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Abstract
Herewe demonstrate particle beams that spiral in free space devoid of external fields. The beams
consist of electrons in two lobes that twist around each other along the optical axis, such that each
electron can be described by a two-lobed probability distribution that rotates as it propagates.
Furthermore, we demonstrate that this twisting distribution can undergo programmed periods of
angular acceleration. These unusual states are produced by preparing each free electronwavefunction
in a superposition of non-diffracting Besselmodes that carry orbital angularmomentumusing
nanofabricated diffraction holograms. The holograms can encode nonlinear azimuthal phase so that
the resulting electron probability distribution twists in space in a controllablemanner, accelerating
and decelerating during propagation, without any radiation. This work provides a newplatform to
explore the dynamics of electrons inmagnetic fields, and opens the possibility of producing other
types of particle beamswith coiling geometries.

1. Introduction

Recent workwith diffractive electron optics in transmission electronmicroscopes (TEMs) has allowed for the
reliable creation and study of structured electron beams [1]. One such structure is a freely-propagating electron
matter wavewith a helical phase fℓei , whereℓ is an integer andf is the azimuthal coordinate, winding about the
azimuth, called an electron vortex [2–4]. The phase vortex has an associated quantized orbital angular
momentum (OAM). Electron beamswithOAM-carrying phase vortices result from a long traditionwithin
physics dating back toDirac or even earlier [5, 6]. Thefirst experimental demonstration of electron vortices was
in 2010 byUchida andTonomura [7]. Uchida andTonomura employed a graphite staircase to approximate a
spiral phase plate, which is commonly used in optics [8]. Current work utilizing off-axis hologramswithin a
TEMallows for a high degree of control over the structure of a diffracted electron beam [9–12]. Electron vortex
beams have applications in numerous scientific studies, including potentialmagneticmonopole detection
[13–15], measuringmagnetic properties [16–18], atomic scale resolution techniques [19], andmagnetic
dichroism experiments [20]. In all theseworks, it should be noted that the term ‘vortex’here denotes the phase
of thewavefunction only; not themotion. Themovement of an electron vortex probability distribution deviates
only slightly from anormal, non-vortex electron beam, and can be described by a collection of straight
trajectories with a very slight azimuthal skewbetween them [6, 21].

Here we create an electron beamwith a probability distribution that observably rotates with a controllable
angular velocity as it propagates, forming a coil. The particle beam follows a helical trajectory in free space,
shown experimentally in figure 1, without interacting with an external force or potential.We achieve this by
preparing each electron in the beam in a coherent superposition of quantized orbital states. Nanofabricated
diffraction holograms are used tomanipulate the phase of electronmatter waves such that they are described by
combinations of Bessel states with a nonlinear azimuthal phase. The resulting electronmatter wave is non-
diffracting over afinite range, with a probability density that exhibits local angular acceleration in a controllable
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manner. Thematter wave domain allows us to investigate properties not evident in the optical domain: we study
the electrodynamic properties of these angularly acceleratingwaves and confirm zero radiation (zero Poynting
vector) outward from the accelerating charged beam, consistent with the view that the acceleration is local and
through interference, while the particle trajectories remain in straight lines even though thewave appears to be
spiralling. Themotion of the spirally lobes is akin to an artificialmagnetic field, but resolved quantum
mechanically by a simplemodel of an electron as an extendedwavefunction, thus providing deeper insight into
angularmotion.

2.Description of coiling electron beams

The coiling electron beamswe demonstrate can be described by a combination of four Bessel wavefunctions
[12, 22]. A pure Besselmode is described in cylindrical coordinates (r,f, z) by

y f a=a
a f( ) ( ) ( )ℓ ℓ

ℓr z J kr, , sin e e . 1kz
,

i cos i

This describes a collection of planewaveswithwavenumber =k mE2 all converging along the optical axis
in a cone of semi-angleα, such that the radial and longitudinal components of thewavevector are given by
kr=k sinα and kz=k cosα, respectively. The amplitude of thewave is described by a Bessel function Jℓ, where
the topological chargeℓ gives rise to anOAMofℓ ÿ per electron. For a single Besselmode, the phase varies
linearly by 2πℓ about the azimuth, and is referred to as a canonical vortexfield [23].

