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Abstract In this study, we extend the MIT bag model by
incorporating the vector interaction among quarks and intro-
ducing a density-dependent bag pressure. Then we proceed
to investigate the thermodynamic properties of strange quark
matter (SQM) and pure up-down quark matter (udQM) in
quark stars (QSs). Our findings demonstrate that the density
dependence of bag pressure B(nb) and the vector interac-
tion GV among quarks can significantly stiffen the equa-
tion of state (EOS) for both SQM and udQM which allows
for the description of massive compact stars such as those
observed in GW190814 and PSR J0740+6620 as plausible
candidates for QSs. Ultimately, we derived a series of mass–
radius relations of QS based on several combinations of (Bas ,
β). Our results support the hypothesis that HESS J1731-347
is a quark star.

1 Introduction

According to quantum chromodynamics (QCD) theory, the
deconfinement of quark matter is anticipated to occur at high
temperatures and high densities. At zero or low temperatures,
deconfined quark matter may exist in the core of massive
compact stars, such as neutron stars (NSs), where it becomes
energetically favorable over hadronic matter [1]. Moreover,
Bodmer and Witten proposed that ordinary matter, composed
of protons and neutrons, may only be meta-stable [2,3]. The
true ground state of strongly interacting matter would there-
fore consist of strange quark matter (SQM), which in turn
is composed of deconfined up, down, and strange quarks. If
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this is true, once the core of the star transitions to the quark
phase, the entire star will undergo a conversion into what is
known as a quark star (QS) in a short time [4].

During the past decades, many works have been done
on phenomenological models of strongly interacting mat-
ter have been done during the past decades [5–7], which
have traditionally involved a degree of model dependence.
From recent astronomical observations, massive pulsars
[8,9] (whose star mass is larger than 2 M�) have been
detected, which implies that the EOS of the star matter should
be very stiff. In 2021, the mass of PSR J0740 + 6620 which, as
the most massive precisely observed pulsar, has been updated
to 2.08 ± 0.07 M� [10–12]. In 2020, the LIGO/Virgo Collab-
orations declared that the mass of the secondary component
in the newly discovered compact binary merger GW190814
[13] could range from 2.50–2.67 M� at a 90% credible level.
This imposes stringent constraints on EOS of strongly inter-
acting matter, especially when considering the secondary
component of GW190814 as a candidate for a compact star.
The circumferential radius and gravitational mass of the com-
pact star in 4U 1702-429 are estimated as R = 12.4 ± 0.4
km and M = 1.9 ± 0.3 M� at 68% credible level, respec-
tively [14]. In a very recent study from Ref. [15], the authors
provide estimates for the radius and mass of the central com-
pact object within the supernova remnant HESS J1731-347
as R = 10.4+0.86

−0.78 km and M = 0.77+0.20
−0.17 M�, based on Gaia

observations. These estimates imply that this object is either
the lightest known neutron star or a quark star. Compact stars
typically encompass neutron star (NS), quark star (QS), and
hybrid star (HS). We can not rule out any of them on the basis
of our current observational constraints. If one considers the
supermassive compact stars as QSs, the observations may
rule out some of the conventional phenomenological models
of quark matter, whereas there still exist some other models
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which are able to reproduce massive QSs [16–20]. The pos-
sible existence of QSs is still one of the most important fields
of modern particle physics and astrophysics [21,22].

