SPONTANEOUS BREAKDOWN OF CONFORMAL AND

CHIRAL INVARIANCE

Thesis by

Rodney James Crewther

In Partial Fulfillment of the Requirements
for the Degree of

Doctor of Philosophy

California Institute of Technology
Pasadena, California
1971

(Submitted May 28, 1971) .



—ii-
ACKNOWLEDGMENTS

it has been the author's pleasure and privilege to have worked
for Professor Murray Gell~-Mann, whose stimulating remarks ha\.re
been invaluable in the course of this investigation. I wish to record
my appreciation and thanks for his guidance,

I thank Professors P. Carruthers, B. W. Lee and K. Wilson,
who in numerous conversations have enriched my understanding of -
broken scale invariance. Remarks by members of the high~energy
group at Caltech have been very helpful.

For financial support, the author is indebted to the
H. Dudley Wright Researnch Foundation, the ARCS Foundation, the
U.S. Atomic Energy Commission, the Institute of International

Education, and the California Institute of Technology.



~iii-

ABSTRACT

We discuss the implications of a theory in which scale and
chiral invariance are spéntaneously broken, and the dilaton & appears
as a mixture of the two isoscalar members of the scalar nonet. From
standard assumptions for the conformal properties of the axial-vector
current, we predict the ratio of the enw and ¢NN coupling constants,
and test the hypothesis of f-dominance. At first, we neglect the ef-
fects of scale violation., Then, the calculated width of the dilaton,

1“0_, appears to exceed the limit given by the Adler-Weisberger sum
rule for 7T scattering, while f-dominance seems to work. Using
the method of collinear dispersion relations, we estimate scale-
breéking effects, which are found. to be large. In the real world, our
result for I“T agrees with other expectations, both experimental and
theoretical. However, the spin-2 gravitational radius of the pion is
found to be double the prediction of f~dominance. This is consistent
with experimental indications that f-dominance fails. We discuss
meson-baryon scattering and its relation to parameters measuring the
breaking of chiral symmetry in the energy density. Our interpretation
of a recent result of Cheng and Dashen is that scalé invariance is
spontaneously broken, and chiral SU(2) x SU(2) is a much better
summetry than SU(3). By requiring cbnsistency‘\%rith a sum rule of
von Hippel and Kim, we find that data for #N scattering are not

consistent with the dimension of the chiral-violating scalar being -1.
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I. HISTORY AND PHILOSOPHY OF BROKEN SCALE INVARIANCE

The investigation of scale and conformal transformation's
and. the associated quantum number, dimension, began in 1910,
However, only in the last two or three years has this subject
received widespread attention. After noting the main historical
developments, we discuss the modern theory of broken scale
invariance, which forms an important extension of current algebra.
The chapter concludes with some introductory remarks about our
investigation and its relation to other aspects of the theory.
Elementary technical remarks which complement the main text can

be found in Appendix A.

I.1. Role of the Stress-Energy Tensor

There is an elementary rule, known to all students of Physics,
which states that all equations should balance dimensionally. Adopting
the natural units A= 1, ¢ = 1, the only independent dimensional unit
is that of length, L; it has the same dimensions as time and mass.
The Schrédinger wave function Y¥(x) has the dimensional character
L-3/2, since F d3x‘y* ¥ is a probability. In the Schrddinger equation

v

for a hydrogen atom,

- lz_ + _.e_z_ v(t, %) = i-a-w(t;{) (1, 1)
Zm [i’l i 3 at 2 2 »

5/2_

both sides of the equation have the dimensional quality L~
One must not confuse these elementary remarks with the more

sophisticated meaning that we shall attach to the term, '"dimension'',
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We shall investigate the hypothesis that the world of strongly inter-

acting particles* is approximately invariant under scale transfor-

mations

X‘.(,_'X;.L = Px, (p>0), (1.2)

and the associated special conformal transformations

2 2 2
-x' = - 1 -2c.x + . 1.3
Xp, xp (Xp cpx )/( c.Xx c x) ( )

These transformations correspond to unitary transformations U(p, c)
on the vector space formed by solutions of the equations of motion
under consideration. Dimension is a property of linear operators on
this space. |

Taking Eq. (1.1) as an example, linear operators on the
vector space formed by the functions ¥(t, >—<') are constructed from
‘}_c’, t, 8/8x%, 8/0t, and constants. The symbol for mass, m, actually
represents the linear operator miI, where I is the unit operator.
So, although m is a quantity of the type L"l in length units, it is
assigned dimension zero, according to our use of the term. The
dimension of an operator is measured by its dependence on
%, t, 8/8 X, a/at, Thus, Eq. (1.1) is not invariant under the
transformations U(p, c), because VZ/Zm has dimension -2,

while ez/i)_c' ] has dimension -1l.

*Electromagnetic, weak and gravitational interactions are treated in -
the lowest order of perturbation theory.
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The group of conformal transformations on Minkowski space
consists of Poincaré transformations, {i.e., 3-~rotations, boosts,
and translations), and the transformations given by Egs. (1.2) anci
(1.3). Conformal transformations were first considered shortly
after Einstein formulated the Special Theory of Relativity in 1905.
Ignoring gravity;, relativity requires the equations for closed physical
systems to retain their form under Poincaré transformations. It was
gradually realized that the formulation of a relativistic theory of
gravity would involve the consideration of all coordinate transfor-
mations, This prompted the discovery of Bateman(l) and
Cunningham(l) that the largest group of space-time transfor-
mations which leaves Maxwell's equations invariant is the conformal
group. This property results from the absence of dimensional
constants in the tﬁeory—-photons have zero mass and couple to the
dimensionless quantity, charge.

The observation of Bateman and Cunningham means that
Maxwell's equations have the same form in uniformly accelerated
frames as in inertial frames . By substituting xp. = (t,0,0,0)

a

and ¢ = (0,0,0,-%a) in.Eq. (1.3), we obtain 5:' = 1 T'Z in terms

b=
of the proper time 7'= VX'Z in the primed frame. This corresponds

to uniform acceleration a 1in the x?; ~ direction, i.e., hyperbolic

motion (x_l)’ + aml)‘2 - :'s:c')‘2 = a—2 in x'~space.

The theory of broken conformal symmetry must not be

confused with other extensions of these considerations, such as

"Conformal Relativity"{?’). In conformal relativity, one imagines



.
that masses transform like 8/0x, so the equations of motion for
free massive particles, such as the Dirac equation (i -~ m)v=0,
are invariant. Such transformations may be worth consideration in
classical physics. However, in quantum mechanics, each value of
the mass corresponds to.a different vector space, so Conformal
Relativity cannot be used as a symmetry theory for the vector space
* which describes the states of systems of elerﬁentary particles.

It should also be noted that the conformal transformations
to be discussed here are not general-relativistic transformations.
From the point of view required by ""General Relativity', the effect
of gravity would have to be included in all equations such that

covariance under all coordinate transformations on general-

relativistic space is achieved. The proper time drv= #é“v(x) dxMdxV
is invariant under such transformations. These properties are not
shared by the theory of broken conformal symmetry. The group of
conformal transformations on Minkowski space is not a symmetry
of the world, although it is a symmetry of theories of massless free
particles such as the photon. In Eqgs. (1.2) and (1. 3), x}'L is a

4~vector in Minkowski space, so an element of proper time dt is

[ -2
given by dxi - dx . In terms of small increments dlx, dzx at x

which become dlx', dzx' at x', Egs. (1.2) and (1. 3) imply
d,x'-d,x' = de-dx (1. 4a)
1 2 LS S - %2
dx'-d .x' = (1 - 2¢'x + czxz)"2 d,x-d, x (1. 4Db)
1 2 1 2 ? :
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respectively. Thus drt 1is not invariant under scale or special
conformal transformations, On the other hand, angles are locally
preserved, since dl:n;.-d.zx/(dl}e:2 dzxz)% is an invariant., This
property accounts for the name '"conformal'’,

For our purposes, gravitational effects are regarded as
external,. which means that gravitational fields are not operators on
the vector space of particle states. The influence of gravity is
measured by the local stress-energy tensor operator BH\)(X), in
first-order perturbation theory for the gravitational coupling. The
coupling of an external field .6 gHV(X) to a system of elementary |

 particles is given by the action

92

1 4wy (1.5)
6A = > f d g 8 L)
e Tz /g * Spv

where o,,0, are space-like surfaces. This assumes that the
linearized approximation of the relativistic theory of gravity remains
valid at microscopic distances. Poincaré invariance is ensured by

the conservation laws

"
= 0 H) .
8 ew ) (1.06)
o™l =9 -8 = 0 (1.7)
ARV MV Vi ! :
where
= - 1.8
mkp‘v i 7\\) X\) e}\p‘ ( )
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is an angular momentum density, and the generators of Poincaré

transformations are
P = j‘d3xe ; (1.9)
b O -
M = [adxm . (1.10)
MV Opv

Elementary properties of matrix elements of eHV’ and the
corresponding canonical Lagrangian formalism are discussed in
Appendix A. Many textbooks on introductory field theory mention a
non-fundamental quantity called the canonical energy~-momentum
tensor, T _# T . When written in terms of T _, an angular

A% VM My
momentum density contains a model-dependent term which is
interpreted as a spin angular momentum density. Details of the
relation(4) between T and 6 may also be found in
v MV (LAY o
Appendix A.
5

In 1921, not long after Noether( ) observed that a
conservation law is implied by each invariance of the action integral,
‘Bessel-Hagen(é) obtained the conservation laws which are required
by conformal invariance of Maxwell's equations, (apart from Egs.

(1.6) and (1.7), of course). Invariance under conformal transfor-

mations involves ''dilation’ and '"'special conformal'' currents:

&QH(X) = xV ep.\) s (1.11)
A A2 -
L T ME R : (1.12)

Bessel-Hagen's laws for Maxwell's theory are



a“;gu = 0 ) (1.13)
\Y
o X,y = ¢ ) (1.14)

i. e., the trace Bu'u of the stress-energy tensor for photons vanishes.
Until a few years ago, work on the conformal group was con-

fined to extensions of the discoveries of Bateman, Cunningham, and

{7)

Bessel-Hagen to other theories for free particles. The only sur -

prise was the observation of McLennan and I—Iavas(7) that the usual

canonical theory for massless spin-0 mesons cannot be formulated

8)

in exactly the same fashion. According to the textbooks,( the

Lagrangian density %(8¢)2 leads to the expression 8H¢ 8v¢—%guv(8¢ )2.

for the stress-energy tensor, which is not traceless. Following the

"'dictates'' of canonical variational theory for the Lagrangian density,

they included extra terms in Agu and %v’ so the direct connection
between the vanishing of 6:' and scale invariance was lost. This
approach was being followed as late as 1969, %)

(10)

In 1962, Huggins pointed out that the standard formula for

9 N derived from a Lagrangian density arbitrarily disallows terms

2.2

like (8p8v - g 9 ) . The addition of such a term does not affect

v
the expressions (1. 9) and (1. 10) for the Poincaré generators or the

conservation equations (l1.6) and (1.7). With a suitable choice of

coefficient for the new term, an expression for G!-W which satisfies

Bessel-Hagen's conservation laws is obtained:

2, 2

2 1
euv = 8u¢ 3¢ - 1 gw(am - g(a#av-gw 89%)g" . | (1.15)
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Then we have Gu“ = 0 for the zero-mass spin-0 field 4. This ''new,

(11)

improved' stress-energy tensor was first proposed by Gursey
in a different context. It was resurrected by Callan, Coleman and

(12) (13) because of the con-

Jackiw (CCJ) and Brown and Gell-Mann
nection with conformal transformations. CCJ showed that, for re-
normalizable field théories, the new improved eIJvV has finite matrix

: . %
elements when renormalized, unlike the old @

Kv*

The construction of the generators of dilations and special
conformal transformations was initially tackled by Wess, (14) using -
the old e#\)' Given the new, improved eUV we can now write down the
dilation operator

_ 43 _ J’ 3

Dix_ ) = ja x;J‘GO# = Ja’x 9 , (1.16)

and the special conformal operators
_ 3 A 2 _ J’ 3 :
K x,) = jd x (2% g %8 ) = [d xﬂLo (1.17)

Egs. (1.16) and (1.17) can be understood from another point

(15, 16)

of view. Instead of applying the infinitesimal transformations

represented by 6p and SCIJ' we can impose the potentials

’

Gg“\) = -28p By » (for X, "%, = (1+8p) x“) , - (1.18)
éguv = -48c.x Y (for xu-'x;ﬁx#- 6c“x2+2 Sc. x x“) ,  (1.19)

Strictly, the extra term should be written (d 9,,- guv 82)(¢ + €)2 ,

‘where € is an infinite constant cancelling (¢>O, which is alsoinfinite.
The finite constant € =€ - (¢>o is not determined by the proof of
renormalizability.
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with a corresponding change 6A1’ o in the action of the elementary
particle system given by Eq.. (1.5). We identify 6A1’ o, with the
change in action caused by the non-conservation of the generators G
for transformations represented by the parameters &« according to

(17)

the action principle
6A1 5 = (G(1) - G(2)) ba (1.20)

Therefore, taking 6a = 6p, &c¢ , we have

)
92
D(2)-D(1) = j a%x e““ (1.21)
9
92 .4 v
Ku(Z)-Ku(l) - L d% 2% 60 (1.22)
1

(For example, the change in coordinates represented by 6cu=(0, 0,0,+8a)
correSponds. to uniform acceleration 6a in the z-direction. Egquiva-
lently, one could suppose that a constant force is acting. The corre-
sponding potential, %6goo= - daz, follows directly from Eq. (1.19)).

The integrands of Eqgs. (1.21)and (l.22) may be written

H = gH v =2x 6V 1.2
) ;s\u B , a]CW x, 8, , (1.23)

so, apart from additional conserved operators, Egs. (l.21) and
(1.22) imply Eqgs. (1.16)and (1.17). The conserved operators are
eliminated by requiring a consistent free field theoryatt = £ w.

In the limit of scale invariance, D= Id3x Gu“: 0, we can actu-
ally infer 95 = 0 because of the theorem (Apﬁendix A) which states
that jd3x s{x)=0 imp.lies s{x) = 0 if s(x) is a local, spin-0 opef—

(13)

ator. Therefore, scale invariance implies conformal invariance,
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The scale transformation (1.2) corresponds to a transformation
U(p) = exp [i D(x)) log p] (1.24)

on the vector space of particle states. The dimension {f of a (suit-

ably chosen) field 9( (x) is specified by

#(x) gt (x') = Ulp) 4(x) Ulp) ™" = o™ glpxm) . (1. 25)
The infinitesimal form of Eq. (l.25) is

i[D(x ), (x)] = (-2 +=dg(x) . (1.26)
Because of the canonical commutation relations

[40,%), 840,01 = isdx) (1.27a)
[¥(0,%), ¥ (0,0)], = v§53(§) , (1.27b)

free fermion fields ¥ have dimension - 3/2, while free boson
fields ¢ have dimension -1. To obtain the latter result, it is
necessary to explicitly check that 80¢ has dimension =2, since
the time dependence of D(xo) does not always permit the orders 6f
operation of D(xo) and 80 to be interchanged. Further details
are given in Appendix A,

In general, special conformal transformations with finite ¢
do not preserve the sign-of (x-y)z, where x and y are any two

(

points in Minkowski space. 14) Therefore, care is needed when
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attempting to interpret the corresponding unitary transformations

because of trouble with the causality condition

[A(x) , B{y). = 0 , (for (x-y)2 spacelike), (1.28)

where A(x) and B(y) are dynamical observables such as currents.
However, infinitesimal transformations 6Cp.. do not display this
unfortunate behavior, so causality places no restrictions on the use

(9)

of equal~time commutation relations of the form

i[KH(xo),gf(x)]: Kp.d - 2;~;0L(,f,4(c;fo“~J~ + iZG,H) szf + (prxx - 6;\}{2)8}\52{ ’

(1.29)
where the nilpotent matrices Kp. characterize the conformal

representation to which' ¢ belongs, and EH\J is the spin matrix

of ¢:

ilM,,,> g(x) ] = (Xpav NN g(x) - iEHV?f‘(X)- (1.30)

I.2. Early Applications

The first attempt to connect the conformal group with experi-
ments in particle physics was made by Kastrup. In a long series of

papers, (18) he tried to apply the idea(l4)

that masses should be un~
important at high energies. In field-theoretic terms, the conformal-
invariant kinetic energy terms are supposed to dominate the non-
invariant mass terms in the Lagrangian. Then, treating the conformal

group as an approximate degeneracy symmetry of the world, he

deduced that high-energy amplitudes should be roughly '""conformal
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invariant' in momentum space. Let us summarize the evolution of
this point of view. .
Evidently, belief in this reasoning leads to the expectation.
that high-energy amplitudes depend only on d;mensionless functions
of the momenta‘. " For example, if A(s,t) is the amplitude for the

scattering of two spinless particles,
A(s,t) = f(s/t) s (s, t large, ) (1.31)'

is obtained, implying that A is energy-independent at large scatter-
ing angles. |

In order to derive Eq. (1.31), it is essential to assume that
the limit in which all masses vanish is smoothly connected to the real
world. The validity of this assumption will be questioned later. The
zero-mass limit is the limit of scale invariance, <6““> = 0, if no

%%k
scalar mesons are coupled to the vacuum via 6 .  The amplitude

JIAY

A/J,\) = <p3,p416'u, lel,p2> can be expanded in powers of k = P3 T Py

-p; =Py according to Low's method ‘for bremsstrahlung.(lg) The

Born

O(k-l) terms, A“V , are represented by Feynman graphs in which

contact

Y ’

GNV hooks on to external lines. The non-singular term, A

given by
"+ , Born contact 2

A = A + A + 0(K%)

" v " , (1.32)

is determined by the conservation laws (1.6) and (1.7), which may

be written

. 2 2
Forp, +p, “p3 t py, we define s = (p1 tpy), t= (p3 -pl) .

Discussion of this alternative begins in Section I. 3.
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Ha = o0 | A = A ) (1.33)
ny uv Vi

b

in momentum space. 'The condition of scale invariance, A: =0

requires

(s;s—+t5%->A(s,t) = 0 (1.34)

which is equivalent to Eq. (1.31).
Kastrup fu'rthe'r speculated that the large s behavior given
by Regge pole theory at small t results from approximate conformal
invariance. The t-depehdence of amplitudes ’was assumed to be com-
pletely changed by the effects of finite masses, since Regge behavior
is obviously not compatible with the t-channel dependence of Eq.
(1.31).
The problem with this idea is summarized by the fact that
(20)

Regge behavior was originally observed in solutions of the
Schrodinger equation, which severely breaks scale invariance. The
situation is less clear in relativistic field theory. Because of re-
normalization, amplitudes contain. logarithms as well as poweré of
the momenta and masses, so it is a question of whether the leading
term at large s contains log s or not.

(21)

Now, it has been known for a long time that there is a
connection between renormalizability and the dimension of an inter-

*
action. The Lagrangian density of a renormalizable field theory

contains interaction terms with dimension £ ) -4. Examples are

The situation for nonpolynomial Lagrangians is reviewed in Ref,
22. Study of the corresponding amplitudes at high energy is just
beginning.
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}\Cp3 and e AM 7 , which have dimensions -3 and -4 respectively.*
For superrenormé.lizable theories, (i.e., both the bare and physical
coupling constants are finite), the dimension is greater than -4.

In early investig;tions of large-~s behavior, classes of diagrams
were summed by specifying the kernel of a Bethe-Salpeter equation. |
Superrenormalizable XCp3 theory was found to give Regge behavior,
whereas similar examination of theories in which only mass terms

Y (23) so it seemed

break scale invariance gave s% log’s at large s,
that the controlling factor is the manner in which scale invariance

is broken. However, the presént status of the subject is that some
of the diagrams previously thrown away become unexpectedly im-
porj:ant at large s when summed. In a rigorous study of perturbation

J24)

theory for quantum electrodynamics, Cheng and W have obtained

logarithmic behavior at large s, (contra Kastrup's suggestion). In
XCp3 theory, a power law in s is obtained only if A is less than a

(25)

critical value. Since this power law is merely due to the Born
term dominating at large s, we doubt that these attempts to connect
Reggeism with broken scale invariance will prove profitable. Alter-
native schemes have been proposed, but the status of these sugges-
tions is shrouded in controversy.(26)

Renormalization involves the introduction of a cutoff mass M
which breaks scale invariance. Since the limit M- o is taken at
some stage in the calculation, it is not surprising that scale invariance,

(27)

unlike gauge invariance, cannot be preserved by this procedure.

We refer to the unrenormalized dimension in this paragraph.
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Barring the presence of arbitrary cutoffs, the logarithmic terms
blow up in the limit of zero mass. Part of the infinity corresponds
to the emission of an infinite number of massless particles
accompanying each external particle which was well~defined in the
massive theory. This phenomenon is called the "infrared problem!''.
It causes single-particle states and the S-matirx to be ill-defined in
this limit,* and destroys the belief that all high~energy amplitudes
should be approximately conformal invariant in momentum space. (28)
Broken conformal invariance cannot be treated as an approximate
degeneracy symmetry for on-mass-shell amplitudes.

In particular, Eq. (1.31) must be abandoned. For example,
infrared contributions’' dominate the radiative corrections to
electromagnetic écattering processes at high energies and large

(29) It might be supposed that Eq. (l.31) could

momentum transfers.
be saved by ''going off-mass-shell''. By avoiding particle states and
considering vacuum-expectation values of T-products, the zero-mass
limit can be discussed' because there are no emitted particles which
can initiate the infinite bremsstrahlung. However, when the zero-
mass limit is applied to ‘the vacuum-expectation value representing an
off-mass-~shell extension of <p3, Py 1 eH\)l P:P; >massive’ the

analytic behavior pf about the on~mass-shell point p‘?{ =0 is

destroyed. (30) Once again, logarithmic terms appear, this time in

afs

"There is one uninteresting exception, which is obtained by supposing
that all interactions can be turned off before the masses vanish. Even
then, the zero-mass limit need not be smooth--~e. g., vector fields
have mass singularities.
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the form log (pzi/p?). They invalidate the derivation of Eq. (1.31),
because they do not scale.

In 19606, Kasti'up(31) recognized that his earlier work could
not provide a good description of high~energy processes because of
the infrared problem. Therefore, he considered amplitudes in
which soft mesons are emitted in addition to the two prima?y
particles being scattered. In the CM frame, the differential cross

section for the emission of N mesons was written

as™N/aq = P(E, ) a6 /a0 (1.35)

at large energies and scattering angles E, 8 of the primary particles.
The probability distribution PN of the soft mesons was assumed to

be of the Poisson type:
P(E,8) = NE, o)V e NESO) s (1.36)

where N(E, 8) is the mean multiplicity of the secondary mesons at.
(E, 8). By interpreting the total (''inclusive'') cross section,

dTOT

d /dQ, as the "non-infrared' contribution to do‘N/dQ in

Eqg. (1.35), with all long-distance infrared effects incorporated in
PN, Kastrup speculated that it would mainly depend on short-distance

interactions, which were supposed to be conformal invariant:

asT%aq = |qe)|%/E2 , (E.s large) . (1.37)
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This intuition was guided by examples from electro-
magnetism, (29) with one important difference. Vacuum polarization
causes the short-distance behavior of quantum electrodynamics to be

(32)

modified by logarithmic terms. Thus Coulomb's Law becomes

Vir) = 9'q. [l - ——%'(1og mr + 5/6 + log\)ﬂ + 0((12) ,

(v=1.781...) , (1.38)

at distances r much .smaller than the Compton wavelength of the
electron. Therefore, logarithmic dependence is not necessarily due
to ipfrared effects. For the purposes of Kastrup's argument, it must
be supposed that strong interactions do not contaminate the leading
r-singularity with logarithms.

Eqg. (1.36) is a separate proposal which corresponds to
independent emission of soft mesons. However, most of these soft
mesons are pions, which c.arry isospin, so their emission is
constrained by the requirement that the production of exotic states

be damped. Therefore, it is not clear that P

{33)

should be given by a
(34)

N

Poisson distribution, although experiments are not
~inconsistent with this possibility provided that PO is treated as
the probability for non-diffractive elastic scattering.
Scaling laws like Eq. (1.37) have become the subject of
intensive investigation recently. The processes involved are

typically of the form
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A + B - C + anything , (1. 39)

where B is a hadron and all energy variables are large. The
35
observation( ) of scaling laws for deep inelastic electroproduction

(A = C = electron, B = proton in Eq. (1.39), ) together with Bjorken's
(36)

explanation of the phenomenon, were followed by a large number

of papers in which the scaling laws are "proved" in various models
or from various assumptions and approximations. We refer to

(37)

review articles for comparisons of these methods, and restrict

our attention to the connection with broken scale invariance. *

I.3. Modern Formulation of Broken Scale Invariance

40)

A few years ago, Mack(39) and Wilson( replaced these
qualitative observations with concrete proposals which provide a
natural extension of current algebra, broken symmetry, and the

corresponding set of low~-energy theorems. These proposals,

(13)

together with the work of Brown and Gell-Mann on the manner
in which conformal symmetry is violated, form the basis of our
present-day understanding of the subject.

(41)

The central quantities in current algebra are the octets
of vector and axial-vector current densities :FS and 315:1 (a=1...8),

which arise in electromagnetic and weak interactions of hadrons. In

e .

In view of the previous discussion, analyses in which the conformal
group is treated as an approximate degeneracy symmetry in
momentum space cannot be taken seriously. These papers are listed
and criticized in the review articles by Carruthers (Ref. 38) and
Wilson (Ref, 28).
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first-order perturbation theory for the electromagnetic and weak
coupling constants, hadronic amplitudes are proportional to matrix

elements of the electromagnetic current density

= (1.40)

and the weak current density

L2 1+i2 4+15 4+ 15,

W
I, (x) = + F ) cos 6 + (X + 3 n g
p b p b p (1. 41)

, 120 - . (42)
respectively, where 8715  is the Cabibbo angle.

The time-components of the curreﬁt densities may be
integrated to form the sixteen charges

Fa(x) = rd3-x %2 (%)

o . “o ’
(1.42)
3
Falx) = [d'x 3=

The lack of conservation of most of these charges is indicated by

dependence on the time X . Only isospin 'i': = (Fl, FZ, F3) and

2
hypercharge Y = I3 F8 are conserved by strong interactions. The
A

group SU(3), which is used to classify particle states according to

the "Eightfold Way', (43) is generated by the octet of charges, F2.

(41)

The basic postulate of current algebra requires that the

SU(3) generators obey the SU(3) algebra even when they are not
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conserved, and further, that this property extend to an SU(3) x SU(3)

algebra involving all sixteen charges:

a b _ . gabc _c
hF (xo), F (xo)_ = if F (xo) ,
[ a b, ] . .abc _c o
Fix ), Fglx )| = 1 877 Fglx) ’ (1. 43)

- -

a b
Fa(x,) Fglx)

il
Pl
h
¢}
ki
0
——~
N
ov

-

The coefficients fabc are the structure constants.of SU(3).
Applications of Eq. (1.43) have been reviewed by Adler and Dashen(44)
(45) ’

and Renner.

No such postulate is possible for the conformal group.l(l?’)

Equal-time commutation relations such as(46)

i[PO, D(xo)] o= D(xo) - PO , (1. 44)
i [m,_, Dl )] = ek o (1. 45)
o’ o . i W ? :
are required by the known properties of eP- under Poincaré
V

transformations, so the exact conformal algebra can be satisfied
only in the limit of exact conformal symmetry, 6: = 0. A complete
account of the broken conformal algebra is given in Appendix B.

