states |φ̃(t)〉 = Û(t)|φ(t)〉, which, in a rotating frame defined via
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Figure 4.1: (a) Incommensurate magnetic spiral can be mapped to a periodic ferromagnet
via a site-dependent rotation. (b)Two components of the QPD Hamiltonian are sketched on
the Bloch sphere. Two driving fields in opposite directions with distinct frequencies ω1/2 are
illustrated by two vectors. At stroboscopic times nT1, the blue vector returns back to the
original configuration. However, the red vector with frequency ω2 never comes back with

the mismatched angle n∆θ.

a time-dependent unitary transformation Û(t), is governed by a new Hamiltonian

periodic in time with H̃(t) = H̃(t + T ). Here the wavefunction |φ(t)〉 is the solution

of the Schrödinger equation in the lab frame and the rotated Hamiltonian H̃ can be

determined via Eq. (4.1) [181].

Practically, starting from a generic quasi-periodic Hamiltonian and identifying

the proper mapping to a Floquet Hamiltonian is very difficult. Therefore in the

following, I will construct the model in reverse such that any Floquet Hamiltonian

helps to define specific instances of aperiodic Hamiltonian through a time-dependent

unitary transformation, and to understand their dynamics. Importantly, these specific

instances result in exotic non-equilibrium phenomenon persisting even in the absence

of a perfect mapping between periodic and quasi-periodic systems. Consequently,

Floquet theory can still provide valuable physical insights for systems to which Floquet

theory fundamentally does not apply.
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Figure 4.2: Fourier transform(FT) of the dynamics of observables computed for the QPD
two-level system with parameters A = 1, ω = 1,Ω =

√
2/4. Fourier peaks of Sz(t) appearing

at kω ± Ω for odd integer k suggests that the system synchronizes with the external drive.
Frequencies of observables in the rotating frame are labels as black dashed lines. The inset

depicts the real time behavior.

4.2 Floquet Time Spiral of a Two-Level System

The simplest example to demonstrate FTS would be a QPD two-level system with

two frequencies ω1, ω2. I focus on the time-dependent Hamiltonian with two circular

drivings , Ĥ(t) = Ĥ1(t) + Ĥ2(t) as

Ĥ1(t) = −A
2

cos(ω1t)σz +
A

2
sin(ω1t)σy,

Ĥ2(t) = −A
2

cos(ω2t)σz −
A

2
sin(ω2t)σy +

Ω

2
σx,

(4.3)

with Pauli matrices σα for α = x, y, z and the last term of Ĥ2 represents a constant

field in x direction of strength Ω/2. As illustrated intuitively in Fig. 4.1 (b), these

two time-dependent components of the Hamiltonian behave as two conversely rotating

vectors on the Bloch sphere. The driving component with ω1 is chosen to determine

a discrete time coordinate (blue) which now plays the role of a lattice. If the ratio

between the two frequencies is irrational, the other rotating vector (red) with frequency

ω2 in Fig. 4.1 is aperiodic with a mismatched phase angle n∆θ = nω2
ω1

2π at discrete

times nT1. Based on the definition given in Eq. (1.48), the Hamiltonian is certainly

quasi-periodic hence Floquet theory in principle does not apply. By employing the
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following time-dependent unitary transformation

Û(t) = ei(ω1−ω2)tσx/4, (4.4)

one can rotate the system around the x-axis, and according to Eq. (4.1), the Hamil-

tonian in the rotating frame reads

H̃(t) = −A cos(ωt)σz + (
Ω

2
− ω1 − ω2

4
)σx. (4.5)

This Hamiltonian now describe a periodically driven two-level system with frequency

ω = (ω1 + ω2)/2, which has been well-studied within the Floquet framework [39, 40].

For simplicity, I use Ω = (ω1 − ω2)/2 such that the static field vanishes. One can

exactly solve the time evolution operator as

V̂ (t) = T exp

[
−i
∫ t

0
dsH̃(s)

]
= exp

[
i
A

ω
sin(ωt)σz

]
, (4.6)

and further more derive the time-dependent wavefunction as

|φ̃(t)〉 =
∑

σ

cσ(t = 0) exp
[
isgn[σ]

A

ω
sin(ωt)

]
|σ〉, (4.7)

where σ =↑, ↓ and sgn[σ] gives +,− respectively. Consider an initial state with cσ(t =

0) = 1/
√

2, the magnetization in the z direction thus reads

Sz(t) = 〈φ(t)|σz|φ(t)〉 = 〈φ̃(t)|Û(t)σzÛ †(t)|φ̃(t)〉

= − sin(Ωt) sin

[
2A

ω
sin(ωt)

]
,

(4.8)

where two independent frequencies appear in the time evolution, as indicated in the

inset of Fig. 4.2. The non-equal time correlation function

Szz(t, 0) = 〈φ|σz(t)σz(0)|φ〉 = cos(Ωt) + i sin(Ωt) cos

[
2A

ω
sin(ωt)

]
,

can also be obtained and its imaginary part serves as a suitable measure for the

quasi-periodicity.

The dominating peaks in the frequencies spectrum of the magnetisation Sz (blue
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line of Fig. 4.2) locate at k±1
2 ω1 + k∓1

2 ω2 or equivalently kω ± Ω for odd integer k.

Therefore, only integer multiples of ω1/2 appear in the spectrum like the first two

blue peaks at ω1, ω2, implying that the observable synchronises with the external

driving field. The fact that the peaks of the Fourier spectrum of the observables

coincide with the driving spectrum of the Hamiltonian, signifying that the resulting

dynamics preserves the long-range quasi-periodic temporal order originated from the

external drive. Such a phenomenon is analogous to observables of well known spatial

quasi-crystals, where the translation symmetry is lacking while still remain long-range

ordered [182]. In the following section, I will discuss the intriguing possibility to break

such long-range quasi-periodic order, i.e. peaks at half integer multiples of the driving

frequencies may appear in the Fourier decomposition.

4.3 Discrete-Time Quasicrystal

Here I generalize the idea of FTS to study QPD many-body systems, e.g. interacting

spin chains. I will focus on a new type of DTQC and discuss its rigidity which shows

that it is robust beyond my method of construction.

To formally define the meaning of the breaking of long-range quasi-periodic tempo-

ral order, let us first recall the usual definition of discrete time translational symmetry

breaking (TTSB) [183]. For a PD system with period T , there exists an operator Ô

signalling TTSB if 〈Ô〉t is only invariant under time translation by nT for n > 1. As

a comparison, QPD systems do not have a well defined period but, loosely speaking,

one can still define quasi-periodic time translation symmetry breaking (QTTSB) via

the frequency. For instance, consider a quasi-periodic driving defined by Eq. (1.48),

QTTSB happens if there exists an operator 〈Ô〉t with Fourier decomposition as

〈Ô〉t =
∑

~n

O~ne
i
∑
i niωi/pit, (4.9)

with at least one of the non-negative integers pi larger than 1. Similar definitions

have also been proposed in [104, 105]. Strictly speaking, such phenomenon is not

the breaking of a symmetry but rather the long-range quasi-periodic order in time

imprinted by the Hamiltonian drive. However, in analogy with the widely used TTSB
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we use the term QTTSB. Basic TTSB in Floquet system is a special case of the

definition, i.e. period doubling with only one ω0 and p0 = 2 [183]. There is no general

agreement on the definition of QTTSB, and the behavior proposed here differs from the

previous observation of the time quasi-crystals in bosonic systems [71, 184]. There, the

frequencies of the time-dependent Hamiltonian and of the observable are not simply

related, which is similar to other DTQCs identified before [185–187].

The combination of a standard Floquet DTC with the idea of FTS permits us to

construct a QPD model realising QTTSB. The Hamiltonian is given by

Ĥ(t) = ĤMBL(t) + Ĥd(t) +
Ω

2

∑

j

σxj , (4.10)

where the first term involves Ising interaction and local fields in the same direction as

ĤMBL(t) = h1(t)

N∑

j=1

[
Jjσ

x
j σ

x
j+1 − hxjσxj

]
, (4.11)

where the disordered prefactors Jj , hxj are selected from uniform distributions. A QPD

field is introduced to each site as

Ĥd(t) = h2(t)
∑

j

[
cos(Ωt)σzj − sin(Ωt)σyj

]
. (4.12)

The driving terms in the Hamiltonian are switched on and off periodically such that

the stepwise functions within one period t ∈ (−T/2, T/2) read

h1(t) =





1, |t| ≤ T
4

0, |t| > T
4

, h2(t) =





0, |t| ≤ T
4

g, |t| > T
4

, (4.13)

ensuring that the time evolution governed by Ĥd, ĤMBL happens in two different time

windows. According to the definition in Eq. (1.48), the combined driving in Eq. (4.12),

h2(t) cos(Ωt) or h2(t) sin(Ωt) is quasi-periodic in time, which can be verified by using

the Fourier expansion of the box function, e.g.

h2(t) cos(Ωt) =
+∞∑

n1=−∞

∑

n2=±1

cn1e
i(n1ω+n2Ω)t, (4.14)
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Figure 4.3: Fourier transformation (FT) of the average magnetization in y direction of the
DTQC, simulated by exact diagonalization with 10 sites for different interaction perturba-
tions Jz. 300 different disorder realizations are averaged over to get the real time dynamics
as shown in the inset with Jz = 0.02, 0.055. FT is done in a window 200-400 T . At the
fine-tuning point, in the rotating frame, subharmonic responses appear at kω/2 with an odd
integer k labelled by the dashed line. In the original frame, peaks are fixed at kω/2±Ω even
when perturbations are present, indicating the existence of the robust time quasi-crystal.

with ω = 2π/T and coefficients cn1=0 = g/2, and −g sinc(n1/2)/2 for non-zero n1. By

using the unitary transformation Û(t) = ei
Ω
2
t
∑N
j σxj , I can derive the new Hamiltonian

H̃(t) = H̃MBL(t) + H̃d(t) in the rotating frame as

H̃(t) = h1(t)

N∑

j

[
Jjσ

x
j σ

x
j+1 − hxjσxj

]
+ h2(t)

∑

j

σzj , (4.15)

which reduces to a standard model of DTC with a well-defined period T . As intro-

duced in Sec. 1.3.2, robust TTSB is predicted for g ≈ ω/2 in the rotating frame, which

further translates into QTTSB in the original physical frame.

4.4 Signature of QTTSB, Rigidity, and Thermalization

I will detect QTTSB via measuring expectation values of the magnetization in y

and z directions Sy,z(t). However, such a behavior does not appear in Sx(t) as

it commutes with the unitary transformation. Hence, even in the physical frame,

Sx(t) only exhibits the same period-doubling behavior as in the rotating frame. In

the following, exact diagonalization is used to simulate the dynamics for parameters

Ji ∈ [1/2, 3/2], hxj ∈ [0, 1], ω = 1,Ω =
√

2/4 with periodic boundary condition and

trotter step ∆t = T/300. Fig. 4.3 and Fig. 4.5 depict the real time dynamics of the
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Figure 4.4: (a) Height of the first subharmonic peak of the Fourier spectrum of Sy(t)
for the DTQC on a log scale, as a function of increasing time windows (averaged over 300
disorder realizations) for different interaction perturbations with Jz and L = 10. Slope of
the linear fit defines the decay rate γ. (b) Decay rate γ versus Jz for different system sizes.

magnetization Sy(t) and its Fourier transformation. Clearly, the comparison between

the subharmonic response of the dynamics (sharp peaks appear at kω/2± Ω for odd

integer k) and the Fourier spectrum of the drive [Eq. (4.14)] confirms the existence of

QTTSB.

