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1 Introduction

In seeking conformal field theories, whether through finding zeros of S-functions or applying
bootstrap consistency conditions, it is natural to impose as much symmetry as possible.
This then restricts the number of couplings and correspondingly non zero operator product
coefficients so that the number of channels to be considered in a bootstrap analysis is
reduced. In the cardinal exemplar of the success of the numerical bootstrap, the three
dimensional Ising model with two relevant fields o, €, there is a Zs symmetry with o Zy odd.



The imposition of symmetries might introduce a selection bias in finding non trivial
CFTs. On the other hand the fixed points of non symmetric theories might have an emer-
gent symmetry. According to the notion of universality fixed points are determined by
the associated symmetry group. To an extent it is often tacitly assumed that fixed points
without a high degree of symmetry may be neglected. Nevertheless for any potential classi-
fication of CFTs in three or more dimensions it is necessary to determine all possible fixed
points which may have smaller symmetry groups than have been hitherto considered. Even
with knowledge of the fixed points in quantum field theories in particular dimensions, an
important question is how they are linked under possible RG flows induced by perturba-
tions by adding relevant operators. Determining the spectrum of relevant operators is part
of the data defining a CFT or can be found by solving linear eigenvalue equations. What
happens under RG flow, and whether new fixed points are attained, is a non linear problem.
For slightly relevant perturbations it is possible to use conformal perturbation theory but
this becomes difficult beyond lowest order. In a perturbative context the £ expansion can
be taken to higher order by determining S-functions and anomalous dimensions in a time
honoured fashion. This may be applied, as originally suggested by Wilson and Fisher [1],
in 4 — € dimensions but can also be used in 6 — ¢ and 3 — £ dimensions.

In two dimensions, at least for minimal models, there is a well understood framework
of CFTs which are linked by RG flows. In two dimensions conformal perturbation theory
can be used systematically, as originally proposed by Zamolodchikov [2] and extended
subsequently [3-8]. A crucial organising principle is the c-theorem which requires that the
Virasoro central charge ¢ for any unitary CF'T at fixed points reached by RG flow arising
from a relevant perturbation has a lower value of ¢ than the original unperturbed CFT.
Minimal models, with ¢ < 1, then flow ultimately to the Ising model with ¢ = %

There is no such simple picture in three or other dimensions of current interest. Here we
attempt to discuss potential fixed points and RG flows using the e-expansion with various
additional assumptions for simplicity. For determining critical exponents in many different
condensed matter systems with a wide range of symmetries there is a large literature from
the 1970’s and later. A review discussing large number such models which are applicable
to critical phenomena for condensed matter systems is [9]. The e-expansion is a version
of conformal perturbation theory starting from free field theories and which allows an
extension beyond lowest order. An assumption made here is that it is qualitatively correct
in determining possible CFTs in three dimensions starting from 4 — & dimensions through
essentially one loop calculations. Of course in particular applications loop calculations to
three or more loops and sophisticated resummation methods may be used to obtain more
accurate results for critical exponents.

Results in the s-expansion depend critically on the number N of scalar fields. The
symmetry of the kinetic term is O(N). In 4—¢ dimensions there is a fixed point with O(N),
N = N symmetry. This is stable for N < 4. For N > 4 there are relevant perturbations
which lead to a variety of fixed points. Whether there are fixed points which cannot be
reached by simple RG flows from free fields is not yet clear. A related question is how many
couplings are necessary in order to find particular fixed points. For the Ising model it is
sufficient to consider just /' = 1 and the ¢* perturbation with a single coupling. In 6 —



dimensions if N'= N +1 an O(N) renormalisable theory is formed by fields forming an N-
vector and a singlet. There are then fixed points with O(N) symmetry if N is large enough.
In e-expansions the starting point is a potential of the form

V(dig) =Y 9" Pr(9), (1.1)
I

where {Pr(¢)} are polynomials of degree 4, or 3 or 6, depending on the dimension. The
symmetry group H, for V' is determined by

V(gp;g) =V(p;g) forall ge Hy CO(N). (1.2)

For each polynomial P;(¢) there is a corresponding symmetry group H; defined as in (1.2).
For generic couplings H, © H ~ N Hy, but H, may be larger than H. Under RG flow the
symmetry is in general N H, for all g, but the symmetry may be enhanced at particular
points in the space of couplings. It is also important to note that the larger symmetry
defined by

Vigpig) =Vi(pige), (98) =g’gs", forall ge G, O(N), (1.3)

defines a physically equivalent theory if (gg)! # ¢g’. At a fixed point with ¢ = g, if
Gy, /H,, is discrete then there are equivalent fixed points with identical critical exponents.
If Gy, /Hyg, is continuous there are submanifolds of equivalent fixed points which contain
apparently exactly marginal operators. In general Gy O G where G C O(N) is the sym-
metry associated to the set of polynomials {P;} such that for g € G, Pr(g¢) = g1’ Py ().
Of course if {Pr} includes all (N;“p) polynomials of degree p then G ~ O(N), this is still
true if {Pr} forms a representation space for a faithful irreducible representation of O(N).
Determining all possible polynomials invariant under subgroups of O(NV), discrete or
continuous, is very non trivial task. For N = 2,3 the results are simple but general results
for quartic polynomials when N = 4 [10, 11] or N = 6 are much more involved [12-14].
An important result due to Michel [15] in 4 — ¢ dimensions is that stable fixed points are
unique (an essentially identical proof is described in [16]). This then implies at such a fixed
point G4, ~ H,, . This does not hold if there is a submanifold of continuously connected
equivalent fixed points but otherwise provides constraints on the possible existence of stable
fixed points for particular breakings of O(N), or in 6 — ¢ dimensions.
RG flow for multiple couplings, which is determined by solving
d

So' =—5'(9), (14)

is potentially very non trivial but is constrained by the a-theorem in four dimensions and
its possible extensions in other cases. In a strong version of the a-theorem there exists a
function a(g) which decreases monotonically under RG flow until the flow reaches fixed
points g/ = g/ where the -functions vanish. For a stable fixed point a(g) has a local
minimum and the stability matrix [M I ] defined by

M = 0187(g)) (1.5)

9=gx’



is positive definite. In four dimensions an a-function satisfying the requirements for a
strong a-theorem can be constructed directly from the one and two loop S-functions [17],
the same is true in six dimensions [18] and, as will be shown later, in three dimensions. In
four [19] and six [20] there are arguments that these results, expressing the S-functions as
a gradient flow, can be extended to arbitrary perturbative order. This imposes non trivial
constraints on the higher loop S-functions, even for purely scalar theories. Using minimal
subtraction the expressions for a(g) can be easily extended to 4 — ¢ and 6 — ¢ dimensions
and so the existence of an a-function is relevant for fixed points accessible through an e-
expansion. There are however no comparable arguments for theories starting from three
dimensions. In four dimensions at a fixed point a, determined by the trace anomaly for
a curved background or the three point function for the energy momentum tensor on flat
space, is necessarily positive. However in a perturbative discussion in 4 — e dimensions the
results for a(g) away from fixed points are not necessarily bounded below. Under RG flow
a(g) decreases but it may be that no fixed point is attained and the assumption that the
couplings are O(e) breaks down. In particular a(g) could become negative in situations
where the potential V' (¢;g) is also unbounded below and there is no stable ground state.
These conclusions hold even more strongly in perturbative discussions in 6 — e dimensions,
since cubic potentials of course are never bounded below.

In our discussions in 6 —¢ and 4 —¢ dimensions we consider perturbative expressions for
a(g), neglecting the free field contributions which are irrelevant here and also allowing for
convenience an arbitrary overall normalisation. The most stable fixed point g, is then the
one at which a(g,) is the least local minimum. In the framework of the e-expansion we are
able to show that a(gs) has a lower bound, of order €2, £3 in 6 — ¢,4 — ¢ dimensions. This
bound is attained when two fixed points collide and then disappear from the set of fixed
points for real couplings, so that there is a saddle-node bifurcation. If the initial couplings
are small but are such that a(g) is less than the bound then the RG flow cannot reach
perturbative fixed points calculable in the e-expansion. The existence of a(g) nevertheless
avoids the possibility of more complicated bifurcations [21].

In this paper we discuss a range of fixed points present in scalar field theories when
the number of fields N/ > 1 and there are two or more couplings. For simplicity we first
consider in sections 2 and 3 the cases when N =2 in 6 — ¢ and 4 — ¢ dimensions. For an
arbitrary renormalisable theory a complete analysis of potential fixed points is possible. In
the four dimensional case there is just the O(2) symmetric point and two decoupled Ising
fixed points. In both cases the couplings transform under O(2) and potential fixed points
are related to the different irreducible components.

For general N there are many more possibilities of finding fixed points where the initial
symmetry is broken by slightly relevant perturbations. In section 4 we consider perturba-
tions of the O(N) symmetric theory in six dimensions. The unperturbed theory has a criti-
cal point in 6—¢ dimensions so long as N > N [22, 23]. With one additional coupling for a
relevant operator there is a breaking O(N) — O(m)xO(n), m+n = N. There is then a new
fixed point corresponding to an O(m) invariant theory with n decoupled free fields so long
as m > Ngit, or equivalently m <» n. We also consider breakings O(N) — O(m) x O(n),
mmn = N involving additional fields which form symmetric traceless tensor under O(m).



In section 5 we analyse breakings of the O(N) symmetric theory in 4 — ¢ dimensions
due to perturbations formed by a symmetric traceless 4-tensor. At lowest order in the
e-expansion this becomes relevant for N > 4. We consider a general framework in which
the RG flow may be restricted to a two dimensional space of couplings. In the simplest
case to three loops there are three coefficients a, b, ¢, but overall normalisation is arbitrary
and there are bounds which constrain the allowed values. This formalism covers a range of
theories considered in the literature, including ones with hypercubic and hypertetrahedral
symmetry, and also cases where there is an unbroken O(m) symmetry, N = nm. It is shown
how the a-function has a lower bound at fixed points which is attained at bifurcation points
where new fixed points emerge. The general formalism is shown to give identical results to
three loops with previous calculations for particular models.

We also discuss in section 6 scalar theories in 3 — ¢ dimensions with a ¢° interaction
using results for S-functions for a general renormalisable potential at two and four loops.
Such theories have an O(N) invariant fixed point but, by determining the anomalous
dimensions of scalar operators with dimensions less than three, there is no apparent large N
theory valid for dimensions away from three (the O(NV) theories in four and six dimensions
at large N can be related to an O(N) model for any d with an interaction o ¢?). The O(N)
fixed point is unstable against perturbations for any N and we consider the simple case
leading to a fixed point with hypercubic symmetry.

In section 7 we extend the framework of section 5 to multiple couplings corresponding to
several slightly relevant operators formed by symmetric traceless 4-tensors. The algebraic
conditions necessary for a closed RG flow are generalised to this case and it is shown how
the bound on the a-function remains valid to lowest order in € and that this bound is
realised at the bifurcation point where there is an exactly marginal operator. An example
with three couplings, in which there are five inequivalent fixed points, is considered. A
theory with arbitrarily many couplings with a closed RG flow is also considered.

Various details are contained in five appendices. In appendix A we analyse the bifur-
cation point for the O(N) symmetric theory in 6 — ¢ dimensions. Appendix B describes a
different 4 — ¢ fixed point than the ones considered in section 5. In appendix C we obtain
bounds on the coefficients a, b which appear in the general discussion in 4 — & dimensions.
The bounds are saturated in the case of hypercubic symmetry. Appendix D considers per-
turbations of the theory with hypertetrahedral symmetry. The analysis shows in general
the presence of relevant operators. Finally in appendix E we show how the perturbative
expression for Crp, the coefficient of the energy momentum tensor two point function, at
the fixed point can be constrained by large N results. This allows Cr to be found for
arbitrary theories in the £ expansion in 4 — & dimensions to order £3.

In general the different sections are more or less independent and may be read, if
desired, separately. Detailed results for many cases have already appeared in the literature
but are here presented in a hopefully unified framework.



2 Two flavour scalar theory in 6 — € dimensions
A general two component ¢3 theory is described by a potential
1 3,1 3,1 2 1 2
V(¢)=6)\1¢1 +6)\2¢2 +§g1¢1¢2 +592¢1¢2> (2.1)

depending on couplings G; = (A1, A2, g1,92). Results for S-functions for such renormalis-
able ¢3 theories, with fields ¢;, in 6 — ¢ dimensions are succinctly given in terms of Sy (¢)
where, taking V' — (477)%‘/,

Br6) = V(O + @) - gedy gt Bvie), Vimov  (22)

for ~;; the symmetric anomalous dimension matrix and BV corresponding to the contri-
butions of one particle irreducible graphs. Taking V(¢) = & X\;jxdipjér then By (¢) =
& Bijidid;jdr. At one loop

~ 1 1
A = 5 ViiVieVii Vil Vepigp; = 1 ViiVij (2.3)
and at two loops1
_ 7 1
BV@) = ‘/;]‘/;ka)‘]ln)‘kmn + — 144 ‘/;]‘/}k(A )lez 2 ‘/;l‘/}mvknAZJk)\lmn ) (24)
11
Vi pij = 18 <V;]Vkl>\1km>\]lm ~ 33 Vij(/\Q)jkVik> , (A = Nk Ner, Nije = Vi -

and also at three loops

_ 1 1
BV(?)) = 6 <_ Vvij Vlemn <Aikp)\jqulnr/\pqr +—

24 (23 - 24€3) )‘ipq/\kaAmqr)\jln>

47
288

47

()\Q)Zk(sjp(slq 44

9 3
- ‘/;j Vkl (8 6ik)\jrp)\qu (Szk()\Q)]pélq 16 )\ikp)\jlq))\psm)\qsnvmn

23 19 11
+ Vvijvvjkvkl (96 >\imn>\mp7‘>\nqr)\lpq - ﬁ )\imp)\lmq(/\ ) + % (Ag)zm(A2)ml>

11

+ ‘/ij‘/ikvmn <576

5 3
(>\2)Jm()\2)kn +3 )‘JPqupn()‘Q)qm + 1 Aqu}‘km/\qsm)‘PTS)

11

5Jk/\ipm)‘lqn(/\2)pq + &

AikpAjin (A?) pm

—‘r‘/iijlen ( )\][)T Az?mAkpaAlbn"‘ 79

1
TG (29 —24 C3) 5jk)\ipr)\lqs )\pqm)\rsn> ) )

+ V;‘ijlen ((1 - 3C3) )\qu)\kpr)\lnq)\imr -

Vi D i = 108 Vii Vi Cijit »
71 7 103

].6 Az'mnA]7npAnqk:)\pql + 3 Aznp)\jl'm>\k71q)\7"r1;z)q % Aik:m/\jln(A2)’mn

121 23
_2/\kmn/\jlm()\2) 48 5Jl )\Lmn)\qu)\m;m“/\nq'r + = 576 ()\Q)ik(/\2)jl (25)
13

103 9
288 Jl()‘2)lm()‘2)mk+ 79 5jl)‘%mp)‘knp()‘2>mn+ <_C3> zmn)‘qu)‘mqk)‘npl~

Cijkl =

!These expressions can be obtained from results in [18, 23-25].



Including O(¢?) contributions in V(¢) then results for (2.2) immediately determine the
associated anomalous dimensions for such operators.

For the two component theory determined by (2.1) the maximal symmetry is deter-
mined by the transformations

09,1 = cosB ¢1 +sinf ¢o , ¢p2 = —sinb g1 +cosl ¢a . (2.6)
Then
Vo(¢) = V(o) (2.7)
with Vj expressed in terms of transformed couplings
Gor = Rrj(0)Gy, (2.8)
where
cos3 0 —sin® 0 3 cos @ sin? 6 —3 cos? 0 sin@
[R[J(H)] _ sin® 6 cos> 0 3 cos? 0 sin 6 3 cos @ sin? 6 , (29)

cos 6 sin? @ — cos? 6 sinf cos® —2 cos @ sin? 0 — sin® 6+2 cos? 0 sin

cos?20 sinf cosf sin?0 sind0—2 cos?Osinf cos® 6—2 cos b sin?

defines an equivalent theory, related by a field redefinition. The SO(2) transformations of
the couplings given by (2.8) and (2.9) may be extended to O(2) by including reflections
generated by ¢1 <> ¢9 which give an equivalence under Ay <+ A9, g1 <> go.

The couplings may be decomposed in terms of real two-dimensional SO(2) irreducible

A1 —3g1 AL+ ¢
v_3 = , V] = , 2.10
’ <>\2 - 392) ! (Az + 92) (2.10)

where under G; — Gy s

representations

vn = Bn(@)vn,  Ra(0) = (€070 —simnb) (2.11)
sinnf cosnf
The four couplings can be reduced to three invariants
L= =301+ —=3g02)*, L=M+g0)+0+g)?,
Is+ily = (()\1 +g1)+i(Ae + 92))3(()\1 —391) +i(Ae — 3g2)) , (2.12)

where IZ+12 = I, I5. Clearly 1 is odd under Ay <> A2, g1 <+ go. The invariants determine
the couplings up to an SO(2) equivalence.

From (3.9) invariant subspaces under SO(2) are obtained by imposing either v; or v_3
to be zero giving the conditions

a) Ay =—¢g1, \a=—g2 and b) A\ =3¢g1, A2 =3¢g2. (2.13)

Case a) corresponds to \jji, in (2.1) being symmetric traceless and case b) to taking \;j; =
300y with v; = (91,92). With the restrictions in (2.13) the only invariants are I; or Iy



respectively. If Ao = go = 0 and g1 = —)\; then the O(2) symmetry is reduced to Zs; in
this case V(¢) = 1—12)\1 ((qbl + i) + (p1 — ’i¢2)3). If g1 = g2, = 0 for some 6, so that the
theory is equivalent to two decoupled theories, then it is necessary that I, = I, or

g + 98 = Mg + Aaga . (2.14)

The symmetric 2x 2 anomalous dimension matrix for this theory is v(G) and transforms
as

Y(Go) = R1(0)7(G) Ry ()" . (2.15)

Hence tr~, det~, and the eigenvalues of ~, are scalars under the equivalence transforma-
tions of the couplings and are functions of the invariants I; 2 3. For the S-function

B1(Gg) = Rr5(0) Bs(G). (2.16)

This ensures that for a fixed point when 5;(Gx) = 0 then also 8;(G.g) = 0.
For the theory defined by (2.1) the S-functions to one loop are given from (2.3):

1
A = —5¢ A= A7 — g — 3(A1 + g1)g7
1 2 2 2
+ 1 ()\1()\1 + 91"+ 2g95°) + g2(A1g2 + Aog1 + 29192)) )
1
B = —5 X - A3 — g5 — 3N + g2) g
1
+ 1()\20\22 + 2912 + 922) + g1(A1g2 + Xog1 + 29192)) )
1
Byt = 59— (At 91)(g1° + 97) — g1(h2 + g2)°

1
+ 15 (1A + 205 + 5gi + 495) + (A2 + 292) (M1g2 + Aog1 + 29192))

1
Bl = —5e0 = (Mt 92) (92 + g5°) — ga( M1 + g1)?

1
+ 3 (92(2>\12 + A2 4492 + 592) + (M 4 291)(A1g2 + Aagr + 29192)) . (2.17)

The positive contributions in the second line of each expression arise from the 2 x 2 anoma-
lous dimension matrix which at lowest order is, from (2.3),

(2.18)

A = 1 ( AP+ 92 +2987  Miga+ dagr + 29192)

12 \ M\iga + Aogi + 29102 A2+ 298 + g

Finding zeros of the g-functions giving fixed points requires relations between the
couplings. Requiring that the couplings satisfy a) in (2.13) the perturbative expansion of
the S-function to all orders takes the form?

