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Abstract
We reveal the presence of a new source of axial current due to the condensed
vacuum generated by the spin–spin interaction. To show this, we consider a
quartic Dirac Lagrangian containing a spin–spin interaction term, possibly
originating from torsion in Einstein–Cartan-like theories. We use a mean field
approach to analyze the quantized theory. We show that the diagonalization of
the field Hamiltonian defines a new vacuum state, energetically favored with
respect to the free vacuum. Such a vacuum, which is a condensate of particle-
antiparticle pairs, is characterized by a nontrivial expectation value of the axial
current operator. The new source of axial current, here obtained, can have
effects both at the atomic level and at the astrophysical–cosmological level
depending on the origin of the spin–spin interaction term. The condensate
spontaneously breaks Lorentz symmetry, therefore it implies the possibility of
CPT violation in the early universe. Furthermore the condensate induces a new
source term in the gravitational field equations and may affect the dark sector
of the Universe at cosmological level.
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1. Introduction

Condensation phenomena are ubiquitous in physics. In Quantum Chromodynamics the for-
mation of quark condensates due to the strong interaction is responsible for the spontaneous
breakdown of chiral symmetry [1, 2]. Superfluids [3–7] and superconductors [8–11] are
likewise characterized by a condensed vacuum state. Particle creation phenomena such as the
Hawking–Unruh effect [12–15], the Parker effect [16, 17] as well as the emergence of the
Casimir force [18–20] and the flavor vacuum in particle mixing [21–39] can all be understood
in terms of a condensed vacuum state. As it is the case, e.g. in superconductivity, the
appearance of condensates can be associated with a phase transition, and thus with the
spontaneous breakdown of a symmetry. The vacuum of the theory acquires a non-trivial
energy-momentum content in virtue of its condensate structure, leading, in the case of
superconductivity, to an energy gap with respect to the ordinary phase. That four fermion
interactions may induce spontaneous symmetry breaking is not a novelty. In perturbation
theory the topic is usually treated by means of functional methods [2, 40–43]. Here we follow
a different, complementary route, solving the field equations with an axial current directly,
and then imposing self-consistency conditions in a mean field approximation. Despite being
more involved this strategy has two advantages. Firstly it makes the relationship between the
spontaneously broken vacuum and the free vacuum transparent in terms of Bogoliubov
transformations, allowing for a simple computation of any observable in the broken symmetry
phase. Secondly, the method can be straightforwardly generalized to curved space, where
functional methods may be ill-defined.

On the other hand a concept which emerges in differential geometry and applies to several
different systems, ranging from cosmology to condensed matter and particle physics is that of
torsion [44–54]. Many aspects of torsion play crucial roles in the physics of materials like
graphene, in the spacetime geometry of the early Universe and in supergravity (SUGRA)
theories [55]. The torsion effects in such contexts are in principle experimentally testable and
graphene, where torsion is associated with appropriate dislocations in the material, gives the
opportunity to test the predictions for the high-energy theories in a controllable laboratory
environment.

Torsion is responsible for the appearance of a spin–spin interaction among Dirac fields.
The purpose of this work is to analyze the possible formation of fermion condensates due to
such kind of spin–spin interactions. We reveal the presence of a new source of axial current
due to the condensed vacuum generated by the spin–spin interaction. The theory we discuss is
described by the Lagrangian for the Dirac field with an additional pseudovector interaction
which is quartic in the fermion field. Such an interaction may emerge also as a consequence of
spacetime torsion. By employing a mean field approach, we effectively transform the quartic
field Hamiltonian to a quadratic one, which can be diagonalized upon quantization of the
Dirac field. The diagonalization, achieved through an appropriate Bogoliubov transformation,
defines a condensed vacuum, which is unitarily inequivalent to the vacuum of the free theory,
in the limit of infinite volume. In particular, the inequivalence between the two representa-
tions induces an expectation value of the axial current on the condensed vacuum which is
different from zero. A set of self-consistency equations for the mean field is derived and the
energy gap between the free vacuum and the condensed vacuum is computed. We further
discuss the range of validity of the mean field, showing that it leads to a condition on the
value of the ultraviolet cutoff QUV.

The vacuum contribution to the axial current, which we show, represents a source of axial
current due to a purely quantum effect, which can manifest itself in different physical phe-
nomena and at different scales, from atomic to astrophysical–cosmological scale, depending
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on the origin of the spin–spin interaction. For example, it can be due to coupling with an
external field or due to torsion in the Einstein–Cartan theory. Indeed, while the origin of the
spin–spin interaction term may be any, it is in particular a byproduct of gravitational theories
with torsion. Next table top experiments on graphene could also allow to study the new
source of axial current (and indirectly, of torsion) originated by the vacuum condensate
presented in this work.

Considering gravitational theories including a torsion term, as Einstein–Cartan, the con-
densate may bring along a new contribution to the gravitational field equations, possibly with
an impact on the dark sector of the Universe. This is apparent, in the present flat spacetime
context, from the appearance of an energy gap. Depending on the nature of the underlying
torsional theory, possibly featuring a propagating torsion [52–54], the condensate here
described may, to different degrees, affect the corresponding cosmological models. We also
point out that the vacuum condensate spontaneously breaks Lorentz symmetry, therefore
implying the possibility of CPT violation. Indeed Lorentz symmetry is spontaneously broken
both because the vacuum acquires a non-trivial energy and because the full rotational sym-
metry SO(3) is broken down to SO(2) rotations around a preferred direction in space,
determined by the expectation value of the axial current. Since Lorentz invariance is spon-
taneously broken, one of the basic hypotheses for the validity of the CPT theorem is lost,
allowing for violation of the CPT symmetry.

For simplicity, in our treatment we will consider massless fields, the generalization to
massive fields representing a fairly straighforward extension. Moreover, the theory is set in
Minkowski background, while its extension to curved backgrounds shall be pursued in future
works. The latter generalization shall certainly modify the details of the computation,
nonetheless leaving the essential features of the theory unaltered.