The observed DTQC trivially mains stable in the presence of small perturbations

which does not break the mapping to the Floquet systems. In the rotating frame,

these perturbations become periodic and the level statistics to examine whether they

induces the Floquet MBL to thermalization phase transition [69]. However, it is highly

non-trivial to rigorously argue the stableness of DTQC when generic perturbations are

present which do not commute with the unitary transformation Û(t). This question

is also closely related to the stability of Anderson localization (or MBL) in QPD sys-

tems which have been recently investigated numerically [112] yet there is no rigorous

theoretical proof. In the following, I will provide numerical evidences demonstrating

that DTQC can still remain stable within the numerically accessible time for generic

perturbations. It is then suggested DTQC is more fundamental than the fine-tuning

FTS construction. For concreteness, the interaction perturbation h1(t)
∑

j Jzσ
z
jσ

z
j+1

of uniform strength Jz, or rotation imperfection −h2(t)εz
∑

j cos(Ωt)σzj of uniform

strength εz will be individually added to ĤMBL [Eq. (4.11)] and Ĥd [Eq. (4.12)] re-

spectively. They do not commute with the rotation, therefore even after the unitary

transformation the driving remains quasi-periodic.
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Figure 4.5: Fourier transformation of the average magnetization in y direction of DTQC,
computed by ED with 10 sites (300 disorder configurations) for different εz. FT is done with
200-400 T . Peaks are locked at kω/2 ± Ω, indicating robustness of DTQC w.r.t. rotation

imperfection. Inset is the dynamics for εz = 0.04, 0.11.

4.4.1 Interaction Perturbation

First I analyse the effect induced by a perturbative interaction. The Fourier spectrum

is shown in Fig. 4.3 for various values of Jz. Robust peaks are locked at kω/2±Ω as

in unperturbed case, but now with descending heights for increasing perturbations.

The long time stability of the DTQC phase is examined in panel (a) of Fig. 4.4

by extracting the amplitude of the first subharmonic peak as a function of shifting

time windows for different perturbation strength. The Fourier transformation is done

within 7 equally divided time windows in the domain [300T, 1000T ]. The error bars

are determined via the standard deviation of mean, σ/
√
N with N being the number

of disorder realizations. Linear fits are plotted as dotted line, the slopes γ of which

capture the decay rate of the signal, and a non-zero value suggests thermalization. In

panel (b), the decay rate γ is depicted w.r.t. Jz for different system sizes to investigate

the thermalisation transition induced by Jz. Each data point is obtained by averaging

γ calculated with varying lengths of time window from 70T to 100T . The standard

deviation is presented as error bar. Importantly, there is a stable regime Jz ≤ 0.04 for

L > 8 where the decay rate γ remain zero, implying that the DTQC is robust w.r.t.

small perturbative interaction. For perturbations larger than certain critical value, γ

is non-zero indicating thermalization already occurs for t < 1000T . Note, the critical

value of the phase transition is still size dependent, but interestingly it enlarges with

increasing system size. A precise determination of the transition point is beyond the
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Figure 4.6: (a) Amplitudes of the first subharmonic peak of the Fourier spectrum of
Sy(t) for the DTQC on a log scale, as a function of increasing time windows (300 disorder
configurations) for different rotation imperfections with εz. The linear fit gives the decay

rate γ. (b) Decay rate γ versus εz for varying system sizes.

scope of this work.

4.4.2 Imperfect Rotation

Rotation imperfection induced effects can be analysed in the same way. In Fig. 4.5,

the Fourier spectrum of Sy(t) is presented for different εz. Similar as in previous case,

subharmonic peaks are locked at kω/2 ± Ω with descending heights for increasing

εz. I confirm that the oscillation persists without thermalizing to at least 1000T for

εz = 0.04. As a comparison, it rapidly decays with εz = 0.11 as depicted in the inset

of Fig. 4.5 suggesting the deleterious thermalization.

Fig. 4.6 shows the long time behavior of the first subharmonic peak and the relation

between the decay rate γ and εz. The same method to obtain average and error bar is

applied here, and the stable regime with zero γ can be observed. The critical value of

the thermal phase transition also tends to increase for larger system sizes and converge

approximately at εz ∼ 0.06 for L ≥ 8.

4.5 Discussion

Inspired by the co-planar spiral magnets, I have shown that certain QPD quantum

systems can be transformed to Floquet systems via suitably chosen time-dependent

unitary transformations. I generalized the definition of TTSB to QPD systems, and

discovered DTQC as a new non-equilibrium phase of matter. The subharmonic re-

sponse has also been verified to survive the presence of power-law decaying long-range
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interactions, suggesting that the DTQC should be implementable on current experi-

mental setups of ion-trap quantum simulators [188–190].

The QPD Hamiltonian and the unitary transformation considered here are easiest

obtained via backwards-engineering, namely one first starts from a periodic system

of choice, then apply a time-dependent unitary and arrive at the QPD system. The

inverse mapping ensures that it can be transformed back. As the soluble limit is

arguably fine-tuned, it is important to show that the DTQC can persist in the presence

of perturbations that do not permit a transformation to its Floquet counterpart.

Therefore, the discovery of DTQC is more fundamental than the FTS construction.

I admit that the stability of DTQC is currently examined via a small system and

in a finite time window. Therefor, extensive numerical studies in the future would

be worthwhile to check whether it is a prethermal phenomenon of exceptionally long

lifetime [104] and to determine the phase diagram.

Examples discussed here are limited to unitary transformations of spin rotations

changing linearly in time, but it would be interesting to consider QPD systems with

more generic time- and site-dependent transformations. Furthermore, although the

QTTSB is expected to happen with subharmonic responses associated with all primary

incommensurate frequencies, e.g. ω and Ω in my case, here QTTSB only appears with

ω/2 but not Ω due to the special FTS construction. It will be fascinating to discover

more general QTTSB and other DTQCs in the future.

A more ambitious goal would be to investigate the existence of possible mappings

to Floquet systems for generic QPD systems. Establishing the connection between

FTS of two-level systems and its topological classification via Floquet lattice might

be insightful [107]. Moreover, it is also interesting to explore the fundamental idea of

mapping between aperiodic and periodic systems in other contexts beyond the original

spiral magnets or the FTS.

Although at the fine-tuned point the dynamics can be simulated efficiently due to

the equivalence to Floquet systems, the computational cost quickly becomes unfeasi-

ble when generic perturbations are introduced. Alternatively, quasi-periodic driving

can also be induced via discrete aperiodic sequences, e.g. Thue-Morse sequence where
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the TTS is also absent. The recursive structure of the sequence significantly facilitates

the simulation. In the next chapter, I will show that a long-lived prethermal regime

appears in the rapid driving regime similar to Floquet systems (see Sec. 1.4.2). More

surprisingly, the randomized version of the Thue-Morse drive also yields slow heating,

hence, prethermalization appears even when the driving is not deterministic.
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Chapter 5

Prethermalization with

Random-Multipolar Driving

The existence of a prethermal regime in Floquet systems is now well-established as

a long-lived transient period before heating to infinite temperature as described in

Sec. 1.4.2. In this chapter, I will show that prethermalization can also appear in

driven systems without TTS. For continuous quasiperiodic drivings, slow heating has

been suggested to exist in Ref. [104] but its numerical verification in many-body

systems remains a challenging task.

The focus of this chapter is discrete drivings and I will demonstrate that prether-

malization can occur for generic quantum many-body systems even when the drive is

random. I introduce a new family of random but structured drives – random multi-

polar drives (RMD) – which interpolate between a deterministic quasiperiodic and a

fully random drive. The temporal correlations of the protocol can be parameterized

via a non-negative integer n: n = 0 corresponds to the uncorrelated random driving,

while n → ∞ corresponds to the quasi-periodic Thue-Morse driving. Fig. 5.1 com-

pares different driving protocols and the precise definition of RMD will be given in

Sec. 5.1.

The basic motivation for considering RMD is the observation that the bound of the

suppressed heating rate underpinning Floquet perthermalization also applies for RMD

without the need of perfect Floquet periodicity as discussed further in Sec. 5.2. As the

central finding, I discover that energy absorption associated with RMD slows down

algebraically with n, with the prethermal lifetime growing as τ ∼ (1/T )2n+1 where

T denotes the characteristic driving period. The quasiperiodic n → ∞ limit leads
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Figure 5.1: Left: schematic figure for different driving protocols. Two types of dipolar
operators can be constructed from the unitaries U± = exp(−iTH±) as U+U− or U−U+.
Floquet drivings are implemented by repeatedly using a single type of dipole whereas a
uncorrelated random succession of both dipolar operators corresponds to a random dipolar
drive (or 1-RMD). Right: Sketch of entanglement entropy dynamics. For a random drive
(n = 0) the system heats rapidly to the featureless infinite temperature state with the inverse
temperature β = 0, whereas for n−RMD (n ≥ 1) a prethermal plateau emerges with a long

lifetime.

to an scaling as τ ∼ eC[ln(T−1/λ)]2 with a constant C and a typical local energy scale

λ. This unfamiliar scaling is faster than any power law but slower than exponential.

Numerical verification of prethermalization will be presented in Sec. 5.3.

n−RMD represent a form of spectral engineering as the envelop of the Fourier

coefficients of the correlated random time sequence vanishes algebraically as (1/T )n

for decreasing frequency 1/T , which effectively converts to a pseudogap in the limit

n → ∞. This characteristic frequency suppression justifies a simple Fermi’s golden

rule (FGR) calculation [89, 191, 192]. It further explains the observed slow heating

behavior and the dependence on a finite n as detailed in Sec. 5.4. I will also comment

on a rigorous and non-perturbative theory, which predicts the correct scaling for the

n→∞ limit that is otherwise difficult to obtain via the linear response theory.

5.1 Driving Protocol

To start with, I first consider the two elementary time evolution operators as

U+ = exp(−iTH+), U− = exp(−iTH−), (5.1)

where H± is a time independent Hamiltonian and T defines the characteristic time

scale. For periodic driving, the dynamics is governed by the Floquet operator U1 =

U−U+, and the Floquet Hamiltonian HF is defined as U1 = e−i2THF . It is well
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established how to construct a perturbative Floquet-Magnus (FM) expansion for a

small period T , HF =
∑∞

n=0(2T )nHn
F as seen in Eq. (1.23).

