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Abstract

Compact objects, such as black holes and neutron stars, are known to be surrounded

by dense clouds of particles, including but not limited to photons, various plasmas,

and potentially dark matter and gravitons. These environments are of immense re-

search interest, not only for the purpose of understanding the compact objects they

surround, but also in the search to identify new particles, especially dark matter.

However, certain particle physics calculations are well developed in flat spacetime

but intractable in curved spacetime. In this thesis, I present a formalism by which

some of these calculations may be made tractable within a perturbative series. The

formalism works by constructing small patches of locally flat spacetime, through

which a particle travels; as a particle goes from one patch to another, the effective

Lagrangian receives corrections for each patch. In this way we are able to construct

comparators, analogous to a Wilson line, that “transport” the physics from one patch

to another. These corrections can result in the enhancement of higher-dimensional,

Planck-suppressed operators, enabling us to probe new physics.

This thesis also explores another topic in the area of particle behavior around a

compact object, namely that of axion lasers produced by superradiance. Superradi-

ance, a phenomenon through which energy and angular momentum may be extracted

from a rotating black hole, can generate dense clouds of axions, which can then decay

into photons; the number of photons produced by this decay can potentially stimu-

late further decay, creating a laser. This laser is powerful enough that the Schwinger
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effect may become significant, producing an electron-positron plasma, which has the

effect of slowing axion decay by imparting photons with an effective mass. In a sim-

plified model consisting of a rotating primordial black hole devoid of any preexisting

plasma, we find, depending on the system’s parameters, that the equilibrium state

of this laser may be mildly enhanced, or it may become unable to reach equilibrium,

with the axion cloud continuing to grow superradiantly.
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Chapter 1

Introduction

The vast majority of topics in astrophysics and cosmology, to greater or lesser extents,

involve particles interacting in curved spacetime. For example, it has long been

expected that regions of high dark matter density, known as dark matter spikes, will be

found around supermassive black holes [1–6], and recent observational evidence seems

to support this prediction [7, 8]. Similar predictions have been made for intermediate-

mass black holes [9–12], primordial black holes [13–17], neutron stars [18–22], and

white dwarfs [18, 23–26]. For a general review of the experimental prospects of dark

matter around compact objects, see [27]. Besides dark matter, plasmas show unique

behavior in curved spacetime [28, 29]. In cosmology, the expansion of spacetime

directly produces particles [30–32].

Two specific examples of this, which are depicted in Fig 1.1 and which we will

explore in detail in this thesis, are Primakoff-type bosonic mixing and axion lasers.

Primakoff conversion [33–39] is to a phenomenon whereby an ingoing boson interacts

with an insertion from a strong background field, producing an outgoing boson of

a different species. The classic examples, from [36], are that of photon-axion and

photon-gravitational wave mixing, both of which occur in a background magnetic

field. Primakoff conversion underpins many efforts to identify for the axion, both
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γ

γ

φ γ

〈A〉
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〈φ〉

γ γ

〈φ〉
Figure 1.1: Feynman diagrams of the four most relevant interactions examined in
this thesis. The top-left diagram shows the decay of an axion into two photons. It
is this decay that, when stimulated, produces an axion laser, as will be discussed in
more detail in chapter 2. The top-right and bottom-left diagrams depict Primakoff
conversion: in the top-right, an axion transitions into a photon via a background
electromagnetic field, and, in the bottom-left, an axion transitions into a graviton
via a background axion field. The bottom-right diagram depicts the conversion of a
photon of one polarization mode into a photon of another polarization mode, via a
background axion field, which is analogous to Primakoff conversion. In all diagrams,
time may go from left to right or right to left. As we will discuss in this thesis,
all of these interactions are relevant in astrophysical circumstances as a means of
potentially detecting axion dark matter, however it is important that the effects of
curved spacetime be accounted for.
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laboratory-based [40–43] and, more relevantly to us, astrophysical [44–57]. In these

astrophysical searches, the basic concept is that, in a dense cloud of dark matter

around a compact object, axions will mix with photons, resulting in either an excess

or deficit of light emitted from the object.

Axion lasing [58–65] refers to the stimulated decay of axions into photons. Axions

can spontaneously decay into photons, at an extremely low rate (in most axion models,

the axion lifetime exceeds the present age of the universe). Nevertheless, in a cloud

of axions of sufficient density, decay will still be expected to happen, simply as a

consequence of the law of truly large numbers (although the amount of time for this

decay will be inversely related with the axion-electromagnetic coupling constant).

Crucially, the presence of these photons then enhances the rate of further axion decay,

via Bose enhancement. Thus, shortly after reaching a certain critical number density,

the axion cloud will begin decaying into photons at an enhanced rate, producing

a light source of high luminosity. This is another means by which axion might be

observed.

Returning from the specific to the general: Primakoff conversion and axion lasing

represent two (though by no means the only two) situations in which there is research

interest in particle interactions taking place around compact objects. However, ana-

lyzing the behavior of particles in curved spacetime presents unique challenges. While

there exists a substantial body of work on the topic of quantum field theory (QFT) in

curved spacetime, e.g. [66, 67], which allows one to calculate the behavior of particles

in a non-dynamic curved spacetime, the fact that there exists no complete, consistent

theory of quantum gravity means that it is impossible to use present QFT tools to

calculate the backreaction of particles on spacetime. Instead, to calculate this back-

reaction, one may adopt a semiclassical approach, treating every field as quantum

except for the metric, which is treated as a classical field; see [68] for a detailed treat-

3



Introduction Introduction

ment. Importantly, both general relativity and semiclassical gravity may be viewed

as effective field theories (EFTs) [69–72]. In other words, every tool that we currently

have for describing the behavior of spacetime is an EFT, and, as we will see, EFTs

offer us immense calculational power. See [73, 74] for a review of EFT methods.

Primakoff mixing provides an illustrative example of the calculational power of

EFTs. Analogous to neutrino oscillations (for a review, see [75–77]), in Primakoff

mixing the presence of a background field results in mass eigenstates that are linear

combinations of the original polarization eigenstates, and it is these mass eigenstates

that propagate independently of each other. However, unlike in neutrino oscillation,

in Primakoff conversion the masses of these eigenstates depend on the background

fields, which in turn depend on one’s frame of reference. Thus, mixing is a frame-

dependent phenomenon, which presents a problem for any attempt to describe mixing

using QFT, as QFT in curved spacetime is fully covariant. EFT, in contrast, allows

for mixing to be made tractable.

Nevertheless, this EFT approach has its own limitation, which is that all EFTs

apply within a restricted range of energy and, analogously, a restricted region of

spacetime. However, gravitational effects can be nonlocal, as the massless propagators

allow for interactions across large lengthscales [78]. This is especially problematic

in light of the infrared divergence of the metric. To see this infrared divergence,

consider that, as a consequence of the equivalence principle, one may take any point

in spacetime and construct coordinates such that the metric is locally flat about this

point. The typical choice for this is Riemann normal coordinates, in which the metric

is given by [79]

gµν(x) = ηµν −
1

3
Rµρνσ(x0)(x

ρ − xρ0)(x
σ − xσ0 ) + . . . , (1.1)

where x0 is the point about which the locally flat coordinates are defined. Higher-
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Structure of the thesis Introduction

order terms contain higher-order derivatives of the Riemann tensor. The magnitude of

components of the nth-order derivative of the Riemann tensor is given approximately

by R−2−n
0 , where R0 is the radius of curvature at x0. Therefore, for sufficiently large

displacement x − x0, the expansion in (1.1) becomes divergent. Returning now to

the nonlocal nature of gravity, we can see the problem: even if the local curvature at

some point in spacetime is small, we should still see contributions from farther-away

points, where components of the metric may be larger. Thus, an EFT of gravity must

incorporate nonlocal corrections.

[78] proposed a means by which these nonlocal corrections could be incorporated

into a local EFT. Independently of this proposal, with no knowledge of it until we had

already completed our research, we pursued the exact approach described therein. It

was only afterward that we learned our method had been anticipated. In light of its

prescience, the statement from [78] is quoted in full:

Perhaps the issue could be addressed by combining patches using different

coordinates and matching on the boundary. In each patch we can use the

equivalence principle to make the coordinates nearly flat. Then matching

at the boundaries would convey the information from one patch to another.

However, this program has not yet been carried out.

Later in this thesis, we will carry out this program.

Section 1.1

Structure of the thesis

This thesis is structured as follows. In chapter 2, we examine an issue specific to axion

lasers, specifically taking place around a superradiant black hole. Superradiance refers

to a process by which particles around a rotating black hole may extract energy and
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angular momentum from the black hole [80–82], and it is expected that superradiance

may result in the formation of a dense axion cloud. This axion cloud may then trigger

lasing [61–65]. The resulting electromagnetic field is powerful enough to induce the

Schwinger effect, by which electron and positron pairs are created. In chapter 2, we

explore the effects of the resulting electron-positron plasma on the behavior of the

axion laser.

In chapter 3, we present a mathematical background on Riemann normal coor-

dinates, distinguishing between two forms, which we refer to as linear and nonlinear

Riemann normal coordinates. The difference between these is the number of terms

included in the definition of the coordinate system, and it should be emphasized that

this terminology is novel. It is common to only consider the linear term in the co-

ordinate system’s definition (what we call linear Riemann normal coordinates), and

the author is unaware of any detailed treatment on the impact of including higher-

order terms in this definition. However, these higher-order terms will be of crucial

importance in chapter 4, and thus it is important to understand the similarities and

differences between them. In chapter 3, we derive important properties of linear Rie-

mann normal coordinates, show that nonlinear Riemann normal coordinates do not

satisfy these properties, and discuss the way in which quantities (such as the metric)

may be calculated in nonlinear Riemann normal coordinates.

In chapter 4, we present a method for adding long-distance curvature corrections

to standard gravitational wave effective field theory. As anticipated independently

by [78], the method works by considering the motion of a particle along a geodesic

and dividing spacetime into several locally flat patches, each of which is centered

about a different point along the geodesic. The coordinates in each patch contain

curvature corrections, and, by adding together the coordinates of the patches, one

accumulates curvature corrections in the displacement four-vector between the first
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and last patch along the geodesic. From these curvature corrections one is able to

construct a comparator, with properties similar to a Wilson line, relating the fields

in the first patch to those in the final patch. Through the use of this comparator, one

may write a local EFT in the final patch that includes nonlocal corrections from the

entire length of the geodesic.

In chapter 5, we analyze Primakoff-type bosonic mixing in curved spacetime,

within a single patch of locally flat spacetime. We do not apply the technique estab-

lished in chapter 4, instead considering a simplified model that includes no higher-

dimensional operators (including those that would be introduced by nonlocal effects).

We demonstrate how going from flat spacetime to curved spacetime introduces new

mixing modes and changes the frequency of mixing. The techniques in this chapter

can be elaborated upon to include nonlocal corrections, per chapter 4, and this is

done in [83].

In chapter 6, we offer some brief concluding remarks and discuss potential future

research directions.

Chapter 2 is reproduced from a paper written by the author, [84], which has been

accepted for publication at Physical Review D at doi:10.1103/64sc-sg9n. Chapter

3 is also the author’s original work, although two of the proofs presented in it are

elaborations of proofs originally given in [79]; this chapter is planned to be adapted

into a paper to be submitted for publication. Chapter 4 is drawn largely from a paper

that the author and several coauthors have submitted for publication [85]. While the

author participated in the production of this paper, little of its content is the author’s

original work. Sections 4.3.3 and 4.4 are the author’s original work, although they

do not appear in the final paper. The reasons for this are that section 4.3.3 neglects

an important effect (discussed at the end of section 4.3.3), and section 4.4 was not

completed until after the [85] was published. The author’s only contributions that
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remained in the final paper were the specific forms of eqs. 4.11 and 4.13 (which were

originally written using a scalar rather than a tensor comparator) and the definitions

of αρσαβ and β
αβ

ρσ used therein. Chapter 5 is entirely the author’s original work, except

for the review of previous research in section 5.2.

8



Chapter 2

The Role of Schwinger Production

in Superradiant Axion Lasers

Section 2.1

Introduction

The axion has emerged as a leading candidate for dark matter [86–92]. A topic of

significant research interest is the idea that axions might be detected around rotating

black holes [93–97], via superradiance, which allows for the extraction of energy and

angular momentum from a rotating black hole [80–82]. Superradiance is often under-

stood through the concept of a gravitational atom [98, 99], as, in Kerr spacetime, the

Klein-Gordon equation permits quasi-bound state solutions, characterized by integer

quantum numbers (n, ℓ,m), much like those around a hydrogen atom. For a massive

scalar field, these quasi-bound states have energy [82]

En,ℓ = Re(ωn,ℓ) = mϕ

(
1− α2

2(n+ ℓ+ 1)2

)
, (2.1)

9



Introduction Schwinger Effect and BLASTs

where mϕ is the scalar mass and the coupling parameter is

α =
GmϕMBH

ℏc
= .037

( mϕ

10−5 eV

)( MBH

1024 kg

)
. (2.2)

Importantly, unlike in hydrogen atoms, where the frequency is entirely real, the quasi-

bound states around rotating black holes may have a complex frequency, Im(ωn,ℓ) ̸=

0. Depending on the sign of this imaginary frequency, the state will experience

either exponential growth or exponential decay proportional to eIm(ωn,ℓ)t. States with

exponential growth are referred to as superradiant.

Conceptually, there are a number of ways to understand superradiance. [100]

showed that, when a wave is incident on a rotating body, the second law of ther-

modynamics requires, under certain conditions, that the wave be reflected back with

greater energy and angular momentum than it initially had. From a particle per-

spective, superradiance may be understood as a consequence of the Penrose process

[101, 102], whereby an object passing through the ergosphere of a rotating black hole

may extract energy and angular momentum from the black hole. In either picture,

this energy extraction can only occur through the creation of new particles, because

the quasi-bound nature of the aforementioned states means that individual particles

cannot become more energetic. Consequently, superradiance increases the population

of particles around the black hole. The aforementioned descriptions are classical in

nature, i.e. the scalar field is not quantized, which is how superradiance is usually

treated. However, there do exist some treatments of superradiance as a quantum phe-

nomenon [103, 104]. These offer some additional insight into the exact mechanism in

which superradiant particles are created around a black hole.

In models that include an axion, rotating black holes are therefore expected to

produce a dense axion cloud via superradiance. It has been proposed [61–65] that, in

certain regions of parameter space, these axions can undergo stimulated decay into

10
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photons, creating a powerful laser, referred to in [61] as a BLAST (Black hole Lasers

powered by Axion SuperradianT instabilities). It has been observed [61, 63] that these

BLASTs are powerful enough that the Schwinger effect may become significant. The

Schwinger effect refers to a quantum mechanical, nonperturbative process whereby a

strong electromagnetic field produces electron-positron pairs. Plasma effects are sig-

nificant in the dynamic of BLASTs [62, 63, 65], primarily because the plasma imparts

photons with an effective mass, which eventually makes axion decay energetically im-

possible, thereby shutting off the laser. [61] speculated that plasma effects would re-

sult in the axion laser shutting off and then restarting in a periodic fashion, although

they did not explore the underlying dynamics in detail. [63, 64] performed numerical

simulations that seemed to validate the prediction of periodic bursts, whereas the

simulations in [65] found that laser-like emission occurs not in bursts, but smoothly;

however, all of these simulations assumed an electron-ion plasma acquired via accre-

tion, as opposed to an electron-positron plasma acquired via the Schwinger effect.

This paper therefore aims to explore the role of Schwinger production, specifically, in

axion lasers.

This paper is structured as follows. In section 2.2, we review how BLASTs behave

in the absence of the Schwinger effect. In section 2.3, we explore how an electron-

positron plasma evolves in the superradiant axion cloud around a rotating black hole,

and how that plasma affects the behavior of the photons and axions in that cloud.

In section 2.4, we analyze the resulting Boltzmann equations. Section 2.5 is the

conclusion.
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Section 2.2

BLASTs without Schwinger Production

We begin by briefly summarizing the work of [61].∗ Importantly, this approach as-

sumes a homogenous axion cloud in which decay happens uniformly; however, detailed

simulations show that the substructure of the axion cloud does indeed play a role in

the nature of the emitted lasers [65]. For example, lasers will include a beating pat-

tern that is not predicted under the approach described herein, which results from

photons produced inside the axion cloud traveling outward and interacting with the

outer parts of the cloud. The simulations needed to predict such phenomena are be-

yond the scope of this paper, and we restrict ourselves to a simpler, analytic approach,

which should be understood as a simplified model of a complicated system.

For scalar fields, the fastest-growing state is the 2p-state (n = 2, ℓ = m = 1). The

2p-state is approximately toroidal in shape, with the following dimensions:

Major radius: ⟨r⟩ = 5ℏ
cmϕα

= 2.6
( α

0.037

)−1 ( mϕ

10−5 eV

)−1

m (2.3)

Minor radius: ∆r =

√
5ℏ

cmϕα
= 1.2

( α

0.037

)−1 ( mϕ

10−5 eV

)−1

m (2.4)

Volume: V = 2π2⟨r⟩∆r2 = 71
( α

0.037

)−3 ( mϕ

10−5 eV

)−3

m3 (2.5)

Surface area: A = 4π2⟨r⟩∆r = 120
( α

0.037

)−2 ( mϕ

10−5 eV

)−2

m2. (2.6)

In the 2p-state, axions grow superradiantly at a rate

Γs =
c2ãα8mϕ

24ℏ
= 2.2 ∗ 10−3ã

( α

0.037

)8 ( mϕ

10−5 eV

)
s−1, (2.7)

where ã is the black hole’s spin parameter. At the same time, axions decay into

∗Note that some numerical values differ from those given in [61], because we parameterize quan-
tities in terms of α

.037 , whereas [61] parameterizes quantities in terms of α
.03 .
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photons at a rate

Γϕ = 1.1 ∗ 10−49K2
( mϕ

10−5 eV

)5
s−1, (2.8)

where K is a model-dependent factor. For the more general axion-like particle, K is

a free parameter, but for the QCD axion, which we examine in this paper, K ∼ O(1).

Due to the quasi-bound nature of the 2p-state, axions will not leave the 2p-cloud

except when disturbed by outside forces. However, a photon produced inside the

2p-cloud will naturally exit the 2p-cloud at the speed of light, producing an escape

rate of

Γγ =
c

∆r
= 2.5 ∗ 108

( α

0.037

)( mϕ

10−5 eV

)
s−1. (2.9)

[61] found that the Boltzmann equations for the total number of photons and

axions in the 2p-cloud to be

dNϕ

dt
= ΓsNϕ − Γϕ

(
Nϕ(1 + C1Nγ)− C2N

2
γ

)
(2.10)

dNγ

dt
= −ΓγNγ + 2Γϕ

(
Nϕ(1 + C1Nγ)− C3N

2
γ

)
, (2.11)

where

C1 =
8α2

25
C2 =

2α4

75
C3 = C2 + αC1. (2.12)

Γγ ≫ Γs ≫ Γϕ, and so for low values of Nγ and Nϕ photon production is negligible.

In this regime, Nϕ grows exponentially, Nϕ ∼ eΓst, while Nγ ∼ 2Γϕ

Γγ
Nϕ. However,

when Nγ ≳ 1
C1
, the C1Nγ terms become significant, which increases the rate at which

axions decay into photons; this marks the beginning of lasing. In this regime, Nγ

13
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increases rapidly, while Nϕ’s growth slows, until both reach their equilibrium values:

N eq
γ =

Γs
C1Γϕ

= 4.8 ∗ 1049ãK−2
( α

0.037

)6 ( mϕ

10−5 eV

)−4

(2.13)

N eq
ϕ =

Γγ
2C1Γϕ

= 2.7 ∗ 1060K−2
( α

0.037

)−1 ( mϕ

10−5 eV

)−4

. (2.14)

One important consideration is that a BLAST is only possible if the black hole

has enough spin to produce the requisite number of axions. Since the 2p-state has

magnetic quantum number m = 1, each axion produced by superradiance carries

with it angular momentum ℏ, and therefore at the onset of lasing the axion cloud has

angular momentum ℏΓγ

2C1Γϕ
, whereas the black hole’s angular momentum is given by

ãαMBH

mϕ
. This yields the requirement

0.06

ãα3K2

( mϕ

10−8 eV

)−2

≲ 1. (2.15)

Superradiance requires α ≲ .5, and therefore we must havemϕ ≳ 10−8 eV andMBH ≲

10−2M⊙. This constraint restricts BLASTs to occur only around primordial Kerr

black holes. Primordial black holes are expected to form with some small initial spin

[105–110], and they may spin up via a number of processes, including mergers [111],

accretion [14, 112], hyperbolic encounters [113], and Hawking radiation [114]. Thus

it is possible that the conditions for a BLAST might form in nature.

In the process of reaching the equilibrium values listed earlier, the photon number

reaches a maximum value of

Nmax
γ ≈ Γs

C1Γϕ
ln

Γs
Γϕ

= 5.1 ∗ 1051ãK−2
( α

0.037

)6 ( mϕ

10−5 eV

)−4
(

ξ

106

)
, (2.16)
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where

ξ = ln
Γs
Γϕ

= 107− 4 ln
( mϕ

10−5 eV

)
+ 8 ln

( α

0.037

)
+ ln

(
ã

K2

)
. (2.17)

This corresponds to a peak luminosity of

Lmax =
mϕ

2
Nmax
γ Γγ = 1.0 ∗ 1043ãK−2

( α

0.037

)7 ( mϕ

10−5 eV

)−2
(

ξ

106

)
erg/s. (2.18)

This luminosity is comparable to that of the entire Milky Way galaxy. These BLASTs,

if they exist, are therefore of great experimental interest, as they should be observable

and could provide insight into both primordial black holes and scalar dark matter.

Section 2.3

Electron-Positron Plasmas in BLASTs

[61, 63] showed that the number of photons generated by a BLAST is so great that

the electric field inside the 2p-cloud will approach the critical Schwinger field. It is ex-

pected that, in this limit, the production of electron-positron pairs via the Schwinger

effect will be significant. In the resulting electron-positron plasma, the photon has

an effective mass equal to the plasma frequency. For a sufficient density of electrons

and positrons, this will result in axions being energetically incapable of decaying into

photons. At the same time, the dynamics of the plasma are nontrivial. In this section,

we explore the behavior of this plasma, and the effect it has on axion decay. From

this point onward, we will work in natural units where c = ℏ = ϵ0 = 1.

2.3.1. Rate of Schwinger Production

The Schwinger effect [115, 116] is a nonperturbative effect caused by vacuum decay

in the presence of an electromagnetic field. The Schwinger effect cannot occur when
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E2−B2 = E⃗ ·B⃗ = 0, and therefore a single beam of light cannot induce the Schwinger

effect. However, when multiple beams of light intersect, the interference of the two

electromagnetic fields may satisfy the requirements for Schwinger production [117,

118]; this is an area of significant research interest, as it is hoped that the Schwinger

effect may be observable at the focus of two lasers (for a review, see [119]). In the

same way, Schwinger production may occur inside the 2p-cloud, where a large number

of photons are traveling in different directions.

The Schwinger effect is driven not only by the electromagnetic field, but by the

axion field as well [120, 121]. This is a consequence of the coupling between axions

and electrons, which takes the form

L ⊃ gae
2me

ψ̄eγ
µγ5ψe∂µϕ, (2.19)

where gae is the axion-electron coupling constant, me is the electron mass, ϕ is the

axion field, and ψe is the electron bispinor. The presence of axions has the effect

of enhancing the rate of pair production, compared to the Schwinger effect without

axions; this is referred to as the axion-assisted Schwinger effect [120, 121]. This is an

important consideration, however, for reasons that will be given momentarily, we do

not include it in this paper, instead reserving it for future research. Therefore, the

rate of Schwinger production given herein must be understood as a lower bound, as

we are neglecting an effect that is known to enhance pair production. Put another

way, the rate of Schwinger production that is used in this paper may be understood

as the correct value only when gae = 0; for gae > 0, the rate of Schwinger production

will be greater than what is used in this paper. Future research will be needed to

determine the rate of Schwinger production when gae > 0.

In the following subsection, we discuss the rate of Schwinger production assuming

no axion assistance; after that we will discuss the difficulties presented by axion
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assistance. Finally, we present an alternative way in which the rate of pair production

may be partially derived, in agreement with our result from the first subsection.

The Schwinger effect in Compton-volume patches. The Schwinger effect is

typically calculated in the frame of reference in which the electric and magnetic field

are parallel, which is guaranteed to exist except in the case where E2−B2 = E⃗ ·B⃗ = 0.

The strength of the electric and magnetic fields in this frame of reference can be found

by taking advantage of the Lorentz invariance of E2 −B2 and E⃗ · B⃗:

E∥ =

√
1

2

(√
(E2 −B2)2 + 4(E⃗ · B⃗)2 + (E2 −B2)

)
(2.20)

B∥ =

√
1

2

(√
(E2 −B2)2 + 4(E⃗ · B⃗)2 − (E2 −B2)

)
. (2.21)

For a constant, homogenous electromagnetic field, the rate of Schwinger production

is

dne+e−

dt
=
e2E∥B∥

4π2

∞∑
n=1

1

n
coth

nπB∥

E∥
e
−nπ Ec

E∥ , (2.22)

where Ec = m2
e

e
= 1.3 ∗ 1018 V/m is the critical Schwinger field. Note that this

increases with E∥ but decreases with B∥. In general, the Schwinger effect is highly

dependent on the space- and time-dependence of the electromagnetic field, i.e. a

nonconstant and/or nonuniform field will produce electrons and positrons at a very

different rate than the figure given above. However, the effects of nonconstancy and

nonuniformity are most pronounced when the electromagnetic field varies on length-

and time-scales less than the Compton wavelength of an electron, λC [122].

In our case, the random decay of axions into photons results in a superposition

of an enormous number of electromagnetic fields, so that the total electromagnetic

field within the 2p-cloud will be highly inhomogeneous and impossible to predict.

However, the length- and time-scales of these inhomogeneities will be the wavelength
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of the light, which is 2
mϕ

. For all axion masses that are of interest as a dark matter

candidate, this is far greater than the Compton wavelength. Therefore we may divide

the 2p-cloud into a number of patches, each with volume equal to the Compton volume

λ3C , and in each patch we may treat the electromagnetic field as uniform and constant.