We also note that the spin–spin interaction term is loosely reminiscent of the four-fermion
interaction in the BCS theory of superconductivity. We build on such loose analogy pursuing
a mean field approach and highlighting, where present, the similiarities. Another close relative
of the axial vector interaction is the Heisenberg model of (anti-)ferromagnetism (see e.g
[56, 57]), since the former effectively reduces to a spin–spin interaction in the non-relativistic
limit. In many respects the axial vector interaction does indeed represent the relativistc
quantum field theory equivalent of a Heisenberg model. Although considerations regarding
the phase transition are not of interest to us in the current work, it is worth noting that the
same kind of symmetry (the SO(3) rotational symmetry) is spontaneously broken by the
vacuum condensate that emerges due to the axial interaction. Notice that this implies a
breakdown of Lorentz symmetry, through the appearance of a preferred direction. The con-
densate may then be particularly relevant in the early universe, where it may play a role in
determining the original baryon asymmetry.

The paper is structured as follows. In section 2, we introduce the quartic fermion
Lagrangian and we quantize the Dirac field. Then we diagonalize the Hamiltonian by means
of a Bogoliubov transformation and introduce the vacuum condensate. In section 3, we derive
the vacuum expectation value of axial current on the vacuum condensate and obtain self-
consistency equations. The energy gap between the original vacuum and the condensed one,
together with considerations on the validity of the mean field approach are also contained in
this section. The last section is devoted to the discussion of the possible implications of the
fermion condensate and to the conclusions. In the appendix A, we report the computations of
the angular integrals appearing in the calculus of the vacuum expectation value of the axial
current, while some details of the computation of the vacuum expectation value of m

mJ J5 5 are
presented in the appendix B.
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2. The model

We begin our analysis by considering a Dirac lagrangian  containing the quartic spin–spin
interaction term (possibly due to torsion in Einstein–Cartan theory). We use the mean field
approach to transform the quartic Hamiltonian  corresponding to  in a quadratic one. We
quantize the Dirac field and diagonalize , for simplicity, in the case of massless fields.

Our starting point is the quartic Fermion Lagrangian in flat spacetime (the mostly minus
signature is employed):

yg y yg y yy lyg g yyg g y= + = ¶ - ¶ - +m
m m

m m
m-   m

i

2
, 10 Spin Spin

5 5( ¯ ¯ ) ¯ ¯ ¯ ( )

where m is the mass of the Dirac field, γ5= iγ0γ1γ2γ3 and we use the Dirac representation of
the gamma matrices. The coupling constant λ depends on the origin of the spin–spin
interaction. For example, for the contact interaction induced by torsion in the Einstein–Cartan

theory [45], one hasl = - lP
3

8
2, with = lP

G

c3 the Planck length1. The sign of λ in particular

is essential. Setting yg g y=m mJ5 5¯ , the spin–spin interaction reads l= m
m- J JSpin Spin

5 5 and
the corresponding Hamiltonian is

l l l= - = - +m
m- J JJ J J 2Spin Spin

5 5 50 2 5 5( ) · ( )

with the 3-vectors denoted in boldface. It is clear from equation (2) that the interaction tends
to align the spins when λ< 0, see also [46]. We can intuitively expect that for λ< 0 this
interaction can determine a vacuum state with non-vanishing spin-density, and this will be
confirmed later on.

In order to characterize the quantum field theory (1) we employ a mean field approach. We
assume that the vacuum state develops a non-zero expactation value

= =m m mL t J t J t0 0 . 3C C
5 5( ) ⟨ ⟩ ⟨ ( )∣ ∣ ( )⟩ ( )

Here the vacuum state t0C∣ ( )⟩ is distinct from the free vacuum 0∣ ⟩ and the subscript C is used
to denote ‘condensate’. Its emergence and its properties will be displayed below. Notice that
we allow for an arbitrary time dependence, but we assume that the vacuum expectation value
(vev) is homogeneous and isotropic. Of course more general spacetime dependencies can be
considered, yet leading to a significant complication of the analysis.

The key assumption of the mean field is that deviations from the vev are negligible
δJ5μ= J5μ− Lμ(t)∼ 0. This allows us to write

d d= + - -m
m

m
m

m
m m

m m
m m

mJ J J J J L t L t L t J L t L t L t2 2 45 5 5 5 5 5( ) ( ) ( ) ( ) ( ) ( ) ( )

and to make the field Hamiltonian quadratic as

gy y l yg g y l= - + - +m
m m

m m L t L t L ti 2 . 55¯ ( · ) ( ) ¯ ( ) ( ) ( )

Our task is now to determine the vev Lμ(t) self-consistently. Quantizing the Dirac field and
diagonalizing the Hamiltonian (5) we shall arrive at a set of self-consistency equations,
analogous to the gap equations in the BCS theory of superconductivity.

1 Notice the opposite metric signature when comparing to [45].
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2.1. The Dirac equation

The Dirac equation resulting from the Hamiltonian (5) is

ay g y l g y l y S¶ = - + + - Li m L t ti 2 2 60
0

0
5( · ) ( ) ( ) · ( )

where we have introduced the matrix

s
s

S = 0
0( )

and σ is the vector of Pauli matrices. It is convenient to use the helicity eigenspinors x ps ( ˆ),
satisfying the basic eigenvalue equation

s x x=p p sp p 7s s( · ) ( ˆ) ( ˆ) ( )

for s=±1, p= |p| and =p p
p

ˆ . A specific parametrization of x ps ( ˆ) will be used later on, as
dictated by convenience. The ansatz for solving equation (6) is the plane wave

⎛

⎝
⎜

⎞

⎠
⎟

x

x
=xu t

f t p

g t s p
, e 8p

p x p

p
s

s s

s s
,

i ,

,
( )

( ) ( ˆ)
( ) ( ˆ)

( )·

where fp,s, gp,s are functions of time to be determined. Once the positive energy solution is
obtained, the corresponding antiparticle solution is simply given by charge conjugation as

⎛

⎝
⎜

⎞

⎠
⎟

x

x
=

-

*

*
xv t

g t p

f t s p
, e . 9p

p x p

p

s
s s

s s
,

i ,

,

( )
( ) ( ˆ)

( ) ( ˆ)
( )·

Inserting the ansatz of equations (8) in (6) and using the defining property of the helicity
eigenspinors equation (7), we arrive at the system of equations

⎜ ⎟
⎛

⎝
⎜

⎞

⎠
⎟

⎛
⎝

⎞
⎠

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟

l l
l l

¶

¶
=

- +
+ - +

=
L

L

f t

g t

m s t p p sL t
p sL t m s t p

f t

g t
A t

f t

g t
i

2 2
2 2

.

