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The paper aims to apply the octonions to explore the precessional angular velocities of
several particles in the electromagnetic and gravitational fields. Some scholars utilize the
octonions to research the electromagnetic and gravitational fields. One formula can be
derived from the octonion torque, calculating the precessional angular velocity generated
by the gyroscopic torque. When the octonion force is equal to zero, it is able to deduce
the force equilibrium equation and precession equilibrium equation and so forth. From
the force equilibrium equation, one can infer the angular velocity of revolution for the
particles. Meanwhile, from the precession equilibrium equation, it is capable of ascer-
taining the precessional angular velocity induced by the torque derivative, including the
angular velocity of Larmor precession. Especially, some ingredients of torque derivative
are in direct proportion to the field strengths. The study reveals that the precessional
angular velocity induced by the torque derivative is independent of that generated by
the torque. The precessional angular velocity, induced by the torque derivative, is rele-
vant to the torque derivative and the spatial dimension of precessional velocity. It will
be of great benefit to understanding further the precessional angular velocity of the spin
angular momentum.

Keywords: Precessional angular velocity; quaternion; octonion; Larmor precession;
torque; electromagnetic field; gravitational field.
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1. Introduction

In the magnetic fields, why the magnetic moment of a boson is distinct from that
of a fermion? This problem has been perplexing and fascinating some scholars for a
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long time. They endeavor to account for this conundrum, attempting to reveal the
discrepancy between the magnetic moment of the boson with that of the fermion,
trying to deepen our understanding of the spin angular momentum. Until lately,
the appearance of the octonionic electromagnetic and gravitational theories replies
partially this puzzle. As one of theoretical applications, the associating inferences of
this complex-octonion field theory can be applied to explore the magnetic moment
and precessional angular velocity of charged particles. It is able to account for why
the magnetic moment of a boson is different from that of a fermion in the magnetic
fields, unpuzzling why the precessional motion always revolves around the external
magnetic flux density for the charged particle.

Making use of the Foucault pendulum, the scholars are able to research the phys-
ical properties of the Earth’s rotation, validating the rotation of the Earth. Some
scholars discovered successively numerous physical phenomena relevant to the gyro-
scopic motions. According to the types of external physical quantities (Table [),
the precessional motions, in the existing studies, can be separated into two cate-
gories, the precession generated by the torque, and the precession induced by the
torque derivative (in Sec.[2]). The precession induced by the torque (torque-induced
precession, for short) meets the demand of the torque definition derived from the
angular momentum (Appendix A). Meanwhile, the precession induced by the torque
derivative obeys the precession equilibrium equation (in Sec. ). Some ingredients
of the torque derivative are in direct proportion to the external field strengths. And
the precession induced by the external field strength (field-induced precession, for
short) is a primary representative of the precession induced by the torque derivative.

The torque-induced precession can be applied to explore the axial precession and
perihelion precession for the Earth and other planets. Condurache et al. [1] offered a
comprehensive study of the motion in a central force field with respect to a rotating
non-inertial reference frame. Stanovnik [2] compared the precession of a Foucault
pendulum to the precession of an ideal elastic pendulum, for which the string force is
proportional to string length. Icaza-Herrera et al. [3] offered a Lagrangian approach
in the case when the angular velocity is the sidereal angular velocity of the Earth.
Bergmann et al. [4] explained how the geometrically understood Foucault pendulum
can serve as a prototype for more advanced phenomena in physics known as Berry’s
phase or geometric phases. Capistrano et al. [5] investigated the anomalous planets
precession in the nearly-Newtonian gravitational regime. Xu et al. [6] derived the
analytic solution of a planetary orbit disturbed by the solar gravitational oblateness.
Barker et al. [7] studied the turbulent damping of precessional fluid motions, in the
simplest local computational model of a giant planet (or star), with and without
a weak internal magnetic field. Nyambuya [8] presented an improved version of
the azimuthally symmetric theory of gravitation model, which is able to explain
the anomalous perihelion precession. Sultana et al. [9] investigated the perihelion
shift of planetary motion in conformal Weyl gravity using the metric of the static
and spherically symmetric solution. Zhao et al. [10] found the exact solution to
geodesic equation in the braneworld black hole spacetime by means of Jacobian
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elliptic function, obtaining the angle of perihelion precession from the zero point of
Jacobian elliptic function for Mercury. Xu [I1] analyzed the perihelion precessions
of orbit with arbitrary eccentricity, making use of the Laplace-Runge—-Lenz vector.
Zhang et al. [12] ascribed the twin kilohertz Quasi Periodic Oscillations of X-ray
spectra to the pseudo-Newtonian Keplerian frequency and the apogee and perigee
precession frequency. Saadat et al. [I3] visualized the effect of dark matter on solar
system and especially perihelion precession of Earth planet.

