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Abstract—In high-energy calorimetry, energy estimation is
typically carried out using digital linear filters, from which the
amplitude of a conditioned signal is inferred. The linear design
is justified when the electronic noise can be approximated by
a Gaussian function. However, calorimeters operating at high
event rates and under high-luminosity conditions, such as those
in modern colliders, experience an undesirable non-Gaussian
noise source: signal tails from adjacent collisions that contain
no relevant physical information regarding the event of interest.
Despite this, the actual noise probability density function (pdf)
is often neglected, and only second-order statistics are used
to preserve the linear model. In this work, a novel design
based on the complete information of the noise distribution,
using maximum likelihood estimators (MLE), is presented. An
iterative optimization algorithm is proposed to search for the
value that maximizes a non-Gaussian multivariate distribution.
Additionally, this article also evaluates the use of maximum
likelihood estimates for data quality assessment, where it can be
useful to discard signals with poor estimation quality. Simulation
results, comparing the proposed method with current linear
methods, are presented. The efficiency achieved from the non-
Gaussian MLE, in terms of estimation error, surpasses that of
linear models across the full range of cell occupancy conditions.
It is also shown that the final likelihood probability can be used
as a performance metric for signal reconstruction, providing a
robust quality factor (QF) discriminant for physics analysis with
respect to typical strategies.
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I. INTRODUCTION

ODERN high-energy calorimeters [1] are designed to

operate in environments with high luminosity. These
systems typically consist of multiple layers, each containing
thousands of readout channels that sample and estimate the
energy of particles at high collision rates (ranging from
several tens of megahertz) [2], [3]. Traditional energy recon-
struction techniques rely on the stability of a conditioned
pulse shape, where the amplitude is directly proportional to
the energy deposited by incident particles [4]. However, in
high-luminosity scenarios, signal pile-up, or overlapping of
signals, compromises the accuracy of energy reconstruction.
Standard approaches treat these overlapping signals as noise,
using second-order statistics to design a linear optimal filter
(OF) that mitigates the effect of pile-up on the central signal
amplitude estimation [5], [6], [7]. As a result, when pile-
up is considered noise, the signal distribution deviates from
Gaussian behavior, causing the linear filter to perform sub-
optimally.

Recently, an alternative technique has been proposed that
interprets the pile-up as adjacent signals and employs a
deconvolution process aiming at separating the superimposed
signals. This approach is called the multi-amplitude estima-
tor (MAE) [8] and has proved to be effective at certain
signal pile-up levels. However, under severe signal pile-
up conditions—that is, with occupancy levels above 50%
(as observed in forward calorimeter regions)—attempting to
separate individual signals becomes impractical due to the
overwhelming number of superimposed signals. In this work,
similar to standard OF methods, pile-up signals are treated as
a noise source that must be minimized under high occupancy
conditions. The key contribution of this article is the use of
a maximum likelihood estimator (MLE) technique that uses a
suitable statistical model for the pile-up noise.

MLE methods are highly efficient when a model of the
random process, expressed as a function of the target param-
eters, is known in advance and when the process stochasticity
is strongly conditioned to those parameters [9]. However,
deriving such analytical models is often challenging, and when
available, they typically result in complex, non-linear formula-
tions with no trivial solutions. Fortunately, in calorimeters with
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unipolar pulse shapes, the pile-up noise distribution exhibits
a skewed structure, which can be modeled as a convolution
of exponential functions. This results in multivariate Gamma
distributions, which, despite their accuracy, are complex to
implement. In this work, the use of Log-normal distributions
is explored as an alternative model for pile-up noise, leverag-
ing their similarity to Gamma distributions. Furthermore, the
parameters of the Log-normal functions are estimated using
only first- and second-order statistical moments, similar to the
Gaussian case. As a result, the multivariate probability distri-
bution model required for the MLE design can be efficiently
determined and is computationally feasible to implement.

Although a suitable analytical model has been proposed,
the Log-normal model results in a nonlinear MLE formulation
with no closed-form solution. To address this, an iterative algo-
rithm that finds the maximum of the likelihood function using
the Golden Section optimization procedure [10] is proposed.
The search is constrained by the dynamic range of the ADC
electronics, which, for example, could span from 0 to 1023
ADC counts in a 10-bit ADC setup.