Random multipolar driving is performed via randomly driving the system with

two multipolar operators Un and Ũn parametrised by an integer n. As illustrated in

Fig. 5.1, for n = 0, it involves a fully random sequence of operators

U0 = U+, Ũ0 = U−, (5.2)

while for n = 1 it is made up of ‘dipoles’, i.e. of terms

Ũ1 = U0Ũ0 = U+U−,

U1 = Ũ0U0 = U−U+,

(5.3)

and in turn n = 2, ‘quadrupolar’ sequences, are made up of antialigned dipoles as

Ũ2 = U1Ũ1 = U−U+U+U−,

U2 = Ũ1U1 = U+U−U−U+,

(5.4)

and so on for higher n as

Ũn+1 = UnŨn, Un+1 = ŨnUn. (5.5)

The recursively defined limit n→∞ of such a driving thus corresponds to the Thue-

Morse quasiperiodic drive as introduced in Sec. 1.5.2.

5.2 Rigorous Bound on Heating

Here I establish the rigorous bound on heating of RMD systems by generalizing the

results of Floquet driving. The lowest order contribution to the Floquet Hamiltonian,

H0
F = (H+ + H−)/2, is already insightful and most relevant for my purpose. The

following rigorous bound for the difference between the dipolar operator U−U+ and

the approximated time evolution operator for a single period has been obtained as
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Corollary 1 in Ref. [19]:

∥∥∥U−U+ − e−iH
0
F 2T
∥∥∥ 6 V0

[
6× 2−n0 + λT

]
2T, (5.6)

where V0 is proportional to the driving amplitude, λ captures the local typical energy

scale of the system, and n0 ∼ O(T−1) denotes the optimal order before the FM

expansion diverges. Formal definitions of these quantities can be found in Sec. C.1 as

well as in [19]. Crucially, I notice that the bound in Eq. (5.6) is independent of the

order of U+ and U− as the dipolar operators U+U− and U−U+ have the same zeroth

order contribution H0
F . This observation further motivates me to use the triangle

inequality

∥∥∥(U−U+)(U+U−)− e−iH0
F 4T
∥∥∥ ≤

∥∥∥(U−U+)− e−iH0
F 2T
∥∥∥+

∥∥∥(U+U−)− e−iH0
F 2T
∥∥∥ , (5.7)

and insert Eq. 5.6 to the right hand side. By repeating the above equation m times,

the following bound can be obtained

∥∥∥ (U−U+)(U+U−) . . .︸ ︷︷ ︸
m dipoles

−e−iH0
F t
∥∥∥ 6 V0

[
6× 2−n0 + λT

]
t. (5.8)

with the time t = 2mT . This bound estimates the deviation which accumulates by a

constant error after each application of the dipolar operator. Importantly, the bound

is not limited to the periodic driving and, the dipolar operators can appear randomly.

For the quadrupolar operators U2 and Ũ2, I realize that the first order contribution

to their magnus expansion vanishes. Therefore, both the operators have the same

effective Hamiltonian up to the orderO(T ) and, again by using Corollary.1 in Ref. [19],

I improve the bound as

∥∥∥U2/Ũ2 − e−iH
0
F 4T
∥∥∥ 6

[
6× 2−n

′
0 +

4

9
(4Tλ)2

]
V04T, (5.9)
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with the exponent n′0 := b1/16λ(4T )c = O(T−1). At later times t = 4mT , the

accumulated error can be estimated as

∥∥∥ U2 Ũ2 . . .︸ ︷︷ ︸
m quadrupoles

−e−iH0
F t
∥∥∥ 6 V0

[
6× 2−n

′
0 +

4

9
(4Tλ)2

]
t. (5.10)

For n > 2, the bound has been rigorously analysed and significantly improved by

Takashi et al. in Ref. [193], demonstrating that the multipolar operator Un and Ũn

have the same effective Hamiltonian up to the order O(T (n−1)).

Although the rigorous bound is not tight, Eq. (5.8) and Eq. (5.10) suggest that, in

the fast driving regime, the error only becomes notable after a sufficiently long time.

Therefore, similar to Floquet systems, a long-lived prethermal state should appear in

the rapid driving regime and can be approximated by the micro-canonical ensemble

of H0
F . The mean energy of the effective system 〈H0

F 〉 is thus also a quasi-conserved

quantity.

In the following, by using exact diagonalization, I substantiate the existence of

the prethermalization in the rapid driving regime. Surprisingly, I discover that the

prethermal lifetime follows a simple algebraic scaling versus frequency, and such a

relation can be explained via a simple Fermi’s golden rule calculation.

5.3 Prethermalization

Let me focus on a generic spin model described by the Hamiltonian

H± =
∑

i

Jxσ
x
i σ

x
i+1 + Jzσ

z
i σ

z
i+1 + (B0 ±Bx)σxi +Bzσ

z
i , (5.11)

where Jx, Jz are the nearest-neighbor exchange interactions, B0, Bz are static fields,

and Bx denotes the driving amplitude. Periodic boundary condition is used such

that translation invariance of the Hamiltonian permits us to access the longer time

simulation for larger system sizes. Although not shown here, I also verify that the

following numerical observations maintain qualitatively the same in other systems,

e.g. Bose-Hubbard model or Anderson localized system.

I use the mean energy of the effective system 〈H0
F 〉 a measure for thermalization,

which should remain constant during prethermalization before dropping to zero once
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Figure 5.2: (a) Dynamics of mean energy with Thue-Morse driving as a function of charac-
teristic time T , using parameters {Jz, Jx, Bx, Bz, B0} = {1, 0.72, 0.61, 0.49, 0.21} and system
size L = 20. Prethermalization appears and the energy absorption is significantly suppressed.
Panel (b) and (c) show the semi-log and log-log plot respectively of the thermalization time
versus driving rate (blue circles). Straight lines in panel (b) (green squares) and (c) (pink
diamonds) are obtained by an exponential fit and an algebraic fit, respectively. The numeri-
cal data (blue circles) curves down from an exponential fit as shown in panel (b) whereas in

panel (c), it curves up from an algebraic fit.

the system heats up to infinite temperature. The quasiperiodic Thue-Morse driving is

first studied. According to Eq. (5.1) and Eq. (5.5), I can recursively obtain the time

evolution operator Un, Ũn of time length 2nT . This recursive construction enables

the simulation of the dynamics for an exponentially long time by only computing a

linearly increasing number of matrix multiplications, i.e. |ψ(2nT )〉 = Un |ψ(0)〉.

Fig. 5.2 panel (a) depicts the dynamics of the mean energy density for different

driving rates 1/T at stroboscopic time 2nT . The initial state is taken with all spins

pointing up. The mean energy remains constant over a large time window indicating

the existence of prethermalization. In between stroboscopic times, I also verify that

the mean energy remains quasi-conserved. After a long time scale τE , the system

finally evolves to the thermal death and the mean energy drops to zero.

Next, I analyse the scaling of the thermalization times as a function of frequency.

Numerically, the heating time τE is extracted by averaging the times such that

〈H0
F 〉t / 〈H0

F 〉0 = 0.75, 0.75 ± 0.03, 0.75 ± 0.06, see details in Appendix C.3. Fig-

ure 5.2 (b) and (c) show a semi-log plot and a log-log plot of the heating time τE ,
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Figure 5.3: Dependence of the modified thermalization time
√

ln τE against frequency lnω.
Numerical data (blue circles) fits well with a straight line of slope

√
C = 1.1, which implies

that the heating time behaves like τE ∼ eC[ln(ω/λ)]2 as suggested in [193].

respectively. In the semi-log (log-log) plot, numerical data curves down (up) from a

straight line, which indicates that the heating time is shorter than exponential but

longer than algebraic in ω = 2π/T . This is consistent with the prediction of the

heating time for TMS driving proposed in Ref. [193] 1,

τE ≈ eC[ln(ω/λ)]2 . (5.12)

In Fig. 5.3, I plot the function
√

ln τE against lnω. A straight line of slope
√
C

would appear if Eq. (5.12) predicts the correct dependence on the driving frequency.

Numerical data fits well with a straight line of slope
√
C = 1.1, which does not depend

on initial state and converges for L = 20 as shown in the Appendix C.3.

I verified that the prethermal regime also exists for RMD with finite n and not

only for the Thue-Morse limit but with a different scaling behaviour. Panel (a) of

Fig. 5.4 depict the dynamics of mean energy for a random quadrupolar drive with all

initial spins pointing down, where a similar lack of energy absorption can be observed.

In Fig. 5.4 (b), the dynamics of entanglement entropy SL is plotted for different

frequencies. It first saturates to a prethermal plateau which is well captured by the

zeroth order effective Hamiltonian. The entropy grows rapidly to the final value S∞ as

introduced in Eq. (1.26), confirming that the system heats up to infinite temperature.
1I contributed to the conceptual ideas for the derivation of Eq. (5.12) in Ref. [193] but did not

derive this analytical form. The numerical verification presented in Figs. 5.2 and 5.3 are my own
work.
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<latexit sha1_base64="GxO6czVCUteRAb6J5X2LNo9fm/Y=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCsjruoaGERsLGMaD4gOcLeZi5Zsrd37O4JIeQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZF6aCa+N5387K6tr6xmZhq7i9s7u3Xzo4bOgkUwzrLBGJaoVUo+AS64Ybga1UIY1Dgc1weDv1m0+oNE/koxmlGMS0L3nEGTVWevDcy26p7LneDGSZ+DkpQ45at/TV6SUsi1EaJqjWbd9LTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZqRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmeg6GHOZZgYlmy+KMkFMQqZ/kx5XyIwYWUKZ4vZWwgZUUWZsOkUbgr/48jJpVFz/3K3cX5SrN3kcBTiGEzgDH66gCndQgzow6MMzvMKbI5wX5935mLeuOPnMEfyB8/kDWQyNKQ==</latexit>

0.0
<latexit sha1_base64="JR0CKpTxNv18M7bDkBR79504lsE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+2OXx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d+e0nro2I1SNOEu5HdKhEKBhFKz24Vbdfrth/DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nl81Sk5s8qAhLG2TyGZq787MhoZM4kCWxlRHJllbyb+53VTDK/9TKgkRa7YYlCYSoIxmd1NBkJzhnJiCWVa2F0JG1FNGdp0SjYEb/nkVdKqVb2Lau3+slK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorTg5D3H8AfO5w9ReI0k</latexit>

1/T = 35
<latexit sha1_base64="ByPLkfMM6b1bCzt1A76sOx6JIoM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU91tFT0oFLx4rNAvaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oNUHA4/3ZpiZF8ScaeO6X05uZXVtfSO/Wdja3tndK+4ftLRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8e3Mbz9SpZkUDTOJqR/hoWAhI9hYqeWdNW6qF/1iyS27c6C/xMtICTLU+8XP3kCSJKLCEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcAR1X46v3aKTqwyQKFUtoRBc/XnRIojrSdRYDsjbEZ62ZuJ/3ndxIRXfspEnBgqyGJRmHBkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrYELzll/+SVqXsVcuV+/NS7TqLIw9HcAyn4MEl1OAO6tAEAg/wBC/w6kjn2Xlz3hetOSebOYRfcD6+Afa9jg0=</latexit>

t(1/J)
<latexit sha1_base64="yS8GRylX0WCuvpEOpKiCUWqYoTc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS02qoMeiF/FUwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3Jm0O2vpg4PHeDDPzvEgKg7b9ba2srq1vbBa2its7u3v7pYPDlgljzXiThTLUHY8aLoXiTRQoeSfSnAae5G1vfJv57SeujQjVI04i7gZ0qIQvGMVUamPFOb8/K/ZLZbtqz0CWiZOTMuRo9EtfvUHI4oArZJIa03XsCN2EahRM8mmxFxseUTamQ95NqaIBN24yO3dKTlNlQPxQp6WQzNTfEwkNjJkEXtoZUByZRS8T//O6MfrXbiJUFCNXbL7IjyXBkGS/k4HQnKGcpIQyLdJbCRtRTRmmCWUhOIsvL5NWrepcVGsPl+X6TR5HAY7hBCrgwBXU4Q4a0AQGY3iGV3izIuvFerc+5q0rVj5zBH9gff4AUDyOPQ==</latexit>

