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Abstract

Compact objects, such as black holes and neutron stars, are known to be surrounded
by dense clouds of particles, including but not limited to photons, various plasmas,
and potentially dark matter and gravitons. These environments are of immense re-
search interest, not only for the purpose of understanding the compact objects they
surround, but also in the search to identify new particles, especially dark matter.
However, certain particle physics calculations are well developed in flat spacetime
but intractable in curved spacetime. In this thesis, I present a formalism by which
some of these calculations may be made tractable within a perturbative series. The
formalism works by constructing small patches of locally flat spacetime, through
which a particle travels; as a particle goes from one patch to another, the effective
Lagrangian receives corrections for each patch. In this way we are able to construct
comparators, analogous to a Wilson line, that “transport” the physics from one patch
to another. These corrections can result in the enhancement of higher-dimensional,
Planck-suppressed operators, enabling us to probe new physics.

This thesis also explores another topic in the area of particle behavior around a
compact object, namely that of axion lasers produced by superradiance. Superradi-
ance, a phenomenon through which energy and angular momentum may be extracted
from a rotating black hole, can generate dense clouds of axions, which can then decay
into photons; the number of photons produced by this decay can potentially stimu-

late further decay, creating a laser. This laser is powerful enough that the Schwinger

i



effect may become significant, producing an electron-positron plasma, which has the
effect of slowing axion decay by imparting photons with an effective mass. In a sim-
plified model consisting of a rotating primordial black hole devoid of any preexisting
plasma, we find, depending on the system’s parameters, that the equilibrium state
of this laser may be mildly enhanced, or it may become unable to reach equilibrium,

with the axion cloud continuing to grow superradiantly.
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It would be an exaggeration to say that my PhD has been my entire life for the past
five years, but it certainly feels that way, and not without reason. While I've had
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struggles I have faced throughout my PhD. I am grateful for the many, many ways
he has helped me forward on this path.
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Chapter 1

Introduction

The vast majority of topics in astrophysics and cosmology, to greater or lesser extents,
involve particles interacting in curved spacetime. For example, it has long been
expected that regions of high dark matter density, known as dark matter spikes, will be
found around supermassive black holes [1-6], and recent observational evidence seems
to support this prediction [7, 8]. Similar predictions have been made for intermediate-
mass black holes [9-12], primordial black holes [13-17], neutron stars [18-22], and
white dwarfs [18, 23-26]. For a general review of the experimental prospects of dark
matter around compact objects, see [27]. Besides dark matter, plasmas show unique
behavior in curved spacetime [28, 29]. In cosmology, the expansion of spacetime
directly produces particles [30-32].

Two specific examples of this, which are depicted in Fig 1.1 and which we will
explore in detail in this thesis, are Primakoff-type bosonic mixing and axion lasers.
Primakoff conversion [33-39] is to a phenomenon whereby an ingoing boson interacts
with an insertion from a strong background field, producing an outgoing boson of
a different species. The classic examples, from [36], are that of photon-axion and
photon-gravitational wave mixing, both of which occur in a background magnetic

field. Primakoff conversion underpins many efforts to identify for the axion, both
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Figure 1.1: Feynman diagrams of the four most relevant interactions examined in
this thesis. The top-left diagram shows the decay of an axion into two photons. It
is this decay that, when stimulated, produces an axion laser, as will be discussed in
more detail in chapter 2. The top-right and bottom-left diagrams depict Primakoff
conversion: in the top-right, an axion transitions into a photon via a background
electromagnetic field, and, in the bottom-left, an axion transitions into a graviton
via a background axion field. The bottom-right diagram depicts the conversion of a
photon of one polarization mode into a photon of another polarization mode, via a
background axion field, which is analogous to Primakoff conversion. In all diagrams,
time may go from left to right or right to left. As we will discuss in this thesis,
all of these interactions are relevant in astrophysical circumstances as a means of
potentially detecting axion dark matter, however it is important that the effects of
curved spacetime be accounted for.
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laboratory-based [40-43] and, more relevantly to us, astrophysical [44-57]. In these
astrophysical searches, the basic concept is that, in a dense cloud of dark matter
around a compact object, axions will mix with photons, resulting in either an excess
or deficit of light emitted from the object.

Axion lasing [58-65] refers to the stimulated decay of axions into photons. Axions
can spontaneously decay into photons, at an extremely low rate (in most axion models,
the axion lifetime exceeds the present age of the universe). Nevertheless, in a cloud
of axions of sufficient density, decay will still be expected to happen, simply as a
consequence of the law of truly large numbers (although the amount of time for this
decay will be inversely related with the axion-electromagnetic coupling constant).
Crucially, the presence of these photons then enhances the rate of further axion decay,
via Bose enhancement. Thus, shortly after reaching a certain critical number density;,
the axion cloud will begin decaying into photons at an enhanced rate, producing
a light source of high luminosity. This is another means by which axion might be
observed.

Returning from the specific to the general: Primakoff conversion and axion lasing
represent two (though by no means the only two) situations in which there is research
interest in particle interactions taking place around compact objects. However, ana-
lyzing the behavior of particles in curved spacetime presents unique challenges. While
there exists a substantial body of work on the topic of quantum field theory (QFT) in
curved spacetime, e.g. [66, 67], which allows one to calculate the behavior of particles
in a non-dynamic curved spacetime, the fact that there exists no complete, consistent
theory of quantum gravity means that it is impossible to use present QFT tools to
calculate the backreaction of particles on spacetime. Instead, to calculate this back-
reaction, one may adopt a semiclassical approach, treating every field as quantum

except for the metric, which is treated as a classical field; see [68] for a detailed treat-



INTRODUCTION INTRODUCTION

ment. Importantly, both general relativity and semiclassical gravity may be viewed
as effective field theories (EFTs) [69-72]. In other words, every tool that we currently
have for describing the behavior of spacetime is an EFT, and, as we will see, EFTs
offer us immense calculational power. See [73, 74] for a review of EFT methods.

Primakoff mixing provides an illustrative example of the calculational power of
EFTs. Analogous to neutrino oscillations (for a review, see [75-77]), in Primakoff
mixing the presence of a background field results in mass eigenstates that are linear
combinations of the original polarization eigenstates, and it is these mass eigenstates
that propagate independently of each other. However, unlike in neutrino oscillation,
in Primakoff conversion the masses of these eigenstates depend on the background
fields, which in turn depend on one’s frame of reference. Thus, mixing is a frame-
dependent phenomenon, which presents a problem for any attempt to describe mixing
using QFT, as QFT in curved spacetime is fully covariant. EFT, in contrast, allows
for mixing to be made tractable.

Nevertheless, this EFT approach has its own limitation, which is that all EFTs
apply within a restricted range of energy and, analogously, a restricted region of
spacetime. However, gravitational effects can be nonlocal, as the massless propagators
allow for interactions across large lengthscales [78]. This is especially problematic
in light of the infrared divergence of the metric. To see this infrared divergence,
consider that, as a consequence of the equivalence principle, one may take any point
in spacetime and construct coordinates such that the metric is locally flat about this
point. The typical choice for this is Riemann normal coordinates, in which the metric

is given by [79]

1

(%) = Ty = 5 Rypuo (20) (@” — 1) (2% —2g) +..., (1.1)

where x4 is the point about which the locally flat coordinates are defined. Higher-
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order terms contain higher-order derivatives of the Riemann tensor. The magnitude of
components of the n'"-order derivative of the Riemann tensor is given approximately
by Ry?™", where Ry is the radius of curvature at 9. Therefore, for sufficiently large
displacement x — zy, the expansion in (1.1) becomes divergent. Returning now to
the nonlocal nature of gravity, we can see the problem: even if the local curvature at
some point in spacetime is small, we should still see contributions from farther-away
points, where components of the metric may be larger. Thus, an EFT of gravity must
incorporate nonlocal corrections.

[78] proposed a means by which these nonlocal corrections could be incorporated
into a local EFT. Independently of this proposal, with no knowledge of it until we had
already completed our research, we pursued the exact approach described therein. It
was only afterward that we learned our method had been anticipated. In light of its

prescience, the statement from [78] is quoted in full:

Perhaps the issue could be addressed by combining patches using different
coordinates and matching on the boundary. In each patch we can use the
equivalence principle to make the coordinates nearly flat. Then matching
at the boundaries would convey the information from one patch to another.

However, this program has not yet been carried out.

Later in this thesis, we will carry out this program.

Section 1.1

Structure of the thesis

This thesis is structured as follows. In chapter 2, we examine an issue specific to axion
lasers, specifically taking place around a superradiant black hole. Superradiance refers

to a process by which particles around a rotating black hole may extract energy and
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angular momentum from the black hole [80-82], and it is expected that superradiance
may result in the formation of a dense axion cloud. This axion cloud may then trigger
lasing [61-65]. The resulting electromagnetic field is powerful enough to induce the
Schwinger effect, by which electron and positron pairs are created. In chapter 2, we
explore the effects of the resulting electron-positron plasma on the behavior of the
axion laser.

In chapter 3, we present a mathematical background on Riemann normal coor-
dinates, distinguishing between two forms, which we refer to as linear and nonlinear
Riemann normal coordinates. The difference between these is the number of terms
included in the definition of the coordinate system, and it should be emphasized that
this terminology is novel. It is common to only consider the linear term in the co-
ordinate system’s definition (what we call linear Riemann normal coordinates), and
the author is unaware of any detailed treatment on the impact of including higher-
order terms in this definition. However, these higher-order terms will be of crucial
importance in chapter 4, and thus it is important to understand the similarities and
differences between them. In chapter 3, we derive important properties of linear Rie-
mann normal coordinates, show that nonlinear Riemann normal coordinates do not
satisfy these properties, and discuss the way in which quantities (such as the metric)
may be calculated in nonlinear Riemann normal coordinates.

In chapter 4, we present a method for adding long-distance curvature corrections
to standard gravitational wave effective field theory. As anticipated independently
by [78], the method works by considering the motion of a particle along a geodesic
and dividing spacetime into several locally flat patches, each of which is centered
about a different point along the geodesic. The coordinates in each patch contain
curvature corrections, and, by adding together the coordinates of the patches, one

accumulates curvature corrections in the displacement four-vector between the first
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and last patch along the geodesic. From these curvature corrections one is able to
construct a comparator, with properties similar to a Wilson line, relating the fields
in the first patch to those in the final patch. Through the use of this comparator, one
may write a local EFT in the final patch that includes nonlocal corrections from the
entire length of the geodesic.

In chapter 5, we analyze Primakoff-type bosonic mixing in curved spacetime,
within a single patch of locally flat spacetime. We do not apply the technique estab-
lished in chapter 4, instead considering a simplified model that includes no higher-
dimensional operators (including those that would be introduced by nonlocal effects).
We demonstrate how going from flat spacetime to curved spacetime introduces new
mixing modes and changes the frequency of mixing. The techniques in this chapter
can be elaborated upon to include nonlocal corrections, per chapter 4, and this is
done in [83].

In chapter 6, we offer some brief concluding remarks and discuss potential future
research directions.

Chapter 2 is reproduced from a paper written by the author, [84], which has been
accepted for publication at Physical Review D at doi:10.1103/64sc-sg9n. Chapter
3 is also the author’s original work, although two of the proofs presented in it are
elaborations of proofs originally given in [79]; this chapter is planned to be adapted
into a paper to be submitted for publication. Chapter 4 is drawn largely from a paper
that the author and several coauthors have submitted for publication [85]. While the
author participated in the production of this paper, little of its content is the author’s
original work. Sections 4.3.3 and 4.4 are the author’s original work, although they
do not appear in the final paper. The reasons for this are that section 4.3.3 neglects
an important effect (discussed at the end of section 4.3.3), and section 4.4 was not

completed until after the [85] was published. The author’s only contributions that
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remained in the final paper were the specific forms of eqs. 4.11 and 4.13 (which were
originally written using a scalar rather than a tensor comparator) and the definitions
of 62‘; and B?f used therein. Chapter 5 is entirely the author’s original work, except

for the review of previous research in section 5.2.



Chapter 2

The Role of Schwinger Production

in Superradiant Axion Lasers

Section 2.1

Introduction

The axion has emerged as a leading candidate for dark matter [86-92]. A topic of
significant research interest is the idea that axions might be detected around rotating
black holes [93-97], via superradiance, which allows for the extraction of energy and
angular momentum from a rotating black hole [80-82]. Superradiance is often under-
stood through the concept of a gravitational atom [98, 99], as, in Kerr spacetime, the
Klein-Gordon equation permits quasi-bound state solutions, characterized by integer
quantum numbers (n, ¢, m), much like those around a hydrogen atom. For a massive

scalar field, these quasi-bound states have energy [82]

C(2
En,f = Re(wmg) = m¢ (1 — m) s (21)
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where my is the scalar mass and the coupling parameter is

meg MBH
= 97T ) 2.2
“ he 037 (10—5 eV) <1024 kg> (22)

Importantly, unlike in hydrogen atoms, where the frequency is entirely real, the quasi-
bound states around rotating black holes may have a complex frequency, Im(w,, ) #
0. Depending on the sign of this imaginary frequency, the state will experience
either exponential growth or exponential decay proportional to ™)t States with
exponential growth are referred to as superradiant.

Conceptually, there are a number of ways to understand superradiance. [100]
showed that, when a wave is incident on a rotating body, the second law of ther-
modynamics requires, under certain conditions, that the wave be reflected back with
greater energy and angular momentum than it initially had. From a particle per-
spective, superradiance may be understood as a consequence of the Penrose process
[101, 102], whereby an object passing through the ergosphere of a rotating black hole
may extract energy and angular momentum from the black hole. In either picture,
this energy extraction can only occur through the creation of new particles, because
the quasi-bound nature of the aforementioned states means that individual particles
cannot become more energetic. Consequently, superradiance increases the population
of particles around the black hole. The aforementioned descriptions are classical in
nature, i.e. the scalar field is not quantized, which is how superradiance is usually
treated. However, there do exist some treatments of superradiance as a quantum phe-
nomenon [103, 104]. These offer some additional insight into the exact mechanism in
which superradiant particles are created around a black hole.

In models that include an axion, rotating black holes are therefore expected to
produce a dense axion cloud via superradiance. It has been proposed [61-65] that, in

certain regions of parameter space, these axions can undergo stimulated decay into

10



INTRODUCTION SCHWINGER EFFECT AND BLASTS

photons, creating a powerful laser, referred to in [61] as a BLAST (Black hole Lasers
powered by Azion SuperradianT instabilities). It has been observed [61, 63] that these
BLASTSs are powerful enough that the Schwinger effect may become significant. The
Schwinger effect refers to a quantum mechanical, nonperturbative process whereby a
strong electromagnetic field produces electron-positron pairs. Plasma effects are sig-
nificant in the dynamic of BLASTSs [62, 63, 65], primarily because the plasma imparts
photons with an effective mass, which eventually makes axion decay energetically im-
possible, thereby shutting off the laser. [61] speculated that plasma effects would re-
sult in the axion laser shutting off and then restarting in a periodic fashion, although
they did not explore the underlying dynamics in detail. [63, 64] performed numerical
simulations that seemed to validate the prediction of periodic bursts, whereas the
simulations in [65] found that laser-like emission occurs not in bursts, but smoothly;
however, all of these simulations assumed an electron-ion plasma acquired via accre-
tion, as opposed to an electron-positron plasma acquired via the Schwinger effect.
This paper therefore aims to explore the role of Schwinger production, specifically, in
axion lasers.

This paper is structured as follows. In section 2.2, we review how BLASTs behave
in the absence of the Schwinger effect. In section 2.3, we explore how an electron-
positron plasma evolves in the superradiant axion cloud around a rotating black hole,
and how that plasma affects the behavior of the photons and axions in that cloud.
In section 2.4, we analyze the resulting Boltzmann equations. Section 2.5 is the

conclusion.

11
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Section 2.2
BLASTs without Schwinger Production

We begin by briefly summarizing the work of [61].* Importantly, this approach as-
sumes a homogenous axion cloud in which decay happens uniformly; however, detailed
simulations show that the substructure of the axion cloud does indeed play a role in
the nature of the emitted lasers [65]. For example, lasers will include a beating pat-
tern that is not predicted under the approach described herein, which results from
photons produced inside the axion cloud traveling outward and interacting with the
outer parts of the cloud. The simulations needed to predict such phenomena are be-
yond the scope of this paper, and we restrict ourselves to a simpler, analytic approach,
which should be understood as a simplified model of a complicated system.

For scalar fields, the fastest-growing state is the 2p-state (n =2, { = m = 1). The

2p-state is approximately toroidal in shape, with the following dimensions:

w0 225 () w9
Minor radius: Ar = c\T{iZ =12 (0'8{37)_1 (107—22\/)_1 m (2.4)

Volume: V =212 (r)Ar* =71 (0 337>3 <1On;/¢ev>3 m? (2.5)
Surface area: A =47 (r)Ar = 120 (0337)_2 <1O7—n+e\/> - m?.  (2.6)

In the 2p-state, axions grow superradiantly at a rate

2 8

_ caamy _ 73~( o >8< mg ) 1
b= =22 1070 (Gos) Gosev) ® (2.7)

where a is the black hole’s spin parameter. At the same time, axions decay into

*Note that some numerical values differ from those given in [61], because we parameterize quan-

tities in terms of %=, whereas [61] parameterizes quantities in terms of 5.
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photons at a rate

5
Dy =1.1%10"1K2 (H)inTQSeV) s, (2.8)

where K is a model-dependent factor. For the more general axion-like particle, K is
a free parameter, but for the QCD axion, which we examine in this paper, K ~ O(1).
Due to the quasi-bound nature of the 2p-state, axions will not leave the 2p-cloud
except when disturbed by outside forces. However, a photon produced inside the
2p-cloud will naturally exit the 2p-cloud at the speed of light, producing an escape

rate of

L= Air =25+10° (0.537> (1021\/) 57 (2.9)

[61] found that the Boltzmann equations for the total number of photons and

axions in the 2p-cloud to be

dN,
5 = DsNe =Ty (Ny(1+ C1N,) — CoN2) (2.10)
dN.
dt” = —I,N, + 20 (Ny(1 + C1N,) — C5N?) (2.11)
where
8a? 2at
Cl = % CQ = 7—5 03 = CQ + OéCl. (212)

I'y > T, > T, and so for low values of N, and Ny4 photon production is negligible.
In this regime, N, grows exponentially, Ny ~ e'**, while N, ~ 2FF—fN¢. However,
when NV, 2 C%, the C1 N, terms become significant, which increases the rate at which

axions decay into photons; this marks the beginning of lasing. In this regime, IV,

13
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increases rapidly, while N,’s growth slows, until both reach their equilibrium values:

I Q 6 m —4
NG = % — 4 8% 10%GK 2 ( ) ( ¢ ) 2.13
T O, AR \0037) \105 eV (2.13)
T a -1 m —4
N = 0 — 97410502 ¢ . 2.14
o = agr, A1 <0‘037> (1075 eV) (2.14)

One important consideration is that a BLAST is only possible if the black hole
has enough spin to produce the requisite number of axions. Since the 2p-state has
magnetic quantum number m = 1, each axion produced by superradiance carries

with it angular momentum A, and therefore at the onset of lasing the axion cloud has

AT,
20Ty

angular momentum whereas the black hole’s angular momentum is given by

ao Aﬁfj . This yields the requirement
0.06 mg 2
< 1. 2.15
a3 K? <1O*8 eV> ~ ( )

Superradiance requires @ < .5, and therefore we must have mg 2 107% eV and Mpy <
1072Mg. This constraint restricts BLASTs to occur only around primordial Kerr
black holes. Primordial black holes are expected to form with some small initial spin
[105-110], and they may spin up via a number of processes, including mergers [111],
accretion [14, 112], hyperbolic encounters [113], and Hawking radiation [114]. Thus
it is possible that the conditions for a BLAST might form in nature.

In the process of reaching the equilibrium values listed earlier, the photon number

reaches a maximum value of

r r a \6 m -4 [ &
PR WL | 1051~K’2( ) ( ¢ ) S 2.16
v Yor, T, 107K G057) \osev) \q0s ) (219
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where

I n o a
—ln® =107 —dln (%) 181 m(-2). 2.1
c=hg, =107—dn (10—5 ev> +8ln <0.037) o <K2> (2.17)

This corresponds to a peak luminosity of

max __ m¢ max _ 43 ~ 7-—2 < o )7 ( m¢ )_2 g )
pmax — 6 Nmaxp 04 1085 K S (218
5 v e 0.037) \1075 ov 106 ) <e/s (218)

This luminosity is comparable to that of the entire Milky Way galaxy. These BLASTS,
if they exist, are therefore of great experimental interest, as they should be observable

and could provide insight into both primordial black holes and scalar dark matter.

Section 2.3
Electron-Positron Plasmas in BLAST's

(61, 63] showed that the number of photons generated by a BLAST is so great that
the electric field inside the 2p-cloud will approach the critical Schwinger field. It is ex-
pected that, in this limit, the production of electron-positron pairs via the Schwinger
effect will be significant. In the resulting electron-positron plasma, the photon has
an effective mass equal to the plasma frequency. For a sufficient density of electrons
and positrons, this will result in axions being energetically incapable of decaying into
photons. At the same time, the dynamics of the plasma are nontrivial. In this section,
we explore the behavior of this plasma, and the effect it has on axion decay. From

this point onward, we will work in natural units where ¢ = h = ¢y = 1.