B1(G)|

2For case b) SO(2) invariance restricts 81 (G)‘A1:3g1,A2:392 =Grfi (912 + 922) + G’y f2(g12 + g22) where
Gt = gi1(g:® — 3g23)(1,0,—1,0) + g2(g92° — 3g1*)(0,1,0, —1). The perturbative results to three loops give
filz) = —%a _ %x B 61204811:2 _ (72787777675 n 103614—3)1‘3 and fa(z) = —3 — %x -~ (953835 +310¢3 )2,

=G f(A\ +\) (2.19)

g1=—2A1,92=—A2




with
1 83 10627

1 " B _ 8 o B
f(x)——26+;bnx, =g, br=-go. bi=-o (). (220)

The fixed point in this case then arises from the zeros of f(x)

83 21913
Ta=e+ —el4 [ - +2¢ ) + 0. (2.21)
432
Other fixed points require complex couplings and so are not considered here.
Following from (2.15) the perturbative expansion the anomalous dimension matrix

then takes the form

Vg srgrmrs = Y an A+ AP, (2.22)
n>1

with . " e
6 T = 5 G- 2.23
MTE T s BT 3% (2.23)

To three loops
12, 443 , A

“ =\ "3 e 1. 2.24
V(G) (65+3e-+545-+0@)> (2.24)

As a consequence of (2.16) at a fixed point satisfying a) in (2.13) by considering the
derivative of (2.16) at 6 =0

HrorBy(G)| g, =0, (2.25)

which gives in this case
[Hi| = (A2x —A1e —A2x Ari) - (2.26)

As a consequence det[@IBJ(G)HG:G = 0 so that the matrix [0;57(G)]|g=¢. has a zero
eigenvalue. At lowest order

(1) _ 1
018.(G) ]‘91:—>\17g2:—>\2 2 c
D S A PYP VSN OICEE DV PYP
1 9 2 2 1 11 2,7 2
- -3 A1 A2 Z)‘l +2 Ao Z)‘l)‘Q ﬁAl +5 Ao (2 27)
R A PYPCRNNE PV VPP RIPY
Sade HAPHINE =3 A1

The eigenvectors at the fixed point are unchanged by higher order corrections to 5 although
the eigenvalues are modified. Scaling operators with definite scale dimension are determined
by the left eigenvectors of [0787(G)]|g=c,.. There is always a zero mode given by (2.26).
The other three left eigenvectors and corresponding eigenvalues to three loops are given by

83 38183
Me Aox —A1s —Aos — (=== 4y 3
(A A2 1 24) 5 €T R° (6484‘(3)57
1 1 11 158 17380 5
10-0),{010= e 22 [ =116 . 2.28
(3),( 3), 3696(9“3)5 (2.28)

There are two degenerate relevant operators.



An alternative reduction to that in (2.13) arises if we impose

(M +g1) — (2 + 92))° = C((M = 391) + (A2 — 3g2)) ,
(M +01) — A2+ 92) 2 (A = 3g1) — i(Aa — 3g2)) = C"(M + 1) +i(ha + g2)), (2:29)

with C,C’ real invariants such that I = C?I;, I3 = CI; = C'I,, I = 0. Subject
to (2.29)

B)\l + /Bgl _F >‘1 + g1 ’ /8)\1 - 35_91 _ F/ )‘1 - 3gl 7 (230)
B)\g + /ng >\2 + g2 /8)\2 - 3692 >\2 - 392
with F, F” functions of invariants. To find fixed points it is then sufficient to require just
F = F" = 0 where F, F’ depend on two independent variables. For a perturbative expansion

valid away from a fixed point it is necessary that C, C’ are expressible as a series expansion
in the couplings. This can be achieved in (2.29) by requiring

)\IA2 = g192, )\191 — 9227 )\292 — 912, C = Cl = Il = 12 . (231)
In this case F = F’ and

M+ a1

B1(G) =G F(Lh), Y(G) = ()\2 + g0

) ()\1 + a1 Ao + gg) G(Il) . (232)

As (2.31) implies (2.14) this corresponds to a decoupled free field theory combined with
a single field ¢® theory. Note that since dety = 0 in this case there is always a zero
anomalous dimension. To three loops,

1 12
F(x):—f€—§m——5x2— (33085+2C3>:1:3,

2% 4" 144 20736
1 13 5195 1\
_ 1 L , 2.
Gl) =+t <62208 24<3>aj (2:33)

Of course F'(z) has no perturbative zeros for real couplings for € > 0.

3 Two flavour scalar theory in 4 — € dimensions

The structure of fixed points can be fully analysed for just two scalars [26]. A general two

component ¢* theory is determined by the potential

1 1 1 1 1

P S VRS S WS- D S LA L 3

Sp MOt g A2 b2 + L Ao dr 27+ L g1 dr f2 + 920105,
(3.1)

with couplings G = (A1, A2, Ao, 91, 92). The transformations of the couplings G; — Gy 1,

1
V(g) = 21 Nijkl Qi OrPr =

generating equivalent theories as in (2.8), induced by (2.6), can be decomposed into a
singlet and two real two dimensional vectors. The transformations of the couplings may
be reduced to irreducible components as

1 _ 1 _
Il _ )\1 4 )\2 4 2)\0’ vy = (4()\1 + )\2 6)\0)) ’ vy = <2()\1 AQ)) ’ (32)
91— 92 g1+ 92

,10,



with vg, vy transforming as in (2.11). The invariants in this case in addition to I; are then
1
I = E(M + X2 — 6X0)* + (91 — g2)?,

1
I3 = Z()\l —X)? + (91 + 2)°,

2
Bevi= (3002 - i) ({00 +i-m). 63

where I2 4+ I = I I{. I5 is odd under A\; < \g, g1 <> go.
From (3.2) invariant subspaces are also given in this case by setting two of Iy, vg, vy
to zero or

Al=X2=—=Xo, 1 =92, M =-X,A=0,91=92, M =X=3\, 1=92=0,
(3.4)
corresponding to A;jr; being symmetric traceless, A;jr = 5@ Skl)s Skk = 0, $11 = —s22 =

A1, 812 = 291, and Ak = 3o ;5 Opy). For the last case V(¢) = %)\0 (p1® + ¢o?)? describing

an O(2) invariant theory. Setting \j = Ay = —Xg, g1 = g2 = 0 gives a Z, invariant
potential. For a decoupled theory we require gg1 = gg2 = Ag,0 = 0 for some 6. This gives
the constraint I2 = 16 I, I;I3 = 41, or
2M¢" — (M1 4+ A2)Ao + (91 — 92)° =0,
(91 + g2)2(2A0 — A — )\2) + 2()\1 — )\2)(912 - g22) — )\0()\1 — )\2)2 =0. (3.5)
For arbitrary quartic potentials V(¢) as in (3.1) the corresponding S-function can be
written as in (2.2), with now ¢ = 4 — d, where now to three loops from [27]

- 1 1 1 3
Bv =5 VigVij = 5 VigViVire + 3 Aigmn Akimn Vi Vit = 6 Aiktm Ajktm Vin Vin

1

1 1
~3 Vikt Vikt Vimn Vimn + 5(3 Viik Vitm Vitn Viemn »

1 1
%‘j@) =12 Aiktmjkim » ’Yij(g) =1 Aiktm A jknp Mimnp - (3.6)

The lowest order contributions to the g-functions are then easily determined, taking now
Gr — (4m)? Gy,

Bt = —e M 4300+ AF +297),

Br) = —eXo +3(AE + AF +295),

Ba = —eXo + (A1 + A2)Ao + 4G + 297 + 295 + 29192,

By M = —£g1 +3(2 X091 + Moga + Mig1)

BV = —€ go + 3(Nog1 + 2 Xoga + Naga) . (3.7)
The anomalous dimension matrix is first non zero at two loops

@ _ L[ AMCH3AT 398+ 97 3Xo(g1 +92) + Aigz + Aegn
12 \3Xo(g1 + g2) + A1g2 + Aegi A2 + 3\ + g1° + 3¢5

— 11 —



Finding fixed points with multiple couplings is a non trivial exercise. Analysing first the
zeros for real couplings determined by the one loop S-functions imposes various constraints.
These constraints reduce the representation content of the couplings to a single invariant
so that higher order contributions to the S-functions are determined by a function of a
single variable. There are three cases

a) M=X, g1=—g2, 298 =XM1 —Xo), = Br(G)=Grfs(0+ o),
b) A =Ml=g192, 9 =M, g2 =NNo, Ngi=Mg2, Aog2= g1,

2
= (;()\1 —X2) +i(q1 +92)> =1 <le(>\1 + A2 — 6Xo) +i(g1 — 92)> :

= B1(G) = Gr fo(A1 + X2 +2X0),
c) M=X=3X, 1=92=0, = B1(G)=Gr f(o). (3.9)
Incasea) Iy = = I{?, I3 = Iy = Iy = 0 while in case b) 4ly = I3 = 1 %, I = = I{®, Is = 0
and in case ¢) only I3 is non zero.

From perturbative results to three loops the functions fq . in (3.9) and their zeros as
an expansion in € to O(e?) are given by

fa(x) = fb(I‘) = —¢c+3x — L7$C2 -+ <m + 12{3)%3 ,

3 8
1T, 709 4\ 4
x*—3€+81€ +(17496 27(3)6 ;
fe(z) = —& + 10z — 602 + (617 + 384¢3)2” |
1 3, 103 24\ 4
1.3 103 24 , 1
T =0t T (10000 625<3> c (3:.10)

The zeros determine fixed points. Case a) is equivalent to two decoupled Ising models,
within the e-expansion, corresponding to taking Agx = g1x = g2x = 0, A\1x = %5 + 0(e?)
and also to the theory obtained by taking Agx = A4, 915 = g2 = 0, A1y = %8 + 0(52).
Case b) is described by an Ising model and a free field theory, it is equivalent to taking
Aox = Aox = g1+ = g2« = 0 when ¢9 has no interaction. It is easy to check that these cases
satisfy (3.5). Case c) is the O(2) symmetric Heisenberg fixed point. Although the original
theory defined by (3.1) has in general just a reflection Zy symmetry, the fixed points all
have at least a Zo X Zg reflection symmetry.

For case a) the left eigenvectors and eigenvalues of [0787(G)]|g=c. always include a
zero mode given by

(=491 4914 491« AMx — 3Xox —A1x + 3X04) (3.11)
and to O(e?) the results for the others are given by
(M As Aow g1 —915) s (A1 — Aow Aox — Ais 0 914 g14), € — %82 + (;S?g + SC3)€3,
(=220- 2200 0 A1. Ary). SR )
<>\0* Ao« %(Al* —2X0+) —g1+ 91*>, —é €+ ;1) e2 4+ (8973478 - 287C3> e, (3.12)

— 12 —



The eigenvectors lie within the invariant subspaces in (3.4). There is one slightly relevant

operator. For case b) the corresponding results are

(—4g1+ 492« 2(g15 — g24) Ate — 30w — A2 +3X0x), 0
(=492« 491+ —2(g1x — g2) — A2+ + 3X0x A1 — 304) et e +ﬂ3
g2x 4g1x —2(g1x — g2« 2+ Ox Alx 0x)> 108 11664
17 1603
Ale A2s Aos J1x G2+ T o~ 2 9 ’
(A1s A2e Aox g1x g24), ST <2916 * 9@’)6 ’
(A Alx )\0* —92x _gl*) -,
(6>\0* 60+ A1x + A2s — 4Xos — (91* - 92*) 3(91* o 92*))’
2 .19 , 937 4
_c. B oL 2 . (313
3 162" T <17496 27<3> (3.13)

For the O(2) symmetric case c) the left eigenvectors and associated eigenvalues are

L 1, 29 192
(11-100),(0001-1), —e— +<2500 625(3) :

5 5°
41 1777 408
1-1 11 —e——2 4 —+—— 3
( 000),(00011), FET5¢ +<5000+625C3)6 :
3 , (257
1 — = — 4+ — : 14
(33100), e-ce +<500 125@,) (3.14)

All perturbations then correspond to irrelevant operators.
Assuming the constraints on the couplings in (3.9) we have to all orders

’y|>\1=)\2,g1=*9272g12=)\0(/\1*)\0) - ga()\l + )\O) 1

gb( M1+ A2 + 2X0) (M“O ik ) :

7‘)\2=>\1/\2=9192,912=>\1/\0,922=>\2>\07>\0 91=A192, M0 g2=X2g1 g1+92 A2+Ao

7‘>\1:/\2=3/\0,91=92=0 = gC(AO) L, (3’15)
with
z gp(x) = ga(z) . (3.16)
To three loops
L, 1 5 _ 2 9 3

It is easy to see, subject to the necessary conditions for case b), that det (;iig‘g f\gif\i ) =0

so that the eigenvalues are A1 + Ao + 2)\g, 0. The non zero anomalous dimensions at the
fixed points to three loops are then

L (o 109 4 1 19
— — — 3.18
108( MR ) 100( +205> (3.18)
for the Ising model case and the O(2) theory respectively.

The constraints in (3.9) reduce the RG flow to one dimensional trajectories up to an
O(2) equivalence. Relaxing the restrictions such as imposing just va = 0 the RG flow is
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restricted to a two dimensional surface since

,BI(G) :G[a()\l+)\0,J)+G0[b()\1+)\o,g]), ’Y(G)IC(A1+)\0,J)]1, (3.19)
Gr= (M1, M, Xo, 91, —g1), G =(3,3,1,0,0), J=Xo(A1 — o) — 2g1%.

In terms of (3.9) f,(z) = a(z,0), fo(x) = a(4w,22?) + 22 b(4x,22?). From perturbation
theory to three loops

1 1
a(xz,y) = —e + 3z — §(17x2 +2y) + gx((145 +96 (3)2” — 168y) ,
1
bw,y) = —y +4zy = 2((89 +96s)a” +38y)y,

c(z,y) = %(xQ —2y) — % z(z% — 3y). (3.20)

Fixed points require a(z,y) = b(z,y) = 0 unless G oc G% requiring A\; = 3\g, g1 = 0 so
that A1 +Xo = 4Xg, J = 2A¢* and c(4z, 22%) = 22 — 3 23 corresponding to the O(2) invariant
theory. Perturbatively b(x,y) = 0 requires y = 0. On this surface the RG flow links the
fixed points corresponding to case a) and case c) in (3.9).

4 Scalar theories with reduced symetry in 6 — € dimensions

For N scalars ¢; the kinetic term has O(N') symmetry. However for a renormalisable theory
in 6 — ¢ dimensions with a cubic potential there is of course no O(N) invariant theory. For
N = N + 1 and decomposing ¢; = (0, ¢;) there is an O(N) invariant theory with o = ¢g a
singlet and ; transforming as a vector. As analysed in detail in [23] there is a fixed point
with O(N) symmetry in 6 — ¢ dimensions. Here we consider perturbations which break
the O(N) symmetry but maintain the reflection symmetry under ¢; — —p; based on the
potential with three couplings

1 1 1 1
V(p) = 5 Nijk i@ br = 590 pipi + 5 hodijeip; + 6)\ o3, (4.1)

where d;; = dj; is assumed to satisfy, for a convenient choice of normalisation,
dii =0, dik dij = 0ij +bd;j . (4.2)

For h = 0 this is just the O(N) invariant theory. Theories in which the tensors d;; are
related by O(N) transformations are equivalent. Invariance under reflections 0 — —o
ensures that (A, g,h) ~ (=X, —g, —h) defining equivalent theories.

To lowest order the S-function in general is given by, after rescaling \;;, — (47r)%/\ijk,

0 1
4Bk = mfl, A = —€ NijAijk — NijkNitm A jin Memn + 1 Nk Njki Nimn Njmn - (4.3)
Under RG flow to the IR A decreases. However since the lowest order result for A in (4.3)
has no global minimum, the couplings may become large under RG flow and the approxima-

tion loses its validity. At any local minimum of A at which f;;;, = 0 with A, = O(e) [16]

1
A, = 3 5)\*ijk>\*ijk = —6¢ tr(v), (4.4)
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with 7, the lowest order contribution to the anomalous dimension at the critical point.
For the three coupling theory in (4.1) the general form (2.3) determines

1 1
B,\:—Qs)\—i)\3—N(g3—4(92+h2)/\+3gh2+bh3),
By=—Ltegr L(N=8) P (+hA+ = N2g+ L (N —24) gh?— Zpi? (4.5)
72 12 12 12 37 '
1 1 1 1 2
__t 2 UN—24)?h—2 2 \2h—92bah? — 2 SN —8) - Zp2 )3
Bn 2€h+12( )g“h g)\h—|—12/\ h—2bgh®—bAh"+ 12( 8) 3b h,
and also the anomalous dimensions for o, ¢ become
1
Yo = 15 (N(g” + %) + 1),
1 1
Vpij = 6(g2+h2) 5ij+6(29h—|—bh2) dij. (4.6)

Of course for h = 0 these reduce to standard results for the O(NN) symmetric theory.

For h = 0 the fixed points for were analysed by Fei et al. [23]. In the & expansion
possible fixed points are in general determined by the lowest order one loop contributions
to the S-functions, higher orders give an expansion in powers of ¢ for the positions of the
fixed points. At large N there are three inequivalent O(N) fixed points, obtained by the
vanishing of 8y, B, in (4.5), with non zero real (A, g«) =~ (=i, —g«), given by, to first
order in €,

5, 6 63

gi~ —e, M~r~—e, gA>0, and g2~

)
N —e, M~=e (4.7)

N

Defining x = A\/g and then writing the one loop S-functions as

B = —2eA+g*hla). fae) = — (32 + 4N — Na),
By = 520+ 6*f,(). fole) = SN -8 122427, (48)

the fixed point equations require
fx) =afy(x) — faz) = é(Sx?’ — 62> — (N +4)xz +6N) =0. (4.9)
For N > 0 this cubic equation has coincident roots, so that f(x) = f/(x) =0, at
(Zexit, Nexit) = (8.7453, 1038.27) (@erity N'arit) = (1.10339, 1.02145) . (4.10)

For N'git < N < Ngit there is only one real solution of f(z) = 0 with < 0 for any
N > 0. For N > Ngit there are two roots for x > 0, which merge at © = xyx when
(A2, Ng?) = (0.4581,6.218)¢, and one root with = < 0. For real couplings it is necessary
that at the fixed point f(z.) = 0 then fy(z,) > 0 or (z. — 6)?> > 44 — N. For large N the

roots are 6, £/ % which correspond to the three inequivalent fixed points given by (4.7).
For N =1 f(z) has roots at x = +1, % but there is just one inequivalent fixed point with
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real couplings when A, = —g, and \,2 = ¢. The roots at z = 1,% correspond to the fixed
points which merge when N — N and give g? < 0, and so both ), g are imaginary. In
contrast to four dimensions, as a consequence of the reflection symmetry (A, g) ~ —(X\, g),
the stable fixed point is not unique.

