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Abstract We have recently undergone an analysis of gravi-
tational theories as defined in first order formalism, where the
metric and the connection are treated as independent fields.
The physical meaning of the connection field has historically
been somewhat elusive. In this paper, a complete spin anal-
ysis of the torsionless connection field is performed, and its
consequences are explored. The main properties of a hypo-
thetical consistent truncation of the theory are discussed as
well.
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1 Introduction

Theories of gravity where the lagrangian is quadratic in the
Riemann tensor [1,2] are known to be well behaved in the
ultraviolet (they are often asymptotically free) but suffer from
the fatal drawback of not being unitary (cf. [3] for a general
review, and [4] for a recent analysis similar in spirit to ours).
The distinctive flavor of our approach, as compared with pre-
vious literature on the subject (confer in particular the work
of Biswas et al. [5–9] and also [10]), is that we work in the
first order formalism.

It has been recently pointed out [11–13] that when con-
sidering quadratic theories of gravity in first order formalism
(which is not equivalent to the usual, second order one1)
where the metric and the connection are considered as inde-
pendent physical fields, no quartic propagators appear and
the theory is not obviously inconsistent. This framework is a
good candidate for a unitary and renormalizable theory of the
gravitational field, leading to a posible ultraviolet (UV) com-
pletion of General Relativity (GR). Recent work, following
related lines, has been done regarding a possible UV com-
pletion of GR by modifying the usual second order quadratic
gravity [14–16].

Those theories depend on a number of independent cou-
pling constants, which can be grouped into three big classes,
corresponding to the Riemann tensor squared, the Ricci ten-
sor squared, and the scalar curvature squared. Althoug there
are many similarities with the second order approach used in
the above references, there are also crucial differences. The
most important of which is that we do not have explicit viola-
tion of the positivity in the spectral function (that is, we do not
have propagators falling off at infinity faster that 1

p2 ). This is

1 Even for the Einstein–Hilbert first order lagrangian the equivalence
is lost as soon as fermionic matter is considered.
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the reason why we have endeavored a systematic approach
following our ideas from basic principles, even at the risk of
rederiving some results already known in the second order
approach. Of course not all of them hold true in our case. We
shall point out the main differences in the main body of the
paper.

In particular, there is one worrisome fact. When consider-
ing the theory around a flat background there is no propaga-
tor for the graviton. This means that either the theory is not a
theory of gravity at all, or else all the dynamics of the grav-
itational field is determined by the three index connection
field.

Of course the idea that the true dynamics of gravitation
is better conveyed by the connection field than by the metric
has a long history (cf. for example to the classic paper [17]).
It is the closest analogue to the usual gauge theories, and can
be easily related to physical experiments and observations.
In fact in [11–13] we have shown that there are possible
physical static connection sources that produce a V (r) = C

r
potential between them. This is at variance with what hap-
pens in the usual quadratic theories as formulated in sec-
ond order, in which the natural potential is a scale invariant
one V (r) = Cr . This forces many authors to include an
Einstein–Hilbert (linear in the scalar curvature) piece in the
action from the very beginning if one wants to reproduce
solar-system observational constraints (cf [1,2] for a lucid
discussion). Another possibility is a spontaneous symmetry
breaking of the scale invariance of quadratic theories, so that
the EH term is generated and dominates in the infrared (see
e.g [18–22] regarding this issue).

The static connection sources in [11–13] were of the form
Jμνλ ∼ jμTνλ + · · · , where jμ was a conserved current and
Tμν was the energy-momentum tensor. The physical meaning
of those sources is not clear, to say the least. In order to get
a better grasp on the workings of the theory, it would be
helpful to disentangle the different physical spins contained
in the connection.

Our aim in this paper is precisely to perform a complete
analysis of the physical content of the connection field. There
are a priori 40 independent components in this field. We shall
analyze them by generalizing the usual spin projectors [23–
25] to the three-index case, and expanding the action in terms
of these projectors. We shall find that generically there is a
spin 3 component, which disappears only when the coeffi-
cient of the Riemann square term vanishes. This property is
however not stable with respect to quantum corrections, that
will make this term reappear even if the classical coefficient
is fine tuned to zero. Kinematically, there is also a set of three
spin 2 components, five spin 1 components and three spin 0
components.

Let us now summarize the contents of our paper. First we
quickly review, mostly to establish our conventions, the spin
content of the usual lagrangian linear in curvature (Einstein–

Hilbert) both in second and in first order formalism. Then
we tackle the spin analysis of theories quadratic in curva-
ture, again both in second order and first order formalism.
Extensive use is made of a new set of spin projectors, which
are explained in the appendices.

Throughout this work we follow the Landau–Lifshitz
spacelike conventions, in particular

Rμ
νρσ = ∂ρ�μ

νσ − ∂σ �μ
νρ + �

μ
λρ�λ

νσ − �
μ
λσ �λ

νρ (1.1)

and we define the Ricci tensor as

Rμν ≡ Rλ
μλν (1.2)

The commutator with our conventions is

[∇μ,∇ν]V λ = Rλ
ρμνV

ρ

[∇μ,∇ν]hαβ = hβλRα
λμν + hαλRβ

λμν (1.3)

2 Lagrangians linear in curvature (Einstein–Hilbert) in
second order formalism

Let us begin by quickly reviewing some well-known results
on the quadratic (one loop) approximation of General Rel-
ativity (GR), as derived from the Einstein–Hilbert (EH)
lagrangian. We do that mainly to establish our notation and
methodology.

We expand the EH action around flat space by taking

gμν = ημν + κhμν (2.1)

We are interested in the quadratic order of the expansion.
The operator mediating the interaction between the metric
perturbation reads

S = 1

2

∫
d4x hμνK EH

μνρσ h
ρσ (2.2)

where the operator reads

K EH
μνρσ ≡ −1

8

(
ημρηνσ + ημσ ηνρ

)
�

+ 1

8

(
∂μ∂ρηνσ + ∂μ∂σ ηνρ − ∂ν∂ρημσ + ∂ν∂σ ημρ

)

+ −1

4

(
∂ρ∂σ ημν + ηρσ ∂μ∂ν

)+ 1

4
ημνηρσ � (2.3)

In order to better understand the physical content of this
action, we can decompose the symmetric tensor hμν as

hμν = h2
μν + �−1 (∂μAν + ∂ν Aμ

)− ∂μ∂ν

� �

+1

3

(
ημν − ∂μ∂ν

�

)
ψ (2.4)
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where as we shall see h2
μν corresponds to the spin 2 part of

the field. The other fields are defined as follows

φ ≡ ∂ρ∂σ hρσ ≡ ��

h ≡ ημνhμν

Aμ ≡ ∂σ hμσ ; ∂μA
μ = �� (2.5)

Under linearized diffeomorphisms

δhμν = ∂μξν + ∂νξμ (2.6)

these transform as

δφ = 2�2ξ

δh = 2�ξ

δAμ = �ξ Tμ + 2�∂μξ (2.7)

where we have split ξμ in its transverse (ξ Tμ ) and longitudinal
(∂μξ ) parts.

From the transformation properties, it is clear that there is
a scalar gauge invariant combination

δψ ≡ δ (h − �) = 0 (2.8)

As stated before, we want to carry out an analysis of the
spin content of the fields in the theory using the spin pro-
jectors defined in “Appendix A”. The action of these spin
projectors2 over hμν gives

h0w
μν ≡ (Pw

0 h)μν = �−2∂μ∂νφ = ∂μ∂ν�

� ;
δh0w

μν = 2∂μ∂νξ

h0s
μν ≡ (Ps

0 h)μν = 1

3

{
ημν − ∂μ∂ν

�

}
ψ; δh0s

μν = 0

h1
μν ≡ (P1h)μν = �−1 (∂μAν + ∂ν Aμ

)− 2
∂μ∂ν�

� ;
δh1

μν = ∂μξ Tν + ∂νξ
T
μ

h2
μν ≡(P2h)μν =hμν − �−1 (∂μAν +∂ν Aμ

)+�−2∂μ∂νφ

− 1

3
{hημν − �−1(∂μ∂νh + φημν) + �−2∂μ∂νφ}

= hμν − �−1(∂μAν + ∂ν Aμ) + ∂μ∂ν

� �

− 1

3

(
ημν − ∂μ∂ν

�

)
ψ; δh2

μν = 0 (2.9)

and integrating by parts we get

∫
d(vol) h0s

μν� hμν
0s =

∫
d(vol)

1

3
ψ�ψ

2 It has to be understood that when writting the action of the projec-
tors in terms of derivatives and box operators, it is implicit that these
correspond to the ones of flat space.

∫
d(vol) (h0s

μν + h0w
μν )� (hμν

0s + hμν
0w)

=
∫

d(vol)

(
��� + 1

3
ψ�ψ

)
∫

d(vol) h1
μν� hμν

1 =
∫

d(vol)
(−2AμA

μ−2���
)

∫
d(vol) h2

μν� hμν
2

=
∫

d(vol)

(
hμν�hμν − 1

3
ψ�ψ + ��� + 2AμA

μ

)

(2.10)

Then the Einstein–Hilbert action can be rewritten in terms
of the projectors as

SEH = −1

8

∫
d4x hμν(P2 − 2Ps

0 )μνρσ �hρσ (2.11)

At this point, one can ask the question of whether it is possible
to write a local lagrangian that contains only the spin 2 part
of hμν . Indeed the spin two part can be written as

h2
μν = hμν − ∂μ∂ρhρν + hμρ∂ρ∂ν

� + ∂μ∂ν∂ρ∂σ hρσ

�2

− 1

3

{
h ημν − ∂μ∂ν

� h − ημν

∂ρ∂σ hρσ

� + ∂μ∂ν∂
ρ∂σ hρσ

�2

}

(2.12)

where we can see that we have a term which goes as 1
�2 .

