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An introduction to calculations with color symmetry 
is provided for non-experts; we proceed mainly by 
giving examples. The observability of color symmetry, 
even though only colorless states might exist, is 
emphasized. 
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I. INTRODUCTION 

It seems rather likely that for some time to come the most fruitful 

view of hadrons will be as composites of colored quarks and gluons. While the 

theory of Quantum Chromodynamics (QCD) is still developing, it is already stan­

dard to find "color factors", factors due to the presence of this internal sym­

metry, quoted in many amplitudes of interest. Indeed, color is most directly 

observable in terms of the effect of these color factors on transition rates. 

While there is nothing particularly new or mysterious about calculating 

the color factors - it is, in the standard theory, an exercise in conventional 

SU ( 3) some care is required to get it right. There are few places where an 

uninitiated reader can go to learn easily the necessary techniques. Consequently, 

it was thought that it would be useful to include an introductory pedagogical 

treatment as part of the present book, and that is the purpose of this chapter. 

Other introductory aspects such as the history and the main tests of 

color are well covered in other chapters or in references given there, so we will 

concentrate on calculational techniques. A few other sources are mentioned in 

references below. References to the original literature should be traced from 

other chapters and from the reviews mentioned. 

Fir�t some introduction to the formalism is given in Section II. Then 

in Section III a number of examples are analyzed, some with simple arguments and 

some with formal manipulations. We will concentrate on the standard theory, where 

color is an unbroken symmetry and hadrons are only in color singlet states ; 

other views and ways to distinguish them are well covered in the articles by 

Chanowitz and Greenberg in this volume, and by Greenberg and Nelson. Finally, in 

Section IV some further remarks are given about the observability of color. It is 

worth emphasizing again that the purpose of the present notes is to give an ele­

mentary but fairly complete, pedagogical, introduction to the use of color sym­

metry in quark physics. 

II. FORMALISM 

We assume that quarks come in a triplet representation of an unbroken 

SU ( 3) color symmetry, and that they interact by exchange of an octet of colored 

gluons. That there are 3 colors and the symmetry is SU ( 3) is the standard choice 

to have three quarks in a baryon, and have them in the totally antisymmetric 

state required by statistics, and in a color singlet state. We will label the 

quark colors, as r, g, b (for red, green, blue). The gluons can change quark 

color, so a r quark can absorb or omit a gluon and become a g quark, etc 
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Some color factors can just be written down, as we will see, but for 
some calculations we need the Gell-Mann SU(3) A matrices, so let us recall their 
properties ; it is probably worthwhile to give essentially a self-contained 
treatment. They are just the generalization to SU(3) of the Pauli matrices for 
spin or isospin. Let us think in terms of isospin, with matrices 

and commutation relations [Ti T. ] 
- • __J_ 

2 2 

T2 =(: -�) • 

Combining the commutation relations with the anticommutator 

one has the useful relation 

·r. T' 1 J 

(I) 

(2) 

(3) 

(4)  

Most o f  the useful properties o f  the A matrices can b e  deduced from 
the commutation relations and simple arguments based on the isospin analogy. We 
have : 

( ;. �] i fijk 
>.k 

2 
(5) 

and {\•Aj} 2 dijk \ + i 6 • •  

3 1J (6) 

The second term i n  ( 6) has a 3 x 3 unit matrix factor understood. Combining these 
we find one useful relation analogous to (4), 

� f 2 
• ijk Ak + dijk Ak + -:;- 0ij 

Many complicated expressions with A matrices can be handled using this equation. 
The numbers fijk and dijk are the standard SU(3) constants, available in many 
textbooks. Just as for isospin, at a quark-gluon vertex there is a factor due to 
color 1 

Aab 
2 
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where a ,  b are quark color labels , a ,  b = r ,  g ,  b or a ,  b = I, 2, 3 .  
When calculating color factors we expect only internal gluons , whose color "pola­

rization" is sulllll1ed over . Therefore we will find factors such as 

i i 
E Aab \d 
i 

which need to be evaluated . The appropriate identity i s  

i i 
A \d E ab 

i 2 2 
6 6 _.!._6 6 

2 ad be 6 ab cd ( 7 )  

To check that this is correct ,  note the following. We can wri te down 

a few >- ' s  by analogy with isospin . We can take 

" - (; : :) 
merely the Pauli matrices with a third row and column , s till traceless and her­

mitian . Since 

then for i I, 2, 3 

In particular , note Tr>-� = 2 for i = I ,  2, 3 and so Tr\? = 2 for any l l 
One more A is obvious , the one which is diagonal in isospin , usually called \8 

Since it has unity in the I I  and 22 positions and is traceless and normalized 
2 

with Tr\8 = , i t  is  

product ,  
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Now , to check eqn . (7) , we can (i) put b 

(i i )  put d 

c and sum, giving the matrix 

a and sum, giving the trace. 