101
<latexit sha1_base64="lOgeLU+mrb8b2BXZ9cs7RPsIdJ0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoAcPBS8eK9gPaGPZbDft0t1N2N0IJfQvePGgiFf/kDf/jZs0B219MPB4b4aZeUHMmTau++2U1tY3NrfK25Wd3b39g+rhUUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqb+d0nqjSL5IOZxdQXeCxZyAg2meS5j96wWnPrbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSadS9i3rj/rLWvCniKMMJnMI5eHAFTbiDFrSBwASe4RXeHOG8OO/Ox6K15BQzx/AHzucPC7qNkA==</latexit>

103
<latexit sha1_base64="Hg5wSUUFvNkSSU3u39MRY9NmCvw=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe6SgBYWARvLCOYDkjPsbfaSJbt7x+6eEI78BRsLRWz9Q3b+G/eSKzTxwcDjvRlm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx0dJYrQNol4pHoB1pQzSduGGU57saJYBJx2g+lt5nefqNIskg9mFlNf4LFkISPYZJLnPtaH5YpbdRdA68TLSQVytIblr8EoIomg0hCOte57bmz8FCvDCKfz0iDRNMZkise0b6nEgmo/Xdw6RxdWGaEwUrakQQv190SKhdYzEdhOgc1Er3qZ+J/XT0x47adMxomhkiwXhQlHJkLZ42jEFCWGzyzBRDF7KyITrDAxNp6SDcFbfXmddGpVr16t3TcqzZs8jiKcwTlcggdX0IQ7aEEbCEzgGV7hzRHOi/PufCxbC04+cwp/4Hz+AA7CjZI=</latexit>

Figure 5.4: Evolution of (a) mean energy and (b) entanglement entropy with quadrupolar
random driving, with parameters {Jz, Jx, Bx, Bz, B0} = {1, 0.71, 3.2, 0.25, 0.21}, L = 16.

Prethermal plateau of entanglement entropy appears for 1/T ≥ 20.

As before, I determine thermalization time by the thresholds 〈H0
F 〉t/〈H0

F 〉0 ∼

0.96± 0.01. In Fig. 5.5 (a), I show the scaling of τE on a double log plot for different

RMD structures with n = 0, 1, 2, 3. In contrast to the scaling observed for the Thue-

Morse driving, I identify an algebraic dependence

τE ∝ (1/T )α with α ≈ 2n+ 1, (5.13)

for n ≥ 1. Interestingly, the fitted exponent strongly depends on the multipolar order

and is to a good accuracy a simple function of n. I have verified that the scaling

exponent is robust to change of parameters. In Fig. 5.5 (b), as a comparison, I also

plot the same result on a log scale showing a clear deviation from an exponential fit

towards larger 1/T , especially for n ≥ 2.

The thermalization time of the n = 0 RMD is short (τE < 1 as seen in Fig. 5.5)

and independent on the driving rate, suggesting a qualitative improvement for heating

suppression by the multipolar structure. Indeed, I identify that Eq. (5.13) may also

work for n = 0 with exponent α = 1. However, the crucial difference to the case of

n > 0 is that such scaling is only observed in the perturbative regime for small driving

amplitudes.
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102
<latexit sha1_base64="zYzusRWwae9xW1SGpdjGFIkl51M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjxWsB/QxrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Cbzu09UaRbJBzOLqS/wWLKQEWwyyXMfG8Nqza27OdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/FyjDC6bwySDSNMZniMe1bKrGg2k/zW+fozCojFEbKljQoV39PpFhoPROB7RTYTPSyl4n/ef3EhNd+ymScGCrJYlGYcGQilD2ORkxRYvjMEkwUs7ciMsEKE2PjqdgQvOWXV0mnUfcu6o37y1rztoijDCdwCufgwRU04Q5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz8Ppo2Z</latexit>

104
<latexit sha1_base64="9luTt0KoQGRSP03JnyQRFK5ZTTc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mthXos6MFjBfsB7VqyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G05vM7z5RpVkkH8wspr7AY8lCRrDJJM99rA/LFbfqLoDWiZeTCuRoDctfg1FEEkGlIRxr3ffc2PgpVoYRTuelQaJpjMkUj2nfUokF1X66uHWOLqwyQmGkbEmDFurviRQLrWcisJ0Cm4le9TLxP6+fmPDaT5mME0MlWS4KE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPCUbgrf68jrp1KreVbV2X680b/M4inAG53AJHjSgCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBEq6Nmw==</latexit>

⌧ E <latexit sha1_base64="XO/4tYUW7vE5wdB2KH4m6TfbcFc=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FhQwWMF+wFtKJvtpl27yYbdiVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8Hoeuq3nrg2QsUPOE64H9FBLELBKFqp2UWa9m57pbJbcWcgy8TLSRly1Hulr25fsTTiMTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWBrTiBs/m107IadW6ZNQaVsxkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys9EnKTIYzZfFKaSoCLT10lfaM5Qji2hTAt7K2FDqilDG1DRhuAtvrxMmtWKd16p3l+Uazd5HAU4hhM4Aw8uoQZ3UIcGMHiEZ3iFN0c5L8678zFvXXHymSP4A+fzB2k1jwY=</latexit>

1/T
<latexit sha1_base64="m0CoD3daabI3Q0F2dAvU/s9f8k8=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qkkV9FjQg8cK/YI2lM120y7d3YTdiVBK/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdgp7u7tHxyWjo5bNkoM400Wych0Amq5FJo3UaDkndhwqgLJ28H4LvPbT9xYEekGTmLuKzrUIhSMYiZ5l41iv1R2K+4cZJV4OSlDjnq/9NUbRCxRXCOT1Nqu58boT6lBwSSfFXuJ5TFlYzrk3ZRqqrj1p/NbZ+Q8VQYkjExaGslc/T0xpcraiQrSTkVxZJe9TPzP6yYY3vpToeMEuWaLRWEiCUYke5wMhOEM5SQllBmR3krYiBrKMI0nC8FbfnmVtKoV76pSfbwu1+7zOApwCmdwAR7cQA0eoA5NYDCCZ3iFN0c5L86787FoXXPymRP4A+fzB8I/jWY=</latexit>

20
<latexit sha1_base64="6FEqFnjMLBh8OsZV1RGP1pdc4Ns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHmpuv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0qpVvYtq7f6yUr/N4yjCCZzCOXhwBXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+vfjPY=</latexit>

30
<latexit sha1_base64="DBxSnAn/x5oQQQK+8ewa10jiziI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY8FPXisYmuhDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfD3zH5+4NiJWDzhJuB/RoRKhYBStdF93++WKW3XnIKvEy0kFcjT75a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOVnQiUpcsUWi8JUEozJ7G0yEJozlBNLKNPC3krYiGrK0IZTsiF4yy+vknat6tWrtbuLSuMmj6MIJ3AK5+DBJTTgFprQAgYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwDtZIz3</latexit>

40
<latexit sha1_base64="lLRr9A3WK589/rmPoFuW+QG6Hao=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LGgB49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKDzW3Xyq7FXcOskq8nJQhR6Nf+uoNYpZGXCGT1Jiu5yboZ1SjYJJPi73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3mWlel8r12/zOApwCmdwAR5cQR3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+7pjPg=</latexit>

60
<latexit sha1_base64="eQrTSuELW9Kdq/RrvwXmCvHdyiI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9VjQg8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh0u3Vyq7FXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezSCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhM3yZ9oTlDObaEMi3srYQNqaYMbThFG4K3+PIyaVYr3nmlen9Rrt3mcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH/HzjPo=</latexit>

100
<latexit sha1_base64="QYLj9GXBpVT3BE7S4fNVMPcGA+M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjxWsB/QxrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Cbzu09UaRbJBzOLqS/wWLKQEWwyyXMf3WG15tbdHGiVeAWpQYHWsPo1GEUkEVQawrHWfc+NjZ9iZRjhdF4ZJJrGmEzxmPYtlVhQ7af5rXN0ZpURCiNlSxqUq78nUiy0nonAdgpsJnrZy8T/vH5iwms/ZTJODJVksShMODIRyh5HI6YoMXxmCSaK2VsRmWCFibHxVGwI3vLLq6TTqHsX9cb9Za15W8RRhhM4hXPw4AqacActaAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8Mno2X</latexit>

20
<latexit sha1_base64="6FEqFnjMLBh8OsZV1RGP1pdc4Ns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHmpuv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0qpVvYtq7f6yUr/N4yjCCZzCOXhwBXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+vfjPY=</latexit>

40
<latexit sha1_base64="lLRr9A3WK589/rmPoFuW+QG6Hao=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LGgB49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKDzW3Xyq7FXcOskq8nJQhR6Nf+uoNYpZGXCGT1Jiu5yboZ1SjYJJPi73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3mWlel8r12/zOApwCmdwAR5cQR3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+7pjPg=</latexit> 60

<latexit sha1_base64="eQrTSuELW9Kdq/RrvwXmCvHdyiI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9VjQg8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh0u3Vyq7FXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezSCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhM3yZ9oTlDObaEMi3srYQNqaYMbThFG4K3+PIyaVYr3nmlen9Rrt3mcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH/HzjPo=</latexit>

1/T
<latexit sha1_base64="m0CoD3daabI3Q0F2dAvU/s9f8k8=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qkkV9FjQg8cK/YI2lM120y7d3YTdiVBK/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdgp7u7tHxyWjo5bNkoM400Wych0Amq5FJo3UaDkndhwqgLJ28H4LvPbT9xYEekGTmLuKzrUIhSMYiZ5l41iv1R2K+4cZJV4OSlDjnq/9NUbRCxRXCOT1Nqu58boT6lBwSSfFXuJ5TFlYzrk3ZRqqrj1p/NbZ+Q8VQYkjExaGslc/T0xpcraiQrSTkVxZJe9TPzP6yYY3vpToeMEuWaLRWEiCUYke5wMhOEM5SQllBmR3krYiBrKMI0nC8FbfnmVtKoV76pSfbwu1+7zOApwCmdwAR7cQA0eoA5NYDCCZ3iFN0c5L86787FoXXPymRP4A+fzB8I/jWY=</latexit>

⌧E ⇠ (1/T )2n+1
<latexit sha1_base64="JF3BkRotZFCDp5Mi2UKblTHIFi0=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBFqUgVdFkVwWaEvaGKYTCft0MkkzEyEErLxV9y4UMStn+HOv3HaZqGtBy4czrmXe+/xY0alsqxvo7C0vLK6VlwvbWxube+Yu3ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fijm4nfeSRC0og31TgmbogGnAYUI6UlzzxwFEq8W0fSEFbss+bJQ1rjp3bmmWWrak0BF4mdkzLI0fDML6cf4SQkXGGGpOzZVqzcFAlFMSNZyUkkiREeoQHpacpRSKSbTh/I4LFW+jCIhC6u4FT9PZGiUMpx6OvOEKmhnPcm4n9eL1HBlZtSHieKcDxbFCQMqghO0oB9KghWbKwJwoLqWyEeIoGw0pmVdAj2/MuLpF2r2ufV2v1FuX6dx1EEh+AIVIANLkEd3IEGaAEMMvAMXsGb8WS8GO/Gx6y1YOQz++APjM8fZaWU+w==</latexit>

n = 3, ↵ = 6.89
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Figure 5.5: Thermalization time dependence on 1/T in log-log (c) and log scale (d) for
n−multipolar drivings which confirms the algebraic dependence (1/T )α with α ≈ 2n+ 1 for

n ≥ 1

.