This means that if we do not want to get non-local inverse
powers of the d’Alembert operator, the simplest monomial
that contains spin 2 only is going to be given by

S2 ≡ 1

κ6

∫
d4x h2

μν�4hμν
2 (2.13)

which as is well-known suffers from several unitarity and
causality problems associated to higher derivative
lagrangians.3 It would seem that the (harmless as we shall
see) spin 0 addition is a necessary ingredient in a unitary
Lorentz invariant spin 2 theory. We will come back to this
point at the end of this work.

Let us go back to the EH action (2.11). With the help of
(2.9), we can further decompose it in terms of the different
fields contained in hμν

SEH = −1

8

∫
d4x

[
hμν�hμν + 2AμA

μ + ��� − ψ�ψ
]

(2.14)

3 Note that this action has a larger gauge symmetry, namely

δhμν = (P1)μνρσ �
ρσ
1 + (

Ps
0

)
μνρσ

�
ρσ
2 + (

Pw
0

)
μνρσ

�
ρσ
3

where �
μν
i are arbitrary fields.

123
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The equations of motion read

δS

δhμν
= �hμν = 0

δS

δψ
= �ψ = 0

δS

δ�
= �� = φ = 0

δS

δAμ

= Aμ = 0 (2.15)

so that Aμ = φ = 0, leaving just 5 free components in hμν

on shell.
In order to find the propagator, we need to introduce a

gauge fixing term to make (2.3) invertible. Let us choose the
harmonic (de Donder) gauge condition given by the operator

K gf
μνρσ = − 1

8

(
∂μ∂ρηνσ + ∂μ∂σ ηνρ + ∂ν∂ρημσ + ∂ν∂σ ημρ

)

− 1

4

(
ηρσ ∂μ∂ν + ημν∂ρ∂σ

)

− 1

8
ημνηρσ �

= −1

4

(
P1 + 3

2
Ps

0 + 1

2
Pw

0 −
√

3

2
P×
)

μνρσ

�

(2.16)

in such a way that

K EH+gf
μνρσ = −1

8

(
ημρηνσ + ημσ ηνρ − ημνηρσ

)
�

= −1

4

(
P2 + P1 − 1

2
Ps

0 + 1

2
Pw

0 −
√

3

2
P×
)

μνρσ

�

(2.17)

The propagator is easily found to be

�μνρσ = −1

4

(
ημρηνσ + ημσ ηνρ − ημνηρσ

)
�−1

= −4

(
P2 + P1 − 1

2
Ps

0 + 1

2
Pw

0 −
√

3

2
P×
)

μνρσ

�−1

(2.18)

We are also interested in computing the interaction energy
between two external, conserved currents Tμν

(1) and Tμν

(2)

W
[
T(1), T(2)

] =
∫

d4xTμν

(1) �μνρσ T
ρσ

(2)

=
∫

d4x

(
Tμν

(1) �−1T(2)μν − 1

2
T(1)�−1T(2)

)

(2.19)

One may reasonably feel a little nervous about the negative
sign of the spin 0 component in (2.11) as well as in (2.18).
Let us demonstrate in a very explicit way that in spite of what

it seems, the Einstein–Hilbert propagator is positive definite
when saturated with physical sources.

First we assume that massless gravitons are the carriers of
the interaction. In momentum space we choose

kμ = (κ, 0, 0, κ) (2.20)

and the conservation of energy-momentum implies

T 00(k) = T 33(k)

T 0i (k) = T 3i (k) (2.21)

Then, an easy computation leads to the expression for the
free energy in terms of the components of the two external
conserved sources Tμν

(1) and Tμν

(2) as

W
[
T(1), T(2)

]

=
∫

d4k

k2

{
1

2

(
T 11

(1) − T 22
(1)

) (
T 11

(2) − T 22
(2)

)
+ 2T 12

(1)T
12
(2)

}

(2.22)

which is positive semi-definite in case of identical sources
Tμν

(1) = Tμν

(2) .
Moreover, for static sources the energy-momentum tensor

reads (all other components vanish)

T 00
(1,2) ≡ M(1,2)δ

(3) (x − x(1,2)) (2.23)

and in momentum space

T 00
(1,2)(k) ≡ M(1,2) δ(k0) eikx(1,2) (2.24)

it follows that

W
[
T(1), T(2)

] = 1

2C
M1M2

∫
d3k

k2 eik(x1−x2)

= π

2C

M1M2

|x1 − x2| (2.25)

where we have represented

∫
dk0 ≡ 1

C
(2.26)

Therefore, the free energy is definite positive, as it should.

3 Lagrangians linear in curvature in first order
formalism

Let us now make the exercise of reanalyzing this same theory
in first order formalism, in which the metric and the connec-
tion are independent. We shall find after some roundabout
that the physical content of the theory is the same as we
previously found in the last paragraph.

123
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We start with the Einstein–Hilbert action

SEH ≡ − 1

2κ2

∫
dnx

√|g|gμνRμν [�] (3.1)

and we expand it around Minkowski spacetime as

gμν ≡ ημν + κhμν

�α
βγ ≡ Aα

βγ (3.2)

where Aα
βγ is the quantum field for the connection, which

is symmetric in the last two indices as we are restricting
ourselves to the torsionless case.

After this expansion the action can be written as

SEH = − ∫ dnx
{
hγ εN αβ

γ ε λA
λ
αβ + 1

2 A
τ
γ εK

γ ε αβ
τ λ Aλ

αβ

}

(3.3)

where the operators mediating the interactions have the form

N αβ
γ ε λ = 1

2κ

{
1

2

(
ηγ εη

αβ − δα
γ δβ

ε − δα
ε δβ

γ

)
∂λ

−1

4

(
ηγ εδ

β
λ ∂α + ηγ εδ

α
λ ∂β − δα

γ δ
β
λ ∂ε

−δβ
γ δα

λ ∂ε − δα
ε δ

β
λ ∂γ − δβ

ε δα
λ ∂γ

)}

K γ ε αβ
τ λ = 1

κ2

{
1

4
[δε

τ δ
γ
λ ηαβ + δγ

τ δε
λη

αβ + δ
β
λ δα

τ ηγ ε + δα
λ δβ

τ ηγ ε

−δβ
τ δ

γ
λ ηαε − δβ

τ δε
λη

αγ − δα
τ δε

λη
βγ − δα

τ δ
γ
λ ηβε]

}
(3.4)

From the path integral, the contribution to the effective
action reads

eiW[ημν] =
∫

DhDA eiSFOEH[h,A] (3.5)

and using the background expansion (3.3) we can integrate
over DA yielding

eiW =
∫

Dhe

{
− i

2

∫
dnx

√|g| 1
2 h

μνDμνρσ hρσ
}

(3.6)

where

Dμνρσ = 1

4
(ημρηνσ + ημσ ηνρ − 2ημνηρσ )�

+ 1

2
(ημν∂ρ∂σ + ηρσ ∂μ∂ν)

− 1

8
(ημρ∂ν∂σ + ημσ ∂ν∂ρ + ηνρ∂μ∂σ + ηνσ ∂μ∂ρ)

− 1

8
(ημρ∂σ ∂ν + ημσ ∂ρ∂ν + ηνρ∂σ ∂μ + ηνσ ∂ρ∂μ)

(3.7)

We now expand this operator in the basis of projectors
(see “Appendix A”) so that

Dμνρσ = 1

2

(
P2 − (n − 2)Ps

0

)
μνρσ

� (3.8)

and in this way the action can be rewritten (for n = 4) as

SEH = −1

8

∫
d4x hμν(P2 − 2Ps

0 )μνρσ �hρσ (3.9)

In conclusion, we obtain the same result when we treat the
theory in second order formalism (2.11) and in first order for-
malism, for the particular case of the Einstein–Hilbert action.

4 Lagrangians quadratic in curvature in second order
formalism

Let us now begin the study of Lagrangians quadratic in the
spacetime curvature, first in the usual second order formal-
ism.

The most general action in this set (the connection is
assumed in this section to be the metric one) is

SSOQ ≡
∫

dnx
√|g|(αR2 + βRμνR

μν + γ Rμνρσ R
μνρσ )

(4.1)

When we expand around flat space gμν = ημν + κhμν it
follows that

SSOQ = κ2
∫

dnxhμν

{
α
[
∂μ∂ν∂ρ∂σ

− (ηρσ ∂μ∂ν + ημν∂ρ∂σ

)
� + ημνηρσ �2

]

+ β

4

[
2∂μ∂ν∂ρ∂σ − 1

2

(
ημρ∂ν∂σ + ημσ ∂ν∂ρ

+ηνρ∂μ∂σ + ηνσ ∂μ∂ρ

)
� − (

ηρσ ∂μ∂ν + ημν∂ρ∂σ

)
�

+1

2

(
ημρηνσ + ημσ ηνρ

)
�2 + ημνηρσ �2

]

+ γ

4

[
4∂μ∂ν∂ρ∂σ + 2

(
ημρηνσ + ημσ ηνρ

)
�2

−2
(
ημρ∂ν∂σ + ημσ ∂ν∂ρ + ηνρ∂μ∂σ + ηνσ ∂μ∂ρ

)
�
] }

× hρσ (4.2)

We can write the operator in terms of spin projectors as

K SOQ
μνρσ

= κ2
(

α(n − 1)Ps
0 + β

4
(P2 + nPs

0 ) + γ (P2 + Ps
0 )

)
μνρσ

×�2 = κ2

4

(
c1P2 + c2P

s
0
)
μνρσ

�2 (4.3)

where c1 = β + 4γ and c2 = 4(n − 1)α + nβ + 4γ .
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If we use the action of spin projectors over the graviton
decomposition (2.9), the action can be rewritten as

SSOQ = κ2

4

∫
dnx

×
[
c1

(
hμν�2hμν + 2Aμ�Aμ + φ2 − 1

3
ψ�2ψ

)

