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Abstract

The Standard Model of particle physics postulates the existence of three weakly
interacting neutrino flavor states but fails to explain their observed oscillations,
which require neutrinos to propagate as superpositions of distinct mass states. A key
unresolved question is the origin of neutrino masses, which is assumed to be different
from the Higgs mechanism of the Standard Model. A class of models explain the very
small yet non-vanishing neutrino masses through the existence of one or multiple
heavy and non-weakly interacting neutrino states, leading to a breach in unitarity of
the three-flavor mixing framework.

This thesis focuses on atmospheric neutrinos as a tool to constrain the unitarity of
the neutrino mixing matrix, which links the flavor and the mass states. For this
purpose, we utilize three years of data from IceCube-DeepCore, the sub-array of
IceCube Neutrino Observatory at the South Pole, which detects neutrinos with energies
from a few GeV to a few hundreds of GeV. By combining this dataset with the reactor
neutrino data from the Daya Bay and KamLAND experiments, we constrain the
individual elements of the mixing matrix and derive the ensuing non-unitarity metrics.
Our results are consistent with unitarity, with precision levels of O(1%) the electron
sector and O(10%) in the muon and tau sectors. The projections for the upcoming
IceCube-Upgrade and JUNO experiments suggest further improvements, halving un-
certainties in the muon and tau sectors and reducing those in the electron sector by 25%.

Additionally, we present the contributions towards an improved event selection in
IceCube-DeepCore, incorporating nine years of data to probe unitarity in the tau sector
with greater precision. We address systematic issues in muon Cherenkov light yield sim-
ulation and energy reconstruction, demonstrating their impact on oscillation analyses.
We derive updated sensitivities to the tau neutrino normalization, which is estimated
to be 9% at the 1σ level with the final sample. This sensitivity is contingent upon
the correlation of tau and muon neutrino cross section uncertainties – a relationship
validated through a dedicated study in this thesis.
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Abstrakt

Standardmodellen for partikelfysik postulerer eksistensen af tre svagt interagerende
neutrinotyper, men kan ikke forklare deres observerede oscillationer, som kræver, at
neutrinoer udbreder sig som superpositioner af forskellige massetilstande. Et centralt
uafklaret spørgsmål er neutrinoerne massers oprindelse, som antages at være forskel-
lig fra standardmodellens Higgs-mekanisme. En klasse af neutrinomasse-modeller
forklarer neutrinomassernes lave masser gennem eksistensen af en eller flere tunge og
ikke-svagt vekselvirkende neutrinotilstande, hvilket fører til et brud på unitariteten i
tre-type-beskrivelsen (three-flavor mixing framework).

Denne afhandling fokuserer på atmosfæriske neutrinoer som et værktøj til at begrænse
unitariteten af neutrinoblandingsmatricen (neutrino mixing matrix), som forbinder type-
og massetilstandene. Til dette formål bruger vi tre års data fra IceCube-DeepCore,
en del af IceCube Neutrino Observatory på Sydpolen, som detekterer neutrinoer
med energier fra nogle få GeV til nogle få hundrede GeV. Ved at kombinere dette
datasæt med reaktor-neutrinodata fra Daya Bay- og KamLAND-eksperimenterne ind-
snævrer vi de enkelte elementer i blandingsmatricen og udleder de deraf følgende ikke-
unitaritetsmålinger. Vores resultater er i overensstemmelse med unitaritet med O(1%)
præcision i elektronsektoren og O(10%) i myon- og tau-sektoren. Prognoserne for de
kommende IceCube-Upgrade- og JUNO-eksperimenter tyder på yderligere forbedringer,
der halverer usikkerhederne i myon- og tau-sektoren og reducerer dem i elektronsek-
toren med 25%.

Derudover præsenterer vi bidragene til en forbedret udvælgelse af hændelser i IceCube-
DeepCore, hvor vi inddrager ni års data for at undersøge unitariteten i tau-sektoren
med større præcision. Vi tager fat på systematiske problemer i simulering af myon-
cherenkov-lysudbytte (light yield) og energirekonstruktion og demonstrerer deres
indvirkning på oscillationsanalyser. Vi udleder opdaterede sensitiviteter for tau-
neutrino-normaliseringen, som anslås til at være 9% på 1σ -niveau med den endelige
prøve. Denne sensitivitet er betinget af korrelationen mellem tau- og myonneutrino-
tværsnitsusikkerheder – et forhold, der er valideret gennem en dedikeret undersøgelse
i denne afhandling.
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chapter 0

Introduction

Among a multitude of hints pointing towards physics beyond the Standard Model
[6–8], neutrinos play a particularly prominent role, with some of their most fun-

damental particle properties still lacking a solid theoretical explanation [9, 10]1. Over
the last few decades, the interest in these mysterious particles has further spread to
astrophysics and cosmology, raising the questions of their astrophysical origin [11–13]
and the impact on the large-scale structure of the Universe [14, 15].

Today, the neutrino is known as the second most abundant particle in the Universe
[16], which is produced in a variety of natural environments such as the Sun [17, 18],
active galactic nuclei [19–21], supernovae [22, 23] and their remnants [24, 25], as well
as the Earth’s atmosphere [26]. Additionally, neutrinos are actively “manufactured” for
research purposes on Earth, e.g., in nuclear reactor and particle accelerator facilities
[27, 28]. Despite their ubiquity, neutrinos are anything but ordinary; they are the
only fermions in the Standard Model that interact exclusively through the weak force,
a uniquely peculiar force of nature due to its maximal violation of parity [29]. The
eigenstates of the weak interactions are called flavor states, with the three Standard
Model flavors comprising electron neutrinos νe, muon neutrinos νµ, and tau neutrinos
ντ – along with their corresponding antiparticles ν̄α (α ∈ {e,µ,τ}). Through observations
of neutrino oscillations – in which flavor eigenstates transform into one another during
propagation [9, 17, 30, 31] – it is now known that there are at least three neutrino non-
degenerate mass states, with at least two of them having non-zero masses. In modern
neutrino physics, the composition of the flavor eigenstates in terms of mass eigenstates
is described through the mixing matrix [32], which is the central mathematical construct
in this thesis. Under the Standard Model assumption of three neutrino flavors, and
conservation of the total transition probability from a given flavor to any of the available
three, this matrix is unitary.

A key motivation for exploring the mixing matrix structure is the unresolved origin
of neutrino masses. Unlike other Standard Model fermions whose masses are generated
through the Higgs mechanism [33], neutrino masses are exceedingly small, constrained
by direct measurements and cosmological data to be below approximately O(1eV) and
O(0.1eV), respectively [34]. Neutrino mass generation is therefore an active research
topic (for a review, see [35, 36]), with many of the proposed models resulting in non-
unitarity of the neutrino mixing matrix. In particular, the seesaw-type models explain

1The author defines a solid theoretical explanation as the one convincingly supported by experimental evidence.
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the smallness of the three known neutrino masses through the existence of new, much
heavier degrees of freedom – for example, neutrino states that do not couple to the weak
force (the so-called sterile neutrinos). The latter have gained large attention not only in
the neutrino mass context, but also as a potential dark matter candidate [37–39].

The above considerations motivate the main topic of this thesis – namely, constrain-
ing the unitarity of the neutrino mixing matrix using neutrino oscillation data. To
achieve this, we utilize primarily atmospheric neutrinos as observed in the IceCube
Neutrino Observatory at the South Pole [40, 41]. Atmospheric neutrinos originate from
cosmic ray-induced atmospheric air showers and cover a wide range of energies from
GeV to PeV [42]. While they are produced in all three flavors, at sub-TeV energies
muon and electron neutrino fluxes dominate over the negligible tau neutrino flux [43,
44]. This motivates and enables an experimental probe of the tau neutrino appearance
from atmospheric neutrino oscillations, particularly through the νµ→ ντ channel at
O(1–100GeV) energies. The IceCube Collaboration leads an active program in this
regard through the detection of atmospheric neutrinos of all flavors in the low-energy
sub-array called IceCube-DeepCore [45].

One of the related physical quantities that can be constrained with the IceCube-
DeepCore data is the so-called ντ normalization, Nντ . A value of Nντ = 1 would indicate
that the observed number of tau neutrinos (ντ + ν̄τ ) is consistent with the standard
three-flavor picture of neutrino oscillations under a unitary mixing matrix. In 2019,
the IceCube Collaboration reported the measurement of Nντ = 0.73+0.30

−0.24, using three
years of IceCube-DeepCore data collected between 2012–2015 [46]. Concurrently, a
measurement of NCC

ντ = 0.57+0.36
−0.30 was reported in the same study, representing the

number of tau neutrinos participating in charged current (“CC”) interactions relative
to the nominal expectation. This result is comparable to the measurements of NCC

ντ
by the OPERA [47] and the Super-Kamionande [48] Collaborations, yielding 1.2+0.6

−0.5
and 1.47± 0.32, respectively. All of the mentioned results are therefore consistent with
unitarity of the neutrino mixing matrix in the tau sector.

The focus and the objectives of this thesis are twofold. First, we aim to expand
the previous measurement of Nντ to a measurement of all elements of the neutrino
mixing matrix – the effort reported in Chapters 7 and 8, as well as the pre-print of the
respective publication [1]. This formulation of the unitarity test is less ad-hoc, as instead
of a simple scaling of the overall number of tau neutrinos, it enables a comprehensive
treatment of non-unitary mixing throughout neutrino production, propagation, and
detection. Furthermore, from the individual elements of the mixing matrix, the non-
unitarity metrics can be derived not only in the tau sector, but also in the muon and
electron neutrino sectors. To aid the latter, we combine three years of atmospheric
neutrino data from IceCube-DeepCore with reactor ν̄e data from the Daya Bay [49]
and KamLAND [50] experiments. This “minimal” global fit improves on previous
similar studies in literature [51–53] by incorporating atmospheric neutrino systematic
uncertainties, whose impact on the non-unitarity metrics is studied in detail. Secondly,
we present a follow-up effort related to the tau neutrino appearance (Nντ measurement)
analysis with 9.3 years of IceCube-DeepCore data, which was initiated by É. Bourbeau
in [54] and is summarized in Chapter 9. As this analysis had returned a poor goodness
of fit, we thoroughly investigate symptoms and sources of disagreement between data
and Monte Carlo simulation that could have caused this outcome. This includes a deep
scrutiny of the IceCube Monte Carlo simulation at low level as well as reconstruction
of the analysis variables, where we find and resolve multiple issues as described in
Chapter 10. In parallel, we study the relevance of various systematic uncertainties that
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can affect the Nντ measurement – in particular, the relative scaling of the tau neutrino
cross section with respect to the muon neutrino cross section. This investigation is
reported in a pre-print of a publication [2], which is included in Chapter 11. Overall,
while this thesis puts competitive constraints on neutrino mixing non-unitarity using
atmospheric and reactor neutrino data, the investigation of systematic effects and the
intricacies of Monte Carlo simulation in the context of new physics searches remains the
overarching theme. This becomes apparent both through the impact of the systematic
uncertainties on the three-year measurement and through the shift from 3 to 9.3 years
of IceCube-DeepCore data, which marks the transition from a statistics-dominated to a
systematics-dominated regime.

