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Abstract. We prove that all nice holomorphic vertex operator superalge-
bras (VOSAs) with central charge at most 24 and with non-trivial odd
part are unitary, apart from the hypothetical ones arising as fake copies
of the shorter moonshine VOSA or of the latter tensorized with a real
free fermion VOSA. Furthermore, excluding the ones with central charge
24 of glueing type III and with no real free fermion, we show that they
are all strongly graded-local. In particular, they naturally give rise to
holomorphic graded-local conformal nets. In total, we are able to prove
that 910 of the 969 nice holomorphic VOSAs with central charge 24 and
with non-trivial odd part are strongly graded-local, without counting hy-
pothetical fake copies of the shorter moonshine VOSA tensorized with a
real free fermion VOSA.
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1. Introduction

One of the motivations for working with the theory of vertex operator su-
peralgebras (VOSAs) is its role as purely algebraic axiomatization of chiral
conformal field theory (CFT). Indeed, a vertex operator can be interpreted
as one of the two chiral components, living on a light-ray, of a conformally
covariant two-dimensional quantum field. From a more mathematical point of
view, vertex operators are algebraic data deriving from a chiral CFT version of
a Wightman field theory [111], see, e.g. [82, Chapter 1] and [18,108]. Another
mathematical axiomatizations of chiral CFT is the so-called operator algebraic
approach via the Haag–Kastler axioms [3,67], producing graded-local confor-
mal nets of von Neumann algebras, see, e.g. [16,56] and references therein. In
[17], the authors show under which conditions a vertex operator algebra (VOA)
gives rise to a (local) conformal net and vice versa. This covers the chiral CFTs
of Bose-type only, as anticommutation relations are not taken into account.
In [13], this correspondence is generalized to involve VOSAs and graded-local
conformal nets, so that also Fermi models can be included. In particular, we
now know that it is possible to define in a natural way a graded-local con-
formal net from a VOSA if the latter satisfies two conditions: the unitarity,
which is the first step towards the strong graded locality. (The term “graded”
is omitted in the Bose cases for obvious reasons.) We stress that almost all
of known examples of graded-local conformal nets are obtained from unitary
VOSAs. Even more, while not all VOSAs are unitary, there are no examples of
unitary VOSAs which are known to not satisfy the strong graded locality. On
the one hand, von Neumann algebras act on Hilbert spaces and thus we cannot
expect to construct graded-local conformal nets from non-unitary VOSAs. On
the other hand, it is conjectured that all unitary VOSAs are strongly graded-
local. In support of this conjecture, many examples of unitary VOSAs have
been proved to be strongly graded-local, see [17, Section 8], [62, Section 5.3],
[13, Section 7], [19,20] and [11, Section 5].

Many interesting VOSA examples are strongly rational. This require-
ment asks for some technical properties on the VOSA, that is it must be
self-contragredient, of CFT type and regular (those properties imply also sim-
plicity, C2-cofiniteness and rationality). In particular, strongly rational VOSAs
have a finite number of irreducible modules, giving rise, in the local case, to
a modular tensor category [74,76,78–80]. A strongly rational VOA is said to
be completely unitary if it is strongly unitary, that is it is unitary together
with all its modules, and these unitary modules form a unitary modular ten-
sor category with a natural tensor structure determined in [59,60]. A list of
completely unitary VOAs with references is given in, e.g. [11, Table 1]. More-
over, VOSA extensions and their unitarity are well-described in this categorical
setting [11,64,77], cf. also [25,27].

The above framework is used in [11] to prove the unitarity and the strong
locality of strongly rational holomorphic VOAs with central charge c = 24. (A
different proof of the unitarity of these VOAs is given in [87].) Recall that
a nice (this is a technical condition whose definition we can ignore at this
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stage) or just strongly rational VOSA is said to be holomorphic if its unique
irreducible module is its adjoint module. In particular, holomorphic VOAs are
characterized by the fact that their central charge c must be a positive multiple
of 8, see [36,110,122]. In the case c = 8, the only model is the lattice VOA
deriving from the lattice E8 of rank 8, whereas in the case c = 16, there are
the two lattice VOAs coming from the two unimodular even positive-definite
lattices D16 and E8 × E8 of rank 16, see [36]. The case c = 24 is far more
difficult and still partially open. It started with the work of Schellekens [110],
stating that if any “meromorphic c = 24 CFT” admits spin-one currents, then
they generate a Kac–Moody algebra in a list of 70. In other words, it was
given the task of proving the existence of exactly 71 holomorphic c = 24 chiral
CFTs, associated with the corresponding Kac–Moody algebra, which may be
eventually also trivial. In the last three decades, using the natural formalism
of VOAs [36,116,117], this problem has been mostly solved by a case-by-case
analysis, see [89] (and [90]) for a review, and through uniform approaches
slightly later, see [71,86] and [72,100,101], see also [6,7,23,88]. Indeed, we
know that there exist exactly 70 strongly rational holomorphic VOAs with
central charge c = 24 and non-trivial weight-1 subspace. The remaining case
is covered by the famous moonshine VOA [53,98], whose uniqueness is still a
big open problem.

In the graded-local case, the central charge of a holomorphic VOSA can
take any value in 1

2Z>0. For example, the graded tensor product F l of l ∈ Z>0

copies of the real free fermion VOSA F is holomorphic with c = l
2 . In a recent

work [73], cf. [8,107], the nice holomorphic VOSAs with central charge c ≤ 24
and with non-trivial odd part where completely classified, up to the shorter
moonshine V B� uniqueness conjecture [69], stating that V B� is the unique
nice holomorphic VOSA with central charge c = 47

2 and vanishing weight-1
2

and weight-1 subspaces. (This is anyway implied by the moonshine uniqueness
conjecture in [53], see the discussion after [73, Theorem 8.3] for details.) Their
classification particularly relies on three ingredients, which we need to prove
our results. The first one is the Free-Fermion Splitting, stating that for all
c ∈ 1

2Z≥0 and all l ∈ Z≥0, the map V �→ V ⊗̂F l defines a bijection between
isomorphism classes of nice holomorphic VOSAs with central charge c and
with weight- 1

2 subspace of dimension k ∈ Z≥0 and isomorphism classes of nice
holomorphic VOSAs with central charge c + l

2 and with weight-1
2 subspace

of dimension k + l. This allows to reduce the classification problem to the
one of nice holomorphic VOSAs with central charge c = 24 only, see [73,
Section 8.5]. The second ingredient is the Neighbourhood Graph Method, which
states that the even part V0 of any nice holomorphic VOSA V with c = 24
and odd part V1 �= {0} is the fixed-point subalgebra of a strongly rational
holomorphic VOA U with the same central charge by an automorphism g of
order 2 and of type 0, which in turn gives rise to a (possibly isomorphic)
strongly rational holomorphic VOA Uorb(g) with the same central charge by
an orbifold construction [117]. The last one is a description of V , whenever
the weight-1 subspace V1 is non-trivial, as simple current extension of a dual
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pair (W,VK) of V0, where K is the associated lattice of V0 and W is the
coset subalgebra of the lattice subalgebra VK in V0. This last point allows to
organize nice holomorphic VOSAs with central charge c = 24 and with non-
trivial weight-1 subspace into three glueing types, depending on how the simple
currents of W ⊗ VK glue together to form U,Uorg(g) and V . Moreover, there
are two non-typical VOSAs of glueing type III: the shorter moonshine VOSA
tensorized with a real free fermion V B�⊗̂F and the odd moonshine VOSA
V O� [28,75], cf. [58,102]. Of course, they fall into the case where V1 = {0}
and the shorter moonshine uniqueness conjecture prevents us to have a full
classification result. To sum up, excluding hypothetical fake copies of V B�⊗̂F
(hypothetical fake copies of V O� can be ruled out, see [73, footnote 13] for
details), there are exactly 969 nice holomorphic VOSAs with central charge
c = 24 and with non-trivial odd part, see [73, Theorem 8.3].

There are two main results in the present paper: apart from hypothetical
fake copies of V B�, we prove the unitarity of all nice holomorphic VOSAs with
central charge at most 24 and with non-trivial odd part in Sect. 3.1 and their
strong graded locality, except for those with central charge 24 of glueing type
III and with trivial weight-1

2 subspace in Sect. 3.2.
The unitarity result is obtained first for the case c = 24 in Theorem

3.6 and then for the case c < 24 in Corollary 3.7 thanks to the Free-Fermion
Splitting recalled above. We briefly review the idea of the proof of the former.
Let V be a nice holomorphic VOSA with central charge c = 24 and with V1 �=
{0} �= V1. The key point is to prove the complete unitarity of the tensor product
W ⊗VK of the dual pair (W,VK) of V0, so that one can conclude the unitarity of
V by the results in [11,13] about the unitarity of VOSA extensions. We reach
this goal by passing through the complete unitarity of W . It is proved by
the remarkable result [65, Theorem 8.6], which implies the complete unitarity
of strongly unitary and strongly rational VOAs with pointed modular tensor
categories of modules, as it is the case for W . Therefore, we also prove the
strong unitarity of W thanks to: the unitarity of irreducible twisted modules
of lattice VOAs obtained from standard lifts of lattice isometries [87, Section
3.2]; a similar application of [65, Theorem 8.6, see Proposition 10.9] to the
complete unitarity of fixed-point subalgebras of holomorphic VOAs; other than
a crucial result [73, Theorem 8.2] used for the classification. The unitarity of
V O� is proved with similar tools, whereas the one of V B�⊗̂F was already
known from [13, Theorem 7.24].

As for the unitarity, the result about the strong graded locality is proved
first for the case c = 24 in Theorem 3.10 and then for the case c < 24 in
Corollary 3.11 thanks to the Free-Fermion Splitting. It is based on Proposition
3.8, where we prove the complete energy boundedness, the strong intertwining
property and the strong braiding for the unitary intertwining operators of the
tensor product E ⊗ X of a suitable dual pair (E,X) in V0. The first of them
implies the energy boundedness of V , which is a key property included in the
definition of strong graded locality. The last two properties can be understood
as a “piecewise” strong graded commutativity for the vertex operators of V ,
which is a simple current extension of E ⊗ X, see Lemma 2.39. These three
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fundamental properties are proved thanks to the fact that one of the factor,
say X, in the tensor product E ⊗ X is already known to satisfy those desired
properties, whereas the other one, that is E, forms a dual pair with a VOA X ′

(possibly equal to X), still known to satisfy those properties, in at least one
of the strongly rational holomorphic VOAs with c = 24, obtained from the
Neighbourhood Graph Method. The latter VOAs are proved to be strongly
local in [11, Theorem 5.5], and thus, we are allowed to use the big machinery
developed in [61,62], specifically in its part for coset models, see Theorem 2.41.
In total, without counting hypothetical fake copies of V B�⊗̂F , we are able to
prove that 910 of the 969 nice holomorphic VOSAs with central charge c = 24
and with non-trivial odd part are strongly graded-local, see [73, Table 9].

Various preliminaries are presented in Sect. 2. In Sect. 2.1, we recall the
basic properties of strongly rational VO(S)As and of their representation the-
ory. Then, we discuss the condition of complete unitarity for VOAs and its
implications for the unitary aspects of their representation theory. Finally, we
treat the unitarity of CFT-type VOSA extensions. In Sect. 2.2, which serves
Sect. 3.2 only, we recall the correspondence between VOSAs and graded-local
conformal nets from [13,17] and also some facts about the representation the-
ory of the latter. Furthermore, we recall the main results from [61,62] and we
use that setting to derive Lemma 2.39.

In conclusion, we end Sect. 3.2 conjecturing that all nice holomorphic
VOSAs with central charge c ≤ 24 are strongly graded-local. A further in-
teresting problem would be to determine which VOSAs show some kind of
unitary superconformal structures, which in turn will produce superconformal
nets, see [13, Section 7].

2. Preliminaries

2.1. Completely Unitary VOAs and VOSA Extensions

In the present section, we set the notation and we recall the basic definitions
and results which will be used throughout the paper. Useful, but not exhaus-
tive, references are: [82], see also [120], for the basic theory of vertex operator
superalgebras (VOSAs); [52,53,91] for the basic theory of vertex operator alge-
bras (VOAs) and their representation theory ; [2,33], [114, Section 2.1] for the
unitary theory for VOSAs and their modules. We will use the approach and
the notation as in [17, Section 4 and Section 5] and in [13, Section 3].

Let 0 and 1 be the two equivalence classes in the cyclic group of order
two Z2 := Z/2Z. For a VOSA V , we denote by V0 and V1 its even and odd
parts, respectively, that is the eigenspaces of eigenvalues 1 and −1 of a VOSA
automorphism ΓV such that Γ−1

V = ΓV , called the parity operator. We also
define the vector superspace automorphism ZV := (1 + i)−1(1V + iΓV ) of the
vector superspace V . A vector a ∈ V0 is said to be even with parity p(a) = 0,
whereas b ∈ V1 is said to be odd with parity p(b) = 1. The vacuum and the
conformal vectors of V are even vectors denoted by Ω and ν, respectively. For
any vector a ∈ V , we use Y (a, z) =

∑
n∈Z

a(n)z
−n−1 for its corresponding
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vertex operator ; in particular, we write Y (ν, z) =
∑

n∈Z
Lnz−n−2. Recall that

the set of operators Ln for all n ∈ Z gives rise to a representation of the
Virasoro algebra with a certain central charge c ∈ C on V , so that V is said to
be a VOSA with central charge c. As usual, we say that a ∈ V is a homogeneous
vector of conformal weight da ∈ 1

2Z if L0a = daa. Accordingly, Vn is the
eigenspace of L0 of eigenvalue n and we require the correct spin and statistics
connection for V , that is V0 =

⊕
n∈Z

Vn and V1 =
⊕

n∈Z− 1
2

Vn. Moreover,
homogeneous vectors are said to be primary if they are in the kernel of the
operator Ln for all n ∈ Z>0 and quasi-primary if they are in the kernel of L1.
Recall that Ω is primary of conformal weight 0, whereas ν is quasi-primary
(but if c = 0, then it is also primary) of conformal weight 2. We will use the
notation Y (a, z) =

∑
n∈Z−da

anz−n−da , where a is any homogeneous vector
and an := a(n+da−1).

