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Abstract: We consider the Renormalization Group (RG) fixed-point theory associated
with a fermionic W:} model in d = 1,2, 3 with fractional kinetic term, whose scaling
dimension is fixed so that the quartic interaction is weakly relevant in the RG sense.
The model is defined in terms of a Grassmann functional integral with interaction V*,
solving a fixed-point RG equation in the presence of external fields, and a fixed ultraviolet
cutoff. We define and construct the field and density scale-invariant response functions,
and prove that the critical exponent of the former is the naive one, while that of the latter
is anomalous and analytic. We construct the corresponding (almost-)scaling operators,
whose two point correlations are scale-invariant up to a remainder term, which decays
like a stretched exponential at distances larger than the inverse of the ultraviolet cutoff.
Our proof is based on constructive RG methods and, specifically, on a convergent tree
expansion for the generating function of correlations, which generalizes the approach
developed by three of the authors in a previous publication (Giuliani et al. in JHEP
01:026, 2021. https://doi.org/10.1007/JHEP01(2021)026. arXiv:2008.04361 [hep-th]).
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1. Introduction

Since the seminal works of Kadanoff, Wilson, Fisher and others in the 1970s, renormal-
ization group (RG) fixed points and renormalization group flows connecting them are
among central objects of study of theoretical physics, with many experimental applica-
tions. In a statistical mechanics interpretation, these fixed points physically correspond
to the scaling limits of interacting systems at a second order phase transition; they de-
termine the physical properties of the system at and near criticality, in particular the
power law behavior of the correlation functions at short or long distances, and the corre-
sponding critical exponents. Only a small part of conjectures and intuitions accumulated
about RG fixed points in theoretical physics have been put on rigorous mathematical
footing. Pioneering results in this area were obtained by Gawedzki and Kupiainen, who
in [2] showed non-perturbative stability of the Gaussian fixed point of a scalar field
in four dimensions (d = 4), while in [3] they could follow, non-perturbatively, renor-
malization group flow of the Gross-Neveu two-dimensional model from the Gaussian
fixed point of the Dirac field at short distances to some intermediate distance scale
where the four-fermion coupling is still small. Later on [4] they constructed a non-
perturbative interacting fixed point in a fractional Gross-Neveu model, which has the
fermion propagator §/ k> replaced by f/|k|>~¢. This € serves as a small parameter which
is somewhat similar to the Wilson-Fisher deviation from the integer number of dimen-
sions. Fractional Gross-Neveu model instead lives in the integer number of dimension,
but has long-ranged interactions. Analogous fractional model can be considered also for
a scalar bosonic field, where they should describe critical points of the long range Ising
model [5—7]. Fixed points in fractional bosonic models were also rigorously constructed
[8-10].

The present paper is the second one in the series started by our recent work [1]. In
[1], three of us considered a fermionic model closely related to the fractional Gross-
Neveu model of Gawedzki and Kupiainen. In our fractional symplectic fermion model,
the fields are spinless fermions v, in d dimensions (d = 1,2, 3) with propagator
Qap/|k|4/%*€ where Q is a symplectic N x N matrix, and N is assumed even. The
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model is symmetric with respect to the symplectic group Sp(N) and the bare poten-
tial includes the invariant mass and the quartic coupling terms. In this model, Ref. [1]
demonstrated the existence of an interacting fixed point for any € sufficiently small,
which could be positive or negative, or in fact complex. One of the main results of Ref.
[1] is that the fixed point potential depends analytically on € in a small disk |€| < €p.
See also [11], where an extension of this result to the case of a continuous RG flow a la
Polchinski [12] has been recently discussed. This interesting analyticity property should
be a general feature of fixed points of fermionic models, but it was overlooked in prior
literature. For bosonic models no such property holds, as they are well defined only for
a positive quartic coupling. For fermionic models there is no such contradiction, since
the quartic interaction may have any sign for fermions.

The fractional symplectic fermion model of [1] is an excellent theoretical labora-
tory to study various aspects of critical properties of statistical physics models, like non
mean-field critical exponents. See [1, Sec. 8] for a long list of open problems. More-
over, our model and closely related ones have direct physics applications. For example,
similar fractional fermionic models in a large N limit were considered in [13] in re-
lation to the famous SYK model. Furthermore, as discussed in [1, Section 8.1.5], the
fractional symplectic fermion model is likely continuously connected to the local sym-
plectic fermion model [14], providing a way to compute the critical exponents of the
latter in an e-expansions. As to the local symplectic fermion model, it is relevant e.g. for
the description of polymers and loop-erased random walks [15,16], in the context of
dS/CFT correspondence [17], and has also been studied theoretically in [18-22].

The model we investigate is also a perfect playground to test several properties of
Conformal Field Theory (CFT) and of the conformal bootstrap program [23], which
have been extremely successful in numerically computing critical exponents of inter-
acting critical models at a precision comparable with, if not better than, the best Monte
Carlo simulations. In brief, the goal of CFT is to construct a collection of scale invari-
ant correlation functions (O}, (z1) - - - O}, (z,)) of a complete basis of scaling operators
O;, starting from the requirement that these correlations are conformally covariant and
satisfy the Operator Product Expansion (OPE) identities. Based on these assumptions,
the conformal bootstrap program proposes a strategy to compute recursively the critical
exponents of all the scaling operators, as well as the explicit form of their multipoint
correlations functions. An outline of CFT/bootstrap axioms and a description of the
results obtained in such an axiomatic approach can be found e.g. in [23] (in physics lan-
guage) or in [24,25] (in a more mathematical language). The relevance of this method
for Statistical Mechanics (SM) comes from the conjecture that the correlation functions
of a CFT should coincide with the scaling limit of the correlation functions of an ap-
propriate class of SM models at a second order phase transition point: that is, CFT is
expected to be an emergent description of (universality classes of) critical SM models.
The theoretical foundation for this conjecture is Wilsonian RG. In this framework, CFT
correlations are expected to be the same as those of the fixed point theory of the RG map,
and scaling operators are expected to be the densities of eigenstates of the RG transfor-
mation linearized around the fixed point; for this reason, sometimes scaling operators
are also called eigenoperators, see e.g. [26, Eq.(3.10)]. Unfortunately, rigorous results
substantiating the validity of this conjecture are scarce: even the existence of scaling op-
erators starting from a regularized functional integral or from a lattice Gibbs measure has
been proved only in very few cases. Two examples are: the vertex operators of Liouville
field theory, whose construction starting from a regularized functional integral has been
achieved in a remarkable series of papers [27-29]; the spin operator of the 2D Ising field
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theory, constructed as the limit as the lattice spacing goes to zero of an appropriately
renormalized magnetization, whose unique limit is shown to be a conformally covariant
random distribution [30]. In connection with the latter result, see also [31], where a basis
of lattice local fields satisfying the Virasoro algebra is constructed: these objects can be
thought of as a sort of lattice counterpart of the scaling operators; however, the very
existence of these lattice objects crucially relies on the exact solvability of the 2D Ising
model at the lattice level.

Motivated by these problems, in this paper we consider a theory of fractional symplec-
tic fermions defined in terms of a Grassmann functional integral, whose bare potential is
the fixed point (FP) potential of a RG transformation in the presence of external source
fields, and whose reference Gaussian part has a fixed ultraviolet cutoff. The part of the
FP potential independent of the external fields is the same as the one constructed in [1],
and it consists of a local quartic interaction, plus higher order, ‘irrelevant’, corrections.
All the large-distance critical exponents of this model are expected to be the same as the
one with purely local quartic interactions, but the FP model has the advantage of being
the microscopic model with the closest possible features to those of the CFT effectively
describing it, thus making it possible to test directly the CFT predictions.

In this setting, we prove two main results:

1. First, we compute the critical exponents of the field-field and density-density cor-
relations, which, contrary to the fixed point potential studied in [1], are physically
observable. We prove that, while the field-field correlation has the same critical
exponent as its mean field counterpart, the density-density correlation acquires an
anomalous (i.e., non-mean-field) exponent, which is analytic in a small disk |e| < €.
This should be contrasted with the critical exponents of the fractional ¢f1' theory [8—
10], whose expansion in € is expected to be asymptotic and conjectured to be Borel
summable; note, however, that their regularity properties have not been investigated
yet: current results are limited to the lowest order computation of a few non-trivial,
anomalous, exponents [10]. 1

2. Next, we define almost-scaling operators, whose correlation functions are scale-
invariant up to remainder terms decreasing as a stretched exponential at large dis-
tances. We believe that, in the presence of a short-distance cutoff, there is no way
of defining scaling operators whose correlation functions are exactly scale invariant;
in this sense, almost-scaling operators are the best possible approximation to scaling
operators in our setting.> Their behavior is to be contrasted with the behavior of
correlation functions of generic (non-scaling) local operators which are expected to

I Other previous results on critical exponents of interacting field theories in the mathematical physics litera-
ture include the following. In the context of models with marginally irrelevant interactions, like ¢Z‘ theories, the
large-distance asymptotic behavior of correlation functions is characterized by logarithmic corrections with
specific, fractional, exponents, computed in [32-34]; similar logarithmic corrections with fractional exponents
are expected to characterize the short-distance asymptotic behavior of fermionic models with marginally rele-
vant interactions, like the Gross-Neveu model in d = 2: its exponents can be computed via a generalization of
[3,35,36], even though they have not been explicitly worked out. In the context of 2D models with ‘marginally
marginal’ interactions, i.e., marginal interactions with asymptotically vanishing beta function [37,38], the
exponents displayed by the large-distance behavior of correlation functions are analytic in the interaction
strength in a small disk in the complex plane; universality for these exponents have been proved, as well, in
the sense that extended scaling relations are verified [39,40].

2 An alternative to our choice of keeping the ultraviolet cutoff fixed would be to send it to infinity, after
appropriate rescaling of the field or density operators, thus obtaining a set of exactly scale invariant corre-
lation functions, as done in [29,30]. The corresponding scaling operators can in principle be obtained via
a reconstruction theorem from the corresponding correlations, as done in [30], and identified with random
Schwarz distributions, which the renormalized operators at finite ultraviolet cutoff converge to in suitable
Sobolev norms, as the cutoff is removed. However, this strategy may be difficult, if not impossible, to work
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decay like power laws at large distances, up to remainder terms decaying also like
power laws, albeit with a larger power than the leading term. It appears plausible
that generic local operators should be expressible as (infinite) linear combinations of
almost-scaling operators, each of which contributes to the correlation function with
a power law behavior with a different critical exponents. Such an expansion in oper-
ators with larger and larger scaling dimension is standard in physics considerations
of critical phenomena, see e.g. [26, Eq. (3.11)] or [42, Eq. (3.7)].

Outline. The paper is structured as follows: In Sect. 2 we define the model and state
our main results, summarized in Theorems 2.4 and 2.5. In Sect. 3 we describe in detail
the RG map and derive the corresponding FP equation in the presence of the external
source fields. In Sect. 4 we solve the FP equation for the potential with external source
fields via a tree expansion, and prove its absolute convergence in a weighted L' norm. In
Sect. 5 we prove the convergence of the tree expansion in a mixed L' /L% norm, required
for the control of the correlation functions at fixed positions, and we conclude the proof
of Theorem 2.4. In Sect. 6 we adapt the discussion of the previous section to the estimate
of the remainder terms in the correlation functions of the almost-scaling operators and
conclude the proof of Theorem 2.5. The lowest order computation of the anomalous
critical exponent and of the two point function are collected in two appendices.

Many aspects of the proof are generalizations of the methods introduced and discussed
in detail in [1]: therefore, we will often refer the reader to specific sections of our previous
paper and emphasize the analogies and novelties of the present work compared to [1].

2. The Model and the Main Results

2.1. Generating function of the scale-invariant response functions. Let us recall that in
[1] we constructed the non-trivial FP potential H = H* for a d-dimensional Grassmann
theory with partition function f d ,ufo(w)eH W), where Y, is an N-component (with
N > 4 even and different from 8) Grassmann field in ¥V C RY withd = 1,2,3and V a
cube whose side is eventually sent to 0o, and d <o (denoted du p in [1]) is a reference
Gaussian integration characterized by the following two-point function, or propagator,’:

<0 d'k XK) iy
657 = = [ dizotnparin;) =2 [ SR

= Qup P<o(x — y).

[Footnote 2 continued]

out for composite operators: e.g, in the 2D Ising setting, there is a strong indication that the energy field cannot
be constructed in the limit of removed ultraviolet cutoff via a similar procedure, see [41]. In this respect, the
use of a fixed ultraviolet cutoff appears to be a convenient choice for constructing (almost-)scaling operators
associated to arbitrary composite fields.

d
(;an)‘d should be understood a shorthand notation for the corresponding

Riemann sum of discrete allowed momenta. As discussed in [1, Appendix H] the RG map leading to the
definition of H* can be defined in finite volume and proved to converge strongly (as an operator acting on
the Banach space of interactions defined in [1, Section 4]) to a well-defined infinite volume counterpart. An
analogous discussion can be repeated in the generalized setting considered in this paper, where external fields
and correlation functions are considered. In the following we will always write all the relevant equations
directly in the infinite volume setting and leave the details of the proof of convergence of the finite volume
theory to its thermodynamic limit to the reader.

3 In finite volume V the symbol [
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Here Q is the standard N x N symplectic matrix in block-diagonal form (see [I,
Eq.(1.3)]), and the cutoff function x is radial, monotone decreasing in the radial di-
rection, and such that
1, if |k] < 1/2
x(k) = {o Y 22)

Asin [1], we assume that x belongs to the Gevrey class G°, s > 1[1, App. A]. The FP
potential constructed in [1] reads:

H*(Y) = v*/ddx V2 (x) +A*/ddx U x) + Higg (¥), (2.3)

where v*, 1* are non-zero real-analytic functions of €, of order ¢, for € sufficiently small,

vi(x) = ZQ{ et RabVa () Pp(x), YH(x) := (Y2(x))?, and H}yy is an infinite sum of
irrelevant terms, whose kernels are non-vanishing real-analytic functions of € (see [1]
for more precise claims).

In this paper, we consider the FP theory in the presence of external source fields and
the corresponding generating function for correlations, formally defined as

[duzo@e”" @)
[du<o()ef” @)

Here V* is a solution of the FP equation V* = RV*, with R the RG map, of the form

VE@, W) = HY W) + (8, V) + (J, ¥ + R¥ (9, ], ¥) + S*(@, ), (2.5)

where (¢, ) and (J, ¥2) are shorthand notations for 22;1 f d%x¢,(x)Yq(x) and
f d%x J (x)P2(x), respectively, R*(¢, J, ) is a sum of irrelevant terms depending ex-
plicitly bothon (¢, J) andon v,i.e., R*(¢, J, 0) = R*(0, 0, ¥) = 0,and S*(¢, J) isan
external potential, depending only upon the external fields (¢, J), such that S*(0, 0) = 0.
The precise definition of the RG map and of the irrelevant part of V* will be given shortly,
see Definition 2.3 below. Note also that, a priori, the right side of (2.4) may be plagued
by infrared divergences. Therefore, (2.4) should be interpreted as*:

W@, J) = lim Wi, o)(¢, J)

[ dpgnoy (e’ @40 (2.6)
Jdupo (et

where d i 0] is the Grassmann Gaussian integration with propagator

dlk X0 = X0 ik

@2n)? |k |d/2+ 2.7)

= Qap Pn,o1(x — ),

W*(¢, J) = log (2.4)

Wih.o1(@, J) := log

Gip''(x =) = Qap

4 Both W* and W[";l 0] should be interpreted as formal infinite sums of monomials in ¢ and J, each

monomial being specified by the order in ¢ and J and by the corresponding kernel. In other words, W* and
Wﬁz,O] must be thought of as the infinite sequences of such kernels, whose physical interpretation is that of
multipoint response functions. Moreover, these kernels should be thought of as the infinite volume limits of
the corresponding finite volume kernels; the existence of the infinite volume limit is implicit in the proofs
discussed in this paper, and is a corollary of the methods developed in [1] and here; see [1, Appendix H] for
details about the non-perturbative definition of the effective potential and the existence of the infinite-volume
limit.
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and y > 1 is an arbitrarily chosen rescaling parameter, which is fixed once and for all.
More generally, for later reference, for any pair of integers b1 < ho, we let

d% x(ymk) = x(yMk) .
lhihal . x(y x(y k.
Gabl 2 (.X) = Qah/ (27T)d |k|d/2+€ el x

= Qup Piy iy (X).

‘We also denote (<h ]
G, = hllirgoo Gy (x) = Qap P<p (x)

(2.8)
=h)y lh,h2] —
G, = hzlgg-loo G,y 2(x) = Qup P>p(x).
In particular, if 4, = hy + 1 = h, we denote the single-scale propagator by
h h—1,h
gap (1) = Gy ). 29)

Going back to W*, our main focus will be on the two-point field-field and density-density
response functions’, i.e., the kernels of the contributions to W*(¢, J) that are purely
quadratic in ¢ or in J, respectively. These can be obtained from W* by differentiating it
twice with respect to (w.r.t.) the ¢ or J and then setting the source fields to zero. We let:

S2W*(¢, 0)
8¢ (x)8¢p(0) lp=0"

which are the central objects of interest of this paper. These response functions are ex-
pected® to have the same large distance asymptotic behavior, up to a finite multiplicative
renormalization, as the two-point functions

(Ya OV e, (W2 (x); ¥2(0) e, 2.11)

[ dupoy e ...
. ) . [ dpno (@)™ 2T
sion, the semicolon indicates truncated, or connected, expectation, i.e., (A; B) g+ =

(A B)g+ — (A) g+ (B)g+); in particular, they are expected to define the same critical ex-
ponents. However, contrary to the two-point functions in (2.11), the response functions
G*(x) and F*(x) are scale-invariant. Our first main results can be in fact informally
stated as follows (see Theorem 2.4 below for a more precise statement):

_82WH0, )

) = 0870 =0’

G () 1= (2.10)

respectively, where (---)g+ = limj_ _ (in the second expres-

Main result, I. For € small enough, the response functions G* and F* are analytic
in € and such that, under rescaling by p = y* (here y is the scaling parameter in (2.7)
and following equations — entering also the definition of RG map — and k € 7Z is an
integer), they behave as follows:

5 We distinguish between response functions, defined in terms of functional derivatives of a generating
function, and correlation functions, defined as expectations of products of local or almost-local operators, see
below. The two notions differ by the effect of non-linear terms in the action: e.g., when deriving the generating
function twice with respect to an external field, after setting it to zero we get a two-point correlation function
plus an additional term due to the terms in the action that are quadratic in the external field.

