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Abstract We use the remodeling approach to the B-model topological string in
terms of recursion relations to study open string amplitudes at orbifold points.
To this end, we clarify modular properties of the open amplitudes and rewrite
them in a form that makes their transformation properties under the modular group
manifest. We exemplify this procedure for the C*/Zj orbifold point of local P,
where we present results for topological string amplitudes for genus zero and up
to three holes, and for the one-holed torus. These amplitudes can be understood as
generating functions for either open orbifold Gromov—Witten invariants of C> /Z3,
or correlation functions in the orbifold CFT involving insertions of both bulk and
boundary operators.

1 Introduction

Topological string theory on Calabi—Yau threefolds has played a crucial role in
our understanding of string theory and Gromov—Witten theory. One of the most
fascinating aspects of this topological sector of string theory is that very often
amplitudes can be computed exactly, and their dependence on the moduli can be
studied in detail. This has led to very rich pictures of the moduli space of the
theory, involving different phases which exhibit different physics (10; 56)).
Modular and analytic properties of the amplitudes connect the different phases
of the Calabi—Yau moduli space in a very precise way. Each phase of the moduli
space is characterized by a set of “good coordinates,” and different good coor-
dinates corresponding to different phases are related by a transformation in the
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modular group of the theory. As explained in (1)), topological string amplitudes
are modular objects with specific transformation properties under this group, and
as one goes from one phase to the other, the amplitudes have to be transformed
accordingly. For example, when expanded at the large radius limit in moduli space,
topological string amplitudes are generating functions of Gromov—Witten invari-
ants. As one moves away from this point towards different regions in moduli
space, the large radius expansion eventually ceases to converge, but after suitable
modular transformations and analytic continuations, the topological string ampli-
tudes can be re-expanded in terms of the good variables of the new phase. In par-
ticular, when going to orbifold points of the moduli space, the amplitudes become
generating functions for orbifold Gromov—Witten invariants. A detailed under-
standing of the modular transformation properties of the amplitudes makes it then
possible to relate Gromov—Witten invariants to orbifold Gromov—Witten invari-
ants, in the spirit of the crepant resolution conjecture (19; 24;|53)). In (1) this was
used to calculate generating functions of orbifold Gromov—Witten invariants in
the case of the C* /Zj3 orbifold, which corresponds to a phase in the moduli space
of local P2, its crepant resolution. The predictions obtained in this way have been
later verified mathematically in orbifold Gromov—Witten theory (11} [175 20; 25),
and other examples have been recently calculated (185 26)).

A crucial ingredient in the approach of (1)) is the ability to obtain exact results
for the topological string amplitudes on the whole of moduli space, so that they
can be expanded in different phases. These exact expressions are typically calcu-
lated by using the B-model and mirror symmetry. On top of that, it is extremely
useful to write these exact results in a way that makes the transformation proper-
ties manifest. For local Calabi—Yau threefolds, the mirror manifold reduces to an
algebraic curve and the modular group is essentially the symplectic group acting
on the homology of the surface. Topological string amplitudes can then be writ-
ten in terms of modular forms with respect to this group, and when the curve has
genus one, as in the case of the mirror to local P2, one can write them in terms of
elliptic functions (L)).

The results of (1) were obtained for closed string amplitudes, and it is natural
to ask how one could extend these results to open topological string amplitudes.
As in the closed case, we first need a formalism to compute open topological string
amplitudes exactly on the whole closed and open moduli space. For the case of
toric Calabi—Yau threefolds, this formalism has been proposed in (16; 49) and
it is based on a recursion relation first obtained in the context of matrix models
(325 134). One advantage of the framework developed in (16;49), as compared to
the holomorphic anomaly equations of (12 [54)), is that the amplitudes are com-
pletely fixed by the recursion. It is then natural to use this formalism in order to
understand the properties of open string amplitudes as one moves in the open and
closed moduli space of toric Calabi—Yau threefolds, and in particular to extract
information about the open counterparts of orbifold Gromov—Witten invariants
(which so far have not been defined in the mathematical literature).

In (16) some steps were taken in this direction. In particular we discussed
how to find “good coordinates” for the open moduli at the orbifold point, and
we made a preliminary analysis of the disk amplitude. In this paper we present a
detailed study of open topological string amplitudes at the orbifold point, focusing
on the case of C?/Z3. First of all, we clarify the transformation properties of
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the string amplitudes in the open sector, and we present expressions for them
which make their modular transformation properties manifest. Since the recursion
of (165345 149)) is based on the Bergman kernel of the mirror curve, our first step
is to write it (for a curve of genus one) in terms of elliptic functions. One can
then plug the resulting expression in the recursion to find modular expressions
for all the open string amplitudes. This leads to considerable improvements in
terms of computional efficiency of the recursion relations. As a consequence of
this refinement of the formalism of (16), we are able to calculate open orbifold
string amplitudes at high order, and we present explicit expressions for amplitudes
with (g,n) = (0,2), (0,3) and (1, 1). These expressions give generating functions
for open orbifold Gromov—Witten invariants, and from the CFT point of view
they compute correlation functions of arbitrary insertions of both bulk operators,
associated with twist fields, and boundary operators, associated with deformation
modes of the D-brane open moduli.

The organization of the paper is as follows. We start by reviewing the remod-
eling approach to the B-model using recursion relations in Sects. to In
Sect. we study modularity of the open amplitudes, which we rewrite in a form
that makes their transformation properties explicit in Sect. [2.5] Section [3]is then
devoted to the study of topological open string amplitudes at the C*/Zj orbifold
point in the moduli space of local P2, using the formalism presented in Sect.
We also briefly comment on the calculation of the open amplitudes at the conifold
point in the moduli space of local P2 in Sect.

2 Open B-model on Mirrors of Toric Calabi-Yau Threefolds
2.1 The geometry

Consider the A-twisted sigma model on a (noncompact) toric Calabi-Yau threefold
X. A-branes are objects in the “derived Fukaya category” of X; roughly speak-
ing, they correspond to Lagrangian submanifolds of X with bundles on them. We
consider a simple class of A-branes, given by noncompact special Lagrangian
submanifolds L C X with trivial bundle, with topology R? x S'; those were con-
structed in (4; 155 139) — see also (16) for a detailed description.

The mirror theory is a B-twisted sigma modeﬂ on a family w:Y — .4 of
noncompact Calabi-Yau threefolds, where .# is the moduli space of the closed B-

model. Let z = (zj,...,2;) be coordinates on .# centered at a point of maximally
unipotent monodromy. The fiber ¥, = 77! (zy,...,2) of the family has the form
Y. = {ww = H(x,y:2)} C (C)* x (C")%, @1

where H (x,y;z) is a Laurent polynomial in x,y € C* of degree 1. The precise form
of H(x,y;z) is dictated by the toric data of the mirror X. Y is a quadric fibration
over (C*)?, with degeneration locus the Riemann surface

X ={H(x,y;z) =0} C (C")*. 22)

! The mirror is generally presented as a Landau-Ginzburg model; we explain the correspon-
dence between the Landau-Ginzburg model and the sigma model in Appendix A.
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B-branes are objects in the derived category of coherent sheaves, some of
which correspond to holomorphic submanifolds of ¥, with bundles on them. The
B-branes mirror to the simple A-branes considered above can be described as
wrapping a holomorphic curve in Y, with trivial bundle on it. More precisely, fix
a point pg € X, parameterized by (xo,yo), and denote by C,(po) the holomorphic
submanifold of Y, defined by

w = 0= H(x,y052)- 2.3)

It is given by the line parameterized by w over the point py € X.. This is the
holomorphic curve which is wrapped by the B-brane. The open moduli space cor-
responds to deformations of the B-brane C,(py) in ¥;, which are parameterized by
the point pg € X,. As a result, the moduli space of the open B-model on (Y,C) is
given by the family of Riemann surfaces £ — ., with fiber (2.2)).

Example 21 The main example that we will study is the mirror to local P2. Let
X = Kp2 be the total space of the canonical bundle over P2. Its mirror is the fam-
ily of Calabi-Yau threefolds Y — .#, where the closed moduli space .# is one-
dimensional, whose fibers Y, are given by (2.1 with

H(x,y:z) = 1+x+y+§. (2.4)

The family of Riemann surfaces ¥ — .# has fibers X, (2.2), which are elliptic
curves with three punctures.

2.2 Disk amplitude

In this paper we focus on the open amplitudes of the B-model. Let us start with
the simplest amplitude, the disk amplitude (genus 0O, 1 hole). Roughly speaking, it
is the open analog of the genus O closed amplitude, which corresponds to the pre-
potential of special geometry of the closed moduli space .. The disk amplitude
on (¥,C) similarly admits a simple definition as follows.

Recall that the moduli space of the open B-model consists in a family of Rie-
mann sgrfaces (with punctures) X — .# . Choose an embeddin of the fibers X,
in (C*)=,

L. ={H(x,y;2) =0} C (C*)?, (2.5)
and define the one-form
dx(p)
= 1 _—
o(p) = logy(x(p))— )
dx
= logy(x); (2.6)

on X, where p € X, and x is chosen as local coordinate.

2 The choice of embedding of X, in (C*)? corresponds to a choice of phase and framing of
the mirror brane. This was considered in detail in (16).
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Remark 21 Note that in the following we will always omit the dependence on z to
simplify the notation. But since X — ./ is a family of curves, all the objects we
define on the fiber X, will have an implicit dependence on z.

The main conjecture of (4;5), which comes from dimensional reduction of the
holomorphic Chern-Simons theory on the brane C, goes as follows.

Conjecture 21 ((4;5)) The “Abel-Jacobi” map
FOU— [ap), @.7)
Y

where v is the chain [¢*,¢] and ¢* € X, is a reference point, gives the B-model disk
amplitude, up to classical terms. F (0:1) should be understood as a series expansion
in the local coordinate x near x = 0, where x corresponds to the open modulus
associated to the brane.

The Abel-Jacobi map is defined on the Jacobian, that is only up to addition
of integrals of @(p) over one-cycles. But here we will only be interested in the
series expansion of the amplitude in the open modulus, and so the ambiguity is
irrelevant. Note that this conjecture is the local analog of the result of (50), where
the disk amplitude is computed in terms of normal functions.

This formula has been verified in many examples, by expanding the disk
amplitude near a point of maximally unipotent monodromy in the closed mod-
uli space, and comparing with open A-model amplitudes on the toric mirror. It
requires an explicit knowledge of the closed and open mirror maps, which can
be understood as solutions of an extended Picard-Fuchs system (the latter was
derived in the language of mixed Hodge structures and relative cohomology in

(48)).