5.4 Linear Response Theory

Although the bound in Eq. (5.8) implies the existence of a prethermal regime, it is

not tight and insufficient to predict the n−dependent scaling behavior of the ther-

malization time. As an alternative, in the following, I show that the characteristic

scaling can be understood via a simple generalization of Fermi’s golden rule (FGR)

as applied to Floquet systems [191, 192, 194–196].

I first follow Ref. [191] to review the FGR for Floquet systems described by the

Hamiltonian Ĥ(t) = Ĥ0 + g(t)K̂, where g(t)K̂ denotes a weak periodic driving with

g(t) =
∑

m

gm sin(mΩt) (5.14)

with Ω = 2π/T and gm the strength of the Fourier components. In the linear response

regime, after the short transient period, the system starts absorbing energy quanta

independently from each Fourier mode m as illustrated in Fig. 5.6. The average rate

of energy absorption over a driving period reads

Ė(t) =
∑

m>0

Ėm(t), (5.15)
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Figure 5.6: In the linear response regime, the dominant heating resource is the single-
photon absorption. Multi-photon events rarely happen hence are neglected in the FGR

calculation.

where Ėm(t) is expected from Fermi’s golden rule [191]

Ėm(t) = 2πg2
m

∑
i,f

∣∣∣
〈
E0
f |K̂|E0

i

〉∣∣∣
2 (
E0
f − E0

i

)
P 0
i (t)

×δ
(
E0
f − E0

i ±mΩ
)
,

(5.16)

where |E0
i 〉 are the eigenstates of the static Hamiltonian Ĥ0 and, the probability of

finding the eigenstate |E0
i 〉 in the density matrix ρ̂(t) at time t is defined as P 0

i (t) =
〈
E0
i |ρ̂(t)|E0

i

〉
. The thermalization rate can be written as

Γ(t) =
∑

m

Ėm(t)/ [E∞ − E(t)] , (5.17)

where E∞ represents the energy of the system at infinite temperature which turns to be

zero in our case. It has been shown in Ref. [191] that this rate remains almost constant

in the linear response regime. For fast drivings, extensive numerical evidence [191,

197] and theoretical analysis [13, 198–202] indicates that the thermalization rate is

exponentially suppressed

Γ =
∑

m

g2
mAe

−mΩ/ε, (5.18)

where A, ε are both model dependent parameters. Accordingly, the inverse of the

heating rate permits us to approximately estimate the prethermal life-time as τ ∝

1/Γ ∼ eΩ for Floquet systems.

To extend the FGR to the n−RMD, the first task is analyzing the Fourier spec-

trum of the random multipolar sequence to generalize Eq. (5.14). Due to the temporal

randomness of the driving, the frequency spectrum now becomes continuous and I ap-

proximate RMD by a continuous function as g(t) =
∫
dxgx sin(xΩt). In Appendix C.2,

by establishing the connection between the auto-correlation relation of the multipolar
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sequence and its Fourier decomposition, I obtain the following

gx ∝ xn, (5.19)

suggesting an algebraic suppression at low frequencies.

Similar to the Floquet case, in the linear response regime it is assumed that the

system absorbs energy from each frequency mode independently. As such, Eq. (5.18)

needs to be modified as a continuous integral as

Γ ∝
∫ ∞

0
dxx2ne−xΩ =

∫ ∞

0
d(xΩ)(xΩ)2ne−xΩΩ−2n−1

= Ω−2n−1

∫ ∞

0
dyy2ne−y = Ω−2n−1(2n)!,

(5.20)

where I use the formula

∫
ynecydy = ecy

n∑

i=0

(−1)n−i
n!

i!cn−i+1
yi. (5.21)

Correspondingly, the thermalization time scales as (1/T )2n+1 in accordance with the

numerical results as presented in Fig. 5.5 (a).

The Fourier spectrum of the quasiperiodic TMS driving vanishes as x(n→∞) for

x→ 0, therefore I expect the scaling behavior will be faster than any algebraic func-

tion. One can also approximate such low frequency suppression as a pseudogap in the

Fourier spectrum, the size of which is proportional to Ω, see details in Appendix C.2.

Therefore, the most dominating heating rate is given by the smallest allowed frequency

and I can simply model gx ∝ δ(x− x0) to obtain

ΓTMS ∝
∫ ∞

0
dxδ(x− x0)Ae−xΩ/ε ∝ e−x0Ω/ε, (5.22)

with x0Ω the gap size. Therefore, an exponential scaling of the thermalization time

O(e1/T ) is expected similar to Floquet systems. However, such an approximation

overestimates the suppression of energy absorption hence heating happens at an earlier

time. Therefore, based on the linear response theory, the heating time should be

shorter than exponential but longer than algebraic in accordance of the numerical
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results in Fig. 5.2 2.

Overall, the fact that FGR rate Eq. (5.20) agrees with numerical results implies a

surprisingly simple picture, that the heating is dominantly induced by the independent

absorption of modes at low energies even for the continuous spectrum. Higher order

effects deserves more investigation as the typical algebraic scaling persists even in the

non-perturbative regime for which FGR is not expected to work generically. It implies

that the multipolar structure also suppresses multi-modes heating channels which can

be potentially analysed via the 2nd order time-dependent perturbation theory.

5.5 Random Multipolar Discrete Time Crystal

Finally, I provide a concrete example of a prethermal non-equilibrium phase for the

family of RMDs. I extend the idea of Floquet DTCs to a situation where the drive

contains temporally random components between the spin flips. To be precise, I in-

troduce the global spin flipping operators, X = exp
(
iπ2
∑

i σ
x
i

)
∼ ∏i σ

x
i in between

the dipolar operators as

U ′1 = e−iH−T e−iH+TX, Ũ ′1 = e−iH+T e−iH−TX. (5.23)

According to Eq. (5.6), both dipolar operators can be approximated by the effective

Hamiltonian as

U ′1, Ũ
′
1 ≈ e−i(H++H−)TX. (5.24)

Ideally, if the effective Hamiltonian, H0
F = (H+ +H−)/2, preserves the Z2 Ising sym-

metry, products of U ′1, Ũ ′1 can be approximated as (e−iH
0
F 2TX)2 = e−iH

0
F 4T analogous

to the Floquet DTC [see Eq. (1.37)]. As a consequence in the prethermal regime, the

time evolution at stroboscopic times 4T can be well-captured by the effective Hamito-

nian H0
F . Therefore, for a Z2 symmetry broken initial state, the local magnetization

will persistently oscillate between ±1 with period 4T , doubling the period 2T of spin

flips. Such a random prethermal DTC should still persist if the Z2 symmetry of H0
F

2A non-perturbative calculation based on Magnus expansion and the self-similarity of Thue-Morse
sequence was performed in Ref. [193], where the rigorous bound for heating was obtained as Eq. (5.12)
for TMS driving.
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1
<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

�1
<latexit sha1_base64="gxmVDwgXNkVVBW8MWuMKIAF1sIU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaVYr3kWlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+UwjPA=</latexit>

100
<latexit sha1_base64="+XXCPMj9XkYeSWUdUUxOGntcENg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04Lluv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBX1o0t</latexit>

200
<latexit sha1_base64="WWJt+VIMhxcwQwbGXpUmCi3dmiY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5rr9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBZXI0u</latexit>

t
<latexit sha1_base64="btWuKJH9/rrCxCKL5tGKBdwWU5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ipp16reRbXWvKzUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4XeM/A==</latexit>

hM
z
i

<latexit sha1_base64="gsf9/mlIsR2te3NIDBxlvg0Ty5Y=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEVyWpgi6LbtwIFewFmhAm05N26GQSZiZiLX0VNy4UceuLuPNtnKZZaOsPAx//OYdz5g9TzpR2nG9rZXVtfWOztFXe3tnd27cPKm2VZJJCiyY8kd2QKOBMQEszzaGbSiBxyKETjq5n9c4DSMUSca/HKfgxGQgWMUq0sQK74nEiBhzwbfDkyRwDu+rUnFx4GdwCqqhQM7C/vH5CsxiEppwo1XOdVPsTIjWjHKZlL1OQEjoiA+gZFCQG5U/y26f4xDh9HCXSPKFx7v6emJBYqXEcms6Y6KFarM3M/2q9TEeX/oSJNNMg6HxRlHGsEzwLAveZBKr52AChkplbMR0SSag2cZVNCO7il5ehXa+5Z7X63Xm1cVXEUUJH6BidIhddoAa6QU3UQhQ9omf0it6sqfVivVsf89YVq5g5RH9kff4A0zaUTQ==</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

100
<latexit sha1_base64="+XXCPMj9XkYeSWUdUUxOGntcENg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04Lluv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBX1o0t</latexit>

200
<latexit sha1_base64="WWJt+VIMhxcwQwbGXpUmCi3dmiY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5rr9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBZXI0u</latexit>

t
<latexit sha1_base64="btWuKJH9/rrCxCKL5tGKBdwWU5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ipp16reRbXWvKzUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4XeM/A==</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

Odd
<latexit sha1_base64="+cJmlj+2Npzh8P8lexTU8cfdwAE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04s2K9gPaUDabSbt0swm7G6GU/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1EmmGDZYIhLVDqhGwSU2DDcC26lCGgcCW8HwZuq3nlBpnshHM0rRj2lf8ogzaqz0cBeGvVLZrbgzkGXi5aQMOeq90lc3TFgWozRMUK07npsaf0yV4UzgpNjNNKaUDWkfO5ZKGqP2x7NTJ+TUKiGJEmVLGjJTf0+Maaz1KA5sZ0zNQC96U/E/r5OZ6Mofc5lmBiWbL4oyQUxCpn+TkCtkRowsoUxxeythA6ooMzadog3BW3x5mTSrFe+8Ur2/KNeu8zgKcAwncAYeXEINbqEODWDQh2d4hTdHOC/Ou/Mxb11x8pkj+APn8wcjbY2z</latexit>

