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1 Introduction

Extremal black holes are renowned for the enhancement of symmetries in their near-horizon
geometry, which made them a centrepiece to decode classical [1] and quantum [2] properties
of gravity. Nowadays, near-extremal black holes have taken that spotlight for how they
break these symmetries: starting with the analysis in [3, 4], it has been demonstrated
that simple two-dimensional models of dilaton gravity, in particular Jackiw-Teitelboim (JT)
gravity, capture the leading temperature effect that controls the classical and quantum
aspects of near-extremal black holes. This new development has been crucial in resolving
some puzzling aspects of extremal black holes, such as those discussed in [5, 6]; see [7] for
a review on these puzzles.

More concretely, the claim is that JT gravity is a model that captures the backreaction
for AdS2 under an injection of energy, and AdS2 is a portion of the near-horizon geometry of
extremal and near-extremal black holes. The explicit and precise connection between this
theory and near-extremal black holes in d + 1 dimensions relies on controlling a dimensional
reduction from d+ 1 to two dimensions that preserves the relevant modes in the near-horizon
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geometry of the black hole. This has been achieved in several cases, as done, for example,
in [8–12], where it is carefully demonstrated that, upon a consistent dimensional reduction
on the near-horizon geometry, a subsector of the theory is described by JT gravity.1

Performing a dimensional reduction is a luxury that relies on an abundance of symmetry
in the internal directions, and for the majority of black holes, it is not a desirable route.
For this reason, various methods have been developed to demonstrate the role of JT gravity
in near-extremal black holes without using a dimensional reduction. One very successful
approach advanced in [18] evaluates the Euclidean path integral around the near-horizon
geometry; the appearance of the JT sector comes from regulating zero modes that appear
in the path integral at zero temperature in the near horizon of extremal black holes. By
introducing temperature effects in the throat, the resulting contribution from the regulated
modes matches exactly the quantum predictions from JT gravity. Quantum corrections in
JT are captured by a Schwarzian effective action, which leads to logarithmic terms that
are distinctive and tractable [11, 19]. Another approach is to stay away from the black
hole horizon and analyse the whole geometry at finite temperature and track the behaviour
of quantum corrections as the temperature goes to zero. Recent work along these lines
includes [20–22]. One aspect shared by this body of work is that the analysis is catered for
Euclidean signature, with the aim of seeing the imprint of the Schwarzian effective action
on the gravitational path integral.

Our aim here is to capture the dynamics of near extremal solutions without zooming
into the horizon, and relate it to JT gravity, but via a different approach from the one
described above. We will be working in the context of AdSd+1/CFTd, since the CFTd will
give an anchor on how to set up observables in the whole geometry. The idea is to give
as input the explicit radial dependence of the fields in AdSd+1 for some set of asymptotic
boundary conditions, leaving the transverse dependence of the background fields off-shell.
This transverse dependence will define a reduced phase space.2 In AdS/CFT, it is known that
imposing the remaining bulk equations of motion, which determine the transverse dependence,
is equivalent to Ward identities in the CFT; this will give us a useful characterisation of
the gravitational dynamics in terms of one-point functions of conserved currents and their
sources. Within this phase space, we introduce an off-shell decoupling limit, which allows us
to show explicitly how the reduced phase space of the AdSd+1 connects to JT gravity.

There are a few interesting highlights of our construction. First, the off-shell decoupling
limit does not act on the radial direction of AdSd+1, nor does it act on the transverse
directions. This is an important deviation from the standard decoupling limits in the context
of, for example, black holes and black branes. For our analysis, it is crucial that coordinates
are not tampered with: this is key to providing a map from the variables in our phase space
to the variables in JT gravity. Second, the analysis we perform is in Lorentzian signature.
This makes it difficult to compare with the Euclidean analysis described above, but it has
the advantage of directly discussing the physical configurations in the CFTd and JT gravity.

1Another approach is to study the linearised equations of motion around the near-horizon geometry, as
done in [13–17]. This also provides the necessary information to identify the JT sector in the vicinity of the
near-horizon region.

2This phase space will include black holes, both extremal and non-extremal; however, it is richer than that,
allowing for temporal and spatial dependence on the boundary coordinates.
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Thirdly, in our analysis, it is important how we characterise observables in JT gravity.
This two-dimensional theory is exactly solvable, both at the classical and quantum level,
where all of the information is encoded in boundary terms, topology, and boundary conditions.
Here we will revisit the description of its dynamics, such that we can easily compare it with
the nomenclature used in the higher dimensions. For this reason, we cast the dynamics of the
theory in a Bondi gauge and construct in this gauge the holographic dictionary. We discuss
properties of the reduced phase space, review in detail the local symmetries acting on it, and
construct the appropriate functionals, Ward identities, and charges that parametrise this
phase space. In this construction, a free constant parameter becomes prominent: ω. From the
perspective of the Ward identities, it seems to be controlling a trace anomaly; however, its
value is not fixed and can be modified by a suitable boundary counterterm. When evaluating
the JT action on this reduced phase space, a preferred value is chosen: ω = 1. However, in
connecting with the phase space of the CFTd, it is crucial to keep this parameter arbitrary
since its value is controlled by the UV theory.

Lastly, our analysis will focus on AdSd+1 gravity with d + 1 = 3, 4. Although it has
been well studied how to connect the physics of AdS3 to two-dimensional dilaton models,
see for example [8, 9, 23, 24], our approach adds a perspective that allows an understanding
of near-extremality from the perspective of the CFT2. Our construction of the reduced
phase space will only include the gravitational sector, where the only current is the stress
tensor, and we will include the case where the left and right-moving central charges in the
CFT2 are unequal. This will allow a more precise tracking of the relations between the
phase spaces and the role of counterterms, i.e., ω, in this situation. It will also provide a
lamppost to the four-dimensional example.

In AdS4, we will focus on Einstein-Maxwell theory and consider situations that are not
rotating. In contrast to AdS3, local degrees of freedom in the gravitational theory prevent
a full characterisation of the space of solutions. Still, there is a family of solutions where
the radial evolution can be exactly solved. These are the Robinson-Trautman (RT) family
of algebraically special solutions [25]. RT solutions have gained attention in holography [26–
31], particularly in studies of out-of-equilibrium physics in AdS/CFT correspondence, and
its corresponding flat limit has been discussed in [32]. Further recent investigations into
different aspects of RT solutions include [33–36]. One drawback of these backgrounds is that
their phase space already satisfies the trace Ward identity. For this reason, we construct a
generalisation of the RT solutions such that the conservation and tracelessness conditions of
the currents are both on the same footing at the level of equations of motion. It is important
to say that this generalisation takes the radial component of Einstein’s equation off-shell
(hence we are not solving for the radial evolution). Still, the radial dependence of the fields
will be fixed and imposing the equations of motion fixes the transverse dependence of the
fields; these equations of motion are precisely the Ward identities of the CFT. Finally, the
role of anomalies in the Ward identities is notable in the case of AdS4/CFT3. There are
no anomalies in CFT3, which makes it strange from a field theory perspective to recover
the Ward identities appearing in JT gravity from a decoupling limit. Here is where ω will
play a key role in reconciling this tension, and we will discuss the physical implications
of this result.
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This paper is organised as follows. In section 2 we present a self-contained analysis
of JT gravity in the Bondi gauge, which is useful for the subsequent comparison with the
higher-dimensional theories. We revisit the analysis of Ward identities, making explicit the
ambiguities that appear in renormalising the boundary theory due to local counterterms. From
this perspective, we relate to the familiar Schwarzian effective action that describes boundary
modes in JT. We also discuss the interplay of the Schwarzian action with thermodynamics
and the counterterms. In section 3 we present our first, and simplest, example that connects
JT with black hole physics. The theory is pure AdS3, and the relevant black hole in our
phase space is the BTZ solution. Even in this familiar example, counterterms play a role,
which we highlight and discuss. In section 4 we generalise the discussion of AdS3 by adding
a gravitational Chern-Simons term. Although the analysis is more complex, it parallels
the simplest case in section 3, with the advantage that anomalies can be tracked more
explicitly. In section 5 we discuss an example in AdS4, where the flagship black hole is the
static Reissner-Nordström black hole. Here, the main challenge is to build an appropriate
phase space that contains the black hole. For this, we use and extend results known for
the Robinson-Trautman solutions. We then implement our off-shell decoupling limit and
discuss important differences of the flow to JT in this case, where the CFT3 has no anomalies
that resemble the physics of a Schwarzian action. Finally, we conclude with a discussion
of our results and future directions in section 6.

2 Aspects of nAdS2/nCFT1

In this section, we revisit Jackiw-Teitelboim (JT) gravity [37, 38] as a prototype for near
extremal dynamics. By decomposing the dynamics along and transverse to the radial
coordinate using a suitable Bondi gauge, and explicitly solving the radial evolution, we obtain
a description that is off-shell in the transverse direction. The transverse equations of motion
can be identified with Ward identities in the holographic dual quantum mechanics and lead
to Schwarzian dynamics. As we will see later on, the variables that describe the transverse
dynamics of JT gravity naturally arise in a specific IR limit of higher-dimensional CFTs dual
to higher-dimensional AdS black holes. The conventions and analysis in this section follow
mainly [9]; other useful references include [3, 4, 39], as well as the reviews [40–42].

JT gravity couples the two-dimensional metric gab to a dilaton ϕ through the action [4]

SJT = 1
2κ2

2

∫
M2

d2x
√
−g ϕ

(
R+ 2

ℓ2
2

)
+ 1

κ2
2

∫
∂M2

dx
√
−h ϕ

(
K − 1

ℓ2

)
. (2.1)

Here, κ2
2 is the dimensionless Newton’s constant in two dimensions and ℓ2 is the AdS2 radius.

The surface terms are the standard Gibbons-Hawking-York term that involves the trace, K,
of the extrinsic curvature of the induced metric h on the one-dimensional boundary ∂M2,
and the local volume counterterm proportional to 1/ℓ2.

The field equations following from the action (2.1) are

R+ 2
ℓ2

2
= 0 ,

(∇a∇b − gab□)ϕ + gab

ℓ2
2

ϕ = 0 .
(2.2)
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These equations do not describe any propagating degrees of freedom. In particular, the first
equation fixes the two-dimensional metric to be locally AdS2.

2.1 Reduced phase space and local symmetries

The field equations (2.2) can be completely integrated by selecting a suitable gauge [4, 43].
For our present analysis, it will be convenient to parametrise the solutions in the so-called
Bondi gauge,

ds2 = −f(u, r)du2 − 2α(u)dudr , (2.3)

where α(u) is an arbitrary function of the time coordinate, u, unrestricted by the equations
of motion. Demanding that the metric (2.3) is locally AdS2 requires the radial profile of the
lapse function f(u, r) to be at most quadratic in r, i.e.,

f(u, r) = α(u)2 r2

ℓ2
2
+ f1(u)

r

ℓ2
+ f0(u) , (2.4)

where f1(u) and f0(u) are arbitrary functions of u. Moreover, the rr component of the second
equation in (2.2) determines that the dilaton ϕ must be linear in r, namely

ϕ(u, r) = ν(u) r

ℓ2
+ ϕ0(u) , (2.5)

where ν(u) and ϕ0(u) are arbitrary functions.3

The relations (2.4) and (2.5) fully determine the radial dependence of the Bondi gauge
solution and, therefore, parametrise a reduced phase space. However, there exist three
different local transformations that modify the functions α(u), ν(u), f1(u), f2(u) and ϕ0(u),
but preserve the form of the radial solution:

i) Time reparametrisations, u → ū(u), under which:

α(u) → ᾱ(ū) =
(

dū

du

)−1
α(u) , f1,0(u) → f̄1,0(ū) =

(
dū

du

)−2
f1,0(u) ,

ν(u) → ν̄(ū) = ν(u) , ϕ0(u) → ϕ̄0(ū) = ϕ0(u) .

(2.6)

ii) Local rescalings of the radial coordinate, r → eσ(u)r, under which:

α → eσα , f1 → eσ(f1 + 2ℓ2ασ′) , f0 → f0 ,

ν → eσν , ϕ0 → ϕ0 .
(2.7)

iii) Local shifts of the radial coordinate, r → r + ζ(u), under which:

α → α , f1 → f1 + 2α2ζ/ℓ2 , f0 → f0 + α2ζ2/ℓ2
2 + f1ζ/ℓ2 + 2αζ ′ ,

ν → ν , ϕ0 → ϕ0 + νζ/ℓ2 .
(2.8)

3There exists a diffeomorphism that relates the Bondi gauge (2.3) with the Fefferman-Graham gauge
ds2 = dr̄2 + γtt(r̄, t)dt2 used in [9]. The general solutions in these two gauges are related by an asymptotic
diffeomorphism of the form er̄/ℓ2 = r/ℓ2 + O(r0), t = u − ℓ2

2
α(u)r

+ O(r−2). Under this transformation, the
functions α(u) and ν(u) here coincide respectively with the functions α(t) and ν(t) that parametrise the
running dilaton solutions in [9].
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The fact that f1(u) and ϕ0(u) transform additively under this transformation implies
that either of the two can be viewed as a compensator. In particular, taking ϕ0(u) as
the compensator, we can dress each of the variables with an appropriate function of
ϕ0(u) so that the resulting composite variable is invariant. Since α(u) and ν(u) are
already invariant we need only consider f1(u) and f0(u). It is straightforward to verify
that the variables

f̃1 = f1 − 2α2 ϕ0
ν

, f̃0 = f0 + α2 ϕ2
0

ν2 − ϕ0
ν

f1 − 2ℓ2α∂u

(
ϕ0
ν

)
, (2.9)

are invariant under the transformations (2.8).

Using ϕ0(u) as a compensator of the radial shift symmetry allows us to parametrise the
reduced phase space in terms of the four shift-invariant functions α(u), ν(u), f̃1(u) and
f̃0(u).4 As we will see next, it is precisely these variables that can be mapped to the sources
and one-point functions of the dual quantum mechanics.

2.2 Holographic dictionary and Ward identities

The remaining equations of motion in (2.2) impose differential relations among the functions
that parametrise the reduced phase space. These relations take the form

f̃1 = 2ℓ2α
∂uν

ν
, ∂u

(
ν2

α2 f̃0

)
= 0 , (2.10)

and correspond to first-class constraints that generate the local symmetries i) and ii) above.
In order to identify these constraints with Ward identities in the dual quantum mechanics, it
is necessary to choose a suitable parametrisation of the reduced phase space.

Examining the leading asymptotic form of the radial solutions (2.4) and (2.5), we identify
−α(u)2 with the boundary metric and log ν(u) with the source of the scalar operator dual
to the dilaton [9] (see footnote 3). We expect, therefore, that the shift-invariant functions
f̃1(u) and f̃0(u) are related to the one-point functions of the stress tensor Ou and the scalar
operator dual to the dilaton Oϕ. The precise relation between the variables f̃1(u), f̃o(u)
and Ou, Oϕ is dictated by the requirement that the constraints imposed by the remaining
equations of motion take the standard form of conformal Ward identities when expressed in
terms of the operators Ou, Oϕ. This requirement determines that

f̃1(u) = 2κ2
2γ2 α2

ν

∫
du α(Ou +Oϕ) + 2(1− ω2γ2)ℓ2α

∂uν

ν
,

f̃0(u) = 2κ2
2
α2

ν
ℓ2Ou − ω2ℓ2

2
(∂uν)2

ν2 ,

(2.11)

where γ and ω are arbitrary constants that reflect an ambiguity in the identification of the
dual quantum mechanics operators from the reduced phase space variables. As we will see,
ω is related to a local counterterm in the effective action of the dual quantum mechanics
and will play a key role in the subsequent analysis.

4The Bondi gauge has been used in JT gravity to study boundary conditions and their asymptotic
symmetries [44, 45]. In our analysis, radial shifts do not generate additional charges.
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In terms of the variables Ou, Oϕ introduced via (2.11) the equations of motion in (2.10)
become

Ou +Oϕ = ω2ℓ2
κ2

2α
∂u

(
∂uν

α

)
, (2.12a)

∂uOu −Oϕ
∂uν

ν
= 0 . (2.12b)

These match exactly the Ward identities in the dual conformal quantum mechanics [9], with
the right-hand side of (2.12a) identified with a “conformal anomaly”. It is not a genuine
conformal anomaly, since, as we mentioned above and we will review below, the value of
the parameter ω can be modified by a local counterterm.