Since each term gives 2 and there are 8 terms we get 1 6 ,  divided by 4 for the two 

factors of 1 / 2. The right hand side gives 

as expec ted .  

If we 

0 0 aa cc 

put a 

ti on so we get 

4 �c"�s 1 

and 

b 

4 

6 
0 0 ) = ac ac ( 3 )  ( 3 )  - ( 3 )  

2 6 

9 

2 

c = d 3 , all  but >-8 have a zero 

(�) 3 

2 6 3 2 

2 

in 

A third check is to take a = c = b d = 2 • Then (>-:2) = I 

4 

the 33 posi-

and 

("�2r - 1  s o  both sides should give zero . These three independent checks 

establish the identity of eqn . (7)  s ince there are only three ways to combine the 

indices . 

Final ly, we assume that hadrons are color singlet states . To have nor­

mal ized wave functions , then , a meson is represented by 

(8) 

and a baryon by 

(9)  

Now we proceed to various physical manifes tations of color symmetry . 

III. EXAMPLES 

First ,  we can write the electromagnetic current as 

JEM = 3_ (� u + � u + � �) - _!_ (d d + d d + dbdb) + • • •  (IO) µ 3 r r g g b 
3 

r r g g 

where the dots are simi lar contributions for other flavors s ,  c ,  etc . . .  The nor­

malization of each term is required by the c��rge of each quark . 
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Now ler us calculate the ratio 

The transi tion is through an intermediate photon . 

It has been shown that the total rate to hadrons can be calculated as 

if there were a transition to free quarks (which then turn into hadrons). Then 

y -+ qq and 
q 

"- l:  -Y� y 
color:- �� 

sc will all colors contributing equally we get a factor of N c 

He can see the same result and practice with the formalism. The photon 

-quark vertex for quark colors a, b is given by cab 
wave function is  car,J/3 so 

and the color singlet 

so the cross section is larger by M2 "' 3 • If there had been Nc colors this 

would become M "' IN;; , a "' Nc so F gives a direct measurement of the 

numbers of colors as well  as the presence of such a symmetry . 

Next let us consider the Drell-Yan process, where a qq pair from 

two interacting hadrons annihilate to a lepton pair via an intermediate photon . 

Again, we are only considering the color factor , which here is expected to be 

1 / 3 .  More extensive discussion can be found in the chapter by Quigg . Let us 

derive this factor a couple of ways. 

Consider color singlet mesons, (rr + gg + bb)//3 . Then when blue 

quarks annihilate we have 

with the circled quarks annihilating . For green quarks ,  similarly , the contribu­

tion is  

The remaining quarks are blue in one case �nd green in the second , so they do not 

interfere. Consequently , we square before adding . The amplitude for each color is 

l / 3 ,  so the rate for each color is 1 /9  , so the total rate has 

1/9 + 1/9 + 1/9 = 1 / 3  , an overall factor of 1 / 3  from color . 
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We can also view the Drell-Yan process in terws of the conventional 
formalism. Ignoring color we would write the proton structure function 

F
ep

(x) 
2 

x [� (u (x) + u (x)) + -} (d (x) + d (x)) +-} (s (x) + s (x)) 1 
where u (x) , etc • • •  is the distribution of u quarks with a fraction x of 
the proton momentum in the scaling region .. Including color we would instead 
write 

and 

F
ep

(x) 
2 

uc (x) u (x)/3 c = r, g, b 

since the measured u (x) summed over color. 

For other color models the last equation might not hold, with possibly a varia­
tion depending on x or q2 • The Drell-Yan rate depends on the product of 

structure functions from each hadron, and the annihilation is due to one pair of 
colored quarks, so a factor l/N� comes into the rate. However, there are Ne 

more pairs than without color, so the final factor is I/Ne as above. 

Now we turn to calculating color factors for several processes where 
it is most convenient to use the formalism of SU (3) A matrices summarized above. 