2.3.1. Rate of Schwinger Production

The Schwinger effect [115, 116] is a nonperturbative effect caused by vacuum decay

in the presence of an electromagnetic field. The Schwinger effect cannot occur when
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E?-B*=FE.-B= 0, and therefore a single beam of light cannot induce the Schwinger
effect. However, when multiple beams of light intersect, the interference of the two
electromagnetic fields may satisfy the requirements for Schwinger production [117,
118]; this is an area of significant research interest, as it is hoped that the Schwinger
effect may be observable at the focus of two lasers (for a review, see [119]). In the
same way, Schwinger production may occur inside the 2p-cloud, where a large number
of photons are traveling in different directions.

The Schwinger effect is driven not only by the electromagnetic field, but by the
axion field as well [120, 121]. This is a consequence of the coupling between axions

and electrons, which takes the form

Gae 7 4 5
£ 2 G0, (219)

where g, is the axion-electron coupling constant, m, is the electron mass, ¢ is the
axion field, and . is the electron bispinor. The presence of axions has the effect
of enhancing the rate of pair production, compared to the Schwinger effect without
axions; this is referred to as the axion-assisted Schwinger effect [120, 121]. This is an
important consideration, however, for reasons that will be given momentarily, we do
not include it in this paper, instead reserving it for future research. Therefore, the
rate of Schwinger production given herein must be understood as a lower bound, as
we are neglecting an effect that is known to enhance pair production. Put another
way, the rate of Schwinger production that is used in this paper may be understood
as the correct value only when g,. = 0; for g, > 0, the rate of Schwinger production
will be greater than what is used in this paper. Future research will be needed to
determine the rate of Schwinger production when g,. > 0.

In the following subsection, we discuss the rate of Schwinger production assuming

no axion assistance; after that we will discuss the difficulties presented by axion
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assistance. Finally, we present an alternative way in which the rate of pair production

may be partially derived, in agreement with our result from the first subsection.

The Schwinger effect in Compton-volume patches. The Schwinger effect is
typically calculated in the frame of reference in which the electric and magnetic field
are parallel, which is guaranteed to exist except in the case where E2—B2? = E-B = 0.
The strength of the electric and magnetic fields in this frame of reference can be found

by taking advantage of the Lorentz invariance of E? — B? and E - B:

Ey = \/% (\/(E2 — B2)? 4+ 4(E - B)? + (E? — B2)) (2.20)

By = \/% (\/(E2 _ B2’ 4 4A(E- By — (B — 32)). (2.21)

For a constant, homogenous electromagnetic field, the rate of Schwinger production

18

dn+.- €2E||B|| =1 nﬂ'BH —nrLe
- = ~ coth —— Bl 2.22
dt 471'2 ; n €0 EH ¢ ’ ( )

where E, = m7§ = 1.3 % 10" V/m is the critical Schwinger field. Note that this
increases with Ej but decreases with B. In general, the Schwinger effect is highly
dependent on the space- and time-dependence of the electromagnetic field, i.e. a
nonconstant and/or nonuniform field will produce electrons and positrons at a very
different rate than the figure given above. However, the effects of nonconstancy and
nonuniformity are most pronounced when the electromagnetic field varies on length-
and time-scales less than the Compton wavelength of an electron, Ac [122].

In our case, the random decay of axions into photons results in a superposition
of an enormous number of electromagnetic fields, so that the total electromagnetic

field within the 2p-cloud will be highly inhomogeneous and impossible to predict.

However, the length- and time-scales of these inhomogeneities will be the wavelength

17
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of the light, which is %. For all axion masses that are of interest as a dark matter
candidate, this is far greater than the Compton wavelength. Therefore we may divide
the 2p-cloud into a number of patches, each with volume equal to the Compton volume
A%, and in each patch we may treat the electromagnetic field as uniform and constant.
(It should be noted that most research on the Schwinger effect at the intersection of
laser beams is done under the assumption of high-frequency light, typically X-rays,
and in such cases this approximation does not hold. We are taking advantage of the
fact that the light in a BLAST is at a much lower frequency than what would be
practical in an earth-based experiment.) Therefore, the total rate of Schwinger pair

production throughout the 2p-cloud is

dN 4. ezEHBH 1 n7TB|| _nrEe
e — ¥ —coth——e  ZI. 2.23
dt Z ¢ 47T2 nz: n 0 E” ¢ ( )

patches

If one wished, one could now find the average value of F and B in the 2p-cloud,
and substitute these values into the above equation. However, this approach would
not produce an accurate estimate of the rate of Schwinger production. This is because
of the Schwinger effect’s highly nonlinear nature, meaning that even slight increases
to E| or decreases to B may result in a dramatic increase to the rate of pair pro-
duction. This is significant in our case, because we have an electromagnetic field that
is, effectively, randomly varying, and as such there will be some patches where the
electromagnetic field produces electron-positron pairs at a greater or lesser rate than
would be predicted by the cloud-wide averages of £ and Bj. These “hotspots” and
“coldspots” contribute more than average and less than average, respectively, to pair
production. If the Schwinger effect were linear, the hotspots and coldspots would
cancel out when averaging over the patches, and therefore they could be ignored.
However, the Schwinger effect’s nonlinear nature means that the surplus of pair pro-

duction in the hotspots will be far greater than the deficit in pair production in the
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coldspots. Consequently, if we were to use the average values of F) and B, we would
significantly underestimate the rate of pair production. What we do instead is find
the probability distribution of the electric and magnetic field strength throughout the
2p-cloud, f(E) and f(B), and average over these. Our total rate of pair production

will then be

AN+ - Td@sin@ [ [ 6 E||BH nﬂ'B” —nmLe
=V dEdB [

= FSChW; (224)

where 6 is the angle between the electric and magnetic fields (assumed to be uniformly
distributed between 0 and 7), and £y and B) are functions of £, B, and §. Note
that ' and B are the electric and magnetic field strengths in the axion cloud’s zero-
momentum frame, whereas Fj and B are the electric and magnetic field strengths in
a different frame of reference (that being the one in which the electric and magnetic
fields are parallel).

To find f(E) and f(B), we assume that the electromagnetic field components are
normally distributed uncorrelated random variables with equal standard deviation,
oem. The electric field magnitude ' = /EZ + EZ + EZ then follows a chi distribu-

tion, with probability density

2
V2 o sk
20']23M .

fE) = VT B

(2.25)

An analogous expression for f(B) may be found in the same way. ogy may be found

from the energy density, which in terms of the electromagnetic field components is

1 2 2 2 2 2 2
:E(Ex+Ey+EZ+B$+By+Bz), (2.26)
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and therefore

meN.

(u) = 302y = % (2.27)

We perform the integral in eq. 2.24 in Appendix A and show that

= 1

BV 3 ) Ny )
st & —2 AN ——1 2.28
VR nzle (n2N§chw) (2.28)

where
3T2E?V a \3/ m —4

NS = T2l —49410" (o2)  (10hs) 2.29
g dm ’ 0.037) \105 eV (2.29)

This approximation holds for N, < .1N$Chw. We will find that, for our purposes, this

is always the case, so that we may freely use this approximation for I'sey.

The challenges of axion-assistance. In principle, the approach we’ve taken can
easily be extended to account for axion-assistance. The axion field will vary in three
ways with respect to time and space: it has a time-dependent phase factor e="m¢t,
its magnitude increases with time as a consequence of superradiant growth, and it
is spatially inhomogeneous, which results from solving the Klein-Gordon equation

in Kerr spacetime. These spatial inhomogeneities have lengthscale ﬁ [80], and

superradiant growth occurs over timescale 2% . The shortest timescale is that which
corresponds to the phase factor, m%ﬂ and therefore this is the dominant form of axion
assistance (since the axion couples to the electron via its derivative, d,¢). All of these

length- and timescales are far larger than \¢, and so, when we divide the axion cloud

into Compton volumes, we may consider only the dominant term and approximate

¢ = e || (2.30)
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In principle, all we need do is derive an analog to eq. 2.22 for the case of ¢ = e~™9t|@|,
i.e. find the rate of Schwinger production when the electric field, magnetic field, and
magnitude of the axion field are all held constant. We may then repeat the same
procedure as before, inserting this analog of eq. 2.22 into eq. 2.24.

The challenge here lies in finding this analog to eq. 2.22. To the author’s knowl-
edge, doing so analytically is not a solved problem in the literature; previous works
on the axion-assisted Schwinger effect [120, 121] have been primarily numerical in
nature. The prescription in these papers is to write a differential equation govern-
ing the time evolution of the Bogoliubov coefficients for the fermion, and then to
numerically solve this differential equation. This yields the rate of pair production
at a single point in momentum-space. To arrive at the total rate of pair production
within a single Compton-volume patch (i.e., our analog to eq. 2.22), one would need
to integrate over momentum space. Then, to find the total rate of pair production
throughout the entire 2p-cloud, one would need to integrate over E, B, and 6, anal-
ogous to eq. 2.24. This would yield the rate of pair production in the 2p-cloud, but
only for a single value of N, and Ny. Because N, and Ny will change over time,
one would need to repeat this procedure as the axion laser evolves with time. The
upshot is that numerically modeling the impact of the axion-assisted Schwinger effect
on a superradiant axion laser would require an octuple integral (one integral to find
the Bogoliubov coefficients, three over momentum space, three over the electric and
magnetic fields, and one over time). As this is unlikely to be computationally feasible,
it is necessary to determine an analytical expression to serve as our eq. 2.22-analog.

Deriving the rate of Schwinger production in the presence of both a constant
electromagnetic field and an axion field that is constant up to a phase factor, is a
sufficiently significant problem to deserve being a paper unto itself. For this paper,

we defer that problem, neglecting axion assistance but noting that our expression for
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['scnw nevertheless has value as a lower bound. A more complete understanding of the
Schwinger effect in BLASTS, applicable to the case of g,. > 0, will only be possible

when the aforementioned eq. 2.22-analog has been derived.

An alternate perspective on pair production. In the preceding subsections, we
approached this problem from the perspective of the classical electromagnetic field; we
showed that, for sufficiently large NN,, the field is sufficient to induce pair production
at a significant rate. There is an alternative way of considering the problem, which is
to focus on the individual photons present in the 2p-cloud, produced by axion decay.
This is an attractive lens through which to view the situation, as we know to a good
approximation the spectrum and distribution of these photons. At the level of the
individual photons, the Schwinger effect is caused by interactions between photons
and a single electron-positron loop. It is an interesting question to see if we can derive
our earlier results from the perspective of these specific particle interactions.

[123] calculates the rate at which N photons, K of which have positive helicity,
will undergo a scattering interaction involving a single loop. They find that, within

an electromagnetic field defined by the tensor F,,, such a scattering interaction will

ns

take place at the rate

mt 2\ (K N—K\ & ny-x
Py =——=¢ 2 = P )2y 2 2.31

where ¢ is a function defined in [123], and x4 are related to the electromagnetic field:
1 i ~
X+ = gF/u/ij + ng,Fw/. (232)

Without knowing the specific form of F},, (which will vary as a function of time and

position), by considering the energy density of the electromagnetic field we may say
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that, for a cloud of photons with angular frequency w and number density n.,, we will

have

F,uu - \/n’Y_CUf,MV(fa t)a (233)

where f,, is a dimensionless function of time and space. The rate of scattering will

therefore be N
>

Ty o< mp <;—Ljn7) , (2.34)

where the constant of proportionality will depend on N and K, as well as time and

e2

position within the photon cloud. If £¥n., < 1, I'y g will vanish for large N, and the

m¢

rate of one-loop interaction will be negligible. Conversely, there exists some critical

number density of photons above which pair production is significant, given by

nit ~ —C (2.35)

me

Bearing in mind that £, =

and w = %, this reproduces, up to a constant of

proportionality, eq. 2.29.

2.3.2. Electron/Positron Escape Rate

Just as photons will exit the 2p-cloud at a rate I'y, we also must calculate the rate
at which electrons and positrons will exit the 2p-cloud. Schwinger pairs are created
with some initial momentum, but we assume that this is negligible compared to the

momentum imparted by radiation pressure. This radiation pressure is driven by an

energy flux, which we assume to be constant throughout the 2p-cloud and which is

given by F' = % = T—V¢N7. Let p be a coordinate defined as the distance from the
ring running through the center of the 2p-torus; we expect that radiation pressure will

cause electrons and positrons to move predominantly in the p direction. Therefore
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each electron and positron gains energy at a rate

30Tm¢ d ; d rsr Me
N, = — = 1— 2.36
dt

where g is the Kerr metric, p is the four-momentum (related to the energy by E = p;),
rs is the Schwarzschild radius of the black hole, and r and 6 are Boyer-Lindquist
coordinates. The factor of g;; accounts for the curvature of Kerr spacetime; note that
there could also be a g,4p® term, corresponding to the electron or positron’s azimuthal
motion, except for the fact that, if the electron or positron is moving primarily in the

p direction, then p? is negligible. The Schwarzschild radius may be written as

T's

- Q(C;ZM =1.5+107° <.OO§7> (10722\/)1 m (2.37)

and therefore for all superradiant modes (a < .5), r > ry at all points within the
2p-cloud. We may therefore neglect this prefactor; put another way, the 2p-cloud is
far enough away from the black hole that we may treat spacetime as flat.

We assume that the timescale on which an individual electron or positron accel-
erates is much shorter than the timescale over which IV, changes, and therefore we

may treat IV, as constant. From this we find that the time 7.+ that it takes for the

electron or positron to leave the 2p-cloud is given by

8Vm 4V'm s
Ar —pg=4/|T 4T " 1=
" po \/ o (BO'Tng,NA{ * ei) + 3<7TWL¢]V,y 3

3ormegNy 3ormeg Ny

\/3( 4V me —|—T6i>+2\/Tei< 8Vme +Tei)

—2tan~!

(2.38)

4V me
ormgNy + Tei

24



ELECTRON-POSITRON PLASMAS SCcHWINGER EFFECT AND BLASTS

where pg is the value of p where the electron or positron was created. While it is
not possible to get an exact analytical expression for 7.+ in terms of py, the above

equation can be numerically inverted, so that in principal we may calculate the escape

rate as
1 Ar?
T = - (2.39)
<Tei> 2f0 Teipodpo
Notably, in the limit ?’Z‘Z—ZjAT’N,Y — 00, [+ — T'; this represents the limit where the

radiation pressure is so great that it immediately accelerates electrons and positrons

to relativistic velocities. We may therefore use

30Tm¢ N (6% 2 mey 3
— ArN. = i ( > < > 2.40
X = m, o T 625100 \0.037) \10-5 eV (2.40)

as a dimensionless parameter for the behavior of I'.+. T'.+ increases monotonically
as x increases, asymptotically approaching I',. This behavior is analyzed in greater

detail in Appendix B, and it is plotted in Fig. 2.1a.

2.3.3. Pair Annihilation

Within the electron-positron plasma, some number of electrons and positrons will
annihilate and produce two photons. The cross-section of this annihilation is given

by [124, 125

3o7(1 — Vecom 2 3 — ’Uélom 1 + Vcom
O'(Ucom) = T(32U ) ( ln

—2(2 - vfom)> : (2.41)

Vcom 1— Vcom

where veom is the velocity of the electron and positron in the center-of-mass frame.
Due to the effects of radiation pressure, described in the previous section, we expect
the electrons and positrons are primarily moving in the p direction; we may therefore

treat the electron-positron plasma as a series of beams, each pointed in the p direction.
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Figure 2.1 (continued on next page): Plot of functions of y, which parameterizes how
relativistic the electrons and positrons become as a result of radiation pressure. (a)
demonstrates the behavior of I'.+. At low x, there is negligible radiation pressure
driving electrons and positrons to exit the 2p-cloud, and so I'.+ — 0. For large y
the electrons and positrons are quickly accelerated to very close to the speed of light,
causing them to exit the 2p-cloud at roughly the same rate as the photons, and as a
result I'.+ — I'y. (b) demonstrates the behavior of I'y,,. Slower particles present a
larger cross-section, and therefore pair annihilation occurs frequently for small x but
vanishes as Yy — oo. Note that I',,, is the rate of annihilation per number of pairs
squared, not the total rate; in practice, large x will correlate with large N.+.-, so the
total rate of annihilation will increase with y.
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Figure 2.1 (continued from previous page): (c¢) demonstrates the behavior of g(x),
which scales the number of electron-positron pairs at which annihilation becomes

relevant. We show in Appendix B that, for large x, g(x) grows as ﬁ

For a pure beam of positrons and a pure beam of electrons with velocities v+ and v,-,
respectively, each of which is pointed in the same direction, the rate of annihilation
is
dn.+
dt

= TN+ Ne- |/UeJr = Ve— ‘O—(Ucom)> (242)

The center-of-mass velocity is related to the electron’s and positron’s velocities by

e e 1-— etlUe— ) ™ 1
Vcom = ’y +’y ( Cer® ) ) (243)
Yet+ Ye- (1 — Ver - ) + 1

where 7.+ are the Lorentz factors corresponding to v,+.
In our case, the electrons and positrons have a distribution of velocities, f(v), and

therefore the total rate of annihilation is

dn+

dt

= Mt N /dve+dve—f(ve+)f(ve—)|ve+ — Ve |0 (Veom) - (2.44)

Using the same approach as in the previous section, the velocity of an electron or
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positron is directly related to the length of time it has existed, ¢:

L 1 dm,V Ar (2.45)
V1= 0230rmeNy, /1 — 02 .

and therefore we may relate the velocity of the electron or positron to the distance it

has traveled since it was created, which we call Ap:

A —tan™! (2.46)

_H(L L)
e \Viee Vi)

As in the previous section, we cannot write an analytic expression for v in terms of
Ap, but it is still possible in principle to express the former as a function of the latter,
v(Ap). We may therefore replace our integral over the velocities of the electron and
positron with an integral over the locations at which the two particles are created
and at which the annihilation occurs. Assuming that electrons and positrons are

created uniformly throughout the 2p-torus, and that annihilation occurs uniformly

throughout the 2p-torus, we get that the rate of annihilation is

dn, Ar 9 p 2006 2
- Nt M / dp—p dee+ Poet / dpge- ZPoe” Vet — Ve |0 (Veom )
de 0 r p? p?
(2.47)
where v+ is a function of p — pp.+. In this integral, p represents the coordinate at
which annihilation occurs, and pgp.+ represents the coordinate at which the electron

or positron was created. The factors of 2” and 2 0'3

are the probability distributions
for p and pg.+. Since the number of electrons and positrons is assumed to be equal,

we may write this as

dNe+c- 8N2+ & ror Poe+ Poe—~
= erte d d e d e~ et 7 Ue— com
dt VATz /0 10/[; A Poe+ApPo p3 |U + v |O-(U )
= _FannNz-!-e—- (248)
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We show in Appendix B that I',,,V is a function only of y, which is displayed in
Fig. 2.1b. As x increases, the electrons and positrons become more relativistic, and
so both the cross section and the rate of annihilation decrease.

Each pair annihilation creates two photons, and therefore there ought to be a
Lann N2~ term in the photon Boltzmann equation. However, these photons will
have energy of at least m,., whereas the photons created by axion decay have energy
% < m,. A rigorous analysis will therefore require us to keep track of two separate
photon populations, low-energy photons produced by axion decay and high-energy
photons produced by pair annihilation; the FannN62+e_ term would appear in the
Boltzmann equation of the latter, but not the former. However, as we will show later,
pair annihilation does not occur at a significant rate, and therefore we may ignore

these high-energy photons.

2.3.4. Suppression of Axion Decay

Lastly, we must account for the effects of the electron-positron plasma on axion decay.

The plasma frequency is given by

[2€2 N+
wp = W, (249)

and this serves as the effective mass of photons in the 2p-cloud. It is a straightforward

exercise of QED to show that this scales the rate of axion decay by

memg,V

Qe o
Ty — TyRe, |1 — Netoo =T, (2.50)
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Note that this has the effect of shutting down axion decay entirely when

Ne+e—

m.m2V a \-3 m -1
et 17 ¢
> ——— =6.5%10 ( ) ( )
- 82 * 0.037 105 eV

= Nehutoff (2.51)

Another consequence of the photon’s effective mass is that it permits the photon
to grow superradiantly [28, 29, 126-128]. This effect is not considered in this paper,
as accounting for it would require an understanding of the spatial distribution of the
plasma, which is beyond our present scope. There is reason to believe it may not
be significant, as numerical simulations have shown that this superradiant growth
becomes significant only when w, > %2 [65], i.e. Netoe- > N We will show later
that, to a good approximation, N.+.- increases monotonically with N.; therefore,

because IV, will not increase when N+ > NSE‘;EOH, we do not expect N +.- to exceed

Nshutoﬁ

Sl It must be acknowledged, however, that this is only an initial prediction, and

a more detailed numerical model may reveal the superradiant growth of the photon

to be significant.

Section 2.4

Boltzmann Equations and Parameter Space

We may now write the Boltzmann equations for the axion number, photon number,

and Schwinger pair number:

dNg
T [ Ny — Iy (Ny(1+ C1N,) — CoN?) (2.52)
N p N + 2T (Ny(1 + C1N,) — C5N2)
ar gt o \ 1Yo 4%y 34Vy
dme
e P e (2.53)
me

30



BoLTZMANN EQUATIONS ScHWINGER EFFECT AND BLASTS

dNe+.-
dt

= 1—‘Schw - FeiNe""e— - FannNeQwLe*' (254>

Note that, because we are modeling the total number of particles in the axion cloud,

we have only included phenomena that can introduce or remove particles from the
cloud. There are likely to be additional phenomena that alter the distribution of
particles within the axion cloud (e.g. scattering between electrons and positrons),
but these are not relevant to this paper.