6 In this paper, we won’t discuss how to compute the two-point functions in (2.11) and how to prove that
they have the same asymptotic behavior as the response functions: this follows from a stability analysis of the
RG flow in the vicinity of the fixed point potential, which is deferred to a third paper in this series. In such
a third paper, we will also prove the independence of the fixed point potential from the scale parameter y
entering the definition of the RG map, see next section, and, most importantly, the universality of the critical
exponents with respect to the choice of the ultraviolet cutoff function y in (2.2).
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Grp(px) = p~ 2 Gr (1), Fr(px) = p~ 2RO FH (),

where the anomalous critical exponent 1, (¢) = 26%—:% +0(@€Y) is analytic in €.

Scale invariance may look surprising, at first sight, due to the presence of a fixed
ultraviolet cutoff in our theory; but it turns out that the very definition of fixed point
potential V* fixes the irrelevant terms R* and the external potential S* in a special
way, so that the resulting response functions are, in fact, scale invariant. Even in the non-
interacting theory corresponding to the Gaussian fixed point, the mechanism fixing these
additional terms is not completely trivial: itis in factinstructive, as a preliminary exercise,
to compute V* and G*, F* in the non-interacting case, see Sect. 2.2.1. As explained
in footnote 5, we distinguish between the notions of response functions, like F*, G*,
defined in terms of functional derivatives of the generating function, and correlation
functions, defined as the expectations of products of almost-local operators’ . By its very
definition, the response function F* (resp. G*) is equal to the two-point correlations of
an almost-local operators OV (resp. ©®), plus an additional contribution, equal to the
expectations of the second derivative of R*(¢, J, ) +S*(¢, J) with respect to ¢ (resp.
J)at ¢ = J = 0. Using a Quantum Field Theory jargon, this additional term may be
called a ‘Schwinger term’. Our second main result is that the Schwinger terms associated
with the response functions are stretched-exponentially small at large distances: in other
words, the response functions F* and G* are equal to the two-point functions of two
almost-local operators, up to stretched exponentially small corrections. In view of the
scale invariance of the response functions, the correlation functions of these almost-local
operators are then scale invariant up to stretched exponentially small corrections, thus
allowing us to interpret them as ‘almost-scaling operators’. In formulae, anticipating
here the statement of Theorem 2.5, we have:

Main result, IL Let OL" (x) = 2V (@.1.9)

SV*(p,J,
S|y g and O (x) = 2RI
Then G* and F* can be written as

5T (x) |¢:J:O'

Gy = (O @O ) = + [E1(0)] .

(2.12)
F*x) = (0P (x); 0P (0)) g + E2(x),

where the correction terms E1(x), E2(x) decay to zero at large distances like a stretched
exponential, i.e., for |x| > 1 they are bounded form above by (const.)e=*\° | for suitable
c>0and0 <o < 1.

In the incoming subsections, before stating our main results more formally in Sect. 2.7,
we need to introduce and define a number of important concepts, such as the action of
the RG map (see Sect. 2.2), and the notions of scaling dimension, relevant and irrelevant
operators (see Sect. 2.3); moreover, we need to specify the way in which we intend to
parameterize the generating function or the fixed point potential: as mentioned in foot-
note 4 potentials can be identified with infinite sequences of kernels; more specifically,
we shall choose the sequence associated with the fixed point potential to belong to a
space of sequences, called trimmed, such that the relevant terms are local (see Sect. 2.4);
a formal definition of fixed point potential is given in Sect. 2.5, while the notion of
almost-scaling operators is given in Sect. 2.6.

7 A local operator at x is a (possibly infinite) linear combination of products of fields ¥ (z) supported in
a finite ball centered at x. An almost-local operator may depend upon fields ¥ (z) at arbitrary large distance
from x: however, the dependence upon ¥ (z) decays stretched-exponentially to zero as |z — x| — oo.
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2.2. The RG map. In order to clarify the notion of FP potential V* in (2.6), we need,
first of all, to specify the action of the RG map R. Before doing this formally, let us
remind the reader the logic behind the definition of the R, which maps a potential V to
a new potential V’ as follows (this discussion parallels the one in Section 2.1 of [1]):
decomposing

G0 =GP ) +gOw), 2.13)

see (2.8) and (2.9) for the definitions of G=~1 and g(o), we write (‘addition principle
for Gaussian integrals’):

1 V. J.0)
o f dp<o(P)e Fy)

1 /
=V / dp<—1(y) f dpo(p)e CIIVIE (g 4y, (2.14)
where N<g = [ du<o(y)e¥ ©0¥) is a normalization constant, and dpu<_; (resp. io)
is the Grassmann Gaussian integration with propagator G==1 (resp. g@). If F(y) is

a ‘large scale observable’, i.e., if it does not depend on the Fourier modes 1/3(1() with k
in the support of §© (k), then

o — [ ducowe’ @40 pp) = —/du< L F) [ duoty)e? @St
Aj>/0 /du< 1)Vt @I Ey ),

2.15)

where Ny = fd,uo(l/f)eV(O*O"/’) and Verr(op, J,¥,) = IOg(No_lfduo(l/f’)

eV @1 Uy+¥")) Thanks to the scaling property G==D(x) = y~2WI1G(E0 (x /y), with
[v] = % — % (see [1, eqs.(2.14),(2.15)]), the random field v, has the same distribution
as y Wy (./y) = Dy, with D the dilatation operator, and ¥ a random field with
distribution d . <q, so that

215 = — / dp<o(¥)e"et @IV F(Dyr),
<0

where N = [ du<o(y)e¥er@0-Pv¥) = A _q/Npy. Now, if V has the same structure
as (2.5), 1.e.,

V(g, J,¥) = H* ) + (¢, ¥) + (J,¥*) + R($, ], ¥) + S(@, ), (2.16)

with R and § two potentials in an O (¢) neighborhood of the non-interacting fixed point
discussed in Sect. 2.2.1 below (with R a sum of irrelevant terms, in the sense discussed
in Sect. 2.3 below, and S an external potential, depending only upon the external fields
¢, J), then it turns out, see Sect. 3, that

Vet(@, J, DY) = H* () + Z1(p, DY) + Za(J, (DY)*) + R(¢, J, DY) + 8, J),
~ ~ 2.17)
with Z; = 1 + O(e), Z» = 1 + O(¢€) two constants produced by the integration of
the fluctuation field v/, and R, S two new potentials that are, again, O (¢)-close to
the non-interacting fixed point, with R a sum of irrelevant terms. In view of (2.17),
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it is natural to rescale the external fields in a way similar to v, in such a way to re-
cast the terms involving the external fields in a form as close as possible to the one
in which they originally appeared in V: therefore, we let ¢ = D¢’ and J = DJ’,
with D the dilatation operator, acting on the external fields as: D¢ (x) = y o x/y)
and DJ(x) = y_[J 17 (x /v), with the scaling dimensions [¢], [J] to be fixed appropri-
ately, in a way explained shortly. In terms of these definitions: (¢, D) = (D¢’, D) =
22\1:1 y [e1-1Y] fddx%(x/y)wa(x/y) = yd=1-Vl(@' ), and similarly for
(J, (DY)?). Therefore,

Veit(p, J, DY) = Vegr(Dg', DJ', DY)
= H* () + Ziy 0@ ) + Zoy 72017 42
+R(D¢', DJ', DY) +S(D¢', DJ')
=V'(¢',J,¥).

By definition, V' is the image of V under the RG map, i.e., V' = RV; more precisely,
V' is equivalent, in the sense of [1, Section 5.2.1], to RV : the missing ingredient, in the
previous informal discussion, is the action of the trimming map 7', which is an operator,
equivalent to the identity, which isolates the relevant terms from the irrelevant ones, see
Sect. 3.2 below.

Note that the RG map depends, among other things, upon the choice of the scaling
dimensions [¢] and [J]. In order to fix these dimensions, we use the requirement that, at
the fixed point, Z1yd-101-Wl = 7,,d-UI=201 — | with Z; = Z]" and Z, = Z’zk the
constants as in (2.17)-(2.18) associated with the fixed point potential V*. In this way,
the fixed point equation (FPE) defines an unambiguous criterium for assigning a scaling
dimension to the external fields, which has a simple relation with the critical exponents
of the corresponding response functions (cf. (2.20) with (2.46)); once that [¢] and [J]
are fixed, the FPE becomes an equation for R*, §*, of the form: R* (D¢', DJ', DY) =
R*(', T, ¥), S*(D¢', DJ') = S*(¢, J'). The uniqueness of the solution for the
FPE for [¢], [J], R*, ¥, proved below, see Theorem 2.4, and the fact that the critical
exponent of the two-point correlations (2.11) are the same as those of the response
functions G*, F* associated with V*, proved in the next paper of this series, confirms
the physical significance of the scaling dimensions [¢] and [J], and of the fixed point
potential V*.

Given these premises, let us define the RG map R a bit more formally as follows:

(2.18)

R:= D "D s®Wph = pTg®

(independence from h € Z is a consequence of the definitions of S, T, D below),
where:

e S( js the integration on scale & < 0, i.e.,

[ dun(phye? @SV
Jdun eV @0

SPV (g, J, ) = log (2.19)

where d i, is the Grassmann Gaussian integration with propagator ggl? (x), see (2.9);
e T is the trimming map, defined in detail in Sect. 3.2 below, which is equivalent to
the identity: when acting on a potential V it produces an equivalent potential V' ~ V,
in the sense of [1, Sect.5.2.1], of the form V/ = TV = LV +ZV; here LV is a sum
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of finitely many /ocal relevant and marginal terms (belonging to a finite dimensional
subspace of the Banach space of potentials), and ZV is an equivalent rewriting of
TV — LV as an infinite linear combination of non-local, irrelevant, monomials in
¢, J, ¥, 09,

e D is the dilatation, acting on V (¢, J, ¥) as DV (¢, J, V) := V(D¢, DJ, DY),
with Dyr(x) = y Wy (x/y) (recall: [] = d/4 — €/2, see [1, egs.(2.14),(2.15)]),
while D$ (x) = y 1?1 (x/y), DJ (x) = y~V1J (x/y), where [¢] = d —[¥]+O(e)
and [J] = d —2[¢¥]+ O(e) are two analytic functions of €, for € sufficiently small, to
be determined in such a way that V*, of the form described in Definition 2.3 below, is
a solution of the FP equation V* = RV*. A simple argument, spelled out in Sect. 2.8
below® shows that 2(d — [¢]) and 2(d —[J]) are the critical exponents of the response
functions G* and F*, respectively: therefore, denoting by 2A; and 2A these critical
exponents, we rewrite the action of the dilatation operator on the external fields in
terms of A :=d — [¢], Ap :=d —[J]:

Do(x) =y " Pig(x/y),  DIx) =y A2 /y); (2.20)

we will see that A1 = [Y] and Ay = 2[y] + n2(€), with n2(e) = 26 + 0(62)

2.2.1. The fixed point potential in the non-interacting case. Before introducing the no-
tion of relevant and irrelevant operators, and giving a more formal definition of fixed
point potential V*, it is instructive to discuss the ‘Gaussian’ case corresponding, in the
absence of external fields, to the trivial fixed point H*(¢) = 0. Even in this case, the
fixed point potential in the presence of the external fields, to be denoted by V/f', is not
trivial, and its structure is crucial to guarantee that the response functions G* and F* are
scale-invariant, notwithstanding the presence of an ultraviolet cutoff. For H*(y) = 0,
we let A1 =[] and Ay = 2[¥] in (2.20), so that the action of the dilatation operator
reduces to:

_d e 34— € _d_
DY (x) =y ¥y (x/y). De@) =y 37 2p(x/y), DIy U (/).
2.21)
The non-interacting fixed point potential V" we consider is the one obtained as the image

of the ‘naive’ potential Vo (¢, J, V) := (¢, ¥) + (J, wz) under the iterated action of the
RG map DS, in the limit as the number of iterations goes to infinity:

Vi@, 1. ) = lim (DSOY' Vo (@, J, ¥). (2.22)
n—>oo
The action of S© on a potential V returns (see [1, Section 5.1]):

SOV, J, w)—Z (V@ T Y+ V@ LY+

s>l

s times

where (A;---; A )(0) denotes connected expectation of order s with respect to (w.r.t.)
the Gaussian integration d o with propagator g@ (the lower label ‘0 indicates that
the expectation is computed w.r.t. a Gaussian, non-interacting, measure, while the upper
label “(0)’ refers to the scale of the propagator g(?)). Using the fact that the naive potential

8 See in particular (2.57). Note that the discussion in Sect. 2.8 is written in terms of A| = d — [¢] and
Ap = d — [J] rather than in terms of [¢], [/], but this is just a matter of notation.
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¢ P J v
(0]

Fig. 1. The graphical representations of the two vertices (¢, ¥) and (J, ¥2), respectively

RE(o, J, ) =

Fig. 2. The graphical representations of RE‘; and Sg, respectively

Vo(¢, J, ¥) is invariant under the action of D, one finds that (2.22) can be re-expressed
as

Vi, J, ) = SEVV (g, J, ¥), (2.23)

where

. 1 >
SEV@. L) =3 V@ Tyt V@ LY (224)

s>1

s times

and (Ay; .- ; AS)(()ZI) denotes connected expectation of order s w.r.t. the Gaussian in-
tegration du=; with propagator GZV, see (2.8). As well known (see also [1, Ap-
pendix D.2]), connected expectations w.r.t. a Gaussian Grassmann measure can be ex-
pressed in terms of connected Feynman diagrams associated with the corresponding
propagator. Using this fact, (2.24) implies that the fixed point potential in (2.22) is
Vi (@, J,¥) = (¢, %) + (J, V) + Ry, J,¥) + S5(¢, J), where, if the two terms
(¢, ) and (J, ¥?) in Vj are graphically represented as in Fig. 1, then R and Sj are
gr?fgically represented as in Fig. 2, with the solid lines representing the propagator
G'=Y.
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In formulae, recalling the definition of P> in (2.8):

Ro(¢. J.¥) =

=) " Z/ddyo <%y $a(30) P=1(y0 — y0J (31 P=1 (31 = ¥2) -+ T (ym) Vra (ym)

m>1

Pt 3 Qup [ 31 d s 50T GO P11 = 72+ OV o)

m=>2 a,b=1

S5, ) = (2.25)

_ Y Y e oo [ @50+ a 518 00 P G0 = 30T ()

m=>0 a,b=1

P>l Om = Ym+1)Pb Vm+1)

+y =t /ddyl A"y d (Y1) P21 (31 = y2) -+ J () P21 (i = 31)

m>1

Therefore, the non-interacting fixed point generating function is:
WG (9. J) = S5(¢. ) +log / dp<o(f)e® D IVIRG@ I, (2.26)

from which a straightforward computation shows that
Wi (@, 0) ‘
8ba()865(0) lp=0
_82W3(0, )
8J(x)8J(0)1y=0

Glap () = ab[ P<o(x) + P=1(x)],

Fr(x) = = —2N[P2)(x) + 2P<o(x) P> (x) + P2, ()],

(2.27)

which are scale invariant, as anticipated above.

2.3. Scaling dimension, relevant and irrelevant operators. Let us consider a monomial
in ¢, J, ¢ of the form

M(p, J, ¥) =///dxdde¢a1(X1)"'¢>an(xn)J(y1) < I (Ym)-
. 85: I/fbl (z1) -~ 8[7[1//11,, (Zl)[ n,m,l p(x Y, Z)]a w.b (2.28)

with x = (x1,...,x,), etc., p; € {0,1}, u; € {0, 1,...,d},9 n+1 even, Hy pm i p
translationally invariant and of finite L! norm, i.e.,

*
| Hyp o, pll := max //f dxdydz|[Huymipx.y.2)], M,J| < 400 (2.29)
a,m, s

(here the * on the integral indicates that we are not integrating over one of the elements
of (x, y,z), say x1).

91f pi =1, thenu; €{1,..., d}. If p; = 0, the index u; needs not to be specified, but, conventionally, in
that case we set u; = 0. If p = 0 we shall often drop the label .
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Remark 2.1. In order to make contact with the notation used in [1, Section 4.1] and for
later use, given the n-ples a, x, the m-ple y and the [-ples p, u, z, we shall also denote
[Hym.i,p(x. y. Z)]a%b by H(a,x, y,B, z), with B = ((p1, 1, b1), ... (p1, 1, bo)).
Moreover, we let '

D(a, x) := ¢q, (x1) - - - Pa, (xn),

Jy) =IO T (ym) (2.30)

VB, z) := 3} ¥p, (z1) - - - 91 n, (22).
Without loss of generality, we can assume, and will do so from now on, that H (a, x, y,
B, z) is: anti-symmetric under simultaneous permutations of the elements of a, x, sym-
metric under permutations of the elements of y; anti-symmetric under simultaneous
permutations of the elements of B, z.

The action of D on M (¢, J, ) is defined as DM (¢, J, ¥) := M (D¢, DJ, DYr).
After a change of variables, this can be rewritten as:

DM(¢p, J,¥) =
Z///dx dy dz (»ba] (x1)--- ¢an (xn)-l(yl) ce J(Ym)' 2.31)
O Yy (21) -+ OF Y, (2D [D Hypm 1, p (%, z)]a’u,b
where
DHymip®x,y.2) :=y>""bP Hy W p(vx, vy, v2), (2.32)
with

Ssc(n,m, 1, p):=dn+m+1) —n(d— Ay —m(d — Ay —I[Y] = lplli, (2.33)

defines the action of the dilatation operator D on the kernels. Note also that the L' norm
of Hy m.1,p rescales as follows under the action of D:

IDHy i, pll =y PP | Hy g pll, (2.34)
where
Dy.(n,m,l, p) :==8sc(n,m,l, p) —dn+m+1—1)
=d—n(d— A1) —m(d— Ay) —1[¥]— |Iplh

is the scaling dimension of Hy 1, p. Depending on whether Ds.(n, m, [, p) is positive,
vanishing or negative, we say that the corresponding monomial is relevant, marginal or
irrelevant. Note that, anticipating the fact that A1 = [¢] and Ay = 2[¢] + O(e), the
only relevant or marginal terms!? with / > 0 are those with (n,m,l, p) =(0,0,2,0),
0,0,4,0), (1,0,1,0), (0,1,2,0), and (0,0, 2, p) with ||[p|l1 = 1, for which we
have Dg:(0,0,2,0) = d/2 + €, Ds(0,0,4,0) = 2¢, Ds.(1,0,1,0) = Ay — [¥],
Ds:(0,1,2,0) = Ar — 2[¥], and Dy (0,0, 2, (1,0)) = Ds(0,0,2,(0,1)) =d/2 +
€e—1.