First consider qq scattering by single octet gluon exchange. Consider 

the diagram 

b 

• d 

i i 
M � A A 4 l ab cd 

Each vertex has a factor Ai/2, and the virtual gluon color state is summed. The 

initial and final states can be thought of as having the quarks cooe from diffe­
rent hadrons, perhaps to undergo a hard scattering to large p� • Then the cross 
section is 

= (±)(�) l: 
abed 

Since the SU(3) matrices are hermition, 
final quark colors and averaged (giving 

.. 
AJ 

ab 
1/3 

-- ) ' , and we have summed over all 
ba 

for ,each initial quark) over all 
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initial quark colors . Since the initial quarks are in color s inglet hadrons the 
probab i l i ty of f i�ding a qua�k of given color i s  1/3 c�(oaJ13)(oa,J13)=1/3oaa 
for mesons , �

c
( /6 Eabc ) ( /6 Ea ' bc) = l/3oaa , , for baryons ) , so in averaging 

over the initial s tate we have a fac tor 1/3 for each quark it is l ike spin 
s tates wi th an unpo lari zed beam i f  we s tart with color s inglet hadrons . Us ing 
eqn . 7 ,  we get 

a = I 
9 

E (_!_o o � o )( I o o - � o ) 
abed 2 ad cb 

-
6 ab cd 2 be ad 6 ad c d 

10 I I I ) - -(3) (3) -- (3) - - (3) + - (3) (3) 
9 b. 12 12 36 

2 
9 

For a phy s i cal s i tuation the relevant calculation i s  more comp l icated 
(see Feynman and Field for more d i scuss ion) . One mus t  add the cros sed diagram 
where quark b comes from the lower vertex . The s i ze of the interference term 
depends on the s cattering ang l e ,  and is different for different color symmetries . 
For a given phy s i cal process  one must add the relevant diagrams wi th spin and 
color fac tors , and expl ici tl y  calculate the cross section . 

Next , let us examine the effect of color on several decay rates . We 
ignore changes due to electromagnetic and strong coupl ing strengths . In all  cases 
when we speak of the effect of the color factor , it should always be interpreted 
as meaning a comparison of processes , such as the effec t relat ive to pos i t ronium 
or of two different final states . 

a) Cons ider the expected rate for the charmonium state nc � 2y , as 
shown , wi th color labe ls in parentheses , 

(a)=r=y 

(e) 

c (b) y 

Formally,  the matrix element has (oab/13) for the initial wave func t ion, and 
eae , obe at the quark-y vert i ces . Then 

so the rate is enhanced a factor of 3 by color (compared to the analogous rate 
for parapo s i tronium) . 

1 6  



b) Next cons ider TI0 + 2y . Here , as reviewed in detail  by Chanowitz , 
it i s  we ll known that the expected enhancement due to color i s  3 in amp l itude , 
9 in rate . But what is different from nc + 2y j ust above ? It is the role of 
PCAC and the triang le anomaly that is d i fferent. The TI0 case i s  viewed not as 
a quark annihilation but as 

shown here , where the couples to the divergence of the axial current , and 
three currents are coupled to the quark loop . The coupl ing of n° to aµAµ i s  
v i a  the measured decay factor fn , which then effectively includes the color 
wave function norma l ization . The coupl ing of the axial current and two vector 
currents to the quark loop i s  norma l i zed by the currents . Clearly with three 
colors there are three loops and the ampl itude is enhanced by 3.,  the rate 

. by 9 .  

Compari son of (a) and (b) i l lustrates nice ly that one must pay some 
attention to the detailed dynamica l  s ituation when working out color factors . 

(c) Consider a hypothetical heavy quark b of charge - 1 /3 , coupled 
to the u quark in a weak i sospin doublet (Cahn and E l l is ) . The nonleptoni c 
decay of a bu meson state to sc would proceed via a direct channel interme­
diate vector boson W-, as shown 

::>-Y--< u s 

According to our rules we have 

so the rate is enhanced by 9 . If the bu meson decays into a lepton pair such 
as µvµ , there is no color factor for the final state and the enhancement is 3 

(the reverse of (e+e- +hadrons)) . 

(d) Alternative ly , cons ider the hypothetical bd meson going into uu . 
Then the W is a t-channel exchange , 
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b • u �\V-
d • I u 

and s ince the coupling at each vertex is j ust the Kronecher delta coupling of 
the current , the color factor is just unity in the rate. 