2 corrections to the bifurcation point in (4.10) is given in ap-

A discussion of the ¢,
pendix A.

The stability matrix in this case is

M- <3A5A agﬁ,\> ’ (4.11)
8/\59 8959 A=X«,9=gx,h=0
and, with the S-functions given by (4.5) for h = 0.
det M = —sg*zf'(x*) , trM=¢— g*2f'(x*) y T = A/Ggx f(zx) =0, (4.12)
This determines the eigenvalues of M to lowest order in &
Ko = €, K1 = = f'(24) . (4.13)

For (A4, g«) to be a stable fixed point the eigenvalues must be positive which requires
f/(z.) < 0. At the roots for large N f/(z*) ~ —3 N, 2 N. When f'(z,) = 0 there is
a marginal operator. For any z, the corresponding g, is determined to this order by
g9 = %5/]09(30*)

From (4.3) for h =0

1
A=—c(BN @+ X)) —2Ng3(g+2)) -\ + Z(Ng2 +A?%)2, (4.14)
which satisfies 5 5
— A =12N —A=4 4.1
8g Bg s O\ B)\ ) ( 5)
and at a fixed point
1
A, = 7(3]\@*2 +M2)e, (4.16)
in accord with (4.4). This gives
3N + 22
A= — 2 4.1
SN 8 12eta’C ’ (4.17)

f(z)=0
and we may then obtain

3 Nerit, + xcritQ 2 2
Ay > Aspin = —3 e~ —9.5h7¢&". 4.18
Nerig — 8 — 122t + xcritQ ( )

The minimum is attained when the fixed points merge. At the large N fixed points in (4.7)
A, ~—9e%, —8&%, (4.19)

with A, lower at the stable fixed point.
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The h = 0 and N = 1 results here are related to the discussion in section 4 by taking
A = A, g1 = g and Ay = go = 0. The fixed point obtained with A\, = —g, has a Zg
symmetry as described there. For A = g the condition (2.14) is satisfied and the theory
becomes the sum of two decoupled N = 0 theories, with \; = Ay = )\/\/5, g1 = g2 = 0.
However from (4.5) the large N fixed point is unstable for non zero h since

4 .
OBl gy rr im0 = 3 92— gA <0 if N > Nuge, (4.20)

so that the coupling h corresponds to a relevant operator. To find fixed points which are
reached for non zero h we consider the linear transformation

9= Tz +a’H), h (¢=h), o®—1=ab. (4.21)

and the g-functions become

__1 _§ 3 _ /3_1 12\ /3_1 12
B = 25)\ 4)\ m<g 4)\9 n(h 4)\h ,

I D B
By = 2€g+12(m 8)g% —Ag +12(nh +A%)d’,
1 1 1
B =—5eh + 5 (mg? + M) W = X0+ = (n—8)h", (4.22)
2 12 12
for 9
1 «
_ N - _——  N. 4.2
TTire T g (423

For h' = 0 the S-functions are just those of the unperturbed O(m) theory, for m an integer,
and so have the same fixed points, while n fields become free. So long as m ¢'> +\? > ¢ the
I/ coupling is irrelevant so under RG flow the couplings are attracted to the sub manifold
corresponding to h’ = 0. A similar reduction arises for ¢’ = 0 taking m <+ n. There are
also fixed points for ¢’, h’ non zero. For z = ¢'/\, y = h//\ the vanishing of the lowest
order S-functions in (4.22) requires

1 1 2 5 2 5
3 2 3 2 2 2
- B Z —— == — = 4.24
m(x 6x>+n<y 6y> 333 +x 5 3y +y 5 ( )

with then, for any solution of (4.24), A at the fixed point is given by

1 1 1 3

Consistency of (4.24) requires x = y or = +y = —%. In the first case then from (4.21)
h =0 and ¢ = h' = g and the theory reduces to the unbroken O(N) theory and has the
same fixed points as in (4.7) for large N. For the second case if m > n then we may take
y =~ —% and maz? ~ 5(1 — %n) With n taking integer values this does not lead to real
solutions. The two cases coincide for z =y = —% which requires N = %.

To determine the possible values of a which are given in terms of b in (4.21) it is

necessary to find the various solutions of (4.2). To this end we consider eigenvectors
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satisfying d;; v; = Av; where there are two possible eigenvalues Ay = %(b + Vb2 + 4).
Assuming r Ay and N —r A_ the trace condition gives

r(N —r)b*=(N—-2r)?, r=1,...,N—1, (4.26)

giving, for b = (N —2r)/+/r(N —r),

N —7r r
AL = A= — . 4.27
* ro N—r (4.27)
Other solutions are obtained for » — N — r. The solutions for « are then
a=\ = m=nr,N—r. (4.28)

The relevant perturbations corresponding to the coupling h then break the symmetry
O(N) — O(m) x O(n) with m +n = N, depending on the solutions chosen for (4.2). The
RG flow leads to a non trivial CFT with O(m) or O(n) symmetry, assuming m or n are
large enough, while the remaining fields become free. Assuming (4.6) and (4.21) then

Vo = i(mg/2 +’I’lh/2 + )\2) 7

12
1
Yoy = (0% 0eig +120-4) (4.29)
for 6+ projection operators given by
1 1
6+ij = m(él] + adij) s (S,Z'j = W(QZ (51 — Ozdij) . (430)

The eigenvalues of 7, ;; are % q'?, % h'? according to whether the eigenvalue of dijisa, —1/c.

The results for the O(m) x O(n) theory can be extended to higher loops. Thus the
two loop SB-functions are given by applying (2.4)

2 _
Bx 144

(125 N o+mg2(24"% + 322X g2 + 60 g/\% — 31 )9)
B2 (240 4 3220 4 60WNT — 310%) )
B = —ﬁ g'<(86m +536) ¢'* — 12(11m — 30)g’3\ + (11m + 628)g’*\? 4 24 g'\3
I3 W2(2K2 £ A8 WA — 11A2 4209 — 108 g'h + 84g’)\)> :
B = —ﬁ n <(86n +536) /4 — 12(11n — 30)R3\ + (11n + 628)1'2\% - 24 h'A3 — 13 \*
—mg? (292 +48¢A — 11)2 + 20 W2 — 108 g'h/ + 84 h’A)) , (4.31)
and for the two loop anomalous dimensions

(2) mg'?(2¢'% — 1A% + 48)\g') + n A2 (2h'? — 110 + 48)\K) + 13)\4) ,

_ L(

432
1

YpifD = ~i (9’2((11m —26)g'% + 1Inh'? — 48 '\ + 1102 6445

+ 12 (11mg'? + (11n — 26)h? — 48 WA + 11 X?) 6 J) . (4.32)
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4.1 O(m) X O(n) theories in 6 — ¢ dimensions

By letting ¢; = (0, Pur, pap), a,b = 1,...m, r = 1,...n and where pup = ppa, Paa = 0
are 3(m — 1)(m + 2) additional scalars, the O(N) symmetric theory can be broken to
O(m) x O(n)/Zy, N = mmn, by extending the potential to

1

V==-g,00%+

1 1 1 1~
B 5 9p PabPar Por + 5 Ao 03+ 6 M tr(p®) + 3 Ao tr(p?). (4.33)

2
In general there are then five couplings. For m = 2 tr(p®) = 0 so that the A, coupling
is irrelevant. By considering reflections of ¢ and p it is clear that there are equivalence
relations

(90'791)7 )\0'7 )\p7 5\) = (_gaa gp7 _AOW )‘pa _)\> = (90'7 _gp7 )\Ua _>\p7 X) . (434)

The restricted theory with gy, A, and X set to zero has been discussed in [28] and the
general theory in [29]. For this case there is a tractable large n limit valid for arbitrary d
which links perturbative results in six and four dimensions.

The potential (4.33) defines a renormalisable theory in d = 6 — ¢ dimensions and the
[-functions have the form

_ 1 - 1
/ng :/ng+ <_25+'70+2’7<I’> 9o » /ng :ng"i‘ <_25+’Yp+27<1>> 9p
_ 1 - 1
Br, = B, + _§5+370 Ao s 5)\p:5)\p+ _§5+37p Ao,
_ 1 -
B5 = B5 + (—26—1—704—27,)) A, (4.35)

As a consequence of (4.34) the S-functions satisfy the identities

Bgon (gmgm)‘oa)‘p:)‘): —B, 3(=90: 90, — )‘07)‘pv_/~\)a
Bg,,, p(g L 90s Aas Aps A) = By, n, (=G Gpr — Ay Apr —A)
5 ( )=
( )=

o‘aA(I?

ga)\a 9o Yp> Aos >‘p7 \) = ﬁg(;)\a (goa —Yp Ao _)\pa 5\) )
/ng,)\p go’agpa)‘OWApa)‘ /ng,)\p(go'7 _gm)‘m_)‘p?}‘) N (436)
At one 100p7 USing 87, = (aaa a@,ara 8p,ab)7 where 8p,ab Pecd = %(5(1(: 5bd+5ad 6bc) - % 5ab 6cd
and 0;0; = 0,2 + 0,0r0 ar + Op,ab0p,ap then from (2.2)
_ 1 ~
/ng(l) = _903 - 902/\0 - %(m - 1)(m + 2) (ga + >\)ng
_ ~ 1 1
ﬂgp(l) = _9029;2 — 20959y A — %(m —2) 993 - %(m - 2)(m + 4)gp2>‘p
_ 1 ~
B = =Ngo =27 — o (m = 1)(m + 23,
_ 1
1) __ 3 2
B M =-ng} - 8m(m +dm —24) A2 — 3,
_ AU 1 _
B = —ngy gl — Ao A2 = A2 — m(m —2)(m+ 4NN, (4.37)
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with anomalous dimensions

1 1
L _ —(m— 2
= 5 (202 4 o m = (m+ 202 )
1 1 5
1 _ - 2
Yo 12<Nga+)\ +2( 1)(m—|—2))\>,
1 1
’Yp(l) E <n gp + T(m 2)(m + 4) )‘ + 2 >‘2> (4'38)

At two loops the results for the S-functions are rather non trivial but can be obtained
from (2.2)

_ 1 101 1
@)= (11N — (TN — o — —— 05 A? — — g2 A"
Bga 72( +98)ga (7 38)90’ o 79 9o Ao 18 9o Ao
1 7 1 5:9 7 -
—(m—1 N[ == g2 A2 = = g2 N3+ — g2 A A2
+2(m )(m+ )<729 19 +369
1 49 37 o= 5 3 101 <y 1+y 533\ 2
G -1 2 o 1o o o o - o
2m(m )(m+ )<189 +18 o A+ 99 )\+2g Mo+ 369 A +4/\ A 36/\ 9p

1
+ 144m?2

1 ~ 1 ~ 7
T (m—1)(m—2)(m+2)(m+4) (gagpgx\p + 39p3)\)\p + 9 gp2)\)\p2 ~ 36 gggp2)\p2> ,
1

ng@) - 5

(m—1)(m+2)(2(7TN —m? — 10m +20) A — (11N —5m? +49m — 98) g, ) g,

3 1 7 7 -
95°9p No — = Go"Gp Mo 5 909p Ao+ 22 902 0p Ao” F 5 GoGp Mo

2 72 36
1

5 9 13 50, 11 <o
T e -2 4 o o o
2m(m )(m+ )(18g 9p )\ + - 19 gp )\)\ —|— 5 9p 22 Ap —1—729 gp)\)\p>
1

+2882(m2)(m+4)<(14N+7m238m+76)gp4)\p2(18m2+101m418)gp3)\p2
m

1
+ Z(5m2 —8m+ 104)gp2Ap3>

1
144m?

1 7
—— (18N 42 4 o N —-14) g,
36 (18N + m?+49m — 98)g 72( )g 9p

1
—1—%(7]\] 11m? —47Tm+94)g,9,° )\—l— (7N 40) g5 gy A

1 332 12
—%(18m +47m—94) g, N2 + 144(7m +7m —446) go2gp A

(7m +7m— 22)gggp)\ ,

(N (9m? +11m —58) +22m® +149m* — 196m +196) g,

72

BAJ”:—EN%”— N g6\ ——NgﬁA + 7N 2) 3

1 1 3 2 9 2 23 3 23 7 213
—nQ(m—l)(m+2)(Ggagp +ZgagpA+ZgagpA 249p/\

23A5

1 los 95 35 75
—=(m—1 2) [ A+ A+ AN — AP
5 (m—1)(m+ )<6>\ + AN+ AN — o

_i(m 1) (m—2)(m+2)(m+4) X3)\2,
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- 1 9 3 3 7
BAP(Q) = (6 gp go + 3 9 9p 90)\"' 4gp )\ + 5 gp gcr)\)\ gp2)\2)\ >

7 232 913 7 52 2
+ 5V A, = S A )\p>\0+24)\ Ao

1
+n<24 (Tm? —2m+4)g,” — ——(m*+6m—24) g,'\,

 16m

3 7 -
- dm—24 — 4m—24
o (m?+4m — )g )\ +192 (m?+4m — )gp)\p)
1 - 1 _
+ @(m? +7m—282) A1\, — %(SMQ +304m —1736) A2\ 2
1
T (m* 433m3 — 108m? — 1160m + 3840)\,°
_ 1 - - -
B35 = EN( —1895° N2 +79,°X> +149,°X*\5)
1 23 3 2 7 13 3 2 1 7 N2 2
S G Y LN+ 5 X = 100 Mo+ == A2\,
+”< 697 39 Jot T36" g9 290 Mty I

1/1 1 -
+n<12(2m —m+2)go— 8(m2+3m—6))\>gp4

1 < 101 < J
M 11 174)\° + 2 _ A, — == A3A2— —2),3
i m? +11m +174) N5 + (7m +7m—90) M)Ay — —= X207 — 7oA
1 ~ 1 7 -
—n8—m(m—2)(m+4) <Sgp3ga)\p+gp3>\)\p+QQPQQU)\,)Z—ugpz)\)\p2>
1 83 <
_ _ 4 3 12y 2
72m(m 2)(m+ )(67)\ A2 +r AN, >\0>
1
(m—2)(m+4)(11m? +46m — 280) \\,*. (4.39)

 384m?2
For the anomalous dimensions

1 1 11
@)= _—_(11N-26 )
133 ) 90" + 2 90" Ao

9 432
1 Y g ~
+ S50 (M= Dm+2) (= 1mg,"\*+52g,°,° =229, \* + 144g,°g,))
L1
3456m?2

1
864m2(m 1)(m+2)(11N +11m* — 13m+26) g,

1 1
2 _ - = g2
Yo 9<N<24go + G0 Ao 4890A) 48A)

1 1 11 1oy, s 11 ¢
—(m—1 2 7020 T 232 N4 30_7202
+gm=1)(m+ )<n<24g 95+ 9o 95" A 48gpx>+24x A — A
L1

3456m

1
2 212 13 12 2
(2) — o n(29,°9,"+96 9,°go A — 11 g2 N> — 11m g,° A )+ B, _@A A,

e g 02 )\02

(m—1)(m—2)(m+2)(m+4)(48g,°X, —11g,°\,’)

(m—1)(m—2)(m+2)(m+4) N\,

Tp

1 -
——(11m*—m+2)ng," — — (1lm* +11m—74) \*

 432m 864
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1

+ 1728m (m—=2)(m+4) (n(489P3)‘P - 119p2)‘p2) + 875\2)\,)2)

+ m(m— 2)(m+4)(m? +26m —200) A, . (4.40)

The corresponding three-loop results, obtained using (2.5), for the anomalous dimensions
and [-functions of the theory defined by (4.33) are included in an ancillary file.
When m < 4 there are fixed points with just A, non zero

8m O, Bx, O, € 0
i = €, ot el e ) — 2B : 4.41
’ (m +10)(4 —m) (agpﬁkp 9, B, 0 6(m+—‘r1%)(4§$n) < )

Fixed points determined by vanishing of the [-functions for the couplings
9o 9p> Aoy Aps A belong to equivalence classes as a consequence of (4.36). For large n, to

leading order in 1/n, there are three inequivalent fixed points similar to those in the O(N)
model where the non zero couplings are O(n_%). To O(e?) these are given by

2 6 (1 44 155\ 5 216 [ 324 215
Jor =N N 3N°) TN N N )

Il
o
*

Il
o

H)  gpe=Aps

L
Q
1)
*
Il
>
<Y
*
Il
>
*
Il
(@}

9ol = 26(1+Jb(7m2+22m—80) — LN (50m2+155m—598)5) ,
Apid = 271165<1+?V7(m—4)(m+ 10)—LN (50m?%4215m — 1726) s) :
+) goit = §6<l+i(m+1)<22—1255>) , )\Uf:2;35<1+711(m+1)(162—2;55>> ,
2= 2]V166<1+:L<18(4m+9)—;(21m—|—43)6>> ,
Gt = g5(1+i<7m+22—2(10m+31)5)> :
Apid = 2:38(1+:Z<27(m+6) — g (10m+43)5)> : (4.42)

The eigenvalues of the stability matrix to first order in € at large n are then

420 40 1 1 4
H) <1’1_N’N’_2’_2_N> ’

30, 12, 11 20

O (1,1-2 _15), - — (1 205m —122), —=, —= — Zm-1 2

) (11 R4 Tm=15), S - % om?25m-122), 5, - = R m-D(m+2) ),
40 10 10 10

+) (1,1+n(m-'—l),1+N$1,1+N1'2,1+N$3>5, (443)

f(z:)=0, f(z)=23=3m(m—6)z* —9Im?(2m? + 17m +99)z — 54m>(m? — 55m — 2).

Clearly the last fixed point is stable and there are in general three real roots, for large m,
r1 ~ —3m?, 9 ~ —3m, w3 ~ 6m?. The corresponding leading non zero contributions to
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the anomalous dimensions for each case are given by, to order 1/n and O(g3) from three
loops, using (2.5),

1 11 , 13 4
L I U 4.44
Vo H,+, kr +, - (5 5 "1t > ; (4.44)
where . . 1
]{;H:E’ k,:%(m—l)(m+2), k+:§(m+1). (4.45)

The anomalous dimensions for o, p in the same limit are

1 8 13 11
H cH = = A 2 -3
) YoH 25+ Hn<5€ 35 366)’
1 1 1 , 1 ,
-) Vp_zis—’yq)f—i-ﬁ(m—Z) 3(3m—|—13)€—1(33m+139)5—E(5m+31)£ :

1 8 13 11
+) ’Ya+:25+k+n<55—3€2—3663>,

1 1 1 1
To+ = 5 € Ta+ + <3(3m+ Te— Z(33m+ 73)e? — E(5m—|— 21)53> . (4.46)
n

These results are in accord with large n expansions [30-32]. The operators o, p have

canonical dimension 1(d — 2) and the ¢ terms in (4.46) ensure that they have leading

dimension 2 at large n.