(2.35)

10 6 be precise, the relevance or irrelevance of the term with (n, m, [, p) = (0, 1, 2, 0) depends upon the
signof np = Ap —2[¥]. In any case, even if irrelevant, this term is barely so, with a scaling dimension of order
O (¢). For this reason, it is convenient to treat it differently from the irrelevant terms with scaling dimensions
well separated from 0, uniformly in €. Moreover, the terms with (0, 0, 2, p) with || p|l{ = 1 are relevant only
if d = 2,3:ind = 1 they are irrelevant, with scaling dimension equal to —1/2 + €; however, the treatment
of these terms in d = 1 does not present any significant simplification, as compared to the cases d = 2, 3.
For this reason, and for uniformity of notation, we shall treat them exactly in the same way for d = 1 and for
d = 2, 3, notwithstanding this difference: in particular, the notion of of trimmed sequence and of ‘trimming’
given below, which defines the way in which we ‘localize’ and ‘interpolate’ the relevant terms, is the same in
d=1,2,3.
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2.4. Trimmed sequences. A potential H (¢, J, V) is a formal infinite sum of monomials,
of the form

H@p,J,¥) = (2.36)
= Z Z /// dxdydz ®(a,x)J(»)VB, 2)[Hymi,p(x, ¥ 2)]a,ub

(n,m,l,p)el a,p.b

where
L:={(n,m,l, p):p=(p1,...,p) with p; € {0, 1},
n,m,l,|p| >0, n+leven, n+m+1> 1}, 2.37)
and, given (n, m, [, p) € L, the sums over a, u and b run over the sets {1, ..., N},
{0, 1}1 and {1,..., N }l, respectively; moreover, we used the notations of (2.30), with

B = ((p1, 11, b1), ..., (p1, p1, by)). The formal sum in (2.36) should just be thought of
as a way of representing the collection of kernels H,, ;, ;, p. Therefore, in the following,
we shall equivalently write a potential H either as in (2.36) or as

H = {H¢}eer- (2.38)

We shall say that a sequence {Hy}¢cr, With translationally invariant kernels H, of
finite L' norm, is a trimmed sequence if the relevant or marginal kernels with ¢ =
0,0,2,0),(0,0,4,0),(1,0,1,0), (0, 1,2,0), and (0, 0, 2, p) with || p||; = 1 have the
following local structure:

[Ho,02.0(2)], = c18(z1 — 22) Q1

[H0,0,2,p(z)]ﬂ’b =0, Vp: lplh=1,

[Ho,0.4.0(2)], = c28(z1 — 22)8(21 — 23)8(21 — 24)qbybrbsby- (2.39)
[Hio100x1,20],, ,, = €381 = 2084,

[Ho.1.2001,2)], = cad(y1 — 21)8(z1 — 22) 1y

where c1, ¢, ¢3, ¢4 are constants, and gpce= 2apR2ce — Lac RLpe + Lge 2pc s the totally
anti-symmetric tensor, as in [1, Eq.(4.4)].

As discussed in Sect. 3, the RG transformation R is a map from the space of trimmed
sequences of kernels to itself.

Remark 2.2. The non-interacting fixed point potential V(;" (@, J,¥) = (¢, ¥)+(J, w2)+
Ry(@, J,¥) + S;(p, J), constructed in Sect. 2.2.1, can be written as V" = {V{]', }eeL,
where the only non-zero kernels in the sequence are the following:

*
(Ve 1m0 15 9, 20, 4, L:o =

m—1

= (=2)"8ay.5;8(m — 20) [ | P21 (i = yis1), m =0
i=0

*
(Ve 0.m 2.0 D]y, 1, 0

m—1
= (="' Q8@ = Y1) 8 —22) [ [ P —yis1). m =1
i=1
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m
= (2" Qo [ [ P21Gi = i), m =0
i=0

[V6: .m0 & D)o 0 =0
N m
Vo’j(oymyo,@)(y)‘ezo _ (_2)m—1; 1_[ P>1(yi — yi+1), m>1

where: P> was defined in (2.8); in the first two lines we dropped the p labels; in the first
line, yo should be interpreted as x1, and, for m = 0, the right side should be interpreted
as that of the third line of (2.39) with ¢3 = 1; for m = 1, the right side of the second line
should be interpreted as that of the fourth line of (2.39) with ¢4 = 1; in the third line, yg
and y,,+1 should be interpreted as x; and x3, respectively; in the fourth line, y,,+1 should
be interpreted as y.

In particular, V(;“ is associated with a trimmed sequence, such that c; = ¢p = 0 and
c3=c4 = 1.

2.5. The fixed point potential. We are now in good position to define more precisely the
fixed point potential V*(¢, J, ¥) that we construct in this paper.

Definition 2.3. V* = {V [} is the solution of the fixed point equation V* = RV* in
the space of trimmed sequences, such that: (1) V', » H , with H the kernels
of the FP potential constructed in [1]; (2) for £ = (1,0, 1 0) (O 1,2, 0) V) is as in
(2.39) with ¢3 = ¢4 = 1, i.e., the local terms (¢, ¥) and (J, 1//2) in V* have pre-factor
equal to 1; (3) the scaling exponents A1, Ay entering the definition of D and, there-

fore, of R, are analytic in € for € sufficiently small, and such that A} — [¢] = O(e),
A —=2[¥] = O(e); (4) thekernels V) with £ € L\{(1,0, 1, 0), (0, 1, 2, 0)} are analytic

in € for € sufficiently small and, at e = 0, satisfy V*‘ Vo > With VO* ¢ asin (2.39) for

Le {(1,m, 1,0)},>1 U{(0,m,2,0)},>2U{2,m, 0, @)}m>oU{(O m, 0, #)}y>1, and
equal to zero otherwise.

For the explicit form of the fixed point equation V* = RV* as a map from the space
of trimmed sequences to itself, see Sect. 3.3 below.

Note that the existence and uniqueness of the FP potential V* specified in Defini-
tion 2.3 is part of the results proved in this paper. As anticipated above, we will write

VE@, T ) = H* W) + (. ) + (L, ¥ + R¥ (b, ], ¥) + S*(@, J), (2.41)

where, letting!!

Lext,0 :={(n,m,0,9) € L}, Lex,y :={(n,m,l,p)eL : n+m >0, [ >0},
(2.42)

and L’ = Lex;, p\{(1,0,1,0), (0, 1,2, 0)}, we let: R* = {V(*}geL{m ; and §* =

ext, f
{ V[ }ZELSX[,O .

1 The rationale behind the labels ext, 0, and f in (2.42) is the following: ‘ext’ stands for ‘external field’, it
refers to the fact that n +m > 0, i.e., there is at least one ‘external field’ ¢ or J field; ‘ f” stands for ‘fluctuation
field’, it refers to the fact that [ > 0, i.e., there is at least one ‘fluctuation field’ v; similarly, the label ‘0’ in
the first definition indicates that [ = 0, i.e., there is no fluctuation field.
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2.6. Almost-scaling operators. The response functions are not correlation functions of
any local operators built out the field ¥r. We can however identify two quasi-local oper-
ators O and O®, whose two point functions will end up being the same as G* and
JF*, up to corrections that decay faster than any power at large distances. Because of
these correction terms, we will call these operators almost-scaling operators. We do not
expect that scaling operators with exactly scale invariant two point functions exist in our
theory, due to the presence of the fixed ultraviolet cutoff x (k).
In order to identify O and O, let us expand V*(¢, J, ¥) as

V@, J, W) = H* W) + (¢, OD) + (J, 0D) + Q% (¢, J, ¥) + S*(¢, J), (2.43)

where Q* is the part of R* that is at least quadratic in (¢, J), and S* is the same as in

M _ Ve L)
(2.41). In other words, O, (x) = WLP:J:O’

the definition of response functions, we find

and similarly for O (x). From

Gy () = (O 0" (0)) = + [E1(0)] .

(2.44)
F*(x) = (0P (x); 0P (0)) = + E2(0),
where the correction terms &y, & are given by
828*(¢,0 82Q%(9, 0,
i), = 2S00 +< (6,0, > |
8¢a(0)8¢pp(x) 16=0  \ 8¢pq(0)8¢pp(x) 16=0] py (2.45)

2 Q% 2 s
Ex) = 5570, ) +<M >

8J(0)8J (x) 1y=0 8J(0)8J(x) =0y

2.7. Main results.

Theorem 2.4 (Analyticity of the anomalous critical exponent and discrete scale invari-
ance). There exists €y > 0 such that, for € € B¢,(0) := {e € C: |e| < €}, there is a
unique potential V* as in Definition 2.3, analytic in € in Be,(0). Moreover, the response
Sfunctions G* and F* defined in (2.10) are analytic in € in the same domain, and behave
under rescaling x — px, with p = y*, k € Z, as

Gro(px) = p221GH (x),  F*(px) = p 222 F*(x), (2.46)

with A1 = [Y] and Ay = 2[{r] + na(€), where ny(€) is analytic in € for €| < €, with

N -8

n2(€) = 2¢ +0(e?). (2.47)
We actually expect that G* and F* are exactly scale invariant, which means that
Eq.(2.46) should be true for any p > O: this will be proved in the third paper of this
series, see also the recent paper [11] for a proof of full scale invariance with a different
choice of the cutoff function. In this paper, we limit ourselves to show, by an explicit
lowest-order computation (see Appendix B), that the dominant contributions in € to
G*(x) and F*(x) are exactly scale-invariant terms, namely G*(x) = Gj(x) + G (x),
where, in the sense of distributions [43],
* ddk ikx _ —2A
Girao @) = Qub | e = QunColx| (2.48)
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and the higher order correction g;;lo. satisfies ‘Q}T.o.(x)] < Ce|x|_2A1, for some C > 0
independent of €. Similarly, F*(x) = Fj(x) + F;, (x), where

“p

dlk d .
7_—* _ (k+p)x _ 1 —2A
0 ()= _ZN/ (2m)d |k|4/2+€ / (2m)d| p|d/2re=2m e = Colx |7, (249)

and |.7-"}T‘0‘(x)| < C’e|x|7?22, for some C’ > 0 independent of €.

Theorem 2.5. (Almost-scaling operators) There exist Ci,c; > 0, i = 1,2 such that
E1(x) and & (x) are analytic in € in the same domain Be,(0) as in Theorem 2.4, and
bounded as follows:

[E1(0)],,| < Cre™ P min{1, [x D721, [&()] < Coe™ 2R (min(1, |x[}) 7242,

(2.50)
with o = 1/s and s the order of the Gevrey class G* which the UV cutoff function x
belongs to.

Putting together Eqs. (2.44) with Theorems 2.4 and 2.5, we conclude that the two point
functions (O(Sl)(’),(’l) )+ and (O@; O@) . are discrete scale invariant up to stretched-

exponentially small corrections at large distances, i.e. that OV and O® are almost-
scaling operators. As mentioned, we cannot hope for anything better than that.

Remark 2.6. In the non-interacting case discussed in Sect. 2.2.1, the stretched exponen-
tial decay of the correction terms, denoted by &y 1, £ 2 (the ‘0’ label recalling the absence
of interaction), is immediate. In fact, rewriting the non-interacting fixed point potential

Vi as in (2.43), we see that (’)L(,l)(x) = Y,(x) and OP (x) = ¥2(x). Therefore, for
H* = 0, the two-point functions ((’)C(,])(x)O,(JI)(O))H* and (0@ (x); O (0)) g+ reduce
t0 (Ya () Y5(0))0 = QapP<1(x) and (Y*(x); ¥2(0))o = —2N PZ(x), respectively.
Therefore, from (2.27) and the non-interacting analogue of (2.44), that is

Go.ap@®) = (Ya )V (0))o + [E0,1(x)] .-

: ) ) 2.51)
Fo(x) = (¥~ (x); ¥=(0))o + &o,2(x),
we see that &, 1, & 2 are, explicitly:
[£0.1(0)],, = QapP=1(x)
(2.52)

E02 = —2N [2P<0(®) P=1 () + P2 ()]

which can be easily shown to satisfy the decay bounds in (2.50).

2.8. Structure of the proof. The proofs of the Theorem 2.4 and 2.5 are based on the
following considerations. First of all, from (2.6) we have:

W*(p, J) = hg@w(TS<h+1> . TSOV* (9, J,0). (2.53)

Now, recalling that the RG map R = D=t=-DrsMph = pTSO forall h < 0, we
see that (2.53) can be written as:

W, J) = im D"(RMV*)(¢, J,0) = Jim D"V*(¢, J,0) (2.54)
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where in the last equality we used that V* is a fixed point for the RG map, i.e. RV* = V*,
Denote by V,;km Ip the kernels of V*, in the sense of (2.28). Using the definitions (2.10),
and recalling the action (2.32) of D on the kernels, we find, letting x = (x, 0),

G*x) =2 lim D"V o (®)

. (2.55)
=2 lim y? V300" %),
and, letting y = (y, 0),
Fr(y) =2 lim D"Vi500(¥)
(2.56)

=2 hErPoo V2hA2 Vofz,o,@(yh.)’)‘

After having defined, in Sect. 3, the fixed point equation for V*, in Sect. 4 we will show

that the kernels Vn’m’ Ip® and in particular Vz,o,o,(/)’ V0,2,0,W can be written in terms of a

tree expansion that is absolutely convergent in a weighted L! norm. As a consequence,
these kernels, as well as the scaling exponents A1, Aj, turn out to be analytic in € for €
small enough. In particular A} = [¢v] and Ay = 2[¢] + n2(€), with 17 as in (2.47) (the
explicit computation of the first order contribution is deferred to Appendix A).

In Sect. 5, we will prove the pointwise existence of the limits in (2.55) and (2.56),
as well as the analyticity of the limiting functions. These will require to control the
absolute convergence of the tree expansion for the kernels of the fixed point potential
in a pointwise norm. The ideas here generalize, and adapt to the present context, those
used in [38,44-46] to estimate the n-point correlation functions. Once the pointwise
existence of the limits in (2.55)-(2.56) is established, the scale invariant property (2.46)
is an immediate corollary: in fact, from (2.55) one finds, renaming h + k = #/,

g* (ykx) — zhgrlloo yZhAl V;()’(),Q)(yh+kx)

. ' / 2.57)
— 2y72kA1 hmoo y2h A] V;O’O’M(yh x) = V—ZkAl g*(x)’

h——

provided the limit exists, and similarly for 7*, thus concluding the proof of Theorem 2.4.
Finally, in Sect. 6, we derive a tree expansion for the correction terms &1, &, and
show that its convergence in a pointwise norm introduced in Sect. 5 implies Theorem 2.5.

3. Renormalization Map and Fixed Point Equation

In this section we describe more in detail the RG transformation introduced in Sect. 2.2.
Moreover, we write down the fixed point equation for V*, including the equations for
the scaling exponents A, A,. The discussion follows the analogous one in [1, Section
5], which we refer to for additional details. Note that in this section we shall write down
the components of the RG fixed point equation in the form of series, see in particular
(3.20)-(3.21), to be considered as formal as long as convergence in an appropriate norm
is proved. Absolute convergence of these sums in a suitable weighted L| norm, see (4.5)
below, is in fact addressed and proved in Sect. 4.
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3.1. Integrating out. Consider a potential H(¢, J, V) = {H¢}eer, whose sequence of
kernels is trimmed, in the sense of Sect. 2.4. Let us discuss the effect of integrating out
the fluctuation field on scale 0 from H (¢, J, ¥):

Heit(p, J, ) = SO H(@, J, ¥), 3.1)

with $© the integrating-out map on scale 0 defined in (2.19). In analogy with [I,
Eq.(5.3)], using the notation introduced in Remark 2.1, the kernels of the effective
interaction can be written as:

Heii(a, x, y, B, zp) = PZ Z > Z()ti

s>] ,,,,, By Al,...,Aq @15ees
Z, B,=B A;DB; Xl xs
""" s
K
[dzBC(ZB)nH(ai,xi,yi,Ai,zA,.) (3.2)

i=1

where: P is the operator that anti-symmetrizes under simultaneous permutations of
the elements of a and x, symmetrizes over permutations of the elements of y, and
anti-symmetrizes under simultaneous permutations of the elements of B and zg (which
generalizes the antisymmetrization operator A of [1, Eq.(5.3)]); the sums over B; and
A; must be interpreted as described after [1, Eq. (5 3)]; the sum over a1, ..., ag is over
all ways to represent @ as a concatenation @ + - - - + @, and similarly for the sums over
X[,...,xXgandover yq, ..., y,. Finally, letting, asin [1, Eq.(5.3)], B; = A;\B; and B =
By +--- By, we denote C(zg) := (W'(B1, z5,); -~ : W' (B, z5,))) where W'(B;, z5)

is interpreted as in (2.30), and (- - - )(()0) denotes the expectation w.r.t. d o (y').
We compactly rewrite (3.2) as

(He)e =Y Y S " (Hy,. ... Hy,). (3.3)
szl ()i,

where ¢ belongs to the label set L in (2.37), while £1, ..., £; belong to the subset of L
‘with at least one fluctuation field label’, i.e., to

Ly={(n,m,l,p)eL:1l>0} 34

the label f standing for ‘fluctuation field’.

3.2. Trimming. Even if the input potential H = {Hy}¢er is trimmed, the output Hegr
will not in general be so. However, we can act on H.f with a linear operator, equivalent
to the identity in the sense of [1, Section 5.2.1], called the trimming operator 7', which
returns an equivalent trimmed potential. Denoting equivalence between potentials by
the symbol ~, the action of the trimming operator will allow us to rewrite

Hegr ~ LHefr + T Hegr, (3.5)

with £ Hegr the local, relevant, part of Hegr, and Z Hegr the non-local, irrelevant, part of
H.gr. The action of T on the kernels with n = m = 0 has already been described in [1,
Sect.5.2 and App.C] and won’t be repeated here. The action of T on the kernels with
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n+m > 0 is non-trivial iff (n, m, [) equals (1, 0, 1) or (0, 1, 2); in the complementary
case, we let (IHeff)n,m,l,p = (Heff)n,m,l,p and (LHeff)n,m,l,p =0.

Let us now consider the cases (n, m,l) = (1,0, 1), (0, 1, 2). As in the case without
source fields, trimming involves localization and interpolation: localization extracts the
local parts of (Hefr)1,0,1,0 and (Hefr)o,1,2,0 (cf. with [1, Eq.(5.12)]), as follows:

1,0,1,0 0,1,2,0
(LHef)1,0,1,0 =T} p.1.9 (Hetf)1,0,1,0,  (LHeit)o,1,2,0 = Ty 59 (Hef)o,1,2,0,  (3.6)

(the operators To1 ’10 ’21’(;] and Too’l1 ’22’00 are defined in the following subsections), and we let

(LHet)1,0,1,p = (LHefp)o,1,2,p =0 for p #0.