Now we turn to the representation theory of VOSA, first recalling some
preliminary definitions. Let V be any VOSA. V is said to be simple if it has no
non-trivial ideals and of CFT type if V0 = CΩ and Vn = {0} for all n < 0. We
follow the notions of (irreducible) weak, admissible and ordinary twisted and
untwisted V -modules as appearing in e.g. [39, Section 2]; conformal weights and
homogeneous vectors for V -modules are equivalently defined. In this paper, V -
modules are meant to be ordinary and untwisted, unless differently specified.
For any vector a ∈ V and any V -module M , we use the symbol Y M (a, z) =∑

n∈Z
aM
(n)z

−n−1 for the corresponding vertex operator; in particular, we write
Y M (ν, z) =

∑
n∈Z

LM
n z−n−2. Then, V is said to be self-contragredient if it is

isomorphic to the contragredient module V ′ of its adjoint module, that is V
itself seen as V -module. Furthermore, V is said to be C2-cofiniteness if the
vector space V/〈v(−2)u | u, v ∈ V 〉 is of finite dimension. V is said rational,
resp. regular, if every admissible, resp. weak, V -module is a direct sum of
irreducible ordinary V -modules. By [43, Theorem 6.6], if V is rational, then it
has a finite number of irreducible V -modules. A VOSA of CFT type is rational
and C2-cofinite if and only if it is regular, see [1,93] and [68], [39, Section
2]. A rational, C2-cofiniteness and self-contragredient VOSA V of CFT type
(and thus also regular) is said to be strongly rational. Recall that V is self-
contragredient if and only if it has a non-degenerate invariant bilinear form.
Then, a self-contragredient VOSA of CFT type is automatically simple by [13,
Proposition 3.8 (iv)], so that strongly rational VOSA are simple.

For a VOA V , we use the notation V(
K

M N

)
for the vector space of inter-

twining operators of type
(

K
M N

)
. One can refer to, e.g. [52, Section 5.4], with

the only difference that we allow real powers in the formal series of intertwin-
ing operators as in [59, Section 1.3]. We also recall that intertwining operators
among irreducible V -modules are said to be irreducible as well. By the series
of works [74,76,78–80], it is known that the category Rep(V ) of V -modules
for a strongly rational VOA V has a structure of modular tensor category
(sometimes also called modular category or modular fusion category), see, e.g.
[5,49,115]. For a sketch of the construction of the modular tensor structure of
Rep(V ), one can refer to [59, Secton 2.4] or [62, Section 4.1]. Objects of Rep(V )
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are V -modules and arrows are homomorphisms of V -modules. With an abuse
of notation, we will use M ∈ Rep(V ) to denote the picking of a V -module M
from objects of Rep(V ). Of course, the additive structure of Rep(V ) is given
by the direct sum of V -modules, so that the simple objects are exactly the
irreducible V -modules; whereas the tensor bifunctor of Rep(V ) is usually de-
noted by � and we use the symbol bM,N for the braiding of M,N ∈ Rep(V ).
For further use, we recall the definition of the tensor product M � N and
of the braiding bM,N of two V -modules M and N . As V is rational, the set
{Mk | k ∈ E} with E a set of indexes, constituted by a representing module
Mk for every equivalence class of irreducible V -modules, is finite. We let V be
in this set. Then,

M � N :=
⊕

k∈E
V

(
Mk

M N

)∗
⊗ Mk

Y M�N (a, z) :=
⊕

k∈E
1V( Mk

M N)∗ ⊗ Y Mk(a, z) ∀a ∈ V
(1)

where V(
Mk

M N

)∗
is the dual of the vector space V(

Mk

M N

)
, which is finite dimen-

sional thanks to the rationality of V . Then, a tensor product of morphisms can
be defined accordingly, see the references given above. For any K ∈ Rep(V )
and any intertwining operator Y of type

(
K

M N

)
, define an intertwining oper-

ator B+Y of type
(

K
N M

)
by

(B+Y)(v, z)w := ezLK
−1Y(w,−z)v ∀v ∈ N ∀w ∈ M . (2)

B+Y is called a braided intertwining operator. Therefore, for all k ∈ E , B+

induces a linear operator from V(
Mk

M N

)
to V(

Mk

N M

)
, so that if σk

M,N is its
transpose from V(

Mk

M N

)∗
to V(

Mk

N M

)∗
, we can define the morphism:

bM,N :=
∑

k∈E
σk

M,N ⊗ 1Mk
: M � N → N � M (3)

which gives the desired braid operator of Rep(V ). The identity object of Rep(V )
is the adjoint module, still denoted by V , and the categorical dual of M ∈
Rep(V ) is given by the contragredient module M ′, so that M � M ′ ∼= V ∼=
M ′ � M . We also recall that the twist ω(M) for any M ∈ Rep(V ) is defined
as the operator ei2πLM

0 .

Definition 2.1. Let V be a strongly rational VOA. Any V -module M ∈ Rep(V )
is said a simple current if it is invertible, that is there exists a V -module
X ∈ Rep(V ) such that M � X ∼= V . If M �∼= V and there exists n ∈ Z>0 such
that M�n ∼= V and M l �∼= V for all integers 1 < l < n, then M is called a
Zn-simple current. Rep(V ) is pointed if all simple objects are invertible, that
is simple currents.

Note that the V -module X in Definition 2.1 must be equivalent to M ′,
so that X � M ∼= V . For all simple currents M,N ∈ Rep(V ), we have that
M , N and M � N are all irreducible. Moreover, the categorical dimension
d(M) (see, e.g. [49, Definition 4.7.11]) of any invertible object M is equal to
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±1, see, e.g. [55, Remark 2.3]. Then, it follows from [46, Remark 2.33] that
there exists a complex number α(M) such that ω(M) = α(M)1M and bM,M =
α(M)d(M)1M�M . In particular, if Rep(V ) is even, that is if the categorical
dimensions of all simple objects are positive, then d(M) = 1, ω(M) = α(M)1M

and bM,M = α(M)1M�M . Then under the following condition on V , Rep(V )
is even as the quantum dimension of every V -module [29], which is a positive
number, equals the categorical one by [34, Proposition 3.11].

Definition 2.2. A VOSA V is said to be nice if it is strongly rational and it
satisfies the positivity condition, that is every irreducible untwisted or ΓV -
twisted V -module M different from the adjoint module V has positive LM

0 -
grading.

Note that the positivity condition for a VOA V , that is a VOSA V with
trivial grading ΓV = 1V , reduces to a positivity condition for the irreducible
(untwisted) V -modules only.

Remark 2.3. A simple VOSA V of CFT type is nice if and only if V0 is. Indeed,
if V is strongly rational, then V0 is too by [73, Proposition 2.4] (there it is used
that V0 is regular if and only if V is as claimed at the beginning of [39, Section
4], see also the proof of [40, Proposition 3.4], based on [9,99]); if V is nice, then
V0 is by [73, Proposition 2.7], based on [40, Proposition 5.8]. Vice versa, if V is
a simple VOSA, then V0 is a simple VOA and V1 is an irreducible V0-module,
see, e.g. [11, Remark 4.17]. If V is also of CFT type, then V0 is too and V1 has
necessarily positive L0-grading. Even more, if V0 is strongly rational, then V1 is
known to be a Z2-simple current of V0, see e.g. [26, Theorem 3.1 and Remark
A.2]. By [73, Proposition 2.6], we can conclude that V is strongly rational
and the niceness follows from the fact that every untwisted and ΓV -twisted
V -module is an untwisted V0-module.

Remark 2.4. Note that by [25, Theorem 3.9], see also [27, Theorem 4.2], if
V is a strongly rational VOA such that Rep(V ) is even (for example when
V is nice), then any extension of V by a Z2-simple current M with twist
ω(M) = −1M (or equivalently with braiding bM,M = −1M�M ), cf. Definition
2.22, will produce a VOSA (which must have the correct spin and statistics
connection by our definition).

Remark 2.5. The ribbon equivalence classes of pointed modular tensor cate-
gories are exhausted by the categories of type C(A, q) associated to the metric
group (A, q), where A is a finite abelian group and q : A → C/Z is a non-
degenerate quadratic form, see [81, Theorem 3.3], see also [49, Section 8.4 and
Example 8.13.5]. Simple objects of C(A, q) are given by Xα for all α ∈ A,
satisfying Xα � Xβ = Xα+β for all α, β ∈ A. Then the braid operator bXα,Xβ

is given by q(α+β)−q(α)−q(β) and the twist ω(Xα) is ei2πq(α)1Xα . Also the
modular matrices S and T are described in terms of q. If V is a nice VOA with
pointed even modular tensor category Rep(V ), then we can realize the lat-
ter as C(AV , qV ) for some metric group (AV , qV ). Moreover, as the conformal
weights of V -modules are all rational numbers [32, Theorem 1.1], cf. also [42,
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Theorem 8.9] and [39, Theorem 2.1], we have that qV actually takes values in
Q/Z and we call (AV , qV ) a discriminant form, see, e.g. [105]. With an abuse
of notation, we may identify AV with (AV , qV ).

Definition 2.6. A VOSA V is said to be holomorphic (or self-dual) if the adjoint
module is the unique irreducible V -module.

Now, we move to the unitarity for VOSAs and their modules:

Definition 2.7. A VOSA V is said to be unitary if the vector superspace V
is equipped with a scalar product, linear in the second variable, and a VOSA
automorphism θ, called the PCT operator, such that (·|·) is normalized and
θ is an involution, that is (Ω|Ω) = 1 and θ−1 = θ, respectively. Furthermore,
they must satisfy the following invariant property :

(Y (θ(a), z)b|c) = (b|Y (ezL1(−1)2L2
0+L0z−2L0a, z−1)c) ∀a, b, c ∈ V . (4)

Similarly, an untwisted or twisted V -module M is said to be unitary if it has a
scalar product such that the vertex operators Y M (a, z) for all a ∈ V satisfy the
invariant property (4) with the same PCT operator of V and for all b, c ∈ M .
Accordingly, any untwisted or twisted V -module is said unitarizable if it can
be equipped with a unitary structure.

Remark 2.8. Recall that a unitary VOSA is automatically self-contragredient
and it is simple if and only if it is of CFT type, see [13, Proposition 3.10] and
its proof.

Remark 2.9. By [13, Theorem 3.11, cf. Remark 3.12], if V is a simple VOSA,
then V is unitary if and only if V0 is a unitary VOA and V1 is a unitary
V0-module. In both cases, V0 and V1 are automatically simple and irreducible
respectively, see Remark 2.3.

Remark 2.10. One may use the following alternative definition of unitarity, cf.
[21, Section 2]: a VOSA V is said unitary if there exist a normalized scalar
product (·|·) and an antilinear vector superspace involution V � a → a ∈ V
such that ν = ν and

(anb|c) = (b|a−nc) ∀a, b, c ∈ V .

Note that Ω = Ω. The equivalence of these two definitions of unitarity follows
from [13, Theorem 3.31], giving us the following relation between the involution
· and the PCT operator θ: a = eL1(−1)2L2

0+L0θ(a) for all a ∈ V . Accordingly,
a homogeneous vector a ∈ V is said Hermitian if a = a.

Following [61, Section 2], we call unitary the intertwining operators among
unitary modules of a unitary VOA. Let Repu(V ) be the category of unitary
V -modules, that is objects of Repu(V ) are unitarizable V -modules equipped
with fixed unitary structures. We let the adjoint module V be in Repu(V ) with
the unitary structure of the unitary VOA V . In the following, we may identify
V with its contragredient module V ′. Therefore, Repu(V ) is naturally a C∗-
category, where the ∗-structure is given by taking for a morphism T between



4584 T. Gaudio Ann. Henri Poincaré

unitary V -modules M and N , its adjoint T ∗ from N to M with respect to the
scalar products on these V -modules.

Suppose that V is strongly rational. In [59,60], see also [62, Section 4.3]
and [64, Section 1.3], for all M,N ∈ Repu(V ), the author defines a non-
degenerate invariant Hermitian form ΛM,N (·|·) for the dual vector spaces of
intertwining operators appearing in the definition (1) of M �N . One can show
that if ΛM,N (·|·) is positive-definite, then it can be extended to an invariant
scalar product on M �N , making the structural isomorphisms of Rep(V ) uni-
tary. Then, ΛM,N (·|·) is used to define a categorical tensor product on Repu(V ),
turning it into a unitary ribbon fusion category. In the following, we will de-
note ΛM,N (·|·) and its extension to any product M � N by the same symbol.
Then, it comes natural to have the following definitions:

Definition 2.11 ([112]). A simple rational VOA V is said to be strongly unitary
if it is unitary and all V -modules are unitarizable.