2.3 General formalism

We now move on to the general amplitudes F (1) with genus g and 4 holes. As for
the closed amplitudes F (&), the physical B-model open amplitudes are generally
non-holomorphic, and satisfy an open analog of the holomorphic anomaly equa-
tions of (12). However, to compare with the A-model Gromov-Witten generating
functions, one needs to consider the holomorphic limit of the physical B-model
amplitudes expanded near a special point in the moduli space. The F (&h) that we
consider here are these holomorphic objects, rather than the physical B-model
amplitudes. Stated from a modularity point of view, what we construct here are
the quasi-modular forms, rather than the almost holomorphic modular forms (1J).
We will discuss this point in more detail in the next subsection.

In (16;49) a general recursive formalism for computing B-model genus g, &
hole open amplitudes F(¢") on (Y,C) was proposed. From a mathematical point
of view, since the open B-model is not really well understood, this can be taken as
a proposal for a definition of the open B-model on these geometries.

Consider again the following data:

— A family of (punctured) Riemann surfaces X — .# (the open B-model moduli
space);
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— A choice of embedding of the fibers X, in (C*)?2,

L. ={H(x,y;z) =0} C (C*)*. (2.8)
We claim that these data fully characterize the open B-model on (Y,C), with arbi-
trary genus and number of holes.

By projecting onto the x-axis we may see X, as a branched cover of C*. Denote
by ¢; € X, the ramification points of the projection map, such that dx(g;) = 0. Let
Ai :=x(q;) € C* be the branch points. We assume that they all have branching
order two. Then, near ¢;, there are two points g, € X, with the same projection
x(q) = x(g) (those are defined only locally near ¢;). As before, define the one-form
o(p), which reads in local coordinates

dx
o(p) =logy(x) (2.9)

; .
Definition 21 The Bergman kernel B(p, q) is the unique bilinear differential on
X, with a double pole at p = q with no residue, and no other pole. It is normalized
by

]§ B(p,q) =0, (2.10)
JAl

where (A!, B;) is a symplectic basis of cycles on X..

Note that the Bergman kernel is defined on the Riemann surface itself, and
does not depend on the embedding in (C*)2. Its definition however requires a
choice of symplectic basis of cycles on X,.

Definition 22 Near q; € X,, define the one-form
1 14
&=q
where the integration is in a neighborhood of g;. Note that this is defined only
locally near q;.

We are now ready to state the recursion, which was first derived in the context
of matrix models in (22} 32;34).

Definition 23 Ler W (&) (p1,p2,---pn), 8&h €Z, g >0, h > 1, be multilinear
differentials on X,. Fix the initial conditions

WOV (p1)=0, WO (pi,p2) = B(p1,p2). (2.12)
Define the remaining differentials by the recursiorﬂ

- dEg4(P1) [ (e .
Wen (p1.pa,....pp) = Y Res —202_ (W=D g by py
( ) qz 4=a 0(q) — 0(q) ( )

+i Y WD (g, ppyW VD G, pp) ]
I=0JCH

2.13)

3 Note that the integrand in the right-hand side is only defined locally near the ramification
points g;.
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where we used the notation H = {2,3,...,h}, and given any subset J =
{ir,-.,i;} € H we defined p; = {pi, ..., pi; }-

There is a second recursion which reads as follows.

Definition 24 Ler F(¢), g €7Z, g > 2, be functions on X, defined by

Fl&) = Y Res 6(q)W¢)(q), (2.14)

1
28 -2 a=ai
where 0(q) is any primitive of ®(q), i.e. d0(q) = o(q).
We define the function F(1) by:

Definition 25 Define
1 1
1) _ (.
F ——ElogTB—Mloglila)(q,), (2.15)

where Tp is the Bergman tau-function and
1 log y(x))

o' (g;) = d
=g (5

We refer the reader to (34) for more details.

,zi(p) = Vx(p) —x(qi).  (2.16)

P=4qi

The main conjecture of (16;/49), which relates the objects defined above recur-
sively to the B-model amplitudes, could be stated as follows.

Conjecture 22 Let F ©) be the prepotential of special geometry, F (1) be as in Def-
inition , and the F(®)’s for g > 2 be as in Definition
For g >0,h > 1, and (g,h) # (0,1),(0,2), define the multilinear differentials

W(g’h)(pla'“,ph) :W(&h)(pla"'vph)v (217)
using Definition 23] Let
dpidp>
WO (p ) = B(py.py) — —P1P2_ 2.18
(p1,p2) = B(p1,p2) 1= pa)? (2.18)
and
wOD(p) = w(p). (2.19)
Define
F&h) :/ W(g’h)(l?l,~~7ph)7 (2.20)
N T

where the 7;’s are the chains [g}, ¢;], with the g} € X, reference points.
The F(®) constructed above are the genus g closed B-model amplitudes on Y,
and the F(¢") are the genus g, 4 hole open B-model amplitudes on (Y,C). The

F(&h) should be understood as series expansions in the local coordinates x; :=
x(pi), which correspond to the open moduli associated to the branes.
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Note that as for the disk amplitude F (0.1) the F(&h) are only defined modulo
integration over closed cycles; but again, this ambiguity will be irrelevant since
we only consider instanton expansions of the amplitudes.

Remark 22 Note that the conjecture for F(!) should probably follow from the
result of Dubrovin and Zhang for the G-function associated to Frobenius man-
ifolds (31), which was also studied by Givental (36)). It can also be understood
from a topological field theory point of view as in (13).

There are various arguments behind this conjecture. First, a strong piece of
evidence comes from direct calculation. In (16} |49), various amplitudes for the
mirrors of C3, local P!, P2, P! x P!, F|, F, were computed. By expanding the
amplitudes near a point of maximally unipotent monodromy and plugging in the
open and closed mirror maps, it was shown that one recovers the open A-model
amplitudes on the toric mirrors. This however only tests the conjecture at large
radius; in (16) the conjecture was also tested at the orbifold point of local P! x P!,
by comparing with perturbative Chern-Simons theory on the lens space S°/Z,.

A more conceptual argument for the conjecture goes as follows. The recursions
were derived by (22;[34) in the context of matrix models. When X is the spectral
curve of a matrix model, the recursions (2.13)) and (2.14)) respectively generate the
correlation functions and free energies of the matrix model. For some B-model
geometries, using large N dualities on the mirror side, we can find matrix model
representations with spectral curve X, which justifies the conjecture. However, in
general no matrix model representation is known; but it was argued first in (49),
and then in much more detail in (30), that the B-model amplitudes should indeed
satisfy the recursions and (2.14), whether there is a matrix model repre-
sentation or not. This involves a detailed analysis of the B-model, understood in
the chiral boson picture developed in (2). One can also show that the amplitudes
obtained through the recursion, after restoring non-holomorphicity using modular-
ity as in (1)), satisfy the holomorphic anomaly equations (and their open analogs)
(33). In any case, in the following we will take this conjecture for granted and
explore some of its consequences.

2.4 Modularity

In the previous subsection we introduced a recursive formalism to compute open
and closed B-model amplitudes. While the formalism is very elegant conceptually,
and provides a complete solution to the B-model on these geometries, it turns out
to be rather complicated computationally. One reason is that the formalism makes
no explicit use of the modular properties of the amplitudes; on the contrary, the
intermediate step of taking residues at the branch points destroys the symmetry of
the amplitudes. Indeed, the branch points are in general complicated functions of
z, since the projection X, — C* is a branched cover. But the final amplitudes are
simple functions of z; in fact, only symmetric combinations of the branch points,
which are simple rational functions of z, appear in the final amplitudes.

It thus seems desirable to recast the recursion in a different form, bypassing
the intermediate step of taking residues at the branch points. However, one prob-
lem is that the integrand in the right hand side of (2.13) is only defined locally
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near the branch points. Hence, one cannot simply deform the contour integral to
pick up residues at the other poles in a straightforward way. Indeed, localizing
the integrand at the branch points turns out to be crucial in the derivation of the
recursion in the matrix model context (see for instance pp.14-15 of (22))), in order
to get rid of unfixed polynomials. So it seems that the intermediate step plays a
more important role than one would have expected at first sightE]

Even though it seems difficult to reformulate the recursion in a more com-
putationally effective way, what we can do is use our knowledge of the modular
properties of the amplitudes to rewrite the amplitudes a posteriori. That is, using
modularity and regularity of the amplitudes we write down a general ansatz for
the amplitudes, either in terms of modular forms, or as functionals of solutions
of the Picard-Fuchs equations. At each genus g and number of holes /, the ansatz
involves rational functions in the open and closed moduli comprising a finite num-
ber of unknown parameters. The latter can be fixed by comparing the ansatz with
the result obtained from the recursion (2.13)). Alternatively, the parameters can be
fixed by comparing with a mirror calculation at large radius using the topological
vertex formalism (3).

These formulae prove to be very useful in studying the amplitudes at various
points in the moduli space, as we will do in the next section. However, the rational
functions become rather involved and increasingly difficult to determine for higher
genus and a larger number of holes.

2.4.1 Picard-Fuchs equations, monodromy and modularity of the closed
amplitudes

Given a family of Calabi-Yau threefolds Y — ./, it is standard to associate a sys-
tem of differential equations, called the Picard-Fuchs equations, which annihilate
periods of the holomorphic volume form €2, on the fiber Y. In the noncompact
setting, the Picard-Fuchs system can be extracted either by taking the limit of a
compact threefold (23), or by considering the equivalent Landau-Ginzburg set-
ting (36; 41). Solutions to the Picard-Fuchs equations provide a set of flat coordi-
nates on ./ .

When Y is of the form studied previously, it can be shown that the geometry
“reduces” to the family of curves ¥ — .#, and the Picard-Fuchs equations anni-
hilate periods of the one-form @(p) over one-cycles on the Riemann surface Z,.
From now on, we focus on the case where X, is a genus one curve. Let (A,B)
be a canonical basis of one-cycles on the genus one curve X,. Apart from a con-
stant solution, there are two more solutions to the Picard-Fuchs equations, which
provide a basis of dual periods:

T—f o). =4l 2.21)

The Picard-Fuchs differential equations have regular singular points, around
which the periods have monodromy. The monodromy group is a finite index sub-
group of SL(2,7).