A superposition of Bessel states of opposite helicities and different convergence angles creates angularly
rotating and accelerating electronwaves:

y f y f y f y f y f= + + +a a a a- -( ) ( ) ( ) [ ( ) ( )] ( )ℓ ℓ ℓ ℓr z r z r z D r z r z, , , , , , , , , , , 2acc , , , ,1 2 1 2

whereD is a real parameter between 0 and 1, referred to as the anisotropic parameter. The difference in
convergence angles,α1 andα2, gives rise to angular rotation of thewave. This canmost readily be seen in the
simplest of casewhereD=0, inwhich the states are defined by a balanced superposition of canonical vortices.
In this case, the total wavefunction becomes proportional to

f f f+ + - - µ - Dℓ ℓ ℓ( ) ( ) ( )k z k z k zexp i i exp i i cosz z z1 2 . As illustrated infigure 2(a), this state is defined
by a petal structure rotating at a constant rate [24–27]with propagation distance, given by f = D Dℓ˙ kz .

When the anisotropic parameter is non-zero (D>0), the rate at which thewavefunction’s petal structure
rotates begins to vary upon propagation [28–30], thus resulting in an angularly accelerating and decelerating
electronwave, as shown infigures 2(b), (c). The dynamics of this wavefunction can bemore easily graspedwhen
equation (2) is rearranged into the following form

Figure 1.A twisting electron beam. A 3D reconstruction of an experimental electron beam that twists in free space, as show in
(a) orthographic and (b) oblique projections. The beampropagates in the+z-direction. The beam structurewas determined by
recordingmicroscopic images of the beam in various x–y planes along z through a focal series, and then reconstructing the 3D
structure using interpolation.
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anisotropic parameterD introduces a nonlinear variation of the azimuthal phase profilejℓ(f) of the
wavefunction given by
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Todemonstrate the acceleratingmotion of this state, we set the phase termsΔ kz z+ℓjℓ(f) to a constant
which in turn allows us to track any point of interest within ourwavefunction, for example, one of the petals as
tracked infigure 2. From this wefind that the rotation (Φ), angular velocity (∂zΦ), and angular acceleration
(∂2

zΦ) as a function of the propagation distance are given by
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3. Results

Weproduced these beams using diffraction fromnanofabricated holograms, such as the one shown infigure 3.
The hologramwas placed in the front focal plane of a lens (one focal length before the lens) system in a TEM,
such that the Fourier transformof the hologramoccurred in the Fourier plane of the lens (one focal length after
the lens). The TEMwas adjusted to demagnify and project an image of this diffracted electron pattern onto a

Figure 2.Angular rotating waves. Three-dimensional representations of the angular rotation upon propagation of the electronwaves
as described by equation (2) and equation (3) forℓ=1. (a)WhenD=0 thewave rotates during propagation at a constant angular
velocity, while for increasingD thewave accelerates and decelerates, tightening the twistedmotion, as shown in (b) and (c). The
colored tubes track the locations of the inner petal-like structure of thewave, i.e. the two lobes formed by y∣ ∣acc

2.
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pixelated imaging detector. The focal conditions of this imaging systemwere adjusted such that the beam could
be imaged at various locations along the optical axis.

The design and fabricationmethod of the hologram is explained inmore detail in the supplementary
information, which is available online at stacks.iop.org/NJP/21/043018/mmedia. The Fourier transform
 y[ ( )]r of the desiredwavewas encoded onto the hologramusing an off-axis design, which encodes the phase
using a sinusoidal carrier. The Fourier transformof a single Besselmode,  y d= - ¢f[ ( )] ( )ℓ r rr ei , forms an
azimuthal phase around a ring of infinitesimal thickness we call a ‘delta’ ring. The azimuthal phase, when
encoded by a sinusoidal carrier, results in a two-dimensional sinusoidal pattern featuring a fork dislocation [10].
In an actual hologram, the delta ringmust have afinite thickness in order to host the sinusoidal carrier and
diffract a reasonable electron current into the desired beam.However, the non-zero ring thickness
approximating the radial delta function results in a diffracted beamoffinite width, which affects the quality of
the generated Bessel beam and the focal range over which it is approximately Bessel-like. Thuswe chose awidth
such that the diffracted beamwas very close to a true Bessel beamwithin the experimental focal range, while still
having sufficient intensity. To create the twisting electron beam composed of superpositions of Bessel beams, the
hologramwas designedwith two distinct delta rings with a slightly different r′ parameter. The thickness of each
ring is 200 nm,while the diameter of the rings is 8.0 and 7.0 μm.To separate the diffracted beams, the period of
the carrier wave is 75 nm. The relatively small diameter of the hologramswas chosen so that the resulting
diffracted beamwould be large enough in our detector to observe the detail of the beam.With this hologramwe
are able to observe spiralling electronwaves for thefirst time, as shown infigure 1. The results are shown for the
= ℓ 1 superposition of non-canonical vortex beams.
To determine the angular velocity and acceleration, images of the beam’s intensity profile were taken for