+ c2

3
ψ�2ψ

]
(4.4)

Let us at this point make a short aside on the higher deriva-
tive scalar terms. Consider the lagrangian [26]

L = 1

2

(
∂μψ

)2 + 1

2
Cψ�2ψ (4.5)

and introduce an auxiliary field, χ , so that

L = 1

2

(
∂μψ

)2 + C ∂μψ∂μχ − 1

2
C χ2 (4.6)

The EM for the auxiliary field just yields

χ = −�ψ (4.7)

which just reproduces the original action. Now we can define

� ≡ ψ + Cχ (4.8)

The mixing term disappears and the action diagonalizes to

L = 1

2

(
∂μ�

)2 − 1

2
C2 (∂μχ

)2 − 1

2
C χ2 (4.9)

It follows that the auxiliary field becomes a ghost no mat-
ter the value of the constant C . When there is no canonical
kinetic term for the field ψ this mechanism is not at work.
However, such a term is always generated by the Einstein–
Hilbert (linear in the space-time curvature) piece of the grav-
itational lagrangian. This linear piece is physically unavoid-
able, even if it is not present in the classical lagrangian, it
will be generated by radiative corrections.4

Going back to our analysis, we can obtain the equations
of motion for the quadratic action (4.4)

δS

δhμν
= c1�2hμν = 0

δS

δψ
= (c2 − c1)�2ψ = 0

δS

δφ
= c1φ = c1�� = 0

4 If we restrict ourselves only to the R2 terms, i.e. β = γ = 0, we get

SR2 = κ2α

∫
dnx ψ�2ψ

so that the equation of motion reads

�2ψ = 0

From this we can see that there is a gauge invariant ghostly state.

δS

δAμ
= c1�Aμ = 0 (4.10)

Please note that the equations of motion have four deriva-
tives so that the only way in which we can fix this problem
is by taking c1 = c2 = 0. This implies

β + 4γ = β + 4α = 0 (4.11)

In this case the lagrangian is proportional to the Gauss-
Bonnet density, i.e. α = 1, β = −4, γ = 1 and n = 4,
and the operator (4.3) reduces to

K GB
μνρσ = 0 (4.12)

This fact follows from the identity

R2 − 4RμνRμν + Rμνρσ Rμνρσ = total derivative (4.13)

Let us now obtain the propagator for the general quadratic
action (4.4), again in the harmonic gauge (2.16) with a gauge
parameter − 1

2ξ
. The operator reads

K SOQ+gf
μνρσ = 1

8

{
1

ξ
P1 + 2κ2c1�P2 +

(
2κ2c2� + n − 1

2ξ

)
Ps

0

+ 1

2ξ
Pw

0 −
√
n − 1

2ξ
P×

0

}
μνρσ

� (4.14)

and inverting it we get

�μνρσ ≡ (K−1)SOQ+gf
μνρσ = 8

k2

{
ξ P1 + 1

2κ2c1k2 P2 + ξ

κ2c2k2

×
[(

2κ2c2k
2 + n − 1

2ξ

)
Pw

0 + 1

2ξ
Ps

0 +
√
n − 1

2ξ
P×

0

]}
μνρσ

(4.15)

provided c1 �= 0 and c2 �= 0.
Now the interaction energy between external static sour-

ces, for n = 4, is proportional to

W SOQ+gf ∝ Tμν�SOQ+gf
μνρσ T

ρσ = 4

κ2k4

[
1

c1

(
TμνT

μν − 1

3
T 2
)

+ 1

3c2
T 2
]

(4.16)

This result is independent of the gauge fixing, and for the
particular case 2c1 = −c2, the dependence on the sources is
proportional to the Einstein–Hilbert one

W SOQ+gf

∣∣∣
c2=−2c1

∝ 4

κ2k4

1

c1

(
TμνT

μν − 1

2
T 2
)

(4.17)

However, the factor 1
k4 in momentum space leads to a

confining (linear) potential in position space.
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4.1 Adding a term linear in the scalar curvature

It has been argued in [11–13] that a term linear in the space-
time curvature will be generated by quantum corrections,
even if it is not initially present in the classical lagrangian.
It is then of interest to consider the quadratic action plus the
Einstein–Hilbert action

SQ+EH ≡
∫

dnx
√|g|

×
(

− λ

2κ2 R + αR2 + βRμνR
μν + γ Rμνρσ R

μνρσ

)

(4.18)

We can use the same harmonic gauge fixing (2.16) with
parameter ξ , so that the total operator can be written in terms
of projectors as

K Q+EH+gf
μνρσ = 1

8

{
1

ξ
P1 + (2κ2c1� + λ)P2

+
(

2κ2c2� + n − 1

2ξ
− λ(n − 2)

)
Ps

0

+ 1

2ξ
Pw

0 −
√
n − 1

2ξ
P×

0

}
μνρσ

� (4.19)

Inverting the operator the propagator reads

�Q+EH+gf
μνρσ = 8

k2

{
ξ P1 + 1

2κ2c1k2 + λ
P2

+ ξ

κ2c2k2 − λ(n−2)
2

×
[(

2κ2c2k
2 + n − 1

2ξ
− λ(n − 2)

)
Pw

0

+ 1

2ξ
Ps

0 +
√
n − 1

2ξ
P×

0

]}
μνρσ

(4.20)

Once we have the propagator, it is easy to check that the
interaction energy between two external, static sources, for
n = 4, is proportional to

W ∝ Tμν(K−1)Q+EH+gf
μνρσ T ρσ

= 8

λ

[(
1

k2 − 1

(k2 + λ
2κ2c1

)

)(
TμνT

μν − 1

3
T 2
)

+ 2

n − 2

⎛
⎝ 1

2(k2 − λ(n−2)

2κ2c2
)

− 1

2k2

⎞
⎠ T 2

3

⎤
⎦

= 8

λk2

(
TμνT

μν − n − 1

3(n − 2)
T 2
)

− 8

λ

[
1

(k2 + λ
2κ2c1

)

(
TμνT

μν − 1

3
T 2
)

− 1

2(k2 − λ(n−2)

2κ2c2
)

T 2

3

⎤
⎦ (4.21)

Notice that the only contributions to the free energy come
from P2 and Ps

0 as the rest of spin operators do not contribute
when saturated with the sources. The spin 2 piece can be
rewritten as

8

k2(2κ2c1k2 + λ)
P2 = 8

λ

[
1

k2 − 1

(k2 + λ
2κ2c1

)

]
P2 (4.22)

The first term comes from the Einstein–Hilbert action, giving
the well-known massless pole, whereas the second term cor-
responds to a massive k2 = − λ

2κ2c1
spin 2 pole with negative

residue, coming from the quadratic action.
The spin 0 piece has the form

8

2k2(κ2c2k2 − λ(n−2)
2 )

Ps
0 = 16

λ(n − 2)

×
⎡
⎣ 1

2(k2 − λ(n−2)

2κ2c2
)

− 1

2k2

⎤
⎦ Ps

0 (4.23)

In this case, the first term is a massive k2 = λ(n−2)

2κ2c2
spin 0

pole with positive residue, coming from the quadratic piece
of the action. The second term is again the massless spin 0
pole with negative residue that we already encountered when
studying the EH action.

5 Lagrangians quadratic in curvature in first order
formalism

Let us now enter into the main topic of this paper, namely
the general situation in which the physics is conveyed by
the graviton as well as by the connection field. Actually, as
was pointed out in [3], when considering a metric fluctuating
around flat space there is no kinetic term for the graviton, so
that all the physics is encoded in the connection field. This
is the main reason why we underwent a systematic analysis
of the spin content of the said connection field. We consider
the general action

SFOQ ≡
∫

dnx
√|g|

× (αR[�]2 + βR[�]μν R[�]μν + γ R[�]μνρσ R[�]μνρσ )

(5.1)

and we again use the expansion around Minkowski spacetime
given by

gμν ≡ ημν + κhμν

�α
βγ ≡ Aα

βγ (5.2)
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where Aα
βγ is the quantum field for the connection, which

is symmetric in the last two indices as we are restricting
ourselves to the torsionless case.

The action reduces to a kinetic term for the connection
field

SFOQ =
∫

dnx Aτ
μνK

μν ρσ
τ λ Aλ

ρσ (5.3)

where the operator reads

Kμν ρσ
τ λ = α

{
1

2

(
ημνδσ

τ ∂λ∂ρ + ημνδ
ρ
τ ∂λ∂σ + ηρσ δν

λ∂τ ∂μ

+ηρσ δ
μ
λ ∂τ ∂ν

)− ημνηρσ ∂λ∂τ

− 1

4

(
δν
λδσ

τ ∂μ∂ρ + δ
μ
λ δσ

τ ∂ν∂ρ + δν
λδ

ρ
τ ∂μ∂σ

+δ
μ
λ δ

ρ
τ ∂ν∂σ

) }

+ β

{
1

4

(
ημρδσ

τ ∂λ∂ν + ηνρδσ
τ ∂λ∂μ + ημσ δ

ρ
τ ∂λ∂ν

+ηνσ δ
ρ
τ ∂λ∂μ

)

+ 1

4

(
ημρδν

λ∂τ ∂σ + ηνρδ
μ
λ ∂τ ∂σ + ημσ δν

λ∂τ ∂ρ

+ηνσ δ
μ
λ ∂τ ∂ρ

)− 1

2

(
ημρηνσ + ηνρημσ

)
∂λ∂τ

− 1

4

(
ημρδν

λδσ
τ + ηνρδ

μ
λ δσ

τ + ημσ δν
λδ

ρ
τ

+ηνσ δ
μ
λ δ

ρ
τ

)
�
}

+ γ

{
ηλτ

[
1

2

(
ημρ∂σ ∂ν + ηνρ∂σ ∂μ

+ημσ ∂ρ∂ν + ηνσ ∂ρ∂μ
)− (

ημρηνσ + ηνρημσ
)
�
] }

(5.4)

In the “Appendix B” we have studied the spin projectors
for connection fields A ∈ A, where A is the space of tor-
sionless connections (see “Appendix C” for metric, torsion-
ful connections). There are two main sectors in this space:
the one corresponding to connections symmetric in the three
indices (B.1), AS , and the one endowed with the hook sym-
metry (B.2), AH, each one with 20 components. The spin
content of the symmetric sector is

20S = (
3
)⊕ (

2
)⊕ 2

(
1
)⊕ 2

(
0
)

(5.5)

and the spin content of the hook one is given by

20H = 2
(
2
)⊕ 3

(
1
)⊕ (

0
)

(5.6)

There are 12 mutually orthogonal projectors on these dif-
ferent sectors. Projectors on the symmetric sector are repre-
sented by roman letters and indexed by the spin, Ps , whereas
projectors in the hook sector are represented by calligraphic

letters also indexed by the spin, Ps . Nevertheless, this is not
enough to expand the most general linear operator

K : A → A (5.7)

which has dimension 22. In order to find a basis for this space,
we need to add 10 new operators to the above set, which
are not mutually orthogonal anymore. These new operators
will be denoted as Ps , where s stands for the spin. Explicit
expressions can be found in the “Appendix B.3”.