4 It is tempting to speculate that the process of localizing at the branch points is a B-model
mirror analog to the process of using localization with respect to a torus action in Gromov-Witten
theory.
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A natural question is to study modularity of the B-model amplitudes with
respect to the monodromy group. This question was approached for the closed
amplitudes from physical principles in (1). The physical closed B-model ampli-
tudes .# (&) are invariant under the monodromy group — indeed, this is required
for consistency of the physical theory all over the moduli space .# — but they are
non-holomorphic. This can be reformulated in terms of modularity with respect to
the modular parameter of X,:

2 g (0
= 8@ - M, (2.22)
aT JaT?

where .Z () is the prepotential of special geometry giving the genus O closed B-
model amplitude. In this language, the statement becomes that for g > 2, the phys-
ical amplitudes .%(®) are almost holomorphic modular forms with respect to the
monodromy group (1). However, there is a canonical isomorphism between the
ring of almost holomorphic modular forms and the ring of quasi-modular forms
— forms that transform with a shift (44). This is given by “taking the holomorphic
limit” of .%(¢), which breaks the modular invariance by keeping only the constant
term in the finite expansion in Im(7)~'. We thus obtain the holomorphic closed B-
model amplitudes F(¢), which are quasi-modular with respect to the monodromy
group. Those are the amplitudes that were constructed through the recursion.

2.4.2 Modularity of the open amplitudes

We now want to understand the modular properties of the open amplitudes F (¢,
which are the holomorphic limits of the monodromy invariant physical amplitudes
Z(&h) This was studied in (335 134) using the recursion.
Let 7 be the modular parameter of X,, which parameterizes the upper half
plane. Let
AT+B AB
T=——r I' CSL(2,Z 2.23
CitD’ (CD>€ CSL(2,Z) (2.23)
be a symplectic transformation of the periods in the monodromy group I".
Under (2.23), the Bergman kernel transforms as

B(p.q) = B(p,q) —2miu(p)(Ct+ D)~ Cu(g), (2.24)
where u(p) is the holomorphic differential. The shift makes the Bergman ker-
nel a quasi-modular form of weight 0. Through the recursion (2.13), this induces
quasi-modular properties for all the open amplitudes W& One can compute the
explicit transformation properties of the differentials w(s:h) by plugging in the
transformation properties of the Bergman kernel directly in the recursion, as was
done in (33} 34); we will not repeat the analysis here. Instead, what we are doing
next is to use our knowledge of modularity to write down explicit expressions for
the (low genus and number of hole) amplitudes in terms of modular forms, and as
functionals of solutions of the Picard-Fuchs equations (the periods).
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2.5 Modular forms and functionals

As we have just seen, the multilinear differentials W) are quasi-modular forms
of weight 0 with respect to the monodromy group. They are obtained by taking the
holomorphic limit of the non-holomorphic differentials % (¢/), which correspond
to the physical amplitudes, therefore are monodromy invariant. As a consequence,
the holomorphic amplitudes W& can be universally written as functionals of
the periods and their derivatives, where the periods are functions of some local
coordinates on the moduli space.

The functional point of view provides a very useful way of computing modu-
lar transformations of the amplitudes, since changing the period in the functional
directly implements the symplectic transformation between the periods. In other
words, the choice of period in the functional corresponds to a choice of modular
parameter, or equivalently to a choice of canonical basis of cycles in the definition
of the Bergman kernel. This approach renders the computation of the amplitudes
everywhere in the moduli space straightforward.

To see how it goes, let us start by deriving a general expression for the annulus
amplitude (or the Bergman kernel) in terms of modular forms, which is the main
ingredient in the recursion relation, and induces the quasi-modular properties of
the amplitudes. We then explain how it can be written generally as a functional;
we will propose an exact form for the functional in the next section when we
specialize to the local P> geometry. Finally we propose a general ansatz for the
higher order amplitudes, which we use in the next section to derive functional
expressions and compute the amplitudes at the orbifold point of local P2.

2.5.1 The annulus amplitude

As usual, we start with a family of (punctured) Riemann surfaces X — .# (the
open B-model moduli space), and a choice of embedding of the fibers X, in (C*)?,

X, = {H(x,y;z) = 0} C (C*)*. (2.25)

We specialize to the case where X, is a genus one curve. Denote by ¢; € X, the
ramification points of the projection map onto the x-axis, and by A; := x(g;) € C*
the branch points.

When X, has genus one, the annulus amplitude W can be written in terms
of the Weierstrass elliptic function, using uniformization parameters for the ellip-
tic curve. Alternatively, when X, has four distinct branch points A;, i = 1,...,4, one
can work directly on the C* which is the image of the x-projection. In terms of x-
projected variables x;,x € C* (i.e. local coordinates x; := x(p;) and x; := x(p2)),
Akemann derived in (6)) a formula for the annulus amplitude, which reads

(0,2)

dx;dx M(x1,x3) +M(x2,x
WO (o1 o) = 1dxo ( (x1,22) +M(x2,x1)

4./0(x1)o(x2) (x1 —x2)?

—(M = 2A3) (A2 — A4g)

(k) dxydxs
>—2( 5. (226)

E
K(k) X1 —xz)
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where

M(x1,x2) = (x1 — A1) (x1 — A2) (x2 — A3) (x2 — Ag), (2.27)
4

o(x) = [J(x—2), (2.28)
i=1

and K (k) and E (k) are elliptic integrals with modulus

(M —A2) (A3 — A4)
(M1 —=23) (A2 —Ag)
Note that the amplitude depends on a choice of ordering of the branch points,

which corresponds to a choice of canonical basis of cycles on X,.
Let us start by rewriting the amplitude in terms of modular forms.

=

(2.29)

Proposition 21 Let

Sp = ) Ajy A (2.30)

1<j1<ja<..<jp<4

k

be the elementary symmetric polynomials in the four branch points, and let

u(x)dx:i\/u] “h)—h), 2.31)

4./0(x)K(k)

be the holomorphic differential. The annulus amplitude can be written as

02)
(0,2) _ | _ 1 Jo 7 (x1,x2)
w (PI,PZ) - ( 2(x1 —X2)2 4 G(xl)d(xg)
2
+7;u(x1)E2(‘L')u(x2)> dvidn, (2.32)

where T is the modular parameter, E;(7) is the second Eisenstein series, and the

rational function féo,z) (x1,x2) read
1

féo,z) (x1,0) = —0— (6x1x2 3x1x2(x1 +x2)81 + (xl +4x1xp +x2)52
3()61 —XQ)
—3()61 +X2)S3 —|—6S4) . (2.33)
Proof We start with Akemann’s formula (2.26)). Let us introduce
2i K(k) 1
= S, —3(MA+A344)). (2.34
0 = 7T\/)Ll ) —7) e3 = 12(2 3(MA2+A3A4)) . (2.34)

e3 is one of the three roots of the elliptic curve in Weierstrass form. Then, manipu-
lating some of Akhiezer’s identities for elliptic integrals (7)), we obtain the identity

E(k)K(k)—n2< 112 ()+w%e3). (2.35)

3 Recall from Remarkthat we do not write explicitly the dependence on z for simplicity.
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From this we rewrite the second term in (2.26)) as

1 E(k)
! O'(x])a(xz)(ll713)(12714)@

_ e

=3 u(xl)Ez(‘L')u(xz)—i- G(xl)c(xz), (2.36)

using the definition of the holomorphic differential above. By expanding the func-
tion M(x1,x;) and combining with the e3 term, we can rewrite the other terms of
(2.26)) in terms of elementary symmetric polynomials of the branch points, and we

obtain ([2.32).

Remark 23 In (2.32)), the only term which is not quite modular invariant is the
term with E, (7). Since E»(7) is a quasi-modular form of weight 2, and the holo-
morphic differentials are modular of weight —1, we see explicitly that the annulus
amplitude is a quasi-modular form of weight 0, as it should. The shift in the modu-
lar transformation of the annulus amplitude comes, as in the closed case (1)), from
the shift in the modular transformation of the second Eisenstein series E> (7).

Remark 24 Note that the function f(go,z) (x1,x) is also rational in z — hence
manifestly modular invariant — since it involves only symmetric combinations
of the branch points, which are necessarily rational functions of z. The function

féo’z) (x1,x2) corresponds to the “holomorphic ambiguity” in the integration of the
holomorphic anomaly equation for the open amplitudes.

Let us now define

E
G(t) = 32(;) : (2.37)
1

which is a function of z through the definition of ®;, and depends on a choice of
modular parameter 7, but does not depend on the open string variables x| and x».
The annulus can now be rewritten as

dx;dx, féog) (x1,%2) +G(7)
2()61 _x2)2 4 G()C])G(xz)

WO (p, pr) = — dridx,.  (2.38)

The Bergman kernel B(p1, p2) is obtained by changing the sign in front of the first
term.

G(7) plays an important role in the following, since it encodes the quasi-
modular properties of the amplitudes. As a result, G(7) can be expressed as a
functional of the period T and its derivative; in which case we will denote it as
G[T;z]. The choice of period T corresponds to the choice of modular parameter
7. The exact form of G[T';z] depends on the curve X ; we will present it for the
mirror of local P? in the next section.

To summarize, we now have an expression for the annulus amplitude in terms
of modular forms, which can be rewritten as a functional of the period and its
derivatives, using G[T’;z]. Let us now study the higher order amplitudes.
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2.5.2 Higher amplitudes

Now that we have a functional expression for the annulus amplitude (2.38)), which
is the main ingredient of the recursion, we can derive the principal functional form
of the higher genus amplitudes from (2.13).

Lemma 21 For g >0, h > 1, and (g,h) # (0,1),(0,2), the general form of the
amplitudes is

dr - -dx 3g—3+2h
WED (py,... py) = : - )y GZ[T%]fi(g’h)(xl’"'7xh)’

AZ=2th Hf”:l Vo) 5

(2.39)
where
A=TJ-2;)? (2.40)
i<j
is the discriminant of the curve. The functions fi(g"m(xl, ...,Xp) are rational in

their arguments and in the closed parameter z. Moreover, they have the form

(g:h)
FE () = 2 ) 2.41)
h
(H j—10(x; ))
where the Ql{g’h) (x1,...,x) are polynomials of finite degree in their arguments and

inz

Proof Sketch of the proof We obtain this general form by close inspection of the
recursion (2.13)), and using the functional formula (2.38) for the annulus ampli-
tude. Let us simply sketch the main lines of the argument.