10

p

p

p

p
p

p

p

t s

t s

s

s
s

s

s

,

,

0

0

,

,
,

,

,

( )
( )

( ) · ˆ ( )
( ) ( ( ) · ˆ)

( )
( )

( )
( )
( )

( )

It turns out that the coefficient matrix Ap,s(t) commutes at different times if L0 is constant in
time, thus allowing for a solution in terms of a simple matrix exponential ò- ¢ ¢e t A ti d p s, ( ). The
solution is more involved for L0(t) an arbitrary function of time. For simplicity we will stick to
the hypothesis of constant L0 and we will verify that it is consistent. The normalized (positive
energy) solutions of the system are in this case:

=

=

ò

ò

w

p w l
w l

l

p w l
w l

+

+ + +
- - ¢ ¢

+

+ + +
- - ¢ ¢

f t

g t

e e

e e , 11

p
L

p
L

s
m

m p sL

t sp t t

s
p sL

m p sL

t sp t t

,
2 2

i 2i d

,
2

2 2

i 2i d

p s

p s

p s
t

p s

p s
t

,

3
2 ,

2
0

2
, 0

0
3
2 ,

2
0

2
, 0

( )

( ) ( )

( ) ( ) ( )
ˆ · ( )

( ) ( ) ( )
ˆ · ( )

where the constant, spin-dependent, frequencies are: w l= + +m p sL2p s,
2

0
2( ) . Then, the

Dirac field is expanded as usual

òy = +x x xt p b u t v t, d , d , 12p p p ps s s s
3

, , , ,( ) ( ( ) ( )) ( )†

with up,s and vp,s given by equations (8) and (9) and the coefficients satisfying the canonical
anticommutation relations.
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2.2. Diagonalizing the field Hamiltonian

We can now plug in the expansion (12) in the field Hamiltonian (5). After a lengthy but
straightforward computation we can write

⎧
⎨⎩
åò ò= = + +

+ +

+ + + +

+ + +

+ -

- + - + + - + -

- + - + + -



*

* *

* *

H x k P t b b Q t d d R t d b

R t b d S t b b

S t b b V t d b V t b d U t d b

U b d T t d d T t d d

d d

13

k k k k k k k k k

k k k k k k

k k k k k k k k k k k k

k k k k k k k k k

s
s s s s s s s s s

s s s

t

3 3
, , , , , , , , ,

, , , , ,

, , , , , , , ,

, , , , , , ,

[ ( ) ( ) ( )

( ) ] ( )

( ) ( ) ( ) ( )

( ) ( ) } ( )

† † †

† † †

† † †

† † † †

where the coefficients Pk,s(t), Qk,s(t), Rk,s(t), Sk,s(t), Tk,s(t), Uk,s(t), Vk,s(t) are given by

l w l
w l

l

p

= +
+ -

+ + +
-

- +* *

LP t m
k sL k smL

m k sL
s k t

L f t g t g t f t

2 2 2

2
2

2 14

k

k k k k

s
k s

k s

s s s s

,
0 , 0

,
2

0
2

3
0 , , , ,

( )
( )( )
( ) ( )

{ ˆ · ( )

( ) [ ( ) ( ) ( ) ( )]} ( )

l w l
w l

l

p

= - -
+ -

+ + +
-

- +* *

LQ t m
k sL k smL

m k sL
s k t

L f t g t g t f t

2 2 2

2
2

2 15

k

k k k k

s
k s

k s

s s s s

,
0 , 0

,
2

0
2

3
0 , , , ,

( )
( )( )
( ) ( )

{ ˆ · ( )

( ) [ ( ) ( ) ( ) ( )]} ( )

l w
w l

p l

=
+

+ + +

- -

òw l- - ¢ ¢
R t

m sL m

m k sL

s L f t g t

4 e e

2

2 2 16

k

L

k k

s
k s

t sk t t

k s

s s

,
0 ,

2i 4i d

,
2

0
2

3
0 ,

2
,

2

k s
t

, 0
( )

( )
( ) ( )

( ) ( ( ) ( )) ( )

ˆ· ( )

l p= - -+ - + - * *LS t k t f t f t g t g t2 2 17k k k k k
3

, , , ,( ) ( ) ( ( ˆ) · ( ))( ( ) ( ) ( ) ( )) ( )

l p= -+ - + -* * *LT t k t f t f t g t g t2 2 18k k k k k
3

, , , ,( ) ( ) ( ( ˆ) · ( ))( ( ) ( ) ( ) ( )) ( )

l p= - ++ - + - LU t k t g t f t f t g t2 2 19k k k k k
3

, , , ,( ) ( ) ( ( ˆ) · ( ))( ( ) ( ) ( ) ( )) ( )

l p= - ++ - + -* LV t k t g t f t f t g t2 2 . 20k k k k k
3

, , , ,( ) ( ) ( ( ˆ) · ( ))( ( ) ( ) ( ) ( )) ( )

