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ABSTRACT: Near-extremal black holes are usually studied by zooming into the throat that
describes their near-horizon geometry. Within this throat, one can argue that two-dimensional
JT gravity is the appropriate effective theory that dominates at low temperature. Here, we
discuss how to capture this effective description by standing far away from the horizon. Our
strategy is to construct a phase space within gravitational theories in AdS,;y; that fixes
the radial dependence while keeping the transverse dependence arbitrary. This allows us to
implement a decoupling limit directly on the phase space while keeping the coordinates fixed.
With this, we can relate the effective description in JT gravity to the CFT; description at
the boundary of AdSgy1, which we do explicitly in AdSs and non-rotating configurations in
AdSy. From the perspective of the dual CFT, our decoupling limit should be understood
as a flow between a CFTy and a near-CFT;. Our analysis shows that local counterterms
can be constructed in the near-CFT;, which arise from the anomalies (or absence of them)
in the CFT,;. We show that one of these counterterms is the Schwarzian effective action,
making this sector a scheme-dependent choice. This illustrates the delicate interplay between
a far and a near analysis of near-extremal black holes.
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1 Introduction

Extremal black holes are renowned for the enhancement of symmetries in their near-horizon
geometry, which made them a centrepiece to decode classical [1] and quantum [2] properties
of gravity. Nowadays, near-extremal black holes have taken that spotlight for how they
break these symmetries: starting with the analysis in [3, 4], it has been demonstrated
that simple two-dimensional models of dilaton gravity, in particular Jackiw-Teitelboim (JT)
gravity, capture the leading temperature effect that controls the classical and quantum
aspects of near-extremal black holes. This new development has been crucial in resolving
some puzzling aspects of extremal black holes, such as those discussed in [5, 6]; see [7] for
a review on these puzzles.

More concretely, the claim is that JT gravity is a model that captures the backreaction
for AdS, under an injection of energy, and AdSs is a portion of the near-horizon geometry of
extremal and near-extremal black holes. The explicit and precise connection between this
theory and near-extremal black holes in d 4+ 1 dimensions relies on controlling a dimensional
reduction from d + 1 to two dimensions that preserves the relevant modes in the near-horizon



geometry of the black hole. This has been achieved in several cases, as done, for example,
in [8-12], where it is carefully demonstrated that, upon a consistent dimensional reduction
on the near-horizon geometry, a subsector of the theory is described by JT gravity.!

Performing a dimensional reduction is a luxury that relies on an abundance of symmetry
in the internal directions, and for the majority of black holes, it is not a desirable route.
For this reason, various methods have been developed to demonstrate the role of JT gravity
in near-extremal black holes without using a dimensional reduction. One very successful
approach advanced in [18] evaluates the Euclidean path integral around the near-horizon
geometry; the appearance of the JT sector comes from regulating zero modes that appear
in the path integral at zero temperature in the near horizon of extremal black holes. By
introducing temperature effects in the throat, the resulting contribution from the regulated
modes matches exactly the quantum predictions from JT gravity. Quantum corrections in
JT are captured by a Schwarzian effective action, which leads to logarithmic terms that
are distinctive and tractable [11, 19]. Another approach is to stay away from the black
hole horizon and analyse the whole geometry at finite temperature and track the behaviour
of quantum corrections as the temperature goes to zero. Recent work along these lines
includes [20-22]. One aspect shared by this body of work is that the analysis is catered for
Fuclidean signature, with the aim of seeing the imprint of the Schwarzian effective action
on the gravitational path integral.

Our aim here is to capture the dynamics of near extremal solutions without zooming
into the horizon, and relate it to JT gravity, but via a different approach from the one
described above. We will be working in the context of AdS;1/CFTy, since the CFTy will
give an anchor on how to set up observables in the whole geometry. The idea is to give
as input the explicit radial dependence of the fields in AdS;.; for some set of asymptotic
boundary conditions, leaving the transverse dependence of the background fields off-shell.
This transverse dependence will define a reduced phase space.? In AdS/CFT, it is known that
imposing the remaining bulk equations of motion, which determine the transverse dependence,
is equivalent to Ward identities in the CFT; this will give us a useful characterisation of
the gravitational dynamics in terms of one-point functions of conserved currents and their
sources. Within this phase space, we introduce an off-shell decoupling limit, which allows us
to show explicitly how the reduced phase space of the AdSg,1 connects to JT gravity.

There are a few interesting highlights of our construction. First, the off-shell decoupling
limit does not act on the radial direction of AdS;y1, nor does it act on the transverse
directions. This is an important deviation from the standard decoupling limits in the context
of, for example, black holes and black branes. For our analysis, it is crucial that coordinates
are not tampered with: this is key to providing a map from the variables in our phase space
to the variables in JT gravity. Second, the analysis we perform is in Lorentzian signature.
This makes it difficult to compare with the Euclidean analysis described above, but it has
the advantage of directly discussing the physical configurations in the CFT4 and JT gravity.

! Another approach is to study the linearised equations of motion around the near-horizon geometry, as
done in [13-17]. This also provides the necessary information to identify the JT sector in the vicinity of the
near-horizon region.

2This phase space will include black holes, both extremal and non-extremal; however, it is richer than that,
allowing for temporal and spatial dependence on the boundary coordinates.



Thirdly, in our analysis, it is important how we characterise observables in JT gravity.
This two-dimensional theory is exactly solvable, both at the classical and quantum level,
where all of the information is encoded in boundary terms, topology, and boundary conditions.
Here we will revisit the description of its dynamics, such that we can easily compare it with
the nomenclature used in the higher dimensions. For this reason, we cast the dynamics of the
theory in a Bondi gauge and construct in this gauge the holographic dictionary. We discuss
properties of the reduced phase space, review in detail the local symmetries acting on it, and
construct the appropriate functionals, Ward identities, and charges that parametrise this
phase space. In this construction, a free constant parameter becomes prominent: w. From the
perspective of the Ward identities, it seems to be controlling a trace anomaly; however, its
value is not fixed and can be modified by a suitable boundary counterterm. When evaluating
the JT action on this reduced phase space, a preferred value is chosen: w = 1. However, in
connecting with the phase space of the CF'Ty, it is crucial to keep this parameter arbitrary
since its value is controlled by the UV theory.

Lastly, our analysis will focus on AdSyy; gravity with d + 1 = 3,4. Although it has
been well studied how to connect the physics of AdS3 to two-dimensional dilaton models,
see for example [8, 9, 23, 24|, our approach adds a perspective that allows an understanding
of near-extremality from the perspective of the CFTs. Our construction of the reduced
phase space will only include the gravitational sector, where the only current is the stress
tensor, and we will include the case where the left and right-moving central charges in the
CFT; are unequal. This will allow a more precise tracking of the relations between the
phase spaces and the role of counterterms, i.e., w, in this situation. It will also provide a
lamppost to the four-dimensional example.

In AdSy4, we will focus on Einstein-Maxwell theory and consider situations that are not
rotating. In contrast to AdSs, local degrees of freedom in the gravitational theory prevent
a full characterisation of the space of solutions. Still, there is a family of solutions where
the radial evolution can be exactly solved. These are the Robinson-Trautman (RT) family
of algebraically special solutions [25]. RT solutions have gained attention in holography [26—
31], particularly in studies of out-of-equilibrium physics in AdS/CFT correspondence, and
its corresponding flat limit has been discussed in [32]. Further recent investigations into
different aspects of RT solutions include [33-36]. One drawback of these backgrounds is that
their phase space already satisfies the trace Ward identity. For this reason, we construct a
generalisation of the RT solutions such that the conservation and tracelessness conditions of
the currents are both on the same footing at the level of equations of motion. It is important
to say that this generalisation takes the radial component of Einstein’s equation off-shell
(hence we are not solving for the radial evolution). Still, the radial dependence of the fields
will be fixed and imposing the equations of motion fixes the transverse dependence of the
fields; these equations of motion are precisely the Ward identities of the CFT. Finally, the
role of anomalies in the Ward identities is notable in the case of AdS4/CFT3. There are
no anomalies in CFT3, which makes it strange from a field theory perspective to recover
the Ward identities appearing in JT gravity from a decoupling limit. Here is where w will
play a key role in reconciling this tension, and we will discuss the physical implications
of this result.



This paper is organised as follows. In section 2 we present a self-contained analysis
of JT gravity in the Bondi gauge, which is useful for the subsequent comparison with the
higher-dimensional theories. We revisit the analysis of Ward identities, making explicit the
ambiguities that appear in renormalising the boundary theory due to local counterterms. From
this perspective, we relate to the familiar Schwarzian effective action that describes boundary
modes in JT. We also discuss the interplay of the Schwarzian action with thermodynamics
and the counterterms. In section 3 we present our first, and simplest, example that connects
JT with black hole physics. The theory is pure AdSs, and the relevant black hole in our
phase space is the BTZ solution. Even in this familiar example, counterterms play a role,
which we highlight and discuss. In section 4 we generalise the discussion of AdSs by adding
a gravitational Chern-Simons term. Although the analysis is more complex, it parallels
the simplest case in section 3, with the advantage that anomalies can be tracked more
explicitly. In section 5 we discuss an example in AdSy, where the flagship black hole is the
static Reissner-Nordstrom black hole. Here, the main challenge is to build an appropriate
phase space that contains the black hole. For this, we use and extend results known for
the Robinson-Trautman solutions. We then implement our off-shell decoupling limit and
discuss important differences of the flow to JT in this case, where the CFT3 has no anomalies
that resemble the physics of a Schwarzian action. Finally, we conclude with a discussion
of our results and future directions in section 6.

2 Aspects of nAdS,/nCFT,

In this section, we revisit Jackiw-Teitelboim (JT) gravity [37, 38] as a prototype for near
extremal dynamics. By decomposing the dynamics along and transverse to the radial
coordinate using a suitable Bondi gauge, and explicitly solving the radial evolution, we obtain
a description that is off-shell in the transverse direction. The transverse equations of motion
can be identified with Ward identities in the holographic dual quantum mechanics and lead
to Schwarzian dynamics. As we will see later on, the variables that describe the transverse
dynamics of JT gravity naturally arise in a specific IR limit of higher-dimensional CFTs dual
to higher-dimensional AdS black holes. The conventions and analysis in this section follow
mainly [9]; other useful references include [3, 4, 39], as well as the reviews [40—42].

JT gravity couples the two-dimensional metric g, to a dilaton ¢ through the action [4]

/ d%F(i)(R%-ﬂ) 12/6M2dm/fh¢(f(—€2> (2.1)

Here, /{% is the dimensionless Newton’s constant in two dimensions and /5 is the AdS, radius.
The surface terms are the standard Gibbons-Hawking-York term that involves the trace, K,
of the extrinsic curvature of the induced metric A on the one-dimensional boundary dMo,
and the local volume counterterm proportional to 1//s.

The field equations following from the action (2.1) are

2
R+ =0,

Qab (2.2)
(Vavb - gabD)(b + (b =0.



These equations do not describe any propagating degrees of freedom. In particular, the first
equation fixes the two-dimensional metric to be locally AdSs.

2.1 Reduced phase space and local symmetries

The field equations (2.2) can be completely integrated by selecting a suitable gauge [4, 43].
For our present analysis, it will be convenient to parametrise the solutions in the so-called
Bondi gauge,

ds* = — f(u,r)du? — 2a(u)dudr (2.3)

where a(u) is an arbitrary function of the time coordinate, u, unrestricted by the equations
of motion. Demanding that the metric (2.3) is locally AdSs requires the radial profile of the
lapse function f(u,r) to be at most quadratic in r, i.e.,

27"2

,
flu,r) = a(u) 2T fl(u)Z + fo(u), (2.4)
2 2
where fi(u) and fo(u) are arbitrary functions of u. Moreover, the rr component of the second
equation in (2.2) determines that the dilaton ¢ must be linear in r, namely
r
o(u,r) = V(U)E + ¢do(u), (2.5)
where v(u) and ¢g(u) are arbitrary functions.?

The relations (2.4) and (2.5) fully determine the radial dependence of the Bondi gauge
solution and, therefore, parametrise a reduced phase space. However, there exist three
different local transformations that modify the functions a(u), v(u), fi(u), fo(u) and ¢o(u),

but preserve the form of the radial solution:

i) Time reparametrisations, u — u(u), under which:

N =\ —2
o) a@ = (5) ot folw = f@ = (G) Ao, o
v(u) — v(u) =v(u), do(u) — do(u) = go(u) .
ii) Local rescalings of the radial coordinate, r — e under which:
a—ea, fi = €7 (f1 + 2la0”) , fo— fo, 27)
v— e, b0 — ¢o - .
iii) Local shifts of the radial coordinate, r — r + {(u), under which:
a—a, i = fi+20°C/ty, fo = fo+a®C/l + fi1( )l + 2a¢
(2.8)
v, b0 — ¢o +v(/ls.

3There exists a diffeomorphism that relates the Bondi gauge (2.3) with the Fefferman-Graham gauge
ds® = di® + v (7, t)dt* used in [9]. The general solutions in these two gauges are related by an asymptotic

- 2
diffeomorphism of the form etz — 'r/£2 + O(r0)7 t=u— % + 0(7"_2). Under this transformation, the

functions a(u) and v(u) here coincide respectively with the functions «(t) and v(¢) that parametrise the
running dilaton solutions in [9].



The fact that fi(u) and ¢g(u) transform additively under this transformation implies
that either of the two can be viewed as a compensator. In particular, taking ¢o(u) as
the compensator, we can dress each of the variables with an appropriate function of
¢o(u) so that the resulting composite variable is invariant. Since «(u) and v(u) are
already invariant we need only consider fi(u) and fy(u). It is straightforward to verify
that the variables

_ 2
fi= fl—QCJéqj f0=f0+042f0 o —252045u<(i0>7 (2.9)

are invariant under the transformations (2.8).

Using ¢p(u) as a compensator of the radial shift symmetry allows us to parametrise the
reduced phase space in terms of the four shift-invariant functions a(u), v(u), fi(u) and
fo( ).4 As we will see next, it is precisely these variables that can be mapped to the sources
and one-point functions of the dual quantum mechanics.

2.2 Holographic dictionary and Ward identities

The remaining equations of motion in (2.2) impose differential relations among the functions
that parametrise the reduced phase space. These relations take the form

a, 2 _
f= %Qa—” B0 (;m) —0, (2.10)

and correspond to first-class constraints that generate the local symmetries i) and ii) above.
In order to identify these constraints with Ward identities in the dual quantum mechanics, it
is necessary to choose a suitable parametrisation of the reduced phase space.