Another contribution of this article is the use of the maxi-
mum likelihood probability as a quality factor (QF) metric for
accepting or rejecting the reconstructed energy. A QF based
on this measure is proposed and compared to standard metrics
used in calorimetry, which rely on the Euclidean norm [11],
[12]. Since the proposed approach takes into account the pile-
up information, it could provide a more robust QF assessment
under such harsh conditions.

This article is organized as follows. Section II discusses the
choice of the Log-normal distribution as a suitable model for
pile-up noise. Section III presents the design of the amplitude
estimator using MLE under Log-normal noise conditions.
Section IV describes the simulation setup and analyzes the
results. Finally, the conclusions are presented in Section V.

II. SIGNAL PILE-UP MODELING

In this section, an analytical expression for the signal pile-up
distribution that promotes a feasible MLE design is developed.
Naturally, this distribution is intrinsically related to the energy
spectra of the calorimeter conditions. The transverse momen-
tum (pr) spectrum will depend on the nature of the colliding
particles and the characteristics of the accelerator. However,
in the low pr region—dominated by multiple scattering
interactions—the pr distribution exhibits strong exponential
characteristics [13] regardless of the collider environment.
In the LHC [2], for instance, a proton—proton collider that
imposes severe signal pile-up conditions on its calorimeter
systems, the pr spectrum is modeled as a Hagedorn distri-
bution [14]. This function features an exponential behavior
in the low pr region and a power-law structure for high
pr collision byproducts. Since the signal pile-up is primarily
generated by low pr interactions, exponential distributions can
effectively model the amplitude of these signals without loss of
generality.

The transverse momentum is the component of momentum
(p) that is perpendicular to the beam [15]. This component
is intrinsically related to the transverse energy (E7) and is
necessary for computing this from the total energy E, which
is actually measured by the calorimeters. This comes from the
fact that pr is essential to describe the geometry of the events
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that come from collisions, and E7 depends on the trajectory
of the reconstructed particle [16].

Given that the calorimeter reference pulse shape is unipolar,
the samples from superimposed signals add up. Consequently,
the pile-up effect corresponds to the sum of exponentially
distributed samples, which, by definition, results in a subclass
of the Gamma distribution—the Erlang distribution [17]. More
precisely, the signal pile-up distribution is further convolved
with electronic noise. However, since the energy of the pile-up
noise tends to be significantly higher than that of the electronic
noise, the latter can be neglected for simplicity.

A useful characteristic of Gamma distributions, often
exploited in practice, is their similarity to the Log-normal
model, allowing both functions to be used interchangeably
for analyzing skewed, non-negative datasets [18], [19], [20].
Although their parameter interpretations differ, the Log-normal
distribution possesses properties that make it a suitable and
attractive choice for the current application.

A. Log-Normal Distribution

According to the Central Limit Theorem, the sum of inde-
pendent random variables tends to follow a Gaussian (Normal)
distribution [21]. As a result, the product of positive indepen-
dent random variables results in a Log-normal distribution,
since in the logarithmic domain, multiplication transforms into
addition. The Log-normal distribution is given by equation
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In comparison with the Normal distribution, apart from the
natural logarithm applied in the input variable r, it is important
to note the presence of this variable also in the denominator
of the normalization factor, to preserve differential probabil-
ity. The two parameters of the Log-normal distribution are
precisely the mean u and the variance o extracted from
the logarithm of the data (which, by definition, follows the
Gaussian distribution).

Similarly, the multivariate Log-normal distribution, for a
vector r of dimension N, has the form [23]

f(r) =B exp[D] (2)
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where |C| is the determinant of the covariance matrix and the
superscript prime character stands for the transpose operation.
One should stress that the natural logarithm operating in a
vector actually applies the logarithm to each vector component
individually

D
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In the multivariate Log-normal equation, the mean of
each component (vector ) and the C covariance matrix are
extracted from the logarithm of the multivariate data as well.
The simplicity of obtaining the distribution parameters—by
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estimating only the first and second-order statistics—makes
the Log-normal particularly attractive for modeling the signal
pile-up distribution on the MLE design proposed in this article.