Even
<latexit sha1_base64="5cQe8OUH6LSI88iDA3W6Y+LU7hA=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUwWMF+wFtKJvtpF262YTdTaGU/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoLvNbY1Sax/LJTBL0IzqQPOSMmky6H6PslcpuxZ2DrBIvJ2XIUe+Vvrr9mKURSsME1brjuYnxp1QZzgTOit1UY0LZiA6wY6mkEWp/Or91Rs6t0idhrGxJQ+bq74kpjbSeRIHtjKgZ6mUvE//zOqkJb/wpl0lqULLFojAVxMQke5z0uUJmxMQSyhS3txI2pIoyY+Mp2hC85ZdXSbNa8S4r1cercu02j6MAp3AGF+DBNdTgAerQAAZDeIZXeHMi58V5dz4WrWtOPnMCf+B8/gD9z440</latexit>

Odd
<latexit sha1_base64="+cJmlj+2Npzh8P8lexTU8cfdwAE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04s2K9gPaUDabSbt0swm7G6GU/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1EmmGDZYIhLVDqhGwSU2DDcC26lCGgcCW8HwZuq3nlBpnshHM0rRj2lf8ogzaqz0cBeGvVLZrbgzkGXi5aQMOeq90lc3TFgWozRMUK07npsaf0yV4UzgpNjNNKaUDWkfO5ZKGqP2x7NTJ+TUKiGJEmVLGjJTf0+Maaz1KA5sZ0zNQC96U/E/r5OZ6Mofc5lmBiWbL4oyQUxCpn+TkCtkRowsoUxxeythA6ooMzadog3BW3x5mTSrFe+8Ur2/KNeu8zgKcAwncAYeXEINbqEODWDQh2d4hTdHOC/Ou/Mxb11x8pkj+APn8wcjbY2z</latexit>

Even
<latexit sha1_base64="5cQe8OUH6LSI88iDA3W6Y+LU7hA=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUwWMF+wFtKJvtpF262YTdTaGU/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoLvNbY1Sax/LJTBL0IzqQPOSMmky6H6PslcpuxZ2DrBIvJ2XIUe+Vvrr9mKURSsME1brjuYnxp1QZzgTOit1UY0LZiA6wY6mkEWp/Or91Rs6t0idhrGxJQ+bq74kpjbSeRIHtjKgZ6mUvE//zOqkJb/wpl0lqULLFojAVxMQke5z0uUJmxMQSyhS3txI2pIoyY+Mp2hC85ZdXSbNa8S4r1cercu02j6MAp3AGF+DBNdTgAerQAAZDeIZXeHMi58V5dz4WrWtOPnMCf+B8/gD9z440</latexit>

(a)
<latexit sha1_base64="sOjZUoNK33Nc8nqmGB8ygq4L+xA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWULvZDYZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdDvzW09MaR7LRzNOmB/hQPKQUzRWeijjea9YcivuHGSVeBkpQYZ6r/jV7cc0jZg0VKDWHc9NjD9BZTgVbFroppolSEc4YB1LJUZM+5P5qVNyZpU+CWNlSxoyV39PTDDSehwFtjNCM9TL3kz8z+ukJrz2J1wmqWGSLhaFqSAmJrO/SZ8rRo0YW4JUcXsroUNUSI1Np2BD8JZfXiXNasW7qFTvL0u1myyOPJzAKZTBgyuowR3UoQEUBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AifmNTg==</latexit>

(b)
<latexit sha1_base64="7tVg+AhPeiaMnY5qvG8kDXGmdb0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZSD816x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3UaneX5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4Ai36NTw==</latexit>

n = 1
<latexit sha1_base64="V7K3Ngl+0r6b+x8Q7NkP416hAYo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWelDXXq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdKsVrzzSvX+oly7yeMowDGcwBl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx/KCY14</latexit>

n = 0
<latexit sha1_base64="DBREWizOlyoNgl0ik0HV+qoalZI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWelDXbq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdKsVrzzSvX+oly7yeMowDGcwBl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx/IhY13</latexit>

1/T = 40
<latexit sha1_base64="IzN6Sk3psUPirqkrdTAoB3tPsYA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU92tBXsRCl48VugXtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uY3Nreye/W9jbPzg8Kh6ftLVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyd3c7zxRpZkUTTONqR/hkWAhI9hYqe1dNW+r7qBYcsvuAmideBkpQYbGoPjVH0qSRFQYwrHWPc+NjZ9iZRjhdFboJ5rGmEzwiPYsFTii2k8X187QhVWGKJTKljBoof6eSHGk9TQKbGeEzVivenPxP6+XmLDmp0zEiaGCLBeFCUdGovnraMgUJYZPLcFEMXsrImOsMDE2oIINwVt9eZ20K2Xvulx5qJbqtSyOPJzBOVyCBzdQh3toQAsIPMIzvMKbI50X5935WLbmnGzmFP7A+fwB73qOBQ==</latexit>
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Figure 5.7: Dynamics of the magnetization of the central spin induced by a ran-
dom dipolar drive with additional spin flips, using parameters {Jz, Jx, Bz, B0, Bx} =
{1, 0.315, 0.21,−0.05, 0.75}, L = 18. A long-lived prethermal DTC exists with n = 1 RMD

driving (a), while heating is inevitably fast for the n = 0 random case (b).

is weakly broken, the lifetime of which will nevertheless decrease depending on the

perturbation.

In Fig. 5.7 (a), I have numerically verified the existence of a prethermal DTC

with 1−RMD starting from a fully polarized initial state 3. The lifetime significantly

increases for larger driving frequency, in particular for T−1 = 50 the amplitude of the

period-doubling magnetization does not decrease appreciatively up to t = 200. I also

verify the robustnes of the prethermal DTC for weak imperfect spin flip operations.

Fig. 5.7 also contrasts the prethermal nature of RMD to the one of a purely random

drive (shown in panel (b)) built from

U ′+ = e−iH+TX, U ′− = e−iH−TX. (5.25)

As U ′+, U ′− also perform perfect spin flips, period-doubling oscillations appear but only

for a short transient period (t . 10). Thermalization is inevitably fast and prethermal

DTC does not exist.

Beyond Floquet DTC or discrete time quasi-crystals, the random drives completely

break discrete time translation symmetry, thus enriching the growing zoo of non-

equilibrium phases of matter.
3Strictly speaking, uniform nearest-neighbour interaction is insufficient to stablize ferromagnetism

in 1D at finite temperature. The presence of disorders or long-range interactions is necessary for DTC
for generic symmetry-broken initial states. The persist period-doubling behaviour observed here is
mainly because of the special fully polarized initial state. See more discussions in Ref. [73, 203].
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5.6 Discussion

RMD present an elementary and controlled way to introduce temporal randomness

to driven systems. The resulting tunable algebraic prethermalisation adds a new as-

pect to our understanding of paths towards thermalization. There are some direct

extensions of the current RMD protocol. First, instead of considering the elemen-

tary operators constructed via static Hamiltonians as in Eq. (5.1), one can consider

the time-dependent Hamiltonian H±(t) and the operator U± = T e−i
∫ T
0 dtH±(t). The

additional time dependence permits us to engineer the prethermal non-equilibrium

phases with rich properties, for instance the anomalous Floquet-Anderson insulator

with quantized charge pumping [18].

Second, RMD and the Thue-Morse driving can be generalized to involve more

elementary unitaries. For example, one can start from three distinct unitaries U0 =

e−iH0T , U1 = e−iH1T , and U2 = e−iH2T constructed from local Hamiltonians Hσ

(σ = 0, 1, 2). Similar as Eq. (5.5), Uσn are defined cyclically as Uσn = Uσ+2
n−1U

σ+1
n−1U

σ
n−1,

where the sums σ+1 and σ+2 are defined modulo 3. Fourier spectrum of the driving

sequence might exhibit different types of frequency suppression, hence, leading to

other interesting scaling behavior of the thermalization time.

RMD represents a simple form of spectral engineering in driven systems and it is

worth to explore more general method to design the spectrum of driving protocols.

For instance, one possible approach would be first to sample a pre-defined frequency

spectrum with desired properties, then convert it back to a correlated sequence in

time via the inverse Fourier transformation [204]. It would be interesting to establish

connections between dynamical response of quantum many-body systems and the

engineered temporal correlation.
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Chapter 6

Conclusion and Outlook

This thesis explored several new forms of ergodicity-breaking phenomena, with a par-

ticular focus on QMBS in both static and Floquet systems with TTS, as well as

prethermalization in aperiodically driven systems when TTS is absent.

In Chapter 2, I introduced an experimentally feasible proposal for the realization

of QMBS via Floquet engineering in optical lattices. Hopping channels between par-

ticular Fock states can be suppressed to zero and HSF naturally appears. Compared

with Rydberg atomic arrays where QMBS were first discovered, bosonic systems have

a much larger local Hilbert space and substantially more initial states accessible in

optical lattice experiments. For example, systems with different fillings, which can

be easily controlled physically, feature a great variety of scars. One can exploit such

freedom to explore versatile paths towards thermalization by suppressing different

hopping channels in a controllable manner.

In Chapter 3, I addressed the intriguing question of whether there are non-ergodic

QMBS with volume-law entanglement in an interacting many-body system. Or from

the perspective of dynamics, can coherent oscillations of local observables in many-

body systems coexist with volume-law entanglement in a standard quench setting? All

previously discovered QMBS can only establish sub-extensive entanglement, which has

also been regarded as a clear indicator of QMBS in the spectrum. I confirm the exis-

tence of this counter-intuitive phenomenon via a minimally coupled multi-component

system — the kinetically constrained orthogonal metal — which naturally hosts two

dynamical fractionalized d.o.f. The emergent τ̃−spin are thermal and rapidly generate

extensive entanglement, while the other f−fermion exhibit persistent oscillations as

a result of Hilbert space fragmentation. As the orthogonal metal is itself constructed
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from a slave-particle description of strongly correlated phases, the orthogonal QMBS

can potentially exist in non fine-tuned settings.

Kinetically constrained multi-component systems are a largely unexplored but

experimentally relevant field. It is instructive to compare our model to the alternative

Z2 lattice gauge model of Ref. [150] which also hosts two emergent d.o.f., the matter

fermions and gauge charges. However, the gauge d.o.f. are static, hence, cannot

generate extensive entanglement if the fermion is constrained. The separability of the

emergent dynamical d.o.f. in my model is also linked to recent works on the disordered

Hubbard model where disorder may appear only for one type of excitation [205, 206].

There, although the disorder only appears for charge d.o.f., the spin transport is

significantly influenced and becomes subdiffusive. On the contrary, in our model,

kinetic constraints only locally enter the emergent fermionic d.o.f. while the τ̃ -spin

dynamics remains ergodic. In the future, a systematic comparison between different

kinetically constrained multi-component systems would be worthwhile.

The discovery of QMBS has significantly enriched our fundamental understanding

of ergodicity-breaking phenomena. On the application side, it is also of great interest

to explore whether they can be helpful for the development of new quantum technolo-

gies. For instance, instead of simply isolating a quantum system as much as possible

to avoid thermalization, one can potentially exploit fragmented Hilbert subspaces,

which can itself be engineered via suitable driving protocols. As such, a quantum

state can naturally evolve to a coherent superposition of Fock states by choice [144],

which are potentially beneficial for precision sensing.