ℓ=1 andD=0, 0.158, 0.325, and 0.510 at equally spaced locations along the optical axis in a focal series. The
angular orientation of the probability distributionwas extracted from these images, with the results shown in
figure 4. The anisotropic parameter that we encoded into the diffraction grating is given byDexp in thefigures
and serves as the ‘expected’ anisotropic parameter, whileDfit is retrieved by fitting equation (5) to the data and
retrieving theD parameter from thisfit. The expected and fitted acceleration points align very closely.We note
that small changes inDmake almost imperceptible differences in the rotation unlessD is close to one, as seen in
the difference between the fitted and predicted curves infigure 4.With these considerations inmind, we claim
that themeasured values given byDfit alignwell with the encodedDexp. Ourmeasured velocity and acceleration
closelymatchwith the predicted data, as shown infigure 5. The data represented infigure 4was used to
reconstruct the three-dimensional structure of the beam shown infigure 1.

Figure 3.Hologram.Our hologram is placed in the front focal plane of a lens (a focal length before the lens) and consists of a double
ring slit of differing radii, producing an accelerating wave in the Fourier plane (a focal length after the lens) (see Supplementary
Information). Each ring is designed to produce a non-canonical Bessel vortex beam from a superposition of two canonical Bessel
vortex beams.
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4.Discussion

The energyflow associatedwith spontaneous angular accelerations of electronmatter waves can be understood
by considering the probability current distribution, * * y y y y= -  - ( ) mj i 2 . The vectorial component
of thewaves’ probability current density, and thus themomentum trajectories inside thewave, can be attributed
to the gradient of its phase. That is, for awavefunctionψ, the corresponding current density satisfies j∝∇arg ψ,
where arg ψ refers to the argument or the phase of thewavefunction [31]. The phase of the angularly accelerating
wavefunction (equation (3)) is given by:

y j f=
-
+

D +
⎛
⎝⎜

⎞
⎠⎟ℓ( ) ( )

( ) ( )
( ( )) ( )ℓ ℓ

ℓ ℓ
ℓ

J k r J k r

J k r J k r
k zarg arctan tan . 8acc

r r

r r
z

1 2

1 2

The above equation only yields values of 0 andπ. This reveals that the two intertwined lobes in the accelerating
wavefunction areπ out of phase. Despite an apparent helical probability current density, wefind that the
transverse gradient of the phase is zero everywhere, and thus the current lines correspond to straight trajectories
in the longitudinal direction, as shown infigure 6(a). To emphasize this claim, we simulate the propagation of a
waveψacc whereℓ=1 andD=0.5 through an aperture aligned such that one of themain lobes of thewave’s

Figure 4.Rotatingmatter waves. Experimental results for the rotation of thematter waves as a function of propagation distance.Dexp

is the encoded anisotropic parameter on our hologramwhileDfit is the calculated parameter from the data. The theoretical (blue
curve),fitted (orange curve) andmeasured rotation (points) are plotted together for comparison for the cases of (a)Dexp=0,
(b)Dexp=0.158, (c)Dexp=0.325, and (d)Dexp=0.510. The insets show themeasured detected electron distributions with the
white text themeasured rotation ofwave relative to the first frame in the sequence.
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probability density passes through it. The results of these simulations are shown infigure 6 (b), wherewe observe
that thewave ceases rotating once it goes through the aperture.

We alsomodel the electric andmagnetic fields emanating from thesematter waves.We adopt a semiclassical
model inwhichwe equate thewaves’ electric charge ρe(r) and current je(r) densities to their probability densities
[2]. Explicitly, we let ρe(r)=eρ(r) and je(r)=e j(r), where e is the electron’s charge, r y=( ) ∣ ( )∣r r 2. Herewe
consider amore realisticmodel of a coiling electronwavepacket offinite extent in both longitudinal and
transverse directions. Thefinite energy spread of the electrons is accounted for bymodulating the longitudinal
component of our wavefunctions by aGaussian function.We also replace any occurrences of Bessel
wavefunctions by Bessel–Gauss solutions [32] to the Schrödinger equation, which account for the propagation
of Bessel wavesmodulated by a radial Gaussian function.Wenumerically compute the electromagnetic
potentials due to these charge and current distributions, and derive the resulting electric andmagnetic fields.

Infigure 6 (c), we consider the case of afinite version of the acceleratingwave introduced in equation (3),
wherewe let kz2=2kz1,ℓ=1, andD=0.5. For both cases, we can see that the radial components of thewaves’
Poynting vector, which is proportional toE×B, scales down faster than r2 thus implying that thewave’s static
fields do not lead to radiation.