To put the aforementioned analyses into broader context, Chapter 1 opens this thesis
with an overview of the main theoretical concepts in the Standard Model of particle
physics. In Chapter 2, we focus specifically on neutrinos, including their known and
unknown properties and the phenomenology of their oscillations, where we devote
particular attention to the non-unitary mixing case. Further, we take a closer look at
atmospheric neutrinos in Chapter 3, namely their production in atmospheric air showers
and the specifics of atmospheric neutrino oscillations. We then review the physics
of neutrino-matter interactions, as well as neutrino detection through Cherenkov
radiation by neutrino interaction products, in Chapter 4. This leads us directly to
the comprehensive description of the IceCube detector in Chapter 5, which covers its
operational principles and data acquisition methodologies. Finally, in Chapter 6, we
introduce the reader to the Monte Carlo simulation and the event selection pipelines
used in the two aforementioned analyses. The remainder of the thesis is devoted to
the analyses themselves, followed by a short summary and an outlook towards future
research directions.
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chapter 1

The Standard Model

This chapter describes the foundations of the Standard Model of particle physics –
namely, its particle (field) constituents and the generalized prescriptions for their
dynamics. The material in the sections below draws inspiration from [9, 55–58], which
were used as the main references and can be consulted for completeness.

1 .1 fields and particles

The most fundamental objects of Nature are fields – continuous entities permeating all
of spacetime, such that each spacetime point xµ = ⟨t,x,y,z⟩ has a specific value1 φ(xµ)
of the field assigned [55]. Particles, on the other hand, can be viewed as localizations
of the respective field’s energy in spacetime, and the framework which describes free
propagation and interactions of all particles is that of quantum field theory (QFT).

Just as classical field theories, QFTs are subject to the fundamental principle of least
action, i.e., the requirement that

S =
∫

L(φ,∂µφ)d4x, (1.1)

where L(φ,∂µφ) is the field’s Lagrangian2, is minimized. The dynamics of multiple
free or interacting fields can be encoded in the master Lagrangian of the theory, i.e.,
that combining all participating fields φi . The corresponding equations of motion of all
particles are then derived as Euler-Lagrange equations, one for each field φi :

∂L
∂φi
−∂µ

(
∂L

∂(∂µφi)

)
= 0. (1.2)

The theory of special relativity postulates that the obtained equations of motion must be
independent of the observer – i.e., have the same form in all inertial (non-accelerating)
reference frames. Mathematically, this translates to the requirement for the Lagrangian
L to preserve its structure when the fields φi transform into φ′i = Λφi under Lorentz
transformations Λ. A Lagrangian that satisfies this property is called Lorentz invariant.

1As we will see later in this section, this value does not need to be a simple scalar and is generally a multi-valued object obeying
specific transformation rules.

2To be precise, L is the Lagrangian density, and the full Lagrangian is its volume integral, L =
∫
Ld3x. It is this integral that is

defined as the difference between the kinetic and the potential energy of the system, L = T −V .

5
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The Lorentz transformations include Lorentz boosts (shifts between reference frames
moving with a non-zero velocity v = βc with respect to one another) and rotations
in three spatial dimensions3. The particle fields of the Standard Model are classified
according to their behavior under such transformations, yielding the broad classes
of scalar, vector, and spinor fields. While the scalar fields are not affected by Lorentz
transformations, this does not apply to the vector fields aµ. They transform as four-
vectors of special relativity, for example:

■ aµ→ Rxµν(θ)aν under rotation about the x-axis by an angle θ;
■ aµ→Λz

µν(v)aν under the boost along the z-axis by velocity v = ⟨0,0,v⟩,

where Rxµν(θ) and Λz
µν(v) are the standard 4 × 4 rotation and Lorentz boost matrices.

The spinors obey even more complex transformation rules, particularly distinguishing
between two fundamental types: left-chiral spinors, ψL, and right-chiral spinors, ψR, each
represented as a two-component object. The ψL and ψR spinors transform identically
under rotations but differently under boosts – and, crucially, convert into one another
under the action of the parity operator P(x→−x):

P[ψL(⟨t,x⟩)] = ψL(⟨t,−x⟩) = ψR(⟨t,x⟩);
P[ψR(⟨t,x⟩)] = ψR(⟨t,−x⟩) = ψL(⟨t,x⟩).

(1.3)

The chiral behavior of ψL and ψR is therefore encoded in Equation (1.3), which shows
that each of these spinors transforms into a different physical object in the mirrored
coordinate system.

These transformation rules have physical implications for the particle content of the
Standard Model, which is shown in Figure 1.1. For example, fermions – which encom-
pass quarks and leptons, and compose all of the ordinary matter – are superpositions of
left-chiral and right-chiral spinors:

ψ =
(
ψL
ψR

)
, (1.4)

where ψ is a Dirac fermion that obeys the Dirac equation when propagating freely. The
bosons that mediate the interactions between the fermions are vectors; this includes the
photon, the gluon, and the three weak bosons (W ± and Z0). Finally, the Higgs boson is a
scalar, which couples to the fermions4 to give them mass (this will be explained in more
detail in Section 1.3). Before we dive into the fermion mass generation mechanism, let
us discuss the internal symmetries of the massless Standard Model Lagrangian, which,
as we will see in Section 1.2, give rise to the aforementioned vector boson fields and
their coupling to the fermions.

1 .2 the massless lagrangian and its symmetries

The symmetry group of the Standard Model (“SM”) is SU(3)C × SU(2)L ×U(1)Y 5, which
implies that the SM Lagrangian is invariant with respect to the transformations that
compose the specified product of the three groups. In this notation, “U” stands for
unitary,

UU † = U †U = I, (1.5)

3A larger group of transformations called the Poincaré group also includes spacetime translations.
4Strictly speaking, the Higgs couples only to the fermions which have both a left-chiral and right-chiral component. In the

minimal version of the Standard Model, this is not the case for neutrinos (antineutrinos), which are purely left-chiral (right-chiral).
5The subscripts will be explained later in this section.
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Figure 1.1 – The elementary particles of the Standard Model, including the matter particles (fermions),
the force carriers (vector bosons), and the Higgs. The antifermions are not included in this figure but can
be obtained from the respective fermions via charge conjugation. The listed particle masses correspond
to the central fit values from the 2022 Particle Data Group Review [34]. This figure was originally produced
by the author for [55].

and “S” – for special, imposing an additional constraint on the transformations:

det U = 1. (1.6)

The element U of a generic group SU(N ) is a complex-valued matrix, which satisfies
Equations (1.5) and (1.6) and is generated as

U = exp
{N2−1∑
m=1

iλmTm

}
≡ eiλmTm (1.7)

from the N 2 − 1 group generators Tm6. This means that the SU(3) group has 32 − 1 = 8
generators (resulting in 8 gluon fields), while SU(2) has 3 generators (yielding 3 weak
boson fields). The U(1) group has only one generator – the 1 × 1 identity “matrix”
itself (i.e., the number 1). Each of the three groups G ∈ {SU(3), SU(2), U(1)} is a
local symmetry of the SM Lagrangian, i.e., the latter remains invariant under the
corresponding transformations U ∈ G even if the multipliers λm in Equation (1.7)
depend on the spacetime coordinates:

λm→ λm(xµ) ≡ λm(x). (1.8)

6These generators are the basis elements of the corresponding algebra. Although the most general N ×N complex matrix U has
2N2 degrees of freedom, N2 of them are fixed by the unitarity constraints, and one more – by detU = 1 [58].
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Below, we show how the different pieces of the SM Lagrangian emerge from the local
symmetry requirement for each of the three groups. Note that we will use different
notations for the generator coefficients λm as is conventional for each group.

U(1) symmetry and the QED Lagrangian

Let us start with a Lagrangian for a free Dirac fermion ψ, where, for the time being,
we will assume that this fermion is massless:

LDirac = −mψ̄ψ + iψ̄γµ∂
µψ

m=0−−−−→ iψ̄γµ∂
µψ, (1.9)

where γµ are the usual “gamma matrices” and ψ̄ = ψ†γ0. The Lagrangian in Equa-
tion (1.9) is Lorentz-invariant and has a global U(1) symmetry (is invariant under
spacetime-independent transformations U = eiα):

ψ→ ψ′ = eiαψ =⇒ (1.10)
LDirac(ψ,∂µψ)→L′Dirac(ψ′,∂µψ

′) = LDirac. (1.11)

Since fixing α to the same value at every point in spacetime is not favored by special
relativity7, our goal is promote this to a local symmetry, i.e., invariance under

U (x) = eiα(x) = eiga(x). (1.12)

In the above, we explicitly separated α(x) into a constant g and a spacetime-dependent
part a(x). The Lagrangian in Equation (1.9) is not invariant under such U (x):

ψ→ ψ′ = eiga(x)ψ =⇒ (1.13)

LDirac(ψ,∂µψ)→L′Dirac(ψ′,∂µψ
′) = LDirac − g

(
∂µa(x)

)
ψ̄γµψ. (1.14)

We see that the introduction of the spacetime dependence into U through a(x) leads to
the appearance of an extra term in the Lagrangian, which is proportional to ∂µa(x).

To restore the invariance of the Lagrangian under U , we introduce a vector (spin-1)
field Aµ, which has an internal local symmetry with respect to a shift by ∂µa(x). In other
words, the following transformation leaves the Lagrangian of a free Aµ invariant:

Aµ→ A′µ = Aµ +∂µa(x). (1.15)

Now, if we let the fermion ψ couple to such a field (for example, an electron coupling to
a photon), we must introduce the a new term, gAµψ̄γµψ into Equation (1.9). Under U
acting on ψ and the internal symmetry of Aµ, this term transforms as

gAµψ̄γ
µψ→ gA′µψ̄

′γµψ′ = gAµψ̄γ
µψ + g

(
∂µa(x)

)
ψ̄γµψ. (1.16)

We notice that the last term in Equation (1.16) cancels exactly that in Equation (1.14);
therefore, if our fermions ψ are allowed to couple to the external spin-1 fields Aµ,
the Lagrangian is invariant under local U(1) transformations. The constant g can be
now understood as the coupling strength. The final ingredient in such a theory is the
dynamics of a free Aµ, which is encoded in the tensor Fµν (the strength of the Aµ field):

Fµν = ∂µAν −∂νAµ. (1.17)

7This would imply that we are capable of making such a choice immediately for everywhere in the Universe, which contradicts
the fundamental principle that no information may be propagated faster than the speed of light [56].
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To add this term to the Lagrangian, we must make it Lorentz-invariant, which is
achieved by contracting this tensor with itself. The final Lagrangian of our theory
becomes

LQED = iψ̄γµ∂
µψ + gAµψ̄γ

µψ − 1
4
FµνF

µν , (1.18)

where QED stands for Quantum Electrodynamics – the part of the Standard Model that
describes electromagnetic interactions of charged fermions ψ, which are mediated by
the photon Aµ. Equation (1.18) can be conveniently rewritten if we define the covariant
derivative,

Dµ = ∂µ − igAµ, (1.19)

which leads to8

LQED = iψ̄γµD
µψ − 1

4
FµνF

µν ≡ iψ̄ /Dψ − 1
4
FµνF

µν . (1.20)

At last, we note that the global U(1) symmetry leads to the conservation of the electric
charge Q according to the Noether’s theorem [59]. The corresponding conserved quan-
tity for the global SU(2) symmetry (discussed in the next subsection) is the isospin I .
These two quantities are related through the Gell-Mann–Nishijima formula [60, 61]:

Q = I3 +
1
2
Y , (1.21)

where I3 is the third component of the isospin and Y is the hypercharge. In a combined
electroweak theory with an unbroken SU(2)×U(1) symmetry, Y is therefore conserved,
which is why U(1) is conventionally given the “Y ” subscript.