III. ENERGY RECONSTRUCTION USING THE MLE

The MLE approach is a class of estimators that uses the
actual probability density function (pdf) model of the random
process [9] to estimate one or a set of parameters. In this
model, the pdf is parametrized by the target variables. Unlike
the Bayesian estimators [24], these parameters are considered
unknown constants to be estimated. The best guess for those
constants is the one that maximizes the pdf function. There-
fore, once an acceptable pdf model as a function of the target
parameters is determined, the MLE can be found by computing
the parameter values that maximize the pdf output.

In regular calorimeter energy reconstruction tasks, the target
parameter is the amplitude A of a deterministic signal embed-
ded in noise, whose actual distribution is ignored, and only
the second order statistics are taken into account, to achieve a
linear implementation [5], [6].

This is consistent with modern information theory: in the
absence of higher-order statistics information, the Gaussian
distribution is the one that maximizes entropy [25].

A. MLE for Signal Amplitude in Gaussian Noise

Given N samples of a deterministic signal, represented by
the s vector, multiplied by an unknown amplitude A, and
embedded in correlated Gaussian noise with zero mean, the
pdf modeling this random process is

—(r—As)Y C ! (r—As)
— 1 % XP N C))
ICI> 2n)= 2
The signal amplitude A that maximizes this probability can
be found simply by minimizing the exponent. This leads to a

linear equation in A whose solution can be easily determined
as

f(rlA) =

sC'r
s’Cls
where the C noise covariance matrix contains the second-
order statistics of the noise. The g vector represents the
coefficients of a linear filter known as the OF weights. During
the exponent minimization process, some constraints can be
introduced to provide immunity against small random phase
shifts and pedestal fluctuations. This is achieved through the
implementation of Lagrange multipliers, which appropriately
modify the final OF weights [4]. Also, the s vector refers to
the pulse shape of the detector and is usually well known from
the calibration system.

Although this linear model leads to a simple implemen-
tation, the Gaussian noise does not adequately describe the
signal pile-up conditions, as explained in Section II. Therefore,
next, a more accurate pdf model for the MLE design of signal
amplitude estimators is proposed, using Log-normal modeling
for the noise.

A= =g'r (5)

B. MLE for Signal Amplitude in Log-Normal Noise

For the Log-normal MLE modeling, the likelihood equation
becomes
f(r|A) = Bexp{D} (6)
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Algorithm 1 Amplitude Estimation Under Log-Normal Noise

Parameters:
§=10"° sthreshold
a—(V5+1)/2 >Golden ratio
Inputs:
r >recorded samples
s >normalized reference pulse shape samples
u >mean vector parameter from Log-normal noise
C »covariance matrix from Log-normal noise
1: while |b—a| > 6 do
2: c—b-(b-a)la
3: d—a+ (b-a)la
4: if J(c) > J(d) then
5: be—d
6: else
7 a<c¢
8: end if
9: end while
10: return (b + a)/2
where 1
B= " 1 - 7
[T, 6= aso|1ck
and
" o-1
b [In(r - As) - ] 2C [In(r - As) ,u]’ ®

It should be noted, by the presence of the p vector, that this
noise model is not zero-mean. This is expected, as it results
from the sum of positive pulse samples. Due to the presence
of the parameter A also in the normalization factor (7), and the
use of the natural logarithm in the exponent (8), this likelihood
equation cannot be simplified as the Gaussian case, and the
final solution for A becomes non-linear.

In this work, the signal amplitude A that maximizes the
multivariate Log-normal likelihood function is obtained itera-
tively. This unimodal distribution has a single global maximum
[26]. Furthermore, for optimization purposes, it is equivalent
to work with the logarithm of the likelihood function

N
In £ (rJA) = In [|C|*% (271)—%] ~> (i -As)+D. (9
i=1
The cost function to be minimized follows directly from
9):
N
J(A)= In(r; - As) - D.

i=1

(10)

Next, an iterative optimization process can be used to reach
the maximum probability. The Golden-section search method
is used since it comprises an unimodal objective function,
and it avoids the calculation of derivatives. Note that any
optimization method for single-variable functions can be used
in this task. However, it is important to ensure that, for each
estimate of A, the condition As; < r; is satisfied in (9).

The iterative process for amplitude estimation of a deter-
ministic signal embedded in Log-normal noise is presented in
Algorithm 1. In general, the method performs successive cuts
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in the initial search interval given by [a,b], discarding the
subinterval that does not contain the maximum point, through
iterative comparison of the internal values ¢ and d. When the
initial interval becomes small enough, the central value can be
taken as a solution to the problem, with an error proportional
to ¢ [10].