Unlike in higher dimensions, the Ward identities (2.12a), (2.12b) can be integrated to
obtain the form of the variables Ou and Oϕ. In particular, the general solution of the
Ward identities is [9]

Ou = −m

ν
+ ω2ℓ2

2κ2
2ν

(
∂uν

α

)2
,

Oϕ = m

ν
+ ω2ℓ2

2κ2
2

(
2
α

∂u

(
∂uν

α

)
− 1

ν

(
∂uν

α

)2)
,

(2.13)

where m is an integration constant. These variables may be expressed as variations of
the action

Iω =
∫

du α

[
−m

ν
− ω2ℓ2

2κ2
2

1
ν

(
∂uν

α

)2]
, (2.14)

with respect to α and ν, respectively. Namely,

δIω =
∫

du

(
Ou δα + α

ν
Oϕ δν

)
. (2.15)

The effective action Iω[α, ν] allows us to exhibit the direct relation between the Ward
identities (2.12a), (2.12b) and the reduced phase space symmetries i) and ii), which we can
now recognize, respectively, as boundary diffeomorphisms and Weyl transformations. Taking
ϵ as the parameter of an infinitesimal boundary diffeomorphism and σ of an infinitesimal
boundary Weyl transformation, the sources α(u) and ν(u) transform as

δϵ,σα = ∂u(ϵα) + ασ , δϵ,σν = ϵ∂uν + νσ . (2.16)

Applying these transformations to the expressions (2.13), we can also determine the transfor-
mation of the variables Ou and Oϕ, which we will need later on. A direct calculation gives

δϵ,σOu = ϵ ∂uOu − σOu + ω2ℓ2
κ2

2

∂uν∂uσ

α2 ,

δϵ,σOϕ = ϵ ∂uOϕ − σOϕ + ω2ℓ2
κ2

2

ν

α
∂u

(
∂uσ

α

)
.

(2.17)

In particular, both operators transform as scalars under boundary diffeomorphisms, but
possess an anomalous Weyl transformation when ω ̸= 0.5

5Note that the transformation of Oϕ in eq. (5.8b) of [9] contains two typos.
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Returning to the relation between the Ward identities (2.12a), (2.12b) and the symmetry
transformations (2.16), let us first consider boundary diffeomorphisms. The transforma-
tions (2.16) lead us to identify hb = −α2 with the metric on the one-dimensional boundary
and ν with a boundary scalar. The effective action can then be expressed in the manifestly
covariant form

Iω =
∫

du
√
−hb ν−1

(
−m + ω2ℓ2

2κ2
2

h−1
b (∂uν)2

)
. (2.18)

It follows that Iω is invariant under boundary diffeomorphisms. This means that special-
izing (2.15) to boundary diffeomorphisms we have

δϵIω = −
∫

du ϵ α

(
∂uOu −Oϕ

∂uν

ν

)
= 0 . (2.19)

Since this must hold for arbitrary ϵ(u), we recover the Ward identity (2.12b).
This argument can be repeated for boundary Weyl transformations. However, the effective

action is not invariant in this case. In particular, under an infinitesimal Weyl transformation

δσIω = ω2ℓ2
κ2

2

∫
du σ∂u

(
∂uν

α

)
. (2.20)

From (2.15) follows that

δσIω =
∫

du σ α(Ou +Oϕ) =
ω2ℓ2
κ2

2

∫
du σ∂u

(
∂uν

α

)
, (2.21)

which implies the trace Ward identity (2.12a).

2.3 Asymptotic symmetries

In the previous subsection, we studied the effect of infinitesimal boundary diffeomorphism
and Weyl transformations to obtain the appropriate Ward identities. Here, we focus our
attention on a subset of those transformations; in particular, we will now consider a combined
boundary diffeomorphism and Weyl transformation such that the boundary metric remains
unchanged. This will define the notion of asymptotic symmetries of the system, and will be
important in the next subsection when discussing the Schwarzian dynamics.

The parameters ϵo and σo of a boundary diffeomorphism and Weyl transformation that
leave the boundary metric unchanged satisfy

δϵo,σoα = ∂u(ϵoα) + ασo = 0 . (2.22)

This condition reduces the local parameters from two to one. In particular, the two parameters
satisfying the constraint (2.22) can be chosen as

ϵo = ξ

α
, σo = −∂τ ξ , (2.23)

where ξ(τ) is an arbitrary function and

τ(u) =
∫ u

du′ α(u′) , (2.24)

– 8 –
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is the proper time on the boundary. Under generic ξ-transformations, ν transforms as

δξν = ϵo∂uν + νσo = ϵo∂uν − ν

α
∂u(ϵoα) = −ν2∂τ (ν−1ξ) , (2.25)

or
δξν−1 = ∂τ (ν−1ξ) . (2.26)

Finite ξ-transformations play a central role in the dynamics of JT gravity and take the form

ν(τ) → νF (τ) =
1

∂τF(τ)ν(F(τ)) , (2.27)

where F(τ) is an arbitrary function with ∂τF(τ) ̸= 0. From now on we will be thinking of ν

as a function of proper time τ . Indeed, inserting F(τ) = τ + ξ(τ) in (2.27) and expanding
for small ξ(τ) we recover the infinitesimal transformation (2.26). If ω ̸= 0, a specific finite
ξ-transformation can be used to set ω = 1, at the expense of introducing an overall factor
of ω in the effective action, Iω, and in the variables Ou and Oϕ. In particular, a finite ξ-
transformation with F(τ) = ω τ amounts to the rescaling ν → ν/ω. Accordingly, Iω → ωIω=1,
Oω

u → ω Oω=1
u and Oω

ϕ → ω Oω=1
ϕ . In particular, the Ward identities (2.12a) and (2.12b), as

well as the operator transformations (2.17) become independent of ω.
Applying two successive infinitesimal ξ-transformations on ν we can determine the

corresponding algebra. Using (2.26), we obtain

[δξ1 , δξ2 ]ν−1 = δξν−1 , ξ = ξ2∂τ ξ1 − ξ1∂τ ξ2 . (2.28)

The representation of the algebra of ξ-transformations on the phase space of JT gravity
solutions requires a Poisson bracket. The variation (2.15) of the effective action defines
the symplectic form

ΩJT =
∫

du

(
δOu ∧ δα + α

ν
δOϕ ∧ δν

)
. (2.29)

Inverting this leads to the Poisson bracket:

{A, B} =
∫

du

(
δA

δα

δB

δOu
+ ν

α

δA

δν

δB

δOϕ
− A ↔ B

)
, (2.30)

where A, B are arbitrary functions of the phase space variables, α, ν, Ou, and Oϕ.
Boundary diffeomorphisms and Weyl transformations are generated through this Poisson

bracket by the Ward identities (2.12a), (2.12b). In particular, introducing the phase space
functional

L(ϵ, σ) =
∫

du α

[
ϵ

(
∂uOu −Oϕ

∂uν

ν

)
− σ

(
Ou +Oϕ − ω2ℓ2

κ2
2α

∂u

(
∂uν

α

))]
, (2.31)

the transformation of any phase space variable A is given by

δϵ,σA = {L(ϵ, σ), A} . (2.32)
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ξ-transformations are generated by (2.31) with the parameters given in (2.23), namely

L(ξ) =
∫

du

[
ξ

(
∂uOu −Oϕ

∂uν

ν

)
+ ∂uξ

(
Ou +Oϕ − ω2ℓ2

κ2
2α

∂u

(
∂uν

α

))]
. (2.33)

Dropping total derivative terms, this can be simplified to

L(ξ) = −
∫

dτ ξν−1 ∂τ

(
νOϕ − ω2ℓ2

κ2
2

(
ν∂2

τ ν − 1
2(∂τ ν)2

))
. (2.34)

It is straightforward to verify that the ξ-transformations of α and ν we found above,
namely δξα = 0, δξν = −ν2∂τ (ν−1ξ), are generated by (2.34) through the Poisson
bracket (2.30). Similarly, the ξ-transformation of the variables Ou and Oϕ may be ob-
tained either by specializing the transformations (2.17) to ξ-transformations, or via the
Poisson bracket. Either way one obtains

δξOu = ∂τ (ξOu)−
ω2ℓ2
κ2

2
∂τ ν∂2

uξ ,

δξOϕ = ∂τ (ξOϕ)−
ω2ℓ2
κ2

2
ν∂3

τ ξ .

(2.35)

In particular, the combination ν−1Oϕ transforms as [9]

δξ(ν−1Oϕ) = {L(ξ), ν−1Oϕ} = 2ν−1Oϕ∂τ ξ + ξ∂τ

(
ν−1Oϕ

)
− ω2ℓ2

κ2
2

∂3
τ ξ , (2.36)

which corresponds to the coadjoint representation of the Virasoro algebra with central charge
proportional to ω2ℓ2/κ2

2 [46]. However, the combination ν−1Oϕ − ω2ℓ2
κ2

2
ν−2(ν∂2

τ ν − 1
2(∂τ ν)2)

that enters in the generating function (2.34) possesses a homogeneous ξ-transformation. As
a result, the algebra of ξ-symmetry generators on the phase space closes without a central
element, namely

{L(ξ1),L(ξ2)} = δξ1L(ξ2) = L(ξ2∂τ ξ1 − ξ1∂τ ξ2) . (2.37)

Finally, let us consider the special case of ξ-transformations that preserve ν, besides α.
From the ξ-transformation of ν in (2.26) we see that ν is preserved provided ξ = kν, where
k is constant. In that case, ϵo in (2.23) corresponds to the unique conformal Killing vector
(CKV) of JT gravity solutions. The existence of CKVs implies the existence of associated
conserved charges, which can be constructed using the Ward identities (2.12b) and (2.12a).6

Multiplying the diffeomorphism Ward identity (2.12b) with ϵo we obtain
1
α

(
∂u(νOu)− (Ou +Oϕ)∂uν

)
= 0 . (2.38)

Using the trace Ward identity (2.12a), this in turn can be written as

∂τ

(
νOu − ω2ℓ2

2κ2
2
(∂τ ν)2

)
= 0 . (2.39)

6In higher dimensions, not all CKVs lead to a conserved charge in the presence of a conformal anomaly [47].
However, since the conformal anomaly in one dimension can always be eliminated by a local counterterm, a
conserved charge always exists.
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It follows that the conserved charge associated with the unique CKV corresponding to
constant ξ is

Q ≡ −
(

νOu − ω2ℓ2
2κ2

2
(∂τ ν)2

)
= m , (2.40)

where in the second equality we have used the form of Ou in (2.13). An equivalent way to
obtain Q is by evaluating (2.34) on the CKV ξ = kν, which yields L(kν) = kQ. It follows
that the integration constant, m, parametrising the variables Ou and Oϕ is the conserved
charge associated with the timelike CKV, i.e. the mass or energy of the solution.

2.4 On-shell action and Schwarzian dynamics

Let us next compute the on-shell value of the JT action (2.1). The equations of motion (2.2)
imply that the bulk integral vanishes on-shell and so there is only a boundary contribution
to the action

SJT
∣∣∣
on−shell

= 1
κ2

2

∫
∂M2

dx
√
−h ϕ

(
K − 1

ℓ2

)
. (2.41)

Writing the Bondi gauge metric (2.3) in the ADM form

ds2 = (N2 + NuNu)dr2 + 2Nududr + huudu2 , (2.42)

we identify Nu = −α, huu = −f , and N = αf− 1
2 . It follows that the extrinsic curvature

is given by

Kuu = 1
2N

(∂rhuu − 2DuNu) =
1
2N

(∂rhuu − 2∂uNu + h−1
uu ∂uhuuNu) , (2.43)

where Du is the covariant derivative with respect to the induced metric huu. Evaluating the
trace of the extrinsic curvature, K = h−1

uu Kuu, inserting it in (2.41), and taking the limit
r → ∞ we obtain (see also appendix B of [48])

SJT
∣∣∣
on−shell

=
∫

du α

[
m

ν
+ ℓ2

2κ2
2

(
2
α

∂u

(
∂uν

α

)
− 1

ν

(
∂uν

α

)2)]
. (2.44)

As expected, the on-shell action is independent of the parameters ω or γ introduced in (2.11),
since the invariant functions f̃0,1 do not depend on these parameters once the explicit form
of the operators in (2.13) is taken into account. More importantly, the on-shell action is
also independent of the function ϕ0(u), which reflects the fact that the boundary theory
is inert under the local symmetry iii).

Comparing the on-shell action (2.44) and the effective action Iω in (2.14), we observe
that they contain exactly the same terms, but with different coefficients. In particular,
the two are related by

SJT
∣∣∣
on−shell

= Iω + 2
∫

du
√
−hb ν−1Q+ (1− ω2) ℓ2

2κ2
2

∫
du
√
−hb ν−1h−1

b (∂uν)2 , (2.45)

where hb = −α2 is the metric on the one-dimensional boundary and Q = m is the conserved
charge in (2.40). Each of the additional terms on the right-hand side of (2.45) plays an
important role which is worth discussing separately:
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1. The last term in (2.45) is a local counterterm that modifies the value of ω. This is why ω is
not a conformal anomaly as mentioned below (2.12). To make this more manifest, we write

Sct =
ℓ2
2κ2

2

∫
du

√
−h ϕ−1huu(∂uϕ)2 , (2.46)

and
Sct
∣∣∣
on−shell

= ℓ2
2κ2

2

∫
du
√
−hb ν−1h−1

b (∂uν)2 . (2.47)

The addition of this boundary counterterm will play a crucial role in our subsequent analysis.
As we will see in the coming sections, the UV completion of JT gravity determines ω.

2. The term proportional to Q in (2.45) is simply the Gibbons-Hawking-York term evalu-
ated on the surface of minimum radius [10, 49]. This term is state-dependent, since it
involves the mass parameter m, which places it in a different footing to Sct. Adding such
contribution to Iω leads to some useful properties. We define

Ĩω = Iω + 2
∫

du
√
−hb ν−1Q =

∫
du αOϕ . (2.48)

Since the integrand of Ĩω is proportional to Oϕ, its ξ-transformation is related to the
transformation of a Virasoro current, and therefore to Schwarzian dynamics. To render
this connection manifest, let us begin by writing the effective action (2.48) in the form7

Ĩω = ℓ2
κ2

2

∫
dτ ν Sω , (2.49)

where Sω is given by

Sω[ν; τ ] =
κ2

2
ℓ2

ν−1Oϕ = s0
2ν2 + ω2

2

(2
ν

∂2
τ ν − 1

ν2 (∂τ ν)2
)

, s0 = 2κ2
2

ℓ2
m . (2.50)

The Ward identities in (2.12) imply that Sω satisfies the differential constraint

∂τ (ν2Sω)− ω2ν∂3
τ ν = 0 . (2.51)

Moreover, (2.36) implies that Sω transforms as a Virasoro current under ξ-transformations,
namely

δξSω = 2Sω∂τ ξ + ξ∂τSω − ω2∂3
τ ξ . (2.52)

As we will see shortly, Ĩω and Sω will be central in decoding thermodynamic properties.

Hence, we find that Ĩω coincides with the on-shell value of SJT plus the local covariant
counterterm, namely

SJT + (ω2 − 1)Sct . (2.53)
7The functional Ĩω looks very similar to the 1D Liouville theory discussed in [43, 50], however, ν is not

related to the Liouville field. Recall that ν is a source and its variations give correlation functions of Oϕ. In
the next subsection, starting from Ĩω, we derive the Schwarzian effective action. This action has a direct
relation to 1D Liouville.
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To facilitate comparison with subsequent sections, let us define IJT ≡ Iω=1 as the generating
functional obtained via a canonical transformation from the on-shell action of JT gravity
given in (2.44). This allows us to express the relation

IJT = Iω + (1− ω2) ℓ2
2κ2

2

∫
du
√
−hbh

−1
b ν−1(∂uν)2 , (2.54)

where hb = −α2. In parallel, let us define the operators generated by IJT as OJT
u ≡ Oω=1

u and
OJT

ϕ ≡ Oω=1
ϕ . The boundary counterterm (2.54) then induces the following field redefinitions,

OJT
u = Ou + (1− ω2)

2
ℓ2
κ2

2

(∂uν)2

να2 ,

OJT
ϕ = Oϕ − (1− ω2)

2
ℓ2
κ2

2

(∂uν)2

να2 + (1− ω2) ℓ2
κ2

2α
∂u

(
∂uν

α

)
.

(2.55)

This mapping preserves (2.12b) while modifying (2.12a), thereby yielding

OJT
u +OJT

ϕ = ℓ2
κ2

2α
∂u

(
∂uν

α

)
,

∂uOJT
u −OJT

ϕ

∂uν

ν
= 0 .

(2.56)

The key insight of this section is that, in one dimension, the concept of a “conformal
anomaly” is inherently ambiguous because it can always be removed by a local counterterm.
In sharp contrast, in higher dimensions, no local counterterm exists to alter the coefficient
of the Weyl anomaly, making it a robust quantity.

In the following sections, we will make use of the operator mapping in (2.55), derived
from the counterterm in (2.54), to relate a particular low-energy limit of higher-dimensional
CFTs to the Ward identities of Schwarzian dynamics. In this context, we will focus primarily
on the generating function IJT, rather than its Lagrangian form SJT, since they are related
in a straightforward way by equation (2.45) and (2.48).

2.4.1 Schwarzian dynamics

The analysis so far has not revealed that the gravitational aspects of JT gravity can be
described in terms of a Schwarzian effective action, as shown in [4]. In the following, we
will show how this description is derived in our notation. The main idea is to characterize
appropriately our reduced phase space under the boundary condition that ν is constant.