Definition 2.12 ([65, Definition 8.1 and Definition 10.1], cf. [64, Definition
1.8]). Let V be a unitary strongly rational VOA. If M,N ∈ Repu(V ) are such
that ΛM,N (·|·) is positive-definite, then M � N is said to be (algebraically)
positive. Therefore V is said to be completely unitary if it is strongly unitary
and M � N is positive for all irreducible unitary V -modules M and N .

In the completely unitary case, Repu(V ) is a unitary modular tensor
category, so that for all unitary V -modules M,N and K, we will safely identify
M � (N � K) with (M � N) � K, just writing M � N � K, and both V � M
and M � V with M .

Remark 2.13. Irreducible unitary modules of simple unitary VOAs have pos-
itive L0-grading, apart from the adjoint module, see [11, Proposition 4.5], cf.
also [59, Proposition 1.7]. Therefore, strongly rational and strongly unitary
VOAs (and thus also completely unitary VOAs) are nice.

The following remarkable results are crucial for our goals.

Theorem 2.14 ([65, Theorem 8.6]). Let V be a strongly rational VOA with M
and N be irreducible unitary V -modules. If M�N is an irreducible unitarizable
V -module, then M � N is positive.

Corollary 2.15. Strongly unitary and strongly rational VOAs with pointed mod-
ular tensor categories of modules are completely unitary.

A vertex subalgebra W of a VOSA V is a subspace of V which is also closed
with respect to the (n)-product and containing the vacuum vector. Then, W
inherits from V the vertex superalgebra structure, see, e.g. [82, Section 4.3].
Moreover, for a subset S of V , we denote by W (S) the smallest vertex sub-
algebra of V containing S. We say that W is full if it contains the conformal
vector of V . Recall that a vertex subalgebra is L−1-invariant. If V is a unitary
VOSA, we call W a unitary (vertex) subalgebra if it is also L1-invariant and
PCT-invariant, see [13, Proposition 3.33]. In this case, see [13, Proposition
3.35], if V is also simple, then we have that W is a simple unitary VOSA: the
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conformal vector is given by νW := eW ν with eW the projection of V onto
W , and the operators Ln and LW

n coincide on W for all n ∈ {−1, 0, 1}; the in-
variant scalar product and the PCT operator of W are inherited by restriction
from the ones of V .

Remark 2.16. Let V be a unitary VOSA. We call Aut(V ) and Aut(·|·)(V ) the
groups of (VOSA) automorphisms and unitary (VOSA) automorphisms of V ,
respectively, see [13, Section 3.3]. If G ⊆ Aut(V ) is a closed subgroup, then
the fixed-point subalgebra

V G := {a ∈ V | g(a) = a ∀g ∈ G}
is a vertex subalgebra of V . Moreover, if G ⊆ Aut(·|·)(V ), then V G is also a
unitary subalgebra of V , see [13, Example 3.34]. Note that the even part V0 is
equal to V {1V ,ΓV }, and indeed, it is a full unitary subalgebra of V .

Fixed-point subalgebras by finite cyclic subgroups of automorphisms of
strongly rational holomorphic VOAs have pointed modular tensor categories
of modules by [117, Theorem 5.2 and Proposition 5.6]. Therefore, Corollary
2.15 applies to this case:

Theorem 2.17 ([65, Theorem 10.4 and Proposition 10.9]). Let V be a uni-
tary strongly rational holomorphic VOA and G be a finite cyclic subgroup of
Aut(·|·)(V ). Suppose that all irreducible G-twisted V -module are unitarizable.
Then, V G is a completely unitary VOA.

Now we move to the graded tensor product V 1⊗̂V 2 of two VOSAs V 1

and V 2, see, e.g. [82, Section 4.3], [120, Theorem 3.2.4]. As vector superspace
we have the usual tensor product of vector superspaces V 1 ⊗ V 2 with parity
operator ΓV 1⊗̂V 2 = ΓV 1 ⊗ ΓV 2 . With obvious notation, the vacuum and the
conformal vectors are Ω1 ⊗ Ω2 and ν1 ⊗ Ω2 + Ω1 ⊗ ν2, respectively. Moreover,
the vertex operators are defined by

YV 1⊗̂V 2(a1 ⊗ a2, z) := YV 1(a1, z)Γp(a2)
V 1 ⊗ YV 2(a2, z) ∀a1 ∈ V 1 ∀a2 ∈ V 2 .

If either V 1 or V 2 is a VOA, then Γp(a2)
V 1 = 1V 1 , and accordingly, we may use

the symbol ⊗ in place of ⊗̂ and call it the tensor product of V 1 and V 2.

Remark 2.18. We have that V 1⊗̂V 2 is simple if and only if V 1 and V 2 are,
cf. the proof of [52, Proposition 4.7.2]. It is easy to see that if V 1 and V 2

are CFT type, resp. self-contragredient, then V 1⊗̂V 2 is of CFT type, resp.
self-contragredient. Recall that the tensor product of regular VOAs is regular
by [31, Proposition 3.3], so that the tensor product of strongly rational VOAs
is still strongly rational. Furthermore, as for [52, Proposition 4.7.2], the irre-
ducible modules of a tensor product of VOAs are tensor product of irreducible
modules of those VOAs, if V 1 and V 2 are VOAs satisfying the positivity condi-
tion, then their tensor product does the same. Note that if V 1⊗̂V 2 is a unitary
VOSA, then V1 and V2 are unitary subalgebras of it. By [2, Proposition 2.4], cf.
also [113, Proposition 2.20], if V 1 and V 2 are unitary VOSAs, then V 1⊗̂V 2 is
too. Moreover, by [64, Proposition 3.31] and its proof, if V 1 and V 2 are regular



4586 T. Gaudio Ann. Henri Poincaré

VOAs of CFT type, then they are strongly unitary, resp. completely unitary,
VOAs if and only if V 1 ⊗ V 2 is strongly unitary, resp. completely unitary.

Remark 2.19. Let W be a vertex subalgebra of a VOSA V . Then the coset
(or commutant) subalgebra of W in V , see e.g. [82, Remark 4.6b], cf. also [54,
Section 5] and [91, Section 3.11],

ComV (W ) := {a ∈ V | [Y (a, z), Y (b, w)] = 0 ∀b ∈ W}
=

{
a ∈ V | b(j)a = 0 ∀b∈W

∀j∈Z≥0

}

(in some references, it is simply denoted by W c when no confusion arises) is a
vertex subalgebra of V . By [54, Theorem 5.1], see also [91, Theorem 3.11.12],
if V is a VOA of CFT type and W is a vertex subalgebra, whose vertex
algebra structure has a conformal vector νW ∈ V2, satisfying L1ν

W = 0, then
ComV (W ) is a VOA too with conformal vector νComV (W ) = ν − νW and the
operators Ln and LW

n coincide on W for all n ≥ −1. By [13, Proposition 3.36],
if V is a simple unitary VOSA with W a unitary subalgebra, then ComV (W )
is a unitary subalgebra too with conformal vector νComV (W ) = ν − νW and
the operators LW

0 and L
ComV (W )
0 are simultaneously diagonalizable on V with

non-negative eigenvalues.

Remark 2.20. Important examples of unitary VOSAs used in this paper are
lattice VOSAs, see, e.g. [82, Section 5.5] and [120, Section 6]. The reader can
also refer to [33, Section 4.4] and [2, Section 2.4] for the basic unitary structure
of these models. See also [12] for some example of unitary subalgebras of lat-
tice VOAs. Recall that to every positive-definite integral lattice, that is a free
Z-module L of finite rank equipped with a scalar product 〈·, ·〉 : L × L → Z,
is associated a unique, up to isomorphism, simple unitary VOSA VL. In par-
ticular, if L is even, that is 〈α, α〉 ∈ 2Z for all α ∈ L, then VL is a VOA;
otherwise L is odd and (VL)1 �= {0}. Moreover, the even part (VL)0 of a
lattice VOSA VL is the lattice VOA VL0

arising from the even sublattice
L0 := {α ∈ L | 〈α, α〉 ∈ 2Z} of L. All these models are nice, see [30] and
[31, Theorem 3.16] for the even case, [4] and [120, Section 6.4] for the odd
one. If L is even, then Rep(VL) is a pointed even modular tensor category
equivalent to the category C(L′/L, qL) associated with the discriminant form
(L′/L, qL), see Remark 2.5, where L′ := {β ∈ Q ⊗Z L | 〈β|α〉 ∈ Z ∀α ∈ L} is
the dual lattice of L and qL : L′/L → Q/Z is defined by qL(β) := 〈β,β〉

2 + Z.
Similarly, if L is odd, then the equivalence classes of irreducible VL-modules
are parametrized by the equivalence classes β + L ∈ L′/L (where L′ is defined
by the same formula), and they have conformal weights in 〈β,β〉

2 + 1
2Z corre-

spondingly. Accordingly, if the lattice L is unimodular, that is L = L′, then
VL is a nice holomorphic VOSA. Lattice VOAs are also completely unitary by
[62, Theorem 5.8].

Lemma 2.21. Let L be a positive-definite integral lattice and K be a sublattice
of L. Then, VK is a unitary subalgebra of VL.
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Proof. By [82, Proposition 5.5], a conformal vector for a lattice VOSA VQ,
for any integral lattice Q with non-degenerate bilinear form, can be realized
as the conformal vector of its Heisenberg subalgebra generated from the com-
plexification C ⊗Z Q of Q. Then, we can choose the conformal vector ν of VL

as νK +νK⊥
, where νK and νK⊥

are conformal vectors arising from K and its
orthogonal complement K⊥ in L. Letting act Y (ν, z) =

∑
n∈Z

Lnz−n−2 on the
generators of VK , it is not difficult to see that VK turns out to be L1-invariant.

By [2, Theorem 2.9], VL is a unitary VOSA with PCT operator θ defined
on the generators by:

θ(α(1)
−n1

· · · α(m)
−nm

Ω ⊗ eα) = (−1)mα
(1)
−n1

· · · α(m)
−nm

Ω ⊗ e−α (5)

where m ∈ Z≥0, α ∈ L, nj ∈ Z>0 and α(j) ∈ C ⊗Z L for all j ∈ {1, . . . , m}.
VK is clearly θ-invariant by the action (5). Therefore, VK turns out to be a
unitary subalgebra of VL as desired. �

Definition 2.22. A simple CFT-type VO(S)A extension U of a simple VOA V
of CFT type is a simple VO(S)A of CFT type such that V is a full vertex
subalgebra of U . Similarly, U is a unitary CFT type VO(S)A extension of V
if U is a unitary VO(S)A of CFT type (and thus also simple) and V is a
full unitary subalgebra of U . Accordingly, U is called a (unitary/unitarizable)
simple current extension of V if U is a (unitary/unitarizable) V -module which
can be decomposed into (unitary/unitarizable) simple currents of V . A simple
current extension U of V is said to be G-graded for an abelian group G if it
decomposes as

⊕
χ∈G V χ, where V 1G = V and V χ�V η ∼= V χη for all χ, η ∈ G.

Note that if V is a strongly rational VOA, then the number of irreducible
V -modules appearing in the simple current extension U in the above definition
is finite.

We recall that in the case of a nice VOA V , every isomorphism class
of a simple CFT-type VOA extension U of V corresponds bijectively to an
equivalence class of a rigid commutative haploid algebra B with trivial twist
in Rep(V ), see [77, Theorem 3.6 and Remark 3.7], cf. also [84, Theorem 5.2].
Moreover, Rep(U) is equivalent to the ribbon tensor category Mod0

Rep(V )(B)
of local B-modules, see [84, Theorem 1.17] (we are mostly using the notation
and the terminology as in [11, Section 2]). As any U -module is also a V -module
and V and U share the same conformal vector, we have that U satisfies the
positivity condition because V does it. Therefore U is also strongly rational
because, as stated at the beginning of [64, Section 3.5], the argument used
in the proof of [97, Theorem 4.14] easily generalizes to our case. Therefore
Rep(U) is a modular tensor category and thus Mod0

Rep(V )(B) is too. Now,
suppose that V is also completely unitary. In [64, Theorem 2.21], it is proved
that every isomorphism class of a unitary CFT-type VOA extension U of V
corresponds bijectively to an equivalence class of a commutative haploid special
C∗-Frobenius algebra B, also called a commutative haploid Q-system, with triv-
ial twist in Repu(V ). Moreover, by [64, Theorem 3.30], U is completely unitary
and Repu(V ) is equivalent to Modu,0

Rep(V )(B), that is the category of unitary
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local B-modules, as unitary modular tensor categories. By [11, Theorem 3.2],
every haploid algebras in a C∗-tensor category, as Repu(V ) is, is rigid if and
only if it is equivalent to a Q-system in the same category. Therefore, we have:

Theorem 2.23 ([11, Theorem 4.7 and Corollary 4.18]). Every simple CFT-
type VOSA extension U of a completely unitary VOA V is a unitary CFT-type
VOSA extension of V . In particular, U0 is a unitary CFT-type VOA extension
of V , which is also a completely unitary VOA.

For the reader convenience, we write a proof of the following fact, which
is probably already well known to experts.

Lemma 2.24. Let V be a nice VOA and U be any simple current extension
of V . Then, U is G-graded for some finite abelian group G. In particular,
if Rep(V ) is pointed, then any simple CFT-type VOSA extension of V is a
G-graded simple current extension for some finite abelian group G.