- Equations such as (l.45) show that D(xé) and K“(xo) do nbt

have the Lorentz behavior indicated by indices such as {1 because
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they are not conserved. The definitions (1.16) and (1.17) of these
generators involve the plane of integration, x = constant. Taking
x = 0 for simplicity, boosting corresponds to rotation of this plane
about x=0 towards the light cone, so the generator changes by an
amount which can be determiﬁed by Gauss's theorem. In general, if
#(x) is a local operator with known behavior under Lorentz

transformations, the operators

dg{(x) = i [D(xo) - x-P, d(x)] , (1. 46)
ST [K“(xo) - 2x*Dix ) +2x MOPr2xtx PPt g{(x)],

P 0 o (1,47)
are also local, but may have obscure properties under boost
transformations. Similar considerations were involved in the
formulation of the local generalizations

[Fa’(xo), 33(;{)] = i 2PC :gﬁ(x) , etc., (1.48) -

of Eq. (1.43). Corresponding to the fact that the non~conserved
charges defined in Eq. (1. 42) are not scalar or pseudoscalar

operators, the assumption that the equal-time commutator in Eq.

(1.48) is a vector or pseudovector implies the conditions(44’ 47)
[,rd:ﬂxxiap 3:‘(0,?;) ) :«E’) (0)] = 0 ., etc. (1. 49)

Similarly, if the gradient terms in
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dg;(x) = -,_P.;zg(x) + grad. teri'ns (1.50)

are supposed to be absent, the condition

[&x x, oF (0,%) , O =0 (1.51)

(48)

is obtained. The example ¢ = ZFV has appeared in the literature.
The nature of the breakdown of a symmetry can be specified

by giving the symmetry properties of the appropriate current

divergehces. In Gell-Mann's theory of broken chiral symmétry, (41)
the energy density is written
%0 % %0 T % T ©ug (1.52)

where goo is invariant with respect to chiral SU(3) x SU(3), and
u and ug belong to a set of scalar densities Uy and pseudoscalar
densities vy (b=0... 8), which form a (3-,_3_) + (-'5, 3) represen-

tation of SU(3) x SU(3):

[Foxy) | = 1 PP
[Fa(x ) vb(x)] = i fabc vc(x) ,
(1. 53)
[FE(X )’ u (X)l = i dabc Vc( ) ?
[Fg(xo), Vb(X)] = i aabc uc(x) ,
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C

where the Clebsch-Gordan coefficients dab are symmetric in

a=1...8, b,e=0... 8, with dObC = ,/2/3 ébc. The assumption
that the equal-time commutators in Eq. (1.53) are spin-0 operators

implies the same property for [§ (x), F(%)(Xo) 7, which can there-

oo(
fore be specified by integrating over d3x and using the theorem of

Appendix A for spin-0 operators:(13’41)

i{e (x), Fx )-] = a*‘a'i(x) ,

(1.54)

1] 8000 FE0x) ] a2, ()

The SU(3) x SU(3) properties of the current divergences follow by
writing 8% as a linear combination of the u's or v's, using Egs.

(1.51), (1.52), and (1.53); e. g.
ohy @ = A2 f c F a2 1,2,3). (1. 55)

Thus, the deviation of ¢ from =~,/2 measures SU(2) x SU(2)

(49, 50) (49)  obtained the

violation. Gell-Mann, Oakes, and Renner
value ¢ - 1.25.
The feature of this theory which influences our work is the

absence of a term

5,, = (0 - g %) s(x) | (1.56)
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in GH\), where s(x) is not invariant under SU(3) x SU(3) or gauge
transformations. The existence of SH\) would imply that Eq. (1. 54)

is invalid, and even our basic assumption
[F5(0) , D(O):l = 0 (1.57)

" would no longer be true; (i. e., 35)\ would have mixed dimension),
This point is discussed at length in Chapter IL

The breakdown of scale invariance has been similarly
treated. (13,40) The energy density is decomposed into the scale-

invariant term; eoo’ and scale~violating terms W

8 = B + Tw , : (1. 58)

with dim § = -4, and dim w_= ,{’,n;! -4, Egs. (1.44) and (1.58)
imply

. - : 3 '
D(xo) = jd3x e‘; = % _j‘dx (2, 4) W (1.59)

~ Therefore, the assumption that 1211 (}f,n + 4) W is a scalar density is

a necessary and sufficient condition for the theorem(13’ L6)

ef = gl?(fh+ 4) w_ , (1.60)

to hold.
Eq. (1. 60) is often called the '"Virial Theorem!' because it
resembles the well-known theorem of classical mechanics. (51) The

virial, A = q+p, where (q,p) are canonical momenta, is the classical

©
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analogue of the dilation operator D(0) = [' d3x :7,:i eoi(o’ X) ~ ~ix-V .
Denoting time-averaging by ( ), (X) usually vanishes, which
implies that the Hamiltonian H = H(q,p) satisfies {p- —a%—H)= (q'%H e
For H= pz/zm + V(7¥), with V = %V}/ ) (V& = homogeneous

function of degree 4 in r), the classical virial theorem is
(B-F) = 2/(T) = (F.9V) = 5 V) (1.61)

where T is the kinetic energy.
The majority of the many successful applications of current
algebra depend on the hypothesis that the axial-vector current is

partially conserved (PCAC). (52)

According to this hypothesis,
(8“35“> satisfies an unsubtracted dispersion relation in the square of
the momentum transfer, t ; near t= 0, the dispersion integral is

dominated by the pole of the appropriate 0~ meson, {w, K, or n).

For example the relevant matrix elements for nucleons are

(NP + 3% |35 | N(P - 3K))

- . 2, . 2 »
= u (P + k) %Ta[_ Lyyvg FA (k™) - 1k>\y5Fp(k ) w(P -%Kk) ,
(1. 62)
and
L )\ a 1 — = 1 1 =3 1 2
(N(P +3X) [873,, [N(P- k) = u(P+3k) &7 vy, w(P-1k) D) ,

(1.63)

with a=1,2,3 and
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DN(t) = ZMN FA(t) + t FP(t)
_ Mo SanN L 1 g dt' Im D(t") (1. 64)
=TT T . it < 1) .
£ (m%-t) " (3m2 (-
™ T T
The pion decay constant,. f_n_, is defined by
o 30 _ . -
@) o, [0 = -iq/20 (1. 65)

J_Z_gWNN is the pnn™ coupling constant, and FA(t), FP(t) are the
axial and induced pseudoscalar form factors of the nucleon. When
the continuum integral is neglected at t= 0, Eq. (l.64) implies

(53)

the Goldberger~Treiman relation®

f

T = g'ﬂ'NN /(ZM

N &a) (1. 66)

where g = FA(O):’_ 1.24 is the ratio of the axial-vector to vector
coupling constants in neutron 8§-decay. Similar relations may be
deduced irom K and n PCAC. Adopting the no-subtraction
hypothesis, the distance of the pole from t= 0, (i.e., mZ(O" »8)),
is a rough measure of the accuracy of these relations.

It is possible to regard the success of formulae like Eq.
(1. 66) as an indication of approximate chiral invariance of the
Hamiltonian, but not of the vacuum, so that parity-doubled
multiplets do not appear; i.e., chiral invariance is said to be

(54)

""spontaneously broken''. For example, in the limit of chiral
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SU(2) x SU(2) symmetry, BHE?H vanishes for a=1,2,3, and Eq.

(1.64) becomes

Folt) = -ZMNFA(t)/t . (1.67)

Either MN vanishes, or there is a pole aj t =0 due to the presence of
a massless pion. The latter alternative is much more attractive,
since rn_‘-?-T -0 closely é.pproximates the real world, while parity-
doubling would be expected in the other case. Then, by evaluating the
residue of the pion pole in Fp(t), we recover Eqg. (1.66) as an exact
relation. Since matrix elements of a''m contain the factor

5

m-rzr /(rnTZT - t), the limit 8H35H—. 0 is non-uniform in t ; e.g.,

lim lim

Hg —_ -—». -
8795, ~0 =0 Dyt = 2M (1.68)

N €A

The non-invariance of the vacuum arises through Eq. (1.65).
When the vacuum is chirally transformed, soft mesons are added to
form a new state which, in the limit c;)f chiral symmetry, could .also
be called a vacuum. Thus there is an infinitely degenerate set of
vacua in this limit. Only one of them corresponds to the unique
vacuum state of the réal world. It is distinguished by the require-

ment(55)

Falo> =0 , (®0 in the real world). (1.69)

Eq. (1.69) summarizes the observation that particle multiplets may

be classified according to the SU(3) group generated by F? a=1...8,
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—

and not the group SU(3) generated by* F? = exp(i BFE) r? exp(-iBF8

5),

for example. The violation of physical SU(3) is not spontaneous.

An infinitesimal chiral transformation is accompanied by the
emission or absorption.of a finite number of soft mesons. Thus, if
d(x) is a local operator, and the limits qm—-O are taken correctly, *%

the soft-meson formula (e.g., for pions)(44’45)

Iim
qm—'O (B: W(ql)’ W(qz): ------ ’ "T(qj) [Q/(O)lw(qﬁ_l): e e e s ey 1T(qn),A>
m=1l,..n
(1.70)
= (-zn’ﬂ)n B [F,, |'F5 ...... [Fg, 4(0)]...... 71]A) '

" corresponds to the o™ term in a power-series expansion of
eiaF5 4 e-io{'F5. In the real world, Eq. (1. 70) becomes an approxi-
mate relation which can be obtained by pole~dominance methods. Sum
rules may be obtained by supposing that the n-pion amplitude ébeys. an
unsubtracted dispersion relation in a suitable variable.

From the previous discussion, it would appear that mi and
mé indicate th.e magnitude of SU(2) x SU(2) and SU(3) x SU(3)

violation, respectively. However, this conclusion is not

(56)

In the special case 8= 7,/3 , we have Kuo's transformation.

See Ref., 55 for comments on Kuo's work.

ek
For example, in N scattering, the limit of zero pion energy should

be applied to the forward amplitude.



-29-
automatic--it might be an accident that m,_ is small. The test of
this idea is the relative accuracy of the predictions of pion and

(57, 58)

kaon PCAC. This is a controversial point at present. The

(59)

main issue is whether the data for KX3 decay imply a large

.

violation of the soft-pion prediction. (60) This involves contradictory
experimental data and a theoretical extrapolation of order men' ,
not O(m-rzr)' .In our view, the experimental data are not good enough
to indicate the correct theoretical extrapolation to the soft-pion
point. | Since the other soft~pion theorems are in excellent agree-
ment with experiment®, we assume that m_‘_zr measures

U(2) x SU(2) violation.

Since SU(3) is a degeneracy symmetry, the variational

. e o
principl e(6 Ly

2 M T, N T H00) = (Cp ) [as_ (M/any())y) (L. 71)
may be applied to eoo(X)= 8o = YUy " cku8 to obtain
. 2 2
(mleug[m) = F(my - m)(1+0(e)) - (1.72)

where ¢2 0.2 is a parameter indicated the inaccuracy (~20%) of
SU(3)-symmetric results. Applying Eq. (1.70) withn= 1, the left-

hand side of Eq. (1.72) may be evaluated, implying the result of

" We disagree with the claim of Brandt and Preparata(57) that the
fallure of naive soft-pion theorems for electromagnetic reactions such
as m%- 2y, n- 3w is connected with a large violation of SU(2) x SU(2)
invariance. The contents of this paragraph are more fully discussed
in Chapter IIL

"* The states f U(X))) are normalized to one particle per unit volume.
States | § } are normalized invariantly. See Appendix A.
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Gell-Mann, Oakes and Renne.‘L‘:(‘JM)),'<

: 2, 2 4, 4 2 2
- ,\/—Z' + 2,\/2-"1nw/m'n + O(m“_/mn s mﬂe/mﬂ): -1.25 ,

(1. 73)

The manner in which conformal invariance is realized mé.y
involve similar considerations.- Mack(39) observed that the failure of
the argument leading to Eq. (1.31) can be traced to the failurc of
A:"(k =0) = (p3,p4[ ei ] pl,pz) to vanish in the limit of conformal
invariance., Therefore, the limit ei -0 is non-uniform in momeﬁtum
transfer squared, the vaéuum is not invariant under conformal
transformations, and Aﬁ has to be responsible for the soft-particle
emission which forced K’astrup to adopt Eq. (1l.37) instead of Eq.
(1.31). In the zero-mas.s limit, this corresponds to infinite pair
creation by the conformal generators when the vacuum is conformally
transformed. In that case; it is difficult to construct a rule
governing the soft-particle enﬁssion.

Mack proposed a completely different and much simpler
mechanism for the soft—particle emission. He supposed that matrix
elements of Bp';gp = o™ at low frequencies are, to a good approxi-

mation, given by a nearby pole in the Bﬁ channel which is due to a

low-lying isoscalar S-wave wr resonance which we call the dilaton, o.

"Equation (1.73) does not depend on the value of §, defined by

(7w |u I Ty = Em.r, PCAC gives § = 0(1), but does not determine the
actual value of £. We thank Professor K. Wilson for pointing this
out. :
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This assumption requires (B | ei | AY to be universally proportional
to the amplitude for A-DB + o(soft), i. e., dilatons couple to mass.
The dilation current is said to be partially conserved (PCDC
hypothesis). |

The relation between PCDC and conformal symmetry is
analogous to that between PCAC and chiral symmetry. (13) In the
limit of conformal invariance, the dilaton becomes massless and,
in general, matrix elements of e}i\) have a dilaton pole at zero
.momentum transfer. The presence of this pole allows heavy
. particles such as the baryons to remain massive in this limit. The
action integral becomes conformal=-invariant, but the presence.of the
massless Nambu-Goldstone boson s is responsible for the non~

invariance of the vacuum:

w6, ]0) = - -?{-Fo_ (k &, - gwkz) . (1.74)
Imposition of the condition e:‘-—» 0 results in exact relations for soft‘-
dilaton amplitudes. The uniyersal constant of proportionality, F;_,
which is given in the uUnits of a mass, is analogous to the PCAC
proportionality cbnstant, (an_)-l, In order that the scale-invariant
relations for soft-dilation amplitudes remain approximately true as
scale invariance is broken, the low-mass dilaton state is assumed
to dominate an unsubtracted dispersion relation for ei) at small

values of the momentum transfer. Thatis the PCDC hypothesis.

Conformal invariance is said to be spontaneously broken.
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Some aspects of Mack's proposal (1967) were anticipated
several yea‘rs earlier., In 1960, Gell-Mann and Levy(SZ) noticed
that, in the o-model, ''the o‘.-coup.ling is responsible for the
nucleon mass.! With the benefit of hindsight, we can now say tilat
this occurs because the o-model obeys the PCDC hypothesis in the
special case (Zf-n')—l = ~F_. In 1962, Gell-Mann(éz) suggested that
matrix elements of e:: obey unsubtracted dispersion relations which
can be dominated by scalar mesons. However, the connection wifh
scale and conformal transformations was not mentioned.

The simplest scale-invariant calculation is the derivation of

the ¢ MM coupling constant, Go‘ MM’ where M is a spin-0 meson.

The form-factor expansion

_ 2 2 2
(M(P + k) lewlM(P —%k)l} = ZPHPVHl(k ) + (kpk\) - gwk ) H, (k")

(1. 75)

is required by the conservation laws of Poincaré invariance, Egs. (1. 6)
and (1.7). Eq. (1.9) implies Hl(O) = 0., In the limit of scale

invariance, 95: - 0, Eq. (1.75) becomes

2

2
H,(k") = (2my,

- Hl(kz)/3k2‘ . | (1.76)

Since a o=pole is permitted to appear at kz = 0 in Hz(kz), Moy need

not vanish. Use of Eq. (l.74) to evaluate the residue of this pole
(39,62, 63, 64)

implies the scale-invariant result

_ 2 L
F G oy = 2My - (1. 77)
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Because the normalization of fermion states differs from that of boson
states by a factor (2 - mass)-l, the corresponding result for the

dilaton-baryon coupling u'u g: BB is¥*

F_ g pg = Mg (1.78)

We expect moz_ to give a rough indication of inaccuracies in these
scale-invariant results, just as mZ(O-,_S_) measures the effects of
the violation of chiral invariance. The estimation of corrections due
to the lack of scale invariance of the real world is a major aim of
this investigation.

There remains one aspect of the discussion in Section I. 2
which needs a qua.ntita.ti.ve formulation--Kastrup's idea that strongly
interacting systems are. approximately scale-invariant at short
distances. The appropriate formalism was constructed by Wilson(40)

two years ago. He considered operator-product expansions of

the form
Alx+y/2) Bx-y/2) = % C_(y)0_(x) , (1.79)

where A(x)}) and B(x) are local operators with dimensions {’A’ g
The sum Lz is countably infinite, {On(x)} is a set of local operators
(including the identity.), and Cn(y) are c~number functions of the
4-vector Yp’ Wilson considered short-distance expansions only;

i.e.; he required all components of y to be small. Examples of

“1f needed, some elementary details which supplement this discussion
can be found in Appendix A.
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Eq. (1.79) arose(65) in studies of renormalization in perturbation
theory, and in the problem of constructing a field theory for
composite particles. Wilson postulated that Eq. (1.79) is a general
property of local relativistic quantum mechanics. It is obviously
true for free field theoriés, and is also valid for renormalized inter-
acting fields A(x), B(x) to all orders in perturbation theory. (66)
Therefore, in its most general form, Eq. (1. 79) constitutes a very
weak assumption. *

The strong assumption is that, to zeroth order in scale
violation, only a limited number of operators On(x) of dimensions #,
appear, where the leading singularities of the corresponding C_(y)'s

_ Latdg -t &
are -homogeneous functions of the form y ; i.e., the
leading.singularities are determined by a scale-invariance argument.

The exponent of y is simply obtained by inspection, or by commuting

both sides of Eq. {l.79) with the dilation operator D(xo), with

X Vg X# y. Logarithmic functions of y, which are due to

o
scale-breaking effects, are assumed to be less singular, so the scale-
invariant terms dominate at short distances y. This means that
D(xo) is a slowly varying function of time,.

This point-of v.iew is difficult for a field theorist to accept.
In renormalizable field theories, (i.e., dim égint = -4 to first order

in perturbation theory), the leading singularity of Cn is

logarithmically more singular than the corresponding (scale~invariant)
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singularity for free fields, due to the effects of vacuum polarization.
In par‘;icular, renormalized quantum electrodynamics is not scale~
invariant at short distance‘s; (see Eq. (1.38)). Nén-renormalizable
theories (dim £int< -4), necessarily treated in lowest order, increase
the singularity by a factor y-l. Only superrenormalizable field
‘theories (dim £int> ~4) are scale-invariant at short distances. (67)
In conventional field theory, * the only known example is the un-
realistic )\d?’ interaction.,
However, the .success of current algebra favors Wilson's ideas.

In practice, Eq. (1.79) is applicable only when the fields A(x) and
B(x) are the local operators from which cui‘rent algebra is constructed:
the vector and axial-ves:i_:or currents Ei(x) and 3;’H(X), the stress-
energy tensor eMV’ and derivatives such as 8“55ﬁ(x) and

8M'JFV -0 !‘;’-H. According to Wilsoh's hypotheses, the term containing
currents in the operator-product expansioﬁ of the unequal-~time

commutator of two currents is given by

2 abc ab .co, (-2), 2 An c
i
zTr [l) ( )’ 2 O)] +'Y6‘ o ) E (X )€|~L\) X‘)\ESTI(O)
abc MN_ My  _ N (-2), 2 n$-3} 2.0 c
+ £ o(.(g‘\w’x 6\} XH GHXV)E (x7) + (l+4a)xHxvx E (x) :}ﬂ (0)
F oo ,  (1.80)

[

This discussion is restricted to polynomial interactions in 4-
dimensional Minkowski space. Further examples of superre-
normalizable polynomial interactions exist if one takes the liberty of
reducing the number of spatial dimensions. Of much greater interest
is the existence of many 4-dimensional nonpolynomial Lagrangians
which are superrenormalizable, and do not appear to have the diseases
of the )\d interaction. To our knowledge, no work has been done
on the short-distance behavior of such theories. See Ref. 22.
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with similar expressions for products involving an axial-vector cur-

rent. (68) The ¢-number functions E(-n) contain powers of xz, and

vanish for spacelike XZ:

E(-n) (Xz) = (-x2 + iéxo)-n - (-x2 - iexo)_n

= -27i é(xo) G(n-l)(xz)/(n - 1)! , (n= integer) 0).
(1.81)

The constants ¢, 8, Y are not determined by current algebra; the

limit x_— 0 of Eq. (1.80) yields

72(0,%), 22(0,0)] = i £P°5° 6 (D), ete., (1.82)
o o i o

which is the completely local version of Egs. (l.43) and (1.48). Thus
operator-product expansions at short distances az;e generalizations of
current algebra.

If logarithms were p.resent in Eq. (1. 80), they would destroy
the equal-time commutators (1. 82)-~for small times X s the co-
efficient of 63 (¥) would contain the quantity log mx_, which diverges
when the equal-time limit is taken. In order to obtain the singularity
structure of Eq, (1.80), the scale-violating terms in the energy
density must have dimension {,n>-4. Also, according to the basic
hypothesis of current algebra, Eq. (1.82) does not depend on the.
magnitude of the violation of SU(3) x SU(3) symmetry. Therefore,
the term u in 600 which breaks SU(3) x SU(3) invariace must also
break scale invariance, and have a dimension {,1;> ~4, (40) Thus

the decompositions (1. 52) and (1.58) of eoo may be combined to give
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where :9:00 is both scale- and chiral- invariant, and § breaks scale
invariance but not chiral invariance. Also, we note that if there are

any scale-violating pieces in the currents, they have dimension )-3.

{69)

Some understanding of the nature of Schwinger terms (S. T.
can be gained if the hypothesis of scale invariance at short distances

is accepted. For currents, we have the example

-2) ab

[gi(x), 32(0)] = (apa\) - gpvaz) £l (XZ)'S EL + .ou.

(1.84)

Assuming that the constant £ does not vanish, there is a finite third-

order S.T. =-imw E.V V263( ) in [30(0,3?), Ei(O,G)j. The term

originally discovered by Schwinger is infinite:

lim

5t order S.T. in [30(0,;;’), 3@(0,6’)]: - x -0 Trzigv.153(>?)/xoz. (1.85)

1
Contrary to the usual lore, there is a second~order S.T. in
[:}O(O,;{'), 3«’.0(0, 0) 1, but practical calculations are not affected because

it is a c-number. Commutators involving the stress-energy tensor

may be similarly analyzed:

2.2
eE eaB(O)] 4.-aa B2g+ g, 20 9%)0

+ 5 8 -
B uv’a’s T Baguly TBuvBas

2|

2 2
=3 9 8 -~ o 9% - 9
& ve'ap T Bug V8 NI o ]

00 +g 99 + |
ho v B gHB v a gvocap.as+g

B8 By cte ... . (L.86)

+ & + u , (1.83)
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2 o .
If the constant { is not zero, a fifth-order S.T. 4w igvi(vz)z 63(x)

(0,0)7.

A consequence of scale invariance at short distances is

appears in [60 O(O,}?), 60

scaling' of the total cross section o‘TOT(qZ) for e e - anything'

2 -
at large, time~like values of q (with g = sum of e+, e momenta):

‘TTOT(qZ) = -167%a?/3q* [a*x eiq"yx © =0 3, ()] 0

~-327r4a2 &,/q'?'m--lZ'rr3 §o‘(e+e-—> p,+ B)e (1.87)

The qz-dependence of Eq. (1.87) was first obtained by Bjorken(70)

from different considerations. The connection with scale invariance
. 2 .
was noted by Wilson. (28) In the event that § vanishes, the

2,-5-4

dominating term has the qz-dependence (9) at high energies,

where { is the minimum dimension of the scale-violating terms in

28)%*

the stress-energy tensor.( 8)
On the other hand, many extra assumptions are needed in

order to obtain the scaling laws for deep inelastic electroproduction.

The relevant matrix element ig¥*

"
° This analysis neglects two-photon exchange, which may involve
sufficient dynamical enhancement to dominate the one-photon contri-
bution, even though it is formally suppressed by a factor g“. For
example, suppose that the two-photon term scales, as if dominated
by the c~number part of Ja(x) JB(Y) J\)(Z) Jé(O) for xmym za 0; (in

general, other values of X,y,% are as important). For §= 0, 4= -2,
the two photon term begins to dominate at energies greater than
~ ,/ I37 GeV, because the cross section is then given by

2 2 4, 2.3 4, 2
v orop(a) =G a (1 GeV) /(q7)” + C, o /q”, (G ,C,=constants).
Momentum transfer g = initial minus final electron momenta.



-39-

Wofp) = 5 Id%x UF | L3, T 0] P

' 2 2
(a,a5/9" - 8,4 Wyila™sv)

+ M'Z(pa - qocp-q/q?‘)(pB-qB pa/q%) Wz(qz,v) ,
(1.88)

with My = q+p, and nucleon spins averaged. In terms of the ingoing
and outgoing energies E, E' and scattering angle 8 of the electron
in the laboratory frame, the total inelastic scattering cross section

from an unpélarized nucleon is(71)

2 2
2 .2 2 2
d(ilExD;19= ) = 7 2W (a7, v)sin™(8/2) + Wy(q", V) cos™(8/2)] .
4F sin (9/2)

(1.89)

Brandt(7z) and Ioffe(72) have shown that, in the deep inelastic
(

limit considered by Bjorken 36) (-qz, v- 00 with = -qz/q -p fixed),
points near the light cone are emphasized. This follows from the

IAB frame parametrization

p=(M0,0,0) , g = v(1,0,0,/1+ Muw/v ) . (1.90)

The factor eiq X in Eq.. (L.88) oscillates rapidly except for the
region ]xo - %5 I i \)-1, i. e., near the light cone x2 = 0, Therefore,
it is nécessary to extend Wilson's hypotheses t§ the light cone(73) if
a connection between the scaling laws and broken scale invariance

is sought. In order to obtain Bjorken's result that Wl’ \)WZ are
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functions of ® alone in the deep inelastic region, the operators
in the light-cone expansion of [J“(x) , JV(O)] must

(68)

0
xjQGp e+e Oy

have dimension

LI = =(T+2) , (J=2,4,6,....) . (1.91) -

Then the p~dependence of WHV(q,p) , obtained from the spin-J part

of
(plo_ lpY= cp_p + traces , (l.92)
alazoocaj Ja,l aznuce pa‘]—
1 e g Q. ese QL
correctly matches the q~dependence given by _J'd4x o4 XC 12 J(x).

QY
At present, it is not understood how these methods may be

applied to inclusive processes (Eq. (1.39)) in which no leptons
participate. In field theory, it is formally possible to write the total
cross section as the matrix element of an operator product. However,
in order to emphasize the region near the light cone yZ = 0, this
expression must be replaced by one in which the fields A(x), B(x)

forming the operator product in Eq. (1.79) represent systems of |

% .
"Traces' stands for terms suchasg p_ ... P ;g g
| 4102 93 Gy 0102 03%4
. - 2 -2 2,2 -4
Po_+ov Py s seeren s which contribute q (p-q)J » (97) (P'Cl)J ,
5 J
««se.. relative to the contribution (q-p)J of the term which scales,
and are therefore negligible in the deep inelastic limit.
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infinite mass.* In an approach which involves on-mass-shell
amplitudes, A(x) has to be the source of at least two strongly inter-
acting particles. For A(x) to be local, these particles X, Y must

be strongly correlated so that their amplitudes .)4‘ factorize,

A tioven = ax,v) CE|AO)] 1), (X - V)% —00), (1.93)

as in the leptonic case. In strong interaction physics, the idea of
factorization occurs mainly in Regge theory. Assuming that Reggeism
works at large momentum transfers, A(x) would be the source of a
reggeon. The conceptual difficulties involved here should be compared

)

with the derivations of scaling laws from the multiperiphera1(75 or

(76)

parton models, where it makes little difference whether leptons

are present or not.