(It should be noted that most research on the Schwinger effect at the intersection of

laser beams is done under the assumption of high-frequency light, typically X-rays,

and in such cases this approximation does not hold. We are taking advantage of the

fact that the light in a BLAST is at a much lower frequency than what would be

practical in an earth-based experiment.) Therefore, the total rate of Schwinger pair

production throughout the 2p-cloud is

dNe+e−

dt
=
∑

patches

λ3C
e2E∥B∥

4π2

∞∑
n=1

1

n
coth

nπB∥

E∥
e
−nπ Ec

E∥ . (2.23)

If one wished, one could now find the average value of E∥ and B∥ in the 2p-cloud,

and substitute these values into the above equation. However, this approach would

not produce an accurate estimate of the rate of Schwinger production. This is because

of the Schwinger effect’s highly nonlinear nature, meaning that even slight increases

to E∥ or decreases to B∥ may result in a dramatic increase to the rate of pair pro-

duction. This is significant in our case, because we have an electromagnetic field that

is, effectively, randomly varying, and as such there will be some patches where the

electromagnetic field produces electron-positron pairs at a greater or lesser rate than

would be predicted by the cloud-wide averages of E∥ and B∥. These “hotspots” and

“coldspots” contribute more than average and less than average, respectively, to pair

production. If the Schwinger effect were linear, the hotspots and coldspots would

cancel out when averaging over the patches, and therefore they could be ignored.

However, the Schwinger effect’s nonlinear nature means that the surplus of pair pro-

duction in the hotspots will be far greater than the deficit in pair production in the
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coldspots. Consequently, if we were to use the average values of E∥ and B∥, we would

significantly underestimate the rate of pair production. What we do instead is find

the probability distribution of the electric and magnetic field strength throughout the

2p-cloud, f(E) and f(B), and average over these. Our total rate of pair production

will then be

dNe+e−

dt
= V

∫ π

0

dθ sin θ

2

∫ ∞

0

∫ ∞

0

dEdBf(E)f(B)
e2E∥B∥

4π2

∞∑
n=1

1

n
coth

nπB∥

E∥
e
−nπ Ec

E∥

≡ ΓSchw, (2.24)

where θ is the angle between the electric and magnetic fields (assumed to be uniformly

distributed between 0 and π), and E∥ and B∥ are functions of E, B, and θ. Note

that E and B are the electric and magnetic field strengths in the axion cloud’s zero-

momentum frame, whereas E∥ and B∥ are the electric and magnetic field strengths in

a different frame of reference (that being the one in which the electric and magnetic

fields are parallel).

To find f(E) and f(B), we assume that the electromagnetic field components are

normally distributed uncorrelated random variables with equal standard deviation,

σEM. The electric field magnitude E =
√
E2
x + E2

y + E2
z then follows a chi distribu-

tion, with probability density

f(E) =

√
2√

πσ3
EM

E2e
− E2

2σ2
EM . (2.25)

An analogous expression for f(B) may be found in the same way. σEM may be found

from the energy density, which in terms of the electromagnetic field components is

u =
1

2

(
E2
x + E2

y + E2
z +B2

x +B2
y +B2

z

)
, (2.26)
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and therefore

⟨u⟩ = 3σ2
EM =

mϕNγ

2V
. (2.27)

We perform the integral in eq. 2.24 in Appendix A and show that

ΓSchw ≈ e2E2
cV

8
√
3π

∞∑
n=1

e
−3

(
Nγ

n2NSchw
γ

)−1
3 (

Nγ

n2NSchw
γ

) 1
3

(2.28)

where

NSchw
γ =

3π2E2
cV

4mϕ

= 4.9 ∗ 1051
( α

0.037

)−3 ( mϕ

10−5 eV

)−4

. (2.29)

This approximation holds for Nγ ≲ .1NSchw
γ . We will find that, for our purposes, this

is always the case, so that we may freely use this approximation for ΓSchw.

The challenges of axion-assistance. In principle, the approach we’ve taken can

easily be extended to account for axion-assistance. The axion field will vary in three

ways with respect to time and space: it has a time-dependent phase factor e−imϕt,

its magnitude increases with time as a consequence of superradiant growth, and it

is spatially inhomogeneous, which results from solving the Klein-Gordon equation

in Kerr spacetime. These spatial inhomogeneities have lengthscale 2
αmϕ

[80], and

superradiant growth occurs over timescale 1
2Γs

. The shortest timescale is that which

corresponds to the phase factor, 1
mϕ

, and therefore this is the dominant form of axion

assistance (since the axion couples to the electron via its derivative, ∂µϕ). All of these

length- and timescales are far larger than λC , and so, when we divide the axion cloud

into Compton volumes, we may consider only the dominant term and approximate

ϕ = e−imϕt|ϕ|. (2.30)
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In principle, all we need do is derive an analog to eq. 2.22 for the case of ϕ = e−imϕt|ϕ|,

i.e. find the rate of Schwinger production when the electric field, magnetic field, and

magnitude of the axion field are all held constant. We may then repeat the same

procedure as before, inserting this analog of eq. 2.22 into eq. 2.24.

The challenge here lies in finding this analog to eq. 2.22. To the author’s knowl-

edge, doing so analytically is not a solved problem in the literature; previous works

on the axion-assisted Schwinger effect [120, 121] have been primarily numerical in

nature. The prescription in these papers is to write a differential equation govern-

ing the time evolution of the Bogoliubov coefficients for the fermion, and then to

numerically solve this differential equation. This yields the rate of pair production

at a single point in momentum-space. To arrive at the total rate of pair production

within a single Compton-volume patch (i.e., our analog to eq. 2.22), one would need

to integrate over momentum space. Then, to find the total rate of pair production

throughout the entire 2p-cloud, one would need to integrate over E, B, and θ, anal-

ogous to eq. 2.24. This would yield the rate of pair production in the 2p-cloud, but

only for a single value of Nγ and Nϕ. Because Nγ and Nϕ will change over time,

one would need to repeat this procedure as the axion laser evolves with time. The

upshot is that numerically modeling the impact of the axion-assisted Schwinger effect

on a superradiant axion laser would require an octuple integral (one integral to find

the Bogoliubov coefficients, three over momentum space, three over the electric and

magnetic fields, and one over time). As this is unlikely to be computationally feasible,

it is necessary to determine an analytical expression to serve as our eq. 2.22-analog.

Deriving the rate of Schwinger production in the presence of both a constant

electromagnetic field and an axion field that is constant up to a phase factor, is a

sufficiently significant problem to deserve being a paper unto itself. For this paper,

we defer that problem, neglecting axion assistance but noting that our expression for
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ΓSchw nevertheless has value as a lower bound. A more complete understanding of the

Schwinger effect in BLASTs, applicable to the case of gae > 0, will only be possible

when the aforementioned eq. 2.22-analog has been derived.

An alternate perspective on pair production. In the preceding subsections, we

approached this problem from the perspective of the classical electromagnetic field; we

showed that, for sufficiently large Nγ, the field is sufficient to induce pair production

at a significant rate. There is an alternative way of considering the problem, which is

to focus on the individual photons present in the 2p-cloud, produced by axion decay.

This is an attractive lens through which to view the situation, as we know to a good

approximation the spectrum and distribution of these photons. At the level of the

individual photons, the Schwinger effect is caused by interactions between photons

and a single electron-positron loop. It is an interesting question to see if we can derive

our earlier results from the perspective of these specific particle interactions.

[123] calculates the rate at which N photons, K of which have positive helicity,

will undergo a scattering interaction involving a single loop. They find that, within

an electromagnetic field defined by the tensor Fµν , such a scattering interaction will

take place at the rate

ΓN,K = −m4
e

8π2

(
2e

m2
e

)N
c

(
K

2
,
N −K

2

)
χ

K
2
+ χ

N−K
2

− , (2.31)

where c is a function defined in [123], and χ± are related to the electromagnetic field:

χ± =
1

8
FµνF

µν ± i

8
FµνF̃

µν . (2.32)

Without knowing the specific form of Fµν (which will vary as a function of time and

position), by considering the energy density of the electromagnetic field we may say
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that, for a cloud of photons with angular frequency ω and number density nγ, we will

have

Fµν =
√
nγωfµν(x⃗, t), (2.33)

where fµν is a dimensionless function of time and space. The rate of scattering will

therefore be

ΓN,K ∝ m4
e

(
e2ω

m4
e

nγ

)N
2

, (2.34)

where the constant of proportionality will depend on N and K, as well as time and

position within the photon cloud. If e
2ω
m4

e
nγ ≪ 1, ΓN,K will vanish for large N , and the

rate of one-loop interaction will be negligible. Conversely, there exists some critical

number density of photons above which pair production is significant, given by

ncrit
γ ∼ m4

e

e2ω
. (2.35)

Bearing in mind that Ec = m2
e

e
and ω =

mϕ

2
, this reproduces, up to a constant of

proportionality, eq. 2.29.

2.3.2. Electron/Positron Escape Rate

Just as photons will exit the 2p-cloud at a rate Γγ, we also must calculate the rate

at which electrons and positrons will exit the 2p-cloud. Schwinger pairs are created

with some initial momentum, but we assume that this is negligible compared to the

momentum imparted by radiation pressure. This radiation pressure is driven by an

energy flux, which we assume to be constant throughout the 2p-cloud and which is

given by F = L
A

=
3mϕ

4V
Nγ. Let ρ be a coordinate defined as the distance from the

ring running through the center of the 2p-torus; we expect that radiation pressure will

cause electrons and positrons to move predominantly in the ρ̂ direction. Therefore

23



Electron-Positron Plasmas Schwinger Effect and BLASTs

each electron and positron gains energy at a rate

3σTmϕ

4V
Nγ =

d

dt
gttp

t =
d

dt

(1− rsr

r2 + 1
4
r2s ã

2 cos2 θ

)
me√

1−
(
dρ
dt

)2
 , (2.36)

where g is the Kerr metric, p is the four-momentum (related to the energy by E = pt),

rs is the Schwarzschild radius of the black hole, and r and θ are Boyer-Lindquist

coordinates. The factor of gtt accounts for the curvature of Kerr spacetime; note that

there could also be a gtϕp
ϕ term, corresponding to the electron or positron’s azimuthal

motion, except for the fact that, if the electron or positron is moving primarily in the

ρ̂ direction, then pϕ is negligible. The Schwarzschild radius may be written as

rs =
2GM

c2
= 1.5 ∗ 10−3

( α

.037

)( mϕ

10−5 eV

)−1

m, (2.37)

and therefore for all superradiant modes (α ≲ .5), r ≫ rs at all points within the

2p-cloud. We may therefore neglect this prefactor; put another way, the 2p-cloud is

far enough away from the black hole that we may treat spacetime as flat.

We assume that the timescale on which an individual electron or positron accel-

erates is much shorter than the timescale over which Nγ changes, and therefore we

may treat Nγ as constant. From this we find that the time Te± that it takes for the

electron or positron to leave the 2p-cloud is given by

∆r − ρ0 =

√
Te±

(
8V me

3σTmϕNγ

+ Te±

)
+

4V me

3σTmϕNγ

π3
−2 tan−1

√
3
(

4V me

3σTmϕNγ
+ Te±

)
+ 2

√
Te±

(
8V me

3σTmϕNγ
+ Te±

)
4V me

σTmϕNγ
+ Te±

 . (2.38)
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where ρ0 is the value of ρ where the electron or positron was created. While it is

not possible to get an exact analytical expression for Te± in terms of ρ0, the above

equation can be numerically inverted, so that in principal we may calculate the escape

rate as

Γe± =
1

⟨Te±⟩
=

∆r2

2
∫ ∆r

0
Te±ρ0dρ0

. (2.39)

Notably, in the limit
3σTmϕ

4V me
∆rNγ → ∞, Γe± → Γγ; this represents the limit where the

radiation pressure is so great that it immediately accelerates electrons and positrons

to relativistic velocities. We may therefore use

χ ≡ 3σTmϕ

4V me

∆rNγ =
Nγ

6.2 ∗ 1040
( α

0.037

)2 ( mϕ

10−5 eV

)3
(2.40)

as a dimensionless parameter for the behavior of Γe± . Γe± increases monotonically

as χ increases, asymptotically approaching Γγ. This behavior is analyzed in greater

detail in Appendix B, and it is plotted in Fig. 2.1a.

2.3.3. Pair Annihilation

Within the electron-positron plasma, some number of electrons and positrons will

annihilate and produce two photons. The cross-section of this annihilation is given

by [124, 125]

σ(vcom) =
3σT (1− vcom)

2

32vcom

(
3− v4com
vcom

ln
1 + vcom
1− vcom

− 2(2− v2com)

)
, (2.41)

where vcom is the velocity of the electron and positron in the center-of-mass frame.

Due to the effects of radiation pressure, described in the previous section, we expect

the electrons and positrons are primarily moving in the ρ̂ direction; we may therefore

treat the electron-positron plasma as a series of beams, each pointed in the ρ̂ direction.
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Figure 2.1 (continued on next page): Plot of functions of χ, which parameterizes how
relativistic the electrons and positrons become as a result of radiation pressure. (a)
demonstrates the behavior of Γe± . At low χ, there is negligible radiation pressure
driving electrons and positrons to exit the 2p-cloud, and so Γe± → 0. For large χ
the electrons and positrons are quickly accelerated to very close to the speed of light,
causing them to exit the 2p-cloud at roughly the same rate as the photons, and as a
result Γe± → Γγ. (b) demonstrates the behavior of Γann. Slower particles present a
larger cross-section, and therefore pair annihilation occurs frequently for small χ but
vanishes as χ → ∞. Note that Γann is the rate of annihilation per number of pairs
squared, not the total rate; in practice, large χ will correlate with large Ne+e− , so the
total rate of annihilation will increase with χ.
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Figure 2.1 (continued from previous page): (c) demonstrates the behavior of g(χ),
which scales the number of electron-positron pairs at which annihilation becomes
relevant. We show in Appendix B that, for large χ, g(χ) grows as χ2

(lnχ)2
.

For a pure beam of positrons and a pure beam of electrons with velocities ve+ and ve− ,

respectively, each of which is pointed in the same direction, the rate of annihilation

is

dne±

dt
= −ne+ne− |ve+ − ve− |σ(vcom), (2.42)

The center-of-mass velocity is related to the electron’s and positron’s velocities by

vcom =

√
γe+γe−(1− ve+ve−)− 1

γe+γe−(1− ve+ve−) + 1
, (2.43)

where γe± are the Lorentz factors corresponding to ve± .

In our case, the electrons and positrons have a distribution of velocities, f(v), and

therefore the total rate of annihilation is

dne±

dt
= −ne+ne−

∫
dve+dve−f(ve+)f(ve−)|ve+ − ve− |σ(vcom). (2.44)

Using the same approach as in the previous section, the velocity of an electron or

27



Electron-Positron Plasmas Schwinger Effect and BLASTs

positron is directly related to the length of time it has existed, t:

t =
1√

1− v2
4meV

3σTmϕNγ

=
∆r

χ
√
1− v2

, (2.45)

and therefore we may relate the velocity of the electron or positron to the distance it

has traveled since it was created, which we call ∆ρ:

∆ρ =
∆r

χ

(
v√

1− v2
− tan−1 v√

1− v2

)
. (2.46)

As in the previous section, we cannot write an analytic expression for v in terms of

∆ρ, but it is still possible in principle to express the former as a function of the latter,

v(∆ρ). We may therefore replace our integral over the velocities of the electron and

positron with an integral over the locations at which the two particles are created

and at which the annihilation occurs. Assuming that electrons and positrons are

created uniformly throughout the 2p-torus, and that annihilation occurs uniformly

throughout the 2p-torus, we get that the rate of annihilation is

dne±

dt
= −ne+ne−

∫ ∆r

0

dρ
2ρ

∆r2

∫ ρ

0

dρ0e+
2ρ0e+

ρ2

∫ ρ

0

dρ0e−
2ρ0e−

ρ2
|ve+ − ve−|σ(vcom),

(2.47)

where ve± is a function of ρ − ρ0e± . In this integral, ρ represents the coordinate at

which annihilation occurs, and ρ0e± represents the coordinate at which the electron

or positron was created. The factors of 2ρ
∆r2

and
2ρ0e±
ρ2

are the probability distributions

for ρ and ρ0e± . Since the number of electrons and positrons is assumed to be equal,

we may write this as

dNe+e−

dt
= −8N2

e+e−

V∆r2

∫ ∆r

0

dρ

∫ ρ

0

∫ ρ

0

dρ0e+dρ0e−
ρ0e+ρ0e−

ρ3
|ve+ − ve−|σ(vcom)

≡ −ΓannN
2
e+e− . (2.48)
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We show in Appendix B that ΓannV is a function only of χ, which is displayed in

Fig. 2.1b. As χ increases, the electrons and positrons become more relativistic, and

so both the cross section and the rate of annihilation decrease.

Each pair annihilation creates two photons, and therefore there ought to be a

ΓannN
2
e+e− term in the photon Boltzmann equation. However, these photons will

have energy of at least me, whereas the photons created by axion decay have energy

mϕ

2
≪ me. A rigorous analysis will therefore require us to keep track of two separate

photon populations, low-energy photons produced by axion decay and high-energy

photons produced by pair annihilation; the ΓannN
2
e+e− term would appear in the

Boltzmann equation of the latter, but not the former. However, as we will show later,

pair annihilation does not occur at a significant rate, and therefore we may ignore

these high-energy photons.

2.3.4. Suppression of Axion Decay

Lastly, we must account for the effects of the electron-positron plasma on axion decay.

The plasma frequency is given by

ωp =

√
2e2Ne+e−

meV
, (2.49)

and this serves as the effective mass of photons in the 2p-cloud. It is a straightforward

exercise of QED to show that this scales the rate of axion decay by

Γϕ → ΓϕRe

√
1− 8e2

mem2
ϕV

Ne+e− ≡ Γ′
ϕ. (2.50)
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Note that this has the effect of shutting down axion decay entirely when

Ne+e− ≥
mem

2
ϕV

8e2
= 6.5 ∗ 1017

( α

0.037

)−3 ( mϕ

10−5 eV

)−1

≡ N shutoff
e+e− . (2.51)

Another consequence of the photon’s effective mass is that it permits the photon

to grow superradiantly [28, 29, 126–128]. This effect is not considered in this paper,

as accounting for it would require an understanding of the spatial distribution of the

plasma, which is beyond our present scope. There is reason to believe it may not

be significant, as numerical simulations have shown that this superradiant growth

becomes significant only when ωp >
mϕ

2
[65], i.e. Ne+e− > N shutoff

e+e− . We will show later

that, to a good approximation, Ne+e− increases monotonically with Nγ; therefore,

because Nγ will not increase when Ne+e− ≥ N shutoff
e+e− , we do not expect Ne+e− to exceed

N shutoff
e+e− . It must be acknowledged, however, that this is only an initial prediction, and

a more detailed numerical model may reveal the superradiant growth of the photon

to be significant.

Section 2.4

Boltzmann Equations and Parameter Space

We may now write the Boltzmann equations for the axion number, photon number,

and Schwinger pair number:

dNϕ

dt
= ΓsNϕ − Γ′

ϕ

(
Nϕ(1 + C1Nγ)− C2N

2
γ

)
(2.52)

dNγ

dt
= −ΓγNγ + 2Γ′

ϕ

(
Nϕ(1 + C1Nγ)− C3N

2
γ

)
− 4me

mϕ

ΓSchw (2.53)
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dNe+e−

dt
= ΓSchw − Γe±Ne+e− − ΓannN

2
e+e− . (2.54)

Note that, because we are modeling the total number of particles in the axion cloud,

we have only included phenomena that can introduce or remove particles from the

cloud. There are likely to be additional phenomena that alter the distribution of

particles within the axion cloud (e.g. scattering between electrons and positrons),

but these are not relevant to this paper.

Numerical solutions to these equations, for two different sets of parameters, are

shown in Fig. 2.2. Initially, the rate of pair production is vanishingly small, so Nϕ

and Nγ behave identically to the description given in [61]. When Nγ gets within a

few orders of magnitude of NSchw
γ (roughly 10−4NSchw

γ ), electron-positron pairs begin

to be produced, and these electron-positron pairs impact the axion decay rate. Thus

we need only consider the case when Nγ is approaching NSchw
γ .

Let us first consider the behavior of Ne+e− . When Ne+e− is small, the annihilation

term is negligible, and so the number of electron-positron pairs is controlled only by

the rate of production and the rate of escape. For all Nγ < NSchw
γ , Γe± ≫ ΓSchw

Nγ
, and

therefore we may approximate Ne+e− ≈ ΓSchw

Γe±
. This approximation holds until either

annihilation becomes significant, or until Nγ exceeds NSchw
γ . We will show that, in

what appears to be a remarkable coincidence, both of these conditions are met at

roughly the same time. Examining first the matter of Nγ exceeding NSchw
γ , we note

that, when Nγ = NSchw
γ , χ is given by

χSchw = 7.8 ∗ 1010
( α

0.037

)−1 ( mϕ

10−5 eV

)−1

, (2.55)

and the number of electron-positron pairs is, provided the aforementioned approxi-
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(ai) (aii)

(bi) (bii)

Figure 2.2: Numerical simulations of the growth of Nϕ, Nγ, and Ne+e− . (a) is done
with α = .037 while (b) is done with α = .02, with the other parameters set to
mϕ = 10−5 eV, ã = .7, and K = 1. (aii) and (bii) show zoomed-in views of the onset
of lasing, when Nγ increases rapidly. In both cases, Ne+e− increases alongside Nγ,
matching with the approximation Ne+e− ≈ ΓSchw

Γe±
. Prior to the onset of lasing, Nϕ and

Nγ increase exponentially, while Ne+e− is negligible. In (a), Ne+e− approaches N shutoff
e+e− ,

slowing axion decay, so that Nγ stops increasing while Nϕ continues increasing. In
(b), Ne+e− is not large enough to significantly affect axion decay, and so Nγ and Nϕ

settle into their equilibrium values. (a) lies in the unstable region of parameter space,
while (b) lies in the unenhanced region (see Figs. 2.3 and 2.4). Note that, in both
plots, Nγ always remains multiple orders of magnitude below NSchw

γ , allowing for the
approximation given in eq. 2.28.
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mation still holds at this point,

NSchw
e+e− = 4 ∗ 1048

( α

0.037

)−4 ( mϕ

10−5 eV

)−4

. (2.56)

As for pair annihilation, that becomes significant when Ne+e− ∼ Γe±
Γann

≡ Nann
e+e− , which

may be written as

Nann
e+e− =

ΓγV

σT
g(χ) = 2.7 ∗ 1030

( α

0.037

)−2 ( mϕ

10−5 eV

)−2

g(χ), (2.57)

where

g(χ) =
χ5

48
(∫ χ

0
T̂e± ρ̂0dρ̂0

)(∫ χ
0
dρ̂
∫ ρ̂
0
dρ̂0e+

∫ ρ̂
0
dρ̂0e−

ρ̂0e+ ρ̂0e−
ρ̂3

|ve+ − ve− |σ(vcom)
σT

) ,
(2.58)

which uses the hat notation defined in Appendix B. g(χ) is plotted in Fig. 2.1c, and

we show in Appendix B that its asymptotic form is

g(χ) −−−→
χ→∞

2χ2

3(lnχ)2
. (2.59)

This means that, at χ = χSchw, Nann
e+e− ∼ NSchw

e+e− . In other words, pair annihilation

only becomes relevant right as Nγ reaches NSchw
γ . Thus, in the Nγ < NSchw

γ regime,

we may ignore annihilation, and the approximation Ne+e− ≈ ΓSchw

Γe±
holds.

We now examine the assumption that Nγ < NSchw
γ . The only positive term in

the Boltzmann equation vanishes when Ne+e− ≥ N shutoff
e+e− . If this happens when Nγ <

NSchw
γ , then the photon number will have a ceiling, which we refer to as N ceiling

γ

and which may be found by solving ΓSchw

Γe±
= N shutoff

e+e− for Nγ. Note that Nγ might

never reach N ceiling
γ . This inversion is easy to do numerically, but it is impossible

analytically, and therefore it is unclear how N ceiling
γ depends on α andmϕ. However, it
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is straightforward to show that, for any reasonable values of α andmϕ,
ΓSchw

Γe±
≫ N shutoff

e+e−

when Nγ = NSchw
γ . From this we conclude that N ceiling

γ ≪ NSchw
γ , and we may

therefore assume, throughout this analysis, that Nγ < NSchw
γ , and we may use the

approximations derived from this assumption.

Let us next turn to the effects of Ne+e− on Nϕ and Nγ. There are two conditions

under which the electron-positron plasma may become significant to the dynamics of

the photon number and the axion number. The first way is that, as Ne+e− approaches

N shutoff
e+e− , the rate of axion decay Γ′

ϕ vanishes. This happens when ΓSchw

Γe±N
shutoff
e+e−

∼ 1. The

second way is that, for sufficiently large Nγ, the rate of photon loss from the Schwinger

effect will become significant. This happens when 4meΓSchw

mϕΓγNγ
∼ 1. For all values of Nγ,

ΓSchw

Γe±N
shutoff
e+e−

≫ 4meΓSchw

mϕΓγNγ
, and therefore the former condition will be met before the latter.

Once the number of electron-positron pairs reaches N shutoff
e+e− , Nγ ceases to increase, and

consequently it will never become large enough for the second condition to be fulfilled.

We may therefore neglect the 4me

mϕ
ΓSchw term in the Nγ Boltzmann equation.

The buildup of Schwinger pairs suppresses the decay of axions into photons, re-

sulting in a lower equilibrium value for the photon number. The equilibrium value

may be found by taking the expression from [61] and substituting Γϕ → Γ′
ϕ, which

yields the expression

N eq
γ

2

(
1− 8e2Γeq

Schw

mem2
ϕV Γeq

e±

)
= N eq,w/o

γ

2
, (2.60)

where Γeq
Schw and Γeq

e± represent ΓSchw and Γe± evaluated at N eq
γ , and N

eq,w/o
γ = Γs

C1Γϕ
is

the expression for N eq
γ calculated without accounting for the Schwinger effect. This

equation does not have a solution for all regions of parameter space; for some values of

mϕ and α, it is simply impossible for the system to reach equilibrium. This represents

the case where the suppression of axion decay is so great that the photons will never

build up to the point where they come into equilibrium with the axions. While the
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number of photons will reach or approach N ceiling
γ , the number of axions will continue

growing unbounded. This is reflected mathematically by the fact that C1Γ
′
ϕNγ has

some maximum attainable value, and, if this maximum value is less than Γs, then Nϕ

will increase without bound. This will eventually result in the black hole spinning

down to the point where superradiance ceases. These regions of parameter space

where the system is unstable are shown in Fig. 2.3.