Once we have obtained the complete basis for this space,
we can expand the general operator in terms of these spin
operators as

(KFOQ)
μν ρσ
τ λ = (−2(2γ + β) Ps

0 − (4γ + 9α + 2β) Ps
0

+ (2γ − β) Px
0 − 4

3
(3γ + 5β) Ps

1

− 2γ Ps
1 − 4

3
(3γ + β) P t

1 − (2γ + β) Pwx
1

+ 4β Pss
1 − 2(2γ + β) (P2 + P2)

− 4γ Ps
2 + 2(β + γ ) Px

2 − 4γ P3)
μν ρσ
τ λ �

(5.8)

We also need to choose a gauge fixing, in this case we take

Sgf = 1

χ

∫
dnx ημνηρσ ητλA

τ
μν�Aλ

ρσ (5.9)

from where we can extract the operator which in terms of the
projectors reads

(Kgf)
μν ρσ
τ λ = 1

χ
(Pw

0 + 3 Ps
0 + 3 Ps

0 − 3 Px
0 + Psw

0 + Pws
0

+ P1 − 5

3
Ps

1 + Pw
1 + 2

3
P t

1 − Pwx
1

+ Pws
1 + Psw

1 + Psx
1 + 4 Pss

1 )
μν ρσ
τ λ � (5.10)

From the decomposition of the gauge fixing operator we
see that the gauge fixing term does not posses any spin 2
or spin 3 piece. Looking at the operator (5.8) for the three
quadratic terms, we are going to have problems when γ

equals zero due to the fact that P3, Ps
2 and Ps

1 disappear
from the scene. As we have seen, we cannot recover the spin
2 and spin 3 ones from the gauge fixing, so this leads to a
non invertible operator, and thus, to new zero modes.

To understand this fact, let us focus in the simplest case
where β = γ = 0. The operator for R2 collapses to

(KR2)
μν ρσ
τ λ = −9 (Ps

0)
μν ρσ
τ λ � (5.11)

so that

(KR2+gf)
μν ρσ
τ λ = 1

χ
(Pw

0 + 3 Ps
0 + (3 − 9χ) Ps

0
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− 3 Px
0 + Psw

0 + Pws
0 + Pw

1 − 5

3
Ps

1

+ Pw
1 + 2

3
P t

1 − Pwx
1 + Pws

1

+ Psw
1 + Psx

1 + 4 Pss
1 )

μν ρσ
τ λ � (5.12)

It follows that there are a grand total of 13 new zero modes.
They are listed in the “Appendix D”. Physically, this means
that the theory has extra gauge symmetry when considered at
one loop order, in addition to the one it has for the full theory,
namely diffeomorphism and Weyl invariance. We are not
aware of any other physical system where this happens. For
what we can say, these extra gauge symmetries are accidental,
and will disappear when computing higher loop orders.

It is plain that the first order theory has a sector in which the
connection reduces to the metric one. It is physically obvious
that in this sector the theory should reduce to the one obtained
in second order formalism. Let us then check what happens
when the connection reduces to the Levi-Civita connection.
Around flat space we have

Aλ (LC)
μν = ∂μh

λ
ν + ∂νh

λ
μ − ∂λhμν (5.13)

With this change we can extract an operator mediating
interactions between the hμν and expand it in terms of the
four-index spin projectors. In this way we can see how the
six-index projectors and the four-index projectors talk to each
other. The full correspondence is as follows

Aλμν P
λμν
αβγ Aαβγ hμν P

μν
αβ hαβ

Pw
0

k2

4
Pw

0

Ps
0

k2

36
(n − 1)Ps

0

Ps
0

2k2

9
(n − 1)Ps

0

Px
0

k2

6
(n − 1)Ps

0

Psw
0 − k2

3

√
n − 1P×

0

Pws
0

k2

12

√
n − 1P×

0

Pw
1

k2

6
P1

Pw
1

k2

3
P1

P2
k2

12
P2 − k2

36
(n − 4)Ps

0

P2
2k2

3
P2 − 2k2

9
(n − 4)Ps

0

Px
2

k2

2
P2 − k2

6
(n − 4)Ps

0

where Ps
1,Ps

1,Pw
1 ,P t

1,P
wx
1 ,Pws

1 ,Psw
1 ,Psx

1 ,Pss
1 ,Pwst

1 ,

Ps
2, P3, do not contribute when the connection reduces to

the metric one.

The end result is that spin 3 collapses to zero, and the
surviving different spin 2 sectors of the first order theory
degenerate into the unique spin 2 of the second order one.
Moreover, spin 1 reduces to spin 1 when going to second
order formalism, as well as spin 0 goes to spin 0.

In the process however, a power of k2 has been generated.
This power is the responsible for the lack of (perturbative)
unitarity of the theory in second order formalism. This prob-
lem then appears in this particular sector of the first order
theory as well.

Then, unless a consistent method is found to isolate this
sector from the full first order theory (id est, a consistent
truncation), the latter will inherit the unitarity problems of
the second order one.

6 Conclusions

When analyzing the connection field, one easily finds that
there is generically a spin 3 component. This might be a prob-
lem in the sense that it is well-known (cf. for example [27])
that it is not possible to build an interacting theory for spin 3
with a finite number of fields. Although we see no particular
type of inconsistency to the order we have worked, it is always
possible to avoid the presence of this spin 3 field altogether
by choosing a particular set of coupling constants, namely,
putting to zero the coefficient of the Riemann squared term.
This combination is not stable by renormalization, so that
this choice implies a fine tuning of sorts. In addition there
are several spin 0, spin 1 and spin 2 fields. This proliferation
of spins occurs even for the Einstein–Hilbert action when in
first order formalism.

When the connection collapses to the metric (Levi-Civita)
form, the spin 3 component disappears, and all spin 2 com-
ponents are identified, but this sector suffers from the well-
known unitarity problems present in second order formalism.

In conclusion it is unclear whether it will be possible to
define a truncation of the gravity lagrangian quadratic in cur-
vature in first order formalism in which the problems of uni-
tarity are absent. It seems that the healthy sectors do not
describe gravity, and the sectors that do describe gravity fall
into the known unitarity problems. To be specific, let us define
a scalar product in A

〈A1|A2〉 ≡
∫

d(vol)A1
μνλA

μνλ
2 (6.1)

Then the subspace A⊥ orthogonal to the metric connections

A(LC)
μνλ ≡ ∂μhνλ − ∂νhλμ − ∂λhμν (6.2)

is defined by

A⊥ ∈ A⊥ ⇔ ∂μ
(
Aμνλ − Aνμλ + Aλνμ

) = 0 (6.3)
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which in terms of projectors reads

A⊥
μνλ = (Px

0)
ρστ
μνλ �1

ρστ + (Ps
1)

ρστ
μνλ �2

ρστ

+ (P t
1)

ρστ

μνλ �3
ρστ + (Pss

1 )
ρστ
μνλ �4

ρστ

+ (Ps
2)

ρστ
μνλ �5

ρστ + (Px
2)

ρστ
μνλ �6

ρστ

+ (P3)
ρστ
μνλ �7

ρστ (6.4)

where �i
ρστ ∈ A.

Now, if we want to write a local lagrangian involving A⊥
only, we encounter the same problems we faced early on
when we intended to write a lagrangian in terms of h2

μν only
(2.13). For example, taking just the spin 3 part, due to the
fact that (P3)

ρστ
μνλ �ρστ goes as �−3, we will need to have an

action of the type

S3 = 1

κ10

∫
d(vol) A(3)

μνλ�6A(3)μνλ
(6.5)

if we want it to be formally local (in the sense that no negative
powers of � appear).

It is perhaps worth remarking that some of these prob-
lems are shared even by theories linear in curvature, as soon
as fermionic matter is coupled to gravity. In this case the first
order formalism and the second order one are not equivalent,
and in fact when treating the theory in first order formal-
ism, spacetime torsion is generated on shell. This fact seems
worthy of some extra research.