I.4. Comments on our Research and Related Work

We have investiéated Mack's proposé.l that conformal
invariance is spontaneously broken. Our method involves the
simultaneous use of PCDC, PCAC and well-known techniques of
current algebra. These notions are combined in a completely
general fashion. Of course, our results are approximate in the real

world, because we have to saturate dispersion integrals with

E3

In Egs. (1.87).and (1.88), JM(x) = A(x) = B(x) 1s the source of an
infinite-mass virtual photon. In the ambitious scheme of Brandt and -
Orzalesi (Ref. 74) for strong interactions, the infinite~mass condition
is satisfied by taking thé formal field-theoretic expression an infinite
distance off mass shell, (thereby ensuring that their assumption can-
not be checked experimentally).
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low-lying meson states. In this section, we'giVe a superficial
treatment of our assumptions and some of our results, postponing
controversy and detailed discussion to other chapters. Most of our

) (77,78) form.

work has already appeared in published(l > or préprint

From the formulae (1.23) for the divergences of the dilation
and special conformal currents, we see that the corresponding
Nambu-Goldstong bosons (dilat.ons) must be spin-0 isoscalar mesons,
even though the special conformal generators carry a vector index.
In order that SU(3) is realized as a degeneracy symmetry with no
accompanying Nambu-Goldstone bosons, the dilaton states must
become SU(3) singlets in thé limit of scale invariance. We assume
that there is just one dilaton, ¢, but our formulae are easy to
generalize if this turns 'but to be invalid. This assumption is
motivated by the nonet structure of the meson spectrum. It cor-
responds to the existence of only two (JP, IG) = (O+, O+) mesons in
the real world. They are mixtures of the SU(3) singlet state with
dilation quality and the eighth member of an octet., We identify
these mesons as the curren{:ly fashionable ¢(700) and ¢'(1060)
resonances.* When the rnixing of these particles is properly

2

. 2 L .
taken into account, m = m€ measures the violation of scale and

conformal invariance.

=FThese mesons are also called T]O+(7OO) and Mo+ (1060) or S*(1060);

see Ref. 79. We shall use the symbols o, ¢ interchangeably. At
no stage do we refer to ¢(410), which was observed in a few early
experiments, but now appears to be extinct.
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Originally, it was thought that this set of assumptions is

inconsistent with the facts. _(63’ 80) Taken at face value, Eq. (1.77)

implies Go‘mr = O(mTZF) » 80 that, comparing it with Eq. (1. 78) for

nucleons, the dilaton width would be only a few MeV. This contradicts

")

vaguely indicate 1"6;\«,400 MeV for the

all expectations concerning the resonance structure of the (O+, 0

channel. Experiments(79’ 81)

width, a value which theory strongly supports via the Adler-Weisberger

sum rule for wm scattering, (82)
oo
81 % == AWW(r, (W -o_  (W)/w?-md ,
™ LW o T Tr+1r+ i
T : (1.94)

(82) pointed out that

where W is the center-of-mass energy. Adler
the‘ p and f contributions to the integral are not large enough to
satisfy the sum rule: there must be a large contribution from the
(O+, O+) channel. It is known that €'(1060) couples weakly to pions, -
so satisfaction of Eq. (1.° 94) depends on To‘ being of the order of
’several hundred MeV.
However, when the magnitude' of scale violation is taken into

account, one realizes t}.‘iat Eqs. (1.77) and (1. 78) can be approxi-

mately true only if the square of the mass involved, (i.e., m or

M

MBZ ») is large enough to swamp scale~violating effects, represented

by mi’_ . By assuming Eq. (1.57), we were able to prove that the
(15)

next order in scale violation is given by

F G __~ mt . (1. 95)
g oTw o .

4
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The calculation assumes that SU(2) x SU(2) is a very good sym-

metry. (49.50)

This conclusion was independently arrived at by J. Ellis(83) '
from similar physical assumptions. A superficial comparison of
his work with ours does nqt give the impression that any connection
exists, because the formalisms are so different. In fact, the ef-
fective Lagrangian formalisrﬁ of Ellis is designed to reproduce th(e
results of the traditional methods of current algebra, which we used.

(84) who were unaware of our work, translated

Kleinert and Weisz,
Ellis's work into a 1anguége which resembles ours.

It is instructive.to look back at ecarlier attempts to calculate
the width of the ¢(700), and to understand why initial attempts to
combine chiral and conformal invariance gave either no result or
the wrong result. It turns out that the o-model is very inisleading;
over~reliance on it for gaining insight caused much confusion.

Before broken scale invariance became fashionable, the

standard practice, (especially in hard-pion calculations,) was to

aésume that the matrix elements of the so~called "og~terms''*

22 = (VZ7Tu /T 3ug) 820 = i [F2, vP1, (a,b=1,2,3),

(1. 96)

are dominated by a o-meson pole. Then one obtains (Zfﬂ_)-lG =-m§_ ,

>:< - . .
Note that {,/Z/3 u, + NAYE) ug, v} form a (4%) representation of

SU(2) x SU(2). The unfortunate name ''o-terms' is a legacy of the

o-model, in which the ''o' field is given by Sop = 81 o'l
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because the o-term can be evaluated by applying a soft-pion theorem
(Eq. 1.70) with n= 1). However, this is a 'fake'' derivation, beéause
there is no way of telling which combination of u and ug should be
dominated by the o‘-me.sOn, while the soft-pion theorem can be
arbitrarily changed by varying the angle ¥ in the operator 7“(\}’.)

whose matrix elements are to be dominated:

v(v) = (/273 u + JI1/73 u8) siny + (,/1/3 u, - 273 u8) cos ¥. (1.97)

If Y=7/2 is assumed, (as indicated by the ¢~-model), the Adler-

Weisberger rule (1.94) is completely saturated by the o-pole alone,
leaving no room for the p and f contributions. (This is hardly |
surprising since the .p and f mesons do not appear in the o~-model).
The correct way to approach the problem is to write the
‘Goldberger—Treiman relation for the B-d‘ecay of a dilaton into a

pion(8515)

-1 '
(Zfﬂ_) Ga--mr -~ m Fo'-rr (o) , (1.98)

where F 0_11_(0) is the appropriate axial coupling constant, (i.e., the
quantity analogous to g4 in'Eq. (1.66)). The failure of PCDC for
{w ] et] wy, (which gives Eq. (1.77) for pions,) indicates that in the
real world, one cannot dominate (Tr] (Y) l'rr) successfully by the o.
However, for the purposes of comparison with linear models, (63)
for which the e};:trapolation from the o~pole to zero momentum

transfer involves no error, we give the result of the naive o~

dominance=-plus~soft-pion-theorem calculation:
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Fu"n"(o) = fsinY . (1.99)

‘Thus, if we had appealed to an SU(3) x SU(3) o-model, where the "¢
field transforms like u . we would have obtained ch(o) = - ,/2/3,
instead of Fo__n_(O) = -1 given by the ordinary SU(2) x SU(2) model,

We note that, within the accuracy of their saturation

(86)

assumptions, the work of Gilman and Harari is correct: they do not
fix ¥ arbitrarily.* They require satisfaction of the sum rule (1. 94),
together with all other current-algebraic and superconvergent sum
rules implied by Regge asymptotics for pion-baryon scattering.

They find ¥~ /4 is needed in order to fit the data for the width of
the p. Then the o-pole contributes sin® v ~ % of the right-hand

sidé of Eq. (1.94).

(83) (15)

The essential point of the work of Ellis and this author

was that Eq. (1.57) fixes Fcr 1T(O) within the accuracy of the saturation.

assumptions involved: (15)

FF_(0)0f ~% _ (1.100)

Eq. (1.100) implies Eq. (1. 95) when combined with the Goldberger-
Treiman relation (1.98). The derivation is considered in Chapter II.
Eq. (1.100) becomes exact in the limit of scale invariance; in that
case, it can be derived from the conservation equa’tions 8“35‘50, 95: 0,

£33
without additional assumptions. (15)

B

Our ¥ is the same as the ¥ of Gilman and Harari.

%3k
See Appendix C and the discussion in Chapter I1.
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Ellis's analysis was preceded by a paper by Isham, Salam, and
Strathdee (ISS)(87) in which the method of effective Liagrangians for
both chiral and conformal symmetry is introduce‘di. Although ISS
made use of Eq. (1.57), they were misled by the ¢~-model into put-
ting ¥ = 17/2 Hence, they obtained Fo‘ = - (2.fﬂ_)-'1 and the connection
‘with the cm coupling was lost. Ellis provided the necessary
generalization of their work.

(88)

Prior to our work, there were some attempts to make use
of equal-time commutators involving the dilation and special conformal
generators. However, due to some invalid steps in the course of very
complicated manipulations, the results obtéined were not correct an’d
looked unpromising.* Our point of view was very different', and the,
analysis much simpler.

In phenomenological tests of dispersion relations for backward
mN scattering, it is necessary to include a large contribution due to
the exchange of a scalar meson. Assuming that the o{700) is
responsible, and taking its width to be about 400 MeV, the ¢NN

coupling is found to be roughly the same as the TNN coupling:(89'90)

) :
g+ NN /4r ~ 12 (1.101.)

Making use of PCDC for (N ] etl N), (Eq. (1. 78) with B = nucleon,)

and Eq. (1.95), all the unknown constants drop out, and we

fina(t>» 83)

%
Kleinert and Weisz (Ref. 84) took the trouble to explicitly point out
the errors. ’
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2 |
Gonn/ Benn ® M,/ 2m My, (1.102)

where Crnm = (me)-l G o 'is a dimensionaless constant (like

go‘NN)' The left-hand side of Eq. (1.102) is about 1, compared with

mZ/Zm M 2.
o ™

N —

We regarded this result as satisfactox:y, but Kleinert and
Weisz, (84) holding to a more optimistic view of the accuracy of the
saturation assumptions, decided that the dispersion relation for
(NI eﬂ‘ I N neéds a subtraction.* That would mean that PCDC is
an invalid hypothesis and the whole endeavoutr has come to nought.
To show that this is not necessarily the case, we extended the

(91)

method of collinear dispersion relations to the calculation of

scale-violating effects. We were able to give an equally good argument

for the resultt (. (s 18)%x

1 - mZ/m, b (1.103)

~ m2(2m M
o m 1

onn/ Be NN N

which is in good agreement with experiment. The difference between -
Eqgs. (1.103) and (1.102) is a measure of the uncertainty involved in
making a prediction for Go‘wﬁ from the theory of broken scale
invariance. Therefore, PCDC is consistent with our picture of the

meson spectrum and estimates of the ¢INN coupling.

” In particular, the Adler-Weisberger sum rule (1.94) is over-
saturated when Eq. (1.102) is treated as an accurate formula for
Gy Note that de Alwis (Ref. 92) also has an over-optimisitc
view of its accuracy. '

*

e
See Chapter III.
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We have also investigated some consequences of the equal-

time commutator

[KH(O),:FM(O)J = 0 , (1.104)

which is a slightly stronger condition than Eq. (1.57). From the
matrix element of Eq. (1.104) between a one-pion state and the
vacuum, we can estimate the slope of the spin-2 form factor of

<“'euvl“>°(TL78)

- This estimate may be compared with the result
of assuming f-dominance. While f-dominance appears tolwork quite
well in the limit of scale invariance, there is a large scale-violating
effect which indicates that f-dominance may be a poor approximation
in the real world.* Again, we use the method of collinear dispersion
relations. Our conclusion is supported by a recent estirnate(gc) of :
the fNN coupling constants.

Because of its large coupling to mesons as well as baryons,
the dilaton greatly influences the application of broken chiral sym-
metry to low-energy meson~baryon scattering. In particular, the
recent discovery of Cheng and Dashen(108) that -(ﬁ+ C)Z('IT/Z)/’\/? ,
the SU(2) x SU(2) violating part of eoo’ contributes 110 MeV to
the nucleonic matrix element does not necessarily mean that
SU(2) x SU(2) cannot be a much better symmetry fhan SU(3). (77)

If scale invariance is broken to the same extent as SU(3) x SU(3)

*Using the hard-meson method, Raman (Ref. 93) has independently
arrived at a similar conclusion. He starts from an assumption
equivalent to Eq. (1.104), but his methods of calculation and approxi-
mation are different from ours. The connection with scale-violation
is not noted.
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symmetry, (i.e., '"§ vanishes in the limit of chiral SU(3) x SU(3)
invariance''), the dilaton pole enhances (N [ U [N) relative to
(N [u8 INY, with the result tha..t we are able to retain most of the
attractive scheme of Gell-Mann, Oakes, and Renner,(49) including
Eq. (1.73).

Our most important result concerns '&u’ the dimension of u
or of a current divergence 6“F5H. Using collinear dispersion

(91) (113)

relations, Fubini and Furlan and von Hippel and Kim have

related the threshold amplitude for meson-baryon scattering to the
equal-time commutator '. <N][i?:5 + mlva5, 8H35H] |NY. Only the
connected part of this matrix element is involved.  Contrary to the -
general belief, we show th;.t, unless 'F’u is =1, the [f‘5,8“35p]

part of this equal-time commutator should have the same order of
magnitude as the other part, which is the quantity estimated by
Cheng and Dashen, Making :;use of the experimental fact that the
isospin-symmetric wN scattéring length is very small we observe
that (N f [139‘5, a“LgBH]] N (connected} does not vanish, and therefore,

'f’u. cannot be =-l.% We also point out that a recent criticism of the

von Hippel-Kim paper by E11i5¢193)

does not affect our analysis.
We are unaware of any conflict between experiment and our
scheme for broken conformal and chiral invariance. Some other

possibilities, both respectable and doubtful, are briefly discussed in

Sections III.3 and IIL 4.

* Fritzsch and Gell-Mann {Ref. 143) and Mandula, Schwimmer,
Weyers, and Zweig {Ref. 144) note the possibility of directly
measuring 4, indeep inelastic neutrino scattering.
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In private discussions, we have found many people reluctant
to consider the spontaneously broken variety of scale invariance. We
can distinguish three different attitudes:

(i) Dilaton theories do not coincide with the theoretical
interests of many workers;

(ii) Some say that m is too large to allow the successful
application of PCDC;

(iit) | There is a feeling that the existence of scaling laws
for high-energy inclusive processes such as deep inelastic electro~

production is harder to explain when a dilaton is present.

We do not entirely disagree with attitude (ii); at any rate, neither (i)
nor (ii) constitutes an argument against spontaneous breakdown. Let
us conclude this chapter by explaining why we do not share the
sentiments of (iii). (78)

As we have oiten emphasized, conforrnal symmetry must not
be treated as a degeneracy symmetry in momentu.. space because of
the infrared problem. Exclusive processes are not expeacted to obey
equations like (i.31) at high energies. The observation of & scaling:
law fcr an inclusive process means that bremsstrahlung efiects are
not dominant-~i. e. , oaly short-distance behavior m tters. The
PCDC hypothesis of Mack constrains low-energy benavior: at
large cistances, certain potentials are supposed to nave the fo..n
e:‘.»;p(n'xzs_r)/r. This does not obviously coni'liqt with Wilson's

Lypothesis of scale invariance at short distances. In terms of the
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intuitive discussion accompanying Eq. (1.35), Mack is concerned

TOT /4 .

with the factor PN(E, 8), Wizlson with do

However, this discus.jsi.on does not completely answer the
doubts represented by (iii). If we are given the set of operato;rs |
ON(x) with dimension 4, inthe operator-product expansion in |
Eq (1.79), the assumption that the leading singularities of the

. La * B~ tn | . .

Cn(y) are given by vy is easily understood (if one
forgets renormalized field theory)--it corresponds to requiring that
D(xo) be a slowly varying function of the time X . PCDC would

seem to be an excellent way to arrange this. The problem is

understanding why the set of operators 0n is constrained to obey

rules like Eq. (1.91). In the language of effective Liagrangians, (83)
one can construct factors exp(4 o‘/FO_) from a dilaton field o(x)
with the anofnalous transformation law

i [D(xo) , o(x)] = —FO_ + x-90(x) . (1.105)
It is easy to derive the formula

i[D(xO) , exp({,O'(x)/Fo_)] = (-4 + x-8) exp ({,o'(x)/Fo_) .

(1.106)

The exponentials are used to fix up the dilation behavior of various

terms in the L.agrangian to make it scale-symmetric;e. g.,

MV VY -MMexp(-a/FU) = (-M+ MO_/FO_ - %Mo-z/Ff_ t ... )V Y,
' (1.107)

(immediately, one gets NN = M'N/Fcr)' Dilaton theory appears to
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be too flexible to allow the development of a rule for determining
dim On, because multiplication by exp({,o‘/Fo_) permits us to
arbitrarily change the dimension 2. of a given gperator to (£ + ,?,n).

We think that this problem exists with or without dilatons.

In the above example, it is caused by the availability of a c~-number
IFO‘ which has the same units as a mass. In a non-dilaton theory,
the limit of scale invariance (zero-mass limit) is unstable because
it is impossible to banish all mass-like c-numbers in the process of
renormalization. One finds that the dimension of a field can be
"'anomalous"(ﬁ-}'o’ 27, 94)--instead of'taki‘ng the free field value, the
dimension becomes a function of the streng{:h of a coupling‘ constant ‘
in the theory. Therefo?e, we are faced with just as much flexibility
as in a dilaton theory.

Now, it might be argued that, since renormalized field
theory predicts that the Cn(y)'s are contaminated with logarithms
{except for unrealistic superrenormalizable theories), it should be
disregarded and free field theory should serve as a guide. In that
case, rules like (1.91) are easy to explain, but it makes no dif-
ference whether dilatons are present or not. If the dimension of
0_ is changed thhrough multiplication by exp(&o‘/Fo_), the same
factor must appear on the other side of the equationv; (otherwise,
the expansion is not valid for matrix elements involving o
particles).

Therefore, we do not believe that the tréatment of scaling

laws via operator-product expansions is connected with the manner
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in which scale invariance is broken, unless the non-leading
singularities are considered. Perhaps the magnitude of the non-
leading singularities is controlled by the magnitude of scale violation,
and is therefore a means of distinguishing these possibilities.‘ * To
understand the leading singularities, we have to appeal to rules which
look artificial at present; e.g., if the 0 (including ei.t\))

: 0y02--- 03
are supposed to belong to an infinite representation of the conformal

group, *%, Eq. (1.91) follows immediately. (68)
Our investigation forms part of a program to discover the

nature of the terms which break scale and chiral invariance in

the energy density. Finding vexperiments which distinguish the

various possibilities presents a considerable challenge for theorists.

These experiments needk not be difficult to perform. For example,

our discussion of Lu depends on measuring low-energy wN phase

shifts with reasonable accuracy. At present, our knowledge of

these amplitudes is almost adequate.

£

This works only for e+e_ annihilation, and then only if the two-

photon term is small enough. In deep inelastic electroproduction,

the traces discussed in the footnote to Eq. {1.92) are likely to
dominate the non-leading singularities.

* Y,
* That is, they satisfy an algebra.
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II. LIMITS OF CONFORMAL AND CHIRAL INVARIANCE

We proceed to develop a consistent, general theory to
describe the consequenc:es of combining broken conformal and chiral
symmetry. Here we concentrate on understanding the constraints
implied by symmetry arguments; the use of dispersion~-theoretic
methods is postponed to the next chapter. Remarks about some

controversial contributions to this field are included.

II. 1. Realization of Scale Ihvariance with One Dilaton

One of the characteristi'cs of the meson spectrum whic.h the
quark model explains is the appearance of nonets. Each SU(3) octet
is accompanied by a singlet, which can mix with the eight member
of the octet via SU(3) violation. Experimental data are not good
enough to demonstrate nonet structure for the scalar mesons. In
particular, experiments do not even vaguely suggest the number of
(JP G) = (0 0 } resonances in the region of interest (below 1,5
or 2 GeV). Our interpretation of dilatons is that they are 3PO
states of the quark model, so we expect that the nonet property
holds for scalar mesons, *

There is fairly strong evidence for the presence of some

members, 6(960) and ¢'(1060) with quantum numbers (O+,1—) and

sk
The opposite viewpoint would involve treating dilatons as scalar
gluons. The Lagrangian density would contain both quark and dilaton
fields, following the idea that the r8le of dilatons as Nambu-Goldstone
' particles differentiates them from other mesons. However, to be
consistent, the whole pseudoscalar octet would have to be treated in
the same fashion.
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(79)

(0+, 0+), of a' possible scalar nonet. Evidence for the cor-
responding strange particles u~1 GeV) is obscure. (81) The ninth
member could be the ¢(700) meson, but its parameters depend on
indirect and controversial analyses of data. (79, 81) Assuming that
an excited nonet of scalaf* mesons is too massive to concern us (if
it exists), we are left with two (0+, 0+) resonances, €=¢ and ¢',
" which can give important contributions to unsubtracted dispersion
relations for <e: Y.

In the limit of scale invariance, SU(3) becomes an exact

degeneracy symmetry, so the singlet and octet states are no longer

mixed. The vacuum is SU(3) invariant, so from
@|o loy= -+F (kk -g K (2.1)
- by 376 Y MV

we see that only the SU(3) singlet state has dilaton quality. For these
reasons, we assume that there is only one dilaton. Since SU(3)x SU(3)
also becomes an .exact symmetry in the limit of scale invariance,
there are nine massless Nambu-Goldstone bosons: the scalar singlet
o and the pseudoscalar octet w, K, . All other hadrons, including

n' and the scalar octet, are supposed to remain massive and
degenerate in hyperchérge within SU(3) multiplets.

(95)

It has been claimed that theories in which conformal

invariance is realized via a Nambu-Goldstone boson are self~
contradictory. These analyses involve taking the limit of scale

invariance. None of the "proofs'' apply when scale invariance is

broken, so the contradictions obtained merely reflect an incorrect
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(96)

limiting procedure. As pointed out by Callan and Carruthers,
the standard mistake is to assume that the Poincaré generators are
given by Egs. (1.9) and (1.10) in the scale-invariant limit. This
procedure ignores the presence of the dilaton pole at zero momentum
transfer in <el~k\)> ; i.e., the integrals in Egs. (1.9) and (1.10) are

" ill-defined in this limit. When scale invariance is broken, there is a
potential exp.(-mo_r)/r due to o-exchange. It contributes a term

proportional to

=37, [ 5 wtem, /e 57 a3 cptem e
vV (2.2)

to the integral defining Po in Eq. (1.9), with J(mo_) = 0 for ran{O,
and J(0) = =-4w. Hence, this definition of energy has a discontinuity
at m_ = 0. To understand the limit of scale invariance, the ambigqity
associated with the dilaton pole must be removed.

It is convenient to write the PCDC hypothesis in the form*

5 8 -g 8%
6 =t + ”ZV b t& . (2.3)
BV BV 3@m” o+ 9 @

where (1:“\) Y has no o-pole. The trace of Eq. (2.3) is

o mi a
L .
o

*

Eq. (2.3) was suggested by M. Gell-Mann (private communication),
who has also obtained the corresponding expressions for PCAC and
PCTC. See footnote 29 of Ref. 77.
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The operator to? does not vanish, irrespective of the magnitude of

scale violation. Consider Egs. (1.9) and (1. 10) with m_ # 0;

substituting Eq. (2.3) and integrating by parts, we obtain(77)

o
1

[a®x TR (2. 5)

M
ny

5 :
j‘d X (xpto\) - X\)top) . (2.6)

Now there is no problem classifying states according to their masses '
and spins in the scale-invariant limit--the offending o-pole is no
longer present, so Egs. (2. 5)v and (2. 6) provide convergent definitions
of the Poincaré generators for m_ = 0.

The expressions (1. 16} and (1.17) cannot be altered in this

. . 3 . . .
manner, so the integrations over d x diverge in the limit mo_—» 0.

a
5

in the limit of chiral symmetry. In practice, difficulties in carrying

This formal difficulty also occurs when defining the axial charges F

out the integration over infinite 3-space are harmless, since we
always consider commutators [D,Q] and sums of commutators

exp igD Q exp -igD for some' operator Q. These expressions
contribute the well-behaved terms 63(:—{'), 3 63 (2), .v. to the
integrand. Unlike the SU(3) and Poincaré generators, Fg, D and 'KP-

are not used to classify states.*

"The chiral classification of states by Gilman and Harari (Ref. 86) is
performed at infinite momentum, where the pole term may be removed.
Another harmless difficulty associated with the d3x integration is
involved in the definition of non-conserved charges. See Renner's book
(Ref. 45) for a brief discussion and references.
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Another way of discussing the éffect of the o-pole in defining
| D and KH is to state that, in the limit of conformal invariance, the
pole term causes exp(iaD) and exp(iBqu) to generate a
continuum of degenerate vacua. As et vanishes, the unique physical
vacuum becomes a member of this continuum. However, it can still
be distinguished because Poincaré invariance is a degeneracy sym-

metry; i. e., the vacuum is invariant under Poincaré transformationss

PH]O>=O ; Mw]o>= 0 , (2.7)

with PH and MH\) given by Eqgs. (2.5) and (2.6). Thus, the réle of
the Poincaré group as a subgroup of the conformal group is analogous
to that of SU(3) as a sﬁbgroup of chiral SU(3) x SU(3). The Poincaré
and SU(3) groups provide classifications of particle states because
their generators annihilate the vacuum. However, the other chiral
and conformal generators produce degenerate vacua, so the cor-
responding classificat_ion schemes for particle states need not appear,

The most interesting paradox connected with the limit m_- 0

1

was found by Renner.* In the limit of scale invariance, Eq. (1. 44)

gives
i([P,D] = -P_ . (2. 8)
implying
elaD P e_laD = %P . (2.9)
o o

* Renner's observation was recorded by Ellis (Ref. 83).
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If [N) is a nucleon state at rest, then defining }\y Y= exp(-igD) [N}V,

P0|w>= eaMNH’) | (2.10)

is apparently the resuit. Since l ¥) has the same quantum numbers
as the nucieon, it should have an energy greater than or equal to M_N,
so fransforma.tions with ¢ (0 seem to be forbidden. This anomaly
arises from an illegal interchange of limits in the equation(77)

lim lim

M 2 P - :
GH—»Ok —»0(N(p+k)]9HlN(p))—MN, (2.11)

i.e., the limit 85—» 0 is non-uniform in the momentum transfer.

The derivation of Eq. (2.10) assumes that the scale-invariant limit of
Eq. (1.44) is uniform. (77,96)

In order to see whether the requirement
(N| 0P P 19D Ny y My (NN (2.12)

leads to any useful theorems, the effects of the breakdown of scale

invariance must be included:

GaD(0) § (52 -laD(0) _ (4+%-F)a

00 ‘eoo(o’x)

] , +—’o—’ -— -
( 'fn x V)OL_ e(4+x-v)a -

g le Jw(0,%) . (2.13a)

with ¢ =0 for w = c-number; the integrated form of this identity
is(77)

. . | ~(1+3
0D p HaD(O) | ap 4 5 e ) [ a’x w (0,3 . (2.13D)
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If the dimension £ of the scale-violating part w of 6,0 18
unique, (apart from a c-number term), combination of £qs. (2.12)
and (2.13b) appears to yield -

(2 +3) e® +

e 3)"1 Yo+ 4,

which would imply 4 ) =3 or 1 <-4. Making use of the constraints

on £ found by Wilson, (40)

we would deduce -3( 4 (-1, a result
which is reasonable, * but not guarantee‘d by the above argument.
The flaw in the above reasoning arises from neglecf; of the
contribution of the disconnected part, (N [N) (0 IeiOLDPOe“iOLD oY,
to Eq. (2.12). This term dominates the inequality because of the
infinity associated with the integration in Po‘= J‘d3 pd 600. The most

striking demonstration of the effect of this term occurs when chiral .

transformations are investigated in the same manner:

3 2_33

.3 . .3 3
exp(iaFy) 6 (0) exp(-iqFg) = § - aa*‘gm -~ 30T 4 0(a”), (2.14a)

with Zab = [Fg, [F];, 800] ], or, if Zab belongs to a (£, £

representation of SU(2) x SU(2), (asin Eq. (1. 96)),

. 3 . =3 . 3 33
exp(1aF5) eooexp(qo{,FS) = 600- - sing ot SSH + (cosq- 1)~ . (2.14Db)

=
Wilson (Ref. 97) notes that many vertex functions commonly
encountered in current algebra diverge unless this condition holds.
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Using a principle analogous to Eq.(2.12), we find

(s Ny (o . (2.15)

At first sight, this result looks outrageous; in the free quark model

£ = : qifgq: - :mozl(x0+cxi)q: , (2.16)

(q[ : 233: |q> is the mass of an isodoublet quark. Closer inspection
reveéls that the mass term is normal-ordered, whereas the quantity
bwhich transforms as part of a (3, 3) + (3,3) representation is

q kaq. Eq. (2.15) is correct because the left-hand side contains the
infinite disconnected part (N|N}) (0 | 233 | 0%, which is negative.