Some models have been used to approach the Bodmer
and Witten conjecture, the first of them being the original
MIT bag model [23,24]. MIT bag model has been exten-
sively developed to describe strange matter inside strange
stars in [25]. More sophisticated treatments for SQM, based
on the Nambu-Jona-Lasinio [26–28] and the quark-mass den-
sity dependent [29,30] models have also been used to this
same purpose. Regarding the original MIT bag model, it was
shown it is not able to reproduce massive stars. Some mod-
ifications have been made to address this limitation, includ-
ing the incorporation of a repulsive interaction [31–33]. This
modification aims to better describe the properties of mas-
sive NS detected in the last decade or so, and it is referred
to as the vector MIT (vMIT) bag model. It is well known
that the MIT bag model is characterized by the bag pressure
B which is actually the energy density difference between
the perturbative vacuum and the true vacuum [34,35]. From
Refs. [36,37], the bag constant, which plays a pivotal role
in providing the confinement of quarks at low density, is set
as B1/4 = 100 ∼ 300 MeV (B = 13.0 ∼ 1054.2 MeV
fm−3), while B1/4 ∼ 210 MeV (B ∼ 253 MeV fm−3) is
predicted by matching the EOS of MIT bag model to Lat-
tice QCD (LQCD) calculations [38,39]. Moreover, the bag
pressure is also constrained by the tidal deformability from
GW170817 observation as B1/4 = 134.1 ∼ 141.4 MeV (
B = 42.1 ∼ 52.0 MeV fm−3) and B1/4 = 126.1 ∼ 141.4
MeV ( B = 32.9 ∼ 52.0 MeV fm−3) for the low-spin case
and high-spin case within MIT bag model, respectively [40].
Ref. [41] employed altogether 20 compact star candidates to
constraint the values of B, gives an interesting result on the
range of the bag constant as 41.58 MeV fm−3 < B < 319.31
MeV fm−3. Regarding the bag pressure, there still exists con-
siderable uncertainty due to its model-dependent nature. One
way to make progress in this situation is to make the mod-
els more realistic. Taking the density dependence of B into
account is a step in that direction. The density dependence
of B can be seen analogously to the temperature-dependent
B, where the net inward pressure B must vanish as the tem-
perature rising which means there is no difference between
the true vacuum and perturbation vacuum.

In the present work, we use the vMIT bag model to
describe QSs while the effective bag pressure B is considered
to have density dependence, following a Gaussian distribu-
tion as in Refs. [42,43]. The Gaussian function to capture
the density dependence of bag pressure invokes the asymp-
totic behavior of the quarks at high densities, which may
significantly affect the the structural properties of QSs. In
our investigation, we aim to extend MIT model’s capacity to
predict the existence of QSs with large masses that align with
current astrophysical constraints by incorporating a density-

dependent bag pressure and the vector interaction among
quarks. We also want to study whether PSR J1731-347 is a
QS based on the vMIT bag model with a density-dependent
bag pressure.

This paper is organized in the following way. The frame-
work of vMIT bag model and the details to calculate the
properties of QSs are presented in Sect. 2. The effects of
density-dependent bag pressure are shown and discussed in
Sect. 3. Finally, the conclusions are provided in Sect. 4.

2 The theoretical formalism

2.1 Vector MIT model

The MIT bag model is employed to describe pure quark
matter where the quarks are confined within the “colorless”
region commonly referred to as the “bag” that corresponds
to an infinite potential. A key feature of this model is a spe-
cific bag constant which is often taken as a free parameter
whose value has a wide variation in literatures. However, it
is already known that the original MIT bag model with con-
stant bag pressure cannot satisfy the observational constraints
from massive pulsars in case of QSs [33] unless repulsive or
perturbative corrections are included.

In this work, we consider the vMIT bag model by includ-
ing the vector interaction with a vector meson of mass mV ,
which can be inferred from the ω meson from Quantum
Hadron Dynamics (QHD) [44]. The Lagrangian density of
vMIT bag model is expressed as follows:

LvMIT =
∑

i=u,d,s

[
ψ̄i

(
iγμ∂μ − mi − giiV γμV

μ
)
ψi

+1

2
m2

V VμV
μ − B

]
�(ψ̄iψi )

+
∑

l=e,μ

ψ̄l
(
iγμ∂μ − ml

)
ψl , (1)

where mi is the mass of the quark i of flavor u, d and s.
Here we use the current quark masses mu = md = 5.5
MeV and ms = 95 MeV in our calculations; ψi is the Dirac
quark field, B is the vacuum pressure, and �(ψ̄iψi ) is the
Heaviside step function to assure that the quarks are confined
within the bag. Leptons (e and μ) are added to account for
the β-equilibrium matter. The interaction among quarks is
mediated by the massive vector channel Vμ.