More work is clearly needed however before a good under-
standing of the first order formalism is achieved.
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Appendix A: Spin content and spin projectors

In order to get the spin projectors for a symmetric tensor
hμν , let us start with a simple vector field uμ. If we consider

a timelike reference momentum kμ (with k2 > 0), physics is
simpler in the adapted frame where

kμ = δ
μ
0 (A.1)

Therefore, the spin content of a vector uμ which we represent

as is

s = 1 : ui 3 components,

s = 0 : u0 1 component. (A.2)

And the corresponding projectors in momentum space read

P(0)β
α = kαkβ

k2 ≡ ωα
β =

⎛
⎜⎜⎝

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎞
⎟⎟⎠

P(1)β
α = δβ

α − kαkβ

k2 ≡ θα
β =

⎛
⎜⎜⎝

0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎞
⎟⎟⎠ (A.3)

It should be noted that these operators are non-local in posi-

tion space where
1

k2 stands for �−1. We shall use both

momentum and position space as equivalent. That is, we
could as well write

ωα
β = ∂α∂β

�

θα
β = δβ

α − ∂α∂β

� (A.4)

so the traces read as follows

Tr P0 = 1

Tr P1 = 3 (A.5)

As it is well-known, the metric hμν (or equivalently, the
frame field, ha μ) transforms in the euclidean setting under

the representation 10 ≡ of SO(4), so the spin content
and corresponding projectors are given by

s = 2 : hTi j ≡ hi j − 1

3
hδi j

(P2)
ρσ
μν ≡ 1

2
(θρ

μθσ
ν + θσ

μθρ
ν ) − 1

3
θμνθ

ρσ

s = 1 : h0i

(P1)
ρσ
μν ≡ 1

2
(θρ

μωσ
ν + θσ

μωρ
ν + θρ

ν ωσ
μ + θσ

ν ωρ
μ)

s = 0 : h00(
Pw

0

)ρσ

μν
≡ ωμνω

ρσ

s = 0 : h ≡ δi j hi j

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


Eur. Phys. J. C   (2018) 78:794 Page 11 of 20  794 

(
Ps

0

)ρσ

μν
≡ 1

3
θμνθ

ρσ (A.6)

These particular projectors have been studied previously by
Barnes and Rivers [23,24]. They are complete in the sym-
metrized direct product

Sym(Tx ⊗ Tx ) (A.7)

where Tx is the tangent space at the point x ∈ M of the
space-time manifold.

It is convenient to define another projector

P0 ≡ Pw
0 + Ps

0 (A.8)

and the non-differential projectors are

I ρσ
μν ≡ 1

2

(
δρ
μδσ

ν + δσ
μδρ

ν

)

T ρσ
μν ≡ 1

4
ημνη

ρσ (A.9)

Then we can write a closure relation for these projectors, to
be specific,

(P2)
ρσ
μν + (P1)

ρσ
μν + (P0)

ρσ
μν = I ρσ

μν (A.10)

These projectors are not enough though, as they do not form
a base of the space of four-index tensors of the type of inter-
est. Such a base is formed by five independent monomials,
namely (permutations are implicit)

M1 ≡ kμkνkρkσ

M2 ≡ kμkνηρσ

M3 ≡ kμkσ ηρν

M4 ≡ ημνηρσ

M5 ≡ ημρηνσ (A.11)

Therefore, in order to get a basis, we then need to add a new
independent operator

(
P×

0

)ρσ

μν
= 1√

3
(ωμνθ

ρσ + θμνω
ρσ ) (A.12)

that can be identified with the mixing of the two spin 0 com-
ponents, h and h00. It is clear that this new operator cannot
be orthogonal to the other four, since closure implies that
the only operator orthogonal to the set that closes is the null
operator.

Appendix B: Spin content of the symmetric connection
field

In this appendix, we decompose the operators mediating
between two connection fields Aμβγ ≡ gαμ�α

βγ – symmetric
in the last two indices, because we are assuming vanishing

torsion – in terms of the spin projectors of this field. The
procedure is analogue to the one followed in “Appendix A”.

Since Aμνλ = Aμλν ,

Aμνλ ∈ A ≡ Tx ⊗ Sym (Tx ⊗ Tx ) (B.1)

The quadratic kinetic operator in this space is

K ∈ A ⊗ A (B.2)

In order to disentangle the physical meaning of the gauge
piece of the total action, we would like to expand K as a sum
of projectors with definite spin. There are 22 independent
monomials to consider. Let un proceed by steps.

The projector into A – namely, the identity in this space
– is

P0 ≡ (P0)
α(βγ )
μ(νλ)

≡ 1

2
δα
μ

(
δ
β
ν δ

γ
λ + δ

γ
ν δ

β
λ

)
= 1

2
(1, 0, 0, 1, 0, 0)

P2
0 ≡ (P0)

α(βγ )
μ(νλ)

(P0)
a(bc)
α(βγ )

= Pa(bc)
μ(νλ)

= P0

P0 A = A (B.3)

(where the last equality in the first equation refers to the vec-
tor notation introduced in the “Appendix E”). The subspace
A corresponds, in terms of representations of the tangent
group SO(4), to the sum of a totally symmetric three-index
tensor plus a tensor with the hook symmetry

{2, 0} ⊗ {1} = {3, 0} ⊕ {2, 1} ⊗ = ⊕
(B.4)

In terms of dimensions this is 40 = 20 + 20. The Young
projectors are

PS ≡ (P α β γ )
αβγ
μνλ ≡ 1

6

{
δα
μδβ

ν δ
γ
λ + δβ

μδγ
ν δα

λ

+ δγ
μδα

ν δ
β
λ + δα

μδγ
ν δ

β
λ + δβ

μδα
ν δ

γ
λ + δγ

μδβ
ν δα

λ

}

= 1

6
(1, 1, 1, 1, 1, 1) (B.5)

and the hook representation

PH ≡
(
Pα β

γ

)αβγ

μνλ

≡ 1

3

{
δα
μδβ

ν δ
γ
λ + δα

μδγ
ν δ

β
λ − 1

2
δα
ν δβ

μδ
γ
λ

− 1

2
δα
ν δ

β
λ δγ

μ − 1

2
δα
λ δβ

ν δγ
μ − 1

2
δα
λ δβ

μδγ
ν

}

= 1

3

(
1,−1

2
,−1

2
, 1,−1

2
,−1

2

)
(B.6)

It should be stressed that this projector is not symmetric
in (αβ), but rather in (β, γ ).
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(
P α β

γ

)αβγ

μνλ

=
(
P α γ

β

)αβγ

μνλ(
P α β

γ

)αβγ

μνλ

+
(
P γ α

β

)αβγ

μνλ

+
(
P β γ

α

)αβγ

μνλ

= 0 (B.7)

In the following, we will keep this notation: P for the
projectors in the symmetric subspace and P for those in the
hook subspace.

The Young projectors are symmetric, orthogonal and add
to the identity in A

PT
S = PS PT

H = PH

PSPH = PHPS = 0

PS + PH = P0 (B.8)

Then we can always write for any A ∈ A

A = P0A = AS + AH (B.9)

with

PSAS = AS

PHAH = AH (B.10)

B.1 The totally symmetric tensor

Let us start by determining the spin content of the totally
symmetric piece

(
P{3}A

)
αβγ

≡ A(αβγ ).
We can decompose it in its spin components as

• First the spin 3 component, which is given in the rest
frame by

AT
i jk ≡ Ai jk − 1

5

(
Aiδ jk + A jδik + Akδi j

)
(B.11)

where

Ai ≡
∑
j

Ai j j (B.12)

There are of course 7 components in this set.
The spin 3 projector reads

(P3)
αβγ
λμν = 1

6

(
θα

νθ
β

μθγ
λ + θα

μθβ
νθ

γ
λ

+ θα
νθ

β
λθ

γ
μ + θα

λθ
β

νθ
γ

μ + θα
μθβ

λθ
γ

ν

+ θα
λθ

β
μθγ

ν

)

− 1

15

(
θα

νθ
βγ θμλ + θαγ θβ

νθμλ

+ θαβθγ
νθμλ + θα

μθβγ θνλ + θαγ θβ
μθνλ

+ θαβθγ
μθνλ + θα

λθ
βγ θμν + θαγ θβ

λθμν

+ θαβθγ
λθμν

)
(B.13)

• The spin 2 component is given in the rest frame by

AT
0i j ≡ A0i j − 1

3
A0δi j (B.14)

where

A0 ≡
∑
i

A0i i (B.15)

The projector reads

(P2)
αβγ
λμν = 1

6θβ
νθ

γ
μωα

λ + 1
6θβ

μθγ
νω

α
λ

− 1
9θβγ θμνω

α
λ

+ 1
6θβ

νθ
γ

λω
α

μ + 1
6θβ

λθ
γ

νω
α

μ

− 1
9θβγ θλνω

α
μ + 1

6θβ
μθγ

λω
α

ν

+ 1
6θβ

λθ
γ

μωα
ν − 1

9θβγ θλμωα
ν

+ 1
6θα

νθ
γ

μωβ
λ

+ 1
6θα

μθγ
νω

β
λ − 1

9θαγ θμνω
β

λ

+ 1
6θα

νθ
γ

λω
β

μ + 1
6θα

λθ
γ

ν

× ωβ
μ − 1

9θαγ θλνω
β

μ

+ 1
6θα

μθγ
λω

β
ν + 1

6θα
λθ

γ
μωβ

ν

− 1
9θαγ θλμωβ

ν

+ 1
6θα

νθ
β

μωγ
λ + 1

6θα
μθβ

νω
γ

λ

− 1
9θαβθμνω

γ
λ + 1

6θα
νθ

β
λω

γ
μ

+ 1
6θα

λθ
β

νω
γ

μ − 1
9θαβθλνω

γ
μ

+ 1
6θα

μθβ
λω

γ
ν

+ 1
6θα

λθ
β

μωγ
ν − 1

9θαβθλμωγ
ν (B.16)

• There are two spin 1 components. First the one that is
given in the rest frame by

Ai jkδ
jk (B.17)

with projector

(Ps
1)

αβγ
λμν = 1

15
(θα

νθ
βγ θμλ + θαγ θβ

νθμλ + θαβθγ
νθμλ

+ θα
μθβγ θλν + θαγ θβ

μθλν + θαβθγ
μθλν

+ θα
λθ

βγ θμν + θαγ θβ
λθμν + θαβθγ

λθμν)

