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Around the nuclear Fermi momentum, there is a transition of nucleon momentum distribution n(k) in 
nuclear matter, i.e., from a constant to the 1/k4 nucleon momentum distribution. While nowadays the 
transition momentum of minority in asymmetric matter is rarely studied and thus undetermined. In the 
framework of the IBUU transport model, proton transition momentum in nuclei is first studied. It is 
found that the transition momentum of proton is sensitive to the π−/π+ ratio as well as the energetic 
photon production in neutron-rich nuclear reaction. This result may push the study of how the proton 
momentum is distributed in neutron-rich matter forward and help us to better understand the dynamics 
of both neutron-rich nuclear reactions and neutron stars.

© 2017 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
In recent two years, the study of nuclear short-range correla-
tions attracts much attention [1–6]. It has been shown that about 
20% nucleons in nuclei are correlated [7–9]. Because of the nucleon 
short-range interactions [10,11], nucleons in nuclei can form pairs 
with larger relative momenta and smaller center-of-mass momenta 
[12,13]. The nucleon short-range correlations (SRC) in nuclei cause 
a high-momentum tail (HMT) in single-nucleon momentum distri-
bution above the Fermi-momentum [14–18]. And the HMT shape 
caused by two-nucleon SRC is almost identical for all nuclei from 
deuteron to very heavier nuclei [19–22], i.e., roughly exhibits a 
1/k4 tail [23–26]. And in the HMT, the number of neutron–proton 
correlated pairs is about 18 times that of the proton–proton or 
neutron–neutron correlated pairs [9].

Proton transition momentum, i.e., the starting point of proton 
1/k4 momentum distribution in neutron-rich matter directly af-
fects proton average kinetic energy in nuclear matter, thus affects 
the dynamics of neutron-rich nuclear reactions and the dynamics 
of neutron stars, such as the cooling of a Neutron Star, the super-
fluidity of protons [27], etc. While for neutron-rich matter, it is not 
straightforward to determine the transition momentum of proton. 
One general considers that below the Fermi momentum, proton or 
neutron have independent movements while above their respective 
Fermi momenta, i.e., kF p , kFn , they respectively have 1/k4 distri-
butions starting from their respective Fermi momenta. This naive 
opinion, however, is not consistent with the correlation picture 
of neutron–proton pair [23]. The correlated neutron and proton 
should have almost the same momentum whether in symmetric 
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or in asymmetric matter. In asymmetric matter or neutron matter, 
such as the neutron stars, neutron and proton may have very dif-
ferent Fermi momenta. If each correlated neutron and proton have 
1/k4 distributions starting from their respective Fermi momenta, 
then the correlated neutron and proton would have very different 
momenta. This point evidently contradicts the thought of the n–p 
dominance model [23].

In neutron-rich matter, because protons become more promi-
nent at high momenta as their concentration decreases [28], the 
starting momentum of minority 1/k4 distribution should be not 
the minority Fermi momentum. Because the minority Fermi mo-
mentum would become very small in magnitude if proton concen-
tration decreases sharply. Apart from its own Fermi momentum, 
the left case is using the majority Fermi momentum as the start-
ing momentum of minority 1/k4 distribution. For very asymmetric 
nuclear matter, it is hard to obtain the minority transition mo-
mentum from microscopic theory. The ladder self-consistent Green 
function approach could not get the nucleon momentum distribu-
tion at Zero temperature [16] and the Brueckner theory with a 
microscopic Three-body force gives a noncontinuous nucleon mo-
mentum distribution [29]. That is to say, the microscopic theory 
can not answer the question of minority transition momentum in 
asymmetric matter, especially in the neutron matter. However, the 
minority transition momentum could be checked by nuclear exper-
iments with unequal numbers of proton and neutron.

