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Abstract. In this work we implement the recent proposed vacuum magnetic regularization
(VMR) scheme to the two flavor Polyakov–Nambu–Jona-Lasinio model in order to describe
some basic thermodynamic properties such as the pressure, entropy and energy density. We
show that this procedure allows the evaluation of the renormalized magnetization, which agrees
with LQCD data. Potential physical differences are also explored when other three possible
regularization schemes are adopted to describe the chiral condensate.

1. Introduction
It is well known that the magnetic field independent regularization (MFIR) scheme applied to
the SU(2) Nambu–Jona-Lasinio model (SU(2) NJL) can avoid nonphysical behavior in the quark
condensate [1] at zero density and temperature. The merit of this procedure is the complete
separation of vacuum and magnetic contributions in the gap equation, thermodynamical
potential and the random phase approximation (RPA) evaluation of the meson masses. The
vacuum magnetic regularization (VMR) scheme includes exact terms of order O(eB2) in the
effective potential which are usually ignored in the MFIR procedure, since they are mass
independent and does not change the phase diagram analysis [2]. On the other hand, the
temperature effects bring the possibility to regulate or not the thermal contributions with an
ultraviolet cutoff, Λ, which quantitatively shows different behavior at the high temperature even
if we consider a scenario with eB = 0.
In the present work, we explore the thermodynamical properties in the SU(2) Polyakov–
Nambu–Jona-Lasinio, as the pressure, entropy and energy density through four different
regularization prescriptions: the thermo-regulated proper-time (TRPT) and standard proper-
time (SPT) schemes, which are both non-MFIR procedures with and without an ultraviolet
cutoff regularization in the thermal contributions respectively. The remaining regularizations
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are the MFIR and VMR procedures without regulating the thermodynamical integrals. In order
to emphasize one of the advantages of the VMR scheme, we also show that the renormalized
magnetization defined in lattice QCD can be obtained.

2. The PNJL at finite magnetic fields
Let us first write the PNJL Lagrangian which is given by [3]

LPNJL = ψ̄ (iγµD
µ − m̂c)ψ +G

[(
ψ̄ψ

)2
+
(
ψ̄iγ5τψ

)2]− U
(
Φ, Φ̄, T

)
− 1

4
FµνFµν , (1)

where ψ are the fermionic fields, τ the isospin Pauli matrices, m̂c are the current quark masses
which, we set as mu = md ≡ mc while G represents the coupling constant. The covariant
derivative is given by Dµ = ∂µ − iqfA

µ
EM − iAµ, where qf represents the quark electric charge

(qu = 2e/3, qd = −e/3), Aµ
EM is the electromagnetic gauge field, Fµν = ∂µAµ

EM − ∂νAν
EM

where Aµ
EM = δµ2x1B and B⃗ = Bê3 within the Landau gauge adopted here. We also consider

the Polyakov gauge where the gluonic term, Aµ = gAµ
a (x)

λa
2 , which only contributes with the

spatial components: Aµ = δ0µA
0 = −iδ0µA4 where g is the strong coupling, Aµ

a (x) represents the

SU(3) gauge fields while λa are the Gell-Mann matrices. The Polyakov potential, U
(
Φ, Φ̄, T

)
, is

fixed to reproduce pure-gauge LQCD results [4]. For vanishing chemical potential (µ = 0) one
has for the expected value of the Polyakov loop Φ̄ = Φ so that the ansatz proposed in Ref. [5]
reads

U (Φ, T )

T 4
= −1

2
b2 (T ) Φ

2 + b4 (T ) ln
[
1− 6Φ2 + 8Φ3 − 3Φ4

]
, (2)

with

b2 (T ) = a0 + a1

(
T0
T

)
+ a2

(
T0
T

)2

, b4 (T ) = b4

(
T0
T

)3

, (3)

and the parameters are given in table 1

a0 a1 a2 b4
3.51 -2.47 15.22 -1.75

Table 1. Parameter set used for the Polyakov loop potential.

3. Regularization prescriptions
In the next subsections we will apply the basic regularization prescriptions for the
thermodynamical potential, Ω(M,Φ, T, B), of the PNJL SU(2) model.

3.1. The TRPT and SPT frameworks for the thermodynamical potential
The basic structure of the thermodynamical potential in the proper-time representation is given
by

Ω(M,Φ, T, B) = U (Φ, T ) +
(M −mc)

2

4G
+
Nc

8π2

∑
f=u,d

(|qf |B)2
∫ ∞

|qf |B
Λ2

ds

s2
e
− M2s

|qf |B coth(s)

+
∑

f=u,d

(|qf |B)2

8π2

∫ ∞

λB

ds

s2
e
− M2s

|qf |B coth(s)

{
2

∞∑
n=1

e−
|qf |Bn2

4sT2 (−1)n
[
2 cos

(
n cos−1 3Φ− 1

2

)
+ 1

]}
,(4)
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where the gap equations are given by ∂Ω/∂M |Φ,T = ∂Ω/∂Φ|M,T = 0, and should be solved
simultaneously. The parameter λB = |qf |B/Λ2 in the thermomagnetic contribution will define
if we are in the TRPT scheme in which we have λB ̸= 0 or the SPT scheme where λB = 0, while
Λ represents an ultraviolet cutoff of the theory.