We will start by being more explicit about the solutions to the equations of motion in
the Bondi gauge, writing out explicitly (2.3)–(2.5). With a convenient choice of the function
ϕ0, the general solution to (2.2) is

ds2 = −
(

r2

ℓ2
2
− 2ℓ2

2 Sω=1

)
dτ2 − 2 dτ dr , ϕ = ν

r

ℓ2
− ℓ2∂τ ν , (2.57)

where Sω=1 stands for (2.50) with ω = 1 and the proper time τ is defined in (2.24); we also
used (2.9), (2.11), and (2.13). Recall that even though intermediate steps have ω-dependence,
all solutions are independent of the parameter ω.
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Vacuum solutions correspond to configurations with Sω=1 = 0. Via (2.51), this provides
an equation for ν(τ), whose general solution takes the form

ν(τ) = −a(τ − τ0)2 + b(τ − τ0) +
s0 − b2

4a
, (2.58)

where a, b and τ0 are integration constants.
Analogously, a black hole solution with temperature T corresponds to configurations with

Sω=1 = 2π2T 2. The general solution to (2.51) in this case that reduces to (2.58) as T → 0 is

ν(τ) = − a

π2T 2 sinh2 (πT (τ − τ0)
)
+ b

2πT
sinh

(
2πT (τ − τ0)

)
+
√

a2 + (s0 − b2)π2T 2 − a

2π2T 2 ,

(2.59)
where again a, b and τ0 are integration constants. A static solution is obtained by setting
a = b = 0, in which case ν = √

s0/2πT or s0 = (2πTν)2. This is in agreement with (2.50),
which implies that Sω=1 = s0/2ν2 for static solutions.

Both (2.58) and (2.59) are solutions of the condition ∂τSω=1 = 0. Importantly, this
equation is not a consequence of the JT equations of motion, since (2.57) solves these for
any function ν(τ). However, ∂τSω=1 = 0 enforces the regularity of JT gravity solutions

— that is smooth AdS2 or existence of a horizon — and can be derived from the on-shell
action of JT gravity as follows [4]. Consider the finite ξ-transformation (2.27), where we will
reparametrise the proper time via τ → t = t(τ). It is convenient to cast this as an inverse
transform, i.e., take τ(t), and hence we write

ν(t) → ντ (t) =
ν(τ(t))
τ ′(t) , (2.60)

under which the functional Sω[ν; τ ] transforms as

Sω[ν; τ ] → Sω[ντ ; t] = τ ′2Sω[ν; τ ]− ω2{τ, t} . (2.61)

This is the finite version of (2.52), where we have introduced the Schwarzian derivative,

{τ, t} = −1
2

(
τ ′′

τ ′

)2
+
(

τ ′′

τ ′

)′
, (2.62)

and primes here are derivatives with respect to t. Taking the initial ν(τ) to be the vacuum
solution (2.58), this transformation reduces to

Sω=1[ντ ; t] = −{τ, t} . (2.63)

The corresponding value of the effective action (2.49) for ω = 1 is

Ĩω=1[α, ντ ] =
ℓ2
κ2

2

∫
dt ντ Sω=1[ντ ; t] = − ℓ2

κ2
2

∫
dt ντ {τ, t} . (2.64)

The equation ∂τSω=1 = −∂τ{τ, t} = 0 follows by varying this action with respect to
τ(t), keeping ντ fixed and constant. In fact, keeping ντ a fixed constant and the equation
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∂τ{τ, t} = 0 are not independent. Equations (2.58) and (2.60) imply that in order for ντ

to be constant, τ(t) must satisfy the first order equation

ντ =
−a
(
τ(t)− τ0

)2 + b
(
τ − τ0

)
+ s0−b2

4a

τ ′(t) . (2.65)

The general solution of this equation is

τ(t) =
√

s0
2a

tanh
(√

s0
2ντ

(t − t0)
)
+ b

2a
+ τ0 , (2.66)

where t0 is an integration constant. Moreover, the solution of the condition {τ, t} = −2π2T 2 is

τ(t) = a1 tanh (πT (t − t0)) + a2 , (2.67)

where again a1, a2 and t0 are integration constants. Clearly, the two solutions coincide
provided we identify s0 = (2πTντ )2, a1 = πTντ /a and a2 = b/2a + τ0.

The analysis of the regular static solutions above was based on the effective action (2.49)
for ω = 1. Interestingly, the same results follow for any ω ̸= 0. In particular, for generic
ω we find

Ĩω[α, ντ ] =
ℓ2
κ2

2

∫
dt ντ Sω[ντ ] =

ℓ2
κ2

2

∫
dt ντ

(
(1− ω2) s0

2ν2
τ

− ω2{τ, t}
)

. (2.68)

Varying this with respect to τ(t) keeping ντ fixed leads to the same constraint, ∂τ{τ, t} = 0.
Moreover, on-shell {τ, t} = −2π2T 2 and s0 = (2πTντ )2, which implies that for any ω the
on-shell value of the effective action is

Ĩω[α, ντ ] =
ℓ2
κ2

2

∫
dt ντ 2π2T 2 . (2.69)

It is worth pointing out that for ω = 1, which is the value appearing naturally in JT
gravity, we have

SJT
∣∣∣
on−shell

= Ĩω=1[α, ντ ] = − ℓ2
κ2

2

∫
dt ντ {τ, t} . (2.70)

In this scheme, everything is encoded in the Schwarzian effective action. What our analysis
here shows is that the local counterterm (2.46) modifies the normalization of this piece
of the effective action, as reflected in (2.68), without tampering with the final answer
in (2.69) which is ω independent. From this perspective, the Schwarzian effective action
is a scheme-dependent contribution.

2.4.2 Thermodynamics

Since the value of the effective action (2.49) on the static black hole solution is independent of
ω, its Euclidean version can be identified with the Helmholtz free energy of the 2D black hole.
Wick rotating to Euclidean time, tE ∼ tE + T−1, the Euclidean on-shell action is given by

ĨE
ω [α, ντ ] =

ℓ2
κ2

2

∫
dtE

(
− s0
2ντ

)
= −2π2ℓ2

κ2
2

ντ T . (2.71)
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From (2.57) we read off the location of the horizon, rh = 2πℓ2
2T , as well as the corresponding

value of the scalar field, ϕ(rh) = ντ rh/ℓ2. It follows that the black hole entropy is given by

S = 2π

κ2
2

ϕ(rh) =
4π2ℓ2

κ2
2

ντ T , (2.72)

while the heat capacity is

C = ∂S

∂T
= 4π2ℓ2

κ2
2

ντ . (2.73)

Identifying the energy with the conserved charge (2.40), modified by the appropriate nor-
malization of the timelike Killing vector for the static solution [10], we have

E = m

ντ
= ℓ2

2κ2
2

s0
ντ

= 2π2ℓ2
κ2

2
ντ T 2 . (2.74)

Putting everything together, we verify that the Euclidean on-shell action for any ω is indeed
proportional to the Helmholtz free energy, i.e.,

ĨE
ω [α, ντ ] = T−1 (E − TS) . (2.75)

It is important to mention that in discussing the thermodynamic properties of JT gravity,
we are overlooking a key effect. It has been established that, at finite temperature, quantum
corrections in the Schwarzian theory become the leading effect [11, 51], surpassing the naive
thermodynamics stated here. Our goal here is to establish the relations between the off-shell
actions and functionals. Writing this thermodynamic contribution, which ignores quantum
corrections, serves as a check that the coefficients and couplings agree when we compare
them with the higher-dimensional analysis.

3 Near-extremality at the boundary of AdS3/CFT2

This section will describe the emergence of near-extremal dynamics in the context of
AdS3/CFT2. This task has two aspects worth highlighting. First, we will work partially
off-shell in a reduced phase space: concretely, the radial dependence of the metric com-
ponent is fully solved, and the remaining conditions to be fully on-shell are equivalent to
imposing the Ward identities in the CFT2. This approach will show how the phase space
and dynamics of section 2 enter AdS3 gravity in the appropriate limit without tampering
with the radial direction and identifying the variables off-shell appropriately. Second, the
parametrization of the metric functions will make explicit how variables of the CFT2 are
related to those in the nCFT1. With this, we will show the connection between the Ward
identities of the two systems.

3.1 CFT2 Ward identities on curved backgrounds

Our starting point is to consider a CFT2 on a non-trivial two-dimensional background. A
useful characterization of this background will be [9]

ds2
2D = −α2du2 + ν2(dθ + µdu)2 , (3.1)
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where here α(u), ν(u) and µ(u) are three arbitrary functions.8 With this parametrization of
the background metric, it is convenient to decompose the stress tensor such that its components
tie directly to the appropriate sources we have introduced: (α, ν, µ). For this reason, we write

Tθθ = ν O2D
θ ,

Tuθ = αO2D
j + µ Tθθ ,

Tuu = µ2ν O2D
θ + 2µαO2D

j − α2

ν
O2D

u ,

(3.2)

where we have traded the three components of the stress tensor for the operators O2D
s ≡

(O2D
u ,O2D

j ,O2D
θ ). It is now simple to verify the pairing between sources and operators, which

reads
−1
2

∫
d2x

√
−g2D Tab δgab

2D =
∫

d2x

(
−O2D

j νδµ +O2D
θ

α

ν
δν +O2D

u δα

)
. (3.3)

The Ward identities for a CFT2 are

∇aT ab = 0 , T a
a = c

24π
R(2) , (3.4)

where c is the central charge, and R(2) is the Ricci scalar of the background geometry. For
the moment, we are considering CFTs with no gravitational anomalies, i.e., cL = cR = c,
but we will generalise this discussion in section 4.1. In terms of the operators introduced
in (3.2), and for the background in (3.1), these equations take a simple form. Assuming that
the sources in (3.1) have only u-dependence, the diffeomorphism Ward identity reads

(∂u − µ∂θ)O2D
j +O2D

j

∂uν

ν
+ α

ν
∂θO2D

u = 0 ,

(∂u − µ∂θ)O2D
u −O2D

θ

∂uν

ν
+ α

ν
∂θO2D

j = 0 ,

(3.5)

while the trace Ward identity is

O2D
θ +O2D

u = c

24π

2
α

∂u

(
∂uν

α

)
, (3.6)

where we used that the Ricci scalar is given by

R(2) = 2
αν

∂u

(
∂uν

α

)
. (3.7)

Finally, there are two charges that are important to highlight: the total energy (E) and
angular momentum (J) of the system. In our conventions, they read

E = −
∫

dθ

(
ν O2D

u − c

24π

(
∂uν

α

)2)
,

J =
∫

dθ ν O2D
j .

(3.8)

From (3.5), we can see that these charges are conserved when the operators are indepen-
dent of θ.

8We could also consider α, ν and µ to be functions of θ. However, it suffices to have time-dependent
sources for our analysis. In order to remove clutter, we are abusing notation here: α and ν in (3.1) should not
be equated with those in (2.3)–(2.5). The variables will be related via a simple relation in section 3.3, and
appropriate notation will be introduced there.
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3.2 AdS3 reduced phase space

In this part, guided by section 3.1, we will construct a geometry whose boundary metric is (3.1)
and supported by a boundary stress tensor (3.2). We will be working with a three-dimensional
Einstein-Hilbert action, supplemented with a negative cosmological constant, i.e.,

IAdS3 = 1
2κ2

3

∫
M

d3x
√
−g

(
R(3) + 2

ℓ2
3

)
+ 1

κ2
3

∫
∂M

d2x
√
−h

(
K + 1

ℓ3

)
, (3.9)

where κ2
3 = 8πG3, ℓ3 is the AdS3 radius, and K is the trace of the extrinsic curvature.

It is well known how to describe asymptotically locally AdS3 backgrounds for pure AdS3
gravity, with one key fact being that the Fefferman-Graham expansion terminates [52]. Here,
we will describe these geometries in the Bondi-gauge,9 where we start by characterizing
the metric as

ds2
3D = −F (r, u, θ)du2 − 2α(u)dudr +Φ2(u, r)

(
dθ + A(r, u, θ)du

)2
. (3.10)

One can determine the radial dependence of these functions such that they comply with
the equations of motion. Concretely, we have

Φ(u, r) = ν(u) r

ℓ3
+Φ0 , (3.11)

where Φ0 is constant, and the remaining metric functions are

F (r, u, θ) = α2

ν2 Φ2 + F1(u, θ) Φ + F0(u, θ) + F−2(u, θ)2

Φ2 ,

A(r, u, θ) = µ(u) + F−2(u, θ)
Φ2 .

(3.12)

In relation to the CFT2 setup, the boundary metric of this spacetime is given by (3.1) as
desired; note that the coordinate u is null in the bulk, but on the boundary, it becomes
time-like. Φ controls the size of S1, and hence we can use this field as a dial to get close to the
UV (asymptotic AdS3 region) or close to the IR (near horizon region). The functions Fi(u, θ)
control the one-point functions of the stress tensor. In relation to the notation in (3.2), we find

F1(u, θ) = 2κ2
3
α2

ν2

∫
du α (O2D

θ +O2D
u ) ,

F0(u, θ) = 2ℓ3κ2
3
α2

ν
O2D

u − ℓ2
3

(
∂uν

ν

)2
− Φ0F1(u, θ) ,

F−2(u, θ) = ℓ3κ2
3 αO2D

j .

(3.13)

Here the operators (O2D
θ ,O2D

u ,O2D
j ) depend on the variables u and θ. As stated, the background

is still not a solution to Einstein’s equations. Imposing that the metric (3.10) solves the
equations of motion requires that

(∂u − µ∂θ)O2D
j +O2D

j

∂uν

ν
+ α

ν
∂θO2D

u = 0 ,

(∂u − µ∂θ)O2D
u −O2D

θ

∂uν

ν
+ α

ν
∂θO2D

j = 0 ,

O2D
θ +O2D

u = c

24π

2
α

∂u

(
∂uν

α

)
,

(3.14)

9The Bondi gauge has been used in AdS3 to study various boundary conditions and their associated
asymptotic symmetries [45, 53, 54].
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where the central charge is given in terms of gravitational parameters by

c = 3ℓ3
2G3

. (3.15)

These are exactly the Ward identities of the CFT2: the conservation equation (3.5) and
trace anomaly (3.6). Hence, imposing that (3.10)–(3.13) is locally AdS3 is equivalent to
imposing the Ward identities of the CFT.

It is important to note that (3.10)–(3.13) generalise the Bañados phase space introduced
in [55]. Here, we have parametrized the solution for a time-dependent boundary metric, and
in contrast to [55], the trace anomaly is not solved for. Our parametrization of AdS3 is an
adaptation of [52, 56] where we are working in the Bondi gauge, rather than a Fefferman-
Graham gauge. The advantage of working in the Bondi gauge, relative to Fefferman-Graham,
is that Φ in (3.11) is independent of the operators (O2D

θ ,O2D
u ,O2D

j ); for this reason, the
decoupling limit will not tamper with a redefinition of the radial direction.

3.2.1 BTZ black hole

It is useful to describe the BTZ black hole [57, 58] in our parametrisation of the phase
space (3.10). First, we set ν = ℓ3 and Φ0 = 0 so that Φ is simply the radial variable. The
remaining sources are chosen as α = 1 and µ = 0. Then, the metric is given by

ds2
BTZ = −

(
r2

ℓ2
3
− m + j2

4r2

)
du2 − 2dudr + r2

(
dθ + j

2r2du

)2
, (3.16)

where m and j are constants and are related to the inner (r−) and outer (r+) horizons via

m =
r2

+ + r2
−

ℓ2
3

, j = 2r+r−
ℓ3

. (3.17)

The energy and angular momentum of the black hole are given by MBTZ = m
8G3

and JBTZ = j
8G3

,
respectively. In our parametrisation, this standard metric follows after making the following
identifications with the operators (O2D

θ ,O2D
u ,O2D

j ), consistent with the conserved charges (3.8)

O2D
u = −O2D

θ = − 1
2π

MBTZ ,

O2D
j = 1

2πℓ3
JBTZ .

(3.18)

The Hawking temperature T , angular velocity Ω, and black hole entropy S are

T =
r2

+ − r2
−

2πℓ2
3r+

, Ω = r−
ℓ3r+

, S = πr+
2G3

. (3.19)

3.2.2 Near-extremal thermodynamics

For an extremal black hole, the temperature vanishes, and the energy is set by the angular
momentum, satisfying the condition ℓ3MBTZ = JBTZ, which is equivalent to the horizons
coinciding, i.e., r+ = r− ≡ r0. To study the low-temperature regime, we expand around
extremality as r± = r0 ± ϵ, while keeping JBTZ fixed. This gives at leading order in ϵ:

T = 2ϵ

πℓ2
3

, (3.20)

– 19 –



J
H
E
P
1
1
(
2
0
2
5
)
0
8
3

and the response in the energy ∆MBTZ and the entropy ∆S to leading order is given re-
spectively by10

∆MBTZ = π2 c

12ℓ3T 2 , ∆S = π2 c

6ℓ3T . (3.21)

For future reference, we note that the extremality condition in terms of the operators
(O2D

θ ,O2D
u ,O2D

j ) can be expressed as

O2D,∗
θ +O2D,∗

u = 0 , O2D,∗
u +O2D,∗

j = 0 . (3.22)

Here, the asterisk in the operators is to emphasise that these relations hold only at extremality.
Strictly speaking, the first condition is the absence of an anomaly for the stationary solution.
In addition, we notice that in terms of the parameter r0, we can express O2D,∗

j as

O2D,∗
j = r2

0
κ2

3ℓ2
3

. (3.23)

3.3 Off-shell decoupling limit

We may now construct the decoupling limit that implements the near-extremal limit of the
reduced phase space in (3.10)–(3.13). We refer to our approach as an off-shell decoupling
limit, since it does not require imposing the equations of motion (3.14).

