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Abstract

We investigate the canonical BRST—quantisation and refined algebraic quantisation
within a family of classically equivalent constrained Hamiltonian systems that are related
to each other by rescaling constraints with nonconstant functions on the configuration
space. The quantum constraints are implemented by a rigging map that is motivated
by a BRST version of group averaging. Two systems are considered. In the first one we
avoid topological built-in complications by considering R* as phase space, on which a
single constraint, linear in momentum is defined and rescaled. Here, the rigging map has
a resolution finer than what can be extracted from the formally divergent contributions
to the group averaging integral. Three cases emerge, depending on the asymptotics of the
scaling function: (i) quantisation is equivalent to that with identity scaling; (i) quanti-
sation fails, owing to nonexistence of self-adjoint extensions of the constraint operator;
(7i1) a quantisation ambiguity arises from the self-adjoint extension of the constraint
operator, and the resolution of this purely quantum mechanical ambiguity determines
the superselection structure of the physical Hilbert space. The second system we con-
sider is a generalisation of the aforementioned model, two constraints linear in momenta
are defined on the phase space RS and their rescalings are analysed. With a suitable
choice of a parametric family of scaling functions, we turn the unscaled abelian gauge
algebra either into an algebra of constraints that (1) keeps the abelian property, or, (2)
has a nonunimodular behaviour with gauge invariant structure functions, or, (3) contains
structure functions depending on the full configuration space. For cases (1) and (2), we
show that the BRST version of group averaging defines a proper rigging map in refined
algebraic quantisation. In particular, quantisation case (2) becomes the first example
known to the author where structure functions in the algebra of constraints are success-
fully handled in refined algebraic quantisation. Prospects of generalising the analysis to

case (3) are discussed.
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CHAPTER 1

Introduction

In conclusion you see that there is no golden rule

for canonical quantization of constrained systems.

— Kurt Sundermeyer, 1982

There has been a great deal of active research during the last almost five decades
in the field of quantisation of constrained systems. Since the vastly influential 87 pages
written down by Paul Adrien Maurice Dirac in his ‘Lectures of quantum mechanics’ [1],
this subject has occupied a central position in the development of contemporary theo-
retical physics and the search for a consistent quantum version of the fundamental forces

in nature as known today.

1.1 Classical constrained systems: Historical perspective

We cannot purport to do justice to the history of our subject, either in the short space
that has been reserved for this introduction, or in the body of the thesis. Yet, brief
mention of a few landmarks in the early history is in order. In 1918, Amalie E. Noether [2]
revealed a deep connection between the invariance that some dynamical systems possess
under certain transformations and the off—shell vanishing of specific linear combinations
of their equations of motion; the occurrence of the former implies the existence of the

latter. This result is sometimes referred to as the second Noether theorem |3, 4].
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A typical example of the second Noether theorem is found in Maxwell’s theory on
flat spacetime. Once written in terms of the four-potential A, it is manifestly invariant
under A, — A,+0,A, with A an arbitrary function on spacetime. This invariance implies
the trivial identity 0, (3,,F ’“’) = 0, where F*¥ is the electromagnetic field tensor. An
extension of this trivial identity to a more complex one arises by considering free Yang—
Mills theory. In this case, the linear combination of equations of motion that vanishes is
D, (D,,F# V) = 0; these identities are consequence of the invariance of the theory under
the non-abelian transformation law Af, — A}, + (D,0)%/g, where g is a constant and
a denotes the internal index of a Lie group parameterised by 8 = (0*). The covariant
derivative D (locally) acts on any Lie-valued p-form T} , as D, , = 0,T; , —
9fapeTl oA, with fape the structure constants of the underlying Lie group. Another,

much less trivial, example is given by the existence of the Bianchi identities that are

implied by the invariance of general relativity under general coordinate transformations.

In this scenario, where the equations that convey the dynamics are not functionally
independent, the description of the dynamical system necessarily involves spurious de-
grees of freedom; these are the source of the obstacles encountered in passing from the
Lagrangian to the equivalent Hamiltonian description in these systems. The period of
time in which these difficulties were spotted and overcome, mostly as a byproduct in the
search for a Hamiltonian description of general relativity, covers from 1930 to 1964. The
main contributors during this lapse were Leoén Rosenfeld [5], Peter G. Bergmann and
James L. Anderson [6, 7|, and P. A. M. Dirac [8, 9, 10, 11]. P. A. M. Dirac’s succinct
treatise on the subject in 1964 [1] certainly set the stage, the tone, and much of the
terminology currently used to describe singular or constrained systems, as these kind of
systems are known nowadays. A historical account of these events can be found in a series
of papers by Donald C. Salisbury [12, 13, 14, 15] who remarks that P. G. Bergmann, his
Ph.D. supervisor, actually never used the appellation of Dirac—Bergmann algorithm to
term the series of steps one now follows to construct the Hamiltonian version of singular

Lagrangian systems.

In L. Rosenfeld’s pioneering work on the subject, it was realised (in a system of fields)
that momenta, defined as the partial derivative of the Lagrangian with respect to the
corresponding velocities, were not independent of each other and of the configuration
variables, but satisfied relations with no time derivatives. These relations are the so—
called (primary) constraints. According to P. G. Bergmann’s group in Syracuse, and to P.
A. M. Dirac, any physically allowed initial conditions must satisfy these constraints. This
implies a consistency condition: the constraints must be constant in time, that is, the

Poisson bracket of the primary constraints must vanish with the Hamiltonian. From this
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rule an iterative procedure arises, which ends after a finite number of steps provided that
the original Euler-Lagrange equations of motion are self-consistent. Constraints which
come into the analysis after the primary constraints were termed by P. G. Bergmann
secondary constraints. Constraints whose Poisson bracket with each other vanish modulo
the constraints themselves are first—class constraints, otherwise they are second—class

constraints in P. A. M. Dirac’s terminology.

In this account, the constraint surface is defined as the zero locus of all the constraints;
the restriction of the symplectic form to it is degenerate. In contrast to the second—
class constraints, the first—class constraints generate mappings, gauge transformations,
from this submanifold of the phase space on itself, so that the first—class constraints
of the theory form a Lie algebra on the constraint surface. The orbits of the gauge
transformation group that have at least one point on the constraint surface lie in that
hypersurface entirely, and form equivalence classes. They foliate the constraint surface.
Each point on the zero locus of the constraints belongs to exactly one equivalence class,
each of which represents one and only one physical situation; all points in the equivalence
class are physically the same. On the quotient space of the constraint surface by the
gauge orbits, a non—degenerate symplectic structure is recovered; this space is called
reduced phase space. Dynamical variables on the reduced phase space are automatically
constant over each equivalence class. Hence invariant under gauge transformations; that
is, commute with all first—class constraints. Such variables are called observables, in the
sense that their values depend on the actual physical situation, and not on the manner

in which we could choose to represent it.

For second—class constraints, P. A. M. Dirac modified the Poisson bracket adding
terms bilinear in them in a way that second—class constraints themselves can strictly
be considered zero either before, or after, evaluating the modified bracket. In terms
of Dirac brackets, as they are known, one can express the time evolution and gauge

transformations of arbitrary functions on the phase space.

This formulation of constrained systems in phase space terms is universal. The
non—trivial classical theoretical framework, quickly revisited in the paragraphs above,
permeates into various physical models; together known as gauge invariant systems.
These models encompass electrodynamics, Yang—Mills type theories, Einstein’s general
relativity, topological field theories, grand unified theories, superstring, branes and many
others manifestly Lorentz invariant dynamical systems. This enormous range of applica-
bility is what confirms that the study of singular systems is interesting in its own right.
Furthermore, considering the idea that an ultimate description of physical phenomena is

quantum in nature, undoubtedly the quantisation of constrained Hamiltonian dynamics
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becomes a task worthwhile to accomplish.

1.2 Path integral quantisation and ghost fields

The presence of spurious degrees of freedom in the description of a physical theory,
poses a quandary in the process of quantisation. Several proposals to obtain a consistent
quantisation that wish to embrace the most general form of constrained systems have
been explored. The most popular methods are based either on Hilbert space techniques,
where constraint operators play the role of physical state selectors [1]; or, on functional—
integral techniques, where the constraints are incorporated by changing the measure of
the path integral in order to formally consider only physical paths. The latter is in

practice valuable as it is closer to Feynman diagrams machinery |16, 17].

In 1948, based on his doctoral dissertation, Richard Feynman introduced the La-
grangian version of the path integral formalism for non-relativistic mechanical sys-
tems [18]. His ultimate goal was to control the infinities with which QED is plagued [19,
20, 21, 22|, a task partly achieved later by Freeman Dyson [23, 24]. The sources of
divergences in QED include proper self-energy graphs and vertex functions. In addi-
tion, when computing the transition amplitude between two states of a gauge invariant
system, one faces the problem that the sum inescapably diverges; in phase space terms,
because of the existence of equivalence classes. There is not a unique prescription for
the propagator of gauge fields. The necessity of imposing conditions (known as gauge
conditions), to pick one and only one representative within each physical equivalence
class, is then imperative. Besides this difficulty, in 1963 R. Feynman emphasised the
lack of unitarity to 1-loop in the perturbation theory of the linearised gravity coupled
to a scalar field using a Lorentz gauge condition [25]. This complication, however, was
not exclusive to general relativity since Yang-Mills theory inherently also contains it'.
In order to ‘cure’ the amplitude, R. Feynman suggested the introduction of some ficti-
tious fields, later on known as ghost fields, by subtracting from the Lagrangian a term
which restores a unitary amplitude by cancelling out all unphysical contributions to the

intermediate (virtual) states.

The heuristic rules given by R. Feynman to reinstall 1-loop unitarity were derived
later by Ludwig D. Faddeev and Victor N. Popov from an action principle [26, 27].

The Lagrangian in the action should contain the original gauge invariant term, the

In Feynman words ‘At the suggestion of Gell-Mann I looked at the theory of Yang—Mills with zero
mass, [...] and found exactly the same difficulty [...]. So at least there is one good thing: gravity isn’t
alone in this difficulty’ [25].
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gauge fixing term, and the new so—called Faddeev—Popov term. The latter, containing

the fermionic ghost variables, was seen as a mathematical convenience to express the
. . . 1 .

S—matrix of the theory in the form of an integral of exp [h x action|. Ghost fields were

hence regarded as a ‘measure effect’.

Both, a deeper understanding and the systematic use of ghosts fields were provided
by L. D. Faddeev in his proposal for a Hamiltonian path integral in first—class constrained
systems [28]. The unconstrained Hamiltonian version of the path integral introduced by
R. Feynman [29] had been generalised. The measure in the L. D. Faddeev’s integral (also
known as BFV path integral) would include Dirac deltas with first—class constraints in
their argument, Dirac deltas of the gauge fixing conditions (which turn the constraints
into second—class type), and the determinant of the nonsingular matrix formed by the
Poisson brackets between the first—class constraints of the theory and the gauge fixing
functions. The last factor ensures the independence of the integral on the choice of gauge

2. Performing the integration of momenta and using Grassmann integrals to

conditions
recast the nonvanishing determinant, installs the Faddeev—Popov ghost term in the ef-
fective action at the configuration space level. The possibility of deriving the Lagrangian
path integral from the Hamiltonian one is known in the literature as Matthews theorem;
see for example [31, 32, 33| and references quoted therein. The corresponding modified
path integral in phase space for systems with first— and second—class constraints was

derived by Pavao Senjanovic in 1976 [34].

Although the role of ghost fields in the description of gauge invariant theories was
already prominent with the advent of L. D. Faddeev and V. N. Popov’s results, they
were raised to a fundamental level when Carlo Becchi, Alain Rouet and Raymond Stora
(BRS) conceived of a global symmetry transformation in the context of the Higgs—Kibble
model [35, 36]: an abelian gauge invariant theory minimally coupled to scalar fields with
spontaneously symmetry breaking within a certain class of gauge functions. In this
symmetry transformation non—ghost fields are transformed by gauge transformations
with ghosts for parameters®. The global nature of this transformation precludes that
more degrees of freedom could be eliminated from the theory. The generalisation of

this rigid transformation to non—abelian gauge theories [38], together with the BRST—

2The invariance of the BFV path integral under the choice of gauge fixing conditions is commonly
known as the Fradkin—Vilkovisky theorem. Subtleties on the validity of this theorem are found in [30],

and references quoted therein.
3These transformations were subsequently called BRST transformations. The character ‘T’ in the

abbreviation refers to Igor V. Tyutin who discovered analogous transformations in the context of canon-
ical quantisation of gauge theories. This discovery was originally reported in what became one of the

most famous unpublished works in the field [37].
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invariance of the partition function, imply the so—called Slavnov—Taylor identities [39,
40, 41]. These have proved to be crucially instrumental in the renormalisation process,

unitarity and other aspects of gauge theories.

The origins of ghost variables are hence inherently quantum mechanical. It is at
this level where they decrease the number of degrees of freedom to its physical number
by cancelling out the spurious degrees of freedom that manifest themselves in virtual
intermediate processes. The occurrence of ghost variables within the effective action
encountered by L. D. Faddeev and V. N. Popov, and their profound relation with the
symmetry that remains of the original gauge invariance, suggests their inclusion in the
classical formalism from the very beginning. This observation gave rise to a new stand-

point in the study of constrained systems: extended space techniques.

1.3 Extended space techniques and the BRST symmetry

Motivated by R. Feynman [25], L. D. Faddeev [28], and the contemporaneous discovery of
BRST symmetry [35, 36, 38, 37|, a prominent group of researchers settled in the Physical
Lebedev Institute achieved the task of introducing the ghost fields into the classical
scheme before going into the S—matrix of the theory. Developed during the late 70s and
early 80s, their BRST approach to gauge systems was addressed from two different, but
equivalent [42, 43, 44, 45, 46], points of view. Focused on phase space extensions, one
approach is the Hamiltonian BRST or BFV formalism, abbreviation in honour of Igor
Batalin, Efim S. Fradkin and Grigori A. Vilkovisky, authors of the original papers on the
subject [47, 48, 49, 50, 51|. Based on configuration space extensions, the other approach is
developed in the Lagrangian framework and is known as field—antifield or BV formalism,
the abbreviation due to its developers I. Batalin and G. A. Vilkovisky [52, 53, 54, 55],
whose work was based on previous ideas of Jean Zinn—Justin [56], Renata Kallosh [57],

and Bernard de Wit and Jan Willem van Holten [58].

In the field—antifield formalism [59, 60] one enlarges the original configuration space
in a two—step process. Firstly, among the original basic configuration variables a number
of ghosts is introduced. These ghost variables are equal in number to the parameters
in the gauge transformation?. In this formalism, the original and ghost variables are
collectively referred to as fields. In the second step, one antifield is introduced for each

field. The Grassmann parity of each antifield is opposite to its associated field. An

4In cases where there are relations among the gauge transformations (reducible gauge transforma-
tions), ghosts of ghosts are also necessary. There actually may exist a ladder of ghost if relations among

relations also exist.
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additive charge, called ghost number, is assigned to each of these fields and antifields.
Together field and antifields become the coordinates of an extended configuration space

of even dimension.

This super—space is equipped with a Poissonian structure: the antibracket, an odd
non—degenerate symplectic form. Concomitantly, phase space concepts such as canonical
transformations, can be installed in this super configuration space. The original classical
action is extended to a new action. The new action involves fields and antifields and is
required to satisfy the classical master equation, that is, to have a vanishing antibracket
with itself. The BRST transformation of any function on the super configuration space
is generated (with the antibracket) by the extended action. The BRST transformation
is hence nilpotent of order two. The extended action is by construction BRST invariant
and becomes defined up to canonical transformations. A gauge fixing procedure is still
needed when extending this theory to its quantum counterpart, usually involving the

introduction of more auxiliary fields.

It is the Hamiltonian BRST formalism which will concern us in this thesis [61, 62,
63, 64, 65]. In a similar fashion to the field—antifield formalism, the original number
of basic dynamic variables is increased. A number of ghost canonical pairs is added
to the original variables in phase space. When only irreducible first—class constraints
(independent constraints) are present, the number of ghosts canonical pairs is equal to
the number of first—class constraints. If the Lagrange multipliers are to be considered as
points in the phase space (nonminimal BRST formalism), the corresponding conjugate
momenta are defined as new constraints from the outset. These new constraints and
the original constraints form a set with an even number of first—class constraints. In the
nonminimal version of the Hamiltonian BRST formalism more ghost canonical pairs are
introduced accordingly, having one ghost canonical pair for each first—class constraint.
The Grassmann parity of each ghost canonical pair is opposite to the one associated with
its correlated constraint; in the case of pure bosonic constraints, only fermionic ghost
canonical pairs are defined. To each ghost (resp. ghost-momentum) one assigns a ghost

number +1 (—1).

The gauge algebra of the theory is determined by the Poisson brackets between
first—class constraints. These Poisson brackets render a linear combination of first—class
constraints. In Marc Henneaux’s terminology [61], if all the coefficients turn out to
be constant on the phase space, the gauge algebra is called closed, otherwise is called
open algebra. The gauge algebra (closed or open) and the Jacobi identity of the Pois-
son brackets ensure the existence of an odd, ghost number +1, real, and nilpotent (in

the Poisson bracket sense) function € on the extended space. This 2, which generally
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contains multi—ghost terms higher than three, is defined up to canonical transformations
in the super phase space and generates the classical BRST transformation at first order
in ghost variables. Observables, or gauge invariant functions, are recognised in this for-
malism as ghost numbered zero functions which commute (in the Poisson bracket sense)
with the BRST generator 2. The dynamics is generated by a BRST extension of the

original Hamiltonian.

One of the conceptual advantages of extended phase space over the original phase
space formalism is that it makes first—class constrained systems canonically covariant

under the operation of rescaling the constraints ,, that is, under
/o A b
’YCL = f}/a T a ’Yb ’

with A a pointwise invertible matrix on the phase space. To be more specific, while
this transformation does not induce changes in the characterisation of either classical
observables or the constraint surface [66, 67, 68|, it cannot be recast as a canonical trans-
formation in the ordinary phase space. Nevertheless, the two different BRST charges
Q and € associated to each equivalent set of constraints {v,} and {7}, respectively,
are connected by a canonical transformation on the ghost extended phase space [61, 69].
The quantum consequences of this result have been explored for example in [70, 71, 72];
formally the quantum theories arising from each set of constraints should be unitarily

related in a canonical BRST—quantisation scheme.

1.4 Canonical quantisation of constraints and the physical inner product

The most succinct formalisms we have to understand gauge theories are based on ex-
tended space techniques. The rich structure of first—class constrained systems, either with
an open or closed gauge algebra, can be summarised into one object. In the Lagrangian
setting this is the extended action, and in the Hamiltonian setting this corresponds to the
BRST charge. Each of these objects generates BRST transformations in its respective
space. This point of view, in which ghosts are treated on the same footing as the basic
dynamical variables, gives a whole new set of tools to gauge theories and in general to
singular systems. Prima facie, to implement this standpoint at a quantum level, one

must effectively incorporate the ghosts into the quantisation scheme.

With exception of the reducible constraints case, which was fully developed in 1983
[51], by the year of 1978 most of the classical BRST Hamiltonian and its application
to path integral quantisation was already consolidated. About the same time, in 1979,

Taichiro Kugo and Izumi Ojima introduced the BRST operator quantisation method in
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the context of Yang—Mills theory [73]. In their approach to the problem of quark con-
finement in QCD, they proposed the physical states to be (usually zero ghost numbered)
states in the kernel of the so—called BRST operator, Q. This operator must act on an
indefinite inner product space in order to be compatible with its nilpotency (5\22 =0)
and hermiticity (QT = ﬁ) properties [74]. Within their formalism, physical observables

were regarded as hermitian BRST—invariant operators.

One distinctive aspect of the canonical BRST—quantisation over its classical coun-
terpart is that the existence of neither a BRST operator nor BRST observables, with
the properties given above, is guaranteed. Another obstacle found in the formalism is
that in practice when the inner product on the total BRST state space is restricted
to the BRST physical space, an ill-defined inner product results. Hence to supply the
physical space with an orthodox probabilistic interpretation, it is mandatory to imple-
ment a positive definite inner product by other means. The general resolution to this
issue is not a trivial task and several efforts have been made in this direction, they

include [65, 73, 75, 76, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90].

Notice that the nilpotency of Q introduces a new symmetry: BRST physical states
are defined up to a term in the image of the BRST operator. This ambiguity in the
definition of BRST physical states is called the BRST quantum gauge transformation
and all states related by it are BRST gauge—equivalent. The image of Q is contained in
its kernel. Therefore, one could seek a positive definite inner product on the quotient
space of the kernel of O by the image of 0. Alternatively, one could fix the BRST
gauge invariance and evaluate the indefinite inner product of the total space only on
suitable gauge—equivalent states. Robert Marnelius and his collaborators worked on the
latter [82, 84, 85, 86, 87, 89, 90]. Without altering the original inner product, they
singled out specifically chosen representatives in the BRST—invariant equivalence classes
which then have a well-defined inner product. Interesting clarifications on the possible
failures of R. Marnelius’ programme in the presence of Gribov ambiguities have been

emphasised in |91, 92].

The aforementioned problem of finding a physical inner product is not specific to
the extended space techniques; it is a common feature in all quantum descriptions of
first—class constrained systems. In the path integral quantisation, for example, this
problem is resolved by modifying the measure of the integral so that only physical paths
are considered. In Dirac’s approach to quantising constrained systems, the physical
space, that is, the set of states annihilated by all the first—class constraints, needs to
be turned into a pre—Hilbert space. Again, the restriction of the original inner product

—although in this case positive definite— to the physical space produces ill-defined norms.
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The implementation of a physical inner product within Dirac’s scheme is usually done
on a case-by—case basis. The physical inner product may be determined by specific
symmetries in the model such as the particular structure of background spacetime metric,
the existence of a global time-like Killing vector field, or the property that the quadratic
term in the Hamiltonian is projectable on non—degenerate metric on the reduced phase

space [66]. However, in a full general case, none of these options is necessarily accessible.

A sophisticated version of Dirac’s approach to the quantisation of constrained sys-
tems is the refined algebraic quantisation scheme. The developers of this scheme were
Abhay Ashtekar, Jerzy Lewandowski, Domenico Giulini, Donald Marolf and Thomas
Thiemann [93, 94, 95, 96, 97, 98]; they emphasised and suggested a resolution to the
ambiguities present in Dirac’s approach. Refined algebraic quantisation is based on pre-
vious ideas by Atsushi Higuchi [99, 100] and D. Marolf [101, 102]. Successful application
to different systems has been proved in [103, 104, 105, 106, 107, 108, 109].

Refined algebraic quantisation broadly comprises two sets of rules. In the first one,
the arena where constraint operators are going to act is defined. This first set of steps
is shared by an earlier version of the method, simply called algebraic quantisation [110,
111, 112]. The second set of steps in the process guides us to the implementation of
constraints as selectors of physical states. Besides the usual obstacles one encounters in
any canonical quantisation process [113, 114, 115, 116, 117, 118|, in this method one has
to input some auxiliary structures such as a Hilbert space H,ux and a test state space
® C H,aux to give distributional sense to Dirac condition on physical states. The main
contribution of this scheme to Dirac’s approach is the inclusion of a map called rigging
map. To some extent, the introduction of this map is an axiomatic way to establish an
inner product in the set of physical states which corresponds to the image of the rigging
map itself. Instead of listing the axioms that define a rigging map, which will be done
in another chapter of this thesis, we mention that the construction of this map is closely

related to the group averaging technique [99, 100, 101, 102].

The group averaging technique is a method by which gauge invariant quantum states
are obtained by averaging non—invariant states over the gauge group. The proper applica-
tion of this method permits to define a rigging map, although this is not straightforward
for all type of gauge groups; particularly delicate is the sense in which the averaging
converges on ®. For instance, although some control has been provided in [96] for non
compact Lie groups, in the physical inner product there may be negative squared norm
physical states as shown by Jorma Louko and Alberto Molgado in [105]. In addition to
these subtleties, a major obstacle is faced by group averaging techniques with the ap-

pearance of nonconstant structure functions at the level of the Poisson brackets between
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first—class constraints®.

As pointed out by D. Marolf in [98], one can move into an open algebra regime and
concurrently have a closed gauge algebra underlying the gauge theory, by first looking at
‘artificially constructed structure functions’. These functions are the result of rescaling
the first-class constraints 7,. Indeed, with the right choice of the coefficients AP, in
y! = Aby,, one can make the Poisson brackets of the rescaled constraints close with
nonconstant structure functions. Supposing that at a quantum level we have successfully
turned the ‘original’ constraints -, into self-adjoint operators on H,uy, in the construc-
tion of the operators associated to the rescaled constraint, new factor ordering problems
will be encountered which may prevent their self-adjointness. This is certainly harmful
for group averaging techniques because the rescaled constraint operators may not gen-
erate a unitary action of the group, and in general we do not know how much the action
(if any) will deviate from a unitary one. In addition, D. Giulini and D. Marolf showed
that for nonunimodular Lie gauge groups, one needs to proceed with non self-adjoint
constraints operators as physical state selectors. The selectors in this case generate an ac-
tion of the group which ceases to be unitary differing from it by an overall factor related
to the nonunimodular function [96]. Similar results have been obtained in geometric

quantisation [122, 123].

Comparison with other quantisation methods could provide some insight into the
action of a gauge group, on the auxiliary Hilbert space, when open algebras are present.
In particular, we mention the proposal by Oleg Yu Shvedov [124], which is based on
the canonical BRST—quantisation in the Marnelius’ physical inner product. His strategy
consists of identifying trivial BRST physical states with test states in ® C Hyux. The
regularised Marnelius’ physical inner product between two BRST trivial physical states
then resembles the group averaging ansatz which is interpreted as a ‘would—be’ rigging
map. To be precise, when the structure functions are constants of a nonunimodular Lie
group, Shvedov’s proposal duly reduces to the non—unitary action of the gauge group
and the averaging formula in the non-trivial measure adopted by D. Giulini and D.
Marolf [96]. Keeping the identification of trivial BRST physical states with elements in
®, a proposal is given for open gauge algebras by introducing the corresponding BRST
operator. Although some technical caveats are provided by O. Y. Shvedov, there is not a
complete proof that his would—be rigging map actually satisfies the axioms given in [93]

for a general constrained system.

°In such a case, self-adjoint constraint operators on Hauy are incompatible with structure functions in
the gauge algebra if one wants to match the reduced space quantisation and Dirac quantisation [66, 67]. It
is not clear, however, to what extend reduced phase space quantisation and Dirac constraint quantisation

must match, there are several models in the literature in which this is not the case [119, 120, 121].
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It would be interesting to test O. Y. Shvedov’s proposal in constrained systems with
open algebra containing only artificially constructed structure functions. In such models
an equivalent set of constraints with closed gauge algebra is present and some control over
the group averaging is available. The importance of studying the quantisation of these
gauge algebras with artificial structure functions in O. Y. Shvedov’s framework is that the
relevant technical caveats in order to produce a rigging map can be identified. Related to
this, one may clarify at which level of Shvedov’s scheme the auxiliary structures of refined
algebraic quantisation must be supplemented. Further knowledge in the quantisation of
artificial-structure—functions models would also permit the effects of rescaling constraints
in the context of refined algebraic quantisation to be investigated. Finally, the lessons
learnt from this study may serve as a guide to tackle systems with authentic structure
functions in their gauge algebra. In this dissertation we begin to develop this plan in
a system of a single—constraint. Although rescaling in this case does not change the
gauge algebra, its study already contributes to unveil some of the issues present in more
complex systems. We also provide some enlightenment with the partial study of an open

algebra rescaled version of an abelian two—-momentum system of constraints.

In this introduction we have mentioned some methods of quantising constrained
systems, this recollection is far from complete and other approaches exist. Exam-
ples include reduced phase space quantisation, the programme of geometric quanti-
sation [125], projection—operator method [126, 127, 128, 129], and the master con-
straint programme [130, 131]. There are interrelationships between them; for instance,
in [132, 133, 134] the connection between Dirac’s approach and path integrals is re-
marked. With the use of the abelianisation theorem (see for example Sect. 3.4.2 be-
low or [65, 135]), formal equivalence has been established between canonical BRST—
quantisation and Dirac’s programme, and between the latter and reduced space quanti-
sation |61, 64, 65]. The same theorem has been extensively exploited to show relations
between refined algebraic quantisation, the master constraint programme, and the path

integral formulation [136, 137].

1.5 Synopsis of the dissertation

We now turn to a chapter—by—chapter description of this dissertation. Although some
of the chapters contain standard information that can be found in the literature, they
have been added to make the thesis self-contained. In this way we could not avoid
faithful duplications of certain statements, but we add comments which might serve as

clarification of the points.
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Chapter 2. Classical singular systems

This chapter introduces the subject of this thesis, the study of classical constrained
system. To set notation, we first discuss non—singular systems and their conventional
description in configuration, as well as in phase space terms. Literature sources in-
clude [138, 139, 140, 141, 142, 143, 144, 145, 146, 147, 148]. The concepts of non—
singularity, reducibility, and regularity conditions are introduced. The relation between
local gauge invariance of the action and the failure of non—singularity is presented. A
detailed description of singular systems is given. The meaning of first— and second—class
constraints, Dirac observables and gauge transformations are described. The published

material used in this chapter includes [1, 4, 65, 149, 150, 151, 152, 153, 154].

Chapter 3. Foundations of the classical BRST formalism

We incorporate the concepts introduced in the preceding chapter into the extended
phase space. In this chapter the nonminimal Hamiltonian BRST formalism is developed
on classical grounds. The construction of the classical BRST symmetry generator, for
irreducible and regular first—class constraints, is addressed here; its existence is seen as
a corollary of both the gauge algebra and the Jacobi identity. In a similar fashion, the
construction of the BRST extended observables is achieved. Some of the sources used
in this part of the thesis are |61, 62, 63, 64, 65, 69, 73]. We remark upon the canonical
covariance of the theory under rescaling of constraints, and introduce the notation for

ghost /antighost variables.

Chapter 4. Quantisation of singular systems

In this chapter two widely accepted methods of quantisation for constrained systems
are introduced. The first one is the refined algebraic quantisation formalism |93, 94, 95,
96, 97, 98], widely used in the community of canonical quantum gravity [137, 155, 156].
We introduce the group averaging ansatz using a finite dimensional vector space and
a discrete group. The technique is presented also for nonunimodular Lie groups based
on [96, 97]. The second quantisation method introduced here is the canonical BRST—
quantisation [78, 79, 62, 64, 65, 83| supplemented with a summary of the extensive work
on a BRST physical inner product developed by R. Marnelius et al. [82, 84, 85, 86, 87,
89, 90]. We discuss the possibility of deriving the group averaging formula from the
canonical BRST—quantisation when a suitable anti-hermitian gauge fixing operator is

provided.
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Chapter 5. Constraint rescaling in refined algebraic quantisation:

Momentum constraint

In this chapter we turn to the new results in this thesis [157]. Based on the previous
chapters, here we address the canonical quantisation of a class of systems related by
rescaling a classical constraint. We focus on a system with a single constraint, so that
rescaling does not produce artificial structure functions. However, there are issues in the
construction of a self-adjoint rescaled constraint operator. To avoid built—in topologi-
cal complications in the classical theory, we take the unextended phase space to be R*
and the constraint to be linear in one of the momenta, but we allow this momentum
to be rescaled by a nowhere—vanishing function of the coordinates. From the canoni-
cal BRST quantum analysis, the group averaging formula is derived. Once the ghost
fermions, inherent to the BRST formalism, are removed, we clarify at which level of
the extended phase space quantisation the auxiliary structures must be provided. The
refined algebraic quantisation depends on the asymptotic nature of the scaling function.
Three cases arise: the quantisation is equivalent to that in which the scaling function is
the identity everywhere; quantisation fails; or a quantisation ambiguity arises and leads

to a superselection structure of the physical Hilbert space.

Chapter 6. Constraint rescaling in refined algebraic quantisation:

Two momentum constraints

In this chapter the first steps to generalise the analysis of Chap. 5 are discussed. We
consider a system with two momentum constraints, originally abelian, on the phase
space R6. We admit the rescaling of each constraint by a non-vanishing function of
the coordinates. Unless these functions depend on the true degree of freedom only, the
Poisson brackets of the rescaled constraints closes with nonvanishing artificial structure
functions. To have some control over the infinite number of possible algebras obtained
by this rescaling, we provide a specific parameterised family of real-valued scaling func-
tions. Depending on the values taken by the parameters, either the gauge algebra (1)
is maintained, or, (2) becomes an algebra of a nonunimodular group with gauge invari-
ant structure functions, or, (3) becomes a full open algebra. Using the group averaging
motivated by the regularised BRST inner product, the refined algebraic quantisation of
cases (1) and (2) are performed. In particular the second case becomes the first example
known to the author where an open algebra is handled in refined algebraic quantisation.

Prospects of generalising the two previous results to case (3) are discussed.
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Chapter 7. General summary and discussion

The final chapter is devoted to final remarks, conclusions and possible future lines of

investigation on the subject of this thesis.

In appendices A and B we write down some technical calculations connected with a
pair of theorems quoted in Chap. 5. In the same chapter there occur specific lemmas
on the asymptotics of averaging integrals; their proofs are presented in Appendix C.
In Appendix D, we derive a crucial formula to explicitly write down a group averaging
ansatz for a gauge algebra with gauge invariant structure functions. In Appendix E we
collect the basic properties of the gauge group whose open algebra is discussed in Chap. 6.
Subsequent to the appendices, we place the References. At the end, in an attempt to
improve the readability of the current work, we include a Glossary of Symbols which

lists the commonest mathematical characters used throughout the main chapters.

Finally some words on the conventions used in this dissertation are in order. In every
part of this thesis, the repeated index implicit Einstein summation is understood unless
the contrary is explicitly expressed. The superscript * in front of a variable or function
stands for complex conjugation. However, it is also used in the notation for a cotangent
manifold T* M of a manifold M, and when it appears in front of the bracket {-,-} helps
to denote the Dirac bracket {-,-}*. The words ‘(anti) self-adjoint” and ‘(anti) hermitian’
are used indistinctly. Chapters, as well as sections and subsections, are numbered in
arabic numerals, and appendices in uppercase Latin letters. Equations are numbered
sequentially within a section or appendix and also contain the number of the chapter.
When we refer to the RHS (resp. LHS) of an equation we mean the right— (left—) hand
side of it. Footnotes are sequentially numbered within each chapter; when we refer to a
footnote we will also make reference to the page on which it is printed. At the end of
some sections there is a list of remarks. The ending of each list is announced with a solid
black triangle (A) at the very right of the page. In contrast, a solid black rectangle (J})
signifies the end of a proof. Within the References, following each item, a number/set
of numbers is written; it corresponds to the page/pages in the body of the thesis where

such item was mentioned.



CHAPTER 2

Structure of the Classical Constrained Systems

When one has put a classical theory into the Hamiltonian form, one is

well launched onto the path of getting an accurate quantum theory.

— P. A. M. Dirac, 1964

The principal goal of this chapter is to describe the classical foundations in the
Lagrangian and Hamiltonian formalisms in cases where the degrees of freedom are con-
strained in the Dirac sense [1]. The meaning of non—singularity, reducibility, and regu-
larity conditions will be established. The concepts of first— and second—class constraints,

Dirac observables and gauge transformations will be described.

Throughout this work systems with a finite number of discrete degrees of freedom are
considered. We assume that their dynamics can be derived from an action functional, S,
through the Hamilton’s variational principle. This assumption does not exclude physical
models like dissipative systems with second order non—Lagrangian equations of motion.
Such systems can either be described by the Euler—Lagrange equations when a suitable
multiplier matrix exists or be reformulated in an equivalent first—order form; see for
instance Dmtri Maximovich Gitman and Vladislav G. Kupriyanov [158, 159] and refer-
ences quoted therein. Lagrangian functions depending at most on first derivatives (up
to surface terms) are examined. More general considerations as higher derivatives in
the Lagrangian or continuum degrees of freedom (fields) are discussed in the excellent

monograph by D. M. Gitman and I. V. Tyutin [151]. For simplicity, in this chapter only
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systems with bosonic degrees of freedom are considered. The BRST symmetry, to be
introduced in the next chapter, will require the addition of fermionic variables into the

analysis.

2.1 Classical non—singular systems

In this section the Lagrangian and Hamiltonian formalisms for systems that fulfil the
non-singularity condition are introduced. There is a detailed account of these ideas in
many textbooks in a variety of styles, from the traditional ones such as [139, 141, 142,
144, 147, 148] to more contemporary ones like [140, 143, 145] where a more geometrical

point of view is taken.

2.1.1 The starting point: An action and the Lagrangian formalism

For a mechanical system with a finite number n of discrete degrees of freedom, Hamil-
ton’s variational principle, or principle of least action, corresponds to a fixed—end—point
variational problem for n functions stated as follows: The motion of a system of particles
during the time interval [to,t1] is described by the functions ¢'(t), i = 1,...,n, for which

the action functional

Sla) = / ALtad),  q=(d) (2.1.1)

0
is stationary, with L a Lagrangian of the system.
A necessary condition for the differentiable functional S[g] to have an extremum
at a trajectory (ai(t)), among the set of trajectories {(q’(t))} fulfilling the boundary
conditions ¢*(ty) = ¢, and ¢'(t1) = ¢, is that g*(¢) satisfy the Euler-Lagrange equations

d (0oL\ L
= ), 2.1.2
dt <(‘9d2) oq* ! (2.1.2)

where L; is the Euler derivative of L with respect to ¢'.

The Euler—Lagrange equations can also be written as follows:
Wij(t,4,4) & — Vi(t,¢,4) =0, (2.1.3)

where the Hessian W;; and the inhomogeneous term V; are respectively defined by

OL OL  O%L 9L

Wyii=——— and V1= — — —— — ——_ . 2.1.4
1= bgog " ¢ 0ot 0gog 1 (2.1.4)

The equations of motion (2.1.2) are all of second order and functionally independent if

the non-singularity condition on its Lagrangian,

oL
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is fulfilled. A system with a Lagrangian of this type is a non—singular system.

On the configuration manifold Q the dynamical equations (2.1.2) are considered as n
second—order differential equations. Equivalently, on the tangent space TQ, also termed
velocity phase manifold, these equations form a set of 2n first—order differential equations.

Indeed, labelling points in TQ by (g, ¢) it follows that the Eqgs. (2.1.3) can be viewed as

d¢?

Wz‘j(t%@)g =Vilt,q,4) , (2.1.6a)
dqi )
—=4q. 2.1.6b
a4 ( )

In the non-singular case, given the 2n initial conditions (qo,do) = (qi(O),qi(O)) the
motion trajectory is uniquely defined by the Egs. (2.1.6). For non-singular Lagrangians

and in the compact notation where ¢! denotes (¢%, ") the equations of motion (2.1.6) can
I

be rewritten in the form dd—t = fI(t,¢), I =1,...,2n. The motion is found by solving
for £(t) with initial conditions £(0).

There is nothing special about the tangent space TQ, and similar equations to
Egs. (2.1.6) can be written down for the cotangent space as will be shown in the next

subsection.

Remarks

1. In solving the Eqgs. (2.1.2) one seeks a solution defined on a finite temporal region
satisfying the given boundary conditions. The question of whether or not a cer-
tain variational problem of this type possesses a solution, does not just reduce to
the usual existence theorems for differential equations (like Cauchy-Kowalewski’s).
These existence theorems consider a solution only defined in the neighbourhood of
some point [160], but Egs. (2.1.2) require solutions ‘in the large’; in this regard the
existence and uniqueness theorem is due to Sergey Natanovich Bernstein, see for

example [146].

2. We have assumed that the extremals are functions' C! in the interval [to,#1]. A
generalisation where piecewise C'! solutions are considered requires the introduction
of the so—called Weierstrass—Erdmann conditions which correspond to continuity

requirements at the point or points where the extremal contains a corner.

3. The equations of motion (2.1.2) are coordinate independent or covariant under co-

ordinate transformations ¢ = ¢(¢’, ¢, t). For the primed Lagrangian L'(¢’,¢’,t) de-

'We say that the function ¢'(t) is C* in an interval [to,#:] if it is continuous, with continuous
ki

derivatives up to ﬁ7 in that interval. We say that ¢*(t) is piecewise C* in [to, t1] if it is continuous,

with continuous derivatives up to ﬁ, in that interval, except possibly at a finite number of points.
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fined as L(q(q’,d’,t), 4(¢’,d’,t),t), the equations of motion read as the Egs. (2.1.2)
with primed coordinates replacing the unprimed ones. This property suggests the
possibility of writing down the equations of motion in a coordinate—free way us-
ing intrinsically geometric objects belonging to TQ; a description can be found in

Chapter 3 of [145].