Let

WeR (pr . opp) =wEM (e, xg)dxg - - dog. (2.42)

First, it is clear from the definition that the functions

Vo) /o) wE (xp, . xp) (2.43)

are rational in the x;’s, since multiplying by the square roots amounts to cancelling
the branch cuts.

Second, by pushing down the recursion (2.13)) in order to obtain the analogs
of Feynman rules, as in Definition 4.5 of (34), we see that each amplitude is rep-
resented by a graph with 3g — 3 + 2/ edges. Each edge gives a factor of either

B(p,q) or %. Since both of these factors are polynomials of degree 1 in

G[T':z], we obtain that w(&") must be a polynomial of order 3g —3 +2h in G[T';z].
So what we know so far is that

1 3g—3+2h

" ew &

Wl (xy, . x) G/ (), (2.44)
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where the f;(g’h) (x1,...,x;) are rational in the x;’s. It is also clear that the f;(g’h)

are rational in z, since we are summing over branch points, hence the fi(g’h) can
be expressed in terms of elementary symmetric polynomials in the branch points,
which must be rational functions of z.

Finally, the denominators of the functions fi(g’h) (x1,...,x;) can be obtained
from the pole structure of the integrand in the recursion (2.13)). The analysis is
rather subtle, and we leave the details to the reader. Roughly speaking, after tak-
ing residues and summing over branch points, each pole of the form o (x)* con-
tributes a factor of AX in the denominator, and the double poles of the Bergman
kernels combine to give the factors of o(x) in the denominator.

For a particular geometry, by comparing the generic form of the amplitudes
(2.39) with the explicit result obtained with the recursion, we can determine the

functions fl.(g’h) (x1,-..,x;) at each genus and number of holes. Once this is done,
the main advantage of the functional form of the amplitudes is that the compu-
tation of the amplitudes at various points in the moduli space simply amounts to
inserting the right period T in the functional. We exemplify this procedure in detail
in the next section by studying the mirror of local IP? at the C3 /Zj3 orbifold point.

Note that the general form of the amplitudes (2.39) was obtained directly by
inspection of the recursion and using the functional formula for the annulus ampli-
tude. Alternatively, it could have been obtained through direct integration of the
open version of the holomorphic anomaly equation, in which case the functions

fég’h) (x1,...,x,) would correspond to the holomorphic ambiguities. This comple-
mentary approach sheds new light on the structural constaints of the amplitudes
coming directly from modularity; we hope to report on that in future work.

3 Open Orbifold Gromov-Witten Invariants of C3 /73

In this section we apply our formalism to the study of the mirror to local P? at the
orbifold point in moduli space.

3.1 Geometry

We consider the geometry described in Example[21] ¥ — . is the one-parameter
family of genus one Riemann surfaces with three punctures. We choose the fol-
lowing embedding for the fibers,

I ={y+y(1+x)+z =0} C (C*)% (3.1

We consider the B-model on this geometry, with B-branes wrapping the curve C C
Y as usual. The mirror theory is the A-model on the target space X = Kp2, with a
noncompact A-brane wrapping a special Lagragian submanifold of topology R? x
S (see (5;/4;[16) for a detailed description of these branes). The parameterization
of the curve X, above corresponds on the A-model side to an “outer brane with
zero framing”, in the nomenclature of (4516). Unless specified, all our calculations
in this section will be in this parameterization.
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By mirror symmetry, the closed A-model moduli space is isomorphic to .. It
has two patches, which correspond to two phases of the A-model. In each phase,
there is a limit point near which the A-model amplitudes have a convergent expan-
sion, and become the amplitudes of a non-linear sigma model (coupled to two-
dimensional gravity). In the first patch, the limit point is the large radius point,
which is located at z = 0. The amplitudes expanded near this point become gen-
erating functions of Gromov-Witten invariants of X = Kp2. In the second patch,
the limit point is the orbifold point, located at z = oo; a good local coordinate is
Y= 713, The amplitudes expanded near this point become generating functions
of orbifold Gromov-Witten invariants of X’ = C3/Zj3. As a result, moving from
one patch to the other in .# induces a topologically-changing transition of the
target space.

This analysis also extends to the open sector. In the large radius patch,
the amplitudes F (g:) expanded near the large radius point become generating
functions for open Gromov-Witten invariants of (X,L), where L is the special
Lagrangian submanifold mirror to C. Open Gromov-Witten invariants are defined
in terms of stable maps from bordered Riemann surfaces with Lagrangian bound-
ary conditions (45) — see also (37). If X admits a U (1) action which fixes L, then
the U(1) acts naturally on the space of stable maps, and one can use localization
to compute open Gromov-Witten invariants (45)).

In the orbifold patch, one expects a similar story to hold, and the amplitudes
expanded near the orbifold point should be generating functions for open orb-
ifold Gromov-Witten invariants of (X’,L"). Here, L’ is a Lagrangian submanifold
of C? which is fixed by the Z3 action, hence descends to a Lagrangian subman-
ifold of the orbifold. This Lagrangian L’ corresponds to the original Lagrangian
L at the large radius point, and should exist as a consequence of the A-version
of the McKay correspondence for derived categories. Therefore, one can consider
stable maps from bordered Riemann surfaces to the orbifold C*/Zs, in such a
way that the boundaries are mapped to L, and construct the corresponding open
orbifold Gromov—Witten invariants. One could then follow the approach of (45)
in the context of orbifolds, and use localization with respect to a U(1) action to
compute open orbifold Gromov-Witten invariants of C*/Zj3. Such open orbifold
Gromov-Witten invariants have not been defined in the mathematical literature yet.
However, Renzo Cavalieri informed us that he is presently working on this (21J).
In particular, he has managed to compute disk orbifold Gromov-Witten invari-
ants of C3/Z3 using localization of Z3-Hodge integrals. His calculation matches
perfectly with the results we present in Subsect.[3.3.1] as we explain there.

Another useful point of view on these open orbifold Gromov—Witten invariants
is to consider the topological string theory near the orbifold point as a perturbed
A =2 orbifold conformal field theory (CFT) coupled to gravity. From this point
of view, the open topological string amplitude F(¢") is a generating function of
arbitrary insertions of bulk and boundary operators of the orbifold CFT. In the
case of C3/Z; there is only one bulk operator . This is a twist operator which
corresponds to a blow-up mode of the orbifold singularity, i.e. to a deformation
mode of the closed string modulus. In the presence of Lagrangian boundary con-
ditions specified by L', one also has boundary preserving operators. These oper-
ators correspond to the insertion of open string states on the boundaries of the
Riemann surface which maps to L/, and they are in one-to-one correspondence
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with H'(L,End(E)), where E is an appropriate vector bundle on L (9;55). Since
we have open strings with & boundaries, the most general configuration can be
obtained by considering & branes wrapping L'. In our case bj(L’) = 1, therefore
there will be & (integrated) boundary operators ¥, £ = 1,.. ., h, corresponding to
the i branes wrapping L'. We then have

h
F(g7h) = <6Xp (Torbﬁ+ ZXZ%> >
(=1 gh

1 \(en) il oy
- .. Z >0 ﬁN(;'gl‘r"'fiI1)~,jTé/rbxlll o 'X;lh’ (32)
Jollyeeslh Z
where
1 . .
NEW = (OB, (3.3)

GRS A R

and the vevs are calculated for the twisted .4/~ = 2 SCFT of the orbifold coupled
to gravity on a Riemann surface X, j,. The numbers N((ih)z, )i should be identi-

fied with the open orbifold Gromov—Witten invariants. The combinatorial factor
i1!---iy! is included in the invariant in order to agree with the conventions of Cav-
alieri for the open orbifold Gromov—Witten invariants to which we will compare
our results later on.

Our goal in this section is to use mirror symmetry and our B-model recur-
sive formalism to compute generating functions of open orbifold Gromov-Witten
invariants of C3/Z3. This can be done in two ways; either by extracting the B-
model amplitudes at the orbifold point from the large radius ones using the quasi-
modular properties of the amplitudes, or by generating the amplitudes directly at
the orbifold point using the functional expressions derived in the previous section.
But before doing that, we need to understand the open and closed mirror maps
near the orbifold point, in order to map the B-model amplitudes to the A-model
amplitudes.

3.2 Open and closed mirror maps
3.2.1 Closed mirror map

The closed mirror map provides a local isomorphism between the closed A- and
B-model moduli spaces. One needs to compute the flat coordinate near a given
point of .#, which is given by a solution of the associated Picard-Fuchs system.
Inversion of the flat coordinate gives the closed mirror map.

For the case under consideration, one obtains a single Picard-Fuchs equation,
which reads

(043230 +2)(30+1))0f =0, (3.4)

with the logarithmic derivative © = zJ-.
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The constant function f = 1 is always a solution of (3.4)). Near z = 0, the two
other solutions are

T(z) = logz — 6z+457> — 5602 + -+ :=1logz + 0 (2),

423
Tp(z) = (logz)* +20(z)logz — 18z + 78 —2972% 4+, (3.5)
T (z) is the flat coordinate in the large radius patch. At z =0, T(0) — —oo, and the
expansion parameter is set to Q = e’ . The closed mirror map in this patch, which
expresses z in terms of the flat parameter 7', is then given by

2(Q) = Q+60* +90° + 560 +--- . (3.6)
In the orbifold patch, the two non-trivial solutions to (3.4) read
(—l)"“w" k k k 2k k w3

B =3k =, =, =;—,1 ﬁ(——) , 3.7

(W) X 32330303 + 3 3 (3.7

with kK = 1,2, and we used the local coordinate y = /3

expansion of the hypergeometric system we get

_1)3ntk+ 1y Bntk Fn+k 3
Bk(l//)=n§)( )(3n+k;’!’ < ﬁ(’;)S))’ (3.8)

. Using the explicit

The flat parameter in this patch reads (1))

Torb(‘//) = Bl(W)v (3.9

and the dual period is T, p(W¥) = B2(y). At y =0, we get T,,,(0) = 0, hence
T,,p itself is a good expansion parameter. The closed mirror map reads
| - 29 7 6607 10

Lo T 4 ... (3.1
648 o ~ 3674160 o T 71225670400 v T G10)

W(Torb) =T+

3.2.2 The open mirror map

The open mirror map extends the isomorphism to the open sector, which in the
case under consideration is the fiber of the moduli space X — .#. Again, one
needs to determine the open flat coordinate, which is a solution of the extended
Picard-Fuchs system, as derived in (47; 48). The open mirror map is given by
inverting this open flat coordinate. We refer the reader to (16} 47;48)) for a detailed
explanation of the extended Picard-Fuchs system.