(B.18)

The other corresponds to

A00i (B.19)
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and the projector is

(Pw
1 )

αβγ
λμν = 1

6

(
θγ

νwα
μwβ

λ + θγ
μwα

νwβ
λ

+ θγ
νwα

λwβ
μ + θγ

λwα
νwβ

μ + θγ
μwα

λwβ
ν

+ θγ
λwα

μwβ
ν + θβ

νwα
μwγ

λ + θβ
μwα

νwγ
λ

+ θα
νwβ

μwγ
λ + 1

6
θα

μwβ
νwγ

λ

+ θβ
νwα

λwγ
μ + θβ

λwα
νwγ

μ

+ 1

6
θα

νwβ
λwγ

μ + θα
λwβ

νwγ
μ

+ θβ
μwα

λwγ
ν + θβ

λwα
μwγ

ν

+ 1

6
θα

μwβ
λwγ

ν + θα
λwβ

μwγ
ν

)
(B.20)

• There are also two different spin zero components. The
first one corresponds to

A000 (B.21)

and its projector is

(Pw
0 )

αβγ
λμν = 1

6

(
ωα

νω
β

μωγ
λ + ωα

μωβ
νω

γ
λ

+ ωα
νω

β
λω

γ
μ + ωα

λω
β

νω
γ

μ

+ ωα
μωβ

λω
γ

ν + ωα
λω

β
μωγ

ν

)
(B.22)

while the second one corresponds to

A0i jδ
i j (B.23)

with projector

(Ps
0)

αβγ
λμν = 1

9

(
θβγ θμνw

α
λ + θβγ θlnw

α
μ + θβγ θμλw

α
ν

+ θαγ θμνw
β

λ + θαγ θλνw
β

μ

+ θαγ θμλw
β

ν + θαβθμνw
γ

λ + θαβθλνw
γ

μ

+ θαβθμλw
γ

ν

)
(B.24)

Altogether we have accounted for the 20 components in
this set and the spin content is

20S = (
3
)⊕ (

2
)⊕ 2

(
1
)⊕ 2

(
0
)

(B.25)

Indeed, they satisfy the closure relation that symbolicall
reads,

Ps
0 + Pw

0 + Ps
1 + Pw

1 + P2 + P3 = PS (B.26)

B.2 The hook sector

Let us now work out the spin content of the 20 components
of the diagram P{2,1}A.

We will henceforth assume that connections are already
projected into the corrresponding Young subspace, that is,
when A ∈ A,

AH
αβγ ≡ (PH A)αβγ

≡ 1

3

(
2Aαβγ − Aβγα − Aγαβ

) = Aαβγ (B.27)

This implies cyclic symmetry

Aαβγ + Aβγα + Aγαβ = 0 (B.28)

Consider first components with one element in the direc-
tion of the momentum (that is the 0-th component in the
rest frame). Remember that for the projectors acting in this
subspace we are using the letter P .

• There is only one spin zero, a trace that is given by

3∑
i=1

Ai0i (B.29)

that is

(Ps
0)

αβγ
λμν = −1

9
θβγ θμνw

α
λ + 2

9
θβγ θνλw

α
μ

− 1

9
θβγ θμλw

α
ν + 1

18
θαγ θμνw

β
λ

− 1

9
θαγ θνλw

β
μ + 1

18
θαγ θμλw

β
ν

+ 1

18
θαβθμνwλ

γ

− 1

9
θαβθνλwμ

γ + 1

18
θαβθμλwν

γ (B.30)

• There are three spin 1 components. First

1

2

(
A j0i − Ai0 j

)
(B.31)

corresponding to

(Ps
1)

αβγ
λμν = −1

4
θα

νθμ
γ wβ

λ + 1

4
θα

μθν
γ wβ

λ

+ 1

4
θα

μθλ
γ wβ

ν − 1

4
θα

λθμ
γ wβ

ν

− 1

4
θα

νθ
β

μwλ
γ

+ 1

4
θα

μθβ
νwλ

γ + 1

4
θα

μθβ
λwν

γ

− 1

4
θα

λθ
β

μwν
γ (B.32)
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The second one is given by

Ai00 (B.33)

(Pw
1 )

αβγ
λμν = 1

12
θν

γ wα
μwβ

λ − 1

6
θμ

γ wα
νw

β
λ

+ 1

12
θν

γ wα
λw

β
μ + 1

12
θλ

γ wα
νw

β
μ

− 1

6
θμ

γ wα
λw

β
ν + 1

12
θλ

γ wα
μwβ

ν

+ 1

12
θβ

νw
α

μwλ
γ − 1

6
θβ

μwα
νwλ

γ

− 1

6
θα

νw
β

μwλ
γ + 1

3
θα

μwβ
νwλ

γ

+ 1

12
θβ

νw
α

λwμ
γ + 1

12
θβ

λw
α

νwμ
γ

− 1

6
θα

νw
β

λwμ
γ − 1

6
θα

λw
β

νwμ
γ

− 1

6
θβ

μwα
λwν

γ + 1

12
θβ

λw
α

μwν
γ

+ 1

3
θα

μwβ
λwν

γ − 1

6
θα

λw
β

μwν
γ (B.34)

And there is also a spin 1 trace given by

(P t
1)

αβγ
λμν = −1

6
θaνθ

βγ θλμ + 1

12
θagθβ

νθλμ

+ 1

12
θαβθγ

νθλμ + 1

3
θaμθβγ θln

− 1

6
θagθβ

μθln − 1

6
θαβθγ

μθln

− 1

6
θaλθ

βγ θμν + 1

12
θagθβ

λθμν

+ 1

12
θαβθγ

λθμν (B.35)

• Finally, there are two spin 2 projectors. The first one is
the transverse traceless spin two component

1

2

(
A j0i + Ai0 j

)− 1

3
δi j

3∑
k=1

Ak0k (B.36)

with projector

(P2)
αβγ
λμν = −1

6
θβ

νθ
γ

μwα
λ − 1

6
θβ

μθγ
νw

α
λ

+ 1

9
θβγ θμνw

α
λ + 1

3
θβ

νθ
γ

λw
α

μ

+ 1

3
θβ

λθ
γ

νw
α

μ − 2

9
θβγ θλνw

α
μ

− 1

6
θβ

μθγ
λw

α
ν − 1

6
θβ

λθ
γ

μwα
ν

+ 1

9
θβγ θλμwα

ν + 1

12
θα

νθ
γ

μwβ
λ

+ 1

12
θα

μθγ
νw

β
λ − 1

18
θαγ θμνw

β
λ

− 1

6
θα

νθ
γ

λw
β

μ − 1

6
θα

λθ
γ

νw
β

μ

+ 1

9
θαγ θλνw

β
μ + 1

12
θα

μθγ
λw

β
ν

+ 1

12
θα

λθ
γ

μwβ
ν − 1

18
θαγ θλμwβ

ν

+ 1

12
θα

νθ
β

μwγ
λ + 1

12
θα

μθβ
νw

γ
λ

− 1

18
θαβθμνw

γ
λ − 1

6
θα

νθ
β

λw
γ

μ

− 1

6
θα

λθ
β

νw
γ

μ + 1

9
θαβθlnw

γ
μ

+ 1

12
θα

μθβ
λw

γ
ν + 1

12
θα

λθ
β

μwγ
ν

− 1

18
θαβθλμwγ

ν (B.37)

The second one corresponds to the spin 2 traceless con-
nection field

AT
i jk ≡ Ai jk − 2t1

i − t2
i

5
δ jk − 3t2

j − t1
j

10
δik

−3t2
k − t1

k

10
δi j (B.38)

with projector

(Ps
2)

αβγ
λμν = −1

6
θaνθ

β
μθγ

λ + 1

3
θaμθβ

νθ
γ

λ

− 1

6
θaνθ

β
λθ

γ
μ − 1

6
θaλθ

β
νθ

γ
μ

+ 1

3
θaμθβ

λθ
γ

ν − 1

6
θaλθ

β
μθγ

ν + 1

6
θaνθ

βγ θλμ

− 1

12
θagθβ

νθλμ − 1

12
θαβθγ

νθλμ − 1

3
θaμθβγ θln

+ 1

6
θagθβ

μθln + 1

6
θαβθγ

μθln + 1

6
θaλθ

βγ θμν

− 1

12
θagθβ

λθμν − 1

12
θαβθγ

λθμν (B.39)

Therefore, the spin content in this sector is

20H = 2
(
2
)⊕ 3

(
1
)⊕ (

0
)

(B.40)

Finally, the closure relation in this space reads

Ps
0 + Ps

1 + Pw
1 + P t

1 + P2 + Ps
2 = PH (B.41)

B.3 Mixed operators completing a basis of L(A,A)

Let us represent by L(A,A) the space of linear mappings
from A in A. It is plain that a basis is given by (again, with
implicit permutations)

M1 ≡ kμkνkλkαkβkγ M2 ≡ ηνλkμkαkβkγ
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M3 ≡ ημνkλkαkβkγ M4 ≡ ημαkνkγ kβkλ

M5 ≡ ημβkνkλkαkγ M6 ≡ ηνβkμkλkαkγ

M7 ≡ ημαηβγ kνkλ M8 ≡ ημβηαγ kνkλ

M9 ≡ ηαβηλγ kμkν M10 ≡ ηαληβγ kμkν

M11 ≡ ηνληβγ kμkα M12 ≡ ηνβηλγ kμkα

M13 ≡ ηνληαγ kμkβ M14 ≡ ηναηλγ kμkβ

M15 ≡ ημαηνβηλγ M16 ≡ ημαηνληβγ

M17 ≡ ημβηναηλγ M18 ≡ ημβηνληαγ

M19 ≡ ημνηλαηβγ M20 ≡ ημνηλβηαγ

M21 ≡ ημληναηβγ M22 ≡ ημληνβηαγ

So far, we have obtained 12 different operators that satisfy
the closure relation.