To gain physical insight into our construction, let us recall that the radial coordinate r

roughly corresponds to the energy scale along the holographic renormalization group flow.
In this context, the linear form of the UV dilaton,

Φ(u, r) = ν
r

ℓ3
+Φ0 , (3.24)

can be interpreted as follows. The source ν acts as a scaling factor for the energy scale r,
while the constant Φ0 serves as a reference energy. By redefining ν as ν = λν̃ and taking the
limit λ → 0 while keeping ν̃ fixed, we effectively zoom in on the reference energy Φ0.

Another important aspect of the decoupling limit is to keep the angular momentum J ,
defined in (3.8), finite as λ goes to zero. Concretely, this means

O2D
j =

O(−1)
j

λ
, (3.25)

where O(−1)
j is fixed. Therefore, the defining feature of the decoupling limit is to take

ν = λν̃ , λ → 0 , (3.26)

while keeping ν̃ fixed combined with (3.25). By itself, this limit introduces divergences in the
line element (3.10)–(3.13). To make the limit well defined in the metric functions in (3.12),
we therefore expand our operators in terms of λ as

O2D
i = O(−1)

i

λ
+O(0)

i +O(1)
i λ + · · · , (3.27)

10For brevity, we are only stating the naive semi-classical expressions for entropy and mass in the near-
extremal regime. Quantum corrections can be large, see [24, 59, 60], but will not impact the subsequent
analysis. We will discuss briefly quantum corrections in section 6.
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for O2D
i = {O2D

u ,O2D
θ }. From a geometric perspective, the expansion of O2D

i starts with λ−1

because of the dependence on ν in (3.12); from a CFT2 perspective, this will lead to a
finite energy and angular momentum as λ → 0 in (3.8). Demanding regularity of F (r, u, θ)
in the limit λ → 0 gives

O(−1)
j = O(−1)

θ = −O(−1)
u = c

12πℓ2
3

Φ2
0

ν̃
,

O(0)
θ = −O(0)

u = 0 .

(3.28)

Next, the regularity of A(r, u, θ) requires, in addition to (3.28), the implementation of the shift:

µ = µ̃ − α

λν̃
. (3.29)

With the redefinitions (3.26)–(3.29), the limit λ → 0, where ν̃, µ̃, α, Φ0 and O(n)
i are held

fixed, the line element (3.10) is smooth and well defined.11 In particular, we find

ds2
3D =

λ→0
−FIR(r, u, θ)du2 − 2α(u)dudr +Φ2

0

(
dθ − 2α(u)

ℓ3κ2
3Φ0

rdu

)2
+ O(λ) , (3.30)

where

FIR(r, u, θ) := lim
λ→0

F (r, u, θ)

= α2r2

(ℓ3/2)2 + 2r
α2

ν̃

κ2
3

ℓ3

∫
du α(O(1)

θ +O(1)
u ) + 2α2

ν̃
ℓ3κ2

3O(1)
u − ℓ2

3

(
∂uν̃

ν̃

)2
.

(3.31)

From here, we already recognise that the geometry, at fixed θ, becomes locally AdS2.
It is important to stress that in (3.25)–(3.31) the equations of motion (3.14) are not used.

We now turn to the effect of this decoupling limit on the dynamics of the system. Taking
the decoupling limit in (3.14), to leading order in λ, we find

∂θO
(−1)
i = ∂u(ν̃O(−1)

i ) = 0 , i ∈ {u, θ, j} ,

∂θO
(1)
i = 0 , i ∈ {u, θ} .

(3.32)

Hence, the decoupling limit drops all the θ-dependence of our phase space. Note that the
conditions for O(−1)

i in (3.32) are compatible with the regularity condition in (3.28). With
this, the geometry (3.31) becomes an S1 fibration over AdS2 with ℓ2 = ℓ3/2. To order λ,
which is the first backreaction of the system, the equations of motion reduce to

O(1)
θ +O(1)

u = c

24π

2
α

∂u

(
∂uν̃

α

)
,

∂uO(1)
u −O(1)

θ

∂uν̃

ν̃
= 0 .

(3.33)

Hence, the Ward identities of the CFT2 have a well-defined behaviour as we take λ → 0.
11A closely related formulation of the same off-shell decoupling limit was discussed in [48]. The difference

there is that, besides ν̃ and µ̃, αν is kept fixed instead of α, as ν → 0. As a consequence, the form (3.1) of
the boundary metric is not preserved along the renormalization group flow discussed in [48], resulting in a
different gauge in the IR.
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Finally, applying the decoupling limit directly to the generating functional (3.3) yields

δIIR =
∫

d2x

O(−1)
θ −O(−1)

j

λν̃

 α

ν̃
δν̃ +

O(−1)
u +O(−1)

j

λν̃

 δα


− 2

∫
d2xO(−1)

j ν̃δµ̃ + λ

∫
d2x

(
O(1)

θ

α

ν̃
δν̃ +O(1)

u δα

)
+ O(λ2) . (3.34)

Invoking the regularity conditions given in (3.28), this variation remains finite as λ → 0.
Since νOj = ν̃O(−1)

j is kept fixed in the decoupling limit, we also need to perform the
Legendre transform:

IIR → IIR + 2
∫

d2xO(−1)
j ν̃µ̃ , (3.35)

so that the O(λ0) term in the IR variation of the effective action is proportional to µ̃δ(ν̃O(−1)
j ),

and hence vanishes in the decoupling limit. The variational principle resulting from this
Legendre transformation is discussed extensively in [48]. With a slight abuse of notation,
therefore, the variation of the IR effective action after the Legendre transformation (3.35)
takes the following form to leading order in λ:

δIIR = 2πλ

∫
du

(
O(1)

θ

α

ν̃
δν̃ +O(1)

u δα

)
. (3.36)

3.3.1 Comparison with JT gravity

We can see now that our decoupling limit reproduces the features of JT gravity described
in section 2. In particular, the blackening factor (3.31) resembles (2.4), and the equations
of motion (3.33) are compatible with (2.12a)–(2.12b). We will now make the map precise,
taking into account the ambiguities that we encountered in section 2.

Our first step is to identify the leading term in r that dominates fIR in (3.31) with
that in (2.4). A natural identification is

ℓ2 = ℓ3
2 , α2D = α3D , (3.37)

where we are placing labels on the variables to stress their relation and context. In this
identification, without loss of generality, the radial coordinate is the same in 2D and 3D.12

Next, the dilaton in JT gravity is related to the 3D metric function Φ via

Φ− Φ0 = λν̃
r

ℓ3
≡ Lϕ , (3.38)

where we have introduced a length scale L (which can be thought of as a Kaluza-Klein
radius, but its specific value is not important). With this, and in comparison to (2.5), we
have ϕ0 = 0 and

ϕ = ν2D
r

ℓ2
. (3.39)

12Accounting for a radial redefinition between the two- and three-dimensional notations is simply a combi-
nation of the local symmetries ii)+iii) in section 2.1.
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Here, ν2D denotes the source introduced in the context of JT gravity. Via (3.37)–(3.38)
we therefore have

ν2D = λ

2L
ν̃ . (3.40)

With these identifications, the IR lapse function in (3.31) can be rewritten as

FIR(u, r) = α2
2Dr2

ℓ2
2

+ 2κ2
3

L
λ

α2
2D

4ν2D

∫
du α2D(O(1)

θ +O(1)
u ) r

ℓ2
+ 2κ2

3
L

λ
α2

2D

ν2D
ℓ2O(1)

u − 4ℓ2
2

(
∂uν2D

ν2D

)2
.

(3.41)
By comparing this expression with equations (2.4) and (2.11), we recognize that the decoupling
limit in AdS3 yields the identifications ω2 = γ−2 = 4, provided we relate the operators via

Lκ2
2Ou = λκ2

3O(1)
u , Lκ2

2Oϕ = λκ2
3O

(1)
θ . (3.42)

It is simple to check that with this relation, equations (3.31) reproduce (2.12a) and (2.12b)
with ω = 2. Applying this relation to the IR generating functional IIR defined in (3.36), we find

δIIR = 2πL
κ2

2
κ2

3

∫
du

(
Ou δα2D + α2D

ν2D
Oϕ δν2D

)
= δIω=2 , (3.43)

where Iω is the functional in (2.14). In the last equality, we used that 2πLκ2
2 = κ2

3, which
comes from matching the generating functionals IIR with Iω=2.13 It is worth relating IIR more
explicitly to the generating functional of JT gravity. Following the relations in (2.54) we have

IJT ≡ Iω=1 = IIR − 3 ℓ2
2κ2

2

∫
du

√
−h ϕ−1huu(∂uϕ)2 . (3.44)

The value ω = 1 is the natural choice that arises in JT gravity prior to the ambiguities due
to ω (see (2.44)). This relation shows the non-trivial interpolation of taking the low energy
limit of the UV (AdS3/CFT2) and its effective description of the limit in terms of JT gravity.
The difference is encoded by a local counterterm which modifies the value of ω.

To end, it is worth exploring if the interpolating value of ω we obtain in the near-extremal
limit of AdS3/CFT2 and the analysis of JT gravity has an impact at tree-level thermodynamics.
In particular, let us compare the entropy in 2D given by (2.72) and the near-extremal BTZ
entropy in (3.21). Based on our dictionary in this section, we have

c

12 = ℓ2
L

1
κ2

2
, (3.45)

and, on a thermal state, the energies are related via

ℓ3∆MBTZ = −2πλ2ν̃ O(1)
u = 2Lν2DE2D , (3.46)

where E2D is given by (2.74). With this, we see that

S2D = 2π

√
2ℓ2
κ2

2
ν2DE2D = 2π

√
c

12ℓ3∆MBTZ = ∆S3D . (3.47)

Therefore, the semi-classical entropy values match as expected from the analysis in, for
example, [24]. In the context of our analysis, it is important to highlight that this agreement
is regardless of the value of ω.

13For the example considered here, the relation between κ2 and κ3 follows directly from dimensional
reduction.
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4 Near-extremality at the boundary of TMG

In this section, we generalize the analysis of section 3 to situations where the CFT2 has
both a conformal and a gravitational anomaly, inducing independent left and right central
charges, cL and cR, respectively. From the gravitational perspective, we will introduce cL and
cR by considering Topologically Massive Gravity (TMG) with boundary conditions suitable
for AdS3/CFT2 as done in [61–66].

The main appeal of this situation is to track further the imprint of the CFT2 data in the
near-extremal dynamics. This will reinforce some aspects already encountered in section 3,
related to how we implement the decoupling limit, and it will also illustrate the role of
the left and right moving sectors of the CFT2 in the near-extremal dynamics. With this
in mind, we will only consider the minimal modifications to the analysis of section 3 such
that the effects of cL ̸= cR are manifest.

It is important to mention that TMG, as a semi-classical gravitational theory, suffers
instabilities and unitarity violations; see, for example, [67–69]. Although these are important
dynamical aspects of the theory, our reduced phase space does not contain these pathological
modes, hence, instabilities will not influence the analysis here.

4.1 CFT2 Ward identities with a gravitational anomaly

In analogy to section 3.1, we want to place a two-dimensional CFT with unequal left
and right central charges, i.e., cR ̸= cL, on a curved background. However, the CFT2
cannot be consistently coupled to dynamical gravity due to the presence of a gravitational
anomaly. This anomaly can be interpreted either as a diffeomorphism anomaly, which leads
to non-conservation of the stress tensor, or as a local Lorentz anomaly, which results in
a non-symmetric stress tensor [63, 70].14 For our purposes, we express the gravitational
anomaly in terms of the diffeomorphism anomaly. This choice allows us to define the stress
tensor as the variation of the action with respect to the metric,

δI = −1
2

∫
d2x

√
−g2D Tab δgab

2D . (4.1)

The Ward identities, with the gravitational and trace anomalies, are now15

∇aT ab = − c̄

48π
gabϵcd∂e∂cΓe

ad ,

T a
a = c

24π
R(2) + c̄

24π
ϵc

a∇[bΓc]
ba .

(4.2)

Here, ϵab is the Levi-Civita tensor normalized such that
√
−g ϵ01 = −1, while R(2) and Γe

ad

represent respectively the Ricci scalar and the Christoffel connection of the background
geometry. This form of writing the Ward identities in the presence of the diffeomorphism
anomaly is consistent with the Wess-Zumino consistency conditions. The violation of covariant
conservation of the stress tensor is parametrised by the central charge c̄, while the Weyl

14For a concise summary of the different notions of stress tensors, see [71].
15There is a typo in eq. (2.9) of [71]. The correct expressions are obtained by replacing c̄ → c̄/2.
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anomaly is parametrised by the central charge c. These are expressed in terms of the right
and left central charges of the CFT2 as follows:

c = cL + cR

2 , c̄ = cL − cR

2 . (4.3)

We note that the terms accompanying the central charges c and c̄ in the Ward identities (4.2)
are local expressions of the background geometry.

The Ward identities (4.2) can be alternatively written in the form

∇aT ab = c̄

48π
ϵbc∇cR

(2) −∇atab ,

T a
a = c

24π
R(2) − ta

a ,
(4.4)

where tab is the local and symmetric Bardeen-Zumino stress tensor [66, 72, 73]

tab ≡ −1
2∇c(Xcab + Xcba − Xabc) , (4.5)

with
Xab

c ≡
c̄

48π
(ϵadΓb

cd + ϵbdΓa
cd) . (4.6)

It follows that the covariant tress tensor, (Tcov)ab ≡ T ab + tab satisfies

∇a(Tcov)ab = c̄

48π
ϵbc∇cR

(2) ,

(Tcov)a
a = c

24π
R(2) .

(4.7)

Suppose that T ab is the stress tensor of a CFT without a gravitational anomaly. We can
then construct a stress tensor that satisfies the covariant Ward identities (4.7) by defining

(Tcov)ab = T ab − c̄

2c
(ϵa

cT cb + ϵb
cT ca) . (4.8)

The trace of this tensor is

(Tcov)a
a = T a

a = c

24π
R(2) , (4.9)

while its covariant divergence takes the form

∇a(Tcov)ab = − c̄

2c
ϵa

c∇aT cb = c̄

2c
ϵbc∇cT a

a = c̄

48π
ϵbc∇cR

(2) . (4.10)

The relation (4.8), therefore, allows us to obtain the stress tensor of a CFT with a diffeomor-
phism anomaly from that of a diffeomorphism invariant CFT. This fact will play a key role
in obtaining the decoupling limit of a CFT with a diffeomorphism anomaly.

As in section 3, we can now make some more explicit choices for the non-trivial two-
dimensional background. We adopt the same background metric as in our previous discussion
of CFT2 in section 3.1, as this choice remains unaffected by the gravitational anomaly, namely

ds2
2D = −α2du2 + ν2(dθ + µdu)2 , (4.11)
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where α(u), ν(u) and µ(u) are three arbitrary functions. A key advantage of choosing the
stress tensor (4.1) in a manner consistent with the variational principle in the presence of
the gravitational anomaly is that it enables us to apply a decomposition similar to that
used in section 3.1 to our current case:

Tθθ = ν OTMG
θ ,

Tuθ = αOTMG
j + µ Tθθ ,

Tuu = µ2ν OTMG
θ + 2µαOTMG

j − α2

ν
OTMG

u .

(4.12)

From the variation of the generating function (4.1), we obtain a pairing between the sources
and operators given by

δI =
∫

d2x

(
−OTMG

j νδµ +OTMG
θ

α

ν
δν +OTMG

u δα

)
. (4.13)

With this parametrization, the Ward identities (4.2) now read

(∂u − µ∂θ)OTMG
u −OTMG

θ

∂uν

ν
+ α

ν
∂θOTMG

j = c̄

48π

α

ν∂uν
∂u

((
ν∂uν

α2

)2
∂uµ

)
,

(∂u − µ∂θ)OTMG
j +OTMG

j

∂uν

ν
+ α

ν
∂θOTMG

u = − c̄

48π

1
ν

∂2
u

(
ν∂uν

α2

)
,

OTMG
θ +OTMG

u = c

24π

2
α

∂u

(
∂uν

α

)
+ c̄

48π

1
α

∂u

(
ν2∂uµ

α2

)
.

(4.14)

The right-hand side of these equations consists of local functions of the sources, arising
from the curvature terms in (4.2).

The identification (4.8), after adding the Bardeen-Zumino stress tensor (4.5), provides
a map between the operators (OTMG

u ,OTMG
θ ,OTMG

j ) and the operators (O2D
u ,O2D

θ ,O2D
j ) of the

CFT without a diffeomorphism anomaly, discussed in section 3. Namely,

OTMG
u = O2D

u + c̄

c
O2D

j + c̄

24π

ν∂uν∂uµ

α3 ,

OTMG
θ = O2D

θ − c̄

c
O2D

j + c̄

48π

ν2

α
∂u

(
∂uµ

α2

)
,

OTMG
j = O2D

j + c̄

c
O2D

u − c̄

48π

1
ν

∂u

(
ν∂uν

α2

)
− c̄

24π

(∂uν)2

να2 .