One way to check the starting point of proton 1/k4 distribution, 
i.e., whether the HMT starts from proton Fermi momentum or from 
the correlated majority Fermi momentum, is using heavy-ion col-
lisions with neutron-rich nuclei. In nucleus–nucleus collisions at 
intermediate energies, different proton energies may cause the dif-
under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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ference of meson or photon productions in the final stage. In this 
study, it is found that charged pion ratio or hard photon produc-
tion in neutron-rich nuclear reactions are sensitive to the corre-
lated proton momentum, thus can be used to probe the starting 
point of proton 1/k4 distribution.

In the used Isospin-dependent Boltzmann–Uehling–Uhlenbeck 
(IBUU) transport model, neutron and proton initial density dis-
tributions in nuclei are given by the Skyrme–Hartree–Fock with 
Skyrme M∗ force parameters [30]. Nucleon momentum distribution 
with high-momentum tail reaching about 2.75 times local Fermi 
momentum is adopted [25]. Since for medium and heavy nuclei 
there is a rough 20% depletion of nucleon distributed in the Fermi 
sea [9,23], I let nucleon momentum distributions in nuclear matter 
piece of nuclei

n(k) =
{

C1, k ≤ kF ;

C2/k4, kF < k < kmax
(1)

with normalization condition

kmax∫
0

n(k)k2dk = 1 (2)

and keep 20% fraction of total nucleons in the HMT

kmax∫
kF

nH MT (k)k2dk

/ kmax∫
0

n(k)k2dk = 20%. (3)

In the n–p dominance picture [23,31], one needs to keep the same 
numbers of neutrons and protons in the HMT, thus

nH MT
p (k)/nH MT

n (k) = ρn/ρp . (4)

In the above equations, kF is nuclear Fermi momentum. δ denotes 
the local asymmetry (ρn − ρp)/ρ , ρn and ρp are, respectively, lo-
cal neutron and proton densities. The parameters C1 and C2 in 
Eq. (1) can be automatically determined from the above equa-
tions. The n–p dominance picture causes the inverse proportional-
ity of the strength of the high-momentum distribution of protons 
and neutrons in neutron-rich matter, i.e., compared with majority 
neutrons, minority protons have larger probability with momenta 
greater than the Fermi momentum [31]. This phenomenon has 
been confirmed by the recent experiments [23]. By using the lo-
cal Thomas–Fermi relation

kFn,p (r) = [3π2h̄3ρ(r)n,p] 1
3 , (5)

nucleon momentum distribution in nuclei is given by

nn,p(k) = 1

N, Z

rmax∫
0

d3rρn,p(r) · n(k,kF (r)), (6)

with N and Z being the total numbers of neutrons and protons in 
nuclei. In Fig. 1, nucleon momentum distribution of 48Ca is plot-
ted. It is clearly seen that there is a HMT above the nuclear Fermi 
momentum. Proton has greater probability than neutron to have 
momenta greater than the nuclear Fermi momentum. While com-
pared case A with case B, it is seen that with the starting point 
of majority Fermi momentum, proton has even more greater prob-
ability to have high momenta. This consequence may affect the 
dynamics of heavy-ion collisions at intermediate energies.

In the study, the isospin- and momentum-dependent single nu-
cleon potential is used [5,32], i.e.,
Fig. 1. (Color online.) Momentum distribution n(k) of nucleon with different start-
ing points of proton 1/k4 distribution in nucleus 48Ca with normalization condition ∫ kmax

0 n(k)k2dk = 1. Case A stands for the HMT starting point of minority proton is 
its own Fermi-momentum while Case B starts the HMT of proton from majority 
neutron Fermi-momentum.

U (ρ, δ, �p, τ ) = Au(x)
ρτ ′

ρ0
+ Al(x)

ρτ

ρ0

+B(
ρ

ρ0
)σ (1 − xδ2) − 8xτ

B

σ + 1

ρσ−1

ρσ
0

δρτ ′

+2Cτ ,τ

ρ0

∫
d3 �p′ fτ (�r, �p′)

1 + (�p − �p′)2/�2

+2Cτ ,τ ′

ρ0

∫
d3 �p′ fτ ′(�r, �p′)