Regarding the introduction, we utilize density-dependent
bag pressure, as outlined in the Refs. [34,35]. The density
dependent bag pressure, which assumes finite values B0 at
nb = 0 and Bas at asymptotic density, is modeled by a Gaus-
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sian distribution as follows

B(nb) = B0 − (B0 − Bas)

[
1 − exp

(
−β

(
nb
n0

)2
)]

, (2)

where the parameter β governs the gradual decrease of B as
density increases. n0 is the nuclear matter saturation density
and we set n0 = 0.15 fm−3 in our calculation. We mainly
use B0 = 257.3 MeV fm−3, which is determined by match-
ing the mass and radius of free nucleons using MIT model
as described in Ref. [45]. Additionally, B0 = 136.6 MeV
fm−3 is also used for comparison to discuss the effects from
different initial pressures. It is worth mentioning that B0 rep-
resents the values at nb = 0, which is not very important for
QSs since they have a finite surface baryon density [46].

Then we can get the eigenvalue energy of quarks and the
equation of motion for the V field, respectively,

εi =
√
m2

i + k2 + giiV V0

−2β(B0 − Bas)
nb
3n2

0

exp

(
− β

(
nb
n0

)2)
, (3)

m2
V V0 =

∑

i=u,d,s

giiV 〈ψ̄iγ
0ψi 〉, (4)

where the term 〈ψ̄iγ
0ψi 〉 can be interpreted as the number

density ni for each i flavor of quarks. The potential of i quark
(i=u, d, s) is given by

μi =
√
kiF

2 + m2
i + giiV V0

−2β(B0 − Bas)
nb
3n2

0

exp
( − β(

nb
n0

)2). (5)

The total energy density and and pressure in quark matter are
calculated as follows:

ε =
∑

i=u,d,s

εiFG +
∑

l=e,μ

εlFG + 1

2
m2

V V
2
0 + B(nb), (6)

P =
∑

i=u,d,s

Pi
FG +

∑

l=e,μ

Pl
FG + 1

2
m2

V V
2
0 − B(nb)

−2β(B0 − Bas)
nb2

3n2
0

exp

(
− β

(
nb
n0

)2)
. (7)

Here εiFG and Pi
FG denote the Fermi gas contributions of

species i with a mass mi and degeneracy Ni ,

εiFG = Ni

∫ kiF

0

d3k

(2π)3

√
k2 + m2

i , (8)

Pi
FG = Ni

3

∫ kiF

0

d3k

(2π)3

k2
√
k2 + m2

i

. (9)

For the i-th flavor of quarks, the degeneracy Ni = 6, while for
the leptons Ni = 2. The energy per baryon can be obtained
by E/A = ε/nb.

In vMIT bag model, two important quantities XV and GV ,
as suggested in Ref. [33], are defined as,

XV = gssV
guuV

, GV =
(
guuV
mV

)2

. (10)

XV is related to the strength of the vector field with the s quark
in relation to u and d quarks. XV = 1.0 is commonly used in
Refs. [33,47,48] which can support a relatively massive QS.
GV is related to the absolute strength of the vector field which
is crucial for high density EOS of QSs, and there are very
few studies trying to constrain its absolute value [49]. Most
of the models just consider it as a free parameter [48,50]. The
commonly used values of GV are in the range of 0–0.5 fm2,
while some larger values are also used in the study [51,52].
In the present work, we use GV = 0.3 fm2 as a conservative
choice.

2.2 Quark Star

In the present work, Bas and β are treated as free parameters
to investigate their influences on the properties of QSs. The
Bodmer-Written conjecture posits that at high density, the
presence of strange quark turns the deconfined quark matter
into the true ground state of strong interaction by reducing
its binding energy. This conjecture can be succinctly summa-
rized as ensuring the binding energy of SQM is lower than
that of iron, while the binding energy of iron is lower than
that of udQM. By imposing these constraints, we can estab-
lish the stability window for the parameters Bas and β within
the framework of the vMIT model. This allows us to identify
the ranges of these parameters that ensure stable quark star
configurations.

