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Abstract

The idea that symmetries simplify or reduce the complexity of a system has been remark-
ably fruitful in physics, and especially in quantum mechanics. On a mathematical level,
symmetry groups single out a certain structure in the Hilbert space that leads to a re-
duction. This structure is given by the irreducible representations of the group, and in
general it can be identified with an operator algebra (a.k.a. C∗-algebra or von Neumann
algebra). The primary focus of this thesis is the extension of the framework of reductions
from symmetries to operator algebras, and its applications in finite-dimensional quantum
mechanics.

Finding the irreducible representations structure is the principal problem when work-
ing with operator algebras. We will therefore review the representation theory of finite-
dimensional operator algebras and elucidate this problem with the help of two novel con-
cepts: minimal isometries and bipartition tables. One of the main technical results that
we present is the Scattering Algorithm for analytical derivations of the irreducible repre-
sentations structure of operator algebras.

For applications, we will introduce a symmetry-agnostic approach to the reduction of
dynamics where we circumvent the non-trivial task of identifying symmetries, and directly
reduce the dynamics generated by a Hamiltonian. We will also consider quantum state re-
ductions that arise from operational constraints, such as the partial trace or the twirl map,
and study how operational constraints lead to decoherence. Apart from our primary focus
we will extend the idea of reduction beyond operator algebras to operator systems, and
formulate a quantum notion of coarse-graining that so far only existed in classical proba-
bility theory. In addition, we will characterize how the uncertainty principle transitions to
the classical regime under coarse-grained measurements and discuss the implications in a
finite-dimensional setting.
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Lay Summary

In modern physics, and especially in quantum mechanics, symmetry has been recognized
as a powerful concept that explains many aspects of the physical world around us. On a
mathematical level, symmetries identify a certain structure that reduces the complexity of
a physical system. It turns out that such reductions are not primarily identified by sym-
metries, but by a rather more general mathematical concept of an operator algebra. The
primary focus of this thesis is the extension of the framework of reductions from symme-
tries to operator algebras, and its applications in quantum mechanics. We will present an
algorithm for deriving the complexity reducing structures directly from operator algebras
and demonstrate its applications with problems from quantum information and quantum
computing.
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Chapter 1

Introduction

The main task of a theoretical physicist is to translate physical reality into mathematical
models, analyze the models, and then translate the results back into predictions and expla-
nations. The translation from physics to math, however, is far from a rigorous process and
the only guiding principle, besides consistency with phenomenology, is that “Everything
should be made as simple as possible, but no simpler”.1

Any simplification in the description of a physical system can be called a reduction. In
this thesis we will study the methods and structures associated with reductions in finite-
dimensional quantum systems. Before we get into the details of what that means, we will
approach the idea of reduction from a broader perspective.

The essence of reduction is to single out some significant information about the system
and disregard everything else. For example, in classical mechanics we reduce the state
of a rigid body that consists of some 1023 individual particles, to the position, momentum
and angular momentum of their center of mass. Similarly, in statistical mechanics we
reduce the intractable state of a many-body system to a handful of variables such as the
number of particles, energy, temperature, chemical potential, volume, and pressure. The
very existence of such classical descriptions of physical systems is predicated on the idea
of reduction.

A very general perspective on reduction is to think of it as the result of some coarse-
graining where we choose not to distinguish between every possible state of the system.
One of the earliest formulations of this perspective appears in the work of Paul and Ta-
tiana Ehrenfest [36], where they elucidate the ideas of Boltzmann, Gibbs and Einstein on
statistical mechanics. Although coarse-graining is a very simple and powerful perspective,
it does not translate naturally into quantum theory where the states are not fully distin-
guishable to begin with.

Many modern analytical methods in physics can be viewed as reductions. These include
the mean-field approximation [56, 55], separation of scales and renormalization group
methods [100, 55, 70], matrix product states and tensor networks [91, 80, 92]. Further-
more, the idea of model reduction in dynamical systems is studied on a more general level
as a subject of applied mathematics [86, 44]. The landscape of all the approaches to reduc-
tion is beyond the scope of this thesis, but the notion of reduction that we will explore here
is still based on the same general principle: single out some significant information about

1This quote is commonly attributed to Albert Einstein.
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the system and disregard everything else.
Which information is significant and which is not, is the principal problem of reduction.

A remarkably fruitful approach to this problem traces back to the seminal work by Emmy
Noether, known as Noether’s theorem [76]. This theorem states that when the dynamics
of a system have symmetries, there are conserved quantities that do not evolve with time.
When considering time evolutions we can therefore focus on the non-conserved quantities,
and disregard the conserved ones; this results in a reduction. A particle in central poten-
tial in three-dimensional space is thus reduced from having three dynamical variables of
position, to one.

Today, symmetry methods are a well established staple in physics with far reaching
implications and many dedicated textbooks (see for example [29, 90, 42]). The integration
of symmetry methods in quantum theory traces back to a result by Eugene Wigner, known
as Wigner’s theorem [99, 98]. It states that in quantum mechanics symmetries are rep-
resented by a group of unitary or anti-unitary operators acting on a Hilbert space. Since
anti-unitary representations are rare, especially in finite-dimensional quantum mechanics,
the mathematical formalism of symmetry methods that we will focus on is that of unitary
group representations.

With the advancement of finite-dimensional quantum theory driven by the development
of quantum information and quantum computing, the mathematical structure given by the
irreducible representations, or irreps, of groups has been brought into sharper focus. The
irreps structure has been recognized as the principal structure in applications such as
quantum error correction and fault tolerance [101, 59, 63, 14], quantum reference frames
and superselection rules [11, 58], and commodification of asymmetry as a resource [67, 68,
69]. Along the way it was realized that the irreps structure is primarily defined not by the
representations of groups, but by a rather more general set of transformations known as
operator algebras.

The use of operator algebras in quantum theory was originally pioneered by John von
Neumann and Francis Murray [74, 73], focusing on infinite dimensional Hilbert spaces.
The use of operator algebras in finite-dimensional quantum mechanics was realized much
later; see the reviews in [12] or [45], for example. These algebras are often distinguished
as C∗-algebras or von Neumann algebras but in finite dimensions these distinctions are
inconsequential, so we will keep calling them operator algebras. We will later formally
define operator algebras; for now let us just say that these are sets of transformations,
like groups, but they are not represented by unitaries and they can be composed into both
products and sums.

The primary focus of this thesis is the generalization of reduction methods from sym-
metries to operator algebras in finite-dimensional quantum mechanics. One motivation for
this generalization follows from the fact that there is no systematic way to identify symme-
tries, and we are mostly restricted to intuitively recognizable symmetries such as rotations

2



in space. By shifting the focus from symmetries to operator algebras we will develop a
symmetry-agnostic approach to the reduction of dynamics.

Let us first briefly review what a reduction due to symmetries looks like in finite-
dimensional quantum mechanics. We consider a group G represented by the unitaries
U (G) acting on the Hilbert space H of our system. We call the group G a symmetry if it
commutes with the Hamiltonian

[H,U (g)] = 0 ∀g ∈ G.

Without going into the details of group representation theory, the standard textbook pro-
cedure [29, 90, 42] for the reduction of dynamics due to symmetries can be summarized in
the following steps:

1. Identify the smallest subspaces Hq,i ⊂ H that are closed under the symmetry trans-
formations U (G). These subspaces are called irreducible because the action of sym-
metry transformations cannot be further restricted to smaller subspaces. Both in-
dices q and i enumerate the irreducible subspaces Hq,i, but with q we distinguish the
subspaces with distinct representations of G, and with i we distinguish the subspaces
with identical representations.

2. Change to the new basis
∣∣eqik〉 in H, where q and i identify the irreducible subspace

Hq,i, and k enumerates the basis elements inside the subspace. Such change of basis
is explicitly specified by what is known as the Clebsch-Gordan coefficients.

3. Assuming that U (G) commutes with H, use the results of Schur’s lemmas to conclude
that 〈

epjl

∣∣∣H ∣∣∣eqik〉 = δpqδlk

〈
eqj

∣∣∣H ∣∣∣eqi〉, (1.1)

where we suppress the index k on the right because the matrix elements do not de-
pend on it.

Thus, the Hamiltonian reduces to the block-diagonal form where q and k enumerate the
blocks, and i,j refer to the matrix elements inside each block. The key structure here is
given by the basis

∣∣eqik〉, that in the language of group representation theory identify the
irreducible representations of U (G).

The fact that U (G) commutes with H is the defining property that makes U (G) not just
a group of transformations but a “symmetry”. The above procedure suggests that we can
only rely on the irreps structure of symmetries in order to reduce the dynamics, otherwise
Schur’s lemmas cannot be invoked. One of the results that we will later show is that this
is not quite the case. That is, even groups that are not symmetries can lead to a reduction
of dynamics under a relaxed condition on the commutators [H,U (g)].

As an alternative to groups, we will introduce the symmetry-agnostic approach where
instead of asking “Which group commutes with the Hamiltonian?” we ask “Which operator
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algebra contains the Hamiltonian?”. Although this may seem like two different questions,
the later formulation is a generalization of the former. The idea behind the symmetry-
agnostic approach is to identify an operator algebra A that contains H, find the irreps
structure of A given by the basis

∣∣eqik〉, and then reduce H using the irrep basis as we did
in Eq. (1.1).

For example, consider the Hilbert space of three qubits H⊗3
qubit and the Hamiltonian

H (ε) = Hint + εσz ⊗ I ⊗ I,

where σz is a Pauli matrix acting on the first qubit and ε is a real parameter. The inter-
action term Hint is such that its first and only excited states are |+ + 0〉 and |+11〉 (we use
the notation |±〉 ∝ |0〉 ± |1〉), so if we normalize its energy gap to 1 it is just

Hint = |+ + 0〉 〈+ + 0|+ |+11〉 〈+11| .

The terms Hint and σz ⊗ I ⊗ I do not commute so we cannot simultaneously diagonalize
both terms to find the spectrum of H (ε) as a function of ε. We can, however, reduce H (ε)

and find its spectrum as a function of ε from the reduced Hamiltonian blocks.
In principle, there is a symmetry group that reduces H (ε) but it can be difficult to

identify, and even then, one has to find the irrep basis that lead to the reduction. The
symmetry-agnostic approach offers an alternative where we directly derive the irrep basis
that lead to the reduction. The idea is to observe that H (ε) is a linear combination of two
terms, so it is an element of the algebra

A = 〈Hint, σz ⊗ I ⊗ I〉

generated by these terms. If we find the irrep basis of the operator algebra A, we can
reduce H (ε).

It turns out, as we will see later, that the irreps structure of A is given by the basis

|0− 0〉 , |001〉 , |1− 0〉 , |101〉 , |0 + 0〉 , |1 + 0〉 , |011〉 , |111〉
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and when we present the Hamiltonian in these basis (in the above order) we get

H (ε) =



ε

ε

−ε
−ε

1
2 + ε 1

2
1
2

1
2 − ε

1
2 + ε 1

2
1
2

1
2 − ε


.

Thus, the spectrum of H (ε) consists of ±ε, and the rest is given by the eigenvalues of the
2× 2 block (

1
2 + ε 1

2
1
2

1
2 − ε

)
.

The advantage of this approach is that identifying the operator algebra that contains
the Hamiltonian is trivial compared to identifying symmetries. The real challenge is in
finding the irreps structure and the associated basis.

We are aware of two approaches in the literature to the problem of finding the irreps
structure. First, Murota et al. [72] has proposed a numerical algorithm based on random
sampling and motivated by problems in semidefinite programming (it was adapted in [97]
for physical applications). Second, Holbrook et al. [47] have proposed an algorithm without
sampling, but it requires the ability to find spans of sets of operators.

Ideally, just as we have a symbolic (not inherently numeric) algorithm for diagonalizing
a matrix using pen and paper, we would have a symbolic algorithm for finding the irreps
structure of a set of matrices. One of the main technical contributions of this thesis is the
derivation of such algorithm.

The proposed algorithm is called the Scattering Algorithm. It is constructed around
the basic operation called “scattering” that acts on pairs of projections and is symbolically
represented as follows (the input is on the left, and the output is on the right):

Π1

Π2

D Ef
E D

Π
(λ1)
1 , Π

(λ2)
1 , ... ,Π

(0)
1

Π
(λ1)
2 , Π

(λ2)
2 , ... ,Π

(0)
2 .

The output projections Π
(λ)
i are defined as the elements of the spectral decompositions

Π1Π2Π1 =
∑
λ6=0

λΠ
(λ)
1 and Π2Π1Π2 =

∑
λ6=0

λΠ
(λ)
2 .

From the sums of output projections we can recover the input projections as Πi =
∑

λ Π
(λ)
i
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(the element Π
(0)
i ensures that). In this sense the scattering operation “breaks” the input

projections into lower rank constituents. The main idea of the Scattering Algorithm is to
start with the spectral projections of the generators of the operator algebra, break them
into the minimal possible constituents, and then construct the irreps structure from these
minimal projections.

One application for the Scattering Algorithm that we will demonstrate is in finding
the possible qubit encodings for a given control Hamiltonian. Since different encodings
have different physical characteristics, it is desirable to exhaust the possibilities of an
encoding for a given Hamiltonian. Finding such encodings is not a trivial task and the
symmetry of the Hamiltonian is often used to point to the possible solution. With the
Scattering Algorithm we can approach this task in a more systematic manner and find
solutions associated with less obvious symmetries.

In quantum dot arrays, for example, it is possible to implement the nearest neighbor
Heisenberg interaction with tunable terms [66]

H = ε12
~S1 · ~S2 + ε23

~S2 · ~S3 + ε34
~S3 · ~S4.

DiVincenzo et al. [33] and Bacon et al. [7] have proposed qubit encoding in such arrays
based on the reduction due to the SU (2) symmetry of H. By adopting the symmetry-
agnostic approach and using the Scattering Algorithm we will find additional qubit encod-
ings that cannot be revealed by the SU (2) symmetry alone.

Thus, a physical application of the Scattering Algorithm is in characterizing the dy-
namics of Hamiltonians beyond its obvious symmetries. In particular, for the purposes
of quantum information processing, the Scattering Algorithm identifies the possible qubit
encodings in a systematic manner without relying on the intuition of symmetries.

So far, we have focused on reductions that follow from the dynamics of the system.
There is, however, another kind of reductions that arises when we have inaccessible de-
grees of freedom, such as the degrees of freedom of the “environment”. In order to dis-
tinguish such reductions from the reductions of dynamics, we will refer to them as the
reductions of states.

The prototypical state reduction is the partial trace map that reduces the state ρAB of a
composite system AB into the state ρB of subsystem B alone. The operational meaning of
the reduced state ρB is that it contains only the information accessible with measurements
on subsystem B. In other words, the partial trace map is a map that accounts for the
operational constraint that only allows measurements on subsystem B.

There are more sophisticated operational constraints that cannot be associated with a
physical subsystem. A well known example of that is the operational constraint that arises
from a lack of common reference frame [11]. That is, when two parties (Alice and Bob) do
not share a common reference frame, any information about the quantum state that relies
on this frame of reference is inaccessible to the other party. The resulting operational
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constraint is a restriction to observables that are symmetric under transformations of this
reference frame. The state reduction map that accounts for this constraint is called the
twirl [11] and it is rooted in the irreps structure of the reference frame transformations
group.

We will introduce and study the idea of state reductions due to operational constraints
in the common mathematical framework of operator algebras. Within this framework state
reductions are constructed directly from operational constraints, and it subsumes the spe-
cialized state reduction maps such as the partial trace or the twirl. Ideas such as noiseless
subsystems [65] can also be incorporated into this framework by observing that the re-
quirement for logical operations to commute with the operations of noise is an operational
constraint. In that case, the state reduction map is a map that decodes the logical informa-
tion from the physical state.

It is also interesting to consider the dynamics of reduced states. It is well known that
the reduced state of a subsystem B may undergo decoherence if the composite system AB

evolves in a certain way. What “certain way” means is that the Hamiltonian H of AB has
an interaction term Hint that couples the two subsystems [17]. That is,

H = Hself +Hint,

where Hself = IA ⊗ HB + HA ⊗ IB and Hint cannot be expressed in this way. Identify-
ing the interaction term that is responsible for decoherence is simple when we talk about
subsystems. However, when considering state reduction maps associated with different
operational constraints, the distinction between the “self” and “interaction” terms of the
Hamiltonian is not as clear.

For example, we will consider the composite system l ⊗ 1
2 ⊗

1
2 of two spin-1

2 ’s and an
integer angular momentum l, such as the Hydrogen atom, but with the simple Hamiltonian
of uniform magnetic field along the ŷ axis

H = εLy + S1;y + S2;y.

This Hamiltonian has no interaction terms so we do not expect it to induce decoherence.
This is true if we consider the reduced states of the individual spins or angular momentum,
but it is not the case if different operational constraints are imposed. In particular, for the
reduced states that arise due to the lack of common reference frame of directions in space,
this Hamiltonian induces decoherence. We will see that under this operational constraint
the “self” and the “interaction” terms of the Hamiltonian are

H = ε(Ly + S1;y + S2;y)︸ ︷︷ ︸
Hself

+ (1− ε) (S1;y + S2;y)︸ ︷︷ ︸
Hint

.

Taking a step back, let us return to the simple classical notion of reduction associated
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with coarse-graining. Such notion of reduction is implicit in statistical mechanics where we
choose to distinguish only between states that have different macroscopic properties. The
partitioning of the micro state space into macroscopic classes of states, or macro states, is
exactly what we mean by coarse-graining. The idea of coarse-graining naturally extends
into probability theory where the probability for a macro state to occur is given by the
probability for any micro state in the class to occur. This kind of reasoning, however, does
not seem to extend naturally into quantum theory.

In the following, we will attempt to bridge this conceptual gap. In order to do that we
will have to extend the mathematical framework beyond operator algebras and into opera-
tor systems. In the process we will end up generalizing the usual notion of a subsystem (or a
virtual subsystem [102, 104]), to what we call a partial subsystem that is no longer defined
by a tensor product bipartition of the Hilbert space. The main result is the definition of a
state reduction map called quantum coarse-graining, and the derivation of its operational
meaning. These ideas will be illustrated with a simple classical coarse-graining of a prob-
ability distribution, and its quantum analogue. As a motivating example we will consider
the encoding (compression) of a three level system (qutrit) into a two level system (qubit)
using quantum coarse-graining.

Finally, we will carry out a case study of the uncertainty principle on a lattice. Unlike
previous topics, where the emphasis was on the methods, here we will focus on specific
physical questions. Because a much simpler notion of coarse-graining will be used here,
these analysis will be presented in a self contained manner without relying on the previ-
ously discussed mathematical framework.

It is well known that due to the uncertainty principle, the Planck constant sets a reso-
lution boundary in phase space (see the original paper by Heisenberg [46] or [20, 22] for a
modern review). It is also known that in the classical regime the outcomes of sufficiently
coarse measurements of position and momentum can simultaneously be determined. If we
then continuously vary the resolution of measurements, the uncertainty principle should
transition between the quantum and classical regimes, but the picture of how this transi-
tion unfolds is not so clear.

In the following we will clarify this picture by studying a characteristic function that
quantifies the mutual disturbance effects responsible for the uncertainty principle. Since
it is also expected that the uncertainty principle is modified by the existence of minimal
length in space (this is known as the generalized uncertainty principle [2]), we will conduct
our investigation on a lattice.

We will see how the discontinuity of the lattice perturbes the uncertainty principle and
its transition to the classical regime. We will also see that in terms of lattice units, the
uncertainty principle imposes a resolution boundary given by the square root of the length
of the lattice, and the Planck constant is derived from it. We will discuss the implications
of these results for the existence of minimal length in space.
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As a guide to the reader, we summarize the contributions of this thesis by chapters as
follows:

Chapter 2 We introduce finite-dimensional operator algebras and the structure of irre-
ducible representations in a pedagogical, self-contained manner. Here we will mostly
derive previously known results but with the help of two novel concepts: minimal
isometries and bipartition tables.

Chapter 3 We introduce the Scattering Algorithm for finding irreducible representations
of operator algebras.

Chapter 4 We introduce the framework of state reductions due to operational constraints
and integrate it with the study of decoherence.

Chapter 5 We introduce the framework of symmetry-agnostic reduction of dynamics and
relax the condition for reduction with symmetries.

Chapter 6 We introduce the notions of partial subsystems and quantum coarse-graining
along with their operational meaning.

Chapter 7 We study a characteristic function that quantifies how the uncertainty princi-
ple transitions between the quantum and classical regimes on a lattice.
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Chapter 2

Operator algebras and the
structure of irreducible
representations

The irreducible representations (irreps) structure is at the core of all forms of reductions
that rely on symmetries or operator algebras. In fact, identifying the irreps structure is
usually one of the main technical challenges in the analysis that involve symmetries or
operator algebras. Before we can begin to address this challenge we need to understand
what operator algebras are, and what is the irreps structure. This is the subject of this
chapter.

The abstract mathematical notion of an algebra and the more concrete notion of an
operator algebra are well established fields of study in the mathematical literature. The
study of operator algebras have been introduced and developed in the context of mathe-
matical physics by John von Neumann and Francis Murray [74, 73] which is known today
as the study of von Neumann algebras. In the modern physics literature another name
that is commonly used is a C∗-algebra which is a slight generalization of the von Neu-
mann algebra. Many of the subtleties in the study of operator algebras (and thus the
proliferation of different names) arise from the issues associated with the infinite dimen-
sionality of Hilbert spaces of continuous functions. Since we are only concerned with finite-
dimensional Hilbert spaces, we can avoid the full mathematical treatment of this subject
and restrict our attention to finite-dimensional operator algebras.

In the following we will introduce the main ideas behind finite-dimensional operator
algebras in a pedagogical manner focusing on the structural aspects that are suitable for
our purposes. Similar accounts of finite-dimensional operator algebras in the physics liter-
ature can be found in [12] or in the appendix of [45]. The abstract mathematical treatment
of this subject appears in many textbooks (mostly focusing on the subtleties of infinite
dimensional spaces), see for example [38] or the notes [50].

The central result of the representation theory of finite-dimensional operator algebras
is known as the Wedderburn Decomposition which we will derive in Theorem 2.26. Even
though this result is far from novel, the path that we will take there, including most of the
proofs, will not follow any of the standard references. In particular, we will introduce the
notions of minimal isometries and bipartition tables that anticipate the ideas behind the
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Scattering Algorithm presented in Chapter 3.
In Section 2.1 we will begin by setting up the notation and stating some basic math-

ematical facts. In Section 2.2 we will introduce the finite-dimensional operator algebras
and identify the key structural elements. The general irreps structure will be identified in
Section 2.3 along with some implications and examples. The irreps structure of groups will
be treated as a special case.

2.1 Notation and some mathematical facts

Unless stated otherwise, we will assume ~ ≡ 1.
All Hilbert spaces are assumed to be complex and finite-dimensional. We will denote

withH1
∼= H2 the Hilbert spaces that are isometric to each other, which means thatH1 and

H2 are only different in how we label their basis. All Hilbert spaces are therefore H ∼= Cd

for some integer d.
We will denote with L (H) the space of linear operators on the Hilbert space H. In order

to avoid unnecessary notation we will not distinguish between the notions of linear opera-
tors (or simply operators) and their representations as matrices. Assuming the dimension
of H is d, the space L (H) is also a finite-dimensional Hilbert space of dimension d2.

The symbol † will denote the conjugate-transpose for matrices and Hermitian adjoint
for operators. We will use 0 to denote both the scalar 0 ∈ C and the null operator 0 ∈ L (H).
We will often invoke the fact that A = 0 ∈ L (H) if and only if AA† = 0.

We will denote sets of element such as
{
eijk

}
with the convention that, unless explicitly

stated otherwise, the set consists of all the elements obtained by varying the free indices
(i, j, k in this case). When we explicitly state the free indices, such as

{
eijk

}
i=1,...

, it will

mean that only those indices are indeed free and the rest are a fixed constant for all ele-
ments in the set.

Projection operators are define as follows.

Definition 2.1. An operator Π ∈ L (H) is a projection (a.k.a. orthogonal projection) if
Π 6= 0, Π = Π† and Π = Π2.

The following facts about projections will be used implicitly throughout this thesis.

Proposition 2.2. If Π,Π′ ∈ L (H) are projections such that Π = cΠ′ for some c ∈ C, then
c = 1.

Proof. Since Π and Π′ are projections we have

cΠ′ = Π = Π2 =
(
cΠ′
)

2 = c2Π′.

Since Π′ 6= 0 we must have c = 1.
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When referring to a set of projections {Πk} as orthogonal we will always mean that in
the sense of pairwise orthogonal: ΠkΠk′ = δkk′Πk for all k, k′. The eigenspace of a projection
Π is the subspace of H on which Π projects all element of H (Π acts as the identity on
its own eigenspace). The rank of a projection Π is the number of its non-zero eigenvalues
which is also its trace and it is also the dimension of its eigenspace

rank [Π] = tr [Π] = dim [eigenspace [Π]] .

Another special type of operators that we will work with are partial isometries.

Definition 2.3. An operator S ∈ L (H) is a partial isometry if SS† = Πfin for some projec-
tion Πfin.

The following facts about partial isometries will often be used implicitly.

Proposition 2.4. If S is a partial isometry then S†S = Πin is another projection with the
same rank as Πfin.

Proof. Clearly Π†in =
(
S†S

)†
= Πin. Note that Π2

in is a projection because
(
Π2
in

)†
= Π2

in and

(
Π2
in

)2
=
(
S†S

)4
= S†Π3

finS = S†ΠfinS = Π2
in.

Since Π2
in is a projection then

√
Π2
in = Πin is a projection. The ranks of Πfin and Πin are the

same because
tr [Πfin] = tr

[
SS†

]
= tr

[
S†S

]
= tr [Πin] .

The eigenspace of Πin, that is the initial space, is isometrically mapped by S to the
eigenspace of Πfin, that is the final space. The partial isometry S is only supported on the
eigenspace of Πin and all vectors that are orthogonal to it are annihilated. Every projection
Π is also a partial isometry (Πin = Πfin = Π), therefore we will say that S is a proper partial
isometry if it is a partial isometry but it is not a projection.

Proposition 2.5. If S ∈ L (H) is a partial isometry with the projections Πin and Πfin on its
initial and final spaces, then

SΠin = ΠfinS = S

ΠinS
† = S†Πfin = S†

Proof. Note that

(SΠin − S) (SΠin − S)† = SΠinΠinS
† − SΠinS

† − SΠinS
† + SS† (2.1)

= −SS†SS† + SS† = 0 (2.2)
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Therefore, SΠin − S = 0 and so SΠin = S. The rest follows because SΠin = SS†S = ΠfinS

and ΠinS
† = (SΠin)†.

Proposition 2.6. If S, S′ ∈ L (H) are partial isometries such that S′ = cS for some c ∈ C,
then c = eiϕ with some real phase ϕ.

Proof. Since both S′S′† and SS† are projections such that S′S′† = cc∗SS†, we must have
cc∗ = |c|2 = 1.

2.2 Finite-dimensional operator algebras

Since we are only concerned with finite-dimensional physical applications, our operators
are always naturally represented as matrices with respect to some basis in the Hilbert
space. In order to avoid an unnecessary level of abstraction and notation, we will not dis-
tinguish between operators and their defining representations as complex matrices. There-
fore, the algebras that we will be dealing with are the algebras of complex matrices with
the regular matrix multiplication and summation rules. From here on, by operator alge-
bra we will always mean the finite-dimensional algebra of complex matrices representing
physical operators (which is a special case of C∗-algebra and Von Neumann algebra).

Definition 2.7. An operator algebra is a subset of operators A ⊆ L (H) such that:
(1) For all A1, A2 ∈ A and c1, c2 ∈ C we have c1A1 + c2A2 ∈ A.
(2) For all A1, A2 ∈ A we have A1A2 ∈ A.
(3) For all A ∈ A we have A† ∈ A.

We will say that an algebra A is a subalgebra of Ã and denote it as A ⊆ Ã, if both A and Ã
are algebras and A is a subset of Ã.

Condition (1) of the definition 2.7 (with the regular matrix summation and scalar multi-
plication rules) implies that A is a vector space. If the dimension of H is d then L (H) is a
d2 dimensional vector space and A ⊆ L (H) is a D ≤ d2 dimensional vector space. There is
always a finite subset of elements {A1, A2, ..., AD} ⊂ A that spans the whole A

A = span {A1, A2, ..., AD} =

{
D∑
n=1

cnAn | cn ∈ C

}
.

Conditions (2) and (3) imply that A is also equipped with the non-vector-space opera-
tions of matrix product and Hermitian adjoint that leave the vector space A closed. It is
worth noting that elements of unitary groups comply with conditions (2) and (3) but not
with (1). In this sense, operator algebras generalize unitary groups by allowing linear
combinations of elements in addition to products and adjoints.

Some important canonical examples of operator algebras are:
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1. A trivial example is the set of all linear operators L (H) which we will refer to as the
full or trivial algebra of operators acting on H. All algebras that consist of operators
acting on H are subalgebras of L (H).

2. If the Hilbert space is composed of two (or more) subsystems H = HL ⊗ HR then all
operators acting only on one subsystem form an algebra

A = {A⊗ IR |A ∈ L (HL)} .

3. If the Hilbert space is composed of two (or more) sectors H = H0 ⊕H1 then all opera-
tors acting only on one sector form an algebra

A = {A0 ⊕ 01 |A0 ∈ L (H0)} .

(The operator 01 is the null operator on H1.)

4. All operators that are proportional to some projection Π (in particular Π ≡ I), form
an one-dimensional algebra

A = {cΠ | c ∈ C} .

5. All operators in the span of projections {Πk}mk=0 that are all orthogonal to each other
ΠkΠk′ = δkk′ , form an m-dimensional algebra

A = span {Πk}mk=0 .

6. All operators in the span of some group G represented by the unitary operators
{Ug}g∈G form an algebra called the group algebra

A = span {Ug}g∈G .

7. All operators that commute with all operators in some subset B ⊂ L (H), form an
algebra called the commutant of B

A = {A | [A,B] = 0, ∀B ∈ B} .

In particular, for every algebra A ⊆ L (H) we have the commutant algebra that will
be denoted by A′.

Note that in examples 4 and 5 all elements of the algebra commute with each other. Such
algebras are called commutative or abelian. Also note that in general, the identity operator
I ∈ L (H) does not have to be an element of the algebra. This is clearly the case in examples
3 and 4 (with Π 6= I). Operator algebras that include an element that acts as the identity
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on all other elements in the algebra are called unital. Finite-dimensional operator algebras
are always unital and there is always a projection Π ∈ A (possibly Π ≡ I) that acts as the
identity on all elements of A. We will not prove this fact because in our applications we
can always have the full identity operator I included in A.

We will now define a common way to specify operator algebras via a finite set of gener-
ators.

Definition 2.8. The operator algebra A = 〈M1,M2, ...,Mm〉 is said to be generated by the
operators Mi if it is the closure of the subset {Mi}i=1,...,m ⊂ L (H) with respect to the
conditions (1) - (3) of the Definition 2.7.

In applications, operator algebras are often specified this way. Moreover, all operator
algebras can be specified via a finite set of generators. This trivially follows from the
observation that the spanning set of an algebra is in particular its generating set, and all
subalgebras of L (H) have finite spanning sets.

We can always assume that the generators Mi are self-adjoint operators because every
non-self-adjoint operator M can be expressed as a linear combination of two self-adjoint
operators

M =
M +M †

2
+ i

M −M †

2i
= M+ + iM−

so we can always use M+ and M− as generators instead of M and M †. The closure with
respect to the conditions (1) - (3) then means that the elements of A are all the possible
products of the generators and the linear combinations of these products

〈M1, ...,Mm〉 =

{
N∑
n=1

cnMin,1Min,2 · · ·Min,K |N,K ∈ N; cn ∈ C; in,k ∈ {1, ...,m}

}
.

In principle, as with any subalgebra of L (H), the algebra 〈M1, ...,Mm〉 is of finite dimension
D ≤ d2 so there is a finite spanning set {A1, A2, ..., AD} such that

〈M1, ...,Mm〉 =

{
D∑
n=1

cnAn | cn ∈ C

}
.

In practice, given only the generators Mi, it is not a trivial task to tell the dimension of
〈M1, ...,Mm〉 and find a spanning set.

An important special case is the algebra 〈M, I〉 generated by a single self-adjoint opera-
tor M = M † and the identity I (the identity is not really necessary here but we will include
it to avoid finding the operator that acts as the identity). By definition, this algebra is the
set

〈M, I〉 =

{
N∑
n=0

cnM
n |N ∈ N, cn ∈ C

}
. (2.3)

The key fact about this algebra is that it is spanned by the spectral projections of M .
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Proposition 2.9. Let M be a self-adjoint operator with the spectral decomposition

M =
m∑
k=1

λkΠk + λ0Π0

where λk=1...m are the distinct non-zero eigenvalues, Πk=1...m are the projections on the cor-
responding eigenspaces, and Π0 is the projection on the kernel of M (λ0 ≡ 0). Then

〈M, I〉 = span {Πk}mk=0 .

Proof. For every k ≥ 1 the spectral projection Πk can be expressed as

Πk =
∏
l 6=k

M − λlI
λk − λl

. (2.4)

This means that Πk ∈ 〈M, I〉 for all k ≥ 1. This also means that Π0 ∈ 〈M, I〉 since

Π0 = I −
m∑
k=1

Πk.

Thus, span {Πk}mk=0 ⊆ 〈M, I〉.
According to Eq. (2.3), every A ∈ 〈M, I〉 is of the form

A =

N∑
n=0

cnM
n = c0I +

N∑
n=1

cn

m∑
k=1

λnkΠk = c0

m∑
k=0

Πk +

N∑
n=1

cn

m∑
k=1

λnkΠk

so A ∈ span {Πk}mk=0. Thus, 〈M, I〉 ⊆ span {Πk}mk=0 and so

〈M, I〉 = span {Πk}mk=0 .

We can always say that 〈Mi, I〉 is a subalgebra of A = 〈M1,M2, ...,Mm, I〉 for each i =

1, ..,m, so the spectral projections {Πi;k} of Mi are elements of A. Therefore, since the
spectral projections {Πi;k} span the generatorsMi, we can use the projections as generators
instead of Mi

A = 〈M1,M2, ...,Mm, I〉 = 〈{Π1;k} , {Π2;k} , ..., {Πm;k} , I〉 .

This means that we can always use projections instead of self-adjoint operators to generate
algebras.

We will now begin introducing the concepts that characterizes the structure of general
operator algebras, starting with the simplest building blocks defined as follows.
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Definition 2.10. The projection Π ∈ A is called minimal projection if for every A ∈ A we
have ΠAΠ = cΠ for some c ∈ C.

Note that rank 1 projections are of the form Π = |ψ〉 〈ψ| for some |ψ〉 ∈ H so they are
always minimal

|ψ〉 〈ψ|A |ψ〉 〈ψ| = 〈A〉ψ |ψ〉 〈ψ| ∝ |ψ〉 〈ψ| .

The name minimal is chosen because of the following property.

Proposition 2.11. Let Π ∈ A be a minimal projection and let Π′ ∈ A be another projection
such that ΠΠ′ = Π′, then Π = Π′.

Proof. If Π′ = ΠΠ′ then Π′ = (ΠΠ′)† = Π′Π and so Π′ = ΠΠ′Π. Therefore, if Π′ 6= Π then
Π′ 6∝ Π and so Π is not minimal.

The next step in the characterization of the structure behind operator algebras is the
definition of the following sets.

Definition 2.12. The set of projections {Πk} ⊂ A is called a maximal set of minimal pro-
jections if all Πk are minimal, pairwise orthogonal ΠkΠk′ = δkk′Πk, and sum to the identity
I =

∑
k Πk.