5. Conclusion

Wehave demonstrated a twisted electron beamwith a rotating intensity distributionwithin the cavity of a TEM.
In addition to producing lobed charge distributions that rotate constantly in timewithout an external field, we
also demonstrate charge distributions that periodically exhibit angular acceleration.While this behavior has
been demonstrated before in beams of light, it is not immediately obvious that the same local angular
accelerations can be produced in beams of charged,massive particles. Indeed, classical physics prohibits such
behavior. Our result is understood by considering that the each electron is described by a symmetricmatter
wave, the centroid of which does not accelerate, and the rotations and angular accelerations of individual
components of this wavefunction are local in nature. The angular velocity and acceleration of the field could be
inferred and showed good agreementwith the theoretical predictions. The results challenge conventional

Figure 5.Measured angular velocity and acceleration. (Top)Themeasured velocity of thewave as it propagates and (Bottom) the
measured acceleration of the wave as it propagates. All results are shown for (a) =D 0exp , (b)Dexp=0.158, (c)Dexp=0.325 and
(d)Dexp=0.510. The solid blue curve is the theoretical result based on the programmed hologram (Dexp) shown together with the
orange dashed curve from themeasured data (Dfit).
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notions of rotational kinetics but the paradoxes it raises can be resolved by a simplemodel of the electron as an
extendedwavefunction, thus providing deeper insight in angularmotion.

Ourwork introduces a new class ofmatter wave based on controlling the angular acceleration of an
electron’s wavefunction in a predictablemanner. Earlier reported electron vortex states undergo only partial
orbits and can be described by straight trajectories of classical particles [2, 10]; their helical structure only
represents the timing of thewave, whereas herewe demonstrate electron states with actual winding probability
current density. A series of previous investigations showed that theOAMdegree of freedomof electron
wavefunctions in a longitudinalmagnetic field can couple to Landau states, which can result in a nonuniform
angular rotation through nearly 90° [33–36], but the size of the beam changes aswell and the authors note that
this behavior can be described by classical charged particles following ray trajectories within an external field.
TheGouy phasemay also be used to rotate beams and has been demonstrated in the optical [29] andmatter wave
[33] regimes. Ourwork here differs in these previous approaches in thatwe demonstrate rapidly coiling currents
in free space devoid of an externalfields, in a beam that does not change size. Furthermore, unlike previous
works, our approach allows for the angular acceleration to be tuned in a controllable way both inmagnitude and
over an extended distance.

In addition to providing a rich new system to exploreOAM in the quantum regime, the rotating electron
beams could potentially be used for several applications. There have been reports of using canonical electron

Figure 6. Semiclassical dynamics and electromagnetic fields of angularly accelerating electronwaves. (a)Current lines of an angularly
accelerating wavefunctionwhich, in this case, correspond to thewave’s ray optics classical trajectories. The arrows form a contour of
the wave’s probability density at the focal plane and are colored based on the phase at the corresponding points, illustrating the two-
lobed structure. In the limit where the two convergingwaves forming the spiralling distribution have very similar convergence angles
α, then there are no phase gradients in thewave’s profile. Therefore, the probability current lines are straight and they correspond to
the electron’s classical trajectories. (b) Simulated behavior of an angularly accelerating electronwave upon propagating through an
aperture andwhere kz1 and kz2 are scaled to observe diffraction related effects. The shown surfaces are defined by the half-maximum
value of thewave’smaximumprobability density in a given plane. (c)Probability density (y∣ ∣2) of a coiling electronwavepacket, where
ℓ=1 andD=0.5, shown in the xy, xz, and yz plane. Its static electric (E) andmagnetic (B)fields alongwith their cross product are
also shown. The vectorial component that is transverse to the plane, vij (vxy, vxz, vyz), is show as black arrows plotted on top of the
perpendicular component, vk (vz,vy, vx). The opacity of the arrows and the scheme’s intensity are jointly normalized to faithfully
represent the relativemagnitudes of each vector component.
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vortex beams to rotate nanoparticles on dry substrates [37, 38] as well as in liquid environments [39]. In optical
traps, coiling light beams have been used to createmultiple traps that can eachmanipulatemicroparticles [40].
Perhaps these technique can nowbe combined tomanipulatemultiple particles at the nanoscale. Furthermore,
self-coiling electron beams could provide a rich system to explore resonance conditions high-power beam
systems, such as helical undulators in a synchrotron or free electron laser, or inside high power vacuum
electronics.
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