In the large radius patch, it was shown in (4} |47)) that the open flat coordinate
is given by

X (x,z) = xe 3 (10ez-T(), G.11)

where x is the local coordinate x on X, and T'(z) is the closed flat coordinate. Note
that X (x,z) is monodromy-invariant under z +— e*™z. At (x,z) = (0,0), we have
X — 0, hence it is a good expansion parameter. The open mirror map becomes

x(0,X) =X(1-20+50°—-320°+...). (3.12)
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In the orbifold patch, we argued in (16) — by requiring that the disk amplitude,
when expressed in flat coordinates, be monodromy-invariant under the Z3 orbifold
monodromy Y +— e2mi/3 v, which fixes the open flat coordinate uniquely, up to
scale — that the open flat coordinate must be given by

Xomp(x,y) = x2'> = xy . (3.13)
The open mirror map simply becomes

X(Xorba Torb) =Xorb W(Torb>7 (314)

where y(T,,;) is the closed mirror map.

3.3 Quasi-modular transformations

Let us start by computing the amplitudes explicitly, using the quasi-modular trans-
formation of the amplitudes from large radius to the orbifold point.

3.3.1 Disk amplitude

For completeness, let us review the calculation of the orbifold disk amplitude,
which was done in (16). Recall that the disk amplitude is simply given by the
Abel-Jacobi map

FOD = /log(y(X))%, (3.15)

up to classical terms. y(x) is obtained by solving the curve X, and keeping the
relevant branch:

y(x) = % (1+x+ (1+X)242x3) : (3.16)

We want to expand the Abel-Jacobi map at the orbifold point. Remark that the
open mirror map (3.14) is linear in y. Hence we must plug in the open mirror
map before expanding in the closed coordinate to get a meaningful expansion.
This being done, we get the orbifold disk amplitude

FOV_y L yOnyi 7

orb TR N orb*orb’
iLj /"

(3.17)

with the invariants given in Table[3.1]
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Table 3.1 Some invariants Nﬁ?ﬁl)

for the orbifold disk amplitude of C3/Z3 at zero framing

j 1 2 3 4 5 6 7 8 9 10
0 0 0 -1 0 -1 0 0 -% o0
11 0 0 3 0 0 ¢ 0 0 2
2.0 -1 0 0 -8 0 0 -5 0 0
3.0 0 2 0 0 4 0 0 20 0
1 40 154 3400
: 7 0 5 0 e 206 0 N 22 15 0 07
50 -3 0 0 e 0 0 215 0 0
6 0 0 90 0 18 ¢ 0 -0 9
29 1432 19586 2820200
7 79 0]97 0 N ?55I4 0 23 0 384575 0 9
8 0 1458 0 ) 0 1215 0 0 o2 0
9 0 0 -2 0 0 -2 0 0 340
6607 80456 5544602 90503800
10 19683 0 63107 0 19683 0 945934 0 6561 0 214690135 0 L
o 39366 %074 0 [ 32805 23768 0 e 21092500 0
ii 0 4736087 8 ()7? 0 51705832 8 0243 0 307254682 g 0 3 0 528718078600
531441 531441 T4 5314
14 0 58248455 0 0 906117742 0 0 8720423035 0 0

1062882 885735 708588

3.3.2 Incorporating framing

As we mentioned earlier, the calculation above was done for an outer brane with
zero framing. However, for the orbifold disk amplitude the calculation can be eas-
ily generalized to arbitrary framing. From a Gromov-Witten point of view, fram-
ing corresponds to a choice of torus action in the localization process. Hence the
calculation at arbitrary framing is relevant for comparison with localization com-
putations in Gromov-Witten theory.

Recall from (16) that a framing transformation of the brane is given by repa-
rameterizing the embedding of the fibers X, in (C*)? by

(xp,y5) = (7, ), (3.18)

where (xr,yy) are the new coordinates, and f € Z is the framing. In particular, the
embedding of X, becomes

5, = {y;-f+2+y;-f+l+xfy§-f+l—l—zx}ZO} c (CH2. (3.19)
We compute the disk amplitude for this curve as
0,1 dx
F = / 10g(yf(xf))7;, (3.20)

where the function yy(xs) is obtained by solving (3.19) for xs (as a series expan-
sion). Plugging in the mirror map, we obtain the invariants presented in Table[3.2]
for general framing f.

As we mentioned already, the framing f is correlated to the choice of torus
weights for localization of the Hodge integrals in Gromov—Witten theory. Renzo
Cavalieri has implemented the Hodge integral calculation for the disk amplitude of
C3 /Z3 (21)). Tt turns out that the most natural choice of torus weights in Gromov—
Witten theory does not correspond to f = 0, but rather to f = —2/3 (or f = —1/3).
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Table 3.2 Some invariants Niﬁg’l)

for the orbifold disk amplitude of C3/Zs at general framing f

J 1 2 3 4
0 0 0 —% 0
11 0 0 f+1
20 -f-% 0 0
3 0 0 3f24+3f+2 0
4 L 0 0 — £ (5413 +81/24+37f+5)
5 0 -2@f+1) 0 0
6 0 0 (92 +9f+2) 0
T 0 0 — 255 (18903 +2835f2 + 1303 f + 179)
197(2f+1)
8 0 1458 0 0
9 0 0 1(-972-9r-2) o0
6607 81028703 4154305 2+71549 +10057)
10 19683 0 63107(2£41) 0 19683
110 — 536 0 0
2 0 Drerf+9r+2) o0
4736087 8657837183 +98675577 2 +45818317f+6463229)
13 S 0 0 - 531441
4 0 58248455(2+1) 0

1062882

To ease comparisons, we present in Table the disk invariants for f = —2/3.
Rather amazingly, these invariants are precisely equal to the invariants computed
by Cavalieri in orbifold Gromov—Witten theory! Since the Gromov—Witten calcu-
lation is done on the A-model side, this comparison also shows that our choice
of open orbifold mirror map (3.14), which was argued in (16) from monodromy
considerations, is correct, including the scale.

It may seem however odd to assign a non-integral value to f; it would be
interesting to understand this issue better. Presumably, the denominator of 3 comes
from the orbifold Z3 action at the orbifold point — indeed, framing has so far only
been interpreted from a large radius point of view in topological strings. Note
however that non-integral framings have already been considered, although in a
different context (27).

3.3.3 Annulus amplitude

We now want to compute the annulus amplitude, which is slightly more compli-
cated, since it has non-trivial modular properties and transforms with a shift. More
precisely, recall from (2.24) that the annulus transforms as

W% (p1,p2) = WO (p1, po) = 2miu(p1) (CT+D) ' Cu(p),  (3:21)

where W(02) (p1,p2) is the large radius annulus amplitude and (Ct + D)~'C
comes from the modular transformation of the period matrix 7 from large radius
to the orbifold.

The first step consists then in computing the annulus amplitude at large radius,
using Akemann’s formula @ This was done in (16;49), and we will not repeat
the calculation here. What we need to do however is to analytically continue this
result to the orbifold point, to obtain the first term on the right hand side of (3.21).
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Table 3.3 Some invariants Ni_’

O for the orbifold disk amplitude of C? /Z3 at framing f = —2/3

Jj 1 2 3 4 5 6 7 8 9 10
0 0 0 -0 0 5o 0 -5 0
11 0 0o -3 0 0 3 0 0 -
1 4 5
2 0 5 0 0 —% 0o 0 108 0 0
3 0 0 0 0 0 0 0 0 0 0
1 8 35 400
M Os 0 A8 0 188 0 35 0375 0 e
5 0 it 0 0 15 0o 0 2015 0 0
6 0 0 0 0 0 0 0 0 0 0
29 248 5705 146800
T 0 197 0 o 2187 0 10972 0 ol 221221 0 o 0
8 0 T 4374 0 0 32805 0 0 78732 0 0
9 0 0 0 0 0 0 0 0 0 0
6607 10984 889805 74714800
10 15683 06“07 0 59049 gxsm 0 7w (;mmg 0 ~ 1594323
1m0 118098 0 885735 0 0 2125764 0 0
12 0 0 0 0 0 0 0 0 0 0
4736087 6768584 17027675 33798787600
B O 58248455 0 R 381155716 0 e 3576521095 0 [ 0T
14 0 — Jisseib O 0 Y “STa0sea8. 0 0

The analytic continuation can be done directly in Akemann’s formula, by expand-
ing the branch points around y = 0. However, it is important to note that as for the
disk amplitude, we must write things in terms of the open flat coordinates X; and
X, — henceforth we will drop the subscript orb — before expanding in v, since
the open mirror map is linear in .

After using a few identities involving elliptic functions and I"-functions, we
obtain the following analytic continuation of the large radius annulus amplitude
to the orbifold point, in orbifold flat coordinates X; and X5:

—93r(2)° s1yr(:)" 1 24330
8 64rm 18 512w
93y (2)® s1y2r(2)? 9v3y2r(2)°
1+ w3(3>+ 14 (63) Xt 2y w3(3) X’
87 64w 87
. 1+9ﬁwr(§)6 81y2r(2)"”
83 64 o
9v3y2r(2)°
+<_3w_w X1+51I/2X12 X,
87
9v3y2r(2)°
+ —2w—\%3(3)+5w2X1+3X12 X2+ . (3.22)

One can see that it is not rational, as expected; the non-rational terms should be
cancelled by the shift in (3.21).

The next step is to compute the modular transformation between the large
radius periods (7', 7p) and the orbifold periods (7,4, Torp.p). This can be done by
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standard analytic continuation, as in (1)). Define

1 I(1/3) 1 I'(2/3) 1 2i/3
_ e fr— = . .2
AT T omir(2/3)2 wmirt3e P amy @7 (3:23)
We get the transformation
2

Tp BCC‘I’ % % Torb,D

T |=|—-c 0 T |- (3.24)

! 0o 0 1 !

Note that this transformation is not quite symplectic, since its determinant is —f3;
that is, it changes the scale of the symplectic form. However, this can be taken into
account by renormalizing the string coupling constant, as in (1)).

Now the modular transformation that we want is given by the inverse of this
matrix. We get that

2
()
2 p=-_2 (3.25)
B c1
We also need the large radius period matrix 7, analytically continued around y =
0. By definition, it is given by

C:

8TD 8TD/8 v
= =—"——. 3.26
(W) =57 T3y (3.26)
Using the transformation above between Ip,T and T, p, Ty, and expanding
around y = 0, we get

b aherg? werd)
(y) = A F(%)Z an(%)s +0(y). (3.27)

Finally, we can compute the holomorphic differential u(p) from the standard for-
mula (2.31).