(4.15)

It is convenient to rewrite these relations in the more compact form

Ô2D
u = O2D

u + c̄

c
O2D

j ,

Ô2D
θ = O2D

θ − c̄

c
O2D

j ,

Ô2D
j = O2D

j + c̄

c
O2D

u − c̄

24π

(∂uν)2

να2 ,

(4.16)
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where we have introduced the auxiliary operators

Ô2D
u ≡ OTMG

u − c̄

24π

ν∂uν∂uµ

α3 ,

Ô2D
θ ≡ OTMG

θ − c̄

48π

ν2

α
∂u

(
∂uµ

α2

)
,

Ô2D
j ≡ OTMG

j + c̄

48π

1
ν

∂u

(
ν∂uν

α2

)
.

(4.17)

Notice that the transformations (4.16) become completely homogeneous in terms of the
shifted operators O2D

u − c
24π

(∂uν)2

να2 and Ô2D
u − c

24π
(∂uν)2

να2 . The first of these is what defines the
energy in (3.8), while, as we will see momentarily, the latter defines the energy in TMG.
Moreover, the auxiliary operators (4.17) are obtained by adding a local — but not covariant

— counterterm to the generating function of TMG. In particular, from (4.13) follows that

δ(I + Ict ,TMG) =
∫

d2x

(
−Ô2D

j νδµ + Ô2D
θ

α

ν
δν + Ô2D

u δα

)
, (4.18)

where
Ict ,TMG = − c̄

48π

∫
d2x µ ∂u

(
ν∂uν

α2

)
. (4.19)

One may verify that both sets of operators (O2D
u ,O2D

θ ,O2D
j ) and (Ô2D

u , Ô2D
θ , Ô2D

j ) satisfy the
Ward identities (3.5)–(3.6), where the diffeomorphism anomaly is absent. This means that, as
is the case with the Weyl anomaly, within the effectively one-dimensional phase space we are
working in, the diffeomorphism anomaly can be eliminated by a local counterterm. Notice,
however, that this would not be the case if the sources were functions of both u and θ. Moreover,
it cannot be overemphasized that the relations between the operators (O2D

u ,O2D
θ ,O2D

j ) and
(OTMG

u ,OTMG
θ ,OTMG

j ), and that between (Ô2D
u , Ô2D

θ , Ô2D
j ) and (OTMG

u ,OTMG
θ ,OTMG

j ), are entirely
different. The latter corresponds to a local counterterm that exists only within the effectively
one-dimensional phase space. On the contrary, the former is a general non-local deformation
of any relativistic CFT.

Finally, it is useful to construct explicitly conserved charges in this case. Due to the
presence of the diffeomorphism anomaly, the generating function is not invariant under
diffeomorphisms, i.e., δξI ≠ 0 for an arbitrary diffeomorphism ξa. As a consequence, the
stress tensor is not covariantly conserved, as expressed in the Ward identity (4.2). Nevertheless,
conserved charges can still be defined under certain conditions. In particular, let us consider
diffeomorphisms that preserve the gauge choice of the background metric (4.11). In this
case, the transformation of the sources is:

δα = ∂u(ϵα) + ασ , δν = ϵ∂uν + νσ , δµ = ∂u(ϵµ + φ) . (4.20)

Here, ϵ, φ and σ represent time-reparametrisations, θ-reparametrisations, and a Weyl trans-
formation, respectively. The conformal killing vectors (CKVs) are determined by imposing
δCKVα = δCKVµ = δCKVν = 0. This leads to the following solutions for the infinitesimal
transformations:

ϵ = ξ1
ν

α
, σ = −ξ1

∂uν

α
, φ = ξ2 − ξ1

ν

α
µ , (4.21)
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where ξ1 and ξ2 are arbitrary constants. These transformations trivially leave the generating
function invariant, since

δCKVI =
∫

d2x

(
−OTMG

j νδCKVµ +OTMG
θ

α

ν
δCKVν +OTMG

u δCKVα

)
= 0 . (4.22)

If the operators (OTMG
u ,OTMG

j ,OTMG
θ ) are independent of θ, these CKVs together with the

Ward identities (4.2) imply the existence of conserved charges. In particular, integrating by
parts this variation of the generating function and keeping total derivative terms we derive

0 =
∫

d2x

[
−ξ2∂u

(
νOTMG

j + c̄

48π
∂u

(
ν∂uν

α2

))

+ ξ1∂u

(
νOTMG

u − c

24π

(
∂uν

α

)2
− c̄

24π

ν2∂uν∂uµ

α3

)]
.

(4.23)

Since the constants ξ1 and ξ2 are arbitrary, we identify two conserved charges, given by

ETMG = −
∫

dθ

(
νÔ2D

u − c

24π

(
∂uν

α

)2)
,

JTMG =
∫

dθ νÔ2D
j ,

(4.24)

where we have used the relations (4.17). JTMG represents the angular momentum, while ETMG

denotes the energy of the system. These charges agree with (3.8) when c̄ = 0 (cL = cR).
However, the relations (4.16) imply that they are related to those in (3.8) even when c̄ ≠ 0.
In particular,

ETMG = E − c̄

c
J , JTMG = J − c̄

c
E . (4.25)

Notice that this transformation of the charges preserves the extremality condition since,

ETMG − JTMG =
(
1 + c̄

c

)
(E − J) . (4.26)

4.2 TMG reduced phase space

In three dimensions, the Einstein-Hilbert action supplemented by a gravitational Chern-
Simons term defines the topological massive gravity (TMG) theory [74–76], and we will
mostly follow the conventions of [71]. The action is given by

ICS =
1

2κ2
3

∫
d3x

√
−g

(
R+ 2

ℓ3

)
+ 1
4κ2

3µ

∫
d3x

√
−g ϵαβγ

(
Γµ

αν∂βΓν
γµ+

2
3Γ

µ
ανΓν

βσΓσ
γµ

)
, (4.27)

where µ is a real coupling constant with the dimensions of mass; we adopt the convention
that the three-dimensional Levi-Civita tensor satisfies

√
−g ϵ012 = −1. The equations of

motion of TMG are

Rµν − 1
2gµνR − 1

ℓ2
3
gµν = − 1

µ
Cµν , (4.28)
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where Cµν is the Cotton-York tensor,

Cµν ≡ ϵ γλ
µ ∇γ

(
Rλν − 1

4gλνR

)
. (4.29)

Despite the presence of the Christoffel connection Γγ
αν in the action, the equations of

motion remain covariant. Moreover, all locally AdS3 solutions have a vanishing Cotton-
York tensor Cµν = 0, making them solutions of TMG, as seen in (4.28). For a nonzero
Cotton-York tensor, Cµν ̸= 0, TMG admits new solutions, a subclass of which corresponds
to warped AdS3 spacetimes, including warped black holes [77–79]. These asymptotically
warped AdS3 geometries do not satisfy the Brown-Henneaux boundary conditions and will
not be considered here.

In what follows, we focus exclusively on locally AdS3 solutions with a vanishing Cotton-
York tensor, Cµν = 0. In this case, it is well-known that the dictionary with the dual
CFT2 leads to [63]

cL = 3ℓ3
2G3

(
1 + 1

µℓ3

)
, cR = 3ℓ3

2G3

(
1− 1

µℓ3

)
. (4.30)

Alternatively, via (4.3), we have

c = 3ℓ3
2G3

, c̄ = 1
µℓ3

3ℓ3
2G3

. (4.31)

The reduced phase space is again given by (3.10)–(3.12). However, we now need to relate
the metric functions (3.12) to the CFT2 variables in section 4.1 in a way compatible with the
Ward identities (4.14). This is achieved by using the same map between the metric functions
and the CFT2 variables (O2D

u ,O2D
θ ,O2D

j ) given in (3.13), but expressing these operators in terms
of the TMG variables (OTMG

u ,OTMG
θ ,OTMG

j ) by inverting the transformation (4.16). This gives,

O2D
u = c

c2 − c̄2

(
c Ô2D

u − c̄ Ô2D
j − c̄2

24π

(∂uν)2

να2

)
,

O2D
θ = c

c2 − c̄2

(
c Ô2D

θ + c̄ Ô2D
j

)
− c̄2

c2 − c̄2

(
Ô2D

θ + Ô2D
u − c

24π

(∂uν)2

να2

)
,

O2D
j = c

c2 − c̄2

(
c Ô2D

j − c̄ Ô2D
u + cc̄

24π

(∂uν)2

να2

)
,

(4.32)

where (Ô2D
u , Ô2D

θ , Ô2D
j ) are expressed in terms of the TMG variables through (4.17).

4.2.1 BTZ black hole in TMG

The line element of the BTZ black hole is still given by (3.16). However, the gravitational
Chern-Simons term in the action (4.27) modifies the definition of the holographic stress
tensor [66]. Accordingly, the TMG mass, MTMG, and angular momentum, JTMG, are now
related to the horizon radii r± as

ℓ3MTMG + JTMG =
(
1− 1

µℓ3

) (r+ + r−)2

8G3ℓ3
,

ℓ3MTMG − JTMG =
(
1 + 1

µℓ3

) (r+ − r−)2

8G3ℓ3
.

(4.33)
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These expressions can be easily understood by noticing that the holographic stress tensor
of TMG realizes precisely the stress tensor deformation (4.8).

The TMG mass and angular momentum are related with the operators (OTMG
θ ,OTMG

u ,OTMG
j )

according to the conserved charges (4.24), namely

OTMG
u = −OTMG

θ = −MTMG

2π
,

OTMG
j = JTMG

2πℓ3
.

(4.34)

These operators are related to those of the original CFT2, (O2D
u ,O2D

θ ,O2D
j ), through the

transformation (4.16), which leads to the transformation (4.25) of the conserved charges.
This gives

ℓ3MTMG = ℓ3MBTZ −
c̄

c
JBTZ , JTMG = JBTZ −

c̄

c
ℓ3MBTZ , (4.35)

or equivalently

ℓ3MTMG ± JTMG =
(
1∓ c̄

c

)
(ℓ3MBTZ ± JBTZ) . (4.36)

The Hawking temperature T and angular velocity Ω remain unchanged relative to (3.19),
namely

T =
r2

+ − r2
−

2πℓ2
3r+

, Ω = r−
ℓ3r+

. (4.37)

However, the semi-classical Wald entropy of the black hole receives a contribution from the
gravitational Chern-Simons term, in addition to the area-law [62, 80–83], and it is given by

STMG = π

6ℓ3
(cL(r+ − r−) + cR(r+ + r−)) . (4.38)

4.2.2 Near-extremal thermodynamics

At extremality, we again have r+ = r− = r0 and zero temperature. In this limit, the relation
between the TMG mass and angular momentum is

JTMG = ℓ3MTMG = cR

6ℓ2
3
r2

0 , (4.39)

while the extremal entropy is

STMG = cRπr0
3ℓ3

. (4.40)

The linear response in temperature of the energy ∆MTMG and entropy ∆STMG, at fixed JTMG, is

∆MTMG = π2 cL

12ℓ3T 2 , ∆STMG = π2 cL

6 ℓ3T . (4.41)

The right sector controls the notion of extremality, as we can see from (4.39) and (4.40).
On the other hand, the linear response around extremality is controlled only by the left
sector, as seen from (4.41). The presence of the gravitational anomaly in TMG disentangles
the role of the right and left degrees of freedom of the CFT2 [71].
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4.3 Off-shell decoupling limit

We will now implement the decoupling limit for the TMG phase space described by (3.13)
and (4.32). The procedure closely parallels the AdS3/CFT2 case discussed in section 3.3, so the
presentation here will be rather brief. The starting point is again to scale the sources ν and µ as

ν = λν̃ , µ = µ̃ − α

λν̃
, λ → 0 , (4.42)

while keeping ν̃ and µ̃ fixed. A key difference, however, is that while the decoupling limit in
section 3.3 is taken while keeping the angular momentum JBTZ fixed, the decoupling limit of
TMG involves keeping JTMG fixed instead. As we will see, this affects crucially the asymptotic
form of the remaining phase space variables.

Since the parametrisation of the metric functions for TMG is again given by (3.13)
in terms of the operators (O2D

u ,O2D
θ ,O2D

j ) of section 3.3, we can directly apply the opera-
tor expansions (3.25) and (3.27). The corresponding expansions for the TMG variables
(OTMG

u ,OTMG
θ ,OTMG

j ) can then be deduced through the relations (4.15). Let us parametrise
the expansions (3.25) and (3.27) as

O2D
i = O2D(−1)

i

λ
+O2D(0)

i +O2D(1)
i λ + · · · , (4.43)

where now i = (u, θ, j). Inserting these expansions in the expressions (4.15) for the TMG
variables we find that these too admit such expansions as λ → 0, namely

OTMG
i = OTMG(−1)

i

λ
+OTMG(0)

i +OTMG(1)
i λ + · · · . (4.44)

Similarly, the operators (Ô2D
u , Ô2D

θ , Ô2D
j ) in (4.17) can be expanded as

Ô2D
i = Ô2D(−1)

i

λ
+ Ô2D(0)

i + Ô2D(1)
i λ + · · · . (4.45)

From the expressions (4.24) for the TMG charges follows that keeping JTMG fixed in the
decoupling limit requires that the expansion of Ô2D

j takes the form

Ô2D
j =

Ô2D(−1)
j

λ
, (4.46)

without any subleading corrections. However, this implies that we cannot anymore im-
pose (3.25). In particular, we need to allow for a nonzero O2D(1)

j . Using the values for the
order (−1) and (0) expansion coefficients in (3.33), together with O2D(0)

j = 0, we find that
the corresponding coefficients of the TMG expansions (4.44) are given by

OTMG(−1)
j = OTMG(−1)

θ = −OTMG(−1)
u = cR

12πℓ2
3

Φ2
0

ν̃
,

OTMG(0)
j = OTMG(0)

u = OTMG(0)
θ = 0 .

(4.47)

The same values apply to the corresponding coefficients of the operators (Ô2D
u , Ô2D

θ , Ô2D
j ). Note

that the expressions for OTMG(−1)
i are equivalent to the extremality conditions (4.39) derived

from the thermodynamic analysis, upon identifying ν̃ = ℓ3 and Φ0 = r0.
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At order (1) as λ → 0 we obtain the TMG coefficients

OTMG(1)
u = O2D(1)

u + c̄

c
O2D(1)

j − c̄

24π

ν̃∂uν̃

α3 ∂u

(
α

ν̃

)
,

OTMG(1)
θ = O2D(1)

θ − c̄

c
O2D(1)

j − c̄

48π

ν̃2

α
∂u

( 1
α2 ∂u

(
α

ν̃

))
,

OTMG(1)
j = O2D(1)

j + c̄

c

(
O2D(1)

u − c

24π

1
ν̃

(
∂uν̃

α

)2)
− c̄

48π

1
ν̃

∂u

(
ν̃∂uν̃

α2

)
,

(4.48)

or equivalently, in terms of the variables defined in (4.17),

Ô2D(1)
u = O2D(1)

u + c̄

c
O2D(1)

j ,

Ô2D(1)
θ = O2D(1)

θ − c̄

c
O2D(1)

j ,

Ô2D(1)
j = O2D(1)

j + c̄

c

(
O2D(1)

u − c

24π

1
ν̃

(
∂uν̃

α

)2)
.

(4.49)

Requiring that Ô2D
j is exactly of the form (4.46) implies that we must set

Ô2D(1)
j = 0 ⇔ O2D(1)

j = − c̄

c

(
O2D(1)

u − c

24π

1
ν̃

(
∂uν̃

α

)2)
. (4.50)

The Ward identities that the order (1) TMG expansion coefficients satisfy can be
determined from the Ward identities (4.14), by dropping all θ-dependence. In particular,
the non-trivial Ward identities take the form

OTMG(1)
θ +OTMG(1)

u = c

24π

2
α

∂u

(
∂uν̃

α

)
− c̄

48π

1
α

∂u

(
ν̃2

α2 ∂u

(
α

ν̃

))
,

∂uOTMG(1)
u −OTMG(1)

θ

∂uν̃

ν̃
= − c̄

48π

α

ν̃∂uν̃
∂u

((
ν̃∂uν̃

α2

)2
∂u

(
α

ν̃

))
.

(4.51)

The equation for OTMG(1)
j is trivially satisfied due to the TMG decoupling condition Ô2D(1)

j = 0.
We are now ready to examine the form of the line element in the decoupling limit.

As we have seen, the parameterization of the metric functions in terms of the operators
(O2D

u ,O2D
θ ,O2D

j ) is still given by (3.13). However, we need to revisit the limit (3.31) in order
to account for the fact that now O2D(1)

j ̸= 0. For a nonzero O2D(1)
j we obtain

FIR(r, u, θ) := lim
λ→0

F (r, u, θ)

= α2r2

(ℓ3/2)2 + 2r
α2

ν̃

κ2
3

ℓ3

∫
du α

(
O2D(1)

θ +O2D(1)
u

)
+ 2α2

ν̃
ℓ3κ2

3
(
O2D(1)

u +O2D(1)
j

)
− ℓ2

3

(
∂uν̃

ν̃

)2
.