IV. SIMULATION RESULTS

To quantify the method’s performance and proceed to
efficiency comparisons with other state-of-the-art techniques,
an unipolar pulse signal from a typical RCCR shaper circuitry
is used in a simulated environment [27], also adopted in
previous work [8], [28], [29], where signals are superimposed
using a given occupancy factor. The pulse amplitudes related
to the signal pile-up noise are extracted from an exponential
distribution with a mean value of 50 ADC, reflecting the
typical energy of low pr collisions in modern experiments,
as reported in previous studies [30], [31], which represents
the simulated noise. To cope with realistic scenarios, several
other noise sources are employed: 1) random variation of
+1 in each pulse sample to simulate electronic distortions;
2) random phase shift between +£10 ns; and 3) additive
Gaussian noise of zero mean and standard deviation equal
to 1.5 ADC, simulating typical electronic noise. Readout
windows of seven samples containing this pile-up noise are
recorded, with the samples digitized every 25 ns. From this
dataset, the parameters u and C of a multivariate Log-normal
distribution are extracted for each specified occupancy level.

To simulate the target signals, an exponential distribution
with a mean of 100 ADC is employed, corresponding to
a signal-to-noise ratio (SNR) of 2. Subsequently, the target
signals were combined with the previously described noise
conditions to emulate the complete received signal correspond-
ing to the calorimeter response.

To assess the statistical aspects of the efficiency analyses,
a k-fold cross-validation strategy was applied as follows.
Initially, for each occupancy level, a set comprising 2 000 000
noise signals was generated. This dataset was then partitioned
into ten subsets (folds), and the amplitude estimation (energy
reconstruction) for the target signals was performed by each
method individually for every subset.

A. Noise Modeling Procedure

Before delving into the energy reconstruction efficiency,
it is important to verify the noise modeling by comparing
how well both Normal and Log-normal distributions fit the
noise. To this end, incoming time-domain noise samples within
the readout windows are used with arbitrarily selected four
different occupancy rates: 10%, 30%, 50%, and 80%. These
choices encompass a reasonable range of occupancy levels,
providing a baseline for comparing approaches under harsh
pile-up conditions.

Fig. 1(a) depicts the histogram of the noise time samples
corresponding to a 30% occupancy. In addition to the his-
togram, both the Normal and Log-normal fittings are overlaid
with the underlying data. It is evident that the Log-normal fit
provides a better model for the noise distribution compared
to the Normal distribution, especially along the tail. In con-
trast, the Normal distribution struggles to represent the noise
information, with significant challenges in fitting the data.
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To further analyze the problem, Fig. 1(b) presents the
corresponding results for noise with 50% of occupancy. In this
scenario, it is observed that the Log-normal distribution shows
a slight deviation from the peak of the target distribution,
which also leads to some error along the right tail. However,
the Normal distribution exhibits an even greater deviation,
failing to approach the peak of the target distribution.

Finally, Fig. 1(c) presents the noise histograms with 80%
occupancy. At this level of pile-up, it is clear that the Log-
normal distribution effectively describes the data, whereas the
Normal distribution continues to diverge from the dataset.
The observed behavior at 80% occupancy suggests that as
occupancy increases, the Log-normal distribution provides a
more efficient fit compared to the Normal distribution. Indeed,
it is expected that the Log-normal distribution will better
approximate the data as pile-up increases, since pile-up arises
from exponential distributions, and their summation forms a
Gamma distribution that the Log-normal can more accurately
approximate.

Considering independent, equally sized samples and aiming
to compare continuous distributions, Kolmogorov—Smirnov
(KS) statistics [32] is estimated. The results are depicted in
Fig. 1(d). The error bars in this figure have been scaled
by a factor of 20 to improve visibility, as they are initially
very small and might not be discernible on the graph. From
this figure, it is evident that the observed behavior matches
what was noted in the fittings [see Fig. 1(a)—(c)]. The lower
the value of the KS statistic, the better the fit. Across all
evaluated occupancy levels, even for those where the distribu-
tions assume a more Gaussian-like profile, the KS statistic is
consistently smaller for the Log-normal distribution, indicating
that it provides a better noise model compared to the Normal
distribution.