Numerical solutions to these equations, for two different sets of parameters, are
shown in Fig. 2.2. Initially, the rate of pair production is vanishingly small, so N,
and N, behave identically to the description given in [61]. When N, gets within a
few orders of magnitude of N§Chw (roughly 10_4N§°hw), electron-positron pairs begin
to be produced, and these electron-positron pairs impact the axion decay rate. Thus
we need only consider the case when N, is approaching st"hw.

Let us first consider the behavior of N +.-. When N_+.- is small, the annihilation
term is negligible, and so the number of electron-positron pairs is controlled only by
the rate of production and the rate of escape. For all IV, < NEChW, e > FN%, and
therefore we may approximate Ng+.- =~ Frs#hiw This approximation holds until either
annihilation becomes significant, or until IV, exceeds N,?Chw. We will show that, in
what appears to be a remarkable coincidence, both of these conditions are met at

roughly the same time. Examining first the matter of N, exceeding NEChW, we note

that, when N, = NEChW, X is given by

-1 m -1
Sehw _ = g 4 1010 ( « ) ( ) ) 9.
X 78107 5037 105ev) (2.55)

and the number of electron-positron pairs is, provided the aforementioned approxi-
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Figure 2.2: Numerical simulations of the growth of Ny, N,, and Ne+.-. (a) is done

with a = .037 while (b) is done with a = .02, with the other parameters set to
my = 107" eV, a = .7, and K = 1. (aii) and (bii) show zoomed-in views of the onset
of lasing, when NN, increases rapidly. In both cases, N.+.- increases alongside V,,
matching with the approximation No+.- FFS% Prior to the onset of lasing, Ny and

e

~
~

shutoff
NeJref )

N, increase exponentially, while N,+.- is negligible. In (a), N.+.- approaches
slowing axion decay, so that IV, stops increasing while N4 continues increasing. In
(b), Ne+e- is not large enough to significantly affect axion decay, and so N, and N
settle into their equilibrium values. (a) lies in the unstable region of parameter space,
while (b) lies in the unenhanced region (see Figs. 2.3 and 2.4). Note that, in both
plots, IV, always remains multiple orders of magnitude below NEChW, allowing for the

approximation given in eq. 2.28.
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mation still holds at this point,

4 m —4
NSchxiv — 4 1048 < - ) <—¢ > . 2.56
efe =% 0.037) \10-5 eV (2.56)
As for pair annihilation, that becomes significant when Ny +,- ~ Ir,:n = N, which
may be written as
r.v a 2/ m -2
ann _ =27 1030 <_> (—d)) 2.57
et = 590 * 0037) o5 ev) 900 (257)
where
g(X) - X R R X 1~ [P 74 P 1~ [70 +ﬁ0 — U'(Ucom)
18 (fo Teipodm) (fo dp Jo dpoer Jo dpoe- =" |ver — Ve |07
(2.58)

which uses the hat notation defined in Appendix B. g(x) is plotted in Fig. 2.1¢, and

we show in Appendix B that its asymptotic form is

22
(X) — v

x—oo 3(Inx)?

(2.59)

This means that, at y = x5, N2 ~ N5 In other words, pair annihilation
only becomes relevant right as N, reaches NY™. Thus, in the N, < N regime,
we may ignore annihilation, and the approximation Ng+.- ~ Fi% holds.

We now examine the assumption that N, < N5". The only positive term in
the Boltzmann equation vanishes when N+, > N:E‘ét?ﬁ. If this happens when N, <
NS then the photon number will have a ceiling, which we refer to as N
and which may be found by solving FFS% = Nutoff for N,. Note that N, might

never reach NS¢, This inversion is easy to do numerically, but it is impossible

analytically, and therefore it is unclear how Ngeﬂing depends on o and mg. However, it
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is straightforward to show that, for any reasonable values of a and m, 1}% > Nesﬁ‘;tf)ﬂ

e

when N, = N5, From this we conclude that N8 < N5 and we may
therefore assume, throughout this analysis, that N, < NEChW, and we may use the
approximations derived from this assumption.

Let us next turn to the effects of N +.- on Ny and N,. There are two conditions
under which the electron-positron plasma may become significant to the dynamics of
the photon number and the axion number. The first way is that, as N.+.- approaches
N:Egtf’ﬁ, the rate of axion decay F; vanishes. This happens when % ~ 1. The
second way is that, for sufficiently large N, the rate of photon loss from the Schwinger

Amelsehw ~

effect will become significant. This happens when P

1. For all values of N,

Dsap  ~5, dmelsaw 511 therefore the former condition will be met before the latter.
T+ Nohuto mgly Ny
e e

Nshutoff

Once the number of electron-positron pairs reaches N3{u*

, N, ceases to increase, and

consequently it will never become large enough for the second condition to be fulfilled.

‘f;’f; I'sehw term in the N, Boltzmann equation.

We may therefore neglect the

The buildup of Schwinger pairs suppresses the decay of axions into photons, re-
sulting in a lower equilibrium value for the photon number. The equilibrium value
may be found by taking the expression from [61] and substituting I'y — I, which
yields the expression

8e2I'gd 2
Neq2 1 — Schw — Neq,w/o 2.60
i ( memiVF s v ’ (2.60)

Neqvw/o — FS

eq eq eq .
where I'g;, . and I' i represent I'sepy and I'e+ evaluated at N7 , and IV, = o, 18

the expression for N7¢ calculated without accounting for the Schwinger effect. This
equation does not have a solution for all regions of parameter space; for some values of
me and a, it is simply impossible for the system to reach equilibrium. This represents
the case where the suppression of axion decay is so great that the photons will never

build up to the point where they come into equilibrium with the axions. While the
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number of photons will reach or approach Nseﬂi“g, the number of axions will continue
growing unbounded. This is reflected mathematically by the fact that C1I'y N, has
some maximum attainable value, and, if this maximum value is less than I'y, then N,
will increase without bound. This will eventually result in the black hole spinning
down to the point where superradiance ceases. These regions of parameter space
where the system is unstable are shown in Fig. 2.3.

It should be noted that, while this paper has focused on axion decay, which cannot
happen when the plasma frequency exceeds %, it has been shown that axion clouds
may still emit light after exceeding this limit, via axion annihilation, i.e. ¢p+¢ — v+~
[62, 65]. Indeed, it is possible to have any number of photons annihilate to produce
two photons, n¢ — = + , with each individual annihilation process shutting off
when w, > n%. These higher-order processes will become more relevant in the
unstable case, as the axion cloud is expected to reach greater densities than is possible
outside of the unstable case, and these processes may in fact allow the system to
reach equilibrium (making the term “unstable case” something of a misnomer; it is
only unstable in this particular analysis, which ignores higher-level processes). This,
however, is beyond the scope of this paper.

In regions of parameter space where the system is stable, the equilibrium photon
number is enhanced by a factor of ?—Z. This enhancement is plotted in Fig. 2.4. It
is somewhat counterintuitive that the Schwinger effect, which has the consequence
of suppressing axion decay, enhances the equilibrium luminosity of axion lasers; the
reason for this enhancement is that, with the Schwinger effect reducing the axion
decay rate, a greater number of photons are needed to stimulate axion decay to the
point where equilibrium is reached. Thus, when the enhancement is large, we would
expect IV, to grow, as a function of time, more slowly than when the enhancement is

small; however, it will take a longer time and more photons to reach equilibrium.
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Figure 2.3: Plot of the army plane of parameter space. The other parameters were
taken to be a = .7 and K = 1. For larger values of a and smaller values of my,
the system is unstable, represented by the black-colored region of parameter space.
In this region, the electron-positron plasma suppresses the axion decay so much that
the photon number never becomes large enough to halt the growth of the axion
number. The axion number therefore continues to grow superradiantly, causing the
black hole to spin down until it is no longer superradiant. In the colored regions of
parameter space, it is possible for the system to reach equilibrium, and the equilibrium
luminosity is plotted. Especially for light axions, these luminosities are extremely
high, making BLASTs potentially significant for future experiments. In the shaded
region of parameter space, L*? depends on both o and m,, but the dependence on «
is too small to see on this plot.
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Figure 2.4: Plot of the enhancement of the equilibrium luminosity against a and m.
L9 is the equilibrium luminosity, while L¢4¥/° is the equilibrium luminosity found
in [61], i.e. ignoring the effects of Schwinger pairs. The same unstable region shown
in Fig. 2.2 is also visible here. In the part of parameter space where an equilibrium
state exists, we can see that the equilibrium luminosity is hardly enhanced at all,
which means that the role of Schwinger production is negligible to the final state
of the BLAST. However, close to the unstable region, there is a region where the
enhancement becomes more significant. Note that computational constraints limit
the resolution of the section of the plot with the greatest enhancement. This means
that, even though the largest enhancement displayed on this plot is .02, it is likely

that even greater enhancements can be achieved.
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For the majority of parameter space (where equilibrium is possible), this enhance-
ment is negligible, as can be seen in Fig. 2.4. In regions where the enhancement
is negligible, the behavior of the BLAST may be modeled without considering the
impact of the Schwinger effect. However, we can see that the enhancement to the
photon number (and, consequently, the luminosity) increases somewhat as one ap-
proaches the region of parameter space where the system becomes unstable. The
result is that there is a small region of parameter space, located right next to the
region where BLASTSs become unstable, where the BLASTS are stable but enhanced.

It is in this region where we would expect to find the strongest stable BLASTs.

Section 2.5

Conclusion

When an axion laser, such as a BLAST, becomes sufficiently strong, it can produce an
electric field close to the critical Schwinger limit, resulting in the creation of electron-
positron pairs. This has three effects on the dynamics of the photon and axion
number: photons are lost as their energy is converted into electrons and positrons;
electrons and positrons annihilate into photons, but with a higher energy than the
photons produced by axion decay; and the buildup of an electron-positron plasma
imparts an effective mass on the photon, slowing the rate of axion decay. We found
that the third is the dominant phenomenon. How this alters the behavior of a BLAST
depends on its parameters, specifically the values of a and m.

To summarize, the parameter space of a BLAST may be divided into three regions:

e Unenhanced: In this region, the electron-positron plasma produced by the
Schwinger effect has a negligible impact on the dynamics of the BLAST, and

the analysis from [61] applies.
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e Unstable: In this region, the system never reaches equilibrium. While the
photon number N, will increase after the onset of lasing, the buildup of an
electron-positron plasma suppresses the axion decay rate, so that the axion
number N, continues to rise. The annihilation of multiple axions into two pho-
tons may eventually bring the system to equilibrium; otherwise, the unbounded
growth continues until the black hole spins down, at which point the axion no

longer experiences superradiant growth.

e Enhanced: In between the previous two regions, the BLAST has an equi-
librium state, but its equilibrium luminosity is enhanced compared to what is
predicted in [61]. The BLAST will take a longer time to reach this equilibrium

state, compared to in the unenhanced case.

It is important to note that, in the first and third cases, the system will eventually
reach its equilibrium state (likely undergoing damped oscillations about said equilib-
rium state). This is in contrast to what was predicted in [61], which speculated that
the Schwinger effect would “restart” the system periodically. We therefore should
only expect a BLAST to exhibit periodic behavior if we happen to observe it in its
initial stages, before it has reached its equilibrium state.

This work has focused on the role of the Schwinger effect, and the resulting
electron-positron plasma, in the behavior of BLASTSs, but this is not the only means
by which a plasma may come to interact with the axion cloud. Black holes are ex-
pected to be surrounded by a plasma, acquired via accretion, and the role of this
plasma in the behavior of BLASTS is nontrivial [62, 63, 65]. More study is needed to
see how the Schwinger-produced electron-positron plasma interacts with this preex-
isting, accreted plasma.

The equilibrium luminosities we have calculated are quite large in comparison

to the mass of a primordial black hole. For example, if mg = 107° eV, then the
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largest a black hole can be while remaining in the stable region of parameter space
is 6.5 * 10%® kg, and, if such a black hole were to remain in that equilibrium state
continuously, it would evaporate after 7 = 10° years. In practice, such a black hole
would undergo spin-down before this happened. Since the 2p-state has magnetic

quantum number m = 1, each axion produced by superradiance carries with it angular

Lsmyg

momentum h, and therefore the black hole’s spin changes at a rate of fl—? = —— e
BH

As the black hole spins down, the superradiant growth of axions slows and eventually
stops. Thus, BLASTS represent a potentially important aspect of the spin evolution
of rotating black holes.

This paper has focused on the role of the Schwinger effect in one type of axion
lasing system, namely, BLASTs. However, there are many other axion lasers that are
of research interest (see [60] for a recent review). It is conceivable that the Schwinger
effect may play a significant role in these axion lasers as well. Axion lasers are a
promising method by which we might probe the existence of scalar dark matter.
Understanding the role of the Schwinger effect in these processes may be necessary
in order to develop accurate models of axion lasers.

An important caveat to these results is that our calculation of the rate of pair
production ignored the phenomenon of axion assistance to the Schwinger effect [120,
121]. Because a BLAST occurs in an axion field, we should expect the rate of pair
production to be greater than what is calculated using the standard Schwinger effect
(i.e., based only on the electromagnetic field, without considering the axion field). The
rate of Schwinger production used in this paper therefore serves as a lower bound.
The closeness this lower bound to reality will depend on the axion-electron coupling,
Jae, With the true rate of pair production approaching the rate used in this paper
only in the limit g,. — 0. We may predict that increasing g,. will have the effect

of expanding the unbounded region of parameter space, as it becomes easier for the

40



CONCLUSION ScHWINGER EFFECT AND BLASTS

Schwinger effect to create a plasma of sufficient density that axion decay is shut off.
However, future research is needed to examine, in greater detail, the behavior of
BLASTS in the case of g4 > 0.

It is also worth noting that we have assumed that all particles are uniformly
distributed throughout the 2p-cloud; however, the simulations conducted in [65] have
demonstrated that this approximation can fail to predict significant phenomena. It
is therefore necessary to do away with this assumption as well, which will entail

replacing the analytical calculations in this paper with numerical simulations.
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Chapter 3

Linear and Nonlinear Riemann

Normal Coordinates

Section 3.1

Introduction

There exist problems in particle physics that are well developed in flat spacetime but
intractable in curved spacetime. Indeed, the notion of a particle is not even well-
defined in all spacetimes [129, 130]. Therefore, despite the existence of a substantial
body of research devoted to the topic of quantum field theory in curved spacetime, e.g.
(66, 67], any phenomenon in which the notion of an individual particle is essential
becomes much more challenging in a generic curved spacetime. Examples of such
phenomena include all types of mixing, e.g. Primakoff mixing [33-36] and neutrino
mixing [131-133]. In order to handle such problems, an attractive approach is to
choose a coordinate system such that spacetime is locally flat about a given point; this
is always possible, as a consequence of the equivalence principle. In such a coordinate
system, the metric acquires corrections as one moves away from this central point.

Denoting these coordinates as £* and the point about which they are defined as &,
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the metric in these coordinates is given by

Guv = Muw + O ((5 - 50)2) : (31>

Within a certain radius of &j, such that the corrections to the metric are small, one
may treat spacetime as flat with perturbative corrections, and in this spacetime one
may construct an effective field theory (EFT).

It should be noted that the process of constructing this EFT is not straightforward,
as the graviton’s massless propagator introduces nonlocal corrections [78]. Treating
these nonlocal corrections is the topic of the following chapter. In this chapter,
we provide a mathematical exposition on the construction of the aforementioned
coordinate system and the properties of the metric in that coordinate system.

The most common example of a locally flat coordinate system is Riemann normal
coordinates (see [79] for a review). In general, Riemann normal coordinates will have

the form

1 1
&= +ats + §A§1a2a3aa1aa2aa333 + ZAglazasmcz‘”a‘”ao‘?’aa“s4 +---, (3.2
where a* is a vector tangent at & to the geodesic connecting &, with &, s is an affine
parameter, and A* are constant tensors that are totally symmetric in their lower

Qaj...0n

is a gauge choice; any values of A

aq...0n

indices. The choice of the values for A%

represent a valid coordinate definition, and thus there exist multiple Riemann normal
coordinates [134]. In practice, it is common to consider only the lowest-order term:

e =gt s, (3.3)

This may be viewed as an approximation of eq. 3.2, or as a coordinate definition in
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its own right.

Both egs. 3.2 and 3.3 define Riemann normal coordinates, in that in both coor-
dinates the metric will satisfy eq. 3.1. To distinguish between the two, we refer to
eq. 3.3 as linear Riemann normal coordinates (LRNC) and eq. 3.2 as nonlinear Rie-
mann normal coordinates (NRNC). An equivalent way of defining LRNC and NRNC
is that LRNC are an approximation of eq. 3.2 in which all higher-order terms are
neglected, whereas NRNC indicates the preservation of these higher-order terms. We
stress that the distinction between LRNC and NRNC is not common in the literature,
and the terms LRNC and NRNC are novel to this thesis. The distinction is important
insofar as including the additional terms in eq. 3.2 will cause NRNC to have different
properties than LRNC. Most relevantly, the derivatives of the metric evaluated at
the origin will have different values in NRNC than in LRNC. The vast majority of
literature concerns LRNC (i.e., neglecting higher-order terms in the definition of &),
and the author is unaware of any systematic exposition on the properties of NRNC.
The following chapter will make use of the higher-order terms in eq. 3.2, and therefore
it is valuable to discuss the properties of NRNC, highlighting the ways in which it is
both similar to and distinct from the more commonly-used LRNC.

One important caveat is that the definitions of both LRNC and NRNC assume a
unique geodesic connecting &, and &, but this is not the case for all pairs of points
in spacetime. For example, consider two particles traveling along the ISCO of a
Schwarzschild black hole in opposite directions, beginning at the same point. The
point in spacetime at which the particles’ paths re-intersect is connected to the start-
ing point by two distinct geodesics. A more famous example of this phenomenon
would be gravitational lensing. Thus Riemann normal coordinates are only defined
within the normal neighborhood of &, i.e. the region of spacetime in which all points

are connected to & by a unique geodesic. See [135] for details on the determination
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of normal neighborhoods in an arbitrary spacetime. In practice, normal neighbor-
hoods are often large enough that, at their edge, the deviation of the metric from
the Minkowski metric is significant. Riemann normal coordinates (both LRNC and
NRNC) are typically convenient only insofar as the metric is an approximation of the
Minkowski metric, and therefore one typically restricts the use of Riemann normal
coordinates to a patch of spacetime wherein this approximation holds. If this patch
of spacetime is contained within the normal neighborhood of &j, then the restriction
on the definition of Riemann normal coordinates is of no practical concern.

We discuss LRNC, which is more commonly used in the literature than NRNC,
in the following section. We will prove several important properties. The section
after that discusses NRNC, comparing it with LRNC. Following that, we discuss the
treatment of gravitational waves in Riemann normal coordinates. Throughout this
chapter, we work in a metric with (+ — ——) signature. Before proceeding, we will

define some useful notation.

3.1.1. Notation

We use brackets to indicate symmetrization in the standard way, e.g.

1
Tiwp) = 6 ( o + Duow + Topp + Topp + T + Tpvu) . (3.4)

However, we will often find it necessary to exclude an index from symmetrization.
Whenever we place a dot over an index, it indicates that that index is exempt from

any symmetrization brackets surrounding it. For example, in contrast with eq. 3.4,

1
Tpuwp) = ) ( pop T pr) . (3.5)
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We define the generalized connection, for n > 3, as

IRK B

Qaig...on (a1 .e@n—1,0m)

— (n— 1" ™ - (3.6)

V(Otl...()(n72 Qnp—1Qn

Note that the generalized connection is totally symmetric in its lower indices. It

should be emphasized that, when we wish to refer to I'%,

forn > 3, we will always
use the term “generalized connection”; if the word “connection” appears without
being preceded by the word “generalized,” then we are referring to I'* _  (i.e., the

Q102

n = 2 case).

Section 3.2

Linear Coordinates

We begin by noting two gauge choices we are free to make within LRNC. The first is
to contract £ with a tetrad, e):

¢ = ener & = engh o = egat, (3.7)

resulting in new coordinates
g =& +d"s (3.8)

Because s has retained its meaning as an affine parameter along a geodesic, a'® is

tangent at & to the geodesic connecting &, with &'; in other words, eq. 3.8 defines

(e

i 1s convenient, and this

a LRNC. This means we may freely choose whichever e
corresponds to defining the axes of our coordinate system. Under the choice of ej,

the metric transforms as

¢ = eﬁefg“”, (3.9)
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and thus we may freely choose our axes such that g,,| = 7.

0

As we will show later, g, = 0, and therefore we arrive at

Guv = Nuw + ) ((5 - &J)Q) ) (31())

characterizing the rate at which the metric in LRNC deviates from Minkowski metric.

The second choice we may make is rescaling,
a' — aa s—a s, (3.11)

under which eq. 3.3 is plainly invariant. A particularly useful rescaling (valid only

when a* is not tangent to a null geodesic) is to make a* a unit vector, i.e. 7,,a"a” =

+1, with 4 corresponding to a timelike geodesic and — corresponding to a spacelike

geodesic. In this case, the proper distance L along the geodesic from &, to & has a

useful relationship with s. To show this, we note that, because s is an affine parameter
dL

of the geodesic, §7 is constant along a geodesic (this is a general property of any affine

parameter of a geodesic [136]). Therefore

dL dL
L= [ Zds = —=
/ds °T s <0

| s @ timelike
| s a" spacelike

_, derder
uw ds ds L

§ =/ —Nwata’s

(3.12)

Going forward, we will assume a* is a unit vector.