Note that a maximal set of minimal projections does not mean that these are all the
minimal projections in the algebra, it just means that these are minimal projections that
resolve the identity. Every algebra has at least one maximal set of minimal projections.

Lemma 2.13. Let A ∈ L (H) be an operator algebra, then there is at least one maximal set
of minimal projections {Πk} ⊂ A.

Proof. This can be shown recursively by starting with the set of just the identity {I} ⊂ A.
If I is a minimal projection in A then we are done. If not then there is a minimal projection
Π1 ∈ A such that Π1I = Π1 6= Iand there is the compliment projection Π′1 = I − Π1 ∈ A.
If Π′1 is also minimal then {Π1,Π

′
1} is a maximal set of minimal projections and we are

done. If not, then there is a minimal projection Π2 such that Π2Π′1 = Π2 6= Π′1 and there is
the compliment Π′2 = Π′1 − Π2 ∈ A. After k iterations we get the set {Π1,Π2, ...,Πk,Π

′
k} of

pairwise orthogonal projections that sums to the identity I. The first k elements in the set
are minimal projections and we are done when the last element Π′k is also minimal. The
recursion will terminate after a finite number of steps because rank [Π′k] < rank

[
Π′k−1

]
and projections of rank 1 are always minimal.

We can partition the maximal set of minimal projections into subsets that will identify a
block-diagonal form of the elements of the algebra using the following equivalence relation.

Proposition 2.14. Let {Πk} be a maximal set of minimal projections in the algebra A.
Then, the relation “∼” where Πk ∼ Πl if and only if there is an A ∈ A such that ΠkAΠl 6= 0,
is an equivalence relation.
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Proof. This relation is reflexive (Πk ∼ Πk) since ΠkΠkΠk 6= 0, it is symmetric (Πk ∼ Πl

implies Πl ∼ Πk) since ΠkAΠl 6= 0 implies ΠlA
†Πk 6= 0, and it is transitive (Πk ∼ Πl and

Πl ∼ Πk′ implies Πk ∼ Πk′) since ΠkAΠl 6= 0 and ΠlAΠk′ 6= 0 implies ΠkAΠlAΠk′ 6= 0.

Using this equivalence relation we partition the maximal set of minimal projections
into equivalence classes labeled by q such that Πq

k ∼ Πq′

l if and only if q = q′ (the indices
k and l refer now to the distinct elements inside the equivalence classes). Thus, for every
A ∈ A and q 6= q′ we have Πq

kAΠq′

l = 0 which prescribes a block-diagonal form for all the
elements in the algebra. We will therefore refer to the equivalence classes q as blocks.

We saw that every element A ∈ 〈M, I〉 is spanned by the spectral projections of M

A =

m∑
n=0

cnΠk.

Since the spectral projections {Πk}mk=0 are all orthogonal to each other we must have
ΠkAΠl ∝ δklΠk. Therefore, the set {Πk}mk=0 is not only the spanning set of 〈M, I〉 but it
is a maximal set of minimal projections in this algebra (in fact, this is the only such set).
Furthermore, each spectral projection is in its own equivalence class (Πk � Πl when k 6= l)
which identifies the block diagonal structure of 〈M, I〉.

The case of 〈M, I〉 is too special to draw any general conclusions about minimal projec-
tions. In general, the set of all the minimal projections in an algebra {Πα} ⊂ A does not
consists of pairwise orthogonal projections ΠαΠα′ 6= 0, and it has more than one maximal
set of minimal projections. Furthermore, when dealing with algebras generated by multi-
ple operators A = 〈M1,M2, ...,Mm, I〉, the spectral projections {Πi;k} of each generator Mi

are not necessarily minimal projections in A. The distillation of minimal projections from
the spectral projections of the generators of the algebra is at the heart of the algorithm
that we will present in Chapter 3.

In order to fully capture the structure of an operator algebra (at least in the way that
is suitable for our purposes) we will need a slight generalization of the notion of minimal
projections.

Definition 2.15. The partial isometry S ∈ A is called a minimal isometry if the projections
on its initial S†S = Πin and final SS† = Πfin spaces are minimal.

Since every projection is a partial isometry ΠΠ† = Π†Π = Π, minimal projections are in
particular minimal isometries (the converse is of course not true).

The most important property of minimal isometries is that given the initial and final
spaces they are unique up to a phase factor.

Lemma 2.16. Let S, S′ ∈ A be minimal isometries such that S†S = S′†S′ = Πin and SS† =

S′S′† = Πfin, then S′ = eiϕS for some real phase factor ϕ.
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Proof. Since Πin is the initial space of both S and S′ and it is minimal we have

S†S′ = ΠinS
†S′Πin = cΠin = cS†S

for some c ∈ C. Multiplying both sides of S†S′ = cS†S by S from the left and using SS† =

Πfin we get
S′ = ΠfinS

′ = cΠfinS = cS.

Since both S and S′ are partial isometries, we must have c = eiϕ.

Although minimal isometries generalize minimal projections, we can construct the for-
mer from the latter using the following Lemma.

Lemma 2.17. Let Π1 and Π2 be minimal projections in A, then for any A ∈ A the operator
S̃ = Π1AΠ2 is proportional to a minimal isometry S ∈ A. In particular, when S̃ 6= 0, we
have tr [Π1] = tr [Π2] and the minimal isometry is given by S = cS̃ where

c =

√√√√ tr [Π1]

tr
[
S̃S̃†

] ∈ R.
Proof. If S̃ = 0 then S̃ is trivially proportional to all operators. If S̃ 6= 0 then by the
definition of minimal projections there is a proportionality factor a such that

S̃S̃† = Π1AΠ2Π2A
†Π1 = aΠ1

We know that a 6= 0 (otherwise S̃S̃† = 0 and so S̃ = 0), therefore

a =
tr
[
S̃S̃†

]
tr [Π1]

.

Since both S̃S̃† 6= 0 and Π1 6= 0 are non-negative self-adjoint operators, a must be a positive
real. The operator S = cS̃ where c = 1√

a
is then a partial isometry because SS† = Π1 is a

projection.
Similarly, we know that there is a proportionality factor a′ 6= 0 such that

S†S =
1

a
S̃†S̃ =

1

a
Π2A

†Π1Π1AΠ2 =
a′

a
Π2.

Since S†S and Π2 are projections, we must have a′

a = 1. Therefore, both SS† = Π1 and
S†S = Π2 are minimal projections, tr

[
SS†

]
= tr

[
S†S

]
, and S is a minimal isometry.

We can now easily prove the fact that minimal projections of different ranks are orthog-
onal.
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Corollary 2.18. Let Π1 and Π2 be minimal projections in A such that tr [Π1] 6= tr [Π2], then
Π1Π2 = 0.

Proof. Consider A = I in Lemma 2.17. Then S̃ = Π1AΠ2 = Π1Π2 so if Π1Π2 6= 0 we must
have tr [Π1] = tr [Π2].

The set of operators that fully captures the structure of an operator algebra is the
following special spanning set of minimal isometries.

Definition 2.19. A set of partial isometries
{
Sqkl
}
⊂ A is called maximal set of minimal

isometries in A if all Sqkl are minimal, the set
{
Sqkl
}

spans the algebra

A = span
{
Sqkl
}
,

and for all values of q, k, l we have Sqkl = Sq†lk and SqklS
q′

l′k′ = δqq′δll′S
q
kk′ .

The existence of maximal sets of minimal isometries in every algebra is guaranteed by
the following theorem.

Theorem 2.20. Let A ∈ L (H) be an operator algebra, then, there is a maximal set of
minimal isometries

{
Sqkl
}
⊂ A that spans it.

Proof. Let
{

Πq
k

}
be a maximal set of minimal projections in A provided by Lemma 2.13

and partitioned into equivalence classes q according to Proposition 2.14. By the definition
of these equivalence classes, for every q, k, l there is at least one A ∈ A such that Πq

kAΠq
l 6=

0. Then, according to Lemma 2.17, for each q, k, l there is a minimal isometry Sqkl ∈ A
and a real positive constant c such that Sqkl = cΠq

kAΠq
l for some A ∈ A. In order to get

the desired properties of the Definition 2.19 we can construct the maximal set of minimal
isometries with the following procedure. First, for each q, k arbitrarily choose A ∈ A such
that Sqk1 = cΠq

kAΠq
1 6= 0 (we fixed l = 1 but it does not matter what value of l is fixed). Then,

define Sq1k =
(
Sqk1

)† and Sqkl = Sqk1S
q
1l which are also minimal isometries in A. Thus, for all

values of q, k, l we have
Sqkl = Sqk1S

q
1l =

(
Sql1S

q
1k

)†
= Sq†lk

SqklS
q′

l′k′ = Sqk1S
q
1lS

q′

l′1S
q′

1k′ = δqq′δll′S
q
k1S

q′

1k′ = δqq′δll′S
q
kk′ .

Lemma 2.16 implies that each minimal isometry is unique inA up to a phase factor. There-
fore, given the set

{
Sqkl
}

as constructed above, for any A ∈ A we either have Πq
kAΠq

l = 0 or
Πq
kAΠq

l = eiϕ

c S
q
kl for some phase ϕ and a real c. Recalling that

∑
q,k Πq

k = I, we can express
any A ∈ A as

A =

∑
q,k

Πq
k

A

∑
q′,l

Πq′

l

 =
∑
q,k,l

Πq
kAΠq

l =
∑
q,k,l

cqklS
q
kl

where we have used the fact that Πq
kAΠq′

l = 0 for q 6= q′ and introduced the complex coeffi-
cients cqkl. Therefore A = span

{
Sqkl
}

.
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Note that for k = l the minimal isometries Sqkk are actually the minimal projections Πq
k,

so the maximal set of minimal projections
{

Πq
k

}
is a subset of the maximal set of minimal

isometries
{
Sqkl
}

.
Although it was not very easy to get to the general result of Theorem 2.20, maximal

sets of minimal isometries are quite easy to find in some canonical examples. For example,
in the case of the full operator algebra L (Hqudit) of a qudit Hqudit = span {|k〉}k=1,...,d, the
minimal isometries are simply the matrix units

Skl = |k〉 〈l| .

Here the index q is suppressed because all {Skl} belong to the same block as we cannot
partition them into subsets that are completely orthogonal to each other.

For a a slightly more interesting example we may consider the qudit Hqudit in a tensor
product with a qubit Hqubit = span {|0〉 , |1〉}. Then, consider the algebra

A = {|q〉 〈q| ⊗A | q = 0, 1; A ∈ L (Hqudit)} (2.5)

with the maximal set of minimal isometries

Sqkl = |q〉 〈q| ⊗ |k〉 〈l| .

Here the index q = 0, 1 distinguishes the two blocks of completely orthogonal isometries.
In both of the above examples, the initial and the final spaces of the isometries are

one-dimensional tr
[
SqklS

q
lk

]
= 1. In general, this is not the case and one should think of{

Sqkl
}

as generalized matrix units that map between orthogonal subspaces of dimension
one or higher. In the next section we will show how maximal sets of minimal isometries
fully capture the structure of irreducible representations of operator algebras.

2.3 Bipartition tables and the irreps structure

In order to understand what a maximal set of minimal isometries tells us about the alge-
bra we will introduce a neat visual aid that captures the implied structure. This visual
aid is called a bipartition table and we will see that it specifies the structure of irreducible
representations. The correspondence between maximal sets of minimal isometries and bi-
partition tables leads to the main result of the representation theory of (finite-dimensional)
operator algebras known as the Wedderburn Decomposition.

Let us start with the definition.

Definition 2.21. A bipartition table (BPT) is an arrangement of some basis of the Hilbert
space into a block-diagonal table. This arrangement is specified by a choice of orthonormal
basis elements

{∣∣eqik〉} labeled with the indices of blocks q, rows i and columns k. For each
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block q we construct the rectangular table

eq1,1 eq1,2 · · ·
eq2,1 eq2,2 · · ·

...
... . . .

,

and the full bipartition table is given by the diagonal arrangement of all the blocks

e1
1,1 · · ·
... . . .

e2
1,1 · · ·
... . . .

. . .
eq1,1 · · ·

... . . .
. . .

What makes BPTs useful is that they tell us how to construct maximal sets of minimal
isometries. The construction is simple: Each pair of columns k, l in the block q, specifies
the isometry

Sqkl :=
∑
i

∣∣eqik〉 〈eqil∣∣ , (2.6)

where i runs over all the rows in the block. The blocks of the BPT partition the minimal
isometries into orthogonal subsets, that is SqklS

q′

k′l′ = 0 for q 6= q′. The subsets of the ba-
sis

{∣∣eqil〉}i=1,...
and

{∣∣eqik〉}i=1,...
given by the columns l and k specify the initial and final

spaces of the isometry Sqkl. The alignment of basis elements across the rows specifies how
the isometries map the vectors between the subspaces, that is, the basis element

∣∣eqil〉 is
mapped to

∣∣eqik〉 (these are the right and left singular vectors of Sqkl).
It is easy to show that the set of isometries constructed in this way spans an algebra.

Proposition 2.22. Let
{
Sqkl
}

be the set of partial isometries constructed from a bipartition
table according to Eq. (2.6). Then, A = span

{
Sqkl
}

is an operator algebra and
{
Sqkl
}

is a
maximal set of minimal isometries in A.

Proof. Clearly, for all q, k, l we have Sqkl = Sq†lk and SqklS
q′

l′k′ = δqq′δll′S
q
kk′ . Therefore, for

any A1, A2 ∈ span
{
Sqkl
}

and c1, c2 ∈ C we have: c1A1 + c2A2 ∈ span
{
Sqkl
}

, and A1A2 ∈
span

{
Sqkl
}

, and A†1, A
†
2 ∈ span

{
Sqkl
}

. Thus by definition A = span
{
Sqkl
}

is an operator
algebra and

{
Sqkl
}

is a maximal set of minimal isometries in it.

Let us consider some examples of BPTs that specify the minimal isometries of some
familiar algebras.
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The minimal isometries Skl = |k〉 〈l| of the full operator algebra L (Hqudit) of the qudit
Hqudit = span {|k〉}k=1,...,d, are constructed from the BPT

1 2 · · · d .

There is only one block here and this block has only one row. Following the construction in
Eq. (2.6) we can reproduce all the minimal isometries of L (Hqudit).

Adding a qubit Hqubit ⊗ Hqudit to the qudit we consider again the algebra in Eq. (2.5).
Using the combined basis labels |q, k〉 ≡ |q〉qubit ⊗ |k〉qudit, we can see that all the minimal
isometries are of the form

Sqkl = |q〉 〈q| ⊗ |k〉 〈l| ≡ |q, k〉 〈q, l| .

These isometries can be constructed from the BPT

0, 1 0, 2 · · · 0, d

1, 1 1, 2 · · · 1, d
.

Here we have two blocks with one row each.
Lastly, still with the Hilbert space Hqubit ⊗Hqudit, consider the algebra of all the opera-

tors that act only on the qudit

A = {Iqubit ⊗Aqudit |Aqudit ∈ L (Hqudit)} .

The maximal set of minimal isometries in this case consists of

Skl = Iqubit ⊗ |k〉 〈l| = |0, k〉 〈0, l|+ |1, k〉 〈1, l|

and the BPT that produces them is

0, 1 0, 2 · · · 0, d

1, 1 1, 2 · · · 1, d
.

Here we have a single block with two rows.
In general, given a maximal set of minimal isometries of the algebra, we can always

find a BPT that produces it.

Lemma 2.23. Let
{
Sqkl
}

be a maximal set of minimal isometries. Then, there is a BPT that
produces all

{
Sqkl
}

according to Eq. (2.6).

Proof. Given
{
Sqkl
}

let us explicitly construct this BPT as follows:
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1. Each q corresponds to a separate block of the BPT constructed independently.

2. Arbitrarily choose orthonormal basis {|eqi1〉}i=1,... for the eigenspace of Sq11 and assign
them to the first column

eq11

eq21
...

.

3. For every k > 1 map the first column to a new column in the block using the
isometries

∣∣eqik〉 = Sqk1 |e
q
i1〉

eq11 · · · eq1k · · ·
eq21 · · · eq2k · · ·
...

...
... . . .

.

Then, according to Eq. (2.6), the isometries constructed from this table are

S̃qkl =
∑
i

∣∣eqik〉 〈eqil∣∣ = Sqk1

[∑
i

|eqi1〉 〈e
q
i1|

]
Sq1l = Sqk1S

q
11S

q
1l = Sqkl.

Note that when
{
Sqkl
}

is not supported on the whole Hilbert space H, the set of or-
thonormal basis

{∣∣eqik〉} constructed in the above lemma is not complete, and it only spans
a proper subspace of H where the algebra is supported. It can be shown that the algebra A
is supported on the whole Hilbert space H, if and only if I ∈ A.

The above Lemma closes the logical arc started with the Theorem 2.20 and Proposition
2.22: Every operator algebra is spanned by a maximal set of minimal isometries that can
be constructed from a BPT, and every BPT constructs a set of minimal isometries that span
an operator algebra. Thus, we can directly relate BPTs to operator algebras and operator
algebras to BPTs.

We already know that by construction 2.6, the columns of the BPT specify a maximal
set of minimal projections in the algebra. The rows of the BPT are also meaningful and
they specify the following subspaces.

Definition 2.24. Let A ⊆ L (H) be an operator algebra. The subspace V ⊆ H is called an
invariant subspace under A if for all |ψ〉 ∈ V and A ∈ A we have A |ψ〉 ∈ V. If, in addi-
tion, every proper subspace V ′ ⊂ V is not invariant, then V is called a minimal invariant
subspace.

Proposition 2.25. Let
{∣∣eqik〉} be the orthonormal basis forming a BPT of the operator

algebra A. Then, every subspace V := span
{∣∣eqil〉}l=1,...

spanned by the basis elements in a
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single row is a minimal invariant subspace.

Proof. With the minimal isometries constructed as in Eq. (2.6), we can express any A ∈
A = span

{
Sqkl
}

as
A =

∑
q′,k′,l′

cq
′

k′l′S
q′

k′l′ .

Then,
A
∣∣eqil〉 =

∑
q′,k′,l′

cq
′

k′l′S
q′

k′l′

∣∣eqil〉 =
∑
k′

cqk′l
∣∣eqik′〉 ∈ V, (2.7)

so V is an invariant subspace under A. If V is not minimal then there is subspace V ′ ⊂ V =

V ′ ⊕ V ′′, such that for every non-zero |ψ′〉 ∈ V ′ and |ψ′′〉 ∈ V ′′ we have 〈ψ′′|A |ψ′〉 = 0 for all
A ∈ A. However, for every non-zero |ψ′〉 , |ψ′′〉 ∈ V = span

{∣∣eqil〉}l=1,...
, there is always at

least one Sqkl ∈ A such that 〈ψ′′|Sqkl |ψ
′〉 6= 0, therefore V is minimal.

The rows of the BPT identify the subspaces on which A acts irreducibly. Furthermore,
it should be clear that the action of A ∈ A is identical on every row in the same block since
the expression in Eq. (2.7) does not depend on the row index i. Therefore, all the rows in
the same block carry equivalent irreducible representations of A, and the number of rows
in the block is the multiplicity of that irreducible representation.

The above statements are essentially the main result of the representation theory of
finite-dimensional operator algebras, albeit, in the non-standard formulation that relies on
the picture of BPTs. We will now present this result in the standard form known as the
Wedderburn Decomposition.

Theorem 2.26. Let A ⊆ L (H) be an operator algebra supported on the whole Hilbert space
H. Then, there is a decomposition (Wedderburn Decomposition)

H ∼=
⊕
q

Hνq ⊗Hµq , (2.8)

such that

A ∼=
⊕
q

Iνq ⊗ L
(
Hµq

)
:=

{⊕
q

Iνq ⊗Aq |Aq ∈ L
(
Hµq

)}
.

Proof. Let
{
Sqkl
}

be a maximal set of minimal isometries in A as provided by Theorem
2.20, and let

{∣∣eqik〉} be the orthonormal basis forming the BPT as provided by Lemma
2.23. Since A is supported on the whole H, we can define the map

V :
∣∣eqik〉 7−→ |nqi 〉 ⊗ ∣∣mq

k

〉
which isometrically maps the whole H to the tensor products of Hνq := span {|nqi 〉}i=1,...

(associated with the row index) and Hµq := span
{∣∣mq

k

〉}
k=1,...

(associated with the column
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index). Thus, we identify the isometric relation that specifies a decomposition of H:

H ∼= VH =
⊕
q

Hνq ⊗Hµq .

The image of the algebra A under V is then

A ∼= VAV † = span
{
V SqklV

†
}
.

We can now see that

V SqklV
† =

∑
i

V
∣∣eqik〉 〈eqil∣∣V † =

∑
i

|nqi 〉 〈n
q
i | ⊗

∣∣mq
k

〉 〈
mq
l

∣∣ = Iνq ⊗
∣∣mq

k

〉 〈
mq
l

∣∣
and therefore

A ∼= span
{
Iνq ⊗

∣∣mq
k

〉 〈
mq
l

∣∣} =
⊕
q

Iνq ⊗ L
(
Hµq

)
.

The decomposition in Eq. (2.8) is the general structure of irreducible representations
of operator algebras. In the broader mathematical context, this leads to the realization
that every operator algebra A ⊆ L (H) is just (up to an isomorphism) a direct sum of full
operator algebras L

(
Hµq

)
. When the algebra A is not supported on the whole H, this

theorem applies to a proper subspace H′ ⊂ H where the operators of A are supported.2

In the qubit-qudit example with the algebra of operators that act only on the qudit

A = Iqubit ⊗ L (Hqudit) ,

the Wedderburn Decomposition is simply H = Hqubit ⊗ Hqudit by the definition of A. The
matrix form of all A ∈ A is then

A = Iqubit ⊗Aqudit = |0〉 〈0| ⊗Aqudit + |1〉 〈1| ⊗Aqudit =

(
Aqudit

Aqudit

)
.

In general, Theorem 2.26 tells us that there is always a decomposition (2.8) where
the operator algebra A acts as the identity on Hνq ’s and as the full operator algebra on
Hµq ’s, and it does not map between the sectors q. That is, with respect to the Wedderburn

2This should not be an issue for us since including the full identity I in the algebra will always be possible.
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Decomposition, all A ∈ A are of the form

A ∼=
⊕
q

Iνq ⊗Aq =
⊕
q

dimHνq∑
i=1

|nqi 〉 〈n
q
i | ⊗Aq

 =



A1

. . .
A1︸ ︷︷ ︸

dimHν1 A2

. . .
A2︸ ︷︷ ︸

dimHν2 . . .



.

From the explicit block-diagonal matrix form we can see that for each sector q, we
have dimHνq identical matrix blocks where A acts irreducibly with the matrices Aq. These
matrix blocks correspond to the minimal invariant subspaces spanned by a single row in
the BPT

span
{∣∣eqik〉}k=1,...

∼= span
{
|nqi 〉 ⊗

∣∣mq
k

〉}
k=1,...

.

We can see now that the BPT block index q distinguish between the classes of minimal
invariant subspaces on which the action of A ∈ A is represented independently with dis-
tinct Aq ’s. Then, inside the blocks, the BPT row index i distinguishes between the minimal
invariant subspaces on which the action of A ∈ A is represented with the same Aq. In
other words, the rows of the BPT correspond to the irreducible matrix blocks of A, while
the blocks of the BPT correspond to the super-blocks of identical irreducible matrix blocks
of A.

It should now be clear how BPTs specify the irreps structure by arranging the basis
into a table.3 Our earlier assertion that BPTs correspond to operator algebras can now
be restated in a stronger form: BPTs correspond to the irreps structures behind operator
algebras.

We will now consider group algebras as a special case and derive the structure of group
representations from the above results.

Definition 2.27. Given a finite or a Lie group G with the unitary representation U (G) :=

{U (g)}g∈G ⊂ L (H), the group algebra is denoted and defined as

AU(G) := span {U (g)}g∈G .

Clearly U (G) ⊂ AU(G) so with respect to the Wedderburn Decomposition (2.8), for all

3Note that BPTs only tell us how to arrange the basis labels into a table, they do not explicitly specify the
basis themselves. Defining the basis behind the labels in the BPT is an essential information about the irreps
structure.
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U (g) ∈ U (G) there are Uµq (g) ∈ L
(
Hµq

)
such that

U (g) ∼=
⊕
q

Iνq ⊗ Uµq (g) . (2.9)

Theorem 2.28. Let U (G) be a unitary representation of the group G on H, and let Eq. (2.9)
be the decomposition of the group action as given by the Theorem 2.26 for the group algebra
AU(G). Then, for all q, Uµq (G) are inequivalent irreducible unitary representations of G on
Hµq .

Proof. The fact that Uµq (G) are unitary representations of G follows directly from the fact
that U (G) is a unitary representation of G. According to Theorem 2.26, the group algebra
AU(G) acts on Hµq as the full operator algebra L

(
Hµq

)
. Then, by the definition of group

algebras, we must have
span

{
Uµq (g)

}
g∈G = L

(
Hµq

)
.

There can be no proper invariant subspaces of Hµq under the action of Uµq (G), because
the are no proper invariant subspaces under the action of L

(
Hµq

)
= span

{
Uµq (g)

}
g∈G .

Therefore, Uµq (G) acts irreducibly on Hµq .
Furthermore, the general result of Theorem 2.26 implies that the algebra AU(G) in-

cludes the projection Iνq ⊗ Iµq on the sector q. Then, there are coefficients c (g) ∈ C such
that ∑

g∈G
c (g)U (g) ∼=

⊕
q′

Iνq′ ⊗

∑
g∈G

c (g)Uµq′ (g)

 = Iνq ⊗ Iµq ,

and so ∑
g∈G

c (g)Uµq′ (g) = δqq′Iµq .

Therefore, for every q′ 6= q there must be some g ∈ G such that Uµq′ (g) 6= Uµq (g) and so the
representations Uµq′ (G) and Uµq (G) are not equivalent.

Theorem 2.28 tells us that the irreps structure of a group representation is, in fact,
inherited from the irreps structure of the group algebra. We can therefore use all the
insights about the irreps structure of operator algebras, in particular BPTs, to characterize
the representations of groups.

As a simple example, consider the Hilbert space of two spinsH = 1
2 ⊗

1
2 and the group of

collective rotations. From group representation theory of SU (2) we know that this Hilbert
space decomposes as

H =
1

2
⊗ 1

2
= 1⊕ 0

where the triplet (spin-1) and singlet (spin-0) subspaces are spanned by the basis
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|1; 1〉 =
∣∣1

2 ,
1
2

〉
|0; 0〉 ∝

∣∣1
2 ,−

1
2

〉
−
∣∣−1

2 ,
1
2

〉
|1; 0〉 ∝

∣∣1
2 ,−

1
2

〉
+
∣∣−1

2 ,
1
2

〉
|1;−1〉 =

∣∣−1
2 ,−

1
2

〉
.

These basis identify the irreps structure of collective rotations on two spins which can be
summarized with a BPT as

1; 1 1; 0 1;−1

0; 0
.

The two blocks here identify the two inequivalent irreps of SU (2), and each irrep is repre-
sented on a single invariant subspace, as per the number of rows in each block.

If we add a third qubit, the Hilbert space will decompose under collective rotations as

H =
1

2
⊗ 1

2
⊗ 1

2
=

3

2
⊕ 1

2
⊕ 1

2

with a single spin-3
2 subspace and two spin-1

2 subspaces. Given the basis of total spin |j;m〉,
the BPT that specifies the irreps structure is

3
2 ; 3

2
3
2 ; 1

2
3
2 ;−1

2
3
2 ;−3

2
1
2 ; 1

2 , 1
1
2 ;−1

2 , 1
1
2 ; 1

2 , 2
1
2 ;−1

2 , 2

.

These two blocks identify the irreps of spin-3
2 and spin-1

2 . The second block has two rows
since spin-1

2 is equivalently represented on two separate invariant subspaces labeled with
i = 1, 2. The Wedderburn Decomposition implied by this BPT is

H =
1

2
⊗ 1

2
⊗ 1

2
∼= Hµ3/2 ⊕Hν1/2 ⊗Hµ1/2 ,

where Hµ3/2 and Hµ1/2 are the inequivalent irreps, and dimHν1/2 = 2 provides the two-
dimensional multiplicity to the spin-1

2 irrep.
Group representations are commonly used to identify the symmetries of physically

meaningful operators that commute with the group action. The commutant algebra of
a symmetry group representation is therefore an interesting operator algebra that char-
acterizes all the operators that have that symmetry. The following theorem allows us to
immediately identify the commutant algebra from the BPT.

Theorem 2.29. Let
{∣∣eqik〉} be the orthonormal basis forming the BPT of the operator alge-

bra A supported on the whole Hilbert space H. Then, the transposition (interchanging rows
with columns) of

{∣∣eqik〉} produces the BPT of the commutant algebra

A′ =
{
A′ ∈ L (H) |

[
A′, A

]
= 0 ∀A ∈ A

}
.
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Proof. By construction 2.6, the minimal isometries produced by the original and the trans-
posed BPTs are

Sqkl =
∑
i

∣∣eqik〉 〈eqil∣∣ , S̃qij =
∑
k

∣∣eqik〉 〈eqjk∣∣∣ .
Since A is supported on the whole H we have I =

∑
q,k S

q
kk =

∑
q,k S

q
klS

q
lk for any l. By the

definition of A′, for every A′ ∈ A′ and Sqkl ∈ A we have SqklA
′ = A′Sqkl, and so

A′ = A′
∑
q,k

SqklS
q
lk =

∑
q,k

SqklA
′Sqlk =

∑
q,k

∑
i

∣∣eqik〉 〈eqil∣∣A′∑
j

∣∣∣eqjl〉〈eqjk∣∣∣
=
∑
q,i,j

〈
eqil
∣∣A′ ∣∣∣eqjl〉∑

k

∣∣eqik〉 〈eqjk∣∣∣ =
∑
q,i,j

〈
eqil
∣∣A′ ∣∣∣eqjl〉 S̃qij .

Therefore, A′ ⊆ span
{
S̃qij

}
. By explicit multiplication we can see that Sq

′

klS̃
q
ij = S̃qijS

q′

kl =

δqq′
∣∣eqik〉 〈eqjl∣∣∣, so

[
S̃qij , S

q′

kl

]
= 0 and so span

{
S̃qij

}
⊆ A′. Therefore, A′ = span

{
S̃qij

}
.

In terms of the Wedderburn Decomposition, Theorem 2.29 tells us that

A ∼=
⊕
q

Iνq ⊗ L
(
Hµq

)
⇔ A′ ∼=

⊕
q

L
(
Hνq

)
⊗ Iµq .

That is, operator algebras and their commutants have the same Wedderburn Decomposi-
tion with the roles of µq and νq exchanged. This theorem also trivially implies the following
well known result.

Corollary 2.30. (Bicommutant Theorem) Let A be an operator algebra supported on the
whole Hilbert space H and let A′′ be its bicommutant (commutant of a commutant) algebra.
Then, A = A′′.

Proof. According to Theorem 2.29, the BPT of A′′ is produced by transposing the BPT of A
twice, which leaves it unchanged.

In the example of three qubits, the commutant algebra of collective rotations is then
given by the BPT

3
2 ; 3

2
3
2 ; 1

2
3
2 ;−1

2
3
2 ;−3

2
1
2 ; 1

2 , 1
1
2 ; 1

2 , 2
1
2 ;−1

2 , 1
1
2 ;−1

2 , 2

.

Thus, all three-qubit operators that are symmetric under collective rotations are spanned
by the five partial isometries:
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S
3
2 =

∣∣3
2 ; 3

2

〉 〈
3
2 ; 3

2

∣∣+
∣∣3

2 ; 1
2

〉 〈
3
2 ; 1

2

∣∣+
∣∣3

2 ;−1
2

〉 〈
3
2 ;−1

2

∣∣+
∣∣3

2 ;−3
2

〉 〈
3
2 ;−3

2

∣∣
S

1
2
11 =

∣∣1
2 ; 1

2 , 1
〉 〈

1
2 ; 1

2 , 1
∣∣+
∣∣1

2 ;−1
2 , 1
〉 〈

1
2 ;−1

2 , 1
∣∣ S

1
2
22 =

∣∣1
2 ; 1

2 , 2
〉 〈

1
2 ; 1

2 , 2
∣∣+
∣∣1

2 ;−1
2 , 2
〉 〈

1
2 ;−1

2 , 2
∣∣

S
1
2
12 =

∣∣1
2 ; 1

2 , 1
〉 〈

1
2 ; 1

2 , 2
∣∣+
∣∣1

2 ;−1
2 , 1
〉 〈

1
2 ;−1

2 , 2
∣∣ S

1
2
21 =

∣∣1
2 ; 1

2 , 2
〉 〈

1
2 ; 1

2 , 1
∣∣+
∣∣1

2 ;−1
2 , 2
〉 〈

1
2 ;−1

2 , 1
∣∣.

The above construction of commutants provides some indication that there are benefit in
using the BPT picture beyond the derivations and proofs of this chapter. In the following
chapters we will use the BPT picture extensively. In Chapter 3 we will use it to describe
the last step of the Scattering Algorithm that finds the irreps structures of arbitrarily
generated operator algebras. In Chapters 5 and 4 we will define the reductions of states
and Hamiltonians in terms of BPTs. In Chapter 6 we will take advantage of the visual
representation in terms of BPTs to generalize state reductions beyond operator algebras.
Thus, we will see that BPTs can be a useful tool for specifying, manipulating and producing
tensor product structures, such as the structure of irreducible representations.

31



Chapter 3

Finding the irreps structure with
the Scattering Algorithm

In Theorem 2.26 we have identified the general irreps structure of operator algebras; un-
fortunately, it was not a constructive result. We have learned that operator algebras can
be specified via a set of generators (see Definition 2.8) but we do not know yet how to find
the irreps structure of operator algebras specified this way. In this chapter we will take a
constructive approach and address this problem.

Formally this problem can be stated as:

Given a finite set of self-adjoint operators M := {M1,M2, ...,Mn} that gener-
ate the algebra 〈M〉, find the basis that identify the irreps structure of 〈M〉 as
promised by Theorem 2.26.

It can be equivalently formulated (but not solved) in a simpler mathematical language:

Given a finite set of self-adjoint matricesM := {M1,M2, ...,Mn}, find the basis in
which all Mi ∈ M are simultaneously block-diagonal with the smallest possible
blocks.

When M = {M} is just one matrix, this means find the basis that diagonalize M . When
M is a set of matrices that commute, this means find the basis that simultaneously diag-
onalize all Mi ∈ M. In general, for non-commuting matrices, the basis that identify the
irreps structure of 〈M〉 are the basis that simultaneously block-diagonalize all Mi ∈ M
with the smallest possible blocks. Therefore, we can think of this problem as a problem of
diagonalizing a set of matricesM, where not all matrices necessarily commute.

Solving this problem is essential for the practical applications that require some form
of reduction. More concretely, we would like to be able to answer questions such as:

• IfM⊂ L (H) are terms in a Hamiltonian, how can we restrict the dynamics to lower
dimensional subspaces where the Hamiltonian has a simpler form.

• If M ⊂ L (H) is a subset of observables, how can we reduce the dimension of the
Hilbert space while preserving all information about these observables?

• If M ⊂ L (H) is a set of error operators of a noisy quantum channel, how can we
encode information so it will not be affected by noise.
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Just as we have a symbolic, not inherently numeric, algorithm for diagonalizing matrices
using pen and paper, our goal is to introduce a symbolic algorithm for finding the irreps
structure. The solution we propose is called the Scattering Algorithm. The idea of this
algorithm was originally published in [54].