Examining the leading asymptotic form of the radial solutions (2.4) and (2.5), we identify
—a(u)? with the boundary metric and log v(u) with the source of the scalar operator dual
to the dilaton [9] (see footnote 3). We expect, therefore, that the shift-invariant functions
fi(u) and fo(u) are related to the one-point functions of the stress tensor @, and the scalar
operator dual to the dilaton O4. The precise relation between the variables fi(w), fo(u)
and O,, Oy is dictated by the requirement that the constraints imposed by the remaining
equations of motion take the standard form of conformal Ward identities when expressed in
terms of the operators O,, Og4. This requirement determines that

N 2
fi(u) = 2/@%72a— /du (O + O0p) +2(1 — wy )EgaT ,

(2.11)
W22 (8u’/)2
2 1/2

fo(u) = 2%2—520

i

where v and w are arbitrary constants that reflect an ambiguity in the identification of the
dual quantum mechanics operators from the reduced phase space variables. As we will see,
w is related to a local counterterm in the effective action of the dual quantum mechanics
and will play a key role in the subsequent analysis.

“The Bondi gauge has been used in JT gravity to study boundary conditions and their asymptotic
symmetries [44, 45]. In our analysis, radial shifts do not generate additional charges.



In terms of the variables O,, Oy introduced via (2.11) the equations of motion in (2.10)

become
w2£2 8ul/
u =220, (), 2.12
Oy + Oy Rgaa<a) (2.12a)
a0y — azs% —0. (2.12h)

These match exactly the Ward identities in the dual conformal quantum mechanics [9], with
the right-hand side of (2.12a) identified with a “conformal anomaly”. It is not a genuine
conformal anomaly, since, as we mentioned above and we will review below, the value of
the parameter w can be modified by a local counterterm.

Unlike in higher dimensions, the Ward identities (2.12a), (2.12b) can be integrated to
obtain the form of the variables O, and Og. In particular, the general solution of the
Ward identities is [9]

2 2
m  wly [(Oyv
v 2510\ «

m w2y (2 OuV 1 /0,v 2
O¢—ﬁ2ﬁg<aau<a>‘y(a) :

where m is an integration constant. These variables may be expressed as variations of

2 2
L= [au [_m () ] | (2.1
v 2k5 ¥V \ «

with respect to a and v, respectively. Namely,

(2.13)

the action

51, = /du (ou sa+ 20, 51/) . (2.15)
12

The effective action I, [, v]| allows us to exhibit the direct relation between the Ward
identities (2.12a), (2.12b) and the reduced phase space symmetries i) and ii), which we can
now recognize, respectively, as boundary diffeomorphisms and Weyl transformations. Taking
€ as the parameter of an infinitesimal boundary diffeomorphism and ¢ of an infinitesimal
boundary Weyl transformation, the sources a(u) and v(u) transform as

de ot = Oyleq) + o, 0oV = €0yv + 0. (2.16)
Applying these transformations to the expressions (2.13), we can also determine the transfor-
mation of the variables O, and Oy, which we will need later on. A direct calculation gives

2
(Se,o'ou = Ea’uou — O-Ou + LanuV(zug ,
/€2 o

y ) (2.17)
0e0Op = €0,045 — 004 + =220, (“") .

K5 o o

In particular, both operators transform as scalars under boundary diffeomorphisms, but
possess an anomalous Weyl transformation when w # 0.5

®Note that the transformation of Oy in eq. (5.8b) of [9] contains two typos.



Returning to the relation between the Ward identities (2.12a), (2.12b) and the symmetry
transformations (2.16), let us first consider boundary diffeomorphisms. The transforma-
tions (2.16) lead us to identify hy = —a? with the metric on the one-dimensional boundary
and v with a boundary scalar. The effective action can then be expressed in the manifestly
covariant form

Iw:/du«/—hbzfl< m+°;—€2hb (Ouv )2> : (2.18)

It follows that I, is invariant under boundary diffeomorphisms. This means that special-
izing (2.15) to boundary diffeomorphisms we have

5.1, — —/duea (auo af”) _0. (2.19)

Since this must hold for arbitrary e(u), we recover the Ward identity (2.12b).
This argument can be repeated for boundary Weyl transformations. However, the effective
action is not invariant in this case. In particular, under an infinitesimal Weyl transformation

2
Syl = 62 /duaa (8 ”) . (2.20)

a

From (2.15) follows that

w2
0, wa/duaa (Ou+0y) = gQ/dum? < ) (2.21)

which implies the trace Ward identity (2.12a).

2.3 Asymptotic symmetries

In the previous subsection, we studied the effect of infinitesimal boundary diffeomorphism
and Weyl transformations to obtain the appropriate Ward identities. Here, we focus our
attention on a subset of those transformations; in particular, we will now consider a combined
boundary diffeomorphism and Weyl transformation such that the boundary metric remains
unchanged. This will define the notion of asymptotic symmetries of the system, and will be
important in the next subsection when discussing the Schwarzian dynamics.

The parameters ¢, and o, of a boundary diffeomorphism and Weyl transformation that
leave the boundary metric unchanged satisfy

Oeo,000 = Ou(€ott) + 0o = 0. (2.22)

This condition reduces the local parameters from two to one. In particular, the two parameters
satisfying the constraint (2.22) can be chosen as

0= ", 0, = —0:&, (2.23)

where £(7) is an arbitrary function and

_ /u du’ o), (2.24)



is the proper time on the boundary. Under generic &é-transformations, v transforms as
O¢V = €,0yV + V0, = €,0uV — gau(eoa) = —120.(v 1), (2.25)
or
sevt=0,(v¢). (2.26)
Finite £-transformations play a central role in the dynamics of JT gravity and take the form

1

v(t) = ve(r) = 570

v(F(7)), (2.27)

where F(7) is an arbitrary function with 9;F(7) # 0. From now on we will be thinking of v
as a function of proper time 7. Indeed, inserting F(7) = 7 + £(7) in (2.27) and expanding
for small £(7) we recover the infinitesimal transformation (2.26). If w # 0, a specific finite
&-transformation can be used to set w = 1, at the expense of introducing an overall factor
of w in the effective action, I, and in the variables O, and Og. In particular, a finite £-
transformation with F(7) = w 7 amounts to the rescaling v — v/w. Accordingly, 1, = wl,=1,
0¥ = wO0“=! and e ngl. In particular, the Ward identities (2.12a) and (2.12b), as
well as the operator transformations (2.17) become independent of w.

Applying two successive infinitesimal &-transformations on v we can determine the
corresponding algebra. Using (2.26), we obtain

[651’552]1/_1 = 657/_1 ) f = 526751 - 6187'52 . (228)

The representation of the algebra of ¢-transformations on the phase space of JT gravity
solutions requires a Poisson bracket. The variation (2.15) of the effective action defines
the symplectic form

Qyp = / du <50u A da+ %5(% A 5y> . (2.29)

Inverting this leads to the Poisson bracket:

5A 6B v A 0B
A B} = 0800 (Y0408 46 2.
t4. B} /du<5a50u+a(5u6(9¢ H ) (2.50)

where A, B are arbitrary functions of the phase space variables, o, v, Oy, and Oy.

Boundary diffeomorphisms and Weyl transformations are generated through this Poisson
bracket by the Ward identities (2.12a), (2.12b). In particular, introducing the phase space
functional

2
Lle,0) = /dua [e (auou - oﬂ;”) " <c9u + 0O, — %au (8;”)” . (231

2

the transformation of any phase space variable A is given by

deocA={L(e,0), A}. (2.32)



¢-transformations are generated by (2.31) with the parameters given in (2.23), namely

OuV W2£2 OV
Dropping total derivative terms, this can be simplified to
2
£(E) = — / dr ev-'0, <yo¢ - ”752 (yazy - ;(aﬂ)?» . (2.34)
2

It is straightforward to verify that the £-transformations of o and v we found above,
namely dea = 0, §er = —v20.(v71¢), are generated by (2.34) through the Poisson
bracket (2.30). Similarly, the {-transformation of the variables O, and Oy may be ob-
tained either by specializing the transformations (2.17) to {-transformations, or via the
Poisson bracket. Either way one obtains

5¢0y = 0; (£0y) — —5-0,v02¢
%)
(2.35)
660y = 0 (§0y) — 77/325-

In particular, the combination v =10, transforms as [9]

2
wl
0 (v 10) = {L£(€), v Op} = 27 1040:€ + €0, (v10y) - Tjaﬁg, (2.36)
2
which corresponds to the coadjoint representation of the Virasoro algebra with central charge
proportional to w?(/k3 [46]. However, the combination v~ 10, — %V*Q (vo2v — 3(0,1)?)

2

that enters in the generating function (2.34) possesses a homogeneous {-transformation. As
a result, the algebra of {-symmetry generators on the phase space closes without a central

element, namely

{L£(&1), L(&2)} = 0, L(&2) = L(£20-61 — £10-82) . (2.37)

Finally, let us consider the special case of ¢-transformations that preserve v, besides a.
From the &-transformation of v in (2.26) we see that v is preserved provided £ = kv, where
k is constant. In that case, €, in (2.23) corresponds to the unique conformal Killing vector
(CKV) of JT gravity solutions. The existence of CKVs implies the existence of associated
conserved charges, which can be constructed using the Ward identities (2.12b) and (2.12a).
Multiplying the diffeomorphism Ward identity (2.12b) with €, we obtain

1

a(au(v(’)u) — (04 + Oy)0yr) =0. (2.38)
Using the trace Ward identity (2.12a), this in turn can be written as
2y
0. (u@u - “’;(aTuF) = 0. (2.39)
2K5

5In higher dimensions, not all CKVs lead to a conserved charge in the presence of a conformal anomaly [47].
However, since the conformal anomaly in one dimension can always be eliminated by a local counterterm, a
conserved charge always exists.

,10,



It follows that the conserved charge associated with the unique CKV corresponding to
constant £ is

w2€2

= - (uOu — 2(3TV)2> =m, (2.40)
2K5

where in the second equality we have used the form of O, in (2.13). An equivalent way to
obtain Q is by evaluating (2.34) on the CKV & = kv, which yields L(kv) = kQ. It follows
that the integration constant, m, parametrising the variables O, and Oy is the conserved
charge associated with the timelike CKV, i.e. the mass or energy of the solution.

2.4 On-shell action and Schwarzian dynamics

Let us next compute the on-shell value of the JT action (2.1). The equations of motion (2.2)
imply that the bulk integral vanishes on-shell and so there is only a boundary contribution
to the action

ks /8M2 dav/—h ¢ (K - 1) . (2.41)

Syt =
on—shell KJ% 52

Writing the Bondi gauge metric (2.3) in the ADM form

ds? = (N? + Ny, N*)dr? + 2N, dudr + hy,du?, (2.42)
we identify N, = —a, hyy = —f, and N = « ffé. It follows that the extrinsic curvature
is given by

1 1
Ky = == (Orhyu — 2Dy Ny) = —=(Orhyy — 20,N,, s P N ) 2.4
2N(@h ) 2N(ah 0 + hyp Ouh ) (2.43)

where D, is the covariant derivative with respect to the induced metric h,,. Evaluating the
trace of the extrinsic curvature, K = h;, ! K,,, inserting it in (2.41), and taking the limit
r — 0o we obtain (see also appendix B of [48])

2
= /dua L LQQ <2<9u ((%1/) . ((%1/) )] . (2.44)
on—shell v o 2r5 \« o v\ «

As expected, the on-shell action is independent of the parameters w or 7 introduced in (2.11),

Syt

since the invariant functions ]%71 do not depend on these parameters once the explicit form
of the operators in (2.13) is taken into account. More importantly, the on-shell action is
also independent of the function ¢o(u), which reflects the fact that the boundary theory
is inert under the local symmetry iii).

Comparing the on-shell action (2.44) and the effective action I, in (2.14), we observe
that they contain exactly the same terms, but with different coefficients. In particular,
the two are related by

14
Sy =1I,+ 2/du\/—hb v+ (1-w?) /du\/—hb v hy H(0ur)?,  (2.45)
on—shell 2K,2
where hy = —a? is the metric on the one-dimensional boundary and Q@ = m is the conserved

charge in (2.40). Each of the additional terms on the right-hand side of (2.45) plays an
important role which is worth discussing separately:
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1. The last term in (2.45) is a local counterterm that modifies the value of w. This is why w is
not a conformal anomaly as mentioned below (2.12). To make this more manifest, we write

— 672 _ -1 uu 2
S = 5, / duv/—h 6~ W (D)2, (2.46)

and p
— / duy/— Ty v by ()2 (2.47)

t
¢ on—shell 2/43%

The addition of this boundary counterterm will play a crucial role in our subsequent analysis.
As we will see in the coming sections, the UV completion of JT gravity determines w.

2. The term proportional to Q in (2.45) is simply the Gibbons-Hawking-York term evalu-
ated on the surface of minimum radius [10, 49]. This term is state-dependent, since it
involves the mass parameter m, which places it in a different footing to S¢;. Adding such
contribution to I, leads to some useful properties. We define

Tw = w+2/du\/—hb1/_1Q: /dua0¢. (2.48)

Since the integrand of I, is proportional to Oy, its &-transformation is related to the
transformation of a Virasoro current, and therefore to Schwarzian dynamics. To render
this connection manifest, let us begin by writing the effective action (2.48) in the form”

-
IL=— /dT vS,, (2.49)
k3
where S, is given by
2 2 2
1%2 —1 3(] w 2 2 1 2) 2/%2
irl =2 =50 L (22, - (92 = 9.

Swlv; 7] EZV Oy 5,2 + 5 (VOTV 2 (0rv) 50 7 m (2.50)

The Ward identities in (2.12) imply that S,, satisfies the differential constraint
0-(V2S,) — wvdPv = 0. (2.51)

Moreover, (2.36) implies that S,, transforms as a Virasoro current under ¢-transformations,
namely

668 = 28,0,€ + £0:S,, — W3¢ (2.52)
As we will see shortly, I, and S, will be central in decoding thermodynamic properties.

Hence, we find that fw coincides with the on-shell value of Sy plus the local covariant
counterterm, namely

Syt + (w? —1)Set - (2.53)

"The functional i, looks very similar to the 1D Liouville theory discussed in [43, 50], however, v is not
related to the Liouville field. Recall that v is a source and its variations give correlation functions of Og. In
the next subsection, starting from fw, we derive the Schwarzian effective action. This action has a direct
relation to 1D Liouville.
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To facilitate comparison with subsequent sections, let us define Iy = I,—1 as the generating
functional obtained via a canonical transformation from the on-shell action of JT gravity
given in (2.44). This allows us to express the relation

14
Ijp =1, + (1 — w2)2—22 /du\/—hbhb_lfl(auv)2 , (2.54)
K
where hy, = —a?. In parallel, let us define the operators generated by I as OF = O%=! and

JT —

5 = (9;’;:1. The boundary counterterm (2.54) then induces the following field redefinitions,

(1 —w?) £y (Ouv)?

o =0 =
“ vty K3 va?