(4.52)

We can now express this in terms of the TMG variables (OTMG(1)
u ,OTMG(1)

θ ,OTMG(1)
j ), or

equivalently (Ô2D(1)
u , Ô2D(1)

θ , Ô2D(1)
j ), using the relations (4.32) and the fact that Ô2D(1)

j = 0.
The result is

FIR(r, u, θ) = α2r2

(ℓ3/2)2 +2r
α2

ν̃

κ2
3

ℓ3

∫
du α

(
Ô2D(1)

θ + Ô2D(1)
u

)
+2α2

ν̃
ℓ3κ2

3
c

cL
Ô2D(1)

u − c

cL
ℓ2

3

(
∂uν̃

ν̃

)2
.

(4.53)
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The IR vector potential AIR remains identical to the case with cL = cR (c̄ = 0) in sec-
tion 3.3, namely

AIR = µ̃ − 2rα

ℓ3Φ0
. (4.54)

From the IR limit of the lapse function (4.53) we identify the IR variables

OIR
u = Ô2D(1)

j , OIR
θ = Ô2D(1)

θ , (4.55)

so that

FIR = α2r2

(ℓ3/2)2 + 2r
α2

ν̃

κ2
3

ℓ3

∫
du α(OIR

u +OIR
θ ) + 2α2

ν̃
ℓ3κ2

3
c

cL
OIR

u − ℓ2
3

c

cL

(
∂uν̃

ν̃

)2
. (4.56)

As we have seen, these operators satisfy the IR limit of the Ward identities (3.5)–(3.6)
without a diffeomorphism anomaly, namely

OIR
θ +OIR

u = c

24π

2
α

∂u

(
∂uν̃

α

)
,

∂uOIR
u −OIR

θ

∂uν̃

ν̃
= 0 .

(4.57)

Recall that the operators (Ô2D
u , Ô2D

θ , Ô2D
j ), and hence OIR

u and OIR
θ , arise by adding to

the TMG effective action the local but non-covariant counterterm (4.19), whose IR limit is

Ict ,TMG = 2πλ
c̄

48π

∫
du

α

ν̃
∂u

(
ν̃∂uν̃

α2

)
. (4.58)

Indeed, up to a total derivative, this local counterterm can be expressed in terms of the
one-dimensional boundary metric huu and the boundary value of the scalar ϕ as

Sct ,TMG = 2πλ
c̄

48π

∫
du

√
−h huuϕ−1∂uϕ

(
∂uϕ − Γu

uuϕ
)

, (4.59)

where Γu
uu is the Christoffel connection of the one-dimensional boundary metric huu. The

appearance of this quantity renders manifest that the local counterterm (4.58) is not covariant.
Using the values (4.47) for the operator expansion coefficients, the fact that Ô2D(1)

j = 0,
and implicitly implementing the Legendre transform (3.35), the IR limit of the variational
principle (4.18) becomes

δ(IIR + Ict ,TMG) = 2πλ

∫
du

(
OIR

θ

α

ν̃
δν̃ +OIR

u δα

)
+ O(λ2) . (4.60)

As we have already pointed out, this demonstrates that the gravitational anomaly can be
eliminated by a local but non-covariant counterterm in the effective one-dimensional theory.
This is a generic feature of the description of anomalies when the effective theory changes
dimension [8, 82].
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4.3.1 Comparison with JT gravity

As expected, many aspects of the decoupling limit in TMG reproduce features of JT gravity
discussed in section 2. In particular, the lapse function in (4.56) resembles that of (2.4),
and the Ward identities (4.57) are compatible with (2.12a)–(2.12b). We will now make this
relation precise, taking into account the ambiguities encountered in section 2.

The initial steps of the comparison are unmodified from section 3.3. More concretely, the
relations in (3.37)–(3.40) hold for TMG, since there is no use of dynamics in those equations.
With these identifications, the IR lapse function FIR in (4.56) now reads

FIR = α2
2Dr2

ℓ2
2

+ 2κ2
3

L
λ

α2
2D

4ν2D

∫
du α2D(OIR

θ +OIR
u ) r

ℓ2
+ 2κ2

3
L

λ
c

cL

α2
2D

ν2D
ℓ2OIR

u − 4ℓ2
2

c

cL

(
∂uν2D

ν2D

)2
.

(4.61)
By comparing this expression with equations (2.11) in section 2, we recognize that the
decoupling limit in TMG yields the identifications ω2 = γ−2 = 4 c

cL
, provided we relate

the operators as

κ2
2Ou = λ

κ2
3

L

c

cL
OIR

u , κ2
2Oϕ = λ

κ2
3

L

c

cL
OIR

θ . (4.62)

Applying this relation to the IR generating functional IIR
3D defined in (4.60), we find

δ(IIR + Ict ,TMG) = 2πL
cL

c

κ2
2

κ2
3

∫
du

(
Ou δα2D + α2D

ν2D
Oϕ δν2D

)
= δIω , ω2 = 4 c

cL
. (4.63)

In the last equality, we are setting

2πLκ2
2 = c

cL
κ2

3 , (4.64)

to identify the functionals. We note that this relation does not follow from dimensional
reduction, which would instead yield the naive relation 2πLκ2

2 = κ2
3. The reason behind this

discrepancy is that TMG is a higher-derivative theory. For instance, to compute the black
hole entropy in TMG, one must use the Wald entropy formula rather than the standard
Bekenstein-Hawking formula, which holds only for two-derivative theories. Our off-shell
construction of the decoupling limit properly captures this subtlety by working in terms of
the CFT operators, whose Ward identities encode this information.

Thus, for TMG, we obtain the following mapping:

Iω=1 = Iω + (1− ω2) ℓ2
2κ2

2

∫
du

√
−h ϕ−1huu(∂uϕ)2 , ω2 = 4 c

cL
, (4.65)

where we now have

cL

12 = ℓ2
L

1
κ2

2
. (4.66)

Therefore, the dynamics of JT gravity is controlled solely by the left-movers of the CFT2,
while the right-movers are frozen in the near-extremal regime [71].
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Finally, it is instructive to check that the near-extremal thermodynamics is correctly
captured by JT gravity. Similar to the case in section 3.3, we have

ℓ3∆MTMG = −2πλ2ν̃ OIR
u = 2Lν2DE2D , (4.67)

where we used (4.34), (4.41), and (4.62). It is then simple to check that

S2D = 2π

√
2ℓ2
κ2

2
ν2DE2D = 2π

√
cL

12ℓ3∆MTMG = ∆STMG , (4.68)

where S2D is given by (2.72) and ∆STMG by (4.41). As in previous sections, although we
encounter a non-trivial value of ω, which controls the Schwarzian action, the match of the
thermodynamic entropy does not rely on ω.

5 Near-extremality at the boundary of AdS4/CFT3

In this section, we introduce a novel construction of the decoupling limit within the AdS4/CFT3
correspondence, where we can track how the near-extremal dynamics is imprinted on the UV
data on both the gravitational and CFT sides by matching the appropriate phase spaces in
the IR and UV. The gravitational analysis will be done for Einstein-Maxwell theory with a
negative cosmological constant, and the reduced phase space we construct is a non-trivial
gravitational dressing around the Reissner-Nordström AdS4 black hole. On the CFT3, this
corresponds to a configuration with a non-trivial stress tensor and a U(1) current placed
on a curved manifold of topology R × M2.

However, the situation in this section is substantially more intricate relative to AdS3/CFT2.
First, unlike in two-dimensional CFTs, in three dimensions there are no anomalies. This
makes a possible connection with the Schwarzian dynamics more elusive. We will address this
by making contact with the counterterm ambiguity discussed in section 2.4. Second, on the
gravity side, the presence of local degrees of freedom prevents the complete characterisation of
solutions in the Einstein equations with a fixed boundary metric. To address this challenge, we
focus on a specific subsector of Einstein-Maxwell theory with a negative cosmological constant:
a generalisation of the Robinson-Trautman (RT) family of algebraically special solutions [25].

5.1 CFT3 Ward identities on curved backgrounds

We will again begin with a brief discussion of the Ward identities of generic three-dimensional
CFTs that possess a U(1) global symmetry. The relevant currents in this case are the stress
tensor, T ab, and a U(1) current, Ja. If we place the theory on a curved background and
turn on a background gauge field, we can read off these currents through the variation of the
generating function I[g,A] with respect to the corresponding sources, namely

δI =
∫

d3x
√
−g

(1
2T abδgab + JbδAb

)
. (5.1)

The Ward identities that these operators satisfy follow from the invariance of I[g,A] under
diffeomorphisms, U(1) gauge, and local Weyl transformations of the background sources.
Respectively, they take the form

∇aT ab + JaFab = 0 , ∇bJ
b = 0 , T a

a = 0 , (5.2)
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where F = dA. A key difference with the two-dimensional CFTs discussed above is that
there is no possibility of a Weyl or gravitational anomaly in three dimensions.

Given a conformal Killing vector ξa of the background gab, Aa, the Ward identities (5.2)
imply that the following quantity is conserved [47]

Q[ξ] = −
∫
C
dσa ξb(T a

b +AbJ
a) , (5.3)

i.e. it is independent of the choice of Cauchy surface C. Here, dσa is the directional volume
element on the Cauchy surface C. Moreover, the conservation of the U(1) current in (5.2)
and the Bianchi identity dF = 0 imply respectively the conservation of the electric and
magnetic charges

Qe =
∫
C
dσa Ja , Qm =

∫
C
F . (5.4)

We will place the CFT on a curved background g of the form R × M2 and turn on a
background gauge field Aa. We will parametrise the metric as

ds2
3D = −α2du2 + 2ν2e2χdzdz̄ , (5.5)

where α = α(u), ν = ν(u) depend only on the time u, while χ = χ(u, z, z̄) depends on all
three coordinates. Moreover, we take the background gauge field to be of the form

A = µ du +Azdz +Az̄dz̄ , (5.6)

where µ = µ(u) and the spatial components are arbitrary functions of all coordinates for now.
This shares several features with the two-dimensional background in (3.1). The components
α and ν will play the same role as in two dimensions: α acts as time dilation, while ν is
a Weyl factor for M2. However, the angular velocity in the earlier sections is now traded
for an electric chemical potential, µ, which enters as a component of the background gauge
field. The geometry of M2, i.e., 2e2χdzdz̄, will be held fixed.

On this background, we decompose the stress tensor and current such that their compo-
nents are tied directly to the appropriate sources we have introduced: (α, ν, µ). Thus, we have

Tuu = −α2

ν2 O
3D
u , Tzz̄ = 1

2O
3D
zz̄e2χ ,

Tuz = α

ν2 tuz , Tzz = 1
α

tzz ,

(5.7)

plus the corresponding barred components. In particular, the trace of the stress tensor
is given by

T a
a = 1

ν2 (O
3D
u +O3D

zz̄) . (5.8)

Here, O3D
u = O3D

u (u, z, z̄), and O3D
zz̄ = O3D

zz̄(u, z, z̄). The components tuz and tzz (and their
barred versions) also depend on the local coordinates, but they will not be treated as
dynamical operators. As will be the case in the subsequent AdS4 construction, we consider
a sector of the CFT3 where these components are locally determined by the curvature of
the background (5.5).
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The U(1) current is decomposed as

J = −α

ν
O3D

e du + jz

α
dz + jz̄

α
dz̄ , (5.9)

where O3D
e = O3D

e (u, z, z̄) controls the electric charge carried by the current, and the spatial
components jz also depend on (u, z, z̄). In this notation, turning on a magnetic charge
corresponds to setting

Fzz̄ = νe2χO3D
m . (5.10)

In this way, the variation (5.1) of the generating function is given by paring the sources
with their respective operators16

δI =
∫

d3x

(
e2χ

(
O3D

zz̄

α

ν
δν +O3D

u δα +O3D
e νδµ

)
+ jzδAz̄ + jz̄δAz

)
. (5.11)

Finally, with this notation, the Ward identities (5.2) take the form

∂u(e2χO3D
u )− 1

2ν2 ∂u(ν2e2χ)O3D
zz̄ = 1

α
(Fuzjz̄ + Fuz̄jz)−

α

ν2 (∂z̄tuz + ∂ztuz̄) ,

∂zO3D
zz̄ + 2 ν

α
FuzO3D

e = 2
α

e−2χ
(
Fzz̄jz − ∂z̄tzz + ∂u(e2χtuz)

)
,

∂z̄O3D
zz̄ + 2 ν

α
Fuz̄O3D

e = 2
α

e−2χ
(
Fz̄zjz̄ − ∂ztz̄z̄ + ∂u(e2χtuz̄)

)
,

(5.12)

which correspond to the conservation equation of the stress tensor, while the U(1) conservation
and trace conditions give respectively

∂u(νe2χO3D
e ) = −∂zjz̄ − ∂z̄jz , (5.13)

and
O3D

u +O3D
zz̄ = 0 . (5.14)

Given a conformal Killing vector of the background (5.5)–(5.6), the associated conserved
charge (5.3) takes the form

Q[ξ] = −
∫

M2
2e2χdzdz̄

(
ξuαO3D

u − ξztuz − ξz̄tuz̄ + (ξuµ + ξzAz + ξz̄Az̄)ν O3D
e

)
. (5.15)

In particular, if χ(u, z, z̄), Az(u, z, z̄) and Az̄(u, z, z̄) are independent of u and we work in
a gauge where νµ/α is constant, the background (5.5)–(5.6) admits the timelike conformal
Killing vector ξ = (ν/α)∂u, which leads to the conserved energy

E = −
∫

M2
2e2χdzdz̄ ν

(
O3D

u + νµ

α
O3D

e

)
. (5.16)

Moreover, the electric and magnetic charges (5.17) become

Qe =
∫

M2
2e2χdzdz̄ ν O3D

e , Qm =
∫

M2
2e2χdzdz̄ ν O3D

m . (5.17)

In particular, the second term in the energy (5.16) is proportional to the electric charge Qe.
It follows that for backgrounds of this form we can define the simplified conserved energy

E′ = −
∫

M2
2e2χdzdz̄ ν O3D

u . (5.18)
16The components Tuz and Tzz are inert in our discussion. In particular, we are not turning on sources in

the background metric for those components. This is motivated by the setup we will have in AdS4. However,
appropriate modifications to turn on those sources are straightforward.
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5.2 Generalised Robinson-Trautman phase space

In this section we construct a reduced phase space in AdS4 that has the operators O3D
u , O3D

zz̄,
O3D

e turned on, and carries also the sources (α, ν, µ). The simplest gravitational theory that
contains these ingredients is a four-dimensional Einstein-Maxwell theory with a negative
cosmological constant,

S = 1
2κ2

4

∫
d4x

√
−g (R − 2Λ)− 1

4

∫
d4x

√
−g F 2 , (5.19)

where Λ = −3/ℓ2
4 and κ2

4 = 8πG4. A useful way to construct the desired phase space is to
consider a generalisation of the charged Robinson-Trautman (RT) solutions of this theory.
The RT family of algebraically special vacuum Einstein solutions describes spacetimes with a
null geodesic congruence that has vanishing shear and rotation but nonzero expansion [25]
(see [84] for a comprehensive review). These generally time-dependent geometries exactly
solve the radial part of the Einstein equations, reducing them to a single transverse equation,
known as the RT equation. This equation can be interpreted holographically as a Ward
identity in the dual CFT3 [27].

Einstein-Maxwell theory admits electrically and magnetically charged versions of such
algebraically special solutions. Here, we generalise the charged RT spacetimes with a negative
cosmological constant in two ways. Firstly, we turn on suitable sources such that the three-
dimensional metric (5.5) matches the boundary metric of the bulk spacetime. This ensures
that the transverse equations of motion of the four-dimensional Einstein-Maxwell theory will
be identified with the CFT3 Ward identities (5.12). However, since the conformal anomaly
is identically zero in this case, the holographic stress tensor obtained from the charged RT
class of solutions has a vanishing trace. Therefore, in order to obtain the trace in terms
of the operators O3D

u and O3D
zz̄ as in (5.8), we need to further generalise the RT ansatz so

that the trace of the holographic stress tensor is given by (5.8). This is then set to zero
once the equations of motion are imposed.

We will work in a Bondi-like gauge with a bulk metric of the form

ds2
4D = −Ω2fdu2 +Ω−2

(
−2α(u)dudr + 2Φ2(r, u)e2χdzdz̄

)
, (5.20)

where f and Ω are functions of r, u, z, and z̄. Similar to the AdS3 cases in the previous
sections, the scalar Φ controls the size of the base manifold M2 with metric 2e2χdzdz̄ and
is parametrised as

Φ(r, u) = ν(u) r

ℓ4
+Φ0 , (5.21)

where Φ0 is constant. The fieldstrength components of the dyonic class of solutions are given by

Fur = −
αν(O3D

q +O3D
q̄ )

Φ2 , Fzz̄ = νe2χ(O3D
q −O3D

q̄ ) ,

Fuz = jz +
ℓ4α

Φ ∂zO3D
q , Fuz̄ = jz̄ +

ℓ4α

Φ ∂z̄O3D
q̄ .