(e) Finally,  cons ider the QCD calculation for the total hadronic decay 
of nc , nc + 2 gluons . Since the two gluons are assumed to have uni t  probabi l i ty 
to become hadrons , it is sufficient to just calculate the annihi lation graph to 
two gluons. The amp l i tude for the f i gure shown for quark colors a, b ,  c and 
gluons i, j i s  

Now 

a 'V 

amp l i tude i s  

0 ac 

Tr !- ii- j 

4 L 
48 lJ 

given 

2 

by 

a -

r
i 

c _L __ ,.j 

2 

i s  zero i f  i "' and 2 

0 . . 8 • .  � 6 .. lJ lJ 12 1 11 

the sum of thi s proce s s  

i f  ' as shown above , so 

8 2 The compl ete 
12 3 

and the cros sed diagram. In this 
case s ince M 'V cij the two gluons are identical part icles  and the interference 
and counting of s tates is the same as for f inal photons . Thus we can take the 
QED patapos i tronium calculat ion and just  mul t iply by the color factor of 2 / 3  
(and redefine the coup l ing s trength) to g e t  the expected nc decay rate . For 
the three gluon annihilat ion of 1/! relative to orthoposi tronium it is more com­
plicated to show that the count ing i s  the same as for photons . 

( f )  Finally,  cons ider a heavy lepton decay . The expected mechani sm i s  
L-+ \\ + W  W + xy and one must sum over all pairs x, y that couple to the 
appropriate W Presumably one has x, y = µvµ , eve , cs , ud p lus any addi­
tional contributions from heavy quarks or leptons permitted by energy conserva­
tion . Since each color couples  to the current independent ly,  there is one contri­
bution from each lepton , plus _Ne from each quark pair. Thus the branching ratio to a 
s ingle channe l is expected to be l/(2+2Nc) if a l l  the above are allowed. For 
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the decay of the SPEAR heavy lepton presumably cs is not allowed by energy 

conservation, so 3 colors predict 1/(2+3) = 1/5 , as discussec by Chanowitz. 

Next we turn to some aspects of the influence of color on hadron spec­

troscopy. Some of these details are available in Jackson (1 976) but they are 

included here for completeness ; the connections to the original literature can 

also be traced from his lectures as well as the articles in this volume. 

If there were a coupling g0 in the absence of color, the single 

gluon exchange force gives an effective coupling g between q and q, for color 

singlet mesons, 

where the labeling is as shown. Notice 

i 

* . : �Cl)=���=-
the order of indices (think of q as q in the other direction). 

Then 

1 2  
g2 

0 
z 
ij 1 2  

g2 
0 

2 
12  

g2 
0 ij 

6 • .  lJ 

For vector, octet gluons this corresponds to an attractive force, giving binding 

for mesons. 

For the qqq system (a baryon) we have 

g2 

a CL: d 
b . e 
c� -·-t 

z 
abc 
def 

g2 
0 

24 

-g� 
24 

E
abc 

ij Id (g
o 

';d )�o 
��e) Edef 

2 /6 

i j l: � - A
ad

;\
be ab lJ 

de 

l: Z Ai ;\ j 
de ij ed de 

(1
ad

0
be 

-

24  

6 a e  
0

bd ) 
l: 
ij 

c cf 
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This also gives an attractive force , half the strength of the meson binding force 

Thus the electromagnetic coupling strength a in the photon exchange interaction 

gets replaced by (4/3) as for gluon exchange in a meson and (2/3) as for gluon 

exchange in a baryon. 

Another useful way to get this result is as fol lows (de Grand et al, 

1975) . Consider quark and antiquark bound together in a color singlet state 

[O> . Then we must have for any 

Taking a scalar product with 1' q , we have for this situation 

With numerical factors 1 /4  since 1' /2  goes at each vertex and 1 //3 for 

initial and final states, this gives -4/3 as before . For the baryon 

Taking scalar products with Aql , 1'q2 , i-q3 in turn and combining equations 

gives 

2 

or half of the meson result ,  giving the factor -2/3 from above . 

