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Abstract: This paper falls under the heading of constructing consistent self-couplings in topological
BF models. Our endeavor is of interest in the context of pure gravity, General Relativity, and
super-gravity in Ashtekar formalism, which allow for certain economic formulations in terms of
self-coupled BF theories in the presence of certain extra-constraints. More precisely, herein we address
the construction of a special class of D = 6 self-interactions for a collection of topological BF models
with a non-standard field spectrum. Our methodology relies on a deformation method based on the
relationship between antifield-BRST symmetry and the non-trivial gauge symmetries of a given field
theory and implemented via the computation of certain precise spaces of the local BRST cohomology
corresponding to the free limit. This cohomological BRST approach is applied to the starting free
model under standard “selection rules” from Quantum Field Theory. Our findings are completely
new and reveal a self-interacting topological BF model in D = 6 with a complex gauge structure that
is entirely read from the expression of the fully deformed solution to the classical master equation (the
canonical generator of the antifield-BRST symmetry), and includes a generalization of the famous
D = 2 gravity in BF formulation.

Keywords: gauge symmetries; topological BF models; consistent interactions in QFT; BRST symmetry;
local BRST cohomology

1. Introduction

One of the striking features of topological field theories [1] is the relationship of certain
interacting non-Abelian versions of Poisson algebra [2] present in various versions of Pois-
son sigma models [3-9], which are essential in the correct description of two-dimensional
gravity [10-19]. Moreover, pure three-dimensional gravity is just a topological BF theory
of the Schwarz type. (The designation “BF” is not an abbreviation; rather, it refers to
a Lagrangian functional with the basic field form spectrum present in pairs oh which
the form degrees differ by one unit (A;_1, Bx) and displaying the free-limit integrand
formally written as a sum among By A xF;, with Fy = dAy_q and «F; the dual Hodge
of F;.) Concerning the higher dimensional case, it is known that General Relativity and
supergravity in Ashtekar formalism may be formulated as topological BF models with
certain extra constraints [20-23]. More precisely, the idea of Ashtekar related to the first-
order reformulation of Einstein-Hilbert gravity as a constrained topological BF theory
is implemented in the D = 4 and N = 1,2 SUGRA theories in [20]. The latter results
have been generalized to an arbitrarily high dimension in [21]. The same approach has
been used in the holographic formulations of quantum gravity and quantum supergravity
in [22,23]. This suggests that the construction of self-interacting BF theories may be crucial
in understanding higher-dimensional gravity and supergravity theories.

The main aim of this paper is to generate all consistent, non-trivial D = 6 self-
interactions that can be added to a finite collection of free topological BF models with

Symmetry 2022, 14, 1023. https:/ /doi.org/10.3390/sym14051023

https://www.mdpi.com/journal /symmetry


https://doi.org/10.3390/sym14051023
https://doi.org/10.3390/sym14051023
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0002-1632-6158
https://orcid.org/0000-0002-7030-9770
https://orcid.org/0000-0002-7649-5850
https://doi.org/10.3390/sym14051023
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym14051023?type=check_update&version=2

Symmetry 2022, 14, 1023

2 of 35

a non-standard field spectrum, consisting of four sets of form fields (with the form de-
gree ranging between 0 and 3) in the presence of several selection rules typical of gauge
field theories, namely, analyticity in the coupling constant, space—time locality, Lorentz
covariance, Poincaré invariance, and preservation of the differential order of each field
equation with respect to its free limit. (In an arbitrary space-time dimension D, a standard
or maximal BF field form spectrum comprises the pairs (Ax_1, Bx), with k = 1,k(D), where
the maximum value of k is related to an integer depending on D, k(D) = [(D +1)/2] such
that the union between the original pair set and the set obtained by its Hodge dualization
taken in reverse order, that is, (Ax_1, Bx) — (¥Bg, *Ax_1) = (Ap_k, Bp_k41), covers the
entire set of form field pairs in D dimensions of which the form degrees differ by one unit,
{Aj_1, B} ~1,D and the intersection of these two sets contains at most one such pair. This

definition can be equivalently reformulated via the condition that there is no pair, such that
the partial reducibility order of the free-limit gauge transformations of the corresponding
Ag_1-type form field, de Ag_1 = dey_j, is strictly greater than that of the gauge transforma-
tions of the associated By partner, ¢By = *[d(*{;.1)], which reducestok —2 < D —k —1.)
We opted for the most elegant approach, which in our opinion relies on antifield-BRST
symmetry [24-27] and, more precisely, on the deformation of its canonical generator [28-30]
by means of cohomological techniques adapted to the computation of specific sectors of
the local BRST cohomology [31-33]. The results exposed here are completely new and add
to the previous ones related to various self-couplings in single or several topological BF
models in different dimensions emerging from distinct approaches, such as those based on
the antifield-BRST deformation method [34—43], on superfield BV formalism [44,45], on a
generalized complex structure [46], or on a Hamiltonian variant of the BRST deformation
method [47-50], to cite only a few.

Our paper is divided into three main sections complemented by introductory and
conclusive notes. Section 2 provides insight into the particularities of both the Lagrangian
formulation and BRST symmetry for the considered finite collection of A free topological BF
models evolving on a Minkowski D = 6 space-time of a mostly positively defined signature.
The main characteristics of this analysis can be synthesized by the presence of a stationary
surface defined by a set of linear first-order field equations and by generating a set of
gauge symmetries that underlies an Abelian gauge algebra and is an off-shell reducible
of order 4, therefore defining a linear gauge theory of Cauchy order 6. The associated
antifield-BRST differential reduces to the sum between the Koszul-Tate differential and
the exterior longitudinal operator (in this case, a differential), while the generator of the
antifield-BRST symmetry decomposes into a sum of simple terms of antifield numbers
varying between 0 and 5.

Section 3 represents the core of the paper, and exposes all the results regarding the con-
struction of the fully deformed non-trivial solution to a master equation that complies with
all the imposed selection rules via detailed computation of the necessary cohomological
ingredients. This section is organized in turn into three subsections. Section 3.1 provides a
synthetic overview on the antifield-BRST deformation method employed, with the main
deformation equations provided in both functional and local forms. Next, in Section 3.2, we
construct the first-order deformation of the solution to the master equation corresponding
to the chosen D = 6 BF model by means of various BRST cohomological aspects. More
accurately, this refers to the cohomology of the exterior longitudinal differential in antifield
number 0 and the local homology of the Koszul-Tate differential in pure ghost number 0,
both computed in a restriction of the BRST algebra that enforces all the required selection
rules. The main properties of the first-order deformation may be synthesized as follows:

e It splits into non-trivial pieces of antifield numbers ranging between 0 and 6;

*  Itis parameterized by several function sets depending only on the undifferentiated
scalar BF fields from the collection, namely:
- {Mm7b} obc—T4 18 completely symmetric
- AZw}, 17 is antisymmetric
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- V(@) has a general smooth “potential’

e All the terms from the first-order deformation except the ‘potential’ depend on the two
sorts of function sets or their derivatives (with respect to the scalar fields) of orders
varying between 1 and 6;

®  Their detailed structure reveals one generic class of elements from the invariant local
homology of the Koszul-Tate differential as well as three other particular classes
belonging to the gauge non-invariant local homology of the Koszul-Tate differential
in pure ghost number 0.

With all these ingredients at hand, Section 3.3 brings into focus the higher-order
deformation equations and establishes the existence of certain obstructions to the existence
of the second-order deformation due to the space-time locality selection rule. These
obstructions are solved by enforcing the two parameterizing function sets mentioned above
in order to satisfy a set of algebraic equations equivalent to the annihilation of their simple
cross-contraction. The ‘potential’ V(¢) is not obstructed in any way by the consistency
of deformations in higher orders of perturbation theory. Under these circumstances, it
is shown that the fully deformed solution to the master equation can be taken to stop at
order one in the coupling constant and is indeed consistent at each and every order of
perturbation theory.

Finally, Section 4 extracts all the properties of the Lagrangian formulation of the
resulting D = 6 self-interacting BF theory from the expression of the deformed BRST
generator. Thus, two key interaction vertices are revealed. One is quadratic in the BF
3-form fields and generalizes the famous BF self-couplings present in the D = 2 gravity
formulation via topological BF theories. The other mimics an extended A¢>-type coupling
specific only to the space-time dimension D = 6, in the sense that it is cubic in the 2-form
fields. Succinctly, we only mention that all the components of the deformed gauge theory
are modified through the deformation procedure with respect to their free limit. In this
manner, a generating set of gauge symmetries for the D = 6 self-coupled model with
an open gauge algebra and certain on-shell reducibility relations is disclosed, revealing a
self-interacting gauge theory that is strongly nonlinear and possesses highly non-trivial
higher-order structure functions.

2. Lagrangian Formulation and BRST Symmetry for a Collection of D = 6 Free
Topological BF Models

The starting point is provided by the Lagrangian action for a non-standard (finite)
collection of Abelian topological BF modelsin D = 6

N 12 B
st [[3)]”, B*, A, B

:(/}ﬁx(B;aﬂ¢a+-B;man$”) (1)

evolving on a 6-dimensional Minkowski space-time manifold endowed with a metric
of ‘mostly positive’ signature, ¢ = (— + - - - +). The six-dimensional Levi-Civita symbol
€y, 15 defined by eg;...5 = +1 plus complete antisymmetry, such that its various identities
in D = 6 can be synthesized by

e Op g A A 06—k] o
€y €PN — gl g g g @)

o [
We assume a finite collection of BF fields in D = 6, namely, the scalar—vector pairs {[go] B}
] 3] _
and the two-form—three-form pairs {A,, B"}, witha = 1, A (A > 2), the coefficients of
which are to be denoted without reference to their form degree simply by ¢, By, AlY, and
Bjivp, respectively. This BF field spectrum is non-standard in the sense that we discarded
a2
the allowed vector—two-form pairs {A,, B*} due to our aim of exhibiting a special class of
self-interactions that generalize those from D = 2 BF-based gravity and therefore depend



Symmetry 2022, 14, 1023

4 of 35

only on the three-form coefficients By, in a background of the undifferentiated scalar
fields { ¢, }. Everywhere in this paper, the notation [y - - - | signifies the operation of full
antisymmetrization with respect to the (Lorentz) indices between brackets, defined via the
next conventions: only the independent terms are taken once without further normalization
factors, the expression fy,; ..., is identified with a scalar (f;,...;, = f), the quantity fy,....;
with a 6-vector (fy,...,; = fu,), and any negative label of a Lorentz index defines a vanishing
term, fy,...,_, = 0. For instance, the latter expression from (1) contains precisely three terms

for each value of a, ol ‘A T A +9" AR 4+ 9° A" due to the pre-existing antisymmetry

2]
of the components of the two-forms A,. For further computations, it is useful to denote the
BF field spectrum in a collective manner by

O = {gog, AL, BL,, B;}. 3)

The stationary surface of this free non-interacting BF theory is defined via linear field
equations of a derivative order equal to one,

5 = —9'Bg
sSL (5{;‘875" = _Sa/\B;yv
S odr0 §%§L P Y 0, )
L
gSTZ = ay([)u

where “~” is the symbol of weak equality.
We generate set of (non-trivial) gauge symmetries of action (1) such as

KA
wo _ Alpv
S qy’éo _ 5th1 Aa =4 e(Z,O)u (5)
T dam By, = _48/\{’“(130)/\ '
B0
dowi B = 20N

where the gauge parameters are collectively denoted by

Qal = {GE\Z,O)Q’ 6?3,0)/\]/11/(7’ 6?1/0)/\]4} (6)

and represent a collection of (antisymmetric where appropriate) components of arbitrary
form-fields of degrees 1, 4, and 2, respectively, defined on the chosen D = 6 Minkowski
space-time manifold. The supplementary two-index pair (1,0) marks the form degree
of the BF field of which the gauge transformations depend on the corresponding gauge
parameters (for instance, m = 2 in 6?2,0)&1 signifies that these are precisely the coefficients

1
of the one-forms [e} (2,0)a involved in the gauge transformations of the components of the

2
two-forms 1[411) and the fixed (second) label “0” refers to the reducibility level (the gauge
parameters are known as the zeroth order reducibility parameters). We note that all the
BF scalars, {¢,},_1 4, can be viewed as purely matter fields in the context of the starting
free model, as they bear no non-trivial gauge symmetries of the Lagrangian action. The
above generating set of gauge transformations is Abelian (the commutators of the gauge
transformations of all fields vanish strongly, i.e., everywhere on the space of field histories)

[yt Gy | @ =0 @)

“1770

for any two arbitrary sets of gauge parameters of the type (6) denoted by Q()*1 and Q241
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Q4 (Q%2) =0 Q%2 —

04 (O%2) =0

0% ()

nontriv

It is important to observe that the considered generating set of gauge transformations
is also reducible (the gauge generators are not all independent), with the overall reducibility
order equal to 4. Indeed, due to fact that no gauge generator depends on the BF fields, we
can assume that all the reducibility relations hold off-shell, that is, everywhere on the space
of field histories, in contrast to on-shell ones, which only take place on the stationary surface
(4). With this observation at hand, it can be shown that the non-trivial gauge variations
from (5) vanish if we perform the following transformations (6) on the gauge parameters:

)E(roz) = a)‘e(z 1)a

A
(20
dam q>wo'non’triv =0& 0% - 0" (Qt’éz) = g?3,0)PWPtT(Qa2) = —50° ol (B1)Auvpo 7 ®)
g[(ll,O)yv(Qaz) = —39 C(l,l)/\yv
using the compact notation
0% = {6(2,1);1/ 6?3,1);41/‘001" ?l,l);wp}' ©)

The variables (9) define the components of the arbitrary forms of degree 0, 5, and 3,
respectively, and are called the reducibility parameters of order one, symbolized by the lower
2-index pair (m, 1), where m has the same meaning as in the case of notation (3) and the
index “1” marks the reducibility order. Consequently, the identities

S () AL
Sam () D contiv 0 ol (Q“Z)Bﬁgp =0 (10)
dam (02 By

are known in the literature as the first-order reducibility relations. Next, we note that the trans-
formed gauge parameters from (8) vanish strongly if we realize the next transformations
on the first-order reducibility parameters (9)

€(2,1)a =0,
O2(Q) Lpontriv = { 523'”W‘”(§) ) - —6o" gwmpw , (11)
5(1,1)11'/9(0 *) = —40 é’r(l,z))»uvp
where
Q% = {51(13,2)Ayypmr 5?1,2);4%00} (12)

are named the reducibility parameters of order two, symbolized by the lower index pair (m,2),
and represent the components of the arbitrary forms of degree 6 and 4, respectively, defined
on the space-time manifold. Accordingly, we find that the relations )*1(Q)*2) = 0 split into
two categories

() =0,

A
€
(20)a €(2,1)a=0

o 22 () hone) (13)

o { 2 g (22(0%) gy

The former type indicates that the reducibility of the gauge transformations of the two-
2]

forms A, ends at order one, while the latter category, Q%1 (Q%2(Q*3))|, nriv = 0, comprises

the genuine second-order reducibility relations. Next, we observe that the non-trivially trans-

formed first-order reducibility parameters from (11) are strongly annihilated if we enforce

the next transformations on the second-order reducibility parameters (12)

0% (O (O))

=0
(14)
an (QM) |nontriv

QM) = —59'¢] ’

a
—0e OB ér(3,2)/\pwptfr
1,3)Auvpo

é’“(ZLZWW(
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QM(Q%) |nontriv =0« {

Q% (Q™)]

nontriv. = v (1,2)uvpc

where
a% = {6?1,3);4147(71} (15)

represent the reducibility parameters of order three, symbolized by the unique lower index pair
(1,3), which are nothing other than the components of the arbitrary forms of degree 5 de-

fined on the space-time manifold. Consequently, we see that relations Q*2(Q*3)| .. =0
split again into two categories
a Qth, — O,
) A (16)
O (Q% (QM)) ‘nontriv = 51(11,1);”/()( Qv (0“4) ‘nontriv) =0.

The former identities stipulate that the reducibility of the gauge transformations of the

3]
three-forms B” stop individually at order two, while the latter, ()%2(Q2%3(Q%))|
£ 1y (25(Q)]
we notice that the non-trivially transformed second-order reducibility parameters from
(14), OB (O) | ontriv = C?er)WPU(QM) vanish strongly if we transform the third-order
reducibility parameters (15) into

nontriv. —

= 0, signify the true third-order reducibility relations. Finally,

nontriv )

(%) =0 Q% - 0%(0%) = 6?113)141/;’01(0“5) - _68A6?1,4)Aﬂvpar (17)

with
v = {6{(11,4)/\}“@01'}’ (18)

the reducibility parameters of order four, symbolized by the single lower index pair (1,4),
and represented by a collection of components of the arbitrary forms of degree 6 defined
on the space-time manifold. The relations expressing the annihilation of the non-trivially
transformed second-order reducibility parameters in (14)

Q% (Q%(Q%))]

nontriv. — gﬂ(ll,z)wpg(QM (Q“S)) =0 (19)

define the fourth-order reducibility relations. 1t is easy to see that the reducibility of the gauge
1]
transformations of the components of the 1-forms B? stop at order four, as the transformed
third-order reducibility parameters in (17) vanish strongly if all the reducibility parameters
of order four, (18), vanish strongly:
0% (0%) = _6aAg‘gM)

=0e O =g, =0, (20)

Auvpot Auvpot

In conclusion, the collection of considered free topological BF models in D = 6
is described at the Lagrangian level by a set of linear field equations and an Abelian
generating set of gauge transformations that is reducible of order four or, in other words,
by a linear gauge theory of Cauchy order equal to 6.

In the final part of this section we construct the antifield-BRST symmetry for this
model, which can be shown to decompose into

s=0+7, (21)

where s signifies the BRST differential, ¢ the Koszul-Tate (co)differential, and -y the exterior
longitudinal differential (which may simply be a differential modulo delta in more general
cases), with the essential properties synthesized as follows:

e(s) =e(0) =¢(7) =1, (22)

ant(d) = —1, ant(y) =0, pgh(d) =0, pgh(y) = +1, (23)
gh = pgh — ant, gh(6) = gh(y) = gh(s) = +1, (24)
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£=0 & {#=00+16=01=0}, (25)
H.(6) = Hy(6) ~ C*(X) ® C[[ghosts]], H(y|Ho(8)) = {physical obs.}, (26)
HO(s) ~ H(|Hy(8)) = {physical obs.}. (27)

In the above, ¢ represents the Grassmann parity while ant and pgh stand for two different
N-graduations of the BRST algebra on which the operators ¢, ¢, and s act (ant, known as
the antifield number, is specific to the Koszul-Tate differential and pgh—the pure ghost
number—to the exterior longitudinal differential, while their difference, pgh — ant = gh,
is named the ghost number and provides a Z-graduation of the BRST algebra, especially
designed with reference to the BRST differential). The nilpotency of order two of the
BRST differential s is completely equivalent with the co-differential property of J, the
anticommutativity between J and v, and, in this case, with the purely differential feature of
v (Equation (25)). The Koszul-Tate differential is required in order to provide a homological
resolution of the algebra of smooth functions defined on the stationary surface (4), C*(Z)
tensor product with the space of polynomials in the ghost fields (to be introduced below)
and their space-time derivatives up to a finite order (in order to ensure the space-time
locality of the BRST formalism for field theories) according to the first relations in (26),
where H, (6) denotes the homology of é and Hy(6) the homology space of ¢ at antifield
number zero. In the present paper, by f([u]) we understand that f depends on u and its
space-time derivatives up to a finite order, while C[v] signifies the space of polynomials
in v with complex coefficients. Moreover, the cohomology of - restricted to H, () at pure
ghost number zero, H%(y|Hy(4)), is precisely the algebra of physical observables of the
free theory (1), denoted by {physical obs.}, that is, the last relation from (26). This is due
to the main isomorphism emphasized in (27), in terms of which one establishes the key
required property of the BRST differential associated with a given gauge theory, namely, to
be isomorphic to the algebra of physical observables of that theory via its cohomology in
ghost number zero, H(s).

In order to implement the previously discussed properties and construct the differ-
ential BRST algebra (A, s), we initially introduce the BRST generators, which are of two
kinds: fields/ghosts and their antifields. Related to the first kind, we associate ghost fields
with all the gauge and reducibility parameters of various orders, (6), (9), (12), (15), and (18)

0% = {G(AZ/O)WC?&OMWP’ C?l,ow} - = {”?Z,O)a’CEZ&O)AWP’C?LOW}’ (28)
0% = {€(2/1)W€l(13,1)yvpar’ ‘5?1,1);[14)} - "= {’7(2,1)afc?3,1)yvpmf C?l,l)yvp}’ (29)
a% = {5?3,2)Ayvparr ‘3?1,2)yvpv} - "= {C€3,2)/\yvp¢7r’ C?l,Z);tvpa}’ (30)
O™ = {5?1,3)wpar} - = {Cg1,3);wpm}' (31)

O* = {5?1,4)Ayvpdr} - %= {C?1,4)Ayvpm}f (32)

such that the generators of the BRST algebra are precisely
O = {8, "y, ", Y, (33)

where ®* are the original BF fields (3). The second type of BRST generators are the
antifields that respectively correspond to the field and ghost spectra

D = { D My Mavys Ny Mg Mg |4 (34)
with

x * * *UVP ki * * *AUVP kAU
©D¢0 = { ul Ay?// B{Z /Ba }/ ;7011 = {77(2&1,0)/\/ C(3/0)a ’C(l,O)ﬂ}’ (35)
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* *UVPOT  ~*UVP x *AUVOOT  ~*UVp0

May = {’7(2 1S3 1) - C(l,l)a}’ May = {C(3,2)a C12)a }' (36)
% *UVPOT x *AUVPoT

My = {C(1,3)u }, Mas = {C(1,4)11 } (37)

Meanwhile, according to the antifield-BRST method, we endow the field/ghost spectrum
with the following properties:

e(n™) = kmod?2, pgh(®®) = 0,  pgh(y™) = k, (38)
e(@h) = (e(@) +1)mod2,  ant(®)) =1, ant(y)=k+1, (39
ant(q>A) =0, pgh(®%) = 0, (40)

with k = 1,5. An arbitrary element of the BRST algebra .4 will be a polynomial in the ghosts,
antifields, and their space-time derivatives, with coefficients that are smooth functions of
the BF fields (3) and their space-time derivatives. We introduce a natural involution on A,
to be denoted by “x”, as follows:

(@) =@, (%) = —(=)y, (@)=~ (m) = (. @D

We can write properties (38)—(40) in a compact manner with reference to the lower index
pair (m,1). In view of this, we extend this notation to the original field spectrum (3) and
their antifields @3 from (35):

Ad =11y Biwp = Cla -1y Bu=Clhnw (42
Al = (*2”,_1)w, B = céf”f’l)a, B = C(fiq)a' (43)
such that we can alternatively reorganize (33) and (34) as follows:
M1 H1-1(2) a
{q)ﬂ/ {11(2,1(2))11 }1(2):7 ’1r {{C(m,l(m))ﬂl“'Vrr1+l(rr1)+1}l(m)_M}m_lﬁ}/ (44)
*a *H1 Bl (m) +1

{(P {77(21(2))#1 Mo }l(z) —n {{C(m,l(m))a }l(m)_l’Sm}m—l,S}. (45)

In this alternative notational framework, properties (38) and (39) are written as
e(9a) =0, ( o ) 2) + )mod2, 1(2) = 1,1, (46)
e(cgml,(m”m,“VW(W) (I(m)+1)mod2, I(m)=—T15-m, m=13  (47)

I,[ [
pgh(p) =0, pgh(ny,o, ™) =12)+1, 1(2)==1]T, (48)
pgh(Cgmll(m))Vl"'”erI(m)Jrl) - l(m) + ’ l(m) - _1’5 - m= 1,3, (49)
e(e™) =1, 5(’781(2))”1...#14(2)) =1(2)mod2, 1(2)=-11, (50)
€<C;le( et “) I(m)mod2, I(m)=—1,5—m, m=1,3, (51)
ant(¢™) =1, ant(q(zl( ))}‘1"'?‘14(2)) =1(2)+2, 1(2)=-1,1, (52)
M1 Bl (m)+1 AT E _

ant(C(ml( ))+ * ) I(m) + I(m)=-1,5-m, m=1,3. (53)

The actions of the operators ¢ and < on the BRST generators (44) and (45) that imple-
ment the desired properties (22)—(27) are defined by

oA =0, 4% =0 (54)
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together with

*a — Sk A * — sst A

09" = 5o TIBY G = 5 amm = 3 Bl (55)
*a _ (_\2)+1 o A *a _

577(2,1(2));,1...},171(2) = ( ) (2 1(2))8 77(2,1(2)71))@:1---y],,(z)’ l(Z) =01, (56)

sst ost
SOk — _ — ol gramsl o sorm = 90 g 9o, (57)

(3,—1)a 5Bf‘1#2#3 a (1,-1)a (53;1[1

O™ = (YR 1) =35, m=13 (58)

and, respectively,

e i i)
=0, ol gl o) g o, 59)
j— A | —_—— B
'YC’(lm,l(m))ﬂl“'14m+l(m)+1 =—(m+1(m)+2)o C{(lm,l(m)Jrl)/\m~~-y,,,+;(,,,)+1’ I(m)=-1,4—m, m=1,3, (60)
’yC?m,5*m)H1"'#e =0, m=13. (61)

Obviously, the actions of the BRST differential on the BRST generators follow from (54)—(61)
via expansion (21). We mention that all the operators (the (co)-differentials) from (21) are
assumed to act as right derivations.