4. A Lagrangian uniquely determines the equations of motion (2.1.2); however, the
equations of motion do not determine a unique Lagrangian. Two Lagrangians are
said to be equivalent if they lead to exactly the same equations of motion [145].
If two Lagrangians L1 and Lo differ by a constant factor or a total derivative of
a function then they are equivalent. However, the converse is not true, e.g. L1 =
q'q? 2and Ly = & [(¢M)? + (¢°)? — (¢1)? — (¢*)?] yield the same equations of

motion, but Ly — L7 is neither a total derivative of a function nor a constant.

5. By definition, given a non-singular Lagrangian all its equivalent Lagrangians are

also non—singular.

6. The determinant and the rank of the Hessian (Wj;) are coordinate independent.
Indeed, if ¢* — ¢'* is a coordinate transformation with .J ij the nonsingular Jacobian

of the transformation, then Wl’] =WindJ liJ mj. A

2.1.2  Canonical form of the Euler-Lagrange equations

Considering the total differential of the Lagrangrian L

oL oL oL . [ OL
dL = —q¢'d | ==
o " oq (az ) ! (w) ’
it follows that
oL oL oL oL
d{==¢" - L | =——dt— dg’ + ¢'d .
<aq'%q > o4t~ e+ <aq>
With the usual definitions of generalised momenta and canonical Hamiltonian function
oL
Pii= g5 =t q,4) (2.1.7)
H:={p—L, (2.1.8)

the total differential of the Lagrangian becomes

oL oL
dH = —Z=dt — ==dq" + ¢'dp; . 2.1.9
B o7 ¢+ ¢'dp; (2.1.9)

For non-singular Lagrangians, by the inverse function theorem [161], the Eqs. (2.1.7)
that define the generalised momenta in terms of (¢, ¢, ¢) can (locally) be solved uniquely

for the velocities. Insertion of the velocities in terms of coordinates and momenta into
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the RHS of Eq. (2.1.8) ensures the functional dependence H = H(t,q,p). In comparing
dH(t,q,p) with Eq. (2.1.9) the following identity is found:

. OH oL O0H ; oL OH _
<q - api>dpl— <8qz+ aqi>dq <8t + at)dt_(). (2.1.10)

Using the independence of coordinates and momenta implied by the independence
of coordinates and velocities via the non—singular transformation (2.1.7), one has that
the identity (2.1.10) holds when each one of the coefficients in front of the differentials
vanishes itself. Therefore the relations

_O0H . OH oL _ OH
“op 0 VT ey MY e T T o

3

q

(2.1.11)

hold after the Euler-Lagrange equations in the form p; = g; are used. The Eqs. (2.1.11)
are nothing but the Euler—Lagrange equations written as 2n first—order differential equa-
tions for the so—called canonical variables (q,p). These variables serve as local coordi-
nates in the cotangent space manifold T*Q named phase space manifold. The ranges
of each ¢ and each p are determined by their physical meaning. The Egs. (2.1.11) are
referred to as Hamilton equations of motion or canonical Fuler equations. In the non—
singular case, solutions to the Eqgs. (2.1.11) yield a local expression for the trajectory

(q(t),p(t)) in T*Q. This trajectory is completely determined by the initial conditions
(¢(0),p(0)).

The transformation from TQ and a Lagrangian function {(q, ¢), L} to the T*Q and a
Hamiltonian function {(q, p), H} defined by the formulas (2.1.7) and (2.1.8) is an example
of what is called Legendre transformation. It becomes one—to—one in the non—singular
cases. If the Legendre transformation is applied to the pair {(q,p), H}, we get back to
the pair {(q,q), L}.

Hamilton equations of motion can also be derived from a least action principle
that corresponds to the following fixed—end—point variational problem: The motion of

a system of particles during the time interval [to,t1] can be described by 2n functions

(¢'(t),pi(t)), for which the so—called canonical integral (Cornelius Lanczos [138])
t1 )
Slg, p] :=/ dt (¢'pi — H(t,q,p)) (2.1.12)
to

18 stationary.

A necessary condition for the differentiable functional S[g,p|] to have an extremum
at the trajectory (g'(t),p;(t)), among the set of trajectories {(¢'(t),pi(t))} fulfilling
the boundary conditions ¢'(tg) = ¢} and ¢'(t1) = ¢i, is that (qi(t),pi(t)) satisfy the

Hamilton equations.
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Remarks

1. A dynamical system is said to be a Hamiltonian dynamical system if a Hamilto-
nian function exists such that the dynamics can be expressed as the Eqgs. (2.1.11).
Not every motion on T*Q is a Hamiltonian dynamical system. Consider the
equations of motion ¢ = ¢gp and p = —¢p. They possess the explicit solution
q(t) = qoce®/ (po + qoe) and p(t) = poc/ (po+ qoe) with ¢ being go + po a

constant of motion. This system does not allow a well behaved Hamiltonian [145].

2. Since Hamilton equations are derivable from a fixed—end—point variational prob-
lem, adding a total derivative to a Hamiltonian does not modify the dynamical

equations.

3. Hamilton’s principle for the action functional (2.1.12) required fixing only the po-
sitions at the endpoints of the trajectories. Alternatively, one can fix only the
momenta; to do this the ¢p term must be replaced by the term —gp in the expres-
sion (2.1.12). This last step simply corresponds to subtracting the surface term

S %(qp) dt from the canonical integral (2.1.12).

4. With regard to the previous remark, an action that gives a more symmetric treat-

ment of the coordinates and momenta boundary data is [65]

Sla.pl = Sla.pl = 5ltto) + i) [ G
= /t at [; (¢'pi — d'pi) — H} + % [d' (to)pi(t1) — ¢'(t1)pi(to)] (2.1.13)

with S[q, p] that given in Eq. (2.1.12), and corresponding boundary data

¢'(to) +q'(t1) = 2Q" - 04 (to) + dq'(t1)

- (2.1.14)
pi(to) + pi(t1) = 2F; dpi(to) + dpi(t1) =0

2.1.3 Poisson brackets and Hamiltonian dynamics

For a system with only bosonic degrees of freedom, if f and g are functions defined on
the phase space, the Poisson bracket (PB) between f and g is defined as

_9f 99 Of 99
Uhghi= dq' dp;  Op; Oq*

(2.1.15)



2.1 Classical non—singular systems | 22

More than a convenient abbreviation, the PB is a central object of analytical mechanics
from the geometric point of view. From its definition, the following properties are fulfilled

for any f,g and h functions on the phase space:
(¢) Linearity: If a and b are constants {af + bg,h} = a{f,h} +b{g, h}
(i) Antisymmetry: {f,g} = —{g, f}
(14i) Leibniz rule: {fg,h} = f{g,h} + {f,h}g
(iv) Jacobi identity: {{f,g},h} + {{h, [}, 9} +{{g,h},f} =0
The PBs between the basic canonical variables ¢* and pj become
{¢,d}y =0, {¢,p;} = —{pj,d'} =0}, {pisp;} =0 (2.1.16)

The time evolution of a well behaved function f on R x T*Q along the motion can

be written without solving the Hamilton equations as

: 0
f:{f,H}+—f . (2.1.17)
ot
Hence the equations of motion themselves (2.1.11) take the more symmetric form
, . OL OH
'={¢", H i = {pi, H —_—=——. 2.1.1
¢'=1{¢" H}, pi={pi, H}, & 5 (2.1.18)

Remarks

1. Properties (i), (i) and (iv) of the PBs are the defining properties of a Lie algebra.
Therefore the space of functions on T*Q has the algebraic structure of a Lie alge-
bra. In the most pedestrian canonical quantisation scheme, a subalgebra of these
functions is meant to be mapped to a subalgebra of symmetric operators on some

Hilbert space, with the commutator as Lie product.

2. A manifold M whose functions on it can be paired with a bracket satisfying (i)—(iv)

is called a Poisson manifold [143]. Therefore the phase space is a Poisson manifold.

3. A symplectic manifold is a pair (M, w), where M is a manifold of even dimension
and w is a nondegenerate (detw # 0) closed (dw = 0) 2—form defined on M [143].
A symplectic manifold (M,w) is always a Poisson manifold (M, {-,-}). Indeed, if
(z') denotes local coordinates in the symplectic manifold M, the Poisson bracket
is defined using the components wyy of w in the local basis of 2—forms da! A dz”’
as follows: {f, g} := (Orf)w!’(0,g), where w!’/ denotes the inverse of wy;. Using

Darboux’s theorem [143] simplifies the verification of the Jacobi identity.
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4. In the notation introduced in the previous remark, local coordinates for M = T*Q
are (¢,p) = (z7), where I = 1...,2n, ' = ¢* and 2" = p;. Locally, one can

introduce the symplectic 2—form with contravariant components

(O 1
( )<_1 @)’ (2.1.19)

which reduces {f, g} = (91 f)w!”/(9,g) to the definition (2.1.15), and & = w79, H
to the Hamilton equations (2.1.11) except for 0L/0t = —0H /0t.
5. As mentioned before not every motion on T*Q is a Hamiltonian dynamical system;
0 .
however, the system is Hamiltonian iff a{f,g} ={f,9} +{f, g} See [145] for a
proof. A

2.1.4 Invariance properties of S: A first look at gauge symmetry

A cornerstone in the formal structure of classical dynamics is the concept of invariance
of the action with respect to certain transformations. In specific cases the identification
of such invariance may lead to suitable coordinates in which the equations of motion
present a more tractable form. Invariance is translated to the concept of symmetry, and

this, in turn, to conservation laws or identities among the equations of motion.

Consider an action functional either in Lagrangian Eq. (2.1.1) or Hamiltonian terms
Eq. (2.1.12) or Eq. (2.1.13) and assume that neither of them contains explicit time

dependence. Since the following claims are independent of the particular form of the

action functional, y® will denote the variables involved, where o = 1,..., A, and the
action itself will read as .
1

Sly] :== dtG(y,y) . (2.1.20)
to

The ‘local general Lagrangian’ G(y,y) represents the local L(q,¢) when y = ¢, or ¢p —
H(q,p) when y = (q,p), depending on the action principle under consideration?. In
this common notation for the Lagrangian and Hamiltonian formalisms the equations of
motion read

5S G
5ye(®) oy (y(t) =0, (2.1.21)

with §G/dy® the variational derivatives of G with respect to y*. The Euler derivatives

G, coincide with §G/dy® since G depends at most on ¥:

56 _ oG d (aa)

T oy dt \og

= 2.1.22
oy Oy* dt ( )

2In fact, the following results can be extended to integrands of the action functional depending on

higher derivatives ([65]: Chap. 3). However, for our purposes it is enough to include only first derivatives.
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The derivatives 65/dy“(t) are known as functional derivatives of the action; they are
defined as

48
08 = [dt oy (¢ 2.1.23
[t 5 @) (21.23)
when the variation of S is considered for arbitrary variations dy“(¢) that vanish appro-

priately at the boundary.

We consider transformations parameterised® by r arbitrary functions of time &%
dSE(I
@ des

o

(2.1.24)

for some coefficients R‘(l Ja dependent of y and g. These transformations are called gauge

transformations if they (i) can be prescribed independently at each time ¢, and (i) leave

invariant S[y]. The latter property explicitly means that for any choice of €*(¢) one has

t1 5
0=10.5= dt ( G Ocy ( oG 5ay°‘>) , (2.1.25)
to oy™ Yy~
or after some integration by parts

h dF
0=190:.5= dt <Na5 + > , (2.1.26)

to dt

dl

with N, given below and F := "} (R “ gl The coefficients R(;), in the definition of F

are functions whose dependence of y and derivatives of y is irrelevant for our discussion.

From this, if €*(t), €%(¢), ..., dd; (t) vanish at to and ¢;, the expression (2.1.26) yields
the local relations l
: d' [ 6G
- l e —
Na=> (-1) o <(5yaR(,)a> =0 (2.1.27)
=0

known as Noether identities or generalised Bianchi identities.

The Noether identities correspond to r local relations among the equations of motion.

It is important to stress that Eqgs. (2.1.21) comprise A differential equations of motion
0G
Sy

provided the initial conditions are given. However, when a gauge symmetry is present

= 0, for A unknown quantities y®* which one expects to be uniquely determined,

y® are not uniquely determined. Although algebraically independent, the A equations
of motion will be related by the r Noether identities (2.1.27). Thus there are not A
functionally independent equations of motion, but only A — r, leaving r self-governed
degrees of freedom. These degrees of freedom correspond to the fact that if y*(¢) is a

solution to the Eqs. (2.1.21), then so is 7*(t) = y*(t)+0.y%, where in order to determine

3Here it is assumed for simplicity that each parameter is commuting (i.e. Grassmann number zero)
which leads to ordinary symmetry, in contrast to anti-commuting (¢.e. Grassmann number one) param-
eters which lead to a supersymmetry. See for instance the seminal report by Joaquim Gomis et al. [59]

where a complete analysis of the gauge transformations at the Lagrangian level is performed.
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y'(t) from y“(t), precisely r arbitrary functions €% need to be specified. Then functions

y“(t) are not completely determined once initial conditions are given.

Consequences of the existence of invariance under gauge transformations within the

Hamiltonian formalism will be discussed in the next section.
Remarks

1. A particular case of the Euler-Lagrange equations (2.1.21) is when the Hamiltonian
form of the action Eq. (2.1.13) is in use. Hence, G = ¢* (p; — £ (pi(to) + pi(t1))) —
H(q,p,t), and the Eqgs. (2.1.21) are indeed reduced to the Hamilton equations

0G _d (0GY _ _oH _d( 1N OH
8q2 dr (9ql ql d 2 p’L 0 pill1 - 8q2 pi = ;

0G 4 (0G\ _ ., OH
op; dt \op;) ! 31%

2. In the particular case where none of the r arbitrary gauge parameters depends on

time, the invariance of the action (2.1.25) reduces to

G, d /0G _,
s on + G (¥ =0
oG , .
Hence, on—shell, @) := 8—R( 0)a 18 & conserved quantity known as Noether charge.
. dsna
3. If 6,y = T(O(‘))an“ + T(O{)ana + ...+ T(O‘S)a oE and 0.y® Eq. (2.1.24) are gauge

transformations, then ké.y* + 8,y and [0¢, 6, ]y* := 0-(6yy*) — 0, (6y®) (With k €
RR) leave the action invariant. Moreover, the product [-,-] is linear, antisymmetric
and satisfies the Jacobi identity (cf. Sect. 2.1.3), therefore the infinitesimal gauge

transformations form a Lie algebra.

0G
4. Transformations of the form d,y“ = “aﬁﬁ7 with p®? = — B arbitrary functions
of y and their time derivatives up to some finite order, leave the action invari-
0G 530G
ant provided p®*(tg) = pu*?(t1) = 0, i.e. 6,5 = [dt [(5 a,u 5 ﬂ} = 0. These

transformations are called trivial gauge transformations. Note that a trivial gauge
transformation does not imply a degeneracy of the equations of motion. The LHS

of 6,5 = 0 identically vanishes due to the antisymmetry of B

5. Let d.y® be a gauge transformation of the form (2.1.24). A rescaling of the gauge

parameters by some matrix depending on the ys, € = Aab(y)eb, redefines the
s-la

gauge transformation into . y® R(O)GE’“ + .. R’(f;)a From the point

des
of view of Lie algebras, the transformed ¢,/ is linearly independent of .. Each

R’(fn)a is not a linear combination of R?m)a with coefficients that are real numbers.
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However, the Noether identities associated to the rescaled transformation are not
independent of those coming from the symmetry 6.y*. Hence, at a classical level,
no new information is contained in the invariance of S under the rescaled gauge

transformations. A

2.2 Classical singular systems

In the previous section the structure of systems for which the non—singularity condition
is satisfied was broadly analysed. In this section, the structure of systems which fail
to fulfil Eq. (2.1.5) is exposed. A major emphasis is put on the Hamiltonian formalism
based on methods proposed by P. A. M. Dirac [1| and P. G. Bergmann [6, 7|. Modern

sources in the analysis of these systems are for example [4, 64, 65, 149, 150, 151, 153].

The point of view that will be adopted within the Sects. 2.2.2 and 2.2.3 is that a
sufficiently good understanding in the treatment of constrained systems is obtained by
considering only explicitly time-independent Lagrangians L = L(q, ¢). The treatment of
explicitly time—-dependent constraints, either coming from a time—dependent Lagrangian
or time—dependent gauge fixing functions, has been reviewed for instance by D. M.

Gitman and I. V. Tyutin [151], and S. P. Gavrilov and D. M. Gitman [162].

2.2.1 Gauge invariant systems and the failure of the non—singularity condition

In Sect. 2.1.4 the arbitrariness in the solutions to the equations of motion and its relation
with gauge transformations was emphasised. In the current subsection the connection
between the existence of Noether identities and the failure of the corresponding La-
grangian to satisfy the non-singularity condition (2.1.5) is described. The fulfilment of
the condition (2.1.5) in a Lagrangian system guarantees that the equations of motion will
be functionally independent. On the other hand, gauge invariant systems show relations
among the equations of motion. Hence gauge invariant systems cannot be non—singular;

they are rather a kind of singular systems.

Consider the action functional (2.1.1) of a system with gauge invariance. In this case

the Noether identities (2.1.27) take the form

S

d" (6L .
. l 7
No=Y (-1 (W R(l)a> =0, (2.2.1)
=0

oL

with L = L(t,q,q) a Lagrangian for the system and Sl 0 the equations of motion.
q

Using the expression (2.1.3) of the dynamical equations and expanding the LHS of the
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identity in (2.2.1), one can easily identify the terms with the highest number of time
derivatives of the generalised coordinates. These terms are

ds+2 qj

(_1)8Winés)a(Q7 q) “dpstz

whose coefficients must vanish, therefore Winl('S)a(q, g) = 0. Since not all the coefficients
Rl('s)a in the gauge transformation are identically zero, s is the largest integer for which
R’('S)a # 0 in Eq. (2.1.24), then these are the components of null eigenvectors of the
Hessian Wj;; in this way the non-singular condition is not fulfilled for gauge invariant

systems

oL

So the important result that a Lagrangian which is invariant under local gauge trans-
formations is necessarily singular has been obtained. It is worth noting that the converse
of the previous statement is not true; there are singular Lagrangians which do not pos-
sess a local gauge invariance. In the terminology that will be introduced later on, those

systems contain second—class constraints only.

2.2.2 Constrained dynamics: Lagrangian description

The Euler-Lagrange equations for singular Lagrangians will now be examined in more
detail . Let the rank of the Hessian be a constant R; < n throughout the velocity phase
manifold TQ with n the number of degrees of freedom. Then there exist n — R; null

eigenvectors ug(q, ¢) of the Hessian

Wijul =0, a=1,...,n— Ry , (2.2.3)

a

where some of the null eigenvectors might be encoded in a certain gauge transformation
as described before. Contracting ug with the Euler-Lagrange equations (2.1.3), n — Ry

relations which do not contain accelerations are obtained

Vi(q, ¢)uk(g,4) = 0. (2.2.4)

These relations between coordinates and velocities, and all other which may occur in the
analysis by consistency of (2.2.4), are called Lagrange constraints. From the other Ry
equations, which involve accelerations, only those which are independent will be referred

to as equations of motion.

One possible situation in the examination of Eqgs. (2.2.4) is to have a Lagrangian such
that these relations are identically satisfied. Then there are no Lagrange constraints at

all. In that case all the Egs. (2.2.4) are 0 = 0 for each value of @, and no more equations
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beyond Egs. (2.1.2) to determine the physical trajectory exist. Hence, without loss of
generality, the Eqs. (2.1.3) can be used to express the first R; accelerations ¢',. .., §%

in the form

q’z :fl (q17"'7qR17q.17"’7qR1 ’ qR1+17"‘7qn7qR1+17"'Jq‘n7(jR1+1"'7q.n) (2'2'5)

with 4’ = 1,..., Ry. The solutions to the equations of motion are uniquely determined af-
ter fizing the n— Ry functions of time ¢ *1(¢),...,¢"(t) and giving the initial conditions
(¢" (0),¢"(0)). Different choices for the arbitrary functions lead to different solutions.
The occurrence of these arbitrary functions of time in the general solution to the equa-
tions of motion is a common feature of the dynamics of constrained systems as will be

verified.

A more involved situation happens when the LHS of Egs. (2.2.4) do not identically
vanish, determining in this way a number of relations among the ¢s and ¢s. In such a

case the following iterative stages have to be taken into account [149]:

Stage 1. [Initial Lagrange constraints]| Generally speaking not all of the n — R;
relations (2.2.4) are functionally independent. Let Ky < n — R; be the number of

functionally independent relations. Denote these relations by
Ca(¢,4) =0, a1=1,...,K; (2.2.6)

which define a 2n — K7 dimensional surface ¥; in TQ to which the motion is
constrained. In what follows, at every step, the reqular condition on the Lagrange
constraints is required [149], namely

0C,, 0C
k a o
ran < 9’ O )

=K . (2.2.7)

P
The Lagrange constraints Cy,, are regular if and only if the rank of the Jacobian

matrix formed by partial derivatives of the constraints with respect to coordinates

and velocities is maximal on the Lagrange constraint surface’ ¥;.

Using the correlations among ¢s and ¢s (2.2.6) the rank R; of W;;, originally
calculated all over TQ, can at most decrease to Ro < Rj;. Therefore more null
eigenvectors of W;; might be found, and these in turn introduce more independent
constraints than only (2.2.6). Extracting the regular and functionally independent

constraints one has altogether at this stage

Cor(¢,4) =0, az=1,..., K2 > Ky, (2.2.8)

“This has the consequence that if C,, obeys (2.2.7) then Cgl or C’;l/z, say, will not.
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as Lagrange constraints. Relations (2.2.8) define a hypersurface 39 C TQ of lower
dimensionality than that of 3;. The motion is now restricted to 5. Using the
Lagrangian constraints (2.2.8), the rank of W;; must be reconsidered, giving R3 on
Yo with R3 < Ry < Ry, then more null eigenvectors of W;; might be found which
give rise to more constraints which restrict further the motion. We keep doing this
series of operations until the following circumstances are reached: (a) We have the
equations of motion (2.1.3) with the motion restricted to some Lagrange constraint
surface ¥ C TQ of dimensionality 2n — K defined by K regular and functionally

independent relations, which we refer to as initial Lagrange constraints,
Cu(q,q) =0, a=1,.... K>...>2 Ky > K . (2.2.9)

(b) The rank of Wj; reduces on ¥ to R with R < ... < Ry < Ry. (c¢) More
importantly, given any null eigenvector u of W;; on ¥ the equation V;(q, ¢) u*(q, §) =
0 is identically satisfied when the constraints are used, that is, no more Lagrange

constraints in this way arise.

Stage 2. [Consistency condition] Among the initial Lagrange constraints, in the
terminology of [149], a constraint is of ‘type—A’ if it depends on positions only,
An(g) = 0, and of ‘type-B’ if it also depends on velocities, Bg(g,4) = 0. One
separates by algebraic manipulations the maximal number of type-A and type-B

constraints such that relations (2.2.9) take the form

Aa(q) =0, a=1,... 4, (2.2.10a)
Bs(q,4) =0, B=1,...,B, (2.2.10Db)

with K = A + B. Then the time derivative of the type—A constraints on ¥ (now
defined by the Egs. (2.2.10)) is considered. The result is either zero, that is,
Ay = agorAg + bogBg or it leads to new constraints which increase the number
of regular and functionally independent type—A and/or type-B constraints. In the
case where new constraints arise, these constraints together with relations (2.2.10),
restrict further the motion on a hypersurface of lower dimensionality than that of
Y. If at this stage a new type—A constraint arises, one takes its time derivative
evaluated at the new hypersurface, and so on. This procedure ends when the time
derivatives of all type—A constraints vanish on the latest hypersurface defined by
the Lagrange constraints, that is, one ends with a set of Lagrange constraints

A'> A

) — Y

Aa’(q) = O s 1

Oc/
Bg(q.4)=0,

(2.2.11a)

1,...,B' >B, (2.2.11D)
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where the equations A, = 0 are obeyed identically on the hypersurface ¥’ defined
by (2.2.11).

One adds to the analysis the second time derivative of (2.2.11a) and the first time

derivative of (2.2.11b)

. 92A., . . 0A. ./ .
Aw(q) = =22 i @ Gi=0 ‘=1, A>A 2.2.12
(9) aqog 19t 5 1 , d=1... A>A, ( a)
. . OBg ., 0Bg / /
By =g it =0 =1,...,B>B. 2.2.12b
5 (q,4q) og ¢ T ol , B'=1...,B'> ( )

After using the equations of motion and the constraints (2.2.11), more independent
equations of motion than the initial ones and/or more constraints of any of the two
types described above may appear. To those new type—A and —B constraints, if
any, the same treatment of differentiation needs to be applied. This will possibly

generate new equations of motion and/or more constraints.

Stage 3. [End of the process]| For a system with a finite number of degrees of freedom,
for which consistent equations of motion are possible (see the remarks below), this
iterative process ends after a finite number of steps. At the end one will have: (a)
A finite number of equations for the accelerations

n

S Hiile.d) ¥ =Yilg,q),  i=1,....Z<n. (2.2.13)
j=1

(b) A set of type-A and type-B Lagrange constraints

,(q) =0, p=1...,a4>...>A, (2.2.14a)
B,(q,0)=0, wv=1,....8>..>B (2.2.14b)

- 9

which define the hypersurface ¥ in TQ on which the motion is restricted to. (c)
All the consistency conditions on this set of constraints are satisfied identically on
3.

Stage 3 implies that the first time derivative of type—A constraints (2.2.14a), that is,
(842@ / 8qi) ¢" = 0, must be contained in the type-B constraints (2.2.14b) that involve ¢.
Hence implying % > /. The second time derivative of type—A constraints (2.2.14a) as
well as the first time derivative of type—B constraints (2.2.14b) must be contained in the
equations of motion (2.2.13). Hence #Z > % > </. In conclusion the constraints (2.2.14)

become an invariant system of the differential equations (2.2.13).

Finally, the nature of the solutions to the system of equations (2.2.13) and (2.2.14) will

be analysed. Among the Z equations of motion (2.2.13), % equations are consequence of
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the consistency conditions on the Lagrange constraints (2.2.14). By construction, the set
of constraints (2.2.14b) can be split into the first o/, %, = MM = 0, and the remaining
B — o ones, denoted by f%’;) with p = o +1,...,9. Since this set of constraints is

regular and functionally independent, the Jacobian

0B, 0B, 0B, 94,
0%, 0%#,\ | o¢ o¢ | | a¢ og
o o¢ ) | 0%, 0%, | — | 04, 0%,

Erara Erara

is of maximal rank, namely %. One may arrange the first % equations of motion (2.2.13)

read as the first time derivative of 4,

. . 8242{ L 0o, .
B, = o, = — §'¢’ Bit=0 =1,...,9 2.2.15
nE =g o (TG rd =0, p=l (2.2.15a)
0B, 0B, .
By =B, = 8qiq+8qiq =0, p=A+1,....98 . (2.2.15b)

The remaining equations of motion are denoted by

V(4 9)¢ = Va(a,q) , i =B+1,...,% . (2.2.15¢)
=1

n
j=
The dynamical content encoded in the Egs. (2.2.13) and Egs. (2.2.14) has been trans-
lated, after the usage of consistency conditions, into the system of equations (2.2.15)
and (2.2.14). These equations make explicit that Z of the Z equations of motion (2.2.13)
are a consequence of the consistency condition. The type—A constraints (2.2.14a) can
be used to solve, say, the first &7 coordinates, ¢* = ¢*(¢™), m = &/ + 1,...,n, in terms
of the other n — o7. Note that 427“ = Mu = 0 are automatically satisfied when these

relations among the coordinates are employed. Substitute ¢"(¢™) into %,(q,q) = 0 to

obtain %7 (¢"™,¢™) = 0 and the % — &/ equations of motion

Y Y

P -m P m
Yoo kg L =0, p=o+1,....B, (2.2.16a)
m=a+1 aqm aqm
n
N HhGT -V =0, I =B+1,... % . (2.2.16b)
m=x/+1

The last set of equations corresponds to (2.2.15¢) after the substitution of ¢*(¢™). So
one has (B — &) + (# — #B) = # — &/ equations for the n — &/ unknowns ¢, with
X — o/ <n— . Then solving for the first Z — &/ unknowns

/ /

qm =g™ (qm/,d’"

/ 1

N R S e (2.2.17)

where m” = # + 1,...,n. Equations (2.2.16) show that if the type-B constraints
,%’;,’(qm, ¢"™) = 0 are satisfied at time ¢ = 0, they will be satisfied at any later time. The
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solutions to (2.2.17) depend on the n — % (which could be zero) number of arbitrary
functions ¢™" (t). Fizing the arbitrary functions ¢™" (t) and giving the initial values
(¢"™(0),4™(0)) consistently with the type-B constraints %, (g™, ™) = 0, the trajectory
(¢"™(t),¢™(t)) will be uniquely defined. Substitution of ¢™(¢) into ¢*(¢™(t)) = ¢"(t)
defines the physical motion of the system ¢'(t) = (¢*(t),¢™(t)) in Q.

Remarks

1. At every stage in the analysis of the subsection 2.2.2, singular Lagrangians that
do not lead to inconsistencies have been assumed. Excluded singular Lagrangians
are for instance L = ¢ — ¢, which yields 1 = 0 as Euler-Lagrange equation, or,
L=1q¢"((¢*)?+1) + ¢*¢® which yields (¢*¢*) —¢* = 0, (¢°)2+1 = 0 and ¢> = 0.
These two particular examples show that the corresponding action functionals do

not have a stationary point.

2. It was also assumed at various stages that some algebraic manipulations can be
carried out, for instance, several equations were written to expose some variables
as explicit functions of the others. Although this is possible in principle, it might
be difficult and disadvantageous at times. In any case the ‘algorithm’ described
above tells us what to expect to happen in a general case although the equations

may vary.

3. A set of gauge transformations is known as complete [163] when the number of in-
dependent arbitrary functions in the gauge transformations (2.1.24) is equal to the
number of arbitrary functions in the general solution of the Lagrangian equations

of motion. A

2.2.3 Constrained dynamics: Hamiltonian description

The transition from the Lagrangian to the Hamiltonian formulation of classical me-
chanics is carried out by means of a Legendre transformation over the velocities. In
constrained dynamics, the failure of the non—singularity condition (2.1.5) is translated
in the noninvertibility of the velocities as functions of coordinates and momenta from

the equations
oL . .
pl-:a—qi(q,q), i=1,...,n. (2.2.18)
Instead, from the definition of momenta, relations among ¢s and ps emerge. These
relations suggest a similar iterative process as the one applied to the initial Lagrange
constraints. In the Hamiltonian setting, the corresponding set of steps is known as

Dirac—Bergmann algorithm; this will be described below.
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op; 9L
Stage 1. [Primary constraints| Let the rank of the matrix Z?Z. = ——— | be
¢’ d¢1 0¢*
n — M’. This number not only determines that from (2.2.18) n — M’ velocities
are expressible in terms of gs, ps and the remaining M’ velocities; but also that
there exist M’ relations among gs and ps. These M’ relations are called primary
constraints, a term coined by P. G. Bergmann [7]. The word ‘primary’ refers to
the fact that the equations of motion are not used to obtain them, but they arise
directly from the definition of momenta. Primary constraints restrict the motion

to a surface I'y of dimension 2n — M’ in the phase space T*Q. In principle, directly

from (2.2.18) M > M’ (redundant) relations may arise; they are denoted as follows:
¢m(g;p) =0, m=1,....M>M". (2.2.19)

The separation of the primary constraints (2.2.19) into M’ essential constraints,
which are those that completely define I'y, and M — M’ dependent constraints,

which hold as consequences of the first ones, might not be achievable.

In what follows, it will be assumed that the relations (2.2.19), as well as and any
other set of constraints that can occur through consistency conditions of these ones,
can be separated into essential and dependent constraints. In other words, it will be
assumed that the relations (2.2.19) satisfy the so—called regularity condition. Strictly
speaking, the regularity condition corresponds to the following requirement [65]: The
(2n — M’)—dimensional constraint surface I'; (redundantly) defined by ¢,, = 0 should

be coverable by open regions, on each of which the constraint functions ¢, can be split

into M’ essential constraints ¢,,,,, m’ = 1,..., M’ determined by
00,1 O,
ank ( Om , Om > =M, (2.2.20)
dq" * Opi I

and M — M’ dependent constraints ¢,,», m"”" = M’ +1,..., M, which hold as a conse-
quence of the others, that is, ¢,y =0 = ¢ = 0.

A set of constraints {¢,,} that fulfils the regularity condition satisfies the following

two theorems. The corresponding proofs can be found in [65].

Theorem 2.2.1 If a (smooth) phase space function G vanishes on the surface ¢, =0,

then G = g™ ¢ for some functions g™.

Theorem 2.2.2 If \;d¢" + p'ép; = 0 for arbitrary variations of 6q', dp; tangent to the

constraint surface then, on the constraint surface,

o= u™ ‘?;ZT (2.2.21a)
pt = u™ O6m (2.2.21b)

Opi
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for some u™. In the presence of redundant constraints, like ¢,,v = 0, the functions u™

exist but are not unique.

In the Lagrangian formalism, the Lagrange constraints were required to be an invari-
ant system of the equations of motion. In order to bring the equations of motion into
the Hamiltonian setting of constrained systems, a closer examination of the canonical
Hamiltonian (2.1.8) is necessary. By direct calculation one can see that the variation on
the constraint surface I'y of H = ¢'p; — L, induced by arbitrary independent variations
of positions and velocities, leads to the conclusion that H is only a function of ¢s and ps.
In other words, the canonical Hamiltonian (2.1.8) is only well defined on I';. The most
general extension of H to the whole phase space comes from adding to it an arbitrary
function that vanishes on the constraint surface. In view of the Theorem 2.2.1, such a
function must be a linear combination of constraints. Adding this specific combination

to the Hamiltonian (2.1.8) gives rise to the primary Hamiltonian or total Hamiltonian

HY .= H4+u™¢,, m=1,....,M. (2.2.22)
. L : OH | .
From the comparison between the total variations (valid only on I'y) dH = 3 -dg' +
q
H , L .
a—dpi and dH = ¢*dp; — a—.dq’, one obtains
Op; dq*
OH 0L ; OH -
. - | dg* —¢' )dp; =0. 2.2.23
(o )+ (5 ) (2229

The Theorem 2.2.2 implies that on the primary constraint surface I'y the following equa-

tions hold:

5 OH m Obm
q = apn +u op; (2.2.24a)
OH _ \m0bm (2.2.24b)

pi=— g u oq
In combination, the equations (2.2.19) and (2.2.24) are equivalent to the Euler-Lagrange
equations (2.1.2) when the determinant of the Hessian vanishes. The Eqs. (2.2.24) are

referred to as the Hamilton equations of motion for constrained systems.
A more symmetric way of writing the Eqgs. (2.2.24) is by using the PBs defined
in (2.1.15):
' ={d" H} + u™{¢", 6m} ~ {¢’, HV} (2.2.25a)
pi = {pis HY + ™ {pi, ¢} ~ {pi, HV} (2.2.25D)

where the symbol ‘a~’ (which is read as ‘weakly zero’) means that the function on its

LHS is equal to the function on its RHS on the constraint surface only. Hence ¢, =~ 0,
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that is, the quantity ¢,, is numerically restricted to be zero but it does not identically

vanish throughout the phase space.

The time evolution along the motion of an arbitrary function F'(g,p) on T*Q can be
written as
F={F H}+u™{F, ¢pn} ~{F,HV} . (2.2.26)

Stage 2. [Consistency condition] The consistency condition, as presented in the La-
grangian setting, meant that the time evolution of the constraints is bound to
vanish on the constraint surface. In the Hamiltonian formalism this is achieved
using the Eq. (2.2.26) for each of the ¢, and one should have gi)m ~ 0. This condi-
tion gives the following set of M algebraic inhomogeneous equations on I'; for the

M unknown us:
{bm,H} + " {bm,dn} =0, mn=1....,M . (2.2.27)

Without loss of generality the following two cases are distinguishable:

Case 1. The determinant of the matrix formed by the primary constraints is

nonzero on I'y

det ({(ﬁmv(bn})‘l"l 7é 0. (2'2'28)

In this case, from Egs. (2.2.27), all the us can be explicitly known as functions
of coordinates and momenta on the constraint surface I'y. The primary Hamilto-

nian (2.2.22) then becomes

HY = H — ¢ {¢, ¢} {00, H} (2.2.29)

where {¢, ¢},,1 stands for the inverse matrix of ({¢m,@n}). The solution to
the equations of motion (2.2.25) is well defined, that is, given the initial values
(¢(0),p;(0)), consistent with the primary constraints (2.2.19), the motion trajec-
tory (¢*(t), pi(t)) has no arbitrariness.

Case 2. The determinant of the matrix formed by the primary constraints vanishes
on I';. In this case the matrix ({¢m, ¢n}) is assumed to have a constant rank r;

on the constraint surface I'y

rank ({@m, dn})lp, =m1 < M . (2.2.30)

From the Egs. (2.2.27) one has that M — r; us remain undetermined. There are

va(q, p) independent null eigenvectors of the matrix ({¢m, Pn}),

Ug{¢nv¢m}‘l"1:07 Q:17"')M_Tl‘
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Contracting vy, from the left with Eq. (2.2.27) originates the following relations:
Vg{¢n, H}r, =0 (2.2.31)

these equations may or may not be identically obeyed on I';. If they are not, then
more constraints have appeared. Among these new constraints, one selects those
which are independent of ¢,, ~ 0. Let these be M in number. By assumption,
these new constraints (together with the primary constraints (2.2.19)) satisfy the

regularity condition. They are denoted by

¢M+m1 (q,p) =0 mi = 1 goe e ,Ml . (2232)

On the constraint surface defined by both ¢,, = 0 and ¢pr4m, = 0 fewer variables
are independent. On this surface the rank of the matrix ({¢m, ¢n}) can at most
decrease giving rise to more independent null eigenvectors. Such eigenvectors bring
more constraints of the form (2.2.31). This particular process of generating more
constraints at this level ends when the following situation is reached: (a) The

motion is restricted to the constraint surface I'y defined by
G, =0, m=1... MM+1,... M+ Ky =.J1, (2.2.33)

with K1 > M;. The matrix ({¢n, ¢ }) is assumed to have a constant rank g; on
I'y. (b) Any null eigenvector w of the matrix ({¢n, ¢m}) makes w"{¢,, H} = 0
to be identically satisfied on I'y. The K7 relations are called second-stage con-
straints [151].

For consistency one has to require that the K; second—stage constraints are pre-

served in time. Using the equations of motion (2.2.26) the following is obtained:

{¢M+k17H}+um{¢M+k17¢m} =0, (m: L.o..,M; k1= 17"'aK1) ) (2234)

a condition to be fulfilled on I'y for each k;. Analysing (2.2.34) in the same way in
which (2.2.27) was analysed, some of the us left undetermined at the previous step
may be specified and/or more functionally independent constraints be obtained.
These new constraints restrict further the motion to the constraint surface defined
by

Gus =0, we=1,... M+ K1+ Ky=Js, (2.2.35)

with M primary constraints, K; second—stage constraints, and Ky so—called third—
stage constraints. Requiring the consistency condition on the third-stage con-
straints, again, more equations for the unknown wus operating at this point may
appear and a fourth—generation of constraints may arise. One keeps doing this

process until the stage described below is reached.
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Stage 3. [End of the process] This process of getting new equations for the us and
new independent constraints among gs and ps ends after a finite number of steps.
At the end, the situation should be the following: (a) There are M primary con-
straints and a total of K secondary constraints, as second— third— etc. stage con-

straints are known. All the constraints collectively denoted by
éulq,p) =0, w=1... MM+1,.. M+ K=1J. (2.2.36)

The system of constraints (2.2.36) defines the constraint surface I' with respect
to which the symbol ~ is taken. The consistency condition on any of the con-

straints (2.2.36) becomes
(b H} + ™y, dm} ~ 0,  m=1,..., M. (2.2.37)

(b) Any null eigenvector w of the rectangular matrix ({¢,, ¢, }) on I' makes

wﬂ{(bl“ H}|F = 0

to be identically satisfied.