We are aware of two other approaches to this problem in the literature. First, a numer-
ical algorithm was proposed by Murota et al. [72] in the context of semidefinite program-
ming. A key step in their algorithm involves sampling for a random matrix in the algebra,
which requires the ability to span the operator space of the algebra. Second, in a more
physical context, Holbrook et al. [47] proposed an algorithm for computing the noise com-
mutant of an error algebra associated with a noisy channel. Similarly to what we intend
to achieve here, they propose a symbolic algorithm, however, this algorithm also requires
the ability to span the operator space of the algebra. Unlike these approaches, the Scatter-
ing Algorithm does not require spanning the operator space of the algebra, which is not a
trivial task given only the generatorsM.

In the following, Section 3.1 is dedicated to describing and demonstrating how the Scat-
tering Algorithm works without rigorous proofs. In Section 3.2 we will go over the details
with more rigor and prove the correctness of the results.

3.1 How the Scattering Algorithm works

3.1.1 Overview

The main idea behind the Scattering Algorithm is to take the spectral projection of the gen-
erators and to break them down into minimal projections from which the irreps structure
is built. The whole process proceeds in four steps:

1. Compile the initial set of projections from the spectral projections of the generators.

2. Apply the rank-reducing operation called scattering on all pairs of projections until
no further reduction is possible.

3. Verify that all projections are minimal and the set is complete; fix it if necessary.

4. Construct minimal isometries and then the BPT basis that identify the irreps struc-
ture.

Phase 1

The first phase of the algorithm is just the spectral decomposition of all generators and the
extraction of spectral projections on eigenspaces with distinct eigenvalues. After this, the
original generators are left behind and their spectral projections move forward.
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Phase 2

This phase is the heart of the algorithm where most of the calculations take place. In this
phase we will apply the scattering operation defined as follows.

Definition 3.1. Scattering is an operation that takes a pair of projections and breaks each
one into lower rank projections:

Π1

Π2

D Ef
E D

Π
(λ1)
1 , Π

(λ2)
1 , ... ,Π

(0)
1

Π
(λ1)
2 , Π

(λ2)
2 , ... ,Π

(0)
2 .

The lower rank projections are produced from the spectral decompositions of

Π1Π2Π1 =
∑
λ6=0

λΠ
(λ)
1 and Π2Π1Π2 =

∑
λ6=0

λΠ
(λ)
2 ,

with the addition of Π
(0)
i=1,2 := Πi −

∑
λ6=0 Π

(λ)
i called the null projections.

Note that we do not yet assume that the spectrum {λ} is the same for both decomposi-
tions, however, we will later prove that it is. Also note that the null projections are not the
projections on the kernel of ΠiΠjΠi (the kernel projections are given by I −

∑
λ6=0 Π

(λ)
i ) and

it is possible that Π
(0)
i = 0. We will treat the null projections just as λ = 0 elements of the

set of spectral projections
{

Π
(λ)
i=1,2

}
. The projections produced by scattering are therefore

the set
{

Π
(λ)
i=1,2

}
of pairwise orthogonal projections that sum to their predecessor:

Πi = Π
(λ1)
i + Π

(λ2)
i + ...+ Π

(0)
i .

Thus, in analogy with the scattering of particles, scattering of projections breaks them into
smaller (lower rank) constituents of the original pair.

In Phase 2 of the algorithm we keep picking pairs of projections and applying the scat-
tering operation (after each scattering only the resulting projections move forward) until
all pairs have the following property.

Definition 3.2. A pair of projections Π1, Π2 is called reflecting if both projections remain
unbroken under scattering, that is

Π1Π2Π1 = λΠ1 (3.1)

Π2Π1Π2 = λΠ2. (3.2)

The coefficient λ is then called a reflection coefficient and we will say that Π1, Π2 are prop-
erly reflecting if the reflection coefficient is not 0 (i.e. they are not orthogonal Π1Π2 6= 0).
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We will later show that after one scattering, the resulting pairs
{

Π
(λ)
1 ,Π

(λ′)
2

}
are prop-

erly reflecting for all λ = λ′, and orthogonal for λ 6= λ′. By repetitively applying the scatter-
ing operation on non-reflecting pairs we are guaranteed to reach the state where all pairs
are reflecting. That is because scattering reduces the ranks of projections (unless they are
reflecting) and eventually we will either reach all reflecting pairs with ranks higher than
1 or we will reach projections of rank 1, which are always reflecting.

The final output of Phase 2 of the algorithm is a graph of reflection relations defined as
follows.

Definition 3.3. A (proper) reflection network is a graph G = {V,E} where the vertices set
V := {Πv} consists of pairwise reflecting projections and every properly reflecting pair is
connected with an edge (orthogonal pairs are unconnected)

E :=

{
{Πv,Πu} ⊂ V

∣∣∣∣∣ ΠvΠuΠv = λΠv

ΠuΠvΠu = λΠu

, λ 6= 0

}
.

An improper reflection network is the generalization where not all projections are known
to be reflecting so there are two kinds of edges: black edges for properly reflecting pairs
and red edges for unknown relations.

Note that according to this definition only known orthogonal projections are not con-
nected by any edge. In general, reflection networks may have multiple connected compo-
nents formed by subsets of projections that are orthogonal to every projection outside the
subset. It does not mean, however, that projections in the same connected component can-
not be orthogonal; as long as there is a sequence of proper reflection (or unknown) relations
connecting the projections, they will be in the same connected component.

With the above definition we can say that Phase 2 begins with an improper reflection
notwork of projections produced in Phase 1. Then, as we keep applying the scattering
operation, the reflection network evolves until it becomes a proper reflection network. The
proper reflection network is what proceeds to the next phase.

Phase 3

In order to construct the irreps structure we have to establish that the reflection network
has the following two properties:

1. (minimality) All projections in the reflection network are minimal projections.

2. (completeness) The reflection network has a maximal set of minimal projections

Phase 3 is where we establish that the reflection network produced in Phase 2 is indeed
minimal and complete.
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Although minimality is not guaranteed to hold for a proper reflection network, in prac-
tice, purely on empirical grounds, reflection networks produced in Phase 2 tend to always
be minimal. Nevertheless, in the next section we will show how to check if this property
holds and how to fix it if it does not.

Completeness is a rather trivial property that is guaranteed if any of the initial gener-
ators is supported on the whole Hilbert space. This can be arranged by adding the identity
to the set of generators. When adding the identity is not feasible we will show in the next
section how to complete the reflection network to have a maximal set.

Phase 4

In the last phase we take the proper reflection network that is minimal and complete and
construct the BPT basis that specify the irreps structure. Each connected component in
the reflection network will correspond to a block in the BPT. We construct the BPT basis
by following the steps:

1. Select a maximal set of minimal projections
{

Πq
k

}
k=1,...

in the connected component q.

2. For each Πq
k in the connected component q, take any path form Πq

1 to Πq
k and construct

the minimal isometry Sqk1 ∝ Πq
k · · ·Π

q
1 by taking the product of projections along the

path (the proportionality coefficient is fixed after construction).

3. Use the minimal isometries Sqk1 to construct the BPT basis as described in the proof
of Lemma 2.23.

3.1.2 Illustrative example

In order to see how the Scattering Algorithm works we consider the Hilbert space of three
qubits H = H⊗3

qubit and study a peculiar Hamiltonian whose choice is mainly motivated by
the fact that it presents a non-trivial problem in a relatively simple setting.

The Hamiltonian we consider consists of two terms H (ε) = Hint + εHz1 . Using the
notation |±〉 = (|0〉 ± |1〉) /

√
2, the term Hint is some interaction such that both |+ + 0〉 and

|+11〉 are the first (and only) excited states, and |−00〉,|−01〉,|−10〉,|−11〉, |+01〉,|+− 0〉 are
the ground states. The second term is Hz1 = σz ⊗ I23, where σz is a Pauli matrix acting on
the first qubit so |000〉,|001〉,|010〉,|011〉 are the excited states. The excitation energy gap of
Hint is normalized to 1, while ε is a free parameter that controls the gap of Hz1 . We would
like to find out the spectrum and the eigenstates of H (ε) as a function of ε.

Since Hint and Hz1 do not commute, we cannot simultaneously diagonalize them. If ε is
small we could use perturbation theory, but we do not want to assume that. What we can
do instead is observe that for all ε, H (ε) is an element of the operator algebra generated by
Hint and Hz1 . Thus, with respect to the Wedderburn Decomposition of this algebra, H (ε)

may have a much simpler form. Another way to say it is this: although Hint and Hz1 cannot
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be simultaneously diagonalized, they can be simultaneously block-diagonalized. Then, if
the blocks are small and/or repetitive, the spectrum of H (ε) can be easier to analyze.

We will therefore find the irreps structure of the algebra 〈Hint, Hz1〉 which amounts to
finding its BPT basis.

Phase 1

Recall that the energy gap of Hint is 1 and we can shift the whole spectrum so that its
ground energy is 0. Then, this Hamiltonian term is just a projection Hint = Πint on its
exited states

Πint := |+ + 0〉 〈+ + 0|+ |+11〉 〈+11| .

The second Hamiltonian term consists of two spectral projections Hz1 = Πz1;0−Πz1;1 where

Πz1;0 := |0〉 〈0| ⊗ I23 Πz1;1 := |1〉 〈1| ⊗ I23.

Overall, we compile the three spectral projections {Πint,Πz1;0,Πz1;1}.4

Phase 2

The initial (improper) reflection network is shown Fig. 3.1 where the red edges indicate un-
known relations and the absent edge between Πz1;0 and Πz1;1 indicates our prior knowledge
that they are orthogonal.

Figure 3.1: An example of the initial (improper) reflection network.

For the first scattering we pick any pair connected by a red edge, say {Πz1;0,Πint}. For
the scattering calculation it is convenient to first calculate the product

Πz1;0Πint =
1√
2
|0 + 0〉 〈+ + 0|+ 1√

2
|011〉 〈+11| ,

4We could shift the spectrum again and drop the second projection Πz1;1 but then none of the generators
will be supported on the whole Hilbert space. This will result in an incomplete reflection network, which is
easy to fix, but there is no reason to deliberately create this complication.
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and then it is easy to get the scattering result for both projections

ΠintΠz1;0Πint =
1

2
|+ + 0〉 〈+ + 0|+ 1

2
|+11〉 〈+11| = 1

2
Πint

Πz1;0ΠintΠz1;0 =
1

2
|0 + 0〉 〈0 + 0|+ 1

2
|011〉 〈011| =:

1

2
Π

(1/2)
z1;0 .

After scattering, Πint remains unbroken and Πz1;0 breaks into Π
(1/2)
z1;0 and the null projection

Π
(0)
z1;0 := Πz1;0 −Π

(1/2)
z1;0 = |0− 0〉 〈0− 0|+ |001〉 〈001| .

At this point, one can explicitly verify that Πint is reflecting with Π
(1/2)
z1;0 and orthogonal to

Π
(0)
z1;0 (in fact, this verification is unnecessary since this is a general property of projections

produced by scattering that we will prove in Theorem 3.4). We also know that Πz1;1 is
orthogonal to both Π

(1/2)
z1;0 and Π

(0)
z1;0 since it was orthogonal to their predecessor. The updated

reflection network is shown in Fig. 3.2.

Figure 3.2: An example of the intermediate reflection network after one scattering.

The only remaining red edge is between the pair {Πz1;1,Πint} which after scattering
similarly yields

ΠintΠz1;1Πint =
1

2
|+ + 0〉 〈+ + 0|+ 1

2
|+11〉 〈+11| = 1

2
Πint

Πz1;1ΠintΠz1;1 =
1

2
|1 + 0〉 〈1 + 0|+ 1

2
|111〉 〈111| =:

1

2
Π

(1/2)
z1;1 .

Again, Πint remains unbroken and Πz1;1 breaks into Π
(1/2)
z1;1 and the null projection

Π
(0)
z1;1 := Πz1;1 −Π

(1/2)
z1;1 = |1− 0〉 〈1− 0|+ |101〉 〈101| .

The final and proper reflection network is shown in Fig. 3.3.
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Figure 3.3: An example of the final (proper) reflection network after two scatterings.

Phase 3

Since we had not discussed yet how to check minimality and completeness of the reflection
network, we will just assert that these properties hold.

Phase 4

In the final reflection network in Fig. 3.3 we identify three connected components that
will correspond to three blocks in the BPT. The two connected components with a single
projection have a single column given by the eigenspace of the projection. Since we are free
to choose the basis for the first column in each block, we will stick with |0− 0〉, |001〉 for
Π

(0)
z1;0, and with |1− 0〉, |101〉 for Π

(0)
z1;1.

For the last block we need to choose a maximal subset of minimal projections whose
eigenspaces will correspond to the columns. In this case it can only be

{
Π

(1/2)
z1;0 ,Π

(1/2)
z1;1

}
and

we pick Π
(1/2)
z1;0 to be the first column. Again, we naturally choose the first column basis to be

the eigenstates |0 + 0〉, |011〉 of Π
(1/2)
z1;0 . For the second column in this block we cannot freely

choose the basis. Instead, we get the second column basis by mapping the first column with
the minimal isometry

S
(1/2)
01 ∝ Π

(1/2)
z1;1 ΠintΠ

(1/2)
z1;0 =

1

2
|1 + 0〉 〈0 + 0|+ 1

2
|111〉 〈011|

constructed by taking the product of projections along the connecting path in the reflec-
tion network (the factors 1

2 are removed by normalization). Thus, the second column also
consists of the familiar basis |1 + 0〉, |111〉 but we could not know that a priori.

The final result of the Scattering Algorithm is summarized by the BPT
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0− 0

001

1− 0

101

0 + 0 1 + 0

011 111

.

Returning to our original question, the Wedderburn Decomposition given by the above
BPT is

H⊗3
qubit

∼= Hνa ⊕Hνb ⊕Hνc ⊗Hµc

where we have labeled the three blocks as a, b, c. Since H (ε) ∈ 〈Hint, Hz1〉, for all ε this
Hamiltonian must have the block-diagonal form

H (ε) = Iνaα (ε)⊕ Iνbβ (ε)⊕ Iνc ⊗Hµc (ε) =



α (ε)

α (ε)

β (ε)

β (ε)

Hµc (ε)

Hµc (ε)


where α (ε), β (ε) are ε-dependent scalars and Hµc (ε) is an ε-dependent 2× 2 matrix.

We can calculate these scalars and matrix elements using the original definition

H (ε) = Hint + εHz1 = |+ + 0〉 〈+ + 0|+ |+11〉 〈+11|+ εσz ⊗ I23.

Since all rows in the same block of the BPT are identical representations of H (ε), we only
need to calculate the matrix elements for a single row in each BPT block:

α (ε) = 〈001|H (ε) |001〉 = ε β (ε) = 〈101|H (ε) |101〉 = −ε

Hµc (ε) =

(
〈011|H (ε) |011〉 〈011|H (ε) |111〉
〈111|H (ε) |011〉 〈111|H (ε) |111〉

)
=

(
1
2 + ε 1

2
1
2

1
2 − ε

)
.

Therefore, using the basis arranged in the BPT (reading the BPT top to bottom, left to
right)

{|0− 0〉 , |001〉 , |1− 0〉 , |101〉 , |0 + 0〉 , |1 + 0〉 , |011〉 , |111〉} ,
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results in the block-diagonal matrix representation of this Hamiltonian

H (ε) =



ε

ε

−ε
−ε

1
2 + ε 1

2
1
2

1
2 − ε

1
2 + ε 1

2
1
2

1
2 − ε


.

The states {|0− 0〉 , |001〉} and {|1− 0〉 , |101〉} are clearly the eigenvectors with the eigen-
values ε, −ε respectively. The 2 × 2 matrix block Hµc (ε) can be decomposed into Pauli
matrices

Hµc (ε) =
1

2
σx + εσz +

1

2
I

and we can disregard the identity as it only generates a phase factor. Then we can see that
Hµc (ε) is just the Hamiltonian of a single spin in transverse fields. The “up” and “down”
states of this spin are {|0 + 0〉 , |1 + 0〉} for one matrix block and {|011〉 , |111〉} for the other.
Thus, the whole task reduces to analyzing a single spin in transverse fields, which is a
significant simplification of the original problem.

3.2 The Scattering Algorithm in detail

With the above overview and example we are in a good position to formally go over the
details of the Scattering Algorithm and prove the correctness of the solution that it finds.

The input of this algorithm is a finite set of self-adjoint matricesM ⊆ L (H) that gen-
erate the algebra A := 〈M〉. The output is a set of BPT basis

{∣∣eqik〉} where the indices q
specify the distinct irreps, i specify the multiple instances of identical irreps, and k specify
the distinct basis elements inside each irrep. The BPT basis specify the irreps structure
(Wedderburn Decomposition) of A as described in the proof of Theorem 2.26.

The main procedure of the algorithm is as follows:

Algorithm 3.1 The Scattering Algorithm
1: procedure FINDIRREPSTRUCTURE(M)
2: SpecProjections← GETALLSPECTRALPROJECTIONS(M)
3: ReflectNet← SCATTERPROJECTIONS(SpecProjections)
4: ReflectNet← ESTABLISHMINIMALITY(ReflectNet)
5: ReflectNet← ESTABLISHCOMPLETENESS(ReflectNet)
6: BptBasis← CONSTRUCTBPTBASIS(ReflectNet)
7: return BptBasis
8: end procedure
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We will now go over the details of each procedure (except the trivial first step of getting all
the spectral projections from the generators) and prove the accompanying facts. In Section
3.2.5 we will prove the correctness of the whole algorithm.

3.2.1 Scattering of projections

Following the Definitions 3.1 and 3.2 of scattering and reflecting projections, we will now
prove a few useful facts.

The most important fact about the scattering operation is that regardless of what the
initial projections Π1, Π2 are, the resulting projections are always a series of reflecting pairs
Π

(λ)
1 ,Π

(λ)
2 with reflection coefficients λ, and every pair is orthogonal to any other pair.

Theorem 3.4. Let Π1, Π2 be a pair of projections before scattering and let
{

Π
(λ)
1

}
,
{

Π
(λ)
2

}
be the resulting projections after scattering. Then:
(1) The non-zero eigenvalues {λ} are the same for both Π1Π2Π1 and Π2Π1Π2.
(2) For all λ 6= λ′ the pairs of projections Π

(λ)
1 , Π

(λ′)
2 are orthogonal.

(3) For all λ = λ′ the pairs of projections Π
(λ)
1 , Π

(λ)
2 are reflecting with reflection coefficient λ.

Proof. We will assume that {λ} are the eigenvalues of Π1Π2Π1 while the eigenvalues of
Π2Π1Π2 are unknown. Since all

{
Π

(λ)
1

}
are pairwise orthogonal and sum to Π1, we have

Π
(λ)
1 Π1 = Π1Π

(λ)
1 = Π

(λ)
1 for all λ. Then, if we multiply the definition of scattering Π1Π2Π1 =∑

λ′′ 6=0 λ
′′Π

(λ′′)
1 from left and right with Π

(λ)
1 and Π

(λ′)
1 , we get the identity

Π
(λ)
1 Π2Π

(λ′)
1 = δλλ′λΠ

(λ)
1 . (3.3)

This equation holds for all λ including λ = 0 regardless of whether Π
(0)
1 = 0 or not. In

particular (
Π

(0)
1 Π2

)(
Π

(0)
1 Π2

)†
= Π

(0)
1 Π2Π

(0)
1 = 0

so Π
(0)
1 Π2 = Π2Π

(0)
1 = 0. Therefore,

Π2Π1Π2 = Π2

(
Π1 −Π

(0)
1

)
Π2 = Π2

∑
λ6=0

Π
(λ)
1

Π2 =
∑
λ 6=0

λ

(
1

λ
Π2Π

(λ)
1 Π2

)
=
∑
λ 6=0

λΠ̃
(λ)
2 , (3.4)

where the last step suggests the definition Π̃
(λ)
2 := 1

λΠ2Π
(λ)
1 Π2. The operators Π̃

(λ)
2 are

clearly self-adjoint and, using Eq. (3.3), we have

Π̃
(λ)
2 Π̃

(λ′)
2 =

1

λλ′
Π2Π

(λ)
1 Π2Π

(λ′)
1 Π2 = δλλ′

1

λ
Π2Π

(λ)
1 Π2 = δλλ′Π̃

(λ)
2 .

Therefore, the operators
{

Π̃
(λ)
2

}
form a set of pairwise orthogonal projections. In that case,
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Eq. (3.4) is the spectral decomposition of Π2Π1Π2. Since the spectral decomposition is
unique we must have Π̃

(λ)
2 = Π

(λ)
2 for all λ 6= 0 and so the non-zero eigenvalues are the

same for both Π1Π2Π1 and Π2Π1Π2. This proves claim 1 and produces the identity

Π
(λ)
2 =

1

λ
Π2Π

(λ)
1 Π2. (3.5)

Using the identities (3.5) and (3.3), we get another identity

Π
(λ)
1 Π

(λ′)
2 =

1

λ′
Π

(λ)
1 Π2Π

(λ′)
1 Π2 = δλλ′Π

(λ)
1 Π2,

which proves claim 2. In particular, for λ = λ′, we can multiply the last identity with its
own adjoint from both sides

Π
(λ)
1 Π

(λ)
2 Π

(λ)
1 = Π

(λ)
1 Π2Π

(λ)
1

Π
(λ)
2 Π

(λ)
1 Π

(λ)
2 = Π2Π

(λ)
1 Π2.

Then, using the identity (3.3) in the first line, and the identity (3.5) in the second, we get

Π
(λ)
1 Π

(λ)
2 Π

(λ)
1 = λΠ

(λ)
1

Π
(λ)
2 Π

(λ)
1 Π

(λ)
2 = λΠ

(λ)
2 ,

which proves claim 3.

Note that Eq. (3.5) tells us how to calculate the projections
{

Π
(λ 6=0)
2

}
if we know{

Π
(λ 6=0)
1

}
. That is, we only need to calculate one spectral decomposition of Π1Π2Π1, and

then get the spectral decomposition of Π2Π1Π2 for free. In practice, it is often easier to get
the spectral projections of both Π1Π2Π1 and Π2Π1Π2 from the left and right singular vectors
of Π1Π2.

Another useful fact that we will need is:

Proposition 3.5. Let Π1, Π2 be a pair of properly reflecting projections with the reflection
coefficient λ 6= 0, then, Π1 and Π2 have the same rank. If in addition λ = 1 then Π1 = Π2.

Proof. If we take the trace on both sides of Eqs. (3.1), (3.2) we get

tr (Π1Π2) = λtr (Π1) , tr (Π1Π2) = λtr (Π2) .

Since λ’s are the same (see Theorem 3.4) then tr (Π1) = tr(Π1Π2)
λ = tr (Π2) and so they have

the same rank. If λ = 1 then

(Π1 −Π1Π2) (Π1 −Π1Π2)† = Π1 −Π1Π2Π1 = Π1 − λΠ1 = 0

(Π2 −Π2Π1) (Π2 −Π2Π1)† = Π2 −Π2Π1Π2 = Π2 − λΠ2 = 0.
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Therefore, Π1 −Π1Π2 = 0 and (Π2 −Π2Π1)† = 0 so Π1 = Π1Π2 = Π2.

The first statement of the above proposition implies that all the projections that belong
to the same connected component of a proper reflection network (see Definition 3.3) have
the same rank. The second statement of the above proposition implies that whenever
we scatter the pair Π1, Π2 and there is a λ = 1 in the spectrum, then Π

(λ=1)
1 = Π

(λ=1)
2

(recall claim 3 in Theorem 3.4). This situation occurs when the eigenspaces of Π1 and Π2

have a common subspace so Π
(λ=1)
i=1,2 is the common projection on it. During the scattering

procedure we can eliminate either Π
(λ=1)
1 or Π

(λ=1)
2 in order to avoid redundant operations

in the future (it is not strictly necessary though).
We can now consider how a single scattering operation changes the reflection network

(recall Definition 3.3 of the reflection network). According to Theorem 3.4, a pair of pro-
jections Π1, Π2 whose relation is initially unknown (red edge) scatters into a series of re-
flecting pairs (black edges except for λ = 0), and each pair is orthogonal (no edges) to all
other pairs. Since both projections Π1, Π2 are part of a larger network, we have to specify
how the resulting projections

{
Π

(λ)
i=1,2

}
inherit the relations with the rest of the network;

see Fig. 3.4.

scatter

Figure 3.4: Generic update rules for the reflection relations after scattering. The red edges
represent unknown reflection relations, black edges represent properly reflecting pairs,
absent edges represent orthogonal pairs. Open ended edges stand for the reflection re-
lations with the other projections in the network. In the generic case each Πi=1,2 breaks
into

{
Π

(λ)
i=1,2

}
and the result is a series of properly reflecting pairs (for λ = 0 the pair is

orthogonal) as described in Theorem 3.4. The open ended (external) edges are inherited
from Πi=1,2 by each of

{
Π

(λ)
i=1,2

}
with the black edges being reset to red (assuming Πi=1,2 did

break under scattering).

First, note that orthogonality with other (external) projections is preserved under scat-
tering so we do not need to add new edges that we did not already have. Second, the
external red edges also do not need to be updated since every unknown relation that Πi=1,2

had, remains unknown for
{

Π
(λ)
i=1,2

}
. The external black edges, however, do not survive
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when a projection is broken into smaller rank projections. That is because properly reflect-
ing pairs must have the same rank (see Proposition 3.5) so when one of the projections in
the pair is broken, the resulting projections are necessarily of lower rank than the projec-
tion that was on the other side of that black edge. Therefore, the black edges that Πi=1,2

had before scattering have to be reset to red when inherited by
{

Π
(λ)
i=1,2

}
, unless Πi=1,2 did

not break under scattering.
The special case where only one of the projections in the pair breaks under scattering

is presented in Fig. 3.5. When both projections in the pair do not break (this is not shown
in the figures), we only need to update the connecting red edge to black.

scatter

Figure 3.5: Update rules for the reflection relations in the case where only one of the
projections breaks. In this case, Π2 may break to at most two projections (if Π2 also does
not break then the red edge of {Π1,Π2} is just set to black). The difference from the generic
case is that the external black edges of the unbroken projection Π1 are not reset to red.

The procedure SCATTERPROJECTIONS in the Scattering Algorithm 3.1 proceeds as fol-
lows:

1. Construct the improper reflection network from the initial spectral projections and
initializing all edges to red except for the ones that are known to be reflecting (rank
1 and orthogonal projections).

2. Repeat until all edges are black: pick a pair of projections connected by a red edge,
scatter it and update the relations in the network according to the rules given by Figs.
3.4 and 3.5.

As was discussed after Theorem 3.4, we don’t have to keep the duplicates if the scattered
projections share a common subspace. Also, we can argue heuristically that lower rank
projection are less likely to break under scattering which triggers the resets of the pre-
viously established black edges. Thus, we may reduce the overall number of scatterings
needed if we prioritize scattering the projections of lower ranks first.
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The above procedure finishes when the reflection network is proper, that is, when all
edges are black. The fact that it always successfully finishes in a finite number of steps is
proven in the following lemma.

Lemma 3.6. Given a finite number of input projections {Πi}, the procedure SCATTERPRO-
JECTIONS described above finishes in a finite number of steps and produces a proper reflec-
tion network.

Proof. Let {Πi;t} be the set of projections in the reflection network at step t = 0, 1, ... of
the procedure. At each t consider the total number of projections Nt, the total number of
red edges Rt, and the total rank of all the projection γt =

∑
i rankΠi;t. By the Definition

3.1, the scattering operation does not change the total rank of projections between input
and output so for all t we have γt = γ0. At each step, only two things can happen: Either
both projections do not break so Nt+1 = Nt and the connecting red edge becomes black so
Rt+1 = Rt−1; or at least one projection breaks so for some nt, rt > 0 we have Nt+1 = Nt+nt

and the value Rt+1 = Rt ± rt can increase or decrease (it will decrease only if the broken
projections were not connected to any other projection in the network). Now, consider the
progression of the coordinate (Nt, Rt) on a two-dimensional grid. At each step it can either
move one position down or it can move diagonally but always to the right:

(Nt, Rt) 7→ (Nt+1, Rt+1) =

(Nt, Rt − 1)

(Nt + nt, Rt ± rt).

Furthermore, we have the upper boundNt ≤ γt = γ0 because projections cannot have ranks
lower than 1. We also know that N0 and R0 are finite because {Πi} is finite. Therefore, after
a finite number of steps we will either reach Rt = 0 which means the reflection network is
now proper, or we will reach Nt = γ0, after which every step will decrease Rt by 1 until it
reaches 0.

3.2.2 Establishing minimality of the reflection network

Establishing minimality of a reflection network means making sure that all the projections
in the network are minimal projections in the algebra that they generate. Minimality can
be established by considering the paths in the network.

A path in a reflection network is given by an ordered set of vertices π = (v1, v2, ..., vn)

that identifies a sequence of connected projections in the reflection network. By taking the
product of all projections along the path and normalizing we define an isometry

Sπ :=
1

λπ
Πv1Πv2 · · ·Πvn , (3.6)

where the normalization λπ is the unique non-zero singular value of the product of projec-
tions. We will refer to these operators as path-isometries that map from the initial space
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given by Πvn to the final space given by Πv1 , along the path π. It should be clear that S†π is
a path-isometry along the same path as Sπ but in reverse direction.

The minimality of reflection network can then be established using the following lemma.

Lemma 3.7. Let {Πv} be a set of projections forming a proper reflection network such that
all path-isometries in the network are proportional Sπ ∝ Sπ′ wherever the paths π and π′

have the same initial and final vertices. Then, all the projections {Πv} are minimal in the
algebra that they generate A := 〈{Πv}〉.

Proof. Every element A ∈ A is a linear combination of products of {Πv}, therefore A =

span {Sπ} where {Sπ} are all the path isometries in the network. Then, all the projections
{Πv} are minimal if Πv0SπΠv0 ∝ Πv0 for all v0 and π. When the path π does not start or end
next to v0, we have Πv0Sπ = 0 or SπΠv0 = 0 so the relation Πv0SπΠv0 = 0 ∝ Πv0 trivially
holds. Let us now consider π := (v1, v2, ..., vn) such that Πv0SπΠv0 6= 0. We can therefore
append v0 to the beginning and the end of π to get the circular path π̃ := (v0, v1, v2, ..., vn, v0).
Another circular path from v0 to itself is the trivial path (v0, v0), and so

Πv0SπΠv0 ∝ Sπ̃ ∝ S(v0,v0) ∝ Πv0Πv0 = Πv0 .

Therefore, all {Πv0} are minimal in A = span {Sπ}.

By checking whether the path-isometries in a reflection network depend only on the
initial and final vertices independently from the paths, we can verify that all projections
are minimal. Note that projections of rank 1 are minimal so connected components with
rank 1 projections are always minimal.

In case minimality could not be established, Lemma 3.7 also implies a correction that
can be implemented.

Lemma 3.8. In the setting of Lemma 3.7, let π, π′ be two paths that share the same initial
vin and final vfin vertices, but Sπ 6∝ Sπ′ . Then, the spectral projections of Uππ′ := SπS

†
π′ are

not reflecting with Πvfin .

Proof. The operator Uππ′ is an isometry from the eigenspace of Πvfin to itself, so it is a
unitary on the eigenspace of Πvfin . We therefore have the spectral projections Π(ω) with the
non-zero eigenvalues ω such that Uππ′ =

∑
ω ωΠ(ω) and

∑
ω Π(ω) = Πvfin . If there was only

one non-zero eigenvalue ω then Uππ′ = ωΠ(ω) = ωΠvfin so Uππ′ = SπS
†
π′ ∝ Πvfin = Sπ′S

†
π′ ,

but that implies Sπ ∝ Sπ′ . Therefore, there is more than one spectral projection
{

Π(ω)
}

and
so ΠvfinΠ(ω)Πvfin = Π(ω) 6∝ Πvfin .

The procedure ESTABLISHMINIMALITY in the Scattering Algorithm 3.1 proceeds as
follows:

1. Check whether path-isometries in the reflection network depend only on the initial
and final vertices and if they are, finish.

47



2. If not, given the paths π, π′ that violate the premise of Lemma 3.7, take Uππ′ = SπS
†
π′

and add its spectral projections
{

Π(ω)
}

to the connected component where π and π′

reside.

3. Initiate another round of scatterings on the connected component with the new pro-
jections until the reflection network is proper again, then repeat step 1.

In step 1 only connected components with projections of rank higher than 1 need to be
checked. This procedure is guaranteed to stop because it either finishes on step 1 or it
reduces the rank of projections in the connected component, and minimality trivially holds
if it reaches projections of rank 1.

3.2.3 Establishing completeness of the reflection network

Completeness of a reflection network means that there is a subset of vertices in the network
that forms a maximal set of minimal projections. If any of the initial generators of the
algebra are supported on the whole Hilbert space, which means their spectral projections
sum to the identity, then completeness is guaranteed and we don’t have to do anything
here. That is because after scattering, the descendants of these spectral projections in the
proper reflection network will still sum to the identity, so they will form a maximal set of
minimal projections.

If we can always add the identity to the initial set of generators, completeness becomes
a trivial property. Nevertheless, it is also possible (and sometimes easier) to scatter the
initial projections regardless of them being supported on the whole Hilbert space, and then
fix the completeness of the final reflection network after the fact.

Given the projections {Πv} forming a reflection network we will assume that at this
point minimality has been established. Consider the largest subset of pairwise orthogonal
projections {Πvk} ⊆ {Πv} where ΠvkΠvl = δklΠvk . From the perspective of graphs this is the
maximal independent set of vertices in the network and it does not have to be unique. The
subset {Πvk} is a maximal set of minimal projections if the operator

IA :=
∑
k

Πvk (3.7)

acts as the identity on every operator in the algebra A := 〈{Πv}〉, meaning IAΠv = Πv for
all v. If it is not, we can use the result of the following lemma to complete IA to act as the
identity.

Lemma 3.9. Let Πv be a minimal projection in a reflection network such that IAΠv 6= Πv

with IA defined in Eq. (3.7). Then, with the appropriate normalization factor c, the operator

Π̃v :=
1

c
(I − IA) Πv (I − IA) , (3.8)
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where I is the full identity matrix, has the following properties:
(1) Π̃v is a minimal projection in A := 〈{Πv}〉.
(2) Π̃v is orthogonal to all Πvk in Eq. (3.7).
(3) The operator ĨA := IA + Π̃v is such that ĨAΠv = Πv.

Proof. If we distribute the terms in Eq. (3.8) we will get cΠ̃v = Πv − IAΠv −ΠvIA+ IAΠvIA

so clearly Π̃v is a self-adjoint operator in A. Since Πv is minimal we have

Πv (I − IA) Πv = Πv −ΠvIAΠv = (1− λ) Πv. (3.9)

Here λ is the proportionality factor in the minimality relation ΠvIAΠv ∝ Πv and λ is not 1

because that would contradict IAΠv 6= Πv. Then, choosing c = 1− λ and taking the square
of Π̃v we get

Π̃vΠ̃v =
1

c2
(I − IA) Πv (I − IA) Πv (I − IA)

=
1

(1− λ)2 (I − IA) (1− λ) Πv (I − IA) = Π̃v.

Therefore, Π̃v is a projection. It is minimal because for any A ∈ A we have

Π̃vAΠ̃v =
1

c2
(I − IA) ΠvÃΠv (I − IA)

where Ã := (I − IA)A (I − IA). Since Ã ∈ A and Πv is minimal we get ΠvÃΠv ∝ Πv and so
Π̃vAΠ̃v ∝ Π̃v. This proves statement 1. Statement 2 follows from (I − IA) Πvk = Πvk−Πvk =

0 so Π̃vΠvk = 0. Finally, recalling that c = 1− λ and using the identity (3.9) again, we get

Π̃vΠv =
1

c
(I − IA) Πv (I − IA) Πv = (I − IA) Πv.