Here fk,s, gk,s are provided by equation (11) and we have further defined the vector
sx x= + - k k k( ˆ) ( ˆ) ( ˆ)† . The Hamiltonian of equation (13) is not diagonal in the field operators

and can be diagonalized by means of a proper Bogoliubov transformation. While the latter
may be constructed in the general case, its determination is quite involved. A significant
simplification occurs in the massless limit m= 0, where the mixing of the 4 operators bk,±,
dk,± is reduced to the mixing of only 2 of them. In the following, for sake of simplicity, we
consider such a case. For m= 0 the Hamiltonian coefficients (14) become

l l= + - LP k s L s t k2 2 ; 21k s, 0∣ ∣ ( ) · ˆ ( )

l l l= + - - LQ k s L s L k s t ksign 2 2 2 ; 22k s, 0 0( )( ) ( ) · ˆ ( )

=R 0; 23k s, ( )
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òl l l= - - + - w w l- - ¢ ¢
+ - LS k t k L k L1 sign 2 sign 2 e e ;

24
k

Lt k t t
0 0

i 4i d
k k

t

, , 0( ( ˆ) · ( ))( ( ) ( ))
( )

( ) ˆ· ( )

⎜ ⎟
⎛
⎝

⎞
⎠

=
-

* L

L
T

k t

k t
S ; 25k k

( ˆ) · ( )
( ˆ) · ( )

( )

l l l= - - + + w w++ - LU k t k L k Lsign 2 sign 2 e ; 26k
t

0 0
i k k, ,( ( ˆ) · ( ))( ( ) ( )) ( )( )

⎜ ⎟
⎛
⎝

⎞
⎠

=


* L

L
V

k t

k t
U , 27k k

( ˆ) · ( )
( ˆ) · ( )

( )

respectively. It is further convenient to write the Hamiltonian as ò=   H kd k k k
3 † , where

k is a momentum-dependent hermitian matrix and we define the column vector
= + - + - b b d d, , ,k k k k k

T
, , , ,( )† † . Now, depending on the sign of λL0, we can distinguish three

cases. We consider explicitly λL0� 0, but the opposite sign can be treated analogously:

1. k< 2λL0. In this case Uk= 0= Vk and the Hamiltonian matrix k is (setting
m =  Lk tk ( ( ˆ) · ( )) )

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

ò

ò

ò

ò

w l lm

lm w l

w l lm

lm w l

- -

- +

-

- +

l

l

l

l

+
- ¢ ¢

- ¢ ¢
-

-
- ¢ ¢

- ¢ ¢
+

*

*

L

L

L

L

k

t k

t k

t k

2 2 e e 0 0

2 e e 2 0 0

0 0 2 2 e e

0 0 2 e e 2

k
L

k
L

k
L

k
L

k
kt k t t

kt k t t
k

k
kt k t t

kt k t t
k

,
2i 4i d

2i 4i d
,

,
2i 4i d

2i 4i d
,

t

t

t

t

0

0

0

0

· ˆ

( ) · ˆ

( ) ˆ

( ) · ˆ

ˆ· ( )

ˆ· ( )

ˆ· ( )

ˆ· ( )

In order to diagonalize this matrix it is sufficient to consider a Bogoliubov transformation
that mixes bk,+ with bk,− and dk,+ with dk,−. Since no creation operator is involved, we
can anticipate that these modes (with k< 2λL0) will not contribute to the vev, and the
details of the transformation are irrelevant to the final result.

2. k= 2λL0. In this case the Hamiltonian is already diagonal and k reads

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

l l

l

l

l

-

-

L

L

L

L

L t k

t k

t k

t k

4 2 0 0 0

0 2 0 0

0 0 2 0

0 0 0 2

0 ( ) · ˆ

( ) · ˆ

( ) · ˆ

( ) · ˆ

3. k> 2λL0. The Hamiltonian matrix is

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

w l lm

w l lm

lm l l

lm l l

- -

+ -

- - -

- - - +

+

-

-

-

*

*

28

L

L

L

L

t k

t k

L k t k

k L t k

2 0 0 2 e

0 2 2 e 0

0 2 e 2 2 0

2 e 0 0 2 2

.

k

k

k

k

k
kt

k
kt

kt

kt

,
2i

,
2i

2i
0

2i
0

( )

( ) · ˆ

( ) · ˆ

( ) · ˆ

( ) · ˆ

The third case (28) is the only relevant one to the computation of the vev. For the modes with
k> 2λL0 the Hamiltonian mixes bk,+ with -dk,

† and bk,− with +dk,
† . To diagonalize

equation (28) we postulate a Bogoliubov transformation of the form
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= Q - Q

= Q + Q

d

d
-

-
-

B t t b t d

D t t d t b

cos e sin

cos e sin . 29

k k k k k

k k k k k

s s s
t

s s

s s s
t

s s

, , ,
i

, ,

, , ,
i

, ,

k

k

s

s

,

,

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) †

† † ( )

While equations (29) define a canonical transformation by construction, the explicit
form of Θk,s(t) and δk,s(t) has to be extracted from the requirement of diagonali-
zation, so that in terms of the new operators the Hamiltonian is simply =H

òå + k t B t B t t D t D td k k k k k ks s s s s s s
3

, , , , , ,( ( ) ( ) ( ) ˜ ( ) ( ) ( ))† † for some real  t t,k ks s, ,( ) ˜ ( ). It is
straightforward to check that this is achieved with

l m

l l l m l m

m
m

m

m

Q

=
+ - + + - + +

= =d d+ -
*

30

L L

t

k s L t k k s L t k

sin

4

2 2 4 2 16 16

e e ; e e ,

k

k

k k

k

k

k

k

s

t kt t kt

,

0 0
2 2 2 2 2 2

i 2i i 2ik k, , ( )

( )
∣ ∣

[ ( ( ( ) · ˆ)) [ ( ( ) · ˆ)] ∣ ∣ ] ∣ ∣

∣ ∣ ∣ ∣
( ) ( )

where we recall m =  Lk tk ( ( ˆ) · ( )). It is important to notice that the Bogoliubov
transformation of equation (29) does not mix different momentum components and that it
does only make sense for the modes with k> 2λL0. A distinct transformation holds for the
modes with k< 2λL0, yet, as already precised, its details are irrelevant to the computation of
the spin vev. The new operators for k< 2λL0, mixing only annihilation operators with distinct
helicities, do indeed share the same vacuum as the original operators bk,±, dk,±, which we
denote by 0∣ ⟩:

= = b d0 0; 0 0.k k, ,∣ ⟩ ∣ ⟩

On the other hand, the Bogoliubov transformation of equation (29) defines a new time-
dependent vacuum state t0C∣ ( )⟩ given by

= =B t t D t t0 0; 0 0. 31k ks C s C, ,( )∣ ( )⟩ ( )∣ ( )⟩ ( )

By the usual arguments [58, 59], it can be seen that the two vacua belong to unitarily
inequivalent representations, and that, in particular, the t0C∣ ( )⟩ vacuum is a condensate of
fermion pairs, with condensation densities proportional to Q tsin k s

2
, ( ) for the two helicities.

For further manipulations it is also convenient to define a generator of Bogoliubov
transformations  t( ), implicitly given by

= = =- - -    t b t B t t d t D t t t; ; 0 0 . 32k k k ks s s s C
1

, ,
1

, ,
1( ) ( ) ( ) ( ) ( ) ( ) ∣ ( )⟩ ( )∣ ⟩ ( )

The generator can be determined explicitly by means of the Baker–Campbell–Hausdorff
formula [60], but for our purposes it is sufficient to notice that its general form will be

= Q t e t F b d,k k ks s s, , ,( ) ( ) ( ) for some function F of the annihilation operators, as appropriate for a
rotation by an angle Θk,s(t). Its inverse does simply perform the opposite rotation by −Θk,s(t),
so that

= Q + Q

= Q - Q

d

d

-
-

- -
-

 



t b t t b t d

R t d t t d t b

cos e sin

cos e sin , 33

k k k k k

k k k k k

s s s
t

s s

s s s
t

s s

,
1

, ,
i

, ,

,
1

, ,
i

, ,

k

k

s

s

,

,

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) †

† † ( )

compare with equations (32) and (29).

3. Vev of the axial current and self-consistency equations

Using the results obtained above, we can now give a more precise meaning to equation (3) as
the expectation value of the axial current on the condensed vacuum t0C∣ ( )⟩, as defined by
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diagonalization of the field Hamiltonian:

yg g y=m mL t t t0 0 . 34C C
5( ) ⟨ ( )∣ ¯ ∣ ( )⟩ ( )

Then, we derive a set of self-consistency equations and compute the energy gap between the
free vacuum 0∣ ⟩ and the vacuum t0C∣ ( )⟩. Moreover, we show that the mean field approach
imposes a condition on the value of the ultraviolet cutoff QUV.

We begin with the 0 component of equation (34). After plugging the field expansion (12)
we obtain

ò òå=-

+

+ +

-L k q A t b b t

B t b t

C t b t D t t

d d e 0 0

0 d 0

0 d 0 0 d d 0 , 35

q k x
k q k q

k q k q

k q k q k q k q

r s
r s C r s C

r s C r s C

r s C r s C r s C r s C

0

,

3 3 i
, , , , ,

, , , , ,

, , , , , , , , , ,

{ ⟨ ( )∣ ∣ ( )⟩

⟨ ( )∣ ∣ ( )⟩

⟨ ( )∣ ∣ ( )⟩ ⟨ ( )∣ ∣ ( )⟩} ( )

( )· †

† †

†

where the coefficients are

x x

x x

x x

x x

= +

= - +

= -

= - -

* *

* * * *

* *

A k q sf g rg f

B k q sf f rg g

C k q sg g rf f

D k q sg f rf g

;

;

;

.

k q k q k q

k q k q k q

k q k q k q

k q k q k q

r s r s r s r s

r s r s r s r s

r s r s r s r s

r s r s r s r s

, , , , , , ,

, , , , , , ,

, , , , , , ,

, , , , , , ,

( ˆ) ( ˆ)( )

( ˆ) ( ˆ)( )

( ˆ) ( ˆ)( )

( ˆ) ( ˆ)( )

†

†

†

†

The expectation values can be computed in a simple fashion using equations (32) and (33):

d d

=

=

= Q + Q Q

+ Q

= - Q

d

d

-

- -

-
-

-

 

   

k q

t b b t t b b t

t b t t b t

t b t d t b

t d

0 0 0 0

0 0

0 cos e sin cos

e sin 0

sin 36

k q k q

k q

k k k q q

k q

k

C r s C r s

r s

r r
t

r r s s

t
s s

rs r

, , , ,
1

,
1

,
1

, ,
i

, , ,

i
, ,

3 2
,

k

q

r

s

,

,

⟨ ( )∣ ∣ ( )⟩ ⟨ ∣ ( ) ( )∣ ⟩
⟨ ∣ ( ) ( ) ( ) ( )∣ ⟩
⟨ ∣( ( ) ( ) )( ( )

( ) )∣ ⟩
( ) ( )

†

† ( )

( ) †

and similarly

d d

d d

d d

= - Q Q

= - Q Q

= - Q

d

d

-
-

- - -

-

-

k q

k q

k q

t b d t

t d b t

t d d t

0 0 sin cos e

0 0 sin cos e

0 0 cos . 37

k q k k

k q k k

k q k

C r s C r s r r

C r s C r s r r

C r s C rs r

, ,
3

, , ,
i

, ,
3

, , ,
i

, ,
3 2

,

k

k

r

r

,

,

⟨ ( )∣ ∣ ( )⟩ ( )
⟨ ( )∣ ∣ ( )⟩ ( )
⟨ ( )∣ ∣ ( )⟩ ( ) ( )

† †

†

Inserting equations (36) and (37) in (35) we obtain

å ò= - Q + Q

+ Q Q +d

-

-
-

L k A D

B c c

d sin sin

cos sin e . . .