Putting all this together, and integrating, we obtain the orbifold annulus ampli-
tude in flat orbifold coordinates X, X5, T,,p,

02) 1 (02 W ria e
Fo ™= Z .TNU]JZ)JXllelzTarb’ (3.28)
i5i2,0 7
; : . (0,2) . . ) . o
with the invariants N(l.l_l.z)‘j given in Table the invariants are symmetric in

(i1,12).

The invariants are rational, as they should be. Moreover, it is easy to see that
the amplitude is invariant under the Z3 orbifold monodromy. Indeed, the orbifold
monodromy is given by

(T, X1,X0) = (0T, 0°X1, 0°X5), ® = eXi/3, (3.29)

Thus all terms in the expansion above are monodromy invariant.
In Table[3.5] we also present some results for the corresponding framed invari-
ants.
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Table 3.4 Some invariants N, © 3)

(i10). for the orbifold annulus amplitude of C3/Z;

(i1,12)

J (1.1 @n Gh 2.2 “.D (3.2) 5,1 4.2) (3.,3)
1 3 1 1
0 0 i 0 0 0 0 3 i 1
1 0 0 -1 -3 0 0 0 0 0
2} 0 0 0 o 3 0 0 0
0 0 I i
4 0 0 3 i 0 0 0 0 0
1 0 338 65
: 0" ° 1 0 0 0 " 0o 238 gs (z)t()
6 0 S 0 0 0 8 % A
70 0 252 o1 0 0 0 0 0
391 17206 4261
2 gsor 0y 8 8 I Osia s %
12 31606 8333 B o ’
100 0 0 39049 26344 0 0 0 0 0
225595 0 30802 158125
1; (;177147 2455 g 8 677147 059049 0 - 0 is100 0 -
3 0 6 8 _4995M66 15072193 0 0 1215 0 ™ 0 ™
301065409 1594323 708388 712334462 8347925
14 7069 0 0 4782969 1503 9 0 0
Table 3.5 Some invariants Néﬁi) ) for the framed orbifold annulus amplitude of C3 /Z;
(i1,i2)
Jjo (LD (2,1 3.1 (22
0 0 14f 0 0
10 0 —2+f2f-1) -3+f2f-1)
2 4 0 0 0
+f(f+1)
3.0 -1 0 0
—3f(12f2+18f+7) 0 0
34 11
4 0 0 21 36
 [(2646f3+2592f2+538f—53) f(2727f3+2754f>+637f-35)
27 27
1 Sf(+f)
5 -+ 5 o 0
6 0 -4 0 0

F(31490£+60£2)
S A—

3.3.4 Higher amplitudes

Computing the higher amplitudes directly using the modular shift is rather com-
plicated, partially because of all the elliptic functions involved in the calculation.
It is much simpler to use the functional expressions to compute the orbifold ampli-
tudes. We have however checked that the genus 0, three-hole amplitude computed
through the shift also matches the functional calculation, but we will not present
the calculation here for brevity.

3.4 Calculation using the functionals

Let us now use the functional expressions for the amplitude derived in the previous
section to compute the open orbifold amplitudes. First, we need to specify what
the functional G[T';z] is for the curve X, given by (3.I).
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3.4.1 Generalities
First, from the embedding of the elliptic curve (3.1]), we obtain
o(x) = (x+1)2 —4x’z, (3.30)
and the discriminant
A=1+27z (3.31)

We claim that the functional G[T;z] reads

1 0 oT 1
GT:7) = —————— [ 4log = + -~ log A +5logz | , 3.32
[T:2] chmaz< og 5 +3logA+ ogZ) (3.32)
where
PFO 3
2z = B :Z37 (3.33)

is the Yukawa coupling in the local variable z. Let us sketch the derivation of this
functional formula.

The genus one amplitude F (1) was defined in Definition In our context,
one can show that becomes, up to a constant term,

1 -
F = —logn (1) — 5 log A (y), (3.34)

where A (y) = 27 + y? is the discriminant in terms of y = z~'/3, and 1(7) is the
Dedekind n-function. Alternatively, ' (1) can also be expressed as (13)

1 oT 1 -
m__- _
F 3 log v 12 logA (). (3.35)
Combining the two formulae, we obtain
1 oT 1 -
1 = —log=— + —logA(y). .
ogn(r) =7 02 7y g0 (v) (3.36)

Now the second Eisenstein series E»(7) is related to the Dedekind n-function by:

d
Ex(t) = 24ﬁlogn(r). (3.37)
As aresult, we get
0 aT -
E = —( 12log=— +logA . .
2(5) = 5 (12000 57 +1oed(w) ) 639
Using the fact that
2p(0) _
_9F A3 = é, (3.39)

oT? ’ Z
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we obtain
aT\> 1 9 oT
E(t)= =— ) — = 12log— +1logA +151lo . 3.40
2( ) <az) Cy; dz ( g Jz & gz) ( )
Finally, recall that G[T';z] is defined by
Ex(7)
G|T;z| = . 3.41
[T:2] 307 (3.41)
By direct computation, we can write @; as a functional of T and z,
oT
W =iz—, (3.42)
dz

and we obtain the final formula for G[T';z] given in (3.32).

With this explicit formula for the functional G[T';z], we can proceed with the
calculation of the higher amplitudes, using our ansatz (2.39). As explained previ-
ously, to compute the amplitudes at the orbifold point, all that we need to do is to
input the period 7,,; corresponding to the flat parameter at the orbifold point in
the functional.

3.4.2 Annulus amplitude

The functional expression for the annulus amplitude was obtained in (2.38)), using
the expression (3.32) for G[T'; z]. For the curve X, under consideration, the rational

function féo’z) (x1,x2) can be computed, and reads

6+ 6x2 +x3 +x7 (1 — 12x22) +x1 (6 +4x2 — 12x32)

(0,2) —
fo ) = 30 —x2)?

. (3.43)

All that one needs to do to obtain the orbifold annulus amplitude, is to do the
change of variable z = 3, replace the open moduli x; and x, by the open orbifold
mirror map x; 2 = X1 2y, where X; and X, are the open flat coordinates, and insert
the closed flat orbifold coordinate T = T,,;,() in the functional. Then, we plug
in the closed mirror map in the result and expand in X, X, and 7, to obtain the
orbifold annulus amplitude. It is easy to show that we obtain precisely (3.28) with
the invariants of Table note however how much simpler the calculation was.

3.4.3 Genus 1, one-hole

The amplitude has the form predicted by the ansatz (2.39). By comparing with the
result obtained through the recursion, we can fix the functions fi(l’l) (x). We obtain

Wi = (el welrid + W) G

o)A
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Table 3.6 Some invariants NSI) for the genus 1, 1 hole orbifold amplitude of C3/Z3
i
j 1 2 3 4 5 6 7 8 9
0 0 0 2 0 0 4 0 0 &
14 0 0 -3 0 0 -z 0 0
1 25 10
2 0 —% 0 0 = 0 0 e 0
3.0 0 = 0 0 -10 0 0 -8
1 86 18823
: Tox 0 11 0 3 8301 0 324 0 127415 0
50 — g 0 200 0 0 — L2zl 0
6 0 0 0 0 -4 0 0 log7ss
475 5210 1237285
] 22488 0 223 0 o oot (;07847 0 8748 0 6757145 0
8 0 26244 0 43740 0 K 0
9 0 0 -5 0 0 —&0 0 0 344095
395585 172678 168774025
i? (;1417176 912639 3 677147 0 5242661 8 236196 0 1966276115 0
708588 ~ T180980 T 236196
12 0 _ 38879&5 0 0 _ 6%38 1581%7375
011830: 33378 2315243969
1 63[1;26137525 0 1726238977 0 1478§9éé4 0 11317800859 0 (1337171292 ) 152933889775 0
14 0 ~ To3izie. O 0 ~ Sisseacs O 0 b 17k S
with the functions:
11, x(1+x)A
W= ot
1,1
£ () = W(l + 3624 4x(1 4 362) + 16x°22(1 4 362)
+6x%(1+46z+2707%) +x* (1 + 562+ 3962%)
+4o (14552 +4957%) +4x°z(1 + 572+ 12962%)).  (3.45)

Doing the transformations as above to go to the orbifold point, we obtain the

amplitude

orb

) _y Ly yini
F, *ZﬁNiJ X'T
LJ

with the invariants given in Table[3.6]

3.4.4 Genus 0, three-hole

orb’

(3.46)

The amplitude has again the form predicted by the ansatz (2.39). We can fix the
functions fi(o’S) (x1,x2,x3) by comparing with the recursion, and we obtain

W(03>

dxydxodxs

~ Jo(x)o(x)o(x)A

64

+f1(0’3)(X1 ,%2,x3)G[T;2] +f(§o’3>(x1 ,xz,x3)> :

9
<G3[T;z] +f2(0’3) (x1,x2,x3)G?[T:2]

(3.47)

The functions fl-(o’3)(x1,x2,x3) are rather complicated; we present them in

Appendix B.
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Table 3.7 Some invariants Ng:'f;iz)‘j for the genus 0, 3 hole orbifold amplitude of C3/Z;

(i1,i2,13)

J (L1,1) 2,11 G.11 (2,2,1) 411 (3,2,1) (2,2.2)

2 4 9
0 2 0 0 0 4 1 3
1 0 -2 0 0 0 0 0

52 23
2 0 1 0 77 12 0 176 0 19 0 49
3 —7 0 0 0 -7 -3 -
4 0 <3 0 0 0 0 0
124 11
> 0 1 0 07 0 0 32 0 37 0 133
6 - 0 0 0 -2 -3 -1
7 0 2 0 0 0 0 0
. 17972 7303

g 037 8 (;]9683 am (;48() 9()‘) ?771

23 o BT 216
10 0 -2 0 0 0 0

3393164 1584895

i; 0 42703 8 0531441 0236196 0 475424 0 57857 0 172613

76561 6561 29 T 1944
130 gt o 0 0 0 0

. 4470350924 1939962841

14 0 1434890 6377292 0 0 0

Doing the transformations as above to go to the orbifold point, we obtain the
amplitude

F(0,3) _ Z N(0,3) .X” X£2X3H T]

orb f (i1,i2,i3),j 1 orb? (3.48)

i1,02,03,]

with the invariants given in Table The invariants are symmetric in (iy,i3,3).