Proof. As V is a strongly rational VOA, then Rep(V ) is a modular tensor
category. Let G be the finite set of equivalence classes of the simple currents
appearing in the decomposition of U , considered as a V -module, into irre-
ducible V -modules. Then, the existence of a finite abelian group G is assured
if we prove that G has an abelian group structure induced by �.

First of all, V ∈ G and it will be the identity element. It is also known that
G is closed under the categorical tensor product � and taking contragredient,
cf. e.g. [65, Remark 11.3]. Indeed, for all (equivalence class representatives)
M,N ∈ G, the vertex operator YU of U restricts to an intertwining operator
YM,N of V of type

(
U

M N

)
. Moreover, YM,N is nonzero by the simplicity of U .

Indeed, if YM,N is trivial, then M would be contained in the annihilator of N
in U , that is IU (N) := {a ∈ U | Y (a, z)c = 0 ∀c ∈ N}. It is not difficult to see
that this is an ideal of U , see, e.g. the proof of [91, Proposition 4.5.11]. Then,
IU (N) = U , which implies that N is an ideal of U , contradicting its simplicity.
Therefore, YM,N further restricts to an intertwining operator of type

(
K

M N

)

for a simple current K in U , which must necessarily be isomorphic to M � N .
Then, M � N ∈ G. Similarly, we have that for all M ∈ G, YU restricts to a
nonzero intertwining operator of type

(
M

V M

)
. As V is nice, L1U1 = {0} and

thus U is a self-contragredient VOSA by [13, Proposition 3.8]. Then it is also
self-contragredient as V -module, so that M ′ ∈ G for all M ∈ G. Moreover, �
is associative and commutative as operation on G thanks to the associator and
the braiding of Rep(V ), respectively.

To conclude, we only need to prove that every simple current M ∈ G
appears with multiplicity one in the decomposition of U , cf. [55, Remark 3.4(i)].
To prove it, one can adapt the first part of the proof of [11, Proposition 4.23],
see also the one of [13, Theorem 7.25]. Note that U decomposes also into
U0 ⊕ U1 as V -module and thus if M ∈ G, then either M is a V -submodule of
U0 or of U1. Suppose that M ⊆ U1; the case M ⊆ U0 can be done similarly.
Let B be the rigid haploid commutative algebra in C := Rep(V ) giving the
extension V ⊆ U0. As V satisfies the positivity condition, then U0 does so,
so that it is also nice. Then, Rep(U0) and Mod0

C(B) are equivalent modular
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tensor categories, see the discussion before Theorem 2.23. With an abuse of
notation, we identify B with its corresponding object in C. Then, one can
define the object (B � M,mB�M ) in ModC(B) by defining the multiplication
mB�M := (m�1M )aB,B,M , where a is the associator in Rep(V ). Now, by [84,
Theorem 1.6 point 2.], cf. also [27, Lemma 2.61], we have that

HomModC(B)(B � M,U1) = HomC(M,U1)

where the right-hand side is nonzero as M ⊆ U1. Therefore, as U1 is a Z2-
simple current in Repu(U0) ≡ Mod0

C(B), see Remark 2.3, and thus in ModC(B),
the left-hand side must be equivalent to C as claimed. Finally, if Rep(V ) is
pointed, then any simple object is a simple current and thus any simple CFT-
type VOSA extension of V must be a G-graded simple current extension for
some finite abelian group G. �

2.2. VOSAs and Graded-Local Conformal Nets

Definitions and properties of graded-local conformal nets and their represen-
tation theory can be found in [16, Sections 1–4], see also [14, Section 2], [15,
Section 2] and [13, Section 2]. We briefly recall from [13, Section 4], cf. also [17,
Chapter 6], how to define a graded-local conformal net from a unitary VOSA,
see Sect. 2.1 for notations and results.

Definition 2.25. Let V be a unitary VOSA. A vector a ∈ V , or equivalently
its corresponding vertex operator Y (a, z), is said to satisfy the k-th order
(polynomial) energy bounds for some k ∈ R≥0, if there exists M, s ∈ R≥0 such
that

‖anb‖ ≤ M(1 + |n|)s‖(1V + L0)kb‖ ∀n ∈ 1
2
Z ∀b ∈ V

where ‖·‖ is the norm on V induced by the invariant scalar product (·|·).
Furthermore, a is said to satisfy linear energy bounds if k = 1, whereas it is
simply said to satisfy energy bounds whenever k is not specified. Accordingly,
V is said to be energy-bounded if all a ∈ V satisfy energy bounds.

Let χ : S1 → C be the function defined by χ(z) := ei x
2 for the unique

x ∈ (−π, π] such that z = eix. Set C∞
0

(S1) := C∞(S1), that is the vector
space of infinite differentiable complex-valued functions on the unit circle S1,
and C∞

1
(S1) := {χh | h ∈ C∞(S1)}. Both of these vector spaces are naturally

equipped with a Fréchet topology as we define

f ′(z) :=
df(eix)

dx

∣
∣
∣
∣
∣
eix=z

g′(z) :=
dg(eix)

dx

∣
∣
∣
∣
∣
eix=z

= χ(z)
(

i

2
h(z) + h′(z)

)

for all f ∈ C∞(S1) and all g = χh ∈ C∞
1

(S1).
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Let V be an energy-bounded unitary VOSA. Then, it is not difficult to
show that for all homogeneous a ∈ V0, all homogeneous b ∈ V1, all f ∈ C∞(S1)
and all g = χh ∈ C∞

1
(S1), the operators defined by

Y0(a, f)c :=
∑

n∈Z

f̂nanc ∀c ∈ V , f̂n :=
1
2π

∫ π

−π

f(eix)e−inxdx

Y0(b, g)c :=
∑

n∈Z− 1
2

ĝnanc ∀c ∈ V , ĝn :=
1
2π

∫ π

−π

h(eix)e−i(n− 1
2 )xdx

are well-defined and closable on the Hilbert space completion H of V with
respect to (·|·). Their respective closures Y (a, f) and Y (b, g) are operator-
valued distributions such that Y (a, f) ⊆ Y (a, f)∗ and Y (b, g) ⊆ Y (b, g)∗,
where g(z) := χ(z)zh(z) for all z ∈ S1. In particular, if a (resp. b) is Hermit-
ian and f (resp. g) is real-valued, then Y (a, f) (resp. Y (b, g)) is self-adjoint.
Moreover, they have a common invariant domain, that is H∞, which is the set
of smooth vectors for the (closure of the) operator L0 on H.

Definition 2.26. Let a ∈ V be any homogeneous vector. Then, Y (a, f) with
f ∈ C∞

p(a)(S
1) is called a smeared vertex operator.

Therefore, for an energy-bounded unitary VOSA V , we define

A(V,(·|·))(I) := W ∗
({

Y (a, f) | a ∈ Vn n ∈ 1

2
Z≥0 f ∈ C∞

p(a)(S
1) , suppf ⊂ I

})

for all I ∈ J , where J is the set of intervals of S1 and W ∗(S) denotes the
von Neumann algebra generated by the set S of unbounded operators, see, e.g.
[106, Section 5.2.7] and [59, Appendix B.1] for details. It can be proved that if
V is a simple energy-bounded unitary VOSA, then A(V,(·|·)) is irreducible and
Y (ν, f) with real-valued f ∈ C∞(S1) integrates to a positive-energy strongly-
continuous projective unitary representation U on H of the infinite cover
Diff+(S1)(∞) of the orientation preserving diffeomorphism group Diff+(S1) of
S1, making A(V,(·|·)) Möbius covariant. Actually, U(r(∞)(4π)) = 1H, where
R � t �→ r(∞)(t) is the infinite cover of the one-parameter subgroup of
rotations, so that U factors through a representation of the double cover
Diff+(S1)(2) of Diff+(S1). Moreover, U(r(∞)(2π)) = Γ, that is the extension
of ΓV to H. Nevertheless, the graded locality is not automatically assured, see
[104, Section 10], see also [109, Section VIII.5]. Therefore,

Definition 2.27. Let V be a unitary VOSA with invariant scalar product (·|·).
Then, V is said to be strongly graded-local if it is energy-bounded and A(V,(·|·))
satisfies the graded locality.

Theorem 2.28 ([13, Theorem 4.29], [17, Theorem 6.8]). For any simple strongly
graded-local unitary VOSA V with invariant scalar product (·|·), A(V,(·|·)) is
diffeomorphism covariant and thus it is an irreducible graded-local conformal
net. If {·|·} is another unitary structure on V , then (V, {·|·}) is strongly graded-
local and A(V,{·|·}) is (unitarily) isomorphic to A(V,(·|·)).
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Definition 2.29. For any simple strongly graded-local unitary VOSA V , we de-
note by AV , the unique, up to isomorphism, irreducible graded-local conformal
net associated to it.

Remark 2.30. Recall that if V is a simple strongly graded-local unitary VOSA,
then Aut(·|·)(V ) is equivalent to the automorphism group Aut(AV ) of AV by
[13, Theorem 4.32]; unitary subalgebras of V are strongly graded-local and
they are in one-to-one correspondence with the covariant subnets (see e.g. [13,
Section 2.3] and references therein) of AV by [13, Theorem 6.1]; if G is a
closed subgroup of Aut(·|·)(V ) ≡ Aut(AV ), then the fixed-point subnet AG

V is
(isomorphic to) AV G by [13, Proposition 6.2]; in particular, as the extension
Γ of the parity operator ΓV is the unitary grading of AV , the Bose subnet
(AV )0 := A〈1H,Γ〉

V of AV (sometimes denoted by AΓ
V ) is equal to AV0

; if W
is a unitary subalgebra of V , then the coset subnet Ac

W is (isomorphic to)
AComV (W ) by [13, Proposition 6.3]; if U is any simple strongly graded-local
unitary VOSA, then the graded tensor product AV ⊗̂AU is (isomorphic to)
AV ⊗̂U by [13, Corollary 6.6] (we will write AV ⊗ AU whenever V or U is a
VOA, see p. 9).

We now recall some facts about the representation theory of (local) con-
formal nets. The (locally normal) representations, also called DHR represen-
tations, of an irreducible conformal net A give rise to a braided C∗-tensor
category, denoted by Rep(A), see [50,51], based on DHR superselection the-
ory [44,45,67]. An equivalent approach in terms of Connes’ fusion product is
given in [118,119], see also [62, Section 6] and [63] for a recent review of the
topic. It is possible to give a notion of index for representations of a conformal
net A, see, e.g. [66, Section 2.1] and [10, Section 2.2], so that the finite index
ones constitute a full subcategory Repf(A) of Rep(A). The operator algebraic
counterpart of strongly rational VOAs are morally represented by completely
rational conformal nets, see [83, Definition 8], that is those irreducible con-
formal nets satisfying strong additivity, the split property and having finite
μ-index. We do not go into details of these properties, but we limit ourself
to recall that by [95, Theorem 4.9] and [103, Theorem 5.4], a conformal net
A is completely rational if and only if A has finitely many inequivalent irre-
ducible representations and all of them have finite index or equivalently by
[95, Theorem 5.3], if and only if A has finite μ-index. Therefore, let A be a
completely rational conformal net, then: representations in Rep(A) are (pos-
sibly infinite) direct sums of irreducible ones, whereas the representations in
Repf(A) are given by just finite direct sums; by [83, Corollary 37 and Corollary
39], Repf(A) turns out to be a unitary modular tensor category.

It is possible to give a notion of complete rationality for irreducible
graded-local conformal nets easily adapting the one in [83, Definition 8]. Let
A be an irreducible graded-local conformal net. By [94, Proposition 36], which
is based in part on a graded-local version of [94, Lemma 22 and Lemma 23],
we have that A is completely rational if and only if its Bose subnet A0 is com-
pletely rational. Moreover, similarly to the local case, we can consider (locally
normal) representations, also called DHR or Neveu–Schawrz representations,
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for the graded-local conformal net A, see [16, Sections 2.4–2.5 and Section 4.3],
see also [14, Section 2], [15, Section 2]. Then, we give the following definition,
extending the usual one for the local case:

Definition 2.31. A graded-local conformal net A is said to be holomorphic if
it is completely rational (or equivalently if its Bose subnet A0 is), and it has
only one irreducible (Neveu–Schawrz) representation, which in turn is given
by A itself.

To link the representation theories of completely unitary VOAs and of
completely rational conformal nets via strong locality, it is necessary to in-
troduce three fundamental notions for intertwining operators of VOAs: energy
boundedness, strong intertwining property and strong braiding. These notions
will be crucial to prove the strong graded-locality of some nice holomorphic
VOSAs in Sect. 3.2. For this reason, we give here below a brief review, referring
to [61, Section 2] and [62, Section 4] for details.

Let V be a VOA, Y be an intertwining operator of type
(

K
M N

)
and w ∈ M

be any homogeneous vector. Then by definition, Y(w, z) is a formal series∑
n∈R

Y(w)nz−n−1, where every coefficient Y(w)n is a linear map from N to
K. Suppose that V and Y are unitary, then the definitions of k-th order/linear
energy bounds or simply energy bounds for Y(w, z) will follow the ones given
in Definition 2.25, see [62, Section 4.4] and [61, Section 2.1] for details, cf. [59,
Section 3.1]. Furthermore, we have:

Definition 2.32. Let V be a unitary VOA and Y be a unitary intertwining
operator of type

(
K

M N

)
. Then, Y is said to be energy-bounded if for all homo-

geneous w ∈ M , Y(w, z) is energy-bounded. Any unitary V -module M is said
to be energy-bounded if Y M is energy-bounded as unitary intertwining opera-
tor of type

(
M

V M

)
. Accordingly, if V is a simple strongly unitary VOA, then

it is said to be strongly energy-bounded if every irreducible unitary V -module
is energy-bounded. Furthermore, V is said to be completely energy-bounded if
every irreducible unitary intertwining operator of V is energy-bounded.