1 + (�p − �p′)2/�2
, (7)

where ρ0 denotes saturation density, τ , τ ′ = 1/2(−1/2) for neu-
tron (proton). And for nucleon–nucleon collisions, the isospin-
dependent reduced nucleon–nucleon scattering cross section in 
medium is used. More details about the above single nucleon 
potential and baryon–baryon cross section can be found in Refs. 
[4,5]. In the model, the details on pion production through 
N N � N� and � � Nπ processes can be found in Ref. [33]. The 
probability of energetic photon production from neutron–proton 
bremsstrahlung is given by the one boson exchange model [3,4,34]

pγ ≡ dN

dεγ
= 2.1 × 10−6 (1 − y2)α

y
, (8)

where y = εγ /Emax , α = 0.7319 − 0.5898βi , εγ is energy of emit-
ting photon, Emax is the energy available in the center of mass of 
the colliding proton–neutron pairs, βi is the initial velocity of the 
proton in the proton–neutron center of mass frame.

Since the starting momentum of the HMT of proton momentum 
distribution is different as shown in Fig. 1, there should be a dif-
ference of the proton average kinetic energy with different starting 
momenta of the HMT of proton. Fig. 2 shows the nucleon aver-
age kinetic energy changes with different starting momenta of the 
HMT. Because with case A and case B, the starting momentum of 
majority in the HMT is unchanged, one sees neutron kinetic en-
ergy almost keeps unchanged. While for proton, its average kinetic 
energy increases evidently, especially in large asymmetric matter. 
Compared panel (a) with panel (b), it is clearly shown that, due 
to the small number of correlated neutron–proton pairs in more 
asymmetric matter, the neutron average kinetic energy decreases 
evidently in more neutron-rich matter.

In neutron star matter, the proton proportion xp is less than 
10%, it is thus deduced that the proton kinetic energy would have 
very large difference with different starting momenta in the HMT 
of proton. The large uncertainty of proton kinetic energy in neu-
tron star matter would have evident influence on the dynamics of 
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Fig. 2. (Color online.) Average kinetic energy of nucleon with different starting 
points of the HMT. The starting point of the HMT from their respective Fermi mo-
mentum is shown with A, while both start from the majority Fermi momentum is 
shown with B. Panel (a) is for the case of normal density nuclear matter with pro-
ton proportion xp = 39.4% while panel (b) is for the case of normal density nuclear 
matter with proton proportion xp = 19.7%.

Fig. 3. (Color online.) The ratio of π−/π+ in 132Sn + 124Sn reactions at 300 MeV/
nucleon incident beam energy with different proton starting momenta in the HMT. 
θcm is polar angle relative to the incident beam direction. The inserted figure shows 
corresponding numbers of π− and π+ .

neutron stars [27], such as the cooling of a Neutron Star, the su-
perfluidity of protons, the isospin locking and the stiffness of the 
equation of state of the neutron stars, etc. Different distributions of 
the proton kinetic energy in nuclei would also affect the dynamics 
of nuclear reactions.

The change of proton average kinetic energy compared with 
neutron shown in Fig. 2 with different starting momenta of the 
1/k4 momentum distribution causes an evident difference of pro-
ton and neutron average kinetic energies. The value E p

kin − En
kin

changes from about −2 to 2 MeV in matter with xp = 39.4% and 
the difference changes more evidently in more neutron-rich matter 
with xp = 19.7%. The change of E p

kin − En
kin should affect the dy-

namics of pion production in heavy-ion collisions at intermediate 
energies, especially the value of the π−/π+ ratio in neutron-rich 
reactions. In heavy-ion collisions at intermediate energies, π− is 
mainly from neutron–neutron collision and π+ is mainly from 
proton–proton collision. And more π ’s are produced with the in-
crease of nucleon–nucleon collision energy. Therefore, the evident 
change of E p

kin − En
kin with different starting points of the HMT 

should affect the π−/π+ ratio in neutron-rich reactions.
Since related pion measurements in 132Sn + 124Sn at 300 MeV/