Stage 3 is the point where the set of constraints (2.2.36) becomes an invariant system
for the Hamilton equations of motion (2.2.25). At this stage some or all of the us may
be known as functions of coordinates and momenta on I'; in the case where some of the
us remains unknown, there exists arbitrariness in the equations of motion (2.2.25). Only
after firing these unknown us, the motion becomes uniquely defined on the constraint

surface I' given the compatible initial conditions.
Remarks

1. As a curiosity one may mention that although the term ‘constraints’ for the re-
lations (2.2.36) is the most common in the literature, one may also find the term

‘links’ [28].

2. According to Olivera Mis¢ovi¢ and Jorge Zanelli [154], a set of constraints ¢, = 0,
n = 1,...,r, which defines the surface I' € T*Q, is a regular set if and only if
the Jacobian matrix of the derivatives of the constraints with respect to the phase
space variables is of maximal rank r on I' (¢f. Eq. (2.2.20)). With this definition
and the one given in this thesis —paradoxically— a set of constraints that satisfies
the regularity condition can or cannot be a regular set of constraints in the sense
of J. Zanelli. For instance, in a two dimensional phase space T*Q = {(q,p)} the

constraint ¢ = p = 0 satisfies the regularity condition and is also a regular set
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of constraints, Eq. (2.2.20) is satisfied; however, the set of constraints formed by
1 = p =0 and ¢ = p?> = 0 satisfies the regularity condition (¢1 is an essential
constraint and ¢y a dependent one), but it is not a regular set of constraints in J.
Zanelli’s sense. The corresponding Jacobian matrix has rank one on the constraint
surface. A set of constraints which only contains essential constraints and satisfies

the regularity condition is regular in J. Zanelli’s sense.

3. Given the constraints that fulfil the regularity condition, their explicit separation
into essential and dependent constraints is not necessary in the analysis. All that
is required is to choose the constraints in such a way that the split is in principle

achievable.

4. The Hamilton equations (2.2.24) and the primary constraints (2.2.19) can be de-
rived from a fixed—end—point variational problem where coordinates, momenta and

us are independently varied. An action functional is

t1 ‘
Slq, p,u] :z/t dt (¢'pi— H — u""ém) (2.2.38)

0
where the sum is solely made over the primary constraints. The boundary data
restriction for this action is d¢*(tg) = d¢*(t1) = 0. Alternatively, a more symmetric
treatment of the boundary data can be given if one considers instead of (2.2.38)

the action (cf. Eq. (2.1.13))

1 t1 dqi
Sla,p,u] = Sla, pu] = 5 (pilto) +pz‘(t1))/t &
0

t1 1 . )
= / dt [ (@'pi —d'pi) — H — Umqu]
to 2

1., ,
t3 4" (to)pi(t1) — ¢'(t1)pi(to)] (2.2.39)
then the corresponding boundary data is (2.1.14).

5. The variational principle based on the Lagrangian (2.1.1) is equivalent to the vari-
ational principle based on any of the Hamiltonian actions (2.2.38) or (2.2.39).
Solving the equations 65/dp® = 0 and §S/du™ = 0 for p; and u™ from (2.2.38)

or (2.2.39) one recovers the Lagrangian action (2.1.1).

6. There is a relation between the Lagrange and the Hamilton constraints. An account
of this can be found in [4] under the assumption that the set of constraints satisfies

the regularity condition and consists of only essential constraints.
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2.2.4 First— and second—class functions

The notation used to designate all the constraints (2.2.36) suggests that the importance of
their classification into primary and secondary is of minor importance in the theory. The
classification of constraints into first—class and second—class due to P. A. M. Dirac [1],
which applies to all functions on the phase space, has proved to play a central role in

the theory of constrained systems.

In Dirac’s terminology, a function F' on T*Q is said to be first—class if its Poisson
bracket with every constraint vanishes on the constraint surface defined by (2.2.36), that
is,

(Fog} =0, pu=1,...,J. (2.2.40)
A function on T*Q that is not first—class is called second—class. A property of the first—
class functions is that they are preserved under the PB, that is, the PB between two

first—class functions is first—class.

Let {v,} be a set of linearly independent solutions to the homogeneous system of

equations associated to (2.2.37),

{bps dm vy = 0. (2.2.41)

The most general solution to the Eqgs. (2.2.37) is hence of the form u™ = U™ + \%]",
with U™ a particular solution of the Egs. (2.2.37). In the extreme case where none of the
us could be specified as a function of coordinates and momenta, one has that v = A%v]*
is the most general solution to the system of equations (2.2.37) with \® totally arbitrary
coefficients. After the substitution of the most general solution to the Eqgs. (2.2.37) into

the primary Hamiltonian, one has
HY = H 4+ U ¢ + A%, (2.2.42)

with
Pa = Vg P, - (2.2.43)

In the expression (2.2.42) there is an explicit separation of the part of u™ that remains
unknown, A%}, from the part that is fixed by the consistency conditions, U™. The
Lagrange multipliers A\* indicate the arbitrariness in the solution to the equations of

motion.

The equations (2.2.37) and (2.2.41) imply that H®) (2.2.22) and ¢, (2.2.43) both are
first—class functions. From these observations we can also draw the important conclusion
that there are as many undetermined combinations of 4™ as there are first—class primary

constraints. Moreover, {¢,} is a complete set of first—class primary constraints in the
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sense that any first—class primary constraint is a linear combination of the ¢,. Indeed,
A%y is the most general solution of the homogeneous system of equations associated

to (2.2.37) on I'.
Remarks

1. The distinction between first— and second—class constraints is defined without am-
biguities when the regularity condition is fulfilled. When this condition has not
been satisfied, one can turn any second—class constraint into a first—class one. In-
deed, let the relations x,= 0 form a set of essential second—class constraints, that
is, det({xas xg}) # 0. Replacing xo by X, := X2, it follows that {X,,Xs} ~ 0.
The functions X, hence form a set of first—class constraints. However, the set {¥,}

does not fulfil the condition (2.2.20). A

2.2.5 First—class constraints and Hamiltonian gauge transformations

A physical state at a certain time is uniquely defined once the canonical pairs are speci-
fied; however, this is not a one—to—one relation as it is clearly shown in the cases where

a certain symmetry underlies the theory.

In the presence of first—class primary constraints the equations of motion contain
arbitrary functions of time A%; nevertheless, on classical grounds given a physical state
at time ¢ = g the equations of motion should fully determine the physical state at any
other time. Thus any ambiguity in the value of the canonical pairs at ¢ # tg should be
physically irrelevant. The presence of first—class constraints allows, for example, that
two different trajectories fulfilling the equations of motion evolve from one given initial
state; each trajectory corresponding to a definite choice of the arbitrary functions of time
A% However, these two trajectories must be physically equivalent. The transformation

that mediates between such histories is called Hamiltonian gauge transformation.

Using the primary Hamiltonian (2.2.42) and the Hamilton equations (2.2.26), the
difference between the values of a dynamical variable F(q,p) at a time t = to + 0t,
corresponding to two different choices A® and X“, can be written down. At order §t this

difference takes the form
0F = €{F, o} = {F,e¢q} , (2.2.44)

with € := (A%(tg) — A%(t)) 6t. The values Fy and Py are infinitesimally related by
the Eq. (2.2.44). The generators that occur in the transformation (2.2.44) are all the

independent first—class primary constraints ¢,. However, these are not the only gauge
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generators. For instance, it can be seen [4] that also qﬁa generates Hamiltonian gauge
transformations if we go to the next order (9t)? in the change 6. F. In addition, both the
PB between any two first—class primary constraints and the PB of any first—class primary
constraint with H + U™¢,,, generate a gauge transformation [65]. These results suggest

that some first—class secondary constraints may also be regarded as a gauge generator.

Although from the above considerations it cannot be inferred that all first—class
secondary constraints are gauge generators, in physical applications each first—class (pri-
mary or secondary) constraint is found to be a gauge generator. In what follows it will
be posited that all first—class constraints generate gauge transformations or equivalently
that the so—called Dirac conjecture is satisfied. Under this assumption, the generator
of all the Hamiltonian gauge transformations is G := €%vy,, with ~, all the first class

constraints of the theory.

Not all the functions on the constraint surface I' are classical observables. Only those
functions whose time evolution is not affected by the arbitrariness in the choice of \*
must be regarded as classical observables. Equivalently, a classical observable can be
described as a phase space function that has weakly vanishing PB with all the first—class

constraints

{A 70} = A (@ p)w - (2.2.45)
A classical observable is hence a function on the constraint surface that is gauge invariant.

The concept of independent gauge transformations can be inferred from the concept
of independent first—class constraints. Besides the regularity condition on a set of con-
straints, which involves the possibility of separating the constraints into those which are
essential to describe the surface I' C T*Q and those which are dependent of the first ones,
one can speak of the reducibility condition |61, 65, 152]. Reducibility makes reference
to linear dependence among the constraints. One says that the first— and second—class
constraints (v,) and (x4) obey the reducibility condition if they satisfy the following two

requirements:

(i) There exists a set of functions of the phase space different from zero on the con-
straint surface, Z¢ % 0 and Z& % 0, such that

Z%4, =0, (a=1,...,A;a=1,...,4), (2.2.46a)

Z2%%a =0, (a=1,....,B;a=1,...B) . (2.2.46b)

(i) The matrix ({Xa,Xs}) is of maximal rank B — B on the constraint surface,

rank ({Xa,Xs})lp =B — B . (2.2.46¢)
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The condition (i) has been included to shorten the discussion on the second—class con-
straint sector; this implies that there are exactly B — B independent second—class con-
straints. Indeed, if (2.2.46¢) is satisfied, there is a subset of the constraints x,, name
them x4, A =1,..., B — B, such that det ({xa,xa’}) % 0 which are independent (oth-
erwise, the matrix ({xa, xa’}) would possess a null eigenvector). An equivalent way to
state (i7) is by saying that rank (Z2) = B < B. Similarly, if the relations (2.2.46a) are

all independent, one has exactly A — A independent gauge generators.

In the situation where there is no dependence of the type (2.2.46a) and (2.2.46b)
among the constraints, it is said that {¢,,} is an irreducible set of constraints. From
this definition, the gauge transformations are linearly independent if and only if the

constraints that generate them are irreducible.
Remarks

1. Given a complete set of gauge transformations at a Lagrangian level (see the Re-
marks of Sect. 2.2.2), there are very precise relations with the corresponding Hamil-
tonian gauge transformations. If regular and irreducible first—class constraints are
present in a system that fulfils the Dirac conjecture, the following claims can be
proved [4, 7, 65, 164, 163]: (i) The number of independent Lagrangian gauge
symmetries (2.1.24) is equal to the number of independent first—class primary con-
straints; (i7) the number of constraint—stages at the end of the Dirac algorithm
(primary, second—stage, third—stage, etc.) is equal to the order of the highest time
derivative of the gauge parameter in (2.1.24) plus one; (iii) if one counts indepen-
dently gauge parameters and their time derivatives in (2.1.24), the final number is
equal to the total number of first—class constraints. In general, the specific relations
between the gauge parameters in the Lagrangian gauge transformations (2.1.24)
and the corresponding ones in the generator G := €%, of the Hamiltonian setting

are model dependent.

2. Second-—class constraints cannot be interpreted as gauge generators, or in general,
generators of any transformation of physical relevance. The reason is that, by
definition, second—class constraints do not preserve all the constraints ¢, and thus

permits dependence on the Lagrange multipliers in the transformation.

3. Dirac Bracket. Using the advantage that PBs between independent second-class
constraints form an invertible matrix (Ayg) := ({Xa,Xs}), the Dirac bracket is
defined as

{(F,GY" .= {F,G} + {F, xa} A" {x3,G} (2.2.47)
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where A“7A,g = 53. The Dirac bracket obeys the properties satisfied by the PB
(cf. Sect. 2.1.3). In addition it also fulfils

{Xa,F}* = 0 for any F € C*(T*Q), (2.2.48a)

{F,G}" = {F,G} for first—class G and arbitrary F, (2.2.48b)

{R,{F,G}*}" ~ {R,{F,G}} for first—class F' and G and arbitrary R.
(2.2.48¢)

From (2.2.48a) the second—class constraints can strictly be set to zero either be-
fore or after evaluating the Dirac bracket. Since H() is a first-class function,
from (2.2.48b) the Dirac bracket can be used to express the time evolution of an
arbitrary function F' in the Eq. (2.2.26). Similarly, using the Eq. (2.2.48b) the

Hamiltonian gauge transformations can be expressed using the Dirac bracket.

4. In the reducible case, one could encounter that not all the linear combinations of
first—class constraints (2.2.46a) are independent. It may happen that the coeffi-

cients Z2 = Z3

a1» With a; taking the same values as @, are also correlated. In fact

there may exist a tower of reducibility relations of the following type:

Z0Za | =0, 28228 =0, ..., ZaiZe | =0, (2.2.49)

ar—1 T

where as = 1,...,As, for any s =1 ..., L, and Zg* % 0. If this is the case the
set of constraints {¢, = (Y4, Xa)} is said to be L—stage reducible in the first-class
constraints. This situation is met in models like p—form gauge theories [165] or

superstring theory [152, 166].

5. In practice it is sometimes desirable to explicitly eliminate the arbitrariness in-
troduced by the independent first—class constraints such that the correspondence
between values of canonical pairs and physical states becomes one-to—one. In or-
der to have equations of the form (2.2.37) that impose restrictions on the arbitrary
Lagrange multipliers, some ad—hoc supplementary conditions must be introduced.
These supplementary conditions are called gauge fizing constraints or simply gauge
conditions [11]. For an irreducible set of constraints, the number of independent
gauge conditions must be equal to the number of first—class constraints such that
all together form a set of second—class constraints. Thus after the gauge fixing
procedure has been done there are not first—class constraints left; hence no more
arbitrariness in the equations of motion does exist and one can pass to the con-
struction of the Dirac bracket. The gauge fixing procedure is very interesting in
its own right [167] and its application to Feynman path integral 26, 28, 34, 168|

is conventional in particle physics phenomenology.
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6. When only m’ second-class constraints are present in the theory, no arbitrariness
exists in the Hamiltonian. Given the initial conditions compatible with the con-
straints permits the equations of motion (2.2.26) to uniquely determine the motion
trajectory. A set of canonical variables that satisfies the constraints determines
one and only one physical state. Therefore the number of physical or true degrees
of freedom corresponds to the number of independent canonical variables divided
by two, that is, (2n—m’)/2 . If the m’ second-class constraints come from a gauge
fixing procedure of m irreducible first—class constraints, after the implementation
of m gauge fixing conditions, one has (n — m) true degrees of freedom. Hence,
in the case of a system with m and m’ irreducible first— and second-—class con-
straints, respectively, one has that (2n — 2m —m’)/2 is the number of true degrees

of freedom. A



CHAPTER 3

Foundations of the Classical BRST Formalism

BRST symmetry could have been discovered within a strictly classical
context by mathematicians dealing with the geometry of phase space,

had they only been willing to extend their analysis to Grassmann variables.

— Marc Henneaux, 1988

A valuable notion in gauge theories is BRST symmetry. In the path integral for-
malism this is what is left of gauge invariance after a gauge—fixing procedure has been
implemented. However, its analysis is not limited to the quantum regime; classically, it
corresponds to a symmetry in a certain enlarged phase space. This enlarged manifold
includes Grassmann variables besides the canonical pairs that label points in T*Q which

are first—class constrained by v, =~ 0.

In this chapter the construction of the classical BRST—symmetry generator, or sim-
ply BRST generator, is addressed. Within the Hamiltonian formalism, two equivalent
ways to build and show the existence of the BRST generator are available. One of them
strongly relies on the abstract graded algebraic structures implemented by the introduc-
tion of Grassmann variables (ghosts) in the phase space T*Q [63, 169, 170, 171, 172].
This method is based upon the following fact [65]: Whenever there is a co—isotropic
surface I' embedded in a manifold T*Q, it is possible to construct a nilpotent derivation
s, the BRST differential. This differential acts on an appropriate graded algebra con-

taining C*°(T*Q) and is such that the classical cohomolgy of s at ghost number zero,

45
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HY(s), corresponds to functions of C°°(T') constant along the gauge orbits (classical
observables). By co—isotropic surface I' is meant the first—class constraint surface and
tangent vector fields, associated to the constraint functions, which close on I' defining
gauge orbits. The other method to build the BRST generator has been described in
the excellent works [61, 62|. This one relies on the symplectic structure of the ghost
extended phase space and the iterative use of the Jacobi identity applied to PBs of the
first—class constraints. Since this method can be implemented using the notation and
concepts already introduced in the previous chapter, it will be summarised here. For our

purposes this approach will be advantageous from the computational viewpoint.

To be definite, in this chapter and the rest of this work the following assumptions on
the constrained systems are made: (i) The constrained phase space T*Q, which is also
referred to as big phase space or original phase space, only contains bosonic variables,
hence only bosonic constraints will be present; (i7) only first—class constrained systems
will be considered; (iii) Dirac conjecture applies on the systems; (iv) the regularity
condition is satisfied by the constraints with only essential constraints locally present;
(v) only irreducible constraints are adopted. If second—class constraints occurred, it
is assumed that they were consistently set to zero via the Dirac brackets to the point
where the remaining variables form canonical pairs, and the first—class constraints satisfy
(i) —(v). Therefore in what follows the Poisson brackets can be considered Dirac brackets

if necessary.

3.1 Extended Hamiltonian and its gauge symmetries

In first—class constrained systems where the Dirac conjecture applies is useful to introduce

the so—called extended Hamiltonian
Hg = H+ M\, , a=1,....,m. (3.1.1)

The function Hp is obtained from adding to the canonical Hamiltonian (2.1.8) all first—
class constraints. Therefore Hg contains all the information concerning gauge trans-
formations. For gauge—invariant dynamical variables, the evolution predicted by the
canonical H, the primary HW), or the extended Hp Hamiltonian coincide on the con-

straint surface.
The extended action functional

t1 t1

dt (¢'pi — Hp) :/ dt (¢'pi — H — A7) (3.1.2)

to

Sela,p, Al 3:/

to
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induces the equations of motion

F= {F H}+\{F,~.}~{F Hg}, (3.1.3a)

Yalg:p) = 0. (3.1.3b)

When F is substituted by each one of the canonical variables, the expressions (3.1.3)
are not equivalent to the equations of motion (2.2.25) produced by the action func-
tional (2.2.38). In other words, the Eqgs. (3.1.3) are not equivalent to the original Euler—
Lagrange equations. Although the introduction of Hg changes the equations of motion,
it does not alter the time evolution of gauge—invariant functions. Therefore, the ex-
tended formalism describes the same physical system. It simply contains additional
pure gauge variables, new Lagrange multipliers, and consequently, also additional gauge

invariance [163].

The action (3.1.2) is invariant (up to a boundary term) under

Seq’ = e{q",7a} (3.1.4a)
6cpi = € {PisVa} » (3.1.4b)
SNt = € — \oe® f, @ — P H (3.1.4¢)

The so—called structure functions f,,“(q,p) and Hab(q,p) respectively come from the
first—class property of the constraints and the consistency condition on the first—class

constraints,

{Vas W} = fap“ e (3.1.5)
{H,vo} = H," . (3.1.6)

The PB (3.1.5) between any two first—class constraints is a linear combination of the
first—class constraints. In contrast, when the structure functions f ;¢ explicitly involve
phase space variables the commutator between two infinitesimal transformations gener-
ated by 74, 0 F' = {F, €y, } and 6, F = {F,n"y,}, is not necessarily another infinitesimal

transformation of the same kind. The commutator does not close on T*Q. Indeed
5e0nF — 60 F = € £, A F, ve} + €n{F, £, Wre (3.1.7)

from which an extra term proportional to the constraints appears. Henceforth, when the
gauge algebra (3.1.5) closes with structure constants (resp. functions) the corresponding
algebra of constraints shall be called closed (open) gauge algebra. It only is on the
constraint surface I' that the algebra of transformations 6. F = {F,e*y,} always closes

and generates an m—dimensional submanifold.
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In what follows a pair of extensions of the original phase space T*Q, first—class
constrained by 7, = 0, will be done. The first of them concerns with the introduction
of the m arbitrary Lagrange multipliers A% as coordinates and m, as their conjugate
momenta. The symplectic structure of T*Q becomes trivially enlarged by the inclusion
of

AN =0, {(\m} =06, {m,m}=0. (3.1.8)

For simplicity all canonical pairs in the original phase space have been assumed to be
bosonic. Therefore the corresponding first—class constraints also obey this statistics, and
in order to have a bosonic action functional (3.1.2), the associated Lagrange multipliers

must also be variables with even Grassmann number (bosons).

In order not to affect the dynamical content of theory, the following constraints need
to be imposed:

e =0, a=1,....m. (3.1.9)

The constraints (3.1.9) generate on the Lagrange multipliers the following transforma-
tion:

N =\ m) =€ & N =)\14et (3.1.10)

this expresses the arbitrariness in choosing A®. Note that the ad—hoc introduced con-
straints 7, &~ 0 neither generate the gauge transformation (3.1.4¢) nor change the first—
class constraint structure of v, = 0. There are no Lagrange multipliers in the original
constraints. Collectively v, =~ 0 and 7, =~ 0 form a set of first—class constraints in the
Lagrange-multiplier enlarged phase space T{Q. The relations (3.1.5) and (3.1.6) are

trivially extended to

{Ga,Gs} = fo5'Gy (3.1.11)
{H,G,} =H,’Gs, «a,8,7=1,...,2m, (3.1.12)

in the 2(n 4+ m)-dimensional space T{Q. The functions G, correspond to the 2m first—
class constraints (74, 7g). The structure functions faﬁ'y and Haﬂ correspond to f ;¢ and
H," when all the indices are associated to the original constraints v, ~ 0 and are set to

zero otherwise.

The formalism in which the constraints m, ~ 0 are introduced is known as the non—

minimal BRST formalism.
Remarks

1. The action (3.1.2) is invariant up a term which identically vanishes if the arbitrary

parameters €?(t) vanish at the boundaries: €*(tg) = €*(t1) = 0.
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2. Gauge transformations (3.1.4) also leave invariant the extended action functional

Selaop Al 1= Sila, N~ 200+ i) [0

2 b, dt
= /t 1dt [; (quz - quz) - H - )\“'ya]
T % [¢' (to)ps(t1) — ¢ (t1)pi(to)] - (3.1.13)

A fixed—end—point variational problem which uses this action and the boundary

data (2.1.14) gives the equations of motion (3.1.3) A

3.2 Tensorial structures present in the formalism

In the construction of the BRST generator, one encounters totally antisymmetric quan-
tities! of the form F®% for some p € N. The action of contracting any of these

quantities with the constraints GG, defines the following operator:
§: Foiop (5F)a1...ap,1 — Fa1...ap,1apGoé (3 2 1)
- 2.

and immediately, by the bosonic nature of the constraints and the antisymmetry of
Fo1--% in their indices, it follows that §2F®1+ = For-or1% G, Ga, , = 0. The

following theorem establishes the converse [61]:

Theorem 3.2.1 Let F be an antisymmetric tensor of rank p. If 0F = 0, then there
exists an antisymmetric tensor K of rank p + 1 such that F = K.

This theorem is a prelude of the cohomological structure of the theory, similar to the
De Rham cohomology of forms on a differentiable manifold. The theorem is compatible
with the irreducibility condition imposed at the beginning. Indeed, F' = 0 is a linear
combination F*G,, of first—class constraints required to vanish, then (by irreducibility)
no coefficient functions different from zero on the constraint surface exist that satisfy the
equality, the Theorem 3.2.1 ensures the existence of coefficients which do vanish on the
constraint surface, namely F% = K '“‘lﬂGg. So, the Theorem 3.2.1 is complementary
to the irreducibility condition in the following sense: For a set of irreducible constraints
G4 =~ 0, in the linear combination Z“G, = 0 the existence of Z¢ % 0 is avoided, but

Ze =YlAlGy~ 02,

In the case where also odd variables are considered in the first—class constrained manifold T*Q,
there are quantities which do not have a definite symmetry in their indices.

2The square brackets at the indices level denote total antisymmetrisation. Here the conven-
tion of the factor of 1/p! inside the definition of antisymmetrised indices is taken, e.g. Flefl .=

% (Faﬁv + Fes +Fﬁ'va _ B _ prvBa Fﬁcw).
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Besides the homogeneous equations d F' = 0 some inhomogeneous equations ' = B
are also found in the BRST formalism. The following result proves to be useful in their

analysis [61] :

Theorem 3.2.2 A necessary and sufficient condition for the existence of solutions to

the inhomogeneous equations

SE =B, (3.2.2)

in the unknown E, is that 0B = 0.

The above theorem says that the tensorial equation E[O‘l"'ap—lap]Gap = Blorap] hag
solutions if and only if B[o‘l"'O‘ff’—l]Ga%1 = 0. More about the solutions to the Eq. (3.2.2)

is indicated in the following theorem [61]:

Theorem 3.2.3 When dB = 0 holds, i.e. when the Eq. (3.2.2) has a particular solution,
the general solution to 0F = B is given by

E = Ey+ 0K (3.2.3)

where Eqy is a particular solution to the Eq. (3.2.2) and K is an arbitrary tensor of

appropriate rank.

The above three theorems are the fundamental building blocks in the construction
of the BRST generator, their proofs can be found in [61]. They are based on the irre-
ducibility and regularity conditions assumed for the first—class constraints G, —not to

mention the smoothness of each component of the tensors involved.

3.3 The ladder of higher structure functions

In this section, applying the Jacobi identity (see Sect. 2.1.3) to the Eq. (3.1.11) and the
results presented in the previous section, the so—called higher structure functions will be

iteratively built.

In order to make the construction look more natural a new notation is necessary. It

is conventional to denote

(0)

Ua(va) = Ga(q7p) 9 (331)
1 1
Uaﬁ’y(Q7p) = 5 aﬁ’Y(qu) ) (332)

and call them zeroth— and first—order structure functions, respectively. With these new

symbols one has that the PBs (3.1.11) read

(0) (0) (1) 'Y(O)
{(Ua,Us} = —2U,5" U, (3.3.3)
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(1) (1)
with U, 5" =U o 5? totally antisymmetric in the covariant indices.
From the Jacobi identity one has

1

(0) (0) (0) 0)  (0) (0)
{{U[ala Uaz}’ Uag]} = g Z {{Ual’ Uaz}’ Uas} =0, (334)

cyclic perm

where the antisymmetry in the indices (aq,a2) is understood. Using the gauge alge-

bra (3.3.3) one gets from this expression

(1) (0)
U5 =0, (3.3.5)

(a1 azas]

where

(1) (1) (0) (1) (1)
Br._ B1 a B1
D = {Unra Uy} 120 Upgla - (3.3.6)

[alaza?,] 1o «

(D)
Note that the Eq. (3.3.5) has the structure of the homogeneous equation D = 0, then
(2) (Y]
by the Theorem 3.2.1 there exists an antisymmetric tensor K := 2U such that D =
(2)
0K = 26U. In local coordinates this is

(€] (2) (0)
B _ [8162]
D[alazag] =2 U[a1a2a3] UﬁQ : (337)

(2)
This expression defines the so—called second—order structure functions U[a1a2a3] [5182]

Note, however, that by the Theorem 3.2.3, these functions are only defined up to a
(2) (0)
tensor of the form M, [5182/%5] Us,

[arazaz]
(1)

(2) (2) (2)
20U = D and U + 0M the most general solution to the Eq. (3.3.7). From now on, this

(2)
. Indeed, U would denote a particular solution to

ambiguity —and all others of this kind that appear later— will be removed by choosing
(2)

a vanishing exact term® §M = 0. In general, the second-order structure functions

are functions only on the original phase space T*Q since the sector that includes the

Lagrange multipliers belongs to the abelian sector within the gauge algebra (3.1.11).

)

(1
The first—order structure functions U }B " identically vanish when the indices take the

a1z
values corresponding to the abelian constraints m, = 0.

(2)
The existence of the second—order structure functions U is a consequence of the Jacobi

identity and the use of the Theorem 3.2.1. This suggests an iterative process. In the same
(1)
fashion as the equation that defines U was treated, namely (3.3.4), the antisymmetrised
(2) (0)
PB between the equation that defines U and the constraints U is considered

(1) (0) (2) (0) (0)
B _ [8152]
D 1,—Ua4}} U 172 Uﬁz,—U } . (3.3.8)

{ [arazas _2{ [a1azas o)

3In the case where fermionic and bosonic variables coexist in the original phase space T*Q, this
ambiguity helps to adjust the second—order structure functions to have ghost number zero (see below

this concept).
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(0)
The minus sign in front of U,, has been inserted for convenience. The RHS of this
equation, where the antisymmetrisation in the lower indices concerns only the «;, clearly

corresponds to a linear combination of the constraints, explicitly

2{ s (61521 {7 o _([})M]} — _9 <{(5)[a1a2a3 [5152 (O }+ 2 [a1a2a3 16161 7 () ]562>8)52'

(3.3.9)
Note the lack of antisymmetrisation in the indices (81, f2) in the second term of the RHS
in this expression, this will be recovered when the LHS of (3.3.8) is considered. The LHS

of the Eq. (3.3.8) has the following structure in the lower indices:

X[ala20304} = X[[Oélazas]%]
1
Z (X[alagag}o% + X[a1a3a4]a2 + X[a1a4a2]a3 + X[a2a4a3}a1) (3310)
ith
" (1) o (0)
Xlaiazaslas = {D[Oqagas} 7_Ua4} . (3.3.11)

1)
Substitution of the explicit expression for D, cf. Eq. (3.3.6), into the Eq. (3.3.11) gives

(1) (0) (1)
an explicit formula for the RHS of the Eq. (3.3.10) in terms of (symbolically) {U, U }U

(1) (0)
and the nested PBs {{U,U}, U }. The introduction of the identity

(1) (0) (0) (1) (0) (0)
{{Uaﬁmﬂ’ as} a4}+{{ [e1e5] ’ a4} as} -
(1) (1) (0) (1) (1) (0)
<{ a1a2 ’ O131147}U + 30y {UOqOQﬁ’ U”/ }) ’ (3.3.12)
makes the LHS of the Eq. (3.3.8) acquire the unexpected form of a linear combination

of first—class constraints, namely

(1) (0) (1) (1) @)
A s (6162
{ [a10¢20¢3 } { a1a2 7 04204 2}U +6U[a1a2 Ua3a4]ﬁ U
(2) (1) (0)
(820 B1
_4U[a1a2a3 Ua4]ﬁ U52 : (3313)

The expression (3.3.12) is implied by the Jacobi identity and the gauge algebra (3.3.3).
The RHS of the Eq. (3.3.13) contains, besides the antisymmetrisation in the «;, anti-
symmetrisations in the indices (a3, ay,3) in the second term and in the lower indices

(a4, B) of the third term.

The substitution of Eq. (3.3.9) and Eq. (3.3.13) into the RHS and LHS of the
Eq. (3.3.8), respectively, gives

(1) (1) (0) (1) (2) (0) (2) (0)
_ B B2 B [81] 826" B
0= {Unas "+ Unyors }U 6010, Ungans Uﬁ2 AUy s U a8 Ug, +
©) (0) ) (0)
[31.52] Bo g B
+2{U, 00, } R U g8 U, - (3.3.14)
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A final manipulation of indices to get all (1, 32) antisymmetrised, together with the

L © .
factorisation of Ug,, render the remarkable expression

(2 (0)
[8152] _
Do s Uy =0, (3.3.15)
with
(2) (2) ( )
[B182] .__ [51,@2] 1 B2]
[arasazay] T {U[a1 asas ’ a4] } By {U[alag ’ 043044] }
(1) (2) (1)

B [8162] BB B2]

- 3U[C110é2 Ua3a4},5’ + 4U[O£10(2O(3 Ua4]6 . (3.3.16)

In this expression an extra antisymmetrisation takes place in the indices (a3, ay, 3) within

the third term of the RHS.

The rich structure of open gauge algebras starts to be revealed with the non—trivial
identity (3.3.15) which has the form 5(12)) =0, with D a sixth rank antisymmetric tensor.
Similarly to (3.3.5) the expression (3.3.15) implies, by the Theorem 3.2.1, the existence
of a seventh rank antisymmetric tensor K := 38) such that <l2?) =J0K = 3(5([}). In local

coordinates
(2) (3) (0)
[B162] _ [618203]
[ara2azad] = 3 Ularazazad] U, - (3.3.17)

(3) .
This equation defines the so—called third-order structure functions U, 181526 3],
[arazazaq]

again, functions on the original phase space T*Q.

What is remarkable from this point is that one can repeat the above construction, step
by step, generating in this way higher structure functions. Let us sketch the following
step and, at the same time, give the corresponding explicit equations. Each step starts
commuting —in the PB sense— the equation that defined the latest structure function, in
this case (3.3.17), with the constraints and antisymmetrising it:

(2)

0) (0
{ [araoazay

(0)
[51[32]7 Ua5]} _ {U [81825] U,Gg’ Uas}} . (3.3.18)

[vrazazas

The RHS is obviously a linear combination of the first—class constraints. A more difficult
task is to show that this is also the case for the LHS of the equation; with the use of the
Jacobi identity, the gauge algebra (3.3.3) and some manipulation of the indices, one can

show that (3.3.18) is equivalent to

(3) (0)
[81625] _
D[a1a2a3a4a5] U53 =0, (3319)
with
(3) (3) ( ) (2) ( )
[B182083] ._ [618203] (8182 53]
[vrasazasas] '_{U[a1a2a3a4 ’ a5] } {U[()qagag ’ a4a5 }
(1) (3) (2) (2)
g [616205] B[51 B233]

+4 U[a1a2 Ua3a4a5}6 +6 U[OchzOc:a ans]ﬁ +
+60 BB Bl (3.3.20)

[araoazag as|B
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In this expression an additional antisymmetrisation is implied in the lower indices (a3, a4,
as, B), (o4, as,B) and (as, ) within the third, fourth and fifth terms, respectively.
Equation (3.3.19) can be treated in a similar fashion to equations (3.3.5) and (3.3.15).
The existence of the fourth—order structure functions (U4') is inferred from the Eq. (3.3.19);
the structure functions ((j') are defined up to a tensor of the form 5](\44) which is set to

vanish. Locally the Eq. (3.3.19) implies

) [816285] _ 4 7 [8182834] )

)
[arozazagas] [c1azazagos] Ba *

(3.3.21)

For a system with a finite number of constraints, say 2m, necessarily there is a
point from which all the structure functions identically vanish. Indeed, since each ([kJ)
is antisymmetric in all its (k + 1) lower indices, and they in turn also labelled the
constraints themselves, one has that (ﬁ) = (kﬁl) = ... =0 for k > 2m, just like (p+ 1)
forms on a differential manifold of dimension 2m identically vanish when p > 2m. For
ke{1,...,2m — 2} one finds by induction [62] the equation

D [5r---0] ﬁﬁk ~0. (3.3.22)

[a1..‘ak+2]

This relation ensures the existence of the next—order structure functions which should

(k) (k+1)
be obtained from the equation D = (k+1)0 U , or equivalently

® (Br--Br] _ (kt1) [B1---BrBrs1] ()
D[al...akJrg] - (k + 1) U [o...appo] Uﬁk+1 ) (3.3.23)
with
k
&) 1 kpt1) ) [Br..Bp 7P Bpt1---Bk]
D[Oé1~~~ak+2]wl o = 9 Z(_)( P ){Ual‘..apﬂ U Qpt2e -yl P }
p=0
k—1 k(p+1) (p+1) [ﬁlﬁpﬁ (k—p) /Berlwﬁk}
- (-) P+DE=—p+ D) U, ., Usy s oni0l _
p=0
(3.3.24)

In the RHS of this expression additional antisymmetrisations in the indices (43, ...,
Q12,) within the terms of the second summation are implied. In addition, within
these terms the antisymmetrisation in the upper indices concerns only the [3;, that is,
the upper index ( plays no role in the antisymmetrisation. Note that (]5) can always
be calculated from structure functions of order lower than k& + 1, which are supposed
to be obtained in a previous step. In this way the ladder of structure functions can
be iteratively constructed from three purely classical equations: the Jacobi identity, the

gauge algebra and the remarkable identity (3.3.22).
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3.4 The super phase space and the BRST generator

The very rich structure, shared by all gauge theories, presented in the previous section
completely emerges from two fundamental equations: the gauge algebra and the Jacobi
identity. Moreover, in contrast to this simplicity, it turns out that the emergent struc-
ture functions are at the heart of the BRST symmetry. The identities already found are
the essence in the proof of the existence of a BRST generator. The BRST generator
corresponds to a real-valued function that is nilpotent (with respect to some symplectic
structure), of odd Grassmann parity and +1 ghost numbered. A BRST charge gener-
ates a transformation which resembles the gauge one with the bosonic gauge parame-
ters replaced by fermionic variables. These fermions were systematically introduced by
L. D. Faddeev and N. V. Popov within their review of path integral formalism for gauge
theories [26, 28|; since then, these variables are called Faddeev—Popov ghosts, or simply
ghosts. In the present context, they will help to condense the identities found in the

previous section to build the BRST symmetry generator.

Within Sect. 3.2 it was mentioned that the original phase space T*Q was going
to suffer a couple of enlargements. The first one was the passage from T*Q to T{Q
by adding the m Lagrange multipliers (corresponding to the m first—class constraints)
and their conjugate momenta. The second extension to T*Q is a bit more radical, it
corresponds to an enlargement with the fermionic variables n® (o = 1,...,2m) and
their associate conjugate momenta P,. These fermionic canonical pairs supplement the

symplectic structure of T{Q with the symmetric PBs

{0} =0, {1 Ps} = {Ps,n"} =05, {Pa,Ps}=0. (3.4.1)

Notice the minus sign in front of the Kronecker delta. The fermionic nature of these

degrees of freedom is expressed by saying that their Grassmann number is 1, in symbols
em*) =1, €(Py):=1, (3.4.2)
or equivalently, that they are anticommuting c—numbers
%1% = 1, Paly = [P Poly =0, (3.4.3)
with [A, B]4 := AB + BA,; while for the rest of canonical variables one has
e(¢)) =e(pi) =0, €\ =e(my) =0, (3.4.4)

that is, they are commuting c—numbers.

A consistent symplectic structure is given to the whole ghost—extended phase space

or super phase space —as it is sometimes called— by means of the generalised PB. This
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bracket is reduced to the fermionic sector (3.4.1) when only ghosts and their conjugate
momenta are considered, and to the bosonic sector (2.1.16) and (3.1.8) when the rest of
the canonical pairs are taken into account. For two functions f and g on the super phase
space, with ey the parity of f, the generalised PB reads as
(f.q} = 87]"89 _8f g n of Jg B af dg
2T\ Oq¢' Op;  Op; O8O O,  Omg ON®
otf ot olf 0t
+ () foyg 0f0%y
on® 0P, 0P, on»

(3.4.5)

We have decided to use the same symbol for the extended PB as the one used for the PB
in T} Q since we think no confusion arises. The terms in the first parenthesis on the RHS
of (3.4.5) correspond to the bosonic sector of the generalised PB, and the terms in the
second parenthesis to the fermionic sector. The symbols 9°/9n® and 9°/9P,, denote left
partial derivatives with respect to n* and P, respectively. On a function f of the super
phase space, the left derivative acts as ‘coming from the left’ and each time it ‘jumps’ a
factor, a minus sign might appear depending on the parity of that factor. If f and g are

any two functions on the super phase space and at least f has a well defined parity, one

has* ,
9'(fg) _9°f
on® on®

V4
+ (_)effgn‘z X (3.4.6)

In general, the parity of a function f is not necessarily well defined but f can always
be decomposed into the sum of a commuting (or even) part and an anticommuting (or
odd) part: f = fg + fo. Indeed, this is evident when f is expanded in powers of
fermionic variables, the even (odd) component only contains the even (odd) powers of

the fermionic variables in the expansion.

The generalised PB (3.4.5) obeys generalised versions of the properties listed in
Sect. 2.1.3 for the ordinary PB. For f, g and h functions on the super phase space

with well defined Grassmann numbers €y, €, and ¢, respectively one has
(7) Linearity: If a and b are constants {af + bg,h} = a{f,h} + b{g, h},

(id) Antisymmetry: {f,g} = —(=)“{g, f},

(i74) Leibniz rule: {f,gh} = {f,g}h + (=) g{f, h},

. . . . . o " . .
“In a similar fashion one can define right partial derivatives o and 57 which act as ‘coming from
U a
the right’. The relation between the left and right derivatives is
o'f _ (_)(Ef+1)872f ]
on> on®

In the case where the derivative is taken with respect to any bosonic degree of freedom there is no

difference between these two kind of derivatives.
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(iv) Jacobi identity: {{f,g},h} + ()T {{h, f},g} + () o+ {{g,h}, [} = 0.
In addition, the concept of parity in the functions introduces two more properties:

(v) Parity of the super-PB: €({f,g}) = € + €,

(vi) Complex conjugation of super-PB: ({f,g})" = —{g", f*}.