On the other hand, letting P; = {(0), (1)} and P> = {(0, 0), (1, 0), (0, 1), (1, 1)}, inter-
polation rearranges the difference between {(Hefr)1,0,1,p} pe p, (resp. {(Het)0,1,2, p} pePy)
andits local part {(L Hefr)1,0,1, p} pe P, (tesp. {(LHeff)o,1,2,p} pe p,) insucha way to equiv-
alently rewriteitas {(Z Hef)1,0,1, p} pep, (tesp. {(Z Het)o,1,2,p} pep,) With (ZHegr)1,0,1,0 =
(Z Hefr)o,1,2,0 = 0. More precisely, we let

(ZHef)1,01,p = 0 1,0,1,0 %fp:()
o (Het)1,0,1,p + Ty oy p (Hett)1,0,1,0 if I pllt =1,
0 ifp=0 (3.7
(ZHetr)o,1,2,p = | (Heit)o,1,2,p + Too,’ll,’zz,}(,)(Heff)o,l,z,o if [plh =1
(Hef)o,1,2,p if | plh =2.

Identifying the kernels with the corresponding Grassmann monomials asin [1, Eq.(C.1)],
the manipulations equivalent to the identity lead to the definitions of Tll”(g’l{ ’3 and T(g ’1{’22’}(,)

are described in the following subsections.

3.2.1. Case (n,m,l) = (1,0, 1). We will use the following interpolation identity (in
most cases, we drop and leave implicit the component indices of the Grassmann fields;
moreover, summation over repeated indices is understood), which is the same as [1,
Eq.(5.8)]:

1

v(y) = 1#(X)+(y—x)M/O ds 0y (x +5(y — x)). (3.8)

This is used to split a non-local but relevant term into a local relevant term plus an
irrelevant one (for te definition of relevant and irrelevant, see after (2.35)). Hence con-
sidering f dxd?; ¢ (x)G(x, 2)¥(z) with G translationally invariant, playing the role
of (Heff)1,0,1,0, We get:

/ddxddqu(x)G(x,z)w(Z) = /ddx P ()G O (x)

1

+/ddxddz¢(x)G(x,z)(z—x)M/ ds 8,9 (x +5(z — X))
0

= /ddxqb(x)é(O)l/f(x)+/ddxddz/qb(x)G”(x,z’)Bul/f(z/), (3.9)
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with G(0) := [d?z G(x, z) and

u U ds
G (x,z):/ —d+lG(x,x+(z—x)/s)(z—x)u.
0o s

In light of this,
1

B0 9 = 603 -

s

and, for p = (1),
(T3 O, D], = GMx, 2)

(3.10)

@3.11)

(3.12)

By the same considerations as in [1, Appendix C], we have that Tll_’oo’ll’l? satisfies the

following norm bounds:

1
I,

s

and similarly for the weighted L' norms to be used below.

,0,1,0 1,0,1,0 d
oG < IGI. 1T Gl < %xfd ZI[G(O. Dlasl Izl

(3.13)

3.2.2. Case(n,m,l) = (0,1, 2) Considernowfddy déz1d% TP (z) F(y, 2)¥ (22)
with F translationally invariant, playing the role of (Hefr)(0,1,2,0). Proceeding analo-

gously we find:

/ dy dz T () F (s 2% (z2) =

_ / dlydz I [YOIF (3. DY)

1

+(z1 — y)M/O ds 3,y (y+s(z1 —yYDFQ, )Y (y +s(z2 — )
1

+(z2 — y)ufo dsy(y+s(z1 —yDF(y,2)0, ¥ (y +s(z2 — y))]

= > f dlydz' J ()Y ED[FP(y, 2)], 0029 (),

p:llplh=<1
with FO(y, z) = 8(z1 — y)8(z2 — y) [ d* 2 F(x, 7)),

1.0) L ds
FUl(y,2) = (21— Yy A 2 Oy + @ =y)/s, y+ (22 = )/s),

and similarly for F(©-1, Then, identifying p with the pair (p1, p2):

Ty 5o F)(3.2) = 8(z1 — )8(z2 — ¥) / d*z' F(0,2),

0,1,2,0 .
(To12p V3.2 =FP(y,2), if llplh =1

T0,1,2,0

In analogy with (4.2), we have: || T, 5 ¢ FIl < [IF |, while, if p = (1, 0),

0,1,2,0
”TO,I,Z,(I,O)F” = IZIE})X/dZ”F(O, 2lapllz1l,

and similarly for p = (0, 1).

(3.14)

(3.15)

(3.16)

(3.17)
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3.3. Fixed point equation. We are now ready to write the definition of the renormaliza-
tionmap H - RH = DTS O g component-wise. Recalling (3.1)-(3.3), the definition
of the trimming map in the previous subsection, and the definition of the dilatation D in
(2.32), for any £ € L, we can write

(RH)e=> " 3" R;"™(Hy,. ..., Hy,). (3.18)

s=1 ()2,

where the sum runs over s-ples of labels in the set Ly defined in (3.4) and, letting
£=1{0,0,2),(0,0,4), (1,0, 1), (0, 1,2)},

Sgrnts if ¢ = (n,m, 1, p) with (n, m, 1) & £,
Ri+b = p T:n'ff{?s(n;;l » if € = (n,m,1,0) with (n,m. 1) € £,

YT 7P gl le e g 1 p) with (n,m, 1) € Sand p # 0,

n,m,l,p (n,m,l,p’)’

(3.19)
and in the second and third lines the operator Tn m.l ’p is defined as follows: it is the
identity, if p = p’ # 0; it is the one defined in Sects. 3.2.1-3.2.2 above, if (n, m,[) =
(1,0,1),(0,1,2) and either p = p’ = 0or p’ = 0, ||p|l1 = 1; it is given by [1, eq.s
(5.12),(5.13),(5.10)] if (n, m,[) = (0,0, 2) and either p = p’ = 0or || p'|l1 < llplli =
2, orif (n,m,l) = (0,0,4) and either p = p’ = 0 or p’ = 0, ||p|l; = 1; it vanishes,
otherwise.

In view of these definitions, and recalling the fact that we look for a fixed point
potential with pre-factor in front of the local terms (¢, ¥) and (J, ¥2) in V* equal to 1
(seeitem (2) of Definition 2.3), the fixed point equation (FPE) for the ‘local’ components
Lef{(n,ml,0)} miege reads:

b= d/2+8v+2 Z R(0020)(Hgl,...,H€$)
s>1 (é)=

*
G,
szzs“z Z R(6040)(H€1~--’H£s)
s=1 (6, 520)
P=yh e Z Z R(l’d'i 0)(H@|, o Hey) =yA A1)
s>1 ()i,
£1yeils _
L=yl Z Z R 150 (Heys ooy Hy)) = y 2221+ 5)

s>1 (Z)=

where, again, the labels ¢; in the sums in the right hand sides are summed over L ¢, and
the * indicates the constraint that the term with s = 1 and £; = £ should be excluded
from the corresponding sums. The FPE for the components (0, 0, 2, p) with ||p|; =1
is by construction trivial, 0 = 0, while the FPE for all the other components reads:

=Y RS (H. . Hy). (3.21)

s>1 ()i,

Note that the FPE for the components £ = (n,m, [, p) with n = m = 0 is the same
as the one studied and solved in [1], the solution being the sequence of kernels Hl’fp
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constructed there. In particular, the first two components of (3.20) are solved by the fixed
point values A*, v* of A, v computed in [1], and proved there to be analytic in € for €
sufficiently small. So, from now on, we will set A = A* and v = v*. Moreover, we will
prove below that {1 and ¢, are sums of convergent series in A, v, for € sufficiently small

and this implies that they are themselves analytic in € for € small. Letting Z := 1 + {;
and Z, := 1 + {», the FPE requires
Ap=[yl—log, Zi, Ay=2[y]—log, Z, =2[y] +n. (3.22)

We will see in Sect. 4.2.1 that ¢; = 0, so that A; = [¢]. Moreover, in Sect. 4.2.2 and
Appendix A, we will show that

2(N —2)

N _3 elogy+0(62), (3.23)

Zr=1-—

which gives ny = 26%—:% + 0(e?).

4. Solution to the FPE via the Tree Expansion

Let us now discuss how to determine the solution to the FPE introduced in the previous
section, satisfying the properties spelled out in Definition 2.3. We use an analogue of
the tree expansion discussed in [1, App.J], which provides an explicit analytic solution.
Our construction automatically proves the uniqueness of the solution within the class
of analytic potentials with a prescribed form at ¢ = 0. We stress that our proof of
uniqueness of the fixed point potential within the class of analytic functions via the
use of tree expansions does not require that the scaling parameter y is large, as most
proofs based on contraction arguments usually do (including the one in [1, Section 6]);
the proof in this and following sections just requires that y > 1. A priori, the radius
of convergence may depend upon the choice of y; however, the methods in [11], also
based on the tree expansion, should even allow one to prove uniformity of the analyticity
region as y — 1*. These are remarkable advantages of the tree expansion method as
compared to the use of Banach fixed point theorem. The drawback is that uniqueness
is guaranteed in a much smaller space. Uniqueness of the solution in the larger Banach
space of potentials that are close enough to the prescribed unperturbed potential in the
appropriate weighted L' norm, could be proved via a contraction argument similar to
the one underlying the proof of [1, Key Lemma], under more restrictive assumptions
on the scaling parameter y, but we will not belabor the details of this proof here. Of
course, we do not expect that the fixed point depends upon y at all, but this remains to
be proved, and we plan to do this in a third paper of this series; see also [1, Section 6.4].

As already mentioned above, we fix A = A*, v = v*, the fixed point values of the
quartic and quadratic interactions computed in [1], once and for all. We also recall that
our ansatz for the fixed point potential V* requires that the local terms (¢, ¥) and (J, V)
have pre-factor equal to 1, see condition (2) in Definition 2.3, and that the components
(0,0,2, p) with || p|l1 = 1 are zero, by the requirement that {Ve*}eeL is trimmed, see
the second line of (2.39). We first describe how to solve the FPE for the remaining
components, i.e., those in

L' = L\ ({01, m 1 O} m s U L0, 0,2, p)lipii=1 ) (.1

and then we will discuss the local components £ = (1,0, 1, 0), (0, 1, 2, 0).
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Fig. 3. An example of a tree rooted in v, contributing to the sum in (4.3). Here sy, = 3 and the 3 children
of vy are v, v, V3

4.1. The FPE for £ € L’. The FPEs for the components £ € L’ are those in (3.21). We
proceed in a way similar to [1, Appendix J]. For any ¢ € L', we isolate from the right
side of the FPE the term with s = 1 and £; = ¢, i.e. the term D H;, move it to the left
side, and multiply both sides by (1 — D)~!. The resulting equation takes the form

S Y - Dy ROy ) (42)

s=1 (87,

where we recall that the second sum runs over s-ples of labels in L ¢, see (3.4), and *
denotes the constraint that, if s = 1, then £ # £, while Rf' """ % is defined in (3.19). As
shown below, the (diagonal in £) operator (1 — D) is invertible in L' on all the components
£ € L': this is immediate for the components such that the scaling dimension at € = 0
is different from zero, Dy (£)| -0 # 0, see (2.35), that is, for all the indices in L’ but
(0, 2,0, ¥). In order for (1 — D) to be invertible on this component as well, we need extra
information about A;, besides knowing that A, = 2[¢/]+ O (¢), as we are assuming (see
condition (3) in Definition 2.3). Anticipating the fact that A, = 2[¢/]+ 26 + 0(€?),
the desired invertibility for € # 0 follows, because this explicit expression for Az implies
that Dsc(0, 2,0, 0) = 2e N +4 + O(€?), which is different from zero for € # 0.
We look for a solutlon in the form of a sum over rooted trees,

Vi=>" Hlrl, (4.3)
T
The value Hy[] is fixed so that the following recursive equation is satisfied:
*
Hyt]= Y (1— D)"'R I (Hy, [, . H, [T, - (4.4)
)
where 11, ..., T, are the subtrees of 7 rooted in the vertices vy, ..., vy, thatare ‘chil-

dren’ of the root vertex vy of T. The rooted trees (with root vg) involved in the sum (4.3)
have the structure exemplified in Fig. 3.
The iterative application of (4.4) leads to a representation of the tree value Hy[t] in

......

terms of an iterated action of the operator (1 — D)™ lR , one per vertex v, summed
over the labels £y, £,, (here the labels £,, at exponent refer to the vertices vy, ..., vy,
which are the chlldren of v on T; the label £y, associated with the root vy is the only
one that is kept fixed, all the others are summed over). The labels £, associated with
vertices v # vy that are not endpoints are summed over L', := L N L', while, if v is
an endpoint, then £, takes one of the values in {(n, m, [, 0)},m e ¢, depending on the
nature of the endpoint, as graphically described in Fig. 4.



257 Page 26 of 60 A. Giuliani, V. Mastropietro, S. Rychkov, G. Scola

s - — @ — e -—p9,
(0,0,2,0) v (0,0,4,0) A

__ e = o, e -
(1,0,1,0) (0,1,2,0)

Fig. 4. The four types of endpoints and the corresponding £ labels

Fig. 5. The four ‘interaction vertices’, graphically representing the contributions associated with the four types
of endpoints depicted in Fig. 4

vy v Vo vs
A [ RZ
) A

1 A T3

Fig. 6. The three subtrees 71, 72, 73 exiting from the root vq of the tree 7 represented in Fig.3

In the evaluation of the tree value Hy[t], each of these endpoints is associated with
the kernel of the corresponding ‘interaction vertex’, see Fig. 5.

For example, for the tree 7 represented in Fig. 3, s,, = 3 and the three subtrees
71, T2, T3 ‘exiting’ from the root vo are those represented in Fig. 6 (note that 7, is
‘trivial’, in that it consists of a single vertex, which is both the root and the endpoint of
).

‘We now intend to use the formula for the tree values described above in order to derive
norm bounds on H¢[t] and to prove that the tree expansion for Hy is absolutely conver-
gent in the appropriate norms. We start by discussing bounds for the following weighted
L1 norm of Hy[t], generalizing the definition in (2.29). Recall that Hy[t](x, y, z)
with £ = (n, m, [, p) must be understood as a tensor-valued function of components
[Hg[l’](x, y, Z)]a,u,b’ as in (2.28). For notational convenience, in some of the equa-
tions below, we will equivalently rewrite these components as H¢[t](a, x, y, B, 2),
with B = ((p1, u1, b1), ..., (p1, 11, by)), as in Remark 2.1 (the label ¢ attached to
Hy[t](a, x, y, B, z) is actually redundant, but we will keep it for clarity); given such a
B, we shall write p(B) = p. In analogy with (2.29), we let

k
1He[z]llw = max f// dxdydz|He[t](a,x,y, B, 2)|w(x, y,2) (4.5)
p(B)=p

where

w(x, y.z) 1= COEPDN (4.6)

with: St(x y, z) the Steiner diameter, or ‘tree distance’, of (x, y, z), see [1, footnote
19]; C = —C 2 with C 2 the positive constant in (4.14) below; and 0 = 1/s with s the
Gevrey regulanty of x, see the line after (2.2).

In order to recursively estimate the norm (4.5) of H¢[t] via (4.4), note that, from
(3.2) and (3.19), if £ = (n,m, I, p) € L' with (n,m,[) ¢ £, we can write
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Hy[tl(a,x,y,B,zB) =

- %P%ﬂl > > > (—)ﬁfdzBC(zB)-
Bl""vBSvO A],...,ASU0 al,...,asvo
ZB,’ZB A; OB, xl,...,xsvo
Yioeos sy
Sy

J1Helwl@i. xi. y;. Ai. za)). (4.7)
i=1

where ¢; = £,,, and we used that for these components the trimming map is the identity.

If, instead, ¢ = (n,m, I, p) € L' with (n,m,I) € £ and p # 0, then trimming acts
non-trivially, and the FPE reads:

Hn,m,z,p[r](a,x,y,B,zB) —Z n”n’fll; fpv_o Z Z Z

B|,. BSUO A] ..... Asu aj -7a.v1,r0
Y B;=B A;DB; XliTsy
Yoo .VJvO
Sy
x (- [ dzgClag) [] Holrdaixio i, Avza),
i=1
4.8)
where, given B = ((p1, i1, b1), - .., (p1, iz, b)) and anl-ple p’ such that Tn"r:?ll; £0,

the set B’ appearing in the right side in the condition ) ' B; = B’ is equal to: Bif p’ = p;
Bo := ((0,0,b1),...,(0,0,b)) if p" = 0; B0y = ((1, 1, b1), (0,0,b2)) if I = 2,
p= (1, and p’ = (1,0); and Bo,1y = ((0,0,b1), (1, u2,b2)) if I =2, p = (1, 1)
and p’ = (0, 1) (these two last cases are the only ones where p’ # 0, p).

Now, in order to bound the right sides of (4.7) and (4.8) we recall a few basic bounds
from [1] (or their analogues adapted to the present more general context). First of all, as
in[1,(5.37)], for ¢ € L/,

ID(He[tDllw < ¥ PO Heltllw( sy < yPO N Heltllw, 4.9)

with Dy (£) as in (2.35). Note that, assuming A and A, to be e-close to [] and 2[v/],
respectively, with € small enough, thenminge ;1\ ((0,2,0,0)) | Dsc (€)| = min{1, d/2}+0 (¢).
Therefore, we also have that, for £ € L'\{(0, 2, 0, #)},

(1 = DY~ (HeltD Il < dy | Hel] 1w, (4.10)

with d), = maxgern\((0,2,0,0)) |1 — yDse® |_1, which is finite and bounded from above,
uniformly in €. On the other hand, recalling that Ay, = 2[y/]+n, with [] =d /4 —€/2,
as in (3.22),

(1 — D) (Ho.2.00[tDllw < oy |1 Ho2.0m[T] (4.11)

where o), := |1 — y72¢2m ]71 which is finite and of order e "1 iff € % 0 and 1, # €.

From the first order computation of 7, in Appendix A, which implies 1y = 26% g +

0(€?), see (2.47), we see that this condition is always verified for € # 0 small enough.



257 Page 28 of 60 A. Giuliani, V. Mastropietro, S. Rychkov, G. Scola

Concerning the action of the trimming operator, for any £ = (n,m, [, p) € L' and

p’ # p such that Tnnm I, does not vanish, we have the analogue of [1, (5.43)]:

p
VT E o 1. sy < CrYP ™2 W Hoy 17y (4.12)
P
For the estimate of Sﬁl ’“"K‘V, with¢ e L', ¢y,..., 4 € L ¢, we proceed as follows. From
[1, Eq.(5.39)], we see that C(z) satisfies:
C@l=Cy > ] Mz-2) (4.13)
T (z,2)eT

where Cg g constant given by the Gram-Hadamard bound [1, Lemma D.2] and M as in
[1, Eq.(4.15)], i.e., such that:

18 1 1808 (1. 1808 ()] < M(x) = C e 2T (4.14)

where C,1, C,2 are constants depending on x but independent of y and 0 = 1/s €
(0, 1), with s the Gevrey regularity of x, see the line after (2.2).