3.2.1. Important Properties of LRNC

There are two important properties of LRNC. The first is that, in LRNC, all partial

derivatives of the connection, when symmetrized over the lower indices, vanish when
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evaluated at the origin:

I =0, (3.13)

(1a2,a3...an) s=0

for all n > 2. The second is that the partial derivatives of the metric, evaluated
at the origin, may be expressed in terms of the Riemann tensor and its covariant
derivatives, in a specific form. Specifically, any partial derivative of the metric is a

linear combination of terms of the following form, written in shorthand:

gl DR.R .---R .| | (3.14)

s=0 s=0

where where dashes indicate a single index, and dots indicate some number of indices
(which may include indices corresponding to covariant derivatives). Necessarily, some
of these indices will be dummy indices, while others will correspond to the indices of

g—— ... As a concrete example [79]:

, (3.15)

s=0

2
= I (8Ru(aﬁf)RP75)v + 9Ru(a59;75))

Jurobrd| o = 15

which uses the dot notation defined earlier, and a semicolon indicates the covariant
derivative.

In this subsection, we will first prove that LRNC necessarily satisfy these two
properties (i.e., eqs 3.13 and 3.14). These proofs are adapted from [79]. We will then
show that if either of these properties are satisfied, then our coordinates must be
LRNC; we will do this by showing that eqs. 3.13 and 3.14 each (separately) imply
eq. 3.3. That is, if one knows that eq. 3.13 holds or that all derivatives of the metric
evaluated at the origin have the form given by eq. 3.14, then one immediately knows
that one is working in LRNC. In other words, we will show that egs. 3.3, 3.13, and

3.14 are logically equivalent. This latter set of proofs is original work.
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Lemma 1. In any coordinate system, the coordinates x* as one moves along a

geodesic are given by

o0

1
[T R NP il o7
at =x5 + b's Zn‘ |

n=2

bo1 . pon g™, (3.16)
s=0

m
where b = dfl”— .
S s=0

Proof. Because s is an affine parameter, we may describe z* as one moves along the

geodesic by the geodesic equation:

d2ah dz® dz”
—_— =T — 3.17
ds? B ds ds ( )
More generally, for n > 2,
d"zH dax daxon
=-I» e 3.18
dsm A g ds ’ (3.18)
which may be shown by induction:
d"tard . dz daor
dsn+l ds At g ds
_ i i dax™ . dx®n R dx™ . dzon-1 Q2gon
ds 2 ) ds ds A-n g ds  ds?
dz™ dgnt+i
7 .
Q1...00,0n 41 dS dS
dx™ dx@r—1 dg@n+l dgPn+2
IV .
T ant ansions ds ds ds ds
dz™ dzn+i
=-I* e 3.19
a1...0n41 ds dS ( )
Evaluating at the origin:
d"z*
o= | o (3.20)
ds™ |._, 1m0
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Performing a Taylor expansion of x* yields eq. 3.16. O
Theorem 1. In any LRNC defined by eq. 3.3, eq. 3.13 holds.

Proof. Comparing eq. 3.16 with eq. 3.3, we see that we must have

e, @™ ea®™ =0 (3.21)

for all n > 2. Because lemma 1 applies for any geodesic, eq. 3.21 must hold for any
value of a*. The only way for this to be possible is if
r =0 (3.22)

aq...Qn

s=0

for all n > 2.

From eq. 3.6, the generalized connection may clearly be written in terms of only
the connection and its partial derivatives, where the highest-order derivative within
is (n — 2)"M-order (this may easily be shown by induction).

; ©
the expression for I'y

A general term in this expression will have the form

M ST T .---T-_ ., (3.23)

using the same shorthand defined earlier. If this term contains m factors of the
connection (or a partial derivative of it), then there are m upper indices, of which
m—1 must be dummy indices. This of course means that there must be m —1 dummy
indices among the lower indices, with the rest being a4, ...,a,. By the pigeonhole
principle,* there must be at least one I' in each term whose lower indices are only

drawn from g, ..., «,. Because I'* is totally symmetric in its lower indices, we
) ) ai.. )

Oy

*The pigeonhole principles that if more than n items are being sorted into n categories, then
there must be at least one category containing multiple items. Similarly, if fewer than n items are
being sorted into n categories, then there must be at least one category that remains empty.
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may freely symmetrize the a’s in the right-hand side of eq. 3.23, and thus we see that

each term in the expression for I'# will contain either a connection or a partial

Qag...0n

derivative of the connection wherein all lower indices are symmetrized. A corollary

of this is that the highest-order term in IT'% s I/

an (a102,03...0)°

We may now prove our theorem by induction. Eq. 3.22 clearly implies that eq. 3.13
holds for n = 2. To prove the theorem for greater n, consider I'y . y We
have established that this may be written in terms of the connection and its partial
derivatives, with each term containing at least one connection (or a partial derivative

thereof) that is symmetrized over all lower indices. Thus, if eq. 3.13 holds up to some

value of n, then all terms in the expression for I'#

1 m 1 will vanish except for the

s=0
highest-order term:
_H
Fgl--~04n+1 =0 - F(alag,ag...a,LJrl) =0 . (324)
From eq. 3.22, it follows that eq. 3.13 holds up to n + 1. O
A special case worth noting is
I‘Zﬁ =0, (3.25)

s=0
which implies that g, =0.
s=0

Lemma 2. In any LENC defined by eq. 3.3, RP(ouv.ai..an)

may be expressed

s=0

in terms of the Riemann tensor and its covariant derivatives evaluated at the ori-

gin, and the connection and its partial derivatives of the form F;(A,ﬁl.../ﬁ , where

{A,ﬂl,...,ﬁm} Q {Oél,...,Oén}.

m) ‘5:0

Proof. In general, the partial derivatives of a tensor may be expressed in terms of

the covariant derivative along with some Christoffel symbols. Thus, by repeatedly
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expanding partial derivatives of the Riemann tensor in this way, it is possible to write

Rpcr,w/,al...an = Rpa,uzz;al...an + QpauVal---Oén’ (326>

where () may be expressed in terms of the Riemann tensor and its covariant derivatives
and the connection and its partial derivatives. From the expression for the covariant
derivative of an arbitrary tensor, in terms of the partial derivative and the connection,
we see that all connections will be of the form Iy 5 5 . where {\,B1,..., 8.} C
{aq,...,a,} and k either is an element of {o, u, v} or is a dummy index internal to
(). Therefore, if we symmetrize over o, u, and ay, ..., a,, all connections will have
the form I'7,\ 5 5 ) (if & € {o,u}) or Iy 5 5 ) (if not). When we evaluate at the

origin, the former vanishes by theorem 1. Thus,

Rp(om'/,a1--.an) =0 = Rp(ow'/;al--‘an) =0 + Qp(aul)al.‘.an) a0’ (3-27)

and the latter term contains only the Riemann tensor and its covariant derivatives
evaluated at the origin and the connection and its partial derivatives of the form

L\ B1 ) oo 0

Lemma 3. In any LRNC defined by eq. 3.3, T”

olarazan)| may be expressed in

terms of the Riemann tensor and its covariant derivatives evaluated at the origin.

Proof. Considering a (higher-order) partial derivative of the Riemann tensor, sym-

metrized over most of its indices and evaluated at the origin:

4 .
R (ouv,aq...0m)

_ (e e
s=0 o (FV(U’“O‘L"O‘R) F(H07a1...an)y

A A
() g = O

_ p P P
- (Fu(a,,ual...an) - F(po,al...an)u + (FA(NF’."7>’O¢1W&”))

. (3.28)

s=0
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where the last term in the first line vanishes as a result of theorem 1. Next, we

consider all the terms in I'? and divide them into two categories: terms in

(po,ai...anv)?

which v appears in the first two indices, and terms in which v appears in the last

n + 1 indices. Because I'V is separately symmetrized over these two sets of

(po,ai...anv)

indices, doing so gives us the expression

(43 sy = 20+ 2) oy (R D)+ 20, (3.29)
Evaluating at the origin gives
—2
p _ P
(po,ai...an)v s=0 - n4+1 v(o,par...amn) =0 (330)

Substituting this into eq. 3.28 gives

5:0) . (331)

By lemma 2, the first term may be expressed in terms of the Riemann tensor and

n+1
r’ = R? ouv,aq...o - (Fp F)\ >
vioporan)| o 43 ( (ouven—an)| ABTE) o)

its covariant derivatives evaluated at the origin, and partial derivatives of the con-
nection of the form L o) L:O, where {\, 51, ..., Bm} C{ay,...,a,}. Therefore,

are at most order

s=0

all derivatives of the connection appearing within R (5u.a;...a,)
n — 1. When the second term in eq. 3.31 is expanded via the product rule, all terms

in which the first connection is not differentiated will vanish, as a result of eq. 3.25.

Thus, all partial derivatives of the connection appearing within (F’;\(uf‘;\a> :
Q1-0m) | g

are at most order n — 1. Furthermore, all partial derivatives of the connection appear-

. Thus, we may

ing within <[‘§ r will be of the form Il 5 5 —

vo
(m >,a1...an) <0

apply eq. 3.31 recursively, successively removing derivatives of the connection. Since

each application of eq. 3.31 is guaranteed to decrease the highest order within the
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expression for I'” ( , this process is guaranteed to terminate when all con-

v(o,pan...am) s=0

nections are undifferentiated (and therefore vanish per eq. 3.25). At this point, one

is left with an expression for I' ( solely in terms of the Riemann tensor

O, Q] ...0n) s=0

and its covariant derivatives evaluated at the origin. O]
Theorem 2. In any LRNC defined by eq. 3.3, eq. 3.14 holds.

Proof. Consider the Taylor expansion of the metric:

(€™ = &) - (€™ = &) (3.32)

=1
gw/ = 77,ul/ + Z m g/u/,al...an 50

n=1

The partial derivatives of the metric can be calculated using the identity

G = Gupl e + Gopl i (3.33)

and therefore

uv,ay..an = (guprlfj)a1>7a2 an + (gVPFZal),az...an

_ <gupr5(m) . (gyprg(al) , (3.34)

,Q9...0, Q2.0

where we arrived at the second line by noting that ¢, .., is symmetric over
aj...q,. By repeatedly applying eq. 3.34, one can express guu.a,..a, i terms of
Fg(ﬁhﬁz...ﬁm)’ where m < n. From lemma 3, it follows that g...q,..qa, - may be ex-
pressed in terms of only the Riemann tensor and its covariant derivatives evaluated
at the origin.

The Riemann tensor and its covariant derivatives, as introduces into the expression

for guv.an..an , are of the form R, 5, 5,. At no point in lemmas 2 and 3 did

we introduce a contravariant metric, and thus we cannot have any upper indices

besides the first index of each Riemann tensor. In contrast, the recursive application
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of eq. 3.34 inevitable terminates with one factor of the covariant metric in each term.
Thus, one (and only one) of the upper indices in each term of the expression for
Juvar...an Y may be lowered. Thus every term in the expression for g,..a,..a, _
has the form given in eq. 3.14.

The significance of theorem 2 may easily be seen by noting that the covariant
derivative of the Riemann tensor is itself a tensor. If one knows the value of the
Riemann tensor in some arbitrary coordinate system x*, and one also knows the
tetrad that converts between x* and £ at the origin (and, as noted earlier, the choice
for this tetrad is totally arbitrary), then one may contract the Riemann tensor (and
its covariant derivatives) with these tetrads in order to find the value of the Riemann
tensor and its covariant derivatives, in LRNC, evaluated at the origin. Thus, given any
arbitrary coordinate system, we have an easy prescription for finding an expression

for the metric in LRNC.

We now reverse the direction of implication:
Theorem 3. If eq. 3.13 holds, then so too must eq. 3.3.

Proof. From eq. 3.6, the generalized connection may clearly be written in terms of
only the connection and its partial derivatives. A general term in this expression will
have the form

r“ oI~ T~ .- . (3.35)

a1...0m =y Ty -y

If this term contains m factors of the connection (or a partial derivative of it), then
there are m upper indices, of which m — 1 must be dummy indices. This of course
means that there must be m —1 dummy indices among the lower indices, with the rest
being aq,...,a,. By the pigeonhole principle, there must be at least one I' in each

term whose lower indices are only drawn from ay, ..., a,. Because I'; " is totally

Qn

symmetric in its lower indices, we may freely symmetrize the o’s in the right-hand
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side of eq. 3.35, and thus we see that each term in the expression for I' = will
contain either a connection or a partial derivative of the connection wherein all lower
indices are symmetrized. Thus, by eq. 3.13, all terms will vanish, and we see that

- =0 (3.36)

ag...q
"ls=0

for all n > 2. Substituting this into lemma 1, we see that the coordinates as one

moves along a geodesic from the point zf to x* are given by
' =l + V', (3.37)

which is the definition for a LRNC. O]
Theorem 4. If eq. 3.14 holds, then so too must eq. 3.3.

Proof. Consider some term in eq. 3.14 containing m Riemann tensors (or covariant
derivatives of the Riemann tensor). This term will have m — 1 upper indices, which
must all be dummy indices, as g__ ... - has no upper indices. This obviously means
there must be m — 1 dummy indices among the lower indices. The Riemann tensor
with a raised index, R~ ..., contains one pair of antisymmetric indices, while the Rie-
mann tensor with no raised indices, R..., contains two pairs of antisymmetric indices.
Thus each term in g__ ... . contains m + 1 pairs of antisymmetric indices. By the
pigeonhole principle, there must be at least two pairs of antisymmetric indices that do
not contain any dummy indices. Thus, if we symmetrize all but one of the non-dummy

indices, then we are guaranteed to symmetrize over at least one antisymmetric pair,

causing the entire term to vanish. Therefore, for all n > 1,

Juv,e...an) o0 =0= I(pv,aq...an_1)an a0’ (338)
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Next consider the partial derivative of the connection, symmetrized over all lower

indices and evaluated at the origin:

o
(pv,a1...an)

(gﬂ/\ (gg(lh'/ + 9o — g(;w,c'r)) (339)

Q1 ...0ln)

DO | —

s=0 s=0

p

(1v,01..0m) contains a

s=0
o
(1v,1.cm)

Expanding out the derivatives, we find that every term in I

derivative of the metric of either of the forms in eq. 3.38, and therefore I"
s=0
vanishes for all n > 0. Thus we see that eq. 3.14 implies eq. 3.13. From theorem 3,

we know that eq. 3.13 implies eq. 3.3. O

Thus we see that egs. 3.3, 3.13, and 3.14 may all serve as definitions of LRNC, as

each one is logically equivalent to the other two.

Section 3.3

Nonlinear Riemann Normal Coordinates

We now turn to NRNC. Much of what was said about LRNC applies to NRNC. We

may freely transform our basis with the use of tetrads, so that we may set g,, =
S

Nuw- We may freely rescale a* and s, making a* a unit vector. Our derivation of
eq. 3.12 only relies on s being an affine parameter, so it holds for the case of NRNC.
Comparing eq. 3.16 with eq. 3.2 yields

I - (3.40)

a1...0n Qa1...0n
s=0

for n > 3, which serves as the NRNC analog to eq. 3.22. Similarly, we may see that

FZ/B = 0, and thus we get that 3.10 holds for NRNC. However, the coefficients
s=0

in the Taylor expansion of g,, will be different from what we found in LRNC. This

is necessarily true as a consequence of egs. 3.13 and 3.14 not holding in the case of
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NRNC, which is the most important difference between LRNC and NRNC.

Indeed, despite having eq. 3.40 as an analog to eq. 3.22, there is no clear way to
generalize the proofs in the previous section to NRNC. The reason for this relates to
one particular step in the proof of theorem 1. As part of that proof, we established

that each term in the expression for I'* will contain either a connection or a partial

aq...0n

derivative of the connection wherein all lower indices are symmetrized. Note however
that we could not guarantee that all partial derivatives of the connection appearing

in the expression for I’y =~ will have all of their lower indices symmetrized. When

(679
proving theorem 1, this was not an issue, as our inductive step caused the entire term

m

(0102,08...0m) allowed us

to vanish; that is to say, making an assumption about I’

s=0
to treat all I'’s, whether or not they were symmetrized over all of the lower indices.

However, in the case of NRNC, we know that I'¥!

(1 az,as...an)

is generally nonzero,
s=0
and therefore we cannot remove these terms in their entirety. Thus the expression

for T'4 . will contain partial derivatives of the connection that are not symmetrized

a
over all lower indices, and we do not have an obvious way to deal with these. Thus
our proof of theorem 1 cannot be adapted to NRNC. Because theorem 1 was used in
our proof of theorem 2, this also prevents us from generalizing theorem 2 to NRNC.

Instead, to calculate derivatives of the metric in NRNC, the most expedient option

is to begin by calculating the derivatives in LRNC, and then performing a coordinate

transformation to NRNC. Defining v* = a*s, we see that

Oérne _ 9ékmnc

O rvc ovP
1 o o 1 (07 (e} «
=0h + ﬁAglawv 92 + iAgmwv 298 4. (3.41)
SN _ o’
O&rne  9&Krnc
1 (e} (07 1 (e} (07 o
=0+ nglwv p*? + nglamwv 2p* 4. (3.42)
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where the coefficients B, , may be found by recognizing %ﬁ% = 0¥, con-
tracting eqs. 3.41 and 3.42, and going order-by-order. Note that the lowest-order
terms in the coordinate transformations are Kronecker deltas, meaning that any ten-
sor evaluated at the origin will have the same value in both LRNC and NRNC.
Importantly, this applies to the Riemann tensor and its covariant derivatives.

Thus, given the derivatives of the metric in LRNC, calculated using the techniques

in the previous section, we may calculate the metric in NRNC:

gNBNC _ (LRNC O¢ rne 98Tro (3.43)
- 7 O rne O&rne

. . . P .
where the coefficients in the Taylor expansion for 8?;;& may be expressed in terms
NRNC

LRNC
Pl

of A¥

a1...0n "

The coefficients in the Taylor expansion for g may be expressed in
terms of the Riemann tensor and its covariant derivatives evaluated at the origin, as
proven in the previous section, and the Riemann tensor (and its covariant derivatives)

evaluated at the origin are the same in both LRNC and NRNC. Thus we arrive at

our key result for NRNC:

Theorem 5. In any NRNC' defined by eq. 3.2, any deriwative of the metric evalu-
ated at the origin may be written in terms of the Riemann tensor and its covariant

derivatives evaluated at the origin and the coefficients A"

1.0 "
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For example, we find that the metric out to fourth order in s is given by

Juv = M + <

1 —
an Rallwa2;a3a4
0 Ss=

R Qo

_ P al a2
np(IJ‘Al/)OqOCQ) a-a-s

1 a1 a2 a3 3

- gnP(HAZ)alocgag) a-a-a-s

DD~ Wl

Rammz;a:s
s=

—p
+—R R
0 45 PRy 7T WM

p o
Au)a3a4+ nPUAOQaQuAag(My

1 —
5 Rﬂaw@(ﬂ <0
1

1 o
- 1277 p(p Ap)a1a2a3a4 + §nP(MAV)a1a2Agtsa40> aa1aa2a03aa484

+ O(s"). (3.44)

Similarly, the Taylor series for the contravariant metric may be found using

O&krne 96K
_ _po NRNC YSNRNC 345
gNRNC JLRNC agLRNC agLRNC ( )

which yields

P(#AV > a1aa282

aiazp

= AY) a1 o a3 .3
n Aa1a2a3p>a a®?a™s

(1 R RN - B
20 B P B O A P e P
1 —p 1
- (p v pa I v
3 R ooz | Aa3a4ﬂ Aalaszasa4<T
1

— Pl gv) a1 jan a0 4
127) HAY asasasp | 7T a®as

+0(s°). (3.46)

It is straightforward to check that this satisfies g*”g,, = ¢%. All other quantities, e.g.

the connection and its partial derivatives, may be calculated using eqs. 3.44 and 3.46.
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3.3.1. NtP_order NRNC

causes NRNC

To better understand how the introduction of the coefficients A%

to differ from LRNC, we define the order N of a NRNC as the largest value such
that n < N = A* = 0. In other words, all coefficients in eq. 3.2 vanish until

..o
one reaches the A% = term. LRNC may be viewed as an oo™-order NRNC, and
the order of a NRNC may be understood as describing how far one has to go from
the origin before one deviates from LRNC. Note that, by our definition of NRNC
(eq. 3.2), a NRNC necessarily has an order of at least 3.

From eq. 3.40, we may see that, in an N*"-order NRNC, eq. 3.22 holds for all

n < N. It is then easy to see that we may apply our proof of theorem 1 for all n < N:
Corollary 1. In an N"-order NRNC, eq. 3.13 holds for all n < N.

The proofs for lemmas 2 and 3 may also be extended to an N*-order NRNC,
although in this case the restriction is n < N — 1. This allows us to partially extend

theorem 2 to NRNC:

Corollary 2. In an N"-order NRNC, all n**-order partial derivatives of the metric,

evaluated at the origin, are the same as those calculated in LRNC, if n < N — 2.

For example, in the lowest-order NRNC, N = 3, only the first-order derivative
of the metric has the same value at the origin as in LRNC, which is another way of
stating that eq. 3.10 holds for both LRNC and NRNC. At N = 4, we get that the
second-order derivative of the metric at the origin will also have the same value in
NRNC as in LRNC, and so on, so forth. Put another way, introducing an O(s") term
to the right-hand side of eq. 3.3 results in a change to the metric at order O(sV ™).

As with LRNC, the converse of these statements is also true.