This allows us to define a smeared version of intertwining operators which
we recall briefly, see [62, Section 4.4] or [61, Section 2.1], cf. [59, Section 3.2].

First, see [62, Section 3.1] or [61, Section 1.1] for details, we call an arg-
function defined on I ∈ J any continuous function argI : I → R such that for
all z = eix ∈ I, argI(z) − x ∈ 2πZ. Accordingly, we set Ĩ := (I, argI), called
an arg-valued interval, which can be thought as one of the branch of I in the
universal cover of S1. We will call J̃ the set of arg-valued intervals. We say
that Ĩ and J̃ in J̃ are disjoint if I and J are. Moreover, we write Ĩ ⊆ J̃ if
I ⊆ J and argJ �I= argI . We also say that Ĩ is anticlockwise to J̃ if they are
disjoint and argJ(ζ) < argI(z) < argJ(ζ) + 2π for all ζ ∈ J and all z ∈ I; of
course, we also say that J̃ is clockwise to Ĩ. For any Ĩ = (I, argI) ∈ J̃ and any
f ∈ C∞(S1) with suppf ⊂ I, we call f̃ := (f, argI) an arg-valued function.
Accordingly, C∞

c (Ĩ) is the set of these arg-valued functions. Of course, for any
inclusion Ĩ ⊆ J̃ of arg-valued intervals in J̃ , C∞

c (Ĩ) turns out to be a natural
subspace of C∞

c (J̃).



Vol. 26 (2025) Unitarity and Strong Graded Locality 4593

For any unitary VOA module M , we denote by HM its Hilbert space
completion with respect to its invariant scalar product (·|·)M . Accordingly, if
M is energy-bounded, then we denote by H∞

M the subspace of HM of smooth
vectors for the operator LM

0 . We suppose that V is a strongly unitary strongly
rational VOA, so that every V -module is unitary and semisimple, that is it
can be written into a finite sum of irreducible V -modules. Let Y be a unitary
intertwining operator of type

(
K

M N

)
such that Y(w, z) =

∑
n∈R

Y(w)nz−n−1

is energy-bounded for some homogeneous w ∈ M and let f̃ ∈ C∞
c (Ĩ) for any

Ĩ ∈ J̃ . Note that if Y is irreducible, then thanks to the translation property
of intertwining operators, Y(w)n �= 0 only for a countable number of n ∈ R,
see [59, Section 1.3]. The same is also true in the non-irreducible case thanks
to the semisimplicity of V -modules. Then, we define the smeared intertwining
operator Y(w, f̃) as the sesquilinear form on N × K to C satisfying

(u|Y(w, f̃)v)K =
∫

argI(I)

(u|Y(w, eix)v)Kf(eix)
eixdx

2π
∀v ∈ N ∀u ∈ K

where (·|·)K is the invariant scalar product on K (which is linear in the sec-
ond variable in our setting). We can actually regard Y(w, f̃) as the preclosed
operator from HN to HK with domain N , defined by the formula

∑

n∈R

Y(w)n
̂̃
fn ,

̂̃
fn :=

1
2π

∫

argI(I)

f(eix)e−inxdx (6)

mapping N into H∞
K , see [59, Section 3.2] for details. Moreover, its closure

maps H∞
N into H∞

K . The symbol Y(w, f̃) will be usually used to denote the
restriction to H∞

N of its closure as unbounded operator.

Remark 2.33. Let Y(w, f̃) be a smeared intertwining operator as in (6). If we
choose Y = Y M for some energy-bounded V -module M , then n in (6) is an in-

teger and ̂̃
fn = f̂n for all n ∈ Z, see [59, Remark 3.11]. Moreover, we can extend

(6) to all f ∈ C∞(S1) without any restriction on the supports. Now, suppose
that V is a simple energy-bounded unitary VOSA with V1 �= {0}. Then, the
vertex operator Y of V can be naturally restricted to an irreducible energy-
bounded unitary intertwining operator, say Y1,1, of type

(
V0

V1 V1

)
. Therefore,

for any homogeneous b ∈ V1 and any g = χh ∈ C∞
1

(S1) with suppg ⊂ I, it is
not difficult to see that Y (b, g) coincides with Y1,1(b, f̃) on V1, where f̃ is the
arg-valued function given by f(z) := g(z)zda−1 := h(z)zda− 1

2 and argI(z) := x
where z = eix for a unique x ∈ (−π, π] for all z ∈ S1. In particular, the re-
striction on the support of g can be removed and Y1,1(b, f̃) can be defined for
all g ∈ C∞

1
(S1), still coinciding with Y (b, g) on V1.

Definition 2.34. ([61, Definition 1.2.6], cf. [62, Definition 4.6]) Let P0, Q0, R0

and S0 be pre-Hilbert spaces with completions P, Q, R and S, respectively.
Let A : P → R, B : Q → S, C : P → Q and D : R → S be preclosed operators
whose domains are subspaces of P0, Q0, R0 and S0, respectively, and whose
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ranges are inside P0, Q0, R0 and S0, respectively. The following diagram of
preclosed operators

P0
C ��

A

��

Q0

B

��
R0

D �� S0

is said to commute strongly if the closures of the following preclosed operators

R(ξ ⊕ η ⊕ χ ⊕ ζ) := 0 ⊕ 0 ⊕ Aξ ⊕ Bη ∀ξ ∈ D(A) ∀η ∈ D(B) ∀χ ∈ R ∀ζ ∈ S
S(ξ ⊕ η ⊕ χ ⊕ ζ) := 0 ⊕ Cξ ⊕ 0 ⊕ Dχ ∀ξ ∈ D(C) ∀η ∈ Q ∀χ ∈ D(D) ∀ζ ∈ S

with corresponding domains, in the Hilbert space P ⊕ Q ⊕ R ⊕ S,

D(R) := D(A) ⊕ D(B) ⊕ R ⊕ S and D(S) := D(C) ⊕ Q ⊕ D(D) ⊕ S

commute strongly, that is the von Neumann algebras generated by them com-
mute.

Let V be a strongly rational unitary VOA, then for a full rigid monoidal
subcategory C of Repu(V ) we mean a class of objects of Repu(V ) such that: it
includes the identity object V ; if M ∈ C, then M ′ is equivalent to an object
in C; if M ∈ C, then any subobject of M is equivalent to an object in C; if
M,N ∈ C, then M � N is equivalent to an object in C. We say that a set
F of objects of C generates C if any irreducible object of C is equivalent to
a subobject of a tensor product of elements in F . Therefore, following the
beginning of [61, Section 2.3] and [62, Definition 4.10], we give:

Definition 2.35. Let V be a strongly rational unitary VOA.

(i) Suppose that V is strongly energy-bounded. Let Y be an energy-bounded
unitary intertwining operator of type

(
K

M N

)
and let w ∈ M be a homo-

geneous vector. Then, Y(w, z) is said to satisfy the strong intertwining
property if for all homogeneous v ∈ V , all Ĩ ∈ J̃ , all J ∈ J disjoint
from I, all f̃ ∈ C∞

c (Ĩ) and all g ∈ C∞(S1) with suppg ⊂ I, the following
diagram of preclosed operators commutes strongly
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H∞
N

Y N (v,g) ��

Y(w,f̃)

��

H∞
N

Y(w,f̃)

��
H∞

K

Y K(v,g) �� H∞
K

Accordingly, Y is said to satisfy the strong intertwining property if
Y(w, z) does for all homogeneous vector w ∈ M .

(ii) Let C be a full rigid monoidal subcategory of Repu(V ). Suppose that V is
strongly local and that any V -module in C is energy-bounded. Let w be
a homogeneous vector in a V -module M ∈ C. Then, the action of w on C
is said to satisfy the strong intertwining property if for all N,K ∈ C and
all Y ∈ V(

K
M N

)
, Y(w, z) is energy-bounded and it satisfies the strong

intertwining property.

Remark 2.36. Note that if we choose Y as the vertex operator Y of V in (i)
of Definition 2.35, so that M = N = K = V , then stating that Y satisfies the
strong intertwining property, it is equivalent to state that V is strongly local.

In [62, Section 4.2], see also [61, Section 2.5], the author introduce a pair
of operators LM and RM for any semisimple V -module M . For the sake of
simplicity, let suppose that V is strongly rational. Let N be any V -module and
recall the definition of M � N :=

⊕
k∈E V(

Mk

M N

)∗ ⊗ Mk given in (1). Then the
operator LM acts on N as an intertwining operator of type

(
M�N
M N

)
defined as

follows: for all v ∈ M , all w ∈ N , all k ∈ E , all uk ∈ M ′
k and all Y ∈ V(

Mk

M N

)
,

it must satisfies
〈LM (v, z)w,Y ⊗ uk〉 = 〈Y(v, z)w, uk〉 (7)

where 〈·, ·〉 in the left-hand side is the natural pairing between V(
Mk

M N

)∗ ⊗Mk

and V(
Mk

M N

) ⊗ M ′
k for all k ∈ E , whereas in the right-hand side it is the one

between Mk and M ′
k for all k ∈ E . Similarly, with notations as here above,

RM acts as an intertwining operator of type
(
N�M
M N

)
defined by

RM (v, z)w := bM,NLM (v, z)w (8)

where bM,N is the braiding in Rep(V ). As at the end of [61, Section 2.5] and
in [62, Definition 4.13], we give the following:

Definition 2.37. Let V be a strongly rational unitary VOA.

(i) Suppose that V is completely unitary and completely energy-bounded.
The unitary intertwining operators of V are said to satisfy the strong
braiding if for all M,N,K ∈ Repu(V ), for all homogeneous w ∈ M and
all homogeneous u ∈ N , for all Ĩ , J̃ ∈ J̃ such that Ĩ is anticlockwise to
J̃ , all f̃ ∈ C∞

c (Ĩ) and all g̃ ∈ C∞
c (J̃), the following diagram of preclosed

operators commutes strongly
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H∞
K

RN (u,g̃) ��

LM (w,f̃)

��

H∞
K�N

LM (w,f̃)

��
H∞

M�K

RN (u,g̃) �� H∞
M�K�N

(9)

(ii) Let C be a full rigid monoidal subcategory of Repu(V ). Suppose that
V is strongly local and that any V -module in C is energy-bounded. Let
M,N ∈ C and choose w ∈ M and u ∈ N be homogeneous vectors. Then
the actions of w and of u on C are said to satisfies the strong braiding
property if for all K ∈ C, all Ĩ , J̃ ∈ J̃ such that Î is anticlockwise to J̃ ,
all f̃ ∈ C∞

c (Ĩ) and all g̃ ∈ C∞
c (J̃), the diagram (9) of precolsed operators

commutes strongly.

Remark 2.38. Suppose that the strong braiding property in (i) of Definition
2.37 holds with N = V and for all homogeneous u ∈ N . Then the strong
intertwining property follows, see [61, Remark 2.5.9] and the discussion after
[62, Theorem 4.11]. In particular, V turns out to be strongly local, see Remark
2.36.

Recalling Lemma 2.24, we prove the following result which will be crucial
in the proof of Theorem 3.10.

Lemma 2.39. Let V be a strongly local and completely unitary VOA. Let U =⊕
ξ∈G V ξ be a G-graded simple current extension of V for a finite abelian

group G and let G be the full rigid monoidal subcategory of Repu(V ) generated
by these simple currents. Set Ġ := G\{1G}. Suppose that U is an energy-
bounded VOSA and that: for all ξ ∈ Ġ, there exists a nonzero quasi-primary
vector wξ ∈ V ξ such that its action on G satisfies the strong intertwining
property; for all ξ, η ∈ Ġ, the actions of wξ ∈ V ξ and wη ∈ V η on G satisfy
the strong braiding property. Then U is strongly graded-local.

Proof. The idea of the proof is to generalize what is done in the proof of [13,
Theorem 7.19] for Z2-graded simple current extensions to the case of generic
G-graded simple current extensions.

Let Ĝ be the dual group of G, that is every φ is a continuous homomor-
phism from G to the circle group T. Then Ĝ has a natural action through
automorphisms of V given by φ(a) := φ(η)a for all a ∈ V η. By [41,57], V
is finitely generated as it is strongly rational. Therefore, U is finitely gener-
ated too and there exists a unitary structure {·|·} on U making Ĝ a subset of
Aut{·|·}(U), see [13, Proposition 3.23]. This implies that the V ξ’s are orthogo-
nal to each other with respect to {·|·}. From now on, we fix on U such unitary
structure determined by {·|·}. Of course, the unitary structure on U restricts
to unitary structures of V -modules on the simple currents. Furthermore, the
orthogonality of the V ξ’s implies that the Hilbert space completion HU of U
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with respect to {·|·} is equal to the direct sum of the Hilbert space completions
Hξ of V ξ for all ξ ∈ G with respect to the corresponding restrictions of {·|·}.
Moreover, we have that H∞

U =
⊕

ξ∈G H∞
ξ . Note that the complete unitarity of

V assures that Repu(V ) is a unitary modular tensor category. Accordingly, the
equivalence between V ξ �V η and V ξη is an equivalence of unitary V -modules
and thus we can safely identify them in what follows.