Using these estimates, and proceeding as in [1, Sect. 5.6] and [1, App.E], we get,
letting £ = (n, m, [, p) and ¢; = (n;, m;, l;, p;):

bvo
£y,...,

2% " 01 1t
1, Hey ), ey T, Dl < €07 € o TT 1 He [T,
i=1
4.15)

Cyeilsy, . . . . .
where N, ™0 is the number of ways in which £ = (n, m, [, p) can be realized, given

,,,,,

‘ s L
l1,..., sto, via the action of Sgl " on (He (1], ..., HZ‘WO [Tsvo])’ which is such that

Sug I

..... sy >
ZN(M”;;_( ) (4.16)

Moreover, C, = N 2d?||M||,, = Cost - y¢ and Cy a constant independent of y, see [1,
Cpyeslsy, . . Sy

Remark J.1]. Recall also that Szzl % is non-zero only if Z::OI Li 2 1+ 205y — 1),

Y0 =nand Y30, mip = m.

01,0l .
Plugging eqs.(4.9)—(4.12) and (4.15) into (4.4), with Rz] 0 defined as in (3.19),
we obtain:

*

IHelellly < )

sy

Eizy

D Gy e, Hi, 73, ) (4.17)

w

Slo

0y \1(6=(0.2,0.0)) & sug—1 0 Gl el
< (%) 3 dyyPeOcry2ey e TN T I He (s
4 @ =

.....

where N
,,,,,,,,

given {1, ..., ESUO, via the action of R,



Non-trivial Fixed Point of a ij Fermionic Theory Page 29 of 60 257

the definition of Rf‘ """ % in (3.19), and in the particular the definition of the components

nm,l,p’
Tn,m,lyp
l1,...,0

N, "0 stated right after (4.15), we find:
ZN ..... by _ (X |1 ifm D ¢ 2
mmtp) =\ 4 if(n,m, 1) e £

< 4(2? ")

where Z; denotes the sum over the p’s such that (n,m,I, p) € L/, and 4 is the

of the trimming operator given right below (3.19), as well as the bound on

(4.18)

maximum number of different p’s for which, given (n m,l) € £and p’ € {0, 1}},

the tuple (n, m, [, p) is in L’ and the operator Tn m.l ’p is non zero (such maximum is
realized for (n,m,[) = (0,0,4) and p’ = 0; in this case, the different p’s with the
stated property are: (1, 0, 0, 0), (0, 1, 0, 0), (0,0, 1, 0), (0, 0, 0, 1)).

By using iteratively the estimates above, and recalling that |A|, |[v| < Ke for some
K > 0, we find

| Helellw < (ay /dy) ' =O20D).

. Z ( 1_[ d)/ C;erlstc(ev)CRy2COZfil l')i —ln-/\[ful ,...,ZUSD )

v

{¢,} v note.p. (4.19)

([T kefremo)

vep.

where the sum over {£,} in the right hand side runs over L/f = L' N Ly for each ¢,
associated with one the vertices of the tree other than the root vy and the endpoints;
moreover, we denoted £, = (ny, my, l,, pv), and v; is the i-th child of v. Let us note
that, thanks to the definition of the trimming map, Dy (£,) < — i < Oforall ¢, € L’ Iz
If we now first sum over the choices of p,, given (ny, my, l), for all the vertices v of T
other than the root vy and the endpoints, using (4.18) we get:

| Hel 1l < (@ /dy) M= O2 00 De(OH/2.

. ol Ly /12 i by =l Zs_ﬂw)
Z( 1_[ K'Cy~y Cy < llv ) (4.20)

{l,} v note.p.

(=)

v e.p.

where: £ = £,, = (n, m, [, p); the sum over {/,} runs over the positive integers, /,, > 1,
for all the vertices v of 7 other than the root vy and the endpoints; and K’ = 4d,, Cg v
Now, letting ¢ p [7] be the number of endpoints of 7, we have that:

1. the number of vertices of 7 that are not endpoints is < 2n¢p [7] (see [1, eq.(J.10)]);
nep.ltl—1,

v—1
2. anotep CJS/ _C ’

Zz_l 1 1 Anep [t]-1
3. Hv not e.p. Co =C, Hv e.p. Gy =G " ;
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4 30 T notep v/ 12(2’57”1 ) < (1—y=1/12)~4neplT] (see [47, Appendix A.6.1]).

Therefore, for any y > 1,

— _ 1 _
I Helt]llw < (ay/dy)1(@—(0,2,0,M))stc(z)Cy 1(7/ 2 /CO)Z(KE) (n+m)
ne.pA[T]

4

c

(—01) (K)2C Ke | . 4.21)
1— y 12

In view of (4.21), recalling that the number of the trees with k endpoints is less than 4%,
see e.g. [47, Lemma A.1], the sum over trees in the right hand side of (4.3) converges
absolutely for any y > 1 and € small enough in the weighted L' norm (4.5).

Remark 4.1. Note that (4.21) is increasing in Cy, so that, if desired, for any prescribed
p > 1, we can make the factor y Psc(t-m.1p) (yTIZ/Co)[ in the right and side of (4.21)
smaller than C, p~! for some Cu.m > 0, possibly at the cost of increasing Co, thus
getting:

Iyt p[T 1l < (ot Jd )L =020 0, o=l (Cpeyrer Tl (Ke)y ™™, (4.22)

for any p > 1 and some p-independent constants C,, ,, C, K > 0.

4.2. The FPE for the local terms. Analyticity of the scaling exponents. Consider now
the components of the FPE associated with the local parts of the effective potential,
(3.20). We focus on the last two components of the equation, the first two having been
discussed and solved in [1]. Using the definition of D and the second line of (3.19),

we see that in those components we can replace y[‘/’]_AlRfI‘”(')"‘i% (Hg,, ..., Hp,) by
Tll!’()()"ll’boSfll:d'i%)(H(I ,..., Hp ), and similarly for the component with £ = (0, 1, 2, 0),

thus getting that, at the fixed point,

*
_ 1,0,1,0 o41,..., Ly * *
1 —Z Z Tl,O,l,O Sg ’(Vel,..., ng)y

s>1 (€)3_,

*
_ 0,1,2,0 ol10nsly x5 .
Q—Z Z Ty 5080 7 Voo V).
s>1 ()i,

(4.23)

To get, out of this, a representation of ¢, ¢» in terms of a convergent tree expansion, we
insert the rewriting (4.3) in the right sides of (4.23), so that

o= Z Hipioltl, &= Z Ho 120071, (4.24)

where the tree values ]:Ig[‘(] with £ = (1,0, 1,0), (0, 1,2, 0) are defined essentially
in the same way as in the previous subsection, with the only difference that the root

. . . . (2] »
vertex vo is associated with the action of an operator TZZSZ "0 rather than (1 -

£l -
D)~'R,"™ . In other words, for £ = (1,0,1,0), (0, 1,2,0), we have H[t] =

.....
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£l .
Z((.)‘WO TZZS(1 °(He [t1l, - - Hy,[15,,1) where, recalling that £, ..., s, € L’f,
ti=1

the values Hy, [t;]fori € {1, ..., sy,} have been constructed and bounded in the previous
subsection. On the other hand, recalling that the weighted L' norm of Tf is bounded

by 1, we find that for £ = (1, 0, 1, 0), (0, 1, 2, 0) the norms || Hy[7]lw are bounded in a
way analogous to (4.21), namely:

I Helzlllw < € (Ke)™ (K" e)"er 7], (4.25)

where we can choose C; = C;l (7/1*12/C0)2 and K" = (1C—gﬁ)4(K/)2CVK' Absolute

summability over t follows by the same considerations after (4.21). In conclusion, both
¢1 and ¢ are expressed in terms of absolutely convergent tree expansions. Recalling
that, for €, 60 > 0 small enough:

e A = A*(¢) and v = v*(¢) are analytic functions of € of order ¢, for |¢| < €p;

e the single-scale propagator g© depends analytically upon € for |¢| < €o; therefore,
the connected expectation C(z) in (3.2) (see [1, Appendix D] for the explicit repre-
sentation of C(z) in terms of g(?’), which enters the definition of the ‘integrating out’
map S and, as a consequence, of the tree values themselves, is analytic in € in the
same domain, as well;

e the dilatation operator D in (2.32), which enters the definition of the tree values, is
analytic in the scaling exponents A and A,, for |A; — [¥]| < §p and |Ay —2[¢]| <
303

all the tree values Hy[t] are analytic in (¢, A1, Aj) in the domain
Do = {(e, A1, A2) € C | < €0, |A1 = [¥]] < S0, |82 = 2[¥]| < So}-

Therefore, by absolute convergence of the tree expansion, uniform in Dy, analyticity of
the sums in the right sides of (4.23) follows in the same domain, by Weierstrass’ theorem
on the uniform convergence of sequences of analytic functions. We shall then write:

61 =Fi(e, A1, A2),  $ = Fa(e, Ay, Ag), (4.26)

with Fp, F; analytic in Dy.

4.2.1. The scaling exponent Aj. From the previous considerations and inspection of
perturbation theory, it follows that {; = 0. In fact, in view of the convergence of the
tree expansion Zr I:Il,o,l,o[r] = Fi(e, A1, Ay), in order to prove that §; = 0 it is
enough to prove that any tree contributing to F7 has vanishing value. Note that the trees
contributing to F1 have one ‘white square’ endpoint (i.e., the first in the second line
of Fig. 4, corresponding to the third interaction vertex in Fig. 5) and k > 1 additional
endpoints of type v or A (i.e., those in the first line of Fig. 4, corresponding to the first
two interaction vertices in Fig. 5). It is straightforward to check that, for any such t, by
applying the definition of tree value, [1:11,0,1’0[1']()61, Z1)]a1 by is local, i.e., it is equal
t0 Ox,.z, Fay.b, (r) for some F, 5 (7) that is a (in general inﬁnite, absolutely convergent)
linear combination of terms of the following form:

Z/gyfgz (x1 — 22) fiy.p(22)d 22, (4.27)
by
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for appropriate functions f; , (with the correct Sp(N) invariance properties, such that
(4.27) is in fact proportional to §, ; and independent of a). For example, it is instructive
to check that the sum of the values of the trees with one white square endpoint and one
additional endpoint, either of type v or A, is

Z/ [%gé‘f,iz (x1—22)2p, p+4r Z qbyb3byb Z J/(d+A‘_5[‘/’])]18;2@1—zz)g,(,g)m(o)]dzz,
by b3,by h>0

(4.28)
with g,pcq the totally antisymmetric tensor defined after (2.39). Now, the key remark is

that (the summand over b; in) (4.27) is proportional to g?c(lhzz (0), which is zero, because

the support of the Fourier transform of ¢ does not contain the origin. Therefore, as
anticipated above, all the contributions to Fj vanishing, thus implying that ¢; = 0 and,
therefore, recalling (3.22), A = [¥].

Remark 4.2. The considerations above, leading to the conclusion that the scaling ex-
ponent of the external field ¢, coupled linearly to the fluctuation field ¥, has scaling
dimension [¢] = d — [¥], is a general fact, valid for any infrared, critical, even, in-
teracting theory, treatable perturbatively close to a Gaussian fixed point: it implies that,
in general, the critical exponent describing the asymptotic, large distance, polynomial
decay of the interacting two point function (Y (x)¥ (y)) is the same as the one associ-
ated with the Gaussian part of the infrared RG fixed point. This is true, in particular,
in theories where the fluctuation field v has an infrared anomalous scaling dimension
(i.e., [¥] differs from the naive scaling dimension associated with the bare propagator),
as it is the case, for example, for models in the ‘Luttinger liquid’ universality class, in
their fermionic formulation (i.e., models admitting a large distance effective description
in terms of 2D spinless fermions with quartic interaction), see [47].

4.2.2. The scaling exponent A;. Contrary to the case of ¢, the right hand side of the
equation for ¢, does not vanish. Recalling that A, is related to ¢ via (3.22), we rewrite
the second equation of (4.26) as

0 = fale, $), (4.29)

where fa2(€, &) = Fa(e, [V], 2[¢] — logy(l + §»)) is analytic in (e, &) in a small
complex neighborhood of the origin. An explicit computation shows that f> (e, {») =
—26%—:§ logy + O(€2, €4), see Appendix A. Therefore, applying the analytic im-
plicit function theorem, see e.g. [48, Section 5.11], it follows that (4.29) admits a
unique analytic solution ¢>(¢€) in a neighborhood of the origin, satisfying {>(€) =
—26% logy + 0(62).

This concludes the proof of the part of the statement of Theorem 2.4 concerning the
analyticity of V* and of the scaling exponents, as well as the facts that A; = [¢] and
Ao = 2[Y] + 12, with 12 as in (2.47).

5. Pointwise Bounds on the Response Functions

In this section, we prove the following result on the pointwise convergence of the limits
in (2.55)-(2.56). Recall that the scaling exponents satisfy A; = [¢] and Ay = 2[Y]+n>,
with 1, asin (2.47), as proved in the previous section. We make use of the same notations
and conventions on trees, tree values, components of the renormalization map, etc., as in
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the previous two sections. Moreover, whenever possible, we will keep the flavor indices
implicit (e.g., in the first line of (5.1) below we drop the a, b indices labelling G*, which
should be then thought of as an N x N anti-symmetric matrix).

Proposition 5.1. There exists €y > 0 such that the limits in (2.55)-(2.56) exist and are
analytic in |e| < €, and, letting x = (x,0) and y = (y,0), they can be explicitly
written as

*
Lrye gy
G =2 3 YN S o (He[nil, - Hey, T8, DO,
T heZ (@r)fi"l
(5.1

3
Ly, Ly,
Fry =233 "y 3" Sgsop " (He [l .., Hey, (16, DO ),
T heZ (Z’,)?Z)I

with the understanding that the sums in the right hand sides are absolutely summable
in h and T. Moreover; for any o > 0 small enough, there exists Co > 0 such that

c ' 2Apl-a
2y 8V5 G 0 — GF ()| < |%(mm{l, )/hlxl}> ,
x|=81 (5.2)

C . 2y )—a
212" 82V5 0 00" ) = FF ()] < MT“AXH“““’ Yi)

As proved in (2.57), Proposition 5.1 implies the scale invariance property (2.46). There-
fore, in view of the fact that the other statements of Theorem 2.4 have already been proved
above, see the comment at the end of Sect. 4, Proposition 5.1 implies Theorem 2.4.

Proof of Proposition 5.1. Using the tree representation (4.3), we write:

YAV 0g () = AN T Hy g 00lTl(r "),
T

(5.3)
YV 00" ) =2 Y Hoa00lTl(" ),

T

with Hy[t] recursively defined as in (4.4). We emphasize that the trees t contributing to
the sum in the first line of (5.3) have two ‘white square’ endpoints, and those contributing
to the second line have two ‘white rombus’ endpoints, see Fig. 4. Using (3.19), the
identity (1 — D)~'D = 3",., D¥ with D as in (2.32), the definition of & in (2.33)
(from which 8,(2,0,0,%) = 2A; and 8..(0,2,0,?) = 2A»), and the fact that for
¢ =(2,0,0,0),(0,2,0,0) the trimming map is the identity, we get (after renaming
h+k=h:

*
/ L1yl /
YU, 6 0 glTl (v x) = Z yH s Z Sy 000 (Helul, ..., Hy,, [Tsv[]])(yh x),

! Sy
h'>h (li),'Lzol

54

*
’ Ly, g, /
v Hon 0ot ) = D v Y Sos 0y (Helmil o Hey, [, DO ).
" €
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If we multiply by 2 both sides, sum over t and take 7 — —o0, we obtain the repre-
sentations (5.1), provided that the sums in the right hand sides are absolutely summable
in T and h.

The right hand sides of (5.4) can be bounded via the following lemma that, for later
purposes, is formulated in greater generality than required for the moment. In order to
state the lemma, we define a mixed L'/L norm: using the same notations as in the
definition of the weighted L' norm 4.5), we let, for £ = (n,m, 1, p) € L,

I Helz](x, Il = ?%xfdzBle[r](a,x,y,B, zB)| (5.5)
p(B)
with the understanding that, if £ = (n,m, 0, ¥), then ||| H, 0,4t 1(x, y)1||| should be
interpreted as being equal to maxq [Hy, m.0.0[7](a, x, y)|.
Lemma 5.2. Consider a tree T contributing to one of the sums in the right sides of (5.3),
denote by 11, ..., Tsug its subtrees rooted in vo, and by n.p [t] be the number of its

endpoints. Let x = (x,0) and y = (y, 0). For any « > 0 sufficiently small, there exists
C = C(«) > 0 such that, for any k € Z, any | > 0 even and any p € {0, 1},

*
..... sy,

e
> ‘Dkszfo,l,,, (H/zl[Tl],.-.,HeSUO[TsUO])(x)‘
), (5.6)

C - o _
< C(Ce)erl™1=2 kA=IVI=IPID o= 5 01D (min g1, k| ]})) 7%,

with D the dilatation operator and C the same constant as in (4.6), and

2

S0
i)i=1

Oy
2.0.p (He [t1], ..., He

_—

sug

< C(Ceyrer[T=2) kA2 IYI=1PID =5 7 'IVD7 (min(1, ) Bt
(5.7

Assuming the validity of this lemma, the proof of Proposition 5.1 goes as follows. Let
us focus, e.g., on the component with £ = (2,0, 0, ), the case £ = (0, 2, 0, @) being
analogous. Plugging (5.6) withk = i’,] = 0 and p = @ in the right hand side of the first

, L
line of (5.4), recalling that D" SQ’1

,,,,,

..... Coyg

orp  (Helnl, ..., He, [75,1) (%) is just a rewriting

Y28 Hy 0,021 (" x0)| < C(Ce)tenl™I=2)x| 724

_Q -1 o / ’ _
3 e E T max (" A, (PR,
h'>h
(5.8)
Now note that, for any #,« > 0, letting h, := [log, Ix|71, (yh/|x|)/3e_’((yh Ix1)?

(h/_hx)e_Kyo(h/—hx—l)

is bounded from above by yﬂ , which is summable in 4’ over Z.

Therefore,
S @M e 0T < g = 3 Pl (5.9)
W>h heZ
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uniformly in % and |x|. For later purpose, let us also observe that

3 O e DT < S B )y
W<h W <h
Cpi if h> hy . o~
= yﬁ(h*hx)/(l _yfﬂ) if h<hy = Cﬂ,/c(mm{lvy [xIHF,
(5.10)
for a suitable C//s,/( > 0. Using (5.9) in (5.8), we find that, for any & > 0 small enough,

Y2 Hig0,00[T1(v" x)| < C'(Ce)rerl™I=2|x| 7281, (5.11)

for some C’ > 0, uniformly in 4. Since the right hand side of this inequality is summable
over 7, the sum being bounded by (const.)|x| =221, this proves the absolute convergence
of the sum in the right hand side of the first line of (5.1) and, therefore, as already
observed after (5.4), it implies the very validity of the first line of (5.1).