Apart from the irrelevant case of the limif of scale invariance,

the disconnected part does not vanish. Therefore, the only way of
making use of a principle like Eq. (2.12) involves taking the vacuum
. expectation value of Eq. (2.13a). Note that we do not attempt to
apply Eq. (2.13b), because the integrand loses its dependence on X
when the vacuum expectation value is taken; thus the integration by
parts which converts. Eq. (2. 13#) into Eq. (2. 13b) gives an infinite
answer, and produces surface terms which must not be neglected.

From Eq. (2.13a), we have¥

A similar equation involving chiral transformations has been analyzed
by Dashen (Ref. 55).
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. =4 _a
D oy = we P -e*% (Olw_|0)

o n

ti

_ iaD
fla) = (0le 8,

‘ 1 o ‘4 =
Te U (0]wy]0)+e0fo l0)

y 0 (2.17)

The condition dzf(O)/dOL2 Y0 ensures a local minimum at o= 0:

2 2
a“H(0)/da” = T 2(2,+4) (0w | 0)

= -i(0|[D, 6y] J]0) = R(0) YoO. (2.18a)

with

R(k) = i fd4x eik'xe(xo) (0 l[e::(x), et (0)1]0). (2.18b)

Eq. (2.18a) is consistent with the assumption that R(kz) satisfies

an unsubtracted Lehmann-K#11én representation:

dt Im R(t)
2 9

2 1
R(k7) = =
R J t -k

(Im R(1) ) 0). (2. 18c)

This assumption is characteristic of a PCDC theory, in which matrix-
elements of 6::: emphasize low frequencies.

For large positive a5 Eq. (2.17) implies
], 1oy ) o (2.19)

If .<O I 6 o I 0) wvanishes, the first non~vanishing term (0 lein. [0)

for 2, increasing must be positive. Similarly, looking at the case in

which ¢ becomes a large, negative number, either there is a
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positive c~-number w_, or the first non-vanishing term (0 'WMax.‘0>
as £ decreases is positive. We have no general method for
imposing the constraint that f(q) have a global minimum ¢ = 0.
Howev‘er, all éonsequences of this c'onditionl may be obtained if the
decomposition of eoo into scale~preserving and scale-violating
pieces is not too complicated.

In particular, we consider Eq. (l.83) with the dimension Lu

%
of u assumed to be unique. Then § cannot vanish(ls)ﬁ because
of the equations
. i ) :
<o|ep|o>_ E(Ln+4)(0|wn|0)— 0 | (2. 20)

and (0 I u|0)9( 0. Theories in which 6 = 0 is claimed actually

assume that & is a c~number 60 given by

N 2 2 '
5 = 3m11 (£, + 4)/(64 £ ‘ (2.21)

where we have substituted the result (0| ul 0) = -3mnz/(16 szr)
| (49)

obtained by Gell -Mann, Oakes, and Renner. For this model,
Eq. (2.17) implies =~4¢ 2, € 0.

In another simple model, u and § have unique dimensions

NEIT Then Eq. (2.17) is equivalent to
g2 2y (2.22)
Eq. (2.22) does not contradict the SU(3) x SU(3) a‘-mode1(63)

This point was also noticed by M. Gell-Mann (private communication).
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¢ = iTr a“yrffapm + £ (Trm+m)2 + £, Trm+7727f<+772
(2.23a)

. o
+ 8 (detm + detm') + focro+f80'8+c ,

8
where m=a=20 )\a(cro + 1¢a) is a 3x3 matrix of fields (o‘a, 52{a) which

form a (3,3) + (3,3) representation of SU(3) x SU(3), because there

is an extra c-number term

3/2 .3 4 4 . 4
c= -bf0-2(2/3)/ g b -4f b -z £b° , (b= (0o _[0)),

(2. 23D)

which is usually ignored.
According to de Alwis and O'Donnell, if the operator
term w breaking scale invariance in eoo has unique dimension 4,
then { is necessarily -l. The assumption of de Alwis and
O'Donnell, which they write in the ambiguous form
lim lim

" m = 0 (N! |600]N> = (N! ]ma_—vO GOOIN>"', is easy to analyze

when the correct relation

Pl.im lim oW L= . lim lim = .
§ ~O0FR-0 (NE+K)[8,,INE))=K -0 620 (NE+E) 5, , N}

(2. 24)

-(4+ 1) MN/(4,+ 4)

% .

Our analysis of this work was given in private correspondence with
Drs de Alwis and O'Donnell. See Ref. 98 for an alternative
discussion with the same conclusion (for the case § = c-number).
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is considered. For degenera'cy symmetries, it is permiséible to
interchange momentum transfer and symmetry limits of matrix
elements. However, Eq. (2.11) demonstrates that spontaneously
realized symme?ries do not generally obey this rule. When it is
remembered that a ""'smooth' definition of energy is obtained when
the dilaton pole is first removed from GH\), as in Eq. (2. 5); we
see that there is no reason preventing { 30 0) from developing a
dilaton pole, in which case the limits in Eq. (2.24) cannot be inter-
changed. In the language of de Alwis and O'Donnell, there is ﬁo
way of distinguishing their assumption from the alternative

2

L, lim M _ 1i
"quO(N'|600-§8HIN> = (N !mo_

To(eoo'gepp)lN>” ’ (2-25)

where § is, a priori, arbitrary. Their prescription gives
£€= (4 + 1)/({’,+4:), which does not help to determine 4.

| Although a large percentage of papers on broken scale
invariance rely on formal arguments, the considerations of this
section indicate that such reasoning has very limited application. In
particular, "arguments' which can be formulated only in the limit
of scale invariance should be ignored. However, if soft-dilaton
theorems are being considered, there is no problem associated
with the limit of scale invariance. By yielding exact theorems,
this procedure often indicates the correct way to carry out the cor-

responding pole~-dominance calculations.
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II. 2. Width of a Single Dilaton

For the moment, we ignore the fact that the dilaton mixes
with the eighth member of the scalar octet, and imagine that it is
isolated. The effects of mixing will be considered in Section IIL. 1.

The only hadronic couipling constants of the dilaton which are
presently measurable ar.g u' u & NN and Go-'rr'rr 6ab for protons
and pions, (with a,b = isospin indices of the pions), where states are
normalized invariantly. Applying PCDC to (N l BHH | N) and
(m] GHH | wY, and taking care to indicate the effects of scale violation,
we have

Fognn= My

M. + O(mf_/ZMN) , (2. 26)

2 2
FO_G = Zm_n_ + O(mo_) . (2.27)

We investigate the pos_sibility that, in Eq. (2.27), the scale-violating

term is more important than the term Zmi. |
Since pions are involved, it is natural to consider the appli-

cation of approximate chiral SU(2) x SU(2) symmetry. Let us define

the axial form factors for the p-decay of a dilaton into a pion:

(ot [F53(0) 7@ ) = =1 (k+ @)y E_(8) +1 (k - ,G_ (1) , (2. 28)

there t= (q = k)2 is the momentum transfer squared., The

ivergence of Eq. (2.28) is
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A, 3

((k) | 875 (0) | w°

v/

)

Tt
e
]

(@)

2 2
(m o -mp) Foo(t) -tG

t . (2.29)

According to the PCAC hypothesis, Do‘ "r(t) satisfies an unsubtracted

dispersion relation,*

2
m_ G dt'Im D _(t")
D () = —F¢rm 1 po _ _ om (2.30)
g 2 T v tt -t
2f (m” ~t) 2 .
T 9m
™
which is dominated by the pion pole in thé region [t] imf_ CAtt=0,
we obtain the Goldberger~-Treiman relation(SD’ 13)
-1 : _ 2 2
(Zf-n‘) Gcr-mr = m_ Fcr'n‘(O) + O(mﬂ_) . | (2.31)

As noted in our introductory remarks in Section L. 4, the axial coupling.
constant, FM(O)' is an SU(3) x SU(3) Clebsch-Gordan coefficient in
linear models for chiral symmetry breaking.

Current algebra allows further progresé. Placing the equal~
time. commuté.tion relaﬁon

-i2

20, Fa 0] = 2F%0) | (2.32)

Fy

> .
" The pion decay constant f‘n‘ is defined in Eq. (1. 65).
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between 'n'+ states, the resulting formula

1+i2

1-i2 ()] (o))

-1 33 = N + 2
1=(4p) '%'(Z‘rr) 8" (P-p) |<I[350 (0) | =" (p) )] -]<1|;;50

(2.33)
becomes the Adler-Weisberger sum rule for wm scattering, Eq. (1.94),
when PCAC is applied to (I laxﬁs}\lw(p)) in the limit pz—»oo‘ . For
our purposes, it is more convenient to consider just the p,~® step;

we display the g-contribution explicitly:

l= IF (O)I2 + (¢', p, f, ... contributions) ©{2.34)
ow pz—b CO,

The ¢'-contribution is negligible, (re'—' ~ 30 MeV), and the

(82, 86)

™

ps £, ... resonances contribute about %:i.e

F (O]~ 1//2 (2. 35)

which corresponds to a o-width of several hundred MeV. Obviously,
the PCDC relation (2. 27) is useless if we have correctly identified
the dilaton as the resonance responsible for the satisfaction of
Eq.(2.34). Note that we are not claiming that Eq. (2. 27) is wzlong.
Now we consider the constraints placed on Fo-'rr(o) by the
theory of broken scale invariance. At this point, we ignore the
effects of symmetry violation, because the derivation of symmetric

results is easier and more eiegant. The calculation is performed



-70-

with m = m(O-,_8_)= 0 and e:’ =0= 8)\35)\; the corresponding

analysis using pole dominance will be fully considered in Sections
IIL. 1 and IIL 2.

. . ' ‘ . . (40)
According to Wilson's theory of broken scale invariance,

the breakdown of chiral invariance is also a scale-violating effect.

Therefore, in the limit of scale invariance, we have

[Fg» ewl = 0 |, (2. 36)
implying
i[ D, 35>\(x)] = (3 + x-0) ;3:5>\(x) . (2.37)

It might be thought that Eq. (2.37) should contain 3~gradient terms of
o .

the form 0 350[}\ in order to be generally correct, where j5a)\
is an antisymmetric pseudotensor with dimension -2, (possibly the
axial counterpart of the tensor current obeying PCTC. Howefrer,
examination of the operator product [‘epv(x,) 35)\(0)] reveals that
the presence of such a term is inconsistent with the known expression
for [MH\) s 35>\(0) 7; (see the next section).

An important matrix element for our work is

M., = (w(P + 1K) | B8,y (0) | (P -3k)Y . (2.38)

(15)

We choose the form factor expansion

_ ) N 2 2 - 2 2 .
M, F2P P -k k- g K5)/6) Fl(k )+ (o k -g KT, (2.39)



-71-

(where Eq. (1.9) requires Fl(O) = 1), because the dispersion
theory of Fl(t) and Fz(t) is simplified when the mass of the
pion is neglected; intermediate states with (JP, IG) equal to
(2"

respectively. Applying the condition of scale invariance to the

’ O+) and (O+,O+) contribute to Im Fl(t) and Im Fz(t)

trace of Eq. (2.39),

b = 2m’ F (k%) -3k° F,(%) (2. 40)
we find(ls)
2 - |
F,(k") =0 . (2.41)

Thus, the effects of scale violation are responsible for the presence
of the induced scalar form factor, Fz(t), in Eq. (2.39).

From Eqs. (2.29) and (2. 31), the forl_'nulae(ls)

G =0 | (2. 42)
omTT

G )= 0 (2. 43)

are also valid in the limit of scale invariance.

(15)

The spirit of the following analysis resembles that of the

original' derivations of chiral-symmetric results by Nambu and his

(

collaborators. >4) We begin by defining the time~ordered product

ikex

A = i atx % (0] T(8,55 ()] 7)) | (2. 44)
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which contains the dilation current ggp(k), defined in Eq. (1.11).
Since we are working in the limit of scale invariance, (i. e.,

a“'agp' = 0), the divergence of;Eq. (2. 44) takes the very simple form

' 3 )
kA LG9 = (0] [D,F(0)] [70) + o) . (2. 45)
Substituting Eqs. (1. 6.5) and (2, 37), the right-hand side may be written

(01D, 3.0 1v%a@) ) = 3 g (26)7" . (2. 46)

In order to evaluate the left-hand side of Eq. (2. 45), we need
consider only those contributions to Am\(k, q) which are singular
in kon' The appropriate diagrams, which are displayed in Fig. 1,

represent the amplitude

P lha)= -3 (crq) F R ((c-0))) ek -g K/

iF (k )
-—-———-—(k q) [Z(q- ,k)a(q-%k)v (2.47)
1T

2 2
~-(k k - k-
(kg k, - g K )/6]/<2qk 1
In writing Eq. (2.47), we have made use of Eqgs. (2.28) and (2. 39)
for the vertices shown in Fig. 1, subject tothe constraints (2. 41),
(2. 42) and (2.43). The formula (1. 11) for the dilation curtent

implies
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w7 b=

e _ s oM 0
-k A (g = ik Tk, P ool a) + 0(k)
(2. 48)
_ . 0 v Lo
= lakv (k wa) 1PM + 0(k),

where the last step was included because it saves much labor when

Eqs. (2.47) and (2. 48) are combined:

1

- KA Q) = (B F(0) + £17) ay + 0K) . (2. 49)

Combining Eqs. (2.45), (2.46) and (2. 49), we find(!®)

F F_(0) £ = % . (2. 50)

In Appendix C, we give methods of deriving this result where only
the conservation equations ei =0, 98" :}5\) = 0 are used, so the
validity of Eq. (2.37) in the limit of scale invariance is confirmed.
We shall fully treat the question of the effects of scale
breaking in Chapter II1. However, at this point, we have some
reasons for supposing that Eq. (2.50) is roughly correct in the real
world. Theories of spontan§0us violation of a symmetry assume that
the fundamental decay const;nt, (Fo‘ for scale invariance, fn- for
chiral SU(2) x SU(2) invariance), is practically unaffected by the
magnitude of that symmetry violation. The ma_in cause of
lincertainty is the dependence of ‘Fo-'rr(o) on the breakdown of scale

invariance. Essentially, Fo‘ Tr(0) is an SU(3) x SU(3) Clebsch-Gordan
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coefficient, so it may be slightly changed by mixing of the dilaton
with €'(1060) meson. Also, thereis considerable ambiguity about -
the point t_ at which F __(t ) should be evaluated, because t

o om0 o
can be O(mf_). ‘Here, a typical uncertainty involves the factor

(1 - mi /mA 2'). Therefore, Eq. (2.50) should be applicable to

the real worllci if one is prepared to tolerate a discrepancy involving
factors of 1.5 or 2. (15) This is not worse than the inaccuracies
observed for many chiral SU(3) x SU(3)~symmetric results. (49, 100)
In fact, SU(3) x SU(3) and scale breaking may be of the same
magnitude: m: is supposed to be not much larger than m'rz]

We can further in.vestigate the accﬁracy of Eq. (2.50) by
considering Eq. (2.39) in the limit of chiral SU(2) x SU(2) invariance,
but with scale invariance broken. In order to proceed, we must
assume the validity of Eq. (1.57), or Eq. (2.37) for A\ = 0. As we
haye remarked in Section L. 3, Eq, (1.57) is valid in the usual theory
of broken chiral symmetry. Note that if it existed, the scalar
operator s(x) defined in Eq. (l.56) would necessarily vanish in the
limit of scale invariance, have a dimension greater than -2, and,
to affecf our argument, belong to the (3,3) + (3,3) representation of
SU(3) x SU(3), (for example), rather than (1,8) + (8,1). To phrase
our assumption another way, the energy density, not just the

Hamiltonian and other Poincaré generators, is supposed to be chiral

invariant in the limit of chiral invariance; then ]1:‘5=0 gives

1= 0 ' - - (2.51)

'[FS’ eu\) _
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As we shall demonstrate imrﬁediately, Eq. (2.51) implies the

(15)

constraint
FZ(O) = - 1/3 . (2. 52)
A brief derivation of Eq. (2. 52) follows from the formula

Ay | X

oy (B =0, (2.53) -

where

%

_ 2. 54
Ry, 0 = [F509, 0, (0)] (.24

ret.

is a retarded commutator made covariant by careful treatment of the
singularity at x= 0.* Eq. (2.51) has been assumed in writing

Eq. (2.53). Then

g [a% % (n(q | Ry, A2 0) = 0 (2. 55)
implies

lim _

a-0 (v(a") |8, (0)[m(a)) = 0 , (2. 56)

which may be combined with Eq. (2.39) to yield Eq. (2.52).

\

"We presented this derivation in Ref. 77. Previously (Ref. 15), we
dealt with the less singular quantity R{LH(X), and the corresponding

derivation may be found in Appendix C. The covariantization of
quantities like R)\H\) is considered in Ref. 10l. As long as the cur-

rent is conserved, the question of covariance turns out to be
irrelevant in the derivation of the soft- meson theorem, (here

Eq. (2.56)). Following tradition, we add stars to symbols to denote
that they have been made covariant.
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In the limit of SU(Z’ x SU(2) invariance, the induced scalar
form factor Fz(t) satisfies an unsubtracted disp'e;rsion relation,
because Eq. (2. 40) showé that it is damped even m.ore strongly than
m:j at large t, and matrix elements of ( GMH > satisfy unsubtracted
dispersion.relations (PCDC hypothesis). While o-dominance of
’mﬁ at small t does not appear to be a good approximation, the cor-
responding assumption for Fz(t) »has a good chance of working,

since FZ(O) is proportional to the gradient of 7)2: at t=0 :(15’ )

R0 % - Em /i -0, (2. 57)

with h|£m§

. Note the'consistency of Egs. (2.41), (2.52) and
(2.57). The property tl.lat the limits mz‘_ -+ 0, t -0 cannot be inter-
changed is characteristic of theories involving a Nambu-Goldstone
boson. We can identify the residue of the ‘cr-pole in Eq. (2.57)

with coupling constants of the dilaton:(ls’ 83)

[\

(2. 58)

2
8

~>

G
C oTT (g

When Eqgs. (2. 3'1) and (2.58) are combined, we obtain Eq. (2.50) as
an approximate relation.

1f we had neglected the O(mi) term in Eq. (2.27), Eq. (2.50)
would have allowed us to write

2

-1 )
(wa) Go"rr'rr =-2m_n_ GO_“_(O) y - (naive) ;
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unless the dilation appears as an extremely narrow resonance, i.e.,
|F0_ﬂ_(0) < <1, this relation violently contradicts the Goldberger-
Treiman relation (2.31). .

However, we may substitute the original Goldberger-Treiman

relation (1. 66) and Eq. (2.26) in Eq. (2. 50) to obtain(15)
8NN/ B NN~ Fonl0/8 4 S (2.59)

Thus ]FO_Tr(O) ! < < 1 would require the dilaton to couple weakly to
nucleons, This is not possible if the dilaton is assumed to be the
scalar particle exchanged in NN and m N scattering. Therefore, we.
conclude that Eq. (2.27) is/ correct but useless--in practice, Eq.

(2. 58), (which is consistent with Eq. (2.27)), should be used.

Combining Eqs. (2.26) and (2.58), we derive the relationt12s83)

2 .
Bonn/ BoNN & T/(2m M), (2. 60)

with g =G /2m . Thus o-exchange in mN and NN scattering
oTT o ™

can be compared with or predicted from the mass and width of the

dilaton. The order of rr;agnitude of these exchange forces indicates

that the dilaton has a width of several hundred MeV. This agrees with

the discussion based on the Adler-Weisberger sum rule for vw

scattering; (see Eq. (2.35)). 'I'he positive sign of go"rr-rr/go' NN

as given by Edq., (2. 60) agrees with the sign obtained from the scalar-

exchange contribution to wN scattering.
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Following the prejudices established early in this chapter,

we try fitting déta for the ¢(700) meson to our formula., If the-width
of the ¢ is taken to be 400 MeV, i.e., |

2 ~
g omy /4™ = 11, (2. 61)

Eq. (1.101) for g NN implies

gGTI'Tr/gE:NN = 1 ! (‘2'62)'

whereas the right-hand side of Eq. (2.60) is

Vo~ 2

Nz 2. (2. 63)

2
m °/(2m M

In view of the uncertainty in the PCDC predictions which lead to

Eq. (2.60), the discrepancy between Egs. (2.62) and (2. 63) is not
(15) . '

Al

significant.

Eq. (2.58) may be related to the work of Chang and

Freund.(loz) If the dilaton is treated as a 3PO state in the quark
model, generalized W-spin symmetry predicts(loz)
i ‘
G = G 3 (2. 64)

where ¢pp coupling is -gOLB Gcr + kak -Go‘pp for a dilaton with

pp 8
momentum kp.' PCDC applied to {p | eﬁl p) vyields

F G = 2m® + o(m. % . (2. 65)
¢ “app p i
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2

Chang and Freund showed that the disastrous conclusion mi = m_

follows from Eqs. (2.27), (2.64) and (2. 65), if one ignores all
O(mf_) terms; (that motivated their use of a ''tenth'" piece in e:’ ).

Using Egs. (2.58) and (2.65), we find(ls)

2, 2
Gopp™ (2m "/m) G . | (2. 66)

1

The rﬁass of the dilaton is not suppésed to be much less than mp,
so the effects of scale violation in Eq. (2. 65) are probably serious.
Therefore, the deviation of Eq. (2. 66) from the W-spin result (2. 64)
is not significant.

The success of our calculation depends on the assumption
that SU(2) x SU(2) is a much better symmetry than scale invariance.
The same cannot be said for SU(3) x SU(3). The Goldberger—‘Trei’man‘

relation for the ¢ KK coupling is
(2f yla = m® F __(0) + o( 2) (2.67)
K KK o oK i A ’

Evidently, we cannot claim that the O(mKZ)’ term is unimportant,
especially if we are considering a theory in which scale invariance is
automatically realized in the limit of SU(3) x SU(3) symmetry,
(i.e., 8 - 0 when u- 0). Also, mixing becqmes important.

It is amusing to compare our method of deriving Go_ -
with that of Ellis, (83) which is phrased entirely in the language of

effective non-linear Lagrangians. Ellis begins with the observation

" that an octet of pseudoscalar meson fields m? obeying the non-linear
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ab (M) necessarily has

chiral transformationlaw [F?, Mb] = i f
dimension zero if Eq. (1.57) is valid. By constructing chirally co-
variant derivatives DHMa = SHMa + O(MZGM), (‘where the exact form
of O(M2 dM) does not concern us here), one can form chiral~

invariant kinetic energy terms T =%DHM&L D"M®*. The dimension

of T is -2, so an extra chiral-invariant factor¥* exp(-Zo‘/Fo_) must

be included to give a scale~invariant result. | Proceeding in this man-

ner, Ellis obtains the mesonic Lagrangian(103’ 104, 98)

a
,,£ =3 DP-M pPm® exp(-Zo‘/Fo_) + 2 chr ot exp(-er/Fo_)

N

-%&u (oluloy exp(‘-z;cr/FU) + %(&u+ 4) (0Juloy (2. 68)

- U exp(&ucr/Fo_) .

The first three temms aré scale-invariant, where the third term
depends on the details of the symmetry violation given by the last
two terms. In terms of the decomposition (1.83) of eoo’ the
fourth and fifth terms a;‘e -8 and =~-u respectively. By assuming
that 8§ is a c-number, Ellis fixes the coefficients of the third and
fourth terms, since 4, must not contain an overall constant or

a term linear in o¢. Note that, a priori, any value of *’u is

%
See Eqs. (1.105-7).
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is allowable. The factor U has the series expansion

2 2 2 .2 2 2
U'-"UO-CUS'_-: (0|UJ,0>+ %m_n_ T+ %mKK + %mnn
(2. 69)
4
+ oM7) ,

(i. e., dim U = 0).
To calculate the oo w - coupling constant, one finds the co~’
efficient of 1o 'n'2 in ‘Z , replacing 18}«L by the appropriate

momentum (as in the rules for Fefnman diagrams):

R v . 1.2 2
N4 -g-apwa 7 Zo‘/FO_) L m W ({,ucr/Fo_)
. (2.70)

2 -1 ,, 2
_..(ZP“_ P f{,umﬂ_) Fo‘ (go7) ,

1 T2

which implies

2 2
e Comm = Mo - (2 +2) m . (2. 71)

The term depending on rnTZl'_ is 'obviously negligible.* To emphasize
the lack of dependence of our calculation on L, we have always

(15,77)

omitted it. Otherwise, Eqgs. (2.71) and (2.58) are identical.

B3

Some workers (Refs. 84 and 92) have taken the trouble to calculate
this term using formalism which resembles ours. Note that the
extra term is important if the ¢KK coupling is being considered; but
then mixing is also impozrtant,
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Whereas we were led to diécover the mf_ term by consideriﬁg the
relative magnitudes of symmetry violation, Ellis gets it from the
""momentum dependence of the oww vertex; " (in the jargon of users
of effective Liagrangians).

To conclude this section, we comment further on Eqs. (2. 41)
and (2.52), which, at first sight, contradict each other. As Eq.
(2.57) demonstrates, this behavior of Fz(t) at t= 0 is required
in a consistent theory of spontaneous breakdown of scale and chiral
invariance. However, we regard the difference between Eqgs. (2. 41)
and (2. 52) as significant only for dilaton theories. In the scale-
_invariant limit of a theor'y with no dilatons, all masses vanish, so
chiral invariance is no longer realized in the Nambu-Goldstone man-
ner and has no‘connection with soft-meson amplitudes. Therefore,
this difference is significant only if the zero-mass limit of Eq. (2.52)
is supposed to be smooth, in spite of the infrared problem. This
lirﬁit might be smooth for amplitudes which are vacuum-expectation
values of an operator product expansion near the light cone, (i.‘e. ,

a long way off-mass-shell). However, Eq. (2.52) is a low-energy
result é.rising from the behavior of the operator product RMW*(X)

at large xz, so we expect that the difference between Eqs. (2. 41)
and (2. 52) is generated by infrared effects if no dilatons are present.