A major feature of the antifield-BRST formalism is provided by its canonical action
in a structure named antibracket, which is denoted by (, ) and is defined by decreeing the
fields/ghosts respectively conjugated with the corresponding antifields

(q>A,q>;g) = &8, (62)

where the DeWitt condensed notation is understood and 5? contains a projector on the
tensor subspace for each and every form degree. The properties of the antibracket are
complementary to those of the Poisson bracket from the Hamiltonian formalism, excepting
the bilinearity in its arguments, which is preserved. The canonical generator of the antifield-
BRST symmetry, S, is a bosonic functional depending on the fields/ghosts and antifields of
ghost number 0, purely real with respect to the natural involution (41), in terms of which
the (right derivation) action of the BRST operator s is recovered precisely via the antibracket

VE€ A, sF=(FS), &S)=0, (S =S, gh(S)=0 (63)

and the second-order nilpotency of s is equivalent to the famous classical master equation
satisfied by S:
2=0%(S,8) =0. (64)

In view of this, S is usually referred to as the solution to the classical master equation.
We cannot stress enough that the solution to the classical master equation exists for all
theories that satisfy standard regularity conditions and contains all the information on
the Lagrangian formulation of a given gauge theory, including the Lagrangian action, the
chosen set of its generating set of gauge symmetries, the underlying gauge algebra, and the
reducibility of its generating set of gauge transformations (if any), as well as the expressions
of the structure functions of all types and orders. In the case of the model under study, the
solution to the classical master equation can be taken as

_ 6 [ pve] xa 51 V] HPVP AN
s = / dx (Bt g, + Bl Al + asmalyll | —4BPOCh L
*UAN % *UVPT A\
—2B;"9 Ct(zl,o),\y +77(§,0)Hay’7(2,1)a _5C(3,0)aa Cl(zs,l))\;wpa

KUV A\ *UVPOTT A\ KUVP A\
—3C(1,O)ua C?l,l)/\yv _6C(3,l)u 9 (:[(13,2))x;u/pm'_4C(1,l)aa 1(11,2)/\;41/‘0
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S =

_SCE?,;S);aA ?1,3)Ay1/p¢7 o 6C?{t;§;”a)\c?1,4))\yvpar) : (65)
We organized S according to the increasing values of the antifield number of its components,
and thus it contains pieces of ant ranging from 0 to 5. The component of antifield number
zero always reduces to the Lagrangian action of the considered gauge theory, that is, the first
two terms from the right-hand side of (65) provide precisely (1)). The elements of antifield
number one are always written as the antifields of the original fields ‘times’ the gauge
transformations of the corresponding fields, where the gauge parameters are replaced with
the associated ghosts of pure ghost number 1; the next three terms from the right-hand
side of (65) are related to the gauge transformations (5), with the gauge parameters ()"
from (6) substituted by the corresponding ghosts #*! introduced in (28). The components of
antifield numbers strictly greater than 1 from the solution to the classical master equation
(if any) are present only if the chosen generating set of gauge transformations for the theory
under study is reducible and/or generates a non-Abelian gauge algebra. The terms related
to the reducibility functions and relations of various orders specific to the generating set
are always linear in the ghosts of pure ghost numbers strictly greater than 1. In the case of
our D = 6 BF model, this type of component covers the remaining seven elements from the
right-hand side of (65) of antifield number ranging between 2 and 5. They are linear in the
antifields of the ghost fields, as all the reducibility relations connected to the generating set
(5) hold off-shell, and it is easy to see that they account for all the non-trivial transformations
of the gauge/reducibility parameters present in (8), (11), (14), and (17), with the various
parameters replaced by the associated ghosts. Finally, the remaining possible pieces from
the solution to the classical master equation, which are at least quadratic in the ghosts, are
due to the non-Abelianity of the gauge algebra induced by the generating set and involve
all the non-vanishing structure functions of various orders. In the case of the model under
study, there are no such terms in (65) because the gauge algebra generated by (5) is Abelian.
It is useful to rewrite solution (65) in terms of the alternative notations and structuring
(42)-(45), as follows:

0
L 6 a [y M2 H1-12)]
st [ dx [(2);1W(z,z(z>>m~-uu<2>a 121(2)+1)a

4—m
KU1 Bt 1 (m)+1 A
N 1112213 l(m)z—fl(m t l(m) T Z)C(mll(m))u : a Cgm'l(”l)+1))‘yl"'Verl(m)Jrl ’ (66)

with SL the free Lagrangian action (1).

3. Antifield-BRST Deformation Method and Its Application to a Collection of D = 6
BF Models

3.1. Brief Review of the Antifield-BRST Deformation Method

It is possible to reformulate the long standing problem of generating consistent inter-
actions in gauge field theories via the antifield-BRST deformation method [28-30] based on
the observation that, if consistent couplings can be added, then the solution to the classical
master equation of the original gauge theory, S, can be deformed into a solution to the
classical master equation for the coupled gauge theory, S:

S=S+AS + A% +---, 3(5,8) =0, (67)

with A the coupling constant or deformation parameter. Regarding the interacting theory,
we preserve the field, ghost, and antifield spectra of the initial theory in order to maintain
the number of physical degrees of freedom with respect to the free limit. In addition, we
do not alter either the antibracket or the standard features of S compared to those of the
initial theory, only the canonical generator itself; thus, S remains a real bosonic functional
of fields, ghosts, and antifields, with the ghost number equal to 0. The projection of the
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key equation %( S,5) = 0 on the various increasing powers in the coupling constant A is
equivalent to the chain of equations

A0 1(s,8) =0, (68)
Al (51,8) =0, (69)
A2 (S3,8)+3(51,51) =0, (70)
AP (83,9)+(51,5) =0, (71)

known as the equations of the antifield-BRST deformation method. The functionals S;, i > 1 are
known as the deformations of order i of the solution to the classical master equation. The first
equation is fulfilled by assumption, while the remaining ones may be expressed via the
canonical action s- = (-, S) as follows:

Al o sS =0, (72)
A* 0 sSy+1(81,81) =0, (73)
A3 sS3+(51,52) =0, (74)

The solutions to (72) always exist as long as they pertain to the cohomology of the BRST
differential s in ghost number 0 computed in the space of all functionals (local and non-local)
of fields, ghosts, and antifields, H’(s) (this cohomology space is generically non-empty
due to its isomorphism to the algebra of physical observables of the original gauge theory).
All trivial first-order deformations, defined via s-exact elements of H'(s), must be discarded
as they produce trivial interactions (these can be removed by several possibly non-linear
field redefinitions). The existence of solutions to the remaining deformation equations, (73),
(74), etc., has been proved to exist [28] on behalf of the triviality of the antibracket map in
the BRST cohomology H(s) as computed in the space of all functionals. Thus, if we enforce no
restrictions on the interactions (such as the space-time locality or other properties), then the
antifield-BRST deformation procedure proceeds unobstructed.

On the other hand, if we impose restrictions on the deformations, such as, for instance
that S (and implicitly all its components) should be a local functional, then the construction
of consistent interactions via the antifield-BRST method must be approached differently,
as in this context there is no guarantee that there exist non-trivial solutions to the main
equations, (72)—(74), etc. that comply with these constraints. Assuming the space-time
locality of deformations, if we make the notations

s, :/d6x a, 52:/d6x b, 53:/d6x ¢ (75)
1(51,81) :/dﬁx A, (S1,5) :/d6x T, (76)

then Equations (72)—(74), etc. take the local form

sa = o, (77)
sh+A = 0.k, (78)
sc+T = 9, (79)

All the general properties of S are transferred to its non-integrated local density, thus,

e(a)=¢b)=¢(c)=---=0, (80)
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a* =a, b* =1, =g, e, (81)
gh(a) = gh(b) = gh(c) =--- =0, (82)

e(ji) =e(k) =e(lt) =--- =1, (83)

M =g, &)=k, )=, (84)
gh(j") = gh(k") = gh(l¥) =--- =1 (85)

All the non-integrated densities of the deformations of various orders of perturbation
theory, namely, a, b, c, etc., are restricted now to be bosonic real elements of ghost number
0 of the BRST algebra of local “functions”, i.e., simultaneously polynomials in the ghosts,
antifields, and their space-time derivatives up to some finite orders, with coefficients that
are local functions of the original fields and their space-time derivatives, Aj,c,1. In addition,
all the currents j#, k¥, [V, etc., are essentially required to be fermionic real elements of ghost
number 1 from A}y

Thus, Equation (77), which is now responsible for the non-integrated density of the
first-order deformation, is equivalent to the fact that a should be a (non-trivial) element of
the local cohomology of the BRST differential at ghost number 0, a € H(s|d). By non-trivial
we mean that a does not reduce to an s-exact modulo of d-exact local quantities. In the
next subsection, we construct the general non-trivial solution to the first-order deformation
Equation (77) in an even more restricted BRST algebra than Aj,., in order to comply with
all the standard “selection rules” imposed on field theories.

3.2. Construction of the First-Order Deformation

The goal of our paper is to generate all the non-trivial consistent self-interactions
that can be added to the free model exposed in Section 2 with the help of the antifield—
BRST deformation method briefly reviewed in the previous subsection. We adopt the
standard selection rules from field theory on the deformed solution to the classical master
Equation (67), namely, analyticity in the coupling constant, space-time locality, Lorentz covariance,
Poincaré invariance, and conservation of the differential order of the interacting field equations
with respect to their free limit (A — 0). In detail, the last requirement means that all of
the interacting vertices are asked to possess the maximum derivative order of the free
Lagrangian density at all orders in the coupling constant, i.e., one. Due to the space-time
locality hypothesis and based on the first notation from (75), it follows that the non-
integrated density of the first-order deformation, 4, should be a non-trivial solution to
Equation (77), and hence a non-trivial element of the local BRST cohomology H(s|d). The
last cohomology space will be computed in the BRST algebra of local “functions”, which,
in addition, must be Lorentz scalars independent of the space-time coordinates (in order to
ensure the Poincaré invariance of deformations), and should contain at most one space-
time derivative acting on the BF field spectrum (3) at the level of its antifield-independent
component (this is ghost-independent due to the fact that gh(a) = 0, and thus can only
involve the BF fields and their space-time derivatives). We denote this restricted space of
the BRST algebra as Arestticted,

In order to compute the general non-trivial solution to Equation (77) in compliance
with all imposed selection rules, we simultaneously decompose the first-order deformation
a and the associated current j# according to the antifield number k

kmax kmax

a= Z a, it = Z ],I:, (86)
k=0 k=0

and assume, without loss of generality, that the above decomposition stops at some finite
value of the non-negative integer kmax. The components of a and j* are subject to the
following properties, which are induced by (80)—(85):

e(ag) =0, gh(ar) =0, ant(ax) = k, pgh(ax) =k, (87)
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e(it) =1, gh(jt) =1 ant(jt') =k, ph(ff) =k+1. (88)

Inserting (86) into (77) and taking into account expansion (21) of the BRST differential, it is
easy to see that the first-order deformation equation becomes equivalent to the next tower
of equations:

Vi = il (%)
oap +yap_1 = ayj]il_l/ k =1, kmax- (90)

Due to the fact that the starting D = 6 collection of Abelian BF models is a linear gauge the-
ory of Cauchy order equal to 6, several standard results from the literature [31,32] adapted
to this case stipulate that one can, without loss of non-trivial terms, take expansion (86) to
stop at antifield number kpy,x = 6. Moreover, it can be shown (see for instance [32,37,41])
that the last component, a4, can be taken as a non-trivial element of the cohomology of
the longitudinal exterior differential H(y) computed in Afsticted jnstead of its local ver-
sion, H(7y|d), computed in the same space, such that (86), (89), and (90) can be safely
replaced with

6 5
a=Y a, =Y 91)
k=0 k=0
va6 = 0, (92)
S+ = Oujh , k=16 (93)

If we manipulate Equations (92) and (93) in a cohomological fashion that takes into account
the specificities of the initial D = 6 collection of Abelian BF models (such as, for example
in [41]), we reach the conclusion that the non-trivial solution to the Equation (92) satisfied
by the component of maximum antifield number from (91) can be generated, without
loss of non-trivial terms, by ‘gluing’ the ghost basis of the pure ghost number equal to
6 from the cohomology of the exterior longitudinal differential computed in Afgi;ﬁkted,
further projected on antifield number 0, denoted by H§(y, Afsticted) (by convention, the
elements of the ghost basis from H; (7, Afsticted) display strictly positive values of the
pure ghost number, do not depend on either the original BF fields (3) or the antifields or
their space-time derivatives, and are assumed to be non-trivial; thus, they may depend
only on those y-closed combinations of the ghosts and possibly certain of their space-time
derivatives that are not y-exact), to the non-trivial elements of the local homology of the
Koszul-Tate differential at antifield number 6 and pure ghost number 0 computed in the
space of the gauge-invariant component of Afstticted, denoted by HIM (5]d, Arestiicted),

a6 - €6 € H(y, ASed) s ol € Hi (o]d, Ajggetd), (94)

On the one hand, from actions (59)—(61) of the exterior longitudinal differential on the BRST

generators it follows that the ghost basis from H(+y, Afgg;ﬁkted) at pure ghost number 1 > 0

is spanned by the monomials of partial orders (ny, 1y, n3) in the undifferentiated «y-closed
[6] 6]

non-trivial ghosts 12,1)ar Ch(3,2), and CC(M), respectively, obtained as all distinct solutions

(in N) to the Diophantine equation 21y +3ny +5n3 =n > 0

(6] (6] 6] [6]

[
"= {77(2,1)”1 .- -7’](2’1)“"1 Cbl (32) """ Cb”Z (3]2)CC1(1,4) s CC"3(1,4), 2n1 +3ny +5n3 =n >0, ny,ny,n3 € N 5. (95)

The space-time derivatives of all orders of these ghosts, although y-closed according to
the last formula in (59) and (61), respectively, are nevertheless y-exact due to the middle
relation from (59) for [(2) = 0, 9"117151), = 'mél 0)a and, respectively, (60) for m = 1,3



Symmetry 2022, 14, 1023

14 of 35

adr — Pl () =

“i5nV_>P5A‘I"1"'H5(f) =

and I(m) = 4 — m, which produce BACEIm,S_m)/\mMHS = 7[(_1/6)C?m,4—m)y1my5

therefore trivial in the cohomology of 7. For n = 6, there are only two distinct solutions to
the equation 217 + 31, + 513 = 6, namely, the triplets (3,0,0) and (0,2,0), finally yielding

| and are

0 = {77(2,1)u77(2,1)b77(2,1)C/ Cl(zg,,z)m...%Cé’g,z)vl...vﬁ } (96)

On the other hand, it can be shown (see for instance [40] for an antifield-BRST approach
or [49] for a Hamiltonian BRST analysis) that both the spaces HI" (5|d, Afestiicted) and

local

HIv(5|d, Afestticted) are entirely spanned by non-trivial elements that depend only on the
[1]

antifields {Caﬂ ;&;;;THZ} corresponding to the one-forms B? and to their ghosts

I(1)=—14
1]

(the latter originating in the gauge transformations of B* and their reducibility relations).