5 Scalar theories with reduced symmetry in 4 — ¢ dimensions

For N-flavour scalar theories in 4—e dimensions the fixed point structure even with just two
essential couplings can be rather non trivial. Many such theories with different symmetry
groups have been discussed in the literature [33]. A large class can be encompassed by
considering a quartic potential with two couplings of the form

1 1 1
V(p) = o4 Nkt i PR = o A(6%)* + o1 9 digki 919901 (5.1)

where d; ;i is symmetric and traceless on any pair of indices and is assumed to be the unique
tensor invariant under some subgroup H C O(N) (in general there are, for arbitrary N,
3(N = 1)N(N + 1)(N + 6) such symmetric traceless tensors). For g = 0 this reduces
to the usual O(N) symmetric theory and the extra term breaks O(N) to the subgroup
H. To first order in g (5.1) describes a perturbation of the O(N) symmetric theory by
an approximately marginal harmonic operator [34]. In general there are bounds such that
—0_ (¢%)? < dijripididudr < 64(¢%)?, 6+ > 0 for N > 2, which lead to constraints on A, g
to ensure the potential is bounded below. For A positive then for g > 0 stability requires
3\/g > 6_ while for g < 0, —3)\/g > 0.

A general quartic potential would contain a term i qdeijgbiqu , with d;; symmetric and
traceless, in addition to (5.1). For cases considered here the only quadratic in ¢ invariant
under H is ¢? and so such terms can be dropped. The restriction to (5.1) does not exclude
any fixed points relevant for condensed matter systems considered in the literature but an
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example in which the perturbation is extended by a further coupling and where the RG
flow realises new IR fixed points is described in appendix B.

To two loop order it is sufficient to ensure the RG flow is restricted to the two dimen-
sional space parameterised by A, g to impose

dijmn diimn = ﬁ a(;N(@MSﬂ + 0udjk) — 5z'j5kl> +bdj - (5.2)
Tensors dj; related by O(N) transformations define equivalent theories, manifestly H
always contains Zso induced by ¢; — —¢; for all <. For any non zero d;;x;, a > 0 and we
may choose b > 0 by changing the sign of d;;; if necessary, the value of b%/a is independent
of the choice of normalisation. As a consequence of (5.2) dipimdjpim = %(N + 2)ad;j, as
expected if the only H invariant quadratic in ¢ is ¢>. There is then only one strongly
relevant Zs invariant operator which needs to be tuned to zero to attain an IR fixed point
under RG flow. For (5.2) the subgroup H is discrete. More general possibilities than (5.2)
allowing continuous H and also more than one such tensor are considered later.
For N =2 (5.2) requires b= 0, which can be seen by taking d1111 = d2222 = —d1122 =
1, di112 = —di222 = d, so that dijri¢id;drdr = 5(1—id)(¢1 + i)t + 3(1+id)(d1 — i2)*,
and then (5.2) requires a = 2(d? + 1) as well as b = 0.> For N > 2 there is an inequality

obtained in appendix C
>o N1 4 (5.3)
a — b .
T (V-2
For N = 3 the inequality is saturated so that a = 4 b?. Possible solutions for a, b are further
constrained by considering the eigenvalue problem

N
N-1°

dijkl Okt = Vi, Vi =g, v =0 = pP—bu-— =0, (5.4)

from (5.2). For solutions uy then for d, eigenvectors with eigenvalue p there must be

d_ = %(N —1)(N + 2) — d4 with eigenvalue p—. The traceless condition then leads, as in

the discussion in section 4, to

4N LN -1)(N +2 2 (N +2)?
N-1b LN —1)(N +2)—2d; (N —2)
using the inequality (5.3). This requires dy are restricted to the finite range
1
N—lgdi§§N(N—1). (5.6)

The spaces of dimension d+ must form representations of H. Tensors d;;; are equivalent
under d4 <+ d_. Thus for N = 3 there is just one case when dy = 2, d+ = 3, for N =4
there are two possibilities d+ = 3, d+= = 6 and d+ = 4, d+ = 5.

3The results reduce to the two flavour theory in section 5 with A\ = Ao = 3\ +¢, Ao = A —g, g1 =
—g2 = dg. In terms of (3.9) case a) corresponds to taking g* = (d* + 1)g* and the O(2) theory of course
requires g = 0.
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For the general scalar theory the lowest order S-function is determined, after rescaling
Nijki — (47r)2)\ijkl, by the gradient flow equation [17]

0 1
Bijk = mx‘l, A= —5¢ NijkiAijkl + Aijki Aelmn Amnij » (5.7)
ij
and at any fixed point at this order [16]
1
A* = _6 5/\*ijkl/\*ijkl = —2¢ tr(’y*), (5.8)

with 7, the lowest order ¢ anomalous dimension matrix at the fixed point as given in (3.6).

For positive A;ji; A is bounded below so that A has at least one non zero perturbative

minimum in the € expansion so long as the RG flow does not destabilise the vacuum.
With the constraint (5.2) the lowest order S-functions become

Br=—eXl+ (N+8)X +ag?,
By=—cg+12Xg+3bg*. (5.9)

The associated a-function is given by specialising (5.7)

3 1 1
A:N(N+2)<— §eA2— 45ag2+(N+8))\3+3a>\92+2abg3>, (5.10)

so that, with the g-functions in (5.9),

0 0 1

To lowest order in the O(N) invariant theory, obtained when g = 0, the Heisenberg
fixed point is given by
1 N(N+2) 4 (N-—4)?

1
Ay = — = pp— 2 5.12
N+8™ H="oN+8)2° T a8(N+8)2° c (5:12)

)\*H =

For theories described by the lowest order S-functions in (5.9) there are potentially,
besides the trivial Gaussian fixed point and the O(NN) symmetric fixed point with g = 0,
two additional fixed points. To analyse these fixed points it is convenient to write in (5.9)
Br=—eX+ N a(z), By = —cg+ Nfy(z) for x = g/X and fr(z) = N +8+ax?, f,(z)=
122 + 3ba?. Then the fixed point condition requires

f(x)=0 for f(z)=axfi(z)— fy(z) =x(az®—3bx+ N —4). (5.13)

The cubic polynomial f(z) has simultaneous roots for N = 4 or b?/a = (N — 4). The
solution = 0 of course corresponds to the O(N) symmetric theory with g = 0. For ¢ =0
A« =¢/(N +8) but if N > 4 g is the coupling to a relevant operator. So long as

F(N)=16—4N +9b%/a > 0, (5.14)
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(the bound (5.3) gives F(N) < gj(vj\;rf)lj) there are two extra real fixed points determined

by the roots

1 1 1
Vaey=Xe,  Xe=3(3 b/VatF(N)z) = 5 <(4(N—4)+F(N)) 2iF(N)§> . (5.15)
To leading order in ¢ the additional fixed points are given by
1 X+
Mt =——"—-¢, et =—————¢€, 1
FTN e+ x2C Vag.s N8+ X2 (5.16)
For the stability matrix
A — [ OB 9gB 7 (5.17)
OBy 9y, A= ,9=0x
then for either z, = x4 or 2, =0
det M = —e\of'(24), trM =c—XNf'(22), xse=gs/Ne, flx:)=0. (5.18)

At a fixed point A\, = &/ fx(z+). From (5.18) the eigenvalues of M to first order in ¢ are just
Ko =€, K1 = = f'(24) . (5.19)

just as in (5.19). In consequence the fixed point is stable if f'(z,) < 0. Since a > 0 there

is one possible root x, of the cubic f(x) with negative f’(x,) and two which are positive.

For N < 4 the O(N) symmetric root at = = 0, giving A\, = ¢/(N + 8), g« = 0, has f/(0) =

N —4 < 0 and so is stable. The other roots corresponding to non zero g, are then unstable.

Otherwise f’(0) > 0 and f’(z+) = 0, assuming b > 0. The perturbation is then always

relevant when N > 4 and leads to an RG flow along which the O(N) symmetry is broken.
Applying (5.16) in (5.10) gives

1 1+ L Xx,2 1
Avy=—-N(N+2 6 3> N&3. 5.20
+ =NV + )(N+8+Xi2)25 TR (5.20)
The bound arises when
X?=N-4 = F([N)=0. (5.21)

The bound is attained at the Heisenberg fixed point (5.12) when N = 4. In general F'(INV)
vanishes when the fixed points merge, for small F

so that for N > 4 the least A,, and a stable fixed point, is expected to be achieved for the
smallest F'(N) and for the fixed point correspond to X_, as observed above. In general for

N > 4, A*7H > A*i.
At two loops

1
B\? = —3(3N +14) X3 — G(BN +82)a A\g? —2abg®,

B2 = —(5N +82) \2g + N2 —1TN 4+34)ag® —6b(6Ag*> +bg®),  (5.23)

6(N—1)(
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and the anomalous dimension matrix is v 1 with

¥ = i(N +2) (A2 + éag2> : (5.24)

and from (5.10) to lowest order in
2
A=Ay 5 o= —2N7%Pe. (5.25)

At the Heisenberg fixed point given by (5.12)

N+2

YH = mff . (5.26)

At three loops results further conditions are necessary to restrict the RG flow to two
couplings. In addition to (5.2) we require

1
dijkp dilmq dljnr dnmks = Z A((Spq(srs + 6pr5qs + 6p86qr) +c dpqrs P

A:

v UV = 2)a+2(N - 1)b%), (5.27)

where ¢?/a3, or ¢/b3, does not depend on the arbitrary normalisation of d;jrr. This gives
for the three loop S-functions

1
BiY) = S(3BN? + 922N +2060) X* + 12(5N + 22)¢3 X*

1
+ E(N2 + 500N + 3492) a \2g? + 12(N + 14)¢z a N2 g?

1
+ §(27N +470) abAg® + 48C3 abAg?

1

13
— m(?]\]2—33N+114)(1294+?Qb294+3./4€3g4,

1
B3 = f1(13z\r2 — 368N — 3284) \3g + 48(N + 14)(3 \Pg

+ %(431\7 +1334) b A%g? + 432¢3 b \2g?
3
+ 51 (3N? 433N —50)arg® + 156 0> A\g® + 72 A/a (3 \g®
1

39
—m(llNQ—289N+626)abg4+?b3g4+12(’3094, (5.28)

and
1 1
~B) = (V2N +8) AP — 35 (N +2)(6a Ag® +abg?). (5.29)

The two and three loop results for S-functions determine corrections as an expansion
in € to the structure of fixed points found at one loop. The perturbation given by the
coupling ¢ in (5.1) becomes relevant in the O(N) symmetric theory, and so induces an RG
flow in which the O(N) symmetry is broken, when 8gﬂg})\:)\*’g:0 < 0. With results to
three loops this requires

) 1
N > Neitg =4 —2e+ 3 (Cg - 6> 2. (5.30)
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The results in (5.12) may be straightforwardly extended to higher order, for large N they
simplify to

1 1 9 33 3
)\*HNNE—JVQ<8€—9€ +85>, (531)
leading to
1 1 2 13 3
’YHN4N<52—453>7 %HNE—N<36—462+1653>,
agfé)“a‘,\:,\“{,g:o““_5‘|'N<125—55 ¢ > (5.32)

In the two coupling theory considered here the broken symmetry fixed points merge at
critical point N = N¢i:. To lowest order in an e-expansion N« = Ng with Ny determined
by F(No) = 0, with F is defined in (5.14). In the neighbourhood of the critical point,
N & Ngit, the straightforward e-expansion breaks down but if F/(IV) has a simple zero at
N = Ny we can write for N >4, N ~ Nj,

Mt — A = ax(N,e) F(N,2)2 (14 O(F)),
Get — 9o = ag(N,€) F(N,€)2 (1+ O(F)) ,
F(N,e) = F(N) = Fy(N)e = Fy(N) €2 + O(%), (5.33)

where Fi, F are determined by ensuring that any singular terms in the e-expansion as
F' — 0 are cancelled. Including higher loop corrections the critical N is then determined
by iteratively solving

F(Ncritag) = 07 Ncrit = NO + 0(5) ) (534)

as an expansion in . For fixed points to be present F (N,e) > 0, for N > N,z and

F(N,e) <0 the RG flow does attain fixed points accessible in the e-expansion. Using the

two and three loop results for the 3 functions?

2(N + 2)?

Fi(N)=">——"L
(N +2)%(2N +7)

Fy(N) =

2(N) 36(N — 1)2
SN* — 155N® + 534N> — 932N — 184  32(N —4)° ¢ ¢ (5.35)
3(N = 1)(N +2)2 9(N +2)2 b)) ‘

The general theory described by (5.1) may be extended to include relevant operators
quadratic in ¢ by letting

V(g) = V(g) + %fﬂbz + %Pij i0; , pii = 0. (5.36)

“Here ay = —v/N —4¢/2(N +2)* + O(e?), Vaay, = 3¢/(N +2)? + O(c?).
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At a fixed point the couplings of such operators must be tuned to zero but the general
formula for By (¢), obtained from (2.2) and (3.6), has contributions linear in o, p which
take the form

1
BV =(N+2)ro,  B,P :—2(N+2) <)\2—|—6ag2> o

1
3,3 = (N +2) (12(5N +37)A* + (N +164) ag> A\ +27abg’) o

BpiiY) = 2X pij + g dijripr

1 —5N +10
/Bp,ij(2) = —5 ((N+10))\2 — —G(N— 1) ag2)pij — (4/\g+bg2)dijklpkl, (5.37)
1/1 5N2 465N — 82 N2 35N +54
B — 2 Z(5N? — 84N — 444))\3 — 25 WA LI ;1) [P
IBP:’L] 4<2(5 8 ) N—1 ag + 4(N—1) Pij
3N? —25N +66

1
—( 3(9N +146)gA* +192bg°\ — P +3206% 6 ) dijripr -
+8< (ON +146)g A"+ g 2(N=1) g+ g” | dijk1 Pkl
In general 8, = 7, 0. The anomalous dimensions for p are then determined by the eigen-
values in (5.4).
For application here it is necessary to consider possible tensors d;;p; satisfying (5.2) as
well as (5.27). If b = 0 solving the fixed point equations at lowest order using (5.9) requires

N <4org=0.
5.1 Fixed points with discrete H C O(N)

5.1.1 Hypercubic fixed poins

An extension of the simple N = 2 case is obtained by taking, as was considered long
ago [35-37] and more recently in [38],

dijli®i®j ordr = Z it — (6%)?, (5.38)

N—|—2

where — x5 (6%)? < dijudidiondt < N73(¢%)% This breaks O(N) to the discrete

hypercubic group Hcypic =~ BCy ~ Sy X Z4" , which ensures no other couplings than A, g
are necessary for renormalisability. If A = ﬁ g in (5.1) this reduces to N decoupled ¢*
theories. In (5.2) and (5.27)

N -1 N -2 N(N —2)(N —4)

S i S AP - 5.39
TE Nt Nt+2' ¢ (N+2)3 (5:39)

and the solutions of (5.4) give

N 2 1
=——, dy=N-1 _=——", d_-=-N(N-1). 4
K+ N +2 ) + ) H N +2 ) 92 ( ) (5 O)
Clearly (5.39) saturates the inequality (5.3). In (5.14)

(N +2)?

F(N)Cubic = m

(5.41)
which is positive for any N > 1.
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For this case the roots of f(z) =0are z_ = (N —4)(N+2)/(N —1), z4 = N +2 as
well as x = 0. At these roots f'(z+) = +z4 and f/(0) = N —4. Thus for N >4 z, = z_
is the stable fixed point, for N < 4 x, = 0. At lowest order there are then fixed points for
N > 1 for zy, = x_, x, = x4 respectively

2N — 1) 1 (N-1)(N+2) ,
3N(N12)° 9o = gy (N = De R 108N2  ©
1 1 |
At = a7 €5 =5 o =&, 5.42
TT3N+2) ¢ Ft =3¢ BT (5:42)

with the anomalous dimension at the fixed point obtained from (5.24). From (5.19) the
eigenvalues of the stabilty matrix to lowest order are given by

N —4 1
€, Fl4 = —3€- (5.43)

Ro,+ = €, Ri,— = 3N

For the second case the (¢?)? interaction is cancelled so this describes N decoupled ¢*
theories. For N = 2 the two fixed points are equivalent and correspond to case a) in (3.9)
with \g = Ay or \yg = 0. For N = 4 the results in (5.42) corresponding to z, = x_ are
identical with (5.12). The higher order results for S-functions allow an extension of (5.43)
as an expansion in €. The results for kg +, ~£1,+ match those for the Ising model as expected
and as given in (3.12). To the next order

(N —1)(17TN%? — 4N +212) ,

o —e— 5.44

- =€ 9TN2(N + 2) < (5:44)
_N-4 . (N —1)(19N3 — 72N? — 660N + 848) 2

M-= 3N SIN3(N + 2) ‘

The critical point is stable for x1— > 0. Including three loop contributions this arises for
exactly the same N as in (5.30) when the O(N) fixed point is unstable. In consequence
the O(N) theory with a hypercubic perturbation has a unique stable fixed point for all N.

Although the fixed point at z, = z_ is stable for N £ 4 there may be slightly rele-
vant ¢* perturbations. At this fixed point the anomalous dimensions to lowest order are
determined by the eigenvalues of the operator

1

Dee——
“3N

1 1
<2¢232+(¢.a)2_¢.a+2(N-4)Zi:¢>faf>. (5.45)

The iN (N + 1)(N +2)(N + 3) ¢* operators may be decomposed into irreducible repre-
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sentations of the hypercubic symmetry group to obtain

Dmm@—s Gibjordr,  iFj#k#AL, dim (])
N+
D¢i¢j(¢k¢kz_¢l¢1):53T¢i¢j(¢k¢k—¢l¢l)a i#j#k#1, dim %N(N—l)(N—?))’

2(N +2) .1
DSU:EBTSU’ ZSU:O7 dim 5]\7(]\7—3),

Sij =007 — 75 (62 +0; )¢2—¢i4—¢j4)+w_1)1w_2)((¢2>2_;¢i4), i3,

1
D(¢ip,> — di’d;) =c(did® —¢i°0;), i#j, dim §N(N_1)7

. h2 _ . h2
p( %00 ) L (ANFOAN ) [ 0000 ) L i N(V-1),
Gid;” + 0’95 3N 6 3N Pidj” + 9’9
z 2\ 42 1 N 4(N — 4 i2_ 2\ 42
it <Z5j 3N\ 6 6(N-2) ¢ — ¢;
2 _ 22
p () 2 (202 AN =) (107 ) i . (5.46)
) 3N 3 3(N=2) )\
For any eigenvalue p of D the associated eigenvector determines a scaling ¢* operator
with scaling dimension 2(d — 2) + u so that if K = pu — e < 0 it represents a relevant
perturbation. For each operator in (5.46) the values of x/¢ in turn are 47VN, Q(A;VN), 43]\]]\[, 0,
5(12 — N+ /N2 424N — 48) 0, 384 1 N—4 The last two values correspond to the

3N ) 3N
two perturbations which preserve hypercubic symmetry and just give (5.43). However other

perturbations, which break the hypercubic symmetry, become relevant for N > 4.