Concerning the difference 2y *21 V¥ o (y"x) —G*(x), using (5.1), (5.3), (5.4) and
(5.6) withk = 1/, ] = 0 and p = @, we find:

|2V2hAl Vz*,(),(),@()/hx) - g*(x)}

, * Gl /
<23 Y AN Sy g0 (Helnil, - He Tos, DO 3]

T oWsh €,

< 201|720 3 (Ceyenl=2 3 o= S0 a1, (]2,
T h'<h

(5.12)
Now, using (5.10), we find that the sum over 2’ <  in the last line is bounded from
above by (const.)(min{l1, yh|x|})2A"°‘ . Moreover, recalling that the number of trees
with k endpoints is smaller than 4k gee [47, Lemma A.1], and noting that the trees
contributing to the sum in the last line have at least two endpoints (because t has at least
two ‘white square’ endpoints), we see that (Co€)"e?[T1=2 is summable over 7, and the
sum is bounded by a positive constant independent of €. In conclusion,

2728V 00V X) = G| < C'lx 724 (min{ 1, " x4,

which is the desired estimate in the first line of (5.2), up to a redefinition of C,,.
The proof of the second line of (5.1) and of (5.2) is completely analogous and left
to the reader. |
We are left with proving Lemma 5.2.

Proof of Lemma 5.2. We focus on the proof of (5.6), the one of (5.7) being analogous
(we will make a few comments at the end on the minor differences between the two
cases). We recall that x = (x, 0).

In order to obtain a point-wise bound on the left hand side of (5.6), we intend to apply
iteratively the definition of tree value, similarly to what we did in Sect. 4. We recall that
the trees 7 contributing to the sum in the first line of (5.3) have two ‘white square’
endpoints, which will be denoted v’f and v%‘. Note that the coordinates associated with
these endpoints are fixed, i.e., not integrated out in the computation of the tree value: this
implies that, for the purpose of recursively deriving bounds on the values of the subtrees
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Fig. 7. Proof of Lemma 5.2, the case with n; = 0. The two subtrees rooted in v; and v, are denoted by 71
and 7

of 7, we must be careful in proceeding slightly differently, depending on whether the
subtree under consideration contains both vf and v%‘, or just one of them, or none.

We define v}, to be the rightmost vertex of  that is an ancestor both of v} and of
v5, and we let n, be the length of the path connecting the root vertex vy with v},, see
Fig. 7 and Fig. 8 below. (Fig. 7 illustrates the case n, = 0, where v}, = v, while Fig.
8 illustrates the case n; = n > 0, where v}, > vg.)

Letus first discuss the case thatn; = 0, i.e., v’f and 1)’2k belong to two different subtrees
of T rooted in two distinct children vertices of vg = v},, called v and vy, respectively;
the two subtrees rooted in v and v, will be denoted by 71 and 17, respectively, see Fig. 7.

In this case, recalling the definition (5.5) and proceeding as in the proof of (4.15),
we get:

Oty o
H‘DkSZ,O,l,p 0 (Hey 1], ..., HESUO [rsvo])(x) LWTxD
= ke @00p), kId || G0 gy H, N et
=y 4 2,0,l,p ( (230 Zé’vo[rs')()])(y x)||le
kA=l 1-llplD) Svg .
y— Zi:lll_l 252 ) 5'13
< - ch Ny 001t (;( llTN 2IMly)-  (5.13)
2,2
(z.2)#Lo

S
-sup(N 2> M (")eC VT T 11, i
x! i=1

kld ¢omes from

where C is the same as in (4.6), 8,+(2, 0, [, p) is given by (2.33),and y —
the rescaling of the z variable in |||-|||.

The summation in the right hand side of (5.13) is over the anchored trees described in
[1, Appendix D.4] (see also (4.13)), £q is an element of 7, chosen arbitrarily among those

in the path from the group of points associated with 7| and the one associated with ; (say,
the one closest to the group associated with 1), and the factor sup, {M (x’ yeC 1/ 7y
comes from the factor M associated with £(. Now, recalling that M (x) = Cy, e Cnlx/r”
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and C = %sz, bounding the sum over 7 as in [1, Appendix D.5], we find'?

< N2,y CA1=II=1PID o= CO/ ) (5.14)

*

2

(O

‘ Ly,sne _sv

“Syonp " Helnl. ..., Hy, [7, D)

* Svg
Sy, — see by,
AT R LN i [T AT
(Z )“UO i=1

sy,

with C, = N2d?||M||,,. Now, in the right side of (5.14) we bound N(2 ’0 I p)o from

v0
above by (Z'l ! l’) see (4.16), and we bound || Hy, [1;]]ly < C(0") 7l (Ce)renlmil=ni via
(4.22); here n; is the first component of ¢; = (n;, m;, [;, p;) (by construction n; =
n, =landn; =0fori > 2)and Cisa p’ -dependent constant; therefore, choosing

> 1 sufficiently large, we can easily sum over (¢; )171, thus obtaining (noting that
Syg = ne‘p.[f])~

*

2

Y
;9

Szozp *(He [l ... Hy,, (75, D(x)

‘ sy

‘ (5.15)
< C/(Ce)er T2 (4Cp) kA=Y I=IPID) ,=COA )T

for some C’ > 0, which proves (5.6) for n, = 0 (simply because 1 < (min{1, Yo x|H—
for @ > 0), provided we choose Cy > 1/4 (the freedom to choose C as large as desired
follows, as already observed in Remark 4.1, from the monotonicity of the right hand
side of (5.15) on the choice of Cy: recall, in fact, that C’ is proportional to Cg , cf. with
(4.21), and that 4nep [T] > 1).

Let us discuss next the case n; > 1, in which vi‘ and v; both belong to a common
subtree among those rooted in the vertices immediately following vg on 7, say to 7. In
this case, letting n = n,, we denote by vy, v1, ..., v, = sz the vertices of t in the path
from vy to vfz, as shown in Fig. 8.

For later reference, we introduce (and partly recall) the following notations and
definitions. For any vertex v of t, we denote by £, = (ny, my, [y, p,)) the components
of the label associated with v: if v = vy, then £,; = (2,0,[, p); if v # vp is not an
endpoint, then £, is summed over L',, while, if v is an endpoint, £, takes one of the values
in{(n, m, !, 0)}u m.1ee, depending on the nature of the endpoint, see Fig. 4. Moreover,

12 The bound (5.14) is similar to (4.17) for the same value of £ = (2,0, 1, p) (for which the trimming

operator T in the first line of (4.17) acts as the identity and, therefore, N, el Loy N, g Lo KX), the most
relevant differences being that: (1) the operator thl ph = % in the first line of (4.17) is replaced by

the action of D¥ in the left hand side of (5.14); (2) in the left hand side of (5.14) we are not integrating over
the coordinate x, contrary to the case of (4.17). Correspondingly, the proof of (5.14) is similar to that (4.17),
and the details are left to the reader. Let us just mention that the two differences (1) and (2) mentioned above
explain the presence of the decay factor e_C(Vkil D? in (5.14), as well as that of the dimensional factor
yKDsc2.0.L. p)+d] — ) k@A =II¥1=1PI) jnstead of dy y Psc(2.0.L.p) (roughly speaking, the fact that in (5.14)
we have ‘one integration less’, in combination with the presence of Dk , comes with a dimensional factor ykd
on the other hand, the factor dnySC(z*O*l’I’) in (4.17) is a norm bound on D(1 — D)*l ).
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Fig. 8. Proof of Lemma 5.2, the case withn = n;y > 1

for any vertex v of t that is not an endpoint, we denote by v; (v) the i-th child of v and,
if 7, is a tree rooted in v, 7; (v) is the subtree of 7, rooted in v;(v). Correspondingly,
we let £;(v) = £, (y) and denote £;(v) = (n;(v), m; (v), [;(v), p;(v)). Note that, for
v, V1, ..., Uy in Fig. 8, we have £,, = (2,0, /,,, pvi), where, forany 1 <i <n,[,, is
summed over the even, positive, integers.

We will iteratively use the following basic estimates:

1. For the vertices vj, j =0, ...,n — 1 in Fig. 8, we use:

1))y (V)

b
’ ngj (Hel(uj)[fl(vj)],-..,Hé_mj(vj)[fsvj (vj)Dx) ’
1 S =t @)ty (0))
< i= N J < N2 2 M )
= svj!CO by 2 1 waimy (5.16)

T (z,2)eT

|

S

(T He @ ) || ey 11 0100
i=2

which is proved in the same way as (4.15) or (5.13). Bounding once again the sum
over 7 asin [1, Appendix D.5], we further obtain
< C;U./ -1 (4C0)Zjl]] l; (Uj)*lvj Nel (Uj)’m’exv.l‘ @)

H 1t 0
€, (5.17)

(HeywplTipl, .. -, Hszj (u,«)[fsvj (wj)H)Dx)

b,

(TT1He ez @)U ) [ He, oy b1 01 )

i=2

’

with C, = N2d?|M|,.

2. Using (4.4), with Rﬁl’wesv” = DS?W’ESUO for any £ of the form £ = (2, 0, [, p), see
(3.19), we rewrite and bound each of the factors H‘Hgvi [rvi](x)m in the right hand
side of (5.16) (note that, for j =0, ...,n —1,£1(v;) = £y, and 71 (v;) = Ty, With

i=j+1=1,...,n)as follows:

|12, trw 1000

k
L1(Vi),enslsy, (Vi)
<> > H!D"ws{w T Hy [t )], - He, s, @)D @)
ky; =1 @ (w))j-vz"l




Non-trivial Fixed Point of a 1[/3 Fermionic Theory Page 39 of 60 257

— Z ykviaxc(2>0slvi>pvl-)y_kvl-dlvi_
kvizl
ES
1)y, (V1) ko,
> |5, (Heyplri @], - Heg, [T, o)D) |
€t

(5.18)

where we used that D(1 — D)~! = Zkv.zl DFvi together with (2.32), and y_kvi‘””i
comes from the rescaling of the z variables within the definition of the |||-||| norm.

Let us now explain how to apply these estimates for bounding the left hand side of
(5.6): using once again the definition of D in (2.32), the fact that 6,.(2, 0,1, p) — Id =
2A1 = I[¥] — llpll1, and the bound (5.17) with j = O (note that £,, = (2,0,[, p)
and that the labels ¢4, ..., ZSUO in (5.6) must be identified with £1(vgp), ..., ZSUO (vp) in
(5.17)), we get

*

2

(€ (o)),

£1(v0), -, L5y, (v0)

DSy 0,0 (He, o [T1(00)]. - - . He, () [T (00) D ()

sv0)

*
< yreAvIIply 37 0! (@Cg) Zi i)l Nf‘(UO) ----- bsug (v0)
v

(€ oY,

: (H I Heyo 5 00l ) || Hey o 71 001040 | | (5.19)
i=2

In order to bound the last factor in the last line, we apply (5.18) withi = 1 and v; =
v1(vo), thus getting:

* .
< yrea-WI-Iply 30 0! (4Cg) Zi i)l Nf“"o)’w‘?vvo(”o)

v0

*

2

(€ o)),

£1(v0),--» sy, (v0)
HD"SZOJ,,, T (Hey g [71(00)]s -+ Hey, )T,y (00D ()

(€ (o),

Sy
ko QAL =1y, [¥1-1Ip,
A(TTHHe oz @oll ) 3 R CAtalyi=iea i
i=2 kyy =1
* D) nls (V1)
11,008y, (V1
> |5, VU H p[m1 ) - He, oz, @D DGR |,
€ w),
(5.20)

where we used once again that §,.(2, 0, ly;, p,,) —dly, = 241 — Ly, [¥] — || py, 11
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In order to bound the last line of (5.20), we iteratively apply (5.17) and (5.18) n — 1
more times, write at each step 85.(2, 0, Iy, p,,) — dly; as 2A1 — Ly, [¥] — || py, |11, thus
finding:

*

< ykCa=IyI=lpin) i Z Z (ﬁykv,-(ZA]*lvi[*//]*HPui||1))

*

2

(€ o),

kal(vo) ,,,,, Lsyy (V0)
2,0.l.p

(Hey o) [T1 01, -+ Hey, (wg) [Tsy (v0)D ()

(zi(vo))‘;”:()l (€ (vn— 1)) n lkvl ..... kunzl i=1
nl sy, —1 Sui 1 (i) =Ly, ~C1 W lsy, (V7) i
(T ey gy m iy, 0 T, e, @l )
. i
- 01 (Wn)see sy, (V) ke oot
> Stun " Hy ot n)ls - Hy ) [T, 0n) DT ) '

(i ),

(5.21)

In order to bound the last line, recalling that v} and v belong to two different subtrees
of 1,,, we use the analogue of Eqs.(5.13)—(5.14), which is proved in the same way:

*

4 (Un)wn[sun (vn) e
Z H‘S&jn (Hy, wplti(wn)l, ...y Hfé‘vn () [Ty, (vn)])(yk+kq+ +hy, x)

(i (vn)); 2}

< N2d2Cy, e~ COMTT e e

Svp

v~ £1(vp),.. ’lsvn (V)
Z Cyn 2 dc) Dt lim ! [ 11 o) 17 @)l

(€ (vn)); 2 i=l
(5.22)
Plugging (5.22) in (5.21), and bounding each factor ||H, [7,]llw as in (4.22) (with p
replaced by p’), we get:
*

< C(C/p/e)ne.p.[f]—2(4co)—1 Z Z Z e_é(yk+2?=1 ko =1 e

(Z,-(vo))?o (€ (), Son kvl ..... ky, >1

*

£1(v0), ..., sy, (V0)
3 mpksz’o,l,p Y Hey ) (2100 Hey (0 [y () D)
(€ o),

n
NKI(UO),.‘.,EWO (UO)yk(ZAI—lW]—Hle) ( 1—[ Nél(vi) ..... Lsy, (Ui)ykvi @A=Ly [V 1=y, Hl))

ev() il v
i=
(1—[11—[ P\t ) (ﬁ(p_)—zj<un))
4C0 4Cy
i=0 j=2 j=1

(5.23)
for some C, C’ > 0. We are left with sums over £, = (Iy,, Dy)s - by, =y, Py,)s

and over (¢; (Uo)), s> o (L (Vn—1)); 321, ; (Un))l—l We first sum over p,,, ..., p,,
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and, using (4.16), we get:

3
£1(v0),--» sy, (v0)
> Sronp O (Hueplti@ol. ... Hey, wo)lTs, @)D () ‘
(€ (w0));
* * k
< C(C/p’e)"‘ plrl= (4C )~ —I k(ZAl =I[¥1-lpl) Z . Z Z
T C S (ATCM N (1)
(n_l i /0 —1;( i / —1j(vn) Ao kY ky —1
(TR ")) (TTGg) ") X et
i=0  j=2 4C° j=1 4C° Koy oerskiy =1
n SLI
3 <Z, r (vo))( ( L L) )ykvi(ml—lvi[w]))
oy ooy 22 Pl zv, (5.24)
where, if s, = 1 forsomeip € {0,...,n—1},then ) " sv; (]_[ 0 (4C ) g (v’0)>
0 (€ (ig)); 3 0

should be interpreted as being equal to 1. In the last line, we bound (Z-f =1 ll‘f (UO)) from

v
above by 227:1 lj (UO), and, recalling that A} = [¢] and k,, > 1, we rewrite and bound:
yku CAI=ly WD — ) =k by =21 < =y =D g6 that, proceeding as in [47, Ap-
pendix A.6.1], the sum over [,,,...,[,, in the last line can be bounded as follows:

svp n sti 1:(v;)
V30 1w zzv.( j=1li l) kvi<2A1—lvi[w]>>
) l:[ L)
0 (L)
< 4 2Wngd ;2515 (o) 21v1< j=1%J i) —zvi[¢]>
y ) [1(77,7 )

Loy seeesloy =0 i=1

< y2[W]n22j1)zli(v0)(1 + 2y—[1//])2j;12 Ly |
n—2 s n—1
Un—1 7. Svp g
(Z y il +2y—(n71>[¢])2_,-=2 1,(vn_1)(2 MYy g, LYl 0 )
=0

B — 120 T L 1)

1_ yfw])
(5.25)
where in the last step we bounded max {2, max,>| {Z’;l_:lo y 2y by 2/(1—
yvly,
Inserting this into (5.24) and noting that 1 < n < 2np[7] (the upper bound on
n following from [1, Eq.(J.10)]), so that the factor y%[¥1" can be re-absorbed in a re-



257 Page 42 of 60 A. Giuliani, V. Mastropietro, S. Rychkov, G. Scola

definition of C, C’, we find:

*
£1(v0), ..., Lsy, (VO)

> H‘D"SW,,, U Hey o) 11 o), -+ Hey, [T,y (00) D ()

(€ (v,

* k k
< C(C'ple)"er T2 (4cg) Iy vI-lel) SNy Z
GO (e €)Y

( (l_[ (1—V W]) =1 () ))(ﬁ P(l_)’ [1/;])) lj(Un)).

Co

':l'

i=0 =

» o COM TR e

I,...,kvnzl

ky (5.26)

. . Svi 11—, =N —T: (v:
As above,1fsvi0 = 1forsomeip € {0,...,n—1},then > * suig (Hj_02 (%) l](M()))
(€ (ig)); 9 -

should be interpreted as being equal to 1. Choosing p’ larger than 8Co(1 — y~Wh~1,
the sums

X*: 2*: 2*: (ﬁﬁ (1_ ~ ])) lj(vi)).
GO Ea ) Gy 1=07=2
( 1—[ (A= W>)_z,.(v,,))
iz 8Co

are absolutely summable and bounded from above by (const.)”»I*], which can be also
re-absorbed into a re-definition of C, C’. In conclusion, for some C” > 0,

*
£1(v0),+ gy, (V0)

> HD"SZO,,,,, 0 (Hzl(uo)[fl(vo)],m,HzSUO(UO)[TsUO(Uo)])(x)‘

€ (w0));

< C(C"ey'erTI2(4Cp) AR ISPl 37 o COM T i o
kyy e sky, =1

_ C(CeyrerlTI2 (4 cp) !y k@AY ]—||p||1>z<"— 1>e—é<yk+“|x|>“‘
n—1

k>n

_ 5.27)
In order to bound the sum over k, we use that, for any o > 0,

k—1 (k — r-1 len e
< < 1 n,, (k—1a
<n—1>_ -y = @len
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so that
3 (k - i)ecw’“k‘pc)” < @log ) ~e= SO DT §  E = Sy
k>n " k>n
1—n 7§(yk+1171|x‘)a . k —a
< (alogy) e 2 Cy,¢p(min{l, y* x|} ™7,

(5.28)

where, in the last inequality, letting C,, ¢/, as in (5.9), we bounded } ;. , y k=D

e~ DT from above by:

Z/;Zn y(E—l)ae—%(yk_’)" < y_aca,c_'ﬂ’ if yk|x| > 1,

- i —he— _ C () ktk—hx—2y0 _ .
)™ Yy y EHE D= 3T < (R x)TC, g, i YEIX| < 1,
(5.29)

where h, was defined before (5.9). Plugging (5.28) in (5.27), and noting that 1 < n <
2neplt] (the upper bound on n following from [1, Eq.(J.10)]), we finally obtain the
desired bound, (5.6), provided that C is chosen larger than 1/4 (once again, we have
the freedom to choose Cy as large as desired, due to the monotonicity of the right hand
side of (5.27) on Cy: recall, in fact, that C” is proportional to Cg , cf. with (4.21), and
that 4nep [T] > 1).