Actually, in each remaining space of the local homology of the Koszul-Tate differential

at strictly positive values of the antifield number, j, and pure ghost number 0 computed

in the space of the gauge-invariant component of Afestticted {H]i»nv(é |d, Arestricted) }j:ﬁ’

there exist non-trivial elements depending only on the antifields {C:ly ;("1').”)112(1)+2 }l (1)="TA’

although they no longer span the entirety of H]i.nV (0)d, Afgi;rlided). The general expressions
of these elements from {H]i.n" (8]d, Arestricted)) } .

local

g are provided below. For j = 6, we have
=1

Af e P fh *[py - ps ki) [p e pa
3pa Ca,0)d, 391,094, (C(1,3)d1 Ca e+ Caa ©

*fh *[pepa s *He] *[papaps ~*papts ~*pie]
300 990,00m, (Cha s * i Cil iy

oA S TTEp—— *ps ) s[iapa ~xpspa s *Hg)
+ade1 e a(Pd4 (C(l,ll)di C(l,il)dzC(l,*l)dac(l,il)d‘; + C(l,()l)dl C(l,O);zC(l,*l)d3c(l,6—l)d4)

PR Cy LT OO B ) C YC (97)
39g, - 9gg, (LA~ (1,-1)d (L-1)ds " g - oy, (L) (1,~1)ds’

s He) [ p2pts ~*Hapisie)
o+ Caarocithared)

*[pipa ~*papa ~*pisple]
u tCya Com i)

where f4 = f2(¢) stand for some arbitrary, smooth functions allowed to depend only
on the undifferentiated scalar fields {¢,}. Although gauge-invariant, the space-time
derivatives of all orders of the scalar fields ¢, are J-exact from some local quantities, in
agreement with the latter definition from (57), and hence can be safely removed from the
non-trivial elements of the local homology of the Koszul-Tate differential in strictly positive
values of the antifield number. Exactly the same argument is in fact valid with respect
to all the remaining gauge-invariant quantities constructed out of the BF fields and their
space-time derivatives, namely, ol AR 5l in agreement with the former relation in (57) and
0" B4 together with 9" B¢ ™ according to formula (55). The only exceptions are represented
by the undifferentiated scalar fields, ¢,, which, while gauge-invariant, cannot be expressed
as d-exact terms from objects that are local in space-time because ¢, = —6(dy, B, /0), as can
be seen from the last relation in (57). In antifield number 5, the class of elements that span

inv restricted
HZY (6]d, Ajeeite?) can be represented as

afA *H1Hs azfA *[py e py ~xps] *[p1paps ~¥papis)
Sa. CUDE T g agn iz “Cll e, + CHAR" )

1 anA < *[uapans -+ CHsl +C*[}‘1P‘2C*I43#4 CHs] )
094,004,09,, \ 1A T(1L-1)dy7(1,-1)ds (1,0)d; ~(1,0)dy ~(1,—1)d3

+ Cia Hip s o*pa oxis] + °fh c SO (98)
aq)dl .. a(pd4 (1r0)d1 (1r—1)d2 (11_1)d3 (1r—1)d4 aq)dl ‘e a(Pd5 (L_l)dl (11_1)d5
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For the remaining strictly positive values of ant = 1,4, the elements under discus-

sion read
inv ([ ~*H1HI(1)+2 Alpig - _ af RN azfA (H1p2H3 ~*piy] *[prpn ~*p3pal
W (Cluane ) = B = PRI Py P (e Clite, + Calciine)
+ °f* *lpe xps oxial]
aq)dlaq)dzaq)d3 (1/0)d1 (11_1)d2 (1r—1)d3
84f . *H1 *Ha
+a§9d1 - ¢4, Ci—na Gy (99)
inv [ ~*HHI() 42 Alppapz _ aft 11 P i *[ppg ~xp3)
o (i) = ) = G g Sl Sl
+ aafA *Uq C*]Jz C*HS (100)
a(pd18¢d28§od3 (1,-1)dy —(1,—1)d2 —(1,—1)d3’
inv [ ~*H1 (1) 42 Alpapin — afA *H1 2 azfA *H1 o
2 (C(U(l))a ) =5 (f) = 3pa, 104 T 994 dgy, (1,-1)dy C (1, 1)dy (101)
inv [ ~FH1 B 42 Alpg _ af cHh
™ (Chi ) 2 ) = 39, S0 (102)
The quantities from (97)—(102) can be written in a more compact form, as follows:
inv [ ~*H1Hi(1)+2
{ar (Cin®) o
P.A‘”l" = i l A Z C*[ﬂl"'#kl C*llk1+1"'ﬂk1+k2 .__C*I‘*k1+---+k],1+1“'Vk1+---+kl] (103)
j = a(pdl 09y, 13k Rk =1 (Lki—=2)d1 ~ (Lk2—2)d> (Lki—2)d,
ki+ka+--+ki=j
where the antisymmetrization operation [y - - - 1] must be effectively realized only for
the terms with 6 > j > 3 and [ = 2,j — 1. This due to the fact that: 1. for/ = land j = 2,6
the antifields C (1, e y)] from aa (I{d Cg‘ ]1 ;;’d are fully antisymmetric by definition; 2. for I = j
— G *H *Hj : . L
and j = 2,6 the elements WC (1,1_1) o C(LJ_ )4, are again fully antisymmetric with
respect to their set of Lorentz 1nd1ces due to the simultaneous anticommutation among
all C¥' (1,-1)d and the full symmetry of the front coefficients with respect to the internal
(collection) BF indices {dj, - - - ,d;}; 3. for j = 1 there appears a single Lorentz index, and
thus no antisymmetrization is necessary; and 4. for j = 2 there appear only two kinds
of terms, which belong to the situations already discussed with respect to items 1 and 2.
The status of (97)—(102) with respect to belonging to H™ (5|d, Afgitrmted) in strictly positive
values of the antifield number is translated, via the action of the Koszul-Tate differential,
into the relations
A
SR = MR, R =) (105)
Returning to the construction of the general non-trivial component of maximum
antifield number from the first-order deformation, we notice that by inserting results (96)
and (97) into (94) it follows that a¢ reduces to the sum between two kinds of terms
_ philpp be Ag|py e b
ag = P 6(fl)NZlWl 16121)a121)b7 (2,1)c + D 6A2 (fz)Nﬂbiﬂll'"Péﬁ l 6C?3,2)H1"'#6C(3r2)v1“'1/6’ (106)

where P Alp--pe (f1) and Psz‘Pl"'p" (f2) are read as in (97), with f2(¢) replaced by ;" (¢)
and f; o, (¢), respectively, and the quantities denoted by N are real field-independent



Symmetry 2022, 14, 1023

16 of 35

ag =

1,
L v pH1pe
28 P6,ab\

coefficients. In addition, the commutativity of the ghosts 75 1), and the respective an-
[6]

ticommutativity of the ghosts C"3,) restricts these coefficients in order to satisfy the

symmetry/antisymmetry properties:

abc _ bac _ arach
NA1|H1“'}46 - NAl\ylmyﬁ = NAlwl...%/ (107)
Aalpnpeivn=ve  __ npBalviveieie (108)

abloype balp1--pe :

Finally, the assumptions of Lorentz covariance and Poincaré invariance together with
properties (107) and (108) allow us to represent the general form of both the functions and
(constant) coefficients entering (106) as follows:

A 11,0
o) = A7 () Fo0,(9) = o (9), (109)
b (ash sc)
Nglc\lﬁ e Cléa%b’éz’ Epy-pgr (110)
A ‘P‘ R TP T R N4
ﬂbz\Pll'"Pé6 - Cgéfuéb]spl,,,%gﬂl Hogh e, (111)

where c; and c; are two real constants while the notation (abc) signifies the operation of
complete symmetrization with respect to the collection indices between brackets, and [ab]
that of complete antisymmetrization. Replacing (109)—(111) in (106), making a convenient
choice on ¢; and ¢;, and using (2) for k = 0, we determine the concrete expression of the
component of the highest antifield number from the first-order deformation as the general
non-trivial solution to Equation (92), which further complies with all the imposed selection
rules, as follows:

1 belu -
?3,2)141---V6C€3,2)vl---v6 ~ 90, 3!’€H1---uspg cla (M) 1all2 0 20)e = 86(Z) + ag(M). (112)

The elements P''!) ¢ (Z) and Pgbc‘mm%(M) read as in (97), with

6,ab|
1
(@) = Zu(@) = 5,500 o (9), Zah = ~Zbas (113)
o) M (g) = oY (9), M=M= (14)

We observe that (112) is parameterized in terms of two sets of smooth functions depend-
ing on the undifferentiated scalar fields, with complementary symmetry/antisymmetry
properties related to their internal collection indices: {Z,;,(¢)} o b=T4 antisymmetric and
{Mebe (@)} obe—TA completely symmetric.

Inserting (112) into Equation (93) for k = 6 and then recursively solving the remaining
equations for k in reverse order (from higher to lower values), we obtain all the components
of the first-order deformation from decomposition (91) via the actions of the Koszul-Tate
and exterior longitudinal differentials on the BRST generators, (55)—(61). The decomposition
of a¢ into a sum between the two kinds of terms depending either on the parameterizing
functions Z,; (and their derivatives of various orders with respect to the scalar fields) or
involving M?¢ and their derivatives is preserved at each antifield number from (91); thus,
we can finally state that a can be conveniently expressed as

6 6
a=a(Z)+aM), a(Z)= ;)aj@, a(M) = ;)”j(M)/ (115)
J= J=

with a4(Z) and ag(M) provided in (112). The inner structure of 4(Z) and a(M) reveals
the presence, apart from the elements emphasized previously, namely, (97)=(102) from
HInv(8|d, Arestricted) in strictly positive values of the antifield number with f2 replaced by Z;

local
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el He Z

1
27
U

and M*¢, respectively, of several classes of non-trivial elements from H, (|d, Afgi;ﬁkted) in

strictly positive values of the antifield number and at pure ghost number zero that are no longer
gauge-invariant, and therefore actually belong to H, (6|d, Afestticted)\ pinv (5|4, Arestricted)

local local
More precisely, a(Z) contains a single class of such components and a(M) two distinct types,

each kind present only to selected values of the antifield number (j)

3 3] 6 3]
0(2) + 3 a(Q(Z, B) + Y a(P(2)) = ao(Z) + a(Q(Z, B)) +a(P(2)), (116)
=1 =2
2 2] 2] 4 2] 6
ag(M) + ;a]-(R(M,A,A)) + ga]-(R(M,A)) + Z;aj(P(M
= = ]=
2] 2] 2]
ao(M)+a(R(M,A,A))+a(R(M,A))+a(P(M)). (117)

The concrete form of the various quantities from (116) are provided below

1 b
Eeyl e BZ]MMBMHSH@Z b(9), (118)
3 IR 8]
21(_) € Q]b‘;ll U3 ](Z B) (3] 1)]/44] e’ (119)
j=
M1 H /\1/\2 b /\1/\2/\3 a b
eI 3P B (D Ch 0z C a0 we T 45t (L)CG0M A S0 216
5
b a b

'lb\ (Z)( (30)A1- )\4C(3'2)l41'”ﬂ6 N 2C(311))\1"'/\4V1C(3/1)l42"'ﬂe>
+PM s (Z)Cl ct + Lphieds z)ca o (120)

ub\ (BA1A5 = (32)u1ps | D 6,ab)| (32)A1-+A6 ~(32)u1ps | ©

As a side note, we mention that (120) can be rewritten in a more compact manner as

2, | i+1)+1~J Aody b
k(j i a
2 ( C+4C(])P]',ab| (Z)C(Srk)/\l“‘/\jﬂl"‘F‘k+4—jC(3/]‘*k72)1"k+5—j“‘l46) , (121)
—0 | j=2k+2
j=2k+2
j>2k42 (122)

In the above, /\1 A NZ) ¢ belon to H inv(5d, Aresmcmd and should be read as in the
g

local

appropriate formulas (97)—(101), with (@) — Zu (). Inaddition, Ck denotes the number of

B8]
combinations of 7 items taken k together. The objects denoted by q Q; y),;..- Mai (Z,B) }
=13

display the antifield number j, the pure ghost number 0, and are non-trivial representatives

. . . (3]
from H;(5|d, AreStmted)\H}“"(Md, Arestricted) depending on the BF form fields, B?, of the

local local
form
8] o z+1 A,
Qbly-ps; (2 B) = 20 Co 1812y P H(2)
Ao As ]
+(= ) - pa—jA /\]-P]',alb| "(2), j=13, (123)
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where the quantities {P;\;l;"")‘f (2) }] i and { { l)\lllb| A (2) }170 = } are again provided
- ==