Corollary 3. If in a NRNC eq. 3.13 holds for n < N — 1, then the NRNC's order is

at least N.
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Proof. The proof is very similar to that for theorem 3, except that we only have

V] =0 (3.47)

«

for n < N — 1. By eq. 3.40, this means that A%  for n < N — 1. Thus the

lowest-order coefficient that may be nonzero is A% =, . O

Corollary 4. If the metric in a NRNC' is equal to the metric in LRNC up to order
N — 2 in s, then the NRNC’s order is at least N.

Proof. T% .. depends on the first n — 1 derivatives of the metric, evaluated at

the origin. Since the first N — 2 derivatives are the same in our NRNC as they are in

LRNC, it follows that F’(‘al an) =0 for n < N — 1. By eq. 3.40, we will therefore
wan)| o

have A% =0 for all n < N, and thus the NRNC is at least order N. O]

— Section 3.4

Gravitational Waves in Riemann Normal

Coordinates

Gravitational waves are readily studied in flat spacetime, where they are defined as

perturbations on the Minkowski metric:

Guv = M + Eh/“,, (348)

where € is a bookkeeping variable to distinguish between background terms and small
perturbations. More challenging is the case of gravitational waves in a curved back-
ground spacetime:

G = Gy + €Ny, (3.49)
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where the separation of g into g and h must be carried out via a scale separation;
see [134, 137, 138] for a detailed treatment on the subject. It is reasonable to hope
that, by using Riemann normal coordinates, we might be able to treat gravitational
waves in a curved spacetime, while retaining some of the simplicity of flat spacetime.
In this section, we examine the extent to which this is possible.

The metric perturbation is gauge fixed by performing coordinate transformations,
ot — o =t 4 et (3.50)

under which the metric perturbation transforms as
huw = B, = hay — 2V f), (3.51)

where V indicates the covariant derivative taken with respect to the background
metric (g for curved spacetime or 7 for flat spacetime). In flat spacetime, a common
choice of gauge is the transverse traceless (TT) gauge, in which h = 0*h,, = ho, = 0,
where h = n*"h,,, is the trace of the metric perturbation. If the gravitational wave is

propagating in the 3 direction, then the metric perturbation may be written in this

gauge as
00 0 0
- 0 h+ hx 0 - + X
hyw = 0 h, —h, 0| = hiey, + hxey,, (3.52)
00 0 0
where
00 0 0 0000
01 0 0 0010
+ X =
=10 0 =1 0 =10 1 0 0 (3.53)
00 0 0 0000
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h, and hy are then the two degrees of freedom of the graviton in flat spacetime.
However, in curved spacetime, the graviton acquires an effective mass and has five
degrees of freedom, so that the gravitational wave will have the form

hu = hye), + hyel, + hse), + haey, + hse),, (3.54)

where €3 . el and ef’w are the extra polarization modes. Note that e,

X
2RI and elw may

not have the same form as they do in flat spacetime (they need not be constant).
Mathematically, the reason why we have eq. 3.54 instead of 3.52 in curved space-
time is because we cannot necessarily force the gauge condition hg, = 0 in curved
spacetime. However, in this section, we will prove that, in LRNC or in NRNC of at
least order 4, it is possible to choose our gauge such that hg, = O ((f — {0)2). The
result of this is that all new degrees of freedom and all corrections to the old degrees

of freedom are quadratic in displacement from the origin,

00 0 O
01 0 O 2

e:}/: 00 —1 0 +O((€_60)>
_0 0O 0 O
(0 0 0 O

» 0010 2

e;w: 0100 +O((5_€0)>
_O 0 0 0

e, =eh, = e, =0 ((E—&)). (3.55)

Thus, if we only work in a region of spacetime small enough that we may neglect all
terms of order (£ — 50)2 or higher, then we may use eq. 3.52 as a valid approximation
for gravitational waves.

To prove this, we will work in a vacuum, i.e. we will set EW = 0, where _RW is the

Ricci tensor calculated using the background metric. The reason for this is that, in
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the presence of a stress-energy tensor, the metric perturbation may be divided into a
radiating component in the TT gauge, which corresponds to the gravitational wave,
and a non-radiating component, which is not in the TT gauge [137]. In a vacuum
spacetime, we only have the radiating component. We may therefore examine the
case of a vacuum spacetime to determine what mathematical form that radiating
component will have.

We will be performing a series of coordinate transformations, i.e.

g — g = e f

= g f

— ..., (3.56)
which corresponds to a series of transformations to hggs:
hyw — Wy = By — 2V fo)
— hy,, = hy, — 2V (. [,

— ... (3.57)

Each coordinate transformation is chosen so as to give h,, an additional gauge prop-
erty. However, we must take care that one coordinate transformation does not undo
the gauge condition imposed by the previous coordinate transformation. Therefore,
each coordinate transformation will impose a condition that all future coordinate
transformations must obey, in order to preserve the gauge condition imposed by the
former coordinate transformation. Our first coordinate transformation is chosen such
that

— — 1—
V'Vt =V, — Vb, (3.58)
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which imposes the gauge condition
oMy l= !
Vih, = §V,,h (3.59)
and forces all future coordinate transformations to obey
V'V, =0. (3.60)

It can be shown that, if we have chosen our coordinates such that £ = £J) is a spacelike

surface, then it is possible to choose an f’ that satisfies eq. 3.60 as well as

2Vl "oy = W ]eoen (3.61)

and
200V f" | o o= — ol | Py (3.62)
and that such a choice of f’ causes h” = 0 [139]. Therefore, we have as our gauge

conditions ﬁ“h;;u = h" =0, and future coordinate transformations must obey

V'V fl =0,
fo/,u|§0:$8 - 07

and V. f" =0. (3.63)

" eoes

Because our metric is locally Minkowskian at & = &p, there must exist a gauge in
which A" = 0*h,, = hg, = 0 at £ = & [134], and therefore it must be possible to

choose some f” that satisfies eq. 3.63 while also satisfying

= 1
Volhle g = 5 e (3.64)
=<0
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which causes hy), 0.

§=¢o -

We will now perform one last coordinate transformation, with the goal of setting

0,hg,, ’ ey To summarize, we have already forced the gauge conditions
V'h, =0,
h/// — 07
and  hy, emey = 05 (3.65)

and our final coordinate transformation must satisfy

V'V, =0,
va”,’u‘gO:fg =0

ATy =0

Violyleg, =0
= 1
and 0.V f|, . = 5Ouhe| (3.66)

§=¢o

where the first four equations are necessary to maintain the gauge conditions in

eq. 3.66, and the last equation is to force the gauge condition 0,hy, We may

|§=§0'
simplify eq. 3.66 to first order in (§ — &), by making use of the fact that, in our

coordinate system,

= 2
P
FNV:_§

Ep(w,)aaas +0 (32) , (3.67)
where fz,j and Epgu,, are the Christoffel symbol and Riemann tensor, respectively,
calculated using the background metric. (The reason this proof does not work for

third-order NRNC is that, in third-order NRNC, f/pw has an additional term at first

order in s, proportional to Afwa.) Dropping the primes, we find that we may rewrite
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eq. 3.66 as

0"0f, = 0 (6 — &)
" |eo_eg = O (€ = &)7)
00" |eo_eg = O (€ ~ &)

o ‘g:go =0

2 1
(auamfu) + gRP(OV)ufp> = 50uho, (3.68)
§=%o &=¢&o
It is easy to check that the first three of these equations are satisfied by
fu = / A'KS (K7K)) (k)™ (&%) 4 0 ((¢ = &)%), (3.69)

where F),(k') is some function satisfying F,k" = 0. The O ((£ — §0)3) is necessary to
satisfy the right-hand sides of the first three equations. The remaining two equations

become

/ d'K'6 (K"K} k(o FLy (k') =0 (3.70)

2
/ A'k'0 (K"K (g R’ ()

, (3.71)
£=¢o

s=0

1
FoI) = Koo k) ) = 50uho

which can easily be solved by letting F),(k") be a sum of Dirac deltas. Therefore it is

possible to choose a gauge in which

V' =0
h pu—
ho”}£=§o =0
Ouhou|e_e, =0, (3.72)
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which means that

how = O ((€ — &)%) . (3.73)
We can show the same thing for hg, by considering the gauge condition Vuhu,, =0

0= 3"y — 7T 1o — T o

= 0h, + ho, + O (€ = &) . (3.74)

We have used the fact that, since we are examining a wave propagating in the 0
and 3 directions, &, = 05 = 0. 0%hg, is at least order & — &, so it follows that

hs, = O ((€ — 50)2). Lastly, we note that

0=~h= guth/ = n“yh;w + O ((5 - 50)2)

=hi1 + hea + O ((f — 50)2) , (3.75)

SO

hay = —h11 + O ((5 - 50)2) . (3.76)

Therefore, defining h, = hyy and hy = hio, we get

0 0 0 O
— 0 h+ hX 0 2
T = 0 hy —hy O "‘O((f—fo) ) (3.77)
0 0 0 0

We have thus proved that, to our order of approximation, we may use eq. 3.52 as our
expression for h,,, in all Riemann normal coordinates except for third-order NRNC.

As an aside, it is instructive to examine why we are only requiring the first deriva-
tive of hg, to be 0 at & = &y, i.e., would it be possible to require higher-order derivatives

to also be 07 While it is possible that there may exist a gauge in which a higher-order
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derivative of hg, is 0 at & = &, the proof above cannot be used to demonstrate this.
The reason for this is that one of the equations f, would have to satisfy (analogous
to eq. 3.68) would involve a derivative of at least third order (as opposed to the proof
above, which only involved at most second-order derivatives), and this would cause
the O ((5 — 50)3) correction in eq. 3.69 to become relevant at £ = §;. As a result,

eq. 3.69 would no longer satisfy all of the constraints on f,.

Section 3.5

Conclusion

Linear and nonlinear Riemann normal coordinates are both means of defining a locally
flat patch of spacetime. Historically, studies of Riemann normal coordinates have
considered only LRNC, whereas in the next chapter we will use NRNC, hence the

necessity of understanding the differences between them. In both coordinates, there

= 0. As one moves away from &,
0

exists some point §, where g,,,| =1, and T,

0
spacetime becomes curved, proportionally to (¢ — &)?:

Juv = N + 0] ((5 - 50)2) . (378)

However, the coefficients in this expansion will be different in LRNC and NRNC.
We have demonstrated how these coefficients may be calculated. In LRNC, the
derivatives of the metric evaluated at £ may be written in terms of the Riemann
tensor and its covariant derivatives evaluated at &;. In NRNC, the derivatives of
the metric evaluated at & depend on both the Riemann tensor and its covariant
derivatives evaluated at &, and the coefficients used to define the NRNC, A% .

It is impossible to find some nonzero choice of A%, such that the dependence on

Oy

At cancels out for all n. However, if all A% = are zero for n < N, then the

Qq...0n
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coefficients in the Taylor series of the metric will be the same as in LRNC up to order
N — 2 in s. Thus, it is possible for a NRNC to approximate LRNC arbitrarily well.
LRNC and NRNCs of at least order 4 are particularly useful in the treatment
of gravitational waves, as in these coordinates gravitational waves may be treated
as having their flat-spacetime forms out to order (£ — &y)?. Thus, within a certain
radius of &, Riemann normal coordinates allow us to analyze gravitational waves
in curved spacetime without accounting for the effects of curved spacetime on the
gravitational wave’s form. This is an example of a more general concept, which is that
Riemann normal coordinates are useful insofar as they allow us to treat the curvature
of spacetime as corrections to a flat spacetime, with these corrections dependent on
the displacement. It is in this way that we will utilize both LRNC and NRNC in the

following two chapters.
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Chapter 4

Gravitational Wave Effective

Theory with Curvature Corrections

Section 4.1

Introduction

In the previous chapter, we established how, with the right choice of coordinates,
one may describe spacetime within a certain region as locally flat. Such a locally
flat patch of spacetime is a natural choice for constructing an effective field theory
(EFT). The premise of EFT is to describe physics primarily using low-energy degrees
of freedom, with only a small number of high-energy degrees of freedom. Careful
examination of relevant energy scales reveals that many terms involving high-energy
degrees of freedom will be suppressed at low energies, so that they may be ignored.
This produces a tractable theory capable of producing accurate predictions. See
[73, 74] for a review of EFT methods.

The problem of constructing an EFT of gravity has been well-studied [69-72, 78],
but one challenge that remains arises from the infrared divergence of gravity. This

infrared divergence may be seen in the series expansion of the metric in linear Riemann
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normal coordinates. We saw in the previous chapter that the derivatives of the
metric evaluated at s = 0 may be represented in terms of the Riemann tensor and
its covariant derivatives, also evaluated at the origin. The magnitude of components
of the n*t-order derivative of the Riemann tensor is given approximately by Ry ",
where Ry is the radius of curvature of the metric at s = 0 [134]. Thus, as an order of
magnitude estimate, we may write

d---0g ~Ry". (4.1)

L 1ls=0
nth derivative

From this, we see that each term in the Taylor expansion of the metric will have
magnitude of (s/Rg)". Thus, at lengthscales greater than Ry, the series expansion
for the metric becomes divergent.

This infrared divergence is not cured by going to nonlinear Riemann normal coor-
dinates. The derivatives of the metric in NRNC, evaluated at s = 0, may be expressed
as their value in LRNC plus some terms involving the coefficients A%, . Conse-

quently, the scale of these derivatives will be at least the scale of the derivatives in

LRNC:

+ <additional terms involving A% >
s=0

aq...Qn

0 0gnrNC W 0 0grLrNC

2 Rqy", (4.2)

with this scale increasing as the various A%~ increase. Thus the terms in the Taylor

expansion of the metric will increase at least as fast in NRNC as they do in LRNC.
This infrared divergence presents a problem for EFT's in curved spacetime because
of the nonlocal nature of gravity. Even if we restrict our EFT to a patch of space-

time in which s < Ry, so that the metric remains convergent within the patch, the

graviton’s massless propagator will import physics from beyond that patch, where
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the metric is divergent. Thus, an EFT constructed solely within a local patch, ignor-
ing physics outside the patch, may fail to match with reality. To prevent this, it is
necessary that we add nonlocal corrections to our EFT.

[78] proposed (but did not meaningfully explore the proposal) that one method
for introducing these nonlocal corrections would be by chaining together patches of
Riemann normal coordinates, within each of which spacetime is locally flat and the
EFT is well-defined. As a particle goes from one patch to another, the curvature
corrections from each patch accrue, thus introducing nonlocal corrections into the
EFT of the final patch. This is the method we develop in this chapter.

This chapter is divided is follows. In section 4.2, we discuss how coordinates
defining locally flat patches of spacetime may be chained together in order to define
long-distance coordinates, which incorporate the curvature of spacetime. In section
4.3, we show how these coordinates naturally allow for the construction of comparators
linking quantities between two distant patches. These comparators may be used to
introduce nonlocal corrections into the Lagrangian defined in a single patch, and in
section 4.4 we use naive dimensional analysis to estimate the size of the resulting

operators. Section 4.5 is the conclusion.

Section 4.2

Long-Distance Curvature Corrections

The method in this chapter builds on gravitational wave effective field theory. Within
areas where the local lengthscale of spacetime curvature is large (i.e., spacetime is
not highly curved), there exists a rigorous framework for gravitational waves [134,
137, 138]. This involves a introducing a new lengthscale, £, which is the lengthscale
over which the metric changes significantly, and separating the metric into high- and

low-frequency components based on this lengthscale. We may then express the metric
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a low-frequency background plus a high-frequency perturbation,

g,LLI/ = guy + 6HhﬂV7 (4'3>

where k = 4y/7/mp;, and mp; is the Planck mass; this factor is included so that
the gravitational wave will have units of mass. ¢ ~ O (%) is a dimensionless pa-
rameter, where X = \/27 is the reduced wavelength of the gravitational wave. The
gravitational wave will vary over lengthscale X, while the background metric will vary
over lengthscale £. The study of gravitational waves is well-developed, provided that
A L.

This exposes both the utility and the limitations of Riemann normal coordinates,
within a single patch. Out to a suitably chosen radius, the curvature of spacetime
in Riemann normal coordinates is small enough that preexisting tools for examining
gravitational waves in curved spacetime are sufficient. However, as one moves away
from &, the metric diverges (as already discussed) and £ shrinks, until we no longer

have X <« L.

4.2.1. Multiple Locally Flat Patches

In light of this limitation on Riemann normal coordinates, rather than attempting
to describe curved spacetime using a single large patch, we use multiple patches of
appropriate size (i.e. s < Ry at all points in the patch). Let us consider a particle
that moves along a geodesic from a point {; to a point §. Defining around &; a
NRNC, we may trace backwards along the geodesic from ¢, until we reach a point

1 T o, T3
vy =& —aysi + 3 Loorle, alafaisy + ..., (4.4)
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(a)

&

Figure 4.1: A demonstration of the process by which locally flat patches may be
joined along a geodesic. Circles represent patches of spacetime in which a locally
flat coordinate system is well-defined. (a) We trace backwards along the geodesic
from &; to vy, a point outside {;’s patch. & and vy are related by eq. 4.4. We then
define a new set of locally flat coordinates in a patch about vg. (b) We continue
backwards along the geodesic to reach a new point, (¢, related to vy by eq. 4.5, and
define locally flat coordinates in a patch about ¢y. (c¢) We iterate this process across
a total of IV patches until we reach &, related to {; by eq. 4.6. A particle traveling
along the geodesic from &, to £y may thus always be described in terms of locally flat
coordinates.
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where a; is a vector parallel to the geodesic at &, s; is is the value of s at the edge

of the patch, and an is the generalized connection defined in the previous chapter

-
(calculated in terms of the background metric g,,). We choose vy to be outside &;’s
patch, and we may now define a new NRNC in a patch centered about vy. We may
then continue traveling along the geodesic until we again reach a point at the edge of
that patch:

B,

1 —
iz H P, o, T3
Lty = U a252—|—§f‘pm‘vo abagaysy + . ... (4.5)

In this way, we may traverse a total of N locally flat patches until we reach &;, as

depicted in Fig. 4.1. Through this process, we obtain an expression for &, in terms of

&

N N
1 inl o_T
g:5}‘—2&?31-4—§ZFﬁUT|Si:0afaiais?+.... (4.6)
i=1 i=1

As in the first patch, the values of s; must be small enough that each patch may be

approximated as flat, i.e. s; < R;, where R; is the metric’s radius of curvature at

I

the center of the ™ patch. Ty 0 a,.a, ~ R}™", which ensures that the sum will

;=0

converge. However, as the number of patches N increases, the higher-order terms in

eq. 4.6 may become significant.

4.2.2. Uniform Patch Approximation

As a particle travels along a geodesic, it accumulates curvature corrections, repre-

sented by the higher-order terms in eq. 4.6. A useful simplification is to assume that
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the geometry of each patch is identical, so that we may approximate

$] = §9 = =S5y =S5 (4.7)
af =ab=---=dy=a" (4.8)
=M =t _=h
Fal.“an s1=0 == Fal...an sN=0 = Fal...an s=0 " (49)

Eq. 4.6 then takes the form

N
h—¢t — Na+ =T
0 f

PO T3
31 Lror| _ a"a%a’s +.... (4.10)

The factor of N in front of the higher-order terms represents the enhancement received

from traversing multiple patches.

Section 4.3

Comparators

Using eq. 4.6, we may relate quantities at § with those at ;. This acts analogously

to a Wilson line, transporting quantities along the geodesic.

4.3.1. Comparators of the metric

We begin with the metric. As before, we begin by traveling backward, from the final

patch at &; to the patch at vy. The metric at vy is given by

1
gp,y(v()) = gﬂy(gf) + iguy,alag <€f) (Ugl - 5?1) (USQ - 5}12) Tt

= <5Z55 + }ﬁ,ﬁi(vo, ff)) Goo (&), (4.11)
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where a7 (vo, €5) = 77 (§) X (vo, €y), and

[e.e]

1
a,ul/(vm é-f) = Z ayyy,al...an (ff) (/U(O)é1 - 5?1) e (Ugn - fjcftn) . (412>

n=2

Note that there is no first derivative of the metric because, in Riemann normal coor-
dinates, the derivative of the metric vanishes at the origin.

Similarly, the comparator for the contravariant metric is
j — -
7 (o0) = (5362 + 1P €))7 (6 (1.13)

where BZZ (U()? §f> = gpa (gf)BMV (UU) gf)’ and

o0

—uv 1 —uv « « a «
B (00,69) = 30 0" a0 €0) (06 =) (67 = 7). (414)

n=2

Comparing eqs. 4.11 and 4.13, we see that these two comparators may be related by

5" (v0,€5) = 7" (10)7" (V0) o (v, &) (4.15)

Additionally, we know that ¢"*(vg)gaw,(vo) = 0¥, and from this we get

B (00, &5) (6% + Pap(vo, £1)77°(€5)) = —ap(vo, £)7"* (1) (&) (4.16)

We may chain together eqs. 4.11 and 4.13 in order to construct comparators

between the metric at § and &;. For the covariant metric, this is

N

T B
T () = T (0500, + 05,6160 ) T (€9

1=2

= Ay (60:€1)Tpunn (€5) (4.17)
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where {(1,...¢n} = {&, ..., v0, &} are the centers of the N patches. The comparator

for the contravariant metric may be defined in a similar way.