SU(2) symmetry and the Electroweak Lagrangian

Next, let us consider the SU(2) transformations, which are fundamental to under-
standing the weak force mediating the interactions of neutrinos. The transformations of
the SU(2) group rotate the members of the weak doublets into one another. The members
of the same doublet share a property called flavor – for example, the electron e− and the
electron neutrino νe form a lepton doublet associated with the electron flavor. The full
set of doublets includes (e−, νe), (µ−, νµ) and (τ−, ντ ), representing the three generations
in the leptonic sector. The same doublet structure applies to quarks, which are also
arranged in three generations of doublets: (u, d), (c, s), and (t, b)9. The SU(2) symmetry
of the Lagrangian implies freedom in the choice of the orientation of the doublet axes –
and, if the symmetry is local, there is such freedom at every point in spacetime.

Let Ψ = (ψ1,ψ2)⊤ be a generic doublet, where ψ1 and ψ2 are Dirac fermions. The
Lagrangian for this system (where the fermions are again assumed to be massless) is

L(ψ1,ψ2) = iψ̄1γµ∂
µψ1 + iψ̄2γµ∂

µψ2 (1.22a)

= iΨ̄ γµ∂
µΨ ≡L(Ψ ). (1.22b)

This Lagrangian is invariant the global SU(2) transformations, i.e.,

U = e
iaiσi

2 , (1.23)

8Note that the factor of 1/4 is included before FµνFµν in order to have the conventional normalization of the kinetic energy of
the Aµ field [58].

9The reason behind the existence of precisely three generations is presently unknown.
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where index i now runs from 1 to 3, and σi are the Pauli matrices (generators of SU(2)
in the two-dimensional representation). However, if we attempt to promote this to a
local symmetry by introducing the spacetime dependence to the generator coefficients
(ai → ai(x)), we will find that L(Ψ ) is no longer invariant under such a transformation,
as extra terms appear in the transformed L′(Ψ ′). In case of the U(1) symmetry discussed
earlier, we fixed this by introducing a spin-1 field Aµ that couples to the fermion ψ with
a coupling constant g. A similar idea applies to SU(2), except now we have to introduce
three spin-1 fields W

µ
i , one for each generator σi , which couple to the fermions with a

different strength g ′. The covariant derivative in this case becomes [56]

Dµ = ∂µ − ig ′
σiW

µ
i

2
≡ ∂µ − ig ′Wµ, (1.24)

and the final locally SU(2)-invariant and Lorentz-invariant Lagrangian (which also
includes the dynamics of the W

µ
i fields themselves) reads10:

Lloc.SU(2) = iΨ̄ /DΨ − 1
4

Tr
[
WµνWµν

]
. (1.25)

Combining this with a Lagrangian that is locally invariant with respect to both U(1)
and SU(2), we get the electroweak (“EW”) theory with massless fields:

Lloc.U(1)+SU(2) ≡LEW = iΨ̄ /DΨ − 1
4
BµνB

µν − 1
2

Tr
[
WµνWµν

]
(1.26a)

= iΨ̄ γµ(∂µ − igBµ − ig ′Wµ)Ψ − 1
4
BµνB

µν − 1
2

Tr
[
WµνWµν

]
.

(1.26b)

Note that in Equation (1.26b), we replaced Aµ → Bµ, Fµν → Bµν (compared to Equa-
tion (1.20)), since in the combined EW theory, Bµ is not immediately identified as the
photon. In the same way, W

µ
i , i ∈ {1,2,3}, are not immediately identified as the familiar

W ± and Z0. In fact, both the photon and the weak bosons are linear combinations of
the Bµ and the W

µ
i fields, which will be explained in Section 1.3.1.

To finish this section, we note that the weak force maximally violates parity, which
was discovered in the famous 60Co decay experiment by Wu [29]. This implies that the
weak bosons couple only to the left-chiral fermions (and right-chiral antifermions) of
the Standard Model. For this reason, SU(2) is usually given the subscript “L” in the
definition of the Standard Model symmetry group.

SU(3) symmetry and the QCD Lagrangian

Although not of prime relevance for the remainder of this thesis, we complete
our discussion of the SM symmetries with the massless Lagrangian of Quantum
Chromodynamics (QCD), which describes strong interactions of quarks:

LQCD = iQ̄ /DQ− 1
2

Tr
[
GµνGµν

]
. (1.27)

In Equation (1.27), Q ≡ (q1,q2,q3)⊤ are quark color triplets, where the indices 1,2,3 are
typically given the color labels of red (“r”), green (“g”), and blue (“b”). The local SU(3)

10This is almost completely analogous to Equation (1.20), except Wµν = ∂µWν − ∂νWµ − ig ′[Wµ,Wν ], and the trace (Tr) is
needed to ensure the SU(2) invariance of the WµνWµν object [56].
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symmetry implies that the orientation of the color axes at each point in spacetime might
be arbitrary, and the eight gluon fields G

µ
i are introduced as connections between the

different color coordinate systems11. By analogy with our discussion of U(1) and SU(2)
groups, it is these connector fields that insure the local invariance of the Lagrangian,
whose covariant derivative is

Dµ = ∂µ − ig ′′Gµ = ∂µ − ig ′′
λiG

µ
i

2
, (1.28)

where we defined a new coupling constant g ′′ and new generators λi of the SU(3)
transformations. These generators are referred to as the Gell-Mann matrices, and Gµν in
Equation (1.27) is the gluon field strength tensor analogous to Wµν in Equation (1.26b).

1 .3 higgs mechanism

So far, we have worked with massless fermion fields, whose interactions were mediated
by the massless bosons. From experiments, however, we know that most of the fermions
and some of the bosons are massive. In the sections below, we will explain how their
corresponding masses are generated through the coupling to the scalar Higgs field – the
process accordingly known as the Higgs mechanism.

1.3.1 Gauge boson mass generation

As the Higgs field is still missing from the electroweak Lagrangian in Section 1.2, we
introduce a complex scalar doublet Φ = (φ1,φ2)⊤. A locally SU(2) and U(1) invariant
Lagrangian for this field is

L(Φ ,DµΦ) = (DµΦ
†)(DµΦ) + ρ2Φ†Φ −λ(Φ†Φ)2, (1.29)

where the first term is the kinetic term for Φ , with the covariant derivative

Dµ = ∂µ − igBµ − ig ′Wµ (1.30)

as in Equation (1.26b). As before, the coupling of the Higgs to the Bµ and the Wµ fields
is introduced to ensure the specified local symmetries. The remainder of the Lagrangian
is the negative Higgs potential:

V (Φ) = −ρ2Φ†Φ +λ(Φ†Φ)2. (1.31a)

= −ρ2(φ†1φ1) +λ(φ†1φ1)2 − ρ2(φ†2φ2) +λ(φ†2φ2)2 (1.31b)
≡ V1(φ1) +V2(φ2). (1.31c)

This potential is visualized in Figure 1.2 for one of the doublet fields φi (we will use
φ = φi for brevity). We see that this potential has an infinite number of minima,

φmin =

√
ρ2

λ
eiθ, θ ∈ [0, 2π], (1.32)

which are also referred to as the vacua of the field φ and represent the states of lowest
energy. One of these infinitely many minima was spontaneously chosen in the early
Universe, thereby breaking the global U(1) symmetry of φ – the phenomenon known as
spontaneous symmetry breaking12. By convention, the minimum of the doublet Φ is

11For this reason, SU(3) is also referred to as the color group with the subscript “C”.
12The Lagrangian in Equation (1.29) is still globally U(1) invariant, but the U(1) transformations applied to φ result in a different

physical state φ′ . This would not be the case if the ground state was at 0, where the U (1) rotations would result in the same unique
state.
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Figure 1.2 – “Mexican hat” potential V (φ) of a complex scalar field φ, shown as a function of the real
and the imaginary component of φ. This plot was produced with ρ = 1,λ = 0.8 (see Equation (1.31)). The
yellow stars indicate two of the infinite number of minima of the potential.

then economically constructed as [56]

Φmin =
(

0
φ2,min

)
=

(
0
v√
2

)
, (1.33)

where we defined the vacuum expectation value v,

v =
ρ2

λ
. (1.34)

Expanding each of the doublet components about the chosen minimum, we end up
with four real scalar fields (by adding a real and an imaginary component to each of
the rows in Equation (1.33)). Three of these fields can be eliminated by exploiting the
local SU(2) symmetry of the Lagrangian in Equation (1.29) (remember that there are
3 generators and therefore 3 degrees of freedom in SU(2)). By making a gauge choice
called a unitary gauge, we can therefore write

Φ = Φmin +
(
φre,1 + iφim,1
φre,2 + iφim,2

)
=

(
φre,1 + iφim,1

v√
2

+φre,2 + iφim,2

)
(1.35a)

unitary gauge
−−−−−−−−−−−−→

(
0
v+h√

2

)
. (1.35b)

Here, the only remaining physical field is the Higgs field h. This explicit gauge choice
breaks the local SU(2) symmetry, and the remnant symmetry of the Standard Model is
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U(1)Q. On the bright side, if we define the following fields:

Aµ = gW
µ
3 + g ′Bµ; (1.36a)

Zµ = g ′W
µ
3 − gBµ; (1.36b)

(W ±)µ =W
µ
1 ± iW

µ
2 , (1.36c)

and reexpress the Lagrangian in terms of these fields and Φ from Equation (1.35b), we
will find that Zµ and (W ±)µ acquire mass terms, with their masses being proportional
to v. Explicitly,

MW =
vg ′

2
≃ 80.4GeV; (1.37a)

MZ =
v
√
g2 + g ′2

2
=MW

√
g2 + g ′2

g ′
=

MW

cosθW
≃ 91.2GeV, (1.37b)

where θW is the Weinberg angle (sin2θW = g2

g2+g ′2 ≃ 0.223 [34]). Now, we are ready
to identify the fields in Equation (1.36) as the gauge bosons of the Standard Model,
of which three are massive and one (the photon) is massless. We reiterate that the
masses of W ± and Z were acquired at the expense of introducing a scalar field, letting
it couple to the initially massless bosons, minimizing the potential energy of this field
by choosing one of the infinitely many possible ground states, and finally breaking the
local SU(2) invariance.

