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INTRODUCTION

An attractive feature com mon to all present theories of weak inter­
actions is the assumption that they result from  the coupling (either direct 
or via intermediate bosons) of vector-axia l vector currents. The V -A  coup­
ling o f leptonic currents and baryonic currents conserving strangeness suc­
cessfu lly  explains the characteristic properties of ß-decay, 7r-decay and 
M-decay. On the other hand, the leptonic decay modes of K -m esons provide 
the best source of information on the nature of the currents carrying 
strangeness. From  one learns that there must exist an axial-vector
current carrying strangeness; further, if  the leptonic weak interaction is 
universal, one can explain the absence of the K e2 mode by excluding a pseu­
d o -sca la r interaction. From  and K e3 decay one can obtain information 
on sca lar, vector and tensor coupling of strangeness non-conserving cu r­
rents with leptons. In recent experiments on K«3  decay [1, 2] a good fitting 
o f the pion spectrum  was obtained with a constant vector form  factor. A l­
though regarding this result as strong evidence of pure vector coupling, one 
might still argue that other possibilities, such as a mixture of vector and 
tensor couplings with energy-dependent form  factors, are not excluded.

I shall d iscuss here, in the first place, som e properties of the transi­
tion amplitudes which are independent of the structure of form  factors. They 
provide a test of universality and a criterion  for unambiguous determina­
tion of the nature of the weak interaction involved in these processes . Second­
ly, I shall d iscuss the structure o f form  factors, by means of dispersion 
relations and introducing explicitly the effect of the K*-resonance in the 
K jt - inter action.

1. NATURE OF INTERACTION

The basic assumption involved in this discussion is that the lepton pair 
is loca lly  produced through an interaction containing no derivative coupling 
(Fig. 1).
1.1. Kinematics

The kinematical configuration of the decay products depends on two scalar 
variables. I choose them as the total energy W of the lepton pair in its centre- 
of-m ass system  and the angle a between the direction of the neutrino and 
pion in that system . The advantage of this choice of variables will soon be-
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F ig .l 

K -> t  + f + v

«S

P' » p K ir

Fig. 2

K -decay kinematics in the centre-of-mass system o f  the lepton pair

com e apparent (Fig. 2). These variables are related to the energies 
E„, Ec, E„ for decay at rest by

W 2 = m 2 + m 2 - 2 m „E  , (1)K 7T K 7T

cos o' = [ (E { - E v)W2 - m 2(m K- E „ ) ] /(W 2 - m2) P l . (2)

The range of values of W 2 is independent of cos a : [mf2, (m K -  m ^)2].

1.2. Dynamics

The general form  of the matrix element is

mI = (4 PKOPiro )1< >rl J> ) l K > “ l 0“ u „ = 1Il ^ IuI,. <3)

^ ^ 7 * *  + g LP“ ) + ^ g T ^ P KV -  (4)K K K

The index I in (3) stands for the isospin of the current. The g 's  are form  
factors that, following our basic assumption, depend only on the pion energy
E,r. They are real if  time reversal invariance holds.
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1.3. Transition rate [3] 

1dT . • p (s, cos a) -^JL (1 - — ) ds d cos a, 
(4jt m  )3 m  '  s
'  K K

m K

( 5 )

(6)

2
where s = W and

f 0 = (1 / 2 ) (gv - gv. ) + (1 / 2 ) (gv + gy) (m£ - m^ ) /  s
(?)

fi gV + •

One can write

dT 1
1 2---------- =7~A---------------------rr (a 0(s) + /2  a ,(s ) cos a + a 2(s) cos 2a ). (8 )ds d cos a (47r m r1 u 1

1.4. Universality

I shall first draw attention to the coefficient

2
which depends on the lepton m ass only through the factor (1 - ) 3 . Hence
i f  the couplings with muons and electrons are identical, then [3]

(s - m /V 3 a^ (s) e (s - m^) ' 3 a2e (s) . (9)

The verification  o f this identity provides a test of the universality of the 
weak interaction, independent of the structure and nature of form  factors.