A contrafy point of view has been expressed by Jackiw. (105)
He introduces the term SH\) of Eq. (1.56) in order to make the chiral-
invariant prediction for F,(0) agree with the result of allowing GHP'

to vanish, (even though he admits that the zero-mass limit might be
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singular). In addition, this attitude requires f,u=' -1. It is possible
that these results are right. We can only prove that SI-L\) vanishes
in the limit of scale invariance. Provided that SI-L\) has dimension
greater than -4, it does not affect the leading singularities of
operator product éxpansions. It contributes a scale-violating effect
to deep inelastic neutrino scattering, but this would be swamped by
the trace terms mentioned in the footnote to Eq. (1.92). To have a
hope of directly measuring its effects, one would have to perform thé'
experiment \); - anything hadronic. The current commutation
relations impose constraints on SP- v’ but these are not strong enough
to allow any definite conclusions. Jackiw presents an example, the
o-model with a modified ep.\)’ in which his conclusions are valid.*
While these conclusions are plausible, the reasons given for accepting
them are not. (77)x
It is also possible that SI-L\) exists in a theory with dilatons.
However, it would be smaller fhan the term proposed by Jackiw,
because the magnitude of scale violation is much smaller; (e. g.,
Eq. (2.52) would become F,(0)= - —13—(1 + m?jso), where lsolllGeV.z

remains finite for mo_—»O). If it can be shown that the dimension of

sk

This model does not work in a dilaton theary because it must be
supposed that 1/2f; vanishes in the scale-~invariant limit; other-
wise SP-\) does not vanish in that limit.

%ok )
Jackiw's work has also been criticized in Ref. 98, but only within
the context of dilaton theory. Jackiw prefers not to entertain the

idea that scale invariance could be spontaneously broken.
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scalar opera"cors (like s(x) in Eq. (1.56)) is not greater than -2,
then the presence of SH\') is not allowed in a theory of broken scale

invariance. For the moment, we can only assume this.

1I. 3. Conformal Invariance and Tensor Meson Dominance

We examine the short-distance behavior of the commutator

" of B and % 2. The main uncertainty in this procedure involves

TRV 5\°

identifying the ''licensed operators'' 0n which‘appear in the expansion
(1.79). We restrict our attention to operators with dimension greater
than or equal to -4, since the corresponding Cn(x) are then suf=- -

ficiently singular to be of interest. Applying the principles laid

(40)

down by Wilson, we obtain®

2
Ag log x 353.CL (0)

2 a, |
96m [ew(x), :}5)\(0)]_ 63,

30

+ (& + ' - 39
( u\))\axs ‘ H\)?\Bxa BV o

20,28
BX)‘) log x 70 55 (0)+... |

(2.72)

R IR RN ‘gwaz) x, =1 (13 Sa:};a ()

' 2 (-2),.2, 0 .2 .
9 - ] E .
+ r(ap. Y gp‘\) ) Xy (x7) @ ?;5(1 (x);} + ... ,

where © is a differential operator which is conserved and

aB

o

The symbol + ... ... - denotes separation of the scale-invariant
and scale-violating contributions to the expansion.
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traceless in the indices W, v ;

2
=6 E )
v %ud% 88

-3(0 o + 0 0 +90 0
(H ang vagMB ¥ Bg o

+ 0
B v v

(2. 73)
4 2 )
07 - 2088 - g, 07 (8,8 - g ).

+ 3(g g

+
Mag\)B g\) ongP«B

Of the constant coefficients appearing in Eq. (2.72), only r is
‘not determined by the hypotheses¥*--zero trace and divergence for the
leading singularities, together with the equal-time commutation
relations (ETCR) fequired by Pbinca,re’ invariance, Further, these

ETCR forbid scale-invariant contributions of the form

o y0Y ECD 2598 (o) + e,

2 B
1 0 0
“108mgy %y * fongydp wAgl08* 2T 5" (0

e

2 aqB
2 -
4( ap‘\))\mxB al-‘«\)OL Bx(}L)logx 95 (0)

(2.74)

+ c3al-l\)7\OLXB

2 I%P0) +
which would otherwise be allowed; (egu\) (x) is the axial part of a ’
(1,8) + (8,1) tensor (eiv , e5a|-l\)) = 1...8 where eli\) is the
tensor octet whose presence is indicated by the electroproduction
data(106)).. The singular functions E(-n)(xz) were defined by Eq;

(1.81), while '"log xz” obeys Bplog x2 = -xHE(-l)(XZ) ; (we might have

However, r must vanish for 'f’u\< -2,
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' 2, . : 2
written iwf(x ) instead of ''log x '').
From this operator product expansion, we wish to determine

whether the standard assumption(g’ 68,107) .

[K,(0) 5 35(0)] = 0 (2. 75)

should be believed. Since the K}.L are second moments of eli\) s the
only terms in the expansion which can contribute involve a singularity
(x)-5, i. e., the last term of Eq. (2.72), which corresponds to
Jackiw's term SH\) appearing in epv-—see Eq. (1.56). However, we
assume the usual theory of broken chiral symmetry (r = 0), so Eq. -
(2.75) is valid, and there are no Sch/winger terms in [ew(o,;c’), 35H(O)]
more singular than 363(5) .
Starting with Eq. (2. 75), we may perform a calculation<77)
which is analogous to our derivation of Eq. (2.50). Again, we work
in the limit of scale invariance, and defer to the next chapter
discussion of a more reaiistic but less elegant approach involving
dispersion relations,

The appropriate‘time-ordered product is

M,k a) = 1 fa%x & 0] T, (3 5,300 [+°(a) )s  (2.76)

[TRVRY

which obeys the identity

kY Mw)\(k,q) = 0(k) : (2.77)

because of Eq. (2.75). Agaiﬁ, we must calculate the contributions to

MIJ«\))\ which are singular in k. From the definition (1.12) of the
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conformal current jCH\)(X)’ it is easy to see that this involves second

derivatives of the pole terms given by Eq. (2.47):

v vi,_.0 0 o O )
k,q)= -kV|2=—m —r— - —_— e k, + O(k) .
e i ol el o EAVGLRL L

(2.78)

As in our previous calculation, the simplest way of evaluating

an expression such as Eq. (2.78) is to take the kY factor inside the B

derivatives:
0 9 o 9 Vv
kY M k,q) = = |2 — -5 2 2 | kVp K,
u\)?\( q) T aka " 8k'BBkBJ a\n\( q)
(2.79)
+ 22 _ PV (kq + 0K

(The symmetry of POL\)K in (a, v ) considerably reduces the length
of this expression). Combining Eqs. (2. 47), (2.77) and (2.79), we

have

2i gM(FGFﬂ_(o) - (Zfﬂ)-l) = 4i quX(F¢F¢ﬂ'(O) - (Zfﬂ)'l F,'(0)), (2.80)

(77).

which implies Eq. (2.50) together with a new relation

FW'(O)/FW(O) = F,"(0) . | (2.81)

The primes denote differentiation with respect to the momentum

transfer squared.
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If poles due to the ‘A;(1070) meson and the spin-2 SU(3)

1 ¢
singlet, which corresponds to a mixture of the £(1260) and f'(1515)
states, are supposed to dominate Fa-'n'(t) and Fll(t) respectively,

Eq. (2.81) implies

m®(2h) ~ m®a) . (2. 82)
‘When the magnitude of SU(3) mass splitting is considered, the agree-
ment of this result with the observed meso_n' spectrum is reasonable.
However, it turns out that Eq. (2.81) ié strongly affected by scale-
violating effects, and the results of A1 and f dominance are not
consistent. These considerations form the subject of thé next

chapter.
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I1I. DISPERSION THEORY AND ESTIMATES OF SYMMETRY
VIOLATION

Soft-meson theorems are exact in the limit in which the cur-
rent which couples the meson .to the vacuum is conserved. However,
in the real world, these results become approximate; one has to
saturate unsubtracted dispez;"sion relations for the channel
characterized by the Ciuantum numbers of the meson involved.
Typically, ohly the meson pole itself is taken into account, because
fhe evaluation of contributions of many~body intermediate states
seems to be hopeless in the absence of a complete theory of sti‘ong
interactions. In a few fortunate instances, one can directly substitute
exﬁerimental cross~sections or phase shifts to obtain a relatively
accurate estimate of the effects of symmetry violation. When
trying to understand the nature of symmetry~-violating terms in 6, o’
the accurate saturation of such dispersion integrals in very important.

It is evident that the application of conformal~invariant results
to amplitudés in the real world requires a great deal of care:

(i) Conformal symmetry is badly broken, with no candidate
for the dilaton below 0.5 GeV. We assume that the mass of the
dilaton is significantly less than 1 GeV, (500 mggsoo MeV ).

(ii.)- This symmetry violation may be accompanied by mixing
of the dilaton with other (JP, IG) = (O+, O+) mesons.

Unfortunately, in attempting to obtain corrections for Egs. (2.50)

and (2. 81), we cannot improve on the approximation of keeping only

the meson pole. We try to make up for this deficiency by saturating
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two different dispersion integrals for the same quantity. By
proceeding in this manner, we can give rough estimates of the
uncertainties in our results.

To conclude this ‘chapter, predictions of the theory of broken
chiral symmetry are re-examined. This is necessary, because the '
presence of a dilaton can affect low-energy theorems for pseudo-
scalar meson amplitudes if more than one such meson is present.

In particular, we show that, in the recent calculation of Cheng and

(108) the soft-pion theorem which they assume is still valid

Dashen,
in a dilaton theory. This leads to an‘alternative interpretation of

their result.

II1I, 1. Effects of Mixing

A phenomenological analysis of mixing in the nonet picture

(89)

has been carried out by Carruthers.

final’?)

From his results, we

F_~ 102 MeV ' s Fe,"‘“-‘ 68 MeV . (3.1)

These values correspond to a small value of the coupling of the octet
state to the vacuum via eP«\) when |o=¢) and |e') are (roughly)
idéally mixed. This feature of Carruthers' analysis is ensured by

his use of SU(3) symmetry to relate céupling constants; i.e., it is
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(correctly) supposed that SU(3) is rleali‘zed as a degeneracy sym-
metry.* Eq. (3.1) is very approximate beéause PCDC for baryons
has been used.
A good illustration of the effect of mixing is provided by
PCDC for the matrix element (¢ ]6: | &) -:(77)

FGogg * FerCorgy = Zmé 4 O(ms_) . (3.2)

If the scalar nonet is takento be a set of 3PO states in the quark

model, the apparent suppressionof the ¢' - mm mode relative to
e'» KK suggeéts that ¢' contains only strange quarks. Ellis(83)

has pointed out that this standard picture implies

GO'Q{Q{ = 0 s (3.3)

because the correspondi.ng quark diagram is disconnected. Thus
Eq. (3. 2) shows that the e¢' pole provides an essential contribution
to the unsubtracted dispersion relation for (¢ |e|f | ZY. As the
limit of conformal invariance is approachéd, the ¢' state loses

its dilaton quality to the ¢ state, and Eq. (3.2) becomes

FO'GU‘Q{Q{ = Zm?{ 3 . (3, 4)

%
A recent claim (Ref. 109) that Carruthers' assumptions combined with
Ward identities for the meson system give a large value for the octet

coupling (8 | eHVI 0) relative to the singlet coupling is incorrect;

(add their Eqs. (63) and (64) to obtain a contradiction). Also, their
claim Ly = -2 1is a direct result of assuming Eq. (30) -- no Ward
identities are needed. Unfortunately, Eq. (30) is not general valid,
and is certainly not implied by SU(3) symmetry.
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in agreement with Eq. (1.77).

(77) (83,110)

Another obvious example is the sum rule

-i (0| [D, e}f‘] loy = ifa% 0(x)<0] [ oY (x), eﬁ(on | 0y

, (3. 5)
o o

Numerically, we observe

Q v
Q™
R
N
[\

(3. 6)

so the contribution of the ¢! pole to the sum rule is significant.
Eq. (3.5) tests the idea that § is a c-number. In that case,

we have

22 2 2 ' |
m Foo+ m F o~ g (e, +4) (0]ul0) . (3.7)

(49)

According to Gell~-Mann, Oakes and Renner, this vacuum

expectation value is given by the approximate formula
©la]oy = - 3m 2/(16 £ %) ' (3. 8)
n L )

which gives the numerical result(77)

- &u(f’u o+ 4) ~ 5 . (3.9)

. We think that the uncertainty in Eq. (3.9) is sufficiently large to allow

358, £ .
3~)(,u~ 1.
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We observe one more example in which the ¢ ! contribution is

important: the standard soft-dilaton theorems
, :
F, <o|uol.0>+F€,<e lu 10>~ £ <0|u0|0> , (3. 10)

Fo (0 lugl0y + B L, (Oluglo) ~ 0. (3.11)

u8I0>%

In some cases, it is expected that the ¢’ contribution is negli-

gible compared with that of the dilaton. Consider the wusual

(15, 84)

method of estimating Go-rr ; (i.e., the derivation of Eq. (2.58)

v

by first obtaining Eq. (2.52)). Neglecting the mass of the pion, we

AN

combine an unsubtracted dispersion relation for F2 (t), Eq. (2.52) and-

the decomposition

_ T 2 v 2
Im Fz(t) = -3 ('5(1:-m0 )FoGo'n"n -3 6(t-m€: )Fe ’ G€ fom + £(t) , (3.12)
to obtain(77)
1 = F_G /m2+F + G ¢+ _/m 12--3—J‘dt f(t)/t‘ (3.13)
g onw c € € T € w ’ :

The contribution of the ¢’ term is small; applying Eq. (2.31), we

record this observation in the form
Fe ' Fe'-n(o) <<» F0 FG“(O) s (3.14)

where the numerical difference involves a factor of about 10. If the
continuum integral in Eq. (3.13) is also insignificant, Eq. (2.58) is
obtained, and the prediction for the width of the dilaton is I‘G—*-n-n A

1200 MeV. An optimistic view of the accuracy of this result might

lead to the conclusion that it violates the Adler-Weisberger sum rule
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for ww scattering (Eq. (1.94)). HoWever, the next section is devoted
to estimating Gcnr-rr according to the method of collinear dispersion

(91)

relations, and there we conclude that our theory of broken scale’
invariance is not in conflict with the wm sum rule. In the forthcoming

calculation, it requires considerable effort, (recorded in Appendix D),

to show that the ¢’ term may be neglected.

III. 2. Collinear Dispersion Relations and Violation of Conformal

Invariance

In this sgction, we apply collinear dispersion relations to
obtain symmetry-breaking corrections to Eqs. (2.50) and (2.81).
In current algebra, this is one of a number of available procedures
for obtaining the consequences of a given equal-time commutator. We
pause briefly to examine the status of the method of collinear diSper-
sion relations relative to the PZ —~ o and low-energy approaches.

The standard example from current algebra is(1 11)

_<N2x2f>2|[:Fa(21'2), Fb(a’l):ll'leli’>1> = i 2PN, LB FC(q,+q,) [N X, P ),
(3. 15)

where !Nkle") denotes a hadronic state with momentum f’, helicity A,

and spin, mass and internal quantum numbers N, and F* (a) is 4given

by fd3x exp(ig. x ) 342(0, x). To evaluate the left-hand side of Eq. (3. 15),

a complete set of states |I) is introduced via the identity % |I)(I] = 1, |

the result being a class of sum rules for each value of P "E %(1-31+132)

Following the suggestion of Fubini and Furlan, (112) take the

limit L and interchange it with . This procedure is valid for
I
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"good' operators such as Fa(a). One advantage of considering such
n.

*
a limit is that only connected matrix elements (1] % fNX)con with

fixed q2 = (PI-P)2 remain,’ so saturation of the sum rule is simpler
and, for lqzl < mz(O-, 8), PCAC may be applied. In terms of dis-

persion theory for the amplitude

NP+ e < NP, + E ) - (3.16)

(with P = %(P1+P2), Q= %(q1+q2) ), the latter case corresponds to
dispersing in two paths:

(i} Associated with the sum over states ¥, there is the path v =P.Q
varying, with t = (PZ—PI)2 = (ql-qz)z, q12 < 0, and qz2 <0 all
constant.

(ii) Associated with PCAC, there is a path qf varying (fori =1 or 2
or both), wifh Vv and t held fixed.

| Disadvantages of the P = method are:-

(1) For good-bad commutators, Z diagrams may not vanish for

Pz - 00, **,ﬂ and the method fails for bad-bad commutators.
. (2) The method obviously does not apply if one of the states is the

va cuuim.

A much smaller set of sum rules results from combining low-
energy theorems with the appropriate unsubtracted dispersion rela-
tions. All of f:he q2 = 0, Pz = o0 rules r’nair be expressed in this form.
In addition, (1) and (2) do not apply. So far, we have been restricted

to this type of calculation.

That is, meson-creation and Z diagrams vanish.

#ok '
Details are given in Ref. 44. .
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In 1968, Fubini and Furlan(gl) introduced collinear dispersion
relations, which involve a single dispersion path combining some of
‘the features of paths (i) and (ii). In terms of Eq. (3.15), the complete
set of intermediate states is introduced at P = 0 instead of at infinite
momentum, so meson-creation and Z diagrams must be evaluated as
well as direct-channel diagrams. This additional complication was
accepted in order that the following‘disbersion path could be used:
(iii) The variable is x, defined by q, = xP +'ki, G=1,2), with
kl'P =0 = kZ' P, t, klz -afnd kz2 kept constant. In the Breit frame,
P = 0, this prescription becomes q, = (xPo, ai)', so we obtain variable-
qiz, fixed--a'_.l sum rules. Meson afnplitudes appear as the residues of‘
poles in meson-creation diagrams. |

The advantages of this method are:
(3) The lack of subtractions in each dispersion relation’a< is guaranteed
by the existence of a Bjorken limit. We are now able to check this by
looking at the short-distance behavior of the corresponding operator-
product expansion; (i.e., the theory of broken scale invariance pro-
vides an extension of the PCAC hypothesis to the Fourier transforms :
of retarded commutators containing 8“345”). |
(4) There are no anomalous thresholds on the first Riemann sheet.
(5) The set of contributing states lI) is very restricted because of

antular momentum and parity selection rules, ‘particularly for the

case 'Ei = 0.

Alternatively, the need for a subtraction may be indicated by scale
invariance at short distances.
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(6) The method does not depend on whether an operator is '"good"

(113)

or '"bad'. For this reason, von Hippel and Kim used collinear

dispersion relations to relate meson-baryon scattering at threshold

to B |[Fe(0), 8"} (0)1] B).

(7) The method works if one of the states is the vacuum,
Disadvantages of coliinear dispersion relations are:

(8) The distance of the meson pole from the '"soft-meson poiht“ is

often considerably larger than mz(O-,_S_), which is the corresponding

distance for the Pz—» oo and low-energy approaches.

(9) Apart from simpie poles, the meson-creation and Z diagrams

are potenfially important but difficult to estimate; in practice, they .

are 'thrown away''. However, if one of the states is the vacuum,

all diagrams are meson~creation diagrams. Because of (5), the

error involved in neglecting the cut diagrams is about the same as

in derivations of Goldberger-Treiman relations for the currents

involved. The calculations in this section are of the latter type.

(10) There is a difficulty in evaluating the direct-~channel cut contri=~

butions, because q? be.comes large. The prescriptiongiven by

Fubini and Furlan, and followed by von Hippel and Kim, is to replace

them with on-shell S~wave phase shifts, (i.e., qiz—» miz). This has

_ no hope of working unless the cut contribution is small, and is

dominated by terms in the region qi2 = O(miz)n (Then the approxi-

mation is very good because it can be regarded as the application of

PCAC to PCAC corrections). Unfortunately, there is no prescription

which indicates when this is the case~-=-a small value for the on-shell
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‘estimate does not guarantee success, (although a large value would
ensure failure). This problem does not arise if one state is the
‘vacuum.

We conclude that the Pz—' oo method éhould be applied when
both the initial and final states contain a single particle, while,
collinear dispersion relations are more reliable if one state is the
vacuum. Low=~energy theorems are more limited in scope, but may .
be apialied in both cases.

We wish to evaluate

O][D(0), F5(01 %@y = 3q/2f, ERNERT

3
(O] [K,(0), 35, (0 1]7%@) = o - 3.18)

in a dispersion~theoretic manner. Since D and KH are moments
of the bad operator eH v’ and one of the states is the vacuum, (1)
and (2) forbid the Pz—» oo method. As an alternative to the low-
energy approach a.lreé.dy considered, we proceed to use collinear
dispersion relations. All of the advantages (3-7) hold; of the dis-

" advantages, (10) does not apply, (8) is not se;rious, and (9) involves
errors similar to those encountered in PCDC and ¢-dominance of
Fz(t).

The plan of the calculation is basically simple, but the
computational details are fairly complicated. Here, we describe
how to arrive at the results; the full derivatioﬁ is given in Appendix E.

We consider the amplitude for 35)\ to interact with ep‘!‘L and

form a pion:



~100-

Tyea) = i [d¥% o) 0]18, (), 33,0011 7))

(3.19)

\ X2

= i ay X1 + ik
Since T)\ is a retarded commutator, it may be written as a dispersion

relation along some path of integration in the s-t plane, where s

and t are defined by
2
s = k s t= (g-k) . : (3.20)

The prescription for a collinear dispersion relation is
k = (zm_,0) , ¢ = (m,0 , (3.21)

where z 1is the variable of integration in the dispersion relation.

This condition specifies the path of integration to be the parabola

tm® s = (t-s-mH® , (t)0) , (3. 22)

in the s-t plane. The behavior of T)\ at large z is determined by
the leading singularity of the operator product [epp‘(x); 32)\(0)] at
short distances X, (i. e. , the scale~violating part of Eq. (2.72)).

This singularity goes like* (x)-3, so, by dimensional analysis, it

contributes a term

This turns out to be.the case even if r does not vanish.



im zx
fa*c e T °x7 " 2 (3.23)

to 'I‘)\_. This agrees with a formula proposed by Bjorken in a paper(70)

which implicitly contains many features of the theory of broken scale |

invariance:
T, = = C,/m_z + 0(z‘2)‘ | (3. 24)
A N e ' ! ‘
where C)\ is the equal-time commutator
im_zx
™

Cy = Jd' e T ° s(x) (o]t M=), B3 (0] [7°(a)) - (3.25)

Eq. (3.24) implies an unsubtracted dispersion relation for Xl(z),
X.(z) = L rdz' Im X, (z")/(z' - z) (3. 26)
1 B | 1 : ‘ °
and a superconvergence-like relation for Xz(z), : .

0 = [dz Im X,(z) . ‘ | (3.27)

Using methods analogous to those developed in Chapter I1I,

the retarded commutator T)\ may be related to the equal-time

(1)

commutators (3.17) and (3.18), implying the low~energy theorems

26 X (x) = 27U o1+ om | (3. 28)

. 2
-2 3
ZfTrdx_l(z)/dz: -z - 3F,(0) + 3m_F,;'(0) +3 + 0(z) , (3.29)
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respectively. When combined with Eq. (3.26), Eqgs. (3.28) and (3. 29)
become sum rules. The derivatién appears in Appendix E,

The situation is illustrated in Fig. ‘3. The solid, curved
line répresent's the dispersion path given by Eq. (3.22). Poles in the
amplitude T, are indicated by dotted lines. The Bjorken limit is
approached when s and- t both become large and positive4 along

the parabola. The collinear dispersion path crosses the pion-pole

2

,mz), where =z takes the
™ T

line t= mi at (O,mTzr) and (4m
values 0,2 respectively. These points are denoted by (a) and (b) |
in Fig. 3, and correspond to the dispersion diagrams (a) and (b)

of Fig. 2.% The low-energy theorems (3.28 Jand (3. 29) constrain the
behavior of T)\(z) in the vicinity of point (a). The singular terms -

-2
z and -z of Eqs. (3.28) and (3.29) are present because the

pion-pole line passes through point (a). The dilaton~-pole line

s = mj intersects the dispersion path at the points (c) = (m: ’
2 2 2 .
(m‘r - mﬁ) ) and (d) = (mo_, (mo_ + m'rr) ) »  which correspond to

diagrams (c) and (d) of Fig. 2; z takes the values mU/mn_,
«mo_/m“_ at these points, |

The amplitude for SHH to interact with two pions is projected
anywhere along the pion-pole line t = mn‘2 except in the region

0(s ( 4m:, which lies outside the physical regions for the process.

.. Since the dispersion path (3. 22) passes through the edges of these

physical regions, the residues of the pole diagrams (a) and (b) are

Here we need only the trace gav 6 av ; in the limit of scale

invariance, Fig.Z2 becomes Fig. 1.
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proportional to (ﬂ(@) let [ w(0)) and (0 l GH“ | w(0), n(ﬁ)) respectively.

Similarly, contributions to our dispersion integrals from the dilaton .
o+ . ,

pole at z = mo_/mTT contain the form factoxs Fcnr(t)’ Go‘n(t) of

Eq. (2. 28) evaluated at the edges of the physical regions for the

and ¢ + T4 + vV ,, i.e.,, at

£ £

2 . .
t= (mo_ + mﬂ) . These observations are a direct consequence of

processes o-mw + f + v

the condition (3.21) defining the collinear dispersion path.

The amplitudes (0| GHH‘H,A1> and <A1 'GHHI ™) appear
at points on the Al-pole line above the z Y 0 and below the z( 0
branches of the dispersion path., However, since the spin of the A1
is not zero, the pion cannot be emitted in an S-wave., Therefore,
these amplitudes vanish at threshold, i, e., on the curve given by
Eq. (3.22). Reflecting adva.nté.ge (5) of using a collinear dispersion
relation, only spin-0 states contribute to our sum rules,

It is convenient to separate out the contributions of the pion

and dilaton pcles in the sum rules:
xi(z) = xi(s,t) = ImXi - Im(w=-pole + o‘-pole)i ,» (i=1,2) ; (3. 30)

then, after performing the analysis described in Appendix E, we can

rewrite Egs. (3.27), (3.28) and (3.29) as the exact sum rules(77)
26 37V (F, (4m?) - 1 - 6F,(4m %)) = il F_(+) ~G__(+)
( 'rr) ( 1 mﬂ) - 2\ ¥, - Zm_n_ o o

| (3. 31)
- Fo“rr(-) + GW(-)J + % Idz Xz(z)‘ s
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(Zf'n_)-l (%_ +%Fl(4m§') -3 F2(4m§)) = %FU' [FU"IT(+) + Fo'ﬂ»(-)

(3. 32)
+GW(+) + Gw‘(-)] - Tlr' urdz xl(z)/z , '

-1, 1 2 2 3 2, 3 |
(26)7° (3-% Fy(4m %) + 3m_° F '(0) + 5 F,(4m)) -5 F,(0)

m_F
T O

2m
o

1 2
le(+) + Go‘w(+) - Fo‘n‘ (=) - Go"rr(-)] + = J‘dz xl(z)/z .
| ‘ (3.33)

where we have established the notation

Fo(x) = F_((m 2m)?d) . F(5)=F_, ((m sm)%),
(3. 34)

.and so on. At first sight':, these sum rules look complicated, but
further inspection allows the derivation of simple, approximate
results.

The reader may have noticed that the contributions from the
¢! pole have been absorbed in the definition of the xi(z), yet it is
not obvious that this term is small. Isolating the ¢'-pole terms,
we find that the axial form factors for the g-decay of ¢ into a
pion are evaluated at points 't = (me, + m“_)2 close to the Al pole
at t= 'mA12° - For this reason, the demonstration in Appendices D
and E that the ¢' term may be neglected is essential. Itis an

unusual feature of our calculation that the inclusion of mixing is

non=-trivial.
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The first simplif.ication of Eqs. (3.31), (3.32) and (3.33)
involves the good approximation of keeping only the terms of lowest
order in mwz. In order to understand the magnitude of the
continuum integrals and their dependence on mn_z,' an integration
variable such as s or t should be used instead of z. For

example, the continuum integral of Eq. (3.31) may be written

2 2 2 2
( er>0 + J‘z<0) dz xZ(mﬂ_ z , m_ (1 -2)7)

Idz XZ(Z)

®  ds 2 2 '
= r — xz(s, stm_ - 2m ,f;)-xz(s,s+m +2m_ /5 )
’, Zm '\/-5— o™ ™ ™ o
o ™
P 2
= -2 [ ds mpxy(s,s) + O(m ") . (3. 35)
o .