5.1.2 Hypertetrahedral fixed points

An additional case [39] is obtained by considering N + 1 vectors e/, a = 1,2,..., N + 1,
forming the vertices of a IN-dimensional hypertetrahedron and satisfying, with a convenient
normalisation,

1
doel =0, > efef =6y, efel =6 - il (5.47)

« (67

We may then define

3N
dimdidiondr =3 (06)' ~ Tz @ (5.48)

(67

. 2(N—1
In this case —W(gb )2 < dijrididi by < W(&)Q > The symmetry group
is Hietrahedral ~ AN ® Zg ~ Sy+1 ® Zg, with Sy4+1 corresponding to the permutations of

®The bounds are equivalent to those for ZN+11 ZTa /(ZN+11 z.2)? subject to Zg:ll Zo = 0. For N even
the lower bound is modified.
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e or the vertices of the hypertetrahedron and Zs to reflections ¢; — —¢;. This expression
for d;ji satisfies (5.2) with
(N—-1)(N -2) N2 —3N -2

CELNTDINE2? T NI DIN+2) (5.49)

and in (5.27)
N6 —9N5 +20N* + 30N3 — 60N? — 120N — 48

= 5.50
¢ (N +1)3(N +2)° (5.50)
For this case a — 2 (]<,V:21)2 b2 =2 (](Vﬁ‘l)lggﬁ:ggz The solutions of (5.4) give
N —2 2N 1
= =N _=- _==(N-=2)(N+1). (5.51

For N =2, d;ji; = 0 and for N = 3, (5.48) reduces, up to an overall scale, to (5.38) which
has cubic symmetry (Sy C S3x Zg® ~ Sy x Zgy, with Sy corresponding to permutations of the
diagonals of the cube, in this case b?/a = i, c/b® = —3, for other N the hypertetrahedral
symmetry group is not a subgroup of the hypercubic group). For large N a,b,c have the
same limits as in the cubic case so the fixed points approach each other. However, unlike the
cubic case, the hypertetrahedral theory contains an H invariant cubic operator ) (ef‘(j)i)?’.

The fixed points are determined by the roots of f(z) =0 in (5.13). Apart from z =0
these are x_ = (N 4+ 2)/2, 24 = (N —4)(N + 1)(N +2)/(N —1)(N —2) and f'(z_) =
—2(N =5)(N +2)/(N +1), f/(z4) = (N —5)(N —4)(N+2)/(N—1)(N —2). For N >5
x, = x_ is then the stable fixed point. These roots are coincident for N = 5. In (5.14)

(N +2)2(N —5)2

F(N)tetrahedral = Z(N _ 1)(]\] — 2)(N + 1)

< F(N)cupic for N > 3. (5.52)

The couplings at the fixed points and the lowest order anomalous dimensions are then

for T, =x_

2(N + 1) N+1 (N+1D)(N+T7) ,

I S - . (5.53
SN+(N+3) " T3y os(vraE o %)

Ap— =

and for x, = x4

(N-1)(N-2) (N—-4)(N+1)
>\*+ = €, I+ = €,
3(N+2)(N2—5N+8) 3(N2—5N—|—8)
(N —1)(N —2)(N? —6N +11) ,
Tet 108 (N2 — 5N + 8)2 c (5:54)
In this case from (5.19)
B ~ N-5 (N —4)(N-5)
Ko+ =&, Hl’__3(N+3)€7 R4 = 3(N2*5N+8)€. (555)
For the a-function
N —3)(N? —3N —6
A* —tetrahedral — A* —cubic = _( )( ) 5 (556)

5AN (N + 3)2
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so that for N > 5 the tetrahedral fixed point has a lower A and also a lower symmetry
than the cubic one. The difference vanishes when N = 3 since in this case the cubic and
tetrahedral theories coincide. The marginal perturbations at this fixed point are analysed
in appendix D.

The result (5.52) has a double zero at N =5 when (5.53) and (5.54) coincide. Taking
into account higher order contributions for N & 5 the two fixed points have an expansion

where
)‘*+*)‘*7:GA(N’5)N(Na5)%a g*Jr*g*,:ag(N,&)N(N,&)%,
. 281 61 2 289
N(N,g):<N—5—6a—3252+8§352> —245—752+30¢352, (5.57)

where ay(N,¢), ay(N,¢) have no singularities as N — 5. N(N,e) = 0 determines N
where new fixed points emerge. From (5.57), to O(g?),

Neit+ =5+ 6¢ + 23%152 — %1(352 + \/245—1— ?52 —30(3¢e2. (5.58)
For Ngit— < N < Nepig+ there are no fixed points.

It is natural to consider extensions of (5.47) based on regular polytopes for general N,
generalisations of the Platonic solids, which define discrete subgroups H of SO(N). How-
ever for N > 5 we have, apart from hypertetrahedrons or N-simplices, just hypercubes, with
2V vertices (£1, =1, ..., 1), and hyperoctahedrons with 2N vertices (0,0,...,41,...,0).
These are dual by interchanging faces and vertices and have the same symmetry. In either
case extending (5.48) is equivalent to (5.38). More generally vertex transitive or isogonal
polytopes also define discrete subgroups of SO(N). An example are demihypercubes with
2N=1 vertices (£1,41,...,£1), with an even number of —1’s. For N = 3 this is just a tetra-
hedron. For general N the symmetry group is Dy ~ Sy X Zo /Z. However for quartic
polynomials )", (ef‘(bi)4 = 2N 5" 0 +3x 2V 71 (¢?)? except when N = 4 and there is an
additional term 192 ¢ p2¢3¢4 which is invariant under Dy. Nevertheless this is equivalent
to the hypercubic case for all N, for N =4, >~ (eia¢i)4 =32, o taking ¢ = %(051 —+

G+ d3+da), 02 = 5(P1—d2—P3+¢4), 3 = 3(d1—Pa+d3—Pa), 1 = 5(d1+d2—P3— Pa).

5.2 Fixed points with continuous H C O(N)

Theories in which the RG flow involves just two couplings can also be obtained by extend-
ing (5.2) to®

1 1
dijmn dimn = 77— @ <2N(5ik:5jl + Gudjk) — 5ij5kl> + e Wy ijg + bdijr,  (5.59)
assuming wy, ;;x; are a basis of H-invariant tensors satisfying7

Wy ijkl = Wy, jikl = W klij - Wy iik) =0, Wy ikl = 0. (5.60)

SFor the RG flow for the theory defined by (5.1) to be closed at one loop it is necessary to impose
dijmn Akimn + dikmn djimn + ditmn djkmn = a(0:;0k1 + dikdj1 + 040jk) + 3bdijri. In that case we may define
e Wuijkl = 5 (2dijmn dktmn — dikmn djimn — ditmn djkmn) + % a(28i0k1 — dindji — 6irdjk)-

It Cikjl = Wijkl — Wkjil then cikji = —criji = cjiik and ¢;rj;) = 0, cij; = 0 and so has the symmetries of
the Weyl tensor. Wijkl = (Cikjl + Cj)ﬂ'l)/?).
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Such tensors may be present for N > 4. For calculations beyond one loop we require
dijmn W kimn = Wuijmn Qimn = fu Weijkl + Pu dijkl 5
Wy ijmn Wy, klmn = Wy,ijmn Wy, klmn (561)

1 1
N1 Ay <2N(5z’k5jl + 0idjr) — 5ij5kz> + €’ W ijrl + uw dijki -

There are various consistency conditions such as

u ! _ v,/ _ 1t v _ 1t v ! x ! _ ! x !
ety = hya, w Qo = by a,  fui'hy =buwe’,  ew' Gpw = €y Azyp - (562)

The eigenvalue equation (5.4) is extended to

dijki Vel = Vi, Wy ijkl Ukl = Hu Vij (5.63)
requiring
2 u N v /I w / /
2 :eﬂu+bM+N_1aa popry = fu oo Fho pt, g o = €4y Mw+buvﬂ+N_1auv-
(5.64)
Assuming (5.59) with (5.60) the one loop S-functions remain as in (5.9). At two loops
in (5.23), using Wy imsjn dkimn = —% Wa,ijmn Qitmn, and (5.37)
1
A =3e'hug®, AP = g wuijn pu (5.65)
and, since in (5.27) AA = —ae"h,, at three loops (5.28) is modified by
11
ABY = —ae'h, (2 + 3(3)94 .
3
ABS) = = (29b€"hy — 8€" £ hy)g" — 6 €"hy (T+ 12(3)\g” (5.66)
11 5
AB, P = 1 €“hy 9° ikl pr1 — (3 A+ 1 593> "Wy ijkt pri + G° € Fu W ijkt Pri -

As a consequence of the changes in the S-functions in (5.65) and (5.66) then in (5.35) there
are additional terms

6(N —4) e hy,
ARV = =2
_ 3(N® 4+ 35N% — 82N —8) e®h, 9N —4)2(N +8) [e'h,\>
ARN) = 4(N — 1)(N + 2)2 . " 4(N + 2)* < a >
16(N —4)3 e“f,’h,  3(N —4)(N — 28) e“hy
C9N+2)2 ¥ (N+2)2 . & (5.67)

A particular example arises when d;;;; is the symmetric traceless rank 4 tensor for a
Lie group when there is an independent quartic Casimir. For a simple Lie algebra with a
basis {t;} where we assume, with 7,7,---=1,..., N,

[ti, tj] = fiskte,  fiafjm = Cij, tr(tit;) = —Réy;, titi=—Cr1, (5.68)
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then we may take
dijididitidn = tr (t5') +y (¢)2, ty = tid; (5.69)

with y determined to ensure d;j; is traceless. Using t;t4t; = (%C — CR)ty this gives

3CR—3C
V=TT NI (5.70)
Similarly we may define, if tr(t;{t;, tx}) =0,
9 CR
wijquﬁkqﬁl = —tr ([ti, t¢] [tj, t¢]) + Z((Sijgﬁ — (bZ(Z)j) s z = —m . (571)

For the case of O(n) then t¢; are a basis of n x n antisymmetric matrices so that the
theory reduces to antisymmetric tensor fields ¢q = (t¢)ap, a,b = 1,...,n, as discussed
in [40, 41]. In this case in (5.68)

C=2n-2), R=2, Cp=n—1, N:%n(n—l), (5.72)

so that y = —2(2n — 1)/(N +2), z = =8/(n + 1). In this case for d;juip;jdi1¢; given
in (5.69) ffj(’}j;;‘; (0?2 < dijudidiontr < "3 (62)? (for n odd the lower bound is
modified). With the completeness relation t; tr(;Y) = —RY for any Y7 = —Y and also
tiMt; = (Cp — 3C)M™T — 1 tr(M). For this case the definition (5.69) gives d;j; = 0 for
n = 2,3 and with the above results we may verify (5.59) with

2 —2)(n—-3)(n+1)(n+2) _ (n=5)(n+4)(2n—-1) 2
“= 3(N 1 2)2 b= (N +2) L TARE
(5.73)

and, with more complexity,

n® —84n" 4+ 302n8 +2212n° — 6215 n* — 13944 n3 + 27456 n? — 40448 n + 15616

‘= 216(N + 2)3

(5.74)
With a, b given by (5.73) then in (5.14) F(N) < 0 for n > $(2 + 3v/22) so that there are
only fixed points for real non zero couplings A\, g when n = 4. In (5.61)

h_8(N—|—2) f_(n—8)(n+1)2

- 3(n+1)° 9N +2)

, 24(n—2)(n—3)(n+2) ;o ;4N +11)
s N R AL =SSm0 0P

which in conjunction with (5.74) determine higher loop contributions to 8-functions.®

8The results to three loops are in numerical agreement with [41] in terms of couplings
g1 =06A+2yg, g2 = 8g.
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5.2.1 O(m) x O(n) fixed points

A theory with non trivial fixed points is obtained by considering a symmetry breaking
where O(N) — O(m) x O(n)/Za, N = mn as was considered in [30, 42]. This case can be
discussed in the present context by taking ¢; = & witha =1,...,m, r=1,...,n and,
with the usual summation convention for repeated paired indices,

m+n+1

N2 (®?)2. (5.76)

dijk10i0j Pt = Par Py P s Prs —

This vanishes for m = 1 or n = 1 and for m < n, satisfies the bounds —% (®2)?

dijri0id; Pud1 < (m]\lfiw (<I>2)2. In this case there are two tensors wy, ki, © = 1,2, which

are determined by

n—m

m (5ab5rs CI)2 - q)ar(bbs) )

wl,ijk:l¢k¢l = 5rs¢)at¢)bt - 5abq)crq)cs -

m+n—2
w2,ijkl¢k¢l = 0rsPatPot + 0apPer Pes — 2 Pys Py — ﬁ(aabérs P — (I)m“q)bs) : (577)
In (5.2)
- (m—1)(m+2)(n—1)(n+2)
B 3(N + 2)2 ’
D
9(Nnj:2) Dy =mn(m+n) +4mn —10(m+n) — 4,
1 1
et = 18(n—m), e = 5—4(m—|—n—|—4), (5.78)

and in (5.27)
- 1
~ 216(mn + 2)3
x (5 m*n® +10m*n?(m + n) — 40mn(m? + n?) + 20 m*n? — 88 mn(m + n)
+16(m* + n?) + 284 mn — 24(m +n) + 240) , (5.79)

(mn —4(m +n) — 2)

and in (5.60)

f=gemen - Hpeni e m),

= tn—m), 2 = gglntm—2) - 2 n ),
hi=(n— )<;+J\,1_1> h2:(n+m—2)<;+Nl_1>

, (m—=1)(n—1)(2N +3m + 3n +4) ;o _3(m—1)(n—1)(n—m)
an = (N —1)(N +2) o Gz an = (N-1)(N+2)
, _3(m—1)(n—1)(2N—|—m—|—n—4)

@22 = (N—1)(N +2) !

b’11:n+m, bllgzb,glzn—m, b’22:m+n—8. (580)
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The coefficients €/, are also determined but not quoted here. For m = n only the ws
tensor is relevant.

These results suffice to determine the 3-functions to three loops.? Solving the eigen-
value equations (5.64) for the O(m) x O(n) case gives four possibilities for (u, g1, p2)

, (m—1)(m+2)n  (m?>—1)n (m—1)*n
() ( 3(N+2) ° N-1 ' N-1 )

dim:%(n—l)(n+2),

.. m(n—1)(n+2) mn%-1) m(n—1)> 1

(ii) < 3(N+2) | N—-1 ' N-1 >, dlm—i(m—l)(m+2),
(i) (N;(;”r;", et —QNJ;z_”) , dim= 3 (m —1)(m +2)(n—1)(n+2),
(iv) (- (m?)—i(—;)—(i_n2—;—2)’ 7]1\[—_77;’ 2N+]\Tfn_+1n—4> , dim= im(m—l)n(n—l), (5.81)

corresponding to the decomposition of the eigenvectors vy, s into irreducible representa-
tions of O(m) X O(”)» Var,ass VYarbry Varbs T Vbras — %5abvcr,cs - %5rsvat,bt and Var,bs — Vbr,as-
In (5.14)

1
9a
with notation borrowed from [42]. Positivity of F' then requires R, > 0 so that n is
restricted by n < 5m+2—2/6(m — 1)(m + 2) or n > 5m+2+2,/6(m — 1)(m + 2). This
excludes m = n except when m = n = 2. With the results in (5.67) these boundaries are

F(m,n)om)xom) = o Bmn, Rmn = m? +n? — 10mn — 4(m 4 n) + 52, (5.82)

modified in the € expansion to

25m?2+22m — 32
Nerit+ = 5m+2:|:2\/m 5m+2 m-+z2m €

T 6(m—1)(m+2)
8m®° +31m* —426m> — 1376m? +1184m +1632 = 20m* + 73m?> — 1230m? — 2960m + 6176 )
( 8(m—T7)(m+8)(m—1)(m+2) 8(m—T7)(m+8)\/6(m—1)(m+2) ) ’
+4m7+21m —417m® — 1883m* + 9288m> + 45444m? + 18880m — 33024 2
24(m—"7)%2(m+8)2(m—1)(m+2)
i5m8+58m7—389m —5854m® 4 7756m™* +139240m3 +176192m? — 160256m — 253292 2
32(m—"7)2(m+8)2(m—1)(m+2),/6(m—1)(m+2)

To O(e) this agrees with [42] and to O(¢?) when m = 2 with [43] and for any m with [30].
For n > neity and n < neig— there are two fixed points with non zero g. The O(N) fixed

(5.83)

point becomes unstable when n > Nt gr/m as given in (5.30).
At the fixed point to lowest order

1 Dyn £ (N 4+ 2)V/Rin, 3(N —4)
At = €, Gt = ——————F——=¢, (5.84)
2(N+2)  Dpn 6V Rpn Dn £ 6V Rinn
and from (5.19) the stability matrix eigenvalues are
N — 4/ Ryn
Ro+ — €&, Iﬁli:i#E (585)
' ’ Do £ 67/ Ry

9The S-functions to three loops obtained from (5.9), (5.23), (5.28) in conjunction with (5.65), (5.66)
and (5.78), (5.79), (5.80) are identical with the results of Pelissetto et al. [30] where their results are
expressed in terms of the couplings u = 6A +2(1 — (m +n+ 1)/(mn + 2))g, v = 2g.
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From (5.25)

N —4)2R 1
+ = ( )" R SNed— —Né&b. (5.86)
A8 (D, £ 67/ Ronn ) 48

For a fixed point R,,, > 0 and so this respects the bound (5.20). In application to
condensed matter systems the two fixed points, denoted by +, —, are referred to as chiral
and anti-chiral [42]. Since A,y < A,_ the chiral fixed point is therefore the stable one.