The last property comes from the complex conjugation conventions

(@) =q¢, pi=pi, A)V'=X", 7mi=m,, (M) =n", PL=-P,, (347

e

which, in particular, are consistent with the pure fermionic PBs (3.4.1). Moreover, from
this convention one has for example that monomials n%n® and PaPg are both imaginary;

in general

(™ ...yt = (=" ey (3.4.8a)
(Pay - Pa, ) = (=)D 2P P, ). (3.4.8b)

n

So a monomial that mixes ghosts and ghost-momenta in which the number of ghost—

momenta is equal to the number of either ghost or ghosts plus one, is real.

In addition to this extended symplectic structure and complex conjugation (involu-
tion) operation, the super phase space is also equipped with the notion of ghost numbers.
In the BRST formalism the ghost number on each ghost and ghost-momentum is defined

as follows:

gh(n®*):=1 and gh(P,):=-1, (3.4.9a)
whereas zero ghost number is attached to the basic even conjugate pairs
gh(¢') = gh(p;) :==0 and gh(A\") = gh(m,):=0. (3.4.9b)

This numbering is generalised to any monomial in the super phase space by the rule
gh(AB) = gh(A)+ gh(B) and only the sum of monomials with the same ghost number
does specify polynomials of definite ghost number. Therefore, a monomial that mixes
ghosts and ghost-momenta which contains one more ghost than the number of ghost—

momenta, has ghost number +1.

In order to lift the higher structure functions to the super phase space, the following

definitions are useful:

(k) (k)
OBl = pewr  per g, PP (3.4.10a)

(k) (k)
R P AN (3.4.10D)
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. . , oo (k) *) '

In these equations, the antisymmetry in the lower indices of U and D is automatically

taken into account due to the anticommuting nature of the ghosts. Moreover, these

definitions make the general identity (3.3.23) look like

(®)

(k41) (0)
DBl = (k1) U Pr-Oenl gy (3.4.11)
(k)
These conventions make the explicit expression for D, cf. Eq. (3.3.24), look like
Bl L Y&=p) (781 T By
__ = p+1--- —
D =5 > (o) U }
p=0
(k—p)
(p+1) 35 U 5p+1..ﬂk]
—Z k=P (pt1) U BsBsl 2 " (3.4.12)

onP ’

where the antisymmetrisation in the terms of the second summation in the RHS excludes

G, and the PBs in the first summation refer to the generalised ones.

With all these preparations, one can now pass to the main theorem of this chapter.
The following theorem describes the way in which the gauge invariance is merged in the

super phase space [63].

Theorem 3.4.1 [Existence of the BRST generator| To any first-class constrained

system, one can associate an odd Grassmann parity BRST generator function ) charac-

terised by
gh(2) =1, (3.4.13a)
(0)
Q =n*U, + terms that vanish with the ghost-momenta, (3.4.13b)
{Q,Q}=0, (3.4.13¢)
Q*=Q. (3.4.13d)

The solution to the conditions (3.4.13) corresponds to the finite sum:

(k)
Q= > U PP, ... P,
k=0

(0)
:naUa+na2na1U B 1Py + OélU 5152?5233@14---- , (3.4.14)

ajan ajaas

k

(0)
where for consistency one sets U := nO‘U as the first term in the summation.

The odd Grassmann parity condition on the function €2 is automatically fulfilled
by (3.4.14) since each of the monomials in the sum is anticommuting. Moreover, since
each of the monomials in (3.4.14) contains one extra ghost compared with the number

of ghosts—momenta, one concludes that €2 itself is ghost numbered +1. By construction,
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all the terms in 2 vanish when the ghost—-momenta are set to zero, except for the first
one, which has the form required by (3.4.13b). The nilpotency of €2 with respect to the
super-PB (3.4.13¢) is a non-trivial condition due to the odd Grassmann nature of .

By direct calculation one has that

(0) (0) (0) (1) (0) (2) (0) (3)
{Q,9} = {U.U} +2{U, U5, } + 2{U,U"%Pp, Pp, } + 2{U, UM P5, P, P, }+

(1)5 (1) (1)5 (2)
AU P UM P L 4 2{U P, , UMD, P+ (3.4.15)

The RHS of this expression is a polynomial in powers of ghost—momenta which vanishes
as it will be proved.
After some algebra, at order zero one obtains the coefficients
(0) (0) (1) 66(5) (1) (0) (1) (0)
{U,U} — 20" 7 = n2n <—2 Uiz U, = 2Uqpo, ™ Uﬁl) =0. (3.4.16)
The coefficients at order zero in ghost—-momenta vanish.

At first order in ghost—-momenta one finds the corresponding coefficients to be

0 (1) 1) af(llj)ﬁl @) aé((oj)
2{U, UM} =207 ——— 4+ 407 a7 =
) (0) &N ) @) (0
B B B 818
2,'70437701277041 ({U[a1a2 1? Uozg]} + 2U[a1a2 Uag]ﬁ ' _2U[a1a2a3] ! Uﬁ) ’

(3.4.17)

1) (2)
where the term in parenthesis on the RHS of this equation is nothing but D — 24U,
cf. Eq. (3.3.6), which by virtue of the Eq. (3.3.7) vanishes. Therefore the coefficients at
zeroth and first power of ghost-momenta vanish on the RHS of (3.4.15).

Going to next order the corresponding coefficients are

0 @ L, @ ) a‘f(ﬁ)ﬁlﬁ? @) afﬁﬂ2 3) af(UO)
Q{U, Uﬁ1ﬁz} _ {Uﬁl, Uﬂz} _oU”h 3 + AU PP 5 Gl P10 —

onP
© @ 1,Q &)
o4, 3,002 O [5152] [ﬂl :32}
217 477 37] 277 ' <{U[a4’Ua1a2a3] }_ i{U[OqOéQ ’Ua2a4} }_
(1) (2) (2) (1) (3) (0)
B [8152] B[4 B2] B1820
-3 U[a1a2 asasld +4U[a1a2a3 Ua4],@ — 3U[a1a2a3a4} UB) , (3.4.18)

(2) (3)
where the term in parenthesis on the RHS is nothing but D — 36U = 0, ¢f. Egs. (3.3.17)
and (3.3.16).

By induction one can prove that the coefficient of the kth power in ghost—-momenta
(k) (k+1)
on the RHS of (3.4.15) corresponds to a multiple of D — (k+1)0 U which by virtue of
equation (3.3.23) vanishes identically. Therefore {2, Q} = 0.
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Finally, Q given in (3.4.14) is a real function on the super phase space. Indeed, by
construction the higher structure functions (ﬁ) are all real and it has been mentioned
that the precise combination of ghost and ghost—-momenta that is contracted with these
functions is real (see paragraph after Eq. (3.4.8)), hence Q* = Q. In conclusion €

in (3.4.14) is the BRST generator cited in the Theorem 3.4.1.
Remarks

1. The BRST generator can also be viewed as the ‘generating function’ of the equa-
tions that define the high order structure functions of the theory. These functions
appear as coefficients in the expansion (3.4.14). Postulating nilpotency with re-
spect to the generalised-PB, the equations (3.3.23) are found at each order in the

ghost-momenta.

2. The BRST generator only depends on the gauge algebra and not on the dynamics
of the theory, i.e.  is independent of the form of the Hamiltonian. A

3.4.1 Ghost/Antighost notation and conventions

Before going into specific examples of BRST charges, in this section some notation
included in the standard literature is introduced. The super phase space contains the
original variables (¢°, p;), the Lagrange multipliers and their conjugate momenta (A%, 7,),
as well as ghost conjugate pairs (n®,P,). The number of fermionic conjugate pairs
doubles the number of the original constraints v, ~ 0 (a = 1,...,m). It can be inferred
from the gauge algebra (3.1.11) on the super phase space that the ghosts associated to
the ad hoc introduced constraints 7, ~ 0, chosen to be ™%, only appear linearly in the

BRST charge (3.4.14); see also Egs. (3.4.24) and Eq. (3.4.28) below.

Following [61, 65], the variables in™*% and —i®,,1, will be denoted by p® and C,,
respectively. The variables C, (resp. p®) are known as antighosts (antighost-momenta).

In this notation from the PBs (3.4.1) one has
"t Pt = =08 = {p*, Co} ; it = p —iPraa =C, . (3.4.19a)
From (3.4.7) one can read the reality conditions
(€ =Cur () = 4" (3.4.19b)

The corresponding ghost numbers are

gh(C,)=-1, gh(p")=1. (3.4.19¢)
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Ghosts canonical pairs associated to the original m first—class constraints retain their
name within these conventions; however, in order to avoid any confusion with the set
of all ghosts and ghost—-momenta a different notation for them will be introduced. The

variables n® and P, will be denoted by C* and p,, respectively. Their PBs are hence
{n", Py} = =0 ={C% pp} ; n*=C% Py = pa , (3.4.20a)

having vanishing super PBs with any other basic variable. The reality conditions for C,
and p, are

() =C*, (pa)" = —Pa (3.4.20D)

and the corresponding ghost numbers are

gh(C*)=1, gh(p,)=-1. (3.4.20¢)

In a few words, all fermionic momenta (p, p) are imaginary and their conjugate pairs
(C,C) real. The ghost number of p and C (resp. p and C) is 1 (—1).

In this notation, a general BRST charge (3.4.14) is given by
Q=Qmn _ipin, . (3.4.21)

This is the explicit split of the nonminimal BRST charge €2 into the sector corresponding
to the phase space T*Q x {(C% p,)}, Q™ = Q™i8(g p C, p), also called minimal
sector, and the sector corresponding to the Lagrange multipliers —ip%m,, also called

non—minimal sector.

3.4.2 Abelian gauge algebra and the abelianisation theorem

The simplest possible gauge algebra is the abelian one
{Ga,Gg} =0. (3.4.22)

This case will be encountered whenever the gauge symmetry (at the Hamiltonian level)

consists of a single parameter.

The gauge algebra (3.4.22) is relevant because it locally covers the most general
situation (3.1.11). In the gauge algebra (3.1.11) half of the constraints is already abelian,
namely the m constraints m, = 0; the rest of the constraints 7, =~ 0 in general obeys
the non—abelian algebra (3.1.5). According to the abelianisation theorem [65, 135, 173],
given a set of first—class constraints {7,} on T*Q it is always possible to locally find m
new equivalent set of constraints {Y,} that defines the same constraint surface so that

they are abelian, that is, {Y,, T} = 0 all over T*Q.
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A direct way to abelianise the set of constraints {v,} is via the constraint resolution.
Under the assumption of irreducibility and regularity, one can always (locally) resolve

the m constraints v,(q, p) = 0 for m ps, that is,

pa:ga(B7Q)7 a:1,...,m,

where p denotes the remaining ps. By construction, the constraints

Yo :=pa — 9a(p, q) (3.4.23)

define the same surface that -, ~ 0 define. Two aspects of the new constraints T, are
important. First, by direct calculation one can see that the PBs {Y,, T} } are independent
of ps. Second, on the constraints surface, that is, when p, = ga(p, q) is used, {T4, Y3} =0
(this is the first—class property). Since each function g, is assumed to be well defined all

over the values taken by (p,q), then {Y,, T;} must identically vanish on all T*Q.

In order to construct a BRST generator associated to the gauge algebra (3.4.22), one

(1) (1 1
recognises U, ;" =0, then D 5 automatically vanish (cf. Eq. (3.3.6)) and 6D =0

[a1azas]
is trivial. No equations that could imply the existence of higher structure functions arise.
Therefore, in the case of an abelian set of constraints (or locally in any gauge algebra)

the BRST generator reads as
Q=1"Ga =1V +0"",, a=1,...,m, (3.4.24)
or using the conventions (3.4.19) and (3.4.20)
Q=C%, —ip*ng, a=1,....,m. (3.4.25)

Observe that to obtain this result some ambiguity at the level of the gauge algebra was
removed beforehand. In general, the PBs (3.3.3) are invariant under the redefinition of
structure functions ([lf)an A, ((yal(m AL —i—](\yoqoé2 [51.5:] %3)52. In the abelian case, the gauge
algebra implies (llf)ala2 b 0, but it does not fix the arbitrariness induced by Mal% [5132]
Such arbitrariness could have been fixed with nonzero functions on the super phase
space. In such a situation higher structure functions can actually exist in the BRST
generator of abelian constraints. However, this vagueness is removed by setting ](\2 =0
in all cases. This ambiguity is not exclusive of the first—order structure functions, similar

arbitrariness arises at higher levels in the structure—functions ladder as it was pointed

out just after writing equation (3.3.7).
Remarks

1. Although the abelianisation theorem is useful in proving local properties of con-

strained systems, it may not be practically easy to find an equivalent abelian
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constraints T, to the non—abelian first—class 7,. The passage from v, to T, might

spoil manifest symmetries involved in the theory. A

3.4.3 Constraints that form a closed gauge algebra

Originally the BRST symmetry was discovered in first—class constrained systems whose
gauge algebra forms a closed gauge algebra [35, 36, 37, 38]. When this is the case, one
can set the first—order structure functions to be the constants (Ul)aw@ A and J<\2 = 0, hence
the Jacobi identity of the PBs requires

(1) (0) (1) (1) (0)
0=D Py, =2 U . P

[a1azas] 51 (12 asla £

(3.4.26)

to be valid, ¢f. Eq. (3.3.6). In the rightmost expression one has, for given values of
(a1, a9, 3), a linear combination (with constant coefficients) of the constraints Z5! (10])51
required to vanish. Therefore by irreducibility and the Theorem 3.2.1 one knows that
ZP = ylBis] ((})52 over the whole super phase space and in particular on the constraint
surface %0])52 = 0, hence the constants Z”' must vanish, implying for the structure con-

(1) (1)
stants U, U s

1 _
a0 as)a =0or

(1)

Q12

B1 (1) a 51 () o B1

+ UCYSCYl Ua2a + Ua2a3 Uala - 0 . (3427)
(€D}

In other words, irreducibility implies in this case D[

o
U,

asa

(1)
Pt — 0. Therefore 6D = 0

becomes trivial again. No equation that could imply the existence of higher structure

ajazas]

W (2) @)
functions arises. Even if one insists on the equation D = 26U, it reduces to 0 = U
(2) (2)
from which U is at most d M, but such solutions have already been discarded by setting
(2)
M = 0. In conclusion the BRST charge for a gauge algebra with structure constants

(1)
Uaiao 1 can be taken to be of the form

a(o) o o (1) 8
Q= n"Ua +0"n"" Upy0,”" Py (3.4.28a)
1
= 0"Ya+ 510" fup“ Pe+ 0" 74 (3.4.28b)

2
where (3.3.2) has been used and f,, ¢ correspond to the structure constants of the original

gauge algebra (3.1.5). Using the conventions (3.4.19) and (3.4.20) one alternatively has
1
Q= C'+3 CC fCpe —ipma, (a=1,...,m). (3.4.29)
From here it becomes evident the abelian role that the constraints m, = 0 play.

Remarks

1. One says that a set of constraints and of associated structure functions is of rank s

(p)
if all structure functions of order strictly greater than s vanish U%% =0 p > s.
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In this sense an abelian set of constraints can be chosen to be of rank 0, while a

set of constraints forming a closed gauge algebra can be chosen to be of rank 1.

2. By simple inspection of the explicit formula for (B, cf. Eq. (3.3.24), one realises
that if all the structure functions of order k are zero, with s < k < (2s + 1), then
(235” vanishes, implying that one can choose (Zsﬁm = 0. This in turn implies that
“D’ also vanishes, so (2?}3) = 0 can be taken, and so on. Since by hypothesis
i =...= QSI}I) = 0, one concludes that in these cases the rank can be taken to

be s.

3. In the general case of nonconstant structure functions in the gauge algebra, the
sum of the first two terms in the expansion of 2 as in (3.4.28) may not be enough to
establish the nilpotency property. Higher order structure functions may be needed

in Q. A

3.5 Rescaling constraints and about the uniqueness of the BRST gener-

ator

The gauge algebra and the consequences of the Jacobi identity determine the form of
the BRST generator. However, the gauge algebra does not determine the constraint
surface on which the motion takes place. The constraint surface is given by the zero
locus of the constraints, G, = 0. Since two different sets of constraints can define the
same constraint surface, it results immediate that the form of the BRST generator is not

intrinsic to the constraint surface.

A constraint surface defined by G, = 0, can alternatively be described in terms of
G., =0 with
G =0, (q,p, ), 7)Gp (3.5.1)

where the rescaling matriz Ao” is invertible at each point on the phase space and may
vary from point to point on it. The transformations (3.5.1) are not canonical ones in
the phase space T5Q. The PBs of the new constraints G, may drastically vary from the
one associated to the original constraints G; for instance, one can have G, forming an
abelian gauge algebra and —on the other hand- G, obeying an open gauge algebra. A
complete understanding of the equivalence between these two sets of constraints is found
beyond the structures in T3Q. Although in the previous section the ghost—extension was

introduced as a mere convenience —all structure functions were gathered into a single

object— this procedure is not only mathematically advantageous, but the insertion of
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ghosts and ghost-momenta implements (3.5.1) as an (even) canonical transformation in

the super phase space. This is established in the following theorem [61, 63, 69, 70, 71, 72].

Theorem 3.5.1 Let Q and ' be two BRST generators associated with the same con-
straint surface. Then, Q and ' are related by a canonical transformation in the super

phase space.

The proof of this theorem for infinitesimal rescaling is discussed in [61]. Its validity
for invertible linear transformations (3.5.1) which are in the connected component of the
identity (positive determinant) is then proved. The general case with both positive and
negative determinants of Ao is considered in [63]. An application of this theorem to the
case of constraints linear in momenta is reported in [69, 71|, where an explicit generating

functional of the canonical transformation is presented.

This theorem ensures that the ambiguity in the structure functions is harmless in
the classical theory. Two BRST generators corresponding to two different elections in
the description of the same constraint surface are canonically related in the super phase
space. The introduction of ghosts at a classical level makes manifest the canonical

covariance of the structure of co—isotropic surfaces.

3.6 BRST observables

So far the implications of the Jacobi identity on the PBs (3.1.12) that involve the Hamil-
tonian have not been explored. It will result that treating these PBs in the same fashion

as the PBs between constraints, introduces the notion of BRST observables.

Theorem 3.6.1 [Existence of BRST observables| Given a Dirac observable Ay on
T*Q, there is a BRST extension or BRST associated observable defined as an even Grass-

mann parity function A on the super phase space that satisfies the following conditions:

gh(A) = 0 = gh(Ay), (3.6.1a)
A=Ay when 7%=0=7,, (3.6.1b)
{4,Q} =0, (3.6.1c)

A* = A, (3.6.1d)

Let Ag be a Dirac observable on T*Q. It trivially can be lifted to T{Q as follows:

{A07 Ga} = Aaﬁ(%p) G,B ) (362>
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where A,” corresponds to ALb(q,p) given in (2.2.45) when both indices are associated
to the first—class constraints 7, and zero otherwise. The following ansatz will be used to

define the BRST extension of a Dirac observable:

(k)
A=Y AOBpy Py (3.6.3a)
k=0
_ @ O<1(1) B1 ag o @ 8182
=A+n Aa1 '.Pgl +n™"n Aa1a2 fpgzﬂjﬁl +..., (3.6.3b)

(0) (k)
with A (q,p) being the Dirac observable Ay(q,p), and the coefficients A'q. P functions

to be determined on phase space.

As desired, each term in the finite sum (3.6.3) is of ghost number zero. Indeed, first

gh(4 ety o,

(o ...ak]

and, second, the ghost number of any monomial that mixes ghost and ghost—-momenta
in equal number vanishes. Therefore (3.6.1a) is fulfilled. By construction (3.6.1b) is
automatically satisfied. The function A is of even Grassmann parity and satisfies (3.6.1d)
since any monomial with the same number of ghost and ghost—-momenta is real and has
even Grassmann parity, just as it happens to be with each coefficient % (¢,p). Finally,
the existence of the coefficients of higher powers of ghost—-momenta in A such that (3.6.1c)

is fulfilled will be shown.

By direct calculation one can see that the coefficients corresponding to zeroth order

in ghost-momenta on the LHS of (3.6.1¢) are

(0)
©) (0) w9t 6% (0)
{A7U} _Aﬁw - /r,al <A041ﬁ1 _Aalﬁl) Uﬁl (3.64)
(1)
which suggests the definition A% = A.” in order to make the term in parenthesis
vanish. With this identification the Eq. (3.6.2) is rewritten as
(0) (0) (1) 8 (0)
A Un } =4, Us, . (3.6.5)

(€Y) (0)
Up to a term By, [B162] Up,, which is to set to be zero, the Eq. (3.6.5) defines the coeffi-

cients of the terms with linear ghost-momenta in the sum (3.6.3).

The coefficients of the first order in ghost-momenta within {A, Q} are

(4,05} — 4 Oy + 07

(1) (1) (0)

¢ ¢ ¢

a Aﬂl _2)587[]61 + 2X>ﬁlﬁ8 U — 06277061 21(42) 18 o
onP onP onP

(0) (1) 1) (0) (1) 1) 1) (1)
b1 B1 By P B B1
F A U0 A U} Vg A7 +24, 70,1 > : (3.6.6)
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The BRST invariance of A (3.6.1c) requires that the term in parenthesis vanishes. Defin-

ing
) © () ) 0 w W 50
B ._ B1 ﬂl By B B B1
Claras] =~ <{A7U[a1a2} {4, ]} T Uas) A" 7240, Usys > )

(3.6.7)

2) (1
the term in parenthesis on the RHS of (3.6.6) can be rewritten as 264 — C. This

combination vanishes if ((132 = 20A. In order to guarantee that such X) actually exists,
one needs to prove (see Theorem 3.2.2) that (5((132 = 0. This can be done by considering
the antisymmetrised PB of (3.6.5) with minus the constraints 8')@2 and using the Jacobi
identity. In the same way that the existence of second—order structure functions %) was

proved, a direct calculation shows in this case that

(0) (0) (0) (0), (0) (0) (0) (0)
O_{{ } az}+{{ 042"4} Ual}'i'{{Ual’_U%}’A}
(0) (O) (0) (1) (0)
({{ a1}y — 2}>A = 20[%2]/6’1 Uy, » (3.6.8)

(1) (2)
which corresponds to the relation §C = 0. Therefore there exists K := 2A such that
1) (2)
C =264, that is,

(1) (2) (0)
Br _ [8152]
O[Oqcm] t=24 [aran] e Uﬁg : (3.6.9)
i : @ [8182] (2) [8182083] o
This relation defines A la1as] up to a term B[a1a2] Uﬁ3 which is set to be zero.

Simultaneously it makes the linear terms in the ghost-momenta within {4, 2} vanish.

The coefficients of the terms with quadratic ghost—momenta within {A, Q} are

@ ) @)
© (2 ) @) ©. 1), 9lA PG @, AP ), 9tPs2
A, Uﬁlﬁ Aﬁl B2 Aﬁlﬁz U Uﬁ 2Uﬁlﬁ _Aﬁ

(4, By i,y ¢ (0 By 4 90200 o080

@, .0 Uﬁ2 @) ot U @) ®3) (0)
L~ 18289 Y ag a2, B1B2 B1B28
+2AM o —3A4PP2 e = ¥yt (C[a1a2a3] 3A [eraz0s] Uﬁ) )

(3.6.10)

where antisymmetrisation occurs in the indices (01, f2) and (51, 52, ) in the first and

second terms inside the parenthesis. In Eq. (3.6.10) the following tensor has been defined:

(2) (0) (2) (1) (1) (0)
[B182] ._ [6152] (61 B2] [8182]
0[041042043] T {A ’ U[Oqozgozg] } - {A [ 7 Uagag] } + { a1 ’ Uag} }+
P (f}[ AR 5 Blor Yy Bl
alaz aslB 1] 3]
(1) (2) (2)
— 34, U, s —aa [alaf[f’l U T (3.6.11)

where an additional antisymmetrisation is present in (ag, ) within the fourth and last
terms as well as in (aa, ag, 5) in the sixth term. The expression in parenthesis in (3.6.10)

(2) (3) (3)
has the form C —33JA which vanishes if there exists the appropriate tensor A such that
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(2) (3) L. . (2) . s .

C =30A. This is equivalent to show that 5C' = 0. As expected this condition is proved
(2)

when one considers the antisymmetrised PB of the equation that define A (3.6.9) with

(0) 1)
the constraints U using the explicit form of C.

By induction one can show that the coefficients of the kth power in ghost—-momenta

(k) (k1)
within {4, Q} correspond to C — (k+1)d A , in local coordinates they are

1. OOy 1) lar...opogy1]

(k) (k+1) (0)
nal . _naknak+1 <C[ B1..-Bk _ (k‘ 4 1) A B1.--BrfB UB) ) (3612)

(k)
Indeed the terms in parenthesis vanish since §C = 0 as a consequence of the Jacobi
(k) (k=1) (k) (k)
identity, the equation that defines A, namely C' = kdA, and the explicit form of C

which corresponds to

LTy I S A

M=

(k)
o 1oy B1-Br _
N+t ™ Cay.oopin =

S
I

4_
=~

& (p+1)ﬁ 5.8 az(lﬁp)ﬁp-k—lmﬁk
(=)p+1) U PP ——

p=0 on’
. A (p+1) ot (kﬁp)ﬂpﬂ--ﬂk

=) () P+ 1) A b —F (3.6.13)
p=0

This process to construct a BRST observable from a gauge invariant function can be

B

applied to the Hamiltonian of the system. Denoting the structure functions H, "~ on the

€y)
RHS of (3.1.12) as Ho", the corresponding BRST extended Hamiltonian reads
(0) a (1) 3 an o (2) 81
Hprsr = H + 0" H, ' P, + 00" Hy 0,72 PP + 00 (3.6.14)

The function ﬁ) corresponds to the Hamiltonian function H on the original phase space,
cf. Eq. (2.1.8), and the higher structure functions J%I) are iteratively obtained from the
equations (Ck) =(k+1) (5( klfll). Each (5) is obtained from higher structure functions of the
gauge algebra <Uk) and higher coefficients of the Hamiltonian l%kI) up to kth order. Since ﬁ
does not depend on the Lagrange multipliers, in the ghost/antighost notation of Sect.

3.4.1, the BRST extended Hamiltonian is expressed as follows:

(0) a (1 by as ray (2) biby — ~
Hpgrsr =H +C"H, " pp, + C*C" H DbyPby + - - - - (3.6.15)

ayaz

Remarks

1. Given a function K defined on the super phase space satisfying ¢(K) =1, gh(K) =

—1, and K* = — K, the new function

A=A+ {Q, K} (3.6.16)
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is a BRST observable provided A is so. The ghost number zero component of A’
corresponds to A = Ag + K*(q, \;p, m)Gq, i.e. at the lowest order of ghosts, one

recovers the equivalence between two Dirac observables Ay and Aj.

2. If A and B are, respectively, BRST invariant extensions of the gauge invariant
functions Ay and By on the original phase space, the functions AB and {A, B}
are, respectively, BRST invariant extensions of AgBy and { Ay, Bo}.

3. Note that each first—class constraint G, is gauge invariant. One possible choice for

its BRST extension is
(1)
GEIT = (=P, O} = Go +20°U, 5 P + . .. (3.6.17)
which explicitly shows that GBRST is BRST invariant {GER5T Q} = 0.

4. Both the BRST invariant extension Hpgrgr of the Hamiltonian and the Hamilto-

nian Hy produce the same equations of motion on the constraint surface. A



CHAPTER 4

Quantisation of Singular Systems

Quantization is by no means unique and should be regarded

as a theoretical way to guess the true theory.

— Sergei V. Shabanov, 2000

There is no golden rule to quantise constrained systems. Historically, the first method
to quantise unconstrained systems was the so—called canonical quantisation. This ap-
proach consists of a series of ansatz to fundamentally describe a system with the use
of Hilbert—space methods [174]. The mathematical side of the programme consists on
the following: Find a ‘suitable’ Lie homomorphism from a ‘suitable’ Lie subalgebra
F C C*°(T*Q) to the Lie algebra of self-adjoint operators —with some common dense
domain D acting on a Hilbert space H [118|. The Lie algebra structure on the classical
side is given by the PB, whereas on the quantum side by the usual commutator. A some-
what general obstruction is however encountered in this process and is emphasised in
Groenewold’s theorem [113, 117]: It is not possible to consistently quantise the Poisson
algebra of all polynomials in the canonical variables (¢¢, p;) of T*Q = R?" as symmetric
operators on H under the condition that (g%, p;) are irreducibly represented'. When the
last condition is relaxed?, the Lie algebra pre—quantisation of all C*°—functions on R?"

exists (see [118]: Theorem 1).

"However, the quantisation of the Poisson algebra of the torus in which a suitable irreducible require-

ment is imposed can be achieved [115, 116].
2Quantisation without the irreducibility representation postulate is called pre—quantisation.

70
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Besides the intrinsic problems already present in the canonical quantisation of uncon-
strained systems, the existence of gauge transformations make the process more intricate.
The classically allowed states lie on the constraint surface I' in a redundant fashion: one
physical state of the classical system is labelled by many points on I', all of them con-
nected by a gauge transformation, all of them lying on the same gauge orbit. Basically
two paths can be taken to tackle the quantisation of these systems, the fundamental
difference between the two paths depends on the order in which the implementation
of constraints takes place. The constraints are implemented either after or before the
quantisation. P. A. M. Dirac put into practice the first option [1] translating the whole
problem of finding physical states into the linear spaces regime. The second option faces
the endeavour to explicitly extract the true degrees of freedom to quantise by first con-
structing the reduced phase space. In general, there is not an equivalence between these
two procedures as exemplified in [121]. However, in some cases the insistence on the
compatibility between the two approaches is used to construct one of the quantisations

when the other is known [66, 67, 68].

In the present chapter, two widely accepted methods which follow Dirac’s strategy to
quantise constrained systems are exhibited. Firstly, refined algebraic quantisation (RAQ)
is reviewed [93, 94, 95, 96, 97, 98]. This is a widely used method in the community of
quantum gravity [155]. Secondly, the canonical BRST—quantisation is revisited |61, 65,
73, 78, 79, 83| . This corresponds to a widely accepted quantisation method among the
string theorists’ community. We supplement the canonical BRST—quantisation with the
Batalin-Marnelius—Shvedov (BMS) proposal for a physical inner product [82, 84, 85, 86,
87, 89, 90, 124], so that, the contact between RAQ under certain circumstances and
BRST—quantisation is made. Both quantisation methods will become our main tools to

give some light on the quantisation of rescaled constraints in the subsequent chapters.

4.1 Refined algebraic quantisation

In Dirac’s method to quantise constrained systems one realises all dynamical variables
(gauge invariant and non—invariant ones) as operators on some linear space of states.
The physical states are selected by means of subsidiary conditions involving the quan-
tum constraints. RAQ is a precise formulation of Dirac’s programme and its subtleties.
In RAQ one establishes a Hilbert space —the auxiliary Hilbert space Haux— on which
the constraints will act as operators. The observables and physical state condition are
interpreted in terms of distributions on some dense subspace ® C H,ux. Within this

scheme, the concept of a rigging map (n) is axiomatically introduced to establish an
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inner product between physical states. The physical Hilbert space Hppys is constructed
by completion. The rigging map is closely related to the ‘group averaging’ technique
[99, 100, 98, 108|. The axiomatic prescription to construct a physical inner product in
this way is the most significant contribution from RAQ to tighten one of the loose ends

in Dirac’s strategy. In this section these procedures will be detailed.

The RAQ scheme corresponds to an improved version of what is known as algebraic

quantisation [110, 112], which is briefly described in the following subsection.

4.1.1 Algebraic quantisation

The principle to find a physical inner product in algebraic quantisation is to represent
a relevant set of real classical observables by self-adjoint operators acting on the kernel
of the quantum constraints, that is, on the physical state space. Consider a classical
system with phase space T*Q constrained by m first—class constraints v, =~ 0. The main
steps in algebraic quantisation [110, 112| can be broadly divided into two parts: In the
first one, steps (1) to (4), the arena where the constraint operators are going to act is
established; this set of steps is independent of the constraints. The second part, steps
(5) to (7), regards with the implementation of the quantum constraints and the search
of a physical inner product compatible with the real/self-adjoint conditions of relevant

observables. As a list one has

(1) Select a subspace . of the vector space of all smooth, complex—valued functions

on T*Q subject to the following conditions:

(1) & is large enough so that any sufficiently regular functions on the phase
space can be obtained as (possibly a suitable limit of) a sum of products of

elements® f() in .#. The unit function ‘1’ should also be included in .7.
(17) .7 is closed under the Poisson bracket.
(7i7) . is closed under complex conjugation.
(1v) Each element in ., called elementary classical variable, is to have an unam-

biguous quantum analogue®

(2) Associate with each element f() in .# an abstract operator F@. Construct the

free associative algebra ([175]: Chap. 20) generated by these elementary quantum

3 One says that . is (locally) complete if and only if the gradients of the functions f@ in .# span

the cotangent space of T*Q at each point.
4For our proposes the set of all complex—valued functions on T*Q which are either independent

of momenta or linear in them are adequate as elementary variables [110]. An algebraic definition of

variables with unambiguous quantum analogue can be found in [114, 175].
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(4)

operators. Impose on it the canonical relations [f(i), f(j)] = ih {f®, fU)}, and, if
necessary, also a set of (anti-commutation) relations that captures the algebraic
identities by the elementary classical variables (for details see [112]: Sec. II).

Denote the resulting algebra by Aj,ux.

Introduce an involution operation® % on A,u by requiring that if two elementary
classical variables f() and fU) are related by f* = fU)  then f(i)* = f(j) in

Aaux. Denote the resulting x—algebra by A;ﬁ)x

Ignoring the x—relations, construct a linear representation of the abstract algebra

Aaux via linear operators on some complex vector space V.

Representing the associative free algebra A,ux on a complex vector space V is not in

conflict with the no-go theorem by Groenewold. The linear representation does not

correspond to a homomorphism of Lie algebras.

In the second part of the programme one enables the implementation of constraints

as selectors of physical states. A requirement that reflects the gauge generator status of

the constraints.

(5)

Obtain explicit operators 4, on V representing the quantum constraints. In general,
a choice of factor ordering has to be made at this stage. Physical states lie in the

kernel Vv of these operators
Falt) = 0. (4.1.1)

Extract the physical subalgebra, Appys, of operators that leave V¢ invariant.
Not all operators in A,ux are of this kind. An operator A in Aaux Will leave Vppys

invariant if and only if A weakly commutes with the constraints, that is,
[A, 7] = A A - (4.1.2)

Operators that satisfy this condition are the Dirac quantum observables. Introduce
an involution operation on the physical algebra Appys. At this level the x—relation

in Agﬁ)x can be used to induce a x—relation in Appys. Denote the resulting x—algebra

(*)

of physical operators by Aphys.

()
phys

represented as adjoint relations on the resulting Hilbert space. In other words,

Induce on Vppys a Hermitian inner product so that the x—relations on A are

whenever f(i)* = f(j) in Al(:;)ysv then the inner product on physical states should

SRemember, an involution operation on Aaux is a map * : Aaux — Aaux that satisfies three conditions:
@A) (F+aG)*=F"4+a"G*, a € C; (it) (FG)* = G*F*; and (ii1) (F*)* = F.
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be chosen such that the corresponding explicit operators in the representation
satisfy f(i)T = f(j), where T is the Hermitian adjoint with respect to the physical

inner product.

The last step is the requirement that real classical observables become symmetric quan-
tum operators with respect to the physical inner product. Although at first sight this
sounds rather elementary, it is subtle and of large scope. In general, there is no a priori
guarantee that the physical vector space would admit an inner product satisfying the
required reality conditions. If it does not, the vector space V can always be reconsidered
and the process be restarted. The successful application of the broad guidelines listed

above has been reported in various examples [104, 105, 107, 111, 112, 176].

In order to arrive at RAQ), the list of ansatz above requires a fine-tuning at the level
of the implementation of reality conditions. In both scenarios, algebraic quantisation
and its refined version, the compatibility between the reality and hermitian conditions

with respect to the physical inner product is required.

4.1.2 From algebraic to refined algebraic quantisation

In this section refined algebraic quantisation programme is introduced. This is done
based on [93] and the complementary material by D. Giulini, A. Gomberoff, J. Louko,
D. Marolf, A. Molgado, I. A. Morrison and C. Rovelli [89, 96, 97, 98, 103, 104, 105, 106,
107, 108, 109].

One applies RAQ to quantise a classical system with phase space T*Q first—class
constrained by v, =~ 0. This scheme deviates from the algebraic quantisation after the
third step (see above). In step (4) rather than ignoring the x—relations in the linear
representation of Aéﬁlc, these are realised as adjoint relations on a Hilbert space. Step

(4) now reads as follows:

(*)

onstruct a linear x—representation (0} € abstract algebra aux Vla llnear
(4) Construct a li presentation R of the abstract algebra Asgx via li

operators on an auxiliary Hilbert space H,ux, that is,

R(A*)=R(A), vAecAl) (4.1.3)

aux

where 1 denote Hermitian conjugation with respect to the inner product (-, )

defined in H,x.

aux

~

It should be recalled at this point that only for densely defined operators®, T, on a

6A linear operator T' on K is said to be densely defined if its domain is dense, i.e. D(f) = H where

the overline in this case denotes closure. Any bounded operator is densely defined.
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Hilbert space Haux, a precise definition of its adjoint Tt can be assigned ([177]: Chap.
VIII). Therefore for each abstract operator A € AS , R(A) must be densely defined in
j—faux-

In the refined version of algebraic quantisation, H,.x is a space on which the quan-
tum constraints act. The remaining steps address the implementation of these constraints
as physical state selectors, this includes an exhaustively mathematical reconsideration
of (4.1.1) via generalised vectors. In general, the space of physical states will not neces-
sarily be a subspace of H,ux. The next step establishes the debatable adjoint properties
that the constraint operators should satisfy”. The explicit form of the constraint opera-

tors is also essential in the definition of observables later on.

(5a) Represent the constraints 7, as self-adjoint operators 7, (or their exponentiated
action, representing the finite gauge transformations, as unitary operators U (9))

on Hyux.

Regarding Dirac condition (4.1.1) as an eigenvalue equation, with 7, self-adjoint
constraint operators on H,ux, it may happen that too few solutions on H,ux exist to
construct any reasonable Hilbert space from them. Even more, when zero lies in the
continuum part of the spectrum of one or more of the constraint operators 7,, the
[178]. Hence, the belief that

to some subspace to obtain a physical

solutions to (4.1.1) are not normalisable in the (-,-),

restricting the auxiliary inner product (-,-),.
scalar product may result hopeless. One then looks for solutions of the Dirac condition
in the algebraic dual ®" of some dense subspace ® C Haux. The space &' O Hux is
the space to which the generalised vectors belong, they turn out to be none other than
linear functionals defined on the linear dense subspace ® whose elements are called test
states. The inclusion of a dense subspace ® into the process is not an exclusive practice
in quantisation of constrained systems, in fact, the most rigorous way to make sense

of the bra—ket Dirac notation in quantum mechanics is through the triplet structure

O C Haux C P'; for a complete exposition see for instance [179, 180, 181].

For the case in which the exponentiation of all constraints 7, defines a unitary action
U (g9) of the gauge group on Hayx, the condition (4.1.1) for gauge invariance, can be
rephrased as

Uly) = [9) , (4.1.4)

"Under the hypothesis that all physical predictions obtained from Dirac quantisation should coincide

with reduced phase space quantisation, and that the whole quantisation process should be invariant under
rescaling constraints transformations of the kind (4.1.23) in T*Q, in a series of papers by K. V. Kuchar
and P. Haji¢ek [66, 67, 68] there has been debated that there is no physical motivation to require

self-adjoint constraint operators at a kinematical level.
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that is, U acts trivially on the physical states®. If U (g) is accessible, seeking physical

states prevents one dealing with unbounded operators such as 7,.

As a general rule, and as a consequence of the fact that zero may be part of the
continuum spectrum of constraints, the discrete spectrum of [7 (g) need not contain one.
This forces one to reconsider (4.1.4) on the algebraic dual @’ of some linear dense subspace

dC Haux of test states. Some comments on this dense subspace will be addressed below.