(5.22)

with O3D
q = O3D

q (u, z), O3D
q̄ = O3D

q̄ (u, z̄), while jz and jz̄ are functions of u, z, z̄. The com-
binations

O3D
e = O3D

q +O3D
q̄ , O3D

m = O3D
q −O3D

q̄ , (5.23)
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can be identified respectively with electric and magnetic currents in the dual CFT3. In
particular, the boundary background fieldstrength is

Fzz̄ = νe2χ(O3D
q −O3D

q̄ ) , Fuz = jz , Fuz̄ = jz̄ . (5.24)

In the following, we will show how to place these variables on-shell, and how the transverse
bulk equations of motion translate to Ward identities in the dual CFT3.

Let us first consider the dynamics of the gauge field, which it is the simplest. Maxwell’s
equations, together with the Bianchi identity, imply that the variables that parametrise the
fieldstrength (5.22) satisfy the transverse constraints

∂u

(
νe2χO3D

q

)
= −∂z̄jz ,

∂u

(
νe2χO3D

q̄

)
= −∂zjz̄ .

(5.25)

We recognize the sum of these constraints as the conservation of the electric current in the
dual CFT3, given in (5.13). The difference of the two equations in (5.25) that is imposed by
the Bianchi identity corresponds to the conservation of the topological current in the dual
CFT3. Provided these constraints are satisfied, the fieldstrength expressions (5.22) can be
integrated to determine the corresponding gauge field, namely

A(r, u, z, z̄) =
(
−
(O3D

q +O3D
q̄ )ℓ4α

Φ + µ

)
du −

(∫
dz̄ νe2χO3D

q

)
dz −

(∫
dz νe2χO3D

q̄

)
dz̄ ,

(5.26)
where the function µ = µ(u) plays the role of a source for the operator O3D

e appearing in (5.6).
Imposing the Einstein equations is more involved. Based on the form of the dyonic RT

solutions, an appropriate ansatz for the metric function f(r, u, z, z̄) and Ω(r, u, z, z̄) in (5.20) is

f(r, u, z, z̄) = α2

ν2 Φ
2 + 2ℓ4

α

ν
(∂uΦ+ Φ∂uχ)− ℓ2

4α2

ν2 ∆χ + f−1(u, z, z̄)
Φ + f−2(u, z, z̄)

Φ2 ,

Ω(r, u, z, z̄) = 1 + f−3(u, z, z̄)
Φ3 ,

(5.27)

where ∆ = 2e−2χ∂z∂z̄ is the Laplace-Beltrami operator on the base two-manifold. With
hindsight, we parametrise the functions fi(u, z, z̄) in terms of the dual CFT3 variables
in (5.11) as

f−1(u, z, z̄) = 1
2ℓ4κ2

4
α2

ν
(O3D

u −O3D
zz̄) ,

f−2(u, z, z̄) = 2ℓ2
4κ2

4α2O3D
q O3D

q̄ ,

f−3(u, z, z̄) = 1
24ℓ4κ2

4ν(O3D
u +O3D

zz̄) .

(5.28)

Inserting this ansatz in the Einstein equations following from (5.19) we find that they
are satisfied provided the following transverse constraints hold, in addition to (5.25):

e−3χ∂u

(
e3χO3D

u

)
+O3D

u

∂uν

ν
= α

ν2
ℓ2

4
2κ2

4
∆2χ + 2

α
e−2χjzjz̄ ,

∂zO3D
u − 4 ν

α
O3D

q̄ jz = 0 ,

∂z̄O3D
u − 4 ν

α
O3D

q jz̄ = 0 ,

O3D
u +O3D

zz̄ = 0 .

(5.29)
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Notice that these equations also imply that

∂z̄

(
O3D

q̄ jz

)
= ∂z

(
O3D

q jz̄

)
, (5.30)

which corresponds to an integrability condition for the second and third equations in (5.29).
The transverse equations (5.25), (5.29) and (5.30) are a generalisation of the RT equations

for the dyonic algebraically special solutions of Einstein-Maxwell theory with a negative
cosmological constant. They are equivalent to the Ward identities (5.12), (5.13) and (5.14)
provided tuz and tzz defined in (5.7), take the special form

tuz = − ℓ2
4

2κ2
4
∂z∆χ , tzz = ℓ2

4
κ2

4
∂u(eχ∂2

z e−χ) , (5.31)

which corresponds to specific components of the Cotton-York tensor of the boundary met-
ric (5.5) [26, 27]. Indeed, evaluating the holographic electric U(1) current we find that it takes
the form (5.9), with O3D

e given by the sum in (5.23). Moreover, the computing the holographic
stress tensor corresponding to these configurations using holographic renormalization we obtain

Tuu = −α2

ν2 O
3D
u , Tzz̄ = 1

2e2χO3D
zz̄ ,

Tuz = α

ν2 tuz , Tzz = 1
α

tzz ,

(5.32)

which coincides with the general stress tensor decomposition (5.7), except that now tuz and
tzz take the specific form (5.31). The fact that these components of the holographic stress
tensor are determined locally in terms of the background geometry on the boundary is a
general property of asymptotically locally AdS4 algebraically special solutions [26, 27].

The family of solutions we consider here represents a subset of the most general phase
space of a CFT3, as is clear from the special form of the stress tensor components (5.31)
and the vanishing of the corresponding sources. As a result, the stress tensor of the dual
CFT3 coincides with the stress tensor of a conformal fluid on a non-flat background [26]. In
particular, the boundary stress tensor dual to the RT spacetimes can be decomposed as

Tab = T PF
ab + Zab , (5.33)

where T PF
ab is the perfect fluid stress tensor

T PF
ab = p(gab + UaUb) + ϵUaUb , (5.34)

where U = α du is a time-like vector field that satisfies UaUa = −1, while the energy density
ϵ and pressure p are respectively

ϵ = −O3D
u

ν2 , p = O3D
zz̄

2ν2 . (5.35)

The conformal equation of state, ϵ = 2p, is satisfied, reflecting the traceless stress tensor of
a CFT3. However, the perfect fluid stress tensor (5.33) is not covariantly conserved on the
background (5.5). The conservation of Tab on this background is ensured by the presence
of the symmetric tensor Zab, which is defined as

Zab ≡
ℓ2

4
κ2

4
(δd

a − UaUd)CdbcU
c . (5.36)
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In this expression, Cabc is the Cotton tensor associated with the boundary metric gab. This
reproduces the components (5.31). Recall that in three dimensions the Cotton tensor plays
the role of the Weyl tensor in higher dimensions. Namely, a three-dimensional manifold is
conformally flat if and only if it possesses a vanishing Cotton tensor. The presence of a
nonzero Cotton tensor has been argued to encode gravitational radiation in the CFT3 [85],
in addition to the electromagnetic radiation captured by the U(1) current J given in (5.9).

5.2.1 AdS Reissner-Nordström black hole

The dyonic AdS4 Reissner-Nordström black hole belongs to the phase space described by
the generalised charged RT solution. In the Bondi-like gauge introduced above, the metric
is given by

ds2 = −f(r)du2 − 2dudr + 4r2

(1 + zz̄)2dzdz̄ , (5.37)

where the blackening factor is

f(r) = r2

ℓ2
4
+ 1− 2MG4

r
+ (Q2 + P 2)G4

4πr2 , (5.38)

and the gauge field reads

A =
(
− 1
4π

Q

r
+ µ0

)
du + P

4π

(dz

z
− dz̄

z̄

)
i

(1 + zz̄) , (5.39)

with µ0 a constant. The factor of 1/4π in front of the mass parameter, M , the electric
charge, Q, and the magnetic charge, P , ensures that these coincide with the corresponding
conserved charges (5.17) and (5.18).

In relation to the above notation, the Reissner-Nordström solution corresponds to setting
α = 1, ν = ℓ4, µ = 0 and Φ0 = 0, which gives Φ = r.17 Moreover, the metric on the
base 2-manifold M2 is

2e2χdzdz̄ = 4
(1 + zz̄)2dzdz̄ , (5.40)

which describes a round 2-sphere. In this case, the boundary metric (5.5) is conformally
flat, i.e. it possesses a vanishing Cotton tensor. As a result, the components tuz, tzz of the
stress tensor in (5.31), as well as their complex conjugates, vanish. Similarly, jz = jz̄ = 0 for
the Reissner-Nordström black hole solution. The remaining components of the stress tensor
and U(1) current are determined by the one-point functions

O3D
u = −O3D

zz̄ = −M

4π
,

O3D
q = 1

8πℓ4
(Q + iP ) ,

O3D
q̄ = 1

8πℓ4
(Q − iP ) .

(5.41)

17In going from the gauge potential (5.26) to the expression (5.39) for the Reissner-Nordström solution we
have dropped a pure gauge term proportional to the electric charge Q.
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In order to describe the thermodynamics in a simple manner, we rewrite the blackening
factor in terms of its roots, i.e.,

f(r) = 1
r2ℓ2

4
(r − r+)(r − r−)(r + r1)(r + r2) , (5.42)

where r1 and r2 are defined through the following relations

r1 + r2 = r+ + r− , r1r2 = ℓ2
4 + r2

+ + r2
− + r−r+ . (5.43)

Here, r+ is the outer horizon, and r− the inner horizon; r1,2 are unphysical roots of f(r).
In terms of r±, the mass M , and charges Q, P are

MG4 = (r+ + r−)
2

(
1 +

r2
+ + r2

−
ℓ2

4

)
,

(Q2 + P 2)G4
4π

= r+r−

(
1 +

r2
+ + r2

− + r−r+
ℓ2

4

)
.

(5.44)

The Hawking temperature T and black hole entropy S are given by

T = (r+ − r−)
4π

(ℓ2
4 + 3r2

+ + r2
− + 2r−r+)

ℓ2
4r2

+
,

S =
πr2

+
G4

.

(5.45)

The electric potential µe and magnetic potential µm are determined by the gauge field (5.39).
In particular, demanding regularity at the horizon sets µ0 = Q/4πr+, and hence

µe ≡ Au

∣∣
r=∞ − Au

∣∣
r=r+

= Q

4πr+
. (5.46)

Moreover, regularity at the horizon of the magnetic dual potential determines

µm = P

4πr+
. (5.47)

Using these expressions for the thermodynamic variables of the Reissner-Nordström
black hole, the first law takes the form

dM = TdS + µedQ + µmdP , (5.48)

while the corresponding Smarr relation is given by

pV + M = µeQ + µmP + ST + r+
2G4

, (5.49)

where the volume of the 2-sphere on the boundary is V = 4πν2 = 4πℓ2
4, since we have set

ν = ℓ4. Moreover, the pressure p is given in (5.35). The Smarr formula (5.49) is a consequence
of the generalized Euler relation p + ϵ = sT + µeqe + µmqm + y∂yp, where y encodes the
effect of spatial curvature in the thermal system [86].
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5.2.2 Near-extremal thermodynamics

At extremality, r+ = r− = r0, the mass and charges satisfy the constraint

G4M0 = r0

(
1 + 2r2

0
ℓ2

4

)
, (µe,0Q0 + µm,0P0)G4 = r0

(
1 + 3r2

0
ℓ2

4

)
. (5.50)

At zero temperature, the Smarr relation (5.49) relates the extremal mass M0 with charges
Q0, P0 as

M0 − (µe,0Q0 + µm,0P0) = −pV + r0
2G4

= − r3
0

ℓ2
4G4

. (5.51)

This expression will play an important role in the subsequent discussion. Finally, the
extremality conditions (5.50) written in terms of CFT3 variables are

O3D,∗
u = −2r0

κ2
4

(
1 + 2r2

0
ℓ2

4

)
, O3D,∗

q O3D,∗
q̄ = r0

2κ2
4ℓ2

4

(
1 + 3r2

0
ℓ2

4

)
. (5.52)

To study the low-temperature regime, we expand around the horizon radii near their
extremal value as r± = r0 ± ϵ +O(ϵ2), keeping P0 and Q0 fixed. This gives [23]

T = ϵ

2πℓ2
2

, ℓ2
2 = ℓ2

4r2
0

6r2
0 + ℓ2

4
, (5.53)

where ℓ2 is the effective AdS2 radius. The linear responses in energy ∆M and entropy ∆S are18

∆M = 2π2ℓ2
2

(8πr0
κ2

4

)
T 2 , ∆S = 4π2ℓ2

2

(8πr0
κ2

4

)
T . (5.54)

5.3 Off-shell decoupling limit

We now proceed to implement the decoupling limit for the generalisation of the Robinson-
Trautman phase space described in section 5.2. The procedure closely parallels that in
section 3.3 and section 4.3.

We define again the decoupling limit via the scaling

ν = λν̃ , λ → 0 , (5.55)

while keeping ν̃ fixed. This is motivated by thinking of the radial direction as a holographic
energy scale: taking ν small or large effectively changes the radial profile of Φ(u, r) in (5.21).
In addition, we require that the electric and magnetic charges (5.17) remain finite in the limit
λ → 0. From (5.23) then follows that the operators O3D

q and O3D
q̄ must scale as

O3D
q = O(−1)

q

λ
, O3D

q̄ =
O(−1)

q̄

λ
, (5.56)

with O(−1)
q and O(−1)

q̄ held fixed.
18The expression for ∆M is obtained by keeping P 2 + Q2 fixed up to O(ϵ2), which requires the O(ϵ2) terms

in the expansion of r± near r0. Namely, r± = r0 ±ϵ+r
(2)
± ϵ2 +O(ϵ3), where r

(2)
+ +r

(2)
− = (ℓ2

4 +2r2
0)/(ℓ2

4 +6r2
0)r0.
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As in the earlier cases, this scaling introduces divergences in the geometry. In order to
account for these divergences and eliminate them we expand the remaining operators as

O3D
i = O(−1)

i

λ
+O(0)

i +O(1)
i λ +O(2)

i λ2 + · · · , i ∈ (u, zz̄) . (5.57)

In particular, the expansion of O3D
i starts at order 1/λ, as inferred from dimensional analysis

of the line element (5.20)–(5.27). Imposing regularity of the lapse function f(r, u, z, z̄) in
equation (5.27) as λ → 0 yields the constraints

O(−1)
q O(−1)

q̄ = 3Φ4
0

2ℓ2
4κ2

4ν̃2 − Φ2
0

2κ2
4ν̃2∆χ ,

O(−1)
u = −O(−1)

zz̄ = − 4Φ3
0

ℓ4κ2
4ν̃

+ 2ℓ4Φ0
κ2

4ν̃
∆χ ,

O(0)
u = −O(0)

zz̄ = −2Φ2
0

κ2
4α

∂uχ .

(5.58)

Notice that since O3D
q is a function of u, z only, while O3D

q̄ is a function of u, z̄ only, the first
equation in (5.58) imposes an implicit constraint on ∆χ. We also observe that setting Φ0 = r0,
ν̃ = ℓ4 and ∆χ = −1 in the order (−1) coefficients reproduces the extremal values in (5.52).

Imposing the asymptotic conditions (5.55)–(5.58) in the limit λ → 0, while keeping ν̃,
µ̃, α, Φ0, and χ fixed, the line element (5.20) remains smooth and well-defined. Namely, we
find the following IR expression for the lapse function:

fIR(r, u, z, z̄) := lim
λ→0

f(r, u, z, z̄)

= α2r2(
ℓ2

4Φ2
0

6Φ2
0−ℓ2

4∆χ

) + 2r

(
2α∂uχ + α∂uν̃

ν̃

)
+ ℓ4κ2

4α2

2Φ0ν̃
(O(1)

u −O(1)
zz̄ ) .

(5.59)

In contrast to the lower-dimensional examples discussed previously, the resulting geometry
exhibits a more intricate dependence on the transverse coordinates z and z̄. We emphasise
once again that this decoupling limit is entirely off-shell in directions transverse to the radial
coordinate, as we have not imposed the equations of motion (5.29).

Applying the decoupling limit to the equations of motion (5.29) simplifies the system
further. The lowest order conditions from (5.29) are

∆2χ = 0 ,

∂u
(
e3χν̃O(−1)

u

)
= 0 ,

∂zO(−1)
u = ∂z̄O(−1)

u = 0 .

(5.60)

Requiring consistency between these equations and the regularity conditions (5.58) imposes

∂uχ = 0 , ∆χ = R0 , (5.61)

where R0 is a constant. This also implies that O(0)
u = O(0)

zz̄ = 0. Notice that R0 determines
the topology of the horizon: R0 < 0 corresponds to S2, R0 = 0 to R2, and R0 > 0 to H2.
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We will focus on the case of the round S2 with R0 = −1, which corresponds to the base
2-manifold of the Reissner-Nordström black hole. In this case,

χ = log
( √

2
1 + zz̄

)
. (5.62)

At the next order, implementing the decoupling limit on (5.29) imposes

e−3χ∂u(e3χO(0)
u )−O(0)

zz̄

∂uν̃

ν̃
= e−2χ 2

α
jzjz̄ ,

∂zO(0)
u = 4O(−1)

q̄ jz
ν̃

α
,

∂z̄O(0)
u = 4O(−1)

q jz̄
ν̃

α
.