It should be noted that, while this paper has focused on axion decay, which cannot

happen when the plasma frequency exceeds
mϕ

2
, it has been shown that axion clouds

may still emit light after exceeding this limit, via axion annihilation, i.e. ϕ+ϕ→ γ+γ

[62, 65]. Indeed, it is possible to have any number of photons annihilate to produce

two photons, nϕ → γ + γ, with each individual annihilation process shutting off

when ωp > n
mϕ

2
. These higher-order processes will become more relevant in the

unstable case, as the axion cloud is expected to reach greater densities than is possible

outside of the unstable case, and these processes may in fact allow the system to

reach equilibrium (making the term “unstable case” something of a misnomer; it is

only unstable in this particular analysis, which ignores higher-level processes). This,

however, is beyond the scope of this paper.

In regions of parameter space where the system is stable, the equilibrium photon

number is enhanced by a factor of
Γϕ

Γ′
ϕ
. This enhancement is plotted in Fig. 2.4. It

is somewhat counterintuitive that the Schwinger effect, which has the consequence

of suppressing axion decay, enhances the equilibrium luminosity of axion lasers; the

reason for this enhancement is that, with the Schwinger effect reducing the axion

decay rate, a greater number of photons are needed to stimulate axion decay to the

point where equilibrium is reached. Thus, when the enhancement is large, we would

expect Nγ to grow, as a function of time, more slowly than when the enhancement is

small; however, it will take a longer time and more photons to reach equilibrium.
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Figure 2.3: Plot of the αmϕ plane of parameter space. The other parameters were
taken to be ã = .7 and K = 1. For larger values of α and smaller values of mϕ,
the system is unstable, represented by the black-colored region of parameter space.
In this region, the electron-positron plasma suppresses the axion decay so much that
the photon number never becomes large enough to halt the growth of the axion
number. The axion number therefore continues to grow superradiantly, causing the
black hole to spin down until it is no longer superradiant. In the colored regions of
parameter space, it is possible for the system to reach equilibrium, and the equilibrium
luminosity is plotted. Especially for light axions, these luminosities are extremely
high, making BLASTs potentially significant for future experiments. In the shaded
region of parameter space, Leq depends on both α and mϕ, but the dependence on α
is too small to see on this plot.
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Figure 2.4: Plot of the enhancement of the equilibrium luminosity against α and mϕ.
Leq is the equilibrium luminosity, while Leq,w/o is the equilibrium luminosity found
in [61], i.e. ignoring the effects of Schwinger pairs. The same unstable region shown
in Fig. 2.2 is also visible here. In the part of parameter space where an equilibrium
state exists, we can see that the equilibrium luminosity is hardly enhanced at all,
which means that the role of Schwinger production is negligible to the final state
of the BLAST. However, close to the unstable region, there is a region where the
enhancement becomes more significant. Note that computational constraints limit
the resolution of the section of the plot with the greatest enhancement. This means
that, even though the largest enhancement displayed on this plot is .02, it is likely
that even greater enhancements can be achieved.
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For the majority of parameter space (where equilibrium is possible), this enhance-

ment is negligible, as can be seen in Fig. 2.4. In regions where the enhancement

is negligible, the behavior of the BLAST may be modeled without considering the

impact of the Schwinger effect. However, we can see that the enhancement to the

photon number (and, consequently, the luminosity) increases somewhat as one ap-

proaches the region of parameter space where the system becomes unstable. The

result is that there is a small region of parameter space, located right next to the

region where BLASTs become unstable, where the BLASTS are stable but enhanced.

It is in this region where we would expect to find the strongest stable BLASTs.

Section 2.5

Conclusion

When an axion laser, such as a BLAST, becomes sufficiently strong, it can produce an

electric field close to the critical Schwinger limit, resulting in the creation of electron-

positron pairs. This has three effects on the dynamics of the photon and axion

number: photons are lost as their energy is converted into electrons and positrons;

electrons and positrons annihilate into photons, but with a higher energy than the

photons produced by axion decay; and the buildup of an electron-positron plasma

imparts an effective mass on the photon, slowing the rate of axion decay. We found

that the third is the dominant phenomenon. How this alters the behavior of a BLAST

depends on its parameters, specifically the values of α and mϕ.

To summarize, the parameter space of a BLAST may be divided into three regions:

• Unenhanced: In this region, the electron-positron plasma produced by the

Schwinger effect has a negligible impact on the dynamics of the BLAST, and

the analysis from [61] applies.
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• Unstable: In this region, the system never reaches equilibrium. While the

photon number Nγ will increase after the onset of lasing, the buildup of an

electron-positron plasma suppresses the axion decay rate, so that the axion

number Nϕ continues to rise. The annihilation of multiple axions into two pho-

tons may eventually bring the system to equilibrium; otherwise, the unbounded

growth continues until the black hole spins down, at which point the axion no

longer experiences superradiant growth.

• Enhanced: In between the previous two regions, the BLAST has an equi-

librium state, but its equilibrium luminosity is enhanced compared to what is

predicted in [61]. The BLAST will take a longer time to reach this equilibrium

state, compared to in the unenhanced case.

It is important to note that, in the first and third cases, the system will eventually

reach its equilibrium state (likely undergoing damped oscillations about said equilib-

rium state). This is in contrast to what was predicted in [61], which speculated that

the Schwinger effect would “restart” the system periodically. We therefore should

only expect a BLAST to exhibit periodic behavior if we happen to observe it in its

initial stages, before it has reached its equilibrium state.

This work has focused on the role of the Schwinger effect, and the resulting

electron-positron plasma, in the behavior of BLASTs, but this is not the only means

by which a plasma may come to interact with the axion cloud. Black holes are ex-

pected to be surrounded by a plasma, acquired via accretion, and the role of this

plasma in the behavior of BLASTs is nontrivial [62, 63, 65]. More study is needed to

see how the Schwinger-produced electron-positron plasma interacts with this preex-

isting, accreted plasma.

The equilibrium luminosities we have calculated are quite large in comparison

to the mass of a primordial black hole. For example, if mϕ = 10−5 eV, then the
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largest a black hole can be while remaining in the stable region of parameter space

is 6.5 ∗ 1028 kg, and, if such a black hole were to remain in that equilibrium state

continuously, it would evaporate after 7 ∗ 105 years. In practice, such a black hole

would undergo spin-down before this happened. Since the 2p-state has magnetic

quantum numberm = 1, each axion produced by superradiance carries with it angular

momentum ℏ, and therefore the black hole’s spin changes at a rate of dã
dt

= − Γsmϕ

αMBH
Nϕ.

As the black hole spins down, the superradiant growth of axions slows and eventually

stops. Thus, BLASTS represent a potentially important aspect of the spin evolution

of rotating black holes.

This paper has focused on the role of the Schwinger effect in one type of axion

lasing system, namely, BLASTs. However, there are many other axion lasers that are

of research interest (see [60] for a recent review). It is conceivable that the Schwinger

effect may play a significant role in these axion lasers as well. Axion lasers are a

promising method by which we might probe the existence of scalar dark matter.

Understanding the role of the Schwinger effect in these processes may be necessary

in order to develop accurate models of axion lasers.

An important caveat to these results is that our calculation of the rate of pair

production ignored the phenomenon of axion assistance to the Schwinger effect [120,

121]. Because a BLAST occurs in an axion field, we should expect the rate of pair

production to be greater than what is calculated using the standard Schwinger effect

(i.e., based only on the electromagnetic field, without considering the axion field). The

rate of Schwinger production used in this paper therefore serves as a lower bound.

The closeness this lower bound to reality will depend on the axion-electron coupling,

gae, with the true rate of pair production approaching the rate used in this paper

only in the limit gae → 0. We may predict that increasing gae will have the effect

of expanding the unbounded region of parameter space, as it becomes easier for the
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Schwinger effect to create a plasma of sufficient density that axion decay is shut off.

However, future research is needed to examine, in greater detail, the behavior of

BLASTs in the case of gae > 0.

It is also worth noting that we have assumed that all particles are uniformly

distributed throughout the 2p-cloud; however, the simulations conducted in [65] have

demonstrated that this approximation can fail to predict significant phenomena. It

is therefore necessary to do away with this assumption as well, which will entail

replacing the analytical calculations in this paper with numerical simulations.
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Chapter 3

Linear and Nonlinear Riemann

Normal Coordinates

Section 3.1

Introduction

There exist problems in particle physics that are well developed in flat spacetime but

intractable in curved spacetime. Indeed, the notion of a particle is not even well-

defined in all spacetimes [129, 130]. Therefore, despite the existence of a substantial

body of research devoted to the topic of quantum field theory in curved spacetime, e.g.

[66, 67], any phenomenon in which the notion of an individual particle is essential

becomes much more challenging in a generic curved spacetime. Examples of such

phenomena include all types of mixing, e.g. Primakoff mixing [33–36] and neutrino

mixing [131–133]. In order to handle such problems, an attractive approach is to

choose a coordinate system such that spacetime is locally flat about a given point; this

is always possible, as a consequence of the equivalence principle. In such a coordinate

system, the metric acquires corrections as one moves away from this central point.

Denoting these coordinates as ξµ and the point about which they are defined as ξµ0 ,
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the metric in these coordinates is given by

gµν = ηµν +O
(
(ξ − ξ0)

2) . (3.1)

Within a certain radius of ξ0, such that the corrections to the metric are small, one

may treat spacetime as flat with perturbative corrections, and in this spacetime one

may construct an effective field theory (EFT).

It should be noted that the process of constructing this EFT is not straightforward,

as the graviton’s massless propagator introduces nonlocal corrections [78]. Treating

these nonlocal corrections is the topic of the following chapter. In this chapter,

we provide a mathematical exposition on the construction of the aforementioned

coordinate system and the properties of the metric in that coordinate system.

The most common example of a locally flat coordinate system is Riemann normal

coordinates (see [79] for a review). In general, Riemann normal coordinates will have

the form

ξµ = ξµ0 + aµs+
1

3!
Aµα1α2α3

aα1aα2aα3s3 +
1

4!
Aµα1α2α3α4

aα1aα2aα3aα4s4 + · · · , (3.2)

where aµ is a vector tangent at ξ0 to the geodesic connecting ξ0 with ξ, s is an affine

parameter, and Aµα1...αn
are constant tensors that are totally symmetric in their lower

indices. The choice of the values for Aµα1...αn
is a gauge choice; any values of Aµα1...αn

represent a valid coordinate definition, and thus there exist multiple Riemann normal

coordinates [134]. In practice, it is common to consider only the lowest-order term:

ξµ = ξµ0 + aµs. (3.3)

This may be viewed as an approximation of eq. 3.2, or as a coordinate definition in
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its own right.

Both eqs. 3.2 and 3.3 define Riemann normal coordinates, in that in both coor-

dinates the metric will satisfy eq. 3.1. To distinguish between the two, we refer to

eq. 3.3 as linear Riemann normal coordinates (LRNC) and eq. 3.2 as nonlinear Rie-

mann normal coordinates (NRNC). An equivalent way of defining LRNC and NRNC

is that LRNC are an approximation of eq. 3.2 in which all higher-order terms are

neglected, whereas NRNC indicates the preservation of these higher-order terms. We

stress that the distinction between LRNC and NRNC is not common in the literature,

and the terms LRNC and NRNC are novel to this thesis. The distinction is important

insofar as including the additional terms in eq. 3.2 will cause NRNC to have different

properties than LRNC. Most relevantly, the derivatives of the metric evaluated at

the origin will have different values in NRNC than in LRNC. The vast majority of

literature concerns LRNC (i.e., neglecting higher-order terms in the definition of ξµ),

and the author is unaware of any systematic exposition on the properties of NRNC.

The following chapter will make use of the higher-order terms in eq. 3.2, and therefore

it is valuable to discuss the properties of NRNC, highlighting the ways in which it is

both similar to and distinct from the more commonly-used LRNC.

One important caveat is that the definitions of both LRNC and NRNC assume a

unique geodesic connecting ξ0 and ξ, but this is not the case for all pairs of points

in spacetime. For example, consider two particles traveling along the ISCO of a

Schwarzschild black hole in opposite directions, beginning at the same point. The

point in spacetime at which the particles’ paths re-intersect is connected to the start-

ing point by two distinct geodesics. A more famous example of this phenomenon

would be gravitational lensing. Thus Riemann normal coordinates are only defined

within the normal neighborhood of ξ0, i.e. the region of spacetime in which all points

are connected to ξ0 by a unique geodesic. See [135] for details on the determination
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of normal neighborhoods in an arbitrary spacetime. In practice, normal neighbor-

hoods are often large enough that, at their edge, the deviation of the metric from

the Minkowski metric is significant. Riemann normal coordinates (both LRNC and

NRNC) are typically convenient only insofar as the metric is an approximation of the

Minkowski metric, and therefore one typically restricts the use of Riemann normal

coordinates to a patch of spacetime wherein this approximation holds. If this patch

of spacetime is contained within the normal neighborhood of ξ0, then the restriction

on the definition of Riemann normal coordinates is of no practical concern.

We discuss LRNC, which is more commonly used in the literature than NRNC,

in the following section. We will prove several important properties. The section

after that discusses NRNC, comparing it with LRNC. Following that, we discuss the

treatment of gravitational waves in Riemann normal coordinates. Throughout this

chapter, we work in a metric with (+ − −−) signature. Before proceeding, we will

define some useful notation.

3.1.1. Notation

We use brackets to indicate symmetrization in the standard way, e.g.

T(µνρ) =
1

6
(Tµνρ + Tµρν + Tνµρ + Tνρµ + Tρµν + Tρνµ) . (3.4)

However, we will often find it necessary to exclude an index from symmetrization.

Whenever we place a dot over an index, it indicates that that index is exempt from

any symmetrization brackets surrounding it. For example, in contrast with eq. 3.4,

T(µν̇ρ) =
1

2
(Tµνρ + Tρνµ) . (3.5)
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We define the generalized connection, for n ≥ 3, as

Γµα1...αn
= Γµ(α1...αn−1,αn)

− (n− 1)Γµν(α1...αn−2
Γναn−1αn). (3.6)

Note that the generalized connection is totally symmetric in its lower indices. It

should be emphasized that, when we wish to refer to Γµα1...αn
for n ≥ 3, we will always

use the term “generalized connection”; if the word “connection” appears without

being preceded by the word “generalized,” then we are referring to Γµα1α2
(i.e., the

n = 2 case).

Section 3.2

Linear Coordinates

We begin by noting two gauge choices we are free to make within LRNC. The first is

to contract ξµ with a tetrad, eαµ:

ξ′α = eαµξ
µ ξ′α0 = eαµξ

µ
0 a′α = eαµa

µ, (3.7)

resulting in new coordinates

ξ′α = ξ′α0 + a′αs (3.8)

Because s has retained its meaning as an affine parameter along a geodesic, a′α is

tangent at ξ′0 to the geodesic connecting ξ′0 with ξ′; in other words, eq. 3.8 defines

a LRNC. This means we may freely choose whichever eαµ is convenient, and this

corresponds to defining the axes of our coordinate system. Under the choice of eαµ,

the metric transforms as

g′αβ = eαµe
β
νg

µν , (3.9)
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and thus we may freely choose our axes such that gµν

∣∣∣
ξ0
= ηµν .

As we will show later, gµν,α

∣∣∣
s=0

= 0, and therefore we arrive at

gµν = ηµν +O
(
(ξ − ξ0)

2) , (3.10)

characterizing the rate at which the metric in LRNC deviates from Minkowski metric.

The second choice we may make is rescaling,

aµ → α aµ s→ α−1 s, (3.11)

under which eq. 3.3 is plainly invariant. A particularly useful rescaling (valid only

when aµ is not tangent to a null geodesic) is to make aµ a unit vector, i.e. ηµνa
µaν =

±1, with + corresponding to a timelike geodesic and − corresponding to a spacelike

geodesic. In this case, the proper distance L along the geodesic from ξ0 to ξ has a

useful relationship with s. To show this, we note that, because s is an affine parameter

of the geodesic, dL
ds

is constant along a geodesic (this is a general property of any affine

parameter of a geodesic [136]). Therefore

L =

∫
dL

ds
ds =

dL

ds

∣∣∣∣
s=0

∫
ds =

√
−gµν

dξµ

ds

dξν

ds

∣∣∣∣∣
s=0

s =
√

−ηµνaµaνs

=

{
is aµ timelike
s aµ spacelike

. (3.12)

Going forward, we will assume aµ is a unit vector.

3.2.1. Important Properties of LRNC

There are two important properties of LRNC. The first is that, in LRNC, all partial

derivatives of the connection, when symmetrized over the lower indices, vanish when
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evaluated at the origin:

Γµ(α1α2,α3...αn)

∣∣∣
s=0

= 0, (3.13)

for all n ≥ 2. The second is that the partial derivatives of the metric, evaluated

at the origin, may be expressed in terms of the Riemann tensor and its covariant

derivatives, in a specific form. Specifically, any partial derivative of the metric is a

linear combination of terms of the following form, written in shorthand:

g−−,···

∣∣∣
s=0

⊃ R ···R
−
··· · · ·R−

···

∣∣∣
s=0

, (3.14)

where where dashes indicate a single index, and dots indicate some number of indices

(which may include indices corresponding to covariant derivatives). Necessarily, some

of these indices will be dummy indices, while others will correspond to the indices of

g−−,···. As a concrete example [79]:

gµν,αβγδ

∣∣∣
s=0

=
2

15

(
8Rµ(αβρ̇R

ρ
γδ)ν + 9Rµ(αβν̇;γδ)

) ∣∣∣
s=0

, (3.15)

which uses the dot notation defined earlier, and a semicolon indicates the covariant

derivative.

In this subsection, we will first prove that LRNC necessarily satisfy these two

properties (i.e., eqs 3.13 and 3.14). These proofs are adapted from [79]. We will then

show that if either of these properties are satisfied, then our coordinates must be

LRNC; we will do this by showing that eqs. 3.13 and 3.14 each (separately) imply

eq. 3.3. That is, if one knows that eq. 3.13 holds or that all derivatives of the metric

evaluated at the origin have the form given by eq. 3.14, then one immediately knows

that one is working in LRNC. In other words, we will show that eqs. 3.3, 3.13, and

3.14 are logically equivalent. This latter set of proofs is original work.
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Lemma 1. In any coordinate system, the coordinates xµ as one moves along a

geodesic are given by

xµ = xµ0 + bµs−
∞∑
n=2

1

n!
Γµα1...αn

∣∣∣
s=0

bα1 · · · bαnsn, (3.16)

where bµ = dxµ

ds

∣∣∣
s=0

.

Proof. Because s is an affine parameter, we may describe xµ as one moves along the

geodesic by the geodesic equation:

d2xµ

ds2
= −Γµαβ

dxα

ds

dxβ

ds
. (3.17)

More generally, for n ≥ 2,

dnxµ

dsn
= −Γµα1...αn

dxα1

ds
· · · dx

αn

ds
, (3.18)

which may be shown by induction:

dn+1xµ

dsn+1
=

d

ds

(
−Γµα1...αn

dxα1

ds
· · · dx

αn

ds

)
= −

(
d

ds
Γµα1...αn

)
dxα1

ds
· · · dx

αn

ds
− nΓµα1...αn

dxα1

ds
· · · dx

αn−1

ds

d2xαn

ds2

= −Γµα1...αn,αn+1

dxα1

ds
· · · dx

αn+1

ds

+ nΓµα1...αn
Γαn
αn+1αn+2

dxα1

ds
· · · dx

αn−1

ds

dxαn+1

ds

dxαn+2

ds

= −Γµα1...αn+1

dxα1

ds
· · · dx

αn+1

ds
. (3.19)

Evaluating at the origin:

dnxµ

dsn

∣∣∣∣
s=0

= − Γµα1...αn

∣∣∣
s=0

aα1 · · · aαn . (3.20)
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Performing a Taylor expansion of xµ yields eq. 3.16.

Theorem 1. In any LRNC defined by eq. 3.3, eq. 3.13 holds.

Proof. Comparing eq. 3.16 with eq. 3.3, we see that we must have

Γµα1...αn

∣∣∣
s=0

aα1 · · · aαn = 0 (3.21)

for all n ≥ 2. Because lemma 1 applies for any geodesic, eq. 3.21 must hold for any

value of aµ. The only way for this to be possible is if

Γµα1...αn

∣∣∣
s=0

= 0 (3.22)

for all n ≥ 2.

From eq. 3.6, the generalized connection may clearly be written in terms of only

the connection and its partial derivatives, where the highest-order derivative within

the expression for Γµα1...αn
is (n− 2)th-order (this may easily be shown by induction).

A general term in this expression will have the form

Γµα1...αn
⊃ Γ−

−−,··· Γ
−
−−,··· · · ·Γ−

−−,···, (3.23)

using the same shorthand defined earlier. If this term contains m factors of the

connection (or a partial derivative of it), then there are m upper indices, of which

m−1 must be dummy indices. This of course means that there must be m−1 dummy

indices among the lower indices, with the rest being α1, . . . , αn. By the pigeonhole

principle,∗ there must be at least one Γ in each term whose lower indices are only

drawn from α1, . . . , αn. Because Γµα1...αn
is totally symmetric in its lower indices, we

∗The pigeonhole principles that if more than n items are being sorted into n categories, then
there must be at least one category containing multiple items. Similarly, if fewer than n items are
being sorted into n categories, then there must be at least one category that remains empty.
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may freely symmetrize the α’s in the right-hand side of eq. 3.23, and thus we see that

each term in the expression for Γµα1...αn
will contain either a connection or a partial

derivative of the connection wherein all lower indices are symmetrized. A corollary

of this is that the highest-order term in Γµα1...αn
is Γµ(α1α2,α3...αn)

.

We may now prove our theorem by induction. Eq. 3.22 clearly implies that eq. 3.13

holds for n = 2. To prove the theorem for greater n, consider Γµα1...αn+1

∣∣∣
s=0

. We

have established that this may be written in terms of the connection and its partial

derivatives, with each term containing at least one connection (or a partial derivative

thereof) that is symmetrized over all lower indices. Thus, if eq. 3.13 holds up to some

value of n, then all terms in the expression for Γµα1...αn+1

∣∣∣
s=0

will vanish except for the

highest-order term:

Γµα1...αn+1

∣∣∣
s=0

= Γµ(α1α2,α3...αn+1)

∣∣∣
s=0

. (3.24)

From eq. 3.22, it follows that eq. 3.13 holds up to n+ 1.

A special case worth noting is

Γµαβ

∣∣∣
s=0

= 0, (3.25)

which implies that gµν,α

∣∣∣
s=0

= 0.

Lemma 2. In any LRNC defined by eq. 3.3, Rρ
(σµν̇,α1...αn)

∣∣∣
s=0

may be expressed

in terms of the Riemann tensor and its covariant derivatives evaluated at the ori-

gin, and the connection and its partial derivatives of the form Γτκ(λ,β1...βm)

∣∣∣
s=0

, where

{λ, β1, . . . , βm} ⊆ {α1, . . . , αn}.

Proof. In general, the partial derivatives of a tensor may be expressed in terms of

the covariant derivative along with some Christoffel symbols. Thus, by repeatedly
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expanding partial derivatives of the Riemann tensor in this way, it is possible to write

Rρ
σµν,α1...αn = Rρ

σµν;α1...αn +Qρ
σµνα1...αn

, (3.26)

whereQmay be expressed in terms of the Riemann tensor and its covariant derivatives

and the connection and its partial derivatives. From the expression for the covariant

derivative of an arbitrary tensor, in terms of the partial derivative and the connection,

we see that all connections will be of the form Γτκλ,β1...βm , where {λ, β1, . . . , βm} ⊆

{α1, . . . , αn} and κ either is an element of {σ, µ, ν} or is a dummy index internal to

Q. Therefore, if we symmetrize over σ, µ, and α1, . . . , αn, all connections will have

the form Γτ(κλ,β1...βm) (if κ ∈ {σ, µ}) or Γτκ(λ,β1...βm) (if not). When we evaluate at the

origin, the former vanishes by theorem 1. Thus,

Rρ
(σµν̇,α1...αn)

∣∣∣
s=0

= Rρ
(σµν̇;α1...αn)

∣∣∣
s=0

+ Qρ
(σµν̇α1...αn)

∣∣∣
s=0

, (3.27)

and the latter term contains only the Riemann tensor and its covariant derivatives

evaluated at the origin and the connection and its partial derivatives of the form

Γτκ(λ,β1...βm)

∣∣∣
s=0

.

Lemma 3. In any LRNC defined by eq. 3.3, Γρσ(α1,α2...αn)

∣∣∣
s=0

may be expressed in

terms of the Riemann tensor and its covariant derivatives evaluated at the origin.

Proof. Considering a (higher-order) partial derivative of the Riemann tensor, sym-

metrized over most of its indices and evaluated at the origin:

Rρ
(σµν̇,α1...αn)

∣∣∣
s=0

=

(
Γρν(σ,µα1...αn)

− Γρ(µσ,α1...αn)ν

+
(
Γρλ(µΓ

λ
ν̇σ

)
,α1...αn)

−
(
ΓρλνΓ

λ
(µσ

)
,α1...αn)

) ∣∣∣∣
s=0

=

(
Γρν(σ,µα1...αn)

− Γρ(µσ,α1...αn)ν
+
(
Γρλ(µΓ

λ
ν̇σ

)
,α1...αn)

) ∣∣∣∣
s=0

, (3.28)
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where the last term in the first line vanishes as a result of theorem 1. Next, we

consider all the terms in Γρ(µσ,α1...αnν)
, and divide them into two categories: terms in

which ν appears in the first two indices, and terms in which ν appears in the last

n + 1 indices. Because Γρ(µσ,α1...αnν)
is separately symmetrized over these two sets of

indices, doing so gives us the expression

(n+ 3)!Γρ(µσ,α1...αnν)
= 2(n+ 2)!Γρν(σ,µα1...αn)

+ (n+ 1)(n+ 2)!Γρ(µσ,α1...αn)ν
. (3.29)

Evaluating at the origin gives

Γρ(µσ,α1...αn)ν

∣∣∣
s=0

=
−2

n+ 1
Γρν(σ,µα1...αn)

∣∣∣
s=0

. (3.30)

Substituting this into eq. 3.28 gives

Γρν(σ,µα1...αn)

∣∣∣
s=0

=
n+ 1

n+ 3

(
Rρ

(σµν̇,α1...αn)

∣∣∣
s=0

−
(
Γρλ(µΓ

λ
ν̇σ

)
,α1...αn)

∣∣∣∣
s=0

)
. (3.31)

By lemma 2, the first term may be expressed in terms of the Riemann tensor and

its covariant derivatives evaluated at the origin, and partial derivatives of the con-

nection of the form Γτκ(λ,β1...βm)

∣∣∣
s=0

, where {λ, β1, . . . , βm} ⊆ {α1, . . . , αn}. Therefore,

all derivatives of the connection appearing within Rρ
(σµν̇,α1...αn)

∣∣∣
s=0

are at most order

n− 1. When the second term in eq. 3.31 is expanded via the product rule, all terms

in which the first connection is not differentiated will vanish, as a result of eq. 3.25.