4.3.2. Comparators of Other Fields

We construct the comparators for other fields (such as the metric perturbation h,,,

the electromagnetic four potential A,, and the scalar boson ¢) in a way that is dif-

)
ferent in form from, but equivalent to, our comparator for g,,. As with the metric,
it is necessary that fields be separated into high- and low-frequency components ac-

cording to a lengthscale £. For both high- and low-frequency fields, the comparator

is constructed as, e.g. for scalars:

N
0(&) = ¢(&f) + Z Oar (G:) (G — )
121 N
5 D ey () (G2 — G (G2 = 67%) + -
=2
= B(&y) + Ao, &p). (4.18)

Similarly, for a generic tensor B, ,,:

N
B,ul...,un (50) = ¢(£f) + Z Bul-nun,al (CZ) (Cia—ll - sz)ﬂ)
1:21 N
+ 5 Z Bul...un,alaz (Cz) (Cza—ll - <ial) (Cia—Ql - CiaQ) +..
1=2
= B/»leﬂn <§f) + ABHlm/Jn (foa ff) (4'19)

4.3.3. Verifying the Comparator: The Kretschmann Scalar

As a test of the validity of these comparators, we compute the Kretschmann scalar
K = R,,,cR*""°, in Schwarzschild geometry, using eq. 4.18. To do this, we choose

two points and a geodesic connecting them; in this example, the points are located
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at r = rg and r = 7 (in Schwarzschild coordinates), with the same values of § and ¢,
and the geodesic corresponds to a particle moving radially away from the black hole.

Our goal is to calculate K at the center of each locally flat patch along the geodesic,
i.e. to evaluate eq. 4.18 for different values of N; we expect to show that, when one
reaches the final patch, located at r¢, one gets a value for the Kretschmann scalar

that matches the known value of K at r;. This value is given by K = 1%2, where 7,
f

is the Schwarzschild radius. Before we may do this, however, we must determine the
size of each patch. Ultimately, this choice is somewhat arbitrary, provided s; < R;.
We choose to define each proper length s; as the distance at which the first-order

corrections are 10% of the zeroth order corrections,

0. K

s;=0 Si ai

~ 107 (4.20)

s;=0

This fixes s; for each local spacetime patch given that we fix a; to be a unit vector
in the time direction. The comparison of the Kretschmann scalar, computed using
Schwarzschild geometry, with the Kretschmann scalar is plotted in Fig. 4.2.

It must be noted, however, that Fig. 4.2 was plotted using LRNC, rather than
NRNC, i.e. we ignored all the higher-order terms in eq. 4.6. This makes the results
in Fig. 4.2 trivial, as in this case our comparator essentially just becomes a Taylor

series,

N

N
K (&) = K(&) + 0,K (&) Z al's; + %(’%&,K(&)) Z af'asis; + .. .. (4.21)

i=1 ij=1

This demonstrates the importance of our choice of NRNC, rather than LRNC; using
NRNC allows us to encode the curvature of spacetime into our coordinate definition,
and, without this, our comparator has no way of actually introducing curvature cor-

rections. Thus, in LRNC, the comparators become trivial Taylor expansions, and for
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this reason the work in this section was not included in [85].

Instead, [85] contains an analogous computation, in which the higher-order terms
are not discarded. The resulting computation is not as trivial as the one performed
here, but it still yields a value for the Kretschmann scalar that matches with its

known value, lending credence to the comparators we have defined.

Section 4.4

Naive Dimensional Analysis

As stated earlier, the work in this section does not appear in [85], because it was not
completed at the time when [85] was published.

In the previous section, we defined comparators that can be used to relate quan-
tities at § with those at {y, thereby allowing us to construct a Lagrangian at {; that
incorporates nonlocal corrections from &;. It is useful to have an estimate of the co-
efficients for the resulting operators. We use naive dimensional analysis (NDA) [140]
to provide such an estimate. We saw earlier that the metric must be divided into
a high-frequency component h,, and a low-frequency component g,,, according to a
lengthscale £. The same must be done for all fields, e.g. the electromagnetic four-
potential A, and the scalar field ¢. Note that the defining lengthscale for A, and ¢
need not be the same as the lengthscale for metric perturbations, but for the sake
of simplicity we will here assume that all three have the same lengthscale £ and the
same reduced frequency X < L. Thus, in the Lagrangian, every derivative of a high-
frequency field is of order X!, and every derivative of a low-frequency field is of order
L7t

Consider a 4 4+ k£ dimensional operator in our Lagrangian. Generically, this op-
erator contains n factors of the background metric, n’ factors of ¢, A, and hy,, np

derivatives on these three fields, a coefficient ¢, and k factors of Planck suppression.
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Figure 4.2: Comparing Kretschmann scalar computed in Schwarzschild coordinates
with the Kretschmann scalar computed in coordinates defined according to eq. 4.6.
We consider a particle moving away from a Schwarzschild black hole in the radial
direction. As the particle moves away from the black hole, it passes through a number
of locally flat patches, and the value of the Kretschmann scalar K at the center of
each patch is shown, calculated according to eq. 4.18. The size of each patch is given

by eq. 4.20. The value of K at r¢ is also calculated using the formula K = %; this

1“6

value is indicated with a dashed line. In (a), the N = 10 patch is centered at rf: 2rs,
and, in (b), N = 5 is centered at r = 2.85r, so we can see that the value of K we
get from our comparator agrees well with reality. Ultimately, however, this result
is trivial, as it was done without the inclusion of the higher-order terms in eq. 4.6
(i.e., it assumes a LRNC rather than a NRNC). A far more important and nontrivial
computation would be analogous to this, but with the higher-order terms included;

this is performed in [85]. The vertical axis has units of r; = 1.
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Schematically, this operator is

C

O=—G7g" (0--9¢)--(d--0¢) (4.22)
Mp) ~——~— X (0---0A)---(d---0A)
X (8---0h...)---(6---(%...)1

TV
n'/ factors, np derivatives

n factors

13 7

where the in the superscripts of g and the subscripts of h are used to emphasize
that both of those quantities have indices, which are summed over in some combina-
tion (i.e., we are not taking the trace of either g or h). We may expand the metrics

using eq. 4.13, and we may expand the factors of ¢, A,, and h,, using egs. 4.18 and

4.19, and we may use NDA to estimate the coefficient of this term as

coeflf =

A

c 1 ( 1 )i1+...+in <1 >J'1+-~~+J'n/ (50 _ ff)i1+-~~+in+j1+~-+jn/

m%l /L\nD Z]_'Zn' ]1']n"

)

L

where the ¢’s indicate the number of factors of {y — &; introduced by each factor of g,
and the j’s indicate the number of factors of § — &; introduced by each factor of ¢,

A, and h. It is useful to define

which is the total order of the term we are looking at, within the Taylor expansion of

@O. Thus our coefficient becomes

1 1\ tetin g\ ditecti _ et
coeff = _c (_> (—) . (5.0 &) - (4.24)
31

mk, X"P \ L X T N L )

Each possible value of i1,...,4,, J1,...,Jn corresponds to a different term within
the Taylor expansion of O. In practice, however, many of these terms are highly

suppressed, and therefore we only care about the most enhanced terms in this Taylor
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expansion. For a given value of ¢, eq. 4.24 is maximized when iy = ... = 4, = 0

andjlz._.:jn,zﬁ

1 ¢ —n’ . t
coeff ~ mill‘_?,l/‘\TD ((;)‘) <§0 FY gf) . (4.25)

As an example, consider the following, term, which comes from the stress-energy

, and thus may well approximate O by only considering these

terms:

part of the Lagrangian for electromagnetism:

£ LB =

where F, ,Ei) is the high-frequency part of the electromagnetic tensor. (There also exist

analogous terms in which one or more of the F)’s are replaced with an F, indicating

the low-frequency part of the electromagnetic tensor.) Recall that € ~ O (%) and
Kk ~ mp. So we have k = 1, n = n = 3, and np = 2 (corresponding to the

derivative internal to each F,E,lj)), and we see that, when this term is expanded using

the comparators established earlier, the coefficient at order ¢ is given by

11 ((t\\ " (&—&)
coeffwm—PlE((g)!) <T) (4.27)

& — & refers to the typical value of components of the curvature-corrected separation,

as given by eq. 4.6. We plot this coefficient against ¢ and % in Fig. 4.3.

4.4.1. Additional Higher-Dimensional Operators

General relativity is an effective field theory, which may in general have extensions,

e.g. [70, 78, 141]

2
£1 = —2R + C1R2 —+ CQRH,/R'LW —+ ..., (428)
K

85



CONCLUSION CURVATURE CORRECTIONS

There may also be operators that mix gravitational and Standard Model field content,

C C
Ly = -2 B"BPClpo + —= WHWPCppo

A2 A2
Cs v /oo Ce
+ 32 G" G Chupo + 15 H'HCpppy + ..., (4.29)
where C),,» is the Weyl tensor,
1
Cuvpe = Ruvps — (gu[pRU]V - gV[PRU]H) + §gu[p Jolv IR (4.30)

Similar to the energy-momentum tensor discussed earlier, we can expand the met-
ric into the background metric and metric perturbation and then relate the Lagrangian
at § with the Lagrangian at £ using the comparators. At energies much less the
weak scale, the photon-conformal tensor operator, i.e. the operator generated by the

first line of operators in equation (4.29), is now

.92 0 2 6
o — Casin” O 4—264 cos” Oy FWEeC,, (4.31)
mp)

where Oy is the Weinberg angle. After expanding using the comparators, the coeffi-

cient for a term at order ¢, without renormalization group corrections, is

cooff ~ c3 sin? Oy 4-204 cos? QW% <<§)|> B (%)t . (4.32)

mp;

Like with eq. 4.27, we plot this coefficient against ¢ and @ in Fig. 4.3. While these
terms are traditionally ignored because of their additional suppression by the Planck
scale, our result suggests that there are regimes of parameter space where they will

become relevant for observation.
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Figure 4.3: Density plots of egs. 4.27 and 4.32, showing the enhancement of terms in
the Lagrangian introduced by the comparators defined in section 4.3. Values less than
1 are all the same shade of indigo, i.e. this plot does not distinguish between different
levels of suppression. We can see that, for every value of éoff , the enhancement
increases as we examine higher-order terms, until eventually we reach a point where
the enhancement drops off and becomes suppression. The value of ¢t at which this

drop-off occurs increases with the value of %
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Section 4.5

Conclusion

In this chapter, we showed how nonlocal corrections may be introduced into an EFT
in curved spacetime. These nonlocal corrections emerge as a particle travels from
one point in spacetime & to a point ;; one may construct comparators between the
field content at &, and at &, so that the Lagrangian at &, can be expressed in terms
of the field content at &;. The resulting Lagrangian will contain terms introduced
by these comparators, these being the nonlocal corrections. Because of the infrared
(long-distance) divergence of the metric, these corrections can be quite substantial.

One consequence of this is that Planck-suppressed terms may receive enhance-
ments. Whereas these terms are typically ignored and considered to be inconse-
quential, we see that, in curved spacetime, with the introduction of these nonlocal
corrections, such operators may become experimentally probable.

More generally, these nonlocal corrections are important for any exploration of
particle behavior in curved spacetime. For example, chapter 2 uses the rate of axion-
photon decay in flat spacetime; in reality, this decay rate may receive substantial
corrections, as the axions in question surround a black hole. There has been sig-
nificant research interest in searching for axion dark matter by detecting the axion’s
interactions in astrophysical settings, e.g. [44, 45, 52-54, 57, 142-145]; any such search
must account for these nonlocal corrections, and this is an important consideration

in research going forward.
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Chapter 5

Primakoff Mixing in a Single

Riemann Normal Patch

Section 5.1

Introduction

There exists a plethora of data supporting the existence of dark matter, including
the mass of galaxy clusters [146-151], galaxy rotation curves [152-156], the shape
of the CMB power spectrum [157], simulations of large-scale structure formation
[158, 159], and observational evidence from the bullet cluster [160] as well as other
cluster mergers [161-164]. The composition of dark matter, however, remains one
of the most significant open questions in modern physics. There are currently many
ongoing experiments attempting to shed light on this topic [165-173].

The axion, originally proposed as solution to the strong CP problem, has emerged
as a leading candidate for dark matter [86-92]. Besides these QCD axions, as they are
sometimes called, there also exists a broader category of axion-like particles (ALPs)
that have been proposed, including majorons [174, 175], familons [176-178], and ax-

ions emerging out of string theory [179-181]. In this chapter, we will use the term

89



INTRODUCTION MixiNG IN ONE PATCcH

“axion” to refer to both QCD axions and axion-like particles.

Like other dark matter candidates, conclusive evidence of the axion remains elu-
sive, despite the efforts of many experiments, both laboratory-based [40-43] and as-
trophysical [44-57]. In these experimental efforts, the primary mechanism through
which axions are expected to be observed is via Primakoff conversion [33-39]. This is a
phenomenon where, in the presence of a strong background field, one species of boson
can transition into another; in the case of axion searches, the relevant transition is an
axion into a photon (or vice-versa) in the presence of a background electromagnetic
field.

It has long been expected that regions of high dark matter density, known as dark
matter spikes, will be found around supermassive black holes [1-6], and recent ob-
servational evidence seems to support this prediction [7, 8]. Thus, areas surrounding
black holes are a prime candidate for asrophysical dark matter experiments. In order
to conduct these experiments, then, it is essential that we have a working understand-
ing of how mixing is performed in curved spacetime. The purpose of this chapter is
to perform a simplified version of these calculations.

To do this, we will employ Riemann normal coordinates to construct a patch of
locally flat spacetime, in which the problem of mixing becomes tractable. In order
to incorporate nonlocal effects, one must use the method described in the previous
chapter; for more on this, see [85]. In this chapter, we focus on the more basic question
of mixing in a single Riemann normal patch, without nonlocal corrections. However,
it must be stated that, do to the lack of these nonlocal corrections, the calculation
presented in this chapter is incomplete and of little meaning on its own. Indeed, the
curvature corrections that we find are highly suppressed, to the point where they are
insignificant; in contrast, the curvature corrections would likely receive enhancements

and become significant with the inclusion of nonlocal corrections. These nonlocal
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corrections are accounted for in [83].

This chapter is divided as follows. In section 5.2, we review the literature on
mixing in Minkowski space. In section 5.3, we detail our effective field theory approach
and our use of Riemann normal coordinates, both of which are necessary to set up
mixing in curved spacetime. In section 5.4 we present a derivation of the transition
probabilities in curved spacetime Section 5.5 is the conclusion. Throughout this

chapter, we will work in natural units of c = h =¢; = 1.

Section 5.2

Review of Bosonic Mixing in Minkowski Space

Many important papers [35-39] have detailed the mixing of low-mass scalar bosons
with photons and gravitational waves in Minkowski space. Here we review these
papers to establish notation and detail the seminal points of mixing in general. To
date, in Minkowski space the mixing between axions and electromagnetic waves as
well as the mixing between gravitational and electromagnetic waves has been detailed
in the literature. Axion-gravitational wave Minkowski mixing has not appeared in
the literature, although as we will see this can occur in Minkowski space, provided

that there is a background axion field.

5.2.1. Axion-Electromagnetic Wave Mixing

Axions are pseudo-Nambu-Goldstone bosons that are hypothesized to result from
the spontaneous breakdown of Peccei-Quinn symmetry (ALPs may result from the
breakdown of other symmetries, depending on the specific ALP model). The axion

can mix with the neutral pion to generate an effective coupling to photons,

A .
*Ceffective = _Z ng;u/FMV s (51)
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where ¢ is the axion field and F,, (F*) is the electromagnetic field (dual) strength
tensor. A is the axion-photon coupling constant with the dimensions of an inverse
mass. \ can very widely depending on the axion model. This coupling facilitates the
conversion of axion waves to electromagnetic waves via static, background magnetic
fields [35-38]. In other words, the background magnetic field provides the necessary
quantum numbers needed so spin-zero bosons can oscillate into spin-one photons and
vice-versa. For a system containing axions and photons in Minkowski space, the

Lagrangian is
L= —1(0,00"6 +m*¢?) — L, F" — 2 6 F,, F"
1 e2\? 7 -
—_— FVFHV 2 - F VF/JJ/ 2 .
b () (e + Sy

where ¢ is the axion field, m is the axion mass, and m, is the electron mass. The

(5.2)

second line is the weak-field limit of the Euler-Heisenberg Lagrangian, which encapsu-
lates the one-loop QED vacuum polarization effect. The Euler-Heisenberg correction

has the effect of inducing birefringence in the presence of a strong magnetic field

182, 183]:
14 e2\?
=14 =0 (E) B3 (5.3)
8 e2\?
=1 — ) B2 4
T B (zm) T (5:4)

where Br is the component of the magnetic field perpendicular to the propagation

direction. Similar to neutrino oscillations [184-186], an effective Hamiltonian can be
d wt+A,  Ap
i— ? = 4 (5.5)
dz AH A, w + A” A”

92

constructed,



MIXING IN MINKOWSKI SPACE MixinGg IN ONE PATCH

where w is the energy of the cohered wave. We have assumed the wave propagates in
the z-direction. A is the part of the vector potential that is in the plane spanned by

the z-axis and the magnetic field. The matrix elements are defined as

Ap=w(ny—=1) (5.6)
2
m
Ay =——2 .
“ 2w (5:7)
A, = I\ DBr. (5.8)

Note that there is only mixing between axions and the parallel photon mode, not
the perpendicular mode. Diagonalizing the Hamiltonian yields the following mixing

angle,
2A,,

tan 20, = ———.
an Y

(5.9)

Similar to neutrino oscillations, the axion-photon oscillations are determined by a

length scale [38],

osc

AL =1/4/(Ae — )2 +402,. (5.10)

The oscillation length parametrically depends on the dimensionful coupling, the axion
mass, and the background magnetic field. The corresponding oscillation probabilities

after traveling a distance z are [3§]

P(A| ¢ ¢) = sin® 20, sin® (2 A7) (5.11)
P(¢ 4 ¢) =1 —sin® 20,5 sin®(1A02) (5.12)
P(A) < A)) =1 = sin® 20,5 sin®(2Ac2) (5.13)
P(A; < Aj)=1. (5.14)
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As we will show in Section 5.4, curved spacetime adds a new dimensionful parameter

which alters the oscillating length and the resulting probabilities.

5.2.2. Gravity-Electromagnetic Wave Mixing

In addition to axion-photon mixing, background electromagnetic fields can also induce
electromagnetic and gravitational wave mixing in Minkowski space [35, 36, 39]. This
mixing is suppressed by the Planck mass and therefore requires the cohered state to
travel long distances to observe an effect. Consider a gravitational wave perturbation
of the Minkowski metric,

Guv = Nuw + /{h,m/y (515)

where k = 4/m /mp1, mp, is the Planck mass, and n,,, is the Minkowski metric. Taking
the metric to have (— + +4) signature, the resulting Lagrangian that is minimally

coupled to gravity is [39]

1 1 e?\? 7 -
L=—=gR— /=g F,,F" =) ((FuF™)? + (B F™)?) . (516
/€2 g 4 g 12 + 90 mé (47T> ( 1 ) + 4( 12 ) ( )

The effective Hamiltonian [39] is
A wny Br/mp 0 0 A4
d | h Br/m w 0 0 h

p | e | | B/ . (5.17)

dz AJ_ 0 0 wn BT/mpl AJ_

h>< 0 0 BT/mp1 w h><
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where the indices of refraction are the same as in the previous section. The oscillation

probabilities for a cohered state traveling a distance z are [39]

P(hy > Ay) = sin®26; sin®(A12/2) (5.18)
P(hy > A)) = sin® 26, sin®(Az/2) (5.19)
P(AH — AH) =1- P(AH — hX) (5.21)
where
2K BT 2K BT
tan 260, = — d tan 20, = — 22
an 26, AL an an 26, A (5.22)

and A j=w(n, —1).

It is worth noting that, in both photon-axion and photon-graviton mixing, the
frequencies of the transition probabilities are solely a function of the on-diagonal
components in eqs. 5.5 and 5.17, while the amplitudes of the transition probabilities
are a function of both the on-diagonal and off-diagonal components. The photon-
axion interaction term, \/—_g%FWF = %GWWFWFM is topological (i.e., it has no
dependence on the metric), so one might naively think that going from flat spacetime
to curved spacetime will have no effect on photon-axion mixing. However, we will
show that curved spacetime can alter the effective mass of both the photon and the

graviton, changing the on-diagonal components of the mixing matrix.

Section 5.3
Effective Field Theory

To understand the evolution of electromagnetic, gravitational, and axion waves in a

strong gravity environment, we use concepts from gravitational wave effective field
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theory (GWEFT) in order to separate out the high-frequency degrees of freedom
from the low-frequency, background physics [134, 137, 138]. In general relativity,
this separation allows for linear, high-frequency gravitational waves to be separated
from the low-frequency non-linear, background gravitational waves. We also apply
the same concepts for the electromagnetic and axion waves.

To apply these techniques, we consider a locally flat patch of spacetime over which
the external, background fields are roughly homogeneous. Importantly, this locally
flat patch of spacetime can be relatively close to a compact object. This GWEFT
allows for the curvature corrections to be calculated in a perturbative, systematic
framework. The locally flat patch of spacetime allows for a relative inertial frame to
be constructed. This, therefore, enables the orientation of the low-frequency, slowly
varying background fields to be specified in relation to the high-frequency oscillating
state. Thus, the mixing between the high-frequency axion, electromagnetic, and
gravitational waves can be computed with the curvature corrections.