QS comprises leptons (here we consider e and μ) and
quarks because of the necessary charge neutrality and β equi-
librium given by

ne + nμ = 1

3
(2nu − nd − ns), (11)

μd = μs = μu + μe; μe = μμ. (12)

To calculate the structures and tidal deformability of QSs,
we briefly introduce the relevant equations. To derive the
structural properties of QSs, one must solve the Tolman-
Oppenheimer-Volkov (TOV) equations,

dP

dr
= −[P(r) + ε(r)][M(r) + 4πr3P(r)]

r(r + 2GM(r))
, (13)

dM(r)

dr
= 4πr2ε(r). (14)
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Dimensionless tidal deformability is denoted as

� = 2

3
k2C

−5, (15)

where C = M/R is the compactness and k2 is the gravita-
tional Love number. Then we could get the maximum mass
of QSs numerically which is closely related to the speed
of sound. c2

s = ∂P(r)/∂ε(r) denotes the squared speed of
sound which could provide valuable insights into the micro-
scopic description of dense matter.

3 Results and discussion

In this section, we explore the properties of QSs using the
vMIT bag model, with a Gaussian distribution for the bag
pressure B(nb) following Eq. (2). There are mainly two key
parameters (Bas , β) govern the variations of bag pressure.
We start with concentrating on the density dependent sce-
nario of bag pressure. As mentioned in the previous section,
B0 = 257.3 MeV fm−3 is mainly used. In Fig. 1a, we show
the bag pressure as a function of nb at Bas = 40 MeV fm−3

with β = 0.2–1.9. As the parameter β increases, the asymp-
totic freedom gained by B(nb) is more earlier. Moreover,
when β exceeds 1.2, the influence of β becomes less signifi-
cant (specifically after nb surpasses 0.3 fm−3). For instance,
when β = 1.9, B(nb) approaches to the asymptotic freedom

Fig. 1 a Variation of bag pressure B(nb) with respect to density nb for
different β by fixing Bas = 40 MeV fm−3. b Variation of bag pressure
with density for different values of Bas fixing β = 0.5 and B0 = 257.3
MeV fm−3 for both panels

Fig. 2 Energy per baryon and pressure as functions of baryon num-
ber density based on the vMIT bag model with density dependent bag
pressure for different parameters combinations (Bas , β) when we set
B0 = 257.3 MeV fm−3 and GV = 0.3 fm2. The black solid line rep-
resents the results for udQM while the red dashed line represents for
SQM. The vertical dash-dot and the dash-dot-dot lines correspond to
the lowest energy point of the udQM and SQM, respectively. The purple
dotted line in a is the result for SQM in the case GV = 0 when using
(30, 0.45) and the same B0

at nb ≈ 0.3 fm−3, which indicates a very strong density
dependence of the bag pressure with β in vMIT bag model.
The Fig. 1b shows the results from Bas= 10–50 MeV fm−3

when fixing β = 0.5. We found that the decrease in B(nb)
occurs more rapidly as the value of Bas decreases. Bas has
a pronounced effect on B(nb), particularly when the baryon
density nb exceeds 0.3 fm−3. In summary, parameters (Bas ,
β) play significant roles at different density ranges in modu-
lating the behavior of B(nb).

In Fig. 2, we present the energy per baryon (E/A) and the
pressure (P) for both SQM and udQM as a function of baryon
number density (nb) with the vector coupling GV = 0.3
fm2. The black solid line represents the results for udQM
while the red dashed lines represent for SQM. According
to the Bodmer-Witten conjecture, if the true ground state
of strongly interacting matter consists of SQM, the abso-
lutely stable condition should be considered, which requires
the minimum energy per baryon of SQM or udQM should
be less or larger than the energy per baryon of the known
most stable nuclei E/A(56Fe) = 930 MeV. From Fig. 2, one
can see that the baryon density where the minimum energy
per baryon occurs corresponds exactly to the zero-pressure
point (which can also be considered as the surface density
of QSs) density across all cases, ensuring thermodynamic
self-consistency. In Fig. 2a, the minimum energy per baryon
for SQM is approximately 930 MeV, which is attributed to
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Fig. 3 The stable parameter space of Bas and β for two choices of GV (0 and 0.3 fm2) and B0 (257.3 and 136.6 MeV fm−3)