1.3.2 Fermion mass generation

Although the weak bosons have now acquired mass through their coupling to the Higgs,
the fermion fields ψi entering the doublet Ψ = (ψ1, ψ2)⊤ so far are still massless in the
locally SU(2) and U(1)invariant Lagrangian (see Equation (1.26b)). Specifically, the
latter is missing terms of the form −mψ̄iψi , where m would be identified as the mass of
ψi . These terms cannot be immediately inserted into the Lagrangian without breaking
the SU(2) invariance. This is due to the fact that, as explained in Section 1.1, a physical
fermion ψ satisfying the Dirac equation is always a superposition of left-chiral and
right-chiral fields (see Equation (1.4)). Therefore,

ψ̄ψ = ψ̄LψR + ψ̄RψL. (1.38)

However, SU(2) transformations only affect the left-chiral fields, and therefore the
doublets ΨL = (ψ1L, ψ2L)⊤ transform under two-dimensional representations of SU(2).
The right-chiral fields ψR, on the other hand, are singlets of SU(2), meaning that they
do not transform under this group (physically, this is interpretable as the fact as only
the left-chiral fields couple to the weak force carriers). Therefore, the terms Ψ̄LψR and
ψ̄RΨL, which naively would have been part of the Lagrangian, are not SU(2) invariant,
and it is not possible to include them immediately.

To resolve this, we use the same trick as in Section 1.3.1 and let the fermion fields ψ1
and ψ2 couple to the scalar doublet Φ . Specifically, we introduce the following terms to
the Lagrangian:

− y2

[
Ψ̄LΦψ2R + ψ̄2RΦ̄ΨL

]
(1.39a)

and − y1

[
Ψ̄LΦ̃ψ1R + ψ̄1R

¯̃
ΦΨL

]
, (1.39b)

where yi are the constants defining the ψi-Higgs coupling strength (also called Yukawa
coupling constants), and Φ̃ is the charge conjugate of Φ . Once again, Φ randomly
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chooses one of the lowest-energy configurations in the process of spontaneous symmetry
breaking. By making the same choice of this configuration as in Equation (1.33) and
choosing the unitary gauge as in Equation (1.35b), we arrive at the Lagrangian with the
fermion mass terms:

LmassiveΨ =

Equation(1.26)︷      ︸︸      ︷
LmasslessΨ −

∑
i=1,2

mψi︷︸︸︷
yiv√

2
(ψ̄iψi)−

∑
i=1,2

ψi-Higgs coupling︷      ︸︸      ︷
yih√

2
(ψ̄iψi) .

(1.40)

Note that in Equation (1.40), we identified

mψi =
yiv√

2
(1.41)

as the mass of the fermion ψi13, where v, as before, is the vacuum expectation value of
the Higgs field (≃ 246GeV).

In our discussion so far, the components ψ1 and ψ2 of the fermionic doublet Ψ were
completely generic. Let us see what happens when we for concreteness choose the
leptonic doublet with ψ1 = e−, ψ2 = νe. We know from experiments that neutrinos are
almost massless, and when the Standard Model was originally formulated, they were
postulated to have zero mass. The latter statement is equivalent to postulating the
absence of right-chiral neutrinos, since the mass terms must combine left-chiral and
right-chiral fields. In this “minimal” Standard Model framework, the only non-zero
Yukawa constant is therefore y1 ≡ ye, yielding the mass of the electron.

This simplified treatment applies to the case of one leptonic generation. We know,
however, that there are three generations of leptons, as per Figure 1.1. This means that
we could in principle introduce the following mass and lepton-Higgs coupling terms
for the charged leptons ℓ [9]:

−
∑

α,β∈{e,µ,τ}
Y ′αβ ℓ̄

′
αLΦℓ

′
βR =

(
v + h
√

2

) ∑
α,β∈{e,µ,τ}

Y ′αβ ℓ̄
′
αLℓ
′
βR, (1.42)

where Y ′ is a generally non-diagonal matrix of Yukawa couplings. Thus, ℓ′α are not
immediately interpretable as the states of definite mass. To obtain the latter, one must
diagonalize Y ′ with appropriate unitary matrices VL and VR,

Y = V †LY
′VR, (1.43)

transforming Equation (1.42) as(
v + h
√

2

) ∑
α,β∈{e,µ,τ}

Yαβ ℓ̄αLℓβR. (1.44)

Now, Y is diagonal (Yαβ = yαδαβ), and the states ℓα such that

ℓα = ℓαL + ℓαR = V †L ℓ
′
L +V †Rℓ

′
R (1.45)

have definite masses as per Equation (1.41). This notation allows us to define neutrinos
of flavor α as the fields ναL that weakly couple to the charged leptons ℓα with definite
mass.
13After all, we see that it was possible to include the terms of the desired form ψ̄iψi , but only thanks to the introduction of the

Φ doublet, which also transforms after SU(2) and cancels the effect of this transformation acting on the left-chiral fermion fields.



chapter 2

Neutrinos

We now shift our attention to the main actors of this thesis – neutrinos, which we
introduced very briefly in the last chapter. First, in Section 2.1, we will summarize
very generally what we know and do not know about neutrinos. We will subsequently
focus on the topic of neutrino masses in Section 2.2, covering, in particular, the current
experimental limits and how – if not via the Higgs mechanism – neutrino masses
could be generated. Finally, we will set up the framework of neutrino oscillations –
experimentally observed transitions between different neutrino flavors. This will cover
the standard three-flavor (“unitary”) oscillation formalism, which we further expand to
non-unitary oscillations.

N.B.: Sections 2.3 and 2.4 of this chapter contain partial reproduction of Sections 2.1,
2.2, and 2.3 of the following paper:

Tetiana Kozynets, Philipp Eller, Alan Zander, Manuel Ettengruber, and David Jason
Koskinen, Constraints on Non-Unitary Neutrino Mixing in Light of Atmospheric and
Reactor Neutrino Data, submitted to J. High Energy Phys. (2024).

At the time of writing, the paper is under review by the Journal of High Energy Physics.
The full pre-print of the paper is available online in the arXiv database [1].

2 .1 the properties of neutrinos

2.1.1 The known properties

Neutrinos are neutral leptons, which appear in the Standard Model as components of
three flavor doublets together with the respective charged leptons. Accordingly, there
are three known and experimentally observed neutrino flavors – electron, muon, and
tau neutrinos (antineutrinos), denoted as νe(ν̄e), νµ(ν̄µ), and ντ(ν̄τ ). As mentioned at
the very end of Section 1.3.2, each of these flavor states weakly couples to the lepton
of the same flavor and a definite mass. This coupling occurs in the so-called charged
current interactions (see more in Section 4.1), where a neutrino να is rotated into the
charged lepton ℓα via the SU(2) transformation at the W ± vertex. In the reverse process,
an unstable charged lepton (µ± or τ±) decays, among other particles, into a neutrino
of the same flavor. Neutral current neutrino interactions are also possible, which are
mediated by Z0 instead of W ±. The generic charged and neutral current vertices and

15
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the Feynman diagrams illustrating charged lepton decays are shown in Figures 2.1
and 2.2, respectively.

W+

να `−α

W−

ν̄α l+α

Z0

νανα

Figure 2.1 – Left and middle: charged current neutrino and antineutrino vertices. Right: neutral current
neutrino vertex.

τ−

ντ

ν̄e, ν̄μ, ū

e−, μ−, d

W−
μ−

νμ

ν̄e

e−

W−

Figure 2.2 – Muon and tau lepton decays. Note that the tau lepton is relatively heavy (mτ ≃ 1.7GeV) and
can decay both leptonically and hadronically, which is illustrated in the right panel.

While charged current weak decays are the dominant channel of neutrino production
in natural environments1, it is the neutral current decays that help us understand
how many active (i.e. coupled in any way to the weak bosons) neutrino flavors are
there. In particular, the measurements of the decay width of the Z0 produced in the
e+e− collisions at the LEP collider constrain the number of active neutrino species to
Nν = 2.984± 0.008 [64]. This number is within 2σ of (and thus, claimed to be in a good
agreement with) N SM

ν = 3 – the three active neutrino flavors of the Standard Model.

Most importantly for this thesis, neutrinos have been experimentally observed to
change their flavor from the point of production to the point of detection. This phe-
nomenon, known as neutrino oscillations, is consistent with the picture of neutrinos
propagating as a superposition of three states |νi⟩ with definite and non-degenerate
masses mi

2. Explicitly, most of the neutrino oscillation data gathered to date can be
explained if one lets

|να⟩ =
3∑
i=1

U ∗αi |νi⟩, (2.1)

where α ∈ {e,µ,τ}, i = 1..3, and U is a 3× 3 unitary matrix which we describe in detail
in Section 2.3. In this framework, the mass splittings

∆m2
ij =m2

i −m
2
j (2.2)

1Note that in exotic environments such as the supernovae, neutrinos can also be produced via the neutral current e+e−

annihilation; see e.g. [62, 63].
2The wording “non-degenerate” implies that at least two of the three neutrino mass states must have non-zero masses, and that

the latter must not be equal to each other.
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have been experimentally measured, with the 2022 global fit values being ∆m2
31 =

2.511 · 10−3 eV2 and ∆m2
21 = 7.41 · 10−5 eV2 [65, 66]. The reported values assume the

mass state |ν3⟩ is the heaviest, that m3 > m2 > m1. However, the latter has not been
decisively confirmed through experimental evidence, which leads us directly to the
topic of the unknown neutrino properties.

2.1.2 The unknown properties

Below, we provide a non-exhaustive list of fundamental yet so far undetermined neu-
trino properties, which are of relevance to the topic of this thesis.

■ Neutrino mass ordering: The measurement of the solar (∆m2
21) mass splitting

indicates that the second mass eigenstate is heavier than the first. However, the
long-baseline (atmospheric or accelerator) neutrino data can at present accom-
modate either ∆m2

31 > 0 or ∆m2
32 < 0 – the scenarios in which the third mass

eigenstate is either the heaviest or the lightest. These scenarios are referred to
as the normal mass ordering/hierarhy (“NO”) and the inverted mass ordering
(“IO”), respectively. Currently, the NO is preferred at a 2.7σ level (considering
joint constraints from neutrino oscillation data and cosmological measurements
[67]), which is considered a moderate level of evidence. The combination of
the upcoming JUNO and IceCube-Upgrade experiments is expected to reject the
wrong ordering with a 5σ significance within 3–7 years of joint operation [68].

■ Dirac vs. Majorana nature: All charged leptons of the Standard Model are Dirac
fermions, such that the particles ℓ− are physically distinct from the corresponding
antiparticles ℓ+. Neutrino, however, is electrically neutral and in principle could
be its own antiparticle (a so-called Majorana fermion). In this case, the neutrino
field ν is equivalent to νC ≡ Cν̄⊤, where C = iγ2γ0 in the chiral basis [69, 70].
One possible experimental signature of the Majorana nature of neutrinos would
be neutrinoless double beta decay, i.e., a nuclear decay of the type [71]

(A,Z) → (A,Z + 2) + e− +�
�Z
Z2ν̄e , (2.3)

where A is the atomic mass and Z is the nuclear charge. In this “0νββ” process,
no final state electron antineutrinos are observed, as they are emitted in one beta
decay and absorbed in the other. Current and upcoming experiments searching
for this signature include CUORE/CUPID [72, 73], LEGEND [74], NEXT [75], and
nEXO [76]. The neutrino mass ordering would have implications for the effective
Majorana neutrino mass measured from such experiments (mββ ; see Section 2.2.1),
with the NO favoring lower effective masses [77].