For all ξ ∈ Ġ and all η ∈ G, the restriction Yξ,η(wξ, z) of the vertex oper-
ator Y (wξ, z) to the V -module V η defines an irreducible unitary intertwining
operator of V of type

(
V ξη

V ξ V η

)
, shortly

(
ξη
ξ η

)
. Moreover, every such intertwin-

ing operator is energy-bounded as U is. For all I ∈ J , define the continuous
function argI : I → R by argI(z) = x where z = eix for a unique x ∈ (−π, π].
Then, for all wξ and all f ∈ C∞

p(wξ)(S
1) with suppf ⊂ I for some I ∈ J , we

have that

Yξ,η(wξ, f̃) = Y (wξ, f) �H∞
η

∀ξ ∈ Ġ , ∀η ∈ G

where f̃ is the arg-valued function (f · zd
wξ −1, argI), see Remark 2.33. For all

ξ ∈ Ġ and all η ∈ G, let LV ξ and RV ξ be the operators defined in (7) and (8),
respectively. Then, there exists a ∈ C such that LV ξ �V η= aYξ,η. Let w ∈ V η

be any homogeneous vector, then

RV ξ(wξ, z)w = bV ξ,V ηLV ξ(wξ, z)w

= abV ξ,V ηYξ,η(wξ, z)w

= aezL−1Yξ,η(wξ,−z)w

= a(−1)p(wξ)p(w)Yξ,η(wξ, z)w

= (−i)p(wξ)ZV LV ξ(wξ, z)Z∗
V w

where we have used the definition of the braiding, see Eqs. (2) and (3), for the
third equality and the skew symmetry [82, Section 4.2] of U for the fourth one.

Fix ξ ∈ Ġ and η ∈ G. By the strong braiding property, we have that for
all ζ ∈ G, the following diagram of preclosed operators

H∞
ζ

(−i)p(wξ)ZYξ,ζ(wξ,g̃)Z∗
��

Yη,ζ(wη,f̃)

��

H∞
ζξ

Yη,ζξ(wη,f̃)

��
H∞

ηζ

(−i)p(wξ)ZYξ,ηζ(wξ,g̃)Z∗
�� H∞

ηζξ
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commutes strongly, that is the preclosed operators Rζ and Sζ on the Hilbert
space Kζ := Hζ ⊕ Hζξ ⊕ Hηζ ⊕ Hηζξ defined by

Rζ(a ⊕ b ⊕ c ⊕ d) := 0 ⊕ 0 ⊕ Yη,ζ(wη, f̃)a ⊕ Yη,ζξ(wη, f̃)b

Sζ(a ⊕ b ⊕ c ⊕ d) := 0 ⊕ (−i)p(wξ)ZYξ,ζ(wξ, g̃)Z∗a ⊕ 0

⊕ (−i)p(wξ)ZYξ,ηζ(wξ, g̃)Z∗c

with domains

D(Rζ) := H∞
ζ ⊕H∞

ζξ⊕Hηζ⊕Hηζξ and D(Sζ) := H∞
ζ ⊕Hζξ⊕H∞

ηζ⊕Hηζξ

commute strongly. It is useful to rewrite these operators in the matrix form:

Rζ :=

⎛

⎜
⎜
⎝

0 0 0 0
0 0 0 0

Yη,ζ(wη, f̃) 0 0 0
0 Yη,ζξ(wη, f̃) 0 0

⎞

⎟
⎟
⎠

Sζ := (−i)p(wξ)

⎛

⎜
⎜
⎝

0 0 0 0
ZYξ,ζ(wξ, g̃)Z∗ 0 0 0

0 0 0 0
0 0 ZYξ,ηζ(wξ, g̃)Z∗ 0

⎞

⎟
⎟
⎠ .

Fix an ordering on the elements of G, so that G = {ζ1 = 1G, . . . , ζ|G|}. There-
fore, on the Hilbert space K :=

⊕|G|
j=1 Kζj

, consider the matrix R and S of pre-
closed operators, having on the diagonal the blocks of matrices Rζ1 , . . . , Rζ|G|
and Sζ1 , . . . , Sζ|G| respectively and zero elsewhere. Using the polar decomposi-
tion as in [59, Proposition B.5] for the closures of the operators R and S, it is
easy to see that they commute strongly as their components do. Note that the
Hilbert space K has exactly four copies of every Hζ for all ζ ∈ G. Moreover, R

has exactly two copies of every smeared intertwining operator Yη,ζ(wη, f̃) for
all ζ ∈ G. Similarly, S has exactly two copies of every (−i)p(wξ)ZYξ,ζ(wξ, g̃)Z∗

for all ζ ∈ G. Consider the unitary operator u permuting the copies of the
Hilbert spaces in K in such a way that K is mapped into

|G|⊕

j=1

Hζj ⊕
|G|⊕

j=1

H(ζjξ−1)ξ ⊕
|G|⊕

j=1

Hη(η−1ζj)
⊕

|G|⊕

j=1

Hη(η−1ζjξ−1)ξ = HU ⊕HU ⊕HU ⊕HU .

It is not difficult to see that the operators uRu∗ and uSu∗ send a generic
element

a ⊕ b ⊕ c ⊕ d =
|G|⊕

j=1

aζj
⊕

|G|⊕

j=1

bζj
⊕

|G|⊕

j=1

cζj
⊕

|G|⊕

j=1

dζj
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of HU ⊕ HU ⊕ HU ⊕ HU into

0 ⊕ 0 ⊕
|G|⊕

j=1

Yη,η−1ζj
(wη , f̃)aη−1ζj

⊕
|G|⊕

j=1

Yη,η−1ζj
(wη , f̃)bη−1ζj

0 ⊕
|G|⊕

j=1

(−i)p(w
ξ)ZYξ,ζjξ−1 (wξ, g̃)Z∗aζjξ−1 ⊕ 0 ⊕

|G|⊕

j=1

(−i)p(w
ξ)ZYξ,ζjξ−1 (wξ, g̃)Z∗cζjξ−1

whenever a, b and c are in H∞
U =

⊕|G|
j=1 H∞

ξ , respectively. Then note that

Y (wη, f)a =
|G|⊕

j=1

Yη,η−1ζj
(wη, f̃)aη−1ζj

Y (wη, f)b =
|G|⊕

j=1

Yη,η−1ζj
(wη, f̃)bη−1ζj

(−i)p(wξ)ZY (wξ, g)Z∗a =
|G|⊕

j=1

(−i)p(wξ)ZYξ,ζjξ−1(wξ, g̃)Z∗aζjξ−1

(−i)p(wξ)ZY (wξ, g)Z∗c =
|G|⊕

j=1

(−i)p(wξ)ZYξ,ζjξ−1(wξ, g̃)Z∗cζjξ−1 .

Rewriting everything in terms of matrices, we have found that the two pre-
closed operators

uRu∗ :=

⎛

⎜
⎜
⎝

0 0 0 0
0 0 0 0

Y (wη, f) �H∞
U

0 0 0
0 Y (wη, f) �H∞

U
0 0

⎞

⎟
⎟
⎠

uSu∗ := (−i)p(wξ)

⎛

⎜
⎜
⎝

0 0 0 0
ZY (wξ, g) �H∞

U
Z∗ 0 0 0

0 0 0 0
0 0 ZY (wξ, g) �H∞

U
Z∗ 0

⎞

⎟
⎟
⎠

on the Hilbert space HU ⊕HU ⊕HU ⊕HU commute strongly. Using again the
polar decomposition as in [59, Proposition B.5] for the closures of the operators
uRu∗ and uSu∗, we can conclude from the strong commutativity of uRu∗ and
uSu∗ that for all ξ, η ∈ Ġ, the operators Y (wη, f) and ZY (wξ, g)Z∗ commute
strongly.

The same argument applied by using the strong intertwining property in
place of the strong braiding shows that for all homogeneous v ∈ V and all
ξ ∈ Ġ, the operators Y (v, f) and ZY (wξ, g)Z∗ commute strongly (cf. Remark
2.38). To conclude recall that V is strongly local by hypothesis. Moreover, the
subset V ∪ {wξ | ξ ∈ Ġ} of U generates U itself, see [91, Proposition 4.5.6], cf.
also [92, Lemma 6.1.1]. Therefore, we can infer the strong graded locality of U
by adapting the proof of [13, Theorem 6.8, see also Remark 6.9], cf. the proof
of [11, Theorem 5.5]. �
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To complete the exposition, we recall how the properties just introduced
link the representation theories of completely unitary VOAs and completely
rational conformal nets. The following definition is due to [22], see also [62,
Section 4.5] or [61, Section 2.3].

Definition 2.40. Let V be a strongly rational and strongly local unitary VOA
and let M be a unitary V -module. Then, M is said to be strongly-integrable if
it is energy-bounded and there exists a (necessarily unique) representation πM

in Rep(AV ), acting on the Hilbert space HM , such that for all homogeneous
a ∈ V , all I ∈ J , all f ∈ C∞(S1) with supp ⊂ I, πM (Y (a, f)) (defined as at
the end of [59, Section B.1] using the polar decomposition of Y (a, f)) is equal
to the closure of Y M (a, f) on HM .

Let V be a strongly local, strongly unitary and strongly rational VOA
and let C be a full rigid monoidal subcategory of Repu(V ). It is proved in [62,
Theorem 4.11] that if there is a generating set F of irreducible objects for C
such that for all M ∈ F there exists a non-zero homogeneous w ∈ M whose
action on C satisfies the strong intertwining property, then every V -module in
C is strongly integrable. Furthermore, for all M,N ∈ C, M � N is positive, so
that C is a unitary ribbon fusion category, see [62, Theorem 4.22 and Remark
4.21], see also [61, Theorem 2.4.1], all based on the results in [60]. In particular,
if C is equivalent to Repu(V ), then V is completely unitary.

In general, one can define the strong integrability ∗-functor

F : C → Rep(AV ) M �→ (πM ,HM )

which is proved to be a fully faithful ∗-functor, see [22] or [60, Theorem 4.3].

Theorem 2.41 ([61, Theorem II, Theorem 2.6.6, Corollary 2.6.7 and Theorem
2.6.8]). Let V be a strongly local, strongly energy-bounded, strongly unitary and
strongly rational VOA. Assume that there exists a generating set F of Repu(V )
such that for all M ∈ F there exists a nonzero quasi-primary vector w ∈ M
such that its action on Repu(V ) satisfies the strong intertwining property (this
is basically [61, Condition B]). Then:

(i) V is completely unitary and Repu(V ) is a unitary modular tensor cate-
gory;

(ii) Repu(V ) is equivalent to a braided C∗-tensor subcategory of Rep(AV ) via
the strong integrability ∗-functor F;

(iii) for any M,N ∈ Repu(V ) such that unitary intertwining operators of type( ·
M ·

)
and of type

( ·
N ·

)
are energy-bounded, the actions of all homoge-

neous vectors of M and N on Repu(V ) satisfy the strong intertwining
property and the strong braiding one;

(iv) suppose that V is a unitary subalgebra of a VOA U satisfying the same
conditions, then ComU (V ) also satisfies the same conditions if it is
strongly rational; if U is completely energy-bounded, then ComU (V ) is
too and all its unitary intertwining operators satisfy the strong intertwin-
ing property and the strong braiding;
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(v) if W is a VOA satisfying the same conditions on V , then V ⊗ W does
too; if V and W are completely energy-bounded, then V ⊗ W is too and
all their unitary intertwining operators satisfy the strong intertwining
property and the strong braiding.

Remark 2.42. Recall that lattice VOSAs, see Remark 2.20, are strongly graded-
local by [13, Theorem 7.19]. Moreover, lattice VOAs satisfy the hypotheses of
Theorem 2.41 and are completely energy-bounded by [62, Theorem 5.8] and
[61, Theorem 2.7.9]. Other VOAs satisfying those hypotheses and the complete
energy boundedness are given in [61, Section 2.7]; some references about these
models can be found in [11, Table 1] (note that not all VOAs there satisfy
the complete energy boundedness). Among them, there is the unitary discrete
series of Virasoro VOAs with central charge c < 1, usually denoted by L(c, 0).

Remark 2.43. The theory developed above allows also to link VOSA extensions
with graded-local conformal net ones, see [11, Section 4] and references therein.

3. Main Results

3.1. Unitarity

To prove the unitarity of nice holomorphic VOSAs with central charge c ≤
24, we will rely on the tools developed for their classification given in [73].
Differently from [73, Convention 2.2], the odd parts of our VOSAs can be
zero. We also use the notation and the results presented in Sect. 2.1.

We denote by F l the graded tensor product of l ∈ Z≥0 copies of the real
free fermion VOSA F , see e.g. [82, Section 3.6 and Proposition 4.10(b)] and
[2, Section 2.3]. Therefore, one of the tools for the classification result is the
Free-Fermion Splitting :

Proposition 3.1 ([73, Section 2.6 and Section 3.2]). For all c ∈ 1
2Z≥0 and all

l ∈ Z≥0, the map V �→ V ⊗̂F l defines a bijection between isomorphism classes
of nice holomorphic VOSAs with central charge c and with weight- 1

2 subspace of
dimension k ∈ Z≥0 and isomorphism classes of nice holomorphic VOSAs with
central charge c+ l

2 and with weight- 1
2 subspace of dimension k+l. In particular,

every nice holomorphic VOSA V with central charge c ∈ 1
2Z≥0 is isomorphic

to a graded tensor product V̄ ⊗̂F l for some l ∈ Z≥0, where F l ∼= W (V 1
2
),

that is the vertex subalgebra of V generated by V 1
2
, and V̄ := ComV (W (V 1

2
)).