At higher order the results are complicated but for n > m and to order £3, taking into
account two and three loop contributions,

]{,(1—]%,>8+2f\’m(m+1)<—25+352—%53)
Ast ™ (5.87)
ﬁ(m—l)(m—i—Z) <3€—2€2—‘353>
. €+,1L<—(m+4)€+g(m+3)52—116(13m+33)63>>
gx+ ™~ % €
+}V(—(m—z)(m+6)a+§(3m2+9m—34)52—116(13m2+33m—162)53>)

Correspondingly in this limit, with notation from (4.45),

2 13 3

1/, 1, €—k+n<35—482+1663>

Viwkj:(& —4&‘), Yot ~ ; (5.88)
k2(35—f52+13653>

4n
There are also similar results for v, which decomposes into four cases depending on the
eigenvalues in (5.81)

. 2 Lo 13
(1) 'YpiNQ'Yi‘f‘ﬁki <—5+25 +Z5 >’

<—(m+3)5+i(5m+13)52—136(m+1)€3

1
(ii) ’}/piNE-F ’
}V<—(m—2)(m+5)a—}1(5m2+13m—50)a2—116(3m2+3m—22)g3>

(il)) Yot ~27++

(iV) Yo~ 24+

) . (5.89)

At the fixed point Ay, = d — 2 + 75 p«. For case (ii) Aput, Agsy =24+ O(1/n), the large
n analysis is based on couplings pgp Par Py, With pg, symmetric and traceless, and o ®2
which have dimension d, for the anti-chiral fixed point only the p,; coupling is relevant. The
results in (5.89) show the universal behaviour at large n expected by large n results [30-32].
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5.2.2 MN fixed points

An alternative breaking of O(N) symmetry (referred to in some literature as the M N
model [9]) is realised when O(N) — S,, x O(m)™ for N = mmn, ¢; is decomposed as n

m-vectors @, and

- m+2 -
dijuidididndr = > (G7)7 — N2 (BY*,  ¢*=> &7, (5.90)
which satisfies — ((]7\1, +12))( 2 < dijrgidjordr < N +2 "(75?%)2. This expression reduces to
the hypercubic model in (5.38) for m =1 and if in (5.1) A = (’7\,122) g to n decoupled O(m)

theories. Past discussions include [44-46]. The S-functions for such theories have been
determined to four loops [47] for m = 2 and are physically relevant for m = 2, n = 2, 3.
For m = n = 2 this case with O(2)? symmetry is identical with the O(2) x O(2) symmetric
theory, taking ¢, = %(‘I’n — By, P12 + Pa1), Po = f(q’n + Bgo, P1p — Boy), 2 = 97,
ZT(QZ)}Q)Q = —0,Dp, P Pps + % (®2)2. The B-functions in the two cases are related by

Bl ’()(2)xo = B(A —g ‘0(2 59()‘79)‘0(2)xo(2) = —By(A, _9)‘0(2)2' (5.91)
In the framework described here there is a single mixed symmetry tensor
W;jr1Pi; PPt — Z — (Gr-@7)%) — m=l (6237 —(3-¢")7). (5.92)
R N -1
This gives
2m(m+2)(n —1) (n—1)m(m+8)+ (m+2)(m—4) 2
= b= 2
3(N+2)2 9(N +2) o= gpm+2),
—2m — 2
c= (T;L,;L(mnT2)3 ) (5m3n2 +22m?n? —10m3n —44m®n+4m? —12m + 8) ,
f_2(N—1)(m+2) h_(N+2)(m—1)
- 9(N+2) 7 - 3(N-1)
3(m—1)m(n —1) 1 1
= l=m—1, ¢=>(2m-5) 20—, .
NNt 0 CTmol @=30m=8)-2g— (5.93)

For eigenvectors of the d,w tensors with eigenvalues (u, 1/) there are now three cases
N(m+2) N(m-—1)
3(IN+2)" N-1 '

2(m+2) m—1
3(N+2)N-1)"

<2;ZJ(\THJ:21)) ’ _mji?—_f)) ’ dim = %(m —D(m+2n. (5.9

dim=n-1,

1
dim = 5 m*n(n — 1),

The results in (5.93) are sufficient to determine the S-functions in this case to three loops

for general m,n.'0

0The results are in accord with [47] for m = 2 expressed in terms of couplings, up to a scale factor,
u=3\—(m+2)/(mn+2)g, v=g. In general By|u=0 = 0 reflecting the decoupled fixed point.
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The polynomial f(z), as defined in (5.13), now has roots, apart from = = 0, given by
r_=(N—-4)(N+2)/2m(n—1), 24 =3(N+2)/(m+2), xzy > x_ for m < 4. In this case
fxg) = :I:%(4 —m)zx. According to (5.19) a stable fixed point requires f/(z,) < 0. For
N > 4, when the O(N) symmetric fixed point has relevant perturbations, the stable fixed
point is given by x, = z_ or z, = x4 depending on whether m < 4 or m > 4. In (5.14)

(m —4)%(N +2)
6m(m+2)(n—1)"

so that for this breaking there are always non trivial additional fixed points which coincide
when m = 4. The two fixed points extending (5.42) are then given by
I 6(N —m) . N 3(N —4) .
T (N+2)(mA 8N —16(m—1)) P =T m+8)N —16(m —1)
(N —m)(m(N +2) — 10m + 16)
4((m+8)N — 16(m — 1))
m+ 2 3 m+2 5

et = P L 5.96
m+8)(N+2) 7 P T s T T imrs2” (596)

V- =

)

)\*+:

The stability matrix eigenvalues at lowest order are then

- m—4 B (m—4)(N —4)
_7m+857 Iil’___(m+8)N—16(m*1)€7 (5.97)

Ko+ = €, K1+

The fixed point realised for x, = x4 corresponds to decoupled O(m) theories, this is the
stable fixed point for m > 4. Using (5.8)

(m — 4)2 3 1 3
o= TR NS NS,
7 48(m + 8)2 48 ¢
—4)2(N —4)? 1
A = (m = 47 ) SNeb— — N&b. (5.98)
48((m + 8)N — 16(m — 1)) 48

For a positive potential at the z, = z_ fixed point we should require (m + 8)N >
16(m — 1) and then stability requires m < 4 or m = 1,2,3.

6 Scalar theories in 3 — € dimensions

An ¢ expansion starting from three dimensional renormalisable theories determines the
properties of tricritical (since there are at least two relevant operators if Zo symmetry is
imposed for a single component field) fixed points [48, 49]. Such ¢% theories have been
considered from a CFT perspective in [50, 51].

For our discussion we assume N-component scalar fields ¢; and initially a general sextic
potential V(¢) = é Niklmnp®i®j Pk PiPmdn + ... After rescaling V — (87)2V the lowest
order, two loop, result for the S-functions for the couplings contained in V' is determined by

Br6) == (V(0) - 63i)) + 3 Vir(0)Vin(0), (6.1
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with V;(¢) = 0;V(¢). For the next order, at four loops,*!
1 4

B (@)Y = & Vi () Viktmn (8)Viktmn(6) = 5 Vit (8) Vitmn (6) Vit ()
2
~ 3 Vit (9)Vitnn () Vigmn (9) + 6173/ Vi (9) (6.2)

with the four loop anomalous dimension matrix

1
71](4) = % )‘iklmnp)‘jklmnp . (63)

For the O(N) symmetric case the potential is restricted to the form

V(o) = 1 (). (6.4)
From (6.1),
By = —2e X+ 4(3N +22))\?, (6.5)
and from (6.3)
Vii =79 0ij, YD = é(N +2)(N +4)2%. (6.6)
The four loop result gives
B = —4(53N? 4 858N + 3304)\° — %H(N?’ + 34N? + 620N + 2720)\% . (6.7)

Equivalent results were obtained in [53] and extended to six loops in [54, 55]. At the fixed
point to lowest order

N _ (NN +4)
T BN +22) 9T 243N +22)2

(6.8)

For large N the perturbative contributions to the S-function and the anomalous di-
mension 4 at higher orders have a leading N dependence of the form (INA)PN [3¢=3)] and
(N)\)pNL%(p”)J, p=2,3,..., respectively.'? Hence with a rescaled coupling

-1 1 - 1 -
5X:—25)\+N<12)\2—27r2>\3>+O<NQ>, A= N2\, (6.9)

A large N IR fixed point is given, at leading order, by

< 1 554 36 < 4 1 2
Ne=6A—-m A2 <5 M= —(3—+/9—m2Ne/d) =~ —Ne + — (Ne)?.
e=6 Y <5 = 7T2(3 9 —m2Ne/4) 5 5+864( £)

(6.10)

The bound [53] determines the radius of convergence of the e-expansion. At the fixed point
- 12 -

By'(A) = 4e — N’\*’ (6.11)

" An equivalent expression is given in appendix A of [52].

12This counting is the minimal form agreeing with explicit results up to six loops and satisfying the
consistency conditions N(N)\)I’_INL%(”_&J (N/\)“’,]\JL%<’7,_3)J < (N)\)pﬂ’l_lNL%(pﬂ’l_‘l)J corresponding
to inserting a N vertex graph for one of the vertices in the \P graph.
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which is positive for Ne < % and vanishes when Ne = %. In this large N limit the

B-function results in (6.9) also imply a UV fixed point

)\*UVN (3—1—\/ 9 —72Ne/4 )—>— as €—0, (6.12)

which for e = 0 was considered in [53].'3 The result for A,yy extends to e < 0 although
then at the IR fixed point As < 0 which is presumably unstable.

The N dependence here is in contrast to the O(/N) model in 4 — ¢ dimensions where
the perturbative expansion gives contributions to 8y and v, 7» beyond one loop of the
form A2(NA)? and A(NA)?, p = 1,2,.... For large N in this case defining A = N then,
to first order in 1/N, Bx = —e A + A% + %S\f(j\), Yo ~ %f¢(5\), Yo ~ A+ %fg(;\) and at
the fixed point A, ~ & — & f(€) 50 that Ve« ~ & f4(€), You ~ €+ % (= f(€) + fo(¢)) where
fs(e) = O(g%). The fixed point here is also unstable when ¢ < 0.

Extending the discussion to lower dimension operators we may consider

1 1
V(¢) — V(¢) o J¢ + < pz] ¢z¢] + 5 Xz (bz ¢ + szk ¢z¢]¢k
1 1 1
+t3 £(0*)?+ - 1 Mg bi;” + 5 Vidkl GidjPrd1 (6.13)

with pij, Tijk, Hij, Viju symmetric and traceless. The results in (6.1) and (6.2) determine
the anomalous dimensions. For the O(/N) symmetric theory determined by (6.4)

1 4
@ = 36 (N +2)(N +4)72, WY = SN+ (N +8)2,
’yX(Q) = 2(N + 4))\, 77(2) =4,

1 1
Y = —5 (N +4)(25N + 242)X\? v = 5(7N2 — 6N — 424))\2,

WD =8(N+4)x, 4P =4N+8)A, 2 =16),

4 1
o (2(14]\12 + 267N + 1132) + (N? + 44N + 232)7r2> A2,
4
7 = (3(51\72 — 78N — 968) — 6(N + 16)7r2> A2 (6.14)

For large N the leading terms in 7,, v¢ are expected to be of the form (N)\)pNL%(p_l)J,
(NAPN 137 Tn the large N limit for fixed A these results, together with [55], imply

Llg of ] 1 (165, 1 414 1
7%= J g O(Ns) %N?<3)\ 3™ A) O Fs )

1 ~ 1 5+ 1

13A UV fixed point for large N was also proposed in [56, 57]. However [58, 59] showed for N — oo and
d = 3, when the p-function vanishes, that a one loop effective potential was bounded below only when
n= 872X\ < 1672 or A < 2. The UV fixed point in (6.12) for € = 0 is then in an unstable regime and is no
longer relevant in this limit and there is a new scale invariant fixed point at X = 2. The situation for large
but finite N is less clear [60].
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At the fixed point the leading results for these anomalous dimensions are given by taking
A — A as in (6.10). The large N limit here is very different from that which interpolates
between four and six dimensions.'* Only a finite number of terms contribute to any given
order in 1/N for fixed Ne. As is clear from (6.10) the O(N) tricritical IR fixed point is not
present for Ne > 2§, As argued in [63] there is a critical line N = Nc(d) which involves
another fixed point and [63] showed N.(d) x 1/ as ¢ — 0. With tensorial scalar fields
transforming under O(N)? there may be large N limiting theories which may be analysed
directly [64].

For two flavours the discussion in sections 2, 3 can be extended by taking a general

potential of the form

(g1 61" 05" + g2 61" ¢3')
L
312

with seven couplings G; = (A1, A2, 91,92, h1, h2, h). Decomposing into representations of

0(2) give

V(g) = é(Al Or + X2 ¢7) + 55

+ é (h1 1" b2 + ho ¢ ¢3°) + =5 h o1 @5, (6.16)

T\ = A2 —15(g1 — 92))
3(h1 + hg) —10h ’

vy — (%(}\1 — Ao+ — gg)) ’ vy — <111 ()\1 + X2 —5(g1 +gz))> : (6.17)

Li=X+X+3g1+392, vﬁZ(

h1+h2+2h h1*h2

where I is an invariant and ve, v4, v are two-vectors transforming as in (3.9). The O(2)
invariant theory as in (6.4) corresponds to taking vo = v4 = vg = 0 implying hy = hg = h =
0, A1 = A2 = 591 = 5ga = 15A. In a similar fashion to (3.3) there are five O(2) invariants,
in addition to I;, which can be constructed from vy, vy, vg using the transformation (2.11).

Imposing restrictions on the O(2) representation space formed by the couplings may
reduce the RG flow to a sub manifold. Thus setting vo = v4 = 0 gives, since tensor products
of vg cannot generate vectors transforming as v, vy,

B1(G) = Gral(gr + g2, h* — g1g2) + Gr b(g1 + g2, h* — g9192) ,
GI = (291 + 3923 391 + 2927 g1, 92, _ha_h, h)a GO = (5, 5, 1, 1, 0, 0, 0), (618)
where g1 + g2, h? — g1g2 are two O(2) invariants formed from Iy, vg. Due to the restriction

on the representations of the couplings the anomalous dimension matrix is diagonal and
we must have

2
%ij = (g1 + g2, h* = g1g2) &i; - (6.19)
“However with the large N dependence assumed above there might be an alternative large N limit where
N = N3X[61] and By = —2e X + N f(X'?) + O(N"2) where f(\'?) = —172X\2 4 ..., For & < 0 there

is a UV fixed point in which ). ~ ,/—% €+ O(eg). The positive square root is chosen to ensure a stable
potential and this fixed point is identical with (6.12) continued to ¢ < 0 and taking —Ne > 1. In [62] it
was suggested that f(\'?) should have a zero leading to an IR fixed point in the vicinity of three dimensions.
Such a fixed point is not accessible with perturbative arguments but is motivated by the requirement that
the UV fixed point should be annihilated by merging with an IR point for some 0 < —¢ < 1 so as to ensure
a trivial theory in four dimensions.
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Perturbatively

40 5536 16
a(z,y) = —254—?:1:— <15—|—457r2> $2+1—5y,

4
b(x,y) = §(3x2 +4y) —x(15(12 + 7?) 2% + 4(74 + 9 72) y),

v(z,y) = % (72%+8y). (6.20)

For a(z,y) = b(z,y) = 0 we must take y = —2 22 + O(23) and at the fixed point then to
O(g?)

3 9x 1387 5 3% 27
~20° " 20000 © T3200" T %7 16007

However for real couplings h, g1, g2 we must have —y < % x2 so this solution is not possible

Ty (6.21)

for this case
A similar reduction holds if v9 = vg = 0. In this case

B1(G) = Gra(A +3g1,y) + G b(A1 + 391, y) y=h—(\—g1)g,
GI = ()\17 )\17 g1, g1, hl ; _hla 0)7 GOI = (55 5> 1a 17 Oa Oa 0)7 (622)

with A1 4 3g1, vy invariants formed from I, v2. Perturbative results give

20 1 1
a(w,y) = 2+ S w - %(2248+2257r2)x2 ~ g(848+757r2)y,
blz,y) =4y — 228+ 372 zy. (6.23)

The fixed point is realised to this order at

S 4 L(2248 + 225 1%)e?. (6.24)

*:07 * — T
y 770 7 20000

The constraint y = 0 can be realised by taking h; = g; = 0 which corresponds to two

decoupled theories or by taking hy = 0, A\ = ¢1, so that A\; + 3g1 = 4¢1, which gives an
equivalent theory. The anomalous dimension is again necessarily diagonal

Yij =7 (M1 +3g1, hi® — (M1 — g1)91) 6ij (6.25)

and from (6.3) to lowest order

V(z,y) = %(ﬁ +6y). (6.26)

For both (6.18) and (6.22) there is a fixed point when G; o GY giving the O(2)
invariant theory. In the first case it is necessary to take g; = g2, h = 0, so that in (6.20)
r = 2g1, y = —g1%, and in the second case h; = 0, \; = 5g1, and in (6.23) = = 8¢, y =
—4g:>. The results can be reduced to ) for \; = 5g; = 15\ and agrees with (6.5) and (6.7)
for N = 2 and (6.20), (6.26) both give v = 4 A? in agreement with (6.6) when N = 2.

In a similar fashion to four dimensions we may consider perturbations by operators
dijklmnqbiqu dF ™™ and ¢2dijkl¢i¢j oF ! with dijkimn, dijr symmetric and traceless. For
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the former to lowest order at the O(NN) symmetric fixed point Kk = A —d = —% €, SO

2(N—14)
3N+22
As an example we consider a breaking O(N) — Sy x Z3, where, for a closed RG flow, it

this is always relevant. For the latter Kk = — € so this is also relevant when N > 14.

is necessary to introduce two additional couplings
1

| 1
V(6) = g A (#) + 4—89&2@4 + ahZ@G. (6.27)

The S-functions may be read off from (6.1),
Br=—2eA+4((BN +22) \* + 12 g+ ¢%) ,

2
Bg:—259+4<2(N+18))\g+2>\h+1392+3gh>,

1
ﬂh:—25h+20<4)\h+(N+32)92+89h+3h2>. (6.28)
As a consequence of the Sy X Z¥ symmetry the anomalous dimension matrix is propor-
tional to 6;; and (6.6) is extended to

1 1 1 1
A4 = sV + 2)(N + 4\ + (N +4)Ag + sV + 14) g + A +oh+ o5 K2, (6.29)

For this theory there is of course a fixed point with O(N) symmetry for g, = h, =0
and where A, is given by (6.8). For this the stability matrix from (6.28) becomes

3N+22 0 0
M = —2¢1 + 8\, 6 N+180 |. (6.30)
0 1 10

The eigenvalues are 2¢, — 3%11242 2e, — 331<,Vf222 2e¢ with left eigenvectors (1 0 0), (—NLJr2 1 O),

<( N +8)2( NF3) T Nig 1) respectively. In consequence there is always a relevant operator
and the O(N) fixed point is unstable. When N = 2 the three terms in (6.27) are not
independent, in comparison with (6.16) Ay = Ao = 15(A+ g) + h, g1 = g2 = 3\ + g with
the other couplings, which break the reflection symmetry under ¢; — —¢;, zero. For this
case (6.29) gives v(4) = % A2+ %912.