T
by the relevant formula among (100)-(102), with f& — Z,;,, while

Poab(Z) = Zap(9). (124)
They satisfy the recursive relations showing their affiliation to H;(J|d, Arestticted)
8] - Y Bl
Qs (2, B) = (=) (4= 1) Qj-1prpy-ps ;(Z, B), j=1,3, (125)
with X
Qo,blmpians (2 ['J) = Byl paps Po,ab (Z).- (126)
Itis easy to see that Q; 4 Jaeeps (z, BB}), provided in (123), are not gauge-invariant due to the

3]
last terms from their structure depending on the BF form fields, B?, endowed with the
non-trivial gauge transformations placed on the third line from (5).
The various quantities from (117) read as

1
ap(M) = 1808”1 yéA[}‘lP‘ZAPLSIMAF‘SF%]MahC(q)) (127)
4 C\ s 2B ) it pg 5 3
a(R(M, A, A)) = 905ﬂ1 “He M, A, A)W(z,o)c —R, (M, A, A1) | (128)
2] R ] b 2]
aRMA) = goen %( (M, Al sty — Ra S (M, At 1o
L sbelu-pie
ToRy e 2)c ), (129)
1 b el -
a(P(M)) = goem-us (Pu CHMM%(M)”@,O) 10 o)bn?zﬁ]o) — Ryl ”4(M)”(yzS,o)a”?i‘,}o)bW(Z,l)c
b b
+§P5a el y5(M)17(2]0) e16l(2,1)c — *Pu el Ho(m )’7(2,1)a’7(2,1)b77(2,1)c>r (130)
where {P;bcw B (M)} . belong to H]i-“"(cs |d, Arestiicted)  and  read as in
=3,
formulas (97)~(100), with f2(gp) — M®¢(¢). We recall that [y - - - ug] signifies full an-
tisymmetry with respect to the indices between brackets, defined according to the con-
ventions explained in the paragraph following Formula (2). The quantities denoted by
clp1pjsa 2 2l bc\ﬂl “Hit2 2 . .
R i (M, A, A and ] (M, A) , respectively, possess an anti-
=12 =24
field number equal to j, a pure ghost number equal to 0, and define non-trivial elements
, 2]
from H;(8|d, Afestricted)\ H 1“"((5|d Arestricted) that involve the BF form fields A, expressed
as follows:
it ng G Ay aliaa gusns pebelusp [1k3ps g1atis pabelus] (p r
(M,A,A) = A;j'APTD, (M)+C(3 1) AP (M)
*[urpa gpsie] | ~*[Hipsps ~*Hapsie] | pabe
(A st e s ) pie(m), (131)
2] [2] b .
clp (M, A A) = AL“”ZAZ‘”“*P{I C|H5](M) +C(3[f4_11f§£‘3AZ4145]P61bC(M)’ (132)
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2]

beluq - be|uz-- b .
ch\m ”HZ(M,A) _ AL”MP;] clus Pl]+z )+ Z C yl y,HPa i\ﬂ;s H]+2](M)/ i=T4 (133)

The notation P& (M) implied in (131)~(133) is defined by
P§" (M) = M™(g). (134)

We stress that only the elements from (133) with the antifield number j = 2,4 are present in
(117) and (129); there is a more general chain in H;(J|d, Afesticted) \H]i.“" (8]d, Arestricted ) that

local local
includes the value j = 1. The above quantities satisfy the next recursive relations, marking

i : : . restrlcted
their inclusion in H;(d|d, A[SSi?)

2] [2] 2l 2]

5R]C.W1'“””4(M,A,A) _ (—)]’a[“lR;‘ff”'””‘*](M,A,A), i=12, (135)
2] [2]
RIFM(M, A, A) = Al alsmlpae ), (136)
. 2] : o 12
SR (M, A) = (=Yt R v, 4), =T, (137)
2
Rgcwmz(M,A) — AZlVZPSbC(M). (138)

Just as in relation to (123), neither of the elements (131)—(133) is gauge-invariant, due to its
2

dependence on the BF form fields 1[4]” displaying non-trivial gauge transformations, as can

be seen from the second line in (5).

At each value of the antifield number strictly less than its maximum value from decom-
position (91), j = 0,5, we must investigate the supplementary non-trivial solutions to the
first-order deformation Equation (77) that stop at antifield number j and are independently
consistent of a(Z), a(M), and among themselves (of course, only at order one of perturba-
tion theory, as at higher orders their parameterizing coefficients may be restricted to satisfy
certain identities that ensure the existence of the remaining deformation equations, (78)
and (79), etc.):

5 .
RS NN CCEP LI LN {a(] Za]) o Zl()} S )
- k=0

j=0 =15
C T (/) (7 () (I :
. . =1,5:va’ =0, ¢ = a IVE k=1
i = 0,5:sa) =9, & ] 5ial =0, 0a) +yal W1 2 (140)
j=0: 'ya(()o) = yléo)

where the main degrees of the quantities involved in (139) and (140) read as in (87) and
(88). The solutions to the last (homogeneous) equation from each descent for j = 1,5,
o a](])
homogeneous solutions may be safely constructed as at the maximum value of the antifield

number, 6, namely, by “gluing” the non-trivial representatives of H; inv(s|d, Afgigmted) (in

=0, fall into two classes. A cohomological BRST analysis for j = 2,5 reveals that such

antifield number j and pure ghost number 0) to the ghost basis from H{)('y, Argigmted)
(in pure ghost number j and antifield number 0), where the latter is taken to be field-
independent. For j = 1, by coupling the gauge-invariant non-trivial representatives of

Hy(d|d, Arestricted ) (again in antifield number 1 and pure ghost number 0) to the field-

local
independent, ghost basis from HJ (7, Afestricted),
a](j) . 6j c Hj (’)/, Afgzgrlicted) amv c Hmv ( 5| d, A{gz;rlcted), ] — ﬁ, (1 41)

{Ilgl) . E c HO (,)/’ Arestrlcted) ——ap € Hl (Md Arestrlcted) N H* (,)/, Arestricted). (142)

local local local
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a+a® +a0) 4,40,

The main difference between the two situations resides in the fact that while for j = 2,5 the
elements zx}n" are subject to the equation (Szxm" = dy k]nv # (with k 1 " necessarily a gauge-

invariant current of antifield number (j — 1) and pure ghost number 0, dom klnv " =0,
in antifield number 1, although still gauge-invariant because it is ghost—mdependent and
belongs to H* (7, Argitarllded) «1 is only subject to the more general equation da; = aykg ,
where k) may depend only on the BF fields and their space-time derivatives (as both its
antifield and pure ghost numbers are equal to 0); however, it is no longer required to be
gauge-invariant, and thus dq« kg may be non-vanishing. Finally, in antifield number 0 we
can search for the non-trivial non-homogeneous solutions to the first-order deformation
equation sa(()o) = (0)
write that

=9yl (O)n , where l(()o)” may be non-trivial (aul(§°>*‘ # 0); thus, we can

( ) c HO ('Y| d Arestncted),

local

(143)

where HJ) (’)f|d, Afgi;ﬁi‘:ted> denotes the local cohomology of 7 in pure ghost number 0

(upper index) and antifield number 0 (lower index) computed in Afgitarlided. Taking into
account the previous remarks and the imposed selection rules (among which the Lorentz
covariance is particularly important, as it helps with ruling out the components from (139)
with j = 5,j = 2,and j = 1), it can be shown that As!ricted hogts only three kinds of such
non-trivial solutions that can extend the first-order deformation, which stop individually
in antifield numbers 4, 3, and 0, respectively:

(144)
Al = ot e CC(;z)a N(21)b" (21)c
“§4) = 15% 168" Cf”f’?flfow’?(z e
@ a§4) 5#1 168" c(lczﬁﬂl) M4Au5ﬂ6 13;*#1#2#33;#4#5#6)’7(211)C (145)
£ +E€V1"'llégabccg%)am’ﬁs )577(20) ,
a§4) _2 LT gach;‘MVzP’s Az4y5’7(z,o)c
a(()4) _ 55;11--~y6gahCAZm2AZSMAgSH6
)= LS
I(<3)’ ué) =~ Héf”h’?*zao)#lCE&UHZ”'% , (146)
ay = el fﬂbAumzC(w)ys e
3" = 3 o B i Bl
ay) = V(g), (147)
where ¢"* and f,; are some real constants with all g fully symmetric and all f antisymmet-

ric, while V(¢) stands for an arbitrary smooth function depending only on the undifferen-
tiated scalar fields { @, }. Solutions a(*) and a®), although non-trivial, may be absorbed into
(115) via simple shift-like redefinitions of the parameterizing functions M and Z, as follows:

Mabe (QD) — MabC(go) + gabc,
Zub(qo) - Zub(go) +fabr
while V(¢) represents the only new functionally independent component that can be added

to the first-order deformation (115). It is interesting to observe that even in antifield number
0 it is possible in principle to work with non-trivial solutions to the non-homogeneous

(148)
(149)

equation 'ya(()o) =9 Hléo)” # 0, although in the case of the model under study we are confined

only to a single class of solutions to the homogeneous version, 'ya(()o) = 0, depending only
(0)

on the undifferentiated scalar BF fields, a;”’ = V(¢). This result is not obvious, and can
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be proved following a line similar to that employed, for instance, in [41] (Appendix A,
beginning with Formula (243)) or [51] (Appendix A, Section 2, starting from Equation
(A42)). The main consequence of the results obtained in the above is that the most general
form of the non-integrated density of the first-order deformation actually decomposes as in
(115), to which we must add the arbitrary ‘potential’, V(¢)

a—a(Z)+a(M)+V(g). (150)

The final conclusion of the approach developed thus far is that the most general
non-integrated density of the first-order deformation of the solution to the master equation
related to all consistent self-interactions that can be added to a non-standard collection
of topological BF models described in the free limit by action (1), which, in addition,
satisfies all the imposed selection rules discussed in the beginning of Section 3.2, decom-
poses as in (150), where the first two components are provided in (115) and are struc-
tured as in (116) and (117), their concrete expressions being contained in (118)—(120) and
(127)-(130), while the various elements from the local homology of the Koszul-Tate differen-
tial H;(6|d, Afestricted) inyolved therein are detailed in (123) and (131)~(133). It is important
to underline that the entire first-order deformation is parameterized in terms of two sets
of functions, {Z,,} and {M“*}, and a ‘potential’, V(¢), all depending smoothly only on
the undifferentiated scalar fields from the BF spectrum, among which the former set is
antisymmetric and the latter set completely symmetric. Apart from their special symmetry
properties, the two function sets (as well as the “potential’) are otherwise arbitrary. We
will see in the sequel that while the consistency of the first-order deformation at order two
of perturbation theory imposes certain relations among the two function sets, it does not
constrain the ‘potential’, V(¢).

3.3. Consistency of the First-Order Deformation. Obstructions. Complete Deformed Solution to the
Master Equation

Having completed the construction of the first-order deformation, we pass to the next
step, namely, investigating the existence of the second-order deformation, Sy, as a solution
to Equation (73). On behalf of notations (75) and (76), the local form of (73) is expressed
by Equation (78). Using relations (150), (115)—(124), and (127)—(134), we infer by direct
computation that the non-integrated density of the antibracket (1/2)(S;, S1) reads as

ok Muhd( )Z ( )
8= (M™(9)Zie(9)) Ve, (@4, @) +:Z1 ( e - a:,;q) )Ysbel...ek (@, @3), (51

where Y;b and {YC

ab|e1-~ek} __ denote some purely fermionic quantities of ghost number

k=1,

equal to 1 that depend only on6the undifferentiated BRST generators (33) and (34), excepting
the BF scalar fields, the dependence of which is entirely contained in the front coefficients
(which multiply the Ys). Inspecting (78), we notice that the existence of the non-integrated
density of the second-order deformation, b, is equivalent to A belonging to a trivial (s-exact
modulo d-exact terms) class from the local cohomology of the BRST differential in ghost
number 1, which is precisely computed in the algebra Afgi;rlided in order to comply with
all the imposed selection rules. Nevertheless, this is not possible due to the obvious fact
that neither the Y's nor the coefficients that multiply them contain space-time derivatives of
the BRST generators, while the actions of both d and s (see definitions (55)—-(61)) acting on
Afgi;rlided produce at least one space-time derivative acting on the fields, ghosts, and/or
antifields. In conclusion, the deformed solution to the master equation is obstructed at order two
in the coupling constant due to the space-time locality hypothesis. Moreover, because the Ys
are functionally independent quantities, the only solution to solving this obstruction is to
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Lo = BYd"g,+B
Ly = AY

+B," (fzapc“ — 4)ePr P

(2,00

annihilate (151), which is equivalent to setting as zero all the coefficients in front of Y7,
(then, all the other coefficients are contracted to the remaining Y's, and will vanish strongly)

A=0< {M“bd(go)ch((p) =0, abc= 1,A}. (152)

Assuming there exist any non-vanishing solutions to the algebraic equations

Mﬂbd((l))zdc<(f)> =0, a, b/C =1,

N

(153)

with respect to the functions of type M and Z, (henceforth called the consistency equations),
we can safely use the second-order deformation to vanish

S, =0. (154)

Substituting (154) into (71) and analyzing the remaining higher-order deformation equa-
tions, we can further deduce that we can set

S3=S4=---=0. (155)

It is important to observe that the ‘potential’, V(¢), is not restricted by the consistency of
the deformations of the solution to the master equation, and remains completely arbitrary
up to the smoothness condition.