Given the fact that we have obtained up to now 12 pro-
jectors, which added to the identity in our space – see (B.26)
and (B.41) –, it is plain that we are 10 operators short in order
to get a complete basis on the space L(A,A). The remaining
operators (which are not, in general, projectors) correspond
to the mixing of equal spin components of A. In the same
sense that P×

0 in (A.12) corresponds to the mixing of the two
spin 0 components of hμν . Hence, we are going to classify
them by their spin.

• There are three of them with spin 0

(Psw
0 )αβγλμν = 4

9
θμνωαλωβγ + 1

9
θλνωαμωβγ

+ 1

9
θλμωανωβγ + 1

9
θμνωαγ ωβλ

− 2

9
θλνωαγ ωβμ − 2

9
θλμωαγ ωβν

+ 1

9
θμνωαβωγλ − 2

9
θλνωαβωγμ

− 2

9
θλμωαβωγν + 1

9
θβγ ωανωλμ

− 2

9
θαγ ωβνωλμ − 2

9
θαβωγνωλμ

+ 1

9
θβγ ωαμωλν − 2

9
θαγ ωβμωλν

− 2

9
θαβωγμωλν + 4

9
θβγ ωαλωμν

+ 1

9
θαγ ωβλωμν + 1

9
θαβωγλωμν

(B.42)

(Pws
0 )αβγλμν = 1

9
θμνωαλωβγ + 1

9
θλνωαμωβγ

+ 1

9
θλμωανωβγ + 1

9
θμνωαγ ωβλ

+ 1

9
θλνωαγ ωβμ + 1

9
θλμωαγ ωβν

+ 1

9
θμνωαβωγλ + 1

9
θλνωαβωγμ

+ 1

9
θλμωαβωγν + 1

9
θβγ ωανωλμ

+ 1

9
θαγ ωβνωλμ + 1

9
θαβωγνωλμ

+ 1

9
θβγ ωαμωλν + 1

9
θαγ ωβμωλν

+ 1

9
θαβωγμωλν + 1

9
θβγ ωαλωμν

+ 1

9
θαγ ωβλωμν + 1

9
θαβωγλωμν

(B.43)

(Px
0)αβγλμν = 1

6
θαγ θλνωβμ + 1

6
θαγ θλμωβν

+ 1

6
θαβθλνωγμ + 1

6
θαβθλμωγν (B.44)

• There are six with spin 1

(Pwx
1 )αβγλμν = 1

4
θγ νωαμωβλ + 1

4
θγμωανωβλ

+ 1

4
θγ νωαλωβμ + 1

4
θγμωαλωβν

+ 1

4
θβνωαμωγλ + 1

4
θβμωανωγλ

+ 1

4
θβνωαλωγμ + 1

4
θβμωαλωγν

(B.45)

(Pws
1 )αβγλμν = 1

9
θγ νθλμωαβ + 1

9
θγμθλνωαβ

+ 1

9
θγλθμνωαβ + 1

9
θβνθλμωαγ

+ 1

9
θβμθλνωαγ + 1

9
θβλθμνωαγ

+ 1

9
θανθλμωβγ + 1

9
θαμθλνωβγ

+ 1

9
θαλθμνωβγ + 1

9
θανθβγ ωλμ

+ 1

9
θαγ θβνωλμ + 1

9
θαβθγ νωλμ

+ 1

9
θαμθβγ ωλν + 1

9
θαγ θβμωλν

+ 1

9
θαβθγμωλν + 1

9
θαλθβγ ωμν

+ 1

9
θαγ θβλωμν + 1

9
θαβθγλω (B.46)

(Psw
1 )αβγλμν = 1

9
θγ νθλμωαβ

+ 1

9
θγμθλνωαβ − 2

9
θγλθμνωαβ

+ 1

9
θβνθλμωαγ
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+ 1

9
θβμθλνωαγ − 2

9
θβλθμνωαγ

− 2

9
θανθλμωβγ − 2

9
θαμθλνωβγ

+ 4

9
θαλθμνωβγ − 2

9
θανθβγ ωλμ

+ 1

9
θαγ θβνωλμ + 1

9
θαβθγ νωλμ

− 2

9
θαμθβγ ωλν + 1

9
θαγ θβμωλν

+ 1

9
θαβθγμωλν + 4

9
θαλθβγ ωμν

− 2

9
θαγ θβλωμν − 2

9
θαβθγλωμν

(B.47)

(Psx
1 )αβγλμν = −2

9
θγ νθλμωαβ − 2

9
θγμθλνωαβ

+ 1

9
θγλθμνωαβ − 2

9
θβνθλμωαγ

− 2

9
θβμθλνωαγ + 1

9
θβλθμνωαγ

+ 1

9
θανθλμωβγ + 1

9
θαμθλνωβγ

+ 4

9
θαλθμνωβγ + 1

9
θανθβγ ωλμ

− 2

9
θαγ θβνωλμ − 2

9
θαβθγ νωλμ

+ 1

9
θαμθβγ ωλν − 2

9
θαγ θβμωln

− 2

9
θαβθγμωλν + 4

9
θαλθβγ ωμν

+ 1

9
θαγ θβλωμν + 1

9
θαβθγλωμν

(B.48)

(Pss
1 )αβγλμν = 1

18
θανθβγ θλμ

+ 1

72
θαγ θβνθλμ

+ 1

72
θαβθγ νθλμ + 1

18
θαμθβγ θλν

+ 1

72
θαγ θβμθλν + 1

72
θαβθγμθλν

+ 2

9
θαλθβγ θμν + 1

18
θαγ θβλθμν

+ 1

18
θαβθγλθμν (B.49)

(Pwst
1 )αβγλμν = − 1

18
θγ νθλμωαβ

− 1

18
θγμθλνωαβ − 2

9
θγλθμνωαβ

− 1

18
θβνθλμωαγ

− 1

18
θβμθλνωαγ − 2

9
θβλθμνωαγ

+ 5

18
θανθλμωβγ + 5

18
θαμθλνωβγ

+ 1

9
θαλθμνωβγ − 2

9
θανθβγ ωλμ

− 1

18
θαγ θβνωλμ − 1

18
θαβθγ νωλμ

− 2

9
θαμθβγ ωλν − 1

18
θαγ θβμωλν

− 1

18
θαβθγμωλν + 1

9
θαλθβγ ωμν

+ 5

18
θαγ θβλωμν + 5

18
θαβθγλωμν

(B.50)

• Finally, there is one more with spin 2

(Px
2)αβγλμν = 1

4
θανθγλωβμ + 1

4
θαλθγ νωβμ

− 1

6
θαγ θλνωβμ + 1

4
θαμθγλωβν

+ 1

4
θαλθγμωβν − 1

6
θαγ θλμωβν

+ 1

4
θανθβλωγμ + 1

4
θαλθβνωγμ

− 1

6
θαβθλνωγμ + 1

4
θαμθβλωγν

+ 1

4
θαλθβμωγν − 1

6
θαβθλμωγν (B.51)

Appendix C: Spin content of the antisymmetric connec-
tion field

In this appendix, we decompose the operators mediating
between two connection fields Aμβγ ≡ gαμ�α

βγ – antisym-
metric in the las two indices because we consider torsionful
connections which fulfill the metricity condition– in terms
of the spin projectors of this field. The procedure is analogue
to the one followed in “Appendices A and B”.

The subspace A corresponds, in terms of representations
of the tangent group SO(4), to the sum of a totally antisym-
metric three-index tensor plus a tensor with the hook sym-
metry

{0, 2} ⊗ {1} = {0, 3} ⊕ {2, 1} (C.1)

In terms of dimensions this is 24 = 4 + 20

C.1 The totally antisymmetric tensor

We want to determine the spin content of the totally antisym-
metric piece A[αβγ ], in this case there are only two monomials
we can form
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M23 = δ
[a
[λδβ

μδ
γ ]
ν]

M24 = δ
[a
[λδβ

μk
γ ]kν] (C.2)

The totally antisymmetric piece is represented as

{0, 3} (C.3)

and the corresponding Young projectors are

(
P̄α

β
γ

)αβγ

μνλ

≡ 1

6

{
δα
μδβ

ν δ
γ
λ + δβ

μδγ
ν δα

λ + δγ
μδα

ν δ
β
λ − δα

μδγ
ν δ

β
λ

− δβ
μδα

ν δ
γ
λ − δγ

μδβ
ν δα

λ

}

= 1

6
(1, 1, 1,−1,−1,−1) (C.4)

where the notation of the projectors in the same as in
“Appendix B”.

We can decompose it in its spin componets as

• First the spin 1 component

1

2

(
A j0i − Ai0 j

)
(C.5)

with projector

(P̄1)
αβγλμν = −1

6
θανθβμθγλ

+ 1

6
θαμθβνθγλ + 1

6
θανθβλθγμ

− 1

6
θαλθβνθγμ − 1

6
θαμθβλθγ ν

+ 1

6
θαλθβμθγ ν (C.6)

• The spin 0 component is

A[i jk] (C.7)

with projector

(P̄0)
αβγλμν = −1

6
ωαλθβνθγμ + 1

6
ωαλθβμθγ ν

+ 1

6
ωαμθβνθγλ − 1

6
ωαμθβλθγ ν

− 1

6
ωανθβμθγλ + 1

6
ωανθ(b, l)θγμ

+ 1

6
θανωβλθγμ − 1

6
θαμωβλθγ ν

− 1

6
θανωβμθγλ + 1

6
θαλωβμθγ ν

+ 1

6
θαμωβνθγλ − 1

6
θαλωβνθγμ

− 1

6
θανθβμωγλ + 1

6
θαμθβνωγλ

+ 1

6
θανθβλωγμ − 1

6
θαλθβνωγμ

− 1

6
θαμθβλωγν + 1

6
θαλθβμωγν (C.8)

Finally it is easy to check that

(
P̄
)αβγ

μνλ
= (P̄1)

αβγ
μνλ + (P̄0)

αβγ
μνλ (C.9)

In terms of dimensions this is 4 = (1) ⊕ (0).