the fact that β = 0.45 represents the lower limit in the case
of Bas = 30 MeV fm−3 which can be understood in the
Fig. 3 that shows the absolutely stable window of (Bas , β).
As depicted in Fig. 2b, the minimum energy per baryon for
udQM is approximately 930 MeV which means the upper
limit of β for Bas = 30 MeV fm−3 is 1.05. Comparing the
left two panels, one can find that the minimum energy per
baryon of both SQM and udQM decreases with β, which
indicates that one can increase β from the lower limit case
(when the minimum energy of the SQM increases to 930
MeV) to upper limit case (when the minimum energy per
baryon of the udQM decreases to 930 MeV). Furthermore,
we find that the minimum energy per baryon of SQM with
GV = 0 is obviously less than the case when GV = 0.3 fm2

from Fig. 2a, which implies that the presence of vector inter-
action among quarks leads to a significant stiffening of EOS.
Comparing the right two panels, one can also find that the
energy per baryon for both SQM and udQM increases with
Bas when β is fixed. Compared to β, Bas has little effect on
the surface density of QSs, as can be clearly seen in Fig. 4.

The stability window for (Bas , β), based on the absolutely
stable condition in two scenarios, different GV and different
B0, is shown in Fig. 3. From the left panel, one can see that
the addition of vector interaction shifts the stability window
of (Bas , β) to the left and upward, while also narrowing
the stability region. This indicates that the strong interaction
among quarks will constrain the bag pressure to some extent.
As the value of B0 transitions from 257.3 to 136.6 MeV fm−3,
the stability region is significantly reduced. Furthermore, the
results show the existence of a distinct right boundary of
the ‘stability window’ in the parameter space (Bas , β). For
example, in the case with B0 = 257.3 MeV fm−3 (B0 =
136.6 MeV fm−3) and GV = 0.3fm2, the right boundary of
the stability window, namely the maximum value of Bas , is
58 MeV fm−3 (56 MeV fm−3).

Fig. 4 EOSs of QS matter with density-dependent bag pressure for
different parameter combinations (Bas , β)

In Fig. 4, we present the EOSs of QSs by systematically
varying Bas and β, which reside within the stability win-
dow. We examine the structural properties of QSs by varying
one parameter at a time and keeping the other one fixed.
We find that Bas does not affect the surface density of QSs
much, while the surface density obviously decreases with
increasing β. One can see that both Bas and β predomi-
nantly affect the EOS at the lower densities. Compared to
Bas , β exhibits a more pronounced effect on the EOS. It can
be speculated that within the stability window, β might be
the key parameter in determining the maximum mass of QS,
implying that variations in β could have a significant effect
on the structural properties of QSs. Combining with Fig. 1,
we find that as β increases, the density at which the curve of
B(nb) approaches the asymptotic freedom, gets closer to the
surface density, meaning that it approaches a constant bag
pressure. For example, for β = 1.9 and Bas = 40 MeV fm−3,
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Fig. 5 Mass–radius relations of QSs based on vMIT bag model with
varying parameters Bas and β within the stability window. All the results
are obtained under the conditions B0 = 257.3 MeV fm−3 andGV = 0.3
fm2. The orange shaded area is the constraint from HESS J1731-347
[15,58] with 68% credible level, while the constraints from 4U 1702-
429 [14] and PSR J0437-4751 [59] are also shown for comparison.

Observational limits imposed from PSR J0740+6620 on maximum mass
and radius [11,12] are also indicated. The simultaneous measurement
of the mass and radius for PSR J0030+0451 by NICER with 68% and
95% confidence intervals are also shown [60]. The mass constraint from
GW190814 [13] is depicted by the pink horizontal bar

the density at which B(nb) decreases to Bas is around 0.3
fm−3 as depicted in Fig. 1, while the surface density is 0.275
fm−3. This is why we do not recommend larger values of β.
In the following calculations, we use β = 2.0 as the upper
limit value.