Thus, ĨAΠv = IAΠv + (I − IA) Πv = Πv, which proves statement 3.

The procedure ESTABLISHCOMPLETENESS in the Scattering Algorithm 3.1 proceeds as
follows:

1. Choose the largest subset of pairwise orthogonal projections in the network {Πvk} and
if IA =

∑
k Πvk acts as the identity on all other projections, finish.

2. If it does not, then for each projection such that IAΠv 6= Πv construct the complemen-
tary projection Π̃v as defined in Eq. (3.8) and add it to the network.

Since by construction Π̃v ’s are minimal projections in the same algebra, they do not render
the reflection network improper. Lemma 3.9 then ensures that after the completion of the
network all the new Π̃v ’s will join the largest subset of pairwise orthogonal projections in
the network and sum to ĨA that acts as the identity on every element. It should be noted
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again that this procedure is only needed if none of the original generators were supported
on the whole Hilbert space.

3.2.4 Constructing the bipartition table

We already know from Lemma 2.23 how to construct BPTs from maximal sets of minimal
isometries. What we need then is to construct a maximal set of minimal isometries from
the reflection network. This is achieved with the help of the following lemma.

Lemma 3.10. Let {Πv} be the projections of a reflection network for which minimality and
completeness holds. Then, there is a set

{
Sqkl
}

of path-isometries in the network that is a
maximal set of minimal isometries in the algebra A := 〈{Πv}〉.

Proof. Let
{

Πvqk

}
⊆ {Πv} be a maximal set of minimal projections partitioned into con-

nected components q. Let Πvq1
be an arbitrarily chosen first element in this set for each

connected component q. Then, for every k ≥ 1 there is a path π between Πvq1
and Πvqk

identifying the path-isometries Sqk1 ≡ Sπ and Sq1k ≡ S†π as in Eq. 3.6. For all k, l ≥ 1 we
can identify Sqkl := Sqk1S

q
1l which are path-isometries from Πvql

to Πvqk
via Πvq1

. Isometries

defined this way have the properties Sqkl = Sq†lk and SqklS
q′

l′k′ = δqq′δll′S
q
kk′ as required by the

Definition 2.19 of maximal sets of minimal isometries. The final property that we need to
show is that

{
Sqkl
}

spans A. Since A is spanned by products of {Πv} that are proportional
to path-isometries {Sπ}, it is sufficient to show that for any path π the path-isometry Sπ is
spanned by

{
Sqkl
}

. Since completeness holds, the sum
∑

q,k Πvqk
= IA acts as the identity of

the algebra. Therefore,
Sπ = IASπIA =

∑
kl

Πvqk
SπΠvql

, (3.10)

where q is the connected component that contains the path π. By definition of path-
isometries, every non-vanishing term Πvqk

SπΠvql
is proportional to the path-isometry S(vqk,π,v

q
l )

.
Since minimality holds, according to Lemma 2.16 the path-isometries S(vqk,π,v

q
l )
∝ Sqkl are

proportional because they have the same initial and final spaces. Therefore, for all k, l in
Eq. (3.10), Πvqk

SπΠvql
∝ Sqkl so Sπ is in the span of

{
Sqkl
}

.

The procedure CONSTRUCTBPTBASIS in the Scattering Algorithm 3.1 proceeds as fol-
lows:

1. Identify a maximal set of orthogonal projections
{

Πvqk

}
in each connected component

q and arbitrarily designate the first element Πvq1
.

2. In each connected component q construct the path-isometries
{
Sqk1

}
from Πvq1

to every
other element Πvqk

.

3. Use the path-isometries
{
Sqk1

}
to construct the BPT basis as described in the proof of

Lemma 2.23.
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Note that the reason that we can use Lemma 2.23 in step 3 is because Sqk1 are minimal
isometries as established by Lemma 3.10.

3.2.5 Why the Scattering Algorithm works: putting it all together

Following the above results we are almost ready to prove that the output of the Scattering
Algorithm is correct. What remains before we can put it all together is to show that the
algebra generated by the final reflection network is the same algebra generated by the
inputM.

Lemma 3.11. Let {Πv} be the projections in the final reflection network (after minimality
and completeness have been established) produced by the Scattering Algorithm 3.1. Then,
the algebra generated by the projections 〈{Πv}〉 and the algebra generated by the input 〈M〉
is the same algebra.

Proof. Let A := 〈M〉. All the spectral projections of the operators inM span the operators
inM and are themselves in the algebra A (with Eq. 2.4 we can show that this is true for
every spectral projection of any A ∈ A). Therefore, the algebra A is generated by the out-
put of GETALLSPECTRALPROJECTIONS. During the procedure SCATTERPROJECTIONS,
we repeat the scattering operation where we replace a pair of projections Π1, Π2 with the
spectral projections

{
Π

(λ)
1

}
,
{

Π
(λ)
2

}
as specified in the Definition 3.1. Since

{
Π

(λ)
i=1,2

}
are

the spectral projections of ΠiΠjΠi, and ΠiΠjΠi ∈ A, each Π
(λ)
i=1,2 (including the null projec-

tions) is an element of A. Conversely, the sum of
{

Π
(λ)
i=1,2

}
gives back Πi=1,2, so replacing

the pair Π1, Π2 with
{

Π
(λ)
1

}
,
{

Π
(λ)
2

}
does not change the generating power of projections in

the reflection network. Therefore, the set of projection in the output of SCATTERPROJEC-
TIONS still generates the same algebra A. During the procedure ESTABLISHMINIMALITY,
we may add the spectral projections of Uππ′ , but once again, since Uππ′ ∈ A its spectral
projections are elements of A so the output of ESTABLISHMINIMALITY still generates the
same algebra A. During the procedure ESTABLISHCOMPLETENESS we may add more pro-
jections as provided by Lemma 3.9 but it guarantees that they are all in A, so the output
of ESTABLISHCOMPLETENESS still generates A.

Theorem 3.12. The BPT basis
{∣∣eqik〉} produced by the Scattering Algorithm 3.1 on the

inputM, identify the irreps structure of the algebra 〈M〉 as established by Theorem 2.26.

Proof. The procedure GETALLSPECTRALPROJECTIONS outputs the projections that will
form the initial improper reflection network. Lemma 3.6 ensures that the procedure SCAT-
TERPROJECTIONS will take the initial improper reflection network and output a proper
reflection network in a finite number of steps. Lemma 3.7 ensures that the procedure ES-
TABLISHMINIMALITY correctly identifies whether the reflection network consists of mini-
mal projections. Lemma 3.8 ensures that ESTABLISHMINIMALITY correctly modifies the
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reflection network to consist of minimal projections if it did not initially. Lemma 3.9 en-
sures that the procedure ESTABLISHCOMPLETENESS correctly modifies the reflection net-
work to include a maximal set of minimal projections. At this point we have a minimal
and complete reflection network that consists of projections {Πv}. Since minimality and
completeness hold, Lemma 3.10 ensures that the procedure CONSTRUCTBPTBASIS finds
minimal isometries and, following Lemma 2.23, constructs the BPT basis

{∣∣eqik〉} for the al-
gebra 〈{Πv}〉. Lemma 3.11 then ensures that

{∣∣eqik〉} are also the BPT basis for the algebra
〈M〉. Finally, the proof of Theorem 2.26 demonstrates how the BPT basis

{∣∣eqik〉} identify
the irreps structure of the algebra 〈M〉.
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Chapter 4

Reduction of states

In this chapter we will consider reductions of states and their implications in the form
of superselection and decoherence. By reduction of states we loosely mean the reduction
of information contained in the quantum state as a result of some operational constraint.
The best known reduction of states is the partial trace map. By shifting the focus from
subsystems to operator algebras we will consider more general reductions of states.

The reduced states produced by the partial trace map were motivated by the need to
describe the states of individual subsystems, even when they are entangled. Identifying
such reduced states turned out to be more than a mathematical exercise because without
it we could not define decoherence and understand its role in the emergence of classicality
(see [105, 87] for a review of the decoherence program). The idea that other physically
motivated (but more general) state reductions can lead to decoherence and emergence of
classicality has been explored in [25, 26, 40, 81, 60, 4, 31, 24].

A shift in perspective on the notion of a subsystem and the accompanying state reduc-
tion is due to Zanardi et al. [102, 104, 59, 94], that have defined the concept of a virtual
subsystem via operator algebras. This idea found many applications in the quantum error
correction community with the development of decoherence free subsystems and opera-
tor quantum error correction (a.k.a. subsystem codes) [59, 57, 65, 64, 63, 62, 8, 14, 15].
These ideas have also percolated into the study of bulk reconstruction in AdS/CFT cor-
respondence where the holographic-error-correcting-code approach was introduced [5, 78].
Beyond quantum error correction, the definition of subsystems via operator algebras (in
particular group algebras) plays a central role in ideas such as generalized entanglement
[9, 10], quantum reference frames [11, 51] and quantum state compression [13].

In the following, Section 4.1 is dedicated to re-examining the partial trace map and
re-framing it as an instance of a state reduction map that arises from an operational con-
straint. We will derive an alternative representation of the partial trace map and show how
it is visually captured by a bipartition table. This alternative representation will then be
used to describe the process of decoherence without referring to the interacting subsystems
(without the system-environment split).

In Section 4.2 we will consider state reductions due to more general operational con-
straints that go beyond inaccessible subsystems. We will see that in general, operational
constraints lead to a combination of superselection and decoherence.

In order to clarify these ideas we will study a few examples. In the first example we will
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consider the operational constraint of not having a shared reference frame and see how that
leads to superselection. In the second example we will demonstrate how an operational
constraint can lead to decoherence in a simple system such as the Hydrogen atom even
when no interactions or couplings to an external environment are present. In the last
example we will identify the possible encodings of quantum information into a decoherence
free subsystem by considering the noise as an operational constraint. In this example we
will demonstrate how the Scattering Algorithm allows us to expand the scope of treatable
operational constraints beyond group representations.

4.1 State reductions and decoherence due to inaccessible
subsystems

The partial trace map is the prototypical example of quantum state reduction. It is usually
introduced by the following reasoning: We are given the bipartite Hilbert space HAB :=

HA ⊗HB and the operational constraint that allows measurements only on subsystem B.
Then, we consider the map trA that reduces the full states of AB to the states of B and
preserves all information about B. In other words, the partial trace map trA is defined
by the condition that for all ρ ∈ L (HAB) and all OB ∈ L (HB) it produces reduced states
ρB := trA [ρ] such that

tr [OBρB] = tr [IA ⊗OB ρ] . (4.1)

If {|ai〉} are some basis in HA, the map trA can be expressed in the operator sum repre-
sentation as

trA [ρ] :=
∑
i

Ki ρK
†
i , (4.2)

where Ki := 〈ai| ⊗ IB. Since
∑

iK
†
iKi = IAB, it is completely positive and trace preserving

(CPTP) so it maps quantum states to quantum states. Using the cyclical property of the
trace (not partial) and linearity we can show that the condition in Eq. (4.1) holds for the
map in Eq. (4.2):

tr [OBρB] = tr

[
OB

(∑
i

〈ai| ⊗ IB ρ |ai〉 ⊗ IB

)]

= tr

[∑
i

|ai〉 〈ai| ⊗OB ρ

]
= tr [IA ⊗OB ρ] .

We will now derive an alternative representation of the partial trace map in the frame-
work of operator algebras. First, we note that the operational constraint dictates that
only observables of the form IA ⊗ OB are physically relevant. Therefore, the operational
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constraint identifies the operator algebra

A := {IA ⊗OB |OB ∈ L (HB)} (4.3)

that contains all the relevant observables. Since A = IA ⊗ L (HB), it can be reduced to HB
by mapping IA ⊗ OB 7−→ OB. The accompanying state reduction map ρB := trA [ρ] must
comply with the condition (4.1). By linearity, it is sufficient to satisfy this condition for the
minimal isometries Skl := IA ⊗ |bk〉 〈bl| that span A, so we require the condition

tr [|bk〉 〈bl| ρB] = tr [Skl ρ] .

With the above condition and the resolution of identity IB =
∑

l |bl〉 〈bl|, we can express

ρB =

(∑
l

|bl〉 〈bl|

)
ρB

(∑
k

|bk〉 〈bk|

)
=
∑
kl

tr [|bk〉 〈bl| ρB] |bl〉 〈bk| =
∑
kl

tr [Skl ρ] |bl〉 〈bk|.

Since ρB = trA [ρ], we have derived above a new representation for the partial trace map

trA [ρ] :=
∑
kl

tr [Sklρ] |bl〉 〈bk|. (4.4)

Such representations of maps between operators are known as “Input/Output” or “Tomo-
graphic” [71]. The easiest way to see that 4.4 is the same partial trace map as (4.2), is to
verify that both representations yield

trA [|ai〉 〈aj | ⊗ |bl〉 〈bk|] = δij |bl〉 〈bk| .

Then, by linearity both maps have to be identical since {|ai〉 〈aj | ⊗ |bl〉 〈bk|} span all the
operators in L (HAB).

As an illustration, consider the Hilbert spaceH := l⊗ 1
2 of spin-l and spin-1

2 . The algebra
of observables on spin-1

2 is spanned by the minimal isometries Smm′ := Il⊗
∣∣1

2 ,m
〉 〈

1
2 ,m

′∣∣ for
m,m′ = ±1

2 . Then, for any pure state |ψ〉 ∈ H we can express the partial trace over spin-l
using (4.4) as

|ψ〉 7−→ trl [|ψ〉 〈ψ|] =
∑

m,m′=± 1
2

〈ψ|Smm′ |ψ〉
∣∣∣∣12 ,m′

〉〈
1

2
,m

∣∣∣∣ =

(
〈ψ|S 1

2
, 1
2
|ψ〉 〈ψ|S− 1

2
, 1
2
|ψ〉

〈ψ|S 1
2
,− 1

2
|ψ〉 〈ψ|S− 1

2
,− 1

2
|ψ〉

)
.

(4.5)
Let us now consider how the partial trace map looks in the BPT picture. The algebra of

relevant observables for the partial trace over A is IA ⊗ L (HB), so for some product basis
|eik〉 := |ai〉 |bk〉, where i = 1, ..., dA and k = 1, ..., dB, the irreps of this algebra are given by
the BPT
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e1,1 e1,2 · · · e1,dB

e2,1 e2,2 · · · e2,dB
...

... . . . ...
edA,1 edA,2 · · · edA,dB

↓ ↓ ↓
b1 b2 · · · bdB

.

We have added an additional single row on the bottom which represents the Hilbert space
of reduced states.

This picture implies that states that are supported on a single column |ϕk〉 =
∑

i ci |eik〉—
we will call them column kets—reduce as

|ϕk〉 7−→ |bk〉 .

That is because column kets are the product states |ϕk〉 = |ϕA;k〉 |bk〉 for some |ϕA;k〉 ∈ HA.
A general pure state |ψ〉 ∈ H that is supported on multiple columns can then be ex-

pressed as a sum of unnormalized column kets |ψ〉 =
∑

k |ϕk〉. Then, using the representa-
tion (4.4) of the partial trace map , all pure states reduce as

|ψ〉 7−→ ρB =
∑
kl

〈ϕk|Skl |ϕl〉 |bl〉 〈bk|. (4.6)

Observe that in the reduced state ρB, the probability weights of the diagonal terms
|bk〉 〈bk| are given by the overlaps 〈ϕk|Skk |ϕk〉 = 〈ϕk | ϕk〉 of the column kets with them-
selves (these are their square norms). In general, the weights and phases of the reduced
coherence terms |bl〉 〈bk| are given by the overlaps 〈ϕk|Skl |ϕl〉 of the corresponding column
kets. The overlap is calculated by mapping the kets to the same column with the isometries
Skl.

In the following section we will use this perspective in order to makes sense of the pro-
cess of decoherence in reduced states that arise from more general operational constraints.
Before we do that, however, let us describe the process of decoherence using this perspec-
tive in a familiar setting where the reduced states are given by the partial trace over a
subsystem.

Going back to the composite system of spin-l and spin-1
2 , we adopt the shorter notation

for the product basis
∣∣m,±1

2

〉
:= |l,m〉

∣∣1
2 ,±

1
2

〉
. The BPT picture of the partial trace over

spin-l is then
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+l,+1
2 +l,−1

2
...

...
0,+1

2 0,−1
2

...
...

−l,+1
2 −l,−1

2

↓ ↓
+1

2 −1
2

.

This BPT specifies the minimal isometries and the partial trace map over spin-l as given
in Eq. 4.5.

Now, consider the dynamics in the form of the interaction Hamiltonian
Hint = −ε Lz ⊗ σz,

with the operator σz = Π(+) − Π(−), where Π(±) =
∣∣±1

2

〉 〈
±1

2

∣∣. Let us separate Hint into two
terms supported on the two columns of the above BPT

Hint = −ε
(
Lz ⊗Π(+) − Lz ⊗Π(−)

)
= H

(+)
int ⊗Π(+) +H

(−)
int ⊗Π(−),

where H(±)
int := ∓ε Lz. Using the fact that Π(+) and Π(−) are orthogonal, the overall time

evolution is given by

e−itHint =
∞∑
n=0

1

n!

(
−itH(+)

int ⊗Π(+) − itH(−)
int ⊗Π(−)

)n
=

∞∑
n=0

1

n!

(
−itH(+)

int

)n
⊗Π(+) +

∞∑
n=0

1

n!

(
−itH(−)

int

)n
⊗Π(−)

= e−itH
(+)
int ⊗Π(+) + e−itH

(−)
int ⊗Π(−).

We can now see that H(+)
int generates the time evolution inside the subspace of the left

column of the BPT, and H
(−)
int generates the evolution inside the right column. Since H(+)

int

and H
(−)
int differ in the overall sign (this traces back to the eigenvalues of σz), the column

kets evolve in opposite directions inside the columns. From that we conclude that the
Hamiltonian Hint will drive the column kets apart, which will reduce their overlap, and
that kills off the coherence terms in the reduced states.

For concreteness, consider the initial product state

|ψ〉AB := |ϕ〉
(
α

∣∣∣∣+1

2

〉
+ β

∣∣∣∣−1

2

〉)
.
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After some time t we will have

|ψ (t)〉AB = |ϕ+ (t)〉
∣∣∣∣+1

2

〉
+ |ϕ− (t)〉

∣∣∣∣−1

2

〉
,

where
|ϕ+ (t)〉 := αe−itH

(+)
int |ϕ〉 , |ϕ− (t)〉 := βe−itH

(−)
int |ϕ〉 .

The coefficient of the reduced coherence term
∣∣+1

2

〉 〈
−1

2

∣∣ of spin-1
2 is given by the overlap of

the corresponding column kets

〈ϕ− (t)|
〈
−1

2

∣∣∣∣S− 1
2
, 1
2
|ϕ+ (t)〉

∣∣∣∣+1

2

〉
= 〈ϕ− (t) | ϕ+ (t)〉 = β∗α 〈ϕ| eitH

(−)
int e−itH

(+)
int |ϕ〉 .

Unless |ϕ〉 is an eigenstate of H(±)
int , the overlap 〈ϕ| eitH

(−)
int e−itH

(+)
int |ϕ〉 will vanish with time

(the rate depends on the coupling strength ε and the magnitude of spin-l).
In Fig. 4.1 we have plotted the purity tr

(
ρ2
B

)
of the reduced state of spin-1

2 coupled to
spin-100 with the initial state

|ψ〉AB := |mx = 100〉
(

1√
2

∣∣∣∣+1

2

〉
+

1√
2

∣∣∣∣−1

2

〉)
.

Here |mx = 100〉 is the maximally x̂-polarized eigenstate of Lx.
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Figure 4.1: Time dependent purity of spin-1
2 coupled to spin-100.

As we can see, starting with the maximal purity of 1 the purity rapidly drops to its
minimal value of 0.5 and stays there until it reaches periodic brief revivals back to 1. This
can be understood from the behavior of the overlaps between two column kets as they
evolve. Initially, both column kets correspond to the same state of spin-100 that is polarized
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in the x̂ direction. As they evolve with the opposite HamiltoniansH(±)
int = ∓ ε

2 Lz, they rotate
in opposite directions in the x̂ − ŷ plane; see Fig. 4.2. Thus, the overlap between the two
column kets rapidly vanishes, and after a while it briefly revives as they periodically meet
in the x̂− ŷ plane.

Figure 4.2: Column kets of maximally polarized spin states rotate in opposite directions
in the x̂− ŷ plane. The periodic brief alignments of the kets is responsible for the periodic
brief revivals of coherence.

As simplistic as the above example is, it demonstrates how the decoherence of reduced
states can be described without referring to subsystems and instead focus on the BPT
that specifies the state reduction. We can solidify this observation by considering how the
interaction terms and the non-interaction terms of the Hamiltonian act on the BPT in the
generic bipartite system HA ⊗HB.

The self-Hamiltonian of system A acts identically on all the columns of the BPT as

Hself :A := HA ⊗ IB =
∑
k

HA ⊗ |bk〉 〈bk| .

This means that Hself :A drives all the column kets in sync, and that does not diminish
their overlaps and does not cause decoherence. The self-Hamiltonian of system B does not
generate dynamics inside the columns at all, instead it generates dynamics inside the row
subspaces

Hself :B := IA ⊗HB =
∑
i

|ai〉 〈ai| ⊗HB.

This, of course, changes the reduced states but it does so unitarily.
What causes decoherence are the Hamiltonian terms that generate unsynchronized
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evolutions inside the column subspaces which eliminates the overlaps between the column
kets; see Fig. 4.3 for an illustration. This property is what characterizes the generic inter-
action term

Hint :=
∑
k

HAk ⊗ |k〉 〈k| ,

where the column Hamiltonians HAk vary with k.

Figure 4.3: Generic picture of column kets on a bipartition table before (left) and after
(right) unsynchronized evolution inside the columns caused by the interaction term. The
diminishing overlaps between the different column kets translates into diminishing coher-
ence terms in the reduced state.

4.2 State reductions and decoherence due to operational
constraints

In the previous section we have derived the partial trace map by imposing the operational
constraint such that only the observables from the algebra IA⊗L (HB) are accessible. This
does not imply that all the observables IA ⊗ OB have to be accessible, but it does exclude
what definitely cannot be accessed (information about A in this case). The resulting state
reduction map accounts for the operational constraint of not having access to one of the
subsystems.

It is then natural to consider the operational constraints that go beyond the restric-
tion to physical subsystems. These constraints can be the result of having only access to
collective observables of a composite system, or having a noisy quantum channel that ren-
ders some observables irrelevant by randomizing their outcomes. In such scenarios, what
specifies the operational constraint is not the physical subsystem decomposition, such as
the system-environment split, but an algebra A ⊂ L (H) of relevant observables. This al-
gebra, of course, may be an overstatement of the practical reality and not all O ∈ A are
necessarily accessible, but it is still a useful notion that excludes what is definitely out of
reach.
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For example, consider again the Hilbert space H := l ⊗ 1
2 of spin-l and spin-1

2 and let
us assume that in principle we can measure whatever we want. However, there is some
uncontrollable effect that applies an unknown random rotation Ul (R) ⊗ I on the spin-
l subsystem, while leaving spin-1

2 unaffected. Since we do not know what rotation has
been applied, this effect renders the orientation of spin-l completely random. Under such
circumstances the only observables that remain relevant are the ones that are unaffected
by the unknown rotations. Therefore, this uncontrollable effect imposes an operational
constraint that restricts the algebra of relevant observables to the ones that commute with
all the rotations of spin-l:

A = {O ∈ L (H) | [O,Ul (R)⊗ I] = 0 ∀R} . (4.7)

Once the algebra of relevant observables is identified, we would like to define the state
reduction map that accounts for the limitations imposed by the operational constraints.
Such reduced state will then be the effective state of the system that we have access to in
light of the operational constraints.

Following the operator-algebraic derivation of the partial trace map in the previous
section, we can adopt the same approach to produce state reduction maps for any operator
algebra (provided we can find its irreps structure). The derivation of the general state
reduction map is outlined as follows:

1. Identify the operator algebra A ⊆ L (H) of relevant observables.

2. Find its irreps structureH ∼=
⊕

qHνq⊗Hµq and identify the minimal isometries
{
Sqkl
}

.

3. The Hilbert space of reduced states is given by

H{µq} :=
⊕
q

Hµq , (4.8)

and the state reduction map is

tr{νq} [ρ] :=
⊕
q

∑
kl

tr
[
Sqklρ

] ∣∣mq
l

〉 〈
mq
k

∣∣ . (4.9)

The physical meaning of state reduction maps depends on the physical context. For the
usual partial trace map, the reduced state is the effective state of a physical subsystem.
In the more general case we can think of reduced states as the states of some virtual
subsystems which embody the degrees of freedom associated with the algebra of relevant
observables. Ultimately, it is the algebra of the relevant observables that gives meaning to
the reduced state.

Returning to our example of spin-l and spin-1
2 , the irreps of rotations Ul (R) ⊗ I are

specified by the BPT
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+l,+1
2 · · · 0,+1

2 · · · −l,+1
2

+l,−1
2 · · · 0,−1

2 · · · −l,−1
2

.

Since the algebra of relevant observables (4.7) is the commutant of these rotations, the
irreps we are interested in are given by the transposition of this BPT

+l,+1
2 +l,−1

2
...

...
0,+1

2 0,−1
2

...
...

−l,+1
2 −l,−1

2

↓ ↓
+1

2 −1
2

As we have seen in the previous section, this BPT defines the partial trace over spin-l.
Not surprisingly, the appropriate state reduction map that accounts for having the spin-l
subsystem randomly rotated, is the erasure of all information about the state of spin-l.

In the more general cases of state reductions, the reduced Hilbert space (4.8) is a direct
sum of orthogonal sectors

{
Hµq

}
identified by the distinct inequivalent irreps of the alge-

bra. These sectors are commonly referred to as superselection sectors. In the case of the
partial trace map we have only one distinct irrep so the reduced Hilbert space has only one
superselection sector. When multiple superselection sectors are present (that is when the
BPT has multiple blocks), the state reduction map eliminates all coherence terms between
the basis elements belonging to distinct superselection sectors, regardless of the state.

We will see how the superselection sectors arise from operational constraints in the
more elaborate examples below. There is one extremal case, however, that we can briefly
point out here.

Consider the operational constraint that allows only one observable O ∈ L (H) to be
measured. In this case, the algebra of relevant observables is just 〈O〉. The minimal isome-
tries of this algebra are the spectral projections

{
Π(λ)

}
of O, where the eigenvalues λ 6= 0

identify the distinct one-dimensional irreps. Because the irreps are one-dimensional, the
reduced Hilbert space (4.8) in this case is just

⊕
λ |λ〉. The state reduction map (4.9) is then

ρ 7−→
⊕
λ

tr
[
Π(λ)ρ

]
|λ〉 〈λ| .

The resulting reduced state is completely diagonal and it represents the probability distri-
bution over the observable’s outcomes {λ}.

Not surprisingly, when we constrain the measurements to a single observable, the state
reduction map becomes the mapping of the quantum state ρ to the classical probability
distribution p (λ) := tr

[
Π(λ)ρ

]
over the outcomes of that observable. As we can see, the
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extremal constraint of having only one observable leads to the complete elimination of
coherence terms. Therefore, when more observables are available, we expect an intermedi-
ate outcome where the coherence terms between some subspaces are eliminated while the
coherence terms inside these subspaces are preserved.

Such elimination of coherence terms by the state reduction map is what we call supers-
election, and it is distinct from the dynamical elimination of coherence terms in the process
of decoherence.5

In order to clarify these ideas we will now study three more elaborate examples.

Example 1

In this example we will study a simple case where the superselection sectors appear due to
the lack of a shared reference frame. See [11] for a review of this topic.

When the agent that prepares the states (Alice) and the agent that measures them
(Bob) do not share a common reference frame, it imposes an operational constraint on the
latter. Let us consider such situation with the same system H := l⊗ 1

2 of spin-l and spin-1
2 .

We will assume that Alice and Bob share a common reference frame for the ẑ axis but
they are misaligned in the x̂ − ŷ plane by an unknown angle θ. If Alice can send multiple
states to Bob then he could implement some protocol for aligning his reference frame with
Alice by inferring the angle θ from the collection of states. If, however, Bob receives only
one state then from his perspective it is rotated by an unknown angle around ẑ. The only
relevant observables that remain for Bob are the ones that commute with Uẑ (θ) for all θ.
Our goal is to find the state reduction map that accounts for the lack of common reference
frame in the x̂− ŷ plane.

The abelian group {Uẑ (θ)} is generated by the single Jz component of the total angular
momentum operator. The irreps of this group are all one-dimensional and are given by the
eigenvectors |j,m〉 of Jz, with distinct eigenvalues m identifying distinct irreps. For brevity,
let us specialize to l = 1 so j = 1± 1

2 .
The one-dimensional irreps of {Uẑ (θ)} are summarized by the BPT

3
2 ,

3
2

3
2 ,

1
2

1
2 ,

1
2

3
2 ,−

1
2

1
2 ,−

1
2

3
2 ,−

3
2

.

Note that the abelian group {Uẑ (θ)} acts on the states in each BPT block with a different
phase factor; this is why the eigenvalues of Jz distinguish the irreps.

5The dynamical elimination of coherence terms is sometimes referred to as einselection, which stands for
environment-induced-superselection [105].
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The commutant algebra, and the implied state reduction map, are given by the transpo-
sition of the BPT (note that we re-use the same labels for the reduced basis on the bottom)

3
2 ,

3
2

3
2 ,

1
2

1
2 ,

1
2

3
2 ,−

1
2

1
2 ,−

1
2

3
2 ,−

3
2

↓ ↓ ↓ ↓ ↓ ↓
3
2 ,

3
2

3
2 ,

1
2

1
2 ,

1
2

3
2 ,−

1
2

1
2 ,−

1
2

3
2 ,−

3
2

.

Instead of explicitly specifying all the minimal isometries needed for the definition of the
state reduction map as given in Eq. (4.9), we can read the implied state reduction map
directly from the BPT. It tells us that all the basis elements reduce to themselves but only
the coherence terms between elements in the same row remain in tact; all other coherence
terms are eliminated.

One can verify explicitly using the definition in Eq. (4.9) that the implied state reduc-
tion map reduces the pure states |ψ〉 =

∑
j,m cj,m |j,m〉 to

|ψ〉 7−→ ρBob =



∣∣∣c 3
2
, 3
2

∣∣∣2 ∣∣∣c 3
2
, 1
2

∣∣∣2 c 3
2
, 1
2
c∗1
2
, 1
2

c 1
2
, 1
2
c∗3
2
, 1
2

∣∣∣c 1
2
, 1
2

∣∣∣2 ∣∣∣c 3
2
,− 1

2

∣∣∣2 c 3
2
,− 1

2
c∗1
2
,− 1

2

c 1
2
,− 1

2
c∗3
2
,− 1

2

∣∣∣c 1
2
,− 1

2

∣∣∣2 ∣∣∣c 3
2
,− 3

2

∣∣∣2


.

The coherence terms that got eliminated are exactly where the unknown phase factors due
to the unknown rotation Uẑ (θ) were present. Since Bob has no access to this phase factor,
whether Alice sends him |ψ1〉 or |ψ2〉 = Uẑ (θ′) |ψ1〉 (for any θ′), there is nothing he can do
that will differentiate the two cases. The resulting state reduction map accounts for that by
eliminating the coherence terms whose values remain unknown within Bob’s operational
constraint.

In this example we saw a state reduction map that enforces superselection between
states with different eigenvalues of Jz due to the lack of common reference frame. In
the next example we will see a state reduction map that combines superselection with a
partial-trace-like map.
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Example 2

In this example we will consider the dynamics of a reduced state. The main takeaway here
is that decoherence does not have to be only the consequence of interactions with inacces-
sible subsystems, it can also arise from other combinations of dynamics and operational
constraints.

Let us consider the composite system H := l ⊗ 1
2 ⊗

1
2 of two spin-1

2 ’s and an integer
angular momentum l, such as the Hydrogen atom. Assume that we have a large ensemble
ofN Hydrogen atoms and we have come up with a procedure that allows us to prepare all of
them in the same arbitrary state |ψ〉 ∈ H. Unfortunately, we cannot control the individual
orientations of the atoms so instead of having the collective state |ψ〉⊗N , each atom ends
up in the state U (R) |ψ〉, where U (R) is a random rotation that is independently chosen
for each atom. If we sample a single atom from this ensemble, what is the effective state of
this atom?

The operational constraint that the limitation of state preparations imposes, is the re-
striction to rotationally invariant measurements. The algebra of relevant observables is
therefore the commutant of the SU (2) group. We can find the irreps structure of this alge-
bra from the representation theory of SU (2).

We know that our Hilbert space decomposes into

l ⊗ 1

2
⊗ 1

2
= l ⊗ (1⊕ 0) = l + 1⊕ l ⊕ l − 1⊕ l.

That is, under SU (2) rotations we have one irrep that transforms as j = l + 1, one that
transforms as j = l − 1, and two irreps that transform as j = l. Note that the two j = l

irreps can be distinguished by whether the spins are in the singlet or triplet states. We
thus have the j = l ± 1 total angular momentum basis |l ± 1,m〉, and the singlet / triplet
variants α = s, t of the j = l total angular momentum basis |l, α,m〉. The irreps of SU (2)

can then be specified by the BPT (in each row m = j, ...,−j).

· · · l + 1,m · · ·
· · · l, s,m · · ·
· · · l, t,m · · ·

· · · l − 1,m · · ·

The irreps structure of the commutant algebra is given by its transposition
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...
l + 1,m

...
...

...
l, s,m l, t,m

...
...

...
l − 1,m

...
↓ ↓ ↓ ↓

l + 1 l, s l, t l − 1

The reduced Hilbert space consists of the basis |l + 1〉, |l, s〉, |l, t〉, |l − 1〉.
The pure state |ψ〉 can now be expanded in the column kets of the above BPT

|ψ〉 = |ϕl+1〉+ |ϕl,s〉+ |ϕl,t〉+ |ϕl−1〉 .

Since different BPT blocks specify distinct irreps, no coherences between column kets sup-
ported on different blocks are preserved; this is superselection. In the central block, how-
ever, where we have two columns, the reduced coherence terms are given by the overlaps
〈ϕl,t|Sts |ϕl,s〉 (where Sts :=

∑l
m=−l |l, t,m〉 〈l, s,m|) between the column kets; this is the

partial-trace-like reduction. Overall, the state reduction map is summarized as

|ψ〉 7−→ ρ =


〈ϕl+1 | ϕl+1〉

〈ϕl,s | ϕl,s〉 〈ϕl,t|Sts |ϕl,s〉
〈ϕl,s|Sst |ϕl,t〉 〈ϕl,t | ϕl,t〉

〈ϕl−1 | ϕl−1〉

 .

Therefore, the only information we are left with is the one qubit encoded between the
triplet and singlet variants of the j = l irrep, and the overall probability distribution over
the total angular momentum j = l + 1, l, l − 1. The consequence of such operational con-
straint is even more pronounced if we consider unitary dynamics acting on this system.

Even the simple Hamiltonian of uniform magnetic field along the ŷ axis (without spin-
spin or spin-orbit interactions)

H = εLy + S1;y + S2;y

can induce decoherence in such reduced states. Here Ly, S1;y, S2;y are the ŷ components of
the individual angular momentum operators, and ε is the coupling strength of the orbital
angular momentum to the external field (for the two spins it is normalized to 1). We will
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now see that the non-uniformity of the coupling strengths is responsible for the decoher-
ence.

Let us separate the Hamiltonian into the uniform and the difference parts:

H = ε (Ly + S1;y + S2;y) + (1− ε) (S1;y + S2;y) .