C.2 The antisymmetric hook sector

We determine the spin content of the antisymmetric hook
piece Aα[βγ ], in this case there are six monomials

M25 = δα
λ δ

[β
[μδ

γ ]
ν]

M26 = kαkλ δ
[β
[μδ

γ ]
ν]

M27 = kαδ
[β
λ k[μδ

γ ]
ν]

M28 = δα[μk[βkν]δγ ]
λ

M29 = δα
λ k[βk[μδ

γ ]
ν]

M30 = kαkλ k
[βk[μδ

γ ]
ν] (C.10)

The antisymmetric hook part corresponds to the piece

{2, 1} (C.11)

The Young projectors reads

P̄H ≡
(
Pα β

γ

)αβγ

μνλ

≡ 1

3

{
δα
μδβ

ν δ
γ
λ − δα

μδγ
ν δ

β
λ + 1

2
δα
ν δβ

μδ
γ
λ

− 1

2
δα
ν δ

β
λ δγ

μ + 1

2
δα
λ δβ

ν δγ
μ − 1

2
δα
λ δβ

μδγ
ν

}

= 1

3

(
1,

1

2
,−1

2
,−1,

1

2
,−1

2

)
(C.12)

We can decompose it in its spin componets as

• There are two spin 2 component. The first one is the
transverse traceless spin two component

1

2

(
A j0i + Ai0 j

)− 1

3
δi j

3∑
k=1

Ak0k (C.13)
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with projector

(P̄2)
αβγλμν = 1

4
θανωβμθγλ + 1

4
θαλωβμθγ ν

− 1

6
θαγ ωβμθνλ − 1

4
θαμωβνθγλ

− 1

4
θαλωβνθγμ + 1

6
θαγ ωβνθμλ

− 1

4
θανθβλωγμ − 1

4
θαλθβνωγμ

+ 1

6
θαβωγμθνλ + 1

4
θαμθβλωγν

+ 1

4
θαλθβμωγν − 1

6
θαβωγνθμλ (C.14)

The second one corresponds to the spin 2 traceless con-
nection field

AT
i jk ≡ Ai jk − 1

2
t jδik + 1

2
tkδi j (C.15)

where ti = ∑3
j=1 A ji j , with projector

(P̄s
2)αβγλμν = 1

6
θανθβμθγλ − 1

6
θαμθβνθγλ

− 1

6
θανθβλθγμ

− 1

3
θαλθβνθγμ + 1

6
θαμθβλθγ ν

+ 1

3
θαλθβμθγ ν

+ 1

4
θαγ θβνθλμ − 1

4
θαβθγ νθλμ

− 1

4
θαγ θβμθλν + 1

4
θαβθγμθλν (C.16)

• There are three spin 1 components. First

1

2

(
A j0i − Ai0 j

)
(C.17)

with projector

(P̄s
1)αβγλμν = −1

3
ωαλθβνθγμ + 1

3
ωαλθβμθγ ν

− 1

6
ωαμθβνθγλ + 1

6
ωαμθβλθγ ν

+ 1

6
ωανθβμθγλ − 1

6
ωανθβλθγμ

− 1

6
θανωβλθγμ

+ 1

6
θαμωβλθγ ν − 1

12
θανωβμθγλ

+ 1

12
θαλωβμθγ ν

+ 1

12
θαμωβνθγλ − 1

12
θαλωβνθγμ

+ 1

6
θανθβμωγλ − 1

6
θαμθβνωγλ

+ 1

12
θανθβλωγμ − 1

12
θαλθβνωγμ

− 1

12
θαμθβλωγν + 1

12
θαλθβμωγν

(C.18)

The second one is given by

A0i0 (C.19)

corresponding to

(P̄w
1 )αβγλμν = 1

2
ωαβθγ νωλμ − 1

2
wαγ θβνωλμ

− 1

2
ωαβθγμωλν + 1

2
ωαγ θβμωλν (C.20)

And there is also a spin 1 trace

3∑
j=1

A ji j (C.21)

given by

(P̄ t
1)

αβγλμν = −1

4
θαγ θβνθλμ + 1

4
θαβθγ νθλμ

+ 1

4
θαγ θβμθλν − 1

4
θαβθγμθλν (C.22)

• There is only one spin zero, a trace that is given by

3∑
i=1

Ai0i (C.23)

that is

(P̄0)
αβγλμν = 1

6
θαγ ωβμθλν − 1

6
θαγ ωβνθλμ

− 1

6
θαβωγμθλν + 1

6
θαβωγνθλμ (C.24)

Finally it is easy to check that

(P̄H
)αβγ

μνλ
= (P̄2)

αβγ
μνλ + (P̄s

2)
αβγ
μνλ

+ (P̄s
1)

αβγ
μνλ + (P̄w

1 )
αβγ
μνλ

+ (P̄ t
1)

αβγ
μνλ + (P̄0)

αβγ
μνλ (C.25)

In terms of dimensions this is 20 = 2(2) ⊕ 3(1) ⊕ (0).
These projectors agree with the ones obtained by Sezgin

and van Nieuwenhuizen [29].
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Appendix D: Zero modes for R2

In Sect. 5 we had determined the quadratic one loop operator
in the particular case where the lagrangian is proportional to
R2, the square of the scalar curvature.

(KR2+gf)
μν ρσ
τ λ = 1

χ

(
Pw

0 + 3 Ps
0 + (3 − 9χ) Ps

0 − 3 Px
0

+ Psw
0 + Pws

0 + Pw
1 − 5

3
Ps

1

+ Pw
1 + 2

3
P t

1 − Pwx
1 + Pws

1

+ Psw
1 + Psx

1 + 4 Pss
1

)μν ρσ

τ λ
� (D.1)

It can be checked that this operator has 13 independent
zero modes, which are written in terms of the spin operators
acting on an arbitrary field �αβγ ∈ A as

Z1 ≡ (
Pw

0 + Ps
0 − Pws

0

)αβγ

λμν
�αβγ

Z2 ≡ (−Pw
1 + Ps

1 + 3Pw
1 − 3

8P
sw
1 − 3

2P
wst
1

)αβγ

λμν
�αβγ

Z3 ≡ (
2Pw

1 + P t
1 − 3

2P
sw
1

)αβγ

λμν
�αβγ

Z4 ≡ (−2Pw
1 + Pw

1 + Pws
1 − 1

8P
sw
1 − 1

2P
wst
1

)αβγ

λμν
�αβγ

Z5 ≡ (−2Pw
1 + Pw

1 − 3
4P

sw
1 + Psx

1 − Pwst
1

)αβγ

λμν
�αβγ

Z6 ≡ (− 7
6 Pw

1 + 14
3 Pw

1 − 21
16P

ws
1 + Pss

1 − 7
4P

wst
1

)αβγ

λμν
�αβγ

Z7 ≡ (Ps
1)

αβγ
λμν �αβγ

Z8 ≡ (Pwx
1 )

αβγ
λμν �αβγ

Z9 ≡ (P2)
αβγ
λμν �αβγ

Z10 ≡ (P2)
αβγ
λμν �αβγ

Z11 ≡ (Ps
2)

αβγ
λμν �αβγ

Z12 ≡ (Px
2)

αβγ
λμν �αβγ

Z13 ≡ (P3)
αβγ
λμν �αβγ (D.2)

It is quite remarkable that the system has extra gauge sym-
metries at one loop order that are not present in the exact
lagrangian. The physical meaning of this is discussed in the
main body of the paper.

Appendix E: Fun with S3

Let us highlight the procedure to get the spin projectors in a
systematic way. Denoting the elements of permutation group
of three elements S3 acting on Tαβγ ∈ T × T × T as

g1 ≡ δα
μδβ

ν δ
γ
λ

g2 ≡ δβ
μδγ

ν δα
λ

g3 ≡ δγ
μδα

ν δ
β
λ

g4 ≡ δα
μδγ

ν δ
β
λ

g5 ≡ δβ
μδα

ν δ
γ
λ

g6 ≡ δγ
μδβ

ν δα
λ (E.1)

The most general projector in this space can be written as

P ≡
i=6∑
i=1

Ci gi ≡
(
U
V

)
(E.2)

where we have defined the column vectors

U ≡
⎛
⎝C1

C2

C3

⎞
⎠ V ≡

⎛
⎝C4

C5

C6

⎞
⎠ (E.3)

Those operators are not symmetric ones; rather the transpose
operator is given by

(C1,C2,C3,C4,C5,C6)
T = (C1,C3,C2,C4,C5,C6)

(E.4)

It is important to keep this in mind when multiplying projec-
tors.

On the other hand, it is not difficult to establish that

(
P ′′)a

µ
≡
∑

c

Pa
c .
(
P ′)c

µ
= M

(
U ′
V ′
)

≡
(
U ′′
V ′′
)

=
(
AU ′ + BV ′
BU ′ + AV ′

)
(E.5)

with

M ≡
(
A B
B A

)
A ≡

⎛
⎝C1 C3 C2

C2 C1 C3

C3 C2 C1

⎞
⎠

B ≡
⎛
⎝C4 C5 C6

C5 C6 C4

C6 C4 C5

⎞
⎠ (E.6)

All this implies that

[
P, P ′] =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
C54 + C65 + C46

C64 + C45 + C56

C52 + C63 + C35 + C28

C52 + C63 + C35 + C26

C62 + C43 + C24 + C36

C42 + C53 + C34 + C25

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(E.7)
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where

Cab ≡ CaC
′
b − CbC

′
a (E.8)

These formulas make it trivial to check all assertions about
projectors, which have been nevertheless also verified with
xAct [28].
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