With the stability window in mind, we can study the
masses and radius of QSs for every combination of parame-
ters (Bas , β). It should be noted that all EOSs used as input
data to solve the TOV equations satisfy the causality condi-
tion, c2

s < 1, ensuring that the speed of sound does not exceed
the speed of light. In Fig. 5, we present a series of EOSs
based on the vMIT bag model under the case B0 = 257.3
MeV fm−3 and GV = 0.3 fm2. The red dash-dot line rep-
resents the results corresponding to the lower limit of β,
while the black solid line corresponds to the upper limit
of β and the green dotted line reflects the minimum value
of β which could satisfy the constraints from HESS J1731-
347. For example, in Fig. 5a, β = 0.3 (red dash-dot line)
is the lower limit which implies the energy per baryon of
udQM decreases to 930 MeV, while β = 0.6 (black solid
line) is the upper limit, which corresponds that the energy

per baryon of SQM increases to 930 MeV. We find that not
all the parameters recommended based on the absolute stable
condition can satisfy the constraint from HESS J1731-347.
For example, the M-R curve cannot pass through the region
of HESS J1731-347 until β exceeds 0.7 for the case Bas = 30
MeV fm−3. For a moderate value of Bas , there is consider-
able parameter space in selecting β to support the hypothesis
that HESS J1731-347 is a QS. Similar hypotheses have been
reported in Refs. [53–57]. Additionally, we find that the M-R
curve satisfies the constraints from 4U 1702-429, PSR J0437-
4751 and PSR J0740+6620, provided that it intersects with
the HESS J1731-347 constraint. In other words, if HESS
J1731-347 is confirmed to be a QS, then 4U 1702-429, PSR
J0437-4751, and PSR J0740+6620 are also likely to be QSs.
It is important to emphasize that this conclusion is model-
dependent and requires validation through additional models.
The maximum mass of QSs increases with β and is larger
than 2.4 M�, which indicates that we can employ the vMIT
bag model with density-dependent bag pressure to describe
extremely massive QSs by varying Bas and β. Moreover,
we demonstrate that the mass–radius relation predicted by
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Table 1 QS main properties for different values of Bas and β. ns represents the surface density of the QS, while nc and εc denote the central
density and the central energy density, respectively

GV B0 Bas β ns nc εc Mmax Rmax R1.4 �1.4

(fm2) (MeV fm−3) (MeV fm−3) (fm−3) (fm−3) (MeV fm−3) (M�) (km) (km)

0.3 257.3 10 0.30 0.52 0.91 820.7 2.47 10.96 9.73 30.9

10 0.60 0.40 0.70 735.3 2.90 12.96 10.77 57.6

0.3 257.3 20 0.35 0.49 0.89 1062.9 2.47 11.07 9.85 28.6

20 0.60 0.40 0.73 795.9 2.76 12.53 10.69 48.2

20 0.70 0.38 0.73 795.9 2.84 12.90 10.97 55.0

20 0.75 0.37 0.69 745.3 2.88 13.13 11.10 57.1

30 0.45 0.44 0.83 975.1 2.50 11.38 10.09 39.0

30 0.60 0.40 0.77 846.1 2.63 12.06 10.54 45.2

0.3 257.3 30 0.70 0.38 0.76 856.1 2.69 12.39 10.78 48.6

30 0.80 0.36 0.72 795.8 2.75 12.73 11.00 55.4

30 1.05 0.32 0.68 734.9 2.86 13.37 11.46 64.3

40 0.60 0.39 0.81 945.7 2.50 11.61 10.35 40.1

40 0.70 0.37 0.79 906.0 2.56 11.91 10.61 44.9

0.3 257.3 40 0.80 0.35 0.76 866.1 2.60 12.18 10.78 50.3

40 1.20 0.30 0.69 765.3 2.71 12.94 11.39 65.8

40 1.90 0.25 0.67 724.4 2.79 13.57 12.05 91.9

0.3 257.3 58 1.50 0.28 0.81 959.7 2.43 11.81 11.24 66.1

58 1.80 0.26 0.80 959.7 2.43 11.92 11.26 68.7

58 1.90 0.26 0.80 959.7 2.44 11.94 11.27 69.0

58 2.00 0.26 0.80 959.7 2.44 11.94 11.28 72.9

0.3 136.6 30 0.80 0.30 0.76 856.1 2.82 13.08 11.51 72.5

Fig. 6 Mass–radius relations under different values of Bas and B0

the vMIT bag model with density-dependent bag pressure
intersects with the observation-constrained mass region of
GW190814, which indicates that the secondary component
of GW190814 is probably to be a QS.