Thus, all partial derivatives of the connection appearing within
(
Γρλ(µΓ

λ
ν̇σ

)
,α1...αn)

∣∣∣∣
s=0

are at most order n−1. Furthermore, all partial derivatives of the connection appear-

ing within
(
Γρλ(µΓ

λ
ν̇σ

)
,α1...αn)

∣∣∣∣
s=0

will be of the form Γτκ(λ,β1...βm)

∣∣∣
s=0

. Thus, we may

apply eq. 3.31 recursively, successively removing derivatives of the connection. Since

each application of eq. 3.31 is guaranteed to decrease the highest order within the
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expression for Γρν(σ,µα1...αn)

∣∣∣
s=0

, this process is guaranteed to terminate when all con-

nections are undifferentiated (and therefore vanish per eq. 3.25). At this point, one

is left with an expression for Γρν(σ,µα1...αn)

∣∣∣
s=0

solely in terms of the Riemann tensor

and its covariant derivatives evaluated at the origin.

Theorem 2. In any LRNC defined by eq. 3.3, eq. 3.14 holds.

Proof. Consider the Taylor expansion of the metric:

gµν = ηµν +
∞∑
n=1

1

n!
gµν,α1...αn

∣∣∣
s=0

(ξα1 − ξα1
0 ) · · · (ξαn − ξαn

0 ) . (3.32)

The partial derivatives of the metric can be calculated using the identity

gµν,α = gµρΓ
ρ
να + gνρΓ

ρ
µα, (3.33)

and therefore

gµν,α1...αn =
(
gµρΓ

ρ
να1

)
,α2...αn

+
(
gνρΓ

ρ
µα1

)
,α2...αn

=
(
gµρΓ

ρ
ν(α1

)
,α2...αn)

+
(
gνρΓ

ρ
µ(α1

)
,α2...αn)

, (3.34)

where we arrived at the second line by noting that gµν,α1...αn is symmetric over

α1 . . . αn. By repeatedly applying eq. 3.34, one can express gµν,α1...αn in terms of

Γρσ(β1,β2...βm), where m ≤ n. From lemma 3, it follows that gµν,α1...αn

∣∣∣
s=0

may be ex-

pressed in terms of only the Riemann tensor and its covariant derivatives evaluated

at the origin.

The Riemann tensor and its covariant derivatives, as introduces into the expression

for gµν,α1...αn

∣∣∣
s=0

, are of the form Rρ
σµν,β1...βm . At no point in lemmas 2 and 3 did

we introduce a contravariant metric, and thus we cannot have any upper indices

besides the first index of each Riemann tensor. In contrast, the recursive application
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of eq. 3.34 inevitable terminates with one factor of the covariant metric in each term.

Thus, one (and only one) of the upper indices in each term of the expression for

gµν,α1...αn

∣∣∣
s=0

may be lowered. Thus every term in the expression for gµν,α1...αn

∣∣∣
s=0

has the form given in eq. 3.14.

The significance of theorem 2 may easily be seen by noting that the covariant

derivative of the Riemann tensor is itself a tensor. If one knows the value of the

Riemann tensor in some arbitrary coordinate system xµ, and one also knows the

tetrad that converts between xµ and ξµ at the origin (and, as noted earlier, the choice

for this tetrad is totally arbitrary), then one may contract the Riemann tensor (and

its covariant derivatives) with these tetrads in order to find the value of the Riemann

tensor and its covariant derivatives, in LRNC, evaluated at the origin. Thus, given any

arbitrary coordinate system, we have an easy prescription for finding an expression

for the metric in LRNC.

We now reverse the direction of implication:

Theorem 3. If eq. 3.13 holds, then so too must eq. 3.3.

Proof. From eq. 3.6, the generalized connection may clearly be written in terms of

only the connection and its partial derivatives. A general term in this expression will

have the form

Γµα1...αn
⊃ Γ−

−−,··· Γ
−
−−,··· · · ·Γ−

−−,···. (3.35)

If this term contains m factors of the connection (or a partial derivative of it), then

there are m upper indices, of which m − 1 must be dummy indices. This of course

means that there must bem−1 dummy indices among the lower indices, with the rest

being α1, . . . , αn. By the pigeonhole principle, there must be at least one Γ in each

term whose lower indices are only drawn from α1, . . . , αn. Because Γµα1...αn
is totally

symmetric in its lower indices, we may freely symmetrize the α’s in the right-hand
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side of eq. 3.35, and thus we see that each term in the expression for Γµα1...αn
will

contain either a connection or a partial derivative of the connection wherein all lower

indices are symmetrized. Thus, by eq. 3.13, all terms will vanish, and we see that

Γµα1...αn

∣∣∣
s=0

= 0 (3.36)

for all n ≥ 2. Substituting this into lemma 1, we see that the coordinates as one

moves along a geodesic from the point xµ0 to xµ are given by

xµ = xµ0 + bµs, (3.37)

which is the definition for a LRNC.

Theorem 4. If eq. 3.14 holds, then so too must eq. 3.3.

Proof. Consider some term in eq. 3.14 containing m Riemann tensors (or covariant

derivatives of the Riemann tensor). This term will have m − 1 upper indices, which

must all be dummy indices, as g−−,···

∣∣∣
s=0

has no upper indices. This obviously means

there must be m − 1 dummy indices among the lower indices. The Riemann tensor

with a raised index, R−
···, contains one pair of antisymmetric indices, while the Rie-

mann tensor with no raised indices, R···, contains two pairs of antisymmetric indices.

Thus each term in g−−,···

∣∣∣
s=0

contains m + 1 pairs of antisymmetric indices. By the

pigeonhole principle, there must be at least two pairs of antisymmetric indices that do

not contain any dummy indices. Thus, if we symmetrize all but one of the non-dummy

indices, then we are guaranteed to symmetrize over at least one antisymmetric pair,

causing the entire term to vanish. Therefore, for all n ≥ 1,

gµ(ν,α1...αn)

∣∣∣
s=0

= 0 = g(µν,α1...αn−1)αn

∣∣∣
s=0

. (3.38)
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Next consider the partial derivative of the connection, symmetrized over all lower

indices and evaluated at the origin:

Γρ(µν,α1...αn)

∣∣∣
s=0

=
1

2

(
gρλ
(
gσ(µ,ν + gσ(ν,µ − g(µν,σ̇

))
,α1...αn)

∣∣∣
s=0

. (3.39)

Expanding out the derivatives, we find that every term in Γρ(µν,α1...αn)

∣∣∣
s=0

contains a

derivative of the metric of either of the forms in eq. 3.38, and therefore Γρ(µν,α1...αn)

∣∣∣
s=0

vanishes for all n ≥ 0. Thus we see that eq. 3.14 implies eq. 3.13. From theorem 3,

we know that eq. 3.13 implies eq. 3.3.

Thus we see that eqs. 3.3, 3.13, and 3.14 may all serve as definitions of LRNC, as

each one is logically equivalent to the other two.

Section 3.3

Nonlinear Riemann Normal Coordinates

We now turn to NRNC. Much of what was said about LRNC applies to NRNC. We

may freely transform our basis with the use of tetrads, so that we may set gµν

∣∣∣
s=0

=

ηµν . We may freely rescale aµ and s, making aµ a unit vector. Our derivation of

eq. 3.12 only relies on s being an affine parameter, so it holds for the case of NRNC.

Comparing eq. 3.16 with eq. 3.2 yields

Γµα1...αn

∣∣∣
s=0

= −Aµα1...αn
(3.40)

for n ≥ 3, which serves as the NRNC analog to eq. 3.22. Similarly, we may see that

Γµαβ

∣∣∣
s=0

= 0, and thus we get that 3.10 holds for NRNC. However, the coefficients

in the Taylor expansion of gµν will be different from what we found in LRNC. This

is necessarily true as a consequence of eqs. 3.13 and 3.14 not holding in the case of
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NRNC, which is the most important difference between LRNC and NRNC.

Indeed, despite having eq. 3.40 as an analog to eq. 3.22, there is no clear way to

generalize the proofs in the previous section to NRNC. The reason for this relates to

one particular step in the proof of theorem 1. As part of that proof, we established

that each term in the expression for Γµα1...αn
will contain either a connection or a partial

derivative of the connection wherein all lower indices are symmetrized. Note however

that we could not guarantee that all partial derivatives of the connection appearing

in the expression for Γµα1...αn
will have all of their lower indices symmetrized. When

proving theorem 1, this was not an issue, as our inductive step caused the entire term

to vanish; that is to say, making an assumption about Γµ(α1α2,α3...αn)

∣∣∣
s=0

allowed us

to treat all Γ’s, whether or not they were symmetrized over all of the lower indices.

However, in the case of NRNC, we know that Γµ(α1α2,α3...αn)

∣∣∣
s=0

is generally nonzero,

and therefore we cannot remove these terms in their entirety. Thus the expression

for Γµα1...αn
will contain partial derivatives of the connection that are not symmetrized

over all lower indices, and we do not have an obvious way to deal with these. Thus

our proof of theorem 1 cannot be adapted to NRNC. Because theorem 1 was used in

our proof of theorem 2, this also prevents us from generalizing theorem 2 to NRNC.

Instead, to calculate derivatives of the metric in NRNC, the most expedient option

is to begin by calculating the derivatives in LRNC, and then performing a coordinate

transformation to NRNC. Defining vµ = aµs, we see that

∂ξµNRNC

∂ξρLRNC

=
∂ξµNRNC

∂vρ

= δµρ +
1

2!
Aµα1α2ρ

vα1vα2 +
1

3!
Aµα1α2α3ρ

vα1vα2vα3 + · · · (3.41)

∂ξρLRNC

∂ξµNRNC

=
∂vρ

∂ξµNRNC

= δρµ +
1

2!
Bρ
α1α2µ

vα1vα2 +
1

3!
Bρ
α1α2α3µ

vα1vα2vα3 + · · · , (3.42)
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where the coefficients Bρ
α1...αnµ may be found by recognizing

∂ξµNRNC

∂ξρLRNC

∂ξρLRNC

∂ξνNRNC
= δµν , con-

tracting eqs. 3.41 and 3.42, and going order-by-order. Note that the lowest-order

terms in the coordinate transformations are Kronecker deltas, meaning that any ten-

sor evaluated at the origin will have the same value in both LRNC and NRNC.

Importantly, this applies to the Riemann tensor and its covariant derivatives.

Thus, given the derivatives of the metric in LRNC, calculated using the techniques

in the previous section, we may calculate the metric in NRNC:

gNRNC
µν = gLRNC

ρσ

∂ξρLRNC

∂ξµNRNC

∂ξσLRNC

∂ξνNRNC

, (3.43)

where the coefficients in the Taylor expansion for
∂ξρLRNC

∂ξµNRNC
may be expressed in terms

of Aµα1...αn
. The coefficients in the Taylor expansion for gLRNC

ρµ may be expressed in

terms of the Riemann tensor and its covariant derivatives evaluated at the origin, as

proven in the previous section, and the Riemann tensor (and its covariant derivatives)

evaluated at the origin are the same in both LRNC and NRNC. Thus we arrive at

our key result for NRNC:

Theorem 5. In any NRNC defined by eq. 3.2, any derivative of the metric evalu-

ated at the origin may be written in terms of the Riemann tensor and its covariant

derivatives evaluated at the origin and the coefficients Aµα1...αn
.
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For example, we find that the metric out to fourth order in s is given by

gµν = ηµν +

(
1

3
Rα1µνα2

∣∣∣
s=0

− ηρ(µA
ρ
ν)α1α2

)
aα1aα2s2

+

(
1

6
Rα1µνα2;α3

∣∣∣
s=0

− 1

3
ηρ(µA

ρ
ν)α1α2α3

)
aα1aα2aα3s3

+

(
1

20
Rα1µνα2;α3α4

∣∣∣
s=0

+
2

45
Rρα1α2µ

∣∣∣
s=0

R
ρ
α3α4ν

∣∣∣
s=0

− 1

3
Rρα1α2(µ

∣∣∣
s=0

Aρν)α3α4
+

1

4
ηρσA

ρ
α1α2µ

Aσα3α4ν

− 1

12
ηρ(µA

ρ
ν)α1α2α3α4

+
1

2
ηρ(µA

σ
ν)α1α2

Aρα3α4σ

)
aα1aα2aα3aα4s4

+O(s5). (3.44)

Similarly, the Taylor series for the contravariant metric may be found using

gµνNRNC = gρσLRNC

∂ξµNRNC

∂ξρLRNC

∂ξνNRNC

∂ξσLRNC

, (3.45)

which yields

gµν = ηµν −
(
1

3
R

µν

α1 α2

∣∣∣
s=0

− ηρ(µAν)α1α2ρ

)
aα1aα2s2

−
(
1

6
R

µν

α1 α2;α3

∣∣∣
s=0

− 1

3
ηρ(µAν)α1α2α3ρ

)
aα1aα2aα3s3

−
(

1

20
R

µν

α1 α2;α3α4

∣∣∣
s=0

− 1

15
R
ρ µ

α1α2

∣∣∣
s=0

R
ν
α3α4ρ

∣∣∣
s=0

+
1

3
R
ρ (µ

α1α2

∣∣∣
s=0

Aν)α3α4ρ
− 1

4
ηρσAµα1α2ρ

Aνα3α4σ

− 1

12
ηρ(µAν)α1α2α3α4ρ

)
aα1aα2aα3aα4s4

+O(s5). (3.46)

It is straightforward to check that this satisfies gµρgρν = δµν . All other quantities, e.g.

the connection and its partial derivatives, may be calculated using eqs. 3.44 and 3.46.
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3.3.1. N th-order NRNC

To better understand how the introduction of the coefficients Aµα1...αn
causes NRNC

to differ from LRNC, we define the order N of a NRNC as the largest value such

that n < N =⇒ Aµα1...αn
= 0. In other words, all coefficients in eq. 3.2 vanish until

one reaches the Aµα1...αN
term. LRNC may be viewed as an ∞th-order NRNC, and

the order of a NRNC may be understood as describing how far one has to go from

the origin before one deviates from LRNC. Note that, by our definition of NRNC

(eq. 3.2), a NRNC necessarily has an order of at least 3.

From eq. 3.40, we may see that, in an N th-order NRNC, eq. 3.22 holds for all

n < N . It is then easy to see that we may apply our proof of theorem 1 for all n < N :

Corollary 1. In an N th-order NRNC, eq. 3.13 holds for all n < N .

The proofs for lemmas 2 and 3 may also be extended to an N th-order NRNC,

although in this case the restriction is n < N − 1. This allows us to partially extend

theorem 2 to NRNC:

Corollary 2. In an N th-order NRNC, all nth-order partial derivatives of the metric,

evaluated at the origin, are the same as those calculated in LRNC, if n ≤ N − 2.

For example, in the lowest-order NRNC, N = 3, only the first-order derivative

of the metric has the same value at the origin as in LRNC, which is another way of

stating that eq. 3.10 holds for both LRNC and NRNC. At N = 4, we get that the

second-order derivative of the metric at the origin will also have the same value in

NRNC as in LRNC, and so on, so forth. Put another way, introducing an O(sN) term

to the right-hand side of eq. 3.3 results in a change to the metric at order O(sN−1).

As with LRNC, the converse of these statements is also true.

Corollary 3. If in a NRNC eq. 3.13 holds for n ≤ N − 1, then the NRNC’s order is

at least N .
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Proof. The proof is very similar to that for theorem 3, except that we only have

Γµα1...αn

∣∣∣
s=0

= 0 (3.47)

for n ≤ N − 1. By eq. 3.40, this means that Aµα1...αn
for n ≤ N − 1. Thus the

lowest-order coefficient that may be nonzero is Aµα1...αN
.

Corollary 4. If the metric in a NRNC is equal to the metric in LRNC up to order

N − 2 in s, then the NRNC’s order is at least N .

Proof. Γµα1...αn

∣∣∣
s=0

depends on the first n − 1 derivatives of the metric, evaluated at

the origin. Since the first N − 2 derivatives are the same in our NRNC as they are in

LRNC, it follows that Γµ(α1...αn)

∣∣∣
s=0

= 0 for n ≤ N − 1. By eq. 3.40, we will therefore

have Aµα1...αn
= 0 for all n < N , and thus the NRNC is at least order N .

Section 3.4

Gravitational Waves in Riemann Normal

Coordinates

Gravitational waves are readily studied in flat spacetime, where they are defined as

perturbations on the Minkowski metric:

gµν = ηµν + εhµν , (3.48)

where ϵ is a bookkeeping variable to distinguish between background terms and small

perturbations. More challenging is the case of gravitational waves in a curved back-

ground spacetime:

gµν = gµν + εhµν , (3.49)
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where the separation of g into g and h must be carried out via a scale separation;

see [134, 137, 138] for a detailed treatment on the subject. It is reasonable to hope

that, by using Riemann normal coordinates, we might be able to treat gravitational

waves in a curved spacetime, while retaining some of the simplicity of flat spacetime.

In this section, we examine the extent to which this is possible.

The metric perturbation is gauge fixed by performing coordinate transformations,

xµ → x′µ = xµ + εfµ, (3.50)

under which the metric perturbation transforms as

hµν → h′µν = hab − 2∇(µfν), (3.51)

where ∇ indicates the covariant derivative taken with respect to the background

metric (g for curved spacetime or η for flat spacetime). In flat spacetime, a common

choice of gauge is the transverse traceless (TT) gauge, in which h = ∂µhµν = h0ν = 0,

where h = ηµνhµν is the trace of the metric perturbation. If the gravitational wave is

propagating in the 3 direction, then the metric perturbation may be written in this

gauge as

hµν =


0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0

 = h+e
+
µν + h×e

×
µν , (3.52)

where

e+µν =


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

 e×µν =


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

 . (3.53)

63



Gravitational Waves Riemann Normal Coordinates

h+ and h× are then the two degrees of freedom of the graviton in flat spacetime.

However, in curved spacetime, the graviton acquires an effective mass and has five

degrees of freedom, so that the gravitational wave will have the form

hµν = h+e
+
µν + h×e

×
µν + h3e

3
µν + h4e

4
µν + h5e

5
µν , (3.54)

where e3µν , e
4
µν , and e

5
µν are the extra polarization modes. Note that e+µν and e×µν may

not have the same form as they do in flat spacetime (they need not be constant).

Mathematically, the reason why we have eq. 3.54 instead of 3.52 in curved space-

time is because we cannot necessarily force the gauge condition h0ν = 0 in curved

spacetime. However, in this section, we will prove that, in LRNC or in NRNC of at

least order 4, it is possible to choose our gauge such that h0ν = O
(
(ξ − ξ0)

2). The

result of this is that all new degrees of freedom and all corrections to the old degrees

of freedom are quadratic in displacement from the origin,

e+µν =


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

+O
(
(ξ − ξ0)

2)

e×µν =


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

+O
(
(ξ − ξ0)

2)

e3µν = e4µν = e5µν = O
(
(ξ − ξ0)

2) . (3.55)

Thus, if we only work in a region of spacetime small enough that we may neglect all

terms of order (ξ − ξ0)
2 or higher, then we may use eq. 3.52 as a valid approximation

for gravitational waves.

To prove this, we will work in a vacuum, i.e. we will set Rµν = 0, where Rµν is the

Ricci tensor calculated using the background metric. The reason for this is that, in
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the presence of a stress-energy tensor, the metric perturbation may be divided into a

radiating component in the TT gauge, which corresponds to the gravitational wave,

and a non-radiating component, which is not in the TT gauge [137]. In a vacuum

spacetime, we only have the radiating component. We may therefore examine the

case of a vacuum spacetime to determine what mathematical form that radiating

component will have.

We will be performing a series of coordinate transformations, i.e.

ξµ −→ ξ′µ = ξµ + εfµ

−→ ξ′′µ = ξ′µ + τκf ′µ

−→ . . . , (3.56)

which corresponds to a series of transformations to hαβ:

hµν −→ h′µν = hµν − 2∇(µfν)

−→ h′′µν = h′µν − 2∇(µf
′
ν)

−→ . . . . (3.57)

Each coordinate transformation is chosen so as to give hµν an additional gauge prop-

erty. However, we must take care that one coordinate transformation does not undo

the gauge condition imposed by the previous coordinate transformation. Therefore,

each coordinate transformation will impose a condition that all future coordinate

transformations must obey, in order to preserve the gauge condition imposed by the

former coordinate transformation. Our first coordinate transformation is chosen such

that

∇µ∇µfν = ∇µ
hµν −

1

2
∇νh, (3.58)
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which imposes the gauge condition

∇µ
h′µν =

1

2
∇νh

′ (3.59)

and forces all future coordinate transformations to obey

∇µ∇µf
′
ν = 0. (3.60)

It can be shown that, if we have chosen our coordinates such that ξ0 = ξ00 is a spacelike

surface, then it is possible to choose an f ′ that satisfies eq. 3.60 as well as

2∇µf
′µ∣∣

ξ0=ξ00
= −h′

∣∣
ξ0=ξ00

(3.61)

and

2∂0∇µf
′µ∣∣

ξ0=ξ00
= −∂0h′

∣∣
ξ0=ξ00

, (3.62)

and that such a choice of f ′ causes h′′ = 0 [139]. Therefore, we have as our gauge

conditions ∇µ
h′′µν = h′′ = 0, and future coordinate transformations must obey

∇µ∇µf
′′
ν = 0,

∇µf
′′µ∣∣

ξ0=ξ00
= 0,

and ∂0∇µf
′′µ∣∣

ξ0=ξ00
= 0. (3.63)

Because our metric is locally Minkowskian at ξ = ξ0, there must exist a gauge in

which h′′′ = ∂µhµν = h0ν = 0 at ξ = ξ0 [134], and therefore it must be possible to

choose some f ′′ that satisfies eq. 3.63 while also satisfying

∇(0f
′′
ν)

∣∣
ξ=ξ0

=
1

2
h′′0ν

∣∣∣∣
ξ=ξ0

, (3.64)
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which causes h′′′0ν
∣∣
ξ=ξ0

= 0.

We will now perform one last coordinate transformation, with the goal of setting

∂µh
′′′′
0ν

∣∣
ξ=ξ0

. To summarize, we have already forced the gauge conditions

∇µ
h′′′µν = 0,

h′′′ = 0,

and h′′′0ν
∣∣
ξ=ξ0

= 0, (3.65)

and our final coordinate transformation must satisfy

∇µ∇µf
′′′
ν = 0,

∇µf
′′′µ∣∣

ξ0=ξ00
= 0

∂0∇µf
′′′µ∣∣

ξ0=ξ00
= 0

∇(0f
′′′
ν)

∣∣
ξ=ξ0

= 0

and ∂µ∇(0f
′′′
ν)

∣∣
ξ=ξ0

=
1

2
∂µh

′′′
0ν

∣∣∣∣
ξ=ξ0

, (3.66)

where the first four equations are necessary to maintain the gauge conditions in

eq. 3.66, and the last equation is to force the gauge condition ∂µh
′′′′
0ν

∣∣
ξ=ξ0

. We may

simplify eq. 3.66 to first order in (ξ − ξ0), by making use of the fact that, in our

coordinate system,

Γ
ρ

µν = −2

3
R
ρ
(µν)αa

αs+O
(
s2
)
, (3.67)

where Γ
ρ

µν and R
ρ
σµν are the Christoffel symbol and Riemann tensor, respectively,

calculated using the background metric. (The reason this proof does not work for

third-order NRNC is that, in third-order NRNC, Γ
ρ

µν has an additional term at first

order in s, proportional to Aρµνα.) Dropping the primes, we find that we may rewrite
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eq. 3.66 as

∂µ∂µfν = O (ξ − ξ0)

∂µf
µ
∣∣
ξ0=ξ00

= O
(
(ξ − ξ0)

2)
∂0∂µf

µ
∣∣
ξ0=ξ00

= O (ξ − ξ0)

∂(0fµ)
∣∣
ξ=ξ0

= 0(
∂µ∂(0fν) +

2

3
R
ρ
(0ν)µfρ

) ∣∣∣∣
ξ=ξ0

=
1

2
∂µh0ν

∣∣∣∣
ξ=ξ0

. (3.68)

It is easy to check that the first three of these equations are satisfied by

fµ =

∫
d4k′δ

(
k′ρk′ρ

)
Fµ(k

′)eik
′
ρ(ξρ−ξρ0) +O

(
(ξ − ξ0)

3) , (3.69)

where Fµ(k
′) is some function satisfying Fµk

′µ = 0. The O
(
(ξ − ξ0)

3) is necessary to

satisfy the right-hand sides of the first three equations. The remaining two equations

become

∫
d4k′δ

(
k′ρk′ρ

)
k′(0Fµ)(k

′) = 0 (3.70)∫
d4k′δ

(
k′ρk′ρ

)(2

3
R
ρ
(0ν)µ

∣∣∣
s=0

Fρ(k
′)− k′µk

′
(0Fν)(k

′)

)
=

1

2
∂µh0ν

∣∣∣∣
ξ=ξ0

, (3.71)

which can easily be solved by letting Fµ(k
′) be a sum of Dirac deltas. Therefore it is

possible to choose a gauge in which

∇µ
hµν = 0

h = 0

h0ν
∣∣
ξ=ξ0

= 0

∂µh0ν
∣∣
ξ=ξ0

= 0, (3.72)
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which means that

h0ν = O
(
(ξ − ξ0)

2) . (3.73)

We can show the same thing for h3ν by considering the gauge condition∇µ
hµν = 0:

0 = gµρ∂ρhµν − gµρΓ
σ

ρµhσν − gµρΓ
σ

ρνhµσ

= ∂3h3ν + ∂0h0ν +O (ξ − ξ0) . (3.74)

We have used the fact that, since we are examining a wave propagating in the 0

and 3 directions, ∂1 = ∂2 = 0. ∂0h0ν is at least order ξ − ξ0, so it follows that

h3ν = O
(
(ξ − ξ0)

2). Lastly, we note that

0 = h = gµνhµν = ηµνhµν +O
(
(ξ − ξ0)

2)
= h11 + h22 +O

(
(ξ − ξ0)

2) , (3.75)

so

h22 = −h11 +O
(
(ξ − ξ0)

2) . (3.76)

Therefore, defining h+ = h11 and h× = h12, we get

hµν =


0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0

+O
(
(ξ − ξ0)

2) . (3.77)

We have thus proved that, to our order of approximation, we may use eq. 3.52 as our

expression for hµν , in all Riemann normal coordinates except for third-order NRNC.