3.5 Conifold point

So far we considered the A- and B-model amplitudes in the two distinct phases of
M , namely the large radius phase and the orbifold one. There is however a third
point around which the amplitudes have an interesting expansion, which is the
conifold point. This is not a limit point of a phase of ./ ; rather, it is a singular point
of the moduli space, where the target space of the A-model develops a conifold
singularityﬁ This point is located at z = — %

It is generally interesting to expand the amplitudes near the conifold point. For
instance, the leading behavior of the closed amplitudes Fc(,‘,g,z expanded at the coni-
fold point can be understood as the amplitudes of the non-critical ¢ = 1 string at the

self-dual radius (35). Moreover, the amplitudes Fc(gg,z seem to possess a universal
gap, as discovered in (42). That is, the leading behavior of the closed amplitudes
is of the form:

F(g) —

con —

B
% KT+ O(T2,) (3.49)
28(28 - 2)T00§1

® In the gauged linear sigma model description of the A-model, at the conifold point new
massless modes appear, which defines a new branch of vacua.
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where the B, are the Bernoulli numbers and T, is the vanishing period at the
conifold. This feature is rather striking, and very useful computationally. Indeed,
one of the most effective approaches for computing closed amplitudes is by
directly integrating (38)) the holomorphic anomaly equation of (12), using the
polynomial structure of the amplitudes proposed in (57). However, the holomor-
phic anomaly equation is not complete; at each genus one needs to fix a finite
number of constants (the holomorphic ambiguity) using extra data. In conjunction
with the leading behavior of the amplitudes, the gap behavior at the conifold point
— more precisely the absence of the 2g — 3 subleading negative powers in the
T.on expansion — imposes 2g — 2 such extra conditions, which have been shown
to completely fix the holomorphic ambiguity in many local geometries. In the
compact setting, they allow computation of closed amplitudes to very high genus
43).

One may wonder if this approach has an open counterpart. So far, we relied
entirely on the recursion formalism to compute open amplitudes. As we have seen,
while this formalism is very satisfactory conceptually, it is rather cumbersome
computationally. Direct integration of the open holomorphic anomaly equations
— recently derived in (33) in the local setting — would provide an alternative
method to compute the open amplitudes. In particular, one could hope that a gap
behavior exists for the open amplitudes expanded at the conifold point, providing
sufficient boundary conditions to fix the holomorphic ambiguity.

This is surely enough motivation for studying in more detail the open ampli-
tudes near the conifold point. In what follows we present general properties of the
amplitudes; technical and computational aspects are relegated to Appendix C.

Consider as usual the moduli space X — .#. As mentioned before, the coni-
fold point in the closed moduli space .# is located at z = —1/27; a good local
coordinate is

w=27z+1. (3.50)

Since we are computing open amplitudes, we must also specify where we expand
the amplitudes in the open moduli space X,,. At the conifold point w = 0, it turns
out that two of the branch points of the x-projection of the curve X, collapse to
the same value, x = —1/3. Instead of expanding the open amplitudes near x = 0,
we will now expand the amplitudes near this critical point x = —1/3, using a new
local coordinate centered at this point

1
p=-+3. (3.51)
X

On the mirror A-model side, expanding the amplitudes near this point should cor-
respond to considering branes located near a vertex of the toric diagram.

7 Note however that this critical point is a singular limit of the curve X,,, hence one has to
choose an appropriate set of coordinates to smooth out the singularity. In particular, one must
consider a double—scaling limit, where the open coordinate p is rescaled with the closed mod-
ulus, as explained in (34). We will come back to that in the explicit computations in Appendix
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The open B-model amplitudes expanded near this critical point should corre-
spond, at leading order, to ¢ = 1 string amplitudes at the self-dual radiusﬂ which
are in turn equivalent to Gaussian matrix model amplitudes (29). More precisely,
the expected leading behavior of the open amplitudes near the critical point is (14):

F(gA,h) ~ Tczazzgthngh)’ (352)

where T¢,, is the closed flat coordinate near the conifold point w = 0, which cor-
responds to the vanishing period. The amplitudes F (1) which are independent of
T.on, are to be identified with the amplitudes for FZZT branes in the ¢ = 1 string at
the self-dual radius. Indeed, as noticed in a similar context in (49)), in the critical
limit toric branes should become FZZT branes.

The leading behavior is the open analog to the leading behavior for
the closed amplitudes, as presented in (3.49). Recalling the discussion above for
the closed amplitudes, the open amplitudes would possess a gap if the subleading
terms in T,, with negative exponents vanished.

We can use the recursion and the formalism developed in Sect. [2] to com-
pute the B-model amplitudes explicitly at the critical point; we report this calcula-
tion in Appendix C. The calculation shows that the amplitudes indeed possess the
expected leading behavior in 7,,,. However, the subleading terms in T;,, are not
vanishing, in contrast with the closed amplitudes. As a result, we conclude that
in the open case, there is no simple gap behavior at the conifold. This renders the
use of the direct integration of the holomorphic anomaly equations as a method to
solve for the amplitudes rather limited in the open case, since one lacks the bound-
ary conditions provided by the gap behavior and required to fix the holomorphic
ambiguity.

A word of caution to end this section; as we discuss in Appendix C, it is not
clear to us how to fix the open flat coordinate near the critical point (w, p) = (0,0).
This prevents us from providing unambiguous results for the open amplitudes near
the conifold point. It would be interesting to clarify these issues further.

A Landau-Ginzburg vs Sigma Model

In this Appendix we explain the relation between the standard Landau-Ginzburg mirrors to toric
threefolds and the sigma models described previously. We follow the argument presented by
Hori, Igbal and Vafa in p.93 of (40).

Consider the A-twisted sigma model on a (noncompact) toric Calabi-Yau threefold X
defined by the toric charge vectors O, a = 1,...,k. Its mirror (36; 41) — see also (24) for
a clear explanation — is a B-twisted Landau-Ginzburg model on the family of algebraic tori

7V — M, withV = (C*)3*, and .4 = (C*)*, with projection map

2 k2,
o

1
T (0 Vkr2) = (21 T) = (H)?Hy, ) (A.1)
i=0

i=0
The Landau-Ginzburg superpotential W : V — C reads

k+2
w=Y v (A.2)
i=0

8 Note that such critical points have already been considered in the context of matrix models.
In (28) it was proposed that ¢ = 1 amplitudes can be obtained in a two-cut matrix model by
considering the critical limit where the two cuts touch each other.
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Choose local coordinates yg,y1,y2 on the fiber V, = 7~!(z1,...,z), and use the projection map
7 to rewrite the superpotential as

W.:=W|, =G(yo,y1,2:2), (A3)

where G(yo,y1,y2;z) is a homogeneous Laurent polynomial in (yo,y;,y2) of degree 1.
Consider now the Landau-Ginzburg model on V/ = (C*)? x (C2), with superpotential

W, = G(yo,y1,y2;2) —ww'. (A4)

By Knorrer periodicity, the category of B-branes in the Landau-Ginzburg model (V;,W;) is
equivalent to the category of B-branes in the Landau-Ginzburg model (V/,W/) (51). The “peri-
ods” of the Landau-Ginzburg model consists in integrals of the form

/ eC003172:0)-w q1ogy0 A dlogy; Adlogys Adw Adw'. (A.5)

Since yg is a C*-coordinate, we can define new coordinates 3; = y;/yo, i = 1,2, and w =
w/yo. The superpotential becomes

W, =y0(G(1,51,52:2) —ww'), (A.6)

and the periods now take the form
/ @0 (G522 =) gy A dlog §) AdlogFa Adi Adw'. (A7)

Note that dlogyg has become dyy, due to the rescaling of w. As a result, we can “integrate out”
y0, and we obtain a delta function

3(G(1,31,52;2) —vww'). (A.8)

In other words, the B-twisted Landau-Ginzburg model “localizes” on the B-twisted sigma model
on the family of noncompact threefolds Y — .# with fiber

Y, = {ww = H(x,y;2)} C (C*)* x (C?), (A9)

where we redefined x = 5, y = J,, w=w and H(x,y;z) := G(1,x,y;2).

Note however that we have only shown equivalence of the period integrals. What one would
need to show is the equivalence of the category of B-branes for both models, as in the first
step involving Knorrer periodicity. In other words, there should be an equivalence between the
category of B-branes of the Landau-Ginzburg model (V/, W/), which is generally understood as
the category of matrix factorizations, and the derived category of coherent sheaves of Y. It would
be very interesting to understand this relation better, in the spirit of the Landau-Ginzburg/Calabi-
Yau correspondence which was derived in (52).
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B Functions f,.(0’3) (x1,x2,x3) for the Genus 0, 3 Hole Amplitude

‘We present in this Appendix the functions fi(o’3> (x1,x2,x3),i=0, 1,2 entering into the expression
for the amplitude W(*3) @BZ7):

1
£03) = mmzmz(lwi + (108z+ 1)x3 +2(54z — 1)x3 — 3)3 + (42(108z + 1)x3

—(216245)x3 — 6(54z4 1)x3 — 108z — 1)x3 4+ 2(42(54z — 1)x3 — 3(54z+ 1)x3
—2(108z 4 1)x3 — 54z + 1)xa — 12203 — (1082 + 1)x% + (2 — 1082)x3 +3)x3
+(42(42(108z + 1)x3 — (21624 5)x3 — 6(54z+ 1)x3 — 108z — 1)x3

+(—42(2162+ 5)x3 +9(362+ 1)x3 +2(270z+ 7)x3 + 2162+ 5)x3 + (—242(54z+ 1)x3
+2(270z+7)x% +4(2162 4 5)x3 4 3242+ 6)x2 — 42(108z + 1)x3 + (21624 5)x3 4 108z
+6(54z4 1)x3 4 1)xF 4 2(d2(42(54z — 1)x3 —3(54z+ 1)axd —2(108z+ 1)x3 — 542+ 1)x3
+(—122(54z+ 1)x3 + (2702 + 7)x3 +2(2162 + 5)x3 + 1627+ 3)x3 + (—82(108z + 1)x3
+2(2162+ 5)0% + 12(54z 4 1)x3 + 2162+ 2)x2 +4(1 — 542) 203 +3(542+ 1)x3 + 542
+(216242)x3 — 1)xy 4 12203 + 108233 +x3 4 108zx3 — 2x3