1.5. Angular correlation

The sim ple structure of the angular correlation  (8 ) stems from  the factthat 
in its centre of m ass system  the lepton pair is produced in the singlet state 
for sca lar coupling g s and f 0 and in a triplet for vector f l and tensor g T.
In K e3) i f  the electron  m ass is neglected, the spins would be parallel and
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anti-parallel, respectively , for vector and tensor coupling (sz = 1 and s z = 0 ). 
The advantage of our choice of variables is that the simple angular corre la ­
tion is  preserved  after integration over the pion energy or any part of the 
pion spectrum . This angular correlation  is particularly suitable for the 
identification of the type o f coupling. We give in Table I a summary 
o f values of X 1>2 = a i 2 /  ao f ° r  ^ e 3 decay when the electron mass is neg­
lected  [3] in the angular correlation

(dT /d  cos a ) ~  1 + J~2 X x cos a + X 2 cos 2a. (10)

TABLE I

VALUE OF X IN THE ANGULAR CORRELATION 

(dT /d  c o s  o ) ~ l  + \/~2 X j  c o s  a + X 2 c o s  2a f o r  Kg3 d e c a y

V s T (VS) (VT) (ST)

*1 0 0 0 0 0 * 0

-1 0 1 <0 1 0 >0

The absolute value o f X is always less than or equal to one. By m easur­
ing this angular correlation  one obtains clear-cu t discrim ination of the type 
o f coupling. In particular for pure vector coupling (dT /d  cos a ) ~ s i n 2 a .

1 .6 . Kg3 decay

In K e3 decay the contribution to the transition rate of term s that depend 
on the electron m ass is practica lly  negligible. The expressions for the pion 
and electron spectrum  are greatly sim plified by neglecting the electron 
m ass.

(a) Pion spectrum

= (4 P̂mK)3' ( s l g sl2 +y t | s p*lgTl2 ^ p * l fi l2)- {11)

Since at the low er end of the pion spectrum  p 2̂ = 0 and at the upper end s = 0, 
these factors are expected to dominate the pion spectrum, giving specific 
features for  each type of coupling. However, I would like to point out that 
a mixture of tensor and vector coupling cannot be distinguished from  pure 
vector when the energy dependence of the form  factors is taken into account.

A determination o f the ir° spectrum  in Ke3 decay was carried  out by 
BROWN et a l. [2] . They m easured the angular correlation  of the two 7 -rays 
from  the decay of ir° produced in Kg3 decay at rest. The frequency dis-
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Fig-3

+ ,
Ke g decay at rest

tribution o f events as a function o fu  = co s e c  (0 / 2 ) is related to the pion 
spectrum  by

„  , , P u . . 1 dT
F (u) =J u u2 P;  dE; d E' (12)

1 2 2 2where W¥ = '2m'K (m s+  m* - m|) is the maximum pion energy. Using for 
(dT /dE n) the expression given by (11) with constant form  factors, they ob­
tained a rem arkably good fitting taking gs = gx = 0. One can also determine 
d irectly  (dT/cLE*) in term s o f F(u). Multiplying (12) by l /J u 2 - E n2 and 
integrating between E „ and W„, one obtains, after interchanging the order 
o f integrations on the right,

Wff F(u)du = £  Ü -  d E >C  J AUjQU ± r  —J = 2 J P ; dE'ff ff

Hence*

JL_ dT_ 2 d  f ” F(u)du 2 r  » E „ d /F f t Q V
Ptt vd E vJ  Vu2 - E$ * J  /uÖ .  E 2 du \ u J

Eir

This expression  may be useful in analysing a sim ilar experiment for KM3. 
The pion spectrum  for  pure vector coupling in Ke 3 decay is as shown in 
F ig . 4. The shape o f the spectrum  determines the vector form  factor fi(s)

Fig. 4

Pion spectrum for pure vector coupling in Ke g decay
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which was found to be constant within experimental e rrors .
(b)E lectron  spectrum
Some definite predictions can be made about the electron spectrum if 

one assum es pure vector coupling [3,4] .
Let us introduce the variables

n = E (1 - E /m K),

(14)

w = 2 E (W£ - E )/(m  - 2 E ),

where We = (1 /2  m K) (m | - m 2) is the maximum value of the electron energy 
E; w is  positive in the physical region, vanishes at both ends of the spectrum 
(E = 0, E = We ) and has a maximum at E0 = •§ (m K~ m 7r) = MeV. The
electron  energy is a double-valued function of w:

E = | (W + w ± [ ( W  - w ) 2 - m 2]*) -

Throughout this discussion  the electron m ass is being neglected. For pure 
vector coupling the spectrum dT/drj of r) is given by

2 m j(W
4 — - yz— -— r* [  (w - —  ) I fi(s )|  d s  (15)dr) (4 7rmK)3 J K 2 m K

o

which is  an increasing function of w. Hence the maximum of the spectrum 
is at the energy Eo. i .e .  r\ = We /  2, independently of the structure of the form 
factor (Fig. 5). F or any combination (VS) or (VT) one can show that the maxi­
mum would be at a higher energy. If dT/dr) is plotted against w,the two 
branches, corresponding to energies E < E0 and E > E 0,w ill coincide for 
pure vector coupling (Fig. 6); for any combination (VS) or (VT) the first 
branch always rem ains-below  the second one.