As an aside, it is instructive to examine why we are only requiring the first deriva-

tive of h0ν to be 0 at ξ = ξ0, i.e., would it be possible to require higher-order derivatives

to also be 0? While it is possible that there may exist a gauge in which a higher-order
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derivative of h0ν is 0 at ξ = ξ0, the proof above cannot be used to demonstrate this.

The reason for this is that one of the equations fν would have to satisfy (analogous

to eq. 3.68) would involve a derivative of at least third order (as opposed to the proof

above, which only involved at most second-order derivatives), and this would cause

the O
(
(ξ − ξ0)

3) correction in eq. 3.69 to become relevant at ξ = ξ0. As a result,

eq. 3.69 would no longer satisfy all of the constraints on fν .

Section 3.5

Conclusion

Linear and nonlinear Riemann normal coordinates are both means of defining a locally

flat patch of spacetime. Historically, studies of Riemann normal coordinates have

considered only LRNC, whereas in the next chapter we will use NRNC, hence the

necessity of understanding the differences between them. In both coordinates, there

exists some point ξ0 where gµν

∣∣∣
ξ0
= ηµν and Γρµν

∣∣∣
ξ0
= 0. As one moves away from ξ0,

spacetime becomes curved, proportionally to (ξ − ξ0)
2:

gµν = ηµν +O
(
(ξ − ξ0)

2) . (3.78)

However, the coefficients in this expansion will be different in LRNC and NRNC.

We have demonstrated how these coefficients may be calculated. In LRNC, the

derivatives of the metric evaluated at ξ0 may be written in terms of the Riemann

tensor and its covariant derivatives evaluated at ξ0. In NRNC, the derivatives of

the metric evaluated at ξ0 depend on both the Riemann tensor and its covariant

derivatives evaluated at ξ0, and the coefficients used to define the NRNC, Aµα1...αn
.

It is impossible to find some nonzero choice of Aµα1...αn
such that the dependence on

Aµα1...αn
cancels out for all n. However, if all Aµα1...αn

are zero for n < N , then the
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coefficients in the Taylor series of the metric will be the same as in LRNC up to order

N − 2 in s. Thus, it is possible for a NRNC to approximate LRNC arbitrarily well.

LRNC and NRNCs of at least order 4 are particularly useful in the treatment

of gravitational waves, as in these coordinates gravitational waves may be treated

as having their flat-spacetime forms out to order (ξ − ξ0)
2. Thus, within a certain

radius of ξ0, Riemann normal coordinates allow us to analyze gravitational waves

in curved spacetime without accounting for the effects of curved spacetime on the

gravitational wave’s form. This is an example of a more general concept, which is that

Riemann normal coordinates are useful insofar as they allow us to treat the curvature

of spacetime as corrections to a flat spacetime, with these corrections dependent on

the displacement. It is in this way that we will utilize both LRNC and NRNC in the

following two chapters.
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Chapter 4

Gravitational Wave Effective

Theory with Curvature Corrections

Section 4.1

Introduction

In the previous chapter, we established how, with the right choice of coordinates,

one may describe spacetime within a certain region as locally flat. Such a locally

flat patch of spacetime is a natural choice for constructing an effective field theory

(EFT). The premise of EFT is to describe physics primarily using low-energy degrees

of freedom, with only a small number of high-energy degrees of freedom. Careful

examination of relevant energy scales reveals that many terms involving high-energy

degrees of freedom will be suppressed at low energies, so that they may be ignored.

This produces a tractable theory capable of producing accurate predictions. See

[73, 74] for a review of EFT methods.

The problem of constructing an EFT of gravity has been well-studied [69–72, 78],

but one challenge that remains arises from the infrared divergence of gravity. This

infrared divergence may be seen in the series expansion of the metric in linear Riemann
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normal coordinates. We saw in the previous chapter that the derivatives of the

metric evaluated at s = 0 may be represented in terms of the Riemann tensor and

its covariant derivatives, also evaluated at the origin. The magnitude of components

of the nth-order derivative of the Riemann tensor is given approximately by R−2−n
0 ,

where R0 is the radius of curvature of the metric at s = 0 [134]. Thus, as an order of

magnitude estimate, we may write

∂ · · · ∂g
nth derivative

∣∣∣
s=0

∼ R−n
0 . (4.1)

From this, we see that each term in the Taylor expansion of the metric will have

magnitude of (s/R0)
n. Thus, at lengthscales greater than R0, the series expansion

for the metric becomes divergent.

This infrared divergence is not cured by going to nonlinear Riemann normal coor-

dinates. The derivatives of the metric in NRNC, evaluated at s = 0, may be expressed

as their value in LRNC plus some terms involving the coefficients Aµα1...αn
. Conse-

quently, the scale of these derivatives will be at least the scale of the derivatives in

LRNC:

∂ · · · ∂gNRNC

∣∣∣
s=0

= ∂ · · · ∂gLRNC

∣∣∣
s=0

+
(
additional terms involving Aµα1...αn

)
≳ R−n

0 , (4.2)

with this scale increasing as the various Aµα1...αn
increase. Thus the terms in the Taylor

expansion of the metric will increase at least as fast in NRNC as they do in LRNC.

This infrared divergence presents a problem for EFTs in curved spacetime because

of the nonlocal nature of gravity. Even if we restrict our EFT to a patch of space-

time in which s ≲ R0, so that the metric remains convergent within the patch, the

graviton’s massless propagator will import physics from beyond that patch, where
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the metric is divergent. Thus, an EFT constructed solely within a local patch, ignor-

ing physics outside the patch, may fail to match with reality. To prevent this, it is

necessary that we add nonlocal corrections to our EFT.

[78] proposed (but did not meaningfully explore the proposal) that one method

for introducing these nonlocal corrections would be by chaining together patches of

Riemann normal coordinates, within each of which spacetime is locally flat and the

EFT is well-defined. As a particle goes from one patch to another, the curvature

corrections from each patch accrue, thus introducing nonlocal corrections into the

EFT of the final patch. This is the method we develop in this chapter.

This chapter is divided is follows. In section 4.2, we discuss how coordinates

defining locally flat patches of spacetime may be chained together in order to define

long-distance coordinates, which incorporate the curvature of spacetime. In section

4.3, we show how these coordinates naturally allow for the construction of comparators

linking quantities between two distant patches. These comparators may be used to

introduce nonlocal corrections into the Lagrangian defined in a single patch, and in

section 4.4 we use naive dimensional analysis to estimate the size of the resulting

operators. Section 4.5 is the conclusion.

Section 4.2

Long-Distance Curvature Corrections

The method in this chapter builds on gravitational wave effective field theory. Within

areas where the local lengthscale of spacetime curvature is large (i.e., spacetime is

not highly curved), there exists a rigorous framework for gravitational waves [134,

137, 138]. This involves a introducing a new lengthscale, L, which is the lengthscale

over which the metric changes significantly, and separating the metric into high- and

low-frequency components based on this lengthscale. We may then express the metric
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a low-frequency background plus a high-frequency perturbation,

gµν = gµν + ϵκhµν , (4.3)

where κ = 4
√
π/mPl, and mPl is the Planck mass; this factor is included so that

the gravitational wave will have units of mass. ϵ ∼ O
(
λ̄
L

)
is a dimensionless pa-

rameter, where λ̄ = λ/2π is the reduced wavelength of the gravitational wave. The

gravitational wave will vary over lengthscale λ̄, while the background metric will vary

over lengthscale L. The study of gravitational waves is well-developed, provided that

λ̄≪ L.

This exposes both the utility and the limitations of Riemann normal coordinates,

within a single patch. Out to a suitably chosen radius, the curvature of spacetime

in Riemann normal coordinates is small enough that preexisting tools for examining

gravitational waves in curved spacetime are sufficient. However, as one moves away

from ξ0, the metric diverges (as already discussed) and L shrinks, until we no longer

have λ̄≪ L.

4.2.1. Multiple Locally Flat Patches

In light of this limitation on Riemann normal coordinates, rather than attempting

to describe curved spacetime using a single large patch, we use multiple patches of

appropriate size (i.e. s < R0 at all points in the patch). Let us consider a particle

that moves along a geodesic from a point ξ0 to a point ξf . Defining around ξf a

NRNC, we may trace backwards along the geodesic from ξf , until we reach a point

υµ0 = ξµf − aµ1s1 +
1

3!
Γ
µ

ρστ

∣∣
ξ0
aρ1a

σ
1a

τ
1s

3
1 + . . . , (4.4)
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ξ0

υ0

ξf

(a)

ξ0

υ0

ι0

ξf

(b)

ξ0

υ0

ι0
κ0

ξf

(c)

Figure 4.1: A demonstration of the process by which locally flat patches may be
joined along a geodesic. Circles represent patches of spacetime in which a locally
flat coordinate system is well-defined. (a) We trace backwards along the geodesic
from ξf to υ0, a point outside ξf ’s patch. ξf and υ0 are related by eq. 4.4. We then
define a new set of locally flat coordinates in a patch about υ0. (b) We continue
backwards along the geodesic to reach a new point, ι0, related to υ0 by eq. 4.5, and
define locally flat coordinates in a patch about ι0. (c) We iterate this process across
a total of N patches until we reach ξ0, related to ξf by eq. 4.6. A particle traveling
along the geodesic from ξ0 to ξf may thus always be described in terms of locally flat
coordinates.
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where a1 is a vector parallel to the geodesic at ξf , s1 is is the value of s at the edge

of the patch, and Γ
µ

ρστ is the generalized connection defined in the previous chapter

(calculated in terms of the background metric gµν). We choose υ0 to be outside ξf ’s

patch, and we may now define a new NRNC in a patch centered about υ0. We may

then continue traveling along the geodesic until we again reach a point at the edge of

that patch:

ιµ0 = υµ0 − aµ2s2 +
1

3!
Γ
µ

ρστ

∣∣
υ0
aρ2a

σ
2a

τ
2s

3
2 + . . . . (4.5)

In this way, we may traverse a total of N locally flat patches until we reach ξ0, as

depicted in Fig. 4.1. Through this process, we obtain an expression for ξ0 in terms of

ξf :

ξµ0 = ξµf −
N∑
i=1

aµi si +
1

3!

N∑
i=1

Γ
µ

ρστ

∣∣
si=0

aρi a
σ
i a

τ
i s

3
i + . . . . (4.6)

As in the first patch, the values of si must be small enough that each patch may be

approximated as flat, i.e. si < Ri, where Ri is the metric’s radius of curvature at

the center of the ith patch. Γ
µ

α1α2α3···αn

∣∣
si=0

∼ R1−n
i , which ensures that the sum will

converge. However, as the number of patches N increases, the higher-order terms in

eq. 4.6 may become significant.

4.2.2. Uniform Patch Approximation

As a particle travels along a geodesic, it accumulates curvature corrections, repre-

sented by the higher-order terms in eq. 4.6. A useful simplification is to assume that
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the geometry of each patch is identical, so that we may approximate

s1 = s2 = · · · = sN ≡ s (4.7)

aµ1 = aµ2 = · · · = aµN ≡ aµ (4.8)

Γ
µ

α1...αn

∣∣
s1=0

= · · · = Γ
µ

α1...αn

∣∣
sN=0

≡ Γ
µ

α1...αn

∣∣
s=0

. (4.9)

Eq. 4.6 then takes the form

ξµ0 = ξµf −Naµ +
N

3!
Γ
µ

ρστ

∣∣∣
s=0

aρaσaτs3 + . . . . (4.10)

The factor ofN in front of the higher-order terms represents the enhancement received

from traversing multiple patches.

Section 4.3

Comparators

Using eq. 4.6, we may relate quantities at ξ0 with those at ξf . This acts analogously

to a Wilson line, transporting quantities along the geodesic.

4.3.1. Comparators of the metric

We begin with the metric. As before, we begin by traveling backward, from the final

patch at ξf to the patch at υ0. The metric at υ0 is given by

gµν(υ0) = gµν(ξf ) +
1

2!
gµν,α1α2

(ξf )
(
υα1
0 − ξα1

f

) (
υα2
0 − ξα2

f

)
+ . . .

=

(
δρµδ

σ
ν +

1

4
αρσµν(υ0, ξf )

)
gρσ(ξf ), (4.11)
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where αρσµν(υ0, ξf ) ≡ gρσ(ξf )αµν(υ0, ξf ), and

αµν(υ0, ξf ) =
∞∑
n=2

1

n!
gµν,α1...αn

(ξf )
(
υα1
0 − ξα1

f

)
· · ·
(
υαn
0 − ξαn

f

)
. (4.12)

Note that there is no first derivative of the metric because, in Riemann normal coor-

dinates, the derivative of the metric vanishes at the origin.

Similarly, the comparator for the contravariant metric is

gµν(υ0) =

(
δµρ δ

ν
σ +

1

4
β
µν

ρσ(υ0, ξf )

)
gρσ(ξf ), (4.13)

where β
ρσ

µν(υ0, ξf ) ≡ gρσ(ξf )β
µν
(υ0, ξf ), and

β
µν
(υ0, ξf ) =

∞∑
n=2

1

n!
gµν,α1...αn

(ξf )
(
υα1
0 − ξα1

f

)
· · ·
(
υαn
0 − ξαn

f

)
. (4.14)

Comparing eqs. 4.11 and 4.13, we see that these two comparators may be related by

β
µν
(υ0, ξf ) = gµρ(υ0)g

νσ(υ0)αρσ(υ0, ξf ). (4.15)

Additionally, we know that gµα(υ0)gαν(υ0) = δµν , and from this we get

β
µα
(υ0, ξf )

(
δνα + ααβ(υ0, ξf )g

νβ(ξf )
)
= −ααβ(υ0, ξf )gµα(ξf )gνβ(ξf ). (4.16)

We may chain together eqs. 4.11 and 4.13 in order to construct comparators

between the metric at ξ0 and ξf . For the covariant metric, this is

gµ1ν1(ξ0) =
N∏
i=2

(
δµiµi−1

δνiνi−1
+

1

4
αµiνiµi−1νi−1

(ζi−1, ζi)

)
gµNνN (ξf )

= ∆
µNνN
µ1ν1

(ξ0, ξf )gµNνN (ξf ) (4.17)
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where {ζ1, . . . ζN} = {ξ0, . . . , υ0, ξf} are the centers of the N patches. The comparator

for the contravariant metric may be defined in a similar way.

4.3.2. Comparators of Other Fields

We construct the comparators for other fields (such as the metric perturbation hµν ,

the electromagnetic four potential Aµ, and the scalar boson ϕ) in a way that is dif-

ferent in form from, but equivalent to, our comparator for gµν . As with the metric,

it is necessary that fields be separated into high- and low-frequency components ac-

cording to a lengthscale L. For both high- and low-frequency fields, the comparator

is constructed as, e.g. for scalars:

ϕ(ξ0) = ϕ(ξf ) +
N∑
i=2

∂α1ϕ(ζi)
(
ζα1
i−1 − ζα1

i

)
+

1

2

N∑
i=2

∂α1∂α2ϕ(ζi)
(
ζα1
i−1 − ζα1

i

) (
ζα2
i−1 − ζα2

i

)
+ . . .

≡ ϕ(ξf ) + ∆ϕ(ξ0, ξf ). (4.18)

Similarly, for a generic tensor Bµ1...µn :

Bµ1...µn(ξ0) = ϕ(ξf ) +
N∑
i=2

Bµ1...µn,α1(ζi)
(
ζα1
i−1 − ζα1

i

)
+

1

2

N∑
i=2

Bµ1...µn,α1α2(ζi)
(
ζα1
i−1 − ζα1

i

) (
ζα2
i−1 − ζα2

i

)
+ . . .

≡ Bµ1...µn(ξf ) + ∆Bµ1...µn(ξ0, ξf ). (4.19)

4.3.3. Verifying the Comparator: The Kretschmann Scalar

As a test of the validity of these comparators, we compute the Kretschmann scalar

K = RµνρσR
µνρσ, in Schwarzschild geometry, using eq. 4.18. To do this, we choose

two points and a geodesic connecting them; in this example, the points are located
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at r = r0 and r = rf (in Schwarzschild coordinates), with the same values of θ and ϕ,

and the geodesic corresponds to a particle moving radially away from the black hole.

Our goal is to calculateK at the center of each locally flat patch along the geodesic,

i.e. to evaluate eq. 4.18 for different values of N ; we expect to show that, when one

reaches the final patch, located at rf , one gets a value for the Kretschmann scalar

that matches the known value of K at rf . This value is given by K = 12r2s
r6f

, where rs

is the Schwarzschild radius. Before we may do this, however, we must determine the

size of each patch. Ultimately, this choice is somewhat arbitrary, provided si < Ri.

We choose to define each proper length si as the distance at which the first-order

corrections are 10% of the zeroth order corrections,

∂αK
∣∣
si=0

si a
α
i

K
∣∣
si=0

∼ 10−1. (4.20)

This fixes si for each local spacetime patch given that we fix ai to be a unit vector

in the time direction. The comparison of the Kretschmann scalar, computed using

Schwarzschild geometry, with the Kretschmann scalar is plotted in Fig. 4.2.

It must be noted, however, that Fig. 4.2 was plotted using LRNC, rather than

NRNC, i.e. we ignored all the higher-order terms in eq. 4.6. This makes the results

in Fig. 4.2 trivial, as in this case our comparator essentially just becomes a Taylor

series,

K(ξf ) = K(ξ0) + ∂µK(ξ0)
N∑
i=1

aµi si +
1

2
∂µ∂νK(ξ0)

N∑
i,j=1

aµi a
ν
j sisj + . . . . (4.21)

This demonstrates the importance of our choice of NRNC, rather than LRNC; using

NRNC allows us to encode the curvature of spacetime into our coordinate definition,

and, without this, our comparator has no way of actually introducing curvature cor-

rections. Thus, in LRNC, the comparators become trivial Taylor expansions, and for
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this reason the work in this section was not included in [85].

Instead, [85] contains an analogous computation, in which the higher-order terms

are not discarded. The resulting computation is not as trivial as the one performed

here, but it still yields a value for the Kretschmann scalar that matches with its

known value, lending credence to the comparators we have defined.

Section 4.4

Naive Dimensional Analysis

As stated earlier, the work in this section does not appear in [85], because it was not

completed at the time when [85] was published.

In the previous section, we defined comparators that can be used to relate quan-

tities at ξ0 with those at ξf , thereby allowing us to construct a Lagrangian at ξf that

incorporates nonlocal corrections from ξ0. It is useful to have an estimate of the co-

efficients for the resulting operators. We use naive dimensional analysis (NDA) [140]

to provide such an estimate. We saw earlier that the metric must be divided into

a high-frequency component hµν and a low-frequency component gµν , according to a

lengthscale L. The same must be done for all fields, e.g. the electromagnetic four-

potential Aµ and the scalar field ϕ. Note that the defining lengthscale for Aµ and ϕ

need not be the same as the lengthscale for metric perturbations, but for the sake

of simplicity we will here assume that all three have the same lengthscale L and the

same reduced frequency λ̄≪ L. Thus, in the Lagrangian, every derivative of a high-

frequency field is of order λ̄−1, and every derivative of a low-frequency field is of order

L−1.

Consider a 4 + k dimensional operator in our Lagrangian. Generically, this op-

erator contains n factors of the background metric, n′ factors of ϕ, Aµ, and hµν , nD

derivatives on these three fields, a coefficient c, and k factors of Planck suppression.
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(a)

(b)

Figure 4.2: Comparing Kretschmann scalar computed in Schwarzschild coordinates
with the Kretschmann scalar computed in coordinates defined according to eq. 4.6.
We consider a particle moving away from a Schwarzschild black hole in the radial
direction. As the particle moves away from the black hole, it passes through a number
of locally flat patches, and the value of the Kretschmann scalar K at the center of
each patch is shown, calculated according to eq. 4.18. The size of each patch is given

by eq. 4.20. The value of K at rf is also calculated using the formula K = 12r2s
r6f

; this

value is indicated with a dashed line. In (a), the N = 10 patch is centered at r = 2rs,
and, in (b), N = 5 is centered at r = 2.85rs, so we can see that the value of K we
get from our comparator agrees well with reality. Ultimately, however, this result
is trivial, as it was done without the inclusion of the higher-order terms in eq. 4.6
(i.e., it assumes a LRNC rather than a NRNC). A far more important and nontrivial
computation would be analogous to this, but with the higher-order terms included;
this is performed in [85]. The vertical axis has units of rs = 1.
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Schematically, this operator is

O =
c

mk
Pl

g ··· · · · g ···︸ ︷︷ ︸
n factors

(∂ · · · ∂ϕ) · · · (∂ · · · ∂ϕ)
× (∂ · · · ∂A) · · · (∂ · · · ∂A)
× (∂ · · · ∂h ···) · · · (∂ · · · ∂h ···)︸ ︷︷ ︸

n′ factors, nD derivatives

(4.22)

where the “. . .” in the superscripts of g and the subscripts of h are used to emphasize

that both of those quantities have indices, which are summed over in some combina-

tion (i.e., we are not taking the trace of either g or h). We may expand the metrics

using eq. 4.13, and we may expand the factors of ϕ, Aµ, and hµν using eqs. 4.18 and

4.19, and we may use NDA to estimate the coefficient of this term as

coeff =
c

mk
Pl

1

λ̄nD

(
1

L

)i1+...+in (1

λ̄

)j1+...+jn′ (ξ0 − ξf )
i1+···+in+j1+···+jn′

i1! . . . in! j1! . . . jn′ !
,

where the i’s indicate the number of factors of ξ0 − ξf introduced by each factor of g,

and the j’s indicate the number of factors of ξ0 − ξf introduced by each factor of ϕ,

A, and h. It is useful to define

t = i1 + . . .+ in + j1 + . . .+ jn′ , (4.23)

which is the total order of the term we are looking at, within the Taylor expansion of

O. Thus our coefficient becomes

coeff =
c

mk
Pl

1

λ̄nD

(
1

L

)i1+...+in (1

λ̄

)j1+...+jn′ (ξ0 − ξf )
t

i1! . . . in! j1! . . . jn′ !
. (4.24)

Each possible value of i1, . . . , in, j1, . . . , jn′ corresponds to a different term within

the Taylor expansion of O. In practice, however, many of these terms are highly

suppressed, and therefore we only care about the most enhanced terms in this Taylor
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expansion. For a given value of t, eq. 4.24 is maximized when i1 = . . . = in = 0

and j1 = . . . = jn′ = t
n′ , and thus may well approximate O by only considering these

terms:

coeff ∼ c

mk
Pl

1

λ̄nD

((
t

n′

)
!

)−n′ (
ξ0 − ξf
λ̄

)t
. (4.25)

As an example, consider the following, term, which comes from the stress-energy

part of the Lagrangian for electromagnetism:

L ⊃ ϵκ

2
gµρgνσgτλhµνF

(1)
ρτ F

(1)
σλ , (4.26)

where F
(1)
µν is the high-frequency part of the electromagnetic tensor. (There also exist

analogous terms in which one or more of the F (1)’s are replaced with an F , indicating

the low-frequency part of the electromagnetic tensor.) Recall that ϵ ∼ O
(
λ̄
L

)
and

κ ∼ m−1
Pl . So we have k = 1, n = n′ = 3, and nD = 2 (corresponding to the

derivative internal to each F
(1)
µν ), and we see that, when this term is expanded using

the comparators established earlier, the coefficient at order t is given by

coeff ∼ 1

mPl

1

λ̄L

((
t

3

)
!

)−3(
ξ0 − ξf
λ̄

)t
. (4.27)

ξ0−ξf refers to the typical value of components of the curvature-corrected separation,

as given by eq. 4.6. We plot this coefficient against t and
ξ0−ξf
λ̄

in Fig. 4.3.

4.4.1. Additional Higher-Dimensional Operators

General relativity is an effective field theory, which may in general have extensions,

e.g. [70, 78, 141]

L1 =
2

κ2
R + c1R

2 + c2RµνR
µν + . . . . (4.28)
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There may also be operators that mix gravitational and Standard Model field content,

L2 =
c3
Λ2

BµνBρσCµνρσ +
c4
Λ2

W µνW ρσCµνρσ

+
c5
Λ2

GµνGρσCµνρσ +
c6
Λ2

H†H Cµνρσ + . . . , (4.29)

where Cµνρσ is the Weyl tensor,

Cµνρσ = Rµνρσ −
(
gµ[ρRσ]ν − gν[ρRσ]µ

)
+

1

3
gµ[ρ gσ]ν R . (4.30)

Similar to the energy-momentum tensor discussed earlier, we can expand the met-

ric into the background metric and metric perturbation and then relate the Lagrangian

at ξ0 with the Lagrangian at ξf using the comparators. At energies much less the

weak scale, the photon-conformal tensor operator, i.e. the operator generated by the

first line of operators in equation (4.29), is now

O =
c3 sin

2 θW + c4 cos
2 θW

m2
Pl

F µνF ρσCµνρσ , (4.31)

where θW is the Weinberg angle. After expanding using the comparators, the coeffi-

cient for a term at order t, without renormalization group corrections, is

coeff ∼ c3 sin
2 θW + c4 cos

2 θW
m2

Pl

1

λ̄4

((
t

3

)
!