—4203 (12203 + (1082 + 1)x3 +2(54z — 1)x3 — 3) +x2(8(1 — 542)2x3 +6(54z+ 1)x3
(43274 4)x3 4 1087 — 2) + x3(—4z(108z + 1)x3 + (21624 5)x3

+6(54z+ 1)x3 + 108z + 1) —3), (B.1)



Topological Open Strings on Orbifolds 33

(0,3)

1
1926 (x1)o(x2)0(x3)

+(42(25922% — 122 — 5)23 + (129622 +48z+1)x3 +6(6487% — 127 — 1)x3+12962% — 1687 — 7)x3
—2(4zx3 4 (— 194477 + 362+ 3)x3 + (—19442% + 360z + 14)x3 + 324z + 11)xz

+122(362+ 1)x3 + (129622 — 1682 — 7)x3 — 3(144z+5) — 2(324z + 11)x3)x}
+(—42(42(25922% — 122 — 5)x3 + (12962% + 48z + 1)x3

+6(6482% — 12z — 1)x3 + 12962% — 168z — 7)x3 + (—42(12967% + 48z + 1)x3

+2(1036822 + 492z + 5)x3 + 907222 +9(362x3 4 x3)% + 3367+ 1)x3

+2(122(—6482% + 122+ 1)x3 + (103682 +492z + 5)x3 +2(74522% + 2762+ 1)x3

4583277 + 108z — 3)xa + 42(—12967% 4 1682 4 7)x3 + 51842 + (90727% 433674 1)x3
—24746(19447 + 367 — 1)x3 — 7)x3 + 2(4z(42x3 + (— 194422 + 367+ 3)x

+(—19442% + 360z + 14)x3 + 324z + 11)x3 + (122(—6482> + 1274 1)x3

+(103682% +492z+ 5)x3 + 2(74522 + 2762+ 1)x3 + 58322° + 108z — 3)x3

—2(42(9722% — 180z — 7)x3 — (74527> + 2762+ 1)x3 + (6 — 58322%)x3 — 9722 + 180z + 7)x2
+47(3242+11)x3+3(19442% 4367 — 1)x3 — 324742(9722% — 180z — 7)x3 — 11)x; +17282%x3
+60z2x3 4 51847%x% — 24203 — 7% — 4327 — 648zx3 — 223

+4203 (—122(362+ 1)x3 + (—12962% + 1682 +7)x3 + (6482 +22)x3 + 432z + 15)

27 (42(324z+ 11)x3 +3(19442% + 367 — 1)x3 +2(9722% — 180z — 7)x3 — 324z — 11)
+23(42(—12962 + 1682+ 7)x3 + (907222 4 3362 + 1)x% + 6(19447% + 36z — 1)x3

+51847% — 247 —7) — 15), (B.2)

—47(42(122(180z 4 7)x3 + (25922% — 12z — 5)x3 — 2x3 + 1082+ 3)x3
3
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(03) _ ! 47(47(362(1447% + 322+ 1)x3 + (77762 + 480z + 7)x2
7 STealmo(ajote) FUECEIHT S L (7776 45070

+2(45362% + 3062+ 5)x3 + 3(8642% + 60z + 1))x3 + (42(77762% + 4807+ 7)x3 + (1088642
+79202% + 168z 4 1)x3 +6(77762> + 13682% + 667 + 1)x3 + 38882% + 2762+ 5)x3
+2(42(45362% 4 3062+ 5)x3 + 3(77762° + 13682% 4 66z + 1)x3

+2(42127% 42882+ 5)x3 4 51842% + 37824 7T)xz + 122(8642% 4 60z + 1)x3 +9(24z+ 1)?
+(38882% + 2762+ 5)x% +2(51842% + 3782+ 7)x3)x)

+(42(42(77762° + 48074 7)x3 + (1088642> +79207> + 168z + 1)x3

+6(77762° + 13687 + 662 + 1)x3 + 38887> + 2762+ 5)x3 + (1244167° + 84967
+4(1088642° +79202% + 168z + 1)x3z + 120z + 3(1866247* + 535682° 4 38882 + 108z + 1)x3
+(2643847° + 201607 + 444z +2)x3 — 1)x3 + 2(466567° + 23767

+12(77762° + 13682 + 662+ 1)x3z — 54z + (1321927° + 10080z + 2227+ 1)x3
+2(816482° + 52927 + 60z — 1)x3 — 3)x; +42(38887> + 2762+ 5)x3

(1244162 + 84962% + 120z — 1)x% — 1327+ 6(155527° 479222 — 18z — 1)x3 — 5)x?
+2(42(42(453672% 43062 4 5)x3 4 3(77762° + 136822 + 662+ 1)x3

+2(42122% + 2882+ 5)x3 + 51842 + 3782+ 7)x3 + (466562 + 23767

+12(77762° + 13682 + 662+ 1)x3z — 54z + (1321927> + 10080z + 2227+ 1)x3
+2(816487° + 529277 4 60z — 1)x3 — 3)x3 4 2(42(42127% + 2882+ 5)x3

+(816482> +52927% + 60z — 1)x3 + 6(58322° + 10827 — 30z — 1)x3 — 3242> — 144z — 5)x»
+42(51842% + 3782+ 7)x3 +25922% 4 3(155522° +7922% — 18z — 1)x3 — 90z

—2(3242% 4 1442+ 5)x3 — 7)x1 +207362°x3 + 17282x3 + 36203 + 103687> — 132243
—5x3 + 144z + 51842%x3 — 180zx3 — 143 + 42x3 (122(8642> 4 60z + 1)x3

+(38887% + 2762+ 5)x3 +2(51847> + 3782+ 7)x3 +9(24z + 1)?)

43 (42(38882% + 2762+ 5)x3 + (1244162° 4 84967% 4 120z — 1)x3

+6(1555223 +7927% — 187 — 1)x3 — 1327 — 5) + 22 (42(51842° + 3782+ 7)x3

+3(1555223 +7922% — 182 — 1)x3 — 2(3242% 4 14424 5)x3 4259272 =90z —7) —9).  (B.3)

C Conifold Expansion

In this Appendix we provide detailed calculations supporting the discussion of the open ampli-
tudes near the conifold point in Subsect. @

Before computing the amplitudes, one needs to fix the open and closed mirror maps near
the critical point (w, p) = (0,0) in the moduli space. First, the closed mirror map can be easily
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obtained by performing analytic continuation of the large radius periods to the conifold point
w = 0. One obtains

N 11w? N 1093 N 9389w* N
18 243 ' 26244 ’
Illog(w) 7\ » 1091og(w) =~ 877\ ;4
0 — i Hloglw) | 7 10logw) | 8173 5 ...
con WOg(WH( 8 12)" 243 458 ) "

Teon = w

(C.1)

The vanishing period 7¢,, at w = 0 gives the closed flat coordinate at the conifold point, and the
closed mirror map is obtained as usual by inverting the series.

The open mirror map is much more delicate. As explained in (16), it should be given by
a linear combination of solutions of the extended Picard-Fuchs system. That is, by a linear
combination of the constant solution, the closed periods @ the solution (see (16)):

1 w—1
=log(p— “log [ —— ), 2
u=log(p 3)+3 0g< 57 ) (C2)

and the other relevant solution which is given by the disk amplitudeEl At the critical point
(w,p) = (0,0), the latter reads

2 11pd 47p*
FOL L
V3156 977 T Tieea +

1 2 23p
+w(f§10g(p)f£+pf+ P )

sa T aa T

11 1 1 29p  31p?
2
1 Tt Cc3
+W( 521080~ 5 T3 " 2016 T1aee T )t €3

Therefore, generically, the open flat coordinate should be of the form:

P=Au+BF"Y4+CT,,+DTP +G. (C.4)

con

We can directly set B and D to zero, as both F(%!) and T2, contain a logarithm which would

then introduce non-trivial monodromy in the physical disk amplitude. We further decide to fix

A=—-land G= %, for the following reasons. First, fixing A just fixes the overall scale of the
map. For instance, for A = —1 we get that
pw 4mi

Then, we fix G = ‘“T” to cancel the constant term in the p,w expansion, as we want the flat
coordinate to vanish at (p,w) = (0,0). We then obtain

2 2
w w
D Y 4 C T, (C.6)

P(p,w) = T R

+

Wi

and the inverse mirror map reads:
1
p=—0BC+ )T =g (27C* +18C+ 1) T2, + -

1
+ (3+(3C+ 1)Twn+ﬁ (27C* +18C + 1)7}20,,—&----) P+, (C.7)

% By disk amplitude here we mean its completion with classical terms such that it is a solution
of the extended Picard-Fuchs system.
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We did not however find any argument to fix the constant C in the open mirror map. As a result,
we are left with a one-parameter family of open mirror maps at the conifold, parameterized by
C.

Now, as we already mentioned in footnote[7] the conifold point is a singular limit for the
mirror curve, and one needs to choose an appropriate coordinate on the resolution. To smooth
out the singularity, as in (34) we introduce the rescaled open flat coordinate:

X =P\ Ton. (CS)

‘We will then expand the open amplitudes in the flat coordinates X and 7,

Conifold amplitudes can be easily obtained with the method developed in Sect.[2} As for the
orbifold point studied in Sect. [3] basically we only need to input the flat coordinate T.,, in the
functionals W(&") and expand the result in the flat coordinates 7,,, and X at the conifold point.
We obtain the following results.

The disk amplitude at the conifold point reads:

3x2 3CX 3¢ 1
FO = {X+—+~~}Tm,,+[f—+<—+7)X2+~~}Tj/nz

4 2 8 8
C 1 32
+{_(Z+ﬁ+?>x+...]T3M+.... (©9)

The annulus amplitude:
31X 9XEXZ?  9(XPXo+X1X3) N
16 512 256

1
+ {@ (—9C+1) (XoX? + X1 X3) + - } VTeon

FO02) _

1 C 9c?

+|:(ﬁ—ﬁ+¥>xlx2+"':|Tcon"”"a (C.lO)

and the genus 1, one-hole amplitude:

3 15 1 1 1
FOU = ( Zx4 —x34+... — (1-45C)X%+ ...
AR kLT Xt =

45¢2 ¢ 77 15C3 ¢ 7IC 83

256 128 2304 256 256 2304 T 6912
135>  595C 35
( 256 +3ﬁ+m) +]VT+ (1D

These amplitudes have indeed the expected leading behavior Tepy ", as explained in (3.52).
However the subleading terms are not vanishing (for any value of C), and so there is no simple
gap behavior.
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