Now, consider how these two terms act on the above column kets. The first term is the com-
ponent Jy = Ly + S1;y + S2;y of the total angular momentum operator so it generates global
rotations around the ŷ axis according to the representations j = l + 1, l, l − 1. Therefore,
the term Jy generates identical time evolutions inside the two columns of total angular
momentum j = l, and it does not map between the columns.

The second Hamiltonian term is the ŷ component of the total spin operator Sy = S1;y +

S2;y. This operator acts trivially on the singlet spin states |ϕl,s〉, but otherwise, it does not
preserve the total angular momentum j and it is free to map between all α 6= s columns. So,
for ε 6= 1 the overlap between the column kets |ϕl,s〉 and |ϕl,t〉 will fluctuate as one column
ket will remain stationary while the other will not.

Following the above distinction between the two terms of the Hamiltonian, we can label
them as the effective “self” and “interaction” terms

H = εHself + (1− ε)Hint

Hself := Ly + S1;y + S2;y Hint := S1;y + S2;y.

The term Hself only changes the global orientation of the system (which we are completely
ignorant of due to the operational constraint), so we can think of Hself as the self Hamil-
tonian of the inaccessible environment. We can then think of the other term Hint, as the
effective interaction term because it couples the singlet-triplet qubit to the global orienta-
tion of the system.

For concreteness, let us assume that l = 3 and ε = 0 so there is only the effective
interaction term H = Hint. If the initial unreduced state is

|ψ〉 =
1√
2
|l, s, 0〉+

1√
2
|l, t, 0〉 ,

then the initial reduced state is

ρ =
1

2


0

1 1

1 1

0

 .

The purity of ρ as a function of time under the evolution with H is shown in Fig. 4.4.
This illustrates how the singlet-triplet qubit periodically decoheres into the effective envi-
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ronment imposed by the operational constraint.
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Figure 4.4: The purity of the reduced state under the evolution with H = Hint.

In Fig. 4.5 we can see the BPT perspective on this decoherence process. At t = 0 the
initial state is the even superposition of the two basis elements in the two j = l columns.
As time progresses, the column ket of the singlet remains unchanged while the column
ket of the triplet evolves both inside the j = l column and it leaks into the j = l ± 1

columns. Thus, the overlap between the initial singlet and triplet column kets diminishes.
Periodically, as the spin rotations complete a full cycle, the triplet column ket returns to
its initial configuration (around t = 63 for the first time), which results in the revivals of
coherence.
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Figure 4.5: The column kets of the unreduced state as it evolves on the BPT. The height of
each bar corresponds to the absolute value of the coefficient of the underlying BPT basis
element. The distinct bar color is assigned to each column for contrast and has no numeric
meaning.

In conclusion, there is no conceptual difference between decoherence in this example
and decoherence from coupling to a physical environment. Ultimately, it is the combination
of operational constraints and unitary dynamics that leads to non-unitary evolutions of
reduced states.

Example 3

A basic question in quantum information is how to encode a logical qubit in a physical sys-
tem in a way that will be least susceptible to noise. The idea of decoherence free subspaces
and subsystems [59, 57, 65, 64] has emerged to address this question. The main obstacle to
finding decoherence free subspaces and subsystems is finding the relevant irreps structure,
so it is only the irreps of group representations that are commonly treated. In this exam-
ple we will demonstrate how the Scattering Algorithm can expand the scope of treatable
problems beyond group representations.

As before, we consider the composite system H := l ⊗ 1
2 of spin-l (either integer or half

integer) and spin-1
2 . Assume that Alice wants to send some quantum information to Bob

by encoding it into the physical state of this system. Furthermore, Alice knows that on its
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way it will be susceptible to noise dominated by the Ising interaction Lz ⊗ Sz, and spin-1
2

rotations generated by I ⊗ Sx. The question is how can Alice encode quantum information
(and how many qubits) without it being affected by the dominant sources of noise.

We can answer this question by considering the noise as an imposed operational con-
straint such that only the observables that commute with both Lz ⊗ Sz and I ⊗ Sx remain
relevant. The reduced states will then contain all the information that is unaffected by
noise and the state reduction map will tell us how to encode and decode it.

In order to address this problem we need to find the irreps of the commutant of the alge-
bra generated by both Lz⊗Sz and I⊗Sx. We know the irreps of the individual terms—they
are given by their eigenvectors—but we do not know the irreps structure of the combined
algebra.

In the following we will use the product basis |m, ↑〉, |m, ↓〉, where m = l, ...,−l and ↑, ↓
are the spin-up spin-down states along ẑ, or alternatively |m,+〉,|m,−〉 where +,− are the
spin-up spin-down states along x̂. Before we address the problem for general l, let us solve
it for l = 1

2 .
The combination of the irreps of Lz ⊗ Sz and of I ⊗ Sx can be expressed as the addition

of BPTs
1
2 , ↑
−1

2 , ↓
1
2 , ↓
−1

2 , ↑

+

1
2 ,+

−1
2 ,+

1
2 ,−
−1

2 ,−

The left BPT consists of two single-column blocks that correspond to the distinct eigenval-
ues of Lz ⊗Sz with the two degenerate eigenvectors in each columns. The right BPT comes
from I ⊗ Sx with similar interpretation. The scattering calculations in the case of l = 1

2

are very simple, however, in a anticipation of the general case let us simplify things even
further.

First, we note that separate blocks of BPTs can be detached into separate terms in the
sum, that is

1
2 , ↑
−1

2 , ↓
1
2 , ↓
−1

2 , ↑

+

1
2 ,+

−1
2 ,+

1
2 ,−
−1

2 ,−

=
1
2 , ↑
−1

2 , ↓
+

1
2 , ↓
−1

2 , ↑
+

1
2 ,+

−1
2 ,+

+
1
2 ,−
−1

2 ,−

We can do that because the set of operators that we can generate from either side of this
equation is the same, so it is the same algebra.

The second simplification is that we can drop redundant terms in the combination. If
we know that some terms can be generated by other terms then they do not add anything
to the combined algebra, and therefore can be dropped. In this case we can drop any one of
the columns because the sole projection that it defines can be spanned by the other three.
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We end up with the following combination of BPTs

1
2 , ↑
−1

2 , ↓
+

1
2 , ↓
−1

2 , ↑
+

1
2 ,+

−1
2 ,+

.

The three projections defined by these columns are

Πzz; 1
4

:=

∣∣∣∣12 , ↑
〉〈

1

2
, ↑
∣∣∣∣+

∣∣∣∣−1

2
, ↓
〉〈
−1

2
, ↓
∣∣∣∣ Πzz;− 1

4
:=

∣∣∣∣12 , ↓
〉〈

1

2
, ↓
∣∣∣∣+

∣∣∣∣−1

2
, ↑
〉〈
−1

2
, ↑
∣∣∣∣

Πx; 1
2

:=

∣∣∣∣12 ,+
〉〈

1

2
,+

∣∣∣∣+

∣∣∣∣−1

2
,+

〉〈
−1

2
,+

∣∣∣∣ .
The subscripts zz;±1

4 refers to the ±1
4 eigenvalues of Lz ⊗ Sz, and x; 1

2 refers to the 1
2

eigenvalue of I ⊗ Sx. By scattering

Πzz; 1
4

Πx; 1
2

D Ef
E D

Πzz; 1
4

Πx; 1
2

Πzz;− 1
4

Πx; 1
2

D Ef
E D

Πzz;− 1
4

Πx; 1
2

we learn that these projections are reflecting so the resulting reflection network is shown
in Fig 4.6.

Figure 4.6: The final reflection network for l = 1
2 .

The condition of minimality holds because the reflection network has no cycles so all
path-isometries between the same vertices have to follow the same paths and therefore be
equal. The condition of completeness holds because Πzz; 1

4
+ Πzz;− 1

4
= I.

The columns of the new BPT are determined by the maximal independent set in the net-
work, which is

{
Πzz; 1

4
,Πzz;− 1

4

}
. The choice and alignment of basis elements in the columns

of the new BPT is given by the path-isometry that connects the independent vertices, which
is

S− 1
4
, 1
4
∝ Πzz;− 1

4
Πx; 1

2
Πzz; 1

4
∝
∣∣∣∣12 , ↓

〉〈
1

2
, ↑
∣∣∣∣+

∣∣∣∣−1

2
, ↑
〉〈
−1

2
, ↓
∣∣∣∣ .

The resulting BPT is therefore

1
2 , ↑
−1

2 , ↓
+

1
2 , ↓
−1

2 , ↑
+

1
2 ,+

−1
2 ,+

=
1
2 , ↑

1
2 , ↓

−1
2 , ↓ −1

2 , ↑
.

In order to get the irreps of the commutant we transpose the resulting BPT and label
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the reduced basis according to the common state of spin-l in each column:

1
2 , ↑ −1

2 , ↓
1
2 , ↓ −1

2 , ↑
↓ ↓
1
2 −1

2

.

For the state reduction map we explicitly define the minimal isometries given by the align-
ment of columns

S 1
2
, 1
2

:=

∣∣∣∣12 , ↑
〉〈

1

2
, ↑
∣∣∣∣+

∣∣∣∣12 , ↓
〉〈

1

2
, ↓
∣∣∣∣ S− 1

2
,− 1

2
:=

∣∣∣∣−1

2
, ↓
〉〈
−1

2
, ↓
∣∣∣∣+

∣∣∣∣−1

2
, ↑
〉〈
−1

2
, ↑
∣∣∣∣

S− 1
2
, 1
2

:=

∣∣∣∣−1

2
, ↓
〉〈

1

2
, ↑
∣∣∣∣+

∣∣∣∣−1

2
, ↑
〉〈

1

2
, ↓
∣∣∣∣ .

The state reduction map is then given by

|ψ〉 7−→ ρBob =

 〈ψ|S 1
2
, 1
2
|ψ〉 〈ψ|S− 1

2
, 1
2
|ψ〉

〈ψ|S†− 1
2
, 1
2

|ψ〉 〈ψ|S− 1
2
,− 1

2
|ψ〉

 .

The above BPT identifies a bipartition of the Hilbert space into two virtual subsystems,
and the state reduction map is the partial-trace-like map over one of these subsystems. It
may be tempting to think of this state reduction map as the partial trace over the second
spin, but it is not quite the case. Although the product states such as

∣∣±1
2 , ↑
〉

or
∣∣±1

2 , ↓
〉

reduce with this map to
∣∣±1

2

〉
, other product states such as |ψ〉 = 1√

2

∣∣1
2 , ↓
〉

+ 1√
2

∣∣−1
2 , ↓
〉

do
not reduce to 1√

2

∣∣1
2

〉
+ 1√

2

∣∣−1
2

〉
but to the completely mixed state

|ψ〉 7−→ ρBob =

(
1
2 0

0 1
2

)
.

We can summarize this distinction by observing that the BPT that corresponds to the par-
tial trace over the second spin is

1
2 , ↑ −1

2 , ↑
1
2 , ↓ −1

2 , ↓

which is not quite the same as the one we have derived above.
Thus, Alice can encode one qubit of information into the subspaces of

∣∣1
2 , ↑
〉

and
∣∣−1

2 , ↓
〉

(or
∣∣1

2 , ↓
〉

and
∣∣−1

2 , ↑
〉
), and Bob can decode it by applying the above state reduction map.

Since this qubit is encoded in a subsystem given by the commutant of Lz ⊗ Sz and I ⊗ Sx,
it is a decoherence free subsystem that is not affected by such noise.

Now we will address the case of general l. The combination of the irreps of Lz ⊗ Sz and
of I ⊗ Sx is given by the sum BPTs
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l, ↑
−l, ↓

l − 1, ↑
1− l, ↓

. . .
1− l, ↑
l − 1, ↓

−l, ↑
l, ↓

+

l,+
...

−l,+
l,−

...
−l,−

.

The 2l + 1 column-blocks of the left BPT correspond to the eigenvalues λ = l
2 , ...,−

l
2 of

Lz ⊗ Sz, and the two column-blocks of the right BPT correspond to the two eigenvalues ±1
2

of I ⊗ Sx. Using the same reasoning as in the case of l = 1
2 , we rearrange this combination

of BPTs as follows

(
0, ↑
0, ↓

)
+ · · · +

(
1− l, ↑
l − 1, ↓

+
l − 1, ↑
1− l, ↓

)
+

(
l, ↑
−l, ↓

+
−l, ↑
l, ↓

)
+

l,+
...

−l,+

.

Here we have dropped the redundant second column of the −1
2 eigenvalue of I ⊗ Sx, and

grouped together the columns of Lz ⊗ Sz according to the magnitude of the eigenvalues λ.
Note that the λ = 0 column on the left is special since it is alone in its group and it only
exists if l is integer. We will assume integer l since this is the more general case while
the case of half integer l can be considered as a simplification. The above grouping and
ordering of columns has been chosen in anticipation of how the scattering calculations will
unfold.

In the following, we will denote the spectral projections of Lz ⊗ Sz as

Πzz;λ := |λ, ↑〉 〈λ, ↑|+ |−λ, ↓〉 〈−λ, ↓| .

We also conveniently define the projections

Πx;m :=
m∑

m′=−m

∣∣m′,+〉 〈m′,+∣∣ ,
such that for m = l and m = −l we get the +1

2 spectral projection of I ⊗ Sx. For any
m = l, ...,−l we can calculate

Πzz;mΠx;m =
1√
2
|m, ↑〉 〈m,+|+ 1√

2
|−m, ↓〉 〈−m,+| ,
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which implies that for any m 6= 0 we get the scatterings (the m = 0 case is shown later)

Πzz;m

Πx;m

D Ef
E D

Πzz;m

Πx;(m) , Πx;|m|−1

Here we had to introduce another projection

Πx;(m) := |m,+〉 〈m,+|+ |−m,+〉 〈−m,+|

(note that Πx;(m) = Πx;(−m)).
The above general scattering calculation can then be used to combine the BPT columns

starting from the right side and proceeding toward the left. In the first step we consider
the reflection network of Πzz;l,Πzz;−l,Πx;l, which after scattering is shown in Fig. 4.7.

Figure 4.7: The first step reflection network for general l.

Then we include the next two columns Πzz;l−1,Πzz;1−l which are orthogonal to Πzz;l,Πzz;−l,Πx;(l)

but not to Πx;l−1. After scattering with Πx;l−1 we get the reflection network shown in Fig.
4.8.

Figure 4.8: The second step reflection network for general l.

This pattern repeats as we fold in the columns until (assuming l is integer) we are
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left with the last column Πzz;0 = |0, ↑〉 〈0, ↑| + |0, ↓〉 〈0, ↓| and the leftover projection Πx;0 =

|0,+〉 〈0,+| from the previous scatterings. They scatter differently than before:

Πzz;0

Πx;0

D Ef
E D

|0,+〉 〈0,+| , |0,−〉 〈0,−|

|0,+〉 〈0,+| .

The final reflection network is shown in Fig. 4.9.

Figure 4.9: The final reflection network for integer l. When l is half integer the last two
projections |0,+〉 〈0,+| and |0,−〉 〈0,−| do not exist.

Each connected component with three vertices corresponds to a 2 × 2 BPT block, as in
the l = 1

2 case, and the last two isolated vertices correspond to two single-celled blocks. As
we did in the l = 1

2 case we construct the 2 × 2 blocks, and then transpose them, which
results in the BPT

l, ↑ −l, ↓
l, ↓ −l, ↑

. . .
1, ↑ −1, ↓
1, ↓ −1, ↑

0,+

0,−

.

The form of the resulting BPT implies that there arem = 1, ..., l alternative decoherence
free subsystems that Alice can choose from; she can still encode only one qubit though.
Since there are l alternative orthogonal subspaces to choose from (not counting l = 0),
Alice can also encode log l classical bits in addition to the qubit.

It is important to note that the derivation of the irreps structure for general l was only
possible because we could carry out all the calculations analytically, without specifying
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the value of l. This demonstrates the key advantage of the Scattering Algorithm over the
numeric approaches in that it can be applied symbolically.
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Chapter 5

Reduction of dynamics

In this chapter we will consider two notions of reduction of dynamics. The common idea
here is that the Hamiltonian is block-diagonalizable by the irrep basis of any non-trivial
algebra that the Hamiltonian belongs to. Such block-diagonalization leads to the reduction
of dynamics onto the irreps. With this basic idea in mind we will first consider the reduction
of dynamics with symmetries, and then proceed to the symmetry-agnostic approach.

The idea of reduction of dynamics with symmetries traces back to the seminal work
by Emmy Noether [76]. Today, symmetry related methods are a well established staple in
physics with many dedicated textbooks such as [29, 90, 42]. With the advancement of finite-
dimensional quantum mechanics driven by the development of quantum information and
quantum computing, the central role of the irreps structures associated with symmetries
was gradually recognized in applications [103, 101, 59, 11, 67, 69].

In Section 5.1 we will briefly outline the role of the irreps structure in the reduction
of dynamics with symmetries. This will lead to the realization that the usual notion of
symmetry is too restrictive and even groups that do not commute with the Hamiltonian
may still be useful for the reduction of dynamics. This idea is summarized in Theorem 5.1
and we will illustrate it with an example of a quantum walk with a broken symmetry. As a
secondary goal we will use this example to demonstrate how the the Scattering Algorithm
constructs irreps of a non-trivial finite group.

In Section 5.2 we will demonstrate how the same kind of reduction of dynamics can be
performed without the need to recognize symmetries. Such symmetry-agnostic approach is
possible with the Scattering Algorithm as it allows us to directly focus on the irreps struc-
ture generated by the Hamiltonian terms. We will illustrate this idea with two examples
from the literature on qubit implementations in quantum dots. Specifically, we will show
how the symmetry-agnostic approach can be used to reduce the control Hamiltonian in
order to find the possible qubit encodings.

5.1 Reduction of Hamiltonians with symmetries

We will begin by describing the central role of the irreps structure in the usual reduction
of Hamiltonians with symmetries.

Let us consider the Hamiltonian H ∈ L (H) and the group G represented by the uni-
taries U (G) := {U (g)}g∈G . We say that G is a symmetry of H (as represented by U (G)) if
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[H,U (g)] = 0 for all g ∈ G. This identifies H as an element of the commutant U (G)′ of
U (G).

In general, the group algebra AU(G) (recall Definition 2.27) identifies the irreps struc-
ture

H ∼=
⊕
q

Hνq ⊗Hµq (5.1)

such that all the unitaries U (G) reduce to

U (g) ∼=
⊕
q

Iνq ⊗ Uµq (g) ,

where Uµq (g) are the irreducible unitary representations of G (see Theorem 2.28). Since
H ∈ U (G)′, it reduces in a complementary manner (see Theorem 2.29)

H ∼=
⊕
q

Hνq ⊗ Iµq .

This block-diagonal form constitutes a reduction of dynamics where we have reduced
the action of H from the wholeH to the smaller Hamiltonians Hνq acting onHνq . This form
rules out any transitions between states supported on different irreps, so the the irrep
value q is a conserved quantity. Thus, the irreps structure (5.1) of the symmetry group
U (G) identifies the constants of motion and the subsystems Hνq on which the dynamics
reduce.

As an example, consider the three spin Heisenberg interaction Hamiltonian

H = ε12
~S1 · ~S2 + ε23

~S2 · ~S3,

where εij are arbitrary coupling strengths and ~Si = (Si,x, Si,y, Si,z) are the spin operators.
This Hamiltonian commutes with the SU (2) group of rotations [H,U (R)] = 0 that have the
familiar irreps structure of total spin

H ∼= Hµ3/2 ⊕Hν1/2 ⊗Hµ1/2 . (5.2)

These irreps are identified by the total spin basis |j, α,m〉 where j = 3
2 ,

1
2 , m = −j, ..., j and

α = s, t distinguishes the two variants of the j = 1
2 irrep. The conserved quantity here is

the total spin j = 3
2 ,

1
2 , as identified by the irreps.

The irreps structure (5.1) tells us that the Hamiltonian reduces to

H ∼= hν3/2 Iµ3/2 ⊕Hν1/2 ⊗ Iµ1/2

where hν3/2 is a scalar (sinceHν3/2 is one-dimensional) andHν1/2 is a 2×2 matrix. Therefore,
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in the total spin basis, H is given by the five matrix elements

hν3/2 =

〈
3

2
,m

∣∣∣∣H ∣∣∣∣32 ,m
〉

=
1

4
(ε12 + ε23) ,

Hν1/2 =

(〈
1
2 , s,m

∣∣H ∣∣12 , s,m〉 〈
1
2 , s,m

∣∣H ∣∣12 , t,m〉〈
1
2 , t,m

∣∣H ∣∣12 , s,m〉 〈
1
2 , t,m

∣∣H ∣∣12 , t,m〉
)

=
1

4

(
−3ε23

√
3ε12√

3ε12 ε23 − 2ε12

)
(5.3)

where the choice of m does not matter and all other matrix elements are zero.
In the standard applications of symmetries, as in the above example, only the groups

such that [H,U (g)] = 0 are considered. The symmetry condition [H,U (g)] = 0 , however,
is too restrictive and the irreps structure (5.1) can still be useful with groups that fail to
commute with the Hamiltonian.

For example, we can add the symmetry breaking term Stot,z = S1,z + S2,z + S3,z to the
Hamiltonian

H = ε12
~S1 · ~S2 + ε23

~S2 · ~S3 + Stot,z .

Now [H,U (R)] 6= 0 so the SU (2) group is not a symmetry and it would appear that the
above reduction of dynamics is no longer relevant. This, however, is not the case and the
irreps structure of the SU (2) group is still useful for the reduction of this Hamiltonian. The
reason for that is because the symmetry breaking term Stot,z is itself one of the generators
of the SU (2) group (it breaks the symmetry because the group is not Abelian). This means
that Stot,z is an element of the SU (2) group algebra and so with respect to its irreps (5.2) it
is confined to the form6

Stot,z ∼= Sµ3/2,z ⊕ Iν1/2 ⊗ Sµ1/2,z,

so
H ∼=

(
hν3/2 Iµ3/2 + Sµ3/2,z

)
⊕
(
Hν1/2 ⊗ Iµ1/2 + Iν1/2 ⊗ Sµ1/2,z

)
.

Thus, we can still say that the original exchange interaction generates dynamics via
the Hν1/2 term in the Hν1/2 subsystem, while the new Sµ3/2,z and Sµ1/2,z terms generates
dynamics in theHµ3/2 andHµ1/2 subsystems. The critical detail here is that each subsystem
evolves independently as there are no interaction terms between them so the dynamics
can be reduced to the subsystems identified by the irreps structure (5.2). Also note that
the total spin is still a constant of motion even though the group that identifies it is not a
symmetry of the Hamiltonian.

The general result that extends the application of group representations beyond sym-
metries is give by the following theorem.

Theorem 5.1. Let H ∈ L (H) and let G be a finite or a compact Lie group represented by the
6In this example it is even more obvious because the symmetry breaking term Stot,z is diagonal in the total

spin basis |j, α,m〉.
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unitaries U (G) := {U (g)}g∈G ⊂ L (H), such that

[H,U (g)] ∈ AU(G) ∀g ∈ G.

Then, with respect to the irreps structure of the group algebra AU(G)

H ∼=
⊕
q

Hνq ⊗Hµq ,

the operator H reduces to

H = Hν +Hµ
∼=
⊕
q

Hνq ⊗ Iµq +
⊕
q

Iνq ⊗Hµq

for some Hνq ∈ L
(
Hνq

)
and Hµq ∈ L

(
Hµq

)
.

Proof. Let A (g) := [H,U (g)] so

H = U (g)HU (g)† +A (g)U (g)† .

If G is finite we can sum both sides over all g ∈ G and normalize it by the order of G:

H =
1

|G|
∑
g∈G

U (g)HU (g)† +
1

|G|
∑
g∈G

A (g)U (g)† .

In the more general case, if G is a compact Lie group there is a normalized invariant mea-
sure (Haar measure) dµ (g) over G such that

H =

∫
G
dµ (g)U (g)HU (g)†︸ ︷︷ ︸

Hν

+

∫
G
dµ (g)A (g)U (g)†︸ ︷︷ ︸

Hµ

.

For all g ∈ G both U (g)† and A (g) are in the group algebra AU(G). Therefore, Hµ ∈ AU(G) so
according to Theorem 2.26 it reduces to

Hµ
∼=
⊕
q

Iνq ⊗Hµq .

The term Hν , on the other hand, is in the commutant A′U(G) because it commutes with all
U (g):

HνU (g) =

∫
G
dµ
(
g′
)
U
(
g′
)
HU

(
g−1g′

)†
=

∫
G
dµ
(
gg′
)
U
(
gg′
)
HU

(
g′
)†

= U (g)Hν

(here we have used the invariance of the measure dµ (gg′) = dµ (g)). Therefore, Hν ∈ A′U(G)

so according to Theorem 2.29 it reduces to
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Hν
∼=
⊕
q

Hνq ⊗ Iµq .

Thus,
H = Hν +Hµ

∼=
⊕
q

Hνq ⊗ Iµq +
⊕
q

Iνq ⊗Hµq .

This theorem implies that symmetry groups are the special case when [H,U (g)] = 0 ∈
AU(G). The generalization is that now we can also consider groups such that the Hamil-
tonian consists of both an invariant term—identified by Hν—and a symmetry breaking
term—identified by Hµ. The restriction is that the symmetry breaking term Hµ still has
to be an element of the group algebra AU(G). Once we have identified such group, the
dynamics reduce to the subsystems of the group’s irreps structure, that is

e−itH = e−itHνe−itHµ =
⊕
q

e−itHνq ⊗ e−itHµq .

In particular, the value q that distinguishes the irreps is a conserved quantity.
We will now consider a more elaborate example of such reduction of dynamics.

Example

In this example we will analyze the dynamics of a continuous-time quantum walk (CTQW)
on binary trees. CTQW is the quantum analog of a continuous-time random walk on
graphs. The idea that a CTQW model can provide an exponentially faster way of searching
for distinguished vertices on certain problems, was first introduced by Farhi and Gutmann
in [39]. Since some computational problems can be formulated as searches on graphs, the
CTQW model turned out to be an alternative paradigm to quantum Fourier transform for
designing quantum algorithms with an exponential speed-up.

What is interesting about the CTQW paradigm is that it is relatively easy to under-
stand where the exponential speed-up is coming from. It was observed in [27, 28] that the
exponential speed-up can be explained by the exponential reduction of dynamics. This ob-
servation was analyzed exactly for a search on binary trees and the reduction was traced
back to the symmetries of the graph. In the following, we will reproduce this argument by
finding the irreps of symmetries of the binary tree and show that the exponential reduction
of dynamics holds even when the symmetry is broken.

The Hilbert space of a CTQW model is spanned by the vertices V of a graph G:

H := spanV.
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The Hamiltonian of a CTQW model can be defined by the edges E of a graph G as follows

H := −
∑
〈i,j〉∈E

(|i〉 〈j|+ |j〉 〈i| − |i〉 〈i| − |j〉 〈j|) . (5.4)

The graph G that we will consider here is shown in Fig. 5.1.

1

3

5

2

4

7

6

8

9

10

(45)

(23)(47)(56)(89)

Figure 5.1: Two “glued” binary trees with a symmetry breaking edge 〈6, 7〉. The two gen-
erators of the permutation symmetry are shown in grey using the cyclic notation (ij). The
dashed lines are the axis of reflection associated with the permutations.

Note that we can permute the vertices 4 with 5 or 6 with 7 without changing the def-
inition of the Hamiltonian 5.4. This is so because these permutations do not change how
the vertices are connected. This is not true, for example, for the permutation of 2 with 4

because initially 4 is not connected to 1 or 5, but after this permutation it is. Therefore, the
permutations π2 := (45) and π3 := (67) are symmetries of this Hamiltonian.7

Any permutation π of the vertices V is represented on the Hilbert space H by the uni-
taries

U (π) :=
∑
i∈V
|π (i)〉 〈i| .

In particular, the 2-cycle permutations (ij) are represented by

U ((ij)) := |i〉 〈j|+ |j〉 〈i|+
∑
k 6=i,j

|k〉 〈k| = |i〉 〈j|+ |j〉 〈i|+ I − |i〉 〈i| − |j〉 〈j| .

We can therefore express the Hamiltonian (5.4) as a sum of 2-cycle permutations

H = −
∑
〈i,j〉∈E

(U ((ij))− I) = −
∑
〈i,j〉∈E

U ((ij)) + |E| I

and we can drop the constant identity |E| I. Observe that the permutation U ((67)) is both a
7The subscripts 2 and 3 refer to the root vertices of the sub-trees where these permutations apply.
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symmetry of H and an additive term in H. Theorem 5.1 then implies that we can consider
symmetries that do not commute with U ((67)), as long as they commute with the rest of H
and U ((67)) is itself an element of that symmetry. In the notation of Theorem 5.1 we split
H = Hν +Hµ where Hµ := −U ((67)) and Hν are all the other terms.

If we exclude the termHµ (on the graph this means deleting the edge 〈6, 7〉 ) the remain-
ing term Hν has more symmetry. That is, in addition to π2 and π3 another permutation is
also a symmetry:

π1 := (23) (47) (56) (89) .

For the full H it is not a symmetry because U (π3) and U (π1) do not commute. However,
since the finite group G generated by π1, π2 and π3 is a symmetry of Hν and H = Hν +

(−U (π3)), the condition of Theorem 5.1 holds:

[H,U (πi)] = [−U (π3) , U (πi)] ∈ AU(G).

In order to reduce the dynamics with the group U (G) we need to find its irreps structure.
Note that the group element π3 is redundant as π3 = π1π2π1 so we only need to consider
the generators π1 and π2. First, we find the spectral projections of U (π1) and U (π2). Using
the shorthand notation for the states∣∣∣+i1,i2,...−j1,j2,...

〉
:=

1√
N

(|i1〉+ |i2〉+ ...− |j1〉 − |j2〉 − ...) (5.5)

we can diagonalize the generator

U (π2) = |4〉 〈5|+ |5〉 〈4|+
∑
k 6=4,5

|k〉 〈k| =
∣∣∣+4,5
−

〉〈
+4,5
−

∣∣∣− ∣∣+4
−5

〉 〈
+4
−5

∣∣+
∑
k 6=4,5

|k〉 〈k|

so its spectral projections are

Π2;+ :=
∣∣∣+4,5
−

〉〈
+4,5
−

∣∣∣+ |1〉 〈1|+ |2〉 〈2|+ |3〉 〈3|+ |6〉 〈6|+ |7〉 〈7|+ |8〉 〈8|+ |9〉 〈9|+ |10〉 〈10|

Π2;− :=
∣∣+4
−5

〉 〈
+4
−5

∣∣ .
Similarly, we have

U (π1) = Π1;+ −Π1;−

where

Π1;+ := |1〉 〈1|+
∣∣∣+2,3
−

〉〈
+2,3
−

∣∣∣+
∣∣∣+4,7
−

〉〈
+4,7
−

∣∣∣+
∣∣∣+5,6
−

〉〈
+5,6
−

∣∣∣+
∣∣∣+8,9
−

〉〈
+8,9
−

∣∣∣+ |10〉 〈10|

Π1;− :=
∣∣+2
−3

〉 〈
+2
−3

∣∣+
∣∣+4
−7

〉 〈
+4
−7

∣∣+
∣∣+5
−6

〉 〈
+5
−6

∣∣+
∣∣+8
−9

〉 〈
+8
−9

∣∣ .
Since both sets of spectral projections sum to I, one of the projections is redundant so
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we will drop Π2;+. It is now straight forward to calculate the scatterings

Π2;−

Π1;+

D Ef
E D

Π2;−

Π
(1/2)
1;+ , Π

(0)
1;+

Π2;−

Π1;−

D Ef
E D

Π2;−

Π
(1/2)
1;− , Π

(0)
1;−

where
Π

(1/2)
1;+ :=

∣∣∣+4,7
−5,6

〉〈
+4,7
−5,6

∣∣∣ Π
(1/2)
1;− :=

∣∣∣+4,6
−5,7

〉〈
+4,6
−5,7

∣∣∣
and

Π
(0)
1;+ := Π1;+ −Π

(1/2)
1;+ = |1〉 〈1|+

∣∣∣+2,3
−

〉〈
+2,3
−

∣∣∣+
∣∣∣+4,5,6,7
−

〉〈
+4,5,6,7
−

∣∣∣+
∣∣∣+8,9
−

〉〈
+8,9
−

∣∣∣+ |10〉 〈10|

Π
(0)
1;− := Π1;− −Π

(1/2)
1;− =

∣∣+2
−3

〉 〈
+2
−3

∣∣+
∣∣∣+4,5
−6,7

〉〈
+4,5
−6,7

∣∣∣+
∣∣+8
−9

〉 〈
+8
−9

∣∣ .
The resulting reflection network consists of the three connected components shown in

Fig. 5.2.

Figure 5.2: The reflection network from the generators of the group U (G).

This, in turn, implies the following BPT

1
+2,3
−

+4,5,6,7
−

+8,9
−

10
+2
−3

+4,5
−6,7
+8
−9

+4,7
−5,6

+4,6
−5,7

.

From the last block (bottom row) of the BPT we see that U (G) acts as a two-dimensional
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irrep on the subspace
Hµ3 := span

{∣∣∣+4,7
−5,6

〉
,
∣∣∣+4,6
−5,7

〉}
.

Since the multiplicity of this irrep is one, the multiplicity subsystem Hν3 is absorbed into
Hµ3 . The two other blocks in the BPT identify two distinct one-dimensional irreps. Since
these irreps are one-dimensional the irrep subsystems Hµ1 and Hµ2 are absorbed into the
multiplicity subsystems

Hν1 := span
{
|1〉,

∣∣∣+2,3
−

〉
,
∣∣∣+4,5,6,7
−

〉
,
∣∣∣+8,9
−

〉
, |10〉

}
Hν2 := span

{∣∣+2
−3

〉
,
∣∣∣+4,5
−6,7

〉
,
∣∣+8
−9

〉}
.

Overall, the U (G) irrep decomposition of the Hilbert space is

H ∼= Hν1 ⊕Hν2 ⊕Hµ3 .

The two Hamiltonian terms H = Hν + Hµ are such that Hµ ∈ U (G) and Hν ∈ U (G)′.
Therefore, with respect to the above irreps structure they reduce to

Hµ
∼= Iν1hµ1 ⊕ Iν2hµ2 ⊕Hµ3

Hν
∼= Hν1 ⊕Hν2 ⊕ hν3Iµ3 .

Here hµ1 , hµ2 , hν3 are scalars andHν1 , Hν2 , Hµ3 are 5×5, 3×3 and 2×2 matrices respectively.
The important outcome from these analysis is that the dynamics are restricted to the

irrep sectors Hν1 , Hν2 , Hµ3 . In particular, the sector Hν1 is spanned by the states |1〉,∣∣∣+2,3
−

〉
,
∣∣∣+4,5,6,7
−

〉
,
∣∣∣+8,9
−

〉
, |10〉 that dissect the graph into the layers of the binary trees. Ex-

plicit construction of the Hamiltonian term Hν1 will show that it generates a CTQW on a
one-dimensional line constructed from these layer states. In fact, we can present all the
Hamiltonian terms as CTQW over the irrep states that we have found.