Then I explored possible mechanisms leading to ergodicity-breaking dynamics

when many-body systems are modulated by quasi-periodical drives where TTS of

the driving is explicitly broken. Up to now, there is no universal theoretical frame-

work, e.g. Floquet theory for TTS-preserving systems, and the numerical simulation

of their time evolution is computationally expensive. In Chapter 4, inspired by spiral

magnets, I proposed the idea of FTS which can be mapped to usual Floquet systems

via time-dependent unitary transformations.

As a fine-tuned toy model, a FTS is first demonstrated in a two-level system where

an exact solution of the time evolution can be obtained. Then I generalize the idea

to many-body systems with disorder, which has further been shown to host a DTQC
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which breaks the quasi-periodic TTS. Crucially, this intriguing phenomenon persists

up to the longest numerically accessible time scale when generic perturbations are

present which breaks the equivalence between FTS and Floquet systems. Therefore, I

argue that the DTQC is a stable non-equilibrium phase of matter more fundamental

than the fine-tuned FTS construction.

To investigate more generic dynamical properties of driven systems without TTS,

I study the so-called RMD systems in Chapter 5. An integer n parametrizes the

temporal correlation of the random sequence, n = 0 and n → ∞ limit correspond

to the purely random and quasi-periodic Thue-Morse sequence respectively. A long-

lived prethermal regime appears for n ≥ 1, the lifetime of which scales algebraically

for larger driving frequencies as T−(2n+1) which converts to the scaling eC[ln(1/T )]2 for

the Thue-Morse driving, in agreement with the numerical simulations.

RMD provides a simple example of spectral engineering as the Fourier decompo-

sition of the correlated sequences of multipoles decreases as a power law T−n with

an integer n, which becomes a pseudogap in the n → ∞ Thue-Morse limit. Such

suppression of low frequency property underpins a simple theory of FGR explaining

the observed slow heating and the dependence on the multipolar order n. Remark-

ably, the prethermalization also occurs in the strong driving regime for which FGR

is not expected to work. It indicates that not only the single-photon absorption but

also the multi-photon processes which cannot be simply captured by the linear re-

sponse theory are also suppressed. Although the subsequent rigorous results obtained

by generalizing Floquet-Magnus expansion [193] also imply the suppression of higher

order processes, a direction calculation via the higher order FGR [207], which could in

principle provide more physical intuition regarding the heating, would be worthwhile.

The idea of spectral engineering can indeed be generalized to other types of random

sequences. Besides the Thue-Morse sequence, one might search for other aperiodic se-

quences whose randomized version can also lead to prethermalization. Another broad

class of random sequences with hyperuniform correlations [204, 208] would be of great

interest to study. Their fluctuations at large scales are sufficiently reduced resulting in

a suppressed frequency behavior reminiscent of RMD but with a continuously tunable

scaling exponent [204].

A different interesting question regarding RMD concerns what types of non-trivial
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prethermal states can be achieved apart from the random multipolar discrete time

crystalline behavior presented in this thesis. It is naturally expected that (many-

body) localization will not be stable with random driving [209], but how does the

additional multipolar structure protect the localization? Can localization further sta-

bilize the prethermal topologically protected phases [18] and result in a new scal-

ing of prethermal lifetime better than T−(2n+1)? Another intriguing direction would

be searching for fundamentally different prethermal phases beyond Floquet, which

emerges particularly because of the temporally correlated randomness.

There are countless ways to drive a system in the absence of TTS. However, identi-

fying protocols that lead to novel universal phenomena and are theoretically tractable

remains a big challenge. Based on the current exploration of FTS and RMD systems,

the present work shows that aperiodically driven systems are expected to exhibit a

much lower degree of universality compared with Floquet systems. To analyze ape-

riodically driven systems, one cannot rely on the theoretical tools of Floquet theory

and it is fair to say that we are lacking similarly powerful tools for aperiodic systems.

However, the specific examples of this thesis show that many techniques developed

for Floquet systems can still be surprisingly helpful even if TTS is absent. Naturally,

beyond the discrete RMD drive protocols one can expect that there are plenty of

other types which go beyond the scope of the Floquet framework. Therefore, I expect

that formulating new methods and unifying our understanding of aperiodically driven

systems remains a formidable challenge for the future.

With this thesis, I addressed several crucial problems and opened new avenues

in quantum many-body systems. Particularly, I proposed a few simple yet insightful

models demonstrating conceptually new non-ergodic phenomena which substantially

deepen our understanding of quantum thermalization and lack thereof. Most of these

models can already be experimentally implementable. I believe these works will be

of broad interest and can shed further light on the future exploration of quantum

many-body phenomena.
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Appendix A

Derivation of Effective Hamiltonian

A.1 Rotating Frame

Here we explain the details for deriving the effective Hamiltonian of the doubly mod-

ulated Bose-Hubbard model. In the physical frame, the Hamiltonian reads

Ĥ(t) =
∑

〈pq〉

ĉ†pJpq ĉq +
U(t)

2

∑

p

n̂p(n̂p − 1) + F (t)
∑

p

εpn̂p. (A.1)

We can only perform high frequency expansion if the driving frequency of U(t), F (t)

is the dominating energy scale, hence, we want to transform to the rotating frame via

the unitary transformation

R(t) = exp

[
i

(∑

p

θp(t)n̂p +
Γ(t)

2

∑

p

n̂p (n̂p − 1)

)]
, (A.2)

where Γ(t) =
∫ t

0 dτU(τ) and θp(t) = εp
∫ t

0 dτF (τ). In the rotating frame, the Hamil-

tonian transforms as H̃(t) = RĤ(t)R† − iRṘ†, where the second terms cancels the

time-dependent modulation of energy and interaction. Therefore we obtain

H̃(t) = R(t)
∑

〈pq〉

ĉ†pJpq ĉqR
†(t). (A.3)

The above unitary R(t) can be decomposed as R(t) = R1(t)R2(t) where

R1(t) = exp

[
i
∑

p

θp(t)n̂p

]
, R2(t) = exp

[
i
Γ(t)

2

∑

p

n̂p (n̂p − 1)

]
, (A.4)
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and [R1, R2] = 0. We first perform the rotation R1(t) as

H̃(t) =
∑

〈pq〉

JpqR1(t)ĉ†pĉqR
†
1(t). (A.5)

The following formula is particularly useful to compute the unitary transformation

eXY e−X =
∞∑

n=0

[(X)n, Y ]

n!
, (A.6)

where [(X)n, Y ] ≡ [X, · · · [X, [X,Y ]] · · · ],︸ ︷︷ ︸
n times

[
(X)0, Y

]
≡ Y . In our case, we choose

X = i
∑

k θknk and Y = c†pcq, we obtain

R1(t)ĉ†pĉqR
†
1(t) =

∞∑

n=0

[(X)n, Y ]

n!
= c†pcq

∞∑

n=0

[i(θp(t)− θq(t))]n
n!

= c†pcqe
i(θp(t)−θq(t)). (A.7)

Similarly one can carry out the second rotation R2(t), but the algebra can be simplified

by noting that the hopping term ĉ†pĉq preserves the total particle number
∑

p n̂p.

Therefore, the unitary transformation of R2(t) reduces to

R2(t)ĉ†pĉqR
†
2(t) = exp

[
i
Γ(t)

2

∑

p

n̂2
p

]
ĉ†pĉq exp

[
−iΓ(t)

2

∑

p

n̂2
p

]

= c†p

∞∑

n=0

[iΓ(t)(np − nq)]n
n!

cq = c†pe
iΓ(t)(np−nq)cq.

(A.8)

In the end, in the rotating frame, the Hamiltonian reads

H̃(t) =
∑

〈pq〉

ĉ†pÂpq(t)ĉq, (A.9)

where the hopping term modifies to

Âpq(t) = Jpqe
i(θp(t)−θq(t))eiΓ(t)(n̂p−n̂q), (A.10)

the time average of which will give the lowest order contribution to the effective Hamil-

tonian. It is worth noting that the derivation above can be modified to fermionic

system as well. Moreover, Eq. (A.8) can be generalized to other density-density inter-

actions which do not need to be short-ranged. It will be interesting to explore other
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emergent processes by driving longer-ranged interaction.

A.2 Driving Profile

The following driving profile is used in Chapter 2, U(t) = Ud cos(ωt), F (t) = F2 cos(2ωt)+

F4 cos(4ωt), therefore we have

Γ(t) =

∫ t

0
dτU(τ) = Ũd sin(ωt),

θp(t) = εp

∫ t

0
dτF (τ) = εp

[
F̃2 sin(2ωt) + F̃4 sin(4ωt)

]
,

(A.11)

where Ũd = Ud/ω, F̃2 = F2/2ω and F̃4 = F4/4ω for simplification. The modified

time-dependent hopping in the rotating frame reduces to

Âpq(t) = Jpq exp
[
i(q − p)

(
F̃2 sin(2ωt) + F̃4 sin(4ωt)

)
+ iŨd sin(ωt) (n̂p − n̂q)

]
.(A.12)

Its time average over one period reproduces the modified hopping rate in Eq. (2.6)

Â0
pq(n̂p, n̂q) = −JJ0

(
Ũd(n̂p − n̂q), F̃2(p− q), F̃4(p− q)

)
, (A.13)

where J0 denotes the zeroth order three dimensional Bessel function defined via nth

order one dimensional Bessel function Bn as [210]

J0(x, y, z) =

+∞∑

s2,s4=−∞
B−2s2−4s4(x)Bs2(y)Bs4(z). (A.14)

J0 has the symmetry J0(x, y, z) = J0(−x, y, z) = J0(x,−y,−z) which can be proved

by using the symmetry property B−n(x) = (−1)nBn(x).

A.3 Numerical Implementation

For numerical calculation with exact digonalization, normally only single operators or

simple products of them can be easily converted into matrix form [135], whereas the

above density-assisted tunneling [Eq. (A.13)] in a highly-nonlinear form is difficult to

implement. However, one can instead use Taylor expansion to approximate the Bessel
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function, and for instance the nearest-neighbor hopping reads

Â0
p,p+1 = −j0

∞∑

ν=0

Ũνd (n̂p − n̂p+1)ν

ν!

∂ν

∂F̃ ν1
J0

(
F̃1, F̃2, F̃4

)∣∣∣∣∣
F̃1=0

, (A.15)

with

∂ν

∂F̃ ν1
J0

(
F̃1, F̃2, F̃4

)
=

+∞∑

s2,s4=−∞
2−ν

ν∑

k=0

CknB2k−ν−2s2−4s4

(
F̃1

)
Bs2

(
F̃2

)
Bs4

(
F̃4

)
, (A.16)

where F̃1 is introduced for the calculation of derivative. It is worth noting that

Eq. (A.15) converges badly when the density difference between adjacent sites is large.