Applying these GWEFT techniques to Primakoff mixing is novel. At the length
scales of interest and up to a chosen curvature correction, we mix the axion, elec-
tromagnetic, and gravitational waves in order to place the equations of motions into
their mass eigenstates. The diagonalized equations of motion carry information about
the probability of conversion of axion, electromagnetic and gravitational wave into
each other in local Minkowski space. These results are valid across a limited patch of
spacetime, but these patches may be chained together, according to the techniques in
chapter 4, in order to estimate the total mixing along a longer length scale [83, 85].

As in flat spacetime, gravitational waves in curved spacetime are a perturbation
of the background metric. The perturbation propagates on top of a larger-scale, (rel-
atively) slowly changing background curvature. The background curvature is defined

by two length scales, the radius of the background curvature R and the scale of in-
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homogeneity of background curvature £. The metric perturbation is defined by the
reduced wavelength of the gravitational wave, X = A/(27). We require X < £, which
separates the lengthscales of the gravitational wave perturbation and the background.
Defining a new parameter ¢ with parametric dependence ¢ ~ O(X/L), we perform a

perturbative expansion
_ 1 2 2—po 3
G = Gy + €khy + S€Hg hyuphue + O(€). (5.23)

In order for us to have 0f = g**g,,, our expansion for the contravariant metric must
be

v — v v 1 - vo
g =g" — exh* +562/£nggh“ph + O(€), (5.24)

where A" = g"?G"7h,,. The higher-order terms in eq. 5.23 have been chosen such
that the perturbation in the metric determinant g depends only on the trace of the
metric perturbation, h = hy,,g". To see this, we define p,, = gu — g, the total
metric perturbation (to all orders in €) and expressing ¢ as a Taylor expansion in p,,:

99

9=9+DPw W
n

+ ...

Pur=0

B
27 Hre apuuappa

Pur=0

- —uyv 1 —UV—=po —Up=vo
=g (1 + PG+ SPuPps (9797 —7G7) + .. )

1
=7 (1 + exhy,, g + 562/<a2hwhp0§"”§”” + .. ) , (5.25)

where the derivatives were performed using Jacobi’s equation, % = gg"”.
Henceforth, all quantities with a bar will be calculated using only the background
metric (e.g. fzy is the background Christoffel symbol, EW is the background Ricci
tensor, etc.). Unlike in previous works on Primakoff-type mixing, where the back-
ground metric was set to the Minkowski metric, g, = 7,,,, we make no assumptions

about g,
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We perform a similar perturbative decomposition to the electromagnetic and
scalar fields. We define L., and L., as the lengthscale of inhomogeneities in the
background electromagnetic and axion fields, respectively, with Le, ~ L. ~ L.
Since the electromagnetic, gravitational, and axion waves are cohered, they share the

same reduced wavelength X. Then the expansion is

¢ = ¢+ apth Ay = A, + pAYD, (5.26)
where
o~ O(X/ Lax) B~ O(X/Lem). (5.27)

€, a, and (3 are merely bookkeeping variables, and at a later point they will be set
equal to each other so as to cancel out.

Note that, while this sort of perturbative expansion has been performed on the
electromagnetic and gravitational fields in previous works on mixing [35-39], previous
works have not done so for the axion field, effectively treating the entire axion field
as perturbative, i.e. assuming ¢ = 0. However, it has been demonstrated that there
may exist a cosmic axion background [187], so we do away with this assumption and
allow for a nonzero background axion field.

All of these scales are approximate and not precisely defined, but they will allow
us to fix our gauge and specify our approximating assumptions, which we do in the

coming subsections.

5.3.1. Linear Riemann Normal Coordinates

As in other types of mixing, e.g. neutrino oscillations, Primakoff-type bosonic mixing

entails the existence of mass eigenstates that are linear combinations of the original
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polarization eigenstates, and these mass eigenstates propagate independently of each
other. The masses of these eigenstates depend on the background fields, which in turn
depend on one’s frame of reference; thus, mixing is a frame-dependent phenomenon,
which does not lend itself easily to a covariant description. Instead, we must choose a

specific frame of reference. We choose to work in linear Riemann normal coordinates

(LNRC), defined as in chapter 3 by

g =&y +al's, (5.28)

where & is the origin, a* is a vector tangent to the geodesic connecting & to &, and
s is an affine parameter. This choice will offer us several advantages.
The first advantage is that, as discussed in section 3.4, it allows us to choose a

gauge in which the metric perturbation has the form

00 0 0
o hy ke 0 .
o =g h. —p, o TOUE=&)). (5.29)
00 0 0

(This assumes that the gravitational wave is propagating in the 0 and 3 directions.)
Thus, provided that we only proceed in our calculations up to first order in £# — &l we
may treat h,, as having the same form as in flat spacetime. This gauge choice is known
as the transverse-traceless (TT) gauge, defined by h = 0 and V,h*?. Furthermore,
because eq. 5.29 is traceless, the perturbed metric determinant becomes equal to the
background metric determinant, g =g, per eq. 5.25.

The second benefit of working in LRNC is that it gives both the metric and the
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connection a convenient form, to first order in £ — &'

G = Nur + O ((€ = &)7) (5.30)
T, = =2 P _ (€ - &) +0 (- &)). (5.31)

If we know the Riemann tensor in some arbitrary coordinate system, and we have
chosen a tetrad that converts between this coordinate system and LRNC (as discussed
in chapter 3, this tetrad is a gauge choice), then we may contract the Riemann tensor
in this coordinate system with the tetrad in order to get Fp(,ﬂ,)a o

Lastly, because LRNC is locally flat, we are able to split the electromagnetic field
into an electric and magnetic component, which is not generally possible in curved
spacetime. In astrophysical contexts, the electric field is generally negligible compared

to the magnetic field, and so we assume the background electromagnetic tensor has

the form
0 O 0 0
= 10 0 Br O

0 0 Br 0
where Br is the component of the background magnetic field perpendicular to the
propagation direction, and By, is the component of the background magnetic field

parallel to the propagation direction.

5.3.2. Order of Approximation

Any EFT is only valid up to a certain order of approximation. With our local inertial

frame and our lengthscales defined, we must now choose that order of approximation.

We will retain all terms in the Lagrangian of at least order z—iAQ ~ 2‘72.,42 ~ 242 A2,
where A is the amplitude of the perturbative (high-frequency) fields. A consequence
of this is that we will only keep terms with at most two combined factors of €, a;, and .

This corresponds to only keeping terms with at most two high-frequency fields, which
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is in line with our desire to examine mixing, specifically; an interaction involving
more than two high-frequency fields could result in the creation or destruction of a
high-frequency particle, whereas mixing keeps the total number of (high-frequency,
non-background) particles constant. That is to say, interactions involving three or
more high-frequency fields are not mixing.

A consequence of this approximation is that we will keep some terms proportional
to OF. This is a departure from previous works on mixing, in which the background
electromagnetic field has been treated as uniform. The standard practice in these
investigations has been to divide spacetime into regions in which the variance of the
background electromagnetic field could be neglected; this is known as the domain-
like sharp-edges method (DLSHE; see [188] for a review of the DLSHE and for the
presentation of an alternative treatment). However, in order to encapsulate the effects
of curved spacetime on mixing, it is necessary that we not neglect effects of this order.

A specific caveat must be made for the Euler-Heisenberg terms. As we will see, all
Euler-Heisenberg terms are, in the Lagrangian, at least of order — EZ,U —2—- A% where m, is
the electron mass and B = \/w is the magnitude of the magnetic field. Thus
it is not clear where they fit in our approximation scheme. We will keep all Euler-
Heisenberg terms at the level of the Lagrangian (with an exception to be described
momentarily). However, at the level of the equation of motion, some Euler-Heisenberg
—~+A and others will be order

terms will be order —ir5A; we will keep the latter

453 4£2

but not the former.

The final approximation we will make is, at the level of the equation of motion,
to keep terms with at most only one factor of s, \, &* — &, and —r. We will later
diagonalize the mixing matrix using perturbation theory, treating these as the per-
turbative variables; therefore, any term with more than one factor of these variables

will not contribute to the final transition probabilities. As a result, we will neglect
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the expansion of the background metric within the Euler-Heisenberg terms, as such

K
7

terms would be proportional to =

Another consequence of this last approximation is that we may neglect the back-
ground Ricci tensor, R,, ~ 0. This is a direct consequence of the trace-reversed
Einstein field equation, }_%W = %2 (TW — %Tﬁuy), where TW is the stress-energy ten-

sor calculated using only background quantities, and T is its trace.

Section 5.4

Mixing in Curved Spacetime

We have now established the necessary principles to calculate Primakoff-type bosonic
mixing in curved spacetime. Let us consider a system consisting only of photons,

gravitons, and axions. The action for such a system is

1 1 1
5= [day=g (ER = 7967 Fu Fas = 5 (40,0006 + m*6?)

2
1 [\’ o T( 1 2
— By F, F O P P O Y
+ 90m? (4#) ((g 9" ForFin) "+ 4 (2\/—_9E aptae
5\ afvyé
+ ﬁE ¢Fa5F75 . (533)

We assume from this point onward that we are in LRNC.

5.4.1. Equations of Motion

We perform the perturbative expansions described in section 5.3, with the metric
perturbation subject to the TT gauge conditions, h = V,h*® = 0. As described
in section 5.3.2, we keep the terms in the Lagrangian with at most two (combined)

factors of €, o, and 3. Thus our action, in terms of the perturbative variables h,g,
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F o([flg) and ¢, becomes

— 32 —
/d4x\/ ( R — —R/th’% + — hﬁémhﬁg — EQQOWRaghﬂéh—y(; + %h’%ha’yRag-yg

1 o _
— 999 (FayFs + 26T ay By + B°F F(1)>

4
2
4 ol (FanFiss + 26Fa B - Th"‘ﬁh75Fa7F55
< f G h Do Fgs = $3.5(0,00,6 + 200,60, + 020,60 00,0 )
+ Ehaﬁ <8aaab5 + 2aaa$ab¢<1>> - %g,y heV WP 0,30,

B - am®o — Lo (o)?

' Feaﬂ”‘%@aﬂﬂa + 20Tl + P E )
a\
8\/_ < a,BFvé_’_Q/BFOZBF(;))
e_ —aﬁ—WF a 2 Z( 1 a6 T )2>
90 4(4 ) < ay 55) —1—4 5 ——EE apd’ 6
e
m(ﬂ ( (079 FarFs) (@5 FupFY)
7 1 = = 1
7 ama 7. Wrr R,
3 2 g 75) (2\/ 7
2 6 —a 7 V—po
45m4 4_> ( T ForFas) (99" F}}) FLY)

»bl\]

- = 1
aﬁ 4 vpo (1 1
<2 ' FﬁF) (w——ae” ' F*(W)F’S"O)

7/ 1 — 2
—aﬁ—fyéF F(l) - a,B’y&F F(l) )
( ) + 4 2\/__56 B ys
(5.34)

268% e
T B5md (4_)

/\

From this, we get the equations of motion for hgs, Agl), and ¢. We make further
use of the approximations from section 5.3.2 in order to simplify. We additionally set

€ = a = (3, which we may freely do, as they are simply bookkeeping variables. We
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get

Ohgs + 60" Ragas — 265°7V (5 F 50 A + 26F 45V A
260 IV V56 = Ty (5.35)
G77 — g VsV, AW — TV, AV 4 3P0, T AW

A . _ _ (A«
— S F55V,00 + kg7 WV, Fag + k7 Fps Vo b = 7Y% (5.36)

>

Fo6M — m260) — xhoV V56 + 2e®lF, 7. AD = T (537)

—€
2
where

—afvs 4 €2\ 2 —Bv—a —ay—B8\ T2 —av—B0c = I
T - A (O (00 - - g

N 45m? Am
_ Z_ﬁ_g " mm) (5.38)
T = (@ Fa@Fsy, ~ Va0 Vs9) (5.39)
FA* LA ep 5 g (5.40)
b2
J9 = é (m% —VVad — éeaﬁwmm) . (5.41)

We may expand the background metric and the covariant derivatives using eqs. 5.30
and 5.31, out to first order in &* — &/. Similarly, because we are only going to first
order in £" — &}, we may write the metric perturbation in terms of its polarization

modes,

By = (L0 — 8202) iy + (9102 + 6260) B (5.42)

Similarly, we gauge fix the electromagnetic four-potential to the Coulomb gauge, in
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which
0=0"Al" +?AY) + 0°AY) = o7 A, (5.43)

where in the last step we have assumed that the system only varies along the 0 and
3 directions. Because Af}) contains the perturbative (i.e. nonconstant) component
of the electromagnetic four-potential, we conclude Agl) = 0. Furthermore, in the
Coulomb gauge, Aj is given by an integral of the electric charge density over all
space; since we are in free space with no electric charges, we get Ag = 0. We may
therefore write

AD =gt A® 452450, (5.44)

After performing these substitutions, we may contract the gravitational equation
of motion with } (5{35‘15 - 5553) to get the equation of motion for hy, and we may
contract it with 3 <5f 8 + 67 5‘f> to get the equation of motion for h,. Similarly, we
may contract the equation of motion for electromagnetism with 0f and 6% to get the
equation of motion for Agl) and Agl), respectively. Thus we arrive at the equations of

motion for our five degrees of freedom:

0°0uhs + 30 (Ruiol g + Fozol ) (€7 = €)0uh s — 6Rizrahs

- QUQWElQWp}SZO(gp —&0)0ahx — %(31815 - 82825) o

— k0uBL AV — k0, BLAY + kBrosAY = LTV — T8, (5.45)
O“Oahx + 20 (El'ylpL:O + §272p’8:0> (& = £0)Dahx — 6R1212h

= 20 Rty (€ = )b — 26(01023) 0

+ K,alBLAgl) — KagBLAgl) — HBTagAgl) == %(jg) + jé?)), (546)
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00, A — N, 050, A" + 5 Ry | o (€7 — €00, AV
— 1 Roay| (€7 — )0, A + X 920,00, A — XBropgV

_ 1
— k0yBphy + kO BLhy + kBroshy = 77, (5.47)

070, A — My 050, A + 1 Ronay| _ (€7 — €0)0a AT
— 0" Rornp| (€ — €0)0a A + X050, A

_ 2
— kO Brhy — ks Brhy — kBroshy = 77 (5.48)

00,0 — m2¢V) — k(0101 — 02000 hy — 2601056 h + ABrp AL = T, (5.49)

where
, [—2B? +5B% 0 0 0
—8y_ 4 (€ 0 0 0 0
My = 45m} (zm) 0 0 6B} +2B7 0 (5.50)
i 0 0 0 2B% + QB%_
, [—2B2 —2B2 0 0 0 ]
sy 4 (e 0 6B2 +2B% 0 —4B.Br
My = Tomi (a) 0 0 0 0 (5.51)
i 0 —4B;Br 0 2B? + GB%_
5.4.2. Ansatz in Curved Spacetime
In flat spacetime, the high-frequency fields are assumed to have the form
U oc &5 (5.52)
where 1 is one of hy, hy, A§1>, AS), oM and k k* = —mfp, where m,, is the effective

mass of ¢. a solution to the wave equation without interactions. However, in curved
spacetime, the wave equation without interaction takes a different form, as can be

seen from eqs. 5.45 through 5.49. In all of the above equations of motion, the kinetic
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and mass terms take the form
NP0,051 + 1 P (£ — £)0ath — mib. (5.53)

Due to the dependence of the middle term on £7 — ¢, the solution to this will not be a
plane wave. The middle term is a correction caused by the background curvature, so
it makes sense that it would prevent v from being a plane wave, as the solution to the
wave equation in curved spacetime is not a plane wave. Background curvature causes
corrections to both the phase and amplitude of the solution to the wave equation
[189, 190]. We may calculate those corrections by setting eq. 5.53 equal to 0 and
finding a solution.

Before we do so, it is useful to reduce our indices. Because we are assuming that
the system propagates only in the 0 and 3 directions, we assume that £&# — &) = 0 if
p = 1,2, and the derivative of any high-frequency field in either the 1 or 2 direction
is 0. We may therefore constrain all Greek indices in eqs. 5.45 through 5.49 to be
either 0 or 3. To make this clear, we will use capital Latin letters to indicate indices

that can only be 0 or 3. In particular,

ap_ [~1 0

e = [O 1 (5.54)
—ap 4 [\’ [-2B2 +5B2 0
Mo = G (E) { o 2B%+2B:2F] (5:55)
—AB 4 (e\?[-2B2 —2B2 0
Mo = G5 (E) { 0 2B} +6B7 |’ (5.56)

and the wave equation we wish to solve becomes

NAB9,0p¢ 4+ 0P Ppc (€ — £§)0a0 — m2ap = 0. (5.57)
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The solution to eq. 5.57 is given by the ansatz

¢ — \IleikA(ﬁA*£§)+KAB(£A7£(I)4)(§B*£OB), (558)

where W is the amplitude (which is assumed to vary slowly), and K is a (species-

dependent) symmetric tensor, such that
ANABPKpe + 0B Pge = 0. (5.59)

Note that this is an order (£ — &;)? correction to the amplitude of the wave. If we
substitute this ansatz into eq. 5.57, the terms that are first-order in £ — &, cancel out,

so we get

(NP Kyp — NP kakp —mi) v+ O (€ — &)*) = 0. (5.60)

The K'’s are given by

Kt = K%, = 1L 51010‘8:0 + EQOQO}S:O 51013‘5:0 + 62023|520 (5.61)
‘ _31013‘820 + R2023}S:0 R1313‘s:0 + R2323|S:0
KH —_1 RlOlO ‘5:0 R1013 ‘3:0 (5 62)
=7 Rl Ly P |

| ft013] g 101313 |
b 7 -
| R2023 | oo 2323 | s—0]

K%, =0. (5.64)

Strictly speaking, K and K=+ should also contain Euler-Heisenberg corrections, but

we neglect this. For brevity, we write out species-dependent ansatz as

E" = otka€* =€)+ (6" —68) (€7 —€5) (5.65)

108



MIXING IN CURVED SPACETIME

MixinG IN ONE PATCH

We then define our amplitudes as

h+ - G+.E+
AV = i/ A E! A,
where
_ 33
=1 My =

hy = Gy E* V) = aE?
— —i/u A Bt (5.66)
4 2\ 2 9 9
i (E) (2B} + 2B7) (5.67)
4 e2\? ) 9
— (E) (2B2 + 6B2) . (5.68)

Defining the elements of k as k, = (—w, 0,0, k), the equations of motion become

(w2 - k’2 - %Elgml& + 6?1212,,)‘50(5'0 - §S)>G+E+

— 2i(& — 58)(00 RIQOp‘&) + kf_3123p|€0)GXEX

+ H\/ML(]CBT + Z'(%BL)ALEL — ’L'/{\//L_HagBLA”EH

— /@(81815 — 82825) CLE¢ =3 (75}{) — 75;)) (569)
(wQ — k- %731212‘50 + 6E1212,p‘&)(€p — §S)>GXEX

+ 2’L<£p — 58) (w Euoﬂ‘ﬁo + kﬁlggp‘go)G+E+

+ ff\/,u,_”(kBT + ZalBL)AHEH + iff\/ﬂj_&QBLAJ_EL

— 26(01000) aE® = L(T) +T) (5.70)
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(Mnew2 — K+ 5 le\&)) AE!

+ 7:\/ M||Ml(£p - 58) (wﬁoﬂp}go + kﬁ321p‘£0)AJ_El

+ ik 02 BLG L EY + kI (kBr — i01BL) G E*

— i), o (wﬁga + /{:30g_zﬁ)AlEL + 5\\/,u_||cuBTaEq5

) —a)!
= iy T (5.71)
<M¢6¢w2 — kK +1p f_31212|§0>z4¢EL
+ i/ (&P — &) (w Eomp}éo + kESlQp’go)A”EH
— iH\//LJ_aQBLGXEX + R/ b1 (kBT — z’&lBL)G+E+
3 - - , —(A)?
il | (w05 + kdod) A Bl = i/ T (5.72)
(w2 — k- m2)aE¢ + ;\wBTA”E”
— Ii(alﬁla — 82825)G+E+ — 2/181825 GX EX = 7(¢), (573)
where
—00 4 2
g=1-M, =1- B (—) (2B} — 5B7) (5.74)
—00 4 2
(L=1-My =1- = ( W) (2B} +2B7) . (5.75)

Note that, at our order of approximation, ,/uy and /i may be treated as 1 when

multiplied by £” — &f, x, and A. Note also that

En
Em

= Kk KEp) €= =60 — 1 L O (¢ — &)?). (5.76)

Therefore, our equation of motion can be written in matrix form, eq. 5.78, as presented

on the next page, where n; = 4 /q,ull and nj = , /e”,u[l are the indices of refraction,
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and [ (h) M\
o (T = 7))
i/ 5(A)2
LT
v —(h) | —(h)
—iyEy—(A) !
" H—{m
| ]

represents the purely low-frequency source terms. In the limit where the Riemann
tensor, the background axion field, and the derivative of the magnetic field are set to
zero, eq. 5.78 recovers the results of [36], as we would expect.

One important note should be made about eq. 5.78: the mixing matrix is not
Hermitian, specifically because of the AjA; off-diagonal components. As we will
see momentarily, it is physically necessary for the mixing matrix to be Hermitian,
and so this surely represents a calculational mistake. The fact that this mistake is
only found in the AjA, component suggests that this mistake relates to our ansatz
for electromagnetic waves, but the author has been unable to specifically locate and
correct this error. We proceed ignoring this error, assuming for our purposes that the

mixing matrix is indeed Hermitian.