B. Performance Evaluation

The efficiency analyses for each discussed method are
now presented. To this end, simulated noise (electronic noise
plus pile-up) is combined with simulated signals, referred
to as target signals. The applied methods aim to recover
these target signals, specifically by estimating their ampli-
tudes. Fig. 2(a) shows the absolute error histogram of the
four evaluated methods for an occupancy of 80%. The bin
width was determined using the Freedman—Diaconis rule
[33], which utilizes the distribution under analysis to esti-
mate a reasonable bin width. Since the bin width needs
to be consistent across all distributions, the Log-normal
MLE error was arbitrarily employed as a reference for this
parameter.

By examining the error distributions [see Fig. 2(a)], it is
clear that the Log-normal MLE method appears to exhibit
a smaller dispersion compared to the other methods. To
verify whether this observation holds, the mean and standard
deviation [34] of the absolute error were calculated for all
considered occupancy levels. These results are presented in
Fig. 2, where the error bars were multiplied by a factor of 5
to enhance visibility.

Fig. 2(b) illustrates that, starting from an occupancy of
30% (among the evaluated values), the average error obtained
by Log-normal MLE is lower than that of Gaussian MLE
and MAE, with a slightly higher value at 10%. A positive
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Fig. 1.
(d) Kolmogorov—Smirnov statistic for different occupancies.

TABLE I

MEAN AND STANDARD DEVIATION OF ERROR AVERAGES ACROSS ALL
ITERATIONS, FOR ALL METHODS AND OCCUPANCIES ANALYZED.
WHEN INTERPRETING EACH CELL IN THE TABLE, THE UPPER
VALUE REPRESENTS THE MEAN, WHILE THE LOWER VALUE
DENOTES THE STANDARD DEVIATION

Mean and standard deviation (ADC counts)

Occupancy
Gauss MLE OF MAE Logn MLE
10% 489 +0.07 0.02+0.05 4.71 £0.04 546+ 0.06
22.36 + 0.19 24.09 £+ 0.18 20.53 £ 0.19 18.80 £ 0.20
30% 14.41 £ 021 0.03 £0.13 1497 £ 0.09 13.49 £ 0.10
36.55 £ 0.16 39.28 £ 0.18 34.66 £ 0.17 31.82 £ 0.20
50% 2438 +0.24 0.02 £ 0.14 25.09 £ 0.11 19.83 £ 0.12
44.64 £ 0.17 48.01 = 0.19 43.33 £ 0.15 39.76 £ 0.17
0% 40.70 £ 0.36 0.06 £ 0.13  39.05 &+ 0.16 25.28 £ 0.24
51.63 + 0.29 55.72 £ 0.25 51.50 £ 0.26 47.09 + 0.26

error mean value is expected, since the noise distribution
is a Gamma function. On the other hand, as expected, the
OF approach maintains its average values close to zero, due
to an additional constraint imposed within its optimization
procedure, which forces the sum of the coefficients to be equal
to zero [27]. However, this behavior does not imply better
performance, since the standard deviation is more meaningful
in this case.

In Fig. 2(c), the standard deviation of the error is shown
as a function of occupancy. It can be observed that the Log-
normal MLE presents the smallest values among the evaluated
methods. As occupancy increases, this difference becomes
more pronounced. Despite scaling the error bars by a factor

3805

x1072
T T T T T T T T T
= 1.8 Noise T
X .
2 1.5 n\ = Gaussian
c I = = Log-normal
2 12F b
o 1
"E 0.9 I
Sosl 1
€
3 03f
0.0
50 100 150 200 250 300 350 400 450
Sample value (ADC counts)
()
x1071
T T T T T T T
3.0 —&— Gaussian |
25k —&- Log-normal
=
_‘g’ 20 }\\ -
©
R \\\ 7
)
¥ 10k \\} _
05 F ~~~I——____ .
0.0 1 1 1 1 1 1 =% |

10 20 30 40 50 60 70 80
Occupancy (%)

(d

Comparison of noise data with Normal and Log-normal distributions modeling, to (a) 30%, (b) 50%, and (c) 80% of occupancy and

of 5, they remain small, indicating the statistical stability of
the performance. Numerical results from these analyses are
provided in Table I, where methods are referred to by their
abbreviated names.