In Fig. 5.3 we can see the term Hν1 represented by the bottom line , the term Hν2 rep-
resented by the middle line, and the top vertical pair represents the term Hµ3 . The terms
Hν1 and Hν2 traverse the graph across layers while Hµ3 generates dynamics inside the cen-
tral layer. Since each term generates dynamics in a different orthogonal subspace, each
connected component in this graph evolves independently from the others. In particular,
this picture explains the direct propagation from root 1 to root 10 over a subspace that is
exponentially smaller than the full tree. Therefore, what we have shown here is that this
speed-up holds even in the non-symmetric version of the graph.
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−
+4,5,6,71 10−

+2,3
−
+8,9

−6,7
+4,5

−3
+2

−9
+8

−5,6
+4,7

−5,7
+4,6

Figure 5.3: The irrep basis representation of the continuous-time quantum walk Hamilto-
nian over the binary trees in Fig. 5.1. In the irrep basis, the Hamiltonian decomposes into
three terms that correspond to the three connected components. The connected component
in the button row indicates the direct propagation from root 1 to root 10 that happens in
a subspace exponentially smaller than the full tree. The symmetry breaking term of the
Hamiltonian contributes to the dynamics in the top component, but it does not affect the
dynamics in the button row.

5.2 Symmetry-agnostic reduction of Hamiltonians

In the previous section we have studied how the irreps structures of symmetries lead to
the reduction of Hamiltonians. In this section we will demonstrate that it is not always
necessary to identify the symmetries in order to reduce Hamiltonians. Instead, we will
focus on directly finding the irreps structure that leads to the reduction.

The key takeaway from the discussion of symmetries is that the statement “U (G) is a
symmetry of H” can be rephrased as “H is an element of the commutant algebra U (G)′”.
It is the observation that H is an element of some non-trivial algebra that leads to the
reduction; the fact that this algebra happens to be the commutant of a symmetry group is
not important. Therefore, if we can recognize that “H is an element of the algebra A”, for
some non-trivial algebra A, then we can reduce H using the irreps structure of A.

We can specialize the above idea as follows: The most obvious algebra that we can use
to restrict H is the algebra generated by its additive terms. That is, whenever we have
H =

∑
k εkHk we can say that H is an element of the algebra generated by the terms Hk

and therefore it reduces to the irreps of 〈{Hk}〉. The illustrative example of the Scattering
Algorithm that was given in Section 3.1 is exactly such a symmetry-agnostic reduction of
Hamiltonians.
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As another simple example, consider again the spin-orbit coupled system H = l ⊗ 1
2 for

some integer l and the Hamiltonian

H (ε) = Lz ⊗ Sz + ε I ⊗ Sx

for arbitrary real constant ε. Instead of identifying the symmetries (which will still require
finding the irreps structure) we recognize that for all ε, H (ε) is an element of the algebra
A generated by Lz ⊗ Sz and I ⊗ Sx. In the last example of Section 4.2 we have derived the
irreps structure of A to be given by the BPT

l, ↑ l, ↓
−l, ↓ −l, ↑

. . .
1, ↑ 1, ↓
−1, ↓ −1, ↑

0,+

0,−

(note that in Section 4.2 this BPT was transposed since we were interested in the commu-
tant of A). This BPT identifies the irrep decomposition

H ∼= |0,−〉 ⊕ |0,+〉 ⊕

 l⊕
q=1

Hνq ⊗Hµq

 ,
where both Hνq and Hµq are two-dimensional virtual subsystems for all q = 1, ..., l.

Since H (ε) ∈ A, this irreps structure implies that the Hamiltonian reduces to

H (ε) = h− (ε) |0,−〉 〈0,−|+ h+ (ε) |0,+〉 〈0,+|+
l⊕

q=1

Iνq ⊗Hµq (ε)

where h± (ε) are scalars, Hµq (ε) are 2× 2 matrices and Iνq are 2× 2 identities. The explicit
matrix elements are then given by

h± (ε) = 〈0,±|H (ε) |0,±〉 = ± ε
2

Hµq (ε) =

(
〈q, ↑|H (ε) |q, ↑〉 〈q, ↑|H (ε) |q, ↓〉
〈q, ↓|H (ε) |q, ↑〉 〈q, ↓|H (ε) |q, ↓〉

)
=

1

2

(
q ε

ε −q

)
.

Thus, for each q = 1, ..., l, the Hamiltonian terms Lz ⊗ Sz and εI ⊗ Sx act as qσz and
εσx (where σx, σz are Pauli matrices) on the virtual subsystems Hµq . If ε is a tunable
parameter then we can use Hµq (ε) as the control Hamiltonian for the logical qubit encoded
in Hµq . If, on the other hand, ε is the uncontrollable random noise then Hνq can be used as
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a decoherence free subsystem.
In order to further demonstrate the potential applications of the symmetry-agnostic

approach, we will analyze two examples dealing with the qubit encodings in quantum dot
arrays.

The idea of qubit implementations in quantum dots was first proposed in [66]. In this
setting, individual electrons are trapped in manufactured potential wells (referred to as
“dots”) where they can be controlled by the electric potentials that set the barriers be-
tween adjacent dots, and by applying external magnetic fields. The overall dynamics of
such systems are described by the Hubbard model [18], where the degrees of freedom are
the occupation numbers of electrons in the individual dots (also referred to as “orbital” or
“charge” degree of freedom), and the spin degrees of freedom.

Because of the multiple degrees of freedom, there is a variety of possible qubit encod-
ings in quantum dots; see [85] for an overview. Different qubit encodings have different
advantages and disadvantages8 and it is not our goal to explore these issues here. What
we will focus on is how to identify the possible qubit encodings in the first place, which at
the very least should accommodate arbitrary Bloch sphere rotations.

In the following two examples we will consider the effective control Hamiltonian of a
quantum dot system and find the possible qubit encodings where arbitrary Bloch sphere
rotations can be performed. This will be achieved by adopting the symmetry-agnostic ap-
proach and finding out how the independent terms of the Hamiltonian can be reduced. The
reduced subspaces (or subsystems) of the independent terms will then identify the possible
encodings.

Example 1

In this example we will consider the charge quadrupole qubit that was proposed in [41].
The charge quadrupole qubit is designed to be a more robust version of the charge dipole
qubit against the electric potential noise. By taking the symmetry-agnostic approach
we will show that there is a continuum of possible qubit encodings between the charge
quadrupole and the charge dipole cases that has not been considered. Due to the system-
atic nature of this approach we will also rule out the possibility of any other charge-qubit
encodings in this setting.

Our system consists of a single electron trapped in a triple quantum dot where it can
occupy the dots |1〉, |2〉, |3〉. We will disregard the spin degree of freedom so our Hilbert
space is justH = span {|1〉 , |2〉 , |3〉}. As discussed in [41], the effective control Hamiltonian
has five tunable parameters

8The key characteristics are the levels and sources of noise from gate operations and the complexity of
two-qubit gates.
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H =

u1 t12 0

t12 u2 t23

0 t23 u3

 =

 εd t12 0

t12 εq t23

0 t23 −εd

+ ε0I

where t12, t23 are the tunneling amplitudes, and u1, u2, and u3 are the dot potentials that
can be re-stated as the detuning parameters

εd =
u1 − u3

2
εq = u2 −

u1 + u3

2
ε0 =

u1 + u3

2
.

The independent Hamiltonian terms here are

T12 :=

0 1 0

1 0 0

0 0 0

 T23 :=

0 0 0

0 0 1

0 1 0

 D :=

1 0 0

0 0 0

0 0 −1

 Q :=

0 0 0

0 1 0

0 0 0

 ,

so
H = t12T12 + t23T23 + εdD + εqQ

and we have dropped the inconsequential identity term.
In principle, we can assert that H ∈ 〈T12, T23, D,Q〉 but it is not a very helpful assertion

because, as we will see shortly, the algebra 〈T12, T23, D,Q〉 is the trivial irreducible algebra
L (H). However, since there are excessive degrees of freedom here (we only need two in-
dependent parameters for arbitrary Bloch sphere rotations) we can constrain some of the
parameters such that the constrained terms will become reducible.

First, we show that t12 and t23 cannot be both independent because the algebra 〈T12, T23〉
is irreducible. The spectral projections of Tij = Πij;+ −Πij;− are given by

Πij;+ :=
∣∣∣+i,j− 〉〈

+i,j
−

∣∣∣ Πij;− :=
∣∣∣+i−j〉〈+i

−j

∣∣∣
where we have used the shorthand state notation of Eq. (5.5). Since these spectral pro-
jections are rank-1 they are all reflecting, resulting in the reflection network shown in Fig.
5.4.

Figure 5.4: The reflection network from the generators T12, T23.
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Note that both T12 and T23 are not supported on the whole Hilbert space (Πij;+ +Πij;− 6=
I) so the resulting reflection network was incomplete. The projection |3〉 〈3| was added by
the completion procedure described in Section 3.2.3. The resulting BPT is

+1,2
−

+1
−2 3

which defines the full operator algebra L (H).9 Therefore, the action of both T12 and T23 is
irreducible on H.

Assuming that t12 and t23 have the same sign, we constrain these two independent
parameters to be t12 = αt and t23 = (1− α)t for a constant 0 ≤ α ≤ 1 and the new common
parameter t. The new constrained term is

Tα := αT12 + (1− α)T23 =

0 α 0

α 0 1− α
0 1− α 0


so the Hamiltonian is H = tTα + εdD + εqQ.

For α = 0, 1 the problem reduces to a double quantum dot where (assuming α = 1) the
positions |1〉, |2〉 identify the logical qubit basis |0L〉, |1L〉 and

H =

εd t 0

t εq 0

0 0 −εd

 .

Thus, Tα=1 = T12 serves as the Pauli σx operator and D or Q can serve as 1
2 (I ± σz) opera-

tors. This encoding is known as charge dipole.
For 0 < α < 1 we observe that the parameters εd and εq also cannot be both independent

since the three terms Tα, D, Q cannot be reduced onto a two-dimensional subspace. We can
see this by considering the three spectral projections Πi=1,2,3 := |i〉 〈i| provided by D and
Q. All three Πi=1,2,3 are rank-1 and orthogonal but we also have to include the spectral
projections of Tα. Since Π1TαΠ2 6= 0 and Π2TαΠ3 6= 0 the resulting reflection network
will have a single connected component that contains all three projections Πi=1,2,3. The
resulting BPT will therefore be that of the trivial operator algebra L (H) which implies the
irreducibility of 〈Tα, D,Q〉.

Assuming that εd and εq can have opposite signs, we constrain them as εd = βε and
εq = (1− |β|) ε for a constant −1 ≤ β ≤ 1 and the new common parameter ε. The new

9This is always the case when the reflection network consists of a single connected component of rank-1
projections and is supported on the whole H.
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constrained term is

Eβ := βD + (1− |β|)Q =

β 0 0

0 1− |β| 0

0 0 −β


so the Hamiltonian is H = tTα + εEβ.

For β 6= 0,±1,±1
2 it is easy to see the spectral projections of Eβ are still the three

rank-1 projections Πi=1,2,3 so the algebra 〈Tα, Eβ〉 is still irreducible. It is less obvious that
〈Tα, Eβ〉 is irreducible even for β = ±1,±1

2 , however, that is also the case. When β = ±1 the
projection Π2 is initially not a spectral projection of Eβ but the resulting reflection network
will be incomplete. The completion procedure will add Π2 and we will have Πi=1,2,3 once
again in the same connected component. When β = ±1

2 one of the spectral projections of Eβ
is rank-2 but it will scatter with the spectral projection of Tα and form a single connected
component of rank-1 projections. Either way, for all β 6= 0 we will have a single connected
component of rank-1 projections which implies the irreducibility of 〈Tα, Eβ〉.

We are therefore left with β = 0, that is, Eβ=0 = Q and the only spectral projection of Q

is Π2. The eigenvalues of Tα are ±λα = ±
√
α2 + (1− α)2 and the eigenvectors are

|α;±〉 :=
α |1〉 ± λα |2〉+ (1− α) |3〉

λα
√

2
.

The two spectral projections of Tα are therefore Πα;± := |α;±〉 〈α;±| and the reflection
network of the algebra 〈Tα, Q〉 is shown in Fig. 5.5.

Figure 5.5: The reflection network of 〈Tα, Q〉.

The resulting BPT is

α; + α;−

so Tα and Q reduce to the subspace spanned by |α; +〉 and |α;−〉. There is a freedom of
choice for the logical qubit basis, but if we want to be consistent with the choice we made
for the case α = 0, 1 we will choose
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|0L〉 =
|α; +〉+ |α;−〉√

2
=
α |1〉+ (1− α) |3〉

λα

|1L〉 =
|α; +〉 − |α;−〉√

2
= |2〉 .

The operator Tα then acts on |0L〉, |1L〉 as λασx, and the operator Q acts as 1
2 (I − σz). By

turning the terms Tα and Q on and off we can perform arbitrary Bloch sphere rotations.
In [41] the authors have identified the charge quadrupole qubit that corresponds to

the case of α = 1
2 . Here, using the symmetry-agnostic approach, we have identified qubit

encodings for the continuum 0 ≤ α ≤ 1 where the edge cases α = 0, 1 correspond to the
charge dipole encodings.

Example 2

In quantum dot arrays where each dot is occupied by one electron, a controlled variation of
electric potentials allows the realization of Heisenberg interactions between adjacent elec-
trons [66]. If the qubits are encoded in the spin degree of freedom of the trapped electrons
(as envisioned in [66]), then in addition to the electric potentials the qubit gate operations
require the use of variable magnetic fields. The necessity of variable magnetic fields com-
plicates the design and reduces the performance of this qubits due to the additional sources
of noise and the relatively weak coupling of the magnetic field to the electron spins.

The surprising resolution to this issue was brought forward by DiVincenzo et al. [33]
(see also [7]), where the encoding of a single qubit in a subspace of three (or four) electron
spins was proposed. The key advantage of this encoding is that all qubit gates can be per-
formed with the Heisenberg interaction only, which in quantum dots is realized by electric
potentials without the need in variable magnetic fields.

In the following, we will first discuss how this qubit encoding is identified by the irreps
of the SU (2) symmetry of the Heisenberg interaction. Then, by adopting the symmetry-
agnostic approach we will show that additional encodings in four spins can be found. These
additional encodings are not identified by the SU (2) symmetry alone and they were not
recognized in the original proposal [7].

The basic idea in [33, 7] is to encode the qubit in a non-periodic spin-chain of three (as
in [33]) or four (as in [7]) spins with tunable nearest neighbor interactions

H = ε12
~S1 · ~S2 + ε23

~S2 · ~S3 + ε34
~S3 · ~S4

(the term ε34
~S3 · ~S4 is only relevant for the four-spin case). Since H is an element of the

commutant of the SU (2) group, it reduces to the irreps of this commutant (these structures
are sometimes referred to as decoherence free subspaces and subsystems). The possible
qubit encodings can therefore be identified from the irreps of the commutant of SU (2).
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The commutant’s irreps are given by the transposition of the BPT of the SU (2) irreps.
In the total spin basis |j, α,m〉, the transposed BPT for the three-spin case is

3
2 ,+

3
2

...
3
2 ,−

3
2

1
2 , s,+

1
2

1
2 , t,+

1
2

1
2 , s,−

1
2

1
2 , t,−

1
2

↓ ↓
0L 1L

.

From this BPT we can see that in the three-spin case, the candidates for the qubit encod-
ings are the two-dimensional invariant subspaces of j = 1

2 and m = 1
2 or j = 1

2 and m = −1
2

(top and bottom rows of the right block). As we have seen in Eq. (5.3), the Heisenberg
interaction Hamiltonian acts on these subspaces as

Hν1/2 =
1

4

(
−3ε23

√
3ε12√

3ε12 ε23 − 2ε12

)
=
ε12

4

(√
3σx + σz − I

)
+
ε23

8
(σz + 5I) .

One can change the basis inside these subspaces to get a more convenient form of Hν1/2

in terms of Pauli matrices. Regardless of the choice of basis, we can implement arbitrary
qubit rotations in this subspace by controlling the couplings ε12, ε23.

Thus, the irreps of the commutant of SU (2) identify the two-dimensional subspaces on
which the independent interaction terms of the Hamiltonian can be reduced. Note that in
the case of three spins there are exactly two independent parameters ε12, ε23 which is the
minimal number of parameters needed to control a qubit. We will now see that with four
spins, where there are three independent parameters, we can utilize the extra degree of
freedom to find qubit subspaces that are not captured by the SU (2) symmetry alone.10

Let us first identify the four-spin qubit encoding using SU (2) symmetry. In this case,
the representation of SU (2) decomposes as

1

2

⊗4

=

[
1

2
⊗ 1

2

]
⊗
[

1

2
⊗ 1

2

]
= [1⊕ 0]⊗ [1⊕ 0]

= (1⊗ 1)⊕ (1⊗ 0)⊕ (0⊗ 1)⊕ (0⊗ 0)

= (2⊕ 1⊕ 0)⊕ (1)⊕ (1)⊕ (0) .

In order to distinguish the different variant of equivalent irreps we will use the labels
α = tt, ts, st, ss that specify whether the left and right pairs of spins are in the singlet or
triplet states. For j = 2 there are no variants to distinguish and α = tt; for j = 1 we have

10In the case of three spins in a periodic configuration we could also have three independent parameters but
the Hilbert space is too small to take advantage of that.
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the three variants α = tt, ts, st, and for j = 0 we have α = tt, ss.
In the total spin basis |j, α,m〉, the transposed BPT of the irreps of the four-spin-

representation of SU (2) is

2, tt,+2
...

2, tt,−2

1, tt,+1 1, ts,+1 1, st,+1

1, tt, 0 1, ts, 0 1, st, 0

1, tt,−1 1, ts,−1 1, st,−1

0, tt 0, ss

↓ ↓
0L 1L

.

This irreps structure suggests that the only two-dimensional subspace on which all the
independent terms of H can be reduced is the subspace of j = 0. Thus, as proposed in [7],
the subspace of j = 0 can be used to encode the qubit

|0L〉 = |0, tt〉

|1L〉 = |0, ss〉

that is controlled by the independent terms of H.
From the SU (2) symmetry perspective, the subspace of j = 1 is ruled out for qubit

encodings because the independent terms of H reduce there only onto three-dimensional
subspaces.11 This, however, ignores the fact that we do not actually need to reduce all three
independent terms to control a qubit; two will suffice.

For concreteness let us focus on the subspace of j = 1 and m = 1 (the top row in the
middle block of the BPT) and simplify the basis notation |α〉 ≡ |1, α, 1〉 where α = tt, ts, st.
In terms of the product basis of the four spins we have

|ts〉 = |↑↑〉 |↑↓〉 − |↓↑〉√
2

=
|↑↑↑↓〉 − |↑↑↓↑〉√

2

|st〉 =
|↑↓〉 − |↓↑〉√

2
|↑↑〉 =

|↑↓↑↑〉 − |↓↑↑↑〉√
2

|tt〉 =
1√
2

(
|↑↓〉+ |↓↑〉√

2
|↑↑〉 − |↑↑〉 |↑↓〉+ |↓↑〉√

2

)
=
|↑↓↑↑〉+ |↓↑↑↑〉 − |↑↑↑↓〉 − |↑↑↓↑〉

2
.

When restricted to this subspace (the restriction is denoted with the brackets [ ]), the
11Note that these subspaces are three-dimensional not because j = 1 are three-dimensional irreps but be-

cause there are three variants α = tt, ts, st of the j = 1 irreps.
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interaction terms of the left and right pairs of spins are diagonal in the |α〉 basis[
~S1 · ~S2

]
=

1

4
|tt〉 〈tt|+ 1

4
|ts〉 〈ts| − 3

4
|st〉 〈st|

[
~S3 · ~S4

]
=

1

4
|tt〉 〈tt|+ 1

4
|st〉 〈st| − 3

4
|ts〉 〈ts| .

The interaction term of the central pair of spins ~S2·~S3 is similarly diagonal but in a different
basis [

~S2 · ~S3

]
=

1

4

∣∣t
t

〉 〈
t
t

∣∣+
1

4

∣∣t
s

〉 〈
t
s

∣∣− 3

4
|st 〉 〈st | .

In this notation the top letter t or s refers to the triplet or singlet state of the central pair
of spins (2, 3), and the button letter refers to the state of the pair of boundary spins (1, 4).
Explicitly these are

∣∣t
s

〉
=
|↑↑↑↓〉 − |↓↑↑↑〉√

2
=
|ts〉+ |st〉 −

√
2 |tt〉

2

|st 〉 =
|↑↓↑↑〉 − |↑↑↓↑〉√

2
=
|ts〉+ |st〉+

√
2 |tt〉

2∣∣t
t

〉
=
|↑↑↓↑〉+ |↑↓↑↑〉 − |↑↑↑↓〉 − |↓↑↑↑〉

2
=
|st〉 − |ts〉√

2
.

Let us now constrain the two independent terms ~S1 · ~S2 and ~S3 · ~S4 into one independent
term. That is, for some 0 ≤ β ≤ 1 we have the new term

[Sβ] := β
[
~S1 · ~S2

]
+ (1− β)

[
~S3 · ~S4

]
=

1

4
|tt〉 〈tt|+

(
β − 3

4

)
|ts〉 〈ts|+

(
1

4
− β

)
|st〉 〈st| .

Note that the degeneracy of the eigenspaces of [Sβ] changes when β = 0, 1
2 , 1. For β 6=

0, 1
2 , 1, its spectral projections are |tt〉 〈tt|, |ts〉 〈ts|, |st〉 〈st| which end up in a fully connected

reflection network if we scatter them with the spectral projections of
[
~S2 · ~S3

]
. This means

that [Sβ] and
[
~S2 · ~S3

]
are irreducible for β 6= 0, 1

2 , 1.

For β = 1 or β = 0 we disregard one of the interactions
[
~S3 · ~S4

]
or
[
~S1 · ~S2

]
and focus

on the interactions between three spins. This will lead to a reduction of the remaining
two terms onto a two dimensional subspace inside the j = 1, m = 1 subspace. We will not
elaborate on this reduction since it is not much different than the three-spin encoding.

The genuinely different encoding that is possible here is for β = 1
2 . The spectral projec-

tions of
[
Sβ= 1

2

]
are

Πts,st = |ts〉 〈ts|+ |st〉 〈st| Πtt = |tt〉 〈tt|

and the spectral projections of
[
~S2 · ~S3

]
are

Πt
t,
t
s

=
∣∣t
t

〉 〈
t
t

∣∣+
∣∣t
s

〉 〈
t
s

∣∣ Πs
t

= |st 〉 〈st | .
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Since both pairs of spectral projections sum to the identity on this subspace, one of these
projections is redundant so we drop Πt

t,
t
s
.

The scattering calculation is then

Πs
t

Πts,st

D Ef
E D

Πs
t

Πts+st, Πts−st

Πs
t

Πtt

D Ef
E D

Πs
t

Πtt

where the new projections are Πts±st := |ts± st〉 〈ts± st| and

|ts± st〉 :=
|ts〉 ± |st〉√

2
.

The resulting reflection network is shown in Fig. 5.6.

Figure 5.6: The reflection network from the spectral projections of
[
~S2 · ~S3

]
and

[
Sβ= 1

2

]
.

Therefore, in the three-dimensional subspace of j = 1, m = 1 there is a two-dimensional
subspace on which both

[
Sβ= 1

2

]
and

[
~S2 · ~S3

]
reduce. This subspace is identified by the BPT

constructed from the reflection network in Fig. 5.6:

ts− st
ts+ st tt

↓ ↓
0L 1L

.

The possible qubit basis for j = 1, m = 1 are then

|0L〉 = |ts+ st〉 =
|↑↓↑↑〉 − |↓↑↑↑〉+ |↑↑↑↓〉 − |↑↑↓↑〉

2

|1L〉 = |tt〉 =
|↑↓↑↑〉+ |↓↑↑↑〉 − |↑↑↑↓〉 − |↑↑↓↑〉

2
.
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It is easy to verify that the Hamiltonian terms restricted to this subspace act as[
Sβ= 1

2

]
= −1

4
|0L〉 〈0L|+

1

4
|1L〉 〈1L| = −

1

4
σz[

~S2 · ~S3

]
=

1

4
|+L〉 〈+L| −

3

4
|−L〉 〈−L| =

1

2
σx −

1

4
I

where |±L〉 ∝ |0L〉 ± |1L〉. Thus, we have identified a controllable qubit encoded in the
subspace of j = 1, m = 1. Similar encodings can be found in the subspaces of j = 1, m = 0

and j = 1, m = −1.
In retrospect, we recognize that the new qubit encodings can be found by imposing the

permutation symmetry that swaps both 1 ↔ 4 and 2 ↔ 3 spins.12 In order to comply with
this symmetry we would have to constrain the independent parameters ε12 = ε34, which is
the same as fixing β = 1

2 . Then, the irreps of the commutant of the combined symmetry of
SU (2) and these permutations would point to this qubit encoding.

In the symmetry-agnostic approach we do not have to come up with the additional
symmetries to impose and construct the combined irreps. Instead, we follow the systematic
procedure where we introduce the constraint β, note the special values β = 0, 1

2 , 1 where
the degeneracies change, and then identify the qubit by reducing the constrained terms
with the Scattering Algorithm.

12The original H does not have this symmetry but it has redundant degrees of freedom that can be fixed by
imposing additional symmetries.
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Chapter 6

Beyond operator algebras

In the previous chapters we have formulated the idea of reduction based on the solid math-
ematical framework of operator algebras. In this chapter we will push the formalism of
bipartition tables to its limits and advance the idea of reduction beyond operator algebras.

The fact that certain subspaces of observables, not algebras, can identify new notions
of bipartition and entanglement, has been brought forward by Barnum, Viola, et al. in
[10, 95, 93] (see also [4]). The need for generalized bipartition beyond tensor products
and operator algebras has also been expressed in [43], motivated by the definition of local
entanglement in the theories of quantum gravity.

In the following, we will derive such generalized notion of bipartition by relaxing the
rigid structure of bipartition tables and operator algebras. Despite the relaxation, the
essence of bipartition tables will remain the same and the resulting structure naturally
generalizes tensor products to become partial bipartitions, and virtual subsystems to be-
come partial subsystems. The associated state reductions produced by tracing out a par-
tial subsystem are analogous to coarse-graining of classical probability distributions. Such
reductions will therefore be called quantum coarse-graining. The ideas of quantum coarse-
graining were originally published in [52].

Similar adaptations of the classical notion of coarse-graining in quantum theory have
been explored in [37, 34, 30] (for other approaches to the quantum notion of coarse-graining
see [89, 32, 35]). Our main contribution is in deriving the general operational meaning of
such notion of coarse-graining in quantum theory, and rigorously demonstrating its rela-
tion to the analogous classical notion.

Before formally introducing the new ideas, we will begin in Section 6.1 with a moti-
vating example that demonstrates why the operator-algebraic structure is too rigid and
how it can be relaxed. In Section 6.2 we will proceed with an illustrative example of the
classical notion of coarse-graining. We will then generalize the formalism of bipartition ta-
bles to partial bipartitions and make the connection with classical coarse-graining. Finally,
we will derive the operational meaning of quantum coarse-graining in Theorem 6.3 which
generalizes the operational meaning of the partial trace map beyond tensor products.
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6.1 Motivating example

In this section we will investigate a simple example where the operator-algebraic approach
falls short of providing a satisfying solution. We will see how the irreps structure of op-
erator algebras can be too rigid and that a relaxation of this structure has benefits. This
motivates a more serious investigation of such relaxed structures that we will end up call-
ing partial bipartitions in the next section.

Consider a communication scenario where Alice has a spin-1 system in the state

|ψ〉 = α1 |1〉+ α0 |0〉+ α−1 |−1〉

(the basis are the eigenvectors of the z-component of the spin operator) and she wants
to send it to Bob. Unfortunately, Alice cannot send the spin-1 system directly but she
can prepare and send a single qubit in any (pure or mixed) state ρqubit. It is, of course,
not possible to genuinely encode a three-dimensional system into a two-dimensional one
without loosing some information. So, Alice has to prioritize the observables of the spin-1
system that she wants to preserve.

Assume that Alice’s top priority is the observable

Z = |0〉 〈0| − |1〉 〈1| − |−1〉 〈−1|

that distinguishes the state |0〉 from the rest. Alice can then encode

|ψ〉 7−→ ρqubit =

(
|α0|2 0

0 |α1|2 + |α−1|2

)

and Bob can recover all the statistical information about Z from the Pauli observable σz.
This encoding treats the qubit as a classical bit so the interesting question here is how can
Alice take advantage of the full qubit to communicate additional information about the
spin-1 system.

Let us first try the operator-algebraic approach to address this question.
We may consider the encoding into a qubit as a quantum state reduction. If only the ob-

servable Z is considered, the state reduction is given by the irreps structure of the algebra
〈Z〉:

0

1

−1

↓ ↓
0L 1L

.
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The minimal isometries here are just the spectral projections of Z

Π0 := |0〉 〈0| Π±1 := |1〉 〈1|+ |−1〉 〈−1| .

Using the general construction of state reduction maps in Eq. 4.9, we will get the encoding
we know

|ψ〉 7−→ ρqubit =

(
〈ψ|Π0 |ψ〉

〈ψ|Π±1 |ψ〉

)
=

(
|α0|2 0

0 |α1|2 + |α−1|2

)
.

If in addition to Z Alice wants encode information about any other observable X, she
has to consider the irreps of 〈Z,X〉. There is, however, only five “shapes” that the BPT can
have in a three-dimensional Hilbert space. The possibilities are

.

The first shape (from the left) corresponds to a reduction onto a one-dimensional sys-
tem that preserves no information. The second shape is what we got for 〈Z〉. Therefore,
unless X has the same spectral projections as Z (which makes it the same observable up
to eigenvalues), the irreps structure of 〈Z,X〉 will have one of the last three shapes. The
last three shapes, however, correspond to reductions onto a three-dimensional system so it
will not work as a qubit encoding.

Therefore, the operator-algebraic perspective suggests that it is not possible to encode
in a qubit another (distinct) observable together with Z.

We should now point out that in the operator-algebraic approach the state reduction
map is not just concerned with the generators of the algebra but with the whole algebra.
For 〈Z〉 the associated state reduction map preserves the expectation values not just of
Z, but also of Zn for all n. In particular, the spectral projections Π0 and Π±1 are also in
〈Z〉 so their expectation values, which are the probabilities of the two outcomes, are also
preserved. This suggests that if we want to include another observableX we may be able to
compromise on preserving only its expectation values without preserving the probabilities
of the individual outcomes.

This brings us to the main point: The irreps structure of operator algebras is too rigid
for some tasks and a more flexible structure is desired. Since BPTs are the visual repre-
sentations of irreps structures, we can relax the rigidity of irreps structures by relaxing
the rigidity of bipartition tables.

By their original Definition 2.21, BPTs can only have a block diagonal form where each
block is rectangular, that is, each row (or column) in the block has the same number of cells.
In Lemma 2.23 we have showed that all operator algebras correspond to BPTs defined this
way. We will now relax the requirement for BPT blocks to be rectangular and such BPTs
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will not correspond to any operator algebra.
Consider, for example, the arrangement (and the implied state reduction) given by the

BPT

0 1

−1

↓ ↓
0L 1L

.

There is only one block here and the number of cells in the first and second rows is not
the same. Such BPT cannot arise from any operator algebra, however, we can still use
this arrangement to construct partial isometries (we will not call them “minimal” anymore
because we no longer have an algebra). Following the original construction of isometries
from BPTs given in Eq. (2.6), we get the projections Π0 and Π±1 as before, but now we also
get the proper isometries

S0,1 := |0〉 〈1| S1,0 := |1〉 〈0| .

The state reduction map is defined as before only now we have the additional proper
isometries that preserve some of the coherences

|ψ〉 7−→ ρqubit =

(
〈ψ|Π0 |ψ〉 〈ψ|S1,0 |ψ〉
〈ψ|S0,1 |ψ〉 〈ψ|Π±1 |ψ〉

)
=

(
|α0|2 α∗1α0

α∗0α1 |α1|2 + |α−1|2

)
.

It is easy to verify that ρqubit is a positive operator of trace 1, so it is a proper quantum
state.

As before, Bob can recover all the statistical information about Z (including the prob-
abilities of the individual outcomes) from the Pauli observable σz. Since the coherence
terms between |0〉 and |1〉 are also preserved, Bob can now recover the expectation values
of observables such as

X := S1,0 + S0,1 = |1〉 〈0|+ |0〉 〈1|

Y := iS1,0 − iS0,1 = i |1〉 〈0| − i |0〉 〈1|

from the expectation values of the Pauli operators σx and σy. It is easy to verify that

tr [X |ψ〉 〈ψ|] = α∗1α0 + α∗0α1 = tr [σxρqubit]

tr [Y |ψ〉 〈ψ|] = iα∗1α0 − iα∗0α1 = tr [σyρqubit] .

The surprising feature of this encoding is that even though the expectation values of
X and Y are preserved, the probabilities of the individual outcomes are not. For example,
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since the +1 eigenvectors of X and σx are∣∣∣+0,1
−

〉
:=
|0〉+ |1〉√

2
|+L〉 :=

|0L〉+ |1L〉√
2

we calculate the corresponding probabilities to be

tr
[∣∣∣+0,1
−

〉〈
+0,1
−

∣∣∣ |ψ〉 〈ψ|] =
α∗0α1 + α∗1α0 + |α0|2 + |α1|2

2

tr [|+L〉 〈+L| ρqubit] =
α∗0α1 + α∗1α0 + |α0|2 + |α1|2 + |α−1|2

2
.

We see that in the qubit the probability of +1 has increased by |α−1|2 /2. 13

So far, the additional preserved observablesX, Y were the result of arbitrary rearrange-
ment of the basis elements in the BPT. If we want a specific observable to be preserved in
addition to Z, we will have to be more deliberate about how we choose the basis elements
in the BPT.

We can change the basis in the subspace {|1〉 , |−1〉} of the second column

0 e1

e2

↓ ↓
0L 1L

.

This does not change the fact that the spectral projections

Π0 := |0〉 〈0|

Π±1 := |e1〉 〈e1|+ |e2〉 〈e2| = |1〉 〈1|+ |−1〉 〈−1|

of Z are still the isometries constructed from this BPT. The proper isometries, however, are
now different

S0,1 := |0〉 〈e1| S1,0 := |e1〉 〈0| .

Thus, by changing the basis |e1〉, |e2〉 we can choose the preserved observables.
Alice may choose, for example, to preserve the expectation value of the x component of

spin. Using the subscripts x, y, z to distinguish the eigenvectors of different components of
the spin operator (so |1〉 ,|0〉,|−1〉 are now |1z〉 ,|0z〉,|−1z〉) we note that

|±1x〉 =
|0y〉 ± |0z〉√

2
.

13It should not be too surprising since in the original system the probabilities for the outcomes of +1 and −1
did not have to sum to 1 as there was another outcome, 0. In the qubit the probabilities for the two outcomes
must sum to 1 so we cannot expect the original probabilities to stay unchanged.
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The x component of spin can then be expressed as

Sx = |1x〉 〈1x| − |−1x〉 〈−1x| = |0y〉 〈0z|+ |0z〉 〈0y| .

Before, when |e1〉 = |1z〉 we preserved the expectations of

X = |1z〉 〈0z|+ |0z〉 〈1z| .

This suggests that in order to preserve the expectations of Sx we need to choose

|e1〉 = |0y〉 =
|1z〉+ |−1z〉√

2
.

The resulting qubit encoding is

|ψ〉 7−→ ρqubit =

(
〈ψ|Π0 |ψ〉 〈ψ | 0y〉 〈0z | ψ〉

〈ψ | 0z〉 〈0y | ψ〉 〈ψ|Π±1 |ψ〉

)
=

(
|α0|2

α∗1+α∗−1√
2

α0

α∗0
α1+α−1√

2
|α1|2 + |α−1|2

)

and the expectation value of Sx is recovered from the expectation value of σx

tr [Sx |ψ〉 〈ψ|] =
α∗1 + α∗−1√

2
α0 + α∗0

α1 + α−1√
2

= tr [σxρqubit] .