Therefore, the maximum bosonic particle filling should be relatively low, e.g. below

12 in our simulation, which physically corresponds to a system with relatively large

static onsite energy penalty either induced by potential or contact interaction.
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Appendix B

Fermionic Dynamics with

Density-Density Interaction

B.1 Non-Thermal Dynamics

The persistent oscillation in fermionic sector is robust in the presence of any per-

turbations which preserves the structure of Hilbert space fragmentation and frac-

tionalization. For example, here we consider fermionic density-density interaction

δV = δ
∑

inini+1 + 0.3nini+2 + 0.55nini+3 and plot the dynamics of the initial state

|01110110〉. Compared with the case in Sec. 3.2.2, here the middle four sites are all

active, hence, spanning an isolated subspace of dimension larger than 2. Therefore the

dynamics becomes quasi-periodic as seen in Fig. B.1. We also depicted the dynamics

in the presence of additional fermionic interaction δ = 0.3 (orange), which deviates

from the blue one but maintains the persistent oscillation.

Figure B.1: Comparison between the dynamics with or without fermionic density-density
interaction. Coherent oscillation survives although the oscillating patterns are different.

Parameters are the same as in Fig. 3.3.
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Figure B.2: (a)Level statistics of a thermal fermionic sector. (b) Local particle number
quickly thermalizes.

B.2 Non-Integrable Fermionic Sector

There are also initial states that thermalize because the dimension of the correspond-

ing fermonic fragmented subspace grows exponentially with system size. For instance,

we consider a fermionic state |111011101101110111011011100〉 containing 27 sites and

19 fermions, the fragmented subspace involves 9240 fermonic Fock states in the mo-

mentum and positive parity sector. The level statistics (see details in Sec. 1.2.2) in

the subspace is plotted in Fig. B.2 exhibiting Wigner-Dyson (non-integrable) statistics

and clearly shows level repulsion. The quench dynamics of the particle number on

the middle site is illustrated in the right panel for δ = 0.3, which equilibrates rapidly

without any coherent oscillations.



101

Appendix C

Appendix for RMD and TMS

Driving

C.1 Proof of the Bound Eq. (5.8)

Here closely following Ref. [19] we derive the bound for the time evolution operators

of the random dipolar drives, which is made up of random sequences of dipoles U1 =

U−U+ or Ũ1 = U+U− with

U+ = exp(−iTH+), U− = exp(−iTH−). (C.1)

The time-dependent Hamiltonian for each dipole can be written respectively as

HA(t) = H−(0 < t < T ), H+(T < t < 2T ), (C.2)

HB(t) = H+(0 < t < T ), H−(T < t < 2T ), (C.3)

which can also be rewritten as HA/B(t) = Hstatic + V A/B(t), with Hstatic being the

time-independent part. We consider a general few body Hamiltonian involving at

most k-body interactions with finite k:

Hstatic =
∑

|X|≤k

hX , V A/B(t) =
∑

|X|≤k

v
A/B
X (t), (C.4)
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where X labels the set of interacting sites and |X| is the size of the set. Note, we also

have the property

v
A/B
X (0 < t < T ) = v

B/A
X (T < t < 2T ), (C.5)

which will be used later.

We use the parameter JB/A to denote the local interaction strength (or single

particle energy) of the system:

∑

X:X3i

(
‖hX‖+ ‖vA/BX (t)‖

)
≤ JA/B, (C.6)

where || . . . || is the operator norm, and
∑

X:X3i denotes the summation w.r.t. the

supports containing the spin i. Based on Eq. (C.5), we can easily see JA = JB := J

and define λ := 2kJ as the typical local energies of the system. We introduce the

average driving norm as

V
A/B

0 :=
∑

|X|≤k

1

2T

∫ 2T

0

∥∥∥vA/BX (t)
∥∥∥ dt, (C.7)

where 2T is used because each dipole takes time 2T . Moreover by separating the time

integral and using Eq. (C.5), one arrives at

V
A/B

0 =
∑

|X|≤k

1

2T

[ ∫ T

0

∥∥∥vA/BX (t)
∥∥∥ dt+

∫ 2T

T

∥∥∥vA/BX (t)
∥∥∥ dt

]

=
∑

|X|≤k

1

2T

∫ T

0

[ ∥∥∥vB/AX (t)
∥∥∥+

∥∥∥vA/BX (t)
∥∥∥
]
dt.

(C.8)

One can realize that V A
0 = V B

0 , which will be denoted as V0 in the following.

According to Ref. [19], both of the dipole operators, U1 and Ũ1, can be approxi-

mated by the same zeroth order effective Hamiltonian H0
F = (H+ + H−)/2, and the

error is bounded as

∥∥∥U1/Ũ1 − e−iH
0
F 2T
∥∥∥ 6 [6 · 2−n0 + λT ]V02T. (C.9)
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n = 1
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Figure C.1: Left: Fourier spectrum of random multipolar sequences for different n. Right:
Log-Log plot for the spectrum. Suppression at low frequencies scales algebraically as ωn.

The exponent

n0 :=

⌊
1

16λ(2T )

⌋
= O(T−1), (C.10)

with the floor function b.c, denotes the optimal order of the Floquet-Magnus expansion

before it diverges [19]. The error accumulates during the time evolution hence the

dynamics deviate from the one H0
F predicts. The rigorous bound in Eq. (5.8) can be

obtained by using Eq. (C.9) and the triangle inequality for arbitrary unitaries

‖W1W2 − V1V2‖ = ‖(W1 − V1)W2 + V1(W2 − V2)‖

≤ ‖(W1 − V1)W2‖+ ‖V1(W2 − V2)‖

= ‖W1 − V1‖+ ‖W2 − V2‖ ,

(C.11)

where we used that unitary operators do not change the norm in the last equality.

C.2 Algebraic Suppression of Spectrum at Low Frequency

We now can compare the real part of the discrete Fourier transformation of sequences

for different n. As seen in the left panel of Fig. C.1, for a random sequence (blue,

n = 0), the spectrum fluctuates randomly over all frequencies with a flat envelop.

Once imposing the multipolar structure, several suppression of frequencies appears at

different positions, for example at ω = 0 for n ≥ 1, and ar ω = π for n ≥ 2. By

plotting the spectrum on a Log-Log scale in the right panel, we can fit the envelope

of the spectrum and identify the scaling of suppression at low frequencies as ωn.
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Gap
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Figure C.2: Frequency spectrum for the TMS.

The quasiperiodic Thue-Morse sequence (TMS) corresponds to the random mul-

tipolar sequence in the n → ∞ limit, and practically we use n = 18 to approximate

it. In this limit, the low frequency spectrum scales as ωn→∞ thus fast approaching

zero for ω → 0. Hence, the algebraic scaling converts to a gap at low frequency as

observed in Fig. C.2.

Analytical Derivation of the Low Frequency Behavior.– The low frequency

scaling can be rationalized by the autocorrelation function of the sequence. The

autocorrelation function for the n−multipolar sequence x(n)(t) is defined as

R(n)(t, τ) = 〈x(n)(t)x(n)(t+ τ)〉, (C.12)

where 〈. . . 〉 denotes the average over both different random realization and t. In this

case, R(n)(t, τ) becomes translation invariant in t. For the fully random sequence

n = 0, one obtains the standard white noise form R(0)(τ) = δτ,0; for the dipolar

sequence n = 1, R(1)(τ) = δτ,0 + δτ,0 − δτ,1 − δτ,−1 in each dipolar unit cell; etc. The

Fourier transformation R̂(n)(ω), which is also known as the spectral density, can be

defined as

R̂(n)(ω) =

∫ ∞

−∞
dτR(n)(τ)eiωτ . (C.13)

The dipolar sequence has R̂(1)(ω) = 2 − 2 cos(ω), exhibiting the scaling ω2 at low

frequencies.

For n > 1, one can derive the scaling in the following way. First, we know the

n−multipolar unit cells are formed by two anti-aligned (n−1)−multipoles of size 2n−1.
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Accordingly, each (n−1)−multipole contributes R(n−1)(τ) to the anticorrelation, and

the interplay between different types of (n− 1)−multipoles gives the negative contri-

bution −R(n−1)(τ±2n−1), where ±2n−1 is introduced due to the relative displacement

of the two (n− 1)−multipoles. Therefore we arrive at the following iterative relation

R(n)(τ) = 2R(n−1)(τ)

−R(n−1)(τ − 2n−1)−R(n−1)(τ + 2n−1),

(C.14)

corresponding to the following relation for the spectral density

R̂(n)(ω) = R̂(n−1)(ω)
[
2− 2 cos(2n−1ω)

]
, (C.15)

with the initial condition R̂(0)(ω) = 1. In the end, we arrive at

R̂(n)(ω) = 2n
n∏

j=1

[
1− cos(2j−1ω)

]
, (C.16)

which has multiple zero points depending on the tunable order n. In particular, one

zero point locates at ω = 0, and the nearby suppression scales as ω2n. The following

relation [38]

R̂(n)(ω) = lim
T→∞

〈
|x̂(n)(ω)|2

〉
, (C.17)

now helps us to identify the scaling behavior of the Fourier transformation of x(n)(t)

defined as

x̂(n)(ω) =
1√
T

∫ T

0
x(n)(t)e−iωtdt. (C.18)

From Cauchy-Schwarz inequality, we have

〈
|x̂(n)(ω)|

〉
≤
√〈
|x̂(n)(ω)|2

〉
, (C.19)

suggesting that
〈
|x̂(n)(ω)|

〉
is upper bounded by

√
R̂(n)(ω) ∝ ωn for a n−multipolar

sequence given a long enough time window of integration T →∞. Although Eq. (C.19)

is valid for the average of the Fourier spectrum, we also expect it to impose the same

bound ωn for a single sequence realization in accordance with the numerical results
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of Fig. C.1.

C.3 Additional Numerical Results for TMS Driving

Figure C.3

C.3.1 Determination of the Heating Time

As show in Fig. C.3, to determine the thermalization time for L = 20, we first use five

different mean energies, Ē+2δ, Ē+δ, Ē, Ē−δ, Ē−2δ, and extract the corresponding

time t1, t2, t3, t4, t5. In the manuscript we use Ē = 0.75 and δ = 0.03 in Fig. 5.2. The

thermalization time is defined as their average, and the standard deviation defines the

error bar, which is only visible at low frequencies.

C.3.2 Finite Size Effect

Figure C.4
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Figure C.5

In Fig. C.4, we depict the dynamics of the normalized energy for three different

system sizes, and parameters of the Hamiltonian are the same as in Fig. 5.2. In

panel (a) with 1/T = 20, three curves do not exhibit differences until t = 105 where

the system already heats to infinite temperature. As a comparison, in the panel

(b) with 1/T = 80, finite size effect can be observed for t > 109 before the system

completely heats up. However, at the mean energy(around 0.75) used to determine

the thermalization time, the dynamics clearly converges for L ≥ 18. In panel (c), the

scaling of thermalization time versus frequency is illustrated for different sizes, and all

three results lead to almost the same slope. Therefore, within the time window that

we are interested in, for instance t < 109 , finite size effect is negligible.

C.3.3 Initial State Dependence

The heating rate is a general feature of the Hamiltonian therefore the thermalization

time should be independent of the initial state. To verify this, in Fig. C.5, we test

different initial states either with or without translation symmetry for the same pa-

rameters of the Hamiltonian used in Fig. 5.2. All of the dynamics thermalize roughly

at the same time and lead to a similar fitted slope.
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