■ CP violation: While weak interactions maximally violate parity and charge conju-
gation symmetries (corresponding to the reversal of spatial coordinates and the
flipping of all “charge-like” quantum numbers, respectively [69]), the combined
CP symmetry is still mostly preserved. Notable exceptions appear in the quark
sector, where differences between decay rates of mesons and antimesons have been
observed in K0 [78–80], B0 [81, 82], B+ [83–85], andD0 [86] decays. The “strength”
of the CP violation in the quark sector can be condensed to the phase δ13 of the
quark mixing (CKM [87, 88]) matrix, where δ13 = 0 or ±π would indicate no CP
violation and δ13 = π/2 – maximal CP violation. The current global measurement
is δ13 = (1.144± 0.027) rad = (65.5± 1.5) deg [34], corresponding to percent-level
precision. At the same time, this degree of CP violation is not sufficient to ex-
plain the observed matter-antimatter asymmetry in the Universe [89, 90]. This
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raises the question of additional sources of CP violation, in particular in the
leptonic sector, which could be probed by comparing neutrino and antineutrino
oscillations. The measurements of the corresponding δCP phase in the neutrino
sector (see Section 2.3) have been performed independently by the T2K [91] and
NOνA [92] Collaborations, originally resulting in a mild tension for the normal
neutrino mass ordering scenario (with δT2K,NO

CP = −1.97+0.97
−0.70 rad = −113+56

−40 deg,
which was excluded with 2σ confidence by the NOνA data). The preliminary
results of the joint T2K+NOνA analysis indicate that CP conservation is excluded
at > 3σ in the IO scenario, while it is favored in the NO case [93]. Given an overall
poor precision of the CP phase measurements in the neutrino sector compared
to the quark sector, the efforts in this domain will continue in the next years,
particularly by the DUNE [94], Hyper-Kamiokande [95], and KM3NeT/ORCA
[96] Collaborations, whose projected 1σ δCP resolutions are ∼10–20 deg3 in 10
years of operation.

■ Existence of right-chiral/sterile neutrinos: While the Z0 decay width provides a
constraint on the number of the active neutrino species, it does not constrain the
number of possible sterile states, i.e., neutrinos which do not participate in weak
interactions. Since we know that the weak bosons only couple to the left-chiral
fermions and the right-chiral antifermions, sterile neutrinos are also associated
with the right-chiral neutrino (left-chiral antineutrino) fields. The light (eV-scale)
sterile neutrinos have been proposed to explain the short-baseline neutrino os-
cillation anomalies (particularly in LSND [97], SAGE [98], GALLEX [99], and
MiniBooNE [100, 101] experiments), but have been largely excluded by recent
observations [102–105]. Heavier (keV-scale) sterile neutrinos have further been
proposed as dark matter candidates, particularly in connection with the 3.55 keV
line observed in the X-ray data, which possibly indicates sterile neutrino decays
[106–108]. Finally, very heavy right-chiral neutrinos, with masses much larger
than the electroweak scale defined by the vacuum expectation value of the Higgs
field (246 GeV), are motivated from the perspective of neutrino mass generation
[35, 36], as we discuss in more detail in Section 2.2.2.

■ Unitarity of neutrino mixing: The possibility of existence of sterile states leads
directly to the main question raised in this thesis – namely, whether the standard
3×3 neutrino mixing matrix is unitary. If the extra states do exist, the three-flavor
matrix becomes a part of a larger unitary matrix (that including the sterile states)
and is itself non-unitary. While the extremely heavy states can be kinematically
inaccessible (depending on the energy reach of a given experiment), the very
fact of their existence affects the active part of the mixing matrix. Specifically,
the normalizations of rows and columns of the latter become smaller than unity,
which ultimately propagates into the three-flavor neutrino oscillation probabil-
ities. Rather stringent (sub-percent level) constraints on the neutrino mixing
unitarity have been placed through e.g. charged lepton decay measurements,
searches for lepton flavor violating processes, and weak decay universality tests
(see [109] for a full scope of tests). At the same time, “in-situ” constraints utilizing
neutrino oscillation data alone yield much looser bounds, ranging from O(1%)
in the electron sector to tens of % in the tau sector [46, 48, 53], thus prompting
further effort in this direction.

3The exact numbers depend on the value of δCP and specifics of the detector configurations.
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■ Origin of neutrino mass: The mechanism of neutrino mass generation is at
present considered unknown, as the standard Higgs mechanism described in
Section 1.3.2 would yield masses for Dirac neutrinos only if the corresponding
Yukawa couplings yν were extremely small (≲ 10−7ye where ye ≃ 2.9 · 10−6 is the
Yukawa coupling of the next particle on the mass scale – the electron). One class of
the actively researched neutrino mass generation mechanisms is the seesaw-type
models (see Section 2.2.2), where the very heavy right-chiral Majorana neutrinos
give rise to small masses of the mostly-active neutrinos. Thus, the question of
the neutrino mass origin is closely connected to that of unitarity of the neutrino
mixing matrix.

2 .2 neutrino masses

2.2.1 Overview of the current experimental bounds

In Table 2.1, we summarize the bounds on neutrino masses as derived from neutrino
oscillation data, direct measurements of the neutrino mass from tritium (3H) decay,
neutrinoless double beta decay experiments, and cosmological observations.

Experiment type Experiment name Observable Bound (confidence)

Neutrino oscillations
Multiple

(global fit) [65, 66]
∆m2

ij =⇒
∑
imi

NO: > 0.058eV (99.7%)

IO: > 0.097eV (99.7%)

Direct (3H decay) KATRIN [110]
mνe ≡

√∑
i |Uei |2m2

i

=⇒
∑
imi

< 0.8eV (90%)

< 2.4eV (90%)

0νββ
GERDA [111]

KamLAND-Zen [112]
|mββ | ≡ |

∑
iU

2
eimi |

< 0.079–0.180eV (90%)

< 0.061–0.165eV (90%)

Cosmology

Planck [113]

SDSS [114]

DESI + Planck + ACT [115]

∑
imi

< 0.12eV(95%)

< 0.115eV (95%)

< 0.072eV (95%)4

Table 2.1 – Neutrino mass bounds as derived from different types of experiments. Only the two most
stringent constraints for neutrinoless double beta decay (0νββ) experiments are listed here. For a more
complete selection of bounds (as of 2021), see [116].

First, we note that neutrino oscillation experiments only measure the mass splittings
∆m2

ij and are not in principle sensitive to the absolute mass scale. However, assuming
that the lightest neutrino has the lowest possible mass (0), we can derive a lower
bound on the sum of neutrino masses,

∑
imi (also referred to as

∑
mν in literature).

As we show in the first row of Table 2.1, this estimate depends significantly on the
assumed neutrino mass ordering, with the lower bound being nearly twice as high for
IO compared to NO. These estimates can be directly contrasted with the cosmological
constraint on

∑
imi , which are derived from cosmic microwave background (CMB)

and matter power spectrum measurements5. The typical bound derived from such
observations is

∑
imi ≲ 0.1eV, with the most recent measurement by DESI [115] being

in tension with the inverted mass ordering scenario.

4Note that this measurement is prior-dependent [115]. The reported value corresponds to the prior
∑
imi > 0, although a

tighter prior (
∑
imi ≳ 0.06eV) could be defined based on neutrino oscillation constraints.

5These measurements are possible thanks to the impact of massive neutrinos on structure formation in the Universe, in
particular the hindered growth of small-scale structures (large wavenumber k in the matter power spectrum P (k)) due to neutrino
free-streaming [15, 117].
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Another important channel through which the absolute neutrino mass scale can
be determined is the so-called direct neutrino mass measurement. Specifically, the
KATRIN experiment measures the endpoint of the electron kinetic energy spectrum in
the decay of tritium,

3H→3 He + e− + ν̄e. (2.4)

The lower the effective massmνe of the electron antineutrino in Equation (2.4), the closer
is the endpoint of the e− energy spectrum to its maximum allowed value of 18.57 keV
[118]. The sum of neutrino masses can also be inferred from mνe , with the resulting
upper bound being an order of magnitude looser than that derived from cosmological
measurements.

Finally, if neutrino is a Majorana fermion, the neutrinoless double beta decay rate
Γ0νββ is a function of the effective Majorana mass mββ (specifically, Γ0νββ ∝ |mββ |2) [9].
In this case, an observation of the 0νββ process would yield a measurement of |mββ |,
while a non-observation results in an upper bound as shown in Table 2.1.

Figure 2.3 summarizes the relationships between the mass of the lightest neutrino
state and the three neutrino mass metrics discussed above, and shows the uncertainties
permitted by current (2022) neutrino oscillation data6.
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Figure 2.3 – Relations between the mass of the lightest neutrino state (mlight) and three neutrino mass
metrics, as derived in the NuFit 5.2 [65, 66] global fit. The mass metrics include the sum of neutrino
masses

∑
imi ; effective electron neutrino mass mνe ; and effective Majorana neutrino mass mee ≡mββ in

Table 2.1. The bands correspond to the 2σ (95%) confidence limit, reflecting the uncertainty in the mass
splittings and the mixing angles derived from neutrino oscillation data.

2.2.2 Neutrino mass models

The structure of the neutrino mass terms that could be added to the Standard Model
Lagrangian depends on whether neutrino is of Dirac or Majorana type. In either case,
it requires addition of new degrees of freedom to the Standard Model, as we explain
below.

First, let us consider the possibility that neutrino is a pure Dirac fermion, i.e.,
ν = νL + νR, where νR is a right-chiral field added to the SM. Then, the Dirac mass term
can be written as [9]

LD = −mDν̄ν = −m(ν̄RνL + ν̄LνR), (2.5)

6Note that the cosmological limits are not shown in Figure 2.3.
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combining left-chiral and right-chiral terms as in Section 1.3.2. Then, a coupling
between ν and the Higgs field can be introduced by analogy to Equation (1.42), and
neutrinos would acquire masses after electroweak symmetry breaking (EWSB) just
as the charged leptons do. However, as mentioned in Section 2.1.2, neutrino-Higgs
Yukawa couplings yν would have to be seven orders smaller than those of the next
most massive particles, indicating a huge mass gap in the SM particle landscape. While
this scenario is not impossible, it is typically considered unnatural and discarded for
aesthetic reasons [35].

What happens if the neutrino was instead a Majorana fermion? In this case, we could
define a Majorana neutrino field

ν = νL + νCL = νL +Cν̄⊤L , (2.6)

which is equal to its antiparticle conjugate, ν = νC , as prescribed by the Majorana
nature. The corresponding Majorana mass term for the left-chiral field νL would be

LM
L = −1

2
mν̄ν =

1
2
mLν

⊤
L C
†νL + h.c.7. (2.7)

At the same time, there is no lepton-Higgs coupling term that could be written within
the realms of the Standard Model such that is results in Equation (2.7) after the sym-
metry breaking. Indeed, all terms in the SM Lagrangian have the dimension of E4,
which can be understood from the requirement of the action S =

∫
L[φi(x)]d4(x) being

dimensionless. However, the lowest-dimensional addition to the SM Lagrangian that
could give rise to Equation (2.7) after EWSB is the dimension-5 operator L5, which has
the structure8

L5 = g
LHLH

Λ
, (2.8)

where L (H) is the lepton (Higgs) doublet (equivalent to Ψ (Φ) in the earlier notation),
g is a coupling coefficient, and Λ is a constant with the dimension of mass [9]. The L5
in Equation (2.8) is also referred to as the Weinberg operator [119], which, after H
acquires the vacuum expectation value, results precisely into the Majorana mass term
for νL:

mL =
gv2

Λ
. (2.9)

Requiring mL ∼ 0.1eV, we obtain Λ ∼ g × 1014 GeV, which defines the scale of new
physics responsible for neutrino mass generation. The effective formulation of this
new physics as per Equation (2.8) does not, however, explicitly specify the new de-
grees of freedom or the mechanism through which they generate small mL. All that
Equation (2.8) gives is parametrically suppressed neutrino masses, at the expense of
a non-renormalizable theory with a higher-dimensional operator. This theory is valid
only up until ∼Λ and must be “UV completed” by explicitly specifying the new degrees
of freedom at higher energies [120].