Combining the results deduced thus far via (67), we conclude that the most general
non-trivial deformation of the solution to the master equation that is consistent to all orders
of perturbation theory, complies with all the working hypotheses, and provides D = 6 self-
interactions among a non-standard collection of topological BF models ends at order one in the
deformation parameter

S=5+ASy, (156)

where S is the solution to the master equation for the starting free model, that is, (66), the
functional Sq is expressed via (150), (115)—(124), and (127)—-(134), and the parameterizing

function sets {Z,; } and {M”bc} as well as the “potential’, V(¢), depend smoothly only

on the undifferentiated scalar fields from the BF spectrum, with the function sets being
non-vanishing solutions to the consistency conditions (153). Assembling (156) according
to its components organized along the increasing values of the antifield number, we can
write that

6
s‘:z(/ d6x£]->, e(L) =0, £ =L, gh(£)=0, ant()=j. (157)
j=0

For further interpretation and analysis of the Lagrangian formulation of the self-interacting
BF model corresponding to (156), we present below the concrete expressions of each
component of S following from the previous subsection without full antisymmetrization
with respect to each set of contracted Lorentz indices. This means, for instance, that a former
expression written previously as ¢, ... Mét[ﬂl “Hsytel, with 15 fully antisymmetric, may
be replaced by 6¢, ..., "1 #5uM6 in agreement with our antisymmetrization conventions.
The pieces of antifield number 0 and 1 read, respectively,

A A
}ﬂwzm (a[m Agwa] + fsm HéZﬂbBZWsﬂé) + 8‘5"1”'#6MubCAZMAgWA?% +AV(e), (158)
o] b i 2A be Mabs H
g0+ AL MZ“Z’C(&O)M---;%) BT <_4apcg3,0)mwzm g e MU A )
aZbc b c aMde HoU3 4 Mals e
(1L,0)pp 994 B1020sC (3,001 p4p50s T Asﬂl"'ﬂsiaq)a Ay AT 004 |- (159)

The terms of antifield number 2 are structured as follows:
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)

L3

Ly =

= —Aghbepre 7.Ch — 6C 11 aPCy

A
_ *p1p be A HsH
= 1oy (9200 = A ZaClyy, ) + Clh (_SBPC’(Z?’J)WV-M g e neMUA 6’7<2,1>C)

LCHi2_3apc + 10l "Ps 9Z Bb c¢ _ & ombed AMsba AMsHs
(1L,0)a (L)ppapiz € dqq  F1P203 = (3 1)1 1203050 2 Emtie g, 0 ¢ N2nd

azab B Axa +3 azzab B g*r2ga Cb
dpg 1 TP T 90, dpy, B T TPk ) )
1 oMebe

—Ae 78*}!1742]43 lMuch*}M}ls]ds_i_z B*]MA}ls]is +1 azMgbC B*le*yzAmmAysy{,
H1He 3 a 3 b a(Pd d b 23%118%[2 di Td; a b

0Zsp %z * * 1 K1l
_ Wil a 0102 ab 01 p*02 a b = agqabe ~*H1Pa
et ( dpg (L0 " 9y 09, Pa, ey )C(3'0)P1P2V1#2C(3r0)ﬂ3~~~y6 e (6M C30)a

+ Mgl He (2

M2,1)c

aM”bC KU1 o Halla ZSM“bC k1 o 3 s azMahC *U1L U2 A M3 M4 Hs5 He
+WC(LWAQ +§WB‘Z By JFWBdl Ba, A J0p20)c (160)

The non-integrated density with the antifield number equal to 3 is provided by

(21) (32)p1-ts (31) (32)pp1-+pis

0Z
_(FHMH2ps 0 (a 01°+P bc b c
C(1/1)u <4a C(l,z)pmmm +20)\S 1 6 aqpu Bpl,DZPS (312)}‘1}‘2143P4P596>
9%z P37
et | (3T Zab o2 pres 9 Lab  prpigeapeps ) g
he [(36%18% C(l’o)dl de a¢d1a¢dzaq?d3 Bdl de Bds )Bl’lePa

_ (aZub *0102 azzab B*PlB*Pz)A*a azab B*P *a
d

b
dpy (L) 094,094, di Tdy pip2 ¢4 ]7(2/0)10] C(3/2)V1“'}’e

— 4\t He 9Zgp CrPpaps P Zp #0102 p*Ps 4 PZyy BP1g*02g*Ps | a ch
dpy (L1 094,094, W07 " 9p, 09y 0, N T2 T (3.0)p10203p11 ~ (3, 1) 26
A aMebe

1
— s {M“”Cc*ﬁ o ol B 2B e (

aMabc “Hagis aZMabc B*’“B*VS
3 5 Gla T gy ~(30a

dpq (1O " ¢4 dqq, N T

aMabc aZMubc a3 Mabc
Hip2 *U3 P45 *UsHa pFH5 *U3 p*pPa pFUs He
e ( dpg (L 3 094,09, (L) Pa, 094,094,094, Pay Paz Bas | | Taopiee

(161)

Mb ZMb SMb
Msu u 9 ”C*’“”Z’“ "M ps g O M7 BiM B gtHs | e s ke
9 1"He

Ty oy (L1 + 094,09, (10470 + 094,004,094, H d2 s )W(Z,O)aﬂ(z,o)bq(zo)c‘
Related to the piece of antifield number 4, we have

OZab ipr-ps ?Zap (4C*p1pzp3 B 4 30 CHOps )
99y 2

(1,2)d Jra(Pd]a(sz (1,1)dy 1,0)d; ©(1,0)d,

Hageca — \eh1He {
a

_5C*H
5C (1,3)pp1-pa

1
(12)

a3zab #0102 p*P3 p*Pa a4Zab 01 *04 a b 5 b
394,094,094, C(l,O)d1Bd2 By + 0Q4, 094, By By, ] <C(3,0)p1mp‘lc(s,z)ylw6 ) (3,1)p1“,p4mC(3,1)y2mﬂ6>

IM™E iy | DM ( 314t
a%l (1,2)d a(Pdlaq’dZ (1,1)dq

B;He 4 3CH M3l st )
>

A Hip
+1808u1~-~u6{15Aa1 ’ (1,0)d; “(1,0)da

93 Mabe “ ek 94 Mabe . .
46— MM ptispre T 7T prHs . p*He
094,004,094, (LO)d"d2 "ds 994, - 0@g, © dy
aMabc . aZMubc N N aSMubc N . .
4o0B tabs | O cxpatisiie | 3 OV oxpabis prite . 9V pHagiis pEis
a 994 (1,1)d 994,094, (1,0)d; ~dz 094,094,094, dy Cdy “ds

o [ OMEEE 92 Mabe oMeabe
1 p *USH, *U5 pFU U1 Hs pEp be ~* P11,
+15C 34 <a(pd 10d T 30 30 T BB 65, CHI B MICTYS Lo e

A dM“be iy 02 Mabe P23 p*Ha *H1p2 ~*H3ts
Tt [afl’d (1,2)d +W<4C(m)d1 Bs, +3C(1/0)dlc(170)d2>
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3 A qabc
o°M P12 p*p3

B*F‘4+ a4Mabc B*Vl _..B*M M5 He (162)
094, 004,0¢y, WO "d Tds T 9p, 9, h dy |20l 20 T2 1)e:

In the same manner, we can organize the terms of antifields number 5 and 6 as, respectively,

_ KL
Ls = —6C11890C

2
3y O Clrayppys — AT {—aafp“b crovs g 5 0 Lo (ClmbeBte +acici )
, : y

(1,3)d 394 09, \~(12h da A)d; S(1,0)ds

a3Zub *010203 p*P4 p*P5 0102 ~*P304 p*P5 a4Zub *¥0102  p*P3 p*P4 p*Ps5
+53(Pd13%23fpd3 (2C(1,1)d1 By, Bay +3C0,0a 1,000, 845 >+1Oa¢d1"'ade4 C1,00d, B4, Bay Ba,

BSZub *P] *PS a b )\ aMﬂbC *”1'”#5
3ga g i Bas }C<3,1>p1---psc(s,zm---m*%Eﬂl“*‘ﬁ agy C13)d

45 aZMubc ( *Vl"'mB*VS +2C*V1V2V3C*V4V5 ) 83Mubc ( *1411421433*}‘4 +3C*V1V2 C*mm )B*V5
99, 9gq, \ (1210 T (AN =(0d2) 904,094,094, \ (1D T (1L0)d1 ~(1,0)d: ) s
a5Mabc -

G A —— s |
39a - 99a, C0d B, Bay Bay + 304 -~ 00m, By By Moyl el 21)cr (163)
Le = _égﬁl"‘llé 9Zab ~+p1-++ps azzab
° 2 dga (A4 T 3gy dgq,

a3zab *01°04 p*P5 p*P6 *010203 ~*P405 *06 *0102 *0304 *0506
a(pdlafpdzf)(pdS( (1,2)dr By, Bay +4C(1,1)d1 C(l,o)dzBd3 +C(l,O)d1C(l,O)dZC(l,O)d3)

a4Zub *010203 R*P4 p*P5 R*06 *0102 ~*P304 pR*P5 p*Ps aszab #0102 p*P3 *06
+5aq,d1 Y (4C(1,1)d1 de Bds Bd4 +9C(1,0)d1C(1,0)d2Bd3 Bd4 )+158¢d1 - 0Qg, (1,0)d; “da "'Bds

a6zab B*pl .. B*P6:| a b /\ |:aMubC C*Hln.yﬁ

+10

*01°05 p*P6 *01°P4 ~*P506 *010203 ~*040506
(6Cq Bt +15C e Cilne, +10C Ty Cieee)

Aga, - Opg Vs (3200106 CB2116 ~ Bap - Hs Topg (L4

aZMﬂbC < *;4]...],,53*;46 n 15C*H1...H4C*y5y6 n 10C*y1yzygc*y4y5y6>
094,094, (1,3)d1 “da (1,2)d1 ~(1,0)dz A0)d ~(1,1)d,
15 aSMabc < —
agodﬁcpdzagp,jS (1,2)d1
94 Mpabe
e
a¢d1 . 8%14
M *l1 P B*‘l£3 L B*y(, + aéMabc o B*Hé
@4, -~ - 0@g, (WA~ 5 9gg, -0, B s

*Hs p*He *ULH2 U3 ~*Ualls p*e *U1H2 ~*U3Hs ~*UsHe
By, By, +4C(1,1)d1 C(l,O)dzBd3 +C(l,O)d1C(LO)dzC(LO)da)

Jr

HJU s s s ks | g HIHE s G
4C 114, Ba, Bay Ba, +9CH 014, C1,0)0 B B, )

+15 ] 120)a(21)67(2,1)c- (164)

Due to the fact that the entire consistency of the deformed solution to the classical
master equation (156) relies on the existence of non-vanishing solutions to the algebraic
consistency equation (153), it is critical to provide viable situations where such classes of
solutions exist. Therefore, we will assume that the parameterizing functions Z and M fall
under one of the next two categories:

A. The Zs are degenerate, and thus there exist null vectors {u } A=T]

Zap(@)ub(9) =0, a=1,4 A=1]. (165)

Accordingly, we construct the M-type functions as solutions to (153) as follows:

abc 1 a c T Al
M () = 3ud(@)up (9)uan (@) f*** (9), ab,c=T4, (166)

where 222" denote arbitrary completely symmetric smooth functions depending on
the undifferentiated BF scalar fields, fA4'A" = % FANAT)

B. The Ms are degenerate, and thus there exist null vectors {UA }A i

M (@)od(9) =0, ab=T4, A=1]. (167)
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Consequently, we generate the Z-type functions as solutions to (153) as follows:

1 A
Za(@) = 500 (9)y (9)8an(9), ab=TA4 (168)

where g3 5/ represent arbitrary skew-symmetric smooth functions of the undifferenti-
ated BF scalar fields, gz3 = —8a/a-

With all the above results at hand, in the sequel we address the defining properties

of the Lagrangian formulation of the self-interacting D = 6 BF model behind the fully
deformed solution to the master equation expressed by (156), the various components of
which were introduced in expansion (157) and listed in Formulas (158)—(164).

4. Lagrangian Formulation of the Self-Interacting Model

Once the fully deformed solution to the master equation has been completed, (156),

from its sectors of fixed antifield number j = 0, 6, provided by (158)—(164) we can read all
of the information regarding the gauge structure of the associated self-interacting D = 6
BF theory. In view of this, we return to the interpretation of the various terms present in a
generic solution to the classical master equation detailed in Section 2 (see the paragraph
following Formula (65)). We recall that at each order of perturbation theory (0 and 1 in this
case), all the ingredients related to the Lagrangian formulation of the self-coupled BF model
are expressed via quantities that are local in space-time, Lorentz covariant, and Poincaré
invariant, while the differential order of each interacting field equation with respect to
its free limit is rigorously conserved. We cannot stress enough that everywhere in what
follows the functions denoted by M and Z are assumed to satisfy the consistency conditions
(153) as well as all further identities implied by them via taking their derivatives of various
orders with respect to the BF scalar fields

MWZpe =0 = = Zpo = —M™PeZZE (169)

The piece of antifield number 0 from (157), namely, (158), is both antifield- and ghost-

independent, and thus involves only the BF field spectrum and its space-time derivatives.
Moreover, it defines a crucial ingredient of the D = 6 BF self-coupled model, namely, its
Lagrangian action:

A
B ] - /déx {Bﬁlam Pa+ Byypos <8[M1A52H31 T2 Hézab((P)Bwa%)
A

We notice that there appears one arbitrary potential describing all possible self-interactions
among the BF scalar fields, which may be further restricted (for instance, from renormal-
izability arguments), and two kinds of consistent vertices depending on the BF form fields
of strictly positive form degrees, which can be added to the free Lagrangian, all at order
one in the coupling constant. The last two vertex classes involve smooth functions of the
undifferentiated BF fields with precise symmetry/antisymmetry properties, and break the
PT-invariance (which was not imposed as an explicit selection rule), among which one is

3]

quadratic in the components of the BF 3-forms B and the other is cubic in those of the

2]

2-forms A, plus.