3.2. The MFIR and VMR frameworks for the thermodynamical potential
The MFIR scheme is based on the subtraction of magnetic field dependent divergences [6], which,
in the PT regularization, is given by

ΩMFIR(M,Φ, T, B) = U (Φ, T ) +
(M −mc)

2

4G
+
NcNf

8π2

∫ ∞

1
Λ2

ds

s3
e−M2s

−Nc

∑
f=u,d

(|qf |B)2

2π2

[
ζ ′ (−1, xf )−

1

2

[
x2f − xf

]
lnxf +

x2f
4

]

+
∑

f=u,d

(|qf |B)2

8π2

∫ ∞

0

ds

s2
e
− M2s

|qf |B coth(s)

{
2

∞∑
n=1

e−
|qf |Bn2

4sT2 (−1)n
[
2 cos

(
n cos−1 3Φ− 1

2

)
+ 1

]}
.(5)

The details of the MFIR procedure applied to the PNJL model can be seen in Ref. [2]. The
VMR scheme includes a contribution for the thermodynamical potential of order O(eB2) which
is usually ignored in the MFIR procedure. The thermodynamical potential in the VMR scheme
can be written as follows

ΩVMR(M,Φ, T, B) = ΩMFIR(M,Φ, T, B) +
Nc

24π2

∑
qf=u,d

(|qf |B)2
[
ln

(
Λ2

2|qf |B

)
+ 1− γE

]
, (6)

the gap equation in both procedures are the same and the main differences are present in
thermodynamical properties.

4. Results
The thermodynamical properties in which we are interested are the pressure, P = −Ω, the
entropy density, S = ∂P/∂T and the energy density E = −P+ST+MB, where M = ∂P/∂(eB)
represents the magnetization. The parameters of the model are chosen to be the same as used
in Refs. [2, 7], where Λ = 675 MeV, mc = 3.5 MeV and the magnetic field dependent coupling
G ≡ G(eB) is fitted in order to obtain the effective quark masses calculated in LQCD of ref. [7]
and this behavior of G(eB) turns out to reproduce inverse magnetic catalysis [7, 8]. The values
of G(eB)Λ2 for all regularization prescriptions considered in this work are given in Table 2.

eB [GeV2] VMR and MFIR SPT and TRPT

0.0 5.83200 5.83200
0.2 5.05349 5.19413
0.4 3.74477 4.05506
0.6 2.69719 3.05269

Table 2. The values of G(eB)Λ2 for all regularization prescriptions considered.

In Fig. 1 we see the reduced pressure, ∆P = P (M,Φ, B, T ) − P (M0, 0, B, 0) with M0 ≡
M(B, T = 0), the entropy density and energy density for MFIR and VMR schemes. The
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Figure 1. The reduced pressure, entropy density and energy density as function of the
temperature for eB = 0.4 GeV2 for VMR and MFIR schemes.

results are almost the same when we compare both regularization for all quantities. The strong
magnetic field eB = 0.4 GeV2 was chosen in order to observe possible effects of the regularization
in the thermodynamical quantities, which are a little more evident in the energy density. The
VMR scheme, in this way, not just reproduce the expected behavior of the MFIR scheme in
thermodynamical quantities, but also allows us to explore more quantities, as the renormalized
magnetization [2, 9].
In Fig.2 we see the normalized chiral condensate as a function of the magnetic field for all
regularization procedures at T = 250 MeV. We observe the magnetic catalysis for the MFIR,
VMR and SPT schemes. An inverse catalysis is observed for TRPT scheme, which shows that
the entanglement between vacuum and magnetic contributions and an ultraviolet cutoff in the
thermal contributions have physical consequences.
We also present the renormalized magnetization, Mr, in Fig. 3 as a function of the magnetic
field at T = 0 in the SU(2) PNJL model in order to compare with lattice QCD [10]. This is
possible once we adopt the following approach

Mr · eB = M · eB − (eB)2 lim
eB→0

M · eB
(eB)2

∣∣∣∣
T=0

, (7)

in which we have applied the same idea developed in [10] to the SU(2) PNJL. This is possible
through the VMR scheme that enables us to mimic the renormalized magnetization in the
model. In the calculation of the renormalized magnetization we have adopted a fixed coupling
G ≡ G(eB = 0), in order to avoid physical complications associated with removing extra O(eB2)
contributions. An interesting and more detailed discussion can be seen in [2, 9].

5. Conclusions
In this work we have analyzed the role of different regularization prescriptions in the context
of the hot and magnetized SU(2) PNJL model. The MFIR scheme is applied to the
thermodynamical potential in order to full separate the magnetic and vacuum contributions
while the VMR scheme recovers mass independent terms that are avoided in the former. These
two procedures, in general, can give very similar results, but when considering the VMR scheme
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Figure 2. The normalized chiral condensate as function of the magnetic field at T = 250 MeV
for all regularization prescriptions adopted in this work.
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Figure 3. The renormalized magnetization in the SU(2) PNJL model with G ≡ G(B = 0) at
T = 0 compared with LQCD data from Ref. [10].

we are able to explore more quantities as the renormalized magnetization.
The TRPT and SPT schemes are both non-MFIR schemes in which one can consider or not
an ultraviolet cutoff in the thermal integrals respectively. Previous works show that regulating
the thermal contributions can change abruptly the Stefan-Boltzmann limit in the pressure and
sound velocity. The present manuscript also shows that the TRPT produces inverse magnetic
catalysis in the quark condensate at high temperatures which can be understood not just as an
effect of the entanglement between vacuum and magnetic contributions, but also as a resulting
effect of the ultraviolet cutoff in thermal integrals.
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1303.1328)

1904.02730
2008.10720
hep-ph/0310121
hep-ph/0506234
hep-ph/0506234
hep-ph/0609218
1905.02103
1206.4205
2104.11117
1303.1328