The proof of (5.7) is completely analogous, the only difference being that x must be
replaced by y and A1 by A». Note that, by changing A in Aj, we get an extra factor
y(ZAZ_ZW]) Li=1ki in the analogues of the right hand side of (5.25) and of the following
equations; in particular, it also reflects into the analogue of (5.27), which reads:

*

2

(€ (o)),

£1(v0), , sy, (v0)
S0,2,l,p 0 (Hél(vo) [t1(vo)], ..., HZWO (vo)['fsv0 (UO)])()’)H‘

< C(CTeyalT 24 Co) !y KRR 1R 3 (" - 1)yk<2Az2[w1>eC<yk*k‘y|>”.
- -1
k>n "
- (5.30)
Bounding the sum over k as explained after (5.27) and choosing Cy larger than 1/4
implies the desired estimate, (5.7). O

6. Stretched Exponential Decay of the Correction Terms £y, £,

In this section we prove Theorem 2.5. We focus on the bound on &£, the bound on &,
being completely analogous (and, therefore, left to the reader). From the definition of
&1 in (2.45), letting x = (x, 0), we have:

[E10)],, = 2[V0.00™)], , + [€1D], 4, (6.1)

where [Gl(x)]a’b = (w

LR | ¢:O) o+ With Q*(¢, J, ) defined in (2.43) and fol-

lowing line, i.e.,
Q" = {Vi'}eeL,2.0) (6.2)
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(here, letting L(2,0) := {(n,m,l, p) € L : (n,m) = (2,0)}, we defined L (2, 0) :=
L(2,0)\{(2,0,0,@)}). The first term in the right hand side of (6.1) has already been
analyzed in the previous sections, and proved to be analytic in € for € small. Moreover, as
we shall see shortly, the tree representation (5.3) and the bounds derived in the preceding
section on the tree values H> g0 g[t](x) readily imply the stretched exponential decay
of Vz*, 0.0.p(X¥). Concerning the second term, we will prove below that it can be computed
via a convergent expansion in which the kernels Vz*,o, ILp of Q* are ‘contracted’ with
those of H*. Not surprisingly, &;(x) can be expressed once again in terms of a tree
expansion, slightly different from the one of the preceding sections, in that it includes
only a subset of the trees contributing to the scale-invariant, fixed-point, potential studied
above. As we shall see, the trees contributing to & are characterized by a constraint on
the ‘scale indices’ (called %, k1, k3, . . . in the following), implying the desired stretched
exponential decay. In order to simplify the analysis and to rely on the bounds derived in
the preceding sections as much as possible, we shall define the trees contributing to &;
in terms of ‘dressed endpoints’ (rather than of the ‘bare endpoints’ in Fig. 4): these are
the big white and black endpoints of, e.g., Fig. 9 below, representing the kernels Vz*,o, Lp
and H} P respectively. In order to estimate the values of the trees contributing to €;, we
shall use the bounds on Vi‘j 0lp and H[”" p derived above and in [1], without re-expanding
from scratch these kernels as sums over trees once again.

Let us consider the first term in the right hand side of (6.1). As mentioned above,
we already proved in the previous sections that it is analytic in € for € small. Moreover,
using the first identity in (5.3) and the bound (5.8) with 2 = 0, we have (dropping as
usual the component labels):

_ _ _C k=1 .\o
V3 0.0.0®)] < Calx| 72813 (Cae)rerlt=2 3 " =3 07 D7,
T k=1

-max{(y¥ e )21, (v xRy

< Qa2 ST 3 oSO DT max (K81, (a2,
k>1
(6.3)
where, in passing from the first to the second line, we performed the sum over t of
(Cq€)"erl11=2 (which is summable, and whose sum is bounded by an e-independent con-
stant), and we extracted part of the exponential factor from the sum over k. Now, if x| >
. C .ol

1, the summand in the sum over k can be bounded from above by e~ 47 = )/2" Al |x |2AI s

. . é o
so that the right hand side of (6.3) can be bounded from above by (const.)e’?(‘x 2N

with (const.)= CJ, > -, e_%ya(kfl))/ZkAl. On the other hand, if |x| < 1, the sum over
k in the right hand side of (6.3) can be bounded via (5.9), so that the right hand side of

(6.3) can be bounded from above by (const.)|x| 2! e’%qx'/”)a. Putting the two cases
together, we find

V5 0.0.9®)] < Ce T (ming1, |x[}) =201, (6.4)

Note that the right hand side has the same form as that of the first inequality in (2.50).
Therefore, in order to complete the proof of Theorem 2.5, we need to prove a comparable
bound on & (x), as well as its analyticity.
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For this purpose, we derive a tree expansion for &;(x). We write (keeping, once
again, the flavor indices implicit):

 8%2Qef(9, 0)
) = S ) =0 ©5)

where, in analogy with (2.6) and (2.54),
[ dugno)(P)et"+Q @ 1.v)

[ dppn,o1(¥)ef™ ) (6.6)
= lim D"v™ (¢, J,0),
h——00

Qeri(¢, J) = lim log
h— —00

with
v (@, J, ¥ = RMH + Q%) (¢, J. ¥) — H* V), (6.7)

and Q* as in (6.2). Denoting by véh) with £ € L the kernels of v (which are by
construction non-vanishing only for indices ¢ = (n,m, [, p) such thatn + m > 2), we
can then rewrite "

¢i(x) =2 hlir_noo thz’&o’@(x)
(6.8)

2hAy, (h)
V.
2,0,

=2 lim y oo,m(yhx)‘

h——00
In view of the definition (6.7) of v™, of the fact that its kernels véh) are non-vanishing
only for indices £ = (n,m, [, p) such that n + m > 2, and of the representation (3.18)
of the action of the RG map R in components, for any £ € L(2,0) = {(n,m, I, p) €
L:(n,m)=(2,0)}, forany h < 0 we can write:

(h) Z Z Z Rzl s (y Eh+1) HE, ... HE), 69)

s>1 £1€Lf(2,0) (¢; )5=2

where we recall that L (2, 0) := L(2,0) \ {(2,0, 0, %)}, and the third sum in the right
hand side runs over the (s — 1)-ples of labels in L(0, 0) := {(n,m,l, p) € L : (n,m) =
(0, 0)} (note that for any such label, of the form £ = (0, 0, [, p), VO*,O,l,p H b with
H* the FP potential constructed in [1], see condition (1) in Definition 2.3; for this reason,
with some abuse of notation, in (6.9) we wrote Hz* in place of Vz*)- From (3.19) we see

that, for any £ € L(2,0), Rg"“"g‘ = DSf1 """ lx, so that, isolating from the right hand
side of (6.9) the contribution with s = 1 and ¢; = ¢, we can rewrite:

v = Do+ 3 s Z > DSttt B HE), (6.10)
s>l £1eLp(2.0) €))_,

where the * on the second sum in the right hand side indicates the constraint that, if

s = 1, then £ # £. Note also that, by definition, for & = —1, the kernel véo) in the right

hand side is véo) = Ve*’ for all £ € L¢(2,0), and zero otherwise. Therefore, for any

£eL(2,0),

*
-1 el
v V=DV e 00ty s Y. Y. DSS(VELH,. L HY). (6.11)
szl 61eLf(2,0) (¢)i_,
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Vo

Fig. 9. A treein 77, representing one of the contributions ve[7] in the right hand side of (6.11), with the action
of the dilatation operator D associated with the root explicitly indicated. The elements of 77 consists of a
root vertex v, followed by Svg = 1 children: the first (i.e., the topmost) one, denoted vy, is a big white dot,
representing VZ‘I (with £ an index to be summed over L ¢(2, 0), such that £; 7 £), while the others are all

big-black-dot endpoints, representing H, 2‘ Li=2,..., Svg> where ¢; are indices to be summed over L(0, 0)
1

If we graphically represent any kernel V;* with £ € L(2,0) by a big white dot, the
first term in the right hand side, whenever it is there (i.e., for £ # (2,0, 0, ¥)), can be
represented as D O, while the second as a sum over trees 7 of length 1 (the length being
the maximal number of branches along a path from the endpoints to the root) as in Fig.
9.

We correspondingly write:

1
( ) —DVZ ]leeLj(ZO)"' ng (6.12)
teT]
where 7 is the family of trees of length 1 described in Fig. 9 and in its caption, and ve[7]
.. . . l""vZSU
is its value: if = has s,, endpoints, then v[t] = sy, ZZGLf(Z,O) Z(Zi)jioz DS, 0
(V,Zk], 2‘2, e ZUO).
We can easily iterate this procedure, via (6.10), thus ending up with the following
tree representation for véh):
|h|
DWVK ]lfeLf(Z 0) + Z Z Z velt, k], (6.13)
ke>0, telg
ko ki,okg_1>1:
ko+--+kgo=|h|

where £ represents the length of the tree (i.e., the number of branches crossed by the
straight path from the root vy to the big white end point, see Fig. 10), 7¢ is the family
of trees of length £ described in Fig. 10 and in its caption, k := (ko, k1, ..., kg) and
velt, k1'3 is the value of the tree , in the presence of the action of the dilatations Dk,
Dk ..., DFe associated with the vertices vo, vy, .. ., ve, as in Fig. 10.

Given v € T¢ with £ > 1, letting 7,, € T¢_ be the subtree of t rooted in vy,
velz, (ko, ..., kg)], for £ € L(2,0), is recursively defined as:

velt, (ko, ki, ..., ke)l
3

1yl
=5y D, > DSyl ke k)] HE L HE ),
I ELJ"(2,0) (El_)‘;”:()z

(6.14)

13 Note that for h = —1 there is only one possible choice of k = (kg, k1) compatible with the constraints
ko > 1, k1 = 0, kg + ki = 1 indicated under the second sum in the right hand side of (6.13), that is
(kg, k1) = (1, 0): therefore, for h = —1, the value vg[7] in the right hand side of (6.12) is the same denoted
by ve[z, (1, 0)] in (6.13).
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Dk2
Dk
Dko ™
1
%
Fig. 10. A tree in 7¢ with the action of the dilatations DFi associated with the vertices v, i =0,..., 8

explicitly indicated. For any £ > 1, the elements of 7 are recursively characterized by the conditions that the
root vg has sy, > 1 children, and that the first (i.e., the topmost) one, denoted vy, is the root of a tree in ¢ _1,
while the other children are all big-black-dot endpoints. For £ = 1, the set 7] was described in Fig. 9. For
any h such that || > £, the integers ko), ..., kg satisfy: ko, ..., kg_| > 1, kg > 0,and ko +-- -+ kg = |h];
in particular, for £ = 1 and 2 < —1, the vertices v and vy are associated with two dilatations operators DKo
and D¥1 with ko > 1,k; > 0 and ko + k; = |h|: the case depicted in Fig.9 (where v is associated with D,
and vy with the identity) is a special case corresponding to 7 = —1

s
where the sums over ¢; and over (¢;);
teT,

v:"l must be interpreted as in (6.10), while, given

*

1,0,
wle, (b k)l =50 30 0 DS, DRV HE L HE ). (619)
GELF2,0) (g,

The validity of the tree representation (6.13) with the tree values defined above can be
straightforwardly proved by induction, and is left to the reader.

We now use this tree representation to compute and bound the right hand side of
(6.8). We have:

Ih|
h
D" o4 = > > D'y g00lr. K(x). (6.16)
£=1 ke>0, telp
ko,ki,....kg_1>1:
ko+--+kg=|h|

If t € 71, using (6.15), the definition of D in (2.32), and the analogue of (5.17), we get
that, for any ko > 1, k1 > O such that ko + k1 = |k,

}Dh v2,0,0,007, (ko, k1)](x)\

Svo Z Z y2A1(h+k())

01 €Lf(2,0) 102 );”702

A (h+k Sun—1 v I; L1,k
Sug Z Z y2A1 G o)Cyo (4Co)Zi=1 N(z,o,o,w)o'
I €Lf(2,0) (El_)‘_v'iOz

(T ovic oo
i=2

IA

Cion sy kyyy* * * h+ko
52000 (D7Ve Hey. oo Hy )(y770K)

IA

(6.17)
Now, in the last line, for any i = 2, ..., s,,, we use that

li
LH b < Y 1 He [T]lle < C )Y _(Cey"srll < C'/(C'ey™ 371 (6.18)
T T
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where, in the second inequality, we used (4.22) with p = 1 and the fact that the trees
contributing to H*l_, with £; = (0,0, ;, p;), necessarily have ne p[r] > max{l, L _ 1}.
Concerning the factor m Dk v (yh+hox)

use once again the tree representation (4.3) with Hy[7] as in (4.4). Noting that for £ =
(2,0,1, p) the trimming operator acts as the identity, and rewriting % =D 1= Dk,
with D as in (2.32), we find: a

), we rewrite it and bound it as follows: we

[l it

SYY Y

k>1 T (EZ-)SUO

i=1

Ot
k+k T sy
Dk*ks, " (Hy [n), ..., Hy,

5

(6.19)

15, D "0x)
v0

By Lemma 5.2, we thus obtain:

y2A1 (h+ko)

’Dkl Vl*l (yh+kox)m

< € 3 (Ceyerl®1=2 3 28 iskorkerk),, (k) (11 1)
T k>1

. e_g(yk+k1+/’+k0_l [x])? ( k+k1+h+ko |X | })—Ol

min{l, y

< C’(C/e)%*l Z y2ATk,, =tk [Py ) p— § A x) (min{1, yk|x|})*01’
k>1

(6.20)

where in the second inequality we performed the sum over t (note that, for givenl; > 2,
1

Nepltl —2 > 17' — 1, so that ZI(CE)”E-P”]’2 S(const.)(C’e)TI’l) and used the fact
that ko + k1 + & = 0. By the same considerations discussed after (6.3), performing the
sum over k > 1 we get:

281 (ko)

[t en|
< C/(C/e)%—ly—kl(ll[Tlf]+||P1 Hl)e—g(IXI/)/)” (min{1, |x|})_2A1 ) (6.21)

£yl sug ;L
Plugging (6.18) and (6.21) into (6.17), and using that N(ZI,O,O,(J)O < 2Zi:01 li , gives:

| D"v.0,0,007, (ko k)1(x)|

< SUO(C”)SUOe*g(IXI/V)” (min{1, |x|})72A1 Z (C//e)lj'fly*kl(hh//lﬂlpl||1).
L1eL¢(2,0)
Svg _
. Z n(c//e)max{l,%—l} < C///(C///E)svo—le—%(m/y)a (min{l, le})—ZAly—Zkl[I//].
)2 =2
(6.22)

Remark 6.1. From (6.20), it is clear that the constraint ko + k; = |h| (or, in general,
ko+ki +---+kg = |h| for trees T € T¢ with £ > 1, to be discussed in the following)
is essential in proving the stretched exponential decay in (6.22). This constraint, first
appearing in (6.13), has its origin in the recursive equation (6.10), which is linear in
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’ ’ A ’
{véh )}Z’SLO[(Z,O) (with véo) = V/); in turn, such linearity in {véh )}Z’SLOMZ,O) originates

from the fact that Q* is quadratic in ¢. In order to compare more closely the tree
expansion for D" vg’())’o’w in (6.13) with the one for D" Vz*,o,o, » in the first line of (5.3) we
can, if desired, re-expand the kernels VZC and H 2‘,, associated with the big white and black
endpoints of the trees in 7¢ in terms of the tree expansions discussed in Sect. 5 (for Vl’t)

and in [1, Appendix J] (for H, g‘,,): this would lead to a new tree expansion for th% 0.0

(more complex, but closer to the tree expansion of the previous section) in terms of trees
with ‘bare endpoints’ as those in Fig. 4. Such trees would be exactly of the same form as
those contributing to D" Vz*o 0.0° such as those in Fig. 8, with the additional constraint
on the scale labels ko + k| + S +k£ = |h|, which was absent in the discussion in Sect. 5;
in fact, the analogue of the combination £ + ko + k1 in (6.20) and, more generally, of the
combination & + ko + k1 + - - - kg appearing in the bounds below, is what in Sect. 5 was
denoted k + ky, + - - - + ky,,, see (5.22) and following equations; in those equations, the
combinationk+)_;_, ky, could take arbitrarily negative values, and this was (rightly so)

at the origin of the polynomial decay of the kernel of D" V3 0.0.9 in the limit & — —oo0,
proved in the previous section.

We now proceed in a similar fashion, in order to bound the general term in the right
hand side of (6.16). Wetake 1 < £ < |h|, T € T¢, k = (ko, k1, ..., ke) withkg > 0,
ko, k1, ..., ke_1 > 1,and h+ko+ky+---+kg = 0. Using the same notation introduced
before (5.16), thanks to (6.14), we have:

D"vy.0.0.4l7, k1(x)

k
£1(v0)s -+, sy (V0)
htko 41 v
= Sy, Z D+ °S8) 0.0 O ey, [ruys Ko 1y Hy )5 - - HZUO o)) ),
(€ (o)),
(6.23)
* _ * . .
where Z(z,- o, = Zel(uo)eLf(Z,O) Z(lz(vo))fioz’ and ky, = (ki, ..., kg); moreover,
we recall that £,,, = £1(vp). Using (the analogue of) (5.19) we get:

|D" vy 00,007, kl(x)] <

*
£1(00), 1Ly, (V0)
h+k Y
< SUU Z ‘D + 0S2,0,0»® 0 (va] [TU] ’ kU] ]’ HZ;(U())’ T HZ;UO (UO))(x)
(€ (o),

*

Sun—1 Svg . £1(v0), ..., L5y (V0)
< y2A1(htko) Z 55, Cy? (4CO)ZI=1lz(v0)N2’O’0’V) 00

(€ (o)),

Sy
TT0HE gy o) [, T T 100 | |
i=2

(6.24)
We now apply again the recursive definition of v¢, [7y,, ky,] and iterate the same pro-
cedure until we reach ve_ 1, thus getting:
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* *
|D"v3.0,0.0[t, K1(x)| < y>21" Z Z
GRS (e S
£-1 o
Sy —1 Uy — . (V)b . (V) ki QA -1, _ .
X(nsvicyf 4oy Zi=t ity py 1 § 00k @Al W=y )
_ y
j=0

sv;
Tese -]
i=2

(6.25)
Wlth ZU() = (nv(p mv07 lU()’ on) = (27 09 0’ Q)

Remark 6.2. Every collection of labels {(¢; (Uj))jzl}j:o,...,):—l contributing to the right
hand side of (6.27) satisfies the following constraints (recall that we write £; (v;) =
(ni(vj), m;i(v;), l;(v;), p;(vj), and I1(v;) = lv_,.+1): forany j = 0,...,£—1,if v;
is trivial, then lvj <1, i 2 (with the understanding that [,, = 0), while, if v; is

non-trivial, then lu_, < lij + 2522 li(vj) — 2(sv_/ — 1). In the following, we use that the

.....