Basic invariance conditions on ®, an important piece in this construction, are stated

in the next step.

(5b) Choose a ‘suitable’ dense subspace ® C Hayyux which is left invariant by the con-
straints 7,

F.® C ® (4.1.5a)

and let ‘A;(;l)ys be the x—algebra of operators on H,u,x which commute with the
constraints 7, and such that, for Ae Aé’;)ys, both A and AT are defined on ® and
map P to itself

Adco, Aleco. (4.1.5b)

(*)

The x—operation in Aphys

is that induced by the adjoint operation | for operators

on Haux.

This step in the quantisation programme is crucial. The dense subspace ® becomes an
essential component in this strategy of quantisation. Exactly what linear dense subspace
® is ‘suitable’ depends on the theory under discussion. Its invariance properties (4.1.5)
are precisely under the physically relevant operators: constraints and observables; then,
some physical input is generally required in the choice of ®. For instance, the subspace
® should be large so that ‘Agi)ys contains ‘enough’ physically interesting operators while
it must also be sufficiently small that its algebraic dual ® contains enough physical
states. The choice of ® has an effect on the set of observables, they must leave invariant
®. It is important to emphasise that the selection of ® affects the rest of the process,
its impact even permeates the definition of physical inner product which is established
almost at the end of the procedure. The states in ® must ensure the convergence of
the physical inner product. Finally, the existence of superselection rules on the physical
Hilbert space, to be constructed, can strongly depend on the choice of the dense linear

subspace ® as shown in [94].

8This condition is valid at least for gauge groups with unimodular Lie group structure. When the
gauge group corresponds to a nonunimodular one ( fan? # 0 in the gauge algebra), the condition (4.1.1)
varies according to Ju|y) = f% fab?®) which makes the RHS of (4.1.4) to be recast in the form
AYV2(g)U W) = |4) (see [96] and section 4.1.3 below).
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In the presence of a unitary action U of the gauge group on H,ux one can formulate a
similar condition to (4.1.5a) for ®. A ‘suitable’ linear dense subspace ® must be invariant

under the action of U

UdcCd. (4.1.6)
The algebra A;(;)ys corresponds to the x—algebra of operators on H,ux that commute
with U such that for A € A% both A and At are defined on ® and map P to itself.

phys’
In cases where both formulations (4.1.1) and (4.1.4) of gauge invariance are available,
it may be found that ® # d. Tt may well happen that there is a dense subspace ® C H,ux

invariant under the action of constraints, cf. Eq. (4.1.5a), but U® ¢ ®. Therefore, the

)
phys

not to coincide with the one obtained when 7, are the physical-state selectors. A

when one considers U to select physical states needs

(*)

phys

set of physical observables A
n
the former consideration has to leave invariant ® and not ®.

In the next step, a key ingredient that ultimately will define a physical inner product

and simultaneously solve the constraints is introduced. This is the rigging map.

(5¢) Find an anti-linear map 7 : ® — @’ that satisfies the following requirements:

(i) For every ¢ € ®, n(¢) is a solution of the constraints’

YD) Xl =n(W)Fa(x)] =0  Vxed. (4.1.7a)

(74) The map 7 is real and positive in the sense that, for all ¥,y € ®,

=m0 (4.1.7b)
n(W)[] = 0. (4.1.7¢)

(731) The map n commutes with the action of any Ae Agl)ys, that is n(g(w)) =

En(w) for all ¥ € ®, or, equivalently that for all ¢ € ®

n(AW) ] =n@)AT ()]  VYxed. (4.1.7d)

9An operator T densely defined on ®, such that together with its adjoint leave invariant ®, has a
natural extension to ®’. Given a generalised vector F' € ®’, one has (with abusing of notation) that
T(F) = TF is another functional in ® such that TF : & — C. The new functional TF on elements in
® is defined as follows:

(TP)W]:=FIT'(y)] Vyed.

Let T be self-adjoint with domain D(T') = D(TT) > @, then 7T ® C ® and for every 1) € ® one has
TT(p) = T(+). In this case

(TP = FIT ()] = FIT(¥)] V¢ ed.
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It is due to the adjoint on the RHS of this expression that the image of
n, Im(n) C @, will carry an anti-linear representation of .Al(;)ys, and at the
same time, it will be an invariant domain of physical observables.

The topology of ® is that induced by the inclusion in H,,x. Whereas, the topology
of @' is that of pointwise convergence, that is, a sequence {F,} € ® converges to F € ¢’
if and only if F,[¢)] — F[¢] for all 1» € ®. So that one can identify H,ux C P since

vectors in H,ux define linear functionals on the subset @ by taking inner products.

Once again, having the unitary action U of (a unimodular) group on H,yuyx, the
requirement (4.1.7a) on a rigging map can be reformulated as follows: Each generalised
vector, image of 17, must be invariant under the unitary action ﬁn(w) =n)Vy € P,

U)X =n@W)l]  Yi,xe®. (4.1.8)

When the gauge group is nonunimodular the corresponding square root of its modular

function should enter multiplying the LHS of this expression (see footnote 8 in page 76).

By construction the generalised vectors n(v), with ¢ € ® or ¢ € o depending on the
formulation, span the space of solutions of the constraints. In the next step of RAQ an

inner product in such a space is introduced.

(5d) Define an inner product on the vector space span{n(¢)} through

(0 1(¥)) raq = (W)X - (4.1.9)

Note that the positions of x and ¢ must be opposite on the two sides of (4.1.9) due
to the anti-linear nature of 7. The requirements (4.1.7b) and (4.1.7c) guarantee
that (-,-)gaq is a Hermitian and positive definite inner product. The physical
Hilbert space Hppys is defined by the Cauchy completion of the image of 1 in this
inner product; therefore, Im(n) is by construction an invariant common dense

subspace of Hphys for the (strong) physical observables in A}()*h)ys (see eq. (4.1.7d)).

One could think that F,ys, the closure of Im(n), may have elements which rigorously
are not solutions of the Dirac condition (4.1.1) in the RAQ sense. However, one can
verify that this is not the case: Hpnys is a subspace of ®' [97]. Consider the mapping
0 : Hphys — @'+ F +— o F defined by

(@F)[¢] := (F,n(¢)) raq >

we have that ¢F vanishes only if (¢ F)[¢] = 0, V¢ € @, or equivalently, only if F' is
orthogonal to Im(n) . But the space Im(n) is by construction a dense subspace in

Hopnys- Then F' = 0, that is, o is an embedding of linear spaces.
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The convergence of the physical inner product (4.1.9) on ® (or ®) in this context
means that 7(1)[x] is actually an element in C for all ¥,y € ® (€ ®). The fulfilment of
such requirement is subtle. It often happens that 7(¢)[x] diverges on some interesting
domain and, when this is so in a ‘tractable’ fashion, one can construct a renormalised
version of rigging map. This technique was effectively used in [93] within the context
of loop approach to quantum gravity to construct a Hilbert space of states invariant
under the group of diffeomorphisms of a spacelike surface 3J; this was not pathological or
exclusive of that theory, one can find more examples of successful application of a renor-
malised rigging map. For instance, when the gauge group is SO.(n,1), n > 1, acting on
square-integrable functions on n+ 1 dimensional Minkowski space L?(M™! d"z), whose
support extends outside the light cone, A. Gomberoff and D. Marolf [103] showed the
existence of a rigging map whose divergence could be factorised out allowing a renor-
malised redefinition of rigging map. In a similar style, using a simplified version of the
single constrained Ashtekar—Horowitz model [119] by D. G. Boulware [182], it was shown
by J. Louko and A. Molgado [107] that for a class of special potentials in the constraint
function, the rigging map they propose ‘nicely’ diverges in a way that a renormalised
version can be introduced. Later on in this thesis, we will show another example (based
on a single rescaled constraint) where some renormalisation process is required to obtain
a convergent rigging map. In all these examples the rigging map is obtained using the

group averaging technique as an ansatz, this will be the topic in the following section.

In summary, algebraic quantisation and its refined version are based on an abstract
free associative x—algebra of operators Agﬁ)x generated by the quantum analogue of
elementary classical variables, where the basic canonical commutation relations have
been imposed. In contrast to algebraic quantisation, where one seeks the kernel of
the constraint operators on a linear space V lacking of inner product, in the refined
version, one represents constraints as self-adjoint operators on an auxiliary Hilbert space

Haux. The physical space Hppys is written in terms of generalised vectors. In addition,

whereas in algebraic quantisation one searches for a Hermitian inner product in Vjj,ys that

*)

phys? 111
the refined version these relations will descend from H,,x to the physical Hilbert space

translates x—adjoint into 1 —Hermitian relations for the physical observables in A

through the rigging map and its properties. The final result after applying RAQ is highly
sensitive on three main inputs: the choice of Hauyx, the realisation of the constraints as
operators on it, and the choice of the dense linear subspace ® C H,ux whose algebraic
dual hosts Dirac physical states. The success of the programme depends on the three
inputs mentioned above and any slight variation in one or more of these ingredients

might result in a complete different Hppys (if any).
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4.1.3 Group averaging ansatz

In order to discuss quantities of physical relevance such as probabilities, expectation
values and transition amplitudes, the physical space must be endowed with an inner
product. Nevertheless, none of the Dirac’s principles guides us how to obtain such an
inner product. This is where the rigging map, when it exists, plays a central role and

complements Dirac’s approach.

A possible path one can follow to construct a rigging map when the gauge group
corresponds to a Lie group, is prescribed by the so—called group averaging technique.
In short, this method consists in the construction of gauge invariant quantum states,
n(v), by averaging non—invariant states over the gauge group [99, 100]. In the following

paragraphs this idea is developed for a variety of representative groups.

A. Finite Group

The main idea of this method can be seen in the following situation: Let G =
{g91,.-.,9n} be a finite group and p a unitary representation of it on an inner product

(complex) linear vector space (V,(-,-) of finite dimension. Each p(gx) has a natural

aux)

action on elements in the dual space V*, namely, for & € V* one has p(gx)a : V — C

1

with (p(gr)e)[v] :== a[p(gy ')v], where g~1 is the inverse of g under the group product.

By Reisz theorem, all linear functionals act as afv] = (u,v), . for allv € V and u a fixed

aux
vector in V'; this is the well known isomorphism between V and V*. In this construction,
one can always build the following linear functionals:
1 n
n(u)v] == — Z (p(g7)u, ), VoeV. (4.1.10)

n <
J=1

Due to the factor 1/n if the vector u € V is invariant under the group action, then
n(u) € V* is the functional associated to the vector u € V prescribed by Reisz theorem.
The mapping 7 : V' — V* is anti-linear due to the anti-linearity of (-,-),, in the first
slot.

Functionals defined in (4.1.10) have various desirable properties. First, they are

G —invariant
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where the summation in the second line was performed effectively again over the whole
group, so that one only gets n(u)[v]. Therefore the invariance of n(u) in the dual space is
accomplished by averaging non-invariant vectors (p(g;j)u) over the group. The arithmetic

t'0 of % in one

mean of scalar products with the arguments being elements in the orbi
slot and v in the other is performed. Second, using the unitarity of the representation
and the fact that it results irrelevant which group elements happen to be at each term in
the sum (4.1.10), either g; or its inverse, one has n(u)[v] = (n(v)[u])*. Third, n satisfies
positivity in the sense of n(u)[u] > 0. Indeed, note that P := %Zj p(g;) is a projection

operator,
2 1 1 1
P = =53 0lgign) = — (Do plgrgn) + -+ D2 plag0)) = = plaw) = P
ik k k k!

so in this case the averaging yields a projection to an invariant subspace of V', Vipys 1=
{Pu: u eV} Forany v € Vjuys one has p(g)v = v, then 1 is contained in the discrete
= (PQU, u) =

aux

spectrum of p(g), and Vphys C V. Therefore, n(u){u] = (Pu,u)
(Pu, Pu)

aux

> 0 after using P! = P and the positivity of the auxiliary inner product.

aux

B. Unimodular and nonunimodular Lie groups

The above observation opens the possibility to construct gauge invariant generalised
vectors in the algebraic dual P’ by averaging non—invariant test states belonging to ®
when a unitary representation of a Lie gauge group U (g) is accessible. For a continuous
(Lie) gauge group G one should replace the sum (4.1.10) by an integral. For the integral,

a volume form is needed; however, an infinite number of them exists in this case'’.

Let dpg be a left—invariant measure on G, that is, a measure that under the integra-
tion symbol obeys
dr(hg) =drg (4.1.11)

for all fixed h € G. In analogy to (4.1.10) one defines the antilinear mapping n : ® — @’

by its action on test states as follows:

w0 = [ dug (Do), Voxed. (11.12)

aux

10The orbit of u consists of the images of u under the action of G, O = {p(gx)u: k=1,...,n} CV
"Every Lie group is orientable. Every Lie group has a left-invariant volume form that is uniquely

defined up to a positive constant which is the source of an infinite number of volume forms. It is only
in the compact case that one can use a volume normalisation to single out a unique top form. For a
compact Lie group, the unique left-invariant volume form with the property | o dg = 1 is called Haar
measure on G. It turns out that the Haar measure is also right-invariant. The map f — [ cdgfis
called Haar integral. For details see for instance [183, 184, 185, 186].
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Here, instead of the fraction 1/n on the RHS of (4.1.10), the 1/ [, drg should be placed;
however, in general G need not to be compact and such a factor may vanish, so (4.1.12)
dispenses with this pre—factor. Although it is not indicated, in the Schrédinger repre-
sentation, within (4.1.12) one has integrals coming from inside the definition of (-, ),
and they explicitly involve the domain ® since v, x € P, Assuming for the moment
the delicate point that (4.1.12) converges in absolute value for all ¢, x € &), one wish to
prove that it solves the constraints, is hermitian and positive definite as it was done for

the finite group case.

The action of U(h) on any linear functional n()) gives

)R =a)I0E 0 = [ dug (Dle)w. 00 1)

;
= [Lass (g, [ a7 (09,
- /G arh k) (O, x) =) - (4.1.13)

where the left—invariance of d;g became crucial in the second line. One can anticipate
from the analysis on (4.1.10) that to prove the reality condition (4.1.7b), the invariance

I needs to be guaranteed. However, dy,g is not necessarily

of drg with respect to g — ¢~
invariant under this change, neither is its coequal right—invariant (dg(gh) = dgr(g))

measure drg. The relation between these two measures being
drg = A"'(g)dry (4.1.14)

where A(g) is the so—called modular function [96]. This function corresponds to a ho-
momorphism A from the group G to the positive real numbers. For finite dimensional
Lie groups the modular function is A(g) := det(Ad,), where Ad denotes the adjoint

1

representation. The changes induced on dyg and drg by g — ¢~ inside group integrals

respectively are

drg—di(g™") = Alg)drg , (4.1.15a)
drg— dr(g™") = A7 (9)drg , (4.1.15b)

So, defining [96]
dog 1= A2(g)dg = A™(g)dRrg (4.1.16)

one obtains an invariant measure under the desired change, dgg = do(¢g~!). This measure
is called the symmetric measure. However, under left and right translation this symmetric
measure behaves as
do(hg) := AY2(Rh) dog , (4.1.17a)
do(gh) := A™Y2(h) dog . (4.1.17Db)
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It seems then natural to separately deal with two different cases:

B.1.

B.2.

Unimodular case. This case is encountered when the identity A(g) = 1, for all
g € G, is fulfilled. Left— and right—invariant measures collapse into the symmetric

measure (4.1.16)

drg = drg = dog

and the group averaging formula (4.1.12) becomes

w0 = [ dog (Tlaon) (1.1.150)

aux

1

the RHS being invariant under g — ¢~ . This invariance and the unitarity of U

make of

nw) = |

G
an equivalent definition for n (see [96]: Eq. (2.3), or [104]: Eq. (4.3)).

dog (. T(9)x) (4.1.18D)

aux

By the calculation (4.1.13), the left-invariance of dpg implies that (4.1.18a) sat-
isfies the constraints in the sense of (4.1.8). Unitarity of U and invariance of
dog under g — g¢g~!' (Egs. (4.1.15) with A = 1) ensure the reality condition
n(¥)[x] = (n(x)[¥])". In contrast to the discrete group averaging (4.1.10), n(¢)[¢]
need not to be positive definite as it is exemplified by J. Louko and A. Molgado [105]
when the non-compact group SL(2,R) in the (1,1) oscillator representation is
considered. If, however, property (4.1.7c) turned out to be satisfied, being n not
identically vanishing, the group averaging formula (4.1.18a) produces a rigging map
when 1 commutes with the observables. These conclusions do not change if one

instead uses the mapping given by (4.1.18Db).

Nonunimodular case. For nonunimodular groups, defined by A(g) # 1, the
Eq. (4.1.16) relates dpg and dgg to the measure dpg. Using this more symmetric

measure into the group averaging formula (4.1.12) one has

n(¥)[x] :Z/Gdog (ﬁ(g)w,x) , (4.1.19a)

aux

or equivalently (see [96]: Eq. (2.6), or [106]: Eq. (5.2))

ﬁ(tb)[x]:/Gdog (wﬁ(g)x> : (4.1.19Db)

aux

Performing a similar calculation to (4.1.13), functionals of the form (4.1.19a) are

quasi-invariant under the unitary action of G

OLCONNEFNSEORIOINE (4.1.20)
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where the equalities dg(h~g) = AY2(h~1)dog = A~Y2(h)dog were used on the
way. From the unitarity of U and the invariance of dopg under the change g — g~ !,
one has that 77 satisfies the reality condition (4.1.7b). Again, 17(¢))[¢/| need not to be
positive definite. If, however, by other means (4.1.7¢) is shown to be fulfilled, and
7] is not identically vanishing, one has that 7 satisfies the rigging map axioms with
the G—quasi-invariance (4.1.20). These conclusions do not change if one instead
uses the mapping given by (4.1.19b). The typical extra factor A~1/2(h) in the
quasi-invariance (4.1.20) (see for instance [106]: Eq. (5.4)) arises after using the
equality (4.1.17b) in a calculation similar to (4.1.13). As explained in [187, 188]

such factor comes after insisting on regaining the correspondence between Dirac’s

and reduced phase space quantisations.

Remarks

1. From (4.1.8) and the action of operators on the dual @ (footonote 9 in page 77),

by gauge invariance we mean [106]

(W)U X =n@)x], Ve.xed (4.1.21)

In contrast in Ref. [96], where Eq. (4.1.19b) is used as group averaging formula, by

gauge invariance is meant

(W)U (9)x] = n(¥)[x] -

Note the change in the argument of U on the LHS with respect to our for-
mula (4.1.21). In [96] for nonunimodular gauge groups the gauge quasi-invariance

reads
T[T (9)x] = AT2(g) () [x]

instead of our (4.1.20), the reason being the use of g instead of g
See also footnote 1 within Ref. [106].

~1 in the formulas.

2. Compact Lie groups are unimodular [184, 189]. The symbol dg has been reserved
for its (unique) normalisable left— and right—invariant volume form. Hence the

expression (4.1.18) can be used as an ansatz of a rigging map in this case. In fact

P::/Gdg U(g) (4.1.22)

converges as an operator on H,,x, projecting onto just the set of states that solve
the constraints as in the finite group case; that is, P projects onto states in the

trivial representation of G, so 1 is contained in the discrete part of the spectrum
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of P. These results implies that for a compact gauge groups, positivity is always

guaranteed.

3. After non—compact Lie gauge groups the next level of difficulty in the construction
of a rigging map comes by considering first—class constraints which not even form a
‘genuine’ Lie algebra, i.e. constrained systems with nonconstant structure functions

on their gauge algebra. A

4.1.4 Rescaling constraints and RAQ: A first discussion

It has been emphasised that in any constrained system the constraint surface, on which
the classical motion takes place, can be defined by two different sets of equivalent con-
straints {v,} and {7.}. The explicit functional form of the constraints in each set is
not relevant, but the surface they define by their zero locus. For instance, the surface

I' € T*Q defined by {~,} is also the one defined by the anholonomic basis [66]

Yol@:p) = A (g, p) (4.1.23)

whenever the rescaling matrix A is invertible at each point on the phase space. Under

this transformation, the structure functions undergo an inhomogeneous transformation

!

Jap © = (A[adAb]ffdfe -2 A[adAb],ed + {07 Abe}’Yd) (A, (4.1.24)

e

Here -, = {-, 7.} is the directional derivative along the constraint field, and the square
brackets means total antisymmetrisation in the indices (see footnote 2 in page 49). By
the abelianisation theorem, at least locally, one can always use a transformation (4.1.23)
to reduce the corresponding structure functions to zero [135]. Or the other way around,
given an abelian set of constraints, f,,¢ = 0, a transformation (4.1.23) might induce
drastic changes in the gauge algebra. These changes include turning an abelian gauge

algebra into an algebra which closes with structure functions defined on the phase space.

Although these rescalings at the constraints level may imply changes in the classifi-
cation of the gauge algebra, from a closed to an open one, the classical observables of the
theory remain invariant under such redefinitions. In other words, to rescale constraints
must be viewed as a change of basis at the level of the gauge generators under which
the physical theory is invariant. The nature of these rescalings is well understood at a
classical level. In general, a transformation (4.1.23) is not a canonical one in the phase

space T*Q, but it is in a ghost—extended phase space (see Sect. 3.5).

At a quantum level the effects of a general constraint rescaling transformation is

much more involved. Formally, one would expect that in a canonical quantisation of the
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ghost—extended phase space the quantum theories emerging from one and the other set of
constraints are connected by a unitary transformation ([174]: Chap. 26). Interpretation
of Dirac quantisation in the RAQ-sense may make this unitarity be lost since there
is not a canonical relation between the corresponding classical theories on the original
phase space. At the time this thesis was written and to the knowledge of the author, an

ultimate comprehension of this issue is far from clear in the most general case.

The RAQ is complete once a rigging map has been successfully implemented. A some-
what general expression for 7 is only available when the gauge group has the structure
of a (non) unimodular Lie group with a unitary representation on an auxiliary Hilbert
space. In terms of the constraint algebra, this is translated into the cases where structure
constants, rather than functions, are present. In cases where the gauge group forms an
open algebra, a rigging map must be constructed from scratch, even the necessity of
reconsidering what is meant by gauge invariant states might be a requisite'?. Hence, if
one does not even have a tentative formula for the rigging map in the general case, or,
the abstract axioms that define it, it results too premature for the RAQ scheme to give
a complete answer about the implications of a general rescaling constraint transforma-
tion (4.1.23). The relation between the quantised theory using, on one side, the ‘original’

constraints and, on the other, the rescaled version of them is hence not clear.

In order to gain some insight into the open—constraint—algebra territory, one may still
investigate the situation suggested by Marolf [98]: Consider a system with an underlying
genuine Lie gauge group G generated by {7,}, that is, generated by a closed gauge
algebra. Perform a RAQ on it with special emphasis on the rigging map, then using this
result as a guide, try to construct the corresponding RAQ of the rescaled—constraints
version. Two comments take place here. First, if the original quantum constraints were
self-adjoint, the scaled constraints will in general not be so. Second, if ® is some dense
subspace for which the RAQ was successfully applied in the original constraint setting,
having in particular 7,® C ®, the dense subspace ® in general will fail to be invariant
under the rescaled constraints version: 7/, ® ¢ ®. This indicates that the whole RAQ for
the rescaled constraints will render in general a different H,ys. The task would then be

to prove a unitarity relation between the two different physical Hilbert spaces.

In a modest model, in the next chapter, we will discuss the issues related to self—
adjointness of rescaled constraints. It will be found that the self-adjointness of the

rescaled constraint operator is conditioned by the nature of the scaling functions, the

12The first step towards this redefinition can be read from the nonunimodular Lie gauge group

cases, where instead of full invariance of states (Ya|¢)) = 0) a quasi-invariance is needed (Y4|¢) =

(=i/2) tr(ad,)|¥)).
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consequences at the level of the rigging map will be analysed. When the scaling functions
do not affect the self-adjointness of the rescaled constraints, in Chap. 6 using tractable
examples, we will show that the rescaled constraint quantum theory can be mapped to

that in which the scaling functions are the identity.

Another route one can follow in the investigation of the quantum effects introduced
by (4.1.23), is using the fact that such transformation is canonical in the super phase
space. At a formal level, hence, there should be a unitary connection between both
quantum theories: that based on 7, and the other based on +/,. However, as it will be seen
in the next section, the canonical quantisation of the super phase space must be achieved
on an indefinite inner product space'® Vgrgr. One cannot attach an authentic Hilbert
space structure to Vgrst, and the unitary transformation that connects the two quantum
descriptions of the system must then be taken with a grain of salt. This unitarity is with
respect to an inner product which is not the physical one. Nevertheless, the research
about the quantum effects induced by (4.1.23) using BRST methods has been performed
for certain constrained systems [69, 70, 71, 72|. Canonical BRST—quantisation of the

super phase space will be the central topic in the following section.

4.2 Canonical BRST—quantisation

There is no unique way of setting up a canonical BRST—quantisation of a super phase
space, just as there is no unique quantisation of the original phase space. In this section
the canonical BRST—quantisation developed is the one outlined in [61, 64, 65, 83|, sup-
plemented with a summary of the extensive work by R. Marnelius et al. [78, 79, 82, 84,
85, 89, 90|. The connection between BRST methods and RAQ is based on the proposal
by O.Y. Shvedov [124] and exemplified in the subsequent chapters.

4.2.1 States and operators: Formal considerations

Canonical BRST—quantisation as presented in [61, 64, 65, 83] aims to preserve as much as

possible the classical super—Lie algebra structure of functions on the super phase space.

Let (V,(-,-)) be an inner product space, for each v € V either (v,v) > 0, or (v,v) < 0, or (v,v) = 0.
Correspondingly v is said to be positive, negative or neutral. It is clear that the zero vector is neutral.
If V contains positive as well as negative elements, one says that V' is an indefinite inner product space.
Every indefinite inner product space contains non—zero neutral vectors. The inner product is said to
be semi—definite on V, if it is not indefinite; a semi—definite inner product may be either positive inner
product when (v,v) > 0 Vv € V, or negative inner product when (v,v) < 0 Vv € V. An inner product is
said to be definite, if (v,v) = 0 implies v = 0. Every definite inner product is semi—definite. Hence, a
definite inner product is positive (resp. negative) when (v,v) > 0 ((v,v) < 0) Vv € V and the equality
only holds when v = 0 [74].
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The quantum parallels to these functions are meant to be operators acting on some
vector space, the set of operators endowed with a generalised or graded commutator [-,-].
For f,/g\ operators corresponding to classical variables functions f and g, with definite

Grassmann parities ey and ¢4, respectively, the graded commutator is defined as
[fgl=Ffg—(=)7“g . (4.2.1)

This bracket is equal to the standard commutator []?, gl = J/”\/g\— §funless the operators

f and § are both odd in which case it is equal to the anticommutator [f,§]4 = f g+ f.

This process will obviously find the same Groenewold’s obstructions that any canon-
ical quantisation method faces. The author suggests that this initial stage in the canoni-
cal BRST—quantisation can be rephrased in steps similar to (1)—(3) of (refined) algebraic
quantisation (cf. Sect. 4.1.1) but applied to the super phase space. One possible linear
subspace Ygrst of all the smooth complex—valued functions on the super phase space,
is that spanned by the basic canonical variables {q, A\, n;p,m, P} and 1. The Lagrange
multipliers A* and their conjugate momenta being included. The set #grgt is closed
under the super PB, ¢f. Egs. (2.1.16), (3.1.8) and (3.4.1). It is also closed under complex
conjugation, cf. Egs. (3.4.7). In this point of view, B,ux will denote the free associa-
tive algebra generated by the elementary abstract quantum operators {T, q, /):, n;p, T, ffls}

where the (graded) commutation relations

[Z]\i’(/l\j] =0, [(.71’@] = —[@,Z]\i} = Zh(s; ) [ﬁ“ﬁ]] =0, (4.2.2&)
NN =0, N7 = —[F, A% = ihdy , [Fa, 7] =0, (4.2.2b)
7% =0, [7%%s=[Ps7% = —ihd3, [Pa,Psl=0, (4.2.2¢)

together with others that capture algebraic identities satisfied by the elementary classical
variables (if any), have been input. An involution *—operation on B,y is introduced

based on the reality conditions (3.4.7), hence

@) =a, B)=p, AV=2, Fa)' =%, GV =7 (Pa) =-Pa,

(4.2.3)
so that 933& is constructed.
In 3&& the abstract ghost number operator
2 P N N
G = az::l (na?a - Tan“) , Gt=-G, (4.2.4)

is found. This is an anti-hermitian operator that satisfies (under i = 1)

~ ~

G.7% =7%, [G,Pa]=-Po, [G,Z]=0, withZ=g,A\,p, or7,  (4.2.5)
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The BRST operator Q is also included in 9333))( The graded commutation between
Q and G is required to be
G.Q] =Q, (4.2.6)

which reflects the classical nature of €2 of being a +1 ghost numbered function. In addi-
tion €2 is nilpotent in PB sense (cf. Eq. (3.4.13¢)) and real (cf. Eq. (3.4.13d)); accordingly,

the operator Q is required to satisfy the conditions

[,0]=20%=0, (4.2.7a)
0 =0 (4.2.7b)

The next step in this quantisation process is to construct a linear x—representation
of the abstract Bgﬁ)x via linear operators on some vector space Vgrgt with inner product

(,+) grsr such that the x—relations become f—relations.

Unlike the situation in the classical case, where the existence of a function €2 that
satisfies (3.4.13) is guaranteed by the Theorem 3.4.1, the existence of an operator O
acting on a vector space Vprgt with the properties (4.2.6) and (4.2.7) is more subtle.
The question of ordering of factors becomes crucial. In what follows it will be assumed
that a BRST operator Q satisfying these properties can be represented as linear operator
on VBRsT.

The first fundamental difference in a canonical BRST—quantisation with respect to
a ghost—free quantisation is that the operators in Bg& cannot be represented on a def-
inite inner product space, neither positive nor negative (cf. footnote 13 in page 87 for
definitions), specially if one requires a non-trivial representation of the BRST operator.
Indeed, the characteristic properties of nilpotency (4.2.7a) and symmetry (4.2.7b) imply

(Qw.0r) = (w0lor) = (w0T) =0 VU EVorsr.

BRST BRST BRST

Doing ¥ = T, the leftmost expression would imply QU = 0 for all ¥ in the domain of

whenever a definite inner product (-, ) grgr is used.

As a consequence of the observation above, it is sometimes (wrongly) claimed that the
vector space Vggrgsr is then indefinite. However, from an inner product space which is not
definite one can only say that (v,v) = 0 does not imply v = 0; nevertheless, this does not
mean that positive as well as negative vectors exist in such a space. Another ingredient
is needed to ensure that Vpgrgr is indefinite (or equivalently, not semi—definite): the

nondegeneracy of the inner product'*.

¥ An arbitrary inner product space V is said to be nondegenerate inner product space iff the zero

vector is the only perpendicular vector to all elements in V. [74]
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Let VggrsT be a nondegenerate and not definite inner product space. For a general
inner product space V', a subspace W may have non—zero intersection with its orthogonal
companion'® W+. The subspace W N W+ = W0 is called the isotropic part of W.
The isotropic part of the whole space is V N VL = VLt = VO By definition, for a
nondegenerate V = Vpgrsr one has that Viggp = {0} = Virgr, that is, the isotropic
part of Vggrgt consists of only the zero vector, which is obviously a neutral vector. There
are more neutral vectors in Vggst, namely all elements in the image of €, Im(€), which
are not in the isotropic part of Vgrgr. Not all neutral elements of Vgrsr are in Vgqr.

On the other hand, the contrapositive version of the Lemma 4.4 by J. Bognar |74] reads

Lemma 4.1 If the isotropic part VO of V does not consist of all neutral elements in 'V,

V is a not semi—definite inner product space .

Therefore, one has that Vggrgr is not semi—definite, that is, it is indefinite.

In conclusion, the following theorem has been proved:

Theorem 4.2.1 To non—trivially represent a BRST operator Q, an inner product space
Verst with a non-definite inner product (-,-) grer @5 required. If the inner product
1s nondegenerate, hence the BRST state space Vgrst is mecessarily an indefinite inner
product space. FElements of Vgrst are named BRST states and accordingly they are

either positive, or negative, or neutral.

An immediate consequence of this theorem is that it prohibits the BRST state space
VersT from having a genuine Hilbert space structure. On purely operational grounds,
densely defined operators acting on Vgrgt are meaningless, unless some topology is
input from the outset. Hence, operators will be treated formally in the BRST quantum

analysis.

In what follows it will be assumed that the vector space Vgrst splits as a sum of

eigenspaces of the ghost number operator G with definite real ghost number p

VBrsT = EBVp ; @‘I’p =pV¥,, (VU,eV,). (4.2.8)
P

This property holds in particular for the Schrédinger representation as will be shown in
the models we consider in the following chapters. Although it may sound strange that

the anti-hermitian ghost number operator (4.2.4) has pure real eigenvalues, this is fully

5 The orthogonal companion of any subset U C V is the subspace U := {v € V : (v,u) = 0Vu € U}.
The vector space V is a degenerate inner product space when is not nondegenerate [74]. The vector
space V is a nondegenerate inner product space iff its orthogonal companion only consists of the zero

vector.
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consistent in the presence of an indefinite metric: it holds for any system with bosonic

and/or fermionic constraints when the corresponding ghosts are quantised in the Fock

representation [65].
(*)

Any operator A e BS
and ghost—-momentum operators with zero ghost numbered operator coefficients, has the

(4.2.9)

ux, which abstractly corresponds to a polynomial in ghost

decomposition
A=N"A4,, (G Ay]=gAy, g€

g
with ¢g an integer by virtue of (4.2.5).
Based on the nondegenerate nature of (-, -) grgy and the ghost decomposition (4.2.9)

the following theorem, fully proved in [65], holds:

Theorem 4.2.2
(a) The scalar product of two states ¥, and W,y with respective ghost number p and p’
vanishes if p+p' #0
(Up, Up) gpgr =0, P+ #0. (4.2.10)

(b) The ghost number of states W, is either integer or half integer.

If the system consists of an even number of constraints, as in the non—-minimal BRST
formalism, there is no fractionalisation of the ghost number, only integers are present [65].
BRST states with non—vanishing ghost number are neutral in Vggrgr.

As in Dirac’s strategy a prescription to extract physical states out of the BRST

states in VgrsT must be implemented. Following the original proposal by T. Kugo and

I. Ojima [73], Q becomes the BRST physical state selector
(4.2.11a)

QU s = 0
which is complemented with a zero ghost number condition on physical states
GUphys = 0 . (4.2.11D)

The quantum BRST observables are defined by ghost number zero, BRST invariance,

and hermiticity,
[G,A] =0, (4.2.12a)
[A4,Q]=0, (4.2.12b)
(4.2.12c¢)

s
*
I
o)
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Due to the nilpotency of Q, solutions to the Eq. (4.2.11a) need further identification.
Any state of the form QX obeys (4.2.11a), these are termed BRST-ezact states. These
states have the following properties: (i) They have zero norm; (i7) they have vanishing
inner product with any physical state; and, (iii) the ‘expectation value’ of any BRST
quantum observable between a BRST-exact state and a physical state vanishes. These
characteristics suggest that two physical states differing by a BRST—exact state must be

identified. The transformation
U — U =0+0X (4.2.13)

is sometimes called quantum BRST gauge transformation [124], and states related by a

BRST gauge transformation are called BRST gauge—equivalent.
Remarks

1. One can infer directly from the condition (4.2.12b) that BRST observables map
physical states onto physical states.

2. The formulation of the statement that { K, Q} is classically a trivial BRST observ-
able (see Eq. (3.6.16)) finds its quantum counterpart. Given an odd operator K
of ghost number minus one, [é, I?] = -K , and anti—hermitian, Kt = -K , the
operator

A= A+i[Q, K] (4.2.14)

constructed from the BRST quantum observable Ais also a quantum observable.
A" is BRST closed, [A\',ﬁ] = 0, has ghost number zero, [@, f/l\’] = 0, and is self-
adjoint, AT = A.

3. It is not difficult to see that the trivial observables [€2, K | have vanishing matrix

elements between physical states

as a consequence of the self-adjointness of Q.

4. If one considers the formal expressions of the quantum counterpart of the BRST

extensions to the constraints Gy, equation (3.6.17)

~

GBRST .— [P, 9)] , (4.2.15)

then G\SRST\PP}WS = 0 modulo a BRST—exact state. Hence, the BRST quantum

constraints act trivially on the space of equivalence classes of physical states.
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5. The condition (4.2.11b) seems to be satisfactory in the non—minimal BRST for-
malism. The inclusion of Lagrange multipliers and their conjugate momenta, dou-
bles the number of original first class constraints of the theory from m to 2m.
Hence, no fractionalisation of ghost number is present. Moreover, this condition

will become important to us in order to make a connection between the canonical

BRST—quantisation and RAQ. A

4.2.2 Physical inner product: Batalin—Marnelius—Shvedov proposal

One could say that the physical condition (4.2.11a) in the BRST formalism needs a
similar treatment as the one applied to the Dirac condition (4.1.1) in RAQ. However,
an interpretation of the BRST condition (4.2.11a) in terms of generalised vectors does
not seem directly achievable. First, unlike the space of states H,ux present in RAQ),
the vector space Vgrst neither is a pre-Hilbert space nor some topology to it has been
attached, so there is no direct notion of distance between BRST states, which in turns
does not permit a proper definition of a dense test state space ®grsT C VBrsT Where Q
could act on. Second, Q) itself has not been densely defined, the self-adjointness property
of Q was only done at a formal level. Third, a Gelfand triple structure out of Vgrst and

a dense subset of the domain of O looks then by no means straightforward.

Instead of pursuing the interesting challenge that would signify to give a consistent
distributional interpretation to the BRST physical condition and then seek an inner
product which pairs BRST physical states, here it has been opted for following Batalin—
Marnelius and Shvedov ideas on the issue [82, 84, 85, 89, 90, 124]. In practice, physical
states Wphys do not have a well defined norm (neither positive, or negative) in the BRST
inner product (-,-) ggep- The physical conditions (4.2.11) forbid vector states, typically
wave functions on (super) configuration space, to depend on all configuration variables
(ghost among them), therefore BRST physical states have ill-defined square norm. To
be precise, in a Schrodinger representation, the inner product (-,-)zrgp involves an
integration over all ghosts and configuration variables. Hence, for BRST physical states,
norms proportional to the meaningless oo - 0 are usual. The infinity coming from an
integration over the bosonic Lagrange multipliers, when they are assumed to take values
all over the real line, while zero results from integration over the fermionic ghosts. If
by any reason the integration of Lagrange multipliers is performed over a compact set,

BRST physical states are neutral vectors whose probabilistic interpretation is empty.

In order to define a positive definite inner product in the physical subspace, Batalin—
Marnelius—Shvedov’s strategy uses the room that is left by the arbitrariness in the phys-
ical states due to the existence of BRST—exact states (4.2.13). A gauge fixing procedure
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within the BRST formalism is introduced. A gauge transformed physical state might
contain ghosts and other non—physical configuration variables. The main idea is to eval-
uate the inner product (-,-)grgp between two physical states and obtain a regularised
result by selecting specifically chosen gauge—equivalent physical states which have a well—-
defined inner product. In the process of choosing those representatives is where the gauge
fixing plays a central role. This ansatz of constructing a positive definite inner product
on the space of physical states from (-, -) grgr by only choosing suitable gauge-equivalent
physical states, as one may suspect, might exhibit Gribov obstructions due to possible
non—trivial topology of the gauge orbits in the configuration space; these have already

been pointed out by N. Diichting, F. G. Scholz, S. V. Shabanov, and T. Strobl in [92, 91].

Batalin—Marnelius—Shvedov’s ansatz to construct a positive definite inner product on
the physical state space relies on the following observation [82]: Given a physical state,

\I/O

phys’ the transformed states

Wppys = el P00, (4.2.16)

with K an operator with properties to be specified, yield (at least up to global issues)
the whole class of gauge equivalent states to \Ilghys. Indeed, formally, for a general K

the exp [(AZ, K | differs from the identity by a BRST—exact operator

exp [ﬁv]?] =1+ [E’ Q] ) (4.2.17)
where
T .— (_)ex+l1 A cx+1 exp([ﬁ,l/(\']) -1\ -~
L= (-) <k0(k+1)![Q,K]>K_( ) ( 57 )K

Hence, Wpys on the LHS of (4.2.16) is BRST gauge-equivalent to \Ifghys

Wppys = T+ QX (4.2.18)

where X := E\Ifghys.