k k k k k k

k k k k

r
r r r r r r

r r r r

0 3
, , ,

2
, , , ,

2
,

, , , , ,
i k r,

{

( )}

Considering that = - =
p

A Dk k k kr r r r
r

, , , , , , 2 3( )
and Bk,k,r,−r= 0=Ck,k,r,−r, L

0 further simplifies
to

òå p
= - Q + Q - =-L

r
k

2
d cos cos 1 0, 38k k

r
r r

0
3

3 2
,

2
,( )

( ) ( )

where the last equality follows noting that the summand is odd in r. Equation (38) represents
the first self-consistency equation.
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Notice that, a priori, the momentum integrals in equations (35) and (38) extend from k= 2λL0
to ∞ (since the modes with k< 2λL0 yield zero contribution). The helicity sum in equation (38)
vanishes regardless, setting the first self-consistency equation to the condition L0= 0. This is
consistent with the initial assumption of constant L0. In addition, since 2λL0= 0, it is always the
case that k� 2λL0, and the momentum integrals for the remaining components must extend in the
whole range of momenta. Following similar steps we can write down the other self-consistency
equation as

⎧
⎨⎩

⎫
⎬⎭

ò

ò

å p

p

p

=- Q - Q +

- Q Q

+ Q Q +

d

d

-

+ +
-

- -
-

+

-



*

L t
r

kk

k
k

k
c c

2
d cos cos 1

d
e

2
cos sin e

e

2
cos sin e . . . 39

k k

k k

k k

r
r r

kt

kt

3
3 2

,
2

,

3
2i

3 , ,
i

2i

3 , ,
i

k

k

,

,

( )
( )

ˆ( )

( ˆ)
( )

( ˆ)
( )

( )

Up to now all the computations performed have been non-perturbative. To proceed with the
explicit analytical evaluation of the integrals in equation (39), we now perform a perturbative
expansion of the integrand with respect to the coupling λ, truncating at order three. It’s easy
to check that had we to stop at the first order in λ (the second order vanishes identically) only
the trivial solution L= 0 would be found. It is likewise clear that more approximate solutions
emerge as more and more orders are included, eventually approaching the exact set of
solutions. After simple algebraic steps we verify that at order λ3 the consistency equation (39)
reads

⎧
⎨⎩

⎫
⎬⎭

ò ò
l
p

m
l
p

m l
m m

= - -

´ + - +



*

*

L L

L

t k
k

k
t k k

k

k k
t k k c c

8
d d

4
16 4 . . . 40

k

k
k k

3

3
3

3
2

3
3

2

3
2 2

( )
ˆ

∣ ∣ ( ( ) · ˆ)

( ˆ)
[ ( ( ) · ˆ) ∣ ∣ ] ( ˆ) ( )

Notice that due to the definition m =  Lk tk ( ˆ) · ( ), each term μk amounts to a term linear in L
(t). Therefore the above equation is a cubic algebraic equation for the vector L(t). The integral
over the angular variables in polar coordinates, for which some details are shown in the
appendix A, can be computed straight away. The result is

ò ò
l
p

l
p

= - -L L Lt t k k
L t

t
k

k

4

3
d

64

15

d
. 41

2

3 2

2
( ) ( ) ( ) ( ) ( )

The momentum integrals are respectively ultraviolet (UV) divergent quadratically and UV
and infrared (IR) divergent logarithmically. In order to regularize the integrals, we introduce
UV and IR cutoffs QUV and QIR, so that the consistency equation can be written as

⎜ ⎟
⎧
⎨⎩

⎛
⎝

⎞
⎠

⎫
⎬⎭

l
p

l
p

+ - + =L t Q Q L t
Q

Q
1

2

3

64

15
ln 0. 42

2 UV
2

IR
2

3

2
2 UV

IR
( ) ( ) ( ) ( )

Some comments are now in order. As anticipated, equation (42) is a homogeneous cubic algebraic
equation in L(t). As a consequence the trivial solution L(t)= 0 is admitted. Similarly, due to its
algebraic nature, equation (42) does not determine the time evolution of L(t), only constraining its
form at any given time. Thirdly, the perturbative nature of the equation is manifest, and it is
understood that it represents the O(λ3) expansion of a trascendental exact equation, analogous to
the gap equations in superconductivity [8–10]. We may further expect that the following terms
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involve UV convergent (but IR divergent) momentum integrals and that only the odd powers of λ
shall contribute (except for the zeroth order). It is likewise clear that a non-trivial solution of
equation (42) is possible only for λ< 0, i.e. in virtue of equation (2), in presence of a
‘ferromagnetic’ interaction that tends to align the spins (as it is the case for the torsion-induced
interaction). The non trivial solution has to satisfy

⎡⎣ ⎤⎦=
- + -l

p

l
p

43L t
Q Q1

ln
,

Q

Q

2

2

3 UV
2

IR
2

64

15

2

3

2
UV

IR( ) ( )( )
( )

which, considered that λ< 0, makes sense for

l
p

+ - Q Q1
2

3
0. 44

2 UV
2

IR
2( ) ( )

Therefore there exists a set of non-trivial solutions L(t) of constant square modulus given by
equation (43), for coupling constant in the range

l
p

>
-

-


Q Q
0

3

2
. 45

2

UV
2

IR
2( )

( )

Interestingly, the above inequality can be seen the other way around, as giving a natural
bound on the cutoffs

p
l

- Q Q
3

2
. 46UV

2
IR
2

2

∣ ∣
( )

3.1. Fluctuations and validity of the mean field

According to the Ginzburg criterion [61], the mean field approach is sensible as long as the
fluctuations around the expectation value of the order parameter can be neglected with respect
to the expectation value itself. The relevant inequality reads in our case