)

(2.55)
2 2
JT (1 —w ) by (8uy) 2 2 (auV)
=0y — =2 1—w?) 29, ().
Os = Os 2 K3 va? F-w )/@%aa a
This mapping preserves (2.12b) while modifying (2.12a), thereby yielding
U OyV
o +07 = oo ()
2 (2.56)

0,0 — oy .
v

The key insight of this section is that, in one dimension, the concept of a “conformal
anomaly” is inherently ambiguous because it can always be removed by a local counterterm.
In sharp contrast, in higher dimensions, no local counterterm exists to alter the coefficient
of the Weyl anomaly, making it a robust quantity.

In the following sections, we will make use of the operator mapping in (2.55), derived
from the counterterm in (2.54), to relate a particular low-energy limit of higher-dimensional
CFTs to the Ward identities of Schwarzian dynamics. In this context, we will focus primarily
on the generating function Iy, rather than its Lagrangian form Sy, since they are related
in a straightforward way by equation (2.45) and (2.48).

2.4.1 Schwarzian dynamics

The analysis so far has not revealed that the gravitational aspects of JT gravity can be
described in terms of a Schwarzian effective action, as shown in [4]. In the following, we
will show how this description is derived in our notation. The main idea is to characterize
appropriately our reduced phase space under the boundary condition that v is constant.

We will start by being more explicit about the solutions to the equations of motion in
the Bondi gauge, writing out explicitly (2.3)—(2.5). With a convenient choice of the function
¢o, the general solution to (2.2) is

2
ds? = — (22 — 202 sw:1> dr2 —2drdr, ¢= ”é — 60V, (2.57)
2

where S,,—; stands for (2.50) with w = 1 and the proper time 7 is defined in (2.24); we also
used (2.9), (2.11), and (2.13). Recall that even though intermediate steps have w-dependence,
all solutions are independent of the parameter w.
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Vacuum solutions correspond to configurations with S,—; = 0. Via (2.51), this provides
an equation for v(7), whose general solution takes the form

80—52
4a

v(r) = —a(r — 1) + b(r — 10) + (2.58)
where a, b and 79 are integration constants.

Analogously, a black hole solution with temperature 7" corresponds to configurations with
S.=1 = 2m2T?. The general solution to (2.51) in this case that reduces to (2.58) as T — 0 is

a
v(r) = )

N Va2 + (so — )12 —a
27272 '
(2.59)

where again a, b and 7y are integration constants. A static solution is obtained by setting
a =b=0, in which case v = \/50/27T or sy = (2rTv)?. This is in agreement with (2.50),
which implies that S,—1 = sq/2v? for static solutions.

Both (2.58) and (2.59) are solutions of the condition 0;S,—=; = 0. Importantly, this
equation is not a consequence of the JT equations of motion, since (2.57) solves these for

b
. 19 _ . -
sinh® (7T'(1 — 1)) + 5T sinh (27T (7 — 70))

any function v(7). However, 0;S,-1 = 0 enforces the regularity of JT gravity solutions
— that is smooth AdSs or existence of a horizon — and can be derived from the on-shell
action of JT gravity as follows [4]. Consider the finite {-transformation (2.27), where we will
reparametrise the proper time via 7 — ¢t = ¢(7). It is convenient to cast this as an inverse
transform, i.e., take 7(t), and hence we write

v(t) — v (t) = (2.60)
under which the functional S,[v; 7] transforms as
Sulv; 7] = Sulvrit] = 728, [v; 7] — W, t} . (2.61)
This is the finite version of (2.52), where we have introduced the Schwarzian derivative,
1 /7" 2 AN

and primes here are derivatives with respect to t. Taking the initial v(7) to be the vacuum
solution (2.58), this transformation reduces to

Sw=1[vr;t] = —{7,t}. (2.63)

The corresponding value of the effective action (2.49) for w = 1 is

Tocifa, 1] = % / At vy Syr [ 1] = —% / dt v, {7t} . (2.64)
2 2

The equation 0;S,-1 = —90-{7,t} = 0 follows by varying this action with respect to
7(t), keeping v, fixed and constant. In fact, keeping v, a fixed constant and the equation
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0-{7,t} = 0 are not independent. Equations (2.58) and (2.60) imply that in order for v,
to be constant, 7(¢) must satisfy the first order equation

—a(r(t) — 70)2 +b(r —710) + 304;1’2

e (1)

(2.65)

The general solution of this equation is

T(t) = V50 tanh (\F(t —t )> + b + 70, (2.66)

2a 2u, 2a
where t( is an integration constant. Moreover, the solution of the condition {7,t} = —27%T?2 is
7(t) = a1 tanh (7T (t — to)) + a2, (2.67)

where again a1, as and tg are integration constants. Clearly, the two solutions coincide
provided we identify s = (27Tv,)?, a1 = 7Tv;/a and as = b/2a + 7.

The analysis of the regular static solutions above was based on the effective action (2.49)
for w = 1. Interestingly, the same results follow for any w # 0. In particular, for generic
w we find

Lo, v = /dtuT olvs] = /dtuT ( (1-w )22—w2{7,t}). (2.68)

Varying this with respect to 7(t) keeping v, fixed leads to the same constraint, 0. {7,t} = 0.
Moreover, on-shell {r,t} = —27%T? and sy = (27Tv;)?, which implies that for any w the
on-shell value of the effective action is

I,o,v,] = /dt vy 2w T? (2.69)

It is worth pointing out that for w = 1, which is the value appearing naturally in JT
gravity, we have

Syr —Tolanr] = -2 / dt vy {7t} (2.70)
on—shell Ky

In this scheme, everything is encoded in the Schwarzian effective action. What our analysis

here shows is that the local counterterm (2.46) modifies the normalization of this piece

of the effective action, as reflected in (2.68), without tampering with the final answer

in (2.69) which is w independent. From this perspective, the Schwarzian effective action

is a scheme-dependent contribution.

2.4.2 Thermodynamics

Since the value of the effective action (2.49) on the static black hole solution is independent of
w, its Euclidean version can be identified with the Helmholtz free energy of the 2D black hole.
Wick rotating to Euclidean time, tg ~ tg + 7!, the Euclidean on-shell action is given by

~ 1 2m2/¢
P, v,] = ;% /th (_80) =TT (2.71)
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From (2.57) we read off the location of the horizon, r, = 27/3T, as well as the corresponding
value of the scalar field, ¢(rp,) = vy, /l2. Tt follows that the black hole entropy is given by

27 4720,
S= /T%Cb(?“h) = ?%VTTa (2.72)
while the heat capacity is
0S8  An%l,
C=—=—"v,. 2.73
T (2.73)

Identifying the energy with the conserved charge (2.40), modified by the appropriate nor-
malization of the timelike Killing vector for the static solution [10], we have

m 62 S0 27T2£2 2
E=—=_%>"— T2, 2.74
Vs 2&% Vr /@% v ( )

Putting everything together, we verify that the Euclidean on-shell action for any w is indeed
proportional to the Helmholtz free energy, i.e.,

IEla,v, )] =T Y (E-TS) . (2.75)

It is important to mention that in discussing the thermodynamic properties of JT gravity,
we are overlooking a key effect. It has been established that, at finite temperature, quantum
corrections in the Schwarzian theory become the leading effect [11, 51], surpassing the naive
thermodynamics stated here. Our goal here is to establish the relations between the off-shell
actions and functionals. Writing this thermodynamic contribution, which ignores quantum
corrections, serves as a check that the coefficients and couplings agree when we compare
them with the higher-dimensional analysis.

3 Near-extremality at the boundary of AdS3;/CFT,

This section will describe the emergence of near-extremal dynamics in the context of
AdS3/CFTy. This task has two aspects worth highlighting. First, we will work partially
off-shell in a reduced phase space: concretely, the radial dependence of the metric com-
ponent is fully solved, and the remaining conditions to be fully on-shell are equivalent to
imposing the Ward identities in the CFT5. This approach will show how the phase space
and dynamics of section 2 enter AdS3 gravity in the appropriate limit without tampering
with the radial direction and identifying the variables off-shell appropriately. Second, the
parametrization of the metric functions will make explicit how variables of the CFTy are
related to those in the nCFT;. With this, we will show the connection between the Ward
identities of the two systems.

3.1 CFT2 Ward identities on curved backgrounds

Our starting point is to consider a CFT5 on a non-trivial two-dimensional background. A
useful characterization of this background will be [9]

ds? = —a?du® + v*(df + pdu)?, (3.1)
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where here a(u), v(u) and p(u) are three arbitrary functions.® With this parametrization of
the background metric, it is convenient to decompose the stress tensor such that its components
tie directly to the appropriate sources we have introduced: (v, u). For this reason, we write

Too = v OF°,
Tw =« Oj‘D + uThy (3.2)

2
Tou = p2v 07 + 2ua (’);D - %OZD ;

where we have traded the three components of the stress tensor for the operators O2° =
(0P, o3, Op°). It is now simple to verify the pairing between sources and operators, which

reads
1
—5/d2xw/—gm T 692 = /dgx (—(’);Dudu + O;D%&/ + OZD5Q> : (3.3)
The Ward identities for a CFT9 are
Vo T% =0, T%::QE;I#”, (3.4)

where ¢ is the central charge, and R is the Ricci scalar of the background geometry. For
the moment, we are considering CF'Ts with no gravitational anomalies, i.e., c;, = cg = c,
but we will generalise this discussion in section 4.1. In terms of the operators introduced
n (3.2), and for the background in (3.1), these equations take a simple form. Assuming that
the sources in (3.1) have only u-dependence, the diffeomorphism Ward identity reads

Ou
(O — 109) O + OjDTV + %89(933 ~0,
3.5)
Oy (
(O — 10O — OF =12 4 S0, 0% = 0,
v v
while the trace Ward identity is
‘ f c 2 Oy
OP+0P=-—"—-=0,— 3.6
o+ 247 ( a ) ’ (36)
where we used that the Ricci scalar is given by
M”_Q&(&”). (3.7)
av @

Finally, there are two charges that are important to highlight: the total energy (E) and
angular momentum (J) of the system. In our conventions, they read

2
ool (%))
T\ (3.8)
Jz/Mu@?

From (3.5), we can see that these charges are conserved when the operators are indepen-
dent of 6.

8We could also consider o, v and g to be functions of §. However, it suffices to have time-dependent

sources for our analysis. In order to remove clutter, we are abusing notation here: « and v in (3.1) should not
be equated with those in (2.3)—(2.5). The variables will be related via a simple relation in section 3.3, and
appropriate notation will be introduced there.
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3.2 AdSj reduced phase space

In this part, guided by section 3.1, we will construct a geometry whose boundary metric is (3.1)
and supported by a boundary stress tensor (3.2). We will be working with a three-dimensional
Einstein-Hilbert action, supplemented with a negative cosmological constant, i.e.,
1 2 1
Ings, = —/ ey =g <R< ) + A2z~ (K + ) 3.9
A% 92 v g Z) " K2 Jom 03 (3.9)
where x5 = 87G3, (3 is the AdS; radius, and K is the trace of the extrinsic curvature.

It is well known how to describe asymptotically locally AdSs backgrounds for pure AdSs
gravity, with one key fact being that the Fefferman-Graham expansion terminates [52]. Here,
we will describe these geometries in the Bondi-gauge,” where we start by characterizing
the metric as

ds?, = —F(r,u,0)du® — 2a(u)dudr + ®*(u, r)(d0 + A(r, u, Q)du)2 . (3.10)

One can determine the radial dependence of these functions such that they comply with
the equations of motion. Concretely, we have

O(u,7) = y(u)gi + @y, (3.11)
3
where ®( is constant, and the remaining metric functions are
2 F_ 0 2

F(ryu,f) = a—Q 2 + Fi(u,0) ® + Fy(u, 0) + 2((;2’) ;
v 3.12
F—2(u7 9) ( )

A(r,u,0) = p(u) + —

In relation to the CFTy setup, the boundary metric of this spacetime is given by (3.1) as
desired; note that the coordinate u is null in the bulk, but on the boundary, it becomes
time-like. ® controls the size of S, and hence we can use this field as a dial to get close to the
UV (asymptotic AdS3 region) or close to the IR (near horizon region). The functions F;(u, 0)
control the one-point functions of the stress tensor. In relation to the notation in (3.2), we find

2
Fi(u,0) = 2635 /dua (0P + 0,

Fo(u,6) = 26513~ “om g2 (a ”) — ®oF(u,0), (3.13)
1%
F_o(u,0) = l3x3a (’);D .

Here the operators (O0g°, O3, O3°) depend on the variables u and 6. As stated, the background
is still not a solution to Einstein’s equations. Imposing that the metric (3.10) solves the
equations of motion requires that

(a M60>01D+02D8 _i_ia OZD_

(D — 110) O — OF 8 Y+ So0r = (3.14)
1%

O§D+OZD_ % 28u (&‘LV> ,

247 o «

9The Bondi gauge has been used in AdSs3 to study various boundary conditions and their associated
asymptotic symmetries [45, 53, 54].
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where the central charge is given in terms of gravitational parameters by

o3
- 2Gs

These are exactly the Ward identities of the CFTs: the conservation equation (3.5) and

(3.15)

trace anomaly (3.6). Hence, imposing that (3.10)—(3.13) is locally AdS3 is equivalent to
imposing the Ward identities of the CFT.

It is important to note that (3.10)—(3.13) generalise the Banados phase space introduced
in [55]. Here, we have parametrized the solution for a time-dependent boundary metric, and
in contrast to [55], the trace anomaly is not solved for. Our parametrization of AdSs is an
adaptation of [52, 56] where we are working in the Bondi gauge, rather than a Fefferman-
Graham gauge. The advantage of working in the Bondi gauge, relative to Fefferman-Graham,
is that ® in (3.11) is independent of the operators (O3, O}, O); for this reason, the
decoupling limit will not tamper with a redefinition of the radial direction.