A similar analysis of the other continuum integrals yields

Qo .
Idz'xl(z)/z= J; ds xl(s,s)/s + O(mﬂ_z) ) _ (3. 36)
0o .
’_rdle(z)/zz = '—mezfods 581? xl(s,s)/s + 0(mﬂ4) . (3.37)

Nothing upexpected happens in Eqgs. (3.35) and (3.36),but Eq. (3.37)

shows that there is a hidden factor m“_2 in Eq. (3.33), (corresponding

to the factor q“qx in Eq. (2. 80)), which should be removed before

symmetry limits are considered or continuum integrals are neglected.
At this point, we pause to compare our sum rules with the

results obtained in Chapter I1. According to Eqgs. (2.4l) and (2. 43),
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Fz(vt)‘ and Go_ﬁ(t) vanish in the limit of scale invariance. Since the -
xi(z) are proportional to eﬁ and contain no o-poles, théy also
vanish. Thus, the superconvergence sum rule (3, 31) reduces to the
trivial équation 0 = 0; we expected this because it was not derived
from an equal-time commutation relation. Eq. (3.32) reduces to
Eq. (2.50)~-~both of these eqﬁations come from Eq. (2.37). Fipally,

when the artificial factor m‘n_2 is removed, Eq. (3.33) becomes

-1 ¥ - T
'(Zfﬂ) Fl (0) = Fo_ 'Frrn' (0) ,. (3. 38)

which, when combined with Eq. (2.50), yields Eq. (2.81) as expected.
We proceed with the approximation of neglecting terms of

higher order in mn_z. From Eq. (2.29) for (o] a’M35p ]“’> ’

mo‘z Fo-n'(t) -t Go"n'(t) = O(mﬂé/maz) (3.39)

is valid in the neighborhood of t = mo_z. In particular, Eq. (3. 39)
(77)

implies

F‘ (m )= G (mo_z) + O(m‘n_z/mo-z) , (3.40)

mAF_MmA -G _(m?) = G _(m? + om%md , (34
2, a2 o B G e 2 2, 4
m(F Mm ) -G Mm ) )= 26, Mm )+ 0(m /m ), (3.42)

and so on. Egs. (3.35), (3.36), (3.37), (3.40) and (3. 41) allow the

sum rules to be rewritten as follows:(77)
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2f

..3F2(0) = ZfﬂFo_Fo_ﬁ(mo_Z) - —-1?11 .“rds —(%- xz(s,s) + O(m.n_z/m:) ’
(3. 43)
L1 -3F,(0)) = 2 F F 2 m Ca
(1 - 2(0)) = 2f F F _ (m_) -—ﬂ—j; s xl(s,s)/s
+ O(m,n_z/mwz) , (3. 44)
FI(0) + 3F;(0) = 2 F_ [ZFO_“_‘(mO_Z) —Fw(mo_z)/mf_:l-
26 @ 5 2, 4
) n [ ds 5t %i(s:8)/s + O(m“_/mo_). (3. 45)
™ o]

For the purposes of comparison, we offer similar expressions

which are equivalent to Eqs. (2.52) and (3.13):

F,(0) = - 1/3 + Om’)/m?% , (3. 46)
1=26F F (0) - 2 F ds' s9/s" + 0 (m 2/m %) (3. 47)
T ¢ omw ™ L T o ! :

where f(t) is given by the last two terms of Eq. (3.12). Eq. (3.47)
corresponds to the dispersion path t=0, s) 0 in Fig. 3.

When Eq. (3.46) is substituted in Eq. (3. 44), we find'' ")

2 T : 2, 2
l=2fF F_ (m”) - TJ; dx xl(s,s)/s + O(m_ /mo_) . (3. 48)
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(Apart from the continuum term, Eq. (3.43) happens to give the same
answer).* Comparing the continuum terms of Eqs. (3.47) and (3. 48),
we observe that both involve semi~infinite paths of integration with
apparently similar rates of convergence and similar sets of contri~
buting diagrams. So at this level, we are unable to determine that
one continuum integral is siénificantly smaller than the other.

However, numerical agreement of the results of igno.ring
the continuum integrals of both Eqs. (3.47) and (3. 48) would be
éurprising. According to the usual estimates(86’ 114) of the Alchr
coupling, the A, pole.should cause considerable variation in Fcrn'(t)
between t= 0 and t= m:_u In fact, Carruthers(sg) has shown

that these estimates agree with the result of assuming Al-pole

dominance of Fo-rr(t)’ in which case we have

2
Ay

F (0)/F (m% =1 - m %m (3. 49)

The corresponding dispersion relations appear in Appendix D, In
Fig. 3, the relevant dispersion path is s = mo_z, t Y 0. The

variation of Fo‘n(t) is mainly controlled by the magnitude of the

double pole in T)\ at Q= (mo_z, m 2'). The quantity of interest,

1

If the term S"VY of Eq. (1.56) were present, the left-hand sides of
Egs. (3.47) and (3. 48) would be modified by the same scale-violating
factor., Then the accidental agreement of the pole-dominance approxi-
mation for Eqs. (3.43) and (3. 44) would be lost. The continuum
integral of Eq. (3.44) is likely to converge more rapidly than that of
Eq. (3.43). That is why our conclusions are drawn from Eq. (3. 44),
while Eq. (3.43) is treated as a check on the consistency of our
approximations.
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i ti 1 to the residue of the double pole at P = (m2 mz)
Go-mr’ is proportiona 1 P = o )

Whe continuum integrals are neglected, Eq. (3.47) yields the usual

formula

Qv

oTT

F G ~ m » (3. 50)
U -

whereas Eqs. (3.48) and (3.49) require

1n2(1-m0_2/m

G =~ - (3.51)
o ognT a

2
A1 ) )
From the point of view of broken scale and chiral invariance, Egs.
(3.50) and (3. 51) cannot be distinguished, because only terms O(mo_z)
are determined by symmetry arguments, Numerically, the
discrepancy between Eqs. (3.50) and (3.51) amounts to a factor of
almost 2.

Of course, this numerical difference could be removed by

" suitably weakening the assumptions~-for example, a tenth scalar
meson could be introduced. We do not believe that such a procedure
is called for at present. By saturating two different dispersion
integrals, two estimates of G0‘1T1T have resulted; the difference
between these estimates is a measure of the uncertainty involved in
predicting G0‘1TTI‘ by arguments based on broken scale invariance.
We observe that, when the restriction (2.35) from the Adler-
Weisberger sum rule for wmw scattering is combined with

phenomenological estimates* of dilaton-baryon couplings, Eq. {3.51)

%
See Eq. (1.101) and Refs. 89 and 90,
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is strongly favored. Having observed the numerical failure of PCDC
for {w | 8:‘ | 7)Y, it is less surprising that s-pole dominance of Fz(t)
is such a crude approximation. However, we have no solid argu~
ments which allow us to éxplain why Eq. (3.51) works much better
than Eq. (3.50).

Since our analysis works so well for Eq. (3.44), we try the
same approximations for Eq. (3. 45), which involves the same path of
integration. Ignoring the continuum integral, we find(77)

F(0)x - 3F,"0) + 2 F_F (m %) [2.1:* Nm 2)/F _(m %) - m” :|
T g ow o A om0 o
| (3.52)
To estimate terms on the right-hand side of Eq. (3.52), we follow the

prescription which led to Eq. (3.51):

2 =)
FF_(m5) £ 1 , .(3_ 53)
2 2 2 2, -1
] .o~ -
Fo (m)/F_(m ")z (mp =M (3.54)
' 4 -2 -2

- oy~ ~ -

3F,'(0). F(rqu/ms ~omT mA1 (3.55)

Eq. (3.54) is implied by Al dominance of Fo-rr(t)' In Eq. (3.55), we
first estimate the slope of Fz_(t) using o-pole dominance, and then

apply Eq. (3.51). Eq. (3.52) becomes(77)



F (0 8 ———— (3.56)

Notice the strong dependence of Fl' (0) on the magnitude of
the violation of scale invariance. Scale-breaking effects are
responsible for changing the scale-imvariant estimate, * Fl'(O) .."::mA- s

by a factor of almost 3. This factor accounts for most of the
discrepancy between Eq. (3.56) and the prediction Fl’(O)’-‘-’ mf_2 '
of f-dominance, Engels and Hi)'hler(go) have estimated the f{NN
coupling constants from backward dispersion relations for 7N’
scattering, obtaining an answer which is three times the value
predicted using f-dominance. (115) The quoted error {(~10 4) seems
a bit optimistic, but their work does encourage the suspicion that
f mesons do not couple universally. Then Eq. (3.56) is a reasonable
result. |

In the preceding analysis, our strongest assumption is that

pole in the region ]tl(mA 2. To
1

(89)

Fa_ﬂ_(t) is domlnéted by the A1

obtain an indirect test of this hypothesis, we note that it implies

2

0'1r(0) = gA1 gAlo"rr (3.57)

where Fo"n' (0) is given by the Goldberger-Treiman relation (2.31),

*
See Eq. (2.81)
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i | a4 L
> € (Pcr +F) gAlo‘Tr is the A,om coupling, g, 1s the

polarization of the A1 meson, and

(ay135,100 = A, (3. 58)
would determine the rate for A1 - v + 4 if it were measurable.
The standard method for estimating gA makes use of
H
Weinberg's first and second sum rules(“é) for SU(2) x SU(2)
symmetry. From the theory of broken scale invariance, Wilson(.40)

has shown that these relations converge in the limit of SU(2) x SU(2)

symmetry. Therefore, we accept the usual saturation approximation,

which implies the formula_e(l-l6)
2 2 2 2 -2
g, /m," = 8o, /ma  RET (3. 59)
p/ 2
gp = Bp ] ’ (3. 60)
where
I EMEI (3. 61)
M P .

is proportional to the amplitude for po - {,+ + ¢~ . Within the

theoretical and experimental uncertainties, data(79’ 117) for this

)
The signs given for the momenta correspond to 'n'Al“ 0.
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process agree with the result of eliminating g4 from Eqs. (3.59)
1

and (3. 60):
~ 2 m 7t - m, %) . (3. 62)
gr = T p A ‘
In addition, Eq. (3.62) is consistent with the KSFR relation, (118)
p dominance of the electromagnetic form factor for pions, and

(79)*

measurements of the width of the p meson, Therefore, we
are confident that the right-hand side of Eq. (3.62) provides a good

estimate for gp » SO Eq. (3.57) becomes
1

ZmA
~ - - N
gAlo‘ﬂ‘/Gcrmr—' Zl (m 2 m 2')2 y (3.63)
' m P 1
o
(86)

which agrees with a set of formulae given by Gilman and Harari.
Unfortunately, Eq. {3.63) is rather difficult to test experi-

mentally, In order to avoid Al-a pw decay, it is necessary to find a

0 +

neutral peak for A, "omw 'rr-'rro, determine what proportion of it is due

1
to threshold enhancement, (120) and isolate the ¢(700) peak in the

a' 7 pair. The prediction T =30 - 60 MeV for T__ =

Al—»m'r T

300 - 600 MeV is consistent with present data.

Our assumption of Al dominance is not invalidated by a

(104)

remark of Ellis. In effective Lagrangian models for the Alcr-rr

T

3 .
Theoretical reviews appear in Refg., 45 and 119,
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coupling constant, the pion must couple via a derivative so that an
Adler consistency condition is satisfied; (i. e., the amplitude for

Al-» o+ oMg must vanish when the momentum of a“gsp vanishes).

Sp
Ellis notes that the coupling

7 - — |J,. -
"LﬂAlcm = gAlmr"Al . (3. 64)

is forbidden in conformally invariant models: the dilaton field, T
always appears in the combination exp(-o-/FU_), so Eq. (3.64) would
imply the existence of gAlG'TI' Fo- A‘l“-_aprr’ » which is not allowed. Op
the other hand, it is obvious from Eq. (3.57) that, according to our
assumptions, gAlo"n' does not vanish, even in the limit of scale
invariance,

Let us rephrase the argument in terms of low=-energy

theorems. Defining

(8, [6“35H[<r) = ie-P_ DAlo.(t) (3. 65)
with t = (PA1 - PO_)Z, PCAC gives
~ -1
DAlo_(O) (21,) Ea 0w . (3. 66)

The soft-dilaton theorems which could possibly be relevant are¥

These expressions are derived using techniques similar to those
developed in Chapter II; e. g., see the derivation of Eq. (2.50). Since
A)-om is a P-wave decay, collinear dispersion relations may be
written only for Eq. (3.68); i.e., 0l&. and § @ cannot couple to the
spin-1 state IA Y when all 3-momen%% vanish® The resulting change
in Eq. (3. 72) is insignificant,
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(A 10"35 19) o ™ - iF (A, [D(0), 8" 5, ,(0) 1] 0)

| (3. 67)
2
= f.‘i_ <A1|a“‘35”[o>= 0,
" . .
A 135y |05 05t™ o l‘cf; fat elk.xe(xo) @) 18,1, 35,(00 1] 0)
-1 B _7h (A [1D(0), 7, (011 0) o 3ee9)

All the soft-dilaton amplitudes vanish, in agreement with the argu-'
ment given by Ellis.
In order to continue the discussion, we need the form-factor

expansion

(A ¥y o) = e RP, + P, )XFAlo_(t)+(PO_- P, 1,G, (8]
1 1 1
(3. 69)
T e Ha ol
The definitions (3. 65) and (3. 69) may be combined to yield
D t)-('z- 5y p t - tG (ty + H (t) 3.70
Ala'( B mA1 mcr)n Alcr Aet Ao, (3.70)

Soft-dilaton amplitudes are obtained by setting the momentum

associated with el: equal to zero, so Eqs. (3.67) and (3. 68) should
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be interpreted as follows:

) 0 s (3.71)

H ~2 0 . (3.72)

(m, %)
Alo' A1

Comparing Egs. (3.66), (3.71), and (3.72), we see that Eq. (3.72) is
not useful, and the other theorems cannot be combined unless some

way is found to extrapolate fromt=0to t=m Therefore, our

Ay

analysis from the point of vie%;v of low~energy theorems indicates that
there is no theorem for gAlo"n‘ unless extraneous assumptions are
introduced.

Evidentally, ‘the trouble with the Lagrangian (3. 64) is that it

does not allow for any t-dependence in DA O_(t) besides that due to
1
the pion pole. If that were true, then Eqgs. (3.66) and (3. 71) waald

imply that EA om vanishes. In general, we have o right to expect
1

pion pole dominance of DA (t) toworkat t=m

1 A

possible to write an acceptable Lagrangian for the Ala"n‘ coupling

2, so it must be

using Ellis’s model. To obtain dependence of D - (no pion pole)

A1

on t, the correct expression must involve two more derivatives than
are present in Eq., (3.64). In order to circumvent Ellis's argu-
ment, at least one of these extra derivatives must act on the dilaton

field., In addition, the extrapolation is 0O(m 2'), not O(mo_z), so

A
1
the momentum of the A1 must be involved. With the help of these

clues, we arrive at the allowed coupling
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— 2 Q2 M |J..~—o o . —
izAlﬂ—.no‘ - (Fo- gAlo-n/mAl ) (9 -A1 -9 Al ) apﬂ 3anp(0‘/FG_) ,
(3.73)

which vanishes for n =0, and is consistent with Eq. (3.57) for n= 1.
The application of the method of collinear dispersion

relations to related equal-time commutators is straightforward.

Examples appear in Appendix F; these involve the dimension of the

scale-violating terms in 6o Unfortunately, the resulting sum rules are

%
are hard to saturate, or involve a coupling constant like(77)

o 2
FG = (l-¢)m , (3. 74)

for a unique scale-breaking dimension 4.

So far, we have no indication that our scheme combining
PCDC and PCAC is at variance with the facts. Now we examine the
effect of our assumptions on the treatment of theorems for broken

chiral symmetry.

I11. 3. Magnitude of Breakdown of Chiral Symmetry

Basic to our appr‘oach to the calculation of soft-meson
amplitudes has been the idea that the violation of c;hiral SU(2) xSU(2)
symmetry is much smaller than the breakdown of conformal
invariance. For example, we have assumed that, in the real world,
the induced scalar form factor Fz(t) is better approximated by

Eq. (2.52) than Eq. (2.41). This implies that G___ is O(mo_z)

f . .
Of course, PCDC for (u‘]et](r) does not fix f, in Eq. (3.74).
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rather than 0(m0_4) or O(m_nz).

However, the position of chiral SU(3) x SU(3) in the
hierarchy of symmetries is less clear. The standard SU(3) x SU(3)
calculation includes only poles due to the octet of pseudoscalar
mesons., On the other hand, O++ poles are important in the event
that § is a c-number,* or, more generally, that the magnitude of
scale violation is.of the same order as the magnitude of SU(3) x SU(3)
breaking, (i.e., g0 as u-0'). Our analysis is based on the latter
model. Compared with theories in which there are no dilatons, our
scheme has the following fea?:ures:

(i) Theorems connected with chiral SU(2) x SU(2) or physical SU(3)
are not altered if the relevant extrapolations in momentum squared
are O(mnz).

(ii) The interpretation of results obtained by comparing such
theorems with experimental information may be radically different.
(iii) Any soft-meson theorem which does not belong to class (i), and ‘
which involves two pseudoscalar mesons which can form a (JP, I7) =
(O+, O+) state at some stagef of the extrapolation procedure, may be
drastically aitered. | |

To illustrate the effect of the dilaton pole, let us consider
the limits of chiral and scale invariance. In gbeneral, chiral
calculations performéd in the limit of scale invariance differ from
the usual analyses with eHH #0. Ina scale-&nyariant theory, extra

insertions arise from diagrams in which the axial~vector current

% .
For example, see Eq. (3.7).
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can hook on to an external pion and turn it into a dilaton (and vice
versa).* A good example is the threshold amplitude T(0) for
forward 1'r+p slcattering, where we show only the dependence on t,
the square of the momentum transfer. According to the Adler

(121) T(0) wvanishes in the limit m,_- 0

consistency condition,
_ep‘IJL # 0. Inthe limit of scale invariance, the extra insertion changes
this result; instead, one obtains the formula (not to be applied to the

real world)

_ 2
T(0) = =2£ F_(0) g iy = = &rnN /My (3. 75)

where the last equality follows from Eqs. (1. 78) and (2. 50). That there
is no contradiction can be seen by explicitly displaying the o¢-pole in ‘

the non-scale-invariant Jr+p scattering amplitude:

T(t) = > +  T(t) , (3.76)

with T(0) = 2/MN for both g # 0 and 9,"= 0. The

" ByNN
limits mo_z-» 0, t—- 0 are not interchangeable in Eq., (3,76). Since
the Adler consistency condition is in excellent agreement with experi-

ment, chiral SU(2) x SU(Z2) symmetry provides a much better

description of the real world than does conformal symmetry. -

*® '
Consideration of such insertions was essential in the derivation of
Eqs. (2.50) and (2. 81); also, see Appendix C.
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Beéaus_e of the larger extrapolation associated with PCAC
for kaons, it is difficult to check the Adler consistency condition for
Kp scattering. Examination of the tables given by von Hippel and
Kim(1.13) shows the importance of the extrapolation procedure in
attempting to compare low-energy theorems with experiment. The
poor agreement of the soft-kaon theorems with data for the scattering
lengths vencoura'ges the idea that poles due to scalar mesons strongly
affect the extrapolation. The}ories of broken scale invariance apply |
here because we have shown that the relevant coupling constants
are la,rge; ic. €.y fhe presence of a dilaton pole can change the appli~-
cation of chiral SU(3) x SU(3) to such amplitudes.

. Evidently, this viewpoint requires that SU(2) x SU(2) be
regarded as a much better symmetry than SU(3) x SU(3), i.e.,
Eq. (1.52) holds with 'c = ~1.25, as proposed by Gell-Mann, Oakes,
and Renner. (49) This has been challenged by Gaillard(lzz) and
Brandt and Preparata,(l.Z?’) who prefer - c q((ﬂ—, a result based

mainly on their analyses of K decay. The relevant quantities are*

13

@[ TIET) = g ocra), 400 +(keq) 197,

(3. 77)

2 2 . 4-i5
(mK - mﬂ_)fo(t) = 1(1r0l8“31“ ' IK+)

=(mK2 -m ) (0t (0, (3.78)

B3 ' .
See the exhaustive review of Gaillard and Chounet (Ref. 124).
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where f£,(t), fo(t) are spin 17, 0" form factors réspectively. Often,

experimental results are obtained with the help of the parameters

N, = mZ L (0)/5,(00, A = m % £ (0)/1(0), £(0) = £_(0)/£,(0)
(3.79)

in terms of which the form factors may be parametrized linearly.

The situation is illustfated in Fig. 4, where the scalar

form factor fo(t) is plotted in the region 0 ( t ( mKZ, At t =0
(point A), Eq. (3.78)  implies
f.(O) = £(0) = 1 + 0(e) (3. 80)
1 = L = € s .

where ¢ denotes SU(3) breaking (as in Eq. (1.72)), and the last
equality follows from the Ademollo-Gatto theorem. (125) The soft-
(60)

pion result, ('"Callan-Treiman relation"),
2 2, 2
£ (m,") = f“_/fK +  O(m /mK ) , (3. 81)

involves the point t= sz, which lies well outside the physical decay

region

m&z \< ot < (mK - mw)z . (3.82)

Eq. (3.81) is given by the point CT, where the error bar stands for

O(mn_z/mKZ) in a theory with c¢/%/2. Gaillard and Brandt and
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Preparata claim O(mﬂ_z/mKZ) ~ 1, corresponding to cx0; then their
sum rule for fo(sz) gives the point GBP. Using collinear

dispersion relations, Banei‘jee(lzé) has obtained the sum rule

f
(1+ m_/my) £ ((my -Vmﬂ)z): _%’1{(1 + mlfr Af_i :C)
+ #-meson pole contribution , (3.83)

which is extremely sensitive to changes in c. All estimates for the
#u-meson pole contribution lie within the limits specified by the error
bars which we have attached to the points (ca~0) and (c~-l.25) in

Fig. 4.

In practice, these theorems have to be extrapolated back to
the point A; because the results of experiments are customarily
quoted as values for g(q) and )\+. (This circumstance is forced by
the limited amount of available data per experiment). The formula

K ™

£(0) = > (g = A (3. 84)

connects these results with theoretical predictions for 7\0 given by
the slope of the extrapolation curve at t= 0. Four of these curves
are displayed in Fig. 4.

If the confused experimental situation is supposed to favor
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+

@

£0)~ -1, A ¥ A (K¥) = .024 , (3. 85)

(where the latter value* is implied by K*(89NO) dominance of f+(t) ),
only the curves (ii) (Gaillard-Brandt-Preparata) and (iii) (Banerjee)
are allowed. However, from the point of view of dispersion theory '
for fo(t), the dip in (iii) is very mysterious, and, according to

Eq. (3.83), the point GBP should be extrapolated back to A along
curve (iv), not (ii). Therefore, we do not favor these alternatives;

curve (iv) definitely contradicts the experiment.

+

Two recent experiments, (127) with more data than in
previous measurements, indicate
g£(0) = -1 s, AN, = .06 —.08 . (3. 86)

Curve (i) fits these values. .In addition, it is slowly varying, as
required by dispersion theory, and passes through the CT point, as
expected in a theory v;rith c® - ,/2 . Of course, vector dominance
fails.

(]

We doubt that data from K&3 decays can be reliably
interpreted until all parameterizations are avoided, and the form
factors f+(t), 'fo(t) are plotted as functions of t. However, we

conclude that the Gaillard-Brandt~Preparata scheme does not work.

oy
Practically all theories for )\+, (e.g., Weinberg's sum rules), predict

this result, but these arguments are not compelling. Weinberg's sum
rules for SU(3) x SU(3) are not necessarily valid--see Ref. 40.
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If the term u breaking SU(3) x SU(3) in the energy density
transforms as*® (3,3) + (3,3), SU(2) x SU(2) is a much better
symmetry than SU(3), (and vice versa). Otherwise, representations
such as (8,8) must be considered.

(108)

Recently,' Cheng and Dashen obtained the result

(N| - L2 F e (WZu_ + g |NY= 110 MeV

NN T 3

(3. 87)

by using wN phase shifts, a fixed-t dispersion relation, and the low-

energy theorem

2 20 _ 4.2 nore &y |
T(0,0, m_, m“_) = 4f“_ NN + O(mﬂ) (3. 88)
for the amplitude
2 2, _ 2 2 2 2 22, 0.4 iqlx
T(vivg, 4 » 2'7) = (m~ -q") (m~ -q') (2f /m ")"i[dxe

0l ) (N | [8"5 > (0, V3 (0TI N(p)Y ,  (3.89)

with gq=p'+q' - p, v=(p+p") <(q+ q')/4MN, and Vg = -q-q'/ZMN
Since 110 MeV is not much smaller than energies associated with
SU(3) breaking, they conclude that SU(2) x SU(2) and SU(3) violations

are comparable in magnitude, which is contrary to expectations that

E

A term transforming as (1,8) + (8,1) could also be present, (Ref.
49). It has a negligible effect on soft-pion results, but could affect
soft-kaon calculations; see Ref, 128.
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¢ 1is near -JZ . In a theory which does not contain dilatons, their
conclusion appears to be unavoidable.

However, a different interpretation is available in a dilaton
. theory. (77) As a subgroup of SU(3) x SU(3), the physical SU(3) group
is distinguished from other SU(3) groups in that its elements leave
the vacuum invariant. Then physical SU(3) is not spontaneously broken

and perturbation theory in the SU(3) violating parameter makes sense:

1

1
<N|cu8[n> T My + M, -Mg = 215MeV . (3.90)

This means tha‘t the dilaton state I(r) must be invariant under
physical SU(3) transformations in the limit of scale invaria’.nce. As
scale invariance is broken, the dilaton qualtiy is distributed befween
the |o) and Ie') states, Poles in (u8) due to the existence

of [0') and [e') arise from the non-dilaton, or octet, quality

of these states. On the other ‘hand, matrix elements of uo‘ have

o and ¢! poles due to the dilaton quality in |cr) and | e'y. There-
fore the magnitudé of (N l uol NY is O(m‘n2 MN/mo_z), much lafger

than (n] uiIN) . In general, we expect .
(vlu [vy >> (Ylug| ¥) (3. 91)

for all one-particle rest states [ ¥) except, |¢) and 07,8 .
Because of these observatioﬁs, there is no reason to abandon
either the (3,3) + (3,3) form of the chiral SU(3) x SU(3) violaﬁng

term in the energy density or the value =-1.25 for c, if there is a
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dilaton. In order to apply Eq. (3.87) in a dilaton theory, we should
. .
first check the validity of neglecting the terms "O(mn_ )" in Eq. (3. 88),

. 2 . .
where the next order in m_ 1is given by

4 82'

2 2

"0(m 4)11 = m
T 9q 09q'

T(0,0,0,0) + "0(m ) . (3.92)

The pion poles at q2 = q'2 = mﬂ_z do not contribute to Eq. (3.92).
Parametrizing the failure of PCAC in terms of a '"heavy pion'), wE,

the contribution of the dilaton pole is

(26, /m ) gy i [ 4wt (o] T0 g (), 8V 35 (0)) ] 0)
(no w poles)

=0 l:M_N(ZfTr)4( 0] a*.‘;_:;s}L | w )2/(m0_m1r,;<)2] s (3.93)

with (O] 8“’35H [w*y = O(mn_Z/ZfTr), so the correction terms have
magnitude 0(4f1r2 My mﬁ4/(rpo_mﬂ’3<)2). Neglect of such terms appears
to be a satisfactory approximation; a corollary is that the cor-
responding terms for KN scattering should not be thrown.away:
mKLI/mO_2 = O(mKZ). Therefore we use Egs. (3.87) and (3. 90) to

obtain (Nluo!N) = =-1280 MeV and

(N|u| Ny = + (—2= 1) (N]cug | N)

3
o
JEWT s o) WOl

= 1060,": Me V . (3. 94)
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Within the 204 accuracy of Eq. (3.94), we have

(Nu| Ny = My, (N[ [N)= - (N8| W), (3.95)
so the formula
(N[(1g + 4 6+ (4, +4) u|N) = (N]ol" |N) = My ' (3.96)

suggests §= c-number and 'tu ==-3; however, we are unable to
exclude the possibility =( N| §| Ny = 0(My).
More recently, Hbhler, et, %(129) have given another

estimate of NN’ obj:ammg

oo = 60 MeV . | (3.97)

NN
In a theory with c = - 1.25, we find
(N|u| N) = 430 MeV , (3. 98)

so '&u would be -2 in a model with §= c-number. Hbdhler, et.al.,
note that there are large uncertainties in the real parts of the wN
scattering amplitudes which they need in their calculation. However,
they are unable to make their evaluation consistent with the Cheng-~
Dashen result. We have no explanation for this.