)−3(
ξ0 − ξf
λ̄

)t
. (4.32)

Like with eq. 4.27, we plot this coefficient against t and
ξ0−ξf
λ̄

in Fig. 4.3. While these

terms are traditionally ignored because of their additional suppression by the Planck

scale, our result suggests that there are regimes of parameter space where they will

become relevant for observation.
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(a)

(b)

Figure 4.3: Density plots of eqs. 4.27 and 4.32, showing the enhancement of terms in
the Lagrangian introduced by the comparators defined in section 4.3. Values less than
1 are all the same shade of indigo, i.e. this plot does not distinguish between different
levels of suppression. We can see that, for every value of

ξ0−ξf
λ̄

, the enhancement
increases as we examine higher-order terms, until eventually we reach a point where
the enhancement drops off and becomes suppression. The value of t at which this
drop-off occurs increases with the value of

ξ0−ξf
λ̄

.
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Section 4.5

Conclusion

In this chapter, we showed how nonlocal corrections may be introduced into an EFT

in curved spacetime. These nonlocal corrections emerge as a particle travels from

one point in spacetime ξ0 to a point ξf ; one may construct comparators between the

field content at ξ0 and at ξf , so that the Lagrangian at ξ0 can be expressed in terms

of the field content at ξf . The resulting Lagrangian will contain terms introduced

by these comparators, these being the nonlocal corrections. Because of the infrared

(long-distance) divergence of the metric, these corrections can be quite substantial.

One consequence of this is that Planck-suppressed terms may receive enhance-

ments. Whereas these terms are typically ignored and considered to be inconse-

quential, we see that, in curved spacetime, with the introduction of these nonlocal

corrections, such operators may become experimentally probable.

More generally, these nonlocal corrections are important for any exploration of

particle behavior in curved spacetime. For example, chapter 2 uses the rate of axion-

photon decay in flat spacetime; in reality, this decay rate may receive substantial

corrections, as the axions in question surround a black hole. There has been sig-

nificant research interest in searching for axion dark matter by detecting the axion’s

interactions in astrophysical settings, e.g. [44, 45, 52–54, 57, 142–145]; any such search

must account for these nonlocal corrections, and this is an important consideration

in research going forward.
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Chapter 5

Primakoff Mixing in a Single

Riemann Normal Patch

Section 5.1

Introduction

There exists a plethora of data supporting the existence of dark matter, including

the mass of galaxy clusters [146–151], galaxy rotation curves [152–156], the shape

of the CMB power spectrum [157], simulations of large-scale structure formation

[158, 159], and observational evidence from the bullet cluster [160] as well as other

cluster mergers [161–164]. The composition of dark matter, however, remains one

of the most significant open questions in modern physics. There are currently many

ongoing experiments attempting to shed light on this topic [165–173].

The axion, originally proposed as solution to the strong CP problem, has emerged

as a leading candidate for dark matter [86–92]. Besides these QCD axions, as they are

sometimes called, there also exists a broader category of axion-like particles (ALPs)

that have been proposed, including majorons [174, 175], familons [176–178], and ax-

ions emerging out of string theory [179–181]. In this chapter, we will use the term
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“axion” to refer to both QCD axions and axion-like particles.

Like other dark matter candidates, conclusive evidence of the axion remains elu-

sive, despite the efforts of many experiments, both laboratory-based [40–43] and as-

trophysical [44–57]. In these experimental efforts, the primary mechanism through

which axions are expected to be observed is via Primakoff conversion [33–39]. This is a

phenomenon where, in the presence of a strong background field, one species of boson

can transition into another; in the case of axion searches, the relevant transition is an

axion into a photon (or vice-versa) in the presence of a background electromagnetic

field.

It has long been expected that regions of high dark matter density, known as dark

matter spikes, will be found around supermassive black holes [1–6], and recent ob-

servational evidence seems to support this prediction [7, 8]. Thus, areas surrounding

black holes are a prime candidate for asrophysical dark matter experiments. In order

to conduct these experiments, then, it is essential that we have a working understand-

ing of how mixing is performed in curved spacetime. The purpose of this chapter is

to perform a simplified version of these calculations.

To do this, we will employ Riemann normal coordinates to construct a patch of

locally flat spacetime, in which the problem of mixing becomes tractable. In order

to incorporate nonlocal effects, one must use the method described in the previous

chapter; for more on this, see [85]. In this chapter, we focus on the more basic question

of mixing in a single Riemann normal patch, without nonlocal corrections. However,

it must be stated that, do to the lack of these nonlocal corrections, the calculation

presented in this chapter is incomplete and of little meaning on its own. Indeed, the

curvature corrections that we find are highly suppressed, to the point where they are

insignificant; in contrast, the curvature corrections would likely receive enhancements

and become significant with the inclusion of nonlocal corrections. These nonlocal
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corrections are accounted for in [83].

This chapter is divided as follows. In section 5.2, we review the literature on

mixing in Minkowski space. In section 5.3, we detail our effective field theory approach

and our use of Riemann normal coordinates, both of which are necessary to set up

mixing in curved spacetime. In section 5.4 we present a derivation of the transition

probabilities in curved spacetime Section 5.5 is the conclusion. Throughout this

chapter, we will work in natural units of c = ℏ = ϵ0 = 1.

Section 5.2

Review of Bosonic Mixing in Minkowski Space

Many important papers [35–39] have detailed the mixing of low-mass scalar bosons

with photons and gravitational waves in Minkowski space. Here we review these

papers to establish notation and detail the seminal points of mixing in general. To

date, in Minkowski space the mixing between axions and electromagnetic waves as

well as the mixing between gravitational and electromagnetic waves has been detailed

in the literature. Axion-gravitational wave Minkowski mixing has not appeared in

the literature, although as we will see this can occur in Minkowski space, provided

that there is a background axion field.

5.2.1. Axion-Electromagnetic Wave Mixing

Axions are pseudo-Nambu-Goldstone bosons that are hypothesized to result from

the spontaneous breakdown of Peccei-Quinn symmetry (ALPs may result from the

breakdown of other symmetries, depending on the specific ALP model). The axion

can mix with the neutral pion to generate an effective coupling to photons,

Leffective = − λ̃
4
ϕFµνF̃

µν , (5.1)
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where ϕ is the axion field and Fµν (F̃ µν) is the electromagnetic field (dual) strength

tensor. λ̃ is the axion-photon coupling constant with the dimensions of an inverse

mass. λ̃ can very widely depending on the axion model. This coupling facilitates the

conversion of axion waves to electromagnetic waves via static, background magnetic

fields [35–38]. In other words, the background magnetic field provides the necessary

quantum numbers needed so spin-zero bosons can oscillate into spin-one photons and

vice-versa. For a system containing axions and photons in Minkowski space, the

Lagrangian is

L = −1
2

(
∂µϕ∂

µϕ+m2ϕ2
)
− 1

4
FµνF

µν − λ̃
4
ϕFµνF̃

µν

+
1

90m4
e

(
e2

4π

)2(
(FµνF

µν)2 +
7

4
(FµνF̃

µν)2
)
.

(5.2)

where ϕ is the axion field, m is the axion mass, and me is the electron mass. The

second line is the weak-field limit of the Euler-Heisenberg Lagrangian, which encapsu-

lates the one-loop QED vacuum polarization effect. The Euler-Heisenberg correction

has the effect of inducing birefringence in the presence of a strong magnetic field

[182, 183]:

n∥ = 1 +
14

45m4
e

(
e2

4π

)2

B2
T (5.3)

n⊥ = 1 +
8

45m4
e

(
e2

4π

)2

B2
T , (5.4)

where BT is the component of the magnetic field perpendicular to the propagation

direction. Similar to neutrino oscillations [184–186], an effective Hamiltonian can be

constructed,

i
d

dz

(
ϕ

A∥

)
=

(
ω +∆a ∆m

∆m ω +∆∥

)(
ϕ

A∥

)
(5.5)
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where ω is the energy of the cohered wave. We have assumed the wave propagates in

the z-direction. A∥ is the part of the vector potential that is in the plane spanned by

the z-axis and the magnetic field. The matrix elements are defined as

∆∥ = ω (n∥ − 1) (5.6)

∆a = −m
2
a

2ω
(5.7)

∆m = 1
2
λ̃ BT . (5.8)

Note that there is only mixing between axions and the parallel photon mode, not

the perpendicular mode. Diagonalizing the Hamiltonian yields the following mixing

angle,

tan 2θmix =
2∆m

∆a −∆∥
. (5.9)

Similar to neutrino oscillations, the axion-photon oscillations are determined by a

length scale [38],

∆−1
osc = 1/

√
(∆a −∆∥)2 + 4∆2

m . (5.10)

The oscillation length parametrically depends on the dimensionful coupling, the axion

mass, and the background magnetic field. The corresponding oscillation probabilities

after traveling a distance z are [38]

P (A∥ ↔ ϕ) = sin2 2θmix sin2
(
1
2
∆oscz

)
(5.11)

P (ϕ↔ ϕ) = 1− sin2 2θmix sin2
(
1
2
∆oscz

)
(5.12)

P (A∥ ↔ A∥) = 1− sin2 2θmix sin2
(
1
2
∆oscz

)
(5.13)

P (A⊥ ↔ A⊥) = 1. (5.14)
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As we will show in Section 5.4, curved spacetime adds a new dimensionful parameter

which alters the oscillating length and the resulting probabilities.

5.2.2. Gravity-Electromagnetic Wave Mixing

In addition to axion-photon mixing, background electromagnetic fields can also induce

electromagnetic and gravitational wave mixing in Minkowski space [35, 36, 39]. This

mixing is suppressed by the Planck mass and therefore requires the cohered state to

travel long distances to observe an effect. Consider a gravitational wave perturbation

of the Minkowski metric,

gµν = ηµν + κhµν , (5.15)

where κ = 4
√
π/mPl,mPl is the Planck mass, and ηµν is the Minkowski metric. Taking

the metric to have (− + ++) signature, the resulting Lagrangian that is minimally

coupled to gravity is [39]

L =
1

κ2
√−g R− 1

4

√−g FµνF µν +
1

90m4
e

(
e2

4π

)2(
(FµνF

µν)2 +
7

4
(F̃µνF

µν)2
)
. (5.16)

The effective Hamiltonian [39] is

i
d

dz


A∥

h+

A⊥

h×

 =


ω n∥ BT/mpl 0 0

BT/mpl ω 0 0

0 0 ω n⊥ BT/mpl

0 0 BT/mpl ω



A∥

h+

A⊥

h×

 . (5.17)
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where the indices of refraction are the same as in the previous section. The oscillation

probabilities for a cohered state traveling a distance z are [39]

P (h+ ↔ A⊥) = sin2 2θ1 sin2(∆⊥z/2) (5.18)

P (h× ↔ A∥) = sin2 2θ2 sin2(∆∥z/2) (5.19)

P (A⊥ ↔ A⊥) = 1− P (A⊥ ↔ h+) (5.20)

P (A∥ ↔ A∥) = 1− P (A∥ ↔ h×) (5.21)

where

tan 2θ1 = −2κBT

∆⊥
and tan 2θ2 = −2κBT

∆∥
, (5.22)

and ∆⊥,∥ = ω (n⊥,∥ − 1).

It is worth noting that, in both photon-axion and photon-graviton mixing, the

frequencies of the transition probabilities are solely a function of the on-diagonal

components in eqs. 5.5 and 5.17, while the amplitudes of the transition probabilities

are a function of both the on-diagonal and off-diagonal components. The photon-

axion interaction term,
√−g λ̃

4
FµνF̃

µν = λ̃
8
ϵµνρσFµνFρσ is topological (i.e., it has no

dependence on the metric), so one might naively think that going from flat spacetime

to curved spacetime will have no effect on photon-axion mixing. However, we will

show that curved spacetime can alter the effective mass of both the photon and the

graviton, changing the on-diagonal components of the mixing matrix.

Section 5.3

Effective Field Theory

To understand the evolution of electromagnetic, gravitational, and axion waves in a

strong gravity environment, we use concepts from gravitational wave effective field
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theory (GWEFT) in order to separate out the high-frequency degrees of freedom

from the low-frequency, background physics [134, 137, 138]. In general relativity,

this separation allows for linear, high-frequency gravitational waves to be separated

from the low-frequency non-linear, background gravitational waves. We also apply

the same concepts for the electromagnetic and axion waves.

To apply these techniques, we consider a locally flat patch of spacetime over which

the external, background fields are roughly homogeneous. Importantly, this locally

flat patch of spacetime can be relatively close to a compact object. This GWEFT

allows for the curvature corrections to be calculated in a perturbative, systematic

framework. The locally flat patch of spacetime allows for a relative inertial frame to

be constructed. This, therefore, enables the orientation of the low-frequency, slowly

varying background fields to be specified in relation to the high-frequency oscillating

state. Thus, the mixing between the high-frequency axion, electromagnetic, and

gravitational waves can be computed with the curvature corrections.

Applying these GWEFT techniques to Primakoff mixing is novel. At the length

scales of interest and up to a chosen curvature correction, we mix the axion, elec-

tromagnetic, and gravitational waves in order to place the equations of motions into

their mass eigenstates. The diagonalized equations of motion carry information about

the probability of conversion of axion, electromagnetic and gravitational wave into

each other in local Minkowski space. These results are valid across a limited patch of

spacetime, but these patches may be chained together, according to the techniques in

chapter 4, in order to estimate the total mixing along a longer length scale [83, 85].

As in flat spacetime, gravitational waves in curved spacetime are a perturbation

of the background metric. The perturbation propagates on top of a larger-scale, (rel-

atively) slowly changing background curvature. The background curvature is defined

by two length scales, the radius of the background curvature R and the scale of in-
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homogeneity of background curvature L. The metric perturbation is defined by the

reduced wavelength of the gravitational wave, λ̄ ≡ λ/(2π). We require λ̄≪ L, which

separates the lengthscales of the gravitational wave perturbation and the background.

Defining a new parameter ϵ with parametric dependence ϵ ∼ O(λ̄/L), we perform a

perturbative expansion

gµν = gµν + ϵκhµν +
1

2
ϵ2κ2gρσhµρhνσ +O(ϵ3). (5.23)

In order for us to have δµν = gµρgρν , our expansion for the contravariant metric must

be

gµν = gµν − ϵκhµν +
1

2
ϵ2κ2gρσh

µρhνσ +O(ϵ3), (5.24)

where hµν = gµρgνσhρσ. The higher-order terms in eq. 5.23 have been chosen such

that the perturbation in the metric determinant g depends only on the trace of the

metric perturbation, h = hµνg
µν . To see this, we define pµν = gµν − gµν , the total

metric perturbation (to all orders in ϵ) and expressing g as a Taylor expansion in pµν :

g = g + pµν
∂g

∂pµν

∣∣∣∣
pµν=0

+
1

2
pµνpρσ

∂2g

∂pµν∂pρσ

∣∣∣∣
pµν=0

+ . . .

= g

(
1 + pµνg

µν +
1

2
pµνpρσ (g

µνgρσ − gµρgνσ) + . . .

)
= g

(
1 + ϵκhµνg

µν +
1

2
ϵ2κ2hµνhρσg

µνgρσ + . . .

)
, (5.25)

where the derivatives were performed using Jacobi’s equation, ∂g
∂gµν

= ggµν .

Henceforth, all quantities with a bar will be calculated using only the background

metric (e.g. Γ
ρ

µν is the background Christoffel symbol, Rµν is the background Ricci

tensor, etc.). Unlike in previous works on Primakoff-type mixing, where the back-

ground metric was set to the Minkowski metric, gµν = ηµν , we make no assumptions

about gµν .
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We perform a similar perturbative decomposition to the electromagnetic and

scalar fields. We define Lem and Lax as the lengthscale of inhomogeneities in the

background electromagnetic and axion fields, respectively, with Lem ∼ Lax ∼ L.

Since the electromagnetic, gravitational, and axion waves are cohered, they share the

same reduced wavelength λ̄. Then the expansion is

ϕ = ϕ+ αϕ(1) Aµ = Aµ + βA(1)
µ , (5.26)

where

α ∼ O(λ̄/Lax) β ∼ O(λ̄/Lem). (5.27)

ϵ, α, and β are merely bookkeeping variables, and at a later point they will be set

equal to each other so as to cancel out.

Note that, while this sort of perturbative expansion has been performed on the

electromagnetic and gravitational fields in previous works on mixing [35–39], previous

works have not done so for the axion field, effectively treating the entire axion field

as perturbative, i.e. assuming ϕ = 0. However, it has been demonstrated that there

may exist a cosmic axion background [187], so we do away with this assumption and

allow for a nonzero background axion field.

All of these scales are approximate and not precisely defined, but they will allow

us to fix our gauge and specify our approximating assumptions, which we do in the

coming subsections.

5.3.1. Linear Riemann Normal Coordinates

As in other types of mixing, e.g. neutrino oscillations, Primakoff-type bosonic mixing

entails the existence of mass eigenstates that are linear combinations of the original
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polarization eigenstates, and these mass eigenstates propagate independently of each

other. The masses of these eigenstates depend on the background fields, which in turn

depend on one’s frame of reference; thus, mixing is a frame-dependent phenomenon,

which does not lend itself easily to a covariant description. Instead, we must choose a

specific frame of reference. We choose to work in linear Riemann normal coordinates

(LNRC), defined as in chapter 3 by

ξµ = ξµ0 + aµs, (5.28)

where ξµ0 is the origin, aµ is a vector tangent to the geodesic connecting ξµ0 to ξµ, and

s is an affine parameter. This choice will offer us several advantages.

The first advantage is that, as discussed in section 3.4, it allows us to choose a

gauge in which the metric perturbation has the form

hµν =


0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0

+O
(
(ξ − ξ0)

2) . (5.29)

(This assumes that the gravitational wave is propagating in the 0 and 3 directions.)

Thus, provided that we only proceed in our calculations up to first order in ξµ−ξµ0 , we

may treat hµν as having the same form as in flat spacetime. This gauge choice is known

as the transverse-traceless (TT) gauge, defined by h = 0 and ∇αh
αβ. Furthermore,

because eq. 5.29 is traceless, the perturbed metric determinant becomes equal to the

background metric determinant, g = g, per eq. 5.25.

The second benefit of working in LRNC is that it gives both the metric and the
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connection a convenient form, to first order in ξµ − ξµ0 :

gµν = ηµν +O
(
(ξ − ξ0)

2) (5.30)

Γ
ρ

µν = −2

3
R
ρ
(µν)α

∣∣∣
s=0

(ξα − ξα0 ) +O
(
(ξ − ξ0)

2) . (5.31)

If we know the Riemann tensor in some arbitrary coordinate system, and we have

chosen a tetrad that converts between this coordinate system and LRNC (as discussed

in chapter 3, this tetrad is a gauge choice), then we may contract the Riemann tensor

in this coordinate system with the tetrad in order to get R
ρ
(µν)α

∣∣∣
s=0

.

Lastly, because LRNC is locally flat, we are able to split the electromagnetic field

into an electric and magnetic component, which is not generally possible in curved

spacetime. In astrophysical contexts, the electric field is generally negligible compared

to the magnetic field, and so we assume the background electromagnetic tensor has

the form

F µν =


0 0 0 0
0 0 BL 0
0 −BL 0 BT

0 0 BT 0

 , (5.32)

where BT is the component of the background magnetic field perpendicular to the

propagation direction, and BL is the component of the background magnetic field

parallel to the propagation direction.

5.3.2. Order of Approximation

Any EFT is only valid up to a certain order of approximation. With our local inertial

frame and our lengthscales defined, we must now choose that order of approximation.

We will retain all terms in the Lagrangian of at least order λ̄2

L4A2 ∼ λ̄2

L4
em
A2 ∼ λ̄2

L4
ax
A2,

where A is the amplitude of the perturbative (high-frequency) fields. A consequence

of this is that we will only keep terms with at most two combined factors of ϵ, α, and β.

This corresponds to only keeping terms with at most two high-frequency fields, which
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is in line with our desire to examine mixing, specifically; an interaction involving

more than two high-frequency fields could result in the creation or destruction of a

high-frequency particle, whereas mixing keeps the total number of (high-frequency,

non-background) particles constant. That is to say, interactions involving three or

more high-frequency fields are not mixing.

A consequence of this approximation is that we will keep some terms proportional

to ∂F . This is a departure from previous works on mixing, in which the background

electromagnetic field has been treated as uniform. The standard practice in these

investigations has been to divide spacetime into regions in which the variance of the

background electromagnetic field could be neglected; this is known as the domain-

like sharp-edges method (DLSHE; see [188] for a review of the DLSHE and for the

presentation of an alternative treatment). However, in order to encapsulate the effects

of curved spacetime on mixing, it is necessary that we not neglect effects of this order.

A specific caveat must be made for the Euler-Heisenberg terms. As we will see, all

Euler-Heisenberg terms are, in the Lagrangian, at least of order B2

m4
eL2

em
A2, where me is

the electron mass and B =
√
B2
T +B2

L is the magnitude of the magnetic field. Thus

it is not clear where they fit in our approximation scheme. We will keep all Euler-

Heisenberg terms at the level of the Lagrangian (with an exception to be described

momentarily). However, at the level of the equation of motion, some Euler-Heisenberg

terms will be order B2

m4
eL3

em
A and others will be order B2

m4
eL2

emλ̄
A; we will keep the latter

but not the former.

The final approximation we will make is, at the level of the equation of motion,

to keep terms with at most only one factor of κ, λ̃, ξµ − ξµ0 , and
1
m4

e
. We will later

diagonalize the mixing matrix using perturbation theory, treating these as the per-

turbative variables; therefore, any term with more than one factor of these variables

will not contribute to the final transition probabilities. As a result, we will neglect
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the expansion of the background metric within the Euler-Heisenberg terms, as such

terms would be proportional to κ
m4

e
.

Another consequence of this last approximation is that we may neglect the back-

ground Ricci tensor, Rµν ∼ 0. This is a direct consequence of the trace-reversed

Einstein field equation, Rµν =
κ2

2

(
T µν − 1

2
T gµν

)
, where T µν is the stress-energy ten-

sor calculated using only background quantities, and T is its trace.

Section 5.4

Mixing in Curved Spacetime

We have now established the necessary principles to calculate Primakoff-type bosonic

mixing in curved spacetime. Let us consider a system consisting only of photons,

gravitons, and axions. The action for such a system is

S =

∫
d4x

√−g
(

1

κ2
R− 1

4
gαβgγδFαγFβδ −

1

2

(
gαβ∂aϕ∂bϕ+m2ϕ2

)
+

1

90m4
e

(
e2

4π

)2
((
gαβgγδFαγFβδ

)2
+

7

4

(
1

2
√−g ϵ

αβγδFαβFγδ

)2
)

+
λ̃

8
√−g ϵ

αβγδϕFαβFγδ

)
. (5.33)

We assume from this point onward that we are in LRNC.

5.4.1. Equations of Motion

We perform the perturbative expansions described in section 5.3, with the metric

perturbation subject to the TT gauge conditions, h = ∇αh
αβ = 0. As described

in section 5.3.2, we keep the terms in the Lagrangian with at most two (combined)

factors of ϵ, α, and β. Thus our action, in terms of the perturbative variables hαβ,
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F
(1)
αβ and ϕ(1), becomes

S =

∫
d4x
√

−g
(

1

κ2
R− ϵ

κ
Rβδh

βδ +
ϵ2

4
hβδ□hβδ − ϵ2gαγRαβh

βδhγδ +
3ϵ2

2
hβδhαγRαβγδ

− 1

4
gαβgγδ

(
FαγF βδ + 2βFαγF

(1)
βδ + β2F (1)

αγ F
(1)
βδ

)
+
ϵκ

2
gαβhγδ

(
FαγF βδ + 2βFαγF

(1)
βδ

)
− ϵ2κ2

4
hαβhγδFαγF βδ

− ϵ2κ2

4
gαβgµνh

cehdfFαγF βδ − 1
2
gαβ

(
∂aϕ∂bϕ+ 2α∂aϕ∂bϕ

(1) + α2∂aϕ
(1)∂bϕ

(1)
)

+
ϵκ

2
hαβ
(
∂aϕ∂bϕ+ 2α∂aϕ∂bϕ

(1)
)
− ϵ2κ2

4
gγδh

αγhβδ∂aϕ∂bϕ

− 1
2
m2ϕ

2 − αm2ϕϕ(1) − α2

2
m2
(
ϕ(1)
)2

+
λ̃

8
√−g ϵ

αβγδϕ
(
FαβF γδ + 2βFαβF

(1)
γδ + β2F

(1)
αβ F

(1)
γδ

)
+

αλ̃

8
√−gϕ

(1)
(
FαβF γδ + 2βFαβF

(1)
γδ

)
+

1

90m4
e

( e2
4π

)2((
gαβgγδFαγF βδ

)2
+

7

4

( 1

2
√−g ϵ

αβγδFαβF γδ

)2)
+

2β

45m4
e

( e2
4π

)2((
gαβgγδFαγF βδ

)(
gµνgρσF µρF

(1)
νσ

)
+

7

4

(
1

2
√−g ϵ

αβγδFαβF γδ

)(
1

2
√−g ϵ

µνρσF µνF
(1)
ρσ

))

+
β2

45m4
e

( e2
4π

)2((
gαβgγδFαγF βδ

)(
gµνgρσF (1)

µρ F
(1)
νσ

)
+

7

4

(
1

2
√−g ϵ

αβγδFαβF γδ

)(
1

2
√−g ϵ

µνρσF (1)
µν F

(1)
ρσ

))

+
2β2

45m4
e

( e2
4π

)2((
gαβgγδFαγF

(1)
βδ

)2
+

7

4

(
1

2
√−g ϵ

αβγδFαβF
(1)
γδ

)2
))

.