3.2.1 BTZ black hole

It is useful to describe the BTZ black hole [57, 58] in our parametrisation of the phase
space (3.10). First, we set v = f3 and ®y = 0 so that ® is simply the radial variable. The
remaining sources are chosen as a« = 1 and g = 0. Then, the metric is given by

72

2 ; ; 2
ds, = = (Zg —m+ M) du? — 2dudr + r* (de + 2#@) : (3.16)
3

where m and j are constants and are related to the inner (r_) and outer (r) horizons via

B ri + 72 - 2ryr_

= —— _—. 3.17

The energy and angular momentum of the black hole are given by My, = s;ng and Jgry, = ﬁ,
respectively. In our parametrisation, this standard metric follows after making the following

identifications with the operators (0", 02, (’);-D), consistent with the conserved charges (3.8)

1
OzD = —OED = _%MBTZ7

1 (3.18)
2D __
Oj = 7271’63 Jprz -
The Hawking temperature T', angular velocity €2, and black hole entropy S are
2 2
ri—r2 r_ Ty
— , Q= , S=—". 3.19
27T€§7"+ £3’I“+ 2G3 ( )

3.2.2 Near-extremal thermodynamics

For an extremal black hole, the temperature vanishes, and the energy is set by the angular
momentum, satisfying the condition ¢3Myr, = Jprz, which is equivalent to the horizons
coinciding, i.e., ry = r— = rg. To study the low-temperature regime, we expand around
extremality as r1 = rg + €, while keeping Jy, fixed. This gives at leading order in e:

2¢

= 3.20
=1 (3.20)
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and the response in the energy AMyy, and the entropy AS to leading order is given re-
spectively by!?

AMyy, = WQ%@,T? . AS= ﬂ2§egT. (3.21)

For future reference, we note that the extremality condition in terms of the operators
(Op’, O, 03) can be expressed as

O +0OP* =0, OP*+0P*=0. (3.22)

Here, the asterisk in the operators is to emphasise that these relations hold only at extremality.
Strictly speaking, the first condition is the absence of an anomaly for the stationary solution.
In addition, we notice that in terms of the parameter ry, we can express O;D’* as

ot — "8 (3.23)
= an .

3.3 Off-shell decoupling limit

We may now construct the decoupling limit that implements the near-extremal limit of the
reduced phase space in (3.10)—(3.13). We refer to our approach as an off-shell decoupling
limit, since it does not require imposing the equations of motion (3.14).

To gain physical insight into our construction, let us recall that the radial coordinate r
roughly corresponds to the energy scale along the holographic renormalization group flow.
In this context, the linear form of the UV dilaton,

O(u,r) = ygi + @y, (3.24)
3

can be interpreted as follows. The source v acts as a scaling factor for the energy scale r,
while the constant ®g serves as a reference energy. By redefining v as v = AP and taking the
limit A — 0 while keeping ¥ fixed, we effectively zoom in on the reference energy ®.
Another important aspect of the decoupling limit is to keep the angular momentum J,
defined in (3.8), finite as A goes to zero. Concretely, this means
o'V

o3P = ’T (3.25)

(=1

where O; *7 is fixed. Therefore, the defining feature of the decoupling limit is to take

V=T, A0, (3.26)

while keeping 7 fixed combined with (3.25). By itself, this limit introduces divergences in the
line element (3.10)—(3.13). To make the limit well defined in the metric functions in (3.12),
we therefore expand our operators in terms of A as

oY

OFor brevity, we are only stating the naive semi-classical expressions for entropy and mass in the near-

extremal regime. Quantum corrections can be large, see [24, 59, 60], but will not impact the subsequent
analysis. We will discuss briefly quantum corrections in section 6.
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for O = {OP,0%"}. From a geometric perspective, the expansion of O starts with A~
because of the dependence on v in (3.12); from a CFTs perspective, this will lead to a
finite energy and angular momentum as A — 0 in (3.8). Demanding regularity of F'(r,u,0)
in the limit A — 0 gives

2
D_p-D_ ¢ %
% o NPT (3.28)
o) = -0 —o.

Next, the regularity of A(r,u, #) requires, in addition to (3.28), the implementation of the shift:

(07

- (3.29)

W= f
With the redefinitions (3.26)-(3.29), the limit A\ — 0, where #, ji, o, ®o and O™ are held

fixed, the line element (3.10) is smooth and well defined.!! In particular, we find

20(u)
53:‘43%(1)0

2
ds?, o —Fig(r,u, 0)du?® — 2o(u)dudr + &3 <d0 — rdu) +0(N), (3.30)

where

Fgr(r,u,0) := }\grb F(r,u,0)

22 o2 K2 . o2 a.o\2 (3.31)
I ——S/d oM L oWy 4 2% 200 g2 (“) .
(63/2)2+ 7"17£3 ua(Oy” +0y7) + 5ty s\
From here, we already recognise that the geometry, at fixed 8, becomes locally AdSs.
It is important to stress that in (3.25)—(3.31) the equations of motion (3.14) are not used.
We now turn to the effect of this decoupling limit on the dynamics of the system. Taking

the decoupling limit in (3.14), to leading order in A, we find

90 = 9,70y =0, i€ {u,6,j},

(3.32)
950" =0, ie{u,6}.

Hence, the decoupling limit drops all the #-dependence of our phase space. Note that the
conditions for (’)Z(»_l) in (3.32) are compatible with the regularity condition in (3.28). With
this, the geometry (3.31) becomes an S fibration over AdSy with ¢35 = ¢3/2. To order A,
which is the first backreaction of the system, the equations of motion reduce to

m_ ¢ 2 (&W)
w 247raau a )’

Ouv

v

oM +

S}

(3.33)

8,00 — oMW — .

Hence, the Ward identities of the CFT5 have a well-defined behaviour as we take A — 0.

A closely related formulation of the same off-shell decoupling limit was discussed in [48]. The difference
there is that, besides 7 and i, av is kept fixed instead of «, as v — 0. As a consequence, the form (3.1) of
the boundary metric is not preserved along the renormalization group flow discussed in [48], resulting in a
different gauge in the IR.

— 21 —



Finally, applying the decoupling limit directly to the generating functional (3.3) yields

O(*l) o O(fl) 0271) O(fl)
0fR = /de -6 5 g517+ # o
AU U AU

—9 / a2z O Vosf + A / A2 (ogl)gaﬁ + 095@) +O(M\2). (3.34)

Invoking the regularity conditions given in (3.28), this variation remains finite as A — 0.
Since vO; = 5(9](-_1) is kept fixed in the decoupling limit, we also need to perform the
Legendre transform:

I — Iy +2 / d%z (’)j(-_l)ﬂ/], (3.35)
so that the O(A?) term in the IR variation of the effective action is proportional to jid (15(9](._1)),
and hence vanishes in the decoupling limit. The variational principle resulting from this
Legendre transformation is discussed extensively in [48]. With a slight abuse of notation,
therefore, the variation of the IR effective action after the Legendre transformation (3.35)
takes the following form to leading order in A:

St = 2 [ du (og”‘faﬁ T ogl>5a> . (3.36)
1%

3.3.1 Comparison with JT gravity

We can see now that our decoupling limit reproduces the features of JT gravity described
in section 2. In particular, the blackening factor (3.31) resembles (2.4), and the equations
of motion (3.33) are compatible with (2.12a)—-(2.12b). We will now make the map precise,
taking into account the ambiguities that we encountered in section 2.

Our first step is to identify the leading term in r that dominates fig in (3.31) with
that in (2.4). A natural identification is

ly = — Oyp = Qp , (3'37)

where we are placing labels on the variables to stress their relation and context. In this
identification, without loss of generality, the radial coordinate is the same in 2D and 3D.'?
Next, the dilaton in JT gravity is related to the 3D metric function ¢ via
B Dg=\o— =L, (3.38)
l3
where we have introduced a length scale L (which can be thought of as a Kaluza-Klein

radius, but its specific value is not important). With this, and in comparison to (2.5), we
have ¢g = 0 and

r
¢ = VZD? . (3.39)
2

12 Accounting for a radial redefinition between the two- and three-dimensional notations is simply a combi-
nation of the local symmetries ii)-iii) in section 2.1.
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Here, vy, denotes the source introduced in the context of JT gravity. Via (3.37)—(3.38)
we therefore have

A
Vi = 5V (3.40)

With these identifications, the IR lapse function in (3.31) can be rewritten as

ZDg O — 442 (8“’/213)2

Vop

(3.41)

By comparing this expression with equations (2.4) and (2.11), we recognize that the decoupling
2

2 .2

Fr(u,r) = a%r + l?)\4;; /duam (’)( )+ o0 ))

Ii
9l &
eﬁ

Vsp

limit in AdS3 yields the identifications w? = y~2 = 4, provided we relate the operators via

Li20, = M200 | Li20, = A0V (3.42)

It is simple to check that with this relation, equations (3.31) reproduce (2.12a) and (2.12b)
with w = 2. Applying this relation to the IR generating functional I1g defined in (3.36), we find

2
Iy = 2wL2 / du (ou Sou + “20, 5%) — 61, (3.43)

K3 2D
where 1, is the functional in (2.14). In the last equality, we used that 27 Lk3 = k3, which
comes from matching the generating functionals It1g with I,—.'2 It is worth relating It1g more

explicitly to the generating functional of JT gravity. Following the relations in (2.54) we have
Iyy = ly=1 = IIr — 3 /d uv/—h ¢~ R (Du)? . (3.44)

The value w =1 is the natural choice that arises in JT gravity prior to the ambiguities due
to w (see (2.44)). This relation shows the non-trivial interpolation of taking the low energy
limit of the UV (AdS3/CFT3) and its effective description of the limit in terms of JT gravity.
The difference is encoded by a local counterterm which modifies the value of w.

To end, it is worth exploring if the interpolating value of w we obtain in the near-extremal
limit of AdS3/CFT4 and the analysis of JT gravity has an impact at tree-level thermodynamics.
In particular, let us compare the entropy in 2D given by (2.72) and the near-extremal BTZ
entropy in (3.21). Based on our dictionary in this section, we have

c 41

— === 3.45
12 Lk3’ (3.45)

and, on a thermal state, the energies are related via
(3AMyy, = =273 O = 2Luy By (3.46)

where E,p, is given by (2.74). With this, we see that

|20 /
S?D == 271' 2V2DE oD — 27T ££3AMBTZ == AS3D . (3.47)
K3 12

Therefore, the semi-classical entropy values match as expected from the analysis in, for
example, [24]. In the context of our analysis, it is important to highlight that this agreement
is regardless of the value of w.

13For the example considered here, the relation between ko and k3 follows directly from dimensional
reduction.
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4 Near-extremality at the boundary of TMG

In this section, we generalize the analysis of section 3 to situations where the CFT9 has
both a conformal and a gravitational anomaly, inducing independent left and right central
charges, ¢y, and cg, respectively. From the gravitational perspective, we will introduce ¢y, and
cr by considering Topologically Massive Gravity (TMG) with boundary conditions suitable
for AdS3/CFTy as done in [61-66].

The main appeal of this situation is to track further the imprint of the CFTs data in the
near-extremal dynamics. This will reinforce some aspects already encountered in section 3,
related to how we implement the decoupling limit, and it will also illustrate the role of
the left and right moving sectors of the CFTy in the near-extremal dynamics. With this
in mind, we will only consider the minimal modifications to the analysis of section 3 such
that the effects of ¢; # cgr are manifest.

It is important to mention that TMG, as a semi-classical gravitational theory, suffers
instabilities and unitarity violations; see, for example, [67-69]. Although these are important
dynamical aspects of the theory, our reduced phase space does not contain these pathological
modes, hence, instabilities will not influence the analysis here.

4.1 CFT3 Ward identities with a gravitational anomaly

In analogy to section 3.1, we want to place a two-dimensional CFT with unequal left
and right central charges, i.e., cg # cp, on a curved background. However, the CFT9
cannot be consistently coupled to dynamical gravity due to the presence of a gravitational
anomaly. This anomaly can be interpreted either as a diffeomorphism anomaly, which leads
to non-conservation of the stress tensor, or as a local Lorentz anomaly, which results in

a non-symmetric stress tensor [63, 70].14

For our purposes, we express the gravitational
anomaly in terms of the diffeomorphism anomaly. This choice allows us to define the stress

tensor as the variation of the action with respect to the metric,

1
5T = —5 [ /=g T g2 (4.1)

The Ward identities, with the gravitational and trace anomalies, are now!'®

VaTab _ _Lgabecdaeacrgd ’
Asm . | (4.2)
T¢ = — R@ L = aylrd
o= oqpt gt ba

Here, €4 is the Levi-Civita tensor normalized such that \/—g el = —1, while R® and e,
represent respectively the Ricci scalar and the Christoffel connection of the background
geometry. This form of writing the Ward identities in the presence of the diffeomorphism
anomaly is consistent with the Wess-Zumino consistency conditions. The violation of covariant
conservation of the stress tensor is parametrised by the central charge ¢, while the Weyl

“For a concise summary of the different notions of stress tensors, see [71].
Y There is a typo in eq. (2.9) of [71]. The correct expressions are obtained by replacing ¢ — ¢/2.
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anomaly is parametrised by the central charge c¢. These are expressed in terms of the right
and left central charges of the CFTy as follows:
cr, +CRr CL, —CR

= _: . 4.
s (1.3

We note that the terms accompanying the central charges ¢ and ¢ in the Ward identities (4.2)
are local expressions of the background geometry.
The Ward identities (4.2) can be alternatively written in the form

vaTab _ Lebcch(Q) - vatab 7
487 (4.4)
T — LR(2) _ 40 '
* 2Ur “

where t% is the local and symmetric Bardeen-Zumino stress tensor [66, 72, 73]

1
tab = _7vc(Xcab + cha . Xabc) 7 (45>

[\

with

c
Xabc = E(Cadr‘gd + Ebdl—‘gd) . (46)

It follows that the covariant tress tensor, (Tcov)ab = T 4 b gatisfies

Teov ab _ € be (2)
Va(Teov) 18:° V. .R\Y, 7
a _ _° p@
(Teov)a 247TR .

Suppose that 7 is the stress tensor of a CFT without a gravitational anomaly. We can
then construct a stress tensor that satisfies the covariant Ward identities (4.7) by defining

(Too)™ = T = (T + T, (4.8)
The trace of this tensor is
(Teo)"a = T'a = 3=B?., (4.9)
while its covariant divergence takes the form
Vo(Too)™ = — Lt 7, T = C ey 0 — _C_ ey p) (4.10)
2c 2c 48T

The relation (4.8), therefore, allows us to obtain the stress tensor of a CFT with a diffeomor-
phism anomaly from that of a diffeomorphism invariant CFT. This fact will play a key role
in obtaining the decoupling limit of a CFT with a diffeomorphism anomaly.

As in section 3, we can now make some more explicit choices for the non-trivial two-
dimensional background. We adopt the same background metric as in our previous discussion
of CFT5 in section 3.1, as this choice remains unaffected by the gravitational anomaly, namely

ds2, = —a*du® + (6 + pdu)?, (4.11)

2D — T

,25,



where a(u), v(u) and pu(u) are three arbitrary functions. A key advantage of choosing the
stress tensor (4.1) in a manner consistent with the variational principle in the presence of
the gravitational anomaly is that it enables us to apply a decomposition similar to that
used in section 3.1 to our current case:

TMG
TQ@ =V O@ 5

Tw=« O]T'MG + uTyg, (412)

2
T = 120 07" + 210 O] = =0

From the variation of the generating function (4.1), we obtain a pairing between the sources
and operators given by

o = /de (—(’)}MGV&u + OgMGgéy + OiMGcSa) . (4.13)
v

With this parametrization, the Ward identities (4.2) now read

= 2
(8 — MaG)OZMG OTMGa + ]Oja OTMG _ ¢ « O ((Vauy) au'u> :

48T VO,V ao?
OV 1 Oy
(00— )07 + 0P Qgpome - L Ly (VO (414)
e, omie __¢ 2 f“) &1, (V0un
Op ™+ 0,7 = 247 ozau ( Q@ + 48T ozau a? '

The right-hand side of these equations consists of local functions of the sources, arising
from the curvature terms in (4.2).