The common shape of the two branches in Fig. 6 depends on the structure 
of the vector form  factor fi (s). One can show that

l f / c \ l 2 (4 7 m K )3 d2 ( d T \
 ̂ 1 * 2 mx dw 5 \dr)/ w = s/2it>k’

Since the form  factor depends only on the second derivative of the electron 
spectrum , this spectrum  does not provide a good determination of fi(s). 
Conversely, one can conclude that the electron spectrum is not very sensitive 
to the structure o f the vector form  factor.
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F ig .5 F ig .6

i) spectrum for pure V -coupling Ke3 decay plot for V -coupling

dT
Maximum o f —  at t) = 112 MeV 

dt)

Maximum value o f  r)= 122 MeV

1.7. Polarization

We have seen that from  Ke3 decay one can obtain the vector form  factor 
f l(s ) , but f 0 (s) has to be determined from  K ^3 decay. Here besides the energy

R g . 7

Energy dependence o f  longitudinal polarization o f  muons

spectra and angular correlation  one has another source of information, 
namely, the longitudinal polarization of muons. In Fig. 7 this polarization 
is  given for  pure vector coupling and constant form  factors, for different 
values of the ratio ? = (gv - g y ) /(g v + gv>-

2. FORM FACTORS

I turn now to our second topic, an investigation of the structure of form 
factors. I restr ic t m yself to vector form  factors.

One starts with the assumption that
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f + = gv + Sy = *1 and f - = Sy ‘

are analytic functions of s with a cut from  (m K+ m ^)2 to + oo . The dis­
continuity a cross  this cut is given by the absorptive part of the matrix e le ­
ment (4 pff0 Pko (  o| JaJ k y  . One can then write^ dispersion relations for 
f + and f _ which might require subtractions, depending on the behaviour 
at infinity. I shall assume that the dispersion relation for f + needs one sub­
traction and that for f. no subtraction [5] . A ccording to this assumption, 
f . is entirely induced by strong interactions. One can show that the contribu­
tion to the absorptive amplitude o f nucleon-anti-hyperon intermediate states 
is  com patible with this assumption [5] . Another possible justification is to 
invoke som e higher sym m etry in strong interactions which would ensure 
the conservation o f the current. Suppose that there is a higher symmetry 
in the strong interactions connected with the conservation of a current carry ­
ing strangeness. In the level where this possible underlying symmetry holds, 
the m asses of non-strange and strange particles within the same multiplet 
would be equal, in particular the kaon and pion m asses. In order to get 
the m ass splitting som e interactions have to be introduced that break sym ­
m etry. However, the existence of such higher symmetry would still lead 
to som e definite consequences. When the interactions that break the sym m e­
try  are turned on and thra m ass differences are thereby introduced,the cu r­
rent carrying strangeness is no longer conserved. However, "in the limit 
where the m ass differences within a multiplet are neglected, the current 
is  conserved. In this lim it the divergence of the current is zero". One 
speaks then o f a partially conserved current. Now the matrix element of 
the divergence o f the current between the states of a kaon'and a pion is  given
by

(4pffoPKo)i -6“<^|jaW |K >= ^ I M m J -  m ') +  s f .]  e'^PK-P.) (17)
K '

ty n
and this must be zero  when (mK - ) -» 0, which im plies that

lim  f. (s) = 0 .
(m K - nijl-tO (18)

But at sufficiently high energies the mass differences can be neglected; 
therefore condition (18) leads to

lim  f_ (s) = 0, (19)
s «

which is the assumption we have made. Therefore this assumption holds 
in a theory where there exists an underlying sym m etry of strong interactions
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that ensures the conservation of a current carrying strangeness. However, 
one should point out that from  (19) the existence of a partially conserved cur­
rent does not follow  necessarily . A slightly different version of a partially 
conserved current hypothesis was proposed by BERNSTEIN and WEINBERG 
[5a] . They require the vanishing of (17) as s -> oo. This requirement is 
stronger than (18).