(5.34)

From this, we get the equations of motion for hβδ, A
(1)
δ , and ϕ(1). We make further

use of the approximations from section 5.3.2 in order to simplify. We additionally set

ϵ = α = β, which we may freely do, as they are simply bookkeeping variables. We
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get

□hβδ + 6hαγRαβγδ − 2κgαγ∇(βF δ)αA
(1)
γ + 2κFα(β∇

α
A

(1)
δ)

−2κϕ(1)∇β∇δϕ = J
(h)

βδ (5.35)

(gβγgαδ − gαγgβδ)∇β∇γA
(1)
δ −M

αβγδ∇β∇γA
(1)
δ + λ̃ϵαβγδ∇β∇γA

(1)
δ

− λ̃
2
ϵαβγδF βδ∇γϕ

(1) + κgβαhγδ∇γF βδ + κgγδF βδ∇γh
αβ = J

(A)α

(5.36)

□ϕ(1) −m2ϕ(1) − κhαβ∇α∇βϕ+
λ̃

2
ϵabcdFαβ∇γA

(1)
δ = J

(ϕ)
, (5.37)

where

M
αβγδ

=
4

45m4
e

( e2
4π

)2((
gβγgαδ − gαγgβδ

)
F

2 − 4gανgβσgγµgδρF µρF νσ

− 7

4

ϵαβρσϵγδµν

−g F µνF ρσ

)
(5.38)

J
(h)

βδ =
κ

ϵ

(
gαγFα(βF δ)γ −∇βϕ∇δϕ

)
(5.39)

J
(A)a

=
1

β

λ̃

2
ϵαβγδF βδ∇γϕ (5.40)

J
(ϕ)

=
1

α

(
m2ϕ−∇α∇αϕ− λ̃

8
ϵαβγδFαβF γδ

)
. (5.41)

We may expand the background metric and the covariant derivatives using eqs. 5.30

and 5.31, out to first order in ξµ − ξµ0 . Similarly, because we are only going to first

order in ξµ − ξµ0 , we may write the metric perturbation in terms of its polarization

modes,

hµν =
(
δ1µδ

1
ν − δ2µδ

2
ν

)
h+ +

(
δ1µδ

2
ν + δ2µδ

1
ν

)
h×. (5.42)

Similarly, we gauge fix the electromagnetic four-potential to the Coulomb gauge, in
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which

0 = ∂1A
(1)
1 + ∂2A

(1)
2 + ∂3A

(1)
3 = ∂3A

(1)
3 , (5.43)

where in the last step we have assumed that the system only varies along the 0 and

3 directions. Because A
(1)
µ contains the perturbative (i.e. nonconstant) component

of the electromagnetic four-potential, we conclude A
(1)
3 = 0. Furthermore, in the

Coulomb gauge, A0 is given by an integral of the electric charge density over all

space; since we are in free space with no electric charges, we get A0 = 0. We may

therefore write

A(1)
µ = δ1µA

(1)
1 + δ2µA

(1)
2 . (5.44)

After performing these substitutions, we may contract the gravitational equation

of motion with 1
2

(
δβ1 δ

δ
1 − δβ2 δ

δ
2

)
to get the equation of motion for h+, and we may

contract it with 1
2

(
δβ1 δ

δ
2 + δβ2 δ

δ
1

)
to get the equation of motion for h×. Similarly, we

may contract the equation of motion for electromagnetism with δα1 and δα2 to get the

equation of motion for A
(1)
1 and A

(1)
2 , respectively. Thus we arrive at the equations of

motion for our five degrees of freedom:

∂α∂αh+ + 2
3
ηαγ
(
R1γ1ρ

∣∣
s=0

+R2γ2ρ

∣∣
s=0

)
(ξρ − ξρ0)∂αh+ − 6R1212h+

− 2ηαγR12γρ

∣∣
s=0

(ξρ − ξρ0)∂αh× − κ
(
∂1∂1ϕ− ∂2∂2ϕ

)
ϕ(1)

− κ∂2BLA
(1)
1 − κ∂1BLA

(1)
2 + κBT∂3A

(1)
2 = 1

2

(
J
(h)

11 − J
(h)

22

)
, (5.45)

∂α∂αh× + 2
3
ηαγ
(
R1γ1ρ

∣∣
s=0

+R2γ2ρ

∣∣
s=0

)
(ξρ − ξρ0)∂αh× − 6R1212h×

− 2ηαγR21γρ

∣∣
s=0

(ξρ − ξρ0)∂αh+ − 2κ(∂1∂2ϕ)ϕ
(1)

+ κ∂1BLA
(1)
1 − κ∂2BLA

(1)
2 − κBT∂3A

(1)
1 = 1

2

(
J
(h)

12 + J
(h)

21

)
, (5.46)
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∂α∂αA
(1)
1 −M

βγ

1 ∂β∂γA
(1)
1 + ηαγR1γ1ρ

∣∣
s=0

(ξρ − ξρ0)∂αA
(1)
1

− ηαγRγ21ρ

∣∣
s=0

(ξρ − ξρ0)∂αA
(1)
2 + λ̃ ϵ1βγ2∂βϕ ∂γA

(1)
2 − λ̃BT∂0ϕ

(1)

− κ∂2BLh+ + κ∂1BLh× + κBT∂3h× = J
(A)1

, (5.47)

∂α∂αA
(1)
2 −M

βγ

2 ∂β∂γA
(1)
2 + ηαγR2γ2ρ

∣∣
s=0

(ξρ − ξρ0)∂αA
(1)
2

− ηαγRγ12ρ

∣∣
s=0

(ξρ − ξρ0)∂αA
(1)
1 + λ̃ ϵ2βγ1∂βϕ ∂γA

(1)
1

− κ∂1BLh+ − κ∂2BLh× − κBT∂3h+ = J
(A)2

, (5.48)

∂α∂αϕ
(1) −m2ϕ(1) − κ

(
∂1∂1ϕ− ∂2∂2ϕ

)
h+ − 2κ∂1∂2ϕh× + λ̃BT∂0A

(1)
1 = J

(ϕ)
, (5.49)

where

M
βγ

1 =
4

45m4
e

(
e2

4π

)2


−2B2

L + 5B2
T 0 0 0

0 0 0 0
0 0 6B2

L + 2B2
T 0

0 0 0 2B2
L + 2B2

T

 (5.50)

M
βγ

2 =
4

45m4
e

(
e2

4π

)2


−2B2

L − 2B2
T 0 0 0

0 6B2
L + 2B2

T 0 −4BLBT

0 0 0 0
0 −4BLBT 0 2B2

L + 6B2
T

 . (5.51)

5.4.2. Ansatz in Curved Spacetime

In flat spacetime, the high-frequency fields are assumed to have the form

ψ ∝ eikα(ξ
α−ξα0 ), (5.52)

where ψ is one of h+, h×, A
(1)
1 , A

(1)
2 , ϕ(1); and kαk

α = −m2
ψ, where mψ is the effective

mass of ψ. a solution to the wave equation without interactions. However, in curved

spacetime, the wave equation without interaction takes a different form, as can be

seen from eqs. 5.45 through 5.49. In all of the above equations of motion, the kinetic
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and mass terms take the form

Nαβ∂α∂βψ + ηαβPβγ(ξ
γ − ξγ0 )∂αψ −m2

ψψ. (5.53)

Due to the dependence of the middle term on ξγ−ξγ0 , the solution to this will not be a

plane wave. The middle term is a correction caused by the background curvature, so

it makes sense that it would prevent ψ from being a plane wave, as the solution to the

wave equation in curved spacetime is not a plane wave. Background curvature causes

corrections to both the phase and amplitude of the solution to the wave equation

[189, 190]. We may calculate those corrections by setting eq. 5.53 equal to 0 and

finding a solution.

Before we do so, it is useful to reduce our indices. Because we are assuming that

the system propagates only in the 0 and 3 directions, we assume that ξρ − ξρ0 = 0 if

ρ = 1, 2, and the derivative of any high-frequency field in either the 1 or 2 direction

is 0. We may therefore constrain all Greek indices in eqs. 5.45 through 5.49 to be

either 0 or 3. To make this clear, we will use capital Latin letters to indicate indices

that can only be 0 or 3. In particular,

ηAB =

[
−1 0
0 1

]
(5.54)

M
AB

1 =
4

45m4
e

(
e2

4π

)2 [−2B2
L + 5B2

T 0
0 2B2

L + 2B2
T

]
(5.55)

M
AB

2 =
4

45m4
e

(
e2

4π

)2 [−2B2
L − 2B2

T 0
0 2B2

L + 6B2
T

]
, (5.56)

and the wave equation we wish to solve becomes

NAB∂A∂Bψ + ηABPBC(ξ
C − ξC0 )∂Aψ −m2

ψψ = 0. (5.57)
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The solution to eq. 5.57 is given by the ansatz

ψ = ΨeikA(ξA−ξA0 )+KAB(ξA−ξA0 )(ξB−ξB0 ), (5.58)

where Ψ is the amplitude (which is assumed to vary slowly), and K is a (species-

dependent) symmetric tensor, such that

4NABKBC + ηABPBC = 0. (5.59)

Note that this is an order (ξ − ξ0)
2 correction to the amplitude of the wave. If we

substitute this ansatz into eq. 5.57, the terms that are first-order in ξ− ξ0 cancel out,

so we get (
2NABKAB −NABkAkB −m2

ψ

)
ψ +O

(
(ξ − ξ0)

2
)
= 0. (5.60)

The K’s are given by

K+
AB = K×

AB = −1
6

[
R1010

∣∣
s=0

+R2020

∣∣
s=0

R1013

∣∣
s=0

+R2023

∣∣
s=0

R1013

∣∣
s=0

+R2023

∣∣
s=0

R1313

∣∣
s=0

+R2323

∣∣
s=0

]
(5.61)

K
∥
AB = −1

4

[
R1010

∣∣
s=0

R1013

∣∣
s=0

R1013

∣∣
s=0

R1313

∣∣
s=0

]
(5.62)

K⊥
AB = −1

4

[
R2020

∣∣
s=0

R2023

∣∣
s=0

R2023

∣∣
s=0

R2323

∣∣
s=0

]
(5.63)

Kϕ
AB = 0. (5.64)

Strictly speaking, K∥ and K⊥ should also contain Euler-Heisenberg corrections, but

we neglect this. For brevity, we write out species-dependent ansatz as

En = eikA(ξA−ξA0 )+Kn
AB(ξA−ξA0 )(ξB−ξB0 ). (5.65)
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We then define our amplitudes as

h+ = G+E
+ h× = G×E

× ϕ(1) = aEϕ

A
(1)
1 = i

√
µ∥A∥E

∥ A
(1)
2 = −i√µ⊥A⊥E

⊥ (5.66)

where

µ−1
∥ = 1−M

33

1 = 1− 4

45m4
e

(
e2

4π

)2 (
2B2

L + 2B2
T

)
(5.67)

µ−1
⊥ = 1−M

33

2 = 1− 4

45m4
e

(
e2

4π

)2 (
2B2

L + 6B2
T

)
. (5.68)

Defining the elements of k as kα = (−ω, 0, 0, k), the equations of motion become

(
ω2 − k2 − 16

3
R1212

∣∣
ξ0
+ 6R1212,ρ

∣∣
ξ0
(ξρ − ξρ0)

)
G+E

+

− 2i(ξρ − ξρ0)
(
ωR120ρ

∣∣
ξ0
+ k R123ρ

∣∣
ξ0

)
G×E

×

+ κ
√
µ⊥
(
kBT + i∂1BL

)
A⊥E

⊥ − iκ
√
µ∥∂2BLA∥E

∥

− κ
(
∂1∂1ϕ− ∂2∂2ϕ

)
aEϕ = 1

2

(
J
(h)

11 − J
(h)

22

)
(5.69)(

ω2 − k2 − 16
3
R1212

∣∣
ξ0
+ 6R1212,ρ

∣∣
ξ0
(ξρ − ξρ0)

)
G×E

×

+ 2i(ξρ − ξρ0)
(
ωR120ρ

∣∣
ξ0
+ k R123ρ

∣∣
ξ0

)
G+E

+

+ κ
√
µ∥
(
kBT + i∂1BL

)
A∥E

∥ + iκ
√
µ⊥∂2BLA⊥E

⊥

− 2κ(∂1∂2ϕ) aE
ϕ = 1

2

(
J
(h)

12 + J
(h)

21

)
(5.70)
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(
µ∥ϵ∥ω

2 − k2 + 1
2
µ∥R1212

∣∣
ξ0

)
A∥E

∥

+ i
√
µ∥µ⊥(ξ

ρ − ξρ0)
(
ωR021ρ

∣∣
ξ0
+ k R321ρ

∣∣
ξ0

)
A⊥E

⊥

+ iκ
√
µ∥∂2BLG+E

+ + κ
√
µ∥
(
kBT − i∂1BL

)
G×E

×

− iλ̃
√
µ∥µ⊥

(
ω∂3ϕ+ k∂0ϕ

)
A⊥E

⊥ + λ̃
√
µ∥ωBTaE

ϕ

= − i
√
µ∥ J

(A)1

(5.71)(
µ⊥ϵ⊥ω

2 − k2 + 1
2
µ⊥R1212

∣∣
ξ0

)
A⊥E

⊥

+ i
√
µ∥µ⊥(ξ

ρ − ξρ0)
(
ωR012ρ

∣∣
ξ0
+ k R312ρ

∣∣
ξ0

)
A∥E

∥

− iκ
√
µ⊥∂2BLG×E

× + κ
√
µ⊥
(
kBT − i∂1BL

)
G+E

+

+ iλ̃
√
µ∥|µ⊥| (ω∂3ϕ+ k∂0ϕ)A∥E

∥ = i
√
µ⊥ J

(A)2

(5.72)

(
ω2 − k2 −m2

)
aEϕ + λ̃ωBTA∥E

∥

− κ(∂1∂1ϕ− ∂2∂2ϕ)G+E
+ − 2κ∂1∂2ϕG×E

× = J
(ϕ)
, (5.73)

where

ϵ∥ = 1−M
00

1 = 1− 4

45m4
e

(
e2

4π

)2 (
2B2

L − 5B2
T

)
(5.74)

ϵ⊥ = 1−M
00

2 = 1− 4

45m4
e

(
e2

4π

)2 (
2B2

L + 2B2
T

)
. (5.75)

Note that, at our order of approximation,
√
µ⊥ and

√
µ∥ may be treated as 1 when

multiplied by ξρ − ξρ0 , κ, and λ̃. Note also that

En

Em
= e(K

n
AB−Km

AB)(ξA−ξA0 )(ξB−ξB0 ) = 1 +O
(
(ξ − ξ0)

2
)
. (5.76)

Therefore, our equation of motion can be written in matrix form, eq. 5.78, as presented

on the next page, where n⊥ =
√
ϵ⊥µ

−1
⊥ and n∥ =

√
ϵ∥µ

−1
∥ are the indices of refraction,
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and

W⃗ =



1
2E+

(
J
(h)

11 − J
(h)

22

)
i
√
µ⊥

E⊥ J
(A)2

1
2E×

(
J
(h)

12 + J
(h)

21

)
−i√µ∥
E∥ J

(A)1

1
EϕJ

(ϕ)


(5.77)

represents the purely low-frequency source terms. In the limit where the Riemann

tensor, the background axion field, and the derivative of the magnetic field are set to

zero, eq. 5.78 recovers the results of [36], as we would expect.

One important note should be made about eq. 5.78: the mixing matrix is not

Hermitian, specifically because of the A∥A⊥ off-diagonal components. As we will

see momentarily, it is physically necessary for the mixing matrix to be Hermitian,

and so this surely represents a calculational mistake. The fact that this mistake is

only found in the A∥A⊥ component suggests that this mistake relates to our ansatz

for electromagnetic waves, but the author has been unable to specifically locate and

correct this error. We proceed ignoring this error, assuming for our purposes that the

mixing matrix is indeed Hermitian.

5.4.3. Transition Probabilities

We are interested in the homogeneous solutions to eq. 5.78, so we may set W⃗ = 0.

We now linearize according to the prescription of [36]: k and ω are related by k = nω,

and, since |n− 1| ≪ 1, we approximate ω + k ≈ 2ω. Therefore, we approximate

ω2 − k2 = (ω + k)(ω − k) ≈ 2ω(ω + i∂z), (5.79)
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and the mixing equation assumes a Schrödinger-like form:

(ω + i∂3 +H)


G+

A⊥
G×
A∥
a

 = 0, (5.80)

where

H = H0 + (ξρ − ξρ0)V1,ρ + κV2 + λ̃V3 (5.81)

and

H0 =



− 8
3ω
R1212

∣∣∣
s=0

0 0 0 0

0 ω(n⊥ − 1) + µ⊥
4ω
R1212

∣∣∣
s=0

0 0 0

0 0 − 8
3ω
R1212

∣∣∣
s=0

0 0

0 0 0 ω(n∥ − 1) +
µ∥
4ω
R1212

∣∣∣
s=0

0

0 0 0 0 −m2

2ω


(5.82)

V1,ρ =



3
ω
R1212,ρ

∣∣∣
s=0

0 −i
(
R120ρ

∣∣∣
s=0

+R123ρ

)
0 0

0 0 0 i
2

(
R012ρ

∣∣∣
s=0

+ R312ρ

∣∣∣
s=0

)
0

i
(
R120ρ

∣∣∣
s=0

+R123ρ

)
0 3

ω
R1212,ρ

∣∣∣
s=0

0 0

0 i
2

(
R021ρ

∣∣∣
s=0

+ R321ρ

∣∣∣
s=0

)
0 0 0

0 0 0 0 0


(5.83)

V2 =


0 1

2
BT + i

2ω
∂1BL 0 −i

2ω
∂2BL

−1
2ω

(
∂1∂1ϕ− ∂2∂2ϕ

)
1
2
BT − i

2ω
∂1BL 0 −i

2ω
∂2BL 0 0

0 i
2ω
∂2BL 0 1

2
BT + i

2ω
∂1BL

−1
ω
∂1∂2ϕ

i
2ω
∂2BL 0 1

2
BT − i

2ω
∂1BL 0 0

−1
2ω

(
∂1∂1ϕ− ∂2∂2ϕ

)
0 −1

ω
∂1∂2ϕ 0 0

 (5.84)

V3 =


0 0 0 0 0

0 0 0 i
2

(
∂3ϕ+ ∂0ϕ

)
0

0 0 0 0 0

0 −i
2

(
∂3ϕ+ ∂0ϕ

)
0 0 1

2
BT

0 0 0 1
2
BT 0

. (5.85)

Here, H0 is related to the masses of the polarization modes in the absence of mixing.

We note that all polarization modes, except for axion, acquire an effective mass as

a result of being in curved spacetime. As we will see momentarily, and similar to

what we saw in section 5.2, these effective masses will alter both the amplitude and
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frequency of all transition probabilities. V1,ρ represents mixing that arises due to cur-

vature corrections; we see that, at our order of approximation, curvature corrections

are responsible for mixing the two photon modes together and for mixing the two

graviton modes together. However, curvature corrections do not result in photons

mixing with non-photons or with gravitons mixing with non- gravitons. V2 represents

mixing caused by gravity (not to be confused with mixing caused by curvature correc-

tions; the mixing in V2 occurs regardless of the curvature of the background metric).

We can see that, by accounting for the derivative of the background magnetic field

and the background axion field, we can predict mixing between + gravitons and ∥

photons, between × gravitons and ⊥ photons, and between both graviton modes

and axions, none of which was predicted by previous research. Lastly, V3 represents

mixing caused by photon-axion coupling; it is responsible not only for photon-axion

mixing, as was already known, but also for mixing between ∥ and ⊥ photons. Thus,

we can see that going to curved spacetime both introduces new mixing modes and

changes the rate at which all other mixing occurs.

To calculate the evolution of the polarization modes, as with other forms of mix-

ing, we proceed by transforming into the mass eigenstate basis. Provided that H is

Hermitian, there exists a unitary matrix U that diagonalizes it,

U−1HU = H ≡


e+ 0 0 0 0
0 e⊥ 0 0 0
0 0 e× 0 0
0 0 0 e∥ 0
0 0 0 0 ea

 , (5.86)

where ei are the (real) eigenvalues. The amplitudes of the polarization modes are
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given by 
G+

A⊥
G×
A∥
Φ

 = U−1


G+

A⊥
G×
A∥
a

 , (5.87)

and thus eq. 5.80 becomes, in the mass eigenstate basis,

(ω + i∂3 +H)


G+

A⊥
G×
A∥
Φ

 = 0. (5.88)

This has as its solution
G+(z)
A⊥(z)
G×(z)
A∥(z)
Φ(z)

 =


ei(ω+e+)z 0 0 0 0

0 ei(ω+e⊥)z 0 0 0
0 0 ei(ω+e×)z 0 0
0 0 0 ei(ω+e∥)z 0
0 0 0 0 ei(ω+ea)z



G+(0)
A⊥(0)
G×(0)
A∥(0)
Φ(0)

 , (5.89)

where z = ξ3 − ξ30 , and therefore the evolution of the polarization modes is given by


G+(z)
A⊥(z)
G×(z)
A∥(z)
a(z)

 = U


ei(ω+e+)z 0 0 0 0

0 ei(ω+e⊥)z 0 0 0
0 0 ei(ω+e×)z 0 0
0 0 0 ei(ω+e∥)z 0
0 0 0 0 ei(ω+ea)z

U−1


G+(0)
A⊥(0)
G×(0)
A∥(0)
a(0)



≡ M(z)


G+(0)
A⊥(0)
G×(0)
A∥(0)
a(0)

 . (5.90)

The transition probability is defined as P (i → j) = |Mij|2, and this represents the

probability that a particle of polarization mode i will have transitioned into a particle

of polarization mode j after traveling distance z. For example, P+→⊥ represents the

probability of a + graviton transitioning into a ⊥ photon. A few properties of the
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transition probability should be noted. First, it is clear that P (i → j) ∈ R, by

construction. Second, by writing P (i→ j) in terms of U ,

P (i→ j) =
∑
kℓ

ei(ek−eℓ)UikU
∗
jkU

∗
iℓUjℓ, (5.91)

we may easily see that P (i→ j) = P (j → i)∗, and therefore P (i→ j) = P (j → i); in

other words, each transition is as likely to happen in one direction as it is to happen in

the other directoin. To make this symmetry clear, we will henceforth write P (i↔ j).

The final property is that

∑
j

P (i↔ j) =
∑
ikℓ

ei(ek−eℓ)UikU
∗
jkU

∗
iℓUjℓ =

∑
kℓ

ei(ek−eℓ)δkℓU
∗
jkUjℓ

=
∑
k

U∗
jkUjk = δjj = 1. (5.92)

This is an important sanity check: a particle i must transition into something (in-

cluding the possibility of remaining in its original polarization mode, represented by

P (i↔ i)), and thus the sum of probabilities of all states i could transition to should

be unity. Importantly, these properties have been proven using the unitarity of U

and the realness of the eigenvalues; thus we see that, if the mixing matrix H is not

Hermitian, then unphysical behavior will occur.

The above provides us with a scheme for finding the transition probabilities, but

it depends on finding an expression for U . To do this, we treat ξρ − ξρ0 , κ, and λ̃

as small, so that we may calculate U using perturbation theory. To first order, it is

given by

Uij = δij − (ξρ − ξρ0)
V1,ρ,ij

H0,ii −H0,jj

− κ
V2,ij

H0,ii −H0,jj

− λ̃
V3,ij

H0,ii −H0,jj

. (5.93)
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We will combine all perturbative components of U into a single variable U (1):

U = 1 + U (1), (5.94)

and we may perform a similar perturbative decomposition on the mass eigenvalues

and M(z):

ei = H0,ii + e
(1)
i (5.95)

M(z) =


ei(ω+H0,++)z 0 0 0 0

0 ei(ω+H0,⊥⊥)z 0 0 0
0 0 ei(ω+H0,××)z 0 0
0 0 0 ei(ω+H0,∥∥)z 0
0 0 0 0 ei(ω+H0,aa)z

+M(1)(z). (5.96)

There are higher-order terms as well, and, in calculating the transition probabilities,

there is insight to be gained by considering up to second order:

P (i↔ j) =
∣∣∣M(0)

ij

∣∣∣2 + 2Re
(
M(0)

ij M(1)∗
ij

)
+
∣∣∣M(1)

ij

∣∣∣2 + 2Re
(
M(0)

ij M(2)∗
ij

)
+O(3), (5.97)

where O(3) indicates terms whose combined order in ξρ − ξρ0 , κ, and λ̃ is at least 3.

For i ̸= j, M(0)
ij = 0, and therefore the off-diagonal transition probabilities become

P (i↔ j) =
∣∣∣M(0)

ij

∣∣∣2 + ∣∣∣M(1)
ij

∣∣∣2 +O(3). (5.98)

In other words, we may calculate the off-diagonal transition probabilities to second

order while calculating M(z) to only first order. We may then calculate the on-

diagonal transition probabilities via

P (i↔ i) = 1−
∑
j ̸=i

P (i↔ j). (5.99)
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The probability transitions, found via this prescription, are given in Appendix C.

Section 5.5

Conclusion

Primakoff mixing is an important phenomenon to understand, both in the search for

scalar boson dark matter and in the study of gravitational waves. There has been

substantial interest in detecting dark matter by looking for mixing in the vicinity of

a compact object (black holes, neutron stars, and white dwarfs) [44–57]. In any such

experiment efforts, it will be crucial to incorporate the effects of curved spacetime

into calculations of the rate of mixing.

Mixing behaves significantly differently in curved spacetime than it does in flat

spacetime; going to curved spacetime introduces new mixing modes, and it alters

the amplitude and frequency of all transition probabilities. One important quality

of Primakoff mixing is that it is generic to all scalar boson dark matter models, i.e.

not necessarily the axion. While V3, which results from the axion-photon coupling,

is obviously specific to an axion model, V1,ρ and V2 remains unchanged regardless

of the type of scalar boson dark matter under consideration. (Essentially, the non-

axion case is found by setting λ̃ = 0.) In other words, the majority of our results

are model-independent for scalar dark matter. However, it must be stressed that the

results presented here are incomplete, as they do not include nonlocal corrections,

and as a consequence the curvature corrections that we find are highly suppressed.

A complete version of these calculations are performed in [83].
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Conclusion

The topic of particle interactions in curved spacetime is relevant, at least to some

extent, to every subject of astrophysics. In this thesis, we have examined two specific

situations in which these interactions are acutely relevant, namely superradiant axion

lasers and Primakoff-type bosonic mixing, and we have discussed a general treatment

of particle interactions that incorporates nonlocal corrections. To conclude, we offer

some brief comments on future research directions in which these three areas might

progress.

Superradiant axion lasers are a relatively new research subject. While the idea of

an axion laser dates back to 1995 [58], the idea that an axion cloud of the necessary

density could be formed by superradiance was not considered in the literature until

2018 [61, 62]. As such, there is much work that remains in this field. Research up to

this point has primarily focused on the affects of plasmas on the laser [62, 63, 65], as

black holes are expected to be surrounded by plasmas drawn in via accretion. The

work of chapter 2 fits well within this context, showing that a certain amount of

the plasma around a superradiant axion laser will come from the laser itself, via the

Schwinger effect. [65] simulated in significant detail the interaction between plasmas

and an axion laser; the inclusion of the Schwinger effect into simulations of this kind
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would be an interesting direction for future research.