The identification (4.8), after adding the Bardeen-Zumino stress tensor (4.5), provides
a map between the operators (0,"¢, Og"¢, O7M¢) and the operators (0;’, 03, O3") of the
CFT without a diffeomorphism anomaly, discussed in section 3. Namely,

mie _ e | Co € VOuOupt
o0, =0, COJ + DY P
; c ¢ v 0
op oy ~for + 20, (&) o
¢ 1 VOuV ¢ (0uw)?
O™ — OZD O?D — 29 < u ) _ - \vu .
J 487 v “\ a2 241 vo?

It is convenient to rewrite these relations in the more compact form

~ c
2D __ 2D 2D
O =0y + -0,

OF = 0P - 9(’)?, (4.16)
2D __ 2D 2D i (auV)Q
07 =09 O 241 va?
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where we have introduced the auxiliary operators

A — o _ € VOulOupt
Ou' =0, 241 a? ’
¢ v? Oyt
02D = OIMC 4877_‘_Eau (52) y (417)
> — MG c1 V@uu>
07 =0;"+ 18+ y@u <a2 .

Notice that the transformations (4. 16) become completely homogeneous in terms of the

shifted operators O} — 57— (iay) and O — i (6;:) The first of these is what defines the

energy in (3.8), while, as we will see momentarily, the latter defines the energy in TMG.

Moreover, the auxiliary operators (4.17) are obtained by adding a local — but not covariant
— counterterm to the generating function of TMG. In particular, from (4.13) follows that

S(I + Ieg ) = / d*x (—@;Dwsu + @‘;D%au + @;Dm) : (4.18)
where 5
14 14
It JTMG — _48 /dQJJMa ( o2 ) . (4.19)

One may verify that both sets of operators (O;, Op”, OF") and (O, A?;D, @;D) satisfy the
Ward identities (3.5)—(3.6), where the diffeomorphism anomaly is absent. This means that, as
is the case with the Weyl anomaly, within the effectively one-dimensional phase space we are
working in, the diffeomorphism anomaly can be eliminated by a local counterterm. Notice,
however, that this would not be the case if the sources were functions of both u and 6. Moreover,
it cannot be overemphasized that the relations between the operators (O;’, Op°, 03°) and
(019, Ogh¢, OM¢), and that between (O, (’35‘3, @jb) and (O M9, OgM¢, O7M¢), are entirely
different. The latter corresponds to a local counterterm that exists only within the effectively
one-dimensional phase space. On the contrary, the former is a general non-local deformation
of any relativistic CFT.

Finally, it is useful to construct explicitly conserved charges in this case. Due to the
presence of the diffeomorphism anomaly, the generating function is not invariant under
diffeomorphisms, i.e., d¢I # 0 for an arbitrary diffeomorphism {%. As a consequence, the
stress tensor is not covariantly conserved, as expressed in the Ward identity (4.2). Nevertheless,
conserved charges can still be defined under certain conditions. In particular, let us consider
diffeomorphisms that preserve the gauge choice of the background metric (4.11). In this
case, the transformation of the sources is:

da=0y(ea) + ao, dv=edyv+vo, Ou=0y(eu+ ). (4.20)

Here, €, ¢ and o represent time-reparametrisations, #-reparametrisations, and a Weyl trans-
formation, respectively. The conformal killing vectors (CKVs) are determined by imposing
Ocxv@ = Ocxvt = OcxvV = 0. This leads to the following solutions for the infinitesimal
transformations:

v OyV v
e=&—, o=-&4—, p=&L—&—p, (4.21)
a a a
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where £ and & are arbitrary constants. These transformations trivially leave the generating
function invariant, since

5(7[(\/_[ = /de (_O}I\’IGyéch/JL + Oé‘l\ngéchV + O;II:NIGécKVa> = 0 . (4.22)

If the operators (O;M¢, OM¢, Og¢) are independent of 0, these CKVs together with the
Ward identities (4.2) imply the existence of conserved charges. In particular, integrating by
parts this variation of the generating function and keeping total derivative terms we derive

9 , c VO,V
0= [ a4 [—ggau <VOJT-MG + o0 (ag >)

(4.23)
+60 yoTk'IG_C(W>2_5m
e 24r

241\ « o’

Since the constants £ and & are arbitrary, we identify two conserved charges, given by

~ ¢ [(Oyr\?
Erye = */de (VOZD Yy <a) > )

(4.24)
Jrne = /d9 V@§'D )

where we have used the relations (4.17). Jpye represents the angular momentum, while Eqpyq

denotes the energy of the system. These charges agree with (3.8) when ¢ = 0 (¢ = ¢g).

However, the relations (4.16) imply that they are related to those in (3.8) even when ¢ # 0.

In particular,

c c
ETI\'IG - E - EJ, JTMG - J - EE . (4.25)

Notice that this transformation of the charges preserves the extremality condition since,

C
Erve — Jrve = (1 + c) (E—J). (4.26)

4.2 TMG reduced phase space

In three dimensions, the Einstein-Hilbert action supplemented by a gravitational Chern-
Simons term defines the topological massive gravity (TMG) theory [74-76], and we will
mostly follow the conventions of [71]. The action is given by

1 3 2 1 3 2
Is= 2&%/(1 /=g <R+£3) + T~ /d z\/—g P (Fguaﬁf‘zu—i—gl“gyf‘gal“gu> , (4.27)
where p is a real coupling constant with the dimensions of mass; we adopt the convention
that the three-dimensional Levi-Civita tensor satisfies \/—g€e’'? = —1. The equations of
motion of TMG are

1 1

1
R/.LV — §gHVR — gg'uy = _;CMV’ (428)
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where C),, is the Cotton-York tensor,

1
C;LV = fu,y/\ v'y (R/\V - g)\VR> . (429)

4

Despite the presence of the Christoffel connection I'), in the action, the equations of
motion remain covariant. Moreover, all locally AdSs solutions have a vanishing Cotton-
York tensor C,,, = 0, making them solutions of TMG, as seen in (4.28). For a nonzero
Cotton-York tensor, C,, # 0, TMG admits new solutions, a subclass of which corresponds
to warped AdSs spacetimes, including warped black holes [77-79]. These asymptotically
warped AdS3 geometries do not satisfy the Brown-Henneaux boundary conditions and will
not be considered here.

In what follows, we focus exclusively on locally AdS3 solutions with a vanishing Cotton-
York tensor, C,, = 0. In this case, it is well-known that the dictionary with the dual
CFT; leads to [63]

343 1 343 < 1 )
=— 1+ — =—(1-——]. 4.30
R < " M&s) T e, pls (4.30)
Alternatively, via (4.3), we have
363 _ 1 3£3
— =~ 2 4.31
¢ 2G3 ’ ¢ p,fg 2G3 ( )

The reduced phase space is again given by (3.10)—(3.12). However, we now need to relate
the metric functions (3.12) to the CFTy variables in section 4.1 in a way compatible with the
Ward identities (4.14). This is achieved by using the same map between the metric functions
and the CFTy variables (O}, O°, O°) given in (3.13), but expressing these operators in terms
of the TMG variables (O,"¢, Og"¢, O™¢) by inverting the transformation (4.16). This gives,

OP — c _ (C@m_E@QD_?(auV)Q)

2 — ¢2 J 241 va?

2 c A2 = 2 2 ¢ (auV)2
OHD:m<COQD+COD - _02< OD—% ]/a2 ) s (432)

2D __ c AZ'D_— 2D, ““
0 22 (CO] Ou +247T Va2 )

where (O, (’)2[’ ZD) are expressed in terms of the TMG variables through (4.17).

4.2.1 BTZ black hole in TMG
The line element of the BTZ black hole is still given by (3.16). However, the gravitational

Chern-Simons term in the action (4.27) modifies the definition of the holographic stress
tensor [66]. Accordingly, the TMG mass, Mg, and angular momentum, Jpyg, are now
related to the horizon radii r4+ as

1N (rp+7r)?
ESMTMG + JTMG = (1 — ) g

Hfg ( 8Gl3 : (4.33)
re —1r_
£3MTMG - JTMG = (1 + H’&’)) ;GT '
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These expressions can be easily understood by noticing that the holographic stress tensor
of TMG realizes precisely the stress tensor deformation (4.8).

The TMG mass and angular momentum are related with the operators (Og*¢, O,M¢, O¢)
according to the conserved charges (4.24), namely

OT™G — _ (TVG _ _@
' ’ 2 (4.34)
OTMG — JTMG '
J 2w €3 '

These operators are related to those of the original CFT5, (OzD,O?,D,O;D), through the
transformation (4.16), which leads to the transformation (4.25) of the conserved charges.

This gives
c c
l3 My = {3 Mgy — EJBTZa Jrve = Jprz — E€3MBTZ7 (4'35)
or equivalently
c
l3 My £ Jrue = <1 + C) (b3 M1z + Jorz) - (4.36)
The Hawking temperature 7" and angular velocity 2 remain unchanged relative to (3.19),
namely
r2 —r? r_
+ —
=+ - = ) 4.37
271'6%7"4_ €3T+ ( )

However, the semi-classical Wald entropy of the black hole receives a contribution from the
gravitational Chern-Simons term, in addition to the area-law [62, 80-83], and it is given by

Sy = 6%) (cr(ry — 1) +cr(ry +7_)) . (4.38)

4.2.2 Near-extremal thermodynamics

At extremality, we again have ry = r_ = rg and zero temperature. In this limit, the relation
between the TMG mass and angular momentum is

C
Jrue = L3 Mrne = %T?) ) (4.39)
6035
while the extremal entropy is
CRTT
STMG = 263 2 . (4.40>

The linear response in temperature of the energy AMyq and entropy ASiyg, at fixed Jrye, is

AMipye = WQ%@,T?, ASiye = H%%,T. (4.41)

The right sector controls the notion of extremality, as we can see from (4.39) and (4.40).
On the other hand, the linear response around extremality is controlled only by the left
sector, as seen from (4.41). The presence of the gravitational anomaly in TMG disentangles
the role of the right and left degrees of freedom of the CFTy [71].
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4.3 Off-shell decoupling limit

We will now implement the decoupling limit for the TMG phase space described by (3.13)
and (4.32). The procedure closely parallels the AdS3/CFT5 case discussed in section 3.3, so the
presentation here will be rather brief. The starting point is again to scale the sources v and p as
Q
- 35

while keeping 7 and f fixed. A key difference, however, is that while the decoupling limit in

v=AD, W= p A—0, (4.42)

section 3.3 is taken while keeping the angular momentum Jg, fixed, the decoupling limit of
TMG involves keeping Jryq fixed instead. As we will see, this affects crucially the asymptotic
form of the remaining phase space variables.

Since the parametrisation of the metric functions for TMG is again given by (3.13)
in terms of the operators (O}, Op°, ;-D) of section 3.3, we can directly apply the opera-
tor expansions (3.25) and (3.27). The corresponding expansions for the TMG variables
(O, OgM¢, OMC) can then be deduced through the relations (4.15). Let us parametrise
the expansions (3.25) and (3.27) as

gD(—l)

0P = = —+ 0" L 0 (4.43)

where now i = (u, 0, j). Inserting these expansions in the expressions (4.15) for the TMG
variables we find that these too admit such expansions as A — 0, namely

OTM(}(—l)

O;;rMG _ % T OiTMG(O) + O;I‘MG(UA N (4.44)

Similarly, the operators (@i“,@é”,@;”) in (4.17) can be expanded as

A O ) | A
O = Z—+ 0" 1 O WA+ (4.45)

From the expressions (4.24) for the TMG charges follows that keeping Jyy¢ fixed in the
decoupling limit requires that the expansion of O3” takes the form

AgD(—l)

OP = o (4.46)

without any subleading corrections. However, this implies that we cannot anymore im-
(1)

. Using the values for the

order (—1) and (0) expansion coefficients in (3.33), together with (’);D(O) = 0, we find that

the corresponding coefficients of the TMG expansions (4.44) are given by

pose (3.25). In particular, we need to allow for a nonzero (’);D

OTMG(—I) _ OTMG(—I) _ _OTMG(—I) __ CR ‘I>(2)

J 0 C12r v (4.47)

O;‘MG(O) _ OZMG(O) _ O;MG(O) -0.

The same values apply to the corresponding coefficients of the operators (@q‘f’, (551’, @ED) Note
T™MG(—1)

; are equivalent to the extremality conditions (4.39) derived

that the expressions for O
from the thermodynamic analysis, upon identifying 7 = ¢3 and ®g = rg.
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At order (1) as A — 0 we obtain the TMG coefficients

™G(1) _ 20(1) c gD(1)7i58uﬁ <a>
©u Ou +COJ 247 o3 %\7 )

14
_ = ~2
m™e(l) _ p20(1) _ Cpm(1) € V7 i @
(’)9 — 09 COJ 187 o au <a28u (ﬁ)) ) (448)

_ ~\ 2 _ ~a ~
ch(l) _ n»(1) c an(1) Ll (aul/) _ Ll (V&ﬂ/)
©; Ot (Ou 2477\ « B\ a2 )

or equivalently, in terms of the variables defined in (4.17),

OZD(I) OZD( ) + EO;D(U ,
C

@;D(l) _ O;D(l) . EO;D(I) 7

c (4.49)
- ~\ 2
F(1) _ o)), € [ ey €1 (8“”>
9 O+ c <O” 247U\ « ’
Requiring that @;D is exactly of the form (4.46) implies that we must set
- _\ 2
A0(1) _ ) _ _C (o) _ ¢ 1 (W)
0; 0 & O p <(9u YP . (4.50)

The Ward identities that the order (1) TMG expansion coefficients satisfy can be
determined from the Ward identities (4.14), by dropping all §-dependence. In particular,
the non-trivial Ward identities take the form

_ _ ~2
T™G(1) T™G(1) _ Lg (a“l/) _ Ll L (Oé)
O + O 247 aau a 487 ozau a? O v) )’

~ - NN
T™G(1) TMG(l)auV __ ¢ «a (V@uu) (a)
OOy s v 48w ﬂ@uﬁau < a2 ) %\3))

MG (1)

is trivially satisfied due to the TMG decoupling condition @;-D(l) =0.
We are now ready to examine the form of the line element in the decoupling limit.