Furthermore, V̄ 1
2

= {0}, both V̄ and F l are nice and holomorphic.

V̄ in Proposition 3.1 is called the stump of V . The Free-Fermion Splitting
allows us to solve the unitarity problem for nice holomorphic VOSAs with
central charge c = 24 only and then to obtain the full result as a corollary.

Now, recall the orbifold construction for nice holomorphic VOAs with
central charge c ∈ 8Z≥0 as given in [117, Section 5], see [100, Section 3.3] for a
brief summary (to state the “orbifold construction part” of the following result,
we will need the notion of VOA automorphisms of type 0, defined, e.g. in [117,
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p. 78], but this is not important for our purposes). Then, the Neighbourhood
Graph Method says that:

Proposition 3.2 ([73, Proposition 3.5 and Proposition 3.7]). Every nice holo-
morphic VOSA V with central charge c ∈ 8Z≥0 and with V1 �= {0} can be
realized by a couple (U, g), where U is a nice holomorphic VOA with central
charge c and g is a VOA automorphism of U of order 2 and type 0, as fol-
lows: the orbifold subalgebra U 〈g〉 is the even part V0 of V ; V0 is a nice VOA
and Rep(V0) is a pointed even modular tensor category with fusion algebra
C[Z2 × Z2]; excluding V0 and V1, the two remaining irreducible V0-modules
have positive integer conformal weights and they give rise, as Z2-simple cur-
rent extensions of V0, to U and the orbifold VOA Uorb(g), which is still nice,
holomorphic and with central charge c.

Remark 3.3. It may happen that U and Uorb(g) in Proposition 3.2 are isomor-
phic. A sufficient, but not necessary, condition for that is that V 1

2
�= {0}, see

[73, Proposition 3.6].

Remark 3.4. Recall that the nice holomorphic VOAs with central charge c =
24, see e.g. [100] and references therein, are proved to be unitary in [11, Section
5] and independently in [87, Section 5]. The moonshine VOA V � and the Leech
lattice VOA VΛ, see, e.g. [53,98], are of this type. For smaller central charges,
they are all realized as lattice VOAs [36, Theorem 1 and Theorem 2], which
are known to be unitary, see Remark 2.20.

The last ingredient we need is a description of a nice holomorphic VOSA
V with central charge c = 24 and with V1 �= {0} together with its even part V0

in terms of simple current extensions. To do that, we have to restrict ourselves
to the case where the weight-1 subspace V1 is non-trivial. It is known that V1 is
a reductive Lie algebra, see [35, Theorem 1.1]. Then, let H be the Heisenberg
VOA associated with a Cartan subalgebra of V1, see, e.g. [91, Section 6.3] and
[33, Section 4.3] for its unitarity. Denote by W the Heisenberg coset ComV0

(H)
which has conformal vector νW = ν − νH , see Remark 2.19. Of course the
central charge of W is 24−rk(V1), where rk(V1) is the dimension of the Cartan
subalgebra of V1. By [96, Theorem 1], the double coset ComV0

(W ) is a vertex
subalgebra of V0 isomorphic to a lattice VOA VK , where K is a unique, up
to isomorphism, positive-definite even lattice of rank rk(V1). Accordingly, K
is called the associated lattice of V0. The couple (W,VK) is called a dual pair
(also Howe or commuting pair) in V and their tensor product W ⊗ VK is
a full vertex subalgebra of V0. By [26, Section 4.3], W is strongly rational
and thus Rep(W ) is a modular tensor category. Moreover, by [73, Proposition
4.5], Rep(W ) is a pointed even modular tensor category equivalent to C(AW )
for some discriminant form AW , see Remark 2.5. Consequently, if AK is the
discriminant form associated with VK , we have that Rep(W ⊗VK) is equivalent
to the Deligne product (see, e.g. [49, Section 1.11]) C(AW )�C(AK) ∼= C(AW ×
AK). Starting from this fact, in [73, Section 6], the authors give an explicit
description of every nice holomorphic VOSA with central charge c = 24 and
non-trivial weight-1 subspace together with its even part as a simple current
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extension of W ⊗VK . In particular, every nice holomorphic VOSA with central
charge c = 24 and non-trivial weight-1 subspace falls into one of the three
classes called of glueing type I, II (here there are two further subclasses called
IIa and IIb) and III, depending on how the simple currents in Rep(W ⊗ VK)
glue together to give rise their VO(S)A extensions according to Proposition 3.2.
In [73, Section 7], this description is combined with the orbifold construction
given by Proposition 3.2, and it turns out that there are (at least, see the
shorter moonshine uniqueness conjecture in the Introduction for details) other
two equivalence classes of nice holomorphic VOSAs with central charge c = 24
and with V1 �= {0}, but with trivial weight-1 subspace, which are “non-typical”
VOSAs of glueing type III. These are the graded tensor product V B�⊗̂F of the
shorter moonshine VOSA V B� [69], see also [121, Section 4] and [70, Section
1], with the real free fermion VOSA F and the odd moonshine VOSA V O�

[28,75]. Their unitarity is treated separately in the following proposition.

Proposition 3.5. The tensor product V B�⊗̂F of the shorter moonshine VOSA
and a real free fermion VOSA is unitary as well as the odd moonshine VOSA
V O�. Furthermore, their even parts are completely unitary VOAs.

Proof. The unitarity of V B�⊗̂F follows from the unitarity of V B� proved in
[13, Theorem 7.4] and Remark 2.18. To prove the complete unitarity of its
even part, recall that the irreducible modules in its modular tensor category
are all simple currents, see Proposition 3.2. The possible simple current VOSA
extensions are, up to isomorphism, either the moonshine VOA V � or V B�⊗̂F ,
see [73, Section 8.1]. As the moonshine VOA V � is unitary by [33, Theorem
4.15] and V B�⊗̂F is too as just proved, we have that those simple currents
are all unitarizable, see Remark 2.9 and references therein. It follows that
(V B�⊗̂F )0 is strongly unitary and thus it is completely unitary by Corollary
2.15.

Recall that the even part of the odd moonshine VOSA V O� is the fixed-
point subalgebra V +

Λ of the Leech lattice VOA VΛ by its (−1)-involution g,
see [75]. Then, the complete unitarity of V +

Λ follows from the unitarity of VΛ

and of its irreducible g-twisted modules [33, Theorem 4.12 and Theorem 4.14]
together with Theorem 2.17. Then, we can conclude that V O� is unitary, see
Remark 2.9. An alternative proof can be given by recalling that V +

Λ is a framed
VOA [37, Eq. (6.7)] and invoking [11, Corollary 4.11 and Corollary 4.18]. �

The following establishes the unitarity of every nice holomorphic VOSA
V with central charge c = 24 and with V1 �= {0} �= V1. Recall that the unitarity
for the case with V1 = {0} is already known, see Remark 3.4.

Theorem 3.6. Let V be a nice holomorphic VOSA with central charge c = 24
and with V1 �= {0} �= V1. Then the tensor product W ⊗ VK of the dual pair
(W,VK) of V0 is a completely unitary VOA. In particular, W and V0 are
completely unitary VOAs and V is a unitary VOSA.

Proof. By [73, Theorem 8.2], for every V , there exists an automorphism μ ∈
O(Λ) ∼= Co0 (the largest of the Conway groups) of the Leech Lattice Λ such
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that W is isomorphic to the fixed-point subalgebra V
〈μ̂〉
Λμ

, where Λμ is the coin-
variant lattice of the fixed-point sublattice Λμ, that is the orthogonal comple-
ment of Λμ in Λ, and μ̂ is a standard lift of the isometry μ restricted to Λμ to
Aut(VΛμ

). We point out, see the beginning of [86, Section 5.2], that V
〈μ̂〉
Λμ

is a

vertex subalgebra of the fixed-point subalgebra V
〈φμ〉
Λ , where φμ is a standard

lift of the isometry μ of Λ to Aut(VΛ) and φμ|Λμ
= μ̂. Moreover, V

〈μ̂〉
Λμ

and VΛμ

form a dual pair in V
〈φμ〉
Λ . Recall that lattice VOAs are completely unitary,

see Remark 2.20.
First, we prove that V

〈φμ〉
Λ is completely unitary and that V

〈μ̂〉
Λμ

is strongly
unitary. By [87, Lemma 3.3], φμ is a unitary automorphism of VΛ, cf. also
[11, Proposition A.5] together with [38]. It follows that V

〈φμ〉
Λ is a unitary

subalgebra of VΛ, see Remark 2.16, cf. [17, Example 5.25]. In [87, Section
3.2], the author proves that the twisted modules of even lattice VOAs for
any standard lift are unitary. Therefore, Theorem 2.17, see also [65, Remark
10.10], says that V

〈φμ〉
Λ is completely unitary. As Λμ is a sublattice of Λ, VΛμ

is a unitary subalgebra of VΛ and thus of V
〈φμ〉
Λ too, see Lemma 2.21. Then

V
〈μ̂〉
Λμ

is also a unitary subalgebra of V
〈φμ〉
Λ , as it is the coset subalgebra of

VΛμ in V
〈φμ〉
Λ , see Remark 2.19, cf. [17, Example 5.27]. Recall that W ∼= V

〈μ̂〉
Λμ

is strongly rational by [26, Section 4.3] and thus we are in charge to apply
[85, Theorem 2] which says that all irreducible V

〈μ̂〉
Λμ

-modules appear in some

irreducible V
〈φμ〉
Λ -module. It follows from the complete unitarity of the latter

that V
〈μ̂〉
Λμ

is strongly unitary, that is every V
〈μ̂〉
Λμ

-module is unitarizable, cf. the
beginning of the proof of [61, Theorem 2.6.5]. This implies that W is strongly
unitary too.

Now, recall that W is strongly rational and that the irreducible modules
in the modular tensor category Rep(W ) are all simple currents, that is Rep(W )
is pointed, see also the beginning of [73, Section 6.1]. By Corollary 2.15, it
follows that W is completely unitary, that is Repu(W ) is a unitary modular
tensor category. VK is also completely unitary, so that W ⊗ VK is completely
unitary too, see Remark 2.18. Therefore, V0 is a completely unitary VOA and
V is a unitary VOSA by Theorem 2.23. �
Corollary 3.7. Let V be a nice holomorphic VOSA with central charge c < 24.
Suppose that V is not a VOSA with central charge c = 47

2 and with V 1
2

=
{0} = V1, unless it is isomorphic to V B�. Then, V is unitary.

Proof. By Proposition 3.1, there exists l ∈ Z>0 such that V ⊗̂F l is a nice
holomorphic VOSA with central charge c + l

2 = 24, say U , such that U 1
2

�=
{0} �= U1. If U1 = {0}, then l = 1 and V 1

2
= {0} = V1, so that V ∼= V B� and

U ∼= V B�⊗̂F . V B� is already known to be unitary thanks to [13, Theorem
7.24]. Then, we can suppose that U1 �= {0}, so that U is unitary by Theorem
3.6. Trivially U 1

2
is PCT-invariant, so that F l is PCT-invariant too. Therefore,

F l is a unitary subalgebra of U . The coset subalgebra of F l in U is V itself.
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Then, V is a unitary subalgebra of U , and thus, it has a structure of unitary
VOSA, see Remark 2.19. �

3.2. Strong Graded Locality

We use the notation introduced in Sect. 3.1 and we refer to Sect. 2 for the
necessary preliminaries. Recall that the free fermion VOSAs F l for all l ∈ Z>0

are strongly graded-local by [13, Example 7.2]. The corresponding free fermions
nets are denoted by F l, respectively. Of course, the real free fermion net F1

is simply denoted by F . Moreover, it is well known that F0 is isomorphic to
the Virasoro VOA L(1

2 , 0) and F1 to the L( 1
2 , 0)-module L( 1

2 , 1
2 ). Accordingly,

the Bose part F0 of F is the Virasoro net Vir 1
2

:= AL( 1
2 ,0), see Remark 2.42.

Proposition 3.8. Let V be a nice holomorphic VOSA with central charge c = 24
and with V1 �= {0}. Assume one of the following further hypotheses.

(i) Suppose that V is of glueing type I or II. Then, consider the dual pair
(W,VK) of V0 and set E := W and X := VK .

(ii) Suppose that V has V 1
2

�= {0} �= V1 or that V is isomorphic to V B�⊗̂F .
Then consider the Free-Fermion Splitting V̄ ⊗̂F l of V for some l ∈ Z>0

and set E := (V̄ ⊗̂F l−1)0 and X := F0, identified with the Virasoro VOA
L(1

2 , 0).

Then E and the tensor product E ⊗ X are completely unitary, strongly local,
completely energy-bounded and every unitary intertwining operator satisfies
the strong intertwining property and the strong braiding. In particular, the
strong integrability ∗-functor F : Repu(E ⊗ X) → Repf(AE ⊗ AX) realizes an
equivalence of unitary modular tensor categories, so that AE⊗AX is completely
rational. Furthermore, V is energy-bounded and there exists a holomorphic
graded-local conformal net extension AV

E⊗X of AE ⊗AX with non-trivial Fermi
part and whose Bose subnet is the irreducible conformal net AV0

. If B is any
irreducible graded-local conformal net with non-trivial Fermi part and whose
Bose subnet is isomorphic to AV0

, then B is isomorphic to AV
E⊗X .