Now we have the dispersion  relations:

The form  factor f + corresponds to the state of the Kir system  with J = 1

by unitarity. Now I shall take into account in Im f only the contribution from  
the low est m assive intermediate state, which is a Kir -state, and neglect 
the contributions from  states of higher m asses. In this way the relations 
(20), together with unitarity, becom e linear integral equations, which can 
be solved in term s of S and P wave Ktt-phase shifts [5] ; f +depends only 
on 6i and f 0 on 60 . One knows about the K7r-interaction that it has a re so ­
nance K* at W = 888 MeV with a width F 50 MeV in the state I = i ,  J = 0 
or J = 1. The effect of the width is negligible in the region of energies we 
are interested in (0 < s < (mx - m ), and one can replace the resonant 
phase shift by a step function 0 (s - the other phase shift will be
neglected. The results of our calculations are equivalent to the Feynman 
diagram s shown in F ig. 8.

oo

(mK + ny)'
(20)oo

and f0 = ^ (f . + EK ~ mn f +) to the state with J = 0. Thus f . is coupled to f +

v

+

Fig. 8

One obtains [6] :

f  (s) = f  (0),+ +
2 2 

f  _ (s) = mK ~ X f+ (0),
m|* - s

(21)

(22)
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The param eter X m easures the influence of K* in the decay. The effect 
of an intermediate, vector boson would be the same as of a vector K* with 
X = 1. The above expressions should then be m odified in the following way:

2 2 2

f (s) -  f  (s) ; f_(s) -> f (s) - f  ( s ) ™ * - - ? »  (23)
m '  s M2 - s

where M is the m ass of the vector boson which has to be greater than the 
kaon m ass M > m ^

3. EXPERIMENTAL RESULTS

The experimental value for the branching ratio (K 3 /K e3 ) is [7] R = 
0.96 ± 0.15. Assum ing universal vector interaction with constant form  fac­
tors, the branching ratio is given in term s of £ = f_/ f+ by [8]

R = 0.651 + 0.126 ? + 0.019 ? 2 (24)

which gives two possible values for ?:

C = 1.85 ± 0 .8and § = -8.15 ± 0.85.

In order to decide between the two solutions the muon spectrum was m eas­
ured by two different groups, BROWN et al. [7] and DOBBS et al. [9 ]. Unfortu­
nately their data are incompatible. The first group obtains the best fit with 
C = 1.46 while the second one found f  = -9 . The pion spectrum in K^g might 
provide a better determination of f .

In addition to the branching ratio one knows from  the JCe 3 experiment 
[2 , 7] that f+(s) has very little energy dependence. It was found that

« 4  f+'( 0 ) / f +(0) = 0.45 ± 0.56. (25)

Let us com pare these results with the theoretical predictions. If the spin 
of K* is one then one, obtains

m* f^ (0 )/f '(0 )  = -m 2/(m 2K - m^) = -1.1 (26)

even if  there exists an intermediate vector boson. Then

mK2 f '( 0 ) /f+(0) = -1 .1  (f_ (0 )/f+(0) ). (27)
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Taking into account (25) one can see that the value ? = -9 is inconsistent 
with this result. The other value ? = 1.46 is barely compatible.

For scalar K* all the energy dependence of f+(s) would come from  the 
intermediate vector boson and is consistent with (25).

Another theoretical prediction valid in the absence of an intermediate 
vector boson is

m Kf-(°)/f -(°)' = (m K / m K*)2 = ° -3 (28)

for both values of the K *  spin.
It should be pointed out that these predictions can be made only in so 

far as neglecting the contributions to the dispersion integrals of higher mass 
intermediate states is actually justified.

A last point I want to make very briefly  is concerned with the isospin 
of the current. So far we have been dealing with a I = 1/2 current. There 
is now evidence for a mixture of I = 1/2 and 1 = 3/2 currents. Then the form 
factors for K +, K x and K2 decay will not be the same. However, if the as­
sumptions we have made hold for both currents and there exists no sizeable 
Kir-interaction in the 1 = 3 / 2 ,  S and P states, then the structure of the 
form  factors remain unchanged; in particular, one still obtains the relations 
(26) and (2 8) for all three decays.
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