One way to do this is to introduce heavy right-chiral neutrinos, whose Majorana
mass term is

LM
R =

1
2
mRν

⊤
RC
†νR + h.c.., (2.10)

7The shorthand notation “h.c.” stands for “Hermitian conjugate.”
8The expression below provides a rather schematic structure of this operator; see [9] for the full expansion of LHLH . The

wording “dimension 5” comes from the fact that the dimL = E3/2 and dimH = E1.
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by analogy with Equation (2.7). Now, if νR exists, a Dirac mass term (Equation (2.5))
can also be written, resulting in a combined Dirac-Majorana mass term:

Lmass = −mDν̄RνL +
1
2
mRν

⊤
RC
†νR +

1
2
mLν

⊤
L C
†νL + h.c. (2.11a)

=
1
2
N⊤L C

†MNL + h.c.. (2.11b)

In Equation (2.11), we defined NL = (νL, ν
C
R )⊤ and the mass matrix M,

M =
(
mL mD
mD mR

)
. (2.12)

We see that neither νL nor νR have definite masses; to find the latter, M needs to be
diagonalized. If we require the Majorana mass mR and the Dirac mass mD to be real and
positive, the remaining Majorana mass mL is in general complex [9]. We will consider
the simplest case of mL = 0, in which case M has the following eigenvalues:

m1 ≃
m2

D

mR
; (2.13a)

m2 ≃mR. (2.13b)

Equation (2.13) is a classic illustration of the so-called seesaw mechanism (specifically,
the “type-I” seesaw [35]), where the heavier is one of the mass states (m2), the lighter is
the other (m1). The Dirac mass scale mD in this case does not have to be tiny, as would
have to be the case if neutrino masses were generated by the Higgs mechanism alone.
In fact, mD could be comparable to the mass scale of the charged fermions, thus solving
the aesthetic problem of unexplainably small Yukawa couplings.

While the above arguments were applicable to the simple one-generation case, they
straightforwardly generalize to three generations of active neutrinos and an arbitrary
number ns of right-chiral (“sterile”) neutrino species. In this case, the combined Dirac-
Majorana mass matrix becomes

M =
(
ML M⊤D
MD MR

)
, (2.14)

where the dimensions of matrices ML, MR, and MD are 3× 3, ns ×ns, and ns × 3, respec-
tively. The diagonalization of this matrix yields a total of n = 3 +ns neutrino mass states.
Furthermore, the complete neutrino mixing matrix in this case becomes

U =
(
Ull Ulh
Uhl Uhh

)
, (2.15)

where the index l (h) stands for light (heavy). The Ull matrix is the usual 3× 3 neutrino
mixing matrix, which parameterizes the three active neutrino flavors in terms of the
three light mass eigenstates νi , i = 1..3. We see thatUll is no longer unitary, as it becomes
a submatrix of a larger unitary matrix U ; for this reason, we refer to this matrix as N
in Section 2.4. The first three rows of U , i.e., a combination of Ull and Ulh, give a 3×n
mixing matrix, which allows one to express the active flavors in terms of all of the mass
eigenstates, i.e., νi with 4 ≤ i ≤ n. Whether such νi can practically participate in the
mixing depends on their masses mi and the energy reach of a given process/experiment.

We note that the aforementioned type-I seesaw mechanism is not only just one of
the many neutrino mass models, but also one of the many neutrino mass models that
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result in non-unitarity of the active neutrino mixing matrix. For example, instead of
a SM singlet introduced in type-I seesaw, the type-III seesaw mechanism features the
addition of a fermionic triplet (with two new charged and one new neutral fermion)
to the Standard Model [35]. In this case, the 3× 3 matrix N ≡ Ull again becomes non-
unitary [121]. Finally, non-unitarity of the neutrino mixing matrix can also result from
the so-called radiative mass models [36, 122, 123], where neutrino masses are generated
in one or more loops.

2 .3 three-flavor neutrino oscillations

2.3.1 Unitarity of the three-neutrino mixing

In the standard three-flavor neutrino oscillation framework, flavor states |να⟩ produced
together with the respective charged leptons are related to the propagating mass states
|νi⟩ via a unitary matrix U , as per Equation (2.1). The latter is also known as the
Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrix. It usually parameterized as a
product of three rotation matrices [34]:

U =

1 0 0
0 c23 s23
0 −s23 c23


 c13 0 s13e

−iδCP

0 1 0
−s13e

iδCP 0 c13


 c12 s12 0
−s12 c12 0

0 0 1

 , (2.16)

where δCP is the CP-violating phase, cij ≡ cosθij , sij ≡ sinθij , and θij is the mixing angle
between mass eigenstates i and j. The unitarity condition postulated for the mixing
matrix U is

UU† =U†U = I, (2.17)

where I is the identity matrix. This translates to nine real constraints on the individual
elements of U . First, all three of its rows are required to normalize to 1 (in the ℓ2 sense):

Nα ≡
3∑
i=1

|Uαi |2 = 1. (2.18)

Furthermore, the closure conditions must be satisfied by the row unitarity triangles:

tαβ ≡
3∑
i=1

U ∗αiUβi = 0, (2.19)

contributing six additional real constraints. Alternatively, instead of Equation (2.18)
and Equation (2.19), one may require that all three matrix columns normalize to 1 and
that all of the column unitarity triangles close [53], i.e.,

Nk ≡
∑

α∈{e,µ,τ}
|Uαk |2 = 1 (2.20)

and
tkl ≡

∑
α∈{e,µ,τ}

U ∗αkUαl = 0. (2.21)

Physically, the unitarity conditions imply that the total probability for one of the {e,µ,τ}
flavor states to oscillate to either one of these three flavors is conserved and equal to 1.
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2.3.2 Three-flavor oscillation probabilities

Once produced as flavor states in charged current weak decays, neutrinos propagate
as a superposition of mass states. Let us consider the most general case of neutrino
propagation in matter, with the understanding that neutrino propagation in vacuum
can be derived by imposing zero matter density. The evolution of the three mass states
|νi⟩ is governed by the following Hamiltonian (expressed in the mass basis9):

H =Hvacuum +A =
1

2E


0 0 0
0 ∆m2

21 0
0 0 ∆m2

31

+U†
VCC +VNC 0 0

0 VNC 0
0 0 VNC

U. (2.22)

The first term in Equation (2.22) corresponds to the free propagation in vacuum, where
∆m2

ij ≡m
2
i −m

2
j are the mass splittings between the physical states i and j. The second

term is the contribution of the matter potential A due to the charged current (CC)
and the neutral current (NC) interactions of neutrinos with electrons and nucleons
in matter. As electrons are the only leptons that compose the ordinary stable matter,
the CC interactions via W ± exchange are accessible only to electron neutrinos and
antineutrinos. The VCC component of the matter potential thus only depends on
electron number density ne:

VCC = ±
√

2GFne = ±
√

2GFEνρmYeNA, (2.23)

where GF is the Fermi constant, ρm is the mass density of the medium in gcm−3, Ye is the
electron fraction per unit molar mass (also known as the “Z/A” factor and expressed in
molg−1), and NA is the Avogadro number. In Equation (2.23), the “+” sign corresponds
to the matter potential experienced by neutrinos (να), and the “-” sign – that seen by
antineutrinos (ν̄α). The neutral current (Z0-exchange) interactions of neutrinos could
occur with protons, neutrons, and electrons alike. However, a typical assumption is
that the medium that neutrinos travel through is neutral and unpolarized, in which
case the contributions due to proton and electron NC potentials cancel each other out
[124–126]. The only remaining component is the flavor-independent neutrino-neutron
scattering, with the respective NC potential:

VNC = ∓
√

2
2
GFnn = ∓

√
2

2
GFρmYnNA, (2.24)

where Yn = 1 − Ye is the neutron fraction per unit molar mass, and the rest of the
notations are the same as in Equation (2.23). In the unitary case, the neural current
potential is usually omitted in Equation (2.22), as it is identical for all active neutrino
flavors and contributes only an unobservable phase to the neutrino oscillation amplitude
[126]. This is not the case when the mixing matrix is non-unitary (as explored later in
Section 2.4), which necessitates the explicit inclusion of VNC in Equation (2.22).

With the Hamiltonian defined as in Equation (2.22), the Schrödinger equation for
the propagating neutrino states is:

iℏ
∂
∂t

νm(t) =Hνm(t), (2.25)

where νm(t) describes the time dependence of the state vector νm ≡ (ν1,ν2,ν3)⊤. This
dependence can be expressed through the evolution operator S0, such that

νm(t) = S0(t)νm(0). (2.26)
9We could also express this Hamiltonian in the flavor basis, where the matter potential contribution would be diagonal in the

unitary three-flavor case. However, computations are much simplified in the non-unitary case if H is expressed in the mass basis,
which is why we make the same choice in this section.
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Plugging Equation (2.26) into Equation (2.25), we find

iℏ
∂S0

∂t
=HS0, (2.27)

where νm(0) is eliminated since Equation (2.25) holds for any choice of initial condition.
When the densities of electrons and neutrons are constant throughout the distance L
propagated by the neutrinos in time t, we can easily solve for the time dependence of
the evolution operator [7, 127, 128]:

S0(t)→ S0(L) = exp(−iHL). (2.28)

The probability of oscillations from flavor α to flavor β can then be found as follows:

Pαβ(E,L) = |(US0(E,L)U†)βα |2 = |(Ue−iHLU†)βα |2. (2.29)

In Figure 2.4, we use Equation (2.29) to compute the unitary three-flavor oscillation
probabilities in vacuum.
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Figure 2.4 – The probability of νµ oscillation into νe (red), ντ (orange), as well as its survival as νµ
(blue), shown at three characteristic atmospheric neutrino energies. The oscillation probabilities were
computed numerically using Equation (2.29) with the NuFit 5.2 (2022) oscillation parameters for the
normal neutrino mass ordering [65, 66]. A similar version of this plot has been previously produced by the
author for [55].

2 .4 neutrino mixing non-unitarity

As discussed in Section 2.2.2, the existence of new physics motivated by non-zero
neutrino masses (such as additional heavy neutrino states) may render the 3× 3 neu-
trino mixing matrix non-unitary. In the most general form, such a matrix may be
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parameterized as

N =


|Ne1| |Ne2|eiφe2 |Ne3|eiφe3
|Nµ1| |Nµ2| |Nµ3|
|Nτ1| |Nτ2|eiφτ2 |Nτ3|eiφτ3

 , (2.30)

where both NN † and N †N may deviate from identity. The parameterization (2.30)
includes 9 real non-negative matrix element magnitudes |Nαi | and 4 complex phases
φαi , which can be assigned to any 2× 2 submatrix of N [53].