In Batalin—-Marnelius—Shvedov’s proposal it is supposed that the gauge fixing fermion
K is an odd hermitian operator of ghost number —1 [85, 87, 86, 89, 90, 124]. As a
consequence, V= exp [Q, K | becomes (formally) self-adjoint, so that the inner product

between two physical states (4.2.16), or equivalently (4.2.18), becomes

(Tphys, Phnys) pag = (‘I’Shys, el (4.2.19)

) BRST

In the scheme provided in [90], the space of states to which \I’ghys belongs to is charac-
terised either to be the set of physical states obtained in the Dirac approach, or, to corre-

spond to states with no dependence on Lagrange multipliers and ghosts (these states are
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also called trivial ghost fixed solutions or trivial BRST invariant states). Since BRST—

exact states have vanishing inner product with physical states, \IJOh ,(AZY
bays BRST

0, formally the RHS of the Eq. (4.2.19) corresponds to the ill-defined inner product

<‘Pghys7 o’ ghys) . Nevertheless, the inclusion of e225] is chosen to bring back ghosts
BRST

and Lagrange multipliers that may turn <\prhys, \I’;hys

uct. Hence, the reason for introducing the intermediate states \Ijghys is twofold: First,

) into a well defined inner prod-
BM

these states are much simpler than the states Wy, and, second, the introduction of

B0 will supply extra terms in the measure involved in the definition of (-, -) grgr that

/

will act as a regulator to make the inner product between the states Wy and \I/phys

well defined.

A consequence of the hermitian nature of el®K] is that the inner product (4.2.19)

has the seemingly desirable property

(\I/phys, \Ili)hys) BM = (\Il;;)hysn \Ilphys);M ’ (4220)

a relation that originated the choice of a hermitian gauge fixing fermion in Marnelius’
work, however, it brings issues over the Lagrange multipliers which were drawn by specific

examples ([84]: Sect. 9).

An additional imaginary factor in the exponential argument on the RHS of (4.2.19),
say inserted through K = i0/2 with § = o', would formally spoil (4.2.20). This was
already noted in the original proposal by R. Marnelius and M. Ogren ([82]: Eq. (3.2)),
where

0 0 \@ o 0 i[,5] 1,70
(Ponys: ¥'phys) prer = (\Ilphys’ ey phys> BRST

was defined as an ansatz for a physical inner product, with ¢g an odd anti—hermitian

(4.2.21)

gauge fixing fermion of ghost number —1. An additional phase factor was therefore
added in that reference in order to recover the hermitian property (4.2.20) of the inner

product (4.2.21).

The RHS of (4.2.21) also corresponds to the ill-defined inner product between \I/ghys

and ¥’ ghys, the (formal) anti-hermiticity and odd parity the gauge fixing fermion ip do
not play any role in this respect. In the subsequent chapters we argue, through some
examples, that this anti-hermitian choice for the gauge fizing fermion is good enough
in order to derive the group averaging formula from the canonical BRST-quantisation.
When the ghost variables are integrated out from (4.2.21), we will recover the hermiticity

property at the level of the physical inner product in the RAQ context.

Remarks

1. To define the notion of convergence in a BRST state space, it has been proposed
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to merge Vprsr into some genuine Hilbert space (3, (-,-)) such that the BRST
indefinite inner product is defined through (¥, Y) prer = (¥, JY), where J is a
self-adjoint operator, with the property J2 = 1. In this point of view, the BRST
state space is said to be a Krein space |74, 80]. Topology in a Krein space is defined
with the help of the norm generated by the positive definite inner product in the
Hilbert space H. A



CHAPTER b

Constraint Rescaling in Refined Algebraic Quantisation:

Momentum Constraint

The infinity would be due to the volume of the gauge group,
and a finite inner product would be obtained by dividing

the infinite inner product by the volume of the gauge group.

— Atsushi Higuchi, 1991

In this chapter the quantisation of a system with a single constraint will be discussed.
We address the specific question of rescaling a classical constraint by somewhat general
functions on the configuration space. Using an anti-hermitian gauge fixing fermion, the
hybrid BRST-RAQ point of view developed in [124] is employed to quantise the system.
We recognise and provide the additional auxiliary structures to make technically rigorous

statements on the physical quantum sector. The chapter is divided into two parts.

In the first part, Sect. 5.1, the unscaled—constrained system is described. It consists
of two degrees of freedom (6, x) and an innocuous constraint v := py ~ 0. The machinery
of canonical BRST—quantisation as developed in the previous chapter is applied to this
system. The analysis is relevant for the following reasons: First, in this model we show
that is possible to obtain a tentative group averaging formula using BRST methods. A
suitable choice of the gauge fixing operator and the use of trivial BRST physical states re-
move the fermionic variables form the Batalin—-Marnelius’ physical inner product (4.2.21).

Second, given this group averaging formula motivated by BRST—quantisation, we clarify

97
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at which level of the process one must provide the auxiliary additional structures to
perform the RAQ. An auxiliary Hilbert space H,ux and a test states space ® C Haux
are specified. Third, the methodology used in this simple example will serve as a guide

to tackle the rescaled—constrained system.

In the second part, Sects. 5.2 to 5.6, the system with the two degrees of freedom
(0, x) constrained by the rescaled constraint ¢ := M (0, x)py ~ 0 is considered. Using
as a guide the analysis of the unscaled—constrained system, a BRST motivated group
averaging formula is obtained after a specific choice of the gauge fixing fermion. This
sesquilinear from is supplemented with the corresponding auxiliary structures to perform
the RAQ. Three cases arise depending on the asymptotic nature of the scaling function,
these are: (i) Refined algebraic quantisation is equivalent to that developed in Sect. 5.1;
(ii) refined algebraic quantisation fails, mainly due to the nonexistence of self-adjoint
extensions of the constraint operator; (iii) a quantisation ambiguity arises from the
choice of a self-adjoint extension to the constraint operator, its resolution determines a

superselection structure of the physical Hilbert space.

5.1 Momentum constraint system

This section has a methodological character. Here we review the system with configu-
ration space Q = R? = {(#,2)} and phase space T*Q = T*R? = {(0, x,pg, p.)} ~ R*
subject to the trivial constraint

vi=pp~0. (5.1.1)

The constraint v generates a translational gauge symmetry along the #—direction. The
constraint surface is hence ' := {(0,2,0,p,)} ~ R3. The gauge orbits are straight lines
parallel to the #—axis. The vector field associated to the constraint (5.1.1), Y := 0, is
complete on the phase space. In particular, on the configuration space R?, any curve
<P (t) = (t + a,b), well defined for all t € R, is an integral curve of Y with generic
starting point ¢(0) = p = (a,b). Accordingly, Y defines a global flow (one-parameter
group action) on IR?, that is, a smooth left action of th group (R, +) on R? denoted by
¢:R xR? - R2: (t,p) — (t,p) such that

s(t,s(s,p)) =<t +s,p) , (5.1.2a)
s(0,p)=p, (5.1.2b)
for all s,¢ € R and p € R?. For a fixed p = (a,b) € R?, ¢ is defined via the integral

curve < as ¢ : R x {p} — R? : (t,p) — <(t,p) := <P)(t). For each t € R ¢ is
defined via the diffeomorphism ¢; : R? — R? : (6,z) — ;((0,2)) = (t + 0,2) as
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s:{t} x R? — R?: (t,p) — <(t,p) := s¢(p). Having a constraint that defines a complete
vector field on the configuration space becomes utterly important at a quantum level in

the Schrédinger representation.

We assume that there is no true Hamiltonian, although its inclusion would be straight-

forward: any H independent of § preserves the translational symmetry.

5.1.1 Canonical BRST analysis

Using the ghost/antighost notation and conventions established in Sect. 3.4.1, the su-
per phase space is T5Q x {(n,P)} = {(0,2,\,pg, pz, m)} x {(C,C,p,p)}. The reality
conditions on the canonical pairs are

0*=0, z*=zxz, N=\, C'=C, C"=C", (5.1.3a)

Po=Do, Dp=pz, T =7, p=—p, pt=-p, (5.1.3b)
The non-trivial part of the canonical symplectic structure on T3Q x {(n,P)} reads

{0,po} =1, A{zx,pz}=1, {N\ 7}=1, (bosonic) , (5.1.4a)
{C,p}=-1, {C,p}=-1, (fermionic) . (5.1.4b)

In addition, T3Q x {(n,P)} acquires the extra constraint 7 ~ 0. Both v and 7 form an

abelian first—class constraint set.

In view of the results provided in Sect. 3.4.2, ¢f. Eq. (3.4.25), the nonminimal BRST

generator and the ghost number function in this system read

Q =pgC —ipm, (5.1.5)
G=i(Cp+pC). (5.1.6)

These key functions on the super phase space can be built from 0,2, A\, C,C and their
conjugate pairs, then we let all these ten variables to span the subspace #grsT. Each

element in .grsT is an elementary classical variable.

The abstract (free associative) algebra of quantum operators B,ux is constructed

from the basic operators once the graded commutation relations

[0, 56) = [2,5.) = N 7] =1, (5.1.72)
C.5]=1[C.p] =i, (5.1.7b)

have been input; these relations are in correspondence with ¢ times the basic super—

PBs (5.1.4). Based on the reality conditions of the super manifold T3Q x {(n,P)} (5.1.3),
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Bgﬁl( is built from the inclusion of the x—relations

0*=0, z*=%, N=\, C*=C, C*=C, (5.1.8a)

ﬁe*:ﬁ07 ﬁ;:ﬁxa T :%7 p ==pP, P =—pP. (518b>

The Schrédinger representation in which the wave functions depend on the bosonic
coordinates (6, z, A) and the fermionic momenta (p, p) is chosen. Due to the anticommu-
tative nature of the Grassmann variables (g, p), in this representation any BRST wave

function can be expanded as
V(02,0 5, p) = 0(0,2,0) + U (0,2, \p+ (0,2, Np+ UL(0,2,N)5p ,  (5.19)

where 1, U, Wy and ¥l are complex—valued functions. The action of the fundamental

operators on the BRST states (5.1.9) reads

00 =0V Po U = —i%\;’ , (5.1.10a)
TV =gV Po W = —igi : (5.1.10b)
AT = \T T = 4%’ , (5.1.10¢)
CU .= —i8;§ : pU = pU (5.1.10d)
CU = 1'8;;11 , pU = pU | (5.1.10¢)

where the superscript £ on the fermionic derivative stands for left derivative, see Sect. 3.4.

This choice is compatible with the graded commutation relations (5.1.7).

In order to promote the x—relations (5.1.8) into hermitian conditions, a sesquilinear
form must be introduced. Typically for two BRST states ¥ and T, one pairs them as

follows [75]:

(U, T)Grer = c/d)\ dodxdpdp O (0,2, )\, p, p)Y (0,2, ), p,p) , (5.1.11)

where ¢ is a nonzero constant that may a priori take complex values. As usual the

integral over fermionic variables has the properties
/dpdp:/dpdpp:/dpdppzo, /dpdpppzl. (5.1.12)

The sesquilinear form (5.1.11) has remarkable properties independently of the value
taken by c. First, (-,-)Grer s compatible with the *—relations (5.1.8), in the sense that

fermionic momenta operators p and p are anti-hermitian and all the other fundamental
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operators in (5.1.10) are hermitian. Second, the nilpotent BRST operator and the ghost

number operator

Q:=pyC —ip7 , (5.1.13)
G:=i(pC—50), (5.1.14)

whose action on BRST wave functions can be directly inferred from (5.1.10), are re-
spectively and in reference to (-, -)Ggrgr, hermitian and anti-hermitian. Third, from the
hermiticity of Q it follows that the product (-,-)grer between physical states depends
on the states only through their gauge—equivalence class (4.2.13).

We emphasise here that the domain of each operator remains unspecified throughout
the BRST analysis, hence all (anti) hermiticity considerations are left formal until we

have access to a genuine Hilbert space.

When c¢ is chosen to be an imaginary number, ¢ = ia with a € R, the sesquilinear

form (5.1.11) fulfils'
(T, 1) or = (T, )2 ", acR. (5.1.15)

Hence (-, -)igRST is a hermitian inner product on the BRST state space

Verst = {¥ = ¢+ ¥'p+ Wip+ Uipp} . (5.1.16)

In the inner product (-, -)i]g‘RST natural definitions of positive and negative vectors
arise; see footnote 13 in page 87. The vector space (Vgrsr, (-, ) 'grgr) Pecomes an infinite
dimensional and indefinite inner product space containing positive as well as negative

vectors.

In contrast, when c is real, ¢ = a € R, the sesquilinear form (5.1.11) satisfies
(U, V) srstr = — (T, ¥)Brer ™ > @€R, (5.1.17)

defining a skew—hermitian inner product in Vprsr. Replacing each value of the inner
product (5.1.17) by (¥, T)jrer’ = ¢ (¥, T)jrer, & hermitian inner product space is
recovered. Hence, the definitions of positive and negative vector become available. It
is obvious that any operator which is self-adjoint in the space (Vggrsr, (-, ) grer), SO is

in the vector space (Vgrst, (+,-)grg ). Therefore, if one opts for ¢ = o in (5.1.11),

'For two general BRST states of the form (5.1.9), using (5.1.12), it is easy to see that

/dﬁdp T = — (/dﬁdp T*\IJ) .
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a nilpotent and self-adjoint BRST operator Q defined on (Vggsr, (-, )Brer) Will auto-
matically be defined (with the same properties) on the hermitian inner product space

(VBrsT, () Brer ), Which in turn must be an indefinite inner product space.

To sum up: In the momentum constraint model, independently of which of the two
choices ¢ = i or ¢ = « is done, Q can always be represented on an indefinite inner
product state space (c¢f. Theorem 4.2.1). Later on, it will be recognised that the choice
¢ = a =1 is more suitable in deriving the group averaging formula for the system of a

single momentum constraint.

Now, the hermitian and nilpotent BRST operator (5.1.13) together with the ghost
number operator (5.1.14), both written in a (pC, pC)-order, trivially annihilate ghost—

free states of the form?

Wee = 0(0,2) ,  Thpye = x(0,2) (5.1.18)

where the A-independence follows from the nonminimal part of the BRST condition
(4.2.11a). The sesquilinear form (5.1.11) between two states of the type (5.1.18) is
ill-defined for any choice of ¢, hence some regularisation is needed. Using the skew—
hermitian inner product (-, -)grgy, ¢ = @ = 1, a regularised scalar product from (4.2.21)
will be constructed. A quite surprising result that will be derived below is that although
(-, -)%ElsT is skew—hermitian (5.1.17) for BRST quantum states that contain fermionic
information, the regularised inner product will be hermitian once the fermionic variables
have been integrated out. In order not to clutter up the notation, in the rest of this

section the superscript « =1 in (-, -)Of;{lST will be omitted.

The regularised version of inner product will be obtained from (4.2.21), where we
choose the anti-hermitian gauge fixing fermion to be ip = —Xﬁ It follows that when
acting on general BRST states (5.1.9), z[ﬁ, 0] = iApg +pp . Then, after an elementary

integration over the fermionic momenta

(U Dhyss ’rghys)gRST = / d\df dz ¢* (0, z) [ exp (iADy)x] (0, 2) . (5.1.19)

This formula comes with some comments. First, a remarkable consequence of choosing
the gauge fixing fermion ip as anti-hermitian is that V = exp (z[@, 0]) is unitary and
the operator exp (iApp) in (5.1.19) can be made unitary once the fermions no longer play
any role in the scheme. If the gauge fixing fermion were chosen to be hermitian, say
zXﬁ, then both V and exp(iApy) would be hermitian. In order to bring back unitarity, A

should be regarded as imaginary bringing some issues with it already pointed out in [84,

*In a (Cp, Cp)—order, ghosts and antighosts at the left, the corresponding BRST physical states do

match with Dirac physical states.
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85]. Second, the expression (5.1.19) resembles the structure of the averaging formula
over the translational group provided the operator exp(iApg) and the A\—integration can
be appropriately defined. Third, although Eq. (5.1.19) still needs a technical precise
definition in order to be used in RAQ), it can be considered a starting point in the
construction of a physical inner product in this scheme. One needs to make an accurate
definition of the class of functions that enter into the expression (5.1.19), as well as, the
range of values taken by the Lagrange multipliers, such that both simultaneously permit
this integral to be well defined. Fourth, in contrast to the formal expression (4.2.21), once
the integral (5.1.19) becomes well defined as a group averaging within RAQ, hermiticity
at the level of the inner product will be recovered in the sense of the condition (4.1.7b).
Fifth, in the literature, alternative ghost/antighost conventions can be used, for instance,
where (C?, p,) are real and (C,, p®) are purely imaginary [124]; in this case some factors of
1 in the super phase space symplectic form are added and, at a quantum level, they imply
the need of ¢ real in order to make the sesquilinear form (5.1.11) hermitian. Nevertheless

the conclusion drawn about hermitian versus anti-hermitian choice for 79 is independent

of which convention is adopted.

5.1.2 Refined algebraic quantisation

In this section, the expression (5.1.19) will be used to construct a rigging map within
RAQ. The task is to supplement the required structures in order to interpret (5.1.19) as

a group averaging formula.

Following the steps listed in Sect. 4.1.2, we notice that the relevant classical functions
on the original phase space T*Q are constructed from the canonical pairs (0, py) and
(z,p,). Hence let . := span{1,0,x,pg,p,} be the space mentioned in the step (1) of
RAQ. The algebra Agﬁ)x of abstract operators is constructed as prescribed in steps (2)
and (3). The auxiliary Hilbert space H,yux is taken to be the space of square-integrable

functions on the classical configuration space R? = {(6,z)},
Haux := L*(R?,dfdz) . (5.1.20)
The space H,ux is endowed with the positive definite auxiliary inner product

(V) X) quxe := /]R2 dfdz ¢¥*(6,x)x(0,x) . (5.1.21)

The basic quantum coordinates operators (5 and Z) act by multiplication, whereas the
momentum operators (pg and p,,) act by differentiation on element of Hayy. Therefore, all

elementary operators, including the constraint operator, become essentially self-adjoint
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on the dense subspace C§° (R?) of infinitely differentiable functions of compact support.
Therefore

U(N) := exp(iApy) (5.1.22)
is an element of a one—parameter group of unitary operators {ﬁ(A) : A € R}. Let the

test state space be ® = C’(‘)’O(Rz), the action of the gauge group on it reads
(TN f)(0.2) = fO+Na2) = (for)(B,x), Vfed, (5.1.23)
which shows that U(A\)® C ® for all A € R.

We have specified the auxiliary structures H,,x and ®, and the unitary action of the
gauge group on H,uy. It remains to specify the antilinear rigging map 7 : ® — @' from
® to its topological dual ®'. The sesquilinear form (5.1.19) provides a group averaging
in the present context if, firstly, the trivial BRST invariant states (5.1.18) are identified
with genuine elements of ® = C§°(IR?), and, secondly, if (5.1.19) can be properly defined.
In RAQ terms, we then have that (5.1.19) becomes

(F9)gui= [ (£.0009) = [axroy., (5.1.24)

with the A—interval of integration to be determined and

F(\) = dodz f*(0,x) g(0 + A, z). (5.1.25)
R2

The expression (5.1.24) can be thought as the averaging over the translation group if
the range of A can be extended over the whole real line. The function F'()\) represents
a convergent integral for each A € R, moreover, F' is a continuous compactly supported
function over the real line ([190]: Chap. VI). So F' is Lebesgue integrable over all R and
the range of integration in (5.1.24) is taken to be the full real axis; we seek hence for a

rigging map of the form
n(H)lg] = (f,9) ga = /]RS dAdfdz £*(0,2) g(0 + A\, @) . (5.1.26)

(%)

The above structure determines the algebra of observables Aphys as those operators
which together with their adjoints leave invariant the chosen test state space ®. Observ-

ables should contain ® within their domains and commute with ﬁ(/\) for all A € R.

From the discussion developed in Sect. 4.1.3, ¢f. Eq. (4.1.18b), the mapping given in
Eq. (5.1.26) is a good candidate for a rigging map. What remains to be proven is that
it actually satisfies the conditions listed in Sect. 4.1.2.

From the following chain of equalities:

wNO gl = [ ax (f,UW >z7<A>) o [ (2.0 =)

- [ ax (06

aux
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the map n solves the constraints in the sense of (4.1.8). From the hermiticity of (-, ),

the unitarity of U and the reflection property of the integral, one can easily see that n

is real as in (4.1.7b). To prove positivity of 1, one uses the Fourier transform

£(0,2) = \/12? /}R ak Flk, z)e—*0 (5.1.27)

with f(k,z) belonging to the Schwarz space S(R?) [191]. In the momentum space, the
mapping (5.1.26) is hence nothing but

n(f)lg) = 2 / dz F(0,2)5(0,z) , (5.1.28)

R

(*)
phys’
since U(A\) commutes with A and AT on @, for all A € R, it results that 1 intertwines

which immediately yields that 7 is positive in the sense of (4.1.7¢). Finally, let AcA

with observables. Therefore, the prescription (5.1.26) is a rigging map.

The space span{n(f) : f € ®} solves the constraint (5.1.1) and by construction will

be a dense subspace of Hpys. The functional 7(f) in the momentum space reads

n(f) = 27r/ dkdz 6(k)f*(k,z) Vfed, (5.1.29)
RQ
so, the physical inner product defined by (4.1.9) takes the form
(161D = n(la) = 27 [ o F*(0.2)5(0.2). (5.1.30)

which is a non-—trivial, hermitian, positive definite bilinear form. The physical space
Hphys 1s constructed by the Cauchy completion Im(n). The averaging procedure pro-
jected out the #—dependence of the wave functions, and the physical Hilbert space

became L%(IR,dr) as one would expect on intuitive basis.
Remarks

1. The rigging map (5.1.26) is defined up to a real constant a. The rescaled 7, :=
an multiplies with an overall factor the physical inner product and leads to an
equivalent physical Hilbert space. This freedom can be traced back to the fact
that the measure of the non—compact translational group is uniquely defined only

up to a multiplicative factor (see footnote 11 in page 81). A

5.2 Rescaled momentum constraint

We now turn our attention to the rescaled version of the classical constraint (5.1.1),
namely

p:=MO,x)pg =0 . (5.2.1)
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This constraint is defined on the phase space T*Q = {(, z,pgp, pz)} ~ R*. For a system
with a single—constraint, issues of the PB algebra play no role. The rescaled constraint ¢
shares the abelian algebra of v (5.1.1). In order to maintain the regularity property and
the polynomial structure in momenta of the unscaled constraint, we require the real—
valued function M to be smooth and nowhere vanishing on the configuration space. We
may assume without loss of generality that M is positive. Hence ' := {(0,x,0,p,)} ~

R3, the constraint surface, is preserved by the scaling.

The generator of gauge transformations on I' is the restriction of the Hamiltonian
vector field of ¢,
X :=M(0,z)0p . (5.2.2)

The integral curves of X have constant x and p,, but they connect any two given values

of §. The reduced phase space is hence I'yoq = {(2, p.)} ~ R2.

If we wish to view the gauge transformations as maps on I', rather than just as maps
of individual initial points in I', a subtlety arises. The gauge transformation with the

(finite) parameter A is the exponential map of AX, exp(AX). If M satisfies

0 dé e dé

/ooM(an):OO:/o M0.2) (5.2.3)
for all =, then X is a complete vector field, and the family {exp(AX) : A € R} is a
one-parameter group of diffeomorphisms I' — T" [185]. If the conditions (5.2.3) do not
hold for all z, then X is incomplete. It is still true that the action of exp(AX) on any
given initial point in T' is well defined for sufficiently small |A|; however, there are no
values of A # 0 for which both of exp(+AX) are defined as maps I' — T, since at least
one of them will try to move points past the infinity. It is this classical subtlety whose

quantum mechanical counterpart will be at the heart of our quantisation results.

To have an incomplete X does not require an exceptional function M. Take the
smooth and nonvanishing M(6,z) = €Y, then the equations that define the integral

curve on the configuration space, with starting point p = (0,1) € R?, are

o(t) = In <1l_t> o) =1, (5.2.4)

which are only well defined for ¢ < 1, and not for all £ € R. In contrast, from the trivial

case M(0,z) = 1 a complete vector field X arises; this corresponds to the Hamiltonian

vector field of the unscaled constraint. Henceforth, we refer to M as the scaling function.

As before, there is no true Hamiltonian although its inclusion would be straightfor-

ward.
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5.2.1 Canonical BRST analysis

The BRST canonical structure of the theory lies on the super phase space T Q x
{(n,P)} = {(0,2,\,pg, ps; )} x {(C,C, p,p)}, where the non—trivial part of the sym-
plectic structure reads as in Eq. (5.1.4). In the ghost extended phase space, not only the
rescaled constraint (5.2.1) is defined but also the ad hoc constraint 7 ~ 0 is introduced.

Both forming an abelian set of first—class constraints.

The nonminimal BRST generator (see Sect. 3.4.2) and ghost number function of the

system read

Q=M(0,x)peC —ipm, (5.2.5)
G=i(Cp+pC). (5.2.6)

We shall proceed to the canonical BRST—quantisation. The subspace .#grst of the
vector space of all smooth, complex—valued functions on the super phase space, and
the (free associative) x—algebra of abstract operators Bgﬁ)x are built as in Sect. 5.1.1;
relations (5.1.7) and (5.1.8) are taken into account then. We realise the basic operators
as in (5.1.10) on BRST wave functions in the Schrédinger representation (5.1.9). To
finally set the arena on which the BRST operator will act, we endow the BRST vector

space with the sesquilinear form (5.1.11), where ¢ = 1 is taken for definiteness.
The BRST physical quantum states satisfy
QU=0, GU=0, (5.2.7)
where the ghost number operator G coincide with (5.1.14) and the nilpotent BRST
operator in a (pC, pC)—order is given by
Q:=¢C—ip7 . (5.2.8)
To make compatible the reality of the classical BRST generator €2 at a quantum level,

hermiticity of Q must be ensured. The only non—trivial ordering issue in Q is that of the

purely bosonic factor gg whose resolution is specified by the symmetric ordering

¢ = —i(Mdp + L(9pM)). (5.2.9)

To connect the BRST quantisation to a formalism that only involves bosonic vari-

ables, we first recognise that there are ghost—free BRST invariant states of the form

\Ilghys = ¢(0>$) 5 Tghys = X(eyx) . (5210)

These are trivially annihilated by both the BRST and the ghost number operators. How-

ever, it is not possible simply to drop all the powers of the fermions from the quantum
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states keeping the BRST inner product (5.1.11); the sesquilinear form (5.1.11) evalu-
ated at the ghost—free states (5.2.10) is ill-defined due to the fermionic and Lagrange
multiplier integration. There is however the option to evaluate (-,-)grgp On suitable
gauge—equivalent states as proposed by the regularised inner product (4.2.21). Accord-
ingly, we then provide the anti-hermitian gauge fixing fermion ip := —/)\\,/5\ that mixes
bosonic nonminimal and fermionic minimal sectors of the theory. From this choice, it
follows that z[ﬁ, 0] = i)\a + pp, then after a basic integration over all ghost—-momenta we

obtain

(2 Tohys) g = / d\db dz ¢*(0,z) [exp (ird)x] (0, ) . (5.2.11)

When one considers the arbitrary Lagrange multiplier to be the parameter of the gauge
group, this expression resembles a group averaging formula over the group generated by
¢ provided we can give a rigorous interpretation of U (\) = exp(i)\qg ) on some states
x(6,x). The task for the rest of this chapter is to supply the appropriate auxiliary
structures to fit (5.2.11) within RAQ.

5.3 Refined algebraic quantisation: Auxiliary structures

We will now give a precise meaning to the sesquilinear form (5.2.11). As in the previous
section, we take the auxiliary Hilbert space to be the space of square—integrable functions
on the configuration space (5.1.20). The positive definite scalar product between two

auxiliary states is given by (5.1.21).

We now want to capitalise on the formal symmetric ordered definition we gave to the
quantum constraint (5.2.9) and obtain a family of operators {(7 (\)} by exponentiation,
U(N) == exp(iAd) , (5.3.1)
hence we need to provide a dense definition of $ An inner product on the physical
Hilbert space could be found afterwards by a suitable interpretation of the sesquilinear
form, c¢f. Eq. (5.2.11),

0= [0r (0.000) - (532)

aux

The operator (Z is symmetric on the dense linear subspace of smooth functions of
compact support C§°(R?) C Haux. If $ has self-adjoint extensions on H,yuyx, a choice of
the self-adjoint extension in (5.3.1) defines {U(A) : A € R} as a one—parameter group of
unitary operators, and we can look for an interpretation for (5.3.2) as the group averaging
sesquilinear form in RAQ. So, it is clear the need to analyse the self-adjoint extensions
of $
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The basic criterion for self-adjointness, or deficiency indices theorem by von Neu-
mann® is proved to be of paramount usefulness in this case. The existence of self-adjoint
extensions of any symmetric operator T on a Hilbert space H is determined by the de-
ficiency indices (ny,n_), that is, the dimensions ny of the subspaces of H satisfying
fw = 4i1p. There are three different outputs [191, 193]: (a) ny = n_ = 0, then T
is self-adjoint (this is a necessary and sufficient condition); (b) ny = n_ =:d > 1, if
d < oo then any maximal symmetric extension® of T is self-adjoint, that is, T has self-
adjoint extensions. The situation is more complicated if d is infinite, then some maximal
symmetric extensions of T are self-adjoint and some are not. (¢) ny # n_, then T has

no self-adjoint extension.

Then the existence of self-adjoint extensions of gg boils down just to the counting
of solutions of the equations éﬁ\w = #i1p that have a finite norm in the auxiliary inner

product!. The (weak) solutions to the differential equation

— i(M3y + $(9eM)) ) = +iy) (5.3.3)
are  nw
Y+ (0, x) = NOIOD) exp [ Fo.(0)] , (5.3.4)
where
4 do’
0, (0) = /0 T (5.3.5)

and the complex valued functions Fy(x) are arbitrary. The corresponding norms of the

solutions i1 are respectively

| Fi ()] exp [ F 204(6)]
I, = dod
* /Rz ! M(0, )
1
=F5 /]Rdac |Fy(z) 2 [911:1010 eT202(0) _ GEI—noo eF220) | (5.3.6)

3This corresponds to the Theorem X.2 and its corollary cited in [191] and originally proved by von
Neumann in the late 1920’s. This theorem has as special case the Theorem VIIL3 printed in [177]. A
beautiful pedagogical introduction to these results and their application to quantum mechanics can be
found in [192].

4A symmetric operator T is maximal if it has no proper symmetric extensions, i.e. if the relation
T c T’ for a symmetric T/ implies T = T’. Any self-adjoint operator is maximal, but there are
maximal symmetric operators which are not self-adjoint; for instance, the differential expression z%
with domain

D := {3, € L*(0,00) : 1 € ac(0,00) and 1(0) = 0} ,

where ‘ac’ stands for absolutely continuous, is a maximal symmetric operator which is not self-
adjoint [193].
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Only positive definite scaling functions are under consideration now, then o,(6) is, for
almost every = € R, a strictly increasing function in 6 whose range is either (—oo, +00),
(—oo,aggl)), (Ug(ga), ag(gb)), or (052), +00) as 6 varies from —oo to co. Here o and o{?
are real constants as we vary 6 at a constant x. Then there are qualitatively three
different cases, depending on the asymptotics of 0,(0) as § — +oo: the range of o, is

either the real line, or a semi-infinite subset, or a compact set of the real line. We shall

analyse these situations in the following section.

5.4  Self-adjointness of the constraint operator and types of scaling func-

tions

The evaluation performed in this section can be repeated, finding no new phenomena,

for the case of negative definite scaling function.

[Scaling functions of type I] Suppose that the range of o, is the whole real line
0z(0) — oo as 0 — +oo for ae. z, (5.4.1)

where ‘a.e.” stands for almost everywhere in the Lebesgue measure on R. Then
from Eq. (5.3.6) every nonzero ¢4 (5.3.4) has infinite norm, for ¢ because of
the behaviour at # — —oo and for 1)_ because of the behaviour at § — co. The
deficiency indices are (0,0) and 5 is self-adjoint. The operator (7(/\) is unitary, and
it acts on the wave functions by the exponential map of the vector field X (5.2.2),

explicitly

\/M(Ugl(agg(ﬁ) +A),z)

-1
M(8, z) Y(op (02(0) +A),2) . (54.2)

(TNY) (0. 2) =

This expression can formally be obtained by iterative applications of $ on . In
this calculation a useful expression for gg acting on v is
1

0, )

(o) (8, 2) = —i (M3y(VM ) (0, ) ,

which is equivalent to the action of ¢ (5.2.9).

[Scaling functions of type II] Suppose a semi-infinite range of o, that is, the
condition (5.4.1) holds either with the upper signs or with the lower signs but not
both. If the condition (5.4.1) holds for the upper signs, say 0,(0) — oo as  — oo

but 0,(0) — 0532) as § — —oo, then from (5.3.6) every nonzero ¢_ has again an
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infinite norm; however, any Fy € L?(IR) whose support is in the set where (5.4.1)
with the lower signs fails will give a square—integrable ¢),. The deficiency indices
are hence (00, 0). Similarly, if (5.4.1) holds for the lower signs, the deficiency indices
are (0,00). Then the quantum constraint (5.2.9) has no self-adjoint extension in
cither case, and (5.4.2) does not provide a definition of U(A). At the level of

formula (5.4.2), the problem is that o, ! is not well defined even for a.e. .

The scaling function M (6, z) = €, which defines an incomplete X (5.2.2), is also
an example of scaling function of type II; the corresponding () holds the condi-
tion (5.4.1) only for the lower signs, but o(6) — 0 as § — co. Within the gauge
part of the argument in the functions at the RHS of Eq. (5.4.2), o= (a(6) + \) is
not defined for A > e~.

[Scaling functions of type III] Suppose a compact range of o,, that is, the

condition (5.4.1) holds with neither upper nor lower signs; for instance, o, — Ug(va)

as § — —oo and o, — ag(cb) as § — o0o. Reasoning as with scaling functions of type
II, it can be seen that the values for both I1 are finite in this case, showing that the
deficiency indices are (0o, 00). The quantum constraint QAS has an infinity of self—
adjoint extensions, and each of them defines {U(A) : A € R} as a one-parameter
group of unitary operators. Formula (5.4.2) has again a problem in that o, ! is not
defined, but the self-adjoint extension of q/g provides a rule by which the probability
that is pushed beyond § = +oo by (5.4.2) will re-emerge from Foo. The group

{U(\) : A € R} may be isomorphic to either R or U(1).

A concrete example of a scaling function of type III is given by M (0, z) = (6% +
1)/(x? 4+ 1), for which 0,(8) = (2 + 1)arctan(d). The limit values for o, as

0 — +oo are :I:g(ﬂn2 + 1). The corresponding norms for v,

+o00
Iy = / |Fy(z)*sinh p(z)dz  with  p(z) = n(2® 4+ 1),

— 00

—x2/2
are finite for suitable Fl, e.g. when Fi = 6'7 we have I = /m. The
sinh u(x)

expression for o, !(0,(f) + \) becomes a periodic function in this case, namely
tan(arctan(f) + ). The Eq. (5.4.2) specifies the translation for compactly sup-
ported functions and only for sufficiently small ||, one way to specify what hap-
pens to them beyond +oo by a unitary action is as follows: one requires at the

RHS of (5.4.2) that what shows up after :I:g(:n2 +1) (equivalently § — 400) enters

at the other end $%(m2 + 1) (equivalently § — Foo). In other words, from all of

the infinity possible extended domains of (}E, we characterise a subfamily of them by
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the boundary conditions that match the wave functions (possibly up to a phase)

at the endpoints in the range of 0.

This qualitative classification in the scaling functions permit us to proceed only with
those of types I and III. Only for them a unitary action (5.4.2) can be achieved. In

sections 5.5 and 5.6 below, we address the integral (5.3.2) for these two types.

5.5 Refined algebraic quantisation: Scaling functions of type |

For scaling functions of type I, the multiplication law in the group {ﬁ (A): e R}is
the addition in A. We hence take the range of integration in (5.3.2) to be the full real

axis.

It is convenient to map Haux into JN{auX := L?(IR?,dO dx) by the Hilbert space iso-

morphism

Haux — jN_CauX >
P,
$(0,2) = \/M(0:1(0),2) ¥(0;1(0),2) (5.5.1)

where the last line is well defined for a.e. z, this isomorphism suggests’ © = o,(6).

Working in J:Caux, the auxiliary inner product reads

(7.%) = /}R 40 dz §%(0,2) ¥(6, ) (5.5.2)

aux

It can be seen that the group averaging sesquilinear form (5.3.2) is reduced to

T ({/?,ﬁmy) , (5.5.3)

(JJ/’%)EE::/OO aux

where

(TP ) (©,2) =d(O+ A7) | (5.5.4)
which is equivalent to (5.4.2) times /M (#,x). The system has thus been mapped to
that in which M is the constant function 1.

RAQ in j-vCaux can now be carried out as for the closely related system discussed in
the previous section (see also Section IIB of [93]). We can choose smooth functions of

compact support on R2 = {(©,z)} as the dense linear subspace of Hauyx on which (5.5.3)

5 At a classical level this can be thought as a point transformation on the original configuration space,
that once elevated to the phase space [141], implies Po = M (0, x)py as a change in the corresponding

momenta.
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is well defined. The averaging projects out the ©-dependence of the wave functions,
and the physical Hilbert space is L?(R,dz). The technical steps are identical as in the

Sect. 5.1.2 and we will not repeat them here.

5.6 Refined algebraic quantisation: Scaling functions of type Il

For scaling functions of type III, the sets in which the conditions (5.4.1) fail for the upper
and lower signs can be arbitrary sets of positive measure. In the immediate subsection,
we first make two assumptions that allow the action of the gauge group to be written
down in an explicit form. Then in subsequent subsections, we consider two special
cases where we are able to extract from the group averaging formula (5.3.2) families of

sesquilinear forms that provide RAQ rigging maps.

5.6.1 Subfamily of classical rescalings and quantum boundary conditions

The first assumption we make is at a classical level. We assume that (5.4.1) fails for all

x for both signs, so that the formula

z) :=2m (/_C: M?;x)yl (5.6.1)

defines a function N : R — Ry. It follows that we can map Hyux to f]TCC = L*(I x
R, dwdz), where I = [0, 2], by the Hilbert space isomorphism

g{aux_)j_vcca
1/1'—”%7

o(w, ) \/M 3 “’/N v) )zp(agl(w/N(x)),x), (5.6.2)

where

/ MQ, , (5.6.3)

— &5 (w/N(z)). The auxiliary inner product

so that 5;1 : [O,Jg(ﬁb) — ag(ga)} —R: N(ZL‘

~—

in JTCC reads
(Ye, Xe), i= / dwdz ¥} (w, ) xc(w, x) , (5.6.4)
IxR

and (:5 (5.2.9) is mapped to

¢e:= —iN(z) 0, , (5.6.5a)
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explicitly

Gz (w T)),T) ,~ \,__
(acibc)(W,x) :\/M( (N(/:i\)[( ) ) (¢1/)) (le(w/N(x)),:c) ) (5.6.5Db)

We work from now on in fj-VCC, dropping the subscript ¢ from the wave functions.

The second assumption we make is at a quantum level. We consider those self-adjoint
extensions of $c whose domain consists of wave functions with boundary conditions at
w = 0 and w = 27 that do not couple different values at x. The self-adjointness analysis
then reduces to that of the momentum operator on an interval [191, 193], independently

at each x. Concisely, the domains of self-adjointness are
D, = {w,ﬁwd} € He | (-, 2) € ac(0,27) and (0, z) = 2 @y (2r, ), V;v}, (5.6.6)

where ac(0, 27) denotes absolutely continuous functions of w and the function o : R — R

specifies the phase shift between w = 0 and w = 27 at each .

Under these assumptions, the remaining freedom in the classical scaling function
M : R? — R? is encoded in the function N : R — R, while the remaining freedom in
the self-adjoint extension of ggc (5.6.5) is encoded in the function o : R — R. Note that

no smoothness assumptions about either function are needed at this stage.