< - - > = < > -m m
m m

m
m

m
m

m
mJ L J L J J L L L L , 475 5 5 5∣ ( )( ) ∣ ∣ ∣ ∣ ∣ ( )

where the angular parentheses denote the expectation value on the condensed vacuum t0C∣ ( )⟩
and the definition of Lμ has been used in the equality. The evaluation of < >m

mJ J5 5 is quite
involved and it is shown in some detail in the appendix B. To lowest order the inequality (47)
is, using equation (B3)

l
p

l
p

- - - - -L t Q Q Q Q Q Q L t1
2

9

2

9
2

2

4 UV
3

IR
3

UV IR

2

4 UV
2

IR
2 2 2( ) ( )( ) ( ) ( )

and then

l
p

l
p

- - - - -Q Q Q Q Q Q1
2

9

2

9
1. 48

2

4 UV
3

IR
3

UV IR

2

4 UV
2

IR
2 2( )( ) ( ) ( )

Neglecting QIR with respect to QUV, the condition is satisfied when

 p
l

Q
3

2
, 49UV

2
2

∣ ∣
( )

i.e. the mean field is more accurate the closer is the UV cutoff to saturating the bound
provided by equation (46). Interestingly the mean field theory is in a certain sense self-
regulating: the cutoff has to be just slightly below p

l
3

2

2

∣ ∣
in order for the mean field approach to

be reasonable.
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Notice that this has important consequences on the expectation value of equation (43). Con-
sidered that the numerator of equation (43) is (neglecting the infrared cutoff)- - l

p
Q1 2

3 UV
2

2( )∣ ∣ ,
the inequality (47) implies that the mean field is more accurate the smaller is the expectation value
L2(t). Still neglecting the infrared cutoff and denoting as D = - l

p
Q1 4

9 UV
42

4 we indeed find

µ - - D DL t 1 12
2

( ) , where the last approximate equality holds for Δ= 1, i.e. in the
region of validity of the mean field approach.

It is now appropriate to give some additional remarks about the UV and IR cutoffs. While
equation (46) gives a milder relationship between the UV cutoff and the coupling constant,
equation (49), which is the expression of the Ginzburg criterion, yields a much stronger
constraint. The first thing to notice is that the two are compatible, in that the constraint
provided by the requirement of small fluctuations sits at one of the extremes of equation (46).
If equation (46) gives a general limitation on the possibility of the condensate formation,
equation (49) tells that the condensate can be formed, and that further it can be well described
by mean field, exactly when the coupling constant and the UV cutoff are so related. Since the
coupling constant is to emerge from an underlying fundamental theory, it is really the UV
cutoff that is constrained by equation (49), and, as we will discuss in a moment, in a
reasonable way. When the source of the axial interaction is spacetime torsion, the coupling
constant is related to gravitational effects. For instance the prototypical Einstein–Cartan
theory exhibits a coupling constant l = - lP

3

8
2 , proportional to the square of the Planck

Length lP. Consequently the UV cutoff is required to be of order of the Planck Mass MP. This
isn’t truly a limitation, since quantum gravitational effects would emerge beyond, rendering
this low energy theory inadequate. The situation is similar if the interaction emerges from the
exchange of a boson. In this case the coupling is actually related to the (inverse squared) mass
of the carrier, say M, which then is required to be the UV cutoff by equation (49). Yet it is
clear that beyondM the low energy theory is to be replaced by the high energy renormalizable
theory, and that the contact interaction must emerge from integrating out all the degrees of
freedom above M. Once again, then, the cutoff imposed by the mean field is the natural UV
cutoff of the theory. If the interaction is originated by spacetime torsion, it is unclear whether
the coupling constant may actually be related to the mass of an exchanged particle. As
signalled by its dependency on the Planck length, the nature of such coupling constant is
presumably related to quantum gravitational effects. When fluctuations are as large as the vev,
i.e. when equation (49) doesn’t hold, this regime is by definition outside the validity of the
mean field, and other approaches are needed to deal with both non-linearity and large fluc-
tuations. Such regime is beyond the scope of the current work, which focuses on the infor-
mation that can be extracted already at the level of mean field, and may be explored in future
works. Finally, the IR cutoff does really emerge here as a consequence of the massless limit,
employed to simplify the treatment. In a theory of massive fermions, no need for an IR cutoff
arises, which is instead replaced by the fermion mass m.

3.2. Energy gap

From equation (43) we can easily compute the energy gap between the free vacuum 0∣ ⟩ and
the condensed vacuum t0C∣ ( )⟩. With reference to equation (5), we have

l l l= - + = +m
m m

m
m

m  L t J L t L t L t L t0 : : 0 2 0 0 , 500
5⟨ ∣ ∣ ⟩ ( )⟨ ∣ ∣ ⟩ ( ) ( ) ( ) ( ) ( )

where 0 is the kinetic zero point energy density, equating zero for the normal ordered (with
respect to 0∣ ⟩) Hamiltonian : :, and we have used =mJ0 0 05⟨ ∣ ∣ ⟩ . On the other hand
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l l l= - + = -m
m m

m
m

m



 

t t

L t t J t L t L t L t L t

0 : : 0

2 0 0 , 51
C C

KIN C C KIN
5

⟨ ( )∣ ∣ ( )⟩
( )⟨ ( )∣ ∣ ( )⟩ ( ) ( ) ( ) ( ) ( )

where we have used the definition of Lμ(t), and also in this case, the Hamiltonian is normal
ordered with respect to the free vacuum. At odds with the free vacuum 0∣ ⟩, the condensed
vacuum has a non-zero expectation value for the kinetic term KIN that can be computed
straightforwardly using equations (36) and (37). The result is, taking into account the
massless limit and L0= 0,

ò òå p
l
p

m
= Q d k

k
k

k2
sin

2

2
d . 52k

k
KIN

r
r

3
3

2
,

2

3
3

2

( ) ( )
∣ ∣

( )

Here the final equality holds to lowest order in λ (see appendix B). The integral can be
evaluated using the momentum cutoffs, yielding

l
p

= -
L t

Q Q
3

. 53KIN

2 2

2 UV
2

IR
2( ) ( ) ( )