The qq interaction due to single gluon exchange is proportional to 

the scalar product 1-q.Aq . We change just seen that this gives an attractive 

force ( i . e . , a minus sign) for color singlet meson (and baryon) states. If 

we write 

and solve for Aq .Aq (following the common procedure with spin or isospin) we 

have 

In the color 

higher color 

the analogue 

20 

singlet state (i-q + 1-qy = 

states we would need to know 

of J2 = J(J+I) ' but it is 

0 and we have our result above. For 

the eigenvalue of ( Aq + \:jY , i . e .  

sufficient for our purposes to just 



note that (Aq + Aq)2 
is positive ,  so that forces mediated by color gluon 

exchange will always have the color s inglet states lying lowe s t .  Consequently, 

even if quarks and gluons were not confined it would make sense to have the 

observed hadrons in color s inglet states . 

Simi larly, cons ider a color singlet hadron and ask what is the force 

between it and another quark Q . We can write the interaction as 

M q�q AQ"\(q) 
in hadron 

and rearranging gives 

M L q , q  

But the quantity i n  parentheseswill vanish for a color singlet hadron, s o  the 

exis tence of only qq and qqq sys tems can perhaps be understood dynamically , in 

terms of the properties of the color gluon forces .  See Greenberg ' s  chapter for 

more discussion on this saturation question . 

Two other ways in which the color properties of the forces may affect 

dynamics are interesting . Firs t ,  s ince hadrons are to be taken as color singlets , 

and one can get a singlet from 3 ® 3 = I @ 8 or 3 ® (3 ® 3) = I + • . •  , the 

(3 ® 3) diquark in the baryon must transform as a 3 as far as color forces 

can tel l .  This may help clarify the dynamical role that diquark systems seem to 

play and the similarity of the Regge behavior of mesons and baryons . Second , it  

has been remarked (Nussinov, 1976)  that a dynamical symmetry property of the 

Pomeron may arise from color. If one builds the Pomeron from multigluon exchange , 

the possibility of odd charge conjugation (C) exchange naturally arises in the 

3-gluon contribution . But due to color this  odd C part of the exchange vanishes 

identically .  It is given by 

a k d 

b 

-----1 
e 

c f 

J. J ------
i J 

M "' l:  fijk \f 
A
be Aad 'abc 'def 

where the antisymmetric SU(3) numbers fijk proj ect out the odd c part of the 

gluon exchange and all indices are summed . Since i ,  j and e ,  f and b ,  c are 

all summed over we can interchange them i<+ j , c..._ b , e<-+ f . After doing so 

the three A ' s  are unchanged, and the quantity fijk'abc'def has had three sign 

changes , one from each of i ts totally antisymmetric pieces . Thus M � -M so M = 0. 
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IV. OBSERVABILITY OF COLOR 

To conclude we want to briefly emphasize  the ways in which the exis­
tence o f  a color symmetry may be observab le. Whil e  the elegance and richness of 
QCD may suffice to convince many theori s t s  of i t s  relevance or even truth,  one 
often hears -- particularily for the unbroken, "hidden" color symmetry -- ques­
tions about the meaning of having a new set of degrees of freedom that are not 
directly observable. Because s tates of non-zero color may exi s t ,  i s  color unob­
servable 

Of course no t .  We are fami l iar with procedures for observing non-abe­
l ian groups such as angular momentum or i sospin from selection rules and transi-
tion rates. If TI and N could only interact in I 3 /2 s tates we would learn 
it from the 9 / 1  ratio of elastic s cattering of n+p and n-p . Simi larly,  we 
have mentioned a number of observable consequences of color above (see especially 
Chanowitz ' s  article for addi tional examp l e s ) .  In addi t ion to the basic need to 
antisymrnetrize three quarks in a baryon, these include the pred icted factor of 
Ne increase in R = oT (e+e-) /o ( e+e- + µ+µ-), the factor of Ne decrease in the 
Drell-Yan cross sect ion , a number of changes in decay trans i t ion rates and bran­
ching ratio s , such as a factor N� in nonleptonic weak decays wi th s-channel 
intermediate vector bosons and no modification for t-channel ones . Other color 
dependent predictions are available for a number of processes involving photons , 
and for scaling violations in deep inelas tic v, e ,  µ react ions (see the 
Chanowitz review) . Many of these tes t both the presence of an internal symme try 
and the actual degree of symme try , the number of colors. In the near future both 
our experimental and our theoretical unders tanding of these tests will  become 
clear , and the experimental s tatus of color symme try will  be sett led by several 
independent measurements . 
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