The field-induced precession, especially, the Larmor precession, can be applied
to investigate the physical properties of the nano-particles, crystal lattice, and neu-
tron beam and so forth. Bagryansky et al. [I4] studied the singlet-triplet oscillations
in spin-correlated radical pairs, at magnetic field strengths low for one radical and
high for the other. Home et al. [15] provided a detailed analysis for solving the
appropriate Schrodinger equation, for a spin-polarized plane wave passing through
a spin-rotator containing uniform magnetic field. Janosfalvi et al. [16] described
the numerous phenomenological equations used in the study of the behavior of
single-domain magnetic nano-particles. Li et al. [I7] investigated the Larmor pre-
cession of a neutral spinning particle in a magnetic field confined to the region of
a one-dimensional rectangular barrier. Guo et al. [I8] proposed an experimental
method to detect the Larmor precession of a single spin with a spin-polarized tun-
neling current. Muller et al. [I9] probed the dynamics of a single hole spin in a
single, electrically tunable self-assembled quantum dot molecule formed by verti-
cally stacking (In, Ga)As quantum dots. Rekveldt et al. [20] presented a method of
carrying out high-precision measurements of crystal lattice parameters with Larmor
precession. Mizukami et al. [21] investigated the magnetization precessions in the
epitaxial films grown on MgO substrates, by means of an all-optical pump-probe
method. Rekveldt et al. [22] considered the magnetized foils as the flippers to vary
the neutron wavelength. The authors [23] reviewed the techniques situation in which
the Larmor precession has been used in the neutron spin-echo and neutron depo-
larization. Hautmann [24] applied the circularly polarized light to inject partially
spin-polarized electrons and holes in bulk germanium via both direct and indirect
optical transitions. Bouwman [25] modulated the intensity of a neutron beam using
Larmor precession techniques.

After a careful and contrastive analysis of the above studies, one is able to find
several major problems relevant to the precessional angular velocity as follows:

(a) Physical quantity. The force may generate the revolution in the curvilinear
motion, while the torque is capable of producing the rotation in the curvi-
linear motion. Similarly, besides the torque, the external magnetic flux den-
sity is able to induce the precessional angular velocity as well. There may be
many sorts of physical quantities capable of leading to the precessional angular
velocities.

(b) Precessional motion. The force is different from the torque. So, the type of
curvilinear motion caused by the force can be considered to be independent of
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that caused by the torque. Analogously, the sort of precessional angular velocity
induced by the external magnetic flux density will be considered to be different
from that induced by the torque. Is it possible that there are some different
types of precessional motions?

(c) Orientation of precession. The existing classical mechanics and quantum
mechanics both are unable to account for a few conundrums relevant to the
orientation of precession. For instance, why is the magnetic moment of a boson
different from that of a fermion, in the magnetic fields? why does the charged
particle often revolve around the external magnetic flux density?

Forming a striking contrast to the above is that it is capable of resolving a few
problems, derived from the classical mechanics and even quantum mechanics, in
the complex-octonion electromagnetic and gravitational theories [26], attempting
to improve some theoretical explanations, associated with the precessional angular
velocity and the orientation of precession, to a certain extent.

In 1843, Hamilton invented the algebra of quaternions. Later the algebra of
octonions was discovered independently by Graves and Cayley. The quaternion and
octonion with the real coordinate values are the classical quaternion and octonion,
respectively. Further, in case a part of coordinate values of the quaternion and
octonion are imaginary numbers and even complex numbers, they are called as the
complex-quaternion and complex-octonion, respectively.

Maxwell utilized firstly the real quaternions to expatiate the electromagnetic
theory. His research methodology inspired subsequent scholars to employ the real
and even complex octonions to explore the electromagnetic fields [27, 28], gravi-
tational fields [29], Dirac wave equation [30], general relativity, dark matter [31],
multi-fluid plasma [32] B3], dyons, and astrophysical jet [34] and so on.

The algebra of quaternions is able to express effectively the precessional angular
velocity. In the rotation of a rigid body with respect to one fixed point, the vector
terminology can be applied to describe the Eulerian angles, including the nutation
angle, precession angle, and intrinsic rotation angle. Making use of the vector ter-
minology to depict the Eulerian angles of the satellite orbits, a few crucial matrices
may go wrong occasionally, that is, each of matrix elements of one crucial matrix is
equal to zero simultaneously. But this kind of failure will never happen again, when
one utilizes the quaternions to express the Eulerian angles of the satellite orbits. By
comparison with the vector terminology, the quaternions have obvious advantages
to describe the Eulerian angles.

According to the precession equilibrium equation, the external field strength is
able to induce the precessional angular velocity of particles, inferring the angular
velocity of Larmor precession and some new predictions. However, the precessional
angular velocity, induced by the external field strengths, is distinct from that gen-
erated by the gyroscopic torque in the theoretical mechanics. Especially, even if
the orbital angular momentum is zero, the external electromagnetic strength is
still able to induce a new term of precessional angular velocity and a new term
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of precessional angular momentum, producing a new ingredient of orbital angular
momentum. It states that the precessional angular momentum would just be one
special component of orbital angular momentum, in terms of the complex-octonion
spaces [35].

In the octonionic electromagnetic and gravitational theories, the precessional
angular velocity possesses several significant characteristics as follows:

(a) Torque derivative. The torque is able to generate the precessional angular
velocity, while the torque derivative (the vector, rather than the force) is capable
of inducing the precessional angular velocity as well. Some ingredients of the
torque derivative may be in direct proportion to the external field strengths.
Apparently, the precessional angular velocity, induced by the torque derivative,
is distinct from that generated by the torque. They are two different types of
precessional angular velocities.

(b) Precessional axis. When one component of the torque derivative is capable
of playing a major role in the precessional motion, the precessional axis of the
particle will orient this constituent of the torque derivative. Especially, when
the contribution of external field strength plays a major role in the precessional
motion, the particle will revolve around the external field strength. In general,
the orientation of precession should be composite and intricate.

(c) Spatial dimension. The precessional angular velocity, induced by the torque
derivative, is related with the curl of linear velocity of the precessional motion.
Further the curl is relevant to the spatial dimension of the linear velocity. As
a result, the precessional angular velocity is multiple-value, in the complex-
quaternion spaces. Its value depends on the actual spatial dimension of the
precessional motion.

In the paper, by means of the octonionic field potential and quaternion operator
(in Sec. 2l), one can define the octonionic field strength, field source, and linear
momentum, in the electromagnetic or gravitational fields. Further, we can infer
the angular momentum, torque, and force. If the octonion force equals to zero, we
can infer the precession equilibrium equation and force equilibrium equation and
so forth. The angular velocity of precession for particles will be deduced from the
precession equilibrium equation, in the external electromagnetic or gravitational
fields. Meanwhile, the angular velocity of revolution for particles can be inferred
from the force equilibrium equation. The research reveals that the precessional
angular velocity, induced by the torque derivative, is multiple-value, and relevant
to the spatial dimension of the precessional motion.

The octonions, introduced by Graves and Cayley independently, can be called
as the standard octonions. What the paper discusses is the standard octonion,
rather than the non-standard octonions, including split-octonions [30] [37], pseudo-
octonions, Cartan’s octonions [38] [39], and others. The standard octonions are
capable of exploring the gravitational theory, electromagnetic theory, general rela-
tivity [40L[41], and quantum mechanics and so forth. The different types of octonions
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(standard octonions and non-standard octonions) are able to describe different kinds
of physical properties. In the mathematics, each non-standard octonion can be con-
sidered as the function of the standard octonions. It means that the contribution
from the non-standard octonions may not conflict with that of the standard octo-
nions. The standard octonions and non-standard octonions [42] can be combined
together to become a whole, to depict jointly various physical properties, including
the force and precessional angular velocity and so forth.

When the octonion force equals to zero, it is able to generate eight independent
equations. Only three of them have explicit physical meanings, including the cur-
rent continuity equation, fluid continuity equation, and force equilibrium equation.
Nowadays, we found the clear physical meaning of the fourth independent equation,
which associated with the physical property of precessional angular velocities for
several particles. That is what we study in the paper. And the fourth independent
equation is called as the “precession equilibrium equation” temporarily.

2. Octonion Force

According to the basic postulates and the algebra of octonions in [40], we can define
the octonionic field potential, field strength, field source, and linear momentum.
Furthermore, one may deduce the octonionic angular momentum, torque, and force
and so on as well.

2.1. Angular momentum

In the gravitational fields, the space is chosen as the complex-quaternion space Hy,
in which the basis vector is %;, the radius vector is R, = irgtg + Xrpiy, and the
velocity is V, = ivgtg + v ts. The gravitational potential is A, = iapto + Xarir,
the gravitational strength is F, = foio + X frtx, and the gravitational source is
Sg = is0t0 + Xsit. Herein, r = Yrpip. v = Yopty. a = Yagtg. £ = Xfity. s =
Yskix. The quaternionic operator is ¢ = 490y + Xix0. V = X0, 0; = 0/0r;.
ro = vot. vg is the speed of light, and ¢ is the time. r;, v;, a;, 55, and fy are all real.
i is the imaginary unit. fj is the complex-number. zi =—1l.4=1k=1,23.
ji=0,1,2,3.

In the electromagnetic fields, the space is chosen as the complex 2-quaternion
(short for the second quaternion) space H, in which the basis vector is I;, the
radius vector is R, = t1RoIo+ X Ry I, and the velocity is Ve = ¢VoIg+ XV Ik. The
electromagnetic potential is A, = 1Aglg + X Ar I, the electromagnetic strength
is Fo = Folg + X F I, and the electromagnetic source is S = iSolg + XSk k.
Herein, RO = ROIO. VO = ‘/OIO AO = A()Io. FO = F()Io. SO = S()Io. R = ERka
V = SVilp. A = SA . F = SEI. S = 88,0 He = Hyo Ig. I7 = —1. 0
denotes the multiplication of octonions. F}, is the complex-number. R;, V;, A;, S;,
and Fj are all real.

As a result, two independent spaces, Hy and He, can be considered to be per-
pendicular to each other. It means that both of them can be combined together
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to become one single complex-octonion space O, which is fitting for describing
the physical properties of the electromagnetic and gravitational fields. In the
complex-octonion space O, the octonionic field source S can be defined as

uS = —(iF/vg + Q) o F
= 1gSy + kegpteSe — iF* o F /g, (1)

where S, = ¢V,, and S, = mV,, for one particle. The symbol * stands for the
octonion conjugate. ¢ is the density of electric charge, while m is the density of
inertial mass. pg < 0, and pe > 0. keg, pt, fig, and p. are coefficients.

From the above, the octonionic linear momentum can be defined as

P =P, + kegPe, (2)

where Pe = peSe/pg. Pe = iPo + P, P = ZP.Iy, Py = Pylyg. Meanwhile
P, = {pgSy — (iF/vo)* o F}/pg. Py = ipo + p, P = Zprtkr. p; and P; are all
real.

The octonionic angular momentum I, in the complex-octonion spaces, can be
derived from the linear momentum P and the radius vector, R = Ry + kcgRe,
and so forth (see [26]). Furthermore the octonion angular momentum L, in the
electromagnetic and gravitational fields, can be separated into, L. = Ly + kegllc.
Herein, Ly, = Lig + iL} + L. Ly = SLyyiy, L} = YL}, 4. Le = Lo + iLj +
L2. L20 = L20I0. L2 = ZLQka, Ll2 = ELéka L1j7 Lik’ LQj, and Lle are all
real.

2.2. Force

From the above, it is able to define the octonionic torque W as follows:
W = —uvg(iF/vg + ¢) o L, (3)

where W = Wy +k.,W.. W, = iWi,+Wig+iWi+W 1. W, = iWh )+ Wa+iWh+
Wy, Wi, is the energy. Wig is the divergence of angular momentum. —Wi is the
torque. Wy is the curl of angular momentum. Wéo is the second energy, containing
the divergence of electric moment. W12 is the second torque, comprising the curl of
electric moment and the derivative of magnetic moment. W includes the diver-
gence of magnetic moment. Wy covers the curl of magnetic moment and the
derivative of electric moment. Wy = YW, Wll = ZWszk Wy = Wooly,

bo = Wiglo. Wy = SWo Iy, Wi = SWi, I Wiy, Wi, Waj, and Wy, are all
real.

From the above, the octonionic force N can be defined as

N=—(iF/vg+ ) o W, (4)

where N = Ny +ke,N.. N, = i Njg+Nig+iNi +N;. N, = iNb +Nag+iN,+Ny. Nig
is the power. N, comprises the divergence of torque. Ny is the torque derivative.
N7 is the force. Ngg is the second power, which is similar to Nyg. N4, contains the

2050091-7



Int. J. Geom. Methods Mod. Phys. 2020.17. Downloaded from www.worldscientific.com

by GERMAN ELECTRON SYNCHROTRON @ HAMBURG on 07/01/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

Z.-H. Weng

Table 1. In the complex-octonion spaces, there are two different types of
precessional angular velocities, caused by two distinct physical quantities,
respectively. One obeys the formula of octonion torque, while the other meets
the demand of the equation of octonion force.

Precessional angular velocity Formula Special case
Torque-induced W = —vg(iF/vg + Q) o L Wl1 = —voOpLL
Field-induced N = —(iF/vg + 0) o W N; =0

term (JoWag + V- Wh). Ny includes the (—V o Wyg — V x Wy 4+ 9y W5). Nb is the
second force, embodying the term (OgWsa + V o W5, + V x W5). Ny = XNy i,

11 = ENllklk N2 = ZNQk;Ik, N20 = NQOI(). N% = ENéka, NéO = N§0I0~ N1j7
Ni;, Noj, and Nj; are all real.

3. Equilibrium Equations

In the complex-octonion spaces, there exists the octonion force equation, N = 0,
under certain circumstances. This equation can be separated into eight independent
equilibrium/continuity equations in the electromagnetic and gravitational fields.
Four of them possess explicit physical meanings, including the precession equilib-
rium equation, current continuity equation, force equilibrium equation, and fluid
continuity equation (Table[2]). The continuity equations and equilibrium equations
are the same essentially, in the complex-octonion space Q.

3.1. Force equilibrium equation

In the complex-quaternion space Hy, from the expansion of Eq. {), the definition
of force, N7, can be written as

L = (Wipg/vo + g x Wi /vg — Wigb — b x W) /vg
+k§g(EOWéO/’U0+E X Wé/vo)/vo
— k2, (Bo Wy + B x Wy)/vg — (BoW1 + VIWj, + V x WY),  (5)

where B is the magnetic flux density, while E is the electric field intensity. g is the
gravitational acceleration. And b is the gravitational precessional-angular-velocity,
for it is relevant to the precessional angular velocity (see [35]).

When the field strength F is comparatively weak, the above will approximate to

N /kp ~ pog/vo + kZ2,(E o Pg/vg — B x P) —b x p — V(povo)
+ Lio(g x b+ kng x B)/(vgky) — do(puo), (6)

where kZ2,(E o Po/vg — B x P) is the electromagnetic force. (pog/vo) is
the gravity. do(—pwg) is the inertial force. V(—povo) is the energy gradient.
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Lio(kZ,E x B)/(vgkp) is in direct proportion to the electromagnetic momentum.
po = m'vg, p = mv. m’ is the density of gravitational mass. k, = (k — 1) is one
coeflicient, with £ being the spatial dimension of the vector r.

When the force, Ni, equals to zero, it is able to deduce the conventional force
equilibrium equation from the above

N =0, (7)

and it is revealed that k2, = pg/pe < 0.

3.2. Fluid continuity equation

In the complex-quaternion space H,, from the expansion of Eq. ), the power, N,
can be defined as

Nio = (8- Wi/vg +b-W1)/vg + (BWiy — V- W)
+kZ,(E-Wa/vg +B- W) /vg, (8)
further, when the field strength F is comparatively weak, the above will be reduced
into,
Nio/ky = Oo(pove) — V - (pvo) + (g - p + k2, E - P) /g
+Lio(b - b — g-g/v5)/(voky)
+kZL10(B- B — E-E/v)/(voky), (9)
where Wi ~ v x P. Wy = k,pvy. Wy ~ k,Puy.

When the power equals to zero, one can achieve the fluid continuity equation
as follows:

Nyg =0, (10)

where the power covers the term, (g-p + kng - P), which is able to translate into
the Joule heat. And it has an influence on the fluid continuity equation directly.

In case, there is no field strength, the above will be reduced into the conventional
fluid continuity equation

dopo —V - p = 0. (11)

Essentially, the fluid continuity equation may merely be one type of equilibrium
equation, from another point of view.

3.3. Current continuity equation

From the expansion of Eq. (@), in the complex-quaternion space Hg, the second
power, Nog, can be defined as

Nog = (g Wa/vg +b - Wh) /vy + (00 Wiy — V- W)
+(E- Wy /vg +B-W3) /v, (12)
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further, when the field strength I is comparatively weak, the above will be simplified
into

Nao/kp = 9o(Pove) = V - (Pvo) +g-P/vo + E-p/vo
+ (b -b + B- B)Lgo/(vokp), (13)

where each component of the field strength F makes a contribution to the above.
When the second power, Nog, equals to zero, it is able to deduce the current
continuity equation as

Ny =0, (14)

where the above includes the cross-term, (g-P+E-p)/vg, between the electromag-
netic field and gravitational field. And the field strength F and linear momentum
P and so forth will impact the current continuity equation.

When there is no field strength, the above will be degenerated into the conven-
tional current continuity equation

Py—V -P =0, (15)

and the current continuity equation is essentially one type of equilibrium equation,
from the viewpoint of the basis vector I, in the complex-octonion space Q.

Besides the above three equilibrium equations, there exist other types of equi-
librium equations also, especially the precession equilibrium equation in the next
section. From the single octonion equation, N = 0, it is able to deduce simultane-
ously the fluid continuity equation, force equilibrium equation, current continuity
equation, and precession equilibrium equation. In case, the first three equations
are all tenable, the last one must be tenable as well. It means that the precession
equilibrium equation has a solid theoretical foundation, in the complex-octonion
spaces.

Table 2. The octonion force equation, N = 0, can be separated into eight
equilibrium/continuity equations independent of each other. Especially, the
four equilibrium/continuity equations possess explicit physical meanings, in
the paper. Apparently, the continuity equations belong to the equilibrium
equations essentially, in the complex-octonion spaces.

Equilibrium /continuity equation Definition Space
Force equilibrium equation N =0 Hy
Fluid continuity equation Nip =0 Hy
Precession equilibrium equation N; =0 Hy
Torque continuity equation N fo =0 Hy
Current continuity equation Nog =0 He
Second-precession equilibrium equation N2 =0 He
Second-force equilibrium equation N% =0 He
Second-torque continuity equation Néo =0 He
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4. Precession Equilibrium Equation

When the octonion force N equals to zero, in the complex-octonion space O, it
is capable of inferring eight independent equilibrium/continuity equations. One of
them is the precession equilibrium equation, N; = 0. Further, it is able to deduce
the angular velocities of precession for charged or neutral particles, from the preces-
sion equilibrium equation, Ny = 0. This equilibrium equation will be disturbed by
the electromagnetic strength, gravitational strength, spatial dimension, and torque
and so forth.
The precession equilibrium equation, N; = 0, can be expanded into

0 = (Wiog/vo + & x W1/vg + Wipb +b x Wi)/ug
+k§q(E o WQO/’UO —+ E x Wg/vo)/’UO
JFkgg(BOWéoJFB x W5)/vo + (oW — VIWig — V x W), (16)

where the term in the above is the torque-derivative term, rather than the force
term, although both of which are the vectors and possess the same dimension.
Obviously, the field strength and others may exert an influence on the precession
equilibrium equation (Table []).

In the complex-octonion spaces, the above can be reduced into a few special
cases as follows.

4.1. Torque-derivative term

In case two terms, 80W§ and V x W7, play a major role in the precessional motion,
meanwhile there is no field strength, and other tiny terms can be neglected, the
precession equilibrium equation, N; = 0, can be degenerated into

Wi —V x W, =0, (17)

where the torque-derivative term, BOWli, is relevant to some influence factors,

according to the definition of torque. V. x Wy =~ k,mwvoV x v. The linear velocity

for the objects consists of the linear velocity caused by the motions of revolution,

rotation, and precession. In the paper, we discuss merely the linear velocity v,

caused by the precessional motion. As a result, V x v, = k& . &, is the angular

velocity of precession, while k is the spatial dimension of linear velocity v,,.
Further, the above will be simplified into

oW — kymkvgw, = 0, (18)

where the angular velocity of precession is related with the spatial dimension, mass,
and torque-derivative term and so forth.

The above states that the torque-derivative term, 80W§, will produce the angu-
lar velocity of precession, even if there is no field strength.
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4.2. Magnetic field

If two terms, kggB o Wh,/vo and V x W, play a major role in the precessional
motion, meanwhile there is no electric field intensity nor the gravitational strength,
and other tiny terms can be neglected, the precession equilibrium equation, Ny = 0,
can be simplified into

k2B o Wi /vg — V x Wy =0, (19)

where the second energy Wi is similar to the energy W7,. Wi, = k,Povg. kggPo =
qVoIo. Vo/vo = 1.
Further the above will be reduced into

qBolIy—kmu, =0, (20)

where the angular velocity of precession is, Up(l) =¢BoIy/m, when k = 1. The
angular velocity of precession is, Up(g) = gqB o Iy/(2m), when k = 2. And the
angular velocity of precession is, U)p(g) = ¢Bo Iy/(3m), when k = 3. According
to the multiplication of octonions, the term, B o I, is the vector in the complex-
quaternion space Hy.

The above means that the magnetic flux density B will induce the angular veloc-
ity of precession, revolving around the direction, B o I, for the charged objects.
The inference can be applied to explicate the angular velocity of Larmor precession,
for the charged particle and the spin angular momentum in certain magnetic fields
(see [35]). This will be helpful to understand the spin angular momentum relevant
to the Zeeman effect in the quantum mechanics.

4.3. Electric field

When two terms, kZ,(EoWy) /v and V x W, play a major role in the precessional
motion, meanwhile there is no magnetic flux density nor the gravitational strength,
and other tiny terms can be neglected, the precession equilibrium equation, N; = 0,
can be degraded into

k2B o Wy /vf — V x W =0, (21)

where the term Wy is associated with the field strength and so forth. The term, Eo
Iy, is the vector in the complex-quaternion space Hy, according to the multiplication
of octonions.

The above reveals that the electric field intensity E will generate the angular
velocity of precession, with the orientation of precession, E o I, for the charged
objects. The term Wy is more intricate than the second energy Wéo, consequently
the angular velocity of precession in the electric field intensity E will be much more
complicated than that in the magnetic flux density B. And it can be utilized to
unpuzzle some precessional phenomena of charged particles relevant to the Stark
effect in the electric fields.
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4.4. Gravitational precessional-angular-velocity

When two terms, Wi b/vy and V x W1, play a major role in the precessional
motion, meanwhile there is no electromagnetic strength nor the gravitational accel-
eration, and other tiny terms can be neglected, the precession equilibrium equation,
N; =0, can be degenerated into

Wiob/vg —V x Wi =0, (22)

where the energy Wi, & kppovo. m’/m ~ 1.
The above can be further simplified into

b-kw,=0, (23)

where the angular velocity of precession is, U’p(l) = b, when k£ = 1. The angular
velocity of precession is, Up(g) = b/2, when k = 2. And the angular velocity of
precession is, U’p(g) =b/3, when k = 3.

The above states that the gravitational precessional-angular-velocity b will
induce the angular velocity of precession, with the orientation of precession, b,
for the neutral objects. And it can be applied to account for the dynamic prop-
erties of the astrophysical jets (see [34]), including the precession, rotation, and
collimation and so forth.

4.5. Gravitational acceleration

In case two terms, Wipog/vd and V x Wiy, play a major role in the preces-
sional motion, meanwhile there is no electromagnetic strength nor the gravitational
precessional-angular-velocity b, and other tiny terms can be neglected, the preces-
sion equilibrium equation, N; = 0, can be degraded into

Wiog/vi —V x W, =0, (24)

where the term Wi is relevant to the angular momentum and field strength and
so forth.

The above states that the gravitational acceleration will result in the angular
velocity of precession, with the orientation of precession, g, for the neutral objects.
The term Wi is more involved than the energy W7,, so the angular velocity of
precession in the gravitational acceleration g will be much more complicated than
that in the gravitational precessional-angular-velocity b. And it can be applied
to explain some precessional phenomena of neutral particles in the gravitational
field g.

In the complex-octonion spaces, the torque and force may generate different
types of curvilinear motions, for instance, the rotation and revolution. Similarly,
the torque and torque-derivative can induce different types of precessional angular
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Table 3. The field-induced precession is a primary representative of the
precession induced by the torque derivative. And the precessional angular
velocity, induced by the external field strength, is relevant to the spatial
dimension of precessional motion and the direction of field strength and so
forth, in the complex-quaternion space Hy.

Field strength Precessional angular velocity Orientation
B wp(k):qBolo/(mk) Bolg
E Up(k.) = kggEOWQ()/(k‘pmk’Ug) EolI
b Up(k.) =b/k b
g Wy = Wiog/ (kpmkvd) g

velocities, such as, the gyroscopic precession and field-induced precession. In this
section, it should be noted that the precessional angular velocity, induced by the
torque-derivative in Eq. (@), is quite a contrast to that derived from the octonion
torque in Eq. @]).

5. Precessional Angular Velocity

In the complex-octonion spaces, some factors of the torque derivative may exert an
impact on the precessional angular velocity, including the torque, partial derivative
of torque, gravitational strength, and electromagnetic strength and so on. The influ-
ences of these factors on the precessional motions may be different from each other.
So, it is necessary to contrast and analyze various properties of the precessional
angular velocities, especially, the orientation of precession, relevant equations, and
spatial dimension and so forth.

5.1. Orientation of precession

From Eq. ([I8), it is found that the partial derivative of torque, with respect to time,
is able to induce directly the precessional angular velocity. If the torque derivative
term, voﬁowli, is periodic, the precessional angular velocity, wp, will be periodic
accordingly. And that the period of precessional angular velocity is identical with
that of the torque derivative term. Meanwhile, the direction of precessional angular
velocity orients that of the torque derivative term.

For the electromagnetic fields, either of two components, B and E, is capable
of inducing the precessional angular velocity directly. From Eq. 20), it is found
that the precessional angular velocity is, Up(k) = ¢B o Iy/(mk), in the magnetic
flux density B. And the direction of precessional angular velocity orients that of
the vector B o Iy. From Eq. (2I)), the precessional angular velocity is compara-
tively complicated, and relevant to various factors, in the electric field intensity
E. And the direction of precessional angular velocity is along that of the vector
EolI,.
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In terms of the gravitational fields, either of two constituents, g and b, is able
to induce the precessional angular velocity directly. According to Eq. (23), it is
found that the precessional angular velocity is, E)p(k) = b/k, in the gravitational
precessional-angular-velocity b. And the direction of precessional angular velocity
orients that of the vector b. From Eq. (24]), the precessional angular velocity is also
comparatively complicated, and relevant to assorted factors, in the gravitational
acceleration g. And the direction of precessional angular velocity is along that of
the vector g, in the complex-quaternion space H,.

Besides these factors in the above, certain other factors in Eq. (6] can directly
lead to the precessional angular velocities as well.

5.2. Spatial dimension

According to Eq. (), the precessional angular velocity is relevant to the curl of
linear velocity of the precessional motion, while the curl is relevant to the spatial
dimension £ of the linear velocity. In the complex-quaternion space Hg, the possible
value of spatial dimension is, k& = 1,2,3. Consequently, the precessional angular
velocity may possess three types of possible values.

In terms of the charged particles in the magnetic field B, the precessional angu-
lar velocity occupies three types of possible values, from Eq. 20). When k£ = 1,
the precessional angular velocity corresponds to the one-dimensional precessional
motion. It is possible to speculate that the precessional motion of Boson particles
is one-dimensional. If £k = 2, the precessional angular velocity may correspond to
the two-dimensional precessional motion. We can speculate that the precessional
motion of Fermion particles is two-dimensional. In case k = 3, the precessional
angular velocity must correspond to the three-dimensional precessional motion of
some particles. It is interesting to speculate that the possible values of the preces-
sional angular velocities should be altered, in case the Bosons or Fermions and other
particles were compelled to experience the three-dimensional precessional motions,
in the magnetic fields.

Similarly, the precessional angular velocity has three types of possible values, for
the neutral particles in the gravitational field b. In case, the precessional motion of
neutral particles is one dimensional, the value of the precessional angular velocity
corresponds to the case k = 1. When the precessional motion of neutral particles
is two dimensional, the value of the precessional angular velocity may correspond
to the case k = 2. If the precessional motion of some neutral particles is three
dimensional, the value of the precessional angular velocity will correspond to the
case k = 3. In the other words, the spatial dimension of precessional motion exerts
an impact on the possible values of precessional angular velocity, for the neutral
particles in the gravitational field b.

In the electric field, E or gravitational field g, there exist three possible values
of precessional angular velocities as well. Furthermore, from Eq. (@), the spatial
dimension of precessional motion of particles will also make a contribution to the
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possible values of precessional angular velocities, caused by the other physical quan-
tities, besides the above field strengths.

5.3. Two equations

In the curvilinear motions, the linear velocity of an object consists of the linear-
velocity terms caused by the revolution, rotation, and precession. Apparently, the
precessional motion is different from the revolution motion or rotation motion.
And the necessary equation for precessional motion is distinct from that for the
revolution motion or rotation motion.

The force and torque can generate the revolution motion and rotation motion
respectively. The force is different from the torque. So, the angular velocity of
revolution, caused by the force, is considered to be independent of the angular
velocity of rotation, caused by the torque. Both of which may be dissimilar in other
physical properties either. For instance, these two types of angular velocities may
consume (or store) different energies.

Similarly, the torque derivative is distinct from the torque. As a result, the
angular velocity of precession induced by the torque derivative is absolutely different
from that induced by the torque. They are two disparate types of angular velocities
of precession. One obeys the octonion torque formula, Eq. ([B]), while the other meets
the octonion force formula, Eq. @). In terms of other physical properties, both of
which may be diverse either.

6. Experiment Proposal

In the complex-octonion space O, the influence of two constituents, g and b, of grav-
itational strength on the precessional angular velocity, U)p, is comparatively tough
to be validated within the laboratory experiments at present. Only the influence
of the constituent, b, of gravitational strength may be observed in the astrophysi-
cal phenomena, especially, the explanation of the astrophysical jets. However, it is
able to validate directly the influence of the torque-derivative term, vodoW?, and
electromagnetic strength (E and B) on the precessional angular velocity, U’p, in
the laboratory. For instance, it is capable of measuring the influence of the torque-
derivative term on the precessional angular velocity, for the rotating rotors. In the
super-strong magnetic field (or electric field), it is able to explore the influencing
degree of the external fields on the precessional angular velocities, in terms of the
tiny charged objects.

(a) Time-varying term. From Eq. ([I8), it is found that the precessional direc-
tion of the rotating rotor will orient the torque-derivative term, 1;080W§, if the
external torque, fWZi, is a time-varying term. In other words, when we acceler-
ate or decelerate the rotation motion of rotors, it must generate the precessional
motion. No matter the direction of torque-derivative term, vo(?OWli, is oriented
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or reversed to that of the rotation motion of rotors, it is still able to produce the
precessional motion. Consequently, on the basis of existing gyroscopic experi-
ments, it is feasible to validate the influence of the torque-derivative term on
the precessional angular velocity in the experimental technique, after improving
appropriately the existing experimental facilities.

Electromagnetic fields. According to Eq. (20), when there is the external
magnetic field B, the precessional direction of the rotating charged object will
orient the vector, B o Iy. Even if the angular velocity of rotation is equal to
zero, the external magnetic field is still able to induce the precessional angular
velocity for the charged objects. Further, the spatial dimension of linear velocity
will make a contribution to the precessional angular velocity of charged objects,
especially, the precessional motions in the three-dimensional magnetic fields. In
the electron spin resonance experiments to study the sample materials (such
as, Di-Phehcryl Pircyl Hydrazal, CuSO4-5H20, MnSO4-4H50, or MnCly-4H50)
with unpaired electrons, when we apply the Crystal Lattice Vibration meth-
ods (for instance, X-ray, y-ray, or neutron inelastic scattering) to vibrate the
crystal lattices, it is capable of generating the three-dimensional precessional
motions of unpaired electrons surrounding the crystal lattices within the sample
materials, measuring the absorption spectrum of electromagnetic waves caused
by the three-dimensional precessional motions. Until, now the electron spin
resonance experiment has never been validated under the furious vibration of
crystal lattices. It is aggravating the existing serious qualms about the spin
angular momentum. The paper appeals intensely to actualize the electron spin
resonance experiments in the drastic vibration of crystal lattices. It is predicted
that the physical properties of spin angular momentum in this proposed exper-
iment will be distinct from that in the conventional point of view.

In a similar way, from Eq. (2I), when the external three-dimensional electric
field E is applied to the free and tiny charged objects (such as, hydrogen canal
rays), we can also detect the spectrum of electromagnetic waves, caused by
the two- or three-dimensional precessional motions. Certainly, the spectrum of
electromagnetic waves in the external electric fields may be much more intricate
than that in the external magnetic fields.

Gravitational fields. When there exists the external gravitational strength g,
the precessional direction of the rotating neutral objects will orient the vector,
g, from Eq. (24). No matter the direction of external gravitational strength g,
is oriented or reversed to that of the rotation motion of rotating neutral object,
it is still able to induce the precessional motion. Even if the angular velocity
of rotation is equal to zero, the external gravitational strength is still able to
induce the precessional angular velocity for the neutral objects. Further, the
spatial dimension of linear velocity will make a contribution to the precessional
angular velocity of neutral objects, especially, the precessional motions in the
three-dimensional gravitational field, g. Therefore, when we apply the external

2050091-17



Int. J. Geom. Methods Mod. Phys. 2020.17. Downloaded from www.worldscientific.com

by GERMAN ELECTRON SYNCHROTRON @ HAMBURG on 07/01/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

Z.-H. Weng

three-dimensional gravitational field, g, to the tiny neutral objects, it is capa-
ble of measuring the precessional motions, although this precessional angular
velocity may be difficult to detect.

The validation of these experiment proposals will be of great benefit to investi-
gating the further features of precessional angular velocities.

7. Conclusions and Discussions

The complex-quaternion spaces can be utilized to study the physical properties
of either electromagnetic fields or gravitational fields. And the complex-octonion
spaces can be applied to explore simultaneously the physical quantities of gravita-
tional and electromagnetic fields, such as, the octonionic field strength, field source,
linear momentum, torque, and force.

When the octonion force equals to zero, it is able to infer the eight independent
equilibrium/continuity equations. Four of them are the force equilibrium equation,
fluid continuity equation, precession equilibrium equation, and current continuity
equation. The continuity equations belong to the equilibrium equations essentially.
Moreover, the eight equilibrium/continuity equations are relevant to the spatial
dimension of linear velocity.

From the precession equilibrium equation, it is found that the torque-derivative
term, gravitational strength, and electromagnetic strength have an influence on the
precessional angular velocities of neutral/charged objects. Especially, the magnetic
flux density B will make a contribution on the precessional angular velocities of
charged objects, explaining the angular velocity of Larmor precession, for the spin
angular momentum. And the gravitational precessional-angular-velocity b is able
to impact the precessional angular velocities of neutral objects, accounting for the
precessional phenomena of astrophysical jets.

Either of torque and torque derivative may exert an influence on the angular
velocity of precession. Especially, the external field is able to make a contribution
on the precessional angular velocities of neutral/charged objects. Obviously, this
precessional angular velocity is distinct from that caused by the conventional gyro-
scopic torque in the theoretical mechanics. The former obeys the octonion force
formula, while the latter meets the requirement of the octonion torque.

It should be noted that the paper discussed only several simple cases about the
influence of torque derivative on the angular velocities of precession. However it is
clearly states that the external field strengths and the curl of linear velocity both are
capable of inducing the precessional angular velocities of neutral/charged objects,
including the magnitude and direction. In the following study, we will explore theo-
retically certain other influence factors of precessional angular velocities, by means
of the precession equilibrium equation; and validate the influence of the curl of lin-
ear velocities on the precessional angular velocity in the three-dimensional magnetic
fields, making use of some improved experiment devices; and research further the
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physical properties of spin angular momentum in the quantum mechanics, on the
basis of the precessional angular velocity induced by the torque derivative.

Appendix A. Gyroscopic Torque

In the complex-octonion spaces, the octonion torque formula can be degenerated
into the torque formula (see [26]). Later, in the complex-quaternion spaces, the
torque formula is able to infer the precessional angular velocity caused by the
conventional gyroscopic torque.

In the complex-octonion spaces, the octonion torque is Eq. (@), or

W = —vg(0 + iF /vo) o L, (A.1)

further, in case there is no field strength, that is, F = 0, the above will be reduced
into

W= -0 oL. (A.2)
In the complex-quaternion spaces, the above will be simplified into
li - —’anoL, (A3)

where —Wi is conventional torque, which is the major ingredient of W. And L is
the orbital angular momentum, which is the primary constituent of L. The above
is the definition of torque in the theoretical mechanics. Subsequently, according to
the above, the conventional gyroscopic torque can produce the precessional angular
velocity, which belongs to the torque-induced precessional angular velocity.
Apparently, the above is independent of the octonion force, Eq. @), or

N = —(0 + iF /vg) o W. (A4)

According to the precession equilibrium equation, the torque derivative will
induce another type of precessional angular velocity, which includes the field-
induced precessional angular velocity. And this is distinct from the precessional
angular velocity caused by the gyroscopic torque.
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