nucleon incident beam energy are ongoing at Radioactive Isotope 
Beam Facility (RIBF) at RIKEN in Japan [35,36], I thus use this re-
action as an example to show how the π−/π+ ratio is affected by 
the starting point of the HMT in colliding nuclei. Fig. 3 shows the 
ratio of π−/π+ in 132Sn + 124Sn reactions at 300 MeV/nucleon 
incident beam energy with different proton starting momenta in 
the HMT. As expected, there is a clear decrease of the value of 
π−/π+ ratio when changing the starting momentum of proton in 
the HMT from the proton Fermi momentum to the majority neu-
Fig. 4. (Color online.) Top: Hard photon production in 48Ca + 124Sn reactions at 
45 MeV/nucleon in central and peripheral collisions with different starting mo-
menta of proton in the HMT. Bottom: Same as top panel, but for 40Ca + 100Sn.

tron Fermi momentum. The effect reaches nearly 20%. From the 
inserted figure, it is shown that such effect is mainly caused by 
the π+ production. Therefore, the π−/π+ ratio in heavy-ion col-
lisions at intermediate energies could be a probe of the starting 
momentum of the HMT of proton in neutron-rich matter.

The hadron probe π−/π+ ratio may have stronger final-state 
interactions with other surrounding nuclear matter. While the 
electromagnetic probe, such as hard photon, has nearly no final-
state interactions with other surrounding hadronic matter after it 
produces in heavy-ion collisions. I thus in this study try to see if 
the hard photon production can be used to probe the starting mo-
mentum of proton in the HMT. The top panel of Fig. 4 shows the 
hard photon production in 48Ca + 124Sn reactions at 45 MeV/nu-
cleon in central and peripheral collisions with different starting 
momenta of proton in the HMT. Because there is an increase of 
proton average kinetic energy when changing the starting momen-
tum from the proton Fermi momentum to the majority neutron 
Fermi momentum, one sees more energetic photons are produced 
in 48Ca + 124Sn reactions at 45 MeV/nucleon, especially for periph-
eral collisions of neutron-rich nuclei. In more neutron-rich matter, 
the majority Fermi momentum becomes more larger than the mi-
nority. Thus changing the starting momentum of minority in the 
HMT to the majority’s Fermi momentum would cause a larger in-
crease of minority’s kinetic energy. While for heavy-ion collisions 
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Fig. 5. (Color online.) The ratio of hard photon productions in neutron-rich and 
neutron-deficient reactions at incident beam energy of 45 MeV/nucleon in central 
and peripheral collisions with different starting momenta of proton in the HMT.

with equal numbers of neutron and proton, it is expected that the 
effect of changing starting point in the HMT would disappear. The 
bottom panel of Fig. 4 shows the hard photon production in 40Ca 
+ 100Sn reactions at 45 MeV/nucleon in central and peripheral col-
lisions with different starting momenta of proton in the HMT. It is 
clearly seen that changing the starting point of proton in the HMT 
has no effects on the energetic photon production.

To see more clearly the effects of different starting momenta of 
proton in the HMT on the energetic photon production, as shown 
in Fig. 5, I made a ratio of hard photon productions in neutron-rich 
and neutron-deficient reactions with different starting momenta of 
proton in the HMT. The ratio of energetic photon productions in 
neutron-rich and neutron-deficient reactions can not only reduce 
some theoretical systematic errors [37], but also clearly demon-
strate the effects of different starting momenta of proton in the 
HMT on the energetic photon production. From Fig. 5, it is seen 
that the ratio of energetic photon production, especially in periph-
eral collisions, is sensitive to the choice of starting momentum of 
proton in the HMT.

In np-SRC dominance picture, it is in argument that how the 
transition momentum of minority from mean-field momentum 
distribution to correlated momentum distribution is determined in 
asymmetric nuclear matter. Based on the nuclear transport model, 
it is found that the π−/π+ ratio and the energetic photon pro-
duction in neutron-rich nuclear reactions at intermediate energies 
can probe the proton transition momentum in neutron-rich matter. 
These studies may help us to understand the proton momentum 
distribution in asymmetric matter which have implications in both 
nuclear physics and astrophysics.
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