The equation for OJT.

As we have seen, the parameterization of the metric functions in terms of the operators

(O, 05", 03) is still given by (3.13). However, we need to revisit the limit (3.31) in order
D(1)

to account for the fact that now O;D(l) = 0. For a nonzero (9; we obtain

FIR(7’7 u, 6) = )l\li)l%)F(T‘, u, 0)

a’r? o’ K3 ap(1) o’ ) i\ 2
= — Qp— =2 d 2p(1) 2= ¢ 2 2D(1) 2D( ) *52 ( u > '
(53/2)2+ "D 53/ ua(Op ™ +O) + > sh3(O) +O;) — 43 >
(4.52)
We can now express this in terms of the TMG variables ( TMG(l),O;MG(D OTMG(U), or
equivalently (OQD(1)> @ZD(1)7 @;D(l)), using the relations (4.32) and the fact that (’)ZD(I) 0.
The result is
a’r? 501 5 ¢ o [ Oui\?
A 0) = +2r2 3 g (1)) 452 D20 — ﬁ( . )
(7, u,0) YO / ua(OY +0PW) + ~ 3/<;3 (9 (%
(4.53)
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The IR vector potential Ajg remains identical to the case with ¢, = cp (¢ = 0) in sec-
tion 3.3, namely

A = ji — . (4.54)

From the IR limit of the lapse function (4.53) we identify the IR variables

OR — @jp(l) 7 OR = @;D(l) : (4.55)
so that
a2r2 IR O R _ B\

As we have seen, these operators satisfy the IR limit of the Ward identities (3.5)—(3.6)
without a diffeomorphism anomaly, namely

@y+om202%<%@
- 241 « « (4.57)
v
0,0, = Op'—= =0.

Recall that the operators ((’)2D OQD 2D), and hence OF and O[R, arise by adding to
the TMG effective action the local but non-covariant counterterm (4.19), whose IR limit is

voU
ICt ,TMG — 27[‘)\@\/(:1“ a < > . (4-58)

Indeed, up to a total derivative, this local counterterm can be expressed in terms of the
one-dimensional boundary metric h,, and the boundary value of the scalar ¢ as

Set m—zm— / duv/—T 18, 6(0up — T, ) (4.59)

where I'%

. is the Christoffel connection of the one-dimensional boundary metric hy,. The

appearance of this quantity renders manifest that the local counterterm (4.58) is not covariant.

Using the values (4.47) for the operator expansion coefficients, the fact that @;D(l) =0,
and implicitly implementing the Legendre transform (3.35), the IR limit of the variational
principle (4.18) becomes

o
S(IR + Iet mae) = 270X / du (05&55 + 0{}‘5@) +0(\?). (4.60)

1%
As we have already pointed out, this demonstrates that the gravitational anomaly can be
eliminated by a local but non-covariant counterterm in the effective one-dimensional theory.

This is a generic feature of the description of anomalies when the effective theory changes
dimension [8, 82].
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4.3.1 Comparison with JT gravity

As expected, many aspects of the decoupling limit in TMG reproduce features of JT gravity
discussed in section 2. In particular, the lapse function in (4.56) resembles that of (2.4),
and the Ward identities (4.57) are compatible with (2.12a)—(2.12b). We will now make this
relation precise, taking into account the ambiguities encountered in section 2.

The initial steps of the comparison are unmodified from section 3.3. More concretely, the
relations in (3.37)—(3.40) hold for TMG, since there is no use of dynamics in those equations.
With these identifications, the IR lapse function Fig in (4.56) now reads

2 2 a2 2
az.r K3 K3 c [ Oyv:
Fir = 227 o5y m/d (O + O 4 988\ ¢ eom—w2<“”>
e E% L 4vyp uam * ) + L cpv “ 2CL Vap
(4.61)
By comparing this expression with equations (2.11) in section 2, we recognize that the
decoupling limit in TMG yields the identifications w? = 72 = 4=, provided we relate
L
the operators as
20, = B E0R 20 A3 C R (4.62)
K K =\=2— . .
2 L cr 2V L cr, 0

Applying this relation to the IR generating functional Ii¥ defined in (4.60), we find

&hR+J&TMQ-%de 2/du<0 &%D+c%5um)_4n@, w2:4f< (4.63)
Vop L

In the last equality, we are setting

oL = — k2, (4.64)
cr,
to identify the functionals. We note that this relation does not follow from dimensional
reduction, which would instead yield the naive relation 27 Lx3 = x%. The reason behind this
discrepancy is that TMG is a higher-derivative theory. For instance, to compute the black
hole entropy in TMG, one must use the Wald entropy formula rather than the standard
Bekenstein-Hawking formula, which holds only for two-derivative theories. Our off-shell
construction of the decoupling limit properly captures this subtlety by working in terms of
the CFT operators, whose Ward identities encode this information.
Thus, for TMG, we obtain the following mapping:

CL

Lot = Lo+ (1)) 5 [du/=Ro W @,0)7, w? =15, (4.65)
2

where we now have

Cy, 62 1
= === 4.
12 L k3 (4.66)

Therefore, the dynamics of JT gravity is controlled solely by the left-movers of the CFT5,
while the right-movers are frozen in the near-extremal regime [71].
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Finally, it is instructive to check that the near-extremal thermodynamics is correctly
captured by JT gravity. Similar to the case in section 3.3, we have

ESAMTI\'TG = _271-)\2]7 O,IMR - 2LV2DE2D 5 (4.67)

where we used (4.34), (4.41), and (4.62). It is then simple to check that

|20 [c
SZD - 27r ?;VZDEZD - 27T éEBAMTIWG - ASTI\{G B (4.68)
2

where Sy, is given by (2.72) and ASp,c by (4.41). As in previous sections, although we
encounter a non-trivial value of w, which controls the Schwarzian action, the match of the
thermodynamic entropy does not rely on w.

5 Near-extremality at the boundary of AdS,/CFTj;

In this section, we introduce a novel construction of the decoupling limit within the AdS,/CFT3
correspondence, where we can track how the near-extremal dynamics is imprinted on the UV
data on both the gravitational and CFT sides by matching the appropriate phase spaces in
the IR and UV. The gravitational analysis will be done for Einstein-Maxwell theory with a
negative cosmological constant, and the reduced phase space we construct is a non-trivial
gravitational dressing around the Reissner-Nordstrom AdS4 black hole. On the CFTg, this
corresponds to a configuration with a non-trivial stress tensor and a U(1) current placed
on a curved manifold of topology R x Mo.

However, the situation in this section is substantially more intricate relative to AdSs/CFTs.
First, unlike in two-dimensional CFTs, in three dimensions there are no anomalies. This
makes a possible connection with the Schwarzian dynamics more elusive. We will address this
by making contact with the counterterm ambiguity discussed in section 2.4. Second, on the
gravity side, the presence of local degrees of freedom prevents the complete characterisation of
solutions in the Einstein equations with a fixed boundary metric. To address this challenge, we
focus on a specific subsector of Einstein-Maxwell theory with a negative cosmological constant:
a generalisation of the Robinson-Trautman (RT) family of algebraically special solutions [25].

5.1 CFT3 Ward identities on curved backgrounds

We will again begin with a brief discussion of the Ward identities of generic three-dimensional
CFTs that possess a U(1) global symmetry. The relevant currents in this case are the stress
tensor, T%, and a U(1) current, J If we place the theory on a curved background and
turn on a background gauge field, we can read off these currents through the variation of the
generating function I[g, A] with respect to the corresponding sources, namely

1
51 = / R <2Tab5gab 4 J”Mb) . (5.1)

The Ward identities that these operators satisfy follow from the invariance of I[g,.A] under
diffeomorphisms, U(1) gauge, and local Weyl transformations of the background sources.
Respectively, they take the form

VaTab + Jafab = 07 Vbe = 07 Taa = O’ (52>
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where F = dA. A key difference with the two-dimensional CFTs discussed above is that
there is no possibility of a Weyl or gravitational anomaly in three dimensions.

Given a conformal Killing vector £% of the background g,p, A,, the Ward identities (5.2)
imply that the following quantity is conserved [47]

Qe = — [ dou (% + A%, (5.3)

i.e. it is independent of the choice of Cauchy surface C. Here, do, is the directional volume
element on the Cauchy surface C. Moreover, the conservation of the U(1) current in (5.2)
and the Bianchi identity dF = 0 imply respectively the conservation of the electric and
magnetic charges

Qe:/cdan“, sz/cf. (5.4)

We will place the CFT on a curved background ¢ of the form R x Ms and turn on a
background gauge field A,. We will parametrise the metric as

ds? = —a*du® + 2v%e*Xdzdz, (5.5)

where a = a(u), v = v(u) depend only on the time u, while x = x(u, z,2) depends on all
three coordinates. Moreover, we take the background gauge field to be of the form

A=pdu+ A,dz + Azdz, (5.6)

where 1 = p(u) and the spatial components are arbitrary functions of all coordinates for now.
This shares several features with the two-dimensional background in (3.1). The components
a and v will play the same role as in two dimensions: « acts as time dilation, while v is
a Weyl factor for My. However, the angular velocity in the earlier sections is now traded
for an electric chemical potential, u, which enters as a component of the background gauge
field. The geometry of My, i.e., 2e?Xdzdz, will be held fixed.

On this background, we decompose the stress tensor and current such that their compo-
nents are tied directly to the appropriate sources we have introduced: (o, v, ). Thus, we have

. 1
Tyu = _%OZDa T,z = *02262)(7
al/ 21 (5.7)
Tuz = jtuz ) Tzz = *tzzw
1% (6%

plus the corresponding barred components. In particular, the trace of the stress tensor
is given by

a 1 3 3
T = ﬁ(OuD + Oz]%) : (58)

Here, O = OP(u, z,Zz), and 0¥ = 0¥ (u,z,z). The components t,, and ¢, (and their
barred versions) also depend on the local coordinates, but they will not be treated as
dynamical operators. As will be the case in the subsequent AdS, construction, we consider
a sector of the CFT3 where these components are locally determined by the curvature of
the background (5.5).
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The U(1) current is decomposed as
J=-20"du+2dz: + Laz, (5.9)
v « a

where O = O (u, z, z) controls the electric charge carried by the current, and the spatial
components j, also depend on (u,z,Zz). In this notation, turning on a magnetic charge
corresponds to setting

Lz = ve?XOP (5.10)

In this way, the variation (5.1) of the generating function is given by paring the sources

with their respective operators'®
61 = / d3z (eQX (Og‘;j‘éu + OP5a + Oznuéu) + j0A5 + jgaAz) : (5.11)
Finally, with this notation, the Ward identities (5.2) take the form
Ou(PXOP) — 0,08 = ~(Fuujs + Fusis) — p(Otus + 0:tuz),
9:0%; + %fuzOZD = 26‘2X (fzzjz — Oty + 3u(e2xtuz)) , (5.12)

v 2
0:0%; + 25}'“5(92[’ = 56_2X (fzzjz — Otz + 8u(€2xtu2)) )

which correspond to the conservation equation of the stress tensor, while the U(1) conservation
and trace conditions give respectively

Ou(ve™XOP) = -0, 55 — 025, (5.13)
and
OP + 0% =0. (5.14)

Given a conformal Killing vector of the background (5.5)—(5.6), the associated conserved
charge (5.3) takes the form

Ql¢] = — /M 2eXdzdz (' OF — ¥ty — Etys + (E'p + EA, + EAHV OP) . (5.15)

In particular, if x(u, z, 2), A,(u, z,z) and Az(u, z, Z) are independent of u and we work in
a gauge where vu/a is constant, the background (5.5)—(5.6) admits the timelike conformal
Killing vector £ = (v/a)d,, which leads to the conserved energy

E=— [ 22dzdzv <0;1D + O;;D> . (5.16)
Mo «
Moreover, the electric and magnetic charges (5.17) become
Q. = ., 2e2XdzdzZv OF |, Q,, = - 2e2Xdzdz v OF . (5.17)
2 2

In particular, the second term in the energy (5.16) is proportional to the electric charge Q..
It follows that for backgrounds of this form we can define the simplified conserved energy
E'=— [ 2e*XdzdzvOP. (5.18)

Mo
6The components T, and T, are inert in our discussion. In particular, we are not turning on sources in

the background metric for those components. This is motivated by the setup we will have in AdS4. However,
appropriate modifications to turn on those sources are straightforward.
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5.2 Generalised Robinson-Trautman phase space

In this section we construct a reduced phase space in AdS,4 that has the operators O, 032,
O2P turned on, and carries also the sources («, v, ). The simplest gravitational theory that
contains these ingredients is a four-dimensional Einstein-Maxwell theory with a negative

cosmological constant,
_i 4., /— _ _} 4, /2
5—22 d*zv/—g (R —2A) 1 d*xy/—g F*, (5.19)
Ky

where A = —3/¢% and k% = 87G4. A useful way to construct the desired phase space is to
consider a generalisation of the charged Robinson-Trautman (RT) solutions of this theory.
The RT family of algebraically special vacuum Einstein solutions describes spacetimes with a
null geodesic congruence that has vanishing shear and rotation but nonzero expansion [25]
(see [84] for a comprehensive review). These generally time-dependent geometries exactly
solve the radial part of the Einstein equations, reducing them to a single transverse equation,
known as the RT equation. This equation can be interpreted holographically as a Ward
identity in the dual CFTj3 [27].

Einstein-Maxwell theory admits electrically and magnetically charged versions of such
algebraically special solutions. Here, we generalise the charged RT spacetimes with a negative
cosmological constant in two ways. Firstly, we turn on suitable sources such that the three-
dimensional metric (5.5) matches the boundary metric of the bulk spacetime. This ensures
that the transverse equations of motion of the four-dimensional Einstein-Maxwell theory will
be identified with the CFT3 Ward identities (5.12). However, since the conformal anomaly
is identically zero in this case, the holographic stress tensor obtained from the charged RT
class of solutions has a vanishing trace. Therefore, in order to obtain the trace in terms
of the operators O and O%2 as in (5.8), we need to further generalise the RT ansatz so
that the trace of the holographic stress tensor is given by (5.8). This is then set to zero
once the equations of motion are imposed.