On H,, the action of ﬁC(A) ‘= exp (i)\ggc) takes now a simple form in a Fourier

decomposition adapted to D,. We write each ¢ € UTCC in the unique decomposition

Y(w,z) = in=a@lw .y, (z) (5.6.7)

1
ok

nez
where each 1, is in L?(R,dz). It follows that

(¢a X)C = Z (Q;Z)na Xn)]R s (5.6.8)

nez

where (-, ) is the inner product in L?(R,dz). The action of U.(\) reads’
(Te(V) (w,2) = Y(w+ N(@)A2) ,
1 , ~
= — in=a@)e (77, (A 5.6.9
e . x), .6.9a
= (T)9),(2) (5.6.92)
with
(Te(N),, (@) = By (2) | (5.6.9D)
where for each n € Z the function R, : R — R is defined by

R, (x) =[n— a(x)] N(z) . (5.6.10)

5The operator qgc = —iN(x)0. can be thought as the quantum analogue of the classical constraint
N(z)p, = 0; therefore, the first line in the expression (5.6.9a) indicates that scaling the constraint
Pw = 0 by a function that only depends on the true degree of freedom N (z), yields the expected scaling
in the translation group parameter: ¥(w + A, z) — ¥ (w + N(z)A, x).
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5.6.2 Test space, observables and rigging map candidates

Let ® be the dense linear subspace of H. where the states have the form (5.6.7) such that
every 1, is smooth with compact support and only finitely many of them are nonzero
for each 1 € ®. From (5.6.9) we see that ® is invariant under U.()\) for each A. We
adopt ® as the RAQ test space of ‘sufficiently well-behaved’ auxiliary states.

Given TJTCC, ® and l?c()\), the RAQ observables are operators A on J:CC such that the
domains of A and AT include ®, A and AT map ® to itself and A commutes with ﬁc(/\)

on ® for all \. We denote the algebra of the observables by Ag;)ys.

We now seek the anti-linear map 7 : d— @ , from the test state space to its algebraic
dual, such that the conditions of reality (4.1.7b) and positivity (4.1.7c) are satisfied.
The map 7 must also solve the constraints in the sense of (4.1.8) and intertwine with
the observables (4.1.7d). The physical Hilbert space H,nys is then the completion of the
image of 7 in the inner product (4.1.9)

(9):1(F) paq =1(H)lgl, fge® (5.6.11)
and the properties of n and .Al(jl)ys imply that n induces an anti-linear representation of
Aé*h)ys on Hppys, with the image of 7 as the dense domain.

Observe that cog~1 : [O, Jg(ﬁb) —ag(ca)] — [O';a), oéb)} Y — y+0§;a) implies the identity
o Mo (67Hw/N)) +A) =6 ((w/N) + A) . (5.6.12)

The change of variable § = 57 1(w/N) into the sesquilinear form (5.3.2), the isomor-
phism (5.6.2), and the identity (5.6.12), show that on H. the group averaging ansatz

reads

/d)\ <f, ﬁc()\)g>c = /d)\ /]X]Rdwda: [fw, ) g(w+ N(z)\, z) , (5.6.13a)
- / d) / dz 3 f1(@) gule) eFr@N (5.6.13b)
R n

for all f,g € ® and the integration over A to be specified. The second line in this
expression is obtained by direct substitution of (5.6.7) and (5.6.9) into the first line. To
define a rigging map we reconsider the group averaging proposal in a renormalised form;

namely,

0o L
n(f)lg] = Llinolop(lL)%/_oo dz fr(2)gn(2) /_L dAelfin(@X (5.6.14)

where the LHS follows from (5.6.13) after interchanging sums and integrals, justified by
the assumptions about ®. The normalisation function p: Ry — R4 has been included

in order to seek a finite answer in cases where the limit would otherwise diverge.
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The existence of the limit in (5.6.14) depends delicately on the zero sets and the
stationary point sets of the functions R,,. In what follows we introduce conditions that

make the limit controllable.

5.6.3 Functions N and « smooth, a with integer—valued intervals

We assume that @ and N are smooth functions. What will play a central role are
the integer value sets of o and the stationary point sets of the functions {R,, : n € Z}.
To control the stationary point sets, we assume that R, satisfy the following technical

condition:

(i) The stationary point set of each R, is either empty or the union of at most count-
ably many isolated points, at most countably many closed intervals and at most
two closed half-lines, such that any compact subset of IR contains at most finitely

many of the isolated points and at most finitely many of the finite intervals.
To control the integer value set of c, we assume in this subsection the following condition:
(ii) « takes an integer value on at least one interval.

It follows from (ii) that at least one R,, takes the value zero on an interval. Note that
(i) and (ii) include the special case where « takes an integer value everywhere, and the

very special case where this integer value is zero.

The group averaging formula (5.6.14) takes the form

. 2L / / sin[ LRy (z)]
= lim —— dx fX(2)gn(z) + dz fi(x)gn(2) —————= | ,
o) = fim 25 3 ( A fi @)+ [ de @) =g
(5.6.15)
where J,, C R is the union of all open intervals contained in the zero set of R, that is, in
the solution set of a(x) = n. The function N is nonvanishing due to the scaling function
properties. Setting p(L) = 2L, the second term in (5.6.15) vanishes by dominated
convergence, and from the first term we obtain the map 7 : d — P ,
(Moo Z d:z:f gn(x) . (5.6.16)
neZ

We have the following theorem.

Theorem 5.6.1 The map N~ s a Tigging map, with a non—trivial image.

Proof. The map 7 solves the constraints. Note that 7, is the evaluation of the

integral specifically on the set J, C R, where R,(z) = 0, hence the exponential
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e~ Hin(@)X i (ﬁj()\)g)n(x), see Eq. (5.6.9b), contributes nothing to the integral, so that
Moo (f) [ﬁj()\)g] assigns back 70(f)[g]. Positivity and reality rigging map axioms are
immediate. We verify the intertwining property (4.1.7d) in Appendix A. |

Group averaging has thus yielded a genuine rigging map 7, after a suitable renor-
malisation. The Hilbert space H, is separable and carries a non—trivial representa-

tion of .Ag;)ys. Comparison of (5.6.8) and (5.6.16) shows that H. can be (antilin-

early) embedded in CJTCC as a Hilbert subspace, such that 7., extends into the projection
L*(R,dz) — L?(J,,dz) in each of the components in (5.6.7).

Note that the function N does not appear in 7 (5.6.16), and the discussion in

()
phys

on N either. The quantum theory has turned out completely independent of the choice of

Appendix A shows that the representation of A on the image of 7., does not depend
scaling function, even when the scaling function may vary non—trivially over the intervals

Jp, that contribute in (5.6.16).

In the special case where a(x) = 0 for all z, where the only nonempty zero set of

R, (z) =nN(x) at n = 0 is nothing but R, from (5.6.16) we obtain

n(f)lgl = (fo, 90)w - (5.6.17)

Embedding H, antilinearly as a Hilbert subspace of H. as above, that is, 1, extends
into the (antilinear) projection to the n = 0 sector in H.. When N is a constant function,
N(x) = Ny for all =, we can recover this extension of 7, directly, without introducing
a test space, by noticing that the quantum gauge group {U.(A) | A € R} ~ U(1) is

compact and taking the group averaging formula to read

27 /No =
wle =52 [ A (£T) (56.18)

_271' c

so that the integration is over U(1) exactly once. However, if N is not constant, this
shortcut is not available because the quantum gauge group is still isomorphic to R rather
than U(1).

5.6.4 Functions N and « smooth and generic

In subsection 5.6.3, the quantum theory arose entirely from the integer value intervals
of a. We now continue to assume that o and N are smooth, the technical stationary
point condition (i) holds and « takes an integer value somewhere, but we take the integer

value set of « to consist of isolated points. We first replace condition (ii) by the following:
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(ii") The integer value set of « is non—empty, at most countable and without accumu-
lation points, and « has a nonvanishing derivative of some order at each integer

value.

Second, we introduce the following notation for the zeroes of R,. Let p be the order
of the lowest nonvanishing derivative of a (and hence also of R;) at a zero of R,,. For
odd p, we write the zeroes as xp,j, where the last index enumerates the solutions with
given p and n. For even p, we write the zeroes as penj, where € € {1, —1} is the sign of
the pth derivative of o and the last index enumerates the zeroes with given p, € and n.
Let P be the value set of the first index of the zeroes {zpn;} and {Zpenj}. Given this

notation, we assume:
(iii) If p € P, then P contains no factors of p smaller than p/2.

Before examining the group averaging formula (5.6.14) under these assumptions, we
use the assumptions to define directly a family of rigging maps as follows. For each odd
p € P we define the mapping 1, : ® — @', and for each even p € P and ¢ € {1,—1} for

which the set {Zpen;} is non-empty, we define the map 7, : o — @ , by the formulas

_ f;; (xpnj) gn (x}mj) a

(np(f))[g] - % alP) (xpnj)N(xpnj)}l/p ’ (5.6.19 )
In (xpew) 9n (xpenj)

pe(f = : 5.6.19b

(mpe (1)) 9] %: 00 (zpen) N o) | ( )

These maps are rigging maps, with properties given in the following theorem.

Theorem 5.6.2 Under the assumptions (i), (ii') and (iil), we have that

1. Each n, and npe 1s a rigging map, with a non—trivial image.

(*)

2. The representation of Aphys

on the image of each 1, and np. is irreducible.

Proof.

1. All the rigging map axioms except the intertwining property (4.1.7d) are imme-
diate from (5.6.19). In particular, each 7, (resp. n,) solves the constraint in
the sense of (4.1.8), since in the RHS of (5.6.19a) ((5.6.19b)) the terms in the
sum are evaluated at the points where R, = 0, so (ﬁj(/\)g)n(xpnj) = gn(Tpnj)
(¢f. Eq. (5.6.9b)) for p even or odd, implying that np(f)[(/jg()\)g] (npg(f)[(/jg()\)g])
assigns back 1,(f)[g] (npe(f)[g]) for all A\. The relevance on p even or odd enters
when we verify (4.1.7d) in Appendix A.
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2. The proof is an almost verbatim transcription of that given for a closely similar

system in Appendix C of [107]. We review the details in Appendix B. |

The rigging maps (5.6.19) thus yield a family of quantum theories, one from each

7p and npe. Bach of the physical Hilbert spaces is either finite-dimensional or separable

(%)
phys

Functions f € ® whose only nonvanishing component f, is non—negative and is positive

and carries a non—trivial representation of A that is irreducible on its dense domain.

only near a single zero of R, provide the Hilbert spaces with a canonical orthonormal

basis.

()
phys

and 7, is not just irreducible but has the following stronger property, which one might

From Appendix B, we see that the representation of A on the image of each 7,

call strong irreducibility: given any two vectors v and v’ in the canonical orthonormal
()

phys
and takes v to v/. The upshot of this is that the function N plays little role in the

basis, there exists an element of A that annihilates all the basis vectors except v
quantum theory, despite appearing in the rigging map formulas (5.6.19). The Hilbert
spaces and their canonical bases are determined by the function « up to the normalisation
of the individual basis vectors (B.4), and the representation of Al(o*h)ys
normalisation of the individual basis vectors, determined by N, is of limited consequence.

is so ‘large’ that the

In particular, the representation of .Aé*h)ys on any Hilbert space with dimension ng < oo

is isomorphic to the complex ng x ng matrix algebra, independently of N.

Note that the images of any two rigging maps (5.6.19) have trivial intersection in P

The ‘total’ RAQ Hilbert space decomposes as a direct sum of orthogonal spaces

Hobys = | €D Hye @< . 5{§in> . (5.6.20)

p odd p even, e

) L P 3 pe
bhys Vectors in FC, o (resp. J() () are

. . D DE . . . . P
transformed into vectors in J(, (J—Cphys) in an irreducible way. This means that H,

and J—Cg;ys can be regarded as exhaustive superselection sectors in H there are no

further superselection sectors.

In view of Theorem 5.6.2, under the action of A

tot
phys?

Under the assumption of N and « smooth functions, we wish to relate these quan-
tum theories to the renormalised group averaging formula (5.6.14), which under the

assumption (ii’) takes the form

sin[LR, ()]

n(f)lg] = Lllnéopr) > /Oo dz f5(z)gn(z) TR (5.6.21)
n€Z Y~ n

Note that the integral over = in (5.6.21) is well defined because the zeroes of the denom-

inator are isolated and the integrand does not diverge at them. However, as L — o0
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each term in the sum of (5.6.21)

—0o0

I(L) == (5.6.22)

diverges. The viability to extract from (5.6.21) a genuine rigging map relies on the
possibility to ‘nicely’ isolate the divergent terms coming from J(L) := > ., I,(L) as

L — oo. The major contribution to the divergence is seeded at the zeroes of R,,.

Suppose first that P = {1}. Then all zeroes of R,, are of order p = 1. The lemmas of
Appendix C then show that (5.6.21) is well defined and equals 71 (f)[g] provided p(L) has
been chosen as 27 and the assumptions on N are modestly strengthened, in particular

to preclude any R, from taking a constant value on any interval.

Suppose then that P # {1} and we again set p(L) = 2m. Suppose further that the
assumptions on N are again modestly strengthened so that the conditions of Appendix

C hold, and suppose that condition (iii) above is strengthened to the following:
(iii’) If p € P, then P contains no factors of p.

Lemmas of Appendix C then show that (5.6.21) contains contributions that diverge in
the L — oo limit; however, these divergences come in well-defined inverse fractional
powers of L such that the coefficient of each L*~1/? is proportional to np(f)[g] for odd
p and to 1p,1(f)[g] 4 mp,~1(f)[g] for even p.

When P = {1}, we may hence regard the rigging map 7, as arising from (5.6.21)
with only minor strengthening of our technical assumptions. When P # {1}, we may
regard the rigging maps 7, and 7,1 + 7, 1 as arising from (5.6.21) by peeling off and
appropriately renormalising the various divergent contributions, but only after strength-
ening the assumptions so that some generality is lost, and even then the two signs of €

are recovered only in a fixed linear combination but not individually.
Remarks

1. Another, qualitatively different self-adjointness domains for g/b\c are
D = {8t € Te | (-, 2) € ac(0, 2m) amd (0, +a) = > p(2m, ), Ve }
which are excluded by our second assumption written down after Eq. (5.6.5b).

2. It may be possible to find assumptions that interpolate between those in sec-
tions 5.6.3 and 5.6.4, allowing both a superselection sector that comes from integer—

valued intervals of a and superselection sectors that come from isolated zeroes of «.
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In formula (5.6.15), the task would be to provide a peeling argument in the L—
dependence of the second term, that is, one would need to supply an analysis of
the 1/L expansion that can provide the algebraic properties of the coefficients from
which possibly different rigging maps could be obtained. In the observable analysis
of Appendix A, the task would be to provide a similar argument in the small |s|

behaviour of the integrands in (A.3b).

3. Our quantum theories arise from the integer value set of «, as established in the
assumption (ii) or (ii’). Neither the averaging formulas nor the observable ana-
lysis of Appendix A suggest ways to proceed when « takes no integer values, no
zeroes of R, do exist. In (5.6.21), the challenge would be to recover, from the
oscillatory L—dependence, a map that satisfies the positivity condition (4.1.7¢).
A similar oscillatory dependence on A offers the same challenge in the observable

formula (A.2). A



CHAPTER 0

Constraint Rescaling in Refined Algebraic Quantisation:

Two Momentum Constraints

Can anything be sadder than work left unfinished? Yes,

work never bequn.

— Christina G. Rossetti

In the previous chapter a system with a single constraint was considered through-
out, gauge transformations formed an abelian Lie group before and after the constraint
rescaling. This chapter is devoted to mentioning some of the quantum obstacles, at
the levels of BRST and RAQ), found after the rescaling of two constraints. The two—
constrained system under consideration is an extension of the single—constrained system
introduced in the Sect. 5.1. The original phase space T*Q corresponds to T*R? with
points labelled by (6, ¢, z, ps, Dy, P ), the unscaled constraints are vy := pg and y2 := p,,.
For completeness, we develop the BRST analysis of this system. The group averaging
formula is derived form the canonical BRST—quantisation, we implement this expression

as a mathematical precise rigging map in RAQ.

The constraints v; and =9 are rescaled by real-valued, positive definite, and well
behaved scaling functions M (6, ¢, z) and N (6, , ), respectively. In the most general
case, the rescaled—constrained system exhibits an open gauge algebra. The canonical
BRST—quantisation of the rescaled constraints is performed. The quantum states that

are found to fulfil BRST and zero ghost number conditions are the trivial BRST invariant

122
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physical states. Using a specific anti-hermitian gauge fixing operator, we construct the
regularised inner product (4.2.21). The intricate structure of the final expression for the
regularised inner product does not lead to a simple integral in the ghost-momenta. Only
in cases where the structure functions are gauge invariant a ghost—free expression can
be explicitly obtained; this includes the cases where the structure functions are constant

everywhere.

To gain some control over the infinite number of possible algebras obtained by rescal-
ing the constraints v,, we use a specific parameterised family of real-valued scaling func-
tions. Depending on the values taken by the parameters, either the original abelian gauge
algebra: (1) is maintained, or, (2) corresponds to the algebra of a nonunimodular group
with gauge invariant structure functions, or, (3) is a full open algebra, the structure

functions depending on all the configuration variables, gauge and non-gauge invariant.

The RAQ of cases (1) and (2) are analysed in full. We map each of them to the case
where the scaling functions are the identity function, recovering then the physical Hilbert
space of the unscaled constrained system. In particular the resolution of (2) signifies the
first example known to the author where a constrained system with structure functions
is handled by RAQ. Our results for case (3) remain incomplete, although we have a
formal expression for the ‘group averaging ansatz’ coming from the BRST regularised

inner product, this still includes the ghost-momenta variables.

6.1 Two momentum constraints system

In this section we briefly comment on a generalisation of the system introduced in
Sect. 5.1 to the case where two trivial momentum constraints are present. The con-
figuration space of the system is Q = R3 = {(6, ¢, ¥)}, whereas the corresponding phase
space is T*Q = T*R?® = {(0,¢,2,pg, py, pz)} ~ RO The following two trivial con-

straints are considered

M i=py =0, (6.1.1a)
Y2 i=py~0. (6.1.1b)

The corresponding gauge algebra is abelian

{11,721 =0. (6.1.2)

So two independent translational gauge symmetries, one along the §—direction and the
other along the (p—direction, are present. The gauge orbits on the surface constraint

I':={(0,¢,2,0,0,p;)} ~ R* are bi-dimensional planes parallel to the - plane. The
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vector fields Y7 := 0y and Y3 := J, are complete on the configuration space R3. The
inclusion of a true Hamiltonian would be straightforward: any H independent of the

variables 6 and ¢ is gauge invariant.

6.1.1 Canonical BRST analysis

We wish to construct the super phase space T5Q x {(n,P)}. Points in this manifold
are labelled by (0, ¢, z, A%, C% Cq,Pg, Py, Pz Tas Pas p*), With a = 1,2. The notation and
conventions of Sect. 3.4.1 will be used. The non—trivial part of the symplectic structure

on the super phase space reads

{0,ps} =1, {epo} =1, Ax,p}=1, {N",m} =0,

o o ) (6.1.3)
{C 7:0b} = _(5b ) {Cllvp } = _5b .

The pair of fermionic variables (C?, p,) are associated to the constraints (6.1.1), while
(Cy, p*) are associated to the nonminimal sector of constraints 7, ~ 0. Together 7, and

7, form an abelian first—class set of constraints.

The nonminimal BRST generator and the ghost number function are

Q = ppC* + p,C? —ipm, (6.1.4a)
G =1i(Cq4+ p*Cl) . (6.1.4b)

Both functions can be built from the basic canonical variables in the super phase space,
then we let those to span the subspace .#grst. Each element in .#grgr is an elementary

classical variable.

Quantum mechanically, the abstract (free associative) algebra of quantum operators
Baux is constructed from the basic operators once the graded commutation relations,
which are in correspondence with ¢ times the super—PBs (6.1.3), have been input. The

reality conditions of points in the super manifold are

¢ =q, (A")* = Ao, (cH*=c*, Cr=Cr, (6.1.5a)

p* =P, g = Ta ﬁ; = —Pq p; = —pPa - (615b)

where ¢ and p collectively denote coordinates (6, ¢, ) and momenta (pg, p,, ps), respec-
tively. The algebra Béﬁ)x is built from the inclusion of the corresponding x—relations. All
bosonic variables, together with ghosts and antighosts, are meant to be hermitian, while

fermionic momenta p® and p, are anti-hermitian.

The representation of the basic operators on some vector space Vggrgsr is the next step

in the canonical BRST—quantisation. We choose as before the Schrodinger representation
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in which the wave functions depend on the bosonic coordinates (¢, A%) and the fermionic
momenta (pg, p*). In this representation, any BRST wave function can be expanded as

a polynomial in the ghost—-momenta

_ a _ . _ abl
(g, A\ 0, p) = 0(q, A) + (g, \) Pa + 3T (q, \) pap + ST pupp
+5004(0,2) pap’p” + Wala, ) p* + 5V (4, A) p0°
+Wi3(q, ) prp2 p'p” - (6.1.6)

with the coefficients being complex—valued functions. The action of the fundamental

operators reads

qVv :=qV¥ , PV = —ia—q , (6.1.7a)
~ ov
A= )\ T W i= —1—— 6.1.7b
) B "o (6:1.75)
~ ot ~
C'V = —j— Po V=PV, 6.1.7c
. ( )
2 o'v .
CoVi=—i—, Pl = p* U | (6.1.7d)
dp

where p denotes the momentum operators pg, p, and p,. The superscript ¢ on the
fermionic derivative stands for left derivative. This choice is compatible with the basic

graded commutation relations

0.00) =i, [BPo) =i, [@bel=1i, [\%7]=id}, (6.1.8a)
[C’\a7b_\b] = _261? ) [C’bvp ] = —Zég : (618b)

The sesquilinear form that we introduce to realise x—relations as hermitian ones is

the following:
(12[17 T)%RST = C/d2AdSCId2pd2p \Ij*(CL )\7167 p)T(Q7 )\7 Ps p) ’ (619)

with ¢ a nonzero constant which in general takes complex values, d?\ = dA'd\2, d3¢ =
dddpdz and d%2pd?p = dpedpy dp?dp!. The integrals over fermionic variables are dif-
ferent from zero when the integrand contains linearly all the fermionic momenta, that
is,

/dzp 4?5 f(q,\) p1p2p"p* = fla, A) . (6.1.10)

Independently of the value of ¢, the sesquilinear form (6.1.9) shares some properties
with its lower dimension version (5.1.11). First, it is compatible with the x—relations

in the sense that all basic operators (6.1.7) become hermitian with the exception of
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the fermionic momenta which are realised anti—-hermitian. Second, the nilpotent BRST

operator and the ghost number operator.

Q:=ppC'+p,C%—ip°7, (6.1.11)
G = i(pCo—p"Ch) | (6.1.12)

are hermitian and anti-hermitian respectively. Third, the product (-,-)5rgr between
physical states depends on the states only through a gauge—equivalent class (4.2.13) as
it follows from the hermiticity of Q. And finally, trivial ghost—free BRST physical states

Uhnys = (@) . Tpnys = X(a) (6.1.13)

have ill-defined inner product (-,-)grer-

So far, most of the BRST analysis done for the single-constrained system (Sect. 5.1.1)
has been trivially extended for the case of two—constrained system. However, the nature
of ¢ in order to make the sesquilinear form (6.1.9) hermitian changes: If ¢ is real, ¢ = «,
hermiticity is implied'; if, however, ¢ is purely imaginary, ¢ = ic, the sesquilinear form
becomes skew—hermitian. In this system we opt for ¢ = —1 and suppress the superscript
¢ from (6.1.9). This choice will link the regularised inner product (4.2.21) to the structure

of the group averaging formula when 79 is fixed appropriately.

~

It follows that
z[ﬁ, 0] = iA'Dy +iA?p, + p?pa when it acts on general BRST states (6.1.6). Then, after

We choose the anti-hermitian gauge fixing fermion to be ip = —\@ o

an elementary integration over the fermionic momenta. The Eq. (4.2.21) becomes

(Whhys> Tonys) hrsr = / d*Ad*q 9™ (q) [exp (iA' Do + iA*D,)x] (q) - (6.1.14)

This formula resembles the structure of the averaging formula over the gauge group
provided the operator exp(iA'pp + iA?p,) and the A-integrations can be appropriately
defined. The task of the following section is to provide the required auxiliary structures

in order to interpret (6.1.14) as the group averaging into the RAQ scheme.

6.1.2 Refined algebraic quantisation

Guided by Sect. 5.1.2 we wish to recognise the states in the expression (6.1.14) as genuine

elements of some dense subspace of some auxiliary Hilbert space, and provide a precise

!This is a consequence of the identity

/d2pd25 Y = (/dede T*\Il) ,

that holds for any two general BRST states of the form (6.1.6) (see also footnote 1 in page 101).
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definition of the involved unitary operator. We choose Hauy 1= L3(IR3,d%q) endowed

with the positive definite auxiliary inner product

e = [ a0 @) (61.15)

The basic quantum operators ¢ (which denotes 5, © and Z) and p (which denotes py,
P, and p,) act by multiplication and differentiation, respectively (cf. Egs. (6.1.7a)).
All of them, 41 and 73 obviously included, become essentially self-adjoint on the dense
subspace C§°(IR3) of infinitely differentiable functions of compact support. We choose
® = C§°(R?) as the dense subspace required by RAQ. Therefore

U(\%) := exp (iA"9,) (6.1.16)

becomes a unitary operator for each A € R. The action of U (A*) on f € ®is

(TANF) (O, 0,2) = FO+ A, o+ N, 2) (6.1.17)

so that the group of gauge transformations {17 (A"): A* € R, a = 1,2} is isomorphic to
R2. The group averaging formula, cf. Eq. (6.1.14), reads as

(f,9) o 1= / 2xdq 1*(q) [T ()] (a) - (6.1.18)

Straightforward generalisations of the arguments given in Sect. 5.1.2 about (5.1.24)

yield that the mapping

aux

Wl = (Fo) o= [ X (£.T0)
:/ d*Nd3q £*(0, 0, 7) g(0 + A\ o + A%, 2) (6.1.19)
RS

is a rigging map. Any 7(f) in the momentum space becomes

n(f) = @n)? /R ke 5(h) (k) F* (b by ) (6.1.20)

so, the physical inner product defined by (4.1.9) takes the form

(1(9):1(f)) raq = ()9l = (27T)2/]Rdx £7(0,0,2)§(0,0,) , (6.1.21)

which is a non—trivial, hermitian, positive definite bilinear form. The Hilbert space Hppys
is constructed by the Cauchy completion Im(n). The averaging procedure projects out
the gauge dependence of the wave functions, leaving us with the physical Hilbert space

Hpnys = LA(R, dz).
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6.2 Rescaled momentum constraints
We begin considering the following rescaling of the constraints (6.1.1):

¢1 = M(67 %x)Pe ~0 ) (621&)
P2 1= N(Ga (,0,.117) Py =~ 0, (621b)

which is only a particular case of (4.1.23). In order not to change the constraint surface
I" defined by the original constraints (6.1.1), the scaling functions M and N are assumed
to be real-valued, nonvanishing, smooth functions on the configuration space. These
guarantees that the set of constraints (6.2.1) is regular and irreducible in the sense
described in Sect. 2.2. The associated vector fields X; = M(0,¢,z) 0y and Xo :=
N(8,p,x) 0, are then linearly independent at each point of the constraint surface. Again
depending on the nature of the scaling functions, the vector fields X, may or may not be

complete on the phase space. Both scaling functions are assumed to be positive definite.

In contrast to the algebra (6.1.2), we have for the anholonomic basis (6.2.1) structure

functions appearing on the RHS of their PBs

{¢aa QZ)b} = fabc(Q)d)C ) (CL = 17 2) s (622)
given by
1 =0= fn", (6.2.3a)
fiat = N(@,In M) , (6.2.3b)
f12> = —=M(9pInN) . (6.2.3¢c)

This kind of rescaling is a prototype of the way one can turn a closed gauge algebra, in
this case an abelian one, into an open algebra by rescaling each constraint with some
nonzero function. These class of rescalings are not harmful at the classical level. The
Dirac observables of the theory are still functions on the reduced phase space I'yoq =
{(z,pz)} ~ R2. In the following subsection we give a specific family of scaling functions
which covers the spectrum of possibilities in the general rescaling of two momentum

constraint with functions on the configuration space.

Rescaling constraints is not the only way in which one can produce open algebras
from closed ones; for instance, from a set of reducible constraints whose PBs close with
structure constants, one can extract a linearly independent subset of gauge generators

whose PBs close with nonconstant structure functions [66].
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6.2.1 Rescaling two momentum constraints: A family of scaling functions

We now make a particular choice of the scaling functions M and N. Let M and N be

f(x)e™% and g(x)e?, respectively, so that the relations (6.2.1) are reduced to

¢1 = f(z)e™¥py =0, (6.2.4a)
¢ = g(z)e™’p, ~ 0, (6.2.4b)

with x, real-valued parameters. The nonzero structure functions in the algebra of these

specific constraints are

fr2' = k1 g(x)e™? (6.2.5a)
fr2® = —ka fx)e? (6.2.5b)

from which one can read the following interesting limits:

(1) Let f(x) = fo, g(x) = go for all z € R, with fy and go real constants. Under these

conditions we further analyse:

(la) [Structure functions on the gauge variables only]. Case k1 # 0, k2 # 0.
One obtains a set of first—class constraints where the structure functions of

their algebra only depend on the gauge degrees of freedom 6 and .

(1b) [Constant structure functions|. Case either k1 or kg vanishes. A closed
gauge algebra is obtained. For instance, if ko = 0 and k1 = k # 0, only one

structure function is different from zero taking a constant value, namely

fi2' =kgo . (6.2.6)

The gauge algebra {¢1,d2} = Kgo¢1 turns out to be isomorphic to the Lie
algebra of a triangular subgroup of GL(2,R), a nonunimodular Lie group (see

Sect. 6.3.2 below and Appendix E).

(1c) [Constant scaling functions]. Case k1 = 0 = k2. This corresponds to the
trivial case of abelian constraints py and p,, rescaled by the constants fp and

go, respectively. Then the structure functions vanish everywhere.

(2) Let f(x) and g(x) be general nonvanishing smooth functions. Under these condi-

tions we further analyse:

(2a) [Structure functions on the whole configuration space]. Case k; #
0, k2 # 0. This is the full case. The structure functions depend on all

configuration variables, Eq. (6.2.5).
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(2b) [Gauge invariant structure functions]. Case either 1 or ko vanishes. In
this case the structure functions are gauge invariant, that is, they only depend
on the physical degree of freedom x. For example, if ko = 0 and k1 = Kk # 0,

the only nonzero (z—dependent) structure function is
fi2' = kg(z) . (6.2.7)

The open algebra {¢1, ¢2} = kg(x)p1 reduces to the case (1b) at each point
2. Then the interpretation of the gauge group in this case is immediate: At
a point zg, the gauge group is the nonunimodular group of (1b) generated by

the constraints ¢; and ¢9 evaluated at xy (see Appendix E).

(2c) [Gauge invariant scaling functions]. Case k; = 0 = k2. This corresponds
to the case of rescaling the trivial abelian constraints pg ~ 0 and p, ~ 0 with
the nonvanishing functions f(z) and g(z) respectively. Such rescalings do not

change the abelian nature of the original abelian constraints

{61, 02} = 0= {71,7} .

6.2.2 Canonical BRST analysis

In the present section we perform the canonical BRST analysis of the system of con-
straints (6.2.1). In the quantum mechanical analysis we leave the issues of operator

domains for later.

The super phase space, where the constraints (6.2.1) are defined, has already been
described in Sect. 6.1.1. The symplectic 2—form is given by (6.1.3). The nonminimal
sector of constraints, m, ~ 0, added to elevate the Lagrange multipliers as degrees of
freedom, is not affected by the rescaling of constraints (6.2.1). According to the general
discussion in Chap. 3, the BRST generator associated to the system of constraints (6.2.1)
has the form

Q=Qmn _jpr, (6.2.8)

with Q™" the BRST generator constructed from the minimal sector of constraints,

¢q ~ 0; namely,
Q™™ = M(q)po C" + N(q) po C* + 3 far*(q) C*C*p . (6.2.9)

The BRST generator in this case has to be of rank 1. Indeed, since the Latin indices take
only two different values, 1 and 2, we have that the second (or higher) order structure

(n)
functions U[ [bl"'b"](q), n > 2, vanish. Only the constraints ¢, on the original

a1a2...0n+1]

phase space determine the rank of the set of constraints in the BRST sense. The ad
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hoc introduced constraints 7, =~ 0 are abelian and have vanishing PB with the minimal

sector of constraints.

If more than two constraints were present, the possibility of having higher order
structure functions in the BRST generator is authentic; however, the following theorem
precludes the associated BRST generator to have them, provided the constraints are all

linear in momenta.

Theorem 6.2.1 Let (¢, p;) be a representative point on a phase space on which a set of
reqular and irreducible constraints, linear in momenta, are defined. Then, the classical

minimal BRST charge Q™™ can be taken to be linear in the momenta (p;, pa)-

We place some comments here. First, a generalisation of this theorem, to cases where
reducible linear-momentum constraints take place, can be found as Proposition 1 in
Ref. [194], its proof can easily be specialised to prove the validity of the Theorem 6.2.1.
Second, within © the momenta (m,, p*) of the nonminimal sector enter as in the gen-
eral expression (3.4.21). Third, it is remarkable that even when the gauge algebra of
constraints may contain structure functions of configuration variables, the cumbersome
BRST generator (3.4.14) can be truncated to include the zero and first order structure

functions only without losing any gauge information”.

So, although we continue our analysis for the system of constraints (6.2.1), most
of our results in this section can be generalised to more than two constraints linear in

momenta.

The starting point in the canonical BRST—quantisation of the above systems, is to
choose the elementary classical variables and then promote them into quantum operators
that fulfil the basic (graded) commutation relations. These steps are achieved using the
same choices as in Sect. 6.1.1. The sesquilinear form (6.1.9), with ¢ = —1, will be the
way we pair any two BRST general states (6.1.6). The basic hermitian operators act on
BRST states as in (6.1.7). With these ingredients we have set the arena where we wish

a nilpotent and hermitian quantum version of the BRST generator (6.2.9) acts on.

One can readily see that, in contrast to the one-rescaled—constraint system, various
terms in © involve non—trivial ordering issues. The purely bosonic (}51 and 52 are specified
by the symmetric operators

b1 = —i(M(q)d + 1(3M)) , (6.2.10a)
¢z := —i(N(q)d, + 3(9,N)) . (6.2.10b)

2 An example with physical content where nonconstant structure functions appear in the algebra, and
still its BRST generator is of rank 1 is that of general relativity in four dimensions when expressed in
Ashtekar variables [195].
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Those terms which contain structure functions possess ordering problems arising from
the ghost and ghost—momenta graded commutation relations (6.1.8b). Their resolution
can be written in two different, but equivalent, ways depending on the position of the

fermionic momenta, these are

Or = O (G + 3fu(@)) + $fu(a) O* C b, — iFup" | (6.2.11a)
Q= (6 — 5ur’(@) O + § fus(4) . C* O — 5" 7o (6.2.11b)
Both are hermitian in the sesquilinear form (6.1.9) and nilpotent. The BRST operator
written as () Rr (resp. O 1) corresponds to the ordering where the fermionic momenta
appear at the right (left) of the fermionic coordinates, that is, QR (resp. QL) is in a
(Cp,Cp)- ((pC, pC)-) ordering. The term —{—%fabb co (resp.—%fabb C%) in Qg (Qr)
comes from reordering of ghost degrees of freedom. All these ambiguities are of order i
(set equal to one here). In the limit & — 0, ¢A51 and q/b\g go over into M (q)pg and N (q)p,,
respectively, and the BRST operator written in either 0 R Or 0 1, form collapses into €2,
possessing hence the right classical limit. Note that in the case of unimodular behaviour
in the gauge group (fu"(¢) = 0), the order ambiguity introduced by the ghosts does not

have any impact in the term linear in O within the BRST operator.

We now define the following non-hermitian operators:

3! = b+ %fab” : (6.2.122)
o~
o =0a— 5l (6.2.12b)

which, as can be seen by direct calculation, fulfil the algebra

(64, 04] =i fu'(q) D , (6.2.13a)
[ g? g]:ialc/fabc(Q)- (6.2.13b)

These commutators guarantee (AZ%% =0= ﬁ% In the BRST formalism, (AZR and I are
anomaly free; whereas, in a Dirac-type quantisation only (6.2.12b) is considered to be
anomaly free and therefore a good candidate to quantum mechanically represent the
constraints in such formalism, especially if we decide not to use self-adjoint constraint
operators. There is a Lie algebra morphism between ¢, and $;, cf. Eq. (6.2.2) and
Eq. (6.2.13a). The absence of anomaly in the algebra of the constraints ¢ ! follows from
the ghost contribution to the naive $a~ On these grounds, Dirac condition on physical

states reads

Py =0 & Gal) =l (62.14)

In the canonical BRST quantum approach, physical states must be zero ghost num-

bered BRST invariant states. Trivial zero ghost numbered states are for example of the
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form (6.1.13). Considering QR as the physical state selector, QR\IJ = 0, we have that all
functions 1(q) that obey

Butbla) =~ fa" V(@) (62.15)

are physical states, where their independence of the Lagrange multipliers comes from
the nonminimal sector of the BRST operator. Thus, in the (Cp, Cp)—ordering Dirac
states are recovered. However, these are not the only solutions to the physical conditions
Q rU =0= GU. Consistently employing the graded commutation relations between the

basic operators, the BRST operator 0 R can also be written as
Qr= ¢, C% — f12'(q) C' p, C? — f122(q) C? 5, C' — imp™ . (6.2.16)

Then it also accepts physical states (6.1.13). These states, are naturally solutions to
Q LV =0 and GU =0 simultaneously. In these states we focus our attention from now

O11l.

The sesquilinear form (6.1.9) between physical states \Ilghys = 19(q) needs to be
regularised. The regularised inner product (4.2.21) is introduced with the anti-hermitian
gauge fixing operator ip := —\a P, that mixes the minimal sector with the nonminimal

one. By direct calculation it can be proved that on general BRST states (6.1.6) one has
i[QR, 0] = iX* 0" — iugC* + p%, = i[Q1,0] , (6.2.17)

where g == f Ap,..

For the regularised inner product (4.2.21) it is significant to provide an explicit for-
mula for the exponential of the operator (6.2.17) as it acts on trivial BRST physical
states. Afterwards, in RAQ we wish to use

0 0 0 o 0 i[Q,8] v~ 0
(\Ilphysa T phys) BRST <\Ilphys’ € T phys BRST

o / EAdBqd2pd%p o7 (q)[exp (1[0 0])x] () (6:2.18)

as an ansatz to construct a physical inner product; however, in order to interpret (6.2.18)
as a group averaging formula, the fermionic variables need to be integrated out. For the
cases where the structure functions are gauge invariant, the corresponding formula takes

a simple form as we show in the next subsection.
Remarks

1. As it was mentioned, there is a canonical relation between the classical set of

constraints {v,} and its rescaled counterpart {¢,} in the super phase space. One
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can show that

=0, o=¢p, =2, N:=)\, (6.2.19a)

phi=p", C'l:=M(g)C, C'*=N(q)C?, (6.2.19b)
ph=po — (OpIn M) C* p; — (9gIn N)C? py , (6.2.19¢)
P, :=pp — (0, In M) C" p) — (0,InN)C? py , (6.2.19d)
Pl i=py — (0 InM)C* p; — (8, InN)C? py , (6.2.19¢)
o=, Ch:=0C,, (6.2.19f)
= p, ph=-—p (6.2.19g)
P1 - M(Q) P1, P2- N(q) P2 L.

is a canonical transformation which takes the BRST generator ' = pj, C"! +p,C" 2_
ip'*mg, proper of the abelian system of constraints {pj, p,}, into (6.2.8) with  min

given by (6.2.9). A

6.2.3 Regularised inner product and gauge invariant structure functions

In this section we analyse the regularised BRST inner product for cases where the struc-
ture functions only depend on the true degree of freedom z. The cases of structure

constants are trivially contained in this analysis.