(5.63)

The regularity conditions (5.58), combined with (5.61), then further imply that the sources
must vanish, i.e.

jz = jz̄ = 0 . (5.64)

With these simplifications, the regularity conditions (5.58) reduce to

O(−1)
q O(−1)

q̄ = Φ2
0

2κ2
4ν̃2

(
1 + 3Φ2

0
ℓ2

4

)
,

O(−1)
u = −2Φ0

κ2
4

ℓ4
ν̃

(
1 + 2Φ2

0
ℓ2

4

)
,

(5.65)

which, as we already pointed out, match the extremality conditions obtained from thermo-
dynamics in (5.52) upon identifying ν̃ = ℓ4 and Φ0 = r0. Finally, the Ward identities (5.29)
also imply that

∂uO(1)
u −O(1)

zz̄

∂uν̃

ν̃
= 0 ,

O(1)
zz̄ +O(1)

u = 0 .

(5.66)

It is interesting to observe that the decoupling limit of the charged Robinson-Trautman
solution drives the geometry towards the fixed point of the Calabi flow (see [27] and references
therein), which is related to a conformal fluid in equilibrium [26–31]. This is reminiscent of
the mechanism discussed in [87] in a supersymmetric context.

Besides regularity of the line element and of the Ward identities, we must also demand that
the gauge potential A(r, u, z, z̄) remains finite in the decoupling limit. From equation (5.26)
follows that, in addition to the line element regularity conditions (5.58), to ensure the
regularity of the gauge potential we need to implement the shift

µ(u) = µ̃(u) + 1
λ

ℓ4α

Φ0
(O(−1)

q +O(−1)
q̄ ) , (5.67)

which results in the following expression for the gauge field

AIR := lim
λ→0

A(r, u, z, z̄)

=
(

αν̃

Φ2
0

(
O(−1)

q +O(−1)
q̄

)
r + µ̃

)
du + 2ν̃

(1 + zz̄)

(
O(−1)

q

dz

z
+O(−1)

q̄

dz̄

z̄

)
.

(5.68)
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To simplify the discussion, in the following we turn off the magnetic charge of the
solution by setting O(−1)

q = O(−1)
q̄ . The electric charge, therefore, reduces to O(−1)

e = 2O(−1)
q .

Moreover, the spatial components of the gauge potential (5.68) become pure gauge, which
we drop. With all of the above ingredients taken into account, the lapse function fIR and
vector potential AIR simplify to:

fIR = α2r2(
ℓ2

4Φ2
0

6Φ2
0+ℓ2

4

) + 2r
α∂uν̃

ν̃
+ ℓ4κ2

4α2

2Φ0ν̃
(O(1)

u −O(1)
zz̄ ) ,

AIR =
(
O(−1)

e αν̃r

Φ2
0

+ µ̃

)
du .

(5.69)

Finally, applying the decoupling limit directly to the generating functional (5.11) yields:

δIIR =
∫

d3x e2χ

(
λ

[
O(1)

zz̄

α

ν̃
δν̃ +O(1)

u δα +O(−1)
e ν̃δµ̃

]
+ 1

λ
δ

(
2Φ3

0
ℓ4κ2

4

α

ν̃

))
+ O(λ2) , (5.70)

where we have used the regularity conditions (5.65). At first glance, the λ → 0 limit appears
singular due to the last term, which arises from the Smarr relation at zero temperature (5.51).
However, this term is a total variation and, therefore, can be removed by adding a local
counterterm.

To proceed, as in the earlier sections, we perform a Legendre transformation that replaces
the source µ̃ with its conjugate variable O(−1)

e ν̃, which is a conserved charge that is kept
fixed in the decoupling limit. As a result, the term µ̃δ(O(−1)

e ν̃) drops out. Hence, the
generating functional simplifies to

δIIR = 4πλ

∫
du

(
O(1)

zz̄

α

ν̃
δν̃ +O(1)

u δα

)
, (5.71)

where we have integrated over the transverse space, yielding the factor of 4π.

5.3.1 Comparison with JT gravity

We can see now that many aspects of our decoupling limit reproduce the features of JT
gravity described in section 2. In particular, the blackening factor (5.69) resembles (2.4), and
the equations of motion (5.66) are similar to (2.12a)–(2.12b), though the system appears to
be free of anomalies, as would be expected from its parent CFT3 theory. We will now explain
how the anomaly of Schwarzian dynamics shows up, taking into account the ambiguities
that we encountered in section 2.

Our first step is to compare the leading term in r that dominates fIR in (5.59) with
that in (2.4). From this comparison we naturally identify

ℓ2 = ℓ4

√
Φ2

0
6Φ2

0 + ℓ2
4

, α2D = α4D , (5.72)

where we inserted labels on the variables to emphasize their relation and context. In this
identification, the radial coordinate is taken to be the same in 2D and 4D. In this way, the
JT dilaton is related to the 4D metric function Φ as

Φ− Φ0 = λ
ν̃

ℓ4
r ≡ Lϕ , (5.73)

– 46 –



J
H
E
P
1
1
(
2
0
2
5
)
0
8
3

where we introduced a length scale L that plays the role of a Kaluza-Klein radius. Its specific
value is not relevant for the current discussion. With this identification at hand, and in
comparison to (2.5), we have that

ϕ = ν2D
r

ℓ2
. (5.74)

Here, with respect to (2.5), the 2D radial gauge is such that ϕ0 = 0. In addition, from
equations (5.72) and (5.73), we deduce that

ν2D = λ

L

ℓ2
ℓ4

ν̃. (5.75)

With this identification, the lapse function fIR from equation (5.69) can be rewritten as:

fIR(u, r) = α2
2Dr2

ℓ2
2

+
(
2ℓ2α2D

∂uν2D

ν2D

)
r

ℓ2
+ κ2

4
L

λ
α2

2D

2Φ0ν2D
ℓ2(O(1)

u −O(1)
zz̄ ) . (5.76)

By comparing this expression with equations (2.4) and (2.11) from section 2, we recognize that
the decoupling limit in the generalised Robinson-Trautman solutions yields the identifications
ω = γ = 0, provided we relate the operators as:

Lκ2
2Ou = λ

κ2
4

2Φ0
O(1)

u , Lκ2
2Oϕ = λ

κ2
4

2Φ0
O(1)

zz̄ . (5.77)

Applying this relation to the IR generating functional IIR defined in (5.71), we find:

δIIR = 4π(2Φ0L)κ2
2

κ2
4

∫
du

(
Ou δα + α

ν
Oϕ δν

)
= δIω=0 , (5.78)

where Iω is the functional in (2.14). In the last equality, we used that 8πΦ0Lκ2
2 = κ2

4
which comes from matching the functionals IIR and Iω, but also from simple dimensional
reduction. Finally, the relation between IIR and the generating functional of JT follows from
the equation (2.54), which for this particular case is

IJT = Iω=1 = Iω=0 +
ℓ2
2κ2

∫
du

√
−h ϕ−1huu(∂uϕ)2 . (5.79)

The value ω = 1 emerges naturally in JT gravity, prior to introducing the ambiguities
associated with ω. This relation highlights the non-trivial interpolation between the low-
energy limit of the UV theory described by AdS4/CFT3 and its effective infrared description
in terms of JT gravity. In summary, we started with a CFT3 that is free of Weyl anomalies,
as captured by the generating functional Iω=0. Then, through our off-shell construction of the
decoupling limit, we derived the Schwarzian dynamics, which exhibits a Weyl anomaly. The
key mechanism underlying this result is that the anomaly originates from a local counterterm
that exists only in one dimension. In higher dimensions, such a covariant counterterm does
not exist, and thus the Weyl anomaly cannot be modified in this way.

Finally, we verify that, regardless of the value of ω, the thermodynamics in the near-
extremal limit of AdS4/CFT3 matches the tree-level thermodynamics of JT gravity. According
to the dictionary established in this section, the energies are related as follows:

ℓ4∆M4D = −4πλ2ν̃O(1)
u = L

ℓ2
ℓ4ν2DE2D , (5.80)
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where ∆M4D is the energy of the near-extremal AdS Reissner-Nordström black hole given
in (5.54) and E2D is given by (2.74). With this, we see that

S2D = 2π

√
2ℓ2
κ2

2
ν2DE2D = 2π

√
2ℓ2

2
8πΦ0

κ2
4

∆M4D = ∆S4D . (5.81)

Therefore, the semi-classical entropy in both descriptions matches as expected from the
analysis of — for instance — [88]. It is important to emphasise that the agreement at the
tree-level in our thermodynamic analysis holds independently of the value of ω.

6 Discussion

We presented a novel decoupling limit, designed to capture the low-temperature, near-extremal
limit of black holes within the context of AdS/CFT. There are some important aspects
of our construction worth highlighting:

1. In dealing with the gravitational dynamics, we presented three examples, in section 3–5,
where it is consistent to input the radial dependence of the bulk fields and leave the
transverse dependence arbitrary. This defines a reduced phase space in AdSd+1, which
we relate to appropriate one-point functions Od

i and sources in CFTd. Imposing the
remaining Einstein’s and Maxwell’s equations is equivalent to imposing Ward identities
on the CFTd.

2. On this reduced phase space, we introduced a decoupling limit which acts on the one-
point functions and sources. The well-known near-horizon limits inspire the decoupling
limit: we fix the charge (angular momentum or electric/magnetic charge), and lower
the mass down to an extreme. It also acts on the sources that control the boundary
geometry: in the limit, the size of the spatial directions grows relative to the time
direction. And, very importantly, the coordinates in AdSd+1 remain unchanged in the
decoupling limit.

3. The limit is implemented such that the metric and fields in AdSd+1 are well-defined
and finite. This fixes the behaviour of the operators under the limit. We also make
sure that the boundary action in AdSd+1, whose variation gives the one-point functions
of the CFTd, is finite in the limit.

4. The result of the decoupling limit are IR values for CFT variables: for the one-point
functions Od

i → OIR
i and similarly for the sources. These quantities are then matched

with their counterparts in JT gravity, with one-point functions OJT
i and sources, which

allows us to connect the reduced phase spaces of each theory. In doing this, we do not
rely on a dimensional reduction of the gravitational theory in d + 1-dimensions; the
decoupling limit naturally reduces the phase space to something that can be matched
to JT gravity.

The connection between the reduced phase space resulting from the decoupling limit
and that in JT gravity is subtle. For this reason, we revisited in section 2 several aspects
of the phase space of JT gravity. One important finding in this discussion is the inherent
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ambiguities we identify in the two-dimensional theory. The local, and covariant, boundary
counterterm we found is

Sct =
ℓ2
2κ2

2

∫
du

√
−h ϕ−1huu(∂uϕ)2 , (6.1)

where ϕ is the dilaton in JT gravity and huu is the boundary metric. This term can be added
with any coefficient ω2, and its effect is to redefine the one-point functions of the theory,
thereby affecting the Ward identities of the theory. More explicitly, if we denote OJT

u and OJT
ϕ

the one-point functions naturally obtained in JT gravity, with sources α and ν respectively,
then adding the counterterm (ω2 − 1)Sct to the JT action induces the field redefinition

OJT
u = Ou + (1− ω2)

2
ℓ2
κ2

2

(∂uν)2

να2 ,

OJT
ϕ = Oϕ − (1− ω2)

2
ℓ2
κ2

2

(∂uν)2

να2 + (1− ω2) ℓ2
κ2

2α
∂u

(
∂uν

α

)
,

(6.2)

where Ou and Oϕ satisfy the ω2-dependent Ward identities

Ou +Oϕ = ω2ℓ2
κ2

2α
∂u

(
∂uν

α

)
,

∂uOu −Oϕ
∂uν

ν
= 0 ,

(6.3)

whereas OJT
u and OJT

ϕ satisfy these same equations with ω2 = 1. This makes explicit that the
concept of a “conformal anomaly” is inherently ambiguous because a counterterm can be
added to remove it. The addition of Sct also affects the derivation of the Schwarzian effective
action, as shown explicitly in section 2.4.1, see (2.68). Still, the classical on-shell value of
the action, i.e. the free energy, is independent of ω, which we show explicitly.

As mentioned above, including this counterterm Sct is key when connecting the phase
space of AdSd+1 with the phase space of JT gravity. For the three examples studied
here, we find:

AdS3/CFT2 (section 3). In the absence of gravitational anomalies, i.e., cL = cR = c, we
find a relation of the form (6.2) with ω2 = 4. This value can be intuitively inferred by
the fact that the AdS3 and AdS2 radii are related via ℓ3 = 2ℓ2.

AdS3/CFT2 (section 4). When cL ̸= cR, and extremality sets the left-moving sector to its
ground state, we find ω2 = 4 c

cL
. In addition, we can also remove the 1D “gravitational

anomaly.” The appropriate counterterm, written in terms of the dilaton in JT gravity,
is

Sct ,TMG = c̄

24

∫
du

√
−h huuϕ−1∂uϕ

(
∂uϕ − Γu

uuϕ
)

, (6.4)

which is not covariant and therefore affects the Ward identity associated with boundary
diffeomorphisms. Recall that c̄ = (cL − cR)/2. This counterterm induces the field
redefinitions in (4.49), which transforms the Ward identities (4.51) into (4.57).
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AdS4/CFT3 (section 5). In this case, the IR limit of O3D
i gives that ω2 = 0. This is the

most striking case conceptually. Since there is no conformal anomaly in the CFT3,
when flowing to the IR, it is perhaps odd to change this feature. However, this affects
the lore that the Schwarzian dynamics in the IR is universal. In our analysis, the
Schwarzian appears if we add the local counterterm Sct in (6.1), which can be viewed
as a UV/IR matching condition.

The counterterm Sct reflects a renormalisation scheme ambiguity in either IR or UV
theories, but it is unambiguously determined when both theories are taken into account. In
the above, we are taking an IR point of view, where we are adding the counterterm Sct to
match with the UV phase space, and hence tampering with the UV physics. In this sense, we
are taking the Schwarzian dynamics in JT gravity, with ω = 1, as the fundamental EFT that
describes the low-temperature dynamics. It is also important to address this result from the
UV perspective. One way to interpret our results is to read off the EFT coefficients at low
temperatures from the RG flow of the UV, and our off-shell decoupling limit provides one
version of this flow. From this UV perspective, we are finding that the Schwarzian dynamics
will only appear depending on the number of dimensions: it will play a role in AdS3/CFT2
where there is just a modification of the value of ω, analogous to, for example, a c-theorem;
in contrast, in AdS4/CFT3 our analysis indicates that the Schwarzian effective action plays
no role in describing the dynamics and quantum effects at low temperatures, since ω = 0.
Another possibility is that there is reason to add counterterms to the flow, and one should end
up with ω ≠ 0. It would be interesting to investigate further these possibilities and understand
in which sense the Schwarzian dynamics is universal at low energies or theory-dependent.

There are several future directions to explore. Our construction of the phase space
was limited to three examples; however, this can easily be extended to other cases. The
construction of RT geometries in flat space is very well known (and developed before
the AdS cases). Hence, it would be interesting to quantify the role of the counterterm
in (6.1), and how it could guide the imprint of the Schwarzian dynamics far away from
the horizon in asymptotically flat cases. The addition of rotation is also within reach: the
generalisation of algebraically special backgrounds which include rotation is known as the
Timofeev solutions [26, 84, 89]. And it should also be possible to extend the analysis to
higher dimensions, where it would be interesting to work out the case of AdS5.

We have addressed the problem of extracting near-extremal dynamics by studying the
phase space and identifying effective actions that describe this sector. These effective actions,
when inserted in the Euclidean path integral, will capture both classical and quantum
corrections to the black hole. From this perspective, it is important to understand what
fixes ω2. From the direct evaluation of the gravitational path integral, such as the analysis
in [18, 20, 22], we expect that there should be a physical criterion that fixes the value of ω2

or at least predicts why it varies from the UV to the IR.19 It would be interesting to see if
there is evidence of this counterterm from a Euclidean path integral perspective.

19The analysis done in [21] has a drawback in their construction of the modes outside the near horizon
geometry for BTZ. The modes constructed there have a temperature cutoff (for a fixed temperature T , only a
finite number of them are normalizable in AdS3), hence we cannot make a comparison or draw conclusions
relative to our reduced phase space in AdS3.
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Our analysis sits on the gravitational side of AdS/CFT; still, the way we cast the
decoupling limits and analysed the phase space is designed towards a CFT understanding.
From this CFT perspective, we are introducing a novel RG flow that makes the d-dimensional
system flow to a one-dimensional quantum mechanics. Key aspects of the decoupling limit
are based on the AdS side: the regularity conditions of the bulk fields, and landing on a
JT description of the system. It would be very interesting to have a purely field-theoretical
derivation of this flow across dimensions, and in particular, have a better understanding of the
counterterms appearing in 1D. This is a difficult problem in field theory, see e.g., [90, 91] for a
recent discussion. Recent attempts to characterise the one-dimensional model include [92–94].
We hope this can be addressed in future work.
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