Integrating over a volume V and taking the difference, we find the energy shift as

⎡
⎣

⎤
⎦

ò l

l
l
p

D = - = -

= + -

m
m  E x t t V V L t L t

V L Q Q

d 0 : : 0 0 : : 0 2

2 1
6

. 54

V
C C KIN

3

2
2 UV

2
IR
2

(⟨ ( )∣ ∣ ( )⟩ ⟨ ∣ ∣ ⟩) ( ) ( )

( ) ( )

This equation holds regardless of any condition on the cutoffs and/or the coupling constant.
Recalling that λ< 0 by hypothesis we can rewrite it as

⎡
⎣

⎤
⎦

l
l
p

D = - - -E V L Q Q2 1
6

. 552
2 UV

2
IR
2∣ ∣ ∣ ∣ ( ) ( )

In this form it is evident the balance between the (positive) kinetic and (negative) potential
energy in the spontaneously broken vacuum. For the condensed vacuum to be favored the
coupling must be smaller than the critical value |λc|:

l l
p

=
-


Q Q

6
. 56c

2

UV
2

IR
2

∣ ∣ ∣ ∣ ( )

Beyond |λc| the kinetic energy, going as λ2L2, overcomes the potential energy, rendering the
condensed vacuum unfavorable (and thus unstable).

In the range of validity of the mean field, however, we have additional conditions
regarding the coupling constant. Indeed, considering the limitations on the ultraviolet cutoff
of equation (49), neglecting the infrared cutoff and writing λ=− |λ|, we get

lD = -E V L
3

2
. 572∣ ∣ ( )

We can see that within these assumptions the condensed vacuum is therefore energetically
favoured with respect to the free vacuum. Notice that in this case l l<p

Q c
3

2

2

UV
2∣ ∣ ∣ ∣ as it

should be.

4. Discussions and conclusions

We discuss now some implications of the appearance of a non-trivial VEV of the axial
current, and then we draw the conclusions.
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In torsionful theories of gravity the axial current generates a new source term for the
Einstein field equations. In particular, in Einstein–Cartan, the field equations would read [50]:

p
l

- = +mn mn mn mn
r

rR g R GT g L L
1

2
8

3

64
. 58( )

Here Rμν, R are the Ricci tensor and scalar, gμν is the metric and Tμν the energy-momentum
tensor. It is worth noting that a similar term would arise also in f (R) theories including
torsion. The extra source term could be relevant cosmologically, eventually contributing to
the dark sector of the Universe and affecting the dynamics of the early universe. As an
example of the effects that fermion condensates may trigger, see [62]. The analysis on the
cosmological aspects of the vacuum axial current will be treated in a furthercoming paper.

Another immediate consequence of a non-zero expectation value for the axial current is the
breakdown of Lorentz symmetry [63, 64]. The spontaneous symmetry breaking which char-
acterizes the condensed vacuum does indeed spoil rotational symmetry, determining a preferred
spatial direction, thus breaking also the Lorenz invariance spontaneously. As it is the case for
other fermionic condensates [65], also discrete symmetries, and in particular CPT, may be vio-
lated by the VEV of the axial current. In fact the VEV implies, in particular, a different number of
right and left helicity fermions. In view of Sakharov’s conditions [66], the consensate might then
be relevant for baryogenesis, inducing the primordial matter-antimatter asymmetry.

The appearance of a spontaneous Lorentz violation unrestricted in space may seem bothering.
However this is the byproduct of our simplifying assumptions on the VEV of the axial current,
regarded as uniformly distributed in space. A more physically reasonable situation involves
expectation values confined to regions of space with finite extent. This possibility shall be
explored in future works, along with the appropriate generalization to curved space.

In conclusion, we studied the Dirac Lagrangian containing a quartic spin–spin interaction term,
adopting a mean field apprach. We have shown that the quantized Hamiltonian, once diagonalized,
leads to a new vacuum state, which is a condensed vacuum, energetically favored compared to the
free one. We have obtained a set of self-consistency equations, discussing the limits of validity of
the mean field, and computing the energy gap to leading order in the coupling. The condensed
vacuum features a non zero expectation value of the axial current. This new source of axial current
may have important implications, in particular for cosmologies that include torsion. The condensate
does indeed bring along a new source term for the Einstein field equations, that may contribute to
various degrees to the dark sector of the Universe. Even more important might be the role of the
condensate in the early universe, due to the spontaneous breakdown of Lorentz symmetry and the
induced violations of discrete symmetries. Finally, its effects may be in principle tested considering
appropriate configurations in graphene [44]. The analysis conducted here may be extended in
several directions, eventually lifting some of the simplifying assumptions made. Both statistical
considerations, regarding the phase transition to the consensed vacuum and the study of the theory
at finite temperature, and cosmological considerations, based on specific torsionful models, will be
the subject of future works.

Data availability statement

No new data were created or analyzed in this study.

Appendix A. Computation of the angular integrals

The purpose of this appendix is to compute the angular part ò òq f
p

-
d cos d

1

1

0

2
of the integrals

appearing in equation (40). The helicity eigenspinors can be written as
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The term linear in L(t) of equation (40) is proportional to m *k k( ( ˆ) )R . The x component for
instance reads
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The other components can be treated likewise, so to get
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The cubic terms are more involved, but they can be easily evaluated making use of
equation (A3). We quote the final results
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Appendix B. Vacuum fluctuations

In this appendix we show some of the details of the computation of < >m
mJ J5 5 . First, with

reference to equation (35), we write
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The expectation values can be computed by repeated application of equation (33). To
exemplify this, consider the first term of the above equation
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where we have omitted similar terms To proceed with the evaluation, we expand in powers of
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It is straightforward, although lengthy, to check that the orders λ0 and λ1 yield no
contribution. At order λ2, out of all the terms appearing in the sum only four survive. We give
below a detailed calculation of the first of such terms, namely
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Here the angles fj, θj are those defining the directions kĵ. We perform the d3k2 integral first in
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