The main properties of QSs corresponding to the Fig. 5 are
summarized in Table 1. One can observe that the maximum
mass of QSs increases with increasing β and decreasing Bas .
This can be explained from the Fig. 1, B(nb) descends more
steeply with larger β and smaller Bas . The EOS becomes
more stiffer with faster declined B(nb). The maximum value
of QSs (Mmax ≈ 2.90 M�) is achieved under the conditions
GV = 0.3 fm2, Bas = 10 MeV fm−3 and β = 0.60. Based
on the vMIT bag model with density-dependent bag pres-
sure, this configuration supports a QS with a mass heavier
than approximately 2.40 M�. Furthermore, the results also
indicate that the central baryon density of the maximum mass
of QSs decreases with the increment of the star mass, which
is consistent with the conclusion from Ref. [20]. A smaller B0

leads to a lower surface density and a higher central baryon
density, which explains why it supports a more massive QS
as depicted in Fig. 6. When Bas reaches its upper limit of 58
MeV fm−3, the structural properties of QSs show only minor
variations.
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Fig. 7 Dimensionless tidal
deformability as a function of
the gravitational mass for
different parameter
combinations (Bas , β). All the
results are under the case when
B0 = 257.3 MeV fm−3 and
GV = 0.3 fm2. The red vertical
line is the constraint �1.4 < 800
at the 90% confidence level
from GW170817 [64]

Fig. 8 The speed of sound as a function of the baryon number density

We explored the effects of varying Bas and B0 on the
mass–radius relations in Fig. 6. We observe that as Bas or
B0 decreases, the maximum mass of QSs increases. This can
be easily understood from Eq. (7), where the EOS becomes
stiffer with a smaller B0 which contributes to the formation of
more massive QSs. In the case of β = 0.7, one can find that
it does not satisfy the constraint imposed by HESS J1731-
347 but still within the constraints from 4U 1702-429 and
PSR J0437-4751 when Bas > 30 MeV fm−3. It is important
to highlight that the maximum mass of QSs is lower than
1.3 M� when employing the original MIT bag model with
a constant bag pressure B = B0 = 257.3 MeV fm−3. The
density dependence of bag pressure can significantly stiffen
the EOS of QSs. For instance, with B0 = 257.3 MeV fm−3,
the maximum mass of QSs ranges from 1.7 to 2.0 M� when
using various combinations of parameters (Bas , β) within the
stability window. Furthermore, the addition of vector inter-
action among quarks can increase the maximum mass of QSs

by ∼ 0.5 M� as the interaction strength varies from 0 to 0.3
fm2.

In Fig. 7, we present the tidal deformability of QSs for dif-
ferent combinations (Bas , β) when fixing B0 = 257.3 MeV
fm−3 and GV = 0.3 fm2. One can find that the parame-
ters Bas and β have a influence on the tidal deformability
of QSs predominantly in the lower mass regime. This effect
becomes negligible when the mass of the QS surpasses 1.6
M�, which indicates the effects from the density dependence
of bag pressure B(nb) mainly at lower density. If the canon-
ical star faced as a QS, it would exhibit a very small tidal
deformability (30 < �1.4 < 100) based on the vMIT bag
model, as indicated in Table 1. This is basically outside the
constraint 70 < �1.4 < 580 [61]. A similar result was also
reported in Ref. [62].

The speed of sound varying with baryon density for dif-
ferent combinations (Bas , β) is shown in Fig. 8. One can see
that B0 and β primarily influence the speed of sound at the
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Fig. 9 Similar to Fig. 8 but for γ

initial stages of baryon density, which can be attributed to
the variation of B(nb) as shown in Fig. 1. Furthermore, we
found a larger value of β leads to a smaller density associ-
ated with the minimum of the speed of sound. The influence
of Bas = 30 and 40 MeV fm−3 is subtle in Fig. 8, although
its effect becomes significant in Fig. 9. Based on the vMIT
bag model with a density dependent bag pressure, the con-
tribution to stiffness of EOS is composed of three parts: the
quark degeneracy and Fermi kinetic energy, vector interac-
tion potential and bag pressure. At high densities, the first
part tends towards the conformal limit, while the second part
deviates from the conformal limit (gradually increasing). The
first two parts both increase with density. On the other hand,
the contribution of B(nb) decreases with increasing density
and is significant at low densities (indeed, the change in EOS
is more pronounced at low densities). Therefore, the quark
confinement, driven by a density dependent bag pressure,
appears to manifest primarily as a surface effect rather than
an internal interaction.