Under the assumption that f ;¢ only depends on z, from Appendix D in particular

Eq. (D.12), we have that on trivial BRST physical states

exp ([, 2]) 1 = exp <pa(€_u‘1)ab o+ w”z) v, (6.2.20)

where the 2 x 2 matrix u explicitly reads

142 1y1
u= <::212; ?2;) . (6.2.21)
21 12

Using (6.2.20) and solving the Gaussian integral in the Grassmann variables, the regu-

larised BRST inner product (6.2.18) is reduced to

(‘I'ghysaT%hys)i;RST = /d2)\ d3q det [I[—ue“} det 1/2 [€"] ¢*(q)[exp (iAaaa)X] (q) -
(6.2.22)

The matrix u defined in (6.2.21) vanishes if the the gauge group shows unimodular
behaviour, that is, fabb(q) = 0 with a,b = 1,2. In this limit, the determinants in the
integrand become the identity. The structure of the regularised BRST inner product
coincides with the group averaging formula of a unimodular group provided that the

exponential of the constraint operators can be properly interpreted as unitary operator
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on some auxiliary Hilbert space and that, simultaneously, the integrals over the Lagrange

multipliers converge in some sense.

The factor det /2 [¢"] in the measure of (6.2.22) follows from the use of the well-

known matrix identity
det(exp(A)) = exp(tr (4)) , (6.2.23)

applied to the inhomogeneous term in QAS " (6.2.12b); this manipulation produces that
only the symmetric operators aa (6.2.10) stands inside the exponential. In the case of
structure constants in the gauge algebra the factor det 1/2 [e"] coincides with the square
root of the modular function A(g) = det(Ad,). This factor turns the ‘left-invariant

measure’, written in the adjoint representation of the group [189]
]]_ __ p,—u
|71(a)| := det [e] , (6.2.24)
u

into the symmetric measure (cf. Eq. (4.1.16))
u/2 _ _—u/2
‘ , e e
ldo(w)| := AY?(g)| ji(w)| = det [u] . (6.2.25)

The change A\* — —\% gives an alternative BRST regularised sesquilinear form;

namely
e —1 ~
(\Pghys, T%hys)iRST = /d2)\ d3q det [ ] det _1/2[(3“] ¥*(q) [exp ( — i)\aqba)x] (q).
(6.2.26)
The ‘right-invariant measure’ emerges this time
()] = det [eu; ﬂ , (6.2.27)

but it is compensated by the factor caused by fabb # 0 which yields det =%/ 2[eY], that is,
A~1/2(g), so that the symmetric measure is recovered (cf. Eq. (4.1.16))

eu/2 _ e—u/2
Go(w)] :== AV2(g)] jr(w)| = det [u] - (6.2.28)

We end this section with some comments. First, formulae (6.2.22) and (6.2.26) are
formally valid for nonconstant gauge invariant structure functions, which imply a gauge
invariant measure. Second, in general, the inverse matrix of u may not exist, so we
interpret 1/u or u~! as in Eq. (D.13). Third, the Eq. (6.2.22) shows that when the
structure functions are constant, the regularised BRST inner product suitably reduces
to the averaging over a Lie group in the measure adopted in Sect. 4.1.3 based on [96].

Fourth, to recover a full quantum theory, an averaging formula is not enough and it
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has to be supplemented with auxiliary additional structures: auxiliary Hilbert space,
dense test space, dense definitions for the constraint operators, rigorous definition for
the unitary action of the group, and a sense in which the averaging converges. These

issues are generally delicate.

6.3 Refined algebraic quantisation: Artificial structure functions

In this section we sketch the RAQ of models with artificial structure functions intro-
duced in Sect. 6.2.1. The auxiliary Hilbert space in the quantisation will be H,ux =
L?(R3,dfdpdz) with the usual inner product

e = [ 0 @x(a) (6:31)

where d3¢ represents the Lebesgue measure dfdpdz and q represents (6, ¢, z) together.

6.3.1 Gauge invariant scaling functions

Here, we will deal with scaling functions that only depend on the physical degree of free-
dom z as in the case of (2¢) analysed in Sect. 6.2.1. The case of scaling constant functions,
item (1lc) in the same section, is trivially covered. In general, rescaling constraints by
functions that only depend on true degrees of freedom (gauge invariant quantities) does
not change the structure of an originally abelian algebra, and it turns closed gauge al-
gebras into algebras with structure functions depending at most on the gauge invariant

quantities.

Constraints in the case (2c) are

¢1:=f(x)pg ~ 0, (6.3.2a)
¢2 :=g(x)p, ~ 0, (6.3.2b)

where f and g are nonvanishing, smooth, and real-functions.

In the quantum theory, the basic quantum operators g act by multiplication and the
momentum operators p := —id, act by derivation on elements in JHuux. All of them
become self-adjoint on the dense subspace C§°(IR?). The construction of the constraint

operators presents no ordering difficulties,

1 :=f(z)py , (6.3.32)
b2 :=g(x)P, , (6.3.3b)
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and become self-adjoint on the dense linear subspace C° (R?) of all compact supported
smooth functions on R3. The unitary action of the group is then (c¢f. Eq. (5.6.9) and
footnote 6 in page 114)

(T (0, 0, 2) = (0 + F)A, @ + g(2)A%, ) (6.3.4)
which shows that U takes elements from Cs°(R?) onto C5°(R3).

In this case, the group averaging formula reads

G = [ (0000) - (6.35)

aux

~

From (6.3.4), the multiplication law of the gauge group is U(A*)U(N) = U(A* 4+ X2,
therefore {(7 (A?) : A\* € R} ~ R% We hence take the range of integration in this integral
to be the whole R?. The regularised BRST inner product (6.2.18) indeed acquires the
group averaging structure of (6.3.5) in the case where f,, =0, for all values of a, b and

C.

Once again, it is convenient to map H,ux into f]N-CauX = L?(R3,dOd=dz) via the

Hilbert space isomorphism:
I
$(0,Z,x) = /f()g(x) (O f(x),Eg(x),x) . (6.3.6)

We now translate the group averaging formula (6.3.5) to Uffaux. The Hilbert space Uffaux

is endowed with the positive definite inner product

(J, g)~ - /Rgd@dEda: $(0,E,2)%(O, 5, z) . (6.3.7)

aux
The group averaging sesquilinear form (6.3.5) becomes
(3.%)_ = / ax (3.000%) (6.35)
ga R2 aux

where the action of the gauge group in the new Hilbert space explicitly reads
(ﬁ(xz)sg) (0,2,2) = X(O+ A, 2+ A2, 1) . (6.3.9)

The system has then been mapped to that in which both functions f and g are the
constant function 1. RAQ in Uffaux can hence be carried out as we did in Sect. 6.1.2.
We choose smooth functions of compact support on R? = {(©, =, )} as the linear dense
subspace of test states required by the formalism; on this space, the integral (6.3.8) is well
defined. At the end of the procedure, the averaging projects out all gauge dependence,
(©,Z), from the wave functions and the physical Hilbert space becomes L?(IR,dx). The

generalisation to more constraints linear in momenta which originally are abelian is

obvious.
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6.3.2 Gauge invariant structure functions

In the previous subsection we analyse a system of constraints linear in momenta with
scaling functions that only depend on the true degree of freedom z. This rescaling main-
tained the structure functions equal to zero. In order to obtain nonvanishing structure
functions, the originally abelian constraints need to be modified by scaling functions
that depend also on the gauge degrees of freedom. In Sect. 6.2.1, we modified the con-
straints 77 and 7y (6.1.1) by multiplying them with functions M (60, p, ) := f(x)e™?
and N (0, ¢, z) := g(x)e®?, respectively. The case k1 = k # 0, kg = 0 is considered in

this section,

¢1 :=f(x)e"¥pp = 0, (6.3.10a)

¢2 :==g(w)py, = 0 , (6.3.10b)

whose gauge algebra presents structure functions only depending on the true degree of

freedom x

{d)l, (;52} = f121($)¢1 = Kg($)gf)1 . (6.3.11)

This system of constraints corresponds to the case (2b) of Sect. 6.2.1, but also contains
(1b) as special case. Classically, the set of constraints (6.3.10) is equivalent to the
original set (6.1.1), both generate the same constraint surface and have the same Dirac
observables. The Hamiltonian vector fields of ¢; and ¢9, restricted to the constraint

surface I' = {(6, , 2,0,0,p;)} ~ R*, correspond to

Xﬂ(e = f(x)e" 0y (6.3.12a)

7%07I,pz) )

Each of these vector fields is complete on I' and in particular on the configuration space
Q = {(0,p,2)} ~ R3. Given a starting point ¢° = (Ao, o, o), the curve gl(qo)(t) =
(0o + f(z0)e™t, po, 7o), which is well defined for all ¢+ € R, is an integral curve for X, ;
similarly, with the same starting point the curve gQ(qU)(t) = (0o, po + g(zo)t, xp) is an

integral curve for X .

In the quantum theory, the construction of the constraint operators is based on the
prescription that g acts by multiplication and p by differentiation in the usual way.

Building ¢, hence does not involve any serious ordering issues and read

¢1:= f(x)e"*Pp , (6.3.13a)

¢2 1= g(x)Py - (6.3.13b)
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They obey the quantum algebra of constraints with the structure functions to the left of
o1,
[61,02] = irg(z)o1 - (6.3.14)
These constraint operators become symmetric with respect to the auxiliary inner
product (6.3.1) on the dense subspace of smooth compactly supported functions on R3,
C§°(R?). Using the basic criterion for self-adjointness by Von Neumann, as it was em-
ployed in the previous chapter, it is not difficult to see that each pair of deficiency indices
(n4,n_) associated to each constraint operator Ba is (0,0), the constraint operators are
hence self-adjoint. The norm of the solutions to g/gaw = +141) for each a diverges either

because of the behaviour at 8 — oo or at 0 — —o0.

The algebra of the quantum constraints (6.3.13) exponentiates into a unitary repre-
sentation U , of the group B(2,R) at each point z, on H,yx. This group is a subgroup
of GL(2,IR) and consists of the upper triangular matrices (g;;) such that g;; > 1 and
goo = 1. In the Appendix E we place the basic properties of this gauge group. In the

decomposition (E.4), the group elements are represented by

ﬁ[exp (ﬂTl(:c))] = exp (w&l) (6.3.15a)
U [exp <>;Tg(x)>] = exp <i)\22<$2> (6.3.15D)

where 3 is given by
)\l sinh (%mg(a:))\z)

b $6g(x)A?

The structure of the quantum constraints (6.3.13) imply that each element (6.3.15)

acts on H,ux as follows:
lexp (i861) v (6, 0.2) = w(O + Bf ()", ,) | (6.3.16a)
2 o~
{exp <i)\2¢2> zp} 0, 0,2) = V(0,0 + Ng(x)/2,2) . (6.3.16b)

Hence, in the decomposition (E.4), the action of a general element of B(2,IR) on a wave
function produces a shift in the ¢-direction by A% g(z), see Eq. (6.3.16b), which is
followed by a shift in the #-direction by [f(z)e"?, see Eq. (6.3.16a), and ends with
another shift in the ¢—direction by %)\2 g(z). The final result being

(17 (g)¢) (0,0,2) =9 (0 + Bf(2)e"™, ¢ + Ng(x), z) . (6.3.17)

We now wish to test the ‘group averaging’ ansatz (6.2.22), which allows structure

functions depending on z, for the constraint algebra (6.3.14) and obtain a physical inner
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product. Directly from the symmetric measure (6.2.28), the definition of u (6.2.21), and

the structure functions on the RHS of (6.3.11), a direct calculation shows that

sinh [$\2kg(z)]
3N hg(z)

lolw)| = (6.3.18)

This positive quantity coincides with the symmetric measure dgg independently obtained

in Appendix E; Eq. (E.9).

Therefore the group averaging ansatz reads

sinh [ \2kg(z ~
[axitq ;Eiﬁg@% Lo @)@ (6.3.19)

In order to make sense of this formula we now perform the following isomorphism:

‘{}Caux - gtcau)u
Y P,
{/;(@,E,x) = \/f(a:)g(:c)e’w’w(G)f(x)eW,Eg(a;),x) ) (6.3.20)

The Hilbert space f]ffaux is endowed with the positive definite inner product (6.3.7). The

sesquilinear form (6.3.19) is translated into

inh [1)\2 ~
/d/\ld)\z dod=ds [22 n9(@)) 3*O,2, 1) YO+ B,E+N\%x),  (6.3.21)
3A Kg()
or written in a more familiar way
/dﬁdA2 dOd=dz (0,2, 2) X(0 + 8,2+ A2, z) | (6.3.22)

where the definition of 3, Eq. (E.5), was used. Allowing \® to take values over the whole
real line, we have § € (—o0,00) and the expression (6.3.22) is equivalent to (6.1.19).
Therefore we have undone the rescaling at the quantum level. The system has been

mapped to that in which the scaling functions are the identity.

RAQ in f]ffaux can now be carried out as in Sect. 6.1.2. Choosing smooth functions of
compact support on R? = {(©,Z, )} as the test state space, on which (6.3.22) is well
defined, one can verify that the averaging procedure projects out the gauge dependence

on the wave functions leaving the physical Hilbert space Hppys = L*(R,dx).

6.3.3 Structure functions on full configuration space: Comments

Extension of the results presented in the previous section to the full case (2a), introduced

in Sect. 6.2.1, does not seem immediate. Although the classical scaling functions in (6.2.4)
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will not introduce ordering issues in the construction of the quantum constraints,

o1 ==F(x)e" %Py (6.3.234)
s =g (z)e"2'p,, , (6.3.23D)

and they can actually be achieved in an anomaly—free way

[61,02] = if12"(¢)a , (6.3.24)

with f43°(q) given by (6.2.5), a group averaging ansatz must be provided.

The self-adjointness Von Neumann’s criterion applied to each constraint operator
$a gives the result that each pair of deficiency indices (n4,n_) is (0,0). Therefore, the
constraint operators exponentiate into a unitary operator. No necessity of an asymptotic
analysis of the scaling functions is present, the current scaling functions do not impose
any obstacle in the self-adjointness of constraints. However, a specific measure for the

group averaging formula must be provided.

In the preceding section the corresponding measure was borrowed from the regu-
larised BRST inner product once it was ghost—free. In the full case (2a), the corre-
sponding BRST inner product unwieldy involves the ghost— and antighost-momenta,
cf. Eq. (D.8), and it does not seem to be reduced to a Gaussian integral. The measure to
use for the group averaging formula in this case is not clear. Nevertheless, we emphasise
that while the search for rigging maps in this thesis used the hybrid BRST—group aver-
aging as the starting point, the non—trivial part in showing that a rigging map is actually
recovered was in the action of the quantum gauge transformations on the observables. In
the previous chapter, particularly the Sect. 5.6.4, a direct analysis of these observables
led us in fact to find more rigging maps than those suggested by the group averaging.
Should notions of averaging be difficult to generalise to rescaling with more than one
constraint, it may hence be well sufficient to focus directly on the action of the quantum

gauge transformations on the observables.



CHAPTER [

General Summary and Discussion

In the context of canonical BRST—quantisation and refined algebraic quantisation, in this
dissertation we have dealt with one aspect in the quantisation of constrained systems:
rescaling of first—class constraints by nonconstant functions on the configuration space.
For completeness, in the first chapters we revisited various topics related to the subject.
The standard material of general constrained systems, the BRST classical formalism,
the refined algebraic quantisation scheme and the canonical BRST—quantisation were

reviewed.

We have investigated the effects of rescaling constraints within the canonical BRST—
quantisation and the refined algebraic quantisation procedure. Two different first—class
constrained systems were considered: one with a single-constraint linear in one mo-
mentum, and the other, with two—constraints linear in momenta; both with a reduced
phase space R?. Whereas rescaling first—class constraints does not affect the classical
reduced phase space, and only may change the classification of the gauge algebra, at a
quantum level its influence may be more radical. In the canonical BRST—quantisation,
rescaling constraints may affect the final form of the Marnelius’ regularised BRST inner
product for physical states. In the refined algebraic quantisation approach, rescaling
constraints alters the options one has to find a rigging map by which the constraints are

implemented.

The quantum constraints were implemented by a BRST version of group averaging.

In the study of rescaling a single constraint linear in one momentum, we found that

142
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the regularised BRST inner product can be written down in a ghost—free way. This
allowed us to implement the regularised BRST inner product as a group averaging in the
refined algebraic quantisation scheme. The asymptotic properties of the scaling function
became essential in the construction of a self-adjoint constraint operator, depending on
these properties, we found three qualitatively different cases. In case (i), the rescaled
constraint operator is essentially self adjoint in the auxiliary Hilbert space, and the
quantisation is equivalent to that with no scaling. In case (ii), the rescaled constraint
operator can be symmetrically defined but has no self-adjoint extensions and no quantum
theory is recovered. In case (iii), the rescaled constraint operator admits a family of
self-adjoint extensions, and the choice of the extension to represent the constraint has
significant effect on the quantum theory. In particular, the choice determines whether

the quantum theory has superselection sectors.

Within case (iii), we analysed in full a subfamily of rescalings and self-adjoint ex-
tensions in which the superselection structures turned out to resemble closely that of
Ashtekar-Horowitz—Boulware model [107]. There were however two significant differ-
ences, one conceptual and one technical. Conceptually, the superselection sectors in the
Ashtekar—Horowitz—Boulware model are determined by the classical potential function
in the constraint, while in the system studied in this dissertation the superselection sec-
tors are determined by a quantisation ambiguity that has not counterpart in the classical
system. Technically, in our system it is ‘natural’ to consider a wider family of self-adjoint
extensions than the family of potential functions considered in [107], and we duly found
a wider set of theories. In particular, while all the quantum theories in [107] have finite—
dimensional Hilbert spaces, some of our quantum theories have separable Hilbert spaces,
and some of them can even be realised as genuine Hilbert subspaces of the auxiliary

Hilbert space.

Within those case—(iii) theories that we analysed in full, we found the quantum theory
to be insensitive to the remaining freedom in the scaling function. We in particular
discovered situations where the quantum gauge group is R for generic scaling functions
but reduces to U(1) in the special case of a constant scaling function: yet this difference
between a compact and noncompact gauge group was irrelevant for the quantum theory.
The quantum theory coincided with that which is obtained with the compact gauge group
projection into the U(1)—-invariant subspace of the auxiliary Hilbert space by taking an
average over the U(1) action. The formalism of refined algebraic quantisation is thus

here able to handle seamlessly the transition between a compact and a noncompact gauge
group.

In the generalisation of the aforementioned system to that in which two linear mo-
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mentum constraints are present on the phase space RS, with reduced phase space R?,
general rescaling does convey a change in the classification of the gauge algebra. Rescal-
ing the constraints with non—gauge invariant scaling functions, turned the abelian gauge
algebra into an open gauge algebra when the right choice of scaling functions is done.
In contrast, when gauge invariant scaling functions were the only one used, the abelian

property of the gauge group is maintained.

We provided a specific parameterised family of scaling functions such that, depending
on the values taken by the parameters, the original two—constraints abelian gauge algebra
either (1) is maintained, or (2) it corresponds to a gauge algebra with nonunimodular
behaviour and nonconstant gauge invariant structure functions, or (3) it is a full open
algebra, structure functions depending on all the configuration variables are present.
One advantage of the models is that the chosen family of scaling functions permits the
construction of self-adjoint constraint operators on the auxiliary Hilbert space. Issues on
the asymptotic behaviour of the scaling functions to define self-adjointness of constraints

at a quantum level were out of discussion in this family of toy models.

The canonical BRST—quantisation and the refined algebraic quantisation of case (1)
corresponded to the quantisation of the rescaled constraints with gauge invariant scal-
ing functions. The trivial case of multiplying the original constraints with nonvanishing
constants was hence contained here. We found that the regularised BRST inner prod-
uct indeed acquired the group averaging structure . We implemented it in the refined
algebraic quantisation of the rescaled constrained system as a genuine rigging map. The
structure of the scaling functions did not place any obstacle in the construction of self-
adjoint extensions to represent the constraints, and the quantum theory turned out to
be equivalent to that in which no scaling functions were present at all. The averaging
projected out all gauge dependence of the quantum states, and the physical Hilbert space

coincided with that expected on intuitive grounds.

In case (2), the regularised BRST inner product suggested a group averaging with a
gauge invariant symmetric measure. This averaging was implemented in refined algebraic
quantisation. The rescaled constraint operators were anomaly—free defined in the auxil-
iary Hilbert space as self-adjoint operators. After a specific choice in the factorisation of
the gauge group elements, the rescaling was undone at the level of the group averaging
and the refined algebraic quantisation of the system with the unscaled constraint was
fully recovered. The refined algebraic quantisation of a system with structure functions,
though artificially constructed and gauge invariant, was successfully written down. This
became the first example of its kind known to the author were structure functions are

fully treated in refined algebraic quantisation.
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Within the specific family of rescaled constraints, in the case (3) we faced the most
challenging difficulties. Although one can specify the constraints as self-adjoint operators
on the auxiliary Hilbert space L2(IR3, d3¢) in anomaly-free way, a group averaging ansatz
for the system must be provided. This seems to be rather intricate to obtain from the
regularised BRST inner product as it takes an unwieldy ghost structure that does not
seem to reflect a Gaussian integral in the fermionic momenta. A starting point for future
investigations could be the determination of the convergence properties (if any) of the
formal series (D.8). If this series converges to E(t), it would give an explicit formula for
E (1)x = exp (z[ﬁ, E]) X on trivial zero ghost numbered BRST physical states. Inserting
this formula into the corresponding Marnelius’ regularised inner product (6.2.18) would
provide a candidate for a rigging map if the fermionic variables can be integrated out.
The importance of providing some insight into the open algebra cases where the structure
functions are not gauge invariant, even if artificially constructed, is that this property is

shared by the gauge algebra of general relativity.

The classical formalism of constrained systems, in terms either of the original phase
space or the ghost extended one, can be formally applied to field theories as it stands by:
(i) regarding the index i which labels the discrete degrees of freedom as both a discrete
index %, to numerate the fields, and a continuous index x for all points in space, that
is, i — (i,x); (ii) regarding the index a; or «; that labels constraints as a — (a,x)
or a; — (ay,x); (i) interpreting the ordinary summations over the discrete indices as
summations of the discrete indices and integrations over x; finally, (iv) understanding
the partial derivatives with respect to dynamical variables as functional derivatives with
respect to the fields. The quantum formalism follows for field theories as it stands only
at a heuristic level; for instance, in gauge field theories, subtleties arise when definitions
of the Haar measure of the gauge group and auxiliary Hilbert space are meant to be

given.

The problem of finding a physical inner product in the quantisation of Dirac con-
strained systems has never been solved in full generality. Although the study performed
in this dissertation may be a welcome addition to our knowledge on the subject, it def-
initely makes evident that the formal answer to this issue given by the robust general
BRST methods does not necessarily have mathematical meaning when more rigorous

mathematical treatment is provided in examples that permit it.



APPENDIX A

Intertwining property of the rigging maps

In this Appendix we verify that the rigging maps (5.6.16) and (5.6.19) have the inter-
twining property (4.1.7d). This completes the proof of the Theorem 5.6.1 and the first
item within the Theorem 5.6.2. We follow the method introduced in Appendix B of [107].

To begin, we only assume that R, satisfies condition (i) of Sect. 5.6.3. The fork
between the remaining conditions on « in Sect. 5.6.3 and Sect. 5.6.4 will take place

after (A.3), when also condtion (iii) on the subset P is taken into account.

n ()
Let A € Aphys,

ponents in the decomposition (5.6.7) are respectively f,, and g,. As (75(/\) is uni-

m and n be fixed integers, and f, g € ® such that their only com-

tary and commutes with At on the relevant domain, we have <l?c(—)\) f,ETg) =
C

(f, ﬁc(A)ATg)c - (f,XTﬁC(A)g)C - (Ef, ﬁc()\)g>c. Using (5.6.9) and (5.6.8), the

leftmost and rightmost expressions yield
/dac etfm(@A g () (ETg)m(x) = /dx e Fn(@)A (gf):;(x) gn(z) . (A.1)

We denote the intervals in which R, has no stationary points by I,., where the
second index r enumerates the intervals with given g. We similarly denote the intervals
in which R, is constant by Iqu. We take these intervals to be open and inextendible, and

we understand ‘interval’ to include half-infinite intervals and the full real line.

On the LHS (resp. RHS) of (A.1), we break the integral over x € R into a sum of
integrals over {I,,,} and {I7} ({Inr} and {I,7}). By the assumptions about R,, the

sums contain at most finitely many terms.
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Let R4, be the restriction of R, to Iy, and let Rq}1 be the inverse of R,.. Changing
the integration variable in each I,,, on the LHS to s := R, (x) and in each I, on the

RHS to s := Ry, (z), we obtain

Z/I ~dac (@ (0 (A /dsemsz
_ 2/ dx ean(z)A Af /dS ez)\s Z

where for given s the sum over r on the LHS (resp. RHS) is over those r for which s is

* A’[
T2 0)m g (RZL(S))

|R’ R;rl(s)) ) (A-2>

in the image of Ry, (Ryy)-

We now regard each side of (A.2) as a function of A € R. On each side, the integral
over s is the Fourier transform of an L' function and hence vanishes as |\| — oo by
the Riemann—Lebesgue lemma, whereas the sum over 7 is a finite linear combination of
imaginary exponentials and does not vanish as |A| — oo unless identically zero. A peeling

argument shows that (A.2) breaks into the pair

) [ e pr @) (), (o) = > / dreifn (fo)Z;(rv) gn(@) . (A3a)
/dseMSZ fm ATg /dse”\sz

Suppose now that condition (ii) of Sect 5.6.3 holds. A peeling argument shows that

(R, (s)) . (A.3Db)

IR’

the A—independent component of (A.3a) reads

Moo ()[ATg] = 1o (Af)]g] , (A.4)

where 7)o is defined in (5.6.16). By linearity, (A.4) continues to hold for all f and g
in P. Moo hence has the intertwining property (4.1.7d). This completes the proof of
Theorem 5.6.1.

Suppose then that condition (ii’) of Sect. 5.6.4, holds. Hence only (A.3b) survives,
there are not I intervals. Each side of relation (A.3b) is a Fourier transform of an
—function, hence we have the L! equality

ppIREE (Al (Ror(s) =

. Ry .

(Af); 9n

~1(s .
| (B (9) (A5)

which holds pointwise in s except at the stationary values of R, and R,,. Note the
similarity of this expression with Eq. (B.3) in Appendix B of Ref. [107]. Examination of
the small s behaviour of the expression (A.5), by the technique of Appendix B in [107],
shows that under the property (iii) of the index set P

np(f)[ATg] = np(Af)lg) , (A.6a)
npe(F)[ATg) = npe(Af)[g] (A.6b)



A. Intertwining property of the rigging maps | 148

for all p and e for which the maps 7, and 7y (5.6.19) are defined. By linearity, equations
(A.6) continue to hold for all f and ¢ in ®. Each np and npe hence has the intertwining
property (4.1.7d). This completes the the proof of the first item within the Theorem 5.6.2.



APPENDIX B

(%)

Representation of A s

()
phys

of Sect. 5.6.4. Due to the similarity of the rigging maps 7,

In this appendix we review the fact that A

. . P pe
spaces U’Cphys and U'Cphys

and 7y given in (5.6.19) to those reported in Ref. [107], we base this appendix on the

acts irreducibly on each of the Hilbert

Appendix C of that reference.

The cases of odd and even p are analysed separately.

p

Representation on J-Cphys

Fix an odd p € P. In order not to clutter up the notation, the index p will be suppressed

in most formulas.
We construct the following observables.

Using the notation introduced in the main text, let zp,; and zp,, be two zeroes.
Define the following function from a neighbourhood U,,; of x,,; to a neighbourhood U,

of x,1 by the formula
hnj;mk : Umj — Unk
s k() = E;k} (Emj(x)) (B.1)

where Emj = Ry, | Up; and }Nﬁnk = R, | U, are smooth functions that map their
corresponding domains to a neighbourhood Uy of s = 0. The inverse to each of these

functions is well-defined and denoted by é;ﬁ and é;kl, respectively. The function h,,n
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is well-defined and smooth, and we can choose the domains to be pairwise disjoint and

such that h=L , = R;ﬁ o Enk = hnk;mg-

mjink "
For each xy;, we choose a real-valued smooth function p;; on R such that py;(xy;) =1

and the support of pj; is contained in the domain of hy;,y,; for all z;,;.

We now define on @ the set of operators A\mj;nk (an index p is suppressed here) such
that if f € ®, f(w,z) = S, ell=a@lw f (), then

~

(umgont £) @, 2) 1= =@l (B0 F) () = 6lm=e@ (03 fo (gii(2)

(B.2)
where no sum is implicit. In words, ﬁmjmk takes ), eill—a(a)lw fi(x) and discriminates
from all the modes the nth, e"=*@)w £, (2) then modifies the coefficient by pp(z) fn(z)
(which is nonzero only on U, ), and finally maps the result to a vector whose dependence
on w is elm~@)w and its x—dependence is nonzero only near ., pm;(*) fu(hmjnk(r)).
Since the rightmost expression of (B.2) is nonzero only on U,,; no change in its value
appears if we substitute a(x) by a(hnk,m;(x)) in the exponent.

o~

Apmjnk has the following desirable properties: (a) It leaves invariant the test state
space, cf. Eq. (B.2); (b) a direct calculation shows that Emj;nk commutes with U,(\) on

P, finally, (c) an explicit formula for A\;@ Jink Can be given

A\:nj;nk f = ;{nk;mj f 5 (BS)

from which A’

mjin

mutes with Ug()).

;. is also defined on CT), leaves the test state space invariant, and com-

With this preparation we prove the following proposition:

Proposition B.1 Let V C fJ-C’;hys be a linear subspace invariant under Agl)ys, V #{0}.
Then V = :H:I;Jhys’

Proof. Let v € V, v # 0. Let f € ® be such that np(f) = v. We have f(w,z) =
S etll=a@le £ (2). From (5.6.19a) it follows that there is at least one pair (n, k) such that
fn(znk) # 0. For each m and j such that x,,; exists, we define w™ := A\mj;nk f e P.

It follows that np(wmj ) € V, and from the construction of gmj;nk we see that for every

ged,
mjy _ n m(Tmi) - B4
Comparison of (B.4) and (5.6.19a) shows that the set {n,(w™)} spans %ghys. [ |
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pe

Representation on J-Cphys

Now fix an even p € P, and one of the values for € so that solutions pep,; exist.

No restriction of R,, to a neighbourhood U,,; of Zpem; has an inverse in this case.
However we can give meaning to Ry ;i if we divide the Up,; (resp. Uyy) into two parts:
Ufnj (UL,) and Upnj (UL,), the former lying on the interval I,,; (I,;) at the left of z,,;
(2n;) and the latter contained in the interval I, (I,,) at the right of 2,,; (k). In this
way, we break hy,;.,i into its left and right parts,

hy e Uit — Uil

v hpl (@) = (R T R () (B.5)

where Erln; =Ry | Unll; and ETZL,: =R, | Unl}:7 each one being a well-defined smooth
function with smooth inverse. If ¢ > 0, both R,lnj and Rflk are decreasing functions,
whereas, both R;J and ﬁ;;k are increasing functions. If € < 0, we have the opposite

. olr olr
behaviour of ij and R .

After (B.5) all the arguments go through as for p odd. This completes the proof of
item 2. in the Theorem 5.6.2, and the proof of the theorem itself.



APPENDIX C

Lemmas on asymptotics

We use this appendix to record a pair of lemmas on asymptotics of integrals that occur in
Sect. 5.6.4. With the notation O(u) we mean that v~ 'O(u) remains bounded as u — 0,
o(u) is such that u~to(u) — 0 as u — 0, and o(1) — 0 as u — 0 [196].

Lemma C.1 Let f € C°(R), L >0, pe {1,2,...} and

G, (L) = /_Zdu f(u) Smgj;“p) . (1)
As L — oo,
ZKqu 9(0) L1 q/p+0( l/p) 7 (C.2)
where

VT2 (g+1- p)/pr(qT)
3p—q—1
pa' T (F5=)

Proof. (Sketch) We replace f(u) in (C.1) by its Taylor series about the origin, including

Kpq = (C.3)

terms up to uP~!, at the expense of an error that is O(L*I/p). The terms in the Taylor

series give respectively the terms shown in (C.2) plus an error that is O(Lil). |

Let f € Cg°(R) and R € C*°(R). Let R have at most finitely many zeroes and

at most finitely many stationary points, and let all stationary points of R be of finite
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order. Denote the zeroes of R by x,;, where p € {1,2,...} is the order of the lowest
nonvanishing derivative of R at z,; and j enumerates the zeroes with given p. For L > 0,

let

& sin|LR(x
I(L) ¢=/ dz f(fv)w . (C.4)
Lemma C.2 As L — oo,
I(L) =) Inj(L) +o(1) , (C.5)
PJ
where
! L/p p—1
I;(L) = K,p (W) f2p) L=0/r 4 (]:Z;AquL(plq)/p i O(Lil/p)
(C.6)

and the coefficients Ay,;q can be expressed in terms of derivatives of f and R at x,;.

Proof. (Sketch) Lemma C.1 and the techniques of Section II.3 in [196] show that the
contribution from a sufficiently small neighbourhood of z,; is I,; (C.5). The techniques
in Section I1.3 in [196] further show that the contributions from outside these small

neighbourhoods are o(1). [ |

Note that K19 = 7. This will be used to choose p(L) = 27 in (5.6.21).



APPENDIX D

Calculation of exp (z[ﬁ, o))

This Appendix is devoted to the analysis of exp (Z[Q, @]) when acting on trivial BRST
physical states. For the particular case of gauge invariant structure functions, a tractable
expression is derived. The main tools used in this calculation are variations of those
used in [89] within its Appendix A where a nonunimodular gauge algebra with structure
constants is considered. In our case the calculation involves genuine structure functions

on the configuration space.
From (6.2.17) we formally have
exp (z[ﬁ, 0])¥ = exp (i)\“ 6" — iugC® + paﬁa) U . (D.1)
The following definitions are found useful for our analysis:
A:=p"p,1, B:=—iu,C" (D.2)

with u, given in the main text. So that z[ﬁ, 0] = iA® ng + A+ B. On general BRST

wave functions the following commutators are shown to be satisfied:
[iA“¢" A+ B] = X(0.u%) p, C" (D.3)
[A¢ B] = _ﬁauabpb (D4)
with u? = u%(q,\) = fa*(g)A° and the notation 0, in this Appendix refers to

—iM (q)0p and —iN(q)0, when a =1 and a = 2, respectively . Remember ¢ = (0, ¢, x).

Define the following operator
E(t) == exp (it[Q, 3]) exp (— tB) . (D.5)
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Due to the property éax = 0 on trivial zero ghost number physical states y, one has
E’(l)x = exp (z[ﬁ, 5]) exp (— E)X = exp (z[ﬁ, @]) x- Differentiating (D.5) with respect

to ¢t one obtains

2l&

= EM)7() , (D.6)
with 7(t) = exp(tB) (i/\“;ﬁg + ﬁ) exp(—tB). Eq. (D.6) may be solved by iteration of the
corresponding integral equation:

Bt)=1+ /Ot dty B(h)7(t) (D.7)

where the boundary condition PI% E(t) = 1 has been introduced, with the result that

~

t t t1
Bt) = n+/ dt, ?(t1)+/ dtl/ dty F(t)7 (1) + ...
0 0 0
t tl tn—l
+/ dtl/ dts / Aty F(b)F(tnt) - F(t1) + . . (D.8)
0 0 0

In this expression the ordering of the operators is important and a ‘¢—ordering’ symbol
may be used to rewrite this expression. Instead, using the Baker-Hausdorff lemma', a
direct calculation shows that

~

R(t) = iD= pa(e™™) 0" = XPa(De(£)%, C° (D.9)

(A1), = Oe(tu)®, + %[8C(tu), (tu)]%, + %[[&@u), (tu)], (tu)]“b +---,  (D.10)

where u is the matrix with coefficients u%,(q, A) and the square brackets refer to the usual
commutator of matrices [u, v]%, := u®, v — v®.u%. From expression (D.9), one can see
that for Eq. (D.8) the order of operators becomes irrelevant if the structure functions
depend at most on the true degree of freedom, that is, f;;° = fa°(z) only. Indeed, in
such cases (Ac(t))% = 0 and it follows [7(¢),7(t')] = 0. Each integrand on the RHS
of (D.8) becomes symmetric in the parameters ¢;, and one can convince oneself that the

n—th integral satisfies the following;:

t (31 tn—1 t n
n!/ dtl/ dts / dt, 7(tn)7(tn_1) - 7(t1) = U dt/ ?(t’)] .
0 0 0 0

~

B = oo | tdt'?(t')) (= fal(@) (D.11)

making use of (D.9) in our corresponding special case, a direct integration gives

Hence

~ e (1 —e 1\
By = e |33 - () ol (D.12)
b

t2 3

LY e Y X Y] X G YT 4 X XY
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where the matrix involved in this equation is regarded as the expansion

1—e™\* 1 1 1
(u) =6Y% — guab + guacucb - Eu“cucdudb +--- (D.13)
b ! ! !



APPENDIX E

The gauge group at «

In this Appendix we place the basic properties of the gauge group B(2,R) and its Lie

algebra at each point x.

The gauge group is the subgroup B(2,R) of GL(2,IR) that is upper triangular with
matrices such that g;1 > 0 and goo = 1. This is a two—dimensional, non—abelian group

with x—dependent nonunimodular behaviour, that is, fabb(x) #0.

The Lie algebra b(2,R), at each point z, is spanned by the following matrices with

x dependent coeflicients:

Ti(z) := kg(x) (8 é) , To(x) := kg(x) (é 8) , (E.1)

which obey the algebra
[T (2), To(z)] = —kg(z) Ti () . (E.2)

The mapping ¢, — T, becomes an anti-homomorphism of Lie algebras at each point x,
cf. Eq. (6.3.11). Elements of B(2,R) can be written as the exponential of \*Ty(x), with
A e R,

1

eA2rg(2) %(e/\%g(x) —1)

exp (AT, (x)) = =:g(\*) € B(2,R), (E.3)

0 1

from which g~1(A?) = g(—A?) and, in the limit A* — 0, we have g(0) = 1.

157



E. The gauge group at x | 158

An equivalent way to write elements of B(2,R) is through the factorisation

2?2 22
g = exp <2T2(37)> exp (BT (z)) exp <2T2(w)> , (E.4)
with 0 uniquely defined by

N sinh (3r9(2)A?)
LGP

CRES (E.5)
A direct calculation shows that g~ 'dg = W%(z)T,(x), from which one can read the

left—invariant 1-forms

1 — Mro(@) WA T)  _\2po(a
Wh(z) = Wd)\l +,Eg($))e Arg(z) 4\2 (E.6a)

W2(z) == d\?, (E.6b)

with w(\?, ) a function whose specific dependence is irrelevant in the present analysis,
henceforth we just denote it as w; a similar analysis shows that dgg=! = W(z)T,(x),

from which the following right—invariant 1-forms can be read:

. Akg(z) _ Al
1 ._ ¢ 1 A2kg(x) 2
Wlz) = ———n+— 1— Mg E.
() Tre) Lax {AQ( e )+Kg(x)] dr? (E.7a)
W2(z) == dA?. (E.7b)

From the expressions (E.6) and (E.7) we respectively construct the left— and right—

invariant measures forms

1 — e*)\Qlﬁg(ﬁ)

(dpg)(z) .= Wix) AW?(z) = Tg() dALdA? | (E.8a)
. . Arg(@) _
(drg)(z) == Wh(z) A W?(z) = gl Lantaaz (E.8b)

The adjoint action of the group B(2,R) on its Lie algebra b(2, ]R) reads (Ad T))(x) =

AL
(97197 ")(z) = X9 Ty () and (Ady To)(z) = (9Tag~")(x) = 5(1 = ) T () +
T(z). The modular function at each point x can then be obtained A(g) = det(Ady) =

2 . . . — .
e?"9()  The symmetric measure, invariant under g — ¢~', is

sinh[1 A %kg(z)]

(dog) (@) = ([A(9)]"* drg)(z) = ([A(9)]"/* drg)(x) = 1,2 (E.9)
sAkg(T)
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Generic symbol for a Hamiltonian constraint
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Extended Hamiltonian
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BRST classical generator
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Physical inner product defined in RAQ through a rigging
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dg Haar measure on a locally compact Lie group 84
Baux BRST free associative algebra of kinematical operators 88
Bgﬁ)x *—BRST free associative algebra of kinematical operators 88
G Ghost number operator 88
0 BRST operator 59
VBRST BRST state space 89
(»*) BRsT Indefinite BRST inner product on Vggrsr 89
Im(-) Image of a mapping 90
(-») BMm Batalin—Marnelius—-Shvedov’s physical inner product 94
(-, )%RsT Regularised inner product for BRST-invariant states 95
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