More specifically, the results depicted in Fig. 2(b) demon-
strate that, in more substantial occupancies, the means derived
from the Log-normal MLE method exhibit lower values com-
pared to those obtained by the MAE and Gaussian MLE
methods. At the 10% occupancy, a notable proximity is
observed among the results for all three methods, though
the Log-normal MLE method positions slightly above the
others. At 30% occupancy, the Log-normal MLE method
begins to stand out slightly, and this discrepancy becomes
more pronounced as the occupancy increases. Throughout the
entire occupancy range, the MAE and Gaussian MLE methods
exhibit very similar mean values.

The next aspect to consider is the standard deviation of
the errors, as illustrated in Fig. 2(c), where the error bars
are also scaled up by a factor of 5. It is observed that, for
this parameter, all curves exhibit similar behavior, with the
standard deviation value increasing proportionally to the occu-
pancy for all methods. The Log-normal MLE method stands
out across all occupancies; however, at the 10% occupancy,
its standard deviation is very close to that of the MAE. As
the occupancy increases, the difference between the standard
deviation values of the Log-normal MLE and MAE also grows,
highlighting the higher efficiency of the former compared to
the latter.

Regarding the Gaussian MLE, values relatively close to
those of the MAE are observed, especially for the 10% and
80% occupancy, where they are nearly identical at the latter.
The OF, on the other hand, follows a similar pattern to the
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Fig. 2. (a) Error histograms for the four methods at 80% occupancy,

(b) mean, and (c) standard deviation of errors for Gaussian MLE, OF, MAE,
and Log-normal MLE, at occupancies of 10%, 30%, 50%, and 80%.

TABLE I

IMPROVEMENT (p) OF LOG-NORMAL MLE WHEN
COMPARED TO THE OTHER METHODS

Improvement (%)

Occupancy
Gauss MLE OF MAE
10% 15.89 21.94 8.41
30% 12.94 19.01 8.19
50% 10.92 17.18 8.23
80% 8.79 15.50 8.57

other methods at 10% occupancy, showing considerable prox-
imity to the Gaussian MLE, which also exhibits comparable
values. However, as the occupancy increases, the efficiency of
the OF method is compromised.

It is also possible to quantify the improvement achieved by
Log-normal MLE concerning the other methods. To do so,
one can utilize the following equation to estimate how much
smaller the standard deviation of the error is for Log-normal
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Fig. 3. KL divergence for Gaussian MLE, OF, MAE, and Log-normal MLE,
with occupancies at 10%, 30%, 50%, and 80%.

MLE relative to the other methods:

pz(l—ﬂ)xloo%

O-ﬂl

(an

where p represents the percentage of improvement of Log-
normal MLE, o, denotes the standard deviation of the results
associated with the Log-normal MLE approach, and o, stands
for the standard deviation concerning the method denoted
by m, where m € {Gauss MLE, OF, MAE}. The outcomes
of this analysis are presented in Table II, showing that the
improvement of Log-normal MLE remains nearly constant for
all evaluated occupancy levels when compared to the MAE
method. However, for Gaussian MLE and OF, a decrease in
enhancement is noted as the occupancy increases.

Another analysis used to assess the efficiency of the
methods is the comparison of the probability distributions
of the estimated amplitudes with the true ones, using the
Kullback-Leibler divergence (KL divergence) [35]. This met-
ric measures how different two probability distributions are
and provides insights into the amplitude estimation effi-
ciency of each method. A KL divergence value of zero
indicates identical distributions, with smaller values indicating
greater similarity between the distributions. Analysis of Fig. 3
reveals that the Log-normal MLE method presents distribu-
tions closer to the true ones across all occupancy ranges,
while Gaussian MLE and MAE appear closer to each other.
The OF method, however, stands out as significantly different
from the other methods, particularly at higher occupancy
levels.

The results indicate that the KL divergence increases almost
linearly with the occupancy for Log-normal MLE. Meanwhile,
both the Gaussian MLE and MAE approach the Log-normal
MLE at lower occupancies, but their distances grow at higher
occupancies. Although OF initially appears similar to Gaussian
MLE and MAE at lower occupancies, it diverges significantly
at higher occupancies, only returning to approximate the others
at 80% occupancy.