There is a trivial decoupled fixed point for A, = g, =0, hy, = % e. In this case

0110
M=—2e1+8h, |0 320], (6.31)
00 2

with eigenvalues 2 ¢, —ge, —2¢ with eigenvectors (0, 0, 1), (0, 1, —15), (1, -3, 30).
Other fixed points for non zero A, g, h can be found if we define z = g/\, y = h/\ and
then from (6.28) we must require

2
F(x,y)E(xQ—x—i—N—M)x—g(x—l—i%)y:O,

5
G(x,y) = (2% — 282 + 3N + 2)y — 5(N + 32)z? — §y2 =0. (6.32)
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For = —3 then the first equation is satisfied for N = 2 and then the second equation
determines y = 30, % These give A\, = %6, e = —%5, h. = 15¢, %5 implying in (6.16)
with A = hqy = he = 0 fixed points for A\, g1 = 0,0 and 0, 1%5 respectively. For x # —3

then F'(x,y) = 0 may be solved for y and G(z,y) determines a quintic polynomial whose

zeros determine the non zero x giving rise to fixed points. For N = 2 this gives x = —%
and hence y = % and then \, = %8, g = —%5, hye = %5. This corresponds to taking

A1 =bg1 = é—ga which is the O(2) fixed point. For large N the quintic has three real roots
with x = :I:%N% and x = —18, correspondingly y = %N and y = %N, giving fixed points

S € = iig € hy = Es
" T BN P TN T
1 3 3
ro_ r_ 9 I 2
Ny GNE’ ' N R, 105. (6.33)
The stability matrices at these fixed points, to leading order in IV, are given by
6 13 43N 0 1-2 12
- +3/VN 0  +£15VN |, 2610 = —36], (6.34)
0 +1/VN 11 00 1

with eigenvalues 2¢, %(5 + \/E)s and 2e, 2¢, 1%5, which is therefore stable, respectively.
However for 2 < N < 14035 there is just one real root, corresponding to x = %N%, TES gN
as N becomes large, and in this case there is no stable fixed point.

For the RG flow there is a corresponding a-function (results for theories with fermions
are contained in [65, 66]) given by

A= N<5(N+2)(N+4)()\ﬁ,\ — X)) +5(N +14)(g By — e g?) + %(hﬁh —ch?)
+ 15(N +4)(ABg+ 9B —2eXg)
+5()\5h+hﬁ>\+gﬁh+hﬂg—2€)\h—2€gh)), (6.35)

with By, By, By given by (6.28). This satisfies

) 15(N 4+ 2)(N +4) 45(N +4) 15\ (B
9, | A=N A5(N+4)  15(N+140) 15| | 8, | (6.36)
B, 15 15 1) \Bn

and so A decreases under RG flow towards IR fixed points as the effective metric on the
couplings A\, g, h is positive definite for N > 2, for NV = 2 the metric has a zero eigenvalue
reflecting the redundancy of the couplings A, g, h. From (6.36) and (6.29) the lowest order
results satisfy

5
— _2N~@®
A‘m:ﬁgzﬁhzo =g Ve (6.37)
For the O(N) and decoupled fixed points corresponding to (6.30) and (6.31)
SN(N +2)(N +4) 4 3N
A =— Adecoupled = ——— €°. 6.38
O(N) A(BN 1222 decoupled = 7 © (6.38)
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In the large N limit corresponding to (6.33)

_ TN 5, BN

g & yES
o448 T 9295 ’

A_
TS

(6.39)

In section 5 we considered theories in 4—& dimensions based on a potential of the form (3.1).

7 Multiple couplings in 4 — € dimensions

The discussion of possible fixed points becomes tractable by limiting the number of fields
or the number of couplings. In section 5 we considered theories in 4 — ¢ dimensions based
on a potential of the form (3.1) which had two couplings. There are many examples in the
literature in which theories with three couplings are considered in the e-expansion [44, 67—
70]. For such examples V' can be expressed as a sum of terms involving symmetric traceless
tensors dy ;i as well as an O(N) symmetric term then the treatment in section 5 may be
straightforwardly extended with couplings {\, g*}, u = 1, ..., p. For the theory to be closed
under RG flow we modify (5.2) to

1 1
Auijmn Qo kimn = 7 G <2N(5ik5jl + 65101) — 5ij5kl> + buv"” du it 5 (7.1)

where [ay,] is positive definite and

buvio = buv” @ = bluvw) - (7.2)

It is convenient to use a,,, and its matrix inverse, to lower and raise indices for the couplings
{g"}. Of course (7.1) may be extended as in (5.59), but this is not pursued here.
The lowest order S-functions are just a simple modification of (5.9)

Br=—eA+(N+8)X*+¢*,  ¢*=auwg"d",
Bg" =—eg"+12X9" +3¢"9" byw" , (7.3)

and associated a-function from (5.10) becomes

A= N(N—I—Q)(— gm? - %egQ—F (N + 8N +3X% + ;bwwg“g“gW> L (14
At two loops we can easily extend (5.23) to the multi-coupling case and also at three
loops (5.28) with an appropriate generalisation of (5.27). The couplings (g,...,g") € R?
define a vector space spanned by the polynomials du,ijk@i(ﬁj oF@l. If there is a subspace
V' C RP such that for any g%, ¢’¥ € V then g"¢’V by, € V the RG flow may be restricted
to couplings belonging to V.

It is easy to see that there are no fixed points with A, = 0 other than the trivial
Gaussian one. Hence it is sufficient to consider z* = ¢g*/A. Under RG flow from (7.3) to
lowest order

d

A=A AN@),

d

Ex“ =\ f%x), (7.5)
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where
falz) = N+8+22, fix) = (N — 4+ 2H)z" — 3by, a’z . (7.6)

Higher order contributions in (7.5) involve contributions at £ loops of the form A f, \(z)
and A f%(z). Perturbative fixed points are then obtained iteratively by first solving
FU(5) = 0 giving A, = ¢/ f2(2*) + O(c2).

At any fixed point, where the lowest order S-functions in (7.3) vanish, there is a similar
bound to (5.20)

1 1 + %55*2 3 1 3
A*:—iN(N+2)m5 2_@]\75 :A*bounda
Tl = g*u/A* ) 37*2 = Ay T4 T4 (77)

Any {\, ¢g"} such that A < —ﬁ N & cannot then flow to a fixed point accessible in the
e-expansion. The bound in (7.7) arises when

r2=N -4, (7.8)
and so requires N > 4. To analyse this further we consider the stability matrix at the fixed
point

—e+2(N + 8) A 129"
Mo [EHANES) g . (7.9)
2 Giu (—e 4+ 1220,)04" + 6 by " g4

The eigenvalue problem may be simplified by noting that

M (éz) —¢ (éim) , (A* g*“) M=¢ (A* g*”) : (7.10)

so that e is always an eigenvalue for this class of theories, and also

=9+ Vw =g+ Uy u u u v
M( A Uy ) :K< A, v, > ; (‘%U Gxu Ax U )M:n (—%u Jeu Ax U > , (7.11)

where k and v, u" are solutions of the reduced eigenvalue problems
— A OufP () vy = Koy, A 00, [ (x4) = KUY, (7.12)

for f*(x) given in (7.6) and where z, is determined by f“(z.) = 0, corresponding to a
fixed point where (7.3) vanish. The results (7.10) and (7.11) with (7.12) generalise (5.19)
in the two coupling case. In general there are p eigenvalues x and associated eigenvectors.
To verify (7.11) it is necessary to show that (7.12) implies

P (4 — N+ x*Q)x*“vu = KXy . (7.13)

In consequence when (7.8) is satisfied there is a zero eigenvalue of the stability matrix as
expected when two fixed points annihilate.

Assuming A, > 0 it is easy to see that stable fixed points correspond to finding local
maxima, of

1 1
F(z) = §(N —4)2? + 1 (%) — by " 22t (7.14)
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For N < 4 manifestly there is a maximum at = 0. In general when N > 4 and the origin
is a minimum and F(z,) = (N — 4)z.2 — &(2,%)? < (N — 4)%. The function F(z) on
R? can reduced to one on S? ~ RP U {oo} by modifying F(z) for very large 2% so that as
r — oo F(x) — C, a finite constant, and then F'(co) becomes the maximum of F. On S?
F(z) is a smooth bounded function with at least one maximum and one minimum. We
may use baby Morse theory to constrain the stationary points of F' (in embryonic form
analogous results were found in [71, 72]). Assuming F' has C; stationary points at finite
x with non degenerate Hessians and ¢t = 0,1,...,p negative eigenvalues (Cp, C), are the

number of minima, maxima) then

Co—Crat -+ (-1)/Co= (-1, t<p, D (-D'Ci+ (-1’ =1+ (=1, (7.15)
t=0

where we add in the second identity the contribution of the maxima at infinity separately.
A perfect Morse function on SP, saturating the inequalities in (7.15), has just one minimum
and one maximum and no other stationary points. This is realised if there is just a single
minimum for finite z in (7.14) giving Cy = 1, Cp = 0. If bpax = max(bys e"e’e’)| 2y
this holds if N > 4 and bpa < %(N —4). For a stable fixed point it is necessary that
Cp > 1. If a new fixed point is generated by varying the parameters this must correspond
to ACy = ACy41 = 1 for some q.

As an illustration we may consider a theory [73] with p = 2 where ¢; = (¢r, ¥r),
r=1,...,n, N =2n, g02 = ngpﬂ,vﬁ =>, .2, by taking

d1,ijk1QiQ;PrPr = zr:(%fl 2 m(wz + ¢2)2 ;
1
d2,ijk1®iP; Pk = ZT: 20292 — W(SOZ + ¢2)2 : (7.16)

This extends the cubic fixed point theory each term in (7.16) has a symmetry S,, x Df",
with the dihedral group Dy generated by (¢r, ¥r) = (—@r, ¥r), (Ur, @r).

By considering /4 rotations of (¢r,1,) theories related by transformations of the
1,2 < 1 2)
(9 g > 99 : (7.17)

are equivalent. It is straightforward to obtain a,s = ag., bys' = bt in (7.1) for this case

couplings of the form

[\GI[eV]

D[ = D=
N[ =

which are given by

Ll o1 gon = 201 (7.18)

"o+ 1)) BT omr1)2 BT 6(n+1)2 ‘
—1 1 n—2 1 2(2n—1)

=" bu ;012 3+ 1)’ 12 3nt1)’ 22 =g D22 o(n+1)
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These results satisfy (7.2). The functions f*(x!,z?) in (7.6) are given by

Fa,y) = (n+11)2(;(2” D)2t i@t - xy)w
- n}r1(2y —3(n—1z)z — %yz +2(n —2)z,
P = Gy (320 = Ve + g0 02 -2}y
- (2(n Py ;(Qn - 1)y>y +2n—2)y, (7.19)

Finding fixed points by solving the two cubics fl(z!',2?) = f?(2!,2?) = 0 gives seven
solutions which, at lowest order in the e-expansion, are given by

(x*l’ $*2) = (Oa 0) )

(2,0)(n+1), (1,3)(n+1),
.00 2L (1520t
(1,1)%(n+1), (1,1)(”_712)_(’”‘1“),
S T -
-9 52 -G 3e,
(o D) e (TN e
~(h3) e, (39—,
(1, m2) = —(1, D2,
_q, 1)%5, _q, 1)%5,
1, —1)"3;25, 1, —1)”3;25,
(1, —1)%5, (1, 1)52__245,
A= _;(E?:zll))? >
_(n+1D@2n-1) 4 ~ (n+1)(2n-1) 3
54n 54n, ’
a %53 _ ;(21”(_22)2_ D s, (7.20)

There are seven fixed points such that in (7.15) Cyp = C; = 3, Cy = 1. The first fixed
point is the usual O(2n) invariant Heisenberg fixed point, the second two are equivalent
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under (7.17) and correspond to N decoupled Ising models, the next two are also equivalent
and represent the hypercubic fixed point discussed in the two coupling case. The last two
fixed points are not equivalent since each is invariant under (7.17). In this case the d-terms
combine to > (o2 +14,%)? — %H (92 +1?)? and the symmetry is enhanced to S,, x O(2)™.
These fixed points are identical to the M N theory starting from (5.90) when m = 2, the
results for A, are identical to (5.98) with m = 2. The final fixed point is stable and has the
least value of A,. Results for the stability matrix eigenvalues for each fixed point above are
given to three loop order in [69], of course for equivalent theories the expressions are the
same. All the fixed points in this three coupling theory correspond to ones obtained by RG
flow starting from the trivial Gaussian fixed point in just single or double coupling theories.

An extension to models with arbitrarily many couplings which have stable fixed points
can be achieved by adapting results due to Michel [74] to the formalism described here (a
related discussion is contained in [75]). We take ¢; = @, .....ap,r, @u = 1,2,...,my, where
r=1,...,nand u=1,...,p and define

2 M, 42
Ay ijk1 i@ OrPr = Z < Z Sﬂal,...,ap,r2> TN 12 (902)27

Au4-15-+50p,T "~ A1 5,0

u p
My =]]me, N=][mun, m.>2if u>1. (7.21)
1 1

This is invariant under Sy/pz, X O(M,)N/Mu ¢ O(N). There are then p couplings g*
which, along with A, define a closed manifold under RG flow. Each (mq,...,m)) represents
a different theory with different symmetries although as will be shown they may flow to
common fixed points. For my = 1, mg = 2 dy,ds are equivalent to (7.16), the couplings
are related to the previous case by g' — ¢' — ¢2, g> — ¢°. Scalar potentials formed by
linear combinations of terms of the form (7.21) include various theories which have been
considered in the literature. In (7.1) the non zero contributions are given by

_ Q(Mu + 2)(N - Mv)

uv — Aoy = 5 > ; .22
a a 3N +2) v>u (7.22)
and
2(N — M,) (N —4)(M, +2)
buvu:bvuuziy uvU:bvuv: ; )
3(N +2) 9(N +2) v
1
it = ————((N — 4)(M,, +2 N —M,)). 2
b o 1+ 2) (V= DM +2) +6( ) (7.23)
It is easy to verify (7.2).
From (7.6)
Ua)=a(N—-4+2> - ————((N—-4)Y"+6 X"
fUz) =2 < +x 3(N+2)(( WY"+6 )),
X"=(N=M)a"+2) (N=M)a", Y"=(M+2)z"+2) (M,+2)a",
v>u v<u
2
2= = NT(M,+2) 2t X, 7.24
x 3(N+2)2 ;( + )x ( )
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Hence the fixed points at lowest order in ¢ are given by

1
U — 0 or N — 4+x2 — m((}\r — 4)Yu -+ 6Xu) = 0 fOI' each u. (725)
Setting all z* to zero gives the O(N) symmetric Heisenberg fixed point. If 21, z%2 ... x%,
up < ug < --- < uq, are non zero, solutions of the fixed point equations can be found by
taking
1 (N=4)(N+2) 4 )
== —-1)", =1,...,q, 7.26

where B satisfies

a _ N — M,
BZ+<é(N+2)—25q>B:é(N—4) M“l”(‘w MquZ z+ya>

i=1 Mui —4 J>i 4
1 2 N — M,,

=S —-(N+2)8, Sqg=) (1) ——". 7.27
q 6( + ) q» q ;( ) Muz — 4 ( )

In consequence there are two solutions for B

1
B=S,, S,— 6(N +2), (7.28)
giving at the fixed point
6.5y 1 6S,— N —2 1

As As 7.29
'T 128, - N+4N+2° °7 128, —N SN+2° (7.29)

For stability it is necessary that A.; or A.o are positive, thus for the first fixed point,
assuming N > 4,
Sq<0 or 125,> N —4. (7.30)

For the two cases in (7.28)

N —4 2 N N —14 2 N
Aa=((—"" ) 1) B, A=) —1) S (131
! <<125q—N+4> )488’ 2 <<1QSQ—N—8> )485 (7:31)

In general M, < My, < --- < M,, < N so that if M,, > 4 then S; < 0. For S, > 0 it is
necessary that M,, < 4 requiring m; < 4. For ¢ even

a
» 1

—4 1) —. 7.32

DI ey (7.32)

Besides the Heisenberg fixed point there are for each ¢ = 1,... ( ) choices and hence

2(2P — 1) fixed points with some non zero x.'. These results for p = 1 are identical to (5.96)
and (5.98) for m; — m.

For each fixed point given by (7.26) and (7.28), ¢ = 1,...,p we may determine the
p eigenvalues of the stability matrix by solving (7.12) with (7.24). The results take the
simple form for the two cases in (7.28)

N -4
125, — N +4

N —4

S R AR U

K1 = (1p—t—17 _1t+1)€ . (733)
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The number of negative modes is given by
—ul Uy — - — Uy, odd,
t— {p P ‘ ! (7.34)

Up — UL+ F Uy —Ug—1 — 1, q even.

Thusforg=1,t=p—uy,forq=2,t =us—ui;—1landforq=p, ¢t = L%(p—l)J. Assuming
125, > N — 4 then A,; < A, and A,y corresponds to a stable fixed point in this multi
coupling theory when ¢ = 0. This is possible only for ¢ = 1 or 2 when u; = por usg = u; +1
respectively. For S, < 0 a stable fixed point arises for ¢t + 1 = p and A,2 < A,q. It is then
necessary to take ¢ = 1, u; = 1 and m; > 4. For ¢ = 1, u; = p, so that only =, is non zero,

N —4 B (N —4)(4 - M) (7.35)
128, - N+4 8N+ (N —16)M, + 16’ ‘
so that this positive for M, = 1,2,3 which may be realised when p = 2 for
mip =1, me=2,3. If =2, us =u; + 1 then
N —4 4 — My)(4 — M-
( 1) 2) (7.36)

128, — N+4  16M, — 8My — MM, — 16

and for positivity we may take My < 4, My > 4. For p = 2 and m; = 1, me = 2,3 this
is negative in accord with the result that there should be just one stable fixed point. It is
easy to verify that these results are in accord with (7.20) when m; = 1, mg = 2.

8 Conclusion

Finding fixed points in the e-expansion is hardly terra incognita, nevertheless there is as yet
no mappa mundi. At one level this amounts to determining quartic, or cubic or sextic, poly-
nomials in A/ variables invariant under all possible subgroups of O(N'). Nevertheless under-
standing RG flows between different fixed points depends to a large extent on constructing
an a-function which decreases monotonically under RG flow. Here we considered just the
lowest order expression although this can be extended, at least perturbatively, to higher or-
ders. The discussions here suggest that fixed points are stable against RG flow to othe fixed
points near a bifurcation point. However the RG flow may also lead to a decreasing indef-
initely, leading in unitary theories to a trivial IR limit such as when all fields are massive.
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A Bifurcations of fixed points in 6 — € dimensions

The discussion of fixed points for the O(NN) theory may be extended to higher orders using
results for the two and three loop S-functions. To three loop order the fixed points as
functions of N are determined by solving

1
f@)+ @ folz) + ¢ f3(x) =0, ¢*fy(x) + g" fea(a) = 3¢ (A.1)
with fg(x), f(x) defined in (4.8), (4.9) and from the two and three loop S-functions

1
fo(x) = —= (=262 + 7822 + 2202+ 18) N + (972" — 62° — 1572% — 90z — 134)z) ,

~ 108
1
o(2) = ——— (1122 — 1322+ 86) N — 132* + 242> 4 62822 + 360z + 536) ,
g 432
fa(z) = 101 ((—11852° +169742” — 59542z + 41544) N

+(—98842° — 10752z +2188302° — 2440822 + 1094562 +51336) N (A.2)
+(522252° — 168062° — 4980z — 488882 — 1792402 — 9000z — 125680)z)

1
+ E((—12m3+23x2 +66x —22)N + 725 + 625 — 122" — 243 + 822 —36$—4)$<3.