In Chapters 7 and 8 of this thesis, we focus on the regime of “minimal unitarity
violation” (MUV) [53, 129], where non-unitarity is induced by physics that exists at
energy scales much larger than the electroweak scale v ≃ 246GeV. In this regime,
only the usual low-mass neutrino mass eigenstates |νi⟩ with masses mi (i ∈ 1,2,3) are
kinematically accessible in an experiment. The effective neutrino flavor state |νeff.

α ⟩ at
the time of production or detection can only be a superposition of these accessible mass
states, i.e.,

|νeff.
α ⟩ =

1√
(NN †)αα

3∑
i=1

N ∗αi |νi⟩ ≡
1
√
Nα

3∑
i=1

N ∗αi |νi⟩, (2.31)

where the sum must be truncated at i = 3. The normalization factor (
√

(NN †)αα)−1

ensures that ⟨νeff.
α |νeff.

α ⟩ = 1 [53, 129, 130]. However, under a non-unitary mixing
matrix N , the set of effective flavor states is not orthonormal, i.e., ⟨νeff.

β |νeff.
α ⟩ , δαβ . An

orthonormal basis could be defined in a complete high-energy theory covering the new
physics energy scale [129].

Once U is replaced with the more general N in Equation (2.22), the non-unitary
oscillation probabilities are found analogously to Equation (2.29):

Pαβ(E,L) =
|(NS0(E,L)N †)βα |2

(NN †)αα(NN †)ββ
=
|(Ne−iHLN †)βα |2

(NN †)αα(NN †)ββ
≡
|(Ne−iHLN †)βα |2

NαNβ
, (2.32)

where the Nα, Nβ factors in the denominator originate from the normalization of the
effective flavor states as per Equation (2.31).

The non-unitarity of the N matrix can be quantified as any deviation of (NN †)ij
or (N †N )ij from δij . Specific cases include off-nominal normalizations of any of the
matrix rows (Nα =

∑
i |Nαi |2 , 1) or columns (Ni =

∑
α |Nαi |2 , 1), as well as non-zero

closures of rows (tαβ =
∑
iN
∗
αiNβi , 0) or columns (tkl =

∑
αN

∗
αkNαl , 0). Such deviations

directly affect not only neutrino oscillations as per Equation (2.32), but also production
and detection of neutrinos [52, 53, 128–130]. This requires treating carefully the flux
and the cross section inputs to the projected number of events in an experiment. In
particular, if the unoscillated flux Φα of the initial neutrino flavor α or the interaction
cross section σβ of the final flavor β are based on Standard Model (“SM”) calculations
assuming unitarity, then they need to be corrected by appropriate combinations of Nα
or Nβ in the non-unitary (“NU”) case. In particular,

ΦNU
α =NαΦ

SM
α ; (2.33a)

σNU,CC
β =Nβσ

SM
β ; (2.33b)

σNU,NC
β =N 2

βσ
SM
β , (2.33c)
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where “CC” stands for charged current, and “NC” – for neutral current interactions.
We refer the reader to [52, 53, 128–130] for details and derivations of the prefactors in
Equation (2.33). We note that these prefactors can be absorbed in the definition of the
oscillation probability itself, such that the “effective” oscillation probability P̂αβ is the
product of Pαβ from Equation (2.32) and the appropriate factors from Equation (2.33).

To demonstrate the impact of non-unitarity on the oscillation probabilities compared
to the unitary (Standard Model10) expectations, let us focus on the case of the off-
nominal row normalizations and the following three oscillation channels: electron
antineutrino disappearance (relevant for reactor neutrino experiments such as Daya Bay,
KamLAND, and JUNO), muon neutrino disappearance, and tau neutrino appearance
(relevant for atmospheric neutrino experiments such as IceCube-DeepCore, IceCube-
Upgrade, and KM3NeT/ORCA). The respective oscillation probabilities are denoted as
Pēē, Pµµ, and Pµτ . For the purpose of this example, we rescale the row elements of the
unitary matrixU (Equation (2.16)) such thatNe = 0.95 when probing Pēē, Nµ = 0.9 when
probing Pµµ, and Nτ = 0.9 when probing Pµτ . All other row normalizations, except for
the specific one modified in each case, are fixed at 1. We further assume that neutrinos
are propagating in a medium with density ρ = 2.7gcm−3. Our results are shown in
Figure 2.5, both with and without rescaling the probabilities by the factors of Nα,Nβ as
discussed above.

From the top left panel of Figure 2.5, we see that the “raw” Pēē probabilities computed
from Equation (2.32) are almost completely unaffected by the off-nominal Ne in the
case of a short-baseline experiment such as Daya Bay. This is due to the cancellation
of the factors of Ne in the numerator and denominator of Equation (2.32) and is in
agreement with the result obtained by [53]. However, the differences with the SM case
are clearly visible when rescaling the effective oscillation probability byNe orN 2

e , which
is necessary if either the cross section or both the flux and the cross section need to be
corrected for non-unitarity. In the remaining three panels, which are representative of
the scenarios probed by KamLAND and IceCube-DeepCore, the non-unitary oscillation
probability visibly differs from the SM one even if no extra corrections for the cross
section (Nβ) or the flux (Nα) are introduced to Pαβ. This occurs due to the matter
effects, which add an extra N -dependent term in the Hamiltonian (see Figure B.1 for
comparison with the vacuum case).

In the global fit for neutrino mixing matrix non-unitarity, which is described in
Chapters 7 and 8, we probe the entire structure of the non-unitary mixing matrix
N (as defined in Equation (2.30)) using combined atmospheric and reactor neutrino
data. This implies incorporating both the non-unitary oscillation probabilities from
Equation (2.32) and the experiment-specific flux and cross section corrections due to
non-unitarity (see Section 7.2). On the other hand, the tau neutrino appearance analysis
introduced in Section 9.1 only probes the overall scale Nντ of tau neutrinos relative to
the unitary expectation. We stress that Nντ measured in such an analysis is not equal to
the row normalization Nτ of the matrix in Equation (2.30), as the scaling factor Nντ is
applied to tau neutrinos after they have been produced through the νµ→ ντ channel
with the unitary oscillation probabilities as in Equation (2.29). This means that the tau
neutrino appearance analysis does not take into account the impact of non-unitarity
on neutrino matter potential, as well as other potential manifestations of non-unitarity
(e.g., off-unitary normalizations of other rows/columns or non-zero closures of the
unitarity triangles).

10Even though neutrino oscillations cannot be explained in the Standard Model without neutrino masses, we use terms “unitary”
and “Standard Model” interchangeably to denote the setup with only 3 neutrino mass states and 3 neutrino flavor states.
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Figure 2.5 – Comparison of the unitary (Standard Model, “SM”) and the non-unitary (“NU”) oscillation
probabilities for the case of ν̄e disappearance (top), νµ disappearance (bottom left), and ντ appearance
(bottom right), including matter effects. PNU

αβ corresponds to Equation (2.32), while other non-unitary
probabilities are scaled by the normalization factors of Nα , Nβ for illustration purposes (see text). The
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chapter 3

Production and oscillations

Atmospheric neutrinos are produced in atmospheric air showers – cascades of particles in
the Earth’s atmosphere induced by high-energy charged particles called cosmic rays. The
latter are composed of predominantly protons but also of heavier nuclei such as helium,
oxygen, and iron [131]. When the cosmic ray hits one of the nuclei in the atmosphere,
e.g., 14N or 16O, we speak of hadronic interactions, which, given a sufficiently energetic
primary particle, will break apart the target nucleus and lead to production of several
new hadrons. This is the beginning of the hadronic cascade component of an air shower.
The mesons produced in such a cascade, such as π±, K±, and K0

L , are unstable and, after
traveling a certain path length and possibly re-interacting, will decay into atmospheric
leptons – neutrinos and muons. This is illustrated in the left panel of Figure 3.1.

π - θ zen  

μ+
νμ ν̄μ

μ−

π0

π0

π+ π−

π−π+

p

14N

Figure 3.1 – Schematic illustration of atmospheric neutrino production in cosmic ray-induced air showers
(left), followed by neutrino propagation through the Earth and flavor oscillations on the way to the
IceCube detector at the South Pole. The right portion of the figure is adapted from the IceCube press release
[132] (credit: IceCube Collaboration).
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Neutrinos produced in such hadronic cascades are primarily of the muon flavor, νµ
and ν̄µ, obtained directly from the π± decays (e.g., π+→ µ+νµ) and from the subsequent
µ± decays (e.g., µ+ → e+ν̄µνe). Since the majority of electron neutrinos are produced
in the muon decays, the approximate νµ : νe flavor ratio for atmospheric neutrinos is
2 : 1. The ντ flux obtained from the air showers themselves, at the energies relevant for
neutrino oscillation studies (∼1–100 GeV), is practically negligible. The only source of
tau neutrinos of O(10 GeV) energies1 is therefore νµ→ ντ oscillations, as illustrated in
the right panel of Figure 3.1.

The muon and electron neutrinos are produced continuously as a function of altitude
in the Earth’s atmosphere (with a characteristic production height being 15–20 km
above sea level) and emitted at different angles. Therefore, those of them that reach
a terrestrial detector, such as the IceCube Neutrino Observatory at the South Pole,
arrive from different directions and travel different distances towards the detector. For
example, the neutrinos that are produced in the atmosphere above the North Pole need
to cross the entire Earth (12742km in diameter) to reach IceCube. This corresponds
to the zenith angle θzen = π in Figure 3.1 – or, equivalently, cosθzen = −1. These Earth-
crossing neutrinos are the most interesting from the perspective of neutrino oscillation
measurements, as they provide an exceptionally long baseline for νµ→ ντ oscillations,
which lead to observable signatures of atmospheric muon neutrino disappearance and
tau neutrino appearance.

In the remainder this chapter, we will cover the calculations of atmospheric neutrino
fluxes prior to oscillations (Section 3.1), as well as the atmospheric neutrino oscillations
themselves (Section 3.2), in more detail.

3 .1 atmospheric neutrino fluxes

Neutrino flux Φ is defined as the energy spectrum dN/dE of neutrinos produced per
unit area A, unit time t, and solid angle Ω as viewed from the detector [55]:

Φν(E,Ω) =
dN

dEdAdtdΩ
. (3.1)

In spherical coordinates, the unit solid angle is dΩ = dcosθzendϕ, where θzen is the
zenith angle (as defined by the orientation of the neutrino arrival direction relative to
the detector axis; see Figure 3.1), and ϕ is the respective azimuthal angle.

One of the most natural approaches to atmospheric neutrino flux calculations lies
through Monte Carlo simulations of atmospheric air showers, which start with an
input cosmic ray flux spectrum and proceed with event-by-event treatment of cosmic
ray-atmospheric nucleus collisions and subsequent secondary particle production. The
interactions of primary and secondary particles, as well as the decays of unstable
secondaries, are handled by event generators, which yield a distribution of interaction
or decay products with a complete per-particle kinematic information according to the
underlying model of the generator. The Honda-Kajita-Kasahara-Midorikawa-Sajjad
Athar (shortly “HKKMS,” or “Honda”) atmospheric neutrino flux model is a widely used
example of such a calculation, which relies on a combination of the Jam+DPMJet [133–
136] hadronic interaction models to simulate the development of hadronic cascades.
The HKKMS fluxes predicted for νe, ν̄e, νµ, and ν̄µ are shown in Figure 3.2. This is the
nominal atmospheric neutrino flux model used in all analyses presented in this thesis.