The estimates of ONN given by Cheng and Dashen and
(113)

Hbhler, et..al., supersede the work of von Hippel and Kim,

‘who were first to make a serious attempt to find (N | ul N).
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They attempted to saturate collinear dispersion relations for SU(3)
generalizations of the amplitude T defined in Eq. (3.89).%* In terms

of the function

2

T(v) = T(v, = vZ/ZMB, v, vz) ’ (3.99)

the forward amplitude for meson=baryon scattering at threshold is

T(m while the o-commutator is given by the exact relation

wE

T(0) = -4£% (B [FS, [Fe eoo]:! | BY . (3.100)

These two quantities are connected by a collinear dispersion

integral:(gl’ 113)

T(my) = T(0) - (ZfM/mM)Zi<B|[f‘5(O), a“gsu(o” |B>conn

Zmzoq

M dy Im T(v)
+ — [ > > . (3.101)
-0 vy - mM)

In order to make the continuum integral converge, it is necessary to
make a subtraction at y = co; this accounts for the appearance of the
equal-time commutator

G = (B|[F(0) , augsp(o)jlmc -, (3.102)
onn,

The SU(3) indices of the current divergences are symmetrized,
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where "Conn.' indicates that only the connected part should be
considered. Von Hippel and Kim obtained (N|u| N)Z 0 and
CNN = 22 MeV, in disagreement with the more recent results
(3.97) and especially (3.. 87).

The von Hippel-Kim result has always been regarded as

doubtful because of the difficulty involved in accurately saturating the

continuum integral. Their analysis involves the assumption

Im T(v) ~ Im A_(|v]) (3.103)

where AO(\)). is the S-wave meson-baryon scattering amplitude
in the s-channel. As noted in Section III.2, this procedure neglects
meson-creation and Z diagrams (apart from obvious poles), and

replaces the S-wave direct-channel cut contribution to

8"35,(2) + B(p) - 335 (1) + B(p) (3.104)

by the S-wave s-channel cut contribution for MB~ MB. The
rationale for the latter step is that the only important cut terms are

. O(mN?). However, this method is clearly

those with lqzl = v
inferior to those of Cheng and Dashen and Hohler, et. al., which
depenci only on the accuracy of the data, (apart from terms like
"0(m_*)" in Eq. (3.88)).

There is another aspect of the von Hippel-Kim analysis

" which we question. The standard practice in this type of analysis is
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to ignore the equal-time commutator C. Thus, Fubini and Furlan(gl)
argue that C wvanishes because the pion field aN&Sp should obey
canonical commutation relations. In a theory of broken scale in
invariance, this happens only if 8”:}15p has dimension &u = -],
This assumption is completely arbitrary. The fact that BI‘LZ%H has a
pion pole has nothing to do with its dimension, since Bpgspexp(&o‘/Fo_)
couples pions to the vacuum with exactly the same strength; in fact,
unless dilaton am.plitudes are being investigated, these two pion

fields are equally good candidates for smoothly extrapolating a pion
amplitude of '"off~-mass-shell’,

At various stages in their analysis, von Hippel and Kim(ll?’)' .
mention the fact that C does not vanish in the quark model. How-
ever their argument that C is negligible is circular. In the quark
model, C involves an overall constant of proportionality which
cohtains the quark mass mq ' so their estimate of C depends on one's
interpretation of the symb61 mq. Von vHippel and lKim assume

3mq = (N!uo,N}; . (3.105)

as indicated by a non-relativistic quark model for the SU(3) x SU(3) -
violating term in eo o Unfortunately, they also make use of their
fnain result (N[uolN) =z =215 MeV, which was computed
assuming C = 0. |

When Eq. (3.101) was first formulatéd,_(gl) it was
acéompanied by a statement that the usual soft-pion formula does not

work if C 1is not small. This remark is not valid if the soft-pion
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formula is written correctly, as in Eq. (3.88). Ignoring the clfccts
of o-poles for the moment, we can analyze Eq. (3.101) in the fol-
lowing manner: the continuum integral is ”O(mM4)", while T(mM)
and T(0) are "O(mMZ)”.' qu, it is essential to distinguish the

threshold amplitude

— ‘ 2 2 2
T (mM) = T(mM, - mM/ZMB, my s mM) . (3.106)
‘ . 2 2 .
from the amplitude T(0,0, My rnM) which Cheng and Dashen

estimate. In fact, Eqs. (3.88) and (3.101) imply

- 2 . , 2 2 2
-1(2fM/mM) C = T(mM,:, -mM/ZMB, m,y s my L)

' 2 2 4
+ T(0,0, my Sy My, ) + "O(mM )y
= 10(m, 2" (3 107)

This is the same order of magnitude as the ¢-commutator contri-
bution T(0) to Eq. (3.101).

These dbservations may be formulated in a more general
fashion by applying Wilson's theory of approximate scale invariance at

(40)

short distances. Let us examine [v(x), v{0)] as 2y varies.
We wish to examine connected matrix elements of the equal-time com-
mutator [V,v], so only g-numbers involving a singularity x ®

(s )/ 2), are relevant. For {,u: <1, no g~numbers are available.
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For the other integer values of /(,u, we obtain the following short-

distance expansions:

v, v(0)] = myf e BV GA wo) ¢ L Ly = -2, (3.108)
[v(x), v(0) ] = (ml\f/Moz)[czauE(-l)(xz) zH(0) + c38p8\)logxzepv(0)

Foee wuet o, BN B w(0) ... 1,

Cq

(L, = -3) (3.109)
wher.e the dependence on internal quantum numbers has been sup-
pressed. The dimensionlesé pumbers c, do not depend on the
magnitude of the violé.tion of scale invariance, and have valueé O(l)‘
in models. In (3.109), masses are normalized relative to Mo= 1 BeV,
and the term with coefficient Cy is a scale-violating contribution.
The diagonal matrix element C defined by Eq. (3.102) receives
contributions from all terms in Eqgs. (3.108) or (3.109) except
the term proportional to Cye

For {u = -2, we have no reason to suppose that ¢y vanishes,
and so we obtain

2 3,

[8_v(x) ,v(0)3x0=0 = - 4% m,7 6°(%) u(0) < (3.110)

1 ?

which cannot be ignored relative to the contribution from the o-term.
For example, in a model containing canonical '0-*:, 0~ fields, o, g,

(i.e., dim o = dim g = =-1), formulae such as
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4n® [P (%), #(0)] = g(-1) (x'z) I, (3.111)
or the corresponding canonical commutation relations, imply

e, = (8w?) =t , (3.112)

where the scalar and pseudoscalar densities are defined by

2
v = %mM od . (3.113)

Apart from a difference in normalization factors, the model of Ellis(83.)

gives the same result.
The situation for Qf,u = -3 1is more complicated, because there

are two terms which may contribute to C:

(8 _v(x), v{0) T =0 (4n¥s m) /M2 [c,570) 8,67 (F) + 2¢,0_ (0)67(R)

- e, w0) ()7 (3.114)
(the first term vanishes when integrated over 3~space). For example,

cy = 3c4 L - (3.115)

.is obtained inthe free quark model.  Part of the "O(mM4)” term

to be proportional to eii’ which does not contribute to C because
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of the self-stress theorem.* In the free quark model, the operator *

product of Eq. (3.109) has the form
2 - - - (~1) 2
4r"[q(x) y5a(x), 4(0)yza(0)] = q(x) {if + m)E (x)} q(0)

+§0) {(-iff + m) B (%) q(x).
. (3.116)

Api)lying the Taylor series expansion q(x) = q(0) + x-8q(0) + ...,
we dt;serve that if and m give rise to eoo and u, respectively,
in Eq. (3.114). Actually, von Hippel and Kim incorrectly replace
iv by [v, J‘d3x,(uo + cus)] , So they obtain O(mMé) terms, Which
turn out to be very small because of the use of Eq. (3.105),

Entirely different structure is observed in a boson model

in which the pseudoscalar density is given by
v = im° § exp(25/F ) (3.117)

for example., Then the right-hand side of Eq. (3. 114) contains the
quartic terms yf-zexp(Zgr/Fo_), exp(4o‘/F0_); in Ellis' model, the
latter term gives the same situation as for the case ,{’,u = «2, With

or without dilatons, C ‘cannot be neglected for {,u = =3, either,

%
See Appendix A. To be consistent, Eq. (3.105) should read
3mq = MN. ‘ '
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We conclude that the sum rules investigated by von Hippel and
Kim do not specify the value of (N Lu | N), unless a separate investi-
gation demonstrates that &u has the canonical value -~1; 1i.e., the

equal-time commutator being evaluated is

E = (B|[Fy0) + m Fy0), o¥5,(0)]]B) .

Conn. _
(3.118)
This observation does not greatly affect their comparison of theory
with experiment for the meson-baryon scattering lengths.
In dilaton theory, "O(mMZ)“, "O(mlvgl)”, .+. become
2 2 4 2 .
"O(mM /mo_ 3, "O(mM /mo_ M ..., because of the presence of dilaton

" :
(103) has suggested that the approximation of von Hippel

_ poles. Ellis
and Kim, Eq. (3.103), is not valid because of rapid variation due to
the o-pole. He presents a Lagrangian model which displays tk;is
variation, and he is able to fix an unknown constant such that the
agreement between theory and experiment for scattering lengths
obtained by von Hippel and Kim is not upset. However, the analysis
mixes contributions from o¢-poles with phenomenological estimates
of cut contributions. Since one cannot tell how much the o-pole

contributes to the latter, some further comment seems necessary.

Eqs. (3.100), (3.101) and (3.118) imply the exact relation

(.sz)'2 'T'(mM) = -iE/mN% + 1 (3.119)

Cont..

E3

Ellis does not alter the von Hippel-Kim assumption that C is
negligible.



-139-

for the threshold amplitude T(mM), with*

2 0. 9] .
. _2my, dv Im T(V) - g(m, 4/m?M ) . (3.120)
Cont. -'n'(Zf )Z ( 2 _ 2) - M/ e o T .

M —m\) Vv M

In general, the other two terms in Eq. (3.119) are O(Momlvf/mf);
Taking Ellis point of view, the von Hippel-Kim method fails if
O(Mo ran/mo_z) terms are introduced by the approximation (3. '103).

In theory, this is quite easy to arrange: the term

2 2
2 2

mO" B g mG‘

2 2
Plv, vg» 9,9") = Q (3.121)

(with § = &(\)B, qz, q'z) = (q' - q)z, and Q an analytic function),

vanishes on the collinear dispersion path:

2. 2 2
P(v, =v/2Mg, v5, V) = 0 = (3.122)
Thus theoretical manipulation generates an arbitrary amount of re-
scattering integral with magnitude O(Mo ran/mo_z), depending
. . ' 2 2
on which function Im Q(v, Vg My mM) one cares to choose. For
example, we could have Q proportional to T(v, Vg? me’ ml\fi), in

which case, the rescattering integral would be a linear combination of

S- and P-wave MDB amplitudes. Experimentally, the .size of the

%
Compare Eq. (3.93).
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rescattering corrections found by von Hippel and Kim roughly
indicates the contamination from O(Mo mMz/mO_Z) terms. A good
‘example isathe rescattering integral for the s-channel isoscalar
KN amplitude, which contributes about 3 GeV to Eq. (3.119).
Evidently, the indicated procedure is to make an estimatve of

» treat it as an uncertainty, and then attempt

the magnitude of ICont.

. 2 2 iy .
to isolate the O(Mo my . /mo_ ) terms, which should dominate. We
restrict our attention to wN scattering amplitudes, because we are

confident that I may be safely ignored. The justification is the

Cont.

same as that for the neglect of ”0(mﬂ_4)“ terms in Eq. (3. 88), (the
theorem used by Cheng and Dashen). If ao(t) is the t-channel

isospin-0 scattering length, Eq. (3.119) becomes

_ E/mﬂz - (Zfﬂ_)-z (1+m /M) 4r ao(t) + m0(m_Hym.

(3.123)

(1)

All estimates of a4 indicate that it is very small, although

not everyone* agrees with the limits of uncertainty in the standard

value
(th _ 1 _(s) 2 _(s) _ _ +
3 = 32,2 *t Fa3, = (0.012 * 0.004)/mTr
‘ (3.124)
quoted in the review by Moorhouse.(l3o) Eq. (3. 124) implies
. 2 " | -
i E/m° « 11 MeV , (3.125)

%
See the discussion by H6hler, et. al., (ref. 129).
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which is an order of mag'nitude smaller than the value for CNN
obtained by Cheng and Dashen; (see Eq. {3.87)). From the
definiti;)n of E, Eq. (3.118), we see that [aov(o,;c'), v(0,0) ]
does not vanish; in fact, its contribution to Eq. (3.101) is as
large as that of the o-term. Therefore, assuming that the

dimension Ly of u is unique, our previous analysis implies
2y { -2 . (3.126)

Eq. (3.126) assumes that there are no extra scalars of dimension -1
in the operator product éxpansion [v(x), v(0)] ; otherwise, we would
have /f,u\( -3/2. The important conclusion is that, if .{u is unique; it

cannot equal ~1.

III. 4. Concluding Remarks

Our final result, Eq. (3.126), provides a partial justification

for assuming that the dilation operator D(0) commutes with the
axial charge FS(O); (equivalently, SHV , defined by Eq. (l.56), is
not present in eH\) , or, the constant r wvanishes in Eq. (2.72)).
At various stages in the anal.ysis, we have indicated that Eq. (3.126)
is the condition needed. In turn, this statement assumes that (ua, va)
are the only spin~0 terms which break chiral invariance in an
operator product expansion. This follows the suggestion of Wilson
that only a limited set of '""licensed' operators On(x) is present in
Eq. {1.79).

It is unfortunate that experiments on scalar mesons are not

more definitive, Combined with the theoretical uncertainties of our
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calculation, there is a lot of room for error. However, we have been
able to show that the dilaton has a large width, but not necessarily
so large that the Adler-Weisberger sum rule for ww scattering is. |
oversaturated. Our result for the spin-2 gravitational radius of
the pion is less positive, since we can argue that it is reasonable
as long as f-dominance does not work., The most striking feature
of these results, (Egs. (3.50), (3.51), and especially (3.56) ), is
the strong dependence 'on the magnitude of scale violation. One must
be very careful to look for these deviations from the standard soft-
meson result when the s;lrmmetry is so badly 1'Droken.

Having observed that a dilaton couples strongly to both mesons
and baryons, it'is natural to consider the effect of t~channel dilaton
poles on theorems for meson-baryon scattering at low energies, Of
particular interest are possible interpretations of the recent result of
Cheng and Dashen(108); (see Eq. (3.87)):

(i} The breaking of SU(2) x SU(2) is almost as large as SU(3)
violation, and the SU(3) x SU(3) breaking term u in eoo contains
representations other than (3,3) + (3,3) and (1,8) + (8,1) ; e.g.,
Cheng and Dashen adopt this proposal with u transforming like (8, 8).
This is a respectable possibility which is hard to discount.

(ii) SU(3) is a much better symmetry than SU(2) x SU(2), and u
belongs to (3,3) + (3,3) ; (i. e, !c I €4 A/Z—).(lzz’ 123) This scheme

has trouble explaining K decay; (see Fig. 4). We do not regard

23
it as a viable theory.
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(iii)' The SU(2) x SU(2) and SU(3) x SU(3) breaking terms in eoo :
transform under different representations of SU(3) x SU(3). This
model is usually dismissed as an ugly theory; purely experimental
tests are very difficult to find.
(iv) SU(2) x SU(2) is a much better symmetry than SU(3),u= -uo-cu;8
belongs to (3, 3) + (Z-’;, 3) with ca ~1.25, and there is a dilaton
associated with approximate scale invariance. The magnitudes of
scale and chiral SU(3) x SU(3) breaking are comparable. Thus, one
imagines that & vanishes in the limit of chiral invariance; (6= c-
number is a special case favored by Ellis(83’ 104)). This is the theory
which we discuss in Section I1L 3.
Except for scheme (ii), consistency of the sum rule (3.101) for the
threshold amplitude, the experimental value of the isospin~symmetric
scattering length, and the Cheng-Dashen result requires {'u £ -1.

Liet us conclude by briefly mentioning some questions which
have been raised about having c- -1.25 and u belonging to
(3,3) + (3,3).

Recently, Dashen(55) showed that the amplitude for K%—» 2t
is 0O eZ) in a conventional (3,5) + (5,3) model, where ¢ is a
parameter indicating the magnitude of SU(3) x SU(3) wviolation. This
is not necessarily a difficulty because there is an overall |
normalization factor which must be estimated by other means. The
dilaton scheme (iv) provides another way out. Essentially, the
result is that the amplitude is dominated by the o-pole. This
(131)

justifies one of the assumptions of Dutta-Roy and Lapidus,

who also assume that the Klp -Kzo mass difference may be
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calculated in this fashion. Experimentally, these assumptions work
quite well.

The most awkward problem in current algebra is the treatment
of second-order electromagnetic processes in which the photons are
not emitted. Whenever the effective electrodynamic Hamiltonian
is supposed to cummute with F53, the wrong answer is obtained,
Brandt and Preparata(123) take this as evidénce that SU(2) x SU(2)
is a very bad symmetry. However, there are at least two other ways
of proceeding:

(a) There may be a term U, in eoo which is not electromagneitc .

in origin. This scheme is attractive in that it provides a means of
calculating the Cabibbo angle. (132)
(b) The formal expression is divergent, and therefore needs a
subtraction, the I=1 tadpole. This solution is advocated by
Wilson., (40)

(Dilaton theory does not affect this type of calculation). With the
theoretical freedom provided by (a) and (b), there is no problem
in taking SU(2) x SU(2) to be a very good symmetry.

.Although the non~-vanishing rate for 'rro—.Zy was once a
problem, it is now reasonably well understood. (Again, Brandt

and Preparata claim that their point of view is supported). Adler(133)

and Bell and Jackiw(134)-

observed that the isual manipulations break
down in spinor electrodynamics, and other models involving fermions.

Because of the model-dependence of these inve'stigations, there was

some confusion as to their validity. The problem was put into
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perspective by Wilson, (40) who demonstrated that the soft-m°- 2y

amplitude is proportional to the function Cn(x, z) given by

a b c abc n
» 0 = d C ’ « o0 » . 12
3200 3 (0) 55 (2) € oy O 2) T 4 (3.127)
so there is no reason for c= =~ 1.25 to be invalid in a theory of
broken scale invariance.
We can carry out a similar calculation for o—2v,
("anomalous PCDC'). The usual argument gives a vanishing rate,

because

-&L = zFMV F (3.128)

Y

is already scale-invariant, so the factor exp(o‘/Fo_) cannot be added.
In fact, repeating the argument of Wilson for the dilation current,
the soft-g—2vy amplitude is proportional to

b b
3,00 3 (0) 6, (2) = 87°C CLR RN

Ty
. (3.129)

Thus, the symmetry-breaking scheme outlined in this thesis
appears to be a viable theory, However, some alternatives are dif-

ficult to discount.
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APPENDIX A

ELEMENTARY TECHNICAL REMARKS

One-particle states are normalized invariantly,

Gl = (2m)° 2p,, 5°(p'-p) , (bosons) ,
. (A.1)
@®'lpy = @n’ P_/M §°(B“P), (fermions),
or occasionally to one particle per unit volume:
((p'lp)) = (21r)3 63 (1—).'.-];) , (bosons or fermions) . (A. 2)

We have suppressed labels denoting spin or internal quantum numbers.
We follow Sections 1 and 2 of:"”Conventions and Notation'' in the book by

44) 5 0123
except for our Ye =Y SYYYY .

Adler and Dashen,(
(13) 3 A s . '
A useful theorem states that |d " x s(x) = 0 implies s(x) = 0

~if s(x) is a local, spin-0 operator. To prove it, consider

s (K) Id4x eiK'X s (x) ; | (A. 3)

i

the hypothesis becomes

s(K ,0) = 0 , (A. 4)

so Lorentz invariance implies s(K) = 0 for K2 > 0. If K‘2 is spacelike,
l\l() = s(K)iO) must vanish -~ otherwise KIJ would be the momentum of
the state [\y>, Since (\L/ZI s (K) l\h) is an analytic continuation of
(o, Ty lsx)]0), s@)}0) = 0 implies 1> s(K) = 0, i.e., s(x)= 0.

Let us briefly summarize canonical field tileory for the stress-

energy tensor and scale and conformal transformations. One starts
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from a Lagrangian density £ which is 2 function of fields ¥ and a

finite number of field derivatives:
,
L= Loy, d%y,..., 8%y . (A. 5)

Usually, only dependence on ¥ and 9V is considered, but, as empha -

(10)

sized by Huggins, this restriction is entirely artificial., What

matters is the form of the equations of motion, which are given by,

e.g.,
8 g B gy S L C (A.6)
¥ 5 o y 5 oMaVy

for r = 2.

The construction of the generators Ga. of a transformation
with parameters @ proceeds via the Action Principle, Eq. (l1.20),

with

. :,
A, = j a*x L) (A7)

An expression of the form
G, (0) = fdo“ g (%) (A. 8)
a o ua

results, where (e.g., for r = 2)

AY

§x ¥4 P 5y
x) = T -9
75“"* - Fea® Leoty Voot v

aa“avl—? 5"84’_8&/] (& 9)

is a corresponding current, and

a
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5 6L , 6L g
T (x) = |=2% _ 23 5. Y+ 9 [-————8\ ‘P] -g (A. 10)
HY soly  Meofa v soa,v tv

is called the canonical energy-momentum tensor.

This prescription uniquely fixes Gi (within a unitary trans-
formation induced by £~ £ = £ + auv“), but Eq. (A.9)is not the
only possible expression for the current ‘F{ua. This is important if
the current has a physical interpretation as the source of electro-~
magnetic, weak, or gravitational interactions. For example, the

charge operator Q is obtained from the gauge transformation

.6._\.{',_ = iqv ——-—-6X = 0

T (A.11)

where ¢ is the charge annihilated by V. However, the most general

expression for the electromagnetic current is

- l(; 8\)'- ) 12
T, ) Juf “/,uv , (A. 12)

where j;.z\) is an arbitrary, antisymmetric tensor.
. . 4 .
Now consider the group of Poincare transformations. Trans-

lations are characterized by

oy = 0 0% = 5 (A. 13)

so the canonical current is THV and the 4-momentum is

el 3 '
PV = J d”x Tov . (A. 14)
Lorentz transformations are given by (@Y = _&\)u)
L A ox = Lsrx -5tk ) (A.15)
sV 2 “uv ' st 2y Ty uovo? :
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. . . , i .
where ZIJV is the spin matrix of V¥; (e.g., EIJV =g ['y“, 'y\)] for spin

3 fields). From Eq. (A.9), the canonical angular momentum density

takes the form

m*r =
N7AY ‘Zk,uv ¥ ‘fx,uv (A. 16)
where
% = . x T - x T (A' 17)'
Auv TR vV T ‘

is interpreted as the orbital angular momentum density, and the

remainder ‘%xuv is taken to be spin angular momentum density.

Since gravity couples to energy, the gravitational current 8

[y

must also be a suitable energy-momentum density from which PIJ may
be formed; (see Eq. (1.9)). Therefore, it should be possible to con-

struct a candidate for the'symmetric tensor 8“\) from T#\" (% Tvu')'

According to the prescription given by Belinfante, (4) the appropriate

" construction is

Bel E .
o A _ pBel.
e“\) = Tw -8 fxuv = ew , (A.18)
with
- Py = -
oy | Z(J’XW Pyt S = Ty (A.19)
Then .
Bel. _ Bel. Bel._ o, ¢ ul } ’
Mo =% &y " % O —m)\u\) - N fy Kty (A 20)

; . A
differs from 971)\;\) by a term which vanishes upon integration over do ,

and therefore is an acceptable total angular momentum density, (even
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though the expression for W?f:\}' resembles the classical formula

; X I-; for erbital angular momentum):

. A, + _ .\, Bel
My, = Idc Mgy = 80 NI . (A.21)

Eq. (A.18) becomes a candidate for the gravitational current, but, as

(10)

Huggins noted, this choice is not unique. In fact, the Belinfante

prescription gives an extra term pfoportiona,l to (auav - 8, Bz)dz if

)
c az(dz) is added to the Lagrangian, but the equations of motion are
independent of the constant c. Similarly, different prescriptions can

produce different Guv's from the same ;Z . Note that Eq. (A.9) can be

replaced by

gBel. \ _ gBel. gx’ ,  asx  [84 _, o4 5v
Ha BV 5a® MY 52 Lggty Vs oo y= da®
6X »
5
+5a“‘f\ij\’(5 i)aw_av:la] : (A. 22)
a a
\YJ

To treat scale and. conformal transformations, it is necessary
to decide how the fields V¥ transform. In the standard approach, the
fields transform as irreducible representations of the conformal
group; (see Mack and Sala.m(g) for the details)., For scale transforma-
tions, the answer, Eq. (1.25), is obvious. In the notation of this

appendix, we have

sxt " 8y _ .,
- = R (A.23)

If the time-dependence of D, the generator of scale transformations,

" is ignored, then the values 4 = - 3/2, -1 for fermions and bosons
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are obviously required by the canonical commutation relations (1.27). '

When the time-dependence is included, we have

i [D(x,), 3, 8(x)] i 8. [Dx,), ¢(x)] - ilDx ), ¢(x)]

(-4+1+x8)8 ¢ -ilDx ), dx)]. (A.24)
Evidently, the condition for a consistent théory is
ilD(x ), dx)] = 0 , (A. 25)

i.e., the divergence of the dilation current should contain no deriva-
tives. For this reason, Eq. (1.23) is valid only for the new, im-

proved tensor defined in Eq. (1.15). For conformal transformations,

we have

\% & n .

5x” v vz, Moo +iT ) =Ky, (A. 26)
:5—(?‘— = 2xkx -8y X 8t nx | TTnA A

where K“ is a nilpotent matrix, (which vanishes for the low-spin .

" fields considered here). Egq. (A.22) may be used to construct the

generators D and K”' and verify equations such as (A. 25). The
resulting expressions look complicated, but, for all interesting
theories, they reduce to Eqs. (1.16)and (1.17); (for r = 1, the most
generla.l treatment has been given by CCJ(IZ)).

The various Su\)‘s give matrix elements which have certain
features in common. Typically, they differ only in terms like
kuk\) - gNV kz, where k“ is the momentum tran;fer. However, the
simplest and most general treatment of <6IJV> ignores canonical field

theory, and involves the direct use of Egs. (l.9) and (1.10). Thus,

Egs. (1.9)and (A.2) imply
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2p ((p’s 8’| Ja®x8_ (0,%)|p, 5))= (2p_)2m)’p 6°(6 )6 _s
PP o'’ ' Py pu s, 8 !
(A.27)
where s denotes the spin component of a single-particle state, so the

diagonal matrix element

2p,«p,s18,,0)p,s) = 2pp, (A. 28)

is completely specified. Eq. (A.28) implies the self-stress theorem:
the diagonal matrix element of eii for a single particle at rest vanishes.