In the following we will see that only the expectation values of observables spanned
by the isometries constructed from the BPT are preserved. Then, the explanation to why
some probabilities of outcomes may not be preserved is as follows: Since the isometries
constructed from the relaxed BPTs do not span an algebra, it is possible for an observable
to be in the span but not for its spectral projections.

6.2 Partial bipartitions and quantum coarse-graining

The example in the previous section implies that it may be beneficial to consider the struc-
ture of non-rectangular bipartition tables more seriously. In this section we will identify
this structure as a partial bipartition and establish its operational meaning. We will see
that such structure naturally generalizes virtual subsystems and lays the foundation to
more general state reduction maps called quantum coarse-graining.

6.2.1 Classical analogy

An illuminating perspective on partial bipartitions and coarse-graining can be gained by
considering its analogues in probability theory. In the classical formalism it is quite natural
to reduce one probabilistic state into another state that provides a coarser probabilistic
account of the same system. Thus, it is instructive to first establish the notions of partial
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bipartitions and coarse-graining in the classical formalism where its reasoning is more
natural.

As an illustrative example, consider the weather in Vancouver that can be sunny or
rainy, and warm or cold (say above or below 15 C°). Precipitation and temperature are
correlated and historical data may tell us that on October 1st it is 50% likely to be rainy
and cold (rc), 30% sunny and cold (sc), 15% rainy and warm (rw), and 5% sunny and warm
(sw).14 We can then produce a coarser account of the weather in Vancouver by only distin-
guishing between sunny and rainy, or warm and cold. These coarser accounts are associ-
ated with a (non-partial) bipartition of the four-outcome state space into two state spaces
of two outcomes each. The reduced probabilities of it being sunny or rainy, and warm or
cold are given by summing over the columns and rows of the following bipartition table

5% sw 15% rw → 20% warm
30% sc 50% rc → 80% cold
↓ ↓

35% sunny 65% rainy

.

The above reduction of probabilities is called marginalization and it is the classical
analogue of the partial trace map. Just like the partial trace map, marginalization takes
the joint probability distribution of two random variables and produces the probability dis-
tribution of one random variable. Since marginalized probability distributions distinguish
between fewer outcomes, we can say that marginalization is a kind of coarse-graining of
probability distributions.

In the context of classical probability theory it is also reasonable to consider coarse-
grainings that go beyond the usual notion of marginalization. For example, whenever it
is sunny and warm I wear a shirt, when it is sunny and cold or rainy and warm I wear a
jacket, and when it is rainy and cold I wear a coat. Also, I wear some kind of hat when it is
cold or sunny. The probability of me wearing a shirt, a jacket, or a coat, with or without a
hat, on October 1st in Vancouver is given by summations over the rows and column of the
following partial BPT

15% rw → 15% no hat
5% sw 30% sc 50% rc → 85% hat
↓ ↓ ↓

5% shirt 45% jacket 50% coat

.

Since my clothing and hat combinations are perfectly correlated with the weather, in-
stead of “sunny and cold” we can label the same outcome as “jacket and hat”, and similarly
for other outcomes. Even though not all combinations of clothing and hat are possible
(“shirt and no hat” or “coat and no hat” never happen), it is still perfectly reasonable to

14These probabilities come from a subjective approximation based on the experiences of the author and not
an actual meteorological data.
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coarse-grain the probability distribution this way in order to get the reduced probabilities
for my clothing or hat choices.

Our goal is to import the same kind of reasoning into quantum theory where instead of
probability distributions we will coarse-grain quantum states. In order to do that we will
have to further develop our formalism to incorporate partial BPTs.

6.2.2 The formalism of partial bipartitions

Let us forget for now about irreps and operator algebras and consider what, in essence,
rectangular bipartition tables tell us. By arranging the basis elements into a two-dimensional
grid we identify two distinct degrees of freedom; one degree of freedom varies horizontally
and the other vertically. These two degrees of freedom can then be associated with two
subsystems (virtual or otherwise) that constitute a bipartition of the Hilbert space.

In order to make this statement more precise, consider the generic rectangular BPT
with a single block15 and the implied reductions of rows and columns

e1,1 e1,2 · · · e1,dB → a1

e2,1 e2,2 · · · e2,dB → a2

...
... . . . ... →

...
edA,1 edA,2 · · · edA,dB → adA
↓ ↓ ↓ ↓
b1 b2 · · · bdB

(dA and dB are the number of rows and columns in the BPT). The choice and arrangement
of basis in the BPT tells us how to map the original Hilbert space H spanned by {|eik〉},
onto a bipartite Hilbert space HA ⊗ HB spanned by {|ai〉 ⊗ |bk〉}. In other words, the BPT
defines a Hilbert space isometry

V : H −→ HA ⊗HB (6.1)

|eik〉 7−→ |ai〉 ⊗ |bk〉

from the original Hilbert space to the bipartite Hilbert space. Thus, as the name suggests,
the essence of a bipartition table is to identify a tensor product bipartition of the Hilbert
space

H ∼= HA ⊗HB.

With this perspective we realize that the same construction can also be applied to non-
rectangular BPTs such as16

15In this section we will only consider BPTs with a single block to avoid unnecessary clutter but it naturally
generalizes to multi-block BPTs where each block is considered separately.

16Earlier we assumed that dimH = dAdB , now we assume that dimH < dAdB .
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e1,1 e1,2 · · · e1,dB → a1

e2,1 e2,2 · · · → a2

... . . . →
...

edA,1 · · · → adA
↓ ↓ ↓ ↓
b1 b2 · · · bdB

.

Even though the dimensions of rows and columns can now vary, it still defines a Hilbert
space isometry as in Eq. (6.1), only now the indices i,k are constrained by the non-rectangular
shape of the BPT. As a result, H is not mapped onto but into HA⊗HB, that is, H is mapped
onto a subspace of HA ⊗HB.

We may still think of such mapping as a bipartition of H but it is no longer a tensor
product bipartition. We will call such generalized bipartitions partial since not all product
basis |ai〉 ⊗ |bk〉 can be found in the original Hilbert space. We introduce the notation

H ∼= HA �HB

for partial bipartitions that emphasizes the fact that it is a generalization of the tensor
product. We will also say that HA and HB are (the Hilbert spaces of) partial subsystems,
generalizing the notion of a virtual subsystem.

Now that we have defined partial bipartitions we can define state reduction maps given
by tracing out one of the partial subsystems. By elevating the isometry (6.1) to act on
operators

V (ρ) := V ρV †,

we define the state reduction map as the composition

tr(A) := trA ◦ V.

The map tr(A) is CPTP (so it reduces proper quantum states to proper quantum states)
because it can be expressed in the operator sum representation [75]

tr(A) (ρ) =
∑
i

(KiV ) ρ (KiV )†

where Ki are the Kraus operators of trA.
With this formalism we can reproduce the classical reasoning of Section 6.2.1 in a quan-

tum setting. Let us map the classical states of {sw, sc, rw, rc} (sunny and warm, ... , rainy
and cold) to the product basis of two spins {|↑↑〉 , |↑↓〉 , |↓↑〉 , |↓↓〉} spanning H. The coarse-
graining that we have considered before is now given by the partial BPT 17

17Note that in the quantum case we do not specify any probabilities in the BPT because they are complex
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↓↑ → ↓L ∧ ↑R
↑↑ ↑↓ ↓↓ → ↑L ∨ ↓R
↓ ↓ ↓
1z 0z −1z

.

Observe that the three columns distinguish between the states of total spin 1, 0,−1 along
ẑ. Similarly, the two rows distinguish between states that can be described as “left ↓ and
right ↑” and “left ↑ or right ↓”. We then label the basis for the partial subsystems according
to what they distinguish

HB := span {|1z〉 , |0z〉 , |−1z〉} (6.2)

HA := span {|↓L ∧ ↑R〉 , |↑L ∨ ↓R〉} . (6.3)

The partial bipartition H ∼= HA � HB is defined by an isometry V : H −→ HA ⊗ HB
where

V |↑↑〉 = |↑L ∨ ↓R〉 ⊗ |1z〉

V |↑↓〉 = |↑L ∨ ↓R〉 ⊗ |0z〉

V |↓↑〉 = |↓L ∧ ↑R〉 ⊗ |0z〉

V |↓↓〉 = |↑L ∨ ↓R〉 ⊗ |−1z〉 .

The remaining two states |↓L ∧ ↑R〉 ⊗ |±1z〉 are impossible spin states and they are not in
the image of V (so they are annihilated by V †). The reduced states are given by tracing out
one of the partial subsystems A or B. That is, for any ρ ∈ L (H) the reduced states are

ρB = tr(A) [ρ] = trA

[
V ρV †

]
∈ L (HB)

ρA = tr(B) [ρ] = trB

[
V ρV †

]
∈ L (HA) .

If ρ is a classical probabilistic state such as

ρ := p↑↑ |↑↑〉 〈↑↑|+ p↑↓ |↑↓〉 〈↑↓|+ p↓↑ |↓↑〉 〈↓↑|+ p↓↓ |↓↓〉 〈↓↓|

then its reduced states are

ρB = p↑↑ |1z〉 〈1z|+ (p↑↓ + p↓↑) |0z〉 〈0z|+ p↓↓ |−1z〉 〈−1z|

ρA = p↓↑ |↓L ∧ ↑R〉 〈↓L ∧ ↑R|+ (p↑↑ + p↑↓ + p↓↓) |↑L ∨ ↓R〉 〈↑L ∨ ↓R| .

Apparently, when applied to classical states the reduction map is just the classical coarse-
graining of probabilities that sums them up over the rows and columns of the BPT.

amplitudes and their reduction is more than a summation over the rows and columns.
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If ρ is a pure quantum state such as

|ψ〉 := α↑↑ |↑↑〉+ α↑↓ |↑↓〉+ α↓↑ |↓↑〉+ α↓↓ |↓↓〉 ,

we calculate the reduced states to be (the ordering of the reduced basis is as in Eqs. (6.2)
and 6.3)

ρB =

 |α↑↑|
2 α↑↑α

∗
↑↓ α↑↑α

∗
↓↓

α↑↓α
∗
↑↑ |α↑↓|

2 + |α↓↑|2 α↑↓α
∗
↓↓

α↓↓α
∗
↑↑ α↓↓α

∗
↑↓ |α↓↓|2



ρA =

(
|α↓↑|2 α↓↑α

∗
↑↓

α↑↓α
∗
↓↑ |α↑↑|

2 + |α↑↓|2 + |α↓↓|2

)
.

From the diagonal matrix elements we see that even in the pure quantum case the clas-
sical coarse-graining of probabilities persists, however, now it also preserves some of the
coherence terms.

We conclude that the probability distribution over the outcomes of observables that dis-
tinguish between the basis are coarse-grained by the state reduction map as in the classical
case. Thus, by promoting distinguishable states to orthogonal basis and probability distri-
butions to quantum states we reproduce the classical notion of coarse-graining by tracing
out a partial subsystem. However, in the quantum setting there are more observables than
just a distinction of certain basis, and there is more to tracing out a partial subsystem than
just a summation of probabilities. In order to understand how all observables are affected
by tracing out a partial subsystem we need to derive the operational meaning of such state
reductions.

6.2.3 The operational meaning of quantum coarse-graining

From here on, we will use the notions of state reduction, tracing out a partial subsystem,
and quantum coarse-graining interchangeably. In order to derive the operational meaning
of quantum coarse-graining we will have to establish a few more facts.

Using the tomographic representation (4.4) of the partial trace map we derive

tr(A) (ρ) = trA

[
V ρV †

]
=

dB∑
k,l=1

tr
[
S̃klV ρV

†
]
|bl〉 〈bk| =

dB∑
k,l=1

tr
[(
V †S̃klV

)
ρ
]
|bl〉 〈bk|

where S̃kl := IA⊗|bk〉 〈bl| are partial isometries inHA⊗HB. We define partial isometries in
H as Skl := V †S̃klV and then the map that traces out a partial subsystem can also be given
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in the tomographic representation

tr(A) (ρ) =

dB∑
k,l=1

tr [Sklρ] |bl〉 〈bk|. (6.4)

This representation simplifies things since the partial isometries {Skl} can be con-
structed directly from the non-rectangular BPT. In order to see that, let us explicitly define

V =
∑
ik

|ai〉 ⊗ |bk〉 〈eik| ,

where the row and column indices i,k are constrained by the shape of the BPT, that is

V † |ai〉 ⊗ |bk〉 =

|eik〉 The cell i, k is present in the BPT

0 The cell i, k is absent in the BPT.

The aforementioned partial isometries then reduce to

Skl = V †S̃klV = V †

(
dA∑
i=1

|ai〉 〈ai|

)
⊗ |bk〉 〈bl|V

=
∑

i∈CR(k,l)

|eik〉 〈eil| (6.5)

where the set CR (k, l) contains the common row indices of cells that are present in both
columns k and l.

The result in Eq. (6.5) tells us how Skl is constructed directly from the BPT according
to the alignment of elements in the columns k and l. When the BPT is rectangular the
set CR (k, l) always contains all the rows. When the BPT is non-rectangular some rows
are shorter than others so not every row is present in every column. Compare the original
construction of partial isometries from BPTs in Eq. (2.6) (assuming a single block) to the
new construction in Eq. 6.5, and verify that the later generalizes the former.

So far, it seems like we do not really have to make a distinction between rectangular
and non-rectangular BPTs. The isometries are constructed according to the same general
prescription in Eq. 6.5, and the state reduction map is given by the same Eq. 6.4 in
terms of the isometries. The obvious question then is how does the non-rectangular shape
generalize operator algebras associated with the rectangular shape. The answer to that
begins with the following definition.

Definition 6.1. An operator system is a subset of operators O ⊆ L (H) such that:
(1) For all O1, O2 ∈ O and c1, c2 ∈ C we have c1O1 + c2O2 ∈ O.
(2) For all O ∈ O we have O† ∈ O.
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(3) There is a projection IO ∈ O such that IOO = O for all O ∈ O.

Operator systems generalize operator algebras in that the products of operators do not
have to remain in the set. In other words, operator systems are just subspaces of operators
that are closed under conjugation and contain a projection that serves as the identity.18

It turns out that for rectangular BPTs the constructed isometries span operator alge-
bras, but when non-rectangular BPTs are considered they span operator systems. Further-
more, the constructed isometries {Skl} form a basis for the operator system that they span.
These facts are shown in the following proposition.

Proposition 6.2. Let H ∼= HA �HB be a partial bipartition and let {Skl} be the isometries
constructed according to Eq. (6.5). Then, span {Skl} is an operator system and the set {Skl}
forms an operator basis that are orthogonal with respect to the Hilbert-Schmidt (HS) inner
product

〈Sk′l′ , Skl〉HS = δkk′δll′ |CR (k, l)| .

Proof. Condition (1) of Definition 6.1 trivially holds as span {Skl} is a vector space. Condi-
tion (2) holds because S†kl = Slk. For condition (3) we construct IO :=

∑
k′ Sk′k′ so

IOSkl =
∑
k′

 ∑
i′∈CR(k′,k′)

|ei′k′〉 〈ei′k′ |

 ∑
i∈CR(k,l)

|eik〉 〈eil|


=

∑
i∈CR(k,l)

∑
k′

∑
i′∈CR(k′,k′)

δii′δkk′ |ei′k′〉 〈eil| =
∑

i∈CR(k,l)

|eik〉 〈eil| = Skl.

Finally, using the definition of the HS inner product 〈X,Y 〉HS := tr
[
X†Y

]
we derive

〈Sk′l′ , Skl〉HS = tr

 ∑
i′∈CR(k′,l′)

|ei′l′〉 〈ei′k′ |

 ∑
i∈CR(k,l)

|eik〉 〈eil|


=

∑
i′∈CR(k′,l′)

∑
i∈CR(k,l)

δkk′δll′δii′ = δkk′δll′ |CR (k, l)| .

Note that the basis {Skl} are not normalized since

‖Skl‖2HS = 〈Skl, Skl〉HS = |CR (k, l)| .

The normalized basis will be denoted as

Ŝkl :=
Skl√
|CR (k, l)|

.

18In finite-dimensional operator algebras the existence of the identity was not part of the definition because
it could be derived.
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Finally, we are ready to discuss the operational meaning of state reductions associated
with partial bipartitions. When the bipartitionH ∼= HA⊗HB is a proper tensor product, the
operational meaning of the reduced state ρB = trA (ρ) is that it preserves the expectation
values of all the observables of the form O = IA ⊗ OB. That is, for every observable O ∈
IA ⊗ L (HB) there is an observable OB ∈ L (HB) such that tr [Oρ] = tr [OBρB], and vice
versa. The correspondence between these observables is trivially given by

OB ←→ O = IA ⊗OB.

The following theorem generalizes this statement to partial bipartitions.

Theorem 6.3. Let H ∼= HA � HB be a partial bipartition with the isometries {Skl} as
constructed in Eq. (6.5), and let ρ ∈ L (H) and ρB = tr(A) (ρ). Then, for every observable
O ∈ span {Skl} there is an observable OB ∈ L (HB) such that tr [Oρ] = tr [OBρB], and vice
versa. This correspondence of observables is explicitly given by

OB 7−→ O :=

dB∑
k,l=1

tr [OB |bl〉 〈bk|]Skl (6.6)

O 7−→ OB :=

dB∑
k,l=1

tr (SlkO)

|CR (k, l)|
|bk〉 〈bl| . (6.7)

Proof. To see that the correspondence (6.6) holds we recall the definition (6.4) of tr(A) (ρ)

and use the linearity of trace to derive

tr [OBρB] = tr

OB
 dB∑
k,l=1

|bl〉 〈bk| tr [Sklρ]

 = tr

 dB∑
k,l=1

tr [OB |bl〉 〈bk|]Skl

 ρ

 = tr [Oρ] .

For the converse, using the fact that O ∈ span {Skl} we can expand it in the
{
Ŝkl

}
basis as

O =

dB∑
k,l=1

〈
Ŝkl, O

〉
HS

Ŝkl =

dB∑
k,l=1

tr (SlkO)

|CR (k, l)|
Skl.

so

tr [Oρ] =

dB∑
k,l=1

tr (SlkO)

|CR (k, l)|
tr [Sklρ] .
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Then, using the correspondence (6.7) we can check that tr [Oρ] = tr [OBρB] holds

tr [OBρB] = tr

 dB∑
k,l=1

tr (SlkO)

|CR (k, l)|
|bk〉 〈bl|

 dB∑
k′,l′=1

tr [Sk′l′ρ] |bl′〉 〈bk′ |


=

dB∑
k,l=1

tr (SlkO)

|CR (k, l)|
tr [Sklρ] = tr [Oρ] .

Thus, the above theorem tells us that the operational meaning of the reduced state ρB
is that it preserves the expectation values of all the observables O ∈ span {Skl}. It is also
worth noting that the correspondences (6.6) and (6.7) can be concisely expressed element-
wise as

|bl〉 〈bk| ←→ Skl. (6.8)

The surprising feature of tracing out a partial subsystem is that even when the ex-
pectation values of some observable are preserved, it does not mean that the probabilities
of its individual outcomes are preserved. The reason for that is because the statement
O ∈ span {Skl} does not imply that the spectral projections {Πi} of O are also in span {Skl}
(unless span {Skl} is an algebra so the bipartition is not partial). Since the probabilities
of individual outcomes are given by the expectation values of the spectral projections, they
are not guaranteed to be preserved.

As an example, let us go back to the two spin Hilbert space H = 1
2 ⊗

1
2 and change to

the total spin basis |j,mz〉. The partial bipartition that we now want to consider is given
by the following BPT

0, 0z → s

1,+1z 1, 0z 1,−1z → t

↓ ↓ ↓
1z 0z −1z

.

As before, the columns distinguish between the states with different mz. The rows now
distinguish between the singlet (s) and triplet (t) states. The partial subsystems are there-
fore

HB := span {|1z〉 , |0z〉 , |−1z〉}

HA := span {|s〉 , |t〉} .

The question then is what observable information is preserved if we trace out the singlet-
triplet subsystem?
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The short answer is that the preserved information is given by the expectation values
of all the observables O ∈ span {Skl}, where Skl are constructed from the BPT according to
Eq. (6.5) as

Skl =
∑

j∈CR(k,l)

|j, kz〉 〈j, lz| =

|0, 0z〉 〈0, 0z|+ |1, 0z〉 〈1, 0z| k = l = 0

|1, kz〉 〈1, lz| otherwise .

In particular, for k = l the projections {Skk} are the spectral projections of the total spin
component

Jz =
∑
j,k

k |j, k〉 〈j, k| =
∑
k

kSkk .

Thus, all the statistical information about the observable Jz is preserved and, according to
the correspondence (6.8), the reduced observable is

Jz 7−→ Jz;B =
∑
k

k |kz〉 〈kz| .

As expected, Jz corresponds to the ẑ component of the reduced spin-1 system and |kz〉 are
its eigenstates.

The total spin ladder operators J± are also in span {Skl} since they can be expanded as

J+ =
√

2 |1, 1z〉 〈1, 0z|+
√

2 |1, 0z〉 〈1,−1z| =
√

2S1,0 +
√

2S0,−1

J− =
√

2 |1,−1z〉 〈1, 0z|+
√

2 |1, 0z〉 〈1, 1z| =
√

2S−1,0 +
√

2S0,1 .

This means that the other two total spin components Jx and Jy are in span {Skl} as well.
From the correspondence (6.8) we have

J+ 7−→ J+;B =
√

2 |1z〉 〈0z|+
√

2 |0z〉 〈−1z|

J− 7−→ J−;B =
√

2 |−1z〉 〈0z|+
√

2 |0z〉 〈1z|

and so

Jx 7−→ Jx;B =
J+;B + J−;B

2
=
|1z〉 〈0z|+ |0z〉 〈−1z|+ |−1z〉 〈0z|+ |0z〉 〈1z|√

2

Jy 7−→ J−;B =
J+;B − J−;B

2i
=
|1z〉 〈0z|+ |0z〉 〈−1z| − |−1z〉 〈0z| − |0z〉 〈1z|√

2i
.

That is, Jx and Jy correspond to the x̂ and ŷ components of the reduced spin-1 system.
Unlike Jz, however, the spectral projections of Jx and Jy are not present in span {Skl}.
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If they were, then J2
x (similarly J2

y ) would also be in span {Skl} but that is not the case as

J2
x =

(
J+ + J−

2

)2

=
1

2
(S1,0 + S0,−1 + S−1,0 + S0,1)2

=
1

2
(S1,−1 + S1,1 + S−1,−1 + S−1,1) + |1, 0z〉 〈1, 0z| .

Since |1, 0z〉 〈1, 0z| is not in span {Skl} (because S00 = |0, 0z〉 〈0, 0z|+|1, 0z〉 〈1, 0z|) then neither
is J2

x .
Therefore, by tracing out the singlet-triplet partial subsystem we can preserve all the

statistical information about the component Jz of total spin, but for Jx and Jy only the
expectation values are preserved and not their higher moments. These, of course, are not
all the observables in span {Skl} and there is more observable information that is preserved
in the reduced states.
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Chapter 7

The uncertainty principle on a
lattice

In this chapter we will carry out a case study of the uncertainty principle on a lattice.
Unlike previous chapters where the emphasis was on the methods, here we will focus on
specific physical questions. Because a much simpler notion of coarse-graining is needed
here, the analysis in this chapter will not rely on the contents of previous chapters. These
results were originally published in [53].

Heisenberg’s uncertainty principle is colloquially understood as the fact that arbitrar-
ily precise values of position and momentum cannot simultaneously be determined (see
[20, 22] for a review). A rigorous formulation of the uncertainty principle is often conflated
with the uncertainty relations for states σxσp ≥ ~/2, where σx and σp refer to the standard
deviations of independently measured position and momentum of a particle in the same
state. This inequality rules out the possibility of quantum states with arbitrarily sharp
values of both position and moment. It does not, however, rule out the possibility of mea-
surements that simultaneously determine both of these values with arbitrary precision.
The essential effect behind the uncertainty principle that rules out the latter possibility is
the mutual disturbance between measurements of incompatible observables.

According to the original formulation by Heisenberg [46], due to the unavoidable dis-
turbance by measurements, it is not possible to localize a particle in a phase space cell of
the size of the Planck constant or smaller. However, when phase space cells much coarser
than the Planck constant are considered, Heisenberg argued that the values of both ob-
servables can be estimated at the expense of lower resolution. The picture that emerges
from Heisenberg’s original arguments is that the Planck constant sets a resolution scale in
phase space that separates the quantum regime from the classical (see Fig. 7.1(a)). There
is, of course, a continuum of scales so it is natural to ask for a characteristic function that
outlines how the uncertainty principle transitions to the classical regime as the resolution
of measurements decreases.

A rigorous formulation of the measurement uncertainty principle has been extensively
debated in recent years [77, 23, 16, 61, 19, 84], producing multiple perspectives on the
fundamental limits of simultaneous measurability of incompatible observables. These for-
mulations are similar to the uncertainty relations for states as they capture the trade-off
between the resolution and disturbance of measurements (which may also depend on the
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(a)

p

x

2πℏ

(b)

p

x

d ⨯ d

Figure 7.1: (a) The continuous phase space where the cells with the area 2π~ represent
the resolution scale associated with the uncertainty principle. (b) The discretized phase
space of a lattice of integer length d. The cells with the area

√
d ×
√
d arise from the scale√

d associated with the uncertainty principle on a lattice. The Planck constant 2π~ can be
recovered from

√
d by converting the phase space area

√
d×
√
d to proper units.

states). However, the picture of how the uncertainty principle transitions to the regime
where joint measurability is possible is not so clear from these perspectives.

Furthermore, the picture of continuous phase space as a fundamental concept has been
challenged by the various approaches to quantum gravity [2]. The existence of minimal
length in space is indicated by many thought experiments that point to the impossibility
of probing length scales close to the Planck length δx ∼ 10−35 m (see [48] for a review). It
then follows that due to the existence of minimal length in space, the canonical commu-
tation relations and the associated mutual disturbance effects have to be modified; this is
known as the generalized uncertainty principle [2]. There is great interest in identifying
any observable effects associated with the modifications of the uncertainty principle due to
minimal length, and in recent years there have been at least two experimental proposals
[3, 82] based on this idea.

In this chapter we will study the effects of the uncertainty principle as a function of
measurement resolution. In Section 7.1 we will introduce and analyze an operationally de-
fined measure of mutual disturbance that is responsible for the uncertainty principle. This
measure is based on the probability that an instantaneous succession of coarse-grained
measurements of position-momentum-position will agree on both outcomes of position.
The analysis will be carried out on a finite-dimensional periodic lattice of integer length
d, where the continuous space can be recovered by introducing the minimal length δx and
taking the limits d→∞, δx→ 0. As a result, we will derive a rigorous characteristic func-
tion that quantifies the transition of the uncertainty principle from quantum to classical
regimes, in both continuous and discrete settings.

In Section 7.2 we will study the implications of the uncertainty principle on a lattice.
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One implication is that the transition of the uncertainty principle to the classical regimes
is perturbed by the discontinuity of the lattice. We will see how this perturbation can be
quantified by our operationally defined characteristic function.

Another implication is related to the question of how classicality emerges in isolated
finite-dimensional systems. Such questions have been considered in [83] and [79], and in
particular Kofler and Brukner [60] have demonstrated that for a spin-j system, incompat-
ible spin components can simultaneously be determined if the resolution of measurements
is coarse compared to

√
j.

Our analysis show that the same conclusion applies to position and momentum on a
lattice, where both variables can simultaneously be determined if the resolution of mea-
surements is coarse compared to

√
d. We will then discuss how the unitless scale

√
d fac-

torizes the Planck constant (see Fig. 7.1 (b)) and defines a new length scale given by the
geometric mean

√
δxL of the minimal length δx and the maximal length L.

7.1 From quantum to classical regimes on a lattice

Let us consider the simple, operationally meaningful quantity pagree, which is the proba-
bility that an instantaneous succession of position-momentum-position measurements will
agree on both outcomes of position, regardless of the outcomes. When all measurements
have arbitrarily fine resolution, the second measurement in this succession prepares a
sharp momentum state that is nearly uniformly distributed in position space. Then, the
probability that the first and the last measurements of position will agree is vanishingly
small pagree ≈ 0. As we decrease the resolution of measurements, we expect the probability
pagree to grow from 0 to 1 because coarser momentum measurement will cause less spread
in the position space, and coarser position measurements will be more likely to agree on
the estimate of position.

Now, consider the average
〈
pagree

〉
over all states. In general, the average value

〈
pagree

〉
does not inform us about how strongly the measurements disturb each other for any par-
ticular state ρ. However, when the average

〈
pagree

〉
is close to 0 or 1, the value of pagree (ρ)

has to converge to the average for almost all states ρ. That is because pagree ∈ [0, 1] so
its variance has to vanish as the average gets close to the edges. Therefore, the value of〈
pagree

〉
indicates how close we are to the regime

〈
pagree

〉
≈ 0 where the measurements

strongly disturb each other for almost all states, or the regime
〈
pagree

〉
≈ 1 where the mu-

tual disturbance is inconsequential for almost all states. We can therefore utilize
〈
pagree

〉
as a characteristic function that quantifies the relevance of the uncertainty principle and
outlines the transition between quantum and classical regimes.

For the rest of this section we will focus on deriving and studying the explicit expres-
sion for

〈
pagree

〉
as a function of measurement resolution. The most technical calculations

concerned with the upper and lower bounds on
〈
pagree

〉
are deferred to the Appendix. The
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d

k
w

δx

Figure 7.2: Periodic one dimensional lattice with d lattice sites in total, w lattice sites in
each coarse-graining interval, and k = d/w intervals. The lattice unit of length is δx.

final result is the explicit expression for
〈
pagree

〉
in Eq. (7.9) along with the bounds (7.11),

(7.12), and the plot presented in Fig. 7.3.
In order to calculate the value of

〈
pagree

〉
as a function of measurement resolution, we

turn to the canonical setting of finite-dimensional quantum mechanics. In this setting we
consider a particle on a periodic one-dimensional lattice with d lattice sites. Initially, both
lattice units of position and momentum will be set to unity δx ≡ 1, δp ≡ 1. Later, we will
introduce proper units and consider the continuum limit.

Following the construction in [96, 49], the Hilbert space of our system is given by the
span of position basis |X;n〉 for n = 0, ..., d − 1. The momentum basis are related to the
position basis via the discrete Fourier transform F

|X;n〉 = F † |P ;n〉 =
1√
d

d−1∑
m=0

e−i2πmn/d |P ;m〉

|P ;m〉 = F |X;m〉 =
1√
d

d−1∑
n=0

ei2πmn/d |X;n〉 .

In principle, realistic finite resolution measurements should be modeled as unsharp
POVMs [21, 79]. For our purposes, however, it will be sufficient to consider the idealized
version in the form of coarse-grained projective measurements.

We introduce the integer parameters wx, wp to specify the widths of the coarse-graining
intervals for the corresponding observables (larger w means lower resolution). The variable
k = d/w specifies the number of coarse-graining intervals which we will also assume to be
an integer. See Fig. 7.2 for a diagrammatic summary of the relevant lengths.

The coarse-grained position and momentum observables are constructed from the spec-
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tral projections

ΠX;ν =

νwx+wx−1∑
n=νwx

|X;n〉 〈X;n| (7.1)

ΠP ;µ =

µwp+wp−1∑
m=µwp

|P ;m〉 〈P ;m| (7.2)

associated with the eigenvalues of coarse-grained position ν = 0, ..., kx − 1 and momentum
µ = 0, ..., kp − 1. In the following we will only need these spectral projections, so we do not
have to explicitly define the operators of coarse-grained position and momentum.

Let us now calculate the probability of getting the outcomes ν, µ, ν in an instantaneous
sequence of position-momentum-position measurements on the initial state ρ. Using the
intermediate post-measurement states in this sequence

ρ(ν) =
ΠX;νρΠX;ν

tr [ΠX;νρ]
ρ(νµ) =

ΠX;µρ
(ν)ΠX;µ

tr
[
ΠX;µρ(ν)

]
we can express this probability as

pxpx (ν, µ, ν|ρ) = tr [ΠX;νρ] tr
[
ΠP ;µρ

(ν)
]
tr
[
ΠX;νρ

(νµ)
]

= tr
[
(ΠX;νΠP ;µΠX;ν)2 ρ

]
. (7.3)

Then, the probability that both position outcomes agree, regardless of the outcomes, is

pagree (ρ) =

kx−1∑
v=0

kp−1∑
µ=0

pxpx (ν, µ, ν|ρ)

= tr

kx−1∑
v=0

kp−1∑
µ=0

(ΠX;νΠP ;µΠX;ν)2 ρ

 . (7.4)

From Eq. (7.4) we identify the observable

Λagree =

kx−1∑
ν=0

kp−1∑
µ=0

(ΠX;νΠP ;µΠX;ν)2

whose expectation values are the probabilities pagree (ρ) = tr (Λagreeρ). Since pagree (ρ) is
linear in ρ, the average

〈
pagree

〉
is given by pagree (〈ρ〉), where 〈ρ〉 = 1

dI is the average state,
thus 〈

pagree
〉

= pagree

(
1

d
I

)
=

1

d
tr [Λagree] .

In order to calculate
〈
pagree

〉
as an explicit function of wx and wp, we will have to establish

a few identities.
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Let us introduce the lattice translation operators TX , TP in position and momentum
defined by their action on the basis (addition on the lattice is mod d)

TX |X;n〉 = |X;n+ 1〉 T †X |X;n〉 = |X;n− 1〉

TP |P ;m〉 = |P ;m+ 1〉 T †P |P ;m〉 = |P ;m− 1〉 .

By expanding the position basis in momentum basis and vice versa, it is straight forward
to verify that

TP |X;n〉 = ei2πn/d |X;n〉 T †P |X;n〉 = e−i2πn/d |X;n〉

TX |P ;m〉 = e−i2πm/d |P ;m〉 T †X |P ;m〉 = ei2πm/d |P ;m〉 .

Therefore, TP commutes with |X;n〉 〈X;n| and TX commutes with |P ;m〉 〈P ;m|. By exten-
sion, TP commutes with ΠX;ν and TX commutes with ΠP ;µ.

Using the translation operators we can express the coarse-grained position and momen-
tum projections (7.1), (7.2) as

ΠX;ν =

wx−1∑
n=0

T νwxX |X;n〉 〈X;n|T νwx†X = T νwxX ΠX;0T
νwx†
X

ΠP ;µ =

wp−1∑
m=0

T
µwp
P |P ;m〉 〈P ;m|Tµwp†P = T

µwp
P ΠP ;0T

µwp†
P .

Then, using the commutativity of projections with translations we get the identity

ΠX;νΠP ;µΠX;ν = T
µwp
P (ΠX;νΠP ;0ΠX;ν)T

µwp†
P = T

µwp
P T νwxX (ΠX;0ΠP ;0ΠX;0)T νwx†X T

µwp†
P .

With this identity we can simplify

〈
pagree

〉
=

1

d
tr [Λagree] =

1

d

kx−1∑
ν=0

kp−1∑
µ=0

tr
[
(ΠX;νΠP ;µΠX;ν)2

]
=
kxkp
d

tr
[
(ΠX;0ΠP ;0ΠX;0)2

]
. (7.5)

Let us then express

ΠX;0ΠP ;0ΠX;0 =

wp−1∑
m=0

ΠX;0 |P ;m〉 〈P ;m|ΠX;0 =
1

kx

wp−1∑
m=0

|P0;m〉 〈P0;m| . (7.6)
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Here we have defined the truncated momentum states

|Pν ;m〉 :=
√
kx ΠX;ν |P ;m〉 =

1
√
wx

νwx+wx−1∑
n=νwx

ei2πmn/d |X;n〉

given by normalizing the support of the m’th momentum state on the ν ’th position interval.
In general, these states are not orthogonal to each other and their overlap is given by

〈
Pν′ ;m

′ ∣∣ Pν ;m〉 = δν′,νkx
〈
P ;m′

∣∣ΠX;ν |P ;m〉 = δν′,ν
kx
d

νwx+wx−1∑
n=νwx

ei2π(m−m′)n/d.