We will work in a Bondi-like gauge with a bulk metric of the form

ds?, = —Q2 fdu® + Q2 (—Qa(u)dudr + 202(r, u)eQXdzd,E) , (5.20)

where f and €2 are functions of r,u, z, and z. Similar to the AdSs cases in the previous
sections, the scalar ® controls the size of the base manifold M, with metric 2e?Xdzdz and
is parametrised as

r
ly
where @ is constant. The fieldstrength components of the dyonic class of solutions are given by

av(OP + OF)

O(r,u) = v(u)— + P, (5.21)

_ _ 2 k
Fur = - P2 ) Fzz =ve X(OgD - O%D) ) (522)
. Ly 3D . el 3D
Fuz =)+ E&zoq 5 Fué =7+ ?620(3 .

with O} = O (u, 2), OF = OF(u, z), while j, and j; are functions of u,z,z. The com-
binations

OP =0P+ 0P,  OR=0F-0F, (5.23)
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can be identified respectively with electric and magnetic currents in the dual CFT3. In
particular, the boundary background fieldstrength is

Foz =ve™X(OP = OP), Fuo=j., Fuz=Js- (5.24)

In the following, we will show how to place these variables on-shell, and how the transverse
bulk equations of motion translate to Ward identities in the dual CFT}3.

Let us first consider the dynamics of the gauge field, which it is the simplest. Maxwell’s

equations, together with the Bianchi identity, imply that the variables that parametrise the

fieldstrength (5.22) satisfy the transverse constraints
au (V€2XO;D) - — 2j27
. (5.25)
O, (V@ XO;’) = —0.Jz .

We recognize the sum of these constraints as the conservation of the electric current in the
dual CFT3, given in (5.13). The difference of the two equations in (5.25) that is imposed by
the Bianchi identity corresponds to the conservation of the topological current in the dual
CFT;3. Provided these constraints are satisfied, the fieldstrength expressions (5.22) can be
integrated to determine the corresponding gauge field, namely

OP + 0P f f
A(r,u,2,2) = (—( 4 3 7)o + u) du — (/ dz V62X02D> dz — (/ dz V@QX(’);D> dz,

(5.26)
where the function p = u(u) plays the role of a source for the operator O appearing in (5.6).

Imposing the Einstein equations is more involved. Based on the form of the dyonic RT
solutions, an appropriate ansatz for the metric function f(r,u, z, z) and Q(r, u, z, ) in (5.20) is

2 2 2 > -
Flru 2= 50 4 20,2 (0,0 + 00,y) - 19 Ay TR Tl sd)

V2 v ¢ o2 (5.27)
Qryu,z,z2) = 1—|-f(g322),

where A = 2¢72X9,0; is the Laplace-Beltrami operator on the base two-manifold. With
hindsight, we parametrise the functions f;(u,z,z) in terms of the dual CFTj3 variables
n (5.11) as

fo1(u,z,2) = f&m ((’)5D 0,

f—2(u,z,2) = 2€4m4a20f1D(’)3q—D, (5.28)
1 A

Foalun2,9) = (O + O2).

Inserting this ansatz in the Einstein equations following from (5.19) we find that they

are satisfied provided the following transverse constraints hold, in addition to (5.25):
Ouv o 12 2
-3 3 4 A2 -
e~3X9, ( XOJD)—FOSD == 222AX+ 2,4z

o 4 Y e
0:00" = 4.077: =0, (5.29)

A Vo
ag(')zD - 4EO;DJE = O,

O +082=0.
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Notice that these equations also imply that
0= (0j.) = 0- (0P5z) (5.30)

which corresponds to an integrability condition for the second and third equations in (5.29).
The transverse equations (5.25), (5.29) and (5.30) are a generalisation of the RT equations
for the dyonic algebraically special solutions of Einstein-Maxwell theory with a negative
cosmological constant. They are equivalent to the Ward identities (5.12), (5.13) and (5.14)
provided t,. and ¢, defined in (5.7), take the special form
0 0 9
tuz = —550:Ax, t..= —0,(eX0;e7X), (5.31)

-2
2K3 K]

which corresponds to specific components of the Cotton-York tensor of the boundary met-
ric (5.5) [26, 27]. Indeed, evaluating the holographic electric U(1) current we find that it takes

the form (5.9), with O given by the sum in (5.23). Moreover, the computing the holographic
stress tensor corresponding to these configurations using holographic renormalization we obtain

a2 3D 1 2x (13D
Ty = _7201; ) T,z = e Oz27
aV % (5.32)
Tuz = ﬁtuz ) Tzz = —t,,
1% «

which coincides with the general stress tensor decomposition (5.7), except that now t,, and
t., take the specific form (5.31). The fact that these components of the holographic stress
tensor are determined locally in terms of the background geometry on the boundary is a
general property of asymptotically locally AdS, algebraically special solutions [26, 27].
The family of solutions we consider here represents a subset of the most general phase
space of a CFTj, as is clear from the special form of the stress tensor components (5.31)
and the vanishing of the corresponding sources. As a result, the stress tensor of the dual
CFTj3 coincides with the stress tensor of a conformal fluid on a non-flat background [26]. In
particular, the boundary stress tensor dual to the RT spacetimes can be decomposed as

Tab =Tt + Zap (5.33)

where T} is the perfect fluid stress tensor

ot = P(Gab + UaUp) + €U Uy (5.34)

where U = a.du is a time-like vector field that satisfies U,U® = —1, while the energy density
€ and pressure p are respectively

O3 O%R
L p=55 (5.35)

The conformal equation of state, e = 2p, is satisfied, reflecting the traceless stress tensor of

€= —

a CFT3. However, the perfect fluid stress tensor (5.33) is not covariantly conserved on the
background (5.5). The conservation of Ty, on this background is ensured by the presence
of the symmetric tensor Z,;,, which is defined as

i

Zap = —5(68 — U,UY) CpU° (5.36)
Ky
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In this expression, Cg,. is the Cotton tensor associated with the boundary metric g4,. This
reproduces the components (5.31). Recall that in three dimensions the Cotton tensor plays
the role of the Weyl tensor in higher dimensions. Namely, a three-dimensional manifold is
conformally flat if and only if it possesses a vanishing Cotton tensor. The presence of a
nonzero Cotton tensor has been argued to encode gravitational radiation in the CFT3 [85],
in addition to the electromagnetic radiation captured by the U(1) current J given in (5.9).

5.2.1 AdS Reissner-Nordstrom black hole

The dyonic AdS4 Reissner-Nordstrém black hole belongs to the phase space described by
the generalised charged RT solution. In the Bondi-like gauge introduced above, the metric
is given by

2

ds* = — f(r)du® — 2dudr + sdzdz, (5.37)

4r
(1+22)
where the blackening factor is

2 2MG 24+ PG
—L—i-— 4+(Q+ )Gy

_ 1 5.38
)= : S (539)
and the gauge field reads
1Q P /dz dz i
A=|——-—= d — | — =] — 5.39
<47rr+“0) u+47r(z 2)(1+z2)’ (5-39)

with po a constant. The factor of 1/47 in front of the mass parameter, M, the electric
charge, @, and the magnetic charge, P, ensures that these coincide with the corresponding
conserved charges (5.17) and (5.18).

In relation to the above notation, the Reissner-Nordstrom solution corresponds to setting
a=1,v =14, pn=0and & = 0, which gives & = r.!” Moreover, the metric on the
base 2-manifold My is

2e2Xdzdz = Ldzdz, (5.40)
(14 22)?
which describes a round 2-sphere. In this case, the boundary metric (5.5) is conformally
flat, i.e. it possesses a vanishing Cotton tensor. As a result, the components ¢, t,, of the
stress tensor in (5.31), as well as their complex conjugates, vanish. Similarly, j, = jz = 0 for
the Reissner-Nordstrom black hole solution. The remaining components of the stress tensor
and U(1) current are determined by the one-point functions

OSD — 7039 — 7M

u 44 477’
1

SD: P

q —8M4(Q+z ), (5.41)
1

3D — _—_(Q —iP).

Oq 87r€4(Q iP)

"Tn going from the gauge potential (5.26) to the expression (5.39) for the Reissner-Nordstrém solution we
have dropped a pure gauge term proportional to the electric charge Q.
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In order to describe the thermodynamics in a simple manner, we rewrite the blackening
factor in terms of its roots, i.e.,

f(r) = 164< ) =)+ ) (7). (5.42)

where r1 and ro are defined through the following relations
riAry=ry+ro, rmra=0+r 7 froryg. (5.43)

Here, ry is the outer horizon, and r_ the inner horizon; 7 o are unphysical roots of f(r).
In terms of r4, the mass M, and charges @), P are

MGy = ) <1+ T?“”%) ,

2 o
G r2 402 for_r (5.44)
2 2\ 4 + - -t
(Q +P)47T—T+T_<1+ gz >
The Hawking temperature 7" and black hole entropy S are given by
(ry —r_) ((3+3r2 +72 +2r_ry)
T= 4 03r? ’
) e (5.45)
PO
=G

The electric potential p. and magnetic potential p, are determined by the gauge field (5.39).
In particular, demanding regularity at the horizon sets up = Q/4nr, and hence

Q

e = Au}r:oo — Au|7q:1n+ = pr— (5.46)
Moreover, regularity at the horizon of the magnetic dual potential determines
P
= ) 5.47
Hon = (5.47)

Using these expressions for the thermodynamic variables of the Reissner-Nordstréom
black hole, the first law takes the form

dM =TdS + pedQ + pmdP, (5.48)
while the corresponding Smarr relation is given by

r
pV+M:u6Q+,umP+ST+ﬁ, (5.49)
4
where the volume of the 2-sphere on the boundary is V = 47v? = 47/3, since we have set
v = £4. Moreover, the pressure p is given in (5.35). The Smarr formula (5.49) is a consequence
of the generalized Euler relation p 4+ € = sT' 4 pege + pm@m + yoyp, where y encodes the
effect of spatial curvature in the thermal system [86].
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5.2.2 Near-extremal thermodynamics

At extremality, ry = r— = rg, the mass and charges satisfy the constraint
2rg 3rg
GyMy = 1o (1 + 620> v (e, 0Q0 + pm,0Po)Ga = 1o <1 + 520> : (5.50)
1 4

At zero temperature, the Smarr relation (5.49) relates the extremal mass My with charges
Q07 PO as

3

70 "o
I P)= —pV 4+ O ] 5.51
0 (,LLe,OQO + Hm,0 0) pV + 2G4 €ZG4 ( )

This expression will play an important role in the subsequent discussion. Finally, the
extremality conditions (5.50) written in terms of CFT3 variables are

. 2rq 2r2 To 3rg
o — 201, %0 O*OP* 14201 . 5.52
v (1) oror - (14 52

To study the low-temperature regime, we expand around the horizon radii near their
extremal value as r+ = ro £ € + O(€?), keeping Py and Q fixed. This gives [23]

2.2
€ 2 g

_ — 470 5.53
0w TR (5:53)
where ¢5 is the effective AdS, radius. The linear responses in energy AM and entropy AS are'®
8 8
AM = 27202 ( ”§0> T2, AS = 4n22 ( ”§°> T. (5.54)
Ky Ky

5.3 Off-shell decoupling limit

We now proceed to implement the decoupling limit for the generalisation of the Robinson-
Trautman phase space described in section 5.2. The procedure closely parallels that in
section 3.3 and section 4.3.

We define again the decoupling limit via the scaling

v=A0, A—0, (5.55)

while keeping o fixed. This is motivated by thinking of the radial direction as a holographic
energy scale: taking v small or large effectively changes the radial profile of ®(u,r) in (5.21).
In addition, we require that the electric and magnetic charges (5.17) remain finite in the limit
A — 0. From (5.23) then follows that the operators O;” and O3 must scale as

L, ofv o ool
0P =—"4—, 0p=—"—, (5.56)

with Of Y and O™ held fixed.

18The expression for AM is obtained by keeping P? 4+ Q? fixed up to O(e?), which requires the O(e?) terms

in the expansion of r+ near ro. Namely, r+ = ro+e +Tf)€2 +O(€®), where rf) +7@ = (B +2r2) /(5 +6r2)ro.
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As in the earlier cases, this scaling introduces divergences in the geometry. In order to
account for these divergences and eliminate them we expand the remaining operators as

o OV
OP = —i—+ O L oM+ O0PDN2 4. e (u,23). (5.57)
In particular, the expansion of O?” starts at order 1/, as inferred from dimensional analysis
of the line element (5.20)—(5.27). Imposing regularity of the lapse function f(r,u,z,2) in
equation (5.27) as A — 0 yields the constraints

4 2
(-1 _ 3% P
Oq " 0q 203k302  2K302 AX
oy A0E 20,
Og ) - _Ozg — _E ,‘<.]217 K]Qﬂ AX; (558)
47~y 4
2
00 = —00 = ~2205,1.
Ri

Notice that since Oy is a function of u, 2 only, while O3 is a function of u, z only, the first
equation in (5.58) imposes an implicit constraint on Ay. We also observe that setting &g = 9,
v = /{4 and Ax = —1 in the order (—1) coefficients reproduces the extremal values in (5.52).

Imposing the asymptotic conditions (5.55)—(5.58) in the limit A — 0, while keeping 7,
fi, a, ®g, and y fixed, the line element (5.20) remains smooth and well-defined. Namely, we
find the following IR expression for the lapse function:

fir(ryu, z,2) := lim f(r,u, z, 2)
A—0

2.2 7 a2 0 5.59
_ a2 7’2 +2r (200, + ozc? 1% n 4I€4Oj (Oqgl) _ OSE)). ( )
( 4% ) 1% 200
60Z—07Ax

In contrast to the lower-dimensional examples discussed previously, the resulting geometry
exhibits a more intricate dependence on the transverse coordinates z and z. We emphasise
once again that this decoupling limit is entirely off-shell in directions transverse to the radial
coordinate, as we have not imposed the equations of motion (5.29).

Applying the decoupling limit to the equations of motion (5.29) simplifies the system
further. The lowest order conditions from (5.29) are

A%y
A (XXDOL)
9,01 = 9,01

0,
0, (5.60)
0.

Requiring consistency between these equations and the regularity conditions (5.58) imposes
Oux =0, Ax =Ry, (5.61)

where Ry is a constant. This also implies that OI(LO) — 0W — (. Notice that Ry determines

zz

the topology of the horizon: Ry < 0 corresponds to S?, Ryg = 0 to R?, and Ry > 0 to Hs.

— 44 —



We will focus on the case of the round S? with Ry = —1, which corresponds to the base
2-manifold of the Reissner-Nordstréom black hole. In this case,

X—log< v2 ) - (5.62)

1+2z

At the next order, implementing the decoupling limit on (5.29) imposes

e—3><au(e3x(97§°)) — (92’8#5 = G_QXEjzjza
14 «
0.0 = 40052 (5.63)
a
0:0\) = 40§ V= .

The regularity conditions (5.58), combined with (5.61), then further imply that the sources
must vanish, i.e.