When the momentum transfer kp does not vanish, only terms
0(1) or 0(k) are specified. Eq. (L. 75) is the general expression for
spin-0 mesons, obtained.by expanding in the available momenta Pﬂ’-k#
to form a symmetric se.cond—rank tensor obeying Kk (9“\)) = 0, No

extra constraints are implied by Eq. (1.10). For spin-3 mesons, the

same principles yield

NP+, 59]6,, (0[N (P-3i's)) = TP + 3k, s V(3,2 +7,P,)G, (k%)

# (PP /M) Gy (%) + (e e, 8, k1G5 () Ju(B-k, 5).
(A.29)
Eq. (A.28) implies
GI(O), + GZ(O) = 1 . (A. 3.0).

Until very recently, (130) it was not realized(137)_that Eq. (1.10) pro-

vides a further constraint:

G,(0) = 0 (A.31)
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To demonstrate the truth of Eq. (A.31), it is neces sary to

consider the boost operator |

M. = fd3x x. 6 (0, %) " (A.32)
10 1 00

From Eq. (A. 29), we obtain

ad :
—é;;<p+k,s’leoo<o>lp,s>§=0 [y 0)+M 20)} u(p, s),

- (A. 33)

and Eq. (A.32) implies

3 ] d3k' ’ I l
. 0)|p,s)_ =-if——-——- (p +k,s|M, p, 87« (A.34)
akl k=0 (2_")3 io :

Since the right-hand side of Eq. (A. 34) is the same for all theories,
the value of GZ(O) must be universal. Therefore, we may use free
field theory to evaluate it; Eq. (A.31) is the result.

| Equations such as (1. 75) and (A.29) are needed when expanding
(\]/fl eﬂV ] \]/i Y in powers of the momentum transfer for multiparticle
states H/f), I\]/.l Y. Examples of this type of calculation appear in

.Section I. 2 and Appendix C.
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APPENDIX B: ALGEBRA OF THE CONFORMAL GENERATORS

The properties of GH\) under Poincaré transformations are
given by

aaew(x) ; (B. 1)

i}

i[PCL p\)(XJ]

i[Maﬁ’ (x)] = (x 8‘3 5 m)eu\)+gaue[3\)+gu.\)eﬁu_gﬁ\)eau-gﬁuea\)'

(B.2)
The Poincaré algebra
(PPl = 0
IEPC(.’ Mu\)] = gG.\)PH-gG.HP\) ]
IEMGﬁ’ M ] = gG.HM@\)_gB}J.MG\)+gﬁ\)MG.'|..L—ga\)Mﬁu . (B.3) -
and part of its extension to the conformal algebra .
. N 3 X
l[PCL’ D(xo)] = -Pa-l- 800, fd xex ,
i[M_.,D(x )] = [dx(x x.g_ )8}
s M U B A A B LAY W
. or )\
1[Pa, Ku(xo)] = ZLMCXL.L gauD(x j‘ d XX '_]
. B _ A
chﬂﬁ’KH(XO)] = gauKﬁ(xO)—gﬁu o (x )+fd x2x (x gc)‘3 ﬁgoa)e)\. ,
(B. 4)

are merely special cases of Eqs. (B. 1} and (B.2}.

In order to obtain the rest of the conformal algebra, it is neces-

sary to consider local versions of Egs. (B. 1) and (B. 2):(13-8' 139)

i[6°°(x), 8°°(y)16(x -y ) = (GOi(X)fGOi(y))afa(x—y) oyaYeYe)r rh kL

i06°°6x), 87 (y) 16,y ) = (67x)-8°°(y)g™)0T5x-y)

VK 3y (g% oY okt 1y
S a[ B+ )r T MY,
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i06%°6), 89 (y)T6(x -y, ) = (8_8%(x)-0% (0] 8%y )a ) sx-y)

ke,ij 1 k& 1J]

oY [yt Ha(aXroY)ry U 4o +aV)

H

i16% 6, 0%y 18, -v,,) = -(6% 0] 6% 1)) tlx-y)-afaYry I

106”6, %y 1006x, -y ) = (8 pag™ 0 (y)g 0 y)g T o (x-y)

1J,k& 1 1J,k&

_a [T Lo +aV) 1, (B. 5)

with the latin indices i,j,... denoting spatial cdmponents 1,2,3. The

conservation laws (1. 6) and (1. 7) have been taken into account. The
s k'{”(x, y) are local in time and bilocal in % and

(13

"Schwinger terms'

; . Boulware and Deser ) obtained the result (O\ Ty 4\0> £0,
3

- 6
which is analogous to Schwinger's result {0 \ [JO(O, x), Ji(O)'_HO) £ 0. (69)
There the resemblance ends, because the Tp are g-numbers in simple

models. For example, in the free quark model, we have

3.3 ij,k 3.+, kit it _jk
[ &%’y 5, y) = 3[a’x qF (g 0 ag tol e gto! )qﬁ(x -¥,) -

(B. 6)

The symmetry properties

ey = P )
g . |
e y) = D ey . (B.7)

are generally valid.
The remaining equal-time commutators of the conformal alge-

bra depend on the model-dependent.terms T

kk, 11 1 kk11

30 +aV)

i[D(x_ ), KO(x )] = -K°(x_Jt[d xx"0 +zjjd xd >y [y 1,
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ik, jj

i[D(xo), x )] = K (x )+2Hd xd’ Y%, Ty ,

T PR R P N S S i
iK' (x ), Kx )] = ~4[fa7xd’y (5, % g X -5 %)

iocd mk, nd
(&Y T8, V-8 Y, )T,
i[Ko(xo), (x )] = zl‘d x° 18?\
r kk, mJ kk mJ 1 y kk mj
_4de xd y(ﬁjym-f-gjmy -6myj)(xo'r3 T, +3(0 %48 ok ).
(B. 8)

"Note the e);plicit dependence on 6% in Eqs. (B.7) and (B. 8).

The T-dependent terms of Eq. (B. 8) usually vanish in simple
modeis, (e. g. the quark model). For example, the virial theorem, |
Eq. {1.60), and the assumption dim eoi = -4 ,imply

$[D(x, ) K (x,)] = -Ku(x0)+gouj‘d3xx28£\ . (B. 9)
The presence of g-number T-dependent t'erms in [KU-’ K\)] would indi-
cate the presence of an-operator of dimension -1 in the short-distance
expansion of ew(x)eaﬁ(m. We know of no model with this property,
so the relation

[Ku(xo)’ K\)(Xo)] = 2Id3xx2(xpgov—xvgou)6£\ + c-number (B.10)

is probably correct,

The apparent absence of T-dependence in the broken conformal
algebra is not characteristic of algebras of coordinate generators.
For example, consider thé group of SL(3, R) transformations,

x,+x! = a,.x,, a,. real , det{a..)=1 . (B.11)
i i ij ij ij

The corresponding set of eight generators is formed by the total angu-

lar momentum ‘Tk =3 €ijkMij and the generators of skew transforma-
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tions,
Q..(x )= jd3x(xe %0 . -26.x0 ) (B. 12)
ij "o i'0j 7joi 3 7ij k ok’ )
Inspection of the formula
s 3 1 '
Qlx,) = 2[d x (85 - 5 858 (B. 13)

leads to the conclusion that consideration of the limit of SL(3, R) sym-
metry is meaningless. Therefore, it is not surprising if the equal-
time commutation relations for the SL(3, R) generators do not possess

. . . [ . .
such a symmetry limit. Poincare invariance determines

Mo My J= 80 M-8y My 8, Moy =6 My
1[Mij, Qk/f,] = 5ijiL-6iij&~ 6iLij+6j&Qik , (B. 14)
b « 1 ., k
but [ Q, Q ] depends on T;J v , and is therefore .model-dependent. Re-

ferring to Eg. (B.6), we see that the quark model possesses a special

property: Ty may be written in terms of the quark spin

1 3+
S, = -Zeijkfd xq'o.q . (B. 15)

Equation (B. 15) leads to the observation of Dothan, Gell-Mann and
(140)

- -

Ne'eman that [6, 5] is an orbital angular momentum L= J-S
in the quark model (instead of a total angular momentum as implied by
naive SL(3, R) invariance):

1[Qij, Qk&] = 6jkLiL+ﬁiijL+6i&ij+6j&Lik s - (B. 16)
with Lij = eijkLk .

Equation (B. 16) may serve as an abstract definition of orbital
angular momentum. Assuming that the 3-momentum density eoi has

dimension -4, the SL(3, R) generators, and hence I_:, commute with

the dilation operator D. The transformation exp(-iaD)also conserves
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parity, isospin, G-parity, baryon number and hypercharge, but does
not commute with an operator which alters the radial wave function of
- a state; e. g. such an oIS,erator may have eigenvalues N, the ''total

quantum number'’ in the quark model of Feynman, Kislinger, and

(141)

Ravndal Thus, exp(-iaD) would generate a tower of resonances

with the same (JP, IG, B, Y, ﬂ, ... ) and different (N,...). An example

of one of these towers may be: nucleon P 1(940),' Roper resonance

1

P11(1470), Roper recurrence P, . (1780),...

i
I

11(
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APPENDIX C

SOME LOW-ENERGY THEOREMS

This appendix contains alternative derivations of Egs. (2.50)
and (2.52). We mentioned these derivations in Ref. 15, but gave no
details.

We begin with another derivation of FZ(O) =-1/3, i.e., Eq.
(2. 52). Scale invariance is broken (mo # 0), but we ignore the viola-

tion of chiral SU(2) X SU(2) symmetry. Using the method developed
(19) |

by Low for bremsstrahlung, we expand the amplitude

Py = (@pple, (0]np)), m@) (C. 1)
. . ' -1 Born :
in powers of k =p; + q - p,. The 0(k 7) terms, P}u\) , are repre-

sented by Feynman graphs in which GIJV hooks on to external lines:

B 2
PEO™ = T, [y, + oyt ) Gy )
-1, 1 1 2y
+ M pyteklylp,ytak), Golk) + (k“k - g k 3(k )]
¢ + ¥+ M T
g Y
-sz-k _ kZ NNw 75

+ u-channel nucleon Born term

£y 75 0T a2 ) [20a- o) (a- 3, - (e K, =g, k) /6),

. 2 2 2
F, (k%) +(kukv.-guvk ¥, (k ):l

(C.2)

‘The first term in Eq. (C.2) is the s-channel nucleon Born term. The
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u -channel term may be obtained from the s-channel term by wfiting
the y-matrices in reverse order and substituting P, Py k = -k. The
third term is generated by erV hooking on to the pion to produce a
pion pole.

The non-~singular 0((k)0) and 0O(k) terms are represented by

P Contact

Ly , with

P - pBorn +1:,Conta.ct +0(k2) ] (C. 3)

p©v Y Qv

Using the conservation laws (l.6) and (1.7), we find

Contact _ — 1
"y = V2 BNNe Y2 V5 W) [2 gy
d
+(q R, 0Ky m B0 K) S (G046 -Fi6)) o |- (C4)

To investigate the soft-pion limit, we discard all 0(q) terms:

P = s - and u-channel nucleon Born terms

u\)

1 _ .
- (3 +F,(0)u; vy ul“/T gNNn(kung#\’

kz)/kZ + O(kz,q). (C.5)
if we suppose that E?S, 9#] = 0 is valid in the limit of chiral StI(Z)
X SU(2) invariance, the~s.tandard soft-pion argument for terms O(q-l)
and 0((q)0) in P“\) produces only the nucleon Born terms; hence, we
obtain FZ(O) = -1/3, i.e., Eq. (2.52).

Now suppose that both scale and chiral transformations are

symmetries of the world. If we define

ﬁyv - (plpy)] 6“\)(0) lﬁ(Pl), w(q) ) (C. 6)

in this limit, the dilaton f)ole produces an extra term in the low-k
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expansion:
= _ ,Born Contact 2 2 2
Pp,\) = PI-W + PIJV +}.T‘(j m (kukv-g“vk )/ (3kT)+0(k™) (C.7)
where
M= - 50,)[Co 4Py a) + 4 D0 py 1) |5 ulpy) (C. 8)

is the amplitude for the process 1r+(q) +n(p,) = o(k) + p(pZ) . Since

we are working in the limit of scale invariance, PN“ vanishes, im-~

plying
C(0,0) = 0 . (C.9)

Eq. (C.9) is analogous to Adler's consistency condition(121) for wN
scattering.
We may obtain another consistency condition for C(0, 0) using

conservation of the axial current. Thus, the amplitude

]

Q

u (plpy), 0(x)| &5 Inpy) ) (C. 10)

obeys

qu’Qu = 0 . (C.11)

In the soft-pion limit, q = 0, the only contributions to the left-hand
side of Eq. (C.11) come from O(q-l) terms in QM:

_ pfl +d+M .
Qu = u, [goNN——-——-—-——————Z (-1 7;.175 gA) uy + u-channel Born term
-2p,.a-gq

. -1 iq m |
. — 2 T 0
-1y 2 NN Y2 Y59 (29. k-q ) (k+q)u FO“_(O) + . qz + 0((q)")

W™
(C.12)
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The first two terms arise from nucleon poles. The third term repre-
sents the contribution of a pion pole caused by 35# hooking on to.the
external dilaton line and turning it into a pion line. This term is
singular in q because the pion and dilaton are degenerate in the limit
of scale invariance. The fourth term is constructed by allowing 875“
to turn into a pion, thereby producing another pion pole. We have made
use of Eqs. (2.28) and (2. 34).

Combining Egs. (C.11)and (C.12), we find‘!>)

C({0,0) = A2 8. NN (gGNN/M - Zf'n' FG“(O)) . (C.13)
Consistency of the consistency conditions (C.9) and (C.13) requires
Zf“_ FG“(O) = gGNN/M (C.14)

ich yi 0)f_ =3 . (1.78) i ied.
which yields FO_FD_“( )f_n_ z when Eq. (1.78) is applied
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APPENDIX D: COLLINEAR DISPERSION RELATIONS

AND THE PROBLEM OF MIXING

The calculation in Section III. 2 is not complete without a de-
monstration that the ¢' pole may be neglected. We have also tre#ted
this problem in ref. 77.

We apply the method of collinear dispersion relations to evalu-
ate the equal-time commutator

Glirg 3, 210y = 0, | (D.1)

where 0 here refers to any (0+, 0+) meson. The details will be sup-

pressed because our analysis is analogous to the treatment of K&3

decay given by Ademollo, Denardo, and Furlan(l42').

"According to Eq. (D. 1) and a standard Ward identity, the re-

tarded commutator

3
H

+ lq_\)'V2 ’ ! (D.2)

R O q) = (26 /m “)i [ d*xe Y Fo(x o) (843, 0,3, 0)7]0)

ik\)V1

satisfies the constraint

R (K 0) = 0 . (D.3)

The usual analysis of the large qo behavior of R\) leads to the un-

subtracted dispersion relation

0 = jdylmvl(y)/y , (D. 4)
together with the superconvergence relation

0 = [dyImV,(y) , . (D. 5)

in the collinear frame k = (mc, 6) s 4= (Ymcs 6) .

Separation of the pion poles at y = mw/mc , 1 £ mw/m
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from the imaginary part of R, yields

ImVl(y') = ‘n'e:(y'-l)ﬁ((y-l)z—mn_z/mo2 )DGTT(YZm 2

SV m,_m )

+re(y)sly” m, /m )-F, ((1-y)*m?)

+G (v 5)1/m 24y ) (D. 6)

ImV,(y) = ~wely-1)6(y-1)° - m */m)D__(v"m )/ (m_m )’
—me(y)8ly” - mwz/-moz)[Fon((l-Y)Zmoz)
+G (1-y m Pl im) + vy () (D.7)

so Egs. (D.4) and (D. 5) become

my(Gy, (-G (-)) = (m_-2m )F__(+)-(m_+2m_JF__(-)

Zmrr3
+—= [ayv, )y (D. 8)
(Do (4= Dy (-, = B (404G (5) - F ()= G -)
Zm_n_mo_
+——= [dy v, (y) , (D.9)

- where Eq. (D. 8) has been simplified by using Eq. (2.29), the defini-
tion of DG'rr(t)" In Eq. (D.8), examination of the leading power in m_
gives a result consistent with Eqs. {3.40) and (3.41).

In the collinear frame, only 0 intermediate states cc')ntribute
to Im R\) . The coupling of the Al(1070) meson to the axial current,

(A, |F_,(0)|0)=¢,g , 1s implicitly contained in the form factors
1'9 5\ LA A1

tg, g =
d ] 1
Al Alm ¢ t'Im ch(t )
+Z , (D. 10)
2 2 ™ t't" - t)
2m, (m, =t
AT 4

Fow(t). = F,(0) -




2 -1

-1
C'O"rr(t) = —GO'Tr*n'(Zf'n') (mTl' -t) " - Y/ 2

Im G __(t')
1 ' - ow
+-1?J1dt ——— ; (D.11)

where - -%- (O-Hr)XgAlGTr is the Alorr coupling. The inequality needed

in Section III. 2 is

2 2

(£) , (3€,Tr(i=)<< FmT(m ), G_(m_) ; (D.12)

g'w o ox O

to make it plausible, we must show that the effect of the Ale"rr
coupling is negligible.

When ¢' is the (0+, 0+) meson involved in Egs. (D. 8) and (D.9),
the points at which Fe'w(t) , Ge,ﬂ_(t} , and De'-rr(t) are evaluated

straddle the point t = m The near degeneracy of ¢'(1060) and

A

Al(1070) gives

Z
o

(F€'1T(+)+F€l ("))

R

(G, (+)+ G, (-)) (D. 14)

m Al pole 0,

2 , so Eq. (D.9)

whereas De‘w(t) does not have a pole near t = m

1
becomes
~ 2
Z(Fe'ﬂ(-H GC'TF(— ))A‘l pole (De'n‘(ﬂ" De'w(' N
+ continuum integrals . (D.15)

(t) and Dcr'rr(t) satisfy unsubtracted dispersion rela-

From PCAC, D,
. E'T

tions; while we do not expect that the pion pole at t = mrrz dominates
. . 2
dispersicn integrals for D , and D__ at t=m ‘2 or m_ , the re-
e'm am € o]
spective w-=pole terms should indicate the correct orders of magni-

tude, i.e.,
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| , |
D, (#)<<D_ (0) , D_ (m]) . (D. 16)

Therefore, gA e'm is very small and the Al-pole terms in Fe"rr(t)
1

and G, (t) do not affect the validity of Eq. (D.12).
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APPENDIX E: DERIVATION OF COLLINEAR SUM RULES
This appendix contains some technical details associated with
the collinear dispersion relations discussed in Section III.2. The

analysis begins with the retarded commutators

T, (k, q) = ifd*x e Fax 60| [0 M), By (001 mla)) (E. 1)
Do @) = if e o™ Fo( )0 18 (), 35, ) m(@)) (E.2)
K06 a) = 1 ahxet™ Fo(x )0 | 1K ), B, (00 mla)) (E. 3)

which are related to the equal-time commutators in Egs. (3.17) and
(3. 18) by the identities
-ik“Dm(k, q) = i(0}[D(0),3, (0)]|m(q)) + T, (k,q) + O(k) , (E. 4)
Y . . 0]
-ik Kuv}\(k,q) = 1<0|[Ku(0}, 35)\(0)]|1T(q)>-218T)\/8k +0(k). (E.5)
The singularities in k of DH)\ and KH\))\ are given by deriva-
tives of the pion-pole term

P

o 06 @) = -ik-a), 26)7 (2 (a - i), (- 350) Ok s -g, K*)/6)F, ()

+(kak\)-gavk2 IF, (°)1/ (2q- k-K%) (E. 6)

with respect to k, so we obtain

M _ M 0 =
-ik Dm(k,q) = -k .--—-akv wa +0(k) , (E.T)
SikYK L (kq) = ikMz2 =2 & 5% 2 8 5 o) . (E. 8)
VA akp' ka b akB k VA )

The substitution of Eq. (E.6) in Egs. (E.7) and (E. 8) is simplified if
the identities |

li- 8\) - avku_'a\tl: , (E. 9)
ok 9k '



v o 9 o 8 8 8 & ' ua 8 9 .V
(2 g 5 -8 g ) = (2 g 2 )k
auaa akaﬁ ok 9k akﬁaﬁ
av 0 pa 9 (AVIRR) |
-2g e telg T -g ) o (E. 10)
M v o

are first applied (compare this procedure with the scale-invariant

version, given in Eqs. (2.48) and (2.79)). The results are

M . 2 -1 . 2...
-ik Dm\ = 1(q-k)>\2m1r (wa) /(29 -k -k )+1q>\/f1r + 0(k) , (E. 11)
(ZmZF (kz)-3k2F (kz))(q~k)
LikVK -2 0 1 | 2 )\}
MVA g 2q-k - kZ)wa
-1 . -
+(2£ ) (-ngﬂquq}\F'l(O)) . (E. 12)

Then Egs. (3.17), (3.18), (E.4), (E.5), (E.11), and (E. 12) imply the

low-energy theorems (3.28) and (3. 29).

Now we turn to the problem of constructing sum rules cor-
fesponding to these low-energy theorems, together with the evalua-
tion of the dispersion intégrands.

The imaginary part of T)\ is given by the formula
Im T, = iqxI:m.Xl-i-ik

X, - %(Zﬂ)4;@[(0\e$l1><1\35>\I1T(q)>64(k-PI)

A A

0|3, ]I)(Ile:lw(q)>64(q-k-P1)] . (E. 13)

Let us isolate the contribution of the pion pole at z = 0 in Eq. (E.13):

~m6(z)2f )" +Im X (2) . (E. 14)

1

Im Xl(z)

Im X,(z) = wb(z)2f )" + Im X,(z) . (.15

Then Eqs. (3.26) and (3.27) may be written
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X (=) = @£2) " +2 [da' Im X (2)/ (a'-2) , (E. 16)

0 = (ZfTrf1 +;1r—fdz ,ImX_Z(Z) . (E. 17)

Then, it is easy to combine Egs. (E.16), (3.28), and (3.29), and ob-
tain the sum rules

2f

L [dzm X ()2 = -5 (E.18)
2

-2 2
—T [ dz Im X (2)/2" = - 3 F,(0)+3m F(0) + 1 . (E. 19)

. *
"In the collinear frame, only 0 states contribute to-the sum
over a complete set of states 1) in Eq. (E.13). We expect that the _
pion poles at z = 0,2 and O-poles at z = % mg/mTr will dominate, so

these contributions are explicitly displayed:'

2

Imfl.(z) = w§(z-2) [F1(4m1r) - 6F2(4mﬂ_2):‘ /Zfﬂ_

-7 elz) 8(z” - m Ym? F;[Fw< (1-2)% m %)

+ox(2) (E.20)

+G_((1-2)° m_n_z)] m %/m

Im'}—(z(z) = -7H(z-2) [Fl(‘lmﬂz) - 6F2(4mw2):| /Zfﬂ_

' 2 2 . - 22
+ w g(z) §(z -mo_/mi]Eo_[- 1*0__“( (1- z) m }

+ G0'1r( (lfz)z mﬂ_z)] mu_z/mﬂ_2 + xz(z) ; (E.21)
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(the z = 0 contribution appeé,rs in Egs. (E. 14) and (E. 15). Sum-
mation over ¢ is understood if more than one scalar meson contri-
butes. Diagrams which correspond to the pole terms are displayed
in Fig. 2. |

The sum rules given in the main text, Egs. (3.31), (3.32),
and (3. 33), may be obtained from Eqs. (E.17), (E.18), and (E. 19),
respectively; by substituting Eqgs. (E. 20) and (E, 21), Notice the
similarity between the o-pole terms of Eqs. (3.33) and (D.9)~-~in
that case, the ¢' problem is easily handled. (Note that there is no
summation over o in Appendix D; that is why we can isolate the

e' contribution and justify its neglect).
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APPENDIX F: SUM RULES FOR DIMENSION

In order to obtain soft-meson theorems which explicitly in-
volve dimension, commutators such as [D, 6:] or [Fs, 8:;1] must be
considered. The cleanest example is Eq. (3.5), but, even in that
case, the conclusions are not strong. Therefore, we give just a bare
outline of the techniques.

Equation (3. 74) for Glocro may be derived as follows. Assum-
ing that the dimension of 95, 4, is unique (apart from a c-number
_term), we have

OI[D, 8%1l0) = miT, . (F.1)

The corresponding retarded commutator is

S(z) :,ifd‘lxexp(ik. x)8(x_)(0] [eﬁ‘(x), e\\)’m)] o) , (F. 2)

4

restricted to the collinear frame k = (zm _, 6), p=(m_,0), Isolating

(0} o]

the dilaton poles, we find

ImS(z) = (wFO/Z)[wleflc>(6(z_1)-6(z))+{0le&"\o,a)(ﬁ(z—z)-ﬁ(zﬂ)]+s(z>,

(F.3)
where the O-particles are understood to be at rest.
With the usual justification for an unsubtracted dispersion re-

lation (valid for 4 > -7/2), together with the low-energy theorem

2 3 2
S(z)=m Fj/z + (£»+—2-)mo F_+0(z) , (F. 4)
obtained from Eq. (F. 1), we find
1, 2 _ 3 " 1 pdzs(z)
(£+z)m0Fc-ZFG(O\BHlGO) +o [ E2E (F. 5)

Mixing effects may be small if 0 and ¢' are ideally mixed (or nearly

so), because then the 00e' and oé' graphs are disconnected. To ob-
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tain the resulf implied by symmetry considerations alone, the continu-
um integral is ignored, and (0] 65\ 0,0) is extrapolated back to

(C‘BS!O) via the g-pole:

M 2 : 2
(O]G:]c,c)m(cleulc) - 4m F G /3m5 . (F. 6)
Combining Eqs. (F.5) and (F.6), we obtain(77)
2
FUGGO0 A (l-/L)mCT . (F‘.?).

It is amusing to derive this result using Ellis' Lagrangian
model, Eq. (2.68). The appropriate term from the Lagrangian is

_ 2 3 3
$o06 = -0(80) /FQ- ©|ulo) (4 -164)(0/F )" (F. 8)

which simplifies to

_ 2 2 3, 3 |
FGSO_GO = -0(d0) +(4-L)m0 o7 /6 Gcco o /3.1 , (F.8)

because of the mass formula
my = L{4+4)(0 |U|0>/FOZ . (F.10)
Equation (F. 7) follows immediately.

The equal titne commutator

v . v
[Fg(0),82(0)] = i(t +4) 8" %

(F.11)
looks promising until it is realized that the right-hand side is propor-
tional to the PCAC corrections. One can see this explicitly by apply-
ing collinear dispersion relations to the vacuum-to-pion matrix ¢le-
ment of Eq. (¥.11). The result is essentially Eq. (2.71).

A more indirect method involves attempts to evaluate

Qx) = [vix),v(0)] (F.12)
at equal times (i. e., x = 0 ). The discussion .following Eq. (3.102)

indicates that /Z,u is the most important factor determining Q(O0, §) .
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A sum rule for Q(0, ;) ‘is obtained by considering the Bjorken limit of

the retarded commutator

R = ifd*xe’® ®o(x_)(B|Q(x)|A) (F. 13)

in the collinear frame. The simplest example appears to be |A) =
IK), |B) =10}, i.e., KJZB decay. However, practical difficulties
are immediately evident, e.g. the K-pole contribution is obtained in

the combination

£ (tmy +m_)0) - 1 (g - m ) (F. 14)

where fo(t) is the scalar form factor given by Eq. (3.78).
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