Proof. The case (i). As showed in [73, Section 6.1] and recalled in Sect. 3.1, if
V is of glueing type I or II, then W forms a dual pair with an even lattice VOA
VL, for a given lattice L, in a strongly rational holomorphic VOA U with central
charge c = 24, whose strong locality is proved in [11, Theorem 5.5]. Trivially,
U satisfies the hypotheses of Theorem 2.41 and it is also completely energy-
bounded. The same holds for lattice VOAs, see Remark 2.42. Recall that W
is strongly rational by [26, Section 4.3] and it is also completely unitary by
Theorem 3.6. It follows from Remark 2.18 that W ⊗ VL is completely unitary
too and thus it can be made a unitary subalgebra of U by Theorem 2.23.
Then also W and VL are unitary subalgebras of U . By (iv) of Theorem 2.41,
W = ComU (VL) is completely energy-bounded and its unitary intertwining
operators satisfy the strong intertwining property and the strong braiding. By
(v) of Theorem 2.41, the same holds for W⊗VK (of course, also W⊗VL does so).
Note that W and W⊗VK are also strongly local and that AW ⊗AVK

= AW⊗VK
,

see Remark 2.30.
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By (ii) of Theorem 2.41, the strong integrability ∗-functor F : Repu(W ⊗
VK) → Rep(AW ⊗ AVK

) is fully faithful and such that Repu(W ⊗ VK) is
equivalent to a braided C∗-tensor subcategory of Rep(AW ⊗ AVK

). With the
help of [11, Corollary 4.8], we choose the unitary structures in such a way that
W ⊗ VK ⊂ V0 ⊂ U are inclusions of unitary subalgebras. Therefore, we can
apply [61, Theorem 2.7.2] to the inclusion W ⊗ VK ⊂ U , to conclude that
Repu(W ⊗ VK) and Repf(AW ⊗ AVK

) have the same number of irreducibles,
as U is holomorphic and AU is too by [11, Theorem 5.5]. Then AW ⊗ AVK

is
completely rational and F realizes an equivalence of unitary modular tensor
categories between Repu(W ⊗ VK) and Repf(AW ⊗ AVK

).
Now, AV

W⊗VK
is realized by two steps. First, we apply [11, Theorem

4.10], which works as follows. Consider the simple CFT-type VOA extension
W ⊗VK ⊂ V0 in Repu(W ⊗VK), which is equivalent to Repf(AW ⊗AVK

). Then
this equivalence induces an irreducible conformal net extension AV0

W⊗VK
of

AW⊗VK
. On the other hand, the irreducible conformal net extension AW⊗VK

⊂
AV0

induces a simple CFT-type VOA extension W ⊗ VK ⊂ Ṽ via the strong
integrability ∗-functor F, which implies that Ṽ must be equivalent to V0 as
W ⊗ VK-module. In particular, Ṽ is a simple current extension of W ⊗ VK ,
and thus, it must be actually isomorphic to V0 as VOAs by the uniqueness
of the simple current extension structure, see [35, Proposition 5.3]. This im-
plies that AV0

W⊗VK
is isomorphic to AV0

and that Repu(V0) and Repf(AV0
) are

equivalent as unitary modular tensor category. By [94, Theorem 24], AV0
is

also completely rational. Second, we apply [11, Theorem 4.21], so that AV
W⊗VK

is obtained as irreducible graded-local conformal net extension of AV0
, induced

by the simple CFT-type VOSA extension V of V0.
To prove that AV

W⊗VK
is holomorphic, note that it is completely rational

as its Bose part AV0
is. By Proposition 3.2 and the equivalence of Repu(V0)

and Repf(AV0
), we have that AV0

counts four irreducible representations. Of
course, one of it is the vacuum representation, whereas the other three repre-
sentations are Z2-simple currents with trivial twist, apart from the one giving
rise to the extension AV

W⊗VK
, say σ, whose twist is −1σ. By [16, Proposition

22], if π is any irreducible (Neveu-Schawrz) representation of AV
W⊗VK

, then
it splits into two inequivalent irreducible representations of AV0

, say π+ and
π− := π+σ. Moreover, π+ and π− are both σ-Bose in the meaning of [16, Sec-
tion 2.5] thanks to [16, Corollary 25]. If the statistics phase ωπ+ , which is the
complex number obtained from the twist of π+ in Repf(AV0

), is equal to −1,
then π+ = σ and π− must be the vacuum representation of AV0

. If ωπ+ = 1,
then ωπ− = −ωπ+ = −1 according to [16, Eq. (6)], so that π− = σ and π+ is
the vacuum representation of AV0

. By [14, Proposition 2.5], π is the vacuum
representation of AV

W⊗VK
, that is AV

W⊗VK
is holomorphic.

For the uniqueness statement, let B be any irreducible graded-local con-
formal net with non-trivial Fermi part and whose Bose subnet is isomorphic to
AV0

. Again by [11, Theorem 4.21] and its proof, this corresponds to a Z2-simple
current extension V0 ⊂ V̂ , where the odd part V̂1 is the Z2-simple current in the



Vol. 26 (2025) Unitarity and Strong Graded Locality 4607

representation category of V0. By Proposition 3.2, V0 has a unique Z2-simple
current with semi-integer conformal weight and thus V̂1 must be isomorphic
to V1 as Z2-simple current of V0. Moreover, V̂ ∼= V as the VOSA structure
of a simple current extension is unique up to isomorphism, see [25, Theorem
3.9] and [35, Proposition 5.3]. Then, the uniqueness statement follows from
the construction of AV

W⊗VK
.

Finally, the energy boundedness of V is a consequence of the complete
energy boundedness of W ⊗ VK . Indeed, as V is a W ⊗ VK-module, every
vertex operator Y (a, z) with a ∈ V can be considered as a finite sum of unitary
intertwining operators of W ⊗VK , so that the energy bounds for Y (a, z) follow,
cf. [21, Theorem 4.6].

The case (ii). Suppose that V �∼= V B�⊗̂F , so that V̄ �∼= V B�. We safely
identify V with its Free-Fermion Splitting V̄ ⊗̂F l for some l ∈ Z>0, see Propo-
sition 3.1. Set T := V̄ ⊗̂F l−1, which is nice, holomorphic and with central
charge equal to 47

2 . By Remark 2.3, T0 is nice too. Moreover, by [73, Propo-
sition 3.2 and Table 1], the fusion algebra of Rep(T0) is of Ising type with
only three elements id, σ and τ , whose corresponding conformal weights mod-
ulo Z are 0, 1

2 and 15
16 . Note also that the simple CFT-type VOSA extensions

T0 ⊗ L( 1
2 , 0) ⊂ (T ⊗̂F )0 and T0 ⊗ L( 1

2 , 0) ⊂ V are made by simple currents
only. Indeed, the decomposition of V into irreducible (T0 ⊗ L( 1

2 , 0))-modules
is

V =
(

T0 ⊗ L

(
1
2
, 0

))

⊕
(

T0 ⊗ L

(
1
2
,
1
2

))

⊕
(

T1 ⊗ L

(
1
2
, 0

))

⊕
(

T1 ⊗ L

(
1
2
,
1
2

))

.

(10)

By Proposition 3.2, we have inclusions of vertex subalgebras T0⊗L( 1
2 , 0) ⊂

(T ⊗̂F )0 ⊂ U for some strongly rational holomorphic VOA U with central
charge c = 24 and U1 �= {0}. Note that ComU (L( 1

2 , 0)) must be a simple CFT
type VOA extension of T0 and thus we can consider its decomposition into irre-
ducible T0-modules. If we look at the possible conformal weights of these mod-
ules, the only possibility is that ComU (L( 1

2 , 0)) = T0 (actually, (T0, L( 1
2 , 0))

turns out to be a dual pair for both U and V0).
By Corollary 3.7, T is unitary. By Remark 2.18, if we equip V with the

unitary structure induced by the graded tensor product T ⊗̂F , then T0⊗L( 1
2 , 0)

turns out to be a unitary subalgebra of (T ⊗̂F )0 = V0 and of V too. Recall that
V0 is the fixed-point subalgebra of U by some automorphism of order 2. Recall
also that U is unitary, see Remark 3.4. By [41,57], U is finitely generated as
it is strongly rational. By [11, Proposition A.5], we can choose the unitary
structure on U in such a way that V0 is a unitary subalgebra of U and thus
also T0, L( 1

2 , 0) and their tensor product are.
Recall that L( 1

2 , 0) satisfies the hypotheses of Theorem 2.41, see Remark
2.42. Then, the conclusion follows noting that now we have the same conditions
as in the case (i) for T0 and L( 1

2 , 0) here in place of W and VK there. Finally, if
V ∼= V B�⊗̂F , then most of the desired statements have been already given in
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the proof of [13, Theorem 7.24] in a very similar way, but using as U here the
moonshine VOA V � there. Then the missing parts follow from the argument
above. �

Remark 3.9. Note that if V satisfies both (i) and (ii) of Proposition 3.8, then
we have two different ways to produce a holomorphic graded-local conformal
net with non-trivial Fermi part and whose Bose subnet is AV0

. Nevertheless,
by the uniqueness statement there, these two procedures bring to the same
holomorphic graded-local conformal net.

Theorem 3.10. Let V be a nice holomorphic VOSA with central charge c = 24
and with V1 �= {0} �= V1 or be isomorphic to V B�⊗̂F . If V is not a VOSA of
glueing type III and with V 1

2
= {0}, then V is strongly graded-local and AV is

holomorphic.

Proof. Note that V must fall in at least one of the cases (i) or (ii) of Proposition
3.8. Therefore, V is energy-bounded. Moreover, the tensor product E ⊗ X in
Proposition 3.8 is a strongly local completely unitary VOA and its unitary
intertwining operators satisfy the strong intertwining property and the strong
braiding. By [73, Section 6.1], cf. also Lemma 2.24, we can see that if V is of
glueing type I or II, then it is a simple current extension of the VOA W ⊗VK .
If V is in the case (ii) of Proposition 3.8, then it is a simple current extension
of the VOA T0 ⊗ L( 1

2 , 0), see (10). Therefore, E ⊗ X satisfies the hypotheses
of Lemma 2.39, so that V is strongly graded-local. Finally, (AV )0 = AV0

by
Remark 2.30 and thus AV is isomorphic to AV

E⊗X by the uniqueness statement
of Proposition 3.8, see also Remark 3.9, implying that AV is holomorphic. Note
that the strong graded locality of V B�⊗̂F was already proved by [13, Theorem
7.24 and Corollary 6.6] with similar technique. �

Strongly rational holomorphic VOSAs with central charge c ≤ 12 were
explicitly classified in [24, Theorem 3.1] and proved to be strongly graded-local
in [13, Theorem 7.22]. We improve the latter result with the following:

Corollary 3.11. Let V be a nice holomorphic VOSA with central charge c < 24.
Suppose that V is not a VOSA with central charge c = 47

2 and with V 1
2

=
{0} = V1, unless it is isomorphic to V B�. Then, V is strongly graded-local. In
particular, it gives rise to a holomorphic graded-local conformal net AV .

Proof. By Proposition 3.1, there exists l ∈ Z>0 such that V ⊗̂F l is a nice
holomorphic VOSA with central charge c + l

2 = 24, say U , such that U 1
2

�=
{0} �= U1. If U1 = {0}, then l = 1 and V 1

2
= {0} = V1, so that V ∼= V B�

and U ∼= V B�⊗̂F . Therefore, U is strongly graded-local by Theorem 3.10.
By Corollary 3.7, Remark 2.18 and the unitarity of F , it follows that V is a
unitary subalgebra of U , and thus, it is strongly graded-local thanks to Remark
2.30. If AV is not holomorphic, then we can construct, see [16, Section 2.6], at
least one non-trivial irreducible representation on the irreducible graded-local
conformal net AV ⊗̂F l. This leads to a contradiction as AV ⊗̂F l is isomorphic
to AU , which is instead holomorphic. �
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Remark 3.12. Note that Corollary 3.11 proves that the super-moonshine net
Af� := AV f� , already defined in [13, Theorem 7.21] from the super-moonshine
VOSA V f�, see [47] and also [48], is indeed holomorphic as the latter has
central charge c = 12. Moreover, it also proves the holomorphicity of the
shorter moonshine net AV B� , already defined in [13, Theorem 7.24].

Remark 3.13. One could wonder why the same technique used to prove the
strong graded-locality for nice holomorphic VOSAs with central charge c = 24
and of glueing type I and II does not work for the ones of glueing type III.
The reason is that in the latter case, the Heisenberg coset W does not form
a dual pair with a lattice VOA in one of the holomorphic VOAs obtained
from the Neighbourhood Graph Method, as we can see from [73, Section 6.1].
In turn, this prevents us to apply (iv) of Theorem 2.41 in the proof of the
case (i) of Proposition 3.8, which gives the complete energy boundedness of
W , the strong intertwining property and the strong braiding for its unitary
intertwining operators.

Conjecture 3.14. Every nice holomorphic VOSA V with central charge c ≤ 24
is strongly graded-local. In particular, it gives rise to a holomorphic graded-local
conformal net AV .
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