While chapter 2, as well as the work that inspired it [61], approach the topic of

axion lasers from a particle perspective, the field has since then tended to take a

classical field theoretic approach [62–65]. One advantage to this approach is that the

equation of motion for a classical field in curved spacetime may be solved (numerically

or in some cases analytically) without working within a locally flat patch of spacetime.

Thus there is no need to introduce nonlocal corrections, per chapter 4. However, this

has not been done in all research [62, 65], and the results of chapter 4 suggests that

ignoring the effects of curved spacetime may result in missing important effects.

Much of the research that remains to be done on axion lasers lies in identifying

phenomena that may be relevant, and then incorporating them into an analysis of

axion lasers. Proverbially, we must find all of the pieces of the puzzle before we can

put them together. Chapter 2 represents an example of this, as we have identified

the Schwinger effect as relevant and shown how it may be incorporated into research

on axion lasers. Another phenomenon that may be relevant is the self-interaction of

axions, which, at certain densities, triggers the axion cloud to collapse in what has

been dubbed a bosenova [94, 191, 192]. Given that plasmas (both Schwinger plasmas

and accreted plasmas) can allow for unbounded axion growth, it is easy to see how

a bosenova collapse could be an important consideration. To date, however, this

specific question has not yet been researched.

Aside from the intricacies of axion lasers, there are also ways in which this research

may be extended to similar situations. One example would be to examine the question

of lasing in a multi-axion model. A recent paper [193] examined the question of laser-

like parametric resonance in one particular multi-axion model, but not in the specific

context superradiance. Another extension of this research would be to consider not

the laser-like production of photons from axion decay, but the laser-like photons of
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gravitational waves from axion decay, via a Chern-Simons coupling (see [194] for

a review). The Chern-Simons coupling constant is at present highly unconstrained,

with the best current constraints coming from frame-dragging effects around the earth

[195], and the laser-like production of gravitational waves may offer a more sensitive

means of constraining this parameter. Additionally, plasma effects are likely to be

much less significant to the laser-like production of gravitational waves, as plasmas

will only be relevant insofar as their energy will curve spacetime, i.e. they do not

kinematically prevent axion-graviton decay in the same way that they do with axion-

photon decay.

In contrast to superradiant axion lasers, Primakoff mixing is a much more well-

established field, having been researched continuously since its proposal in the 1980s

[35, 36], with its astrophysical application having been immediately recognized. As

such, while there is certainly more research to be done, the open questions are less

fundamental and less obvious than in superradiant axion lasers. As such, it suffices

for the purpose of this thesis to say that, in most if not all astrophysical contexts, the

curvature of spacetime appears highly relevant to the behavior of Primakoff mixing.

This topic is explored in greater detail in [83], and it is advisable that any proposal

to observe Primakoff mixing occurring around a compact object should incorporate

these considerations.

Lastly there is the topic of nonlocal corrections, established in chapter 4 and

discussed in greater detail in [85]. This is an entirely novel effective field theory tool,

and so there is much work to be done here. The most obvious statement here is

that all research in which one makes use of a locally flat approximation to curved

spacetime would benefit from incorporating nonlocal corrections. Additionally, as

noted in chapter 4, these nonlocal corrections can cause Planck-suppressed operators

to be enhanced, potentially enabling them to be observable. This would be a valuable
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way of probing otherwise inaccessible physics, which ought to be explored.

Another observation is that the determination of nonlocal corrections is, at present,

highly computationally expensive. The development of faster ways to compute, or

at least estimate, these corrections would be highly valuable in expediting additional

research.
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Appendix A

Calculation of the Rate of Pair

Production

In this appendix we perform the integral in eq. 2.24 in order to attain an expression

for ΓSchw. We begin by rewriting our integral in terms only of E∥, B∥, and θ:

ΓSchw =
e2V

4π3σ6
EM

∫ π

0

∫ ∞

0

∫ ∞

0

dθdE∥dB∥E
3
∥B

3
∥
(
E2

∥ +B2
∥
)

sin θ|sec3 θ|e−
√
(E2

∥−B2
∥)

2
+4E2

∥B
2
∥ sec2 θ

2σ2
EM√(

E2
∥ −B2

∥

)2
+ 4E2

∥B
2
∥ sec

2 θ

∞∑
n=1

1

n
coth

nπB∥

E∥
e
−nπ Ec

E∥ . (A.1)

The integral over θ may be performed through the substitution

u =

√(
E2

∥ −B2
∥

)2
+ 4E2

∥B
2
∥ sec

2 θ, yielding

ΓSchw =
e2V

4π3σ4
EM

∫ ∞

0

∫ ∞

0

dE∥dB∥E∥B∥
(
E2

∥ +B2
∥
)
e
−

E2
∥+B2

∥
2σ2

EM

∞∑
n=1

1

n
coth

nπB∥

E∥
e
−nπ Ec

E∥ .

(A.2)
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We may expand coth as a series of exponentials, allowing us to rewrite this as

ΓSchw =
e2V

4π3σ4
EM

∞∑
n=1

1

n

∫ ∞

0

dE∥E∥e
−

E2
∥

2σ2
EM e

−nπ Ec
E∥

∞∑
k=0

(2− δk0)

∫ ∞

0

dB∥B∥
(
E2

∥ +B2
∥
)
e
−

B2
∥

2σ2
EM e

−2nkπ
B∥
E∥ . (A.3)

To perform the inner integral, we may rewrite the B2
∥ exponential as a Meijer G-

function, exp

(
− B2

∥
2σ2

EM

)
= G1,0

0,1

(
B2

∥
2σ2

EM

∣∣∣∣ −
0

)
, and then make use of the identity [196]

∫ ∞

0

dxxα−1e−σxGmn
pq

(
ωxℓ

∣∣∣∣ (ap)
(bq)

)
=

ℓα−
1
2σ−α

(2π)
1
2
(ℓ−1)

Gm,n+ℓ
p+ℓ,q

(
ω

(σ/ℓ)ℓ

∣∣∣∣ 1−α
ℓ
, 2−α

ℓ
, . . . , ℓ−α

ℓ
, (ap)

(bq)

)
. (A.4)

This identity requires a number of conditions for its validity, but the only ones relevant

to this discussion are that σ and ω must both be nonzero; consequently, we must

separate the k = 0 term from the k ̸= 0 terms, applying the above identity only to

the latter. This yields

ΓSchw =
e2V

4π3σ4
EM

∞∑
n=1

1

n

∫ ∞

0

dE∥E∥e
−

E2
∥

2σ2
EM e

−nπ Ec
E∥

(
2σ4

EM + σ2
EME

2
∥

+
∞∑
k=1

E4
∥

n4k4π4.5

(
n2k2π2G1,2

2,1

(
E2

∥

2n2k2π2σ2
EM

∣∣∣∣ 0,−1
2

0

)

+G1,2
2,1

(
E2

∥

2n2k2π2σ2
EM

∣∣∣∣ −1,−3
2

0

)))
. (A.5)
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Defining v = E2
∥ :

ΓSchw =
e2V

8π3.5σ4
EM

∞∑
n=1

1

n

∫ ∞

0

dve
− v

2σ2
EMG0,2

2,0

(
4v

n2π2E2
c

∣∣∣∣ 1, 1
2

−

)(
2σ4

EM + σ2
EMv

+
∞∑
k=1

v2

n4k4π4.5

(
n2k2π2G1,2

2,1

(
v

2n2k2π2σ2
EM

∣∣∣∣ 0,−1
2

0

)
+G1,2

2,1

(
v

2n2k2π2σ2
EM

∣∣∣∣ −1,−3
2

0

)))
. (A.6)

The first two terms may be integrated using eq. A.4. Integrating the higher-order

terms requires the use of the bivariate Meijer G-function [197–199], defined as

Gm1,n1:m2,n2;m3,n3
p1, q1 : p2, q2 ; p3, q3

x, y
∣∣∣∣∣∣
(
α
(1)
p1

)
:
(
α
(2)
p2

)
;
(
α
(3)
p3

)(
β
(1)
q1

)
:
(
β
(2)
q2

)
;
(
β
(3)
q3

) 
=

−1

4π2

∫
L1

∫
L2

Ψ1(s+ t)Ψ2(s)Ψ3(t)x
sytdsdt, (A.7)

where L1 and L2 are suitable contours and

Ψi(u) =

mi∏
j=1

Γ
(
β
(i)
j − u

) ni∏
j=1

Γ
(
1− α

(i)
j + u

)
qi∏

j=mi+1

Γ
(
1− β

(i)
j + u

) pi∏
j=ni+1

Γ
(
α
(i)
j − u

) . (A.8)

When p1 = q1 = 0, the bivariate Meijer G-function becomes a product of two uni-

variate Meijer G-functions. The integral may then be performed using the identity
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[200]

∫ ∞

0

dxxλ−1e−µxGm1,n1:m2,n2;m3,n3
p1 ,q1 : p2, q2 ; p3, q3

ρx, σx
∣∣∣∣∣∣
(
α
(1)
p1

)
:
(
α
(2)
p2

)
;
(
α
(3)
p3

)(
β
(1)
q1

)
:
(
β
(2)
q2

)
;
(
β
(3)
q3

) 
= µ−λGm1,n1+1:m2,n2;m3,n3

p1 , q1 : p2, q2 ; p3, q3

ρ

µ
,
σ

µ

∣∣∣∣∣∣ 1− λ,
(
α
(1)
p1

)
:
(
α
(2)
p2

)
;
(
α
(3)
p3

)(
β
(1)
q1

)
:
(
β
(2)
q2

)
;
(
β
(3)
q3

)  ,

(A.9)

yielding

ΓSchw =
∞∑
n=1

e2V σ2
EM

2π3.5n

(
G0,3

3,0

(
8σ2

EM

n2π2E2
c

∣∣∣∣ 1, 1
2
, 0

−

)
+G0,3

3,0

(
8σ2

EM

n2π2E2
c

∣∣∣∣ 1, 1
2
,−1
−

))
+

∞∑
n=1

∞∑
k=1

e2V σ2
EM

n5k4π8

(
n2k2π2G0,1:0,2;1,2

1,0:2,0;2,1

(
8σ2

EM

n2π2E2
c

,
1

n2k2π2

∣∣∣∣ −2 : 1, 1
2

; 0,−1
2

− : − ; 0

)
+G0,1:0,2;1,2

1,0:2,0;2,1

(
8σ2

EM

n2π2E2
c

,
1

n2k2π2

∣∣∣∣ −2 : 1, 1
2

; −1,−3
2

− : − ; 0

))
.

(A.10)

With some manipulation, we may rewrite this as

ΓSchw =
e2V σ2

EM

2π3.5

∞∑
n=1

1

n

(
G0,4

4,1

(
8σ2

EM

n2π2E2
c

∣∣∣∣ 1, 1
2
, 0,−2
−1

)

+
2√
π

∞∑
k=1

G0,1:0,3;1,2
1,0:3,1;2,1

(
8σ2

EM

n2π2E2
c

,
1

n2k2π2

∣∣∣∣ 0 : 1, 1
2
,−2 ; 1, 1

2

− : −1 ; 1

))
.

(A.11)

We now wish to evaluate this in the limit σEM ≪ Ec. To do this, we first rewrite
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the bivariate Meijer G-function as

G0,1:0,3;1,2
1,0:3,1;2,1

(
8σ2

EM

n2π2E2
c

,
1

n2k2π2

∣∣∣∣ 0 : 1, 1
2
,−2 ; 1, 1

2

− : −1 ; 1

)
=

1

2πi

∫
L

Γ(t)Γ

(
1

2
+ t

)
Γ(1− t)G0,4

4,1

(
8σ2

EM

n2π2E2
c

∣∣∣∣ 1, 1
2
,−2,−t
−1

)(
1

n2k2π2

)t
dt.

(A.12)

In the aforementioned limit,

G0,4
4,1

(
8σ2

EM

n2π2E2
c

∣∣∣∣ 1, 1
2
,−2,−t
−1

)
≈ 2π√

3
e
−3

(
8σ2

EM
n2π2E2

c

)−1
3 (

8σ2
EM

n2π2E2
c

)− 1
2
− t

3

, (A.13)

and thus we get

G0,1:0,3;1,2
1,0:3,1;2,1

(
8σ2

EM

n2π2E2
c

,
1

n2k2π2

∣∣∣∣ 0 : 1, 1
2
,−2 ; 1, 1

2

− : −1 ; 1

)

≈ nπ2Ec√
6σEM

e
−3

(
8σ2

EM
n2π2E2

c

)−1
3

1

2πi

∫
L

Γ(t)Γ

(
1

2
+ t

)
Γ(1− t)

(
1

k2

(
E2
c

8n4π4σ2
EM

) 1
3

)t

dt.

(A.14)

The sum over k becomes a Riemann zeta function:

∞∑
k=1

G0,1:0,3;1,2
1,0:3,1;2,1

(
8σ2

EM

n2π2E2
c

,
1

n2k2π2
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2
,−2 ; 1, 1

2
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)
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nπ2Ec√
6σEM

e
−3

(
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EM
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1

2πi

∫
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1

2
+ t

)
Γ(1− t)
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E2
c

8n4π4σ2
EM
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=
nπ2Ec√
6σEM

e
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8σ2

EM
n2π2E2
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)−1
3

1

2πi

∫ ∞

0

x−1dx

ex − 1∫
L

Γ(t)Γ
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1
2
+ t
)
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x2
(

E2
c

8n4π4σ2
EM

) 1
3

)t
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(A.15)
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where we have used the zeta function’s integral representation,

ζ(t) =
∞∑
k=1

1

kt
=

1

Γ(t)

∫ ∞

0

xt−1

ex − 1
dx. (A.16)

With some manipulation, the inner integral may be rewritten as a Meijer G-function

with a known form, yielding

∞∑
k=1

G0,1:0,3;1,2
1,0:3,1;2,1

(
8σ2

EM

n2π2E2
c

,
1

n2k2π2

∣∣∣∣ 0 : 1, 1
2
,−2 ; 1, 1

2

− : −1 ; 1

)

=
nπ2Ec√
6σEM

e
−3

(
8σ2

EM
n2π2E2

c

)−1
3 (

E2
c

8n4π4σ2
EM

) 1
3
√
π

2

∫ ∞

0

xdx

ex − 1
e
−x2

4

(
E2
c

8n4π4σ2
EM

) 1
3

.

(A.17)

Our expression for the total rate of pair production then becomes

ΓSchw =
e2EcV σEM

2
√
6π1.5

∞∑
n=1

e
−3

(
8σ2

EM
n2π2E2

c

)−1
3

1 +

(
E2
c

8n4π4σ2
EM

) 1
3
∫ ∞

0

xdx

ex − 1
e
−x2

4

(
E2
c

8n4π4σ2
EM

) 1
3

 .

(A.18)

Terms in this summation vanish as n increases, so that we may assume n is small,

and therefore E2
c

8n4π4σ2
EM

≫ 1. In this limit,

(
E2
c

8n4π4σ2
EM

) 1
3
∫ ∞

0

xdx

ex − 1
e
−x2

4

(
E2
c

8n4π4σ2
EM

) 1
3

≈ √
π

(
E2
c

8n4π4σ2
EM

) 1
6

− 1, (A.19)

and so we get

ΓSchw ≈ e2E2
cV

8
√
3π

∞∑
n=1

e
−3

(
8σ2

EM
n2π2E2

c

)−1
3 (

8σ2
EM

n2π2E2
c

) 1
3

. (A.20)
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Substituting the expression for σEM found from eq. 2.27, and using the definition

for NSchw
γ , yields eq. 2.28. Numerical calculations show that eq. 2.28 approximates

eq. A.2 well for Nγ ≲ .1NSchw
γ , and continues to be accurate to within an order of

magnitude for all Nγ < NSchw
γ .
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Appendix B

Behavior of Functions of χ

The dimensionless parameter χ represents the rate at which electrons and positrons

are accelerated to relativistic velocities by radiation pressure. A number of quantities

may be expressed solely as a function of χ, and in this appendix we establish the

mathematical tools to analyze these functions.

It is helpful to rescale quantities of length by a factor of χ
∆r

; we label quantities

that have been rescaled in this way with a hat, e.g. ρ̂0 = χ ρ0
∆r

. With this notation,

the relation between the location of an electron or positron’s creation and the time it

takes for that electron or positron to exit the 2p-cloud may be written as

χ− ρ̂0 =

√
T̂e±

(
2 + T̂e±

)
+
π

3
− 2 tan−1

√
3
(
1 + T̂e±

)
+ 2

√
T̂e±

(
2 + T̂e±

)
3 + T̂e±

, (B.1)

and the escape rate is

Γe± =
χ3

6
∫ χ
0
T̂e± ρ̂0dρ̂0

Γγ. (B.2)

This makes it clear that
Γe±
Γγ

is a function only of χ. Its asymptotic behavior may be

derived by noting that, in the limit χ→ ∞, the arctangent term in eq. B.1 becomes

insignificant, and therefore
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Γe± −−−→
χ→∞

χ3

6
∫ χ
0

(√
(χ− ρ̂0)

2 + 1− 1

)
ρ̂0dρ̂0

Γγ. (B.3)

This may be evaluated to find that

lim
χ→∞

Γe± = Γγ, (B.4)

which is what one would expect physically.

An integral which appears in pair annihilation, when written using hat notation,

is

ΓannV =
8

χ2

∫ χ

0

dρ̂

∫ ρ̂

0

dρ̂0e+

∫ ρ̂

0

dρ̂0e−
ρ̂0e+ ρ̂0e−

ρ̂3
|ve+ − ve−|σ(vcom), (B.5)

where

ρ̂− ρ̂0e± =
ve±√
1− v2e±

− tan−1 ve±√
1− v2e±

. (B.6)

The asymptotic behavior of ΓannV may be examined in a similar manner to Γe± ,

although in this case it is convenient to examine
d(χ2ΓannV )

dχ
:

d (χ2ΓannV )

dχ
−−−→
χ→∞

8

χ3

∫ χ√
χ2+1

0

∫ χ√
χ2+1

0

dve+dve−γ
3
e+γ

3
e−

×
(
χ− ve+√

1− v2e+

)(
χ− ve−√

1− v2e−

)
|ve+ − ve−|σ(vcom).

(B.7)

We may convert the double integral into a single integral by differentiating three
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times:

d3

dχ3
χ3d (χ

2ΓannV )

dχ
−−−→
χ→∞

16

∫ χ√
χ2+1

0

dve−γ
3
e−

(
3 +

(
χ− ve−√

1− v2e−

)
d

dχ

)
|ve+ − ve−|σ(vcom)

∣∣∣∣
ve+= χ√

χ2+1


(B.8)

In the limit χ→ ∞, the integrand becomes

γ3e−

(
3 +

(
χ− ve−√

1− v2e−

)
d

dχ

)|ve+ − ve− |σ(vcom)
∣∣∣∣
ve+= χ√

χ2+1


−−−→
χ→∞

3(1 + ve−) ln
(
2χ
√

1−ve−
1+ve−

)
8χ2

(
1− v2e−

) 3
2

σT . (B.9)

When this is integrated, we arrive at our asymptotic form for ΓannV :

ΓannV −−−→
χ→∞

3(lnχ)2

2χ2
σT . (B.10)

eq. 2.59 follows straightforwardly.
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Appendix C

Transition Probabilities in Curved

Spacetime

The following are the transition probabilities P (i ↔ j) = |Mij(z)|2, calculated per

section 5.4.3.

P (+ ↔⊥) = κ2
B2
T +

(
∂1BL

ω

)2(
ω(n⊥ − 1) + 32+3µ⊥

12ω
R1212

∣∣
s=0

)2
× sin2

((
ω
2
(n⊥ − 1) + 32+3µ⊥

24ω
R1212

∣∣
s=0

)
z
)
, (C.1)

P (+ ↔∥) = κ2
(∂2BL)

2(
ω2(n∥ − 1) +

32+3µ∥
12

R1212

∣∣
s=0

)2
× sin2

((
ω
2
(n∥ − 1) +

32+3µ∥
24ω

R1212

∣∣
s=0

)
z
)
, (C.2)

P (+ ↔ ϕ) = κ2
4
(
∂2∂2ϕ− ∂1∂1ϕ

)2(
m2 − 20

3
R1212

∣∣
s=0

)2
× sin2

((
m2

4ω
− 5

3ω
R1212

∣∣
s=0

)
z
)
, (C.3)

P (+ ↔ ×) =
(
(ξρ − ξρ0)(R120ρ

∣∣
s=0

+R123ρ

∣∣
s=0

) z
)2
, (C.4)

133



Transition Probabilities Transition Probabilities

P (× ↔⊥) = κ2
(∂2BL)

2(
ω2(n⊥ − 1) + 32+3µ⊥

12
R1212

∣∣
s=0

)2
× sin2

((
ω
2
(n⊥ − 1) + 32+3µ⊥

24ω
R1212

∣∣
s=0

)
z
)
, (C.5)

P (× ↔∥) = κ2
B2
T + (∂1BL/ω)

2(
ω(n∥ − 1) +

32+3µ∥
12ω

R1212

∣∣
s=0

)2
× sin2

((
ω
2
(n∥ − 1) +

32+3µ∥
24ω

R1212

∣∣
s=0

)
z
)
, (C.6)

P (× ↔ ϕ) = κ2
16(∂1∂2ϕ)

2(
m2 − 20

3
R1212

∣∣
s=0

)2
× sin2

((
m2

4ω
− 5

3ω
R1212

∣∣
s=0

)
z
)
, (C.7)

P (∥↔⊥) =

(
λ̃(∂3ϕ+ ∂0ϕ) + (ξρ − ξρ0)(R021ρ

∣∣
s=0

+R321ρ

∣∣
s=0

)
)2(

ω(n∥ − n⊥) +
µ∥−µ⊥

4ω
R1212

∣∣
s=0

)2
× sin2

((
ω
2
(n∥ − n⊥) +

µ∥−µ⊥
8ω

R1212

∣∣
s=0

)
z
)
, (C.8)

P (∥↔ ϕ) = λ̃2
B2
Tω

2(
m2

2
+ ω2(n∥ − 1) +

µ∥
4
R1212

∣∣
s=0

)2
× sin2

(
m2+2(n∥−1)ω2

4ω
z
)
, (C.9)

P (⊥↔ ϕ) = 0. (C.10)

The probability that a given species remains the same can be found by using the

fact that total probability must sum to 1. Note that, in the limit where Rαβγδ

∣∣∣
s=0

,

∂ϕ, and ∂BL go to 0, these match with the flat-spacetime probabilities [35–39]
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[43] A. Álvarez Melcón et al. First results of the CAST-RADES haloscope search for

axions at 34.67 µeV. Journal of High Energy Physics, 2021(10):1–16, 4 2021.

[44] Malte Buschmann, Raymond T. Co, Christopher Dessert, and Benjamin R.

Safdi. Axion Emission Can Explain a New Hard X-Ray Excess from Nearby

Isolated Neutron Stars. Phys. Rev. Lett., 126(2):021102, 2021. doi: 10.1103/

PhysRevLett.126.021102.

[45] Christopher Dessert, Andrew J. Long, and Benjamin R. Safdi. X-ray Signatures

of Axion Conversion in Magnetic White Dwarf Stars. Phys. Rev. Lett., 123(6):

061104, 2019. doi: 10.1103/PhysRevLett.123.061104.

[46] Igor G. Irastorza and Javier Redondo. New experimental approaches in the

search for axion-like particles. Prog. Part. Nucl. Phys., 102:89–159, 2018. doi:

10.1016/j.ppnp.2018.05.003.

[47] Joshua W. Foster, Yonatan Kahn, Oscar Macias, Zhiquan Sun, Ralph P.

Eatough, Vladislav I. Kondratiev, Wendy M. Peters, Christoph Weniger, and

Benjamin R. Safdi. Green Bank and Effelsberg Radio Telescope Searches for

Axion Dark Matter Conversion in Neutron Star Magnetospheres. Phys. Rev.

Lett., 125(17):171301, 2020. doi: 10.1103/PhysRevLett.125.171301.

[48] R. A. Battye, B. Garbrecht, J. I. Mcdonald, and S. Srinivasan. Radio Line

Properties of Axion Dark Matter Conversion in Neutron Stars. Journal of High

Energy Physics, 2021(105), 4 2021.

142



BIBLIOGRAPHY

[49] Thomas D. P. Edwards, Bradley J. Kavanagh, Luca Visinelli, and Christoph

Weniger. Transient Radio Signatures from Neutron Star Encounters with QCD

Axion Miniclusters. Physical Review Letters, 127(13):131103, 11 2021.

[50] David B. Kaplan. Opening the Axion Window. Nucl. Phys. B, 260:215–226,

1985. doi: 10.1016/0550-3213(85)90319-0.

[51] MS Pshirkov and SB Popov. Conversion of dark matter axions to photons

in magnetospheres of neutron stars. Journal of Experimental and Theoretical

Physics, 108(3):384–388, 2009.

[52] Fa Peng Huang, Kenji Kadota, Toyokazu Sekiguchi, and Hiroyuki Tashiro. Ra-

dio telescope search for the resonant conversion of cold dark matter axions from

the magnetized astrophysical sources. Phys. Rev. D, 97(12):123001, 2018. doi:

10.1103/PhysRevD.97.123001.

[53] Anson Hook, Yonatan Kahn, Benjamin R. Safdi, and Zhiquan Sun. Radio sig-

nals from axion dark matter conversion in neutron star magnetospheres. Phys.

Rev. Lett., 121:241102, Dec 2018. doi: 10.1103/PhysRevLett.121.241102. URL

https://link.aps.org/doi/10.1103/PhysRevLett.121.241102.

[54] Benjamin R. Safdi, Zhiquan Sun, and Alexander Y. Chen. Detecting Axion

Dark Matter with Radio Lines from Neutron Star Populations. Phys. Rev. D,

99(12):123021, 2019. doi: 10.1103/PhysRevD.99.123021.

[55] Richard A Battye, Bjoern Garbrecht, Jamie I McDonald, Francesco Pace, and

Sankarshana Srinivasan. Dark matter axion detection in the radio/mm wave-

band. Physical Review D, 102(2):023504, 2020.
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