Jz=Jz=0. (5.64)

With these simplifications, the regularity conditions (5.58) reduce to

O(*l)(/)(*l) _ ©(% <1 4 3¢%> ,

E a 2272 0% (5.65)
20, ¢ 202 '
ot (8.
Ky U 2

which, as we already pointed out, match the extremality conditions obtained from thermo-
dynamics in (5.52) upon identifying 7 = ¢4 and ®¢ = ry. Finally, the Ward identities (5.29)
also imply that

2,000 — oW _ g,
1%

(5.66)
o +ol =0.

It is interesting to observe that the decoupling limit of the charged Robinson-Trautman
solution drives the geometry towards the fixed point of the Calabi flow (see [27] and references
therein), which is related to a conformal fluid in equilibrium [26-31]. This is reminiscent of
the mechanism discussed in [87] in a supersymmetric context.

Besides regularity of the line element and of the Ward identities, we must also demand that
the gauge potential A(r,u, z, Z) remains finite in the decoupling limit. From equation (5.26)
follows that, in addition to the line element regularity conditions (5.58), to ensure the
regularity of the gauge potential we need to implement the shift

1ha
A @

which results in the following expression for the gauge field

p(u) = fi(u) + O+ oYy, (5.67)

AR = )1\136 A(r,u, 2, 2)

(9% _ _1) ~ 20 _ dZ _1)d5
:(q)%(d D1ol )r—i—,u)dqu((’)g 1>7+og =)

(5.68)
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To simplify the discussion, in the following we turn off the magnetic charge of the
solution by setting (’)((1_1) = (’)((j_l). The electric charge, therefore, reduces to Oé_l) = 2(’)((1_1).
Moreover, the spatial components of the gauge potential (5.68) become pure gauge, which
we drop. With all of the above ingredients taken into account, the lapse function fir and
vector potential A simplify to:

a?r? oM 54/@21042 1
— 2 u 1) (7)
fIR ( 43‘1% ) + 2r o + 2(1)017 (Ou Ozz ) 3
6D2+03 (5.69)
(’)g_l)aﬁr
AIR = — + /1 du.
@5

Finally, applying the decoupling limit directly to the generating functional (5.11) yields:

203 o

SIig = / B X ()\ [(92’?‘55 +0Wsa + 02‘1)175;2} + 15 < :
17 25R%

3 )) +0(\%), (5.70)

where we have used the regularity conditions (5.65). At first glance, the A\ — 0 limit appears

singular due to the last term, which arises from the Smarr relation at zero temperature (5.51).

However, this term is a total variation and, therefore, can be removed by adding a local
counterterm.

To proceed, as in the earlier sections, we perform a Legendre transformation that replaces

U, which is a conserved charge that is kept

)
fixed in the decoupling limit. As a result, the term ﬁé(@é_l)ﬁ) drops out. Hence, the

the source i with its conjugate variable O£_1

generating functional simplifies to
SIig = AmA / du (oglg‘f‘(sz; + 05“5@) : (5.71)
%
where we have integrated over the transverse space, yielding the factor of 4.

5.3.1 Comparison with JT gravity

We can see now that many aspects of our decoupling limit reproduce the features of JT
gravity described in section 2. In particular, the blackening factor (5.69) resembles (2.4), and
the equations of motion (5.66) are similar to (2.12a)—(2.12b), though the system appears to
be free of anomalies, as would be expected from its parent CFT3 theory. We will now explain
how the anomaly of Schwarzian dynamics shows up, taking into account the ambiguities
that we encountered in section 2.

Our first step is to compare the leading term in r that dominates fig in (5.59) with
that in (2.4). From this comparison we naturally identify

| 2
by =1y m y Qp = Qup, (5-72)

where we inserted labels on the variables to emphasize their relation and context. In this
identification, the radial coordinate is taken to be the same in 2D and 4D. In this way, the
JT dilaton is related to the 4D metric function ® as

R Agﬁr = Lo, (5.73)
4
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where we introduced a length scale L that plays the role of a Kaluza-Klein radius. Its specific
value is not relevant for the current discussion. With this identification at hand, and in
comparison to (2.5), we have that

r

¢ = Vg (5.74)

Here, with respect to (2.5), the 2D radial gauge is such that ¢9 = 0. In addition, from
equations (5.72) and (5.73), we deduce that

Ala
Vsp = Zil/ (575)
With this identification, the lapse function fig from equation (5.69) can be rewritten as:
2.2 2 2
T Oulop\ T Ky Qop (1) 1)
= 200 —— | — + = A—"—0(0,,’ — O07). 5.76
fin(on) = S5+ (220 20 ) By T 00 08). (570)

By comparing this expression with equations (2.4) and (2.11) from section 2, we recognize that
the decoupling limit in the generalised Robinson-Trautman solutions yields the identifications
w = v = 0, provided we relate the operators as:

120, = A SLOW 20, = 2L oW (5.77)
2%u 2@0”7 2V 2(1)0 2z .

Applying this relation to the IR generating functional I1g defined in (5.71), we find:

2
Sl = 4m(2®gL)2 / du (ou Sa+ 20, 5;/) = 0L, (5.78)
K3 v
where I, is the functional in (2.14). In the last equality, we used that 87®gLx3 = k2
which comes from matching the functionals Itg and I, but also from simple dimensional
reduction. Finally, the relation between Itg and the generating functional of JT follows from
the equation (2.54), which for this particular case is

Iy = Lami = Loco + 5 & [ Quy/ =R 6™ hu(006)”. (5.79)
2

The value w = 1 emerges naturally in JT gravity, prior to introducing the ambiguities
associated with w. This relation highlights the non-trivial interpolation between the low-
energy limit of the UV theory described by AdS,/CFTj3 and its effective infrared description
in terms of JT gravity. In summary, we started with a CFT3 that is free of Weyl anomalies,
as captured by the generating functional I,—y. Then, through our off-shell construction of the
decoupling limit, we derived the Schwarzian dynamics, which exhibits a Weyl anomaly. The
key mechanism underlying this result is that the anomaly originates from a local counterterm
that exists only in one dimension. In higher dimensions, such a covariant counterterm does
not exist, and thus the Weyl anomaly cannot be modified in this way.

Finally, we verify that, regardless of the value of w, the thermodynamics in the near-
extremal limit of AdS,/CFT3 matches the tree-level thermodynamics of JT gravity. According
to the dictionary established in this section, the energies are related as follows:

L
(4AM,y, = =47 X250 = 7o tavan B (5.80)
2

— 47 —



where AM,, is the energy of the near-extremal AdS Reissner-Nordstrom black hole given
in (5.54) and E,, is given by (2.74). With this, we see that

20 8rd
S = 270y | =2y By = 2, 23 C AM,p = AS,p . (5.81)
k3 kg

Therefore, the semi-classical entropy in both descriptions matches as expected from the
analysis of — for instance — [88]. It is important to emphasise that the agreement at the
tree-level in our thermodynamic analysis holds independently of the value of w.

6 Discussion

We presented a novel decoupling limit, designed to capture the low-temperature, near-extremal
limit of black holes within the context of AdS/CFT. There are some important aspects
of our construction worth highlighting:

1. In dealing with the gravitational dynamics, we presented three examples, in section 3-5,
where it is consistent to input the radial dependence of the bulk fields and leave the
transverse dependence arbitrary. This defines a reduced phase space in AdS4,1, which
we relate to appropriate one-point functions Of and sources in CFT,. Imposing the
remaining Einstein’s and Maxwell’s equations is equivalent to imposing Ward identities
on the CFTy.

2. On this reduced phase space, we introduced a decoupling limit which acts on the one-
point functions and sources. The well-known near-horizon limits inspire the decoupling
limit: we fix the charge (angular momentum or electric/magnetic charge), and lower
the mass down to an extreme. It also acts on the sources that control the boundary
geometry: in the limit, the size of the spatial directions grows relative to the time
direction. And, very importantly, the coordinates in AdS411 remain unchanged in the
decoupling limit.

3. The limit is implemented such that the metric and fields in AdS4,; are well-defined
and finite. This fixes the behaviour of the operators under the limit. We also make
sure that the boundary action in AdS4, 1, whose variation gives the one-point functions
of the CFTy, is finite in the limit.

4. The result of the decoupling limit are IR values for CFT variables: for the one-point
functions Of — O;* and similarly for the sources. These quantities are then matched
with their counterparts in JT gravity, with one-point functions O;" and sources, which
allows us to connect the reduced phase spaces of each theory. In doing this, we do not
rely on a dimensional reduction of the gravitational theory in d 4+ 1-dimensions; the
decoupling limit naturally reduces the phase space to something that can be matched
to JT gravity.

The connection between the reduced phase space resulting from the decoupling limit
and that in JT gravity is subtle. For this reason, we revisited in section 2 several aspects
of the phase space of JT gravity. One important finding in this discussion is the inherent
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ambiguities we identify in the two-dimensional theory. The local, and covariant, boundary
counterterm we found is

— 672 — —17uu 2
5= 5, / duv/—h 6~ h (D)2, (6.1)

where ¢ is the dilaton in JT gravity and h,,, is the boundary metric. This term can be added
with any coefficient w?, and its effect is to redefine the one-point functions of the theory,
thereby affecting the Ward identities of the theory. More explicitly, if we denote O] and Of
the one-point functions naturally obtained in JT gravity, with sources a and v respectively,
then adding the counterterm (w? — 1)Se; to the JT action induces the field redefinition

(1 —w?) £y (O,v)?

JT __ 2
(1 —w?) £y (O,v)? 9y Lo (&w) '
JT
= — el 1—w?)—0, (),
Oy =0 2 K3 va? +l-w )ﬁ%aa a
where O, and Oy satisfy the w?-dependent Ward identities
2y Oy
Ou+ 0y = ‘w2 “0u <”) ’
@ @ (6.3)

040y — o¢? —0,

whereas O;" and Of satisfy these same equations with w? = 1. This makes explicit that the
concept of a “conformal anomaly” is inherently ambiguous because a counterterm can be
added to remove it. The addition of S¢; also affects the derivation of the Schwarzian effective
action, as shown explicitly in section 2.4.1, see (2.68). Still, the classical on-shell value of
the action, i.e. the free energy, is independent of w, which we show explicitly.

As mentioned above, including this counterterm S is key when connecting the phase
space of AdS;i; with the phase space of JT gravity. For the three examples studied
here, we find:

AdS3/CFTs (section 3). In the absence of gravitational anomalies, i.e., ¢, = cgr = ¢, we
find a relation of the form (6.2) with w? = 4. This value can be intuitively inferred by
the fact that the AdS3 and AdSs radii are related via £3 = 2/s.

AdS3/CFT2 (section 4). When ¢y, # cg, and extremality sets the left-moving sector to its
ground state, we find w? = 4&. In addition, we can also remove the 1D “gravitational
anomaly.” The appropriate counterterm, written in terms of the dilaton in JT gravity,
is

Set ,TMG — i/du\/jh huu¢_1au¢(8U¢ - FZuQZ)) > (6'4)

which is not covariant and therefore affects the Ward identity associated with boundary
diffeomorphisms. Recall that ¢ = (¢;, — ¢g)/2. This counterterm induces the field
redefinitions in (4.49), which transforms the Ward identities (4.51) into (4.57).
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AdS,/CFT; (section 5). In this case, the IR limit of O gives that w? = 0. This is the
most striking case conceptually. Since there is no conformal anomaly in the CFTj,
when flowing to the IR, it is perhaps odd to change this feature. However, this affects
the lore that the Schwarzian dynamics in the IR is universal. In our analysis, the
Schwarzian appears if we add the local counterterm Se; in (6.1), which can be viewed
as a UV/IR matching condition.

The counterterm S¢; reflects a renormalisation scheme ambiguity in either IR or UV
theories, but it is unambiguously determined when both theories are taken into account. In
the above, we are taking an IR point of view, where we are adding the counterterm S¢; to
match with the UV phase space, and hence tampering with the UV physics. In this sense, we
are taking the Schwarzian dynamics in JT gravity, with w = 1, as the fundamental EFT that
describes the low-temperature dynamics. It is also important to address this result from the
UV perspective. One way to interpret our results is to read off the EFT coefficients at low
temperatures from the RG flow of the UV, and our off-shell decoupling limit provides one
version of this flow. From this UV perspective, we are finding that the Schwarzian dynamics
will only appear depending on the number of dimensions: it will play a role in AdS3/CFTy
where there is just a modification of the value of w, analogous to, for example, a c-theorem;
in contrast, in AdS;/CFTj3 our analysis indicates that the Schwarzian effective action plays
no role in describing the dynamics and quantum effects at low temperatures, since w = 0.
Another possibility is that there is reason to add counterterms to the flow, and one should end
up with w # 0. It would be interesting to investigate further these possibilities and understand
in which sense the Schwarzian dynamics is universal at low energies or theory-dependent.

There are several future directions to explore. Our construction of the phase space
was limited to three examples; however, this can easily be extended to other cases. The
construction of RT geometries in flat space is very well known (and developed before
the AdS cases). Hence, it would be interesting to quantify the role of the counterterm
in (6.1), and how it could guide the imprint of the Schwarzian dynamics far away from
the horizon in asymptotically flat cases. The addition of rotation is also within reach: the
generalisation of algebraically special backgrounds which include rotation is known as the
Timofeev solutions [26, 84, 89]. And it should also be possible to extend the analysis to
higher dimensions, where it would be interesting to work out the case of AdSs.

We have addressed the problem of extracting near-extremal dynamics by studying the
phase space and identifying effective actions that describe this sector. These effective actions,
when inserted in the Euclidean path integral, will capture both classical and quantum
corrections to the black hole. From this perspective, it is important to understand what
fixes w?. From the direct evaluation of the gravitational path integral, such as the analysis
in [18, 20, 22], we expect that there should be a physical criterion that fixes the value of w?
or at least predicts why it varies from the UV to the IR.' It would be interesting to see if
there is evidence of this counterterm from a Euclidean path integral perspective.

9The analysis done in [21] has a drawback in their construction of the modes outside the near horizon
geometry for BTZ. The modes constructed there have a temperature cutoff (for a fixed temperature T', only a
finite number of them are normalizable in AdSs3), hence we cannot make a comparison or draw conclusions
relative to our reduced phase space in AdSs.
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Our analysis sits on the gravitational side of AdS/CFT; still, the way we cast the
decoupling limits and analysed the phase space is designed towards a CFT understanding.
From this CFT perspective, we are introducing a novel RG flow that makes the d-dimensional
system flow to a one-dimensional quantum mechanics. Key aspects of the decoupling limit
are based on the AdS side: the regularity conditions of the bulk fields, and landing on a
JT description of the system. It would be very interesting to have a purely field-theoretical
derivation of this flow across dimensions, and in particular, have a better understanding of the
counterterms appearing in 1D. This is a difficult problem in field theory, see e.g., [90, 91] for a
recent discussion. Recent attempts to characterise the one-dimensional model include [92-94].
We hope this can be addressed in future work.
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