The former kind couples the two components of the BF 3-forms from each term via

the elements of some antisymmetric functions Z,,(¢)

Ao
ESM y6Znh((P)leyzygB;bMyWGr Zogp = —Zipg (171)
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and provides the D = 6 generalization of the famous BF self-couplings present in the D = 2
gravity formulation via topological BF theories [17]

02y, 0Zcq 0Zyp
+Z +Z

We mention that the starting free Lagrangian action in D = 2 displays the simplest BF

0 (1]
field spectrum, consisting only in two kinds of BF forms, namely, [cp] , and B?, while its

Lagrangian density is similar to the first term from (170)

=0, abc=1,A. (172)

M1~ H2’

]
st l&?}ﬂ,ga] - / d2x B g (173)

The last equations from (172), obtained via the BRST-antifield deformation procedure as
the consistency conditions specific to the two-dimensional case, allow us, together with the
antisymmetry of the Zs, to interpret the functions Z,; (¢) as the components of the (Poisson)
two-tensor corresponding to a Poisson manifold with the scalar BF fields { ¢, } viewed as
the local coordinates on the target space, (¢4, ¢p] = Z;p(¢), where these equations play
the role of the associated Jacobi identities. Here, although the vertices in (171) generalize
those from the D = 2 case in (172) and the Zs remain antisymmetric, Z,,(¢) no longer has
a precise geometric interpretation due to the lack of the Jacobi identities from (172).

The latter type of vertices present in (170) couples the three components of the BF
2-forms from each term via the elements of some fully symmetric functions M ()

%Eyl-~~y6MﬂbC((P)AZWZAZBMA?S%- (174)
These ‘cubic’ vertices are unique in the sense that they are present only ina D = 6 space-
time, and meanwhile describe true self-interactions among the BF 2-forms even if all the
Ms are constant, in contrast to the previous vertex class.

We are still able to provide a good interpretation of (171) and (174) by means of
solutions A and B, as emphasized in the final part of the previous section. Thus, if we adopt
solution B, described by Formulas (167)—(168), further particularized to certain constant
Ms, vs, and Zs, then the quadratic vertex from (171) takes the particular form

A AN b
ZU“ vy gAA,eﬂlﬂzﬂsmﬂslle BFZIVZVS BMHSHG‘ (175)
Now, if in (175) we consider the “projection” of the BF 3-forms on the space of null vectors
of Mabe, Bﬁl#zﬂa = vﬁBﬁlMM, then this becomes
1 Apapiaps BA'H Mol
EAeﬂlﬂz}lsﬂiV'zP’agAA'B HRRBTRRE, (176)

which can be interpreted as a mass-term for the generalized tensor field BA#1#23, Similarly,
related to (174), we can choose to work with solution A, pictured by Formulas (165)-(166)
and particularized this time to certain constant Zs, us and Ms, defining the “projection” of
the BF 2-forms on the space of null vectors of Z,

uf Apt? = AR, (177)

and conveniently redenote (A/3!) fAAA" by —AMA" thys, (174) becomes
)\AA/A//

TE“yﬂyéAZlVZAZ.?]MAFSVé (178)

A//
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and can be regarded as a generalized “A¢3”-type vertex with respect to the projected BF
2-forms A2
The stationary surface of the self-interacting BF model (170) is defined by the equations

oSt — —JrBe p yéazb b
59a = —oBy+5 5¢ » 39s Biispas Bluapsus
aMC Vlﬂz H3M4 pMs5He oV
- + ey D5 AR AL AT 1 A O
- o8t _ a A abc pH3Ha 4 Hshe
Liogm = oA = 3 Bpupn a8 MTA A ~0.  (179)
oSk _ alm gm2ma] He - He
OBiypons OTAG 4 A IO By
oSt _ oSt _
3B = spp = 9@

K1

Comparing (179) with (4), we observe that the self-interacting BF theory possesses strongly
nonlinear field equations with respect to most of the fields, in contrast to their free limit,
meanwhile preserving their differential order as equal to one. It is interesting to remark that
the ‘most enhanced’ field equations with respect to their free limit are those associated with
the Euler-Lagrange derivatives S /6¢,, in the sense they are the only ones that depend
on all of the parameterizing functions.

From the elements of antifield number 1 in (157), provided by (159), we read the
deformed set of generating gauge symmetries corresponding to the self-coupled action (170) by
detaching the antifields and replacing the ghosts with the corresponding gauge parameters

from (6)
S Pa =0
Sam AL = MR A Z el
Sam @0 = Oom B, = —40°C] 3.0)puipians T e uaMahcAWS ;(426 0c - (180)
Sow BY, = —20°07, ) — 41T MZM BzmzméCS,O .
FAE g g/{lp”“”AﬂzﬂsAVWs Elzé,o)d

With the help of (5) and (180), it is clear that all the BF form fields of strictly positive form de-
grees receive deformed gauge transformations, and the ‘mostly deformed’ transformations
(1]
with respect to their free limit in the same sense as before are those of the 1-forms B*, which,
in addition, involve only the first-order derivatives of both types of parameterizing function
sets. This is a general feature of all self-interacting BF models (collections or single-valued),
[

where the gauge transformations of all the 1-forms B gain new terms depending on the
first-order derivatives of all the parameterizing function sets. A superfluous check of the
gauge invariance of (170) under (180) produces (up to some irrelevant total space-time
derivatives that were discarded) the result

ey gL _ /d6x [—SAZM“bdZdC (Al[lﬂlﬂzAled (;:ES 0 1B A[y]yz 13

,0) 1y H1p2H3 (20)1;)} =0, (181)

which confirms that identities (153) are essential in restoring the consistency of the self-
interacting BF model at all orders of perturbation theory greater or equal to 2.

The components of antifield number strictly greater that 1 from (157), collected in
Formulas (160)-(164), provide all the information on the deformed gauge algebra and
reducibility of the generating set (180) of gauge transformations.

Initially, we discuss the relevant aspects regarding the gauge algebra induced by the
deformed gauge transformations (180). The first-order structure functions of the gauge
algebra corresponding to an arbitrary gauge theory S'[®%] with a generating set of gauge
transformations Jpq %0 = Z, ([@%])*1, where ()% denote the gauge parameters, are

of the type {Cgiw ([qD“O}),Mg?i? ([@“0])} with Cgl ,, and Mﬁoio antisymmetric in their
ofo

lower indices for a strictly bosonic spectrum of gauge parameters and M B, Antisymmetric
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in their upper indices for a purely bosonic field spectrum ®%0. This set of first-order
structure functions originates in the commutators among the gauge transformations of the

fields, [50(% 8@

OWa and O®*1, More precisely, as these commutators may only close on-shell (on
the stationary surface of the generic gauge theory considered), it follows that any such
commutator will reproduce the non-trivial gauge transformations of ®*0, now with respect
to a newly defined set of gauge parameters, say, 0“1, modulo some possible trivial gauge
transformations, i.e., antisymmetric combinations of the Euler-Lagrange derivatives of the
Lagrangian action (in DeWitt condensed notations)

®*, computed with respect to two different sets of gauge parameters

sst
SDPo’
([@%])QWAQ@T, M?oBo — Mg‘ig‘i([@“0])0(1)ﬂ10(2)71, (183)

2y | D = By 0 - M0Fo Sy @0 = Z20([%]) (), (182)

i M = M — M, b — e asy
If all the coefficients MZT?S are strongly vanishing, then the gauge algebra associated with
the chosen generating set of gauge transformations is said to be closed, while in the opposite
case it is called open. The closed situation includes Abelian gauge algebras (all Czllﬁl vanish
strongly) and Lie gauge algebras (all C* w p, are constant, with at least one non-vanishing
coefficient among them). The relevant terms from the solution to the master equation from
which one reads the expressions of Cz]l B, and MZ??? lie in antifield number 2, are quadratic
in the ghosts #*1 corresponding to the gauge parameters (2*1, and may be of two kinds:

either linear in the antifields of the ghosts, 775, or quadratic in the antifields of the original
fields, &7 :

a1B1

1 1
L2355 (mlc;’fﬁl ¢ZO®EOM“°ﬁ“)n“1nﬂu (185)

where £, denotes the non-integrated density of antifield number 2 of the solution to the
master equation.

Inspecting (160), we remark that there exist non-vanishing analogues of both type of
terms from (185) gathered on the last three lines from the right-hand side of (160). Therefore,
we can state that the deformed gauge algebra corresponding to the generating set (180) is
open in general (unless all M?¢ vanish and all Z,, are constant), in contrast to the free limit,
where the gauge algebra of (5) is Abelian. The concrete expressions of the (non-trivial)

commutators among the gauge transformations (180), 50(1),,61 , 50(2),,61 d% , where ®*0 are

introduced in (3) and QM* and Q% are two different sets of gauge parameters, as
in (6); read

(Z)Dq :| (DIXO

nontriv
Spying ey | A2 = 0

— 27 Hapls zH6
‘5()(1)“1"50(2)“1 Bl = —40°805 Jorpatty + Bep MU () A] €20)c

sSL
+/\MH1142#3P1 5Bh

I 9Z b
a = 0 Fa 0106 Zobe c
[50( ey s (50 } By, —20°¢ (L0)pp — e 99q BP1P2P3§ (3,0)p104p506

A€ oMbed APlPZ Apsp4 ~05
1P1°

5 dgu €2,0)d
ab  8SL 1ab 3S
+AMV1P1 §B + AMH]P]PLUB 5321@(33

/ (186)

where the bar gauge parameters that enter (186), defined generically as in (183), take the
concrete form (for the self-interacting D = 6 BF model under discussion)
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—P‘l -0
(2 N (Dps (2)
SN _ A b I I8
O =14 Sy = 3EmueM C((P)e((z 02, 0)6,; e (187)
z — 9Zpc 1bﬂﬂ cuu aMbcd papa (Dps _(2)n
S = Pewns (36 99 (30 ’ 4C T Ay i, o)sce(z,o)?i)
and the (non-vanishing) coefficients of the type M"‘U/30 (see (182)) involved in (186) read
4 aMcdu
b _ Doy _(2)0
Mty = _gsumzﬂapl«flva(Pb 6(2,0)1c€(2,0)2d ’ (188)
927 2 ME cde
ab - cd 1)“71‘72 d0—3‘74 7107 (1 ) (2)[74
My, = —4uporo <368(Paa§0b ¢ (3,0) €(3 + 90299, A €, 0)d€(2 0)e (189)
4 oMedb
1ab _ Dy _(2)0
M;1P1P2P3 - _§€V1P1pzpstﬁf72 Ery 6(2,0)1C€(2,0)2d . (190)

The notations {5 E;) g’; 1 } " from (187) and (189) respectively denote the Hodge duals
: i1,

of the gauge parameters {ég%)m " } " from the two different sets Q(V4 and Q24
J i=1,
taken at the evaluation of the commutators among the deformed gauge transformations

~z)a;41;42 = 1 M1 He
C 4! Th fj 30);43 Yo

(191)
The antisymmetry of the generic functions M*P0 from (182) is implemented at the level of
(186) via the relations
rab 1b b _ b
Mf‘ll’lzP‘BPl - Mplaﬂlﬂzﬂs’ MZlPl - MP?H] : (192)
Next, we analyze the main ingredients connected to the reducibility of the deformed
gauge transformations (180). In view of this, we recall that for a given arbitrary gauge
theory SL[®%] with a generating set of gauge transformations 5 ®% = Zu0([®%])QM
that is overall reducible of a finite order, say, L; the relevant reducibility formula chains are
(again in DeWitt condensed notations):

k=TT : {z&, (jov), e (o)), cf = —cll, (193)
M1 ([ R . —1B0 (1o sst

k=1L : {Z ([@ 0])Zak+1([¢ 0]) = Co o ([® 0])5@30} ~0, (194)

k=L+1 : Zg- ([®])ur ([@%]) ~ 0 < pu*1 =0, (195)

Thus, at each reducibility stage k = 1, L there is assumed to exist a reducibility function
set of order k, {Z,Xk L ([@%] )} (where the number of functions in each set must be finite at
each point in space-time and each set must contain at least one non-trivial function which
does not vanish, either strongly or weakly, on the stationary surface for S’ [®%]) along with

ax—1Po
Xkt1

on-shell reducible generating set), where, in addition, those corresponding to k = 1 must
be antisymmetric in order to collapse the reducibility relations of order 1 into trivial gauge
symmetries of SL[®%] (see Formula (193)). The accompanying reducibility relations at
each stage, k = 1, L, involve two consequent sets of reducibility functions and the attached
reducibility coefficients, as in (194). The assumption of a finite value, L, of the overall
reducibility order, is translated into the fact that the general solution to Equation (195)
involving the L-order reducibility functions is completely trivial (vanish on-shell).