The polytropic index γ is also used as a criterion for deter-
mining the stellar matter’s inner composition. The γ is math-
ematically expressed as

γ = ∂ln P

∂ln ε
, (16)

and uses the EOS as its input. For matter with exact confor-
mal symmetry, matter without intrinsic scales, γ = 1, where
the energy density and pressure become proportional to each
other which leads to γ = 1. In Fig. 9, we show γ as a func-
tion of nb. The graph shows a steady decrease of γ with
nb in all cases which slowly approaches the minimum value
of 1.12. The same results are obtained within the DDQM
(Density-Dependent Quark Mass Model) [63]. It is observed
that γ exhibits a decreasing trend as increasing β, whereas γ

increases with higher values of Bas and B0. The Figs. 5 and

6 indicate that the maximum mass of QSs increases with β

while decreasing with Bas and B0, which help us conclude
that the polytropic index γ increases with the decrement of
the maximum mass of QSs.

4 Conclusions

In this study, we developed the vMIT bag model by incorpo-
rating a density-dependent bag pressure where the Gaussian
distribution was used to investigate the properties of QSs.
There are mainly two key parameters (Bas , β), which control
the density-dependence of the bag pressure. At low densities,
the bag pressure is mainly controlled by β while at high den-
sities is primarily affected by Bas . The energy per baryon
and the pressure for both SQM and udQM were presented in
the Fig. 2. One can see that Bas exhibits a direct correlation
with the energy per baryon but has minimal impact on the
surface density, whereas β shows an inverse correlation with
the energy per baryon. The surface density is primarily con-
trolled by β and B0, as illustrated in Fig. 4 and Table 1. Then
we presented the stability window of parameters (Bas , β) in
Fig. 3 based on the absolutely stable condition. We found
that there is a distinct boundary of stability region, which the
maximum value of Bas ≈ 58 MeV fm−3 (56 MeV fm−3) for
the case B0 = 257.3 MeV fm−3 (B0 = 136.6 MeV fm−3)
with GV = 0.3 fm2. The vector interaction tends to shift the
stability window to upward and to the left, while narrowing
the stability window. In Fig. 5, we present a series of mass–
radius relations. There are numerous parameters (Bas , β)
can simultaneously fulfill the astrophysical constraints while
keeping the thermodynamic self-consistency. Furthermore,
our analysis indicates that if HESS J1731-347 is confirmed
to be a QS, then 4U 1702-429, PSR J0437-4751, and PSR
J0740+6620, are also likely to be QSs. The results show that
massive QSs prefer a larger β and smaller values of Bas and
B0. The maximum value of QSs is ≈ 2.9 M� in the case
GV = 0.3 fm2 with Bas = 10 MeV fm−3 and β = 0.6.
Furthermore, we inferred that based on the vMIT bad model
with a density dependent bag pressure, it supported a mas-
sive QS heavier than ∼ 2.40 M�. To complete our analyses,
we calculated the tidal deformability of QSs. We found that
the canonical star (with 1.4 M�), if faced as a QS, presents
a very small tidal deformability (�1.4 < 100). As we found
in Fig. 8, the variation of the speed of sound is mainly con-
trolled by the density dependence of bag pressure B(nb). The
effects of B0 are mainly observed at low density ranges, and
a larger value of β leads to a smaller density associated with
the minimum of the speed of sound. Finally, we studied the
polytropic index γ and presented our results in Fig. 9. The
effect of Bas on the EOS of QSs is amplified when displayed
in the context of γ , although it is indistinguishable in the
speed of sound. Our results show that the polytropic index
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of QS matter increases with the decrement of the maximum
mass of QSs.
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