It will be convenient to express such sums by defining the function

∆q (x) :=
1

q

q−1∑
n=0

ei2πxn/q =
eiπ(x−x/q)

q

sin (πx)

sin (πx/q)
(7.7)

over real x and integer q ≥ 1 (note that ∆q (0) = 1). Then, for ν ′ = ν = 0 the overlaps of
truncated momentum states are give by

〈
P0;m′

∣∣ P0;m〉 = ∆wx

(
m−m′

kx

)
. (7.8)

Then, with (7.6) and (7.7) we can express

〈
pagree

〉
=
kxkp
d

tr
[
(ΠX;0ΠP ;0ΠX;0)2

]
=

1

d

kp
kx

wp−1∑
m,m′=0

∣∣〈P0;m′
∣∣ P0;m〉

∣∣2
=

1

d

kp
kx

wp−1∑
m,m′=0

∣∣∣∣∆wx

(
m−m′

kx

)∣∣∣∣2 .
Noting that the summand depends only on the difference n = m−m′, we simplify

〈
pagree

〉
=

1

d

kp
kx

wp−1∑
n=1−wp

(wp − |n|)
∣∣∣∣∆wx

(
n

kx

)∣∣∣∣2 .
Since the summed function is symmetric |∆wx (x)|2 = |∆wx (−x)|2, we further simplify

〈
pagree

〉
=

1

d

kp
kx

wp |∆wx (0)|2 + 2

wp−1∑
n=1

(wp − n)

∣∣∣∣∆wx

(
n

kx

)∣∣∣∣2
 .

Finally, by substituting the explicit form (7.7) of ∆wx and recalling that kx = d/wx , kp =
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d/wp and ∆wx (0) = 1, we find out how
〈
pagree

〉
varies as a function of wx and wp :

〈
pagree

〉
=

1

d

wx
wp

wp + 2

wp−1∑
n=1

(wp − n)
1

w2
x

sin2
(
πnwx
d

)
sin2

(
πn
d

)


=
wx
d

+
2

wxwpd

wp−1∑
n=1

(wp − n)
sin2

(
πnwx
d

)
sin2

(
πn
d

) . (7.9)

The apparent asymmetry under the exchange of wx with wp traces back to the apparent
asymmetry under the exchange between ΠX;0 and ΠP ;0 in Eq. (7.5). These asymmetries
are only apparent because

tr
[
(ΠX;0ΠP ;0ΠX;0)2

]
= tr [ΠX;0ΠP ;0ΠX;0ΠP ;0] = tr

[
(ΠP ;0ΠX;0ΠP ;0)2

]
.

If we were to exchange ΠX;0 with ΠP ;0 we would have to exchange wx with wp, and end up
with 〈

pagree
〉

=
wp
d

+
2

wxwpd

wx−1∑
n=1

(wx − n)
sin2

(πnwp
d

)
sin2

(
πn
d

) . (7.10)

The symmetry under the exchange of wx with wp can also be seen in Fig. 7.3(a) where
we have used Eq. 7.9 to plot

〈
pagree

〉
as a function of wx and wp . In Fig. 7.3(b) we plot〈

pagree
〉

for the diagonal w = wx = wp, together with the upper and lower bounds

〈
pagree

〉
≤ w2/d w <

√
d (7.11)〈

pagree
〉
≥ 1− 2

π2

ln
(
w2/d

)
+ 3π2/2

w2/d
w >

√
d (7.12)

See the Appendix for the derivation of these bounds.
The upper bound (7.11) tells us that when w <

√
d, the value of

〈
pagree

〉
falls to 0 at least

as fast as ∼ w2. The lower bound (7.12) tells us that when w >
√
d, the value of

〈
pagree

〉
climbs to 1 at least as fast as ∼ 1− lnw2

w2 . This implies that along the diagonal w = wx = wp,
there is an inflection in

〈
pagree

〉
around w =

√
d. Therefore,

√
d is a natural boundary that

separates the scales of the quantum and classical regimes.
The above observation can be extended to the entire plane of wx, wp, where the curve

wxwp = d generalizes the boundary w =
√
d. According to the plot in Fig. 7.3(a), as

we get farther from the curve wxwp = d, we get deeper into one of the regimes, and an
inflection in

〈
pagree

〉
occurs somewhere near the curve. The fact that the curve wxwp = d

separates the scales of the quantum and classical regimes follows from the observation
that

〈
pagree

〉
≈ 0.656 holds almost everywhere on this curve (except for the far ends).

In order to see that, we assume that d is large (otherwise the lattice does not approxi-
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Figure 7.3: (a) The plot of the average probability
〈
pagree

〉
that an instantaneous succession

of position-momentum-position measurements will agree on both outcomes of position as
a function of the resolution parameters wx, wp on a lattice of length d. The dotted curve
wxwp = d is the boundary that outlines the transitional scale with respect to which we
distinguish the quantum and classical regimes. (b) The plot of

〈
pagree

〉
(solid) along the

diagonal w = wx = wp with the upper and lower bounds (dashed) from Eqs. (7.11) and
(7.12).
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mate a continuum) but finite. On the curve wxwp = d so Eq. (7.9) simplifies to

〈
pagree

〉
=

1

wp
+

2

d2

wp−1∑
n=1

(wp − n)
sin2

(
πn
wp

)
sin2

(
πn
d

) . (7.13)

In the intermediate range of values 1� wp � d we have n
d � 1 since n < wp. We can then

approximate sin−2
(
πn
d

)
≈
(
πn
d

)−2 , so

〈
pagree

〉
≈ 1

wp
+

2

π2

wp−1∑
n=1

(wp − n)
sin2

(
πn
wp

)
n2

. (7.14)

Since the intermediate range also implies that 1 � wp, we can approximate the sum with
an integral by introducing the variable α = n

wp
∈ [0, 1] and dα = 1

wp
. Then,

〈
pagree

〉
≈ 1

wp
+

2

π2

wp−1∑
n=1

1

wp

(
1− n

wp

) sin2
(
π n
wp

)
n2/w2

p

≈ dα+
2

π2

∫ 1

0
dα (1− α)

sin2 (πα)

α2
≈ 0.656 .

Thus, for the intermediate range 1� wp � d on the curve of wxwp = d, we have
〈
pagree

〉
≈

0.656.
Then we ask, for what values of wp does the approximation

〈
pagree

〉
≈ 0.656 breaks? For

wp ∼ 1 Eq. (7.14) still holds (since wp � d) and its numeric values are

wp 1 2 3 4 ... 15 16 ...〈
pagree

〉
1.00 0.703 0.675 0.667 ... 0.657 0.656 0.656

.

Thus, on one end of the curve wxwp = d, the approximation
〈
pagree

〉
≈ 0.656 breaks for

wp < 16 (considering 3 significant figures). Since wx and wp are interchangeable, on the
other end of this curve (where wx ∼ 1) the approximation breaks for wx < 16. Therefore,
if d is large then the approximation

〈
pagree

〉
≈ 0.656 holds almost everywhere on the curve

wxwp = d, with the exception of the far ends wp < 16 or wx < 16.
The curve wxwp = d is significant not because there is something special about the value

0.656, but because it allows us to say that
〈
pagree

〉
≈ 1 wxwp � d〈

pagree
〉
≈ 0 wxwp � d.

In other words, the significance of the curve wxwp = d is that it outlines the transitional
scale in phase space with respect to which we distinguish the quantum scale from the
classical scale.
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7.2 The implications of the uncertainty principle on a
lattice

7.2.1 Inferring the size of the lattice

Let us briefly point out one simple implication: it is possible to infer the size of the lattice
from the scale at which the transition to the classical regime takes place. The general
idea is that if we take a generic state ρ and probe the probability pagree (ρ) at various
scales of coarse-graining, the scale where pagree (ρ) ∼ 0.656 is the scale where wxwp ∼
d so the product wxwp is an estimation of the value of d. Given concrete assumptions
about the limitations of state preparation and measurements, a more specific protocol for
determining d can be designed around this general idea.

7.2.2 The continuum limit and lattice perturbations

We will now introduce proper units to the lattice.
The total length of the lattice in proper units is L = δxd, where δx is the smallest

unit of length associated with one lattice spacing. The smallest unit of inverse length,
or a wavenumber, is then 1/L. With the de Broglie relation p = 2π~/λ, we can convert
wavenumbers 1/λ to momenta, so the smallest unit of momentum is δp = 2π~/L.19 The
coarse-graining intervals wx and wp become ∆x = δxwx and ∆p = δpwp when expressed in
proper units.

The continuum limit is achieved by taking δx→ 0 and d→∞ while keeping L constant.
The coarse-graining interval of position ∆x = δxwx is kept constant by fixing the total
number of intervals kx = d/wx while wx → ∞. Unlike δx, δp = 2π~/L does not vanish
in the continuum limit (the momentum of a particle in a box remains quantized) so the
coarse-graining intervals of momentum ∆p = δpwp are unaffected and wp remains a finite
integer.

We may now ask what happens to
〈
pagree

〉
as we take the continuum limit. Since wx/d =

∆x/L, the expression (7.9) can be re-stated using the proper units of length as

〈
pagree

〉
=

∆x

L
+

L

∆x

2

wp

wp−1∑
n=1

(wp − n)
sin2

(
πn∆x
L

)[
d sin

(
πn
d

)]2 . (7.15)

We do not have to change to the proper units of momentum because

wp =
∆p

δp
=

∆p

2π~
L,

which is a legitimate quantity even in the continuum limit (provided that L is finite).
19Note that the de Broglie relation is the source of the Planck constant in all of the following equations
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The only evidence for the lattice structure that remains in Eq. (7.15) is the d-dependence
of the factors [

d sin
(πn
d

)]−2
=

1

π2n2
+

1

3d2
+O

(
1

d3

)
. (7.16)

In the continuum limit these factors reduce to 1/π2n2, but when the minimal length δx =

L/d is above 0, these factors are perturbed with the leading order contribution of 1/3d2 =

δx2/3L2.

7.2.3 Factorizing the Planck constant

Observe that the smallest unit of phase space area on a lattice is δxδp = 2π~/d.20 Therefore,
the curve wxwp = d that outlines the transitional scale in phase space becomes

∆x∆p = δxδpwxwp = δxδp d = 2π~. (7.17)

Thus, we have recovered Heisenberg’s original argument where the Planck constant iden-
tifies the transitional scale in phase space. We now see that in the unitless lattice setting
(where δx ≡ 1 and δp ≡ 1) the constant d is the unitless “Planck constant”.21

In the continuous phase space the uncertainty principle is only associated with the
constant 2π~, which does not admit a preferred factorization into position and momentum.
On the lattice, however, the same constant is given by δxδpd, which can be factorized as
δx
√
d and δp

√
d. We will now argue that the constants δx

√
d and δp

√
d are more than

arbitrary factors of the Planck constant. In fact, these are the primary scales associated
with the uncertainty principle on a lattice and the Planck constant is a secondary quantity
derived from their product.

Returning to the unitless picture of Fig. 7.3(a), observe that if the localization in posi-
tion wx approaches

√
d from above, in order to stay in the classical regime the localization

in momentum wp has to diverge faster than the convergence in wx. In contrast, as long as
both wx, wp �

√
d, the classical regime is insensitive to the variations in these variables

and there is no need to compensate the increase in localization for one variable with the
decrease in localization for the other.

We can then define the transitional scale for a single variable as the scale around which
increases in localization for one variable (say position) result in higher decreases in local-
ization for the other variable (say momentum). This definition is only meaningful on a
lattice because it requires the fundamental units δx and δp in terms of which we can com-
pare the changes in localization for both variables.22 From the plot in Fig. 7.3(a) we see

20This is a well known constraint that comes up in the construction of Generalized Clifford Algebras in
finite-dimensional quantum mechanics. See [88] for an overview and the references therein.

21Note that unlike 2π~, the constant d depends on the size of the system. This inconstancy traces back to
the fact that in the unitless case we define δp ≡ 1, while in proper units we have δp = 2π~/L, which depends
on the total length L.

22In the continuum we cannot tell how the localization for one variable compares to the other because the
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that
√
d is the transitional scale for a single unitless variable. It then follows that the un-

certainty principle on a lattice is primarily associated with the unitless constant
√
d, that

in turn defines the transitional scales δx
√
d and δp

√
d for position and momentum, and

then the transitional scale in phase space is given by

(
δx
√
d
)(

δp
√
d
)

= δxδp d = 2π~.

With proper units we conclude that on a lattice, in addition to the minimal length δx

and the total length L, quantum mechanics imposes another fundamental length

lu = δx
√
d.

The length lu is directly related to the minimal length δx via the total length L = δxd as
lu =

√
δxL or δx = l2u/L. The length lu is therefore the geometric mean of the minimal

length δx and the maximal length L. It can also be framed as the length for which there
are as many intervals lu in L as there are δx in lu. In the continuum limit, where the
minimal length δx vanishes, the length lu =

√
δxL must also be 0. Therefore, if we can

establish that lu > 0 then it follows that δx > 0.
The advantage of lu as an indicator of the discontinuity of space is that it is greater

than δx by orders of magnitude. For instance, for L ∼ 1 m of the order of a macroscopic box
and δx ∼ 10−35 m of the order of Planck length, we have lu ∼ 10−17.5 m which is much closer
to the scale of experiments than 10−35 m.

It is not clear at this point what are the observable effects associated with the funda-
mental length lu. However, if such effects can be identified then the discontinuity of space
can be probed at scales that are many orders of magnitude greater than the Planck length.

answer depends on the arbitrary choice of units.
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Chapter 8

Conclusion

Inspired by the methods of symmetries, we have studied an operator algebraic approach
to reductions in finite-dimensional quantum mechanics, and its extension to operator sys-
tems. For this purpose we have identified a convenient representation of the irreps struc-
ture in the form of bipartition tables, and introduced the Scattering Algorithm to find the
irreps structures of operator algebras. The applications of this approach have been sub-
divided into reductions of states and reductions of dynamics, and studied separately. The
extension of operator algebras to operator systems has led to the formulation of the quan-
tum notion of coarse-graining that is analogous to its classical counterpart.

We started with an observation that in finite-dimensional settings the structure of ir-
reducible representations of groups is in fact associated with operator algebras. Thus, the
simplifications that are usually associated with symmetries can be attributed to operator
algebras. We studied the representation theory of finite-dimensional operator algebras in
Chapter 2 and concluded that all the important aspects of irreps of operator algebras, such
as minimal projections and invariant subspaces, are captured by bipartition tables.

Throughout this thesis we saw many examples of bipartition tables. We summarize
below the possible shapes of bipartition tables and the corresponding reductions.23

Change of basis

Measurement

Superselection

Subsystem
Partial subsystem

Thus, bipartition tables unite a broad class of important concepts in finite-dimensional
quantum mechanics in a single picture.

23To this list we have added the change of basis transformation that can be specified by linearly arranging
the new basis in place of the old basis.
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The principal problem that arises in applications of operator algebras is the derivation
of the irreps structure from the generators of the algebra. In Chapter 3 we have addressed
this problem by introducing the Scattering Algorithm. The idea of the algorithm is to
apply the scattering operation to break the initial spectral projections of the generators
into minimal projections, and use them to construct the bipartition tables specifying the
irreps structure.

As we have emphasized, the Scatting Algorithm is designed to allow analytical deriva-
tions of the irreps structure without having to specify the operators numerically. The exe-
cution of the algorithm mostly involves multiplications and diagonalizations of operators,
and we saw multiple non-trivial examples that are simple enough to derive the irreps
structure with pen and paper.

Applications associated with the reduction of states were studied in Chapter 4. We
first observed that the prototypical state reduction in the form of the partial trace map
can be understood as a map that accounts for operational constraints. By adopting this
perspective we defined state reductions as maps that account for operational constraints
given by a restriction of observables to a subalgebra. Such state reduction maps were
illustrated with examples that involve lacking a common reference frame and encoding of
quantum information in a noiseless subsystem.

An important consequence of constraining the observables to a subsystem is the deco-
herence of the reduced state. There is nothing special, however, about constraining the
observables to a subsystem, and in principle decoherence can be the consequence of any
operational constraint. We saw how simple rotations (without interactions) can cause de-
coherence under the operational constraint of not having a common reference frame of
direction in space. Not only such reduced states decohere, but we can also single out the
effective interaction term of the Hamiltonian by considering the irreps structure of the
operational constraint. Thus, from this broader perspective all the implications of the de-
coherence program follow primarily from operational constraints, of which the restriction
to subsystems is a special case.

Applications associated with the reduction of dynamics were studied in Chapter 5. The
reduction of Hamiltonians with symmetries was reexamined and the condition for a group
to be a symmetry was relaxed. Specifically, we showed that the Hamiltonian may have a
symmetry breaking term and still be reducible, as long as this term is itself an element of
the group algebra. We then introduced the symmetry-agnostic approach to the reduction
of Hamiltonians where we shifted the focus from symmetries to operator algebras. This
approach was demonstrated in two problems concerned with finding the possible qubit
encodings for a control Hamiltonian in quantum dot arrays.

The aim of the symmetry-agnostic approach is not to replace the concept of symmetries
but rather provide an alternative for problems where identifying the symmetries is not
easy. In particular, when dealing with Hamiltonians that have multiple different terms it
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may not be obvious what their common symmetry group is. In addition, when the symme-
try group is identified, it is still necessary to find the irreps structure of the group in order
to reduce the dynamics. In the symmetry-agnostic approach we also have to find the irreps
structure of the algebra generated by the Hamiltonian terms. However, it is no longer nec-
essary to identify any symmetries and we can start with the problem of finding the irreps
directly.

When considering a simple reduction problem of compressing a qutrit into a qubit we
observed that it does not seem to have a satisfying solution in the framework of operator
algebras. This has lead in Chapter 6 to the extension of the mathematical framework of
state reductions from operator algebras to operator systems. The resulting state reduction
maps turned out to be the quantum analogue of the classical notion of coarse-graining that
so far did not have an equivalent in quantum theory.

In applications such as quantum state compression or tomography, we have a set of
physically available observables and we want to find a reduction map that represents the
state compression or the tomographic reconstruction of the state. If we assume that these
observables form an operator algebra, we can use the Scattering Algorithm to produce
the bipartition tables from which the reduction map is constructed. Physically available
observables, however, do not usually form an operator algebra so it is more realistic to
assume an operator system instead.

Finally, in Chapter 7 we studied the effects of the uncertainty principle as a function
of measurement resolution on a lattice. By introducing a measure of mutual disturbance
between incompatible observables we characterized the transition of the uncertainty prin-
ciple to the classical regime with decreasing resolution of measurements. From this char-
acteristic function we were able to conclude that the resolution scale that separates the
quantum and classical regimes is given by the square root of the unitless length of the
lattice.

The analysis of the uncertainty principle on a lattice implies certain effects that can be
associated with the discontinuity of space. Specifically, we saw that the probability that
a successive measurement of position-momentum-position will agree on both outcomes of
position is perturbed by the existence of minimal length on the lattice. We also noted
that if the minimal length exists, then the geometric mean of the minimal length and the
maximal length is a special length scale that is singled out by the uncertainty principle. In
principle, this special length scale is directly related to the discontinuity of space, but it is
much longer than the minimal length itself. However, it is not yet clear what measurable
effects can be associated with it.

Regarding the directions of future research, there are a few questions that are worth
exploring further.

We saw that bipartition tables can represent various maps such as the partial trace,
unitary transformation, and a measurement; in the most general case partial bipartition
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tables represent quantum coarse-graining. It would be interesting to find out what class of
CPTP maps can be represented with bipartition tables, and whether we can use bipartition
tables to represent CPTP maps in general.

Even though we have designed the Scattering Algorithm for purely analytical uses, it
would be good to have a rigorous complexity analysis of its runtime and compare it to nu-
meric implementations. For calculations it is also desirable to have a computer implemen-
tation of the Scattering Algorithm in a symbolic calculation software such as the Wolfram
Mathematica.

More importantly, just as we have the Scattering Algorithm for constructing bipartition
tables from a generating set of an operator algebra, we want to be able to construct par-
tial bipartition tables from a spanning set of an operator system. Without something like
the Scattering Algorithm for operator systems, the idea of reduction by quantum coarse-
graining is difficult to implement in applications.

We have pointed out that all the implications of the decoherence program follow pri-
marily from operational constraints. That is, decoherence is not just the result of how the
observed system interact with other systems, it is also the result of how the observer in-
teracts with the observed system. It would be interesting to find out whether implications
such as the emergence of classicality can be attributed to operational limitations that go
beyond the paradigm of the system-environment split.
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Appendix

A calculation of the bounds (7.11) and (7.12)

Here we will assume w = wx = wp and k = kx = kp.
In order to calculate the bounds on

〈
pagree

〉
we will have to find a different way to

express ΠX;0ΠP ;0ΠX;0. Recalling Eq. (7.8) and the function (7.7) we now have

∣∣〈P0;m′
∣∣ P0;m〉

∣∣ =

∣∣∣∣∆w

(
m−m′

k

)∣∣∣∣ =
sin
(
πm−m

′

k

)
w sin

(
πm−m

′

d

) .
Observe that the truncated momentum states are orthogonal when the difference m −m′

is an integer number of k’s. That is, for any integers c, c′ and n the states |P0; ck + n〉 and
|P0; c′k + n〉 are orthogonal.

In Eq. 7.6 we have derived the form

ΠX;0ΠP ;0ΠX;0 =
1

k

w−1∑
m=0

|P0;m〉 〈P0;m| (8.1)

where |P0;m〉 〈P0;m| are rank 1 projections. Since some of these projections are pairwise
orthogonal, we can group them together and express ΠX;0ΠP ;0ΠX;0 as a smaller sum of
higher rank projections.

In order to do that, let us first assume that γ = w/k is a non-zero integer (we will
not need this assumption in general). Then the set of integers {m = 0, ..., w − 1} can be
partitioned into k subsets Ωn = {ck + n | c = 0, ..., γ − 1} with n = 0, ..., k − 1. Thus, we can
group up the orthogonal elements in the sum (8.1) as

ΠX;0ΠP ;0ΠX;0 =
1

k

k−1∑
n=0

∑
m∈Ωn

|P0;m〉 〈P0;m| = 1

k

k−1∑
n=0

Π(n)

where we have introduced the rank γ projections

Π(n) =
∑
m∈Ωn

|P0;m〉 〈P0;m| =
γ−1∑
c=0

|P0; ck + n〉 〈P0; ck + n| .

When γ = w/k is not an integer, the accounting of indices is more involved. We have to
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introduce the integer part g = bγc and the remainder part r = w − k bγc of γ. As before, we
partition the set {m = 0, ..., w − 1} into subsets

Ωn :=

{ck + n | c = 0, ..., g} n < r

{ck + n | c = 0, ..., g − 1} n ≥ r

but now they are not of equal size and the range of n depends on whether γ ≥ 1. When
γ ≥ 1 then |Ωn| is g + 1 for n < r and g for n ≥ r. When γ < 1 so g = 0 and r = w,
then |Ωn| = 1 for n < w but |Ωn| = 0 for n ≥ w so we do not need to count Ωn for n ≥ w.
Noting that the condition γ ≥ 1 is equivalent to min (k,w) = k and the condition γ < 1 is
equivalent to min (k,w) = w, we conclude that we only have to count Ωn for n <min (k,w).
Therefore, for the general γ we have

ΠX;0ΠP ;0ΠX;0 =
1

k

min(k,w)−1∑
n=0

∑
m∈Ωn

|P0;m〉 〈P0;m| = 1

k

min(k,w)−1∑
n=0

Π(n) (8.2)

and the projections

Π(n) =
∑
m∈Ωn

|P0;m〉 〈P0;m| =
gn−1∑
c=0

|P0; ck + n〉 〈P0; ck + n|

are now of the rank

gn =

g + 1 n < r

g n ≥ r.

Using the new form (8.2), we can re-express Eq. 7.5 as

〈
pagree

〉
=
k2

d
tr
[
(ΠX;0ΠP ;0ΠX;0)2

]
=

1

d

min(k,w)−1∑
n,n′=0

tr
[
Π(n)Π(n′)

]
. (8.3)

The upper bound

The quantity tr
[
Π(n)Π(n′)

]
is the Hilbert-Schmidt inner product

〈
Π(n),Π(n′)

〉
(also known

as Frobenius inner product) of the operators Π(n) and Π(n′). Therefore, it obeys the Cauchy–
Schwarz inequality∣∣∣tr [Π(n)Π(n′)

]∣∣∣2 =
∣∣∣〈Π(n),Π(n′)

〉∣∣∣2 ≤ 〈Π(n),Π(n)
〉〈

Π(n′),Π(n′)
〉

= tr
[
Π(n)

]
tr
[
Π(n′)

]
.

Since the value
tr
[
Π(n)Π(n′)

]
=
∑
m∈Ωn

∑
m′∈Ωn′

∣∣〈P0;m | P0;m′
〉∣∣2
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is clearly real and positive, we get

tr
[
Π(n)Π(n′)

]
≤
√
tr
[
Π(n)

]
tr
[
Π(n′)

]
.

The value of tr
[
Π(n)

]
is the rank of the projection which is either g or g + 1 so

tr
[
Π(n)Π(n′)

]
≤ g + 1.

Therefore, the form of
〈
pagree

〉
in Eq. (8.3) implies that

〈
pagree

〉
≤ 1

d

min(k,w)−1∑
n,n′=0

(g + 1) = (g + 1)
min (k,w)2

d
.

When γ ≥ 1, this upper bound is greater or equal to 1 because

(g + 1)
min (k,w)2

d
= (g + 1)

k2

d
≥ γ k

2

d
= w

k

d
= 1

which is not helpful since we already know that
〈
pagree

〉
≤ 1 for it is a probability. When

γ < 1, on the other hand, we have g = 0 and so

(g + 1)
min (k,w)2

d
=
w2

d
.

Thus, when γ < 1, which translates to w < k = d/w so w <
√
d, we have the upper bound

〈
pagree

〉
≤ w2

d
.

The lower bound

We will now focus on the lower bound of the inner product tr
[
Π(n)Π(n′)

]
for the case γ ≥ 1

(so w ≥
√
d and min (k,w) = k) and then substitute the result in Eq. (8.3).

Since we are interested in the lower bound, we can simplify the expression by discarding
the terms c, c′ = g in the sum

tr
[
Π(n)Π(n′)

]
=

gn−1∑
c=0

gn′−1∑
c′=0

∣∣〈P0; c′k + n′
∣∣ P0; ck + n〉

∣∣2 ≥ g−1∑
c,c′=0

∣∣〈P0; c′k + n′
∣∣ P0; ck + n〉

∣∣2 .
According to Eq. (7.8) we have

∣∣〈P0; c′k + n′
∣∣ P0; ck + n〉

∣∣2 =
∣∣∆w

(
c− c′ + α

)∣∣2
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where we have introduced the variable α = n−n′
k . We can now identify the sum

S (α) =

g−1∑
c,c′=0

∣∣∆w

(
c− c′ + α

)∣∣2 ≤ tr
[
Π(n)Π(n′)

]
and focus on lower bounding S (α) for all possible α.

Since |∆w (x)|2 is a symmetric function of x we have

∣∣∆w

(
c− c′ + α

)∣∣2 =
∣∣∆w

(
−c+ c′ − α

)∣∣2
and since the values of c and c′ are interchangeable in the sum, we conclude that S (α) is a
symmetric function of α. Therefore, we only need to consider positive α = n−n′

k , and since
n, n′ = 0, ..., k − 1, it takes the values α = 0, 1

k , ...,
k−1
k ∈ [0, 1].

Since the summand in S (α) only depends on the differences l = c − c′, we can simplify
the sum

S (α) =

g−1∑
l=−g+1

(g − |l|) |∆w (l + α)|2 =

g−1∑
l=−g+1

(g − |l|)
w2

sin2 (π (l + α))

sin2 (π (l + α) /w)

where in the last step we substituted the explicit form of ∆w. Note that sin2 (π (l + α)) =

sin2 (πα) for integer l and also sin−2
(
π(l+α)
w

)
≥
(
π(l+α)
w

)−2
so we get

S (α) ≥ sin2 (πα)

π2

g−1∑
l=−g+1

g − |l|
(l + α)2 . (8.4)

We will now focus on evaluating the lower bound of the sum

s (α) =

g−1∑
l=−g+1

g − |l|
(l + α)2 . (8.5)

We can rearrange the elements of this sum as follows:

s (α) =
g

α2
+

g−1∑
l=1

[
g − l

(l + α)2 +
g − l

(l − α)2

]
=

g

α2
+

g−1∑
l=1

[
l

(g − l + α)2 +
l

(g − l − α)2

]

where in the last step we simply reversed the order of the elements in the sum. Now we
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can introduce the auxiliary variables β± = g ± α, so

s (α) =
g

α2
+

g−1∑
l=1

[
l

(l − β+)2 +
l

(l − β−)2

]
=

g

α2
+

g−1∑
l=1

[
β+

(l − β+)2 +
1

(l − β+)
+

β−

(l − β−)2 +
1

(l − β−)

]
=

g

α2
+ s1 (α) + s2 (α) (8.6)

where we have identified the sums of harmonic-like series

s1 (α) =

g−1∑
l=1

[
1

(l − β−)
+

1

(l − β+)

]
s2 (α) =

g−1∑
l=1

[
β−

(l − β−)2 +
β+

(l − β+)2

]
.

Such sums can be evaluated using the polygamma functions [1]

ψ(j) (x) :=
dj

dxj
ln Γ (x)

where Γ is the gamma function that interpolates the factorial for all real (and complex)
values. The two key properties of the polygamma functions that we will need are the
recursion and reflection relations

ψ(j) (1 + x) = ψ(j) (x) + (−1)j
j!

xj+1
(8.7)

ψ(j) (1− x) = (−1)j ψ(j) (x) + (−1)j π
dj

dxj
cot (πx) . (8.8)

For integer g we can expand ψ(j) (g − x) for j = 0, 1 using the recursion relation (8.7) to
get

ψ(0) (g − x) = ψ(0) (1− x) +

g−1∑
l=1

1

l − x

ψ(1) (g − x) = ψ(1) (1− x)−
g−1∑
l=1

1

(l − x)2 .

Applying the reflection relation (8.8) and rearranging yields

g−1∑
l=1

1

l − x
= ψ(0) (g − x)− ψ(0) (x)− π cot (πx) (8.9)

g−1∑
l=1

1

(l − x)2 = −ψ(1) (g − x)− ψ(1) (x) +
π2

sin2 (πx)
. (8.10)

Now, using (8.9) and recalling that g − β± = ∓α we can express s1 (α) as

s1 (α) = ψ(0) (α)− ψ(0) (β−) + ψ(0) (−α)− ψ(0) (β+)

145



where the trigonometric terms cancel each other out as they are anti-symmetric and pe-
riodic with integer g. We can re-express ψ(0) (α) and ψ(0) (−α) as ψ(0) (α+ 1) using the
recursion (8.7) and reflection relations (8.8) respectively:

ψ(0) (α) + ψ(0) (−α) = 2ψ(0) (α+ 1) + π cot (πα)− 1

α
.

We can replace 2ψ(0) (α+ 1) with its lower bound 2ψ(0) (1) on the interval 0 ≤ α < 1 as the
function ψ(0) (x) is monotonically increasing for 0 ≤ x. For the same reason we can also use
the bound ψ(0) (β±) ≤ ψ(0) (g + 1) so we end up with the overall lower bound on the sum

s1 (α) ≥ 2ψ(0) (1)− 2ψ(0) (g + 1) + π cot (πα)− 1

α
. (8.11)

Similarly, using (8.10) we can express s2 (α) as

s2 (α) = −
[
β−ψ

(1) (α) + β+ψ
(1) (−α)

]
−
[
β−ψ

(1) (β−) + β+ψ
(1) (β+)

]
+

β−π
2

sin2 (πβ−)
+

β+π
2

sin2 (πβ+)
.

Using the recursion (8.7) and reflection (8.8) relations, we express

−
[
β−ψ

(1) (α) + β+ψ
(1) (−α)

]
= 2αψ(1) (α+ 1)− β−

α2
− β+π

2

sin2 (πα)
≥ −β−

α2
− β+π

2

sin2 (πα)

where in the last step we have replaced 2αψ(1) (α+ 1) with its lower bound 0 at α = 0.
Since ψ(1) (x) is monotonically decreasing for 0 ≤ x we also use the lower bound

−
[
β−ψ

(1) (β−) + β+ψ
(1) (β+)

]
≥ −2gψ(1) (g − 1) .

Thus, the overall lower bound for s2 (α) is

s2 (α) ≥− β−
α2
− β+π

2

sin2 (πα)
− 2gψ(1) (g − 1) +

β−π
2

sin2 (πβ−)
+

β+π
2

sin2 (πβ+)

=− β−
α2
− 2gψ(1) (g − 1) +

β−π
2

sin2 (πα)
. (8.12)

where in the last step we have used the fact that sin2 (πβ±) = sin2 (πα).
Combining the lower bounds (8.11) and (8.12) into Eqs. (8.4), (8.5), (8.6), we get

S (α) ≥ g − 2 sin2 (πα)

π2

[
ψ(0) (g + 1) + gψ(1) (g − 1)

]
− α+

2 sin2 (πα)

π2
ψ(0) (1) +

sin (2πα)

2π
.

On the interval 0 ≤ α < 1, the minimum value of

−α+
2 sin2 (πα)

π2
ψ(0) (1) +

sin (2πα)

2π
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is given by −ε1 ≈ −1.005 and the minimum value of the coefficient −2 sin2(πα)
π2 is − 2

π2 . With
that, we can get rid of the dependence on α:

S (α) ≥ Smin = g − 2

π2

(
ψ(0) (g + 1) + gψ(1) (g − 1)

)
− ε1.

We know that ψ(0) (x) is a smooth function for x > 0 and it is bounded by [6]

lnx− 1

x
< ψ(0) (x) < lnx− 1

2x

so asymptotically the function ψ(0) (x+ 1) ∼ ln (x+ 1) and it converges to lnx from above.
Since ψ(1) (x) = dψ(0) (x) /dx then asymptotically ψ(1) (x) ∼ 1

x so the function xψ(1) (x− 1) ∼
x/ (x− 1) and it converges to 1 from above. Therefore, for any ε2 > 0 there is a x′ > 0 such
that for all x > x′

ψ(0) (x+ 1) + xψ(1) (x− 1) ≤ lnx+ 1 + ε2.

Conveniently choosing ε2 = π2

2 (2− ε1)− 1 and solving for x′ results in x′ ≈ 1.722. Thus, for
all g ≥ 2 > x′ we have

Smin ≥ g −
2

π2
(ln g + 1 + ε2)− ε1 = g − 2

π2
ln g − 2

≥ γ − 2

π2
ln γ − 3

where the last inequality follows from g = bγc ≥ γ − 1 and ln g ≤ ln γ.
Recalling that tr

[
Π(n)Π(n′)

]
≥ S (α) ≥ Smin and γ = w/k = w2/d, we return to the Eq.

(8.3) and get the result

〈
pagree

〉
=

1

d

k−1∑
n,n′=0

tr
[
Π(n)Π(n′)

]
≥ k2

d
Smin ≥

1

w2/d

[
w2/d− 2

π2
ln
(
w2/d

)
− 3

]

= 1− 2

π2

ln
(
w2/d

)
+ 3π2/2

w2/d
.
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