Now, recalling that & + ko + k1 + - - - + k¢ = 0 and using the analogue of (6.21), we
have

Y 281 kot g 1) ‘

‘Dk,g Vg; (yh+k0+~-~+k£_1x) ‘H <
] £ ) (6.26)
< C'(Cle) Ty eV IR I =S (/) (min(1, |x])) 201,

Inserting (6.18) and (6.26) into (6.25), summing over Doy -5 Pug and using (4.16),
implies:
D200, K1()| < CerlTle SV (ming1, =220 3 Y

(GIEN) SO OP N

£-1 Sy v
: ( [1 (l_[<4Co)""”-f>(c’e)ma"“’l’(zﬂ_”)> S (el 8y ey Hehe ¥,

j=0 i=2
£-1

)3 (1—[ (Zle li(vj)>yk,-lvjw1>.

. Ly,
l”l"”’lt’x*l j=1 vj

lyg

(6.27)
Now, in the last line, recalling that /, ;= 2 and k; > 1, we can bound from above

each factor y_kf b V] by y 2] y_(l“f AW pext, by proceeding as in [47, Appendix

A.6.1] and in (5.25), we obtain:
Lol 5y
)3 (1—[ <Zi_j1 li(vj))y—kauj[¢]) <
lUl ..... lvsfl j=1 lvj

-1
2[1#](53—1)V—Z[w](k1+'“+k2—|)(1 _ V—W])*ijl 2l (U/)(l — V—W])—lu}:_
(6.28)

=V
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Hence, plugging (6.28) in (6.27), using y‘kﬂlvﬂ[‘“ <y~ 2kl and Zfz_ol (sv; =1 =
nep.[t] — 1, we find

D" v2,0,0,l7, K1(x)]
< (C/’)ne.p.[f]e—g(\xl/y)“ (min{1, |x|})_2A1 ),2[!0](3«—l)y—2[¢](k1+-"+k£),

£—1 , 5%

Z Z ( 1—[ <1_[(C//6)max{l,li(;j>—l}>) Z(C”G)Z”E/z_l
GO (Geost =0 =2 bog

(6.29)
for a suitable C” > 0. In order to get the desired bound on D" véh(; 0.4 (%), uniformly
as h — —oo (see (6.8)), in view of (6.16), we still need to sum the right hand side of
(6.29) over £, k and t and show that the result of the sum is the same as the right hand
side of (6.4) (up, possibly, to a redefinition of the constants).

Now, for the sums over k, we simply use

Z yfz[w](k]+.-.+k27£+1> < (- ny[W])E’ (6.30)
ke>0
koy...,kg_1>1
ko+-+kg=|h|
. . ko+---+ke=|h|
so that (letting ) be a shorthand notation for ), w0, koo ko1

3 1D 0200007, KI(x)] < el S0 (min1, |x[}) 221
k

Sy .
vj

£-1

Z Z ( l—[ (l_[(c//e)max{l,li(gj)—l})) Z(c//6)1v£/2—1
GO (Giwey) St =0 =2 lg

(6.31)

up to a redefinition of C. If we now performed the sums in the second line using

; (v j));v:jz, lye, by forgetting all the constraints on the indices (¢; (v j)):Zp [y, but

li(vj) > 2 and [, > 2, we would find that the second line of (6.31) would be bounded

by C ]_[])-:;01 (Ce)™i ™! for some C > 0. By re-plugging this back into (6.31), we would

be led to a bound that is summable over T € Tg¢ (i.e., over Sy; = lforj=0,...,£-1),

but not over £, and we would be in trouble. Therefore, we must take better advantage
of the constraints spelled out in Remark 6.2, by proceeding as follows.

Given £ > 1 and t € 7¢, we consider the corresponding set of vertices {vy, ..., v p)
as in Fig. 11, and rewrite it as the union of the set Vi(7) of ‘trivial’ vertices (i.e., those
with only one child, s,, = 1) and of the set Vy((r) of ‘non-trivial’ ones (i.e., those
with Sy; = 2). We let p = p(7) be the cardinality of Vj((7) and, if p > 1, we denote
Vat(®) = {vjy, ..., vjp}, with j; < --- < j,. We shall think the tuple (vo, v1, ..., ve)
as a concatenation of the tuples (vo, ..., vj;), (Wj41, .-+, Vjp)s -0 (vjp+1, ...,ve). We
letny = j1+1,n2 = jo— ji,...,nps1 = £ — j, be the lengths of these tuples, and
S1 = SujseeesSp =Sy the numbers of children of vj,, ..., Vj,- Note that the choice
of the integers p > 0, ny,...,np41 > 1 (withny > 2if p = 0)and s1,...,5, > 2
specifies uniquely the choice of £ and 7 € 7¢. Therefore, we shall identify the double
sum over £ > 1 and v € Tg with thatover p > 0, ny, ..., npe1 > 1 (withng > 2if
p=0)andsi,...,sp > 2.
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Dko Dkl Dkz Dk‘:; Dk‘4 Dks Dk:s Dk7 Dkx Dks)

o—O
Vo U1 V2 v3 V4 Vs V6 Clrd U8 Vg
ny n2 ns

Fig. 11. A tree in Tg with £ = 9. Its non trivial vertices are vy and vg, and 51 = sy, = 4, 53 = sy
The 10-ple (v, ..., vg) is thought of as a concatenation of three tuples of length ny = 3, np = 4, n3
respectively, namely of (vg, v1, v2), (v3, v4, V5, vg) and (v7, vg, v9)

3.
3,

Let us now use the constraints spelled out in Remark 6.2, which we recall here for
the reader’s convenience: for j = 0,..., £ — 1, if v; is trivial, then lv_/ <1 -2
(with [y, = 0), while, if v; is non-trivial, then l,; < 1,,,, + 222 li(vj) —2(sy; — D).
Therefore, if p = 0, then [, > 2(n; — 1); while, if p > 1:

Vj+1

N
2 — 1) <ly, <l + ) L) +2(s1 = 1)
i=2
52
Ly #2012 — 1) <y <y + Y L)) +2(s2— 1)
=2
' (6.32)

Sp

Lo, 201y = 1) <y, <Ly + ) 1)) +20sp = D
i=2

lvj[ﬁl +2(np+1 - 1) = lvgs

which implies, in particular, that every collection of labels contributing to the right hand
side of (6.31) satisfies

S1 Sp

D L)+ Y L)) g = 200 — Dt 4200 pe1 — D+2(s1 = 1+ - +2(s, — 1).
i=2 i=2

(6.33)
Therefore, the right hand side of (6.31) can be bounded from above by

Cne.p.[f]+£e*g(\xl/)/)J (min{1, |x|})72A‘ (\/E)[n1+"'+”p+1*17*2]+.

S1 /i(v. ) Sp li("j,)
Z (H(C//\/E)max{l, el —1}>... Z (H(C//\/E)max{l, L —1}).
€L, =2 i, =2
Iy
Yot
log (6.34)

where [-]+ := max{0, -} indicates the positive part. If we now perform the sums in the
second line by forgetting all the constraints on the indices (¢; (v, ))f.": 25 lvg, butli(vj) >

2andl,, > 2, we find that the second line of (6.34) is bounded by C ]_[,‘f:l (C\/E)sk’l for



Non-trivial Fixed Point of a w;} Fermionic Theory Page 53 of 60 257

some C > 0. In conclusion, plugging this back into (6.31), and recalling that Z,’;l (s —
1) = nep.(r) — land Z,f:] niy = £+ 1, we find, up to a re-definition of C:

Z 1D"v,0,0,4l7. k1(x)]
k

< CtHp (ﬁ)[nl+"'+np+l*P*2J+(Cﬁ)Zf=1(Skfl)e*gﬂﬂ/y)a (min{1, |x|})*2A1’
(6.35)
with the understanding that, if p = 0, the factor (C \/E)Zl{;l (=1 should be interpreted
as being equal to 1. Now, the right hand side of this equation is summable over p > 0,
ni,...,npy1 = 1 (withny > 2if p = 0) and 51, ..., s, > 2, the sum being bounded

from above by Ce_%(‘“/”)a (min{1, |x|})~221. In conclusion, in view of (6.16), we find

D" o 4 @] < Cem T (min{1, x[}) A1, (6.36)

as desired. Analyticity of D" Ugl(;,o, ¢ (%), uniformly in £, is a consequence of the absolute
summability of its tree expansion, as well as of the uniform-in-4 bounds that we just
derived. A slight extension of the discussion above would also allow us to prove the
existence of the limit in the right hand side of (6.8) and to derive explicit estimates on
the speed of convergence to the limit. However, in order not to overwhelm an already
lengthy discussion, we prefer not to discuss explicitly this point, which is left to the
interested reader as a simple exercise. The bounds on £ (y) and &;(y) are completely
analogous to those discussed above; the minor changes (mostly notational) required for
adapting the previous estimates to these functions are left to the reader. The proof of
Theorem 2.5 is thus concluded.
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A. First Order Computation of ¢

In this appendix, we calculate the first order contribution in € to {» = Z, — 1, which
implies (2.47) for n,. We recall that ¢, is expressed via a convergent tree expansion as
in (4.24); isolating the first order from the higher order contributions implies:

¢ = Ho12.0lt0] + Ho.1.2.0[t1] + O(€?), (A.1)

where 79 and 77 are the two trees in Fig. A.2 (the analogous trees with an endpoint of
type v replacing the endpoint of type A give zero contribution).

) Vo U]
+ (A2)
T T
0 A ! py
In order to compute I:I(),Lz,o[ro] and ﬁo,l,z,o[fl], we recall that the kernel associated

with the endpoint of type A has the form in the third line of (2.39), with co = % and (see
(1, (5.30), (G. D))

_ —2elogy
= 5

b:—MN—&[

A= AF +0(e?),

s, (A.3)

)? 087 + Ole(log y)z)]

(here Sy is the area of the unit sphere in R9). An application of the definition of tree
value and a straightforward computation shows that:

dk  fok)*
(zn)d |k|d+ze’
dlk_y R () f1 (k)
(27.[)11 |k|d+2€ ’

Ho12,0[70] = —4(N — 2)A*/
(A.4)
Ho120[t1] = —8(N — 2)A*

where f, (k) := x (y k) — x (y ~"*'k). Now, plugging these expressions in (A.1), using
(A.3) and the fact that d + Ay — 6[Y/] = 2¢€ + np = O(¢), we find:

N—a(mnd[ dlk f§ (k) +2 fo(k) fi (k)
N-—8 S Q2m)d |k |4

{ = —2e +0(€). (A.5)

kRl aidk) sy
2m)4 k|4 — @n)
—Zex—jé logy + 0(62), as already announced.

A computation shows that | ; log y, which gives ¢ =

B. Proof of (2.48) and (2.49)
Using (2.55)-(2.56) and (5.3), we write:

G*(x)=2 lim y*"8% " Hygoplzl(y"x).
T

(B.1)
F*(y) = 2h£13100 yha ; Ho2.0.0[t1(y"y),
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From Proposition 5.1 and its proof we know that the limits in the right hand sides exist,
and that the contribution to G*(x) (resp. F*(y)) from a given tree t is bounded from
above by C/(Ce)"er[T1=2|x| 7221 (resp. C'(Ce)"er[T172|y|7282) for some C, C’ > 0,
see (5.11). Therefore, using the fact that the number of trees with k endpoints is smaller
than 4%, we find that the sum of the contributions to G* (x) (resp. F*(y)) from the trees
with 3 or more endpoints is bounded from above by Ce|x| 221 (resp. Ce|y|~242).
Therefore, in order to prove (2.48), it is sufficient to prove that the contribution to G*(x)
from the tree(s) with 2 endpoints is equal to the right hand side of (2.48) up, possibly,
to an error term of the order €|x| =221, and similarly for (2.49).

Dominant contribution to G*(x). Direct inspection shows that there is only one tree with
2 endpoints contributing to G*(x), which is the following:

vo
(B.2)

70

whose contributionto G*(x) islimp— —00 D ;o ), 22h' Ay g(o) (yh/x), whichimplies (2.48).
Dominant contribution to F*(y). Direct inspection shows that there are two trees with
2 endpoints contributing to F*(y), which are the following:

IZ)/<> Vo
— - , (B3)

whose total contribution to F*(y) is (denoting by py, (x) the scalar part of g (x), i.e.,
(h) (o — .
8ap (X) = Qappp (X))

—2N Tim Y MO ) [pg (i y) 2 Y ORI g ()

h— —00
h'>h k>0

=—2N Y O e +2 Y 7 e )]
heZ h''>h'
(B.4)
We let fj (k) := xn(k) — xn—1(k), with xj (k) := X(y_hk), and, after a relabelling of
the scale indices, we rewrite (B.4) as:

—2N Yy [pﬁ, M+2) ph(y)phmy)}

ez h<h'

_ N Z yzh/m ddk / ddp ei(k+p)-yfh/(p).
= (27‘[)‘1|k|d/2+€ (2n)d|p|d/2+f

: [fh/(lo +2)  fi (k)} (B.5)

h<h'

= 2N Z 2h'n ddk .
- 4 (Zn)d|k|d/2+€
heZ

ddp

' Wei(k”’)’y[m/(p)xw(k) — Xw—1(p) xw—1(k)]
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where we used:

fwk)+2> " falk) = xiw (k) — xw—1 () + 2xw—1 (k) = xow (k) + xw—1 (k). (B.6)
h<h'

Now, noting that

1
Y _ d _,. Y
v "Iph 2"2=1+/ ds—-(y W ph T
0 S
’ 1 / .
=1-"2nlog(y " |p)) /0 ds(y " pp=m, (B.7)

multiplying and dividing by | p|~2"2 in (B.5) we get:

dik d'p i
_ (k+p)-y .
= ZNW%[ (2n)d|k|d/2+f/ @)l |p|d/Fe=2m ¢

L () xw (k) = =1 (P) xnr—1 () |

dk d?p i(k+p)-y Y
+4mN Z (274 |k|d/2+€ (271)‘1|p|d/2+€*27726 log(y ™" |pD)-
heZ

1
: / ds (y " 1pD T Dow (k) xw (p) — xiw—1(K) xaw—1(p)]. (B.8)

We will prove below that the second addend in the right hand side can be bounded as:

4m2|N

d%k dip i /
2 (k+p)-y —h'| 1.
p / (2m)d |k|d/2+e f (2n)d|p|d/2+6—2nze log(y ™" IpI)
hezZ B9)

1
: /O ds (r " 1pD TR o (k) xw (p) — xw—1(K) xw—1(p)1| < Cely| 242,

that s, this term can be included in the error term 7} | (y) defined and bounded in the lines
preceding and following (2.49). On the other hand, the first term in the right hand side of
(B.8) can be rewritten as follows: recall that the sum over 2’ in Z should be interpreted as
the limit as A — —oo of the sum over i’ > h; therefore, using the telescopic structure
of the summand and, more specifically, the fact that limj—, —o0 Y ;o [xw (P) X (k)
— X -1 (P)Xn'—1 (k)] = limp— oo (1 — xn (k) xn(p)) = 1 (where the identities are in the
sense of distributions), we see that the first term in the right hand side of (B.8) is equal
to

dk dip ;
o _ i(k+p)-y
7500 = -2 | s | Gyt
|y|d—26+2772 |y|2A2 ’

(B.10)

as desired.
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We are left with proving (B.9). By adding and subtracting x;/—1 (k) xu’(p) to the term in
square brackets, we rewrite the second term in the right hand side of (B.8) as follows:

d’k dlp H+p)Y 10 (g~
4mN Z (27‘[)‘1|k|d/2+€ (27‘[)d|p|d/2+€*27126 log(y ™" |pD-
h el

1
/ ds (y*h D) "5 fir () xw () + xw—1(K) fir (P)]

_ kY £, .

@] pld/m ¢ log(y ™| p)) / ds (v "ph~ Zsmx;,/(p))

ik-y
+4mN Z ((ZN)d|k|d/2+€ ' th’—l(k)) :
dép . L 1 L
<f (Zn)d|p|d/2+€*2nzelp)log(y " |P|)/ ds (v "1pD 2S’”fh/(p))

=4mN Y / ds P () Y Phisw (¥) + Papr— 1(y>ph/sh/(y>]

WeZl h<h'

(B.11)
where we recall that pj, (y) denotes the scalar part of g(h) (y) G.e., g (y) Qappp (¥))
and, analogously, P<;(y) denotes the scalar part of G(<h)(y), see (2.8), moreover,

. al - _y Ty
Phisw () = / (Zn)dmd’/’zﬂ_me”’ylog(y "IphG T 1P TE fa(p). (B.12)

Now, recall that, by (4.14) and the definition of pj,,

_ h—1 o
pn ()] < Cry" @20~ C D" (B.13)

whose proof is given in [1, Appendix A.2]. In order to get a bound on pj.s 5/ (y) we
proceed as follows: in the integral in the right hand side of (B.12), we rescale p — y”' p,
thus getting:

i : d’p
, — h(d/2—e+2m2) ., (K —h)2sn2 .
p/’l;s»h (y) J/ V (27T)d|p|d/2+€+2(3‘7])n2 (B14)

% Py [log|pl — (W' — h)logy] fo(p)

The integral in the second line can be bounded by proceeding exactly as in [1, Appendix
A.2] (note, in particular, that F'(p) := log|p| admits an analytic continuation into the
polydisk centered at p 7~ 0 of radius R = % max; |p;| such that the maximum of |F (z)|
in the polydisk is bounded by C (1 + | F(p)|): this allows us to proceed as in [1, (A.15)]
and following lines); we thus get, for some Cy, C2 > 0:

Brsw | < C1(L+ 1 — h)yh(d/2*€+2772)y(h’*h)anzesz(VhflIyl)”. (B.15)
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We can now bound (B.11) via (B.13) and (B.15), thus getting, for some C > 0 and
C =min{C,2, C2}:

1
4 3 [ sl ) 3 B )+ Para 0|
wez”0 h<h’
<CNIml Y e CM e 3 (Vh’(d/Z—é)yh(d/2—6+2772)(1 +h —h)
Wez h<h’ (B.16)

1
/(; dSVZs(h —h)n2 + J/h(d/27e)yh (d/2€+2172)>

’ _ =1 o _
<Cle Z y 2 B2,=COMTIN < gy =282
heZ

where we used that np = O(€). This conclude the proof of (2.49).
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