To this order finding fixed points is equivalent to solving

f: J: fa() f,
f@) +eFo(x) +° Fy(x) =0,  Fh(r) = 2;58) . Py(r) = 42((?)2 - Qi”?g(f)gx) .
(A.3)
For a fixed point the e-expansion
Ty =X1+X2€ + X3 g2 + 0(63) , f(l‘l) =0, (A4)
is then given by
. Fz(xl)
T2 = — f/(xl) ) (A5)
and
1 / 1 " 2
8= ) <F3(931) + I3 (21) 22 + 5/ (1) ) : (A.6)

The e-expansion breaks down when two fixed points collide since then f’(z1) — 0.
If z,4+ are fixed points which coincide when N — N then near the bifurcation point
Ty + x4 is regular but for the difference the e-expansion may be modified to the form

Ty — Tu o DT (G(N) 4 dy (N) € + da(N) 2) 2, (A.7)
d(N)
where
1
d(N) = 5o (5N? — 5196 N? + 4848 N + 464), (A.8)

— 54 —



is the discriminant for the cubic f(z), for d(N) > 0 there are three real roots. When
x14+ — 21— for N — Nj then d(N7) =0 and f'(z14) ~ —f'(z1—) — 0. By comparing with
the e-expansion

o4 — Xy T34 — T3— dl(N)Q
di(N) = 2d(N)h, dy(N) = 2d(N) 5611 —r T 1a)

(A.9)

Crucially dy(N), da(N) are finite as N — N, although the two terms in dao(N) separately
have poles. Hence

Neit = N1+ Noe + N3e? + 0(e?), d(N,) =0, (A.10)
where

Ny = —dl(Nl)/d,(Nl) , N3=— (dQ(Nl) + dll(Nl) Ny + %d”(Nl) N22> /d/(Nl) . (All)

For the three roots of d(N) = 0 the above formalism gives

Nerit = 1038.266 — 609.840 ¢ — 364.173 2,
Nerie = 1.021453 + 0.0325306 € — 0.0016301 €2,
Nerit = —0.0875026 + 0.3472646 £ — 0.8827372 2. (A.12)

The results agree precisely with [23]. Correspondingly, extending (4.10),

Trerit = 8.74532 — 0.125786 € + 0.93833 2,
Trerit = 1.103394 + 0.0676068 £ — 0.022110 2,
Tuerit = —0.24872 + 0.70563 2 — 1.60777 2. (A.13)

B Alternative fixed points in 4 — ¢ dimensions

We here discuss perturbations of the O(NN) theory by operators i(deij(bi(;Sj with d;; sym-
metric and traceless. At the O(N) fixed point this is not relevant but we find new fixed
points by considering a potential

1 1 i1 i i
V(8) = SAD? + {902 did' )+ h(dyo'6))? (B.1)
where d;; satisfies (4.2) to ensure a closed RG flow. The one loop S-functions are then

Br= €A+ (N+8)A+(N+16)g> +4(A+h+bg)h,
By=—eg+ (N+16) g\ +h)+8bg? +6bh* +2b(A\+bg)h,
Bp=—ch+ (N+4+8b%)h%+ (N +16)g* + 12 \h + 28 b gh. (B.2)

A simpler form is obtained by taking b = a — 1/a with a = /-, N = m +n and defining

2 1 1
g1=A+20g+0a’h, gszx\—ang@h, g2 = A+ (a—> g—nh, (B.3)

«
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and with ¢ = d4 ¢, 1) = d_¢, using definitions in (4.30),

1 1 1
V(9) = g0 (¢")" + 593 ()" + L 92097, (B.4)
and the lowest order [-functions become
By = —eg1+ (m+8)gr° +ngs,
Bgs = —€ g3+ (n+8) g +mgs,
By =—cg2+ (m+2) g1+ (n+2)g3)g2 + 495 . (B.5)

Positivity of V requires g1, g3 > 0 and g1g93 > g#. The theory described by (B.4) was
considered previously in [76]. Two and three loop results for anomalous dimensions and
[-functions are given in an ancillary file.

Under RG flow the h coupling plays the crucial role in obtaining IR fixed points. This
term may be expressed in terms of a symmetric traceless 4-tensor by writing (dijqﬁigbj )2 =
diji i ordr + ﬁ ¢*dij¢'d! + NLH (¢%)? and where d;jr1¢id;drér becomes relevant for
N > 4. Manifestly for go = 0 there are two decoupled theories with O(m) and O(n)
symmetry and, apart from the Gaussian fixed point, there are fixed points with (g1, g3«) =

(m#JrS, 0)e, (0, n%rS)e, (m#Jr87 n%rg)a. The eigenvalues of the stability matrix are in each case
(1, —1, —miw)s, (1, -1, —niw)s and (1, 1, %)a The last case is then stable

form=1n>10,m=2,n>7 m=3,n>5 m=4,n >4 and also with m < n. For
these fixed points the anomalous dimension matrix (v)i; is no longer proportional to the
unit matrix but has two eigenvalues, either zero or 7, v, for the O(m), O(n) symmetric
theories.

For go # 0 there is the O(N) symmetric fixed point with g1, = gox = g3+« = ﬁ ¢ for
which the stability matrix eigenvalues are (1, NLJFS, %)5 so that this is unstable for NV > 4.
Finding other fixed points with g non zero, realising a coupled theory with O(m) x O(n)
symmetry, is more involved. For n = m there is a symmetry ¢ <+ 1 and it is easy to see by
requiring 4, — B4, = 0 that we must take g1 = g3 or g1 + g3 = ﬁ e. For the latter there
are no real fixed points for m > 1. For the former we may recover the O(N), N = 2m,
fixed point or g14 = g3+« = me, Jox = %5. The stability matrix eigenvalues

8(m—=1)  (m—=2)(m—4)
m2+8 7 m2+8

anomalous dimension matrix has a single eigenvalue, to lowest order 4 =

)5, where m = 3 is stable. For this case the
m(m?—3m+8) 2
s(m218)2 ¢
This fixed point coincides with the decoupled fixed point with O(m)xO(m) symmetry when

for this case are then (1,

m = 4. For m = n the stable fixed points are then the O(2m) symmetric case for m < 2,
the coupled O(m) x O(m) fixed point for 2 < m < 4 and the decoupled one for m > 4.

For gy # 0 and m # n finding fixed points is simplified by letting = g1 /g2, y = g3/ 92
and then it is sufficient to solve

(m+2)z—-6y+4)y=m, (n+2)y—6z+4)z=n. (B.6)
The couplings at a go non zero fixed point to O(e) are given by

g =¢/(A+ (Mm+2)z+ (n+2)y), g1 =Tgoe, g3¢ = YGor - (B.7)
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The O(N) solution corresponds to x = y = 1. Defining
p=(m+2)(n+2)—36, (B.8)

then for p small there is a solution

4 m(n + 2) 3n 4 n(m + 2) 3m
~—— — — ~—— — — B.
* p(n+8) 4m+8) 2(n+8)’ 4 p(m+8) 4n+8) 2(m+8)’ (B-9)
giving
gon ~ — s g1 = ———= e+ O(h), g3 =-——e+0(h). (B.10)

4(m+8)(n+8)8’ m+8 n+8

As p — 0 this coincides with the decoupled O(m) x O(n) fixed point. Besides x = y =
1 (B.6) has three solutions, for m,n > 1 two are complex conjugates, one is real and

matches with (B.9) as p — 0. For m — 0, z — —ni—”w, y — —3(’%_7_3126) and similarly for
m ¢ n, x « y. For m,n large * ~ a, y ~ 1/a where 3a® + a® + (a+3) = 0 giving

—%>a>—3f0r0<%<ooanda:—l for n = m.

At higher orders the critical point where the decoupled and coupled theories is shifted
from p = 0. Imposing the requirement that one of the eigenvalues of the stability matrix
in the decoupled theory vanishes gives

72(746¢3) o

Perit = —48 ¢ + 8(1 4 3G3)e + P T (B.11)
or in the symmetric case n = m
1 2
Meit =4 —4e+ 5(1 + 7(3)5 . (B12)

The same condition ensures go = 0 in the coupled theory.

C Bounds for tensor products

The tensorial relation (5.2) necessary at lowest order for a simple two coupling renormal-
isable theory in four dimensions introduces two parameters a,b. Here we demonstrate the
inequality (5.3) valid so long as d;ji; are real. To this end we consider the decomposition
of the rank six tensor d;j;xp diymnp into irreducible components.

A symmetric traceless tensor may be defined by

9b 3a
Sijktmn = d(ijklp Qmn)p — NT8 (i Aiimn) — N1 O35 Okl O - (C.1)

Using (5.59) and (5.61) this has the norm

(N +2)(N —2)(N+14)  18(N +2)
(N-D(N+4) 7 N+s

1
Sijklmn Sijklmn = ZO N(N + 2)0,(

-9 e“hu> )
(C.2)
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A mixed symmetry tensor corresponding to a [4,2] Young tableaux is given by

Mijklmn = dij(k|p dlmn)p - di(kl\p dmn)jp
b

+ N3 (635 ditmn — Gi(k dimny; — 050k Dimn)i + Okt i)
a 5 “
+ ﬁ(% Skt Smm) — Ok Otm Onj) — N 1€ Wik Omn) s (C.3)

satistying Mijkimn = M (i) (kimn)» Mi(jkimn) = 0 and traceless on contraction of any pair of
indices. The norm is then

5 N—-2 2(N+2 N —16
Mijktimn Mijkimn = 48N(N+2)a<(N+2)N_1a— (N_2)b2+ N e“hu>. (C.4)

From (5.62) ae*h, = e*e’a’y, > 0. Setting the w tensor contributions to zero positivity for
N > 2is equivalent to (5.3). For N = 3 M;jxim, = 0 and we must take e“h, = 0 so that a =
4b% then. For N < 16 the w-tensor contributions ensure a more stringent bound on v?/a.

The 8 index tensor formed from two d;;z; may also be decomposed into representations
of O(N). The mixed symmetry [4, 4] representation gives the bound a < 1562 in the absence
of w-tensor contributions when N = 4.

As an illustration of similar constraints we consider a similar discussion for a three
index symmetric traceless tensor d;j; which may define a single coupling renormalisable
theory in six dimensions if at one loop order it satisfies [24, 77]

iy djry = by, >0, Aitm Ajmn dknt = B diji, - (C.5)
In this case analogous symmetric traceless and mixed symmetry tensors are formed by
2a
Sijkt = d(ijim Artym — N2 d(ij Okl) »
@
Mijkr = dijm diim — diijgm djyim + 37— (845 Ok1 — Sk 501 » (C.6)
where M(ijkl) =0, M;jrr = M1 = 0. Positivity of Sijr Sijri, Mijri Mijr gives
N -2 N -2
- a< g — C.7
I IR e S

where the lower and upper bounds require S;ji; = 0 and M;;i; = 0 respectively. At two
loop order it is necessary that

ditm djnp irs dipyr dmps =7 dijk s (08)
where

N?—10N — 16 , Mo 0 = _ N?*—4N+5
2(N—|—2)2 a, ijkl — Y= (N—1)2

Identities similar to (C.8) are required at higher order for graphs of new topology, the

Sijkt =0 = y=~— o?. (C.9)

coefficients may be calculated for the two limiting cases in a similar fashion [78]. M;jx = 0
is realised by taking d;;r, = >, ef*e; e when oo = %—j& , 8= %—ﬁ The case Sjjr; = 0, with
additional assumptions, reduces to the Fy family considered in [79] where N = 5,8, 14, 26.
Other solutions with a single tensor d;j, satisfying (C.5), (C.8) and the various higher

order extensions, are provided by the invariant symmetric tensors for SU(n), N = n? — 1.
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D Perturbations at the hypertetrahedral fixed point

We here analyse the scaling dimensions for ¢* operators at the stable fixed point obtained
by taking dijk@iqﬁj(ﬁkd)l to be given by (5.48) and assuming N > 5. It is convenient
to define ¢% = ef¢;, 0% = e20;, « = 1,...,N + 1, with e/ satisfying (5.47) so that
Yoa @ =>.,0%=0. Using (5.53) the anomalous dimensions to O(e) at the stable fixed
point for NV > 5 are determined by the eigenvalues of the operator

1

Deg—
“3(N +3)

1 1 o o Y
<2¢282+(¢-8)2—¢-8+2(N+1)za:q5qﬁ aa). (D.1)

Under the action of the symmetry group Sy ¢* operators can be decomposed into
tensors Vo810 yaby yeB o £ g £~y £ § where S, VAP = 3 Vb = Syl =
0 for each index, forming irreducible representations under permutations of the indices.
Besides ¢? = o @90 two Sy singlets are relevant

¢ =%, ¢t =) "¢ e (D2)
We first define

VR = g P10 4 Py 676
el
(N—3)(N1—4)(N—5)(
N—2)(N—3)3(N—4)(N—5)(

+ 2P 0% P +27P12 0% 6" — ¢ Ps % ¢°)

_l’_

6Ps "¢ —3¢° Pag™ ¢ —2¢° Py ¢®) (D.3)

¢p*¢? —2¢"), dim 2—14(N+1)N(N—1)(N—6),

+
(
where P, denotes a sum over the n permutations of «, 3, v, d necessary for overall symmetry
of the relevant term. This satisfies

4
DY — o~ yabyd D.4
*N+3 (D4)

For the three index case there is a symmetric tensor
VeT = Py 979877
1
+ N_3 (2 P3¢ P8P + 2Pg "¢ ¢" — P3 ¢ ¢a¢ﬂ)
T
(N —=2)(N—-3)
3

+(N_1)(N_2)(N_3)((¢2)2—2¢4), dim é(N+1)N(N—4), (D.5)

_l’_

6P3 6% "9 — 3¢° Py 6%9" — 2¢° Py ¢”)

where P, now symmetrises over «, 3,7 and

N+7
DV = Ty, D.6
S TE3WN+3) S (D6)
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a&y’ VJ\OJI'YB )

In addition there are mixed symmetry tensors (VM , determined by

Vil = (¢°¢°¢" — 4¢P ") ¢ (D.7)
+N«ww—wwwwﬂwﬂ¢ —¢P)97) + 5 (0796 0" — 6°6°6°¢”)
+N@im«www—MWWMW%N—MW—MM%WHw%w—M»

with an overall dimension (N + 1)(N — 1)(N — 3) and

DV = m e (D.8)

In the two index case

VPP = 676760 + 6776/

1 2
Ty g (070700 + 67070°67) = 626" + 07) — Gy ¢
VP = 4¢P ¢
1 (O PP PN BB BB 2 0 55 1 2\2 4
+Nfﬂ¢¢¢¢+¢¢¢¢ ¢@¢+¢¢»+NW—Uw> ¢*),
= 707" + 7 6° (670" + ¢7¢) — (%)%, (D.9)

NN 1)
where each have dimension (N +1)(N —2), and

VEY = 000000 — 676000+ (67— 67), dim IN(N-1). (D0)

N +1
For these
Vf‘Z . 3(N+3) —6 6 Vf‘Z
D Pl = -4  2(N+5 0 S
I R Ty (N +5) ey
I’A 2(N +1) 0 2(N +38) I’A
DV =evyP. (D.11)
In addition
o oo 4 a:2aa_ 2 a:3a
Uf = 0%0%0%0% — s 61, US = R %0n - S (P, Up =o',
Uy 1 6(N+1) 6 0 Uy
D|US | = 5m 4N+1)3(N+5) —4 us |, (D.12)
Usg 3(N+1) 0 3(N +3) Usg
where Up*, US',Us' each have dimension NV, and there are also two singlets
4 1 N+1 4
p( 2, )=e Lt _(6WVHFD 6 °) (D.13)
(¢%) 3(N+3) \4(N+1) 4N +4) (¢*)
For each perturbation then for K = A — d to lowest order /e is given for each case
. N-1 _2(N+1)  2(N-2) N+5 1
in turn by —{73, — 33130 “a(NTE) AN 6(N+3)( 3— N £ VN?2+22N +25), 0,

2
— 53 sevry (BN +H9EVONZ + 6N +33) and 1, 5375

tations listed above add up to 5;N(N + 1)(N + 2)(N + 3) as expected.

The dimensions of the represen-
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E Cr for scalar theories

For a CFT obtained at an RG fixed point a crucial observable is Cp, the coefficient of
the energy momentum tensor two point function. In even dimensions this is related to
particular contributions to the anomaly under Weyl recalling of the metric for a curved
space background. For interacting theories the leading contributions to the anomaly have
been calculated in both four and six dimensions as well as Cp directly in both cases.
Higher order terms in the perturbation expansion have not so far been determined. Here
we consider some constraints obtained by matching the perturbation expansion with O(N)
results for large N in any dimension. A similar argument is described in [80].

In four dimensions for a potential as in (3.1) then the general form for Cp to four loops

is given by, after rescaling the coupling \;jx — 1672 Aijki, has the form

Cr 5

Croe 36 NijkiNijkl + 0 NI A klmn Amnij » (E.1)
scalar

where C7 gcalar is the result for a single free scalar and the four loop coefficient v has not
been obtained directly. For the O(N) symmetric theory given by (5.1) with ¢ = 0, so that
Nijkl = A(éijékl + 5ik5jl + (5il(5jk)> then (E.1) becomes

Cr

:N(l—5(N+2))\2+a(N+2)(N+8))\3>. (E.2)
CT,scalar 12
At the fixed point in 4 — ¢ dimensions to O(g?), which follows from 3y in (5.9) and (5.23).

1 €+33N+14€2
N +8 (N+38)3 7

*

(E.3)

which gives

Or 5 N+2 , H(N+2)(3N+14) 4 N+2
S S B YTL 3) . (B4
( RNtR2° 2 (N+sr - TYNaseEt (E4)

CT,scalar

The leading O(N?) contributions for large N in [81-83] C7r/Crscalar = N — %52 — %53,

determine

7

R E.5
TG (E.5)
The result for N =1 then gives
Cr 5 o 233 4
o=l T 108 E.6
CT,scalar 324 c 81 x 108 c ( )

in accord with [84, 85]. In an ancillary file we include results for the central charge for the
theories of section 5.

A similar approach may be adopted in six dimensions. In this case a renormalisable
scalar theory, for N’ component ¢;, with interaction %)\ijkqbigbﬂﬁk the general form for Cr
to three loops in perturbation theory is given by, after rescaling A;jx — (47r)% Aijk>

Cr

7
——— =N — == Nijidijk + @ X Nitm A jin Aemn + B XijkNiji Amnk Amnt (E.7)
CT,scalar 72
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where two three loop contributions are possible. For the O(N) model with potential as
in (4.1) with h =0 ¢; — (0,9;), N = N + 1 and the coupling is determined by Aggg =
)\, )\ijg = géij. This gives

Cr 7 2 2
——— =N+1—-—BNg"+ A
CT,scalar 72 ( g )
+a (Ng*(3g+4A) + A1) + B ((Ng? + A\*)* + 4Ng?) . (E.8)
This theory has a fixed point for large N with g2 ~ %(1 + % — %E)E and \2 ~ % e. In

the large N limit to leading order in 1/N corrections

CT 7 23 2 3
— =N+1—- — . E.
CT,scalar * 4 =t 288 = 0(5 ) ( 9)

This would require 6*3 = % but « is undetermined.
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