1At energies above a few TeV, the so-called prompt component of the ντ flux becomes significant, which originates from decays
of heavy charmed mesons [43, 44].
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It takes into account the essential physics processes as well as the full three-dimensional
geometry of the air shower development and the deflection of charged particles in the
geomagnetic field.

Figure 3.2 – Atmospheric neutrino flux as predicted by the HKKMS 2015 (“Honda”) model [137] through
the full-sky Monte Carlo simulations of air showers. The flux is given for the South Pole location at the
solar minimum, averaged over the azimuthal angle, and scaled by E3

ν .

An alternative way to calculate atmospheric neutrino fluxes is via cascade equations –
the multi-species coupled transport equations describing particle production, interac-
tion, and decay in the atmosphere [42]. A fast numerical framework for solving these
equations was developed in [43, 44, 138] and is available as an open-source software
called MCEq. Through the MCEq framework, the contributions of individual hadronic
cascade species (e.g., π±, K±, µ±) to the atmospheric neutrino flux can be evaluated
separately, as shown in Figure 3.3. This allows for flexible propagation of systematic
uncertainties associated with meson production in hadronic cascades; in particular, the
Bartol uncertainty scheme [140] (also referred to as the “Barr scheme”) is implemented
in IceCube analyses via MCEq. This scheme assigns 1σ uncertainties on meson pro-
duction in hadronic interactions across the (Eproton, xlab ≡

Emeson
Eproton

) phasespace split into
discrete blocks, as shown in Figure 3.4. The magnitude of the quoted uncertainties is
based on availability of accelerator data in the respective regions of phasespace as of
2006 and is therefore considered conservative at the present time. A modern successor
of the Barr scheme is the data-driven hadronic interaction model (“DDM”) utilizing
the fixed-target data from the NA49 and the NA61/SHINE experiments [141]. The
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Figure 3.3 – Energy dependence of the cosθzen-averaged atmospheric neutrino fluxes, scaled by E3
ν . The

fluxes were computed via the MCEq software [43, 44], using the DPMJet-III 19.1 hadronic interaction
model [138], Global Spline Fit cosmic ray flux [131], and the NRLMSISE-00 atmosphere for the South
Pole in January [139]. The different curves represent the contributions of the different parent particles to
the total neutrino flux (solid purple). The figure was originally produced by the author for [55].

Figure 3.4 – Bartol (“Barr”) uncertainties assigned in discrete (Ei , xlab) blocks, denoted by letters A-I,
where Ei is the incident proton energy and xlab is the ratio of the secondary meson to the primary proton
energy [140]. Figure extracted from [140].

combination of DDM with the data-driven cosmic ray flux model (Global Spline Fit,
or GSF [131]) was calibrated using the muon spectrometer data in [142], yielding the
state-of-the-art daemonflux model. The predictions of this model for atmospheric elec-
tron and muon neutrino fluxes are presented in Figure 3.5 along with their estimated
data-driven uncertainties (which are based on those of GSF and DDM propagated
through MCEq).

It is apparent that the daemonflux uncertainties are significantly lower than those
obtained by propagation of the Barr scheme prescriptions through MCEq (∼1–2%
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Figure 3.5 – Atmospheric neutrino flux as predicted by the daemonflux model [142] calibrated with
muon spectrometer data. The daemonflux prediction is compared to a few other calculation schemes,
including the HKKMS 2015model [137] shown in Figure 3.2 and the MCEq [43, 44] calculations with
the Sibyll 2.3d [143] hadronic interaction model. Figure extracted from [142].

compared to ∼5–10%, respectively, in the 1–100 GeV energy range). This is a favorable
and an expected outcome, as much stricter constraints on the hadronic interaction
model and the cosmic ray flux parameters possible with the modern data naturally
lead to higher precision of the ensuing atmospheric neutrino flux estimates. Many
analyses in the IceCube Collaboration are therefore transitioning to daemonflux as
the nominal atmospheric neutrino flux model; in particular, it has been used in the
sterile neutrino search with the high-energy (>500 GeV) atmospheric neutrino data
[144]. The analyses presented in this thesis, however, rely on the older prescription
of the HKKMS flux model combined with the conservative Barr uncertainties, as the
daemonflux model became available either after or during the development of the
respective event selections.

3 .2 atmospheric neutrino oscillations

In Section 2.4, we have shown examples of neutrino oscillation probabilities in vacuum
and in constant matter profiles as a function of the neutrino oscillation phase, L/Eν
(the ratio of the neutrino path length to its energy). Let us now consider a realistic
scenario of atmospheric neutrino flavor conversions happening inside the Earth, whose
approximate matter density profile is shown in Figure 3.6 as a function of distance
from the Earth’s center. This includes the Earth’s inner and outer core with the average
densities ⟨ρ⟩ of approximately 13gcm−3 and 11gcm−3; the mantle with ⟨ρ⟩ ≃ 5gcm−3;
and the Earth’s crust with ⟨ρ⟩ ≃ 3gcm−3.

The cosθzen of the neutrino directly translates to the number, the length, and the
density of the layers of the Earth traversed. In practical calculations, the propagation of
neutrinos through the individual layers of approximately constant density is therefore
treated sequentially, i.e., on a layer-by-layer basis (see Section 7.2.1). In Figure 3.7,
we compare the νµ→ ντ oscillation probability in vacuum (i.e., assuming zero matter
density) to that computed with the four-layer Earth density profile [145]. We observe
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Figure 3.6 – The density of the Earth according to the Preliminary Earth Model (PREM) and its approxi-
mations with 4 or 12 layers of constant density [145], shown as a function of distance from the Earth’s
center. Here, ρ is the total matter density, and the electron (neutron) fractions Ye (Yn) must be applied
to calculate the CC (NC) potential contributions to the Hamiltonian in Equation (2.22). The figure is
reproduced from a similar variant in [146].

that the modification of the oscillation probability due to the presence of matter is the
strongest at Eν < 10GeV and forms an irregular banded pattern in the (Eν , cosθzen)
space. The irregularities in the modified oscillation probability are particularly strong
for the most upgoing neutrinos, i.e., those entering and leaving the Earth’s core. This is
a manifestation of the phenomenon called parametric resonance [149], i.e., enhancement
of the νµ → νe oscillation probability due to periodic changes in the electron matter
potential2. The neutrinos which pass through the Earth’s mantle, the core, and the
mantle again on their way to the detector experience one and a half periods of the “castle
wall-like” density profile, with abrupt density changes at the core-mantle boundary and
the subsequent modifications to the oscillation phase. The specific conditions (in terms
of neutrino energy, zenith angle, and the layer densities) for the parametric resonances
to occur have been studied analytically in [149] and numerically in [150].

In addition to the parametric resonances, atmospheric neutrinos undergo the so-
called Mikheev-Smirnov-Wolfenstein (MSW) resonance [147, 148] – once in the core
and once in the mantle. While the parametric resonances occur due to the shifts in the
phase of the oscillation probability in periodic density profiles, the MSW resonance is
driven by the strongly enhanced effective mixing angle in matter – and the subsequent
increase in the oscillation amplitude. In particular, neglecting the mass splitting ∆m2

21 –
and, thus, the mixing in the 1-2 sector – the effective mixing angle in matter in the 1-3
sector becomes [9, 150]:

sin2θ̃13 =
∆m2

31 sin2θ13

∆m̃2
31

, (3.2)

where the effective mass splitting ∆m̃2
31 is

∆m̃2
31 =

√
(∆m2

31 cos2θ13 − 2EνVCC)2 + (∆m2
31 sin2θ13)2. (3.3)

2As the result, the νµ→ νµ and the νµ→ ντ oscillation probabilities are also affected, which is what we observe in Figure 3.7.
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Figure 3.7 – The probability of νµ → ντ oscillations for atmospheric neutrinos, as computed using
the Neurthino software [5] with the NuFit 5.2 (2022) oscillation parameters [65, 66] for normal mass
ordering. The PREM Earth model [145] is assumed for the computation of matter effects [147, 148] in the
top right panel, while the top left panel assumes zero matter density. The bottom left (right) panel shows
the difference (the ratio) between the vacuum and the PREM-based oscillation probabilities.

The mixing in the 1-3 sector can therefore become maximal (sin2θ̃13 = 1) when

∆m2
31 cos2θ13 − 2EνVCC = 0 =⇒ Eν =

∆m2
31 cos2θ13

2VCC
=
∆m2

31 cos2θ13

2
√

2GFNAYeρ
. (3.4)

The condition in Equation (3.4) is the MSW resonance condition for the neutrino energy
Eν . As an example, let us consider neutrinos with cosθzen ≃ −0.75, i.e., θzen ≃ 138◦.
These neutrinos only pass through the Earth’s crust and mantle, and the density in
Equation (3.4) can be well approximated by the density of the mantle alone. The νµ→ νe
oscillation probability for this scenario is shown in Figure 3.8, which we overlay with
the vacuum oscillation probability and the energy that satisfies the MSW resonance
condition from Equation (3.4). We find a good agreement between the predicted and
the observed extrema of P (νµ→ νe).

Finally, we note that the νµ→ νe oscillation probability is enhanced only in case of
the normal neutrino mass ordering. In case of the inverted ordering, both parametric
and MSW resonances appear in the ν̄µ→ ν̄e channel instead, as illustrated in Figure 3.9.
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Figure 3.8 – The probability of νµ → νe oscillations for atmospheric neutrinos with cosθzen ≃ −0.75
in the 4-layer PREM profile and in vacuum (see Figure 3.7 for the technical details of the calculation).
Additionally, the MSW resonance energy predicted from Equation (3.4) is shown as the dashed vertical
line, where we assumed ρ = 5gcm3.

Figure 3.9 – The probability of νµ → νe (top) and ν̄µ → ν̄e oscillations for atmospheric neutrinos, as
computed using the Neurthino software [5] with the NuFit 5.2 (2022) oscillation parameters [65, 66].
The left (right) column assumes the normal (inverted) neutrino mass ordering.



chapter 4

Detection in terrestrial media

4 .1 neutrino interactions with matter

At the energies of relevance to the atmospheric neutrino oscillations resolvable with
IceCube-DeepCore – i.e., few GeV to few hundreds of GeV – the three main channels of
neutrino interactions in matter are charged current quasielastic scattering (shortly
CCQE or QEL), resonant scattering (RES), and deep inelastic scattering (DIS). In
this section, we devote our attention to neutrino-nucleon interactions, i.e., disregarding
any nuclear medium effects.

Let us consider a generic neutrino-nucleon interaction, ναN → ℓαX, where N is the
target nucleon, ℓα is either a charged or a neutral final-state lepton (i.e., ℓ±α in case
of a charged current (CC) or να in case of a neutral current (NC) interaction), and
X is the final-state hadronic system. The regime into which this neutrino-nucleon
interaction falls depends on the neutrino energy Eν , the momentum transfer Q (or,
more conventionally, its square Q2), and the energy V transferred to the nucleon. The
latter is equal to

V = Eν −Eℓ = EX −MN , (4.1)

where Eℓ is the outgoing lepton energy, EX is the total energy