5.4.3. Transition Probabilities

We are interested in the homogeneous solutions to eq. 5.78, so we may set W = 0.
We now linearize according to the prescription of [36]: k and w are related by k = nw,

and, since |n — 1| < 1, we approximate w + k ~ 2w. Therefore, we approximate

W=k = (w+ k) (w— k) = 2w(w +id,), (5.79)
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(82°9) owrjededs poAInd ur uoryenbe SUIXIpy
LU~ EMEK &Nmﬁzml 0 @Nmmm. — &ﬁm:m.v ay—
:MV Igey cu_iim 1A% 4 (1 — ) jog (Tgior — Igy) (6003 + d%om) y1. — Acw_azwm g+ cu_uaam 3V (93— 43)1 Tgtgm
M=o %QTgug— (Tg'er + Tgy) (93— 43) cu_afﬁm 9+ cw_ﬁﬂm %I Tgegye Acw_nmﬂm ¥+ cu_éﬂm 3v (9%-o3)w| + v
Hw 0 9%y + pigem) o+ (7] ey g + | ey ) (93 - 43) 7o P[erety THE 4 (1 - Tw) g (102 - L) ™
(¢%e7e — ¢70%0) — g tgu— (%) serag -+ | ety o) (85 - u3) 10— (1e'0r + ery) (93— 43) | TreTy 9+ P|eTEy &
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and the mixing equation assumes a Schrodinger-like form:

Gy
Al
(w+ids+ H) |Gy | =0, (5.80)
A
a
where
H = Ho+ (§" = &) Vi, + £Va + AV3 (5.81)
and
[~ & Ruons 0 0 0 0]
0 w(nj_ - 1)+%R1212 -~ 0 0 0
HO - 0 0 *% Ris1a B 0 0 (582)
0 0 0 W(nH - 1) + % ﬁlglg 0
s=0
i 0 0 0 0 —m? |
[ %EIZIQ.;) _ 0 —1 (Elﬂ]p - +E]23/)) 0 0
0 0 0 $ (E’“”L:o + Ranm, S:O) 0
‘/LP = |i (Elﬂ]p o +E]23p) 0 %E1212.p — 0 0
i <§(J21/) o + Rao, 5:0> 0 0 0
i 0 0 0 0
(5.83)
I T 2oB 2 (005000
1By — £0,By, 0 0,8y, 0 0
Vo = 0 0,8y, 0 1By + 0By, —18,050 (5.84)
s 0 iBi-gam 0 0
|52 (01010 — 32050) 0 =10,0:¢ 0 0
[0 0 0 00
0 0 0 (050+000) O
Vz = |0 00 0 0. (5.85)
0 (950 +0p) 0 0 iBr
0 0 0 iBr 0

Here, Hy is related to the masses of the polarization modes in the absence of mixing.
We note that all polarization modes, except for axion, acquire an effective mass as
a result of being in curved spacetime. As we will see momentarily, and similar to

what we saw in section 5.2, these effective masses will alter both the amplitude and
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frequency of all transition probabilities. V; , represents mixing that arises due to cur-
vature corrections; we see that, at our order of approximation, curvature corrections
are responsible for mixing the two photon modes together and for mixing the two
graviton modes together. However, curvature corrections do not result in photons
mixing with non-photons or with gravitons mixing with non- gravitons. V5 represents
mixing caused by gravity (not to be confused with mixing caused by curvature correc-
tions; the mixing in V5 occurs regardless of the curvature of the background metric).
We can see that, by accounting for the derivative of the background magnetic field
and the background axion field, we can predict mixing between + gravitons and ||
photons, between x gravitons and 1 photons, and between both graviton modes
and axions, none of which was predicted by previous research. Lastly, V3 represents
mixing caused by photon-axion coupling; it is responsible not only for photon-axion
mixing, as was already known, but also for mixing between || and L photons. Thus,
we can see that going to curved spacetime both introduces new mixing modes and
changes the rate at which all other mixing occurs.

To calculate the evolution of the polarization modes, as with other forms of mix-
ing, we proceed by transforming into the mass eigenstate basis. Provided that H is

Hermitian, there exists a unitary matrix U that diagonalizes it,

ey, 0 0 0 0
0 e, 0 0 O

U'HU=H=|0 0 e 0 0], (5.86)
0 0 0 €|| 0
0 0 0 0 e

where e; are the (real) eigenvalues. The amplitudes of the polarization modes are
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given by
g, Gy
AL AL
G| =U" |Gy, (5.87)
Aj A
() a

and thus eq. 5.80 becomes, in the mass eigenstate basis,

Gy
Al
(w+ids+H) | Gx | =0. (5.88)
Aj
P
This has as its solution
G (2) ellwter)z 0 0 0 0 G.(0)
Al (z) 0 eilwter)z 0 0 0 AL (0)
Gu(2)| = 0 0 eilwtex)z 0 0 G.(0)], (5.89)
Ay (2) 0 0 0 eilwten)z 0 Ay (0)
P(2) 0 0 0 0 ilwtea)z | | P(0)

G (2) eilwtes)z 0 0 0 0 G (0)
Al (2) 0 eilwres)z 0 0 0 A1 (0)
Gu(2)| =U 0 0 gilwtex)z 0 0 U™ G (0)
Ay (2) 0 0 0 eilete))z 0 Ay (0)
a(z) 0 0 0 0  eilwtea: a(0)
G4+(0)
A1 (0)
= M(z) |G«(0) (5.90)
Ay(0)

The transition probability is defined as P(i — j) = |M,;]?, and this represents the
probability that a particle of polarization mode i will have transitioned into a particle
of polarization mode j after traveling distance z. For example, P, _, | represents the

probability of a + graviton transitioning into a 1 photon. A few properties of the
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transition probability should be noted. First, it is clear that P(i — j) € R, by

construction. Second, by writing P(i — 7) in terms of U,
P(i—j) Ze’(e’“ DUk wUnUie, (5.91)

we may easily see that P(i — j) = P(j — 1)*, and therefore P(i — j) = P(j — i); in
other words, each transition is as likely to happen in one direction as it is to happen in
the other directoin. To make this symmetry clear, we will henceforth write P(i <> j).

The final property is that

Z P(i < j) = Z " OURURURU ¢ = Zei(e’“_e”%eU}kksz
ikt ot

= Z Ujk = 055 = 1. (5.92)

This is an important sanity check: a particle ¢ must transition into something (in-
cluding the possibility of remaining in its original polarization mode, represented by
P(i <> 1)), and thus the sum of probabilities of all states i could transition to should
be unity. Importantly, these properties have been proven using the unitarity of U
and the realness of the eigenvalues; thus we see that, if the mixing matrix H is not
Hermitian, then unphysical behavior will occur.

The above provides us with a scheme for finding the transition probabilities, but
it depends on finding an expression for U. To do this, we treat £&” — &f, x, and A
as small, so that we may calculate U using perturbation theory. To first order, it is

given by

Vi, p.ij Va.ij < V3.

Vs — 6us — ok : Y . 5.93
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We will combine all perturbative components of U into a single variable U®):

U=1+00, (5.94)

and we may perform a similar perturbative decomposition on the mass eigenvalues

and M(z):
e; = Houi + 651) (5.95)
eiwtHo++)z 0 0 0 0
0 eilwt+Ho 1)z 0 0 0
M(z) = 0 0 gilo+Ho )z 0 0 + MW (2). (5.96)
0 0 0 ei(w""HO,HH)Z 0
0 0 0 0 ei(w+H0,aa)z

There are higher-order terms as well, and, in calculating the transition probabilities,

there is insight to be gained by considering up to second order:

2
Pl j) = M|+ 2Re (MP M)

2
+ ‘M%’ +2Re (M M) +0(3), (5.97)

where O(3) indicates terms whose combined order in £” — &f, k, and X is at least 3.

For i # j, ME?) = 0, and therefore the off-diagonal transition probabilities become

Pli o ) = MO 1 MmO 203 5.98
(i > J) | T M| +O0(3). (5.98)

In other words, we may calculate the off-diagonal transition probabilities to second
order while calculating M(z) to only first order. We may then calculate the on-

diagonal transition probabilities via

P(i+»i)=1-> P(i+ j). (5.99)
J#i
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The probability transitions, found via this prescription, are given in Appendix C.

Section 5.5

Conclusion

Primakoff mixing is an important phenomenon to understand, both in the search for
scalar boson dark matter and in the study of gravitational waves. There has been
substantial interest in detecting dark matter by looking for mixing in the vicinity of
a compact object (black holes, neutron stars, and white dwarfs) [44-57]. In any such
experiment efforts, it will be crucial to incorporate the effects of curved spacetime
into calculations of the rate of mixing.

Mixing behaves significantly differently in curved spacetime than it does in flat
spacetime; going to curved spacetime introduces new mixing modes, and it alters
the amplitude and frequency of all transition probabilities. One important quality
of Primakoff mixing is that it is generic to all scalar boson dark matter models, i.e.
not necessarily the axion. While V3, which results from the axion-photon coupling,
is obviously specific to an axion model, V; , and V5 remains unchanged regardless
of the type of scalar boson dark matter under consideration. (Essentially, the non-
axion case is found by setting A = 0.) In other words, the majority of our results
are model-independent for scalar dark matter. However, it must be stressed that the
results presented here are incomplete, as they do not include nonlocal corrections,
and as a consequence the curvature corrections that we find are highly suppressed.

A complete version of these calculations are performed in [83].
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Chapter 6

Conclusion

The topic of particle interactions in curved spacetime is relevant, at least to some
extent, to every subject of astrophysics. In this thesis, we have examined two specific
situations in which these interactions are acutely relevant, namely superradiant axion
lasers and Primakoff-type bosonic mixing, and we have discussed a general treatment
of particle interactions that incorporates nonlocal corrections. To conclude, we offer
some brief comments on future research directions in which these three areas might
progress.

Superradiant axion lasers are a relatively new research subject. While the idea of
an axion laser dates back to 1995 [58], the idea that an axion cloud of the necessary
density could be formed by superradiance was not considered in the literature until
2018 [61, 62]. As such, there is much work that remains in this field. Research up to
this point has primarily focused on the affects of plasmas on the laser [62, 63, 65], as
black holes are expected to be surrounded by plasmas drawn in via accretion. The
work of chapter 2 fits well within this context, showing that a certain amount of
the plasma around a superradiant axion laser will come from the laser itself, via the
Schwinger effect. [65] simulated in significant detail the interaction between plasmas

and an axion laser; the inclusion of the Schwinger effect into simulations of this kind
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would be an interesting direction for future research.

While chapter 2, as well as the work that inspired it [61], approach the topic of
axion lasers from a particle perspective, the field has since then tended to take a
classical field theoretic approach [62-65]. One advantage to this approach is that the
equation of motion for a classical field in curved spacetime may be solved (numerically
or in some cases analytically) without working within a locally flat patch of spacetime.
Thus there is no need to introduce nonlocal corrections, per chapter 4. However, this
has not been done in all research [62, 65], and the results of chapter 4 suggests that
ignoring the effects of curved spacetime may result in missing important effects.

Much of the research that remains to be done on axion lasers lies in identifying
phenomena that may be relevant, and then incorporating them into an analysis of
axion lasers. Proverbially, we must find all of the pieces of the puzzle before we can
put them together. Chapter 2 represents an example of this, as we have identified
the Schwinger effect as relevant and shown how it may be incorporated into research
on axion lasers. Another phenomenon that may be relevant is the self-interaction of
axions, which, at certain densities, triggers the axion cloud to collapse in what has
been dubbed a bosenova [94, 191, 192]. Given that plasmas (both Schwinger plasmas
and accreted plasmas) can allow for unbounded axion growth, it is easy to see how
a bosenova collapse could be an important consideration. To date, however, this
specific question has not yet been researched.

Aside from the intricacies of axion lasers, there are also ways in which this research
may be extended to similar situations. One example would be to examine the question
of lasing in a multi-axion model. A recent paper [193] examined the question of laser-
like parametric resonance in one particular multi-axion model, but not in the specific
context superradiance. Another extension of this research would be to consider not

the laser-like production of photons from axion decay, but the laser-like photons of
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gravitational waves from axion decay, via a Chern-Simons coupling (see [194] for
a review). The Chern-Simons coupling constant is at present highly unconstrained,
with the best current constraints coming from frame-dragging effects around the earth
[195], and the laser-like production of gravitational waves may offer a more sensitive
means of constraining this parameter. Additionally, plasma effects are likely to be
much less significant to the laser-like production of gravitational waves, as plasmas
will only be relevant insofar as their energy will curve spacetime, i.e. they do not
kinematically prevent axion-graviton decay in the same way that they do with axion-
photon decay.

In contrast to superradiant axion lasers, Primakoff mixing is a much more well-
established field, having been researched continuously since its proposal in the 1980s
[35, 36], with its astrophysical application having been immediately recognized. As
such, while there is certainly more research to be done, the open questions are less
fundamental and less obvious than in superradiant axion lasers. As such, it suffices
for the purpose of this thesis to say that, in most if not all astrophysical contexts, the
curvature of spacetime appears highly relevant to the behavior of Primakoff mixing.
This topic is explored in greater detail in [83], and it is advisable that any proposal
to observe Primakoff mixing occurring around a compact object should incorporate
these considerations.

Lastly there is the topic of nonlocal corrections, established in chapter 4 and
discussed in greater detail in [85]. This is an entirely novel effective field theory tool,
and so there is much work to be done here. The most obvious statement here is
that all research in which one makes use of a locally flat approximation to curved
spacetime would benefit from incorporating nonlocal corrections. Additionally, as
noted in chapter 4, these nonlocal corrections can cause Planck-suppressed operators

to be enhanced, potentially enabling them to be observable. This would be a valuable
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way of probing otherwise inaccessible physics, which ought to be explored.

Another observation is that the determination of nonlocal corrections is, at present,
highly computationally expensive. The development of faster ways to compute, or
at least estimate, these corrections would be highly valuable in expediting additional

research.
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Appendix A

Calculation of the Rate of Pair

Production

In this appendix we perform the integral in eq. 2.24 in order to attain an expression

for I'senw. We begin by rewriting our integral in terms only of E), B, and 6:

Csehw = / / / d0dE|dB, Eji B} (E} + Bf)
47r oS

\/(EH Bﬁ) +4EHB” sec2 0

202 o0 1

EM nrB) —nnie
- i |
= choth B e . (A1)
(Eﬁ Bﬁ) +4E|TB sec2f n=1

sin fsec? 0|e

=0

The integral over # may be performed through the substitution
u= \/<E2 Bﬁ) + 4E”B sec? §, yielding

i 1 nrtB) —nrZe
1—‘Schw = dE dB,EyB (E + B ) 2‘7]%31\/1 — coth I e nﬂEH .
A 30 ([AD) L L)\ & ll E :n =
EM o I
(A.2)
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We may expand coth as a series of exponentials, allowing us to rewrite this as

w2
I . _Ec

o - 02 nwE—
Fschw = . 3O_EM Z / dE”E”e 29EM e Il

al B)

Z 2 — 5k0 / dBHBH (E|2‘ + Bﬁ) e Eme 2k B (AS)
k=0

To perform the inner integral, we may rewrite the B|| exponential as a Meijer G-

B2
. B _ ~1,0 [
function, exp ( 20%1\4) = Goa (zagM

6 ) , and then make use of the identity [196]

:ga—aagm»”“ _w
(2m)3 (=D " PHEL  (o/0)f

This identity requires a number of conditions for its validity, but the only ones relevant
to this discussion are that ¢ and w must both be nonzero; consequently, we must

separate the k = 0 term from the k # 0 terms, applying the above identity only to
the latter. This yields

2
E
II Ec

FSchw = 4 FRECIv Z / dEHEHB @einﬂi (20EM +0EME||
UEM

0 E2
272 2,412 I
+ Z n4k’47r45 ( k*m G2,1 <2n2k:27r20%
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Defining v = Eﬁ

i 4v 1,3 4 2
Dsehw = S 350EM Z / dve *Em G (n27r2E§ 2 ) (QJEM + oMV
1

v’ 272 2 v 0,—3
7 2 G -z 2
* ; n*kArdd ( (2n2k277 202, ' 0 )

1,2 v —17—%
G0 (S| . (A6)

The first two terms may be integrated using eq. A.4. Integrating the higher-order

terms requires the use of the bivariate Meijer G-function [197-199], defined as

(1) . (2) . (3)

Qap : Qa a
1 P2 ; P3
mi,m1:m2,n2;M3,N3

P1,q1:p2,q25p3,95 | L1 Y . (2) . (3)
By ;

/Ll /L (s +4)Ta(s)Ty(t)2"y'dsdt, (A7)

where L, and Lo are suitable contours and

ﬁF(ﬁ;i) )f[l <1—a —i—u)

o .
H F(l—ﬁj(-l)+u> H F(a?—u)
Jj=n;+1

Jj=m;+1

When p; = ¢; = 0, the bivariate Meijer G-function becomes a product of two uni-

variate Meijer G-functions. The integral may then be performed using the identity
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With some manipulation, we may rewrite this as
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(A.11)

We now wish to evaluate this in the limit ogy < E.. To do this, we first rewrite
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the bivariate Meijer G-function as

0 1,%,—2 : 1,%

- -1 : 1

1 1 0a [ 8oEy |1

= — [Tz +t)TA -Gy | 22
omi J; ®) (2+> (1 -G, (n%r?Eg

2
(GO1:0,3:1,2 80EMm 1
1,0:3.1:2.1
DBSE\ n2r2 B2 n2k?n?

12—t IR
? 27 7
-1 ) (n2k27r2) dt.

(A.12)

In the aforementioned limit,
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The sum over k becomes a Riemann zeta function:
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where we have used the zeta function’s integral representation,

t—1

Clt) = ;% _ ﬁ /Ooo L (A.16)

With some manipulation, the inner integral may be rewritten as a Meijer G-function

with a known form, yielding
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Our expression for the total rate of pair production then becomes
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Terms in this summation vanish as n increases, so that we may assume n is small,

and therefore SntrioT > 1. In this limit,

1 X 1
E2 50 gdy -2 B )° E2 5
(—02> / zdr -~ (8n4ﬁ4cEM) ~ T <—52> —1, (A.19)
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and so we get
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Substituting the expression for ogy found from eq. 2.27, and using the definition
for N5 yields eq. 2.28. Numerical calculations show that eq. 2.28 approximates
eq. A.2 well for N, < .1N§Chw, and continues to be accurate to within an order of

magnitude for all N, < N,
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Appendix B

Behavior of Functions of y

The dimensionless parameter x represents the rate at which electrons and positrons
are accelerated to relativistic velocities by radiation pressure. A number of quantities
may be expressed solely as a function of y, and in this appendix we establish the
mathematical tools to analyze these functions.

It is helpful to rescale quantities of length by a factor of {-; we label quantities
that have been rescaled in this way with a hat, e.g. po = x£%. With this notation,

the relation between the location of an electron or positron’s creation and the time it

takes for that electron or positron to exit the 2p-cloud may be written as

VE(1+7) 42T (2472)

- , (B.1
3+ T+ (B-1)

Y — fo = \/Tei <2+Teﬂ:) + g — 2tan”!

and the escape rate is
%
et = —7F7——T,. (B.2)
6 [ Tospodpo

This makes it clear that Flfj is a function only of x. Its asymptotic behavior may be
derived by noting that, in the limit y — oo, the arctangent term in eq. B.1 becomes

insignificant, and therefore
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X3

6 fo ( (x—pho)*+1- 1) podpo

T (B.3)

X—00

This may be evaluated to find that

lim Coe =T, (B.4)

X—0o0

which is what one would expect physically.
An integral which appears in pair annihilation, when written using hat notation,
is
PV = / " dp / " e / " Ao PP o (e, (B.5)
X" Jo 0 0 p
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The asymptotic behavior of I',,,V may be examined in a similar manner to I',«,

d(x2TannV)

although in this case it is convenient to examine o
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(x ) S / I / VT i
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dyx X—00
x S 10 (Vcom)
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(B.7)

We may convert the double integral into a single integral by differentiating three
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times:

d® d(x°TamnV) o Ve d
ann 1 X du._ 37 . e el
T A o 6/0 e (P A v2- ) dx

|Ue+ — Ve- ’0'<'Ucom)

x2+1
(B.8)
In the limit y — oo, the integrand becomes
3 Ve d
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When this is integrated, we arrive at our asymptotic form for I",,,V:
3(Inx)?
PonlV —— 4 nf) or. (B.10)
x—oo  2)

eq. 2.59 follows straightforwardly.
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Appendix C

Transition Probabilities in Curved

Spacetime

The following are the transition probabilities P(i <+ j) = ’Mij(Z)F, calculated per
section 5.4.3.
B3 + (25r)”
= 2
(w(ne = 1) + Z52 Riona )
X sin2<(%(7h — 1)+ 2P E1212|S:0)Z)» (C.1)

(0,Br)?

(w2 = 1) + =5 R )’

X sin2<(§(nu -1+ 32223;“” R1212{8:0)2>, (C.2)

P(4 1) = &?

P(+ ¢3]) = w2

4(02006 — 0,0:9)”

P(+ < ¢) = K*

X sin2<(%j — %R1212‘820)2>, (CB)

P(+ ¢ x) = ((& - 58)(}_%120;)’5:0 + E123p|8:0) 2)2, (C.4)
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4w

P(ll=1) =

P(||l ¢) = X2

P(L¢s ¢) =0, (C.10)

The probability that a given species remains the same can be found by using the
fact that total probability must sum to 1. Note that, in the limit where ngwg ,

s=0
0¢, and OBy, go to 0, these match with the flat-spacetime probabilities [35-39)
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