The relationship between the reference amplitude and the
standard deviation of the error is depicted in Fig. 4. This
evaluation provides information about the quality of estimation
across the entire amplitude range. It presents analysis for all
the methods under an occupancy of 80%. It can be observed
that the Log-normal MLE method exhibits lower standard
deviation values across the amplitude range, indicating supe-
rior estimation efficiency.
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Fig. 4. Efficiency of Gaussian MLE, OF, MAE, and Log-normal MLE, for
occupancy of 80%, in the energy range.

— T T T T T T 4
B 1250 11E°

5

5] 103

O 1000 -

8

< 750 - 102 2
S g
2 500 - 101 W
=

§ 250 1 K 100
k7]

w 0 | 1 1 1 i 10-!

1 1
0 250 500 750 1000 1250
Ref. amplitude (ADC counts)

Fig. 5. Reference amplitude versus estimated amplitude for the log-normal
MLE, for occupancy of 80%, and linear adjustment using the least squares
method.

Similarly, Fig. 5 shows a 45° linear reference line, aligning
with the distribution of points corresponding to the reference
amplitude versus the estimated. The scatter plot demonstrates
a linear trend, which is essential for a reliable estimator.

C. Data Quality Assessment

Since the proposed algorithm maximizes the likelihood
estimation probability, this value can be used as a QF instead
of the regular x> method, offering a more reliable measure of
the energy reconstruction quality under pile-up conditions.

To evaluate the performance, Fig. 6(a) shows the computed
x? values as a function of the energy estimation error for an
occupancy of 50%, while Fig. 6(b) presents the probability
values computed from the Log-normal pdf. The purpose of
analyzing the correlation between y? and the estimation error
is to quantify their linear relationship, given that high values
of the error are expected to have high corresponding x>
values. These metrics can be used to flag or discard such
bad reconstructed signals, if desired. On the other hand,
as a QF measurement, higher probability values related to
small values of estimation error correspond to more accurate
reconstructions.

From Fig. 6, it can be observed that the X2 values
exhibit less correlation with the estimation error, whereas
the probability-based QF shows larger values for smaller
estimation errors, highlighting its more consistent relationship
with signal reconstruction quality.

The correlation between estimation error and either y? or
probability is also crucial for assessing reconstruction quality:
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Fig. 6. (a) Error versus )(2 values and (b) error versus probabilities of the
log-normal pdf, for 50% of occupancy.
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Fig. 7. Correlation between estimation error and ,\(2, and estimation error and
probability, with estimated amplitudes applied to Gaussian and log-normal
PDFs, for all occupancies.

the higher the correlation (absolute value), the better the QF
information. In this context, Fig. 7 shows the correlation
coefficient when the amplitude estimated by Log-normal MLE
is used in the y? equation, Log-normal pdf, and Gaussian pdf.
It is observed that the highest correlation is achieved with the
Log-normal pdf, as the key factor is the magnitude of the
values.

V. CONCLUSION

Signal estimation in modern calorimeter systems, partic-
ularly those operating in high-luminosity conditions, has
become a significant challenge. This article introduces a novel
approach by modeling the signal pile-up as a multivariate
Log-normal distribution, which is evaluated through an MLE
approach. The results demonstrate that the Log-normal model
better captures the characteristics of the noise when compared
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to the Gaussian model, regardless of the signal pile-up con-
dition. Furthermore, the Log-normal MLE method provides a
more accurate energy measurement with respect to traditional
linear models in terms of both energy estimation error and
KL divergence metrics, considering the whole range of pile-
up conditions.

Additionally, the Log-normal likelihood value proved to
be a useful quantity to flag good and bad energy estimates.
Under signal pile-up conditions, this new QF metric exhibits
a significantly stronger linear correlation with the estimation
error compared to the commonly used y?> method. This
provides a more robust and reliable metric for assessing
energy reconstruction quality, particularly in high-luminosity
environments where pile-up noise plays a crucial role.

Finally, to further improve the MLE performance, future
work will focus on developing a pre-processing step designed
to minimize the mutual information between the time-domain
random variables and digitally ensure the pulse integrity
[36], potentially enhancing the overall estimation accuracy.
Furthermore, the use of real data to evaluate the performance
of the proposed methods is also planned.
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