An equivalent manner of understanding the reducibility is via introducing the re-
ducibility parameters {Q)*+1} at each stage k = 1, L, as in (196), and transforming all the
gauge parameters {1} and reducibility parameters at each stagek = 1,L — 1, {Q%+1}, as

the associated reducibility coefficients {C ([D*]) } (present in the generic case of an
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in (196) below, in terms of the reducibility parameters corresponding to the next consequent
stage by means of the appropriate reducibility functions from (193).
Q%) 1, {Q“k — Q% (%) = 7%k

Xk+1

(@))%}, e (196)

& o Bo sst
=4 500(1 (Qﬂz)@ = C (@7‘50, (197)

L
{Q“k(Q”‘kH (Qfk12)) = kaﬁo;csﬁo} } ~0, (198)
k+1=2,

QUL (QM1) = ZEE ([@%])QMA & 0 < QY & 0, (199)

X+1

where
crobo = cpofoqyr,  crobo = —cPoso,  cwbo = i, k=TT—1. (200)

In this alternative approach, the above transformations are completely equivalent to the
reducibility relations at each stage k = 1, L expressed as in (197) (at order 1) and (198) (at
orders k + 1 = 2, L). The finite value, L, of the overall reducibility order in this alternative
language is expressed by (199), meaning that there are no non-trivial transformations of
the reducibility parameters of maximum order (L) that render trivial the expressions of
those corresponding to the before last stage (L — 1). We recall that the usual terminology
is that several of the reducibility relations associated with a current stage k = 1, L hold on-

shell whenever the corresponding coefficients {C“k’lﬁ 0} (or, equivalently, C*-1F0 defined

Xfp1
in (200)) are non-vanishing, while in the opposite situation, with a vanishing coefficient,
cﬁ'k:}ﬁ 0 =0, the corresponding reducibility relation is said to hold off-shell.

The relevant terms from the solution to the master equation that enable us to read
the reducibility functions and coefficients, restore the reducibility relations and their type
(on-shell or off-shell) at each stage, and obtain the overall reducibility order whenever
finite, lie in antifield numbers 2, L + 1, are always linear in the ghosts {17*+1}, 17 associated
with the reducibility parameters (also known as ghosts for ghosts), and fall under two
categories: either linear in the antifields of the ghosts and containing precisely the reducibility
functions, or simultaneously quadratic in the antifields ®% and including at least one antifield of the
original fields, CIDEO (actually quadratic in CDEO,S at antifield number 2 and quadratic in s,

*

though including a single ®; at higher antifield numbers). For a generic gauge theory
with purely bosonic fields and gauge parameters, such terms belong to the non-integrated
densities of the solution to the classical master equation of antifield number j, denoted by
Ej, as follows:

redstage =k=1L —sant=k+1=2L+1: Ly > (q;kZ“k + (=) (k- 1)’7;1(_1@;;0C1’4k—1,50>7]“k+1, (201)

k1 K41

with

d(k—l)_{ 2 k=1 (202)
1, k#1"7

Collecting all the terms of the form (201) that are present in (160)—(163) and recalling
notations (6), (9), (12), (15), and (18), we infer all the non-trivial transformations (196) and
reducibility relations (197) and (198). Due to the fact that both kinds of terms from (201)
are included in components (160)-(163), we can already conclude that certain reducibility
functions are modified at the level of the self-interacting D = 6 BF model with respect to their
free limit (by terms of order one in the coupling constant), while other deformed reducibility
relations now hold only on-shell, in contrast to the starting free D = 6 BF model, the reducibility
relations of which were purely off-shell (see relations (10), (13), (16), and (19)). The analogue
of (non-trivial) transformations (196) reads
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€(20)(Q2) = dMe(), — A Zyll
— A bc AH5H6
wiomy =) S0 ()= T, T S M AT e )
(LO)u1p2 R (1,1)pg%%d i 9Pa ~P1P203% (3,1) 1 HaP4p506
2816 0g, AZS 4Ac%e(z,l)cd
6(2,1)11(0“3) = _)‘gm.”Hézabgz(jglz)m...%
Q2(Q%) = ¢ Slapuens (X)) = =680 y ., (204)
a it _ a _ -+p6 9Zbe Bb c
C(Ll)ﬂlﬂzﬂs(ﬂ ) = 4ap€(112)Pﬂ1H2H3 20Agb1Fe 99a BP1P2P3§(3,2)H1H2V3P4P5P6
Qa3(0a4)‘n°ntri" = 61(112)141“'#4 Q%) = 758p§?1/3)ﬂ}‘1"'ﬂ4’ (205)
o « — a A5\ _ _ gApxa
0*(Q®) = 5(1,3)141"'}‘5 (%) = —60 5(1,4)1?#1“'145‘ (206)
Finally, the generic reducibility relations (197) and (198) are provided by the (non-trivial)
relations
S ey AFIF2 _ y Fbrp 85E
01 (Of2)a w5l
= _ 5 _ b oSt =ab oSt N
dam () D e = 0001 () Blijons = ACH 1ausp1pa03 580, +AC;Z‘1V2F‘3P1@ ~0, (207)
5 a _ ab oSt =~/ap102 St =lab oSk
o0 (02) By, = )‘Cmm@ TAC,, 5 AT +AC 010205 5L, poes
H _ yAbmosst
6(21,0)a(0a2(0a3)) = ACHP;@ ~0
Q" (Q%2(0"%)) = B0y (72(Q%)) =0 , (208)
a w0 (O — y(ab oSt Aap1p2 oSt
S0y, (O2(QR)) = )‘C#wzm@ A Chu, oAy 0
0 (Q“s (Qa4))|nontriv = gl(zl,l)ylyzm(Q%(QM)‘nontriv) =0, (209)
Oal(Oh (QaS)”nor\triV = 61(11,2)y1~--y4<0a4 (les)) =0. (210)
The various (non-vanishing) coefficients from (207)—(210), defined as in (200), are ex-
pressed by
_bV1V2 — ]41“']16azac C
Cugl = 5 99y 6(3'1).012!3'"}‘6
a — aoc
C#1H2H3P1P2P3 = —2&1puap3010205M €2,1)c
cab _ _23aMm™ AP203
Hit21301 3 d¢p Eprpapzprpap3 e €(2,1)d
x0Bo — ab — 0106 aZch c d
¢ nonvan Cm‘ol 20¢ a(Paza(Pbd 010203(:(3/1)P‘1P1040506 4 (211)
=M AP203 AP4P5
—Ep10105 3g,a; ¢ g €(21)e
=lap102 — _ plmpﬁazag c
Cbﬂl 588 et 9Py €(311)ﬂ1(73"176
=lab _ 2 oM™ Pap
C%mpzps = T3 0ga Epy--psAc’ 56(2,1)d
Abjiy — et He 9Zac mc
Capy = o ag% (32)p112+ 1o
180 = Aab _ 0106 9°Zed Re d
¢ nonvan CZ:)V;M 60¢ afﬂsaZ(PbB‘710203€(3f2)ﬂ1142P1¢74¢75‘76 ! (212)
A4P102 — _15gP1P6 9%be ZC
Cbﬂlﬂz 15¢ 99a (3,2) 11120306
while the required antisymmetry of (211) is ensured via the relations
C—%lllz _ C_,;ZHWZ
1 1
ab _ ba
C%oPo — _ CPoxo o (;l;lllﬂzﬂsplpzps - 7(;%52!73}41!!2% ) (213)
nonvan nonvan CV}l}P’ZP’SPl = *Cgmuzm
a

— a
H101 - CPlHl
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On behalf of (203)—(210), we can synthesize the particularities of the reducibility of the de-
formed generating set of gauge transformations (180) corresponding to the self-interacting
D = 6 BF model into: (i) all the first-order and most of the second-order reducibility
functions (see (203) and (204)) gain new terms at order one in the coupling constant, while
the third- and fourth-order reducibility functions (see (205) and (206)) coincide with those
from the free limit; (ii) all the first-order and most of the second-order reducibility relations
(see (207) and (208)) only hold on-shell, i.e., on the deformed stationary surface (179), in
contrast to what happens at the level of the original free BF model, while all the third- and
fourth-order reducibility relations coincide with those from the free limit and thus hold
off-shell; (iii) a major surprise is the gauge transformations with respect to the parameters
e?zl,o)a' which are reducible of order two in the presence of self-interactions (more precisely,
due to the existence of the non-vanishing parameterizing functions denoted by Z, as can
be observed from the first relation in (204)), instead of order one in the free limit. The last
feature is induced by the presence of new terms in the expression of the transformed gauge

parameters 61(121 0)a (Q*2) (the latter quantities from the first line of (203)), which depend on

the Zs and involve the first-order reducibility parameters 6?3 - that were previously

4

3
associated (in the free limit) strictly with the reducibility chain of the BF 3-forms 1[3‘]1 This
does not impact upon the overall reducibility order of the self-coupled model (4), the
number of independent gauge symmetries from (180), the total number of physical degrees
of freedom corresponding to the self-interacting BF model described by action (170) (0),
or the field/ghost/antifield spectra, which are all preserved with respect to the free limit.
Actually, there appears a ‘redistribution’ of the physical degrees of freedom at the level of
each type of BF form fields of strictly positive form degrees when new gauge symmetries
are allowed to enter the deformed generating set of gauge transformations (180) other
than its free limit (5), which is due to the respective differences between the features of the
Hamiltonian formulation for the deformed and the free BF theory.

Finally, the higher-order structure functions corresponding to the open, deformed
gauge algebra generated by (180) as well as to the reducibility of the deformed generating
set of gauge transformations (180) can be deduced from the remaining terms in (161)-(164),
which have not been analyzed here.

5. Conclusions

In conclusion, there exist consistent, non-trivial self-interactions that can be added
to a special collection of free topological BF models in D = 6 space-time dimensions,
the field spectrum of which comprises four sets of form fields, of form degree ranging
between 0 and 3. The couplings are deduced within the cohomological framework of the
antifield-BRST deformation method and in the presence of several usual selection rules
employed in gauge field theory, namely, analyticity in the coupling constant, space-time
locality, Lorentz covariance, Poincaré invariance, and conservation of the differential order
of each interacting field equation with respect to its free limit.

The fully deformed solution to the classical master equation stops at order one in
the coupling constant, comprises components of antifield number valued between 0 and
6, and is parameterized by a ‘potential” of the undifferentiated scalar fields, V(¢), and
two sets of functions depending only on the undifferentiated BF 0-forms, among which
one is fully symmetric {M?(¢)} and the other antisymmetric {Z,;,(¢)}, both with purely
internal collection indices. The consistency of deformations at all orders of perturbation
theory greater or equal to 2 is completely equivalent to certain specific algebraic identities
that restrict only the two parameterizing function sets, expressed via the annihilation of
their simple contraction. The resulting self-coupled Lagrangian density adds to the free

Lagrangian two kinds of vertices that break the PT-invariance (which was not set as a
2]
selection rule), among which one is cubic in the 2-forms A, and has the set M**(¢) as
[3]
background and the other is quadratic in the 3-forms B, with the complementary set,
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Z.p(¢9), as background. The third class of vertices is contained in the ‘potential’, V(¢),
which remains an arbitrary smooth function that is not affected by the consistency of
deformations in higher orders of perturbation theory; it collects all possible self-interactions
that can be introduced among a set of real scalar fields, and can be constrained from various
arguments, such as the renormalizability of the emerging gauge theory or the inclusion of a
specific phenomenological ansatz (such as the enforcement of certain limits on the scalar
field masses or the introduction of particular potentials required by some definite symmetry-
breaking scenarios). The structure of the deformed solution to the classical master equation
emphasizes a self-coupled D = 6 topological BF theory with several new features compared
to the starting free limit: all the gauge transformations of the BF-forms of strictly positive
form degrees are modified, the associated gauge algebra becomes open (in contrast to the
original Abelian one), and the reducibility functions and relations are deformed in general,
with several of the latter holding only on-shell (on the deformed stationary surface of
self-coupled field equations), in opposition to the original ones, which take place purely off-
shell. A very interesting feature of the interacting model is the appearance of the quadratic
3

vertex in 1[3;‘5 mentioned in the above, which generalizes the famous vertex present in the BF
formulation of D = 2 gravity. Nevertheless, the similar, generalized vertex is less restricted
here, in the sense that the Zs remain antisymmetric while no longer satisfying the D = 2
Jacobi identities, which allows these functions to be interpreted as the Poisson two-tensor
of a certain Poisson manifold. The D = 2 Jacobi identities were implemented there as the
equations ensuring the consistency of deformations to all orders of perturbation theory
greater or equal to 2. Here, their role is taken over by the algebraic equations mentioned in
the above, which involve the two sets of parameterizing functions, the Zs and the Ms. The
novelty of our results include, among others, the identification of three special classes of
elements from the local homology of the Koszul-Tate differential at strictly positive values
of the antifield number and at pure ghost number 0, which are not gauge-invariant under
the free-limit generating set of gauge symmetries of the action and the expressions of which
are crucial in future generalizations of our results to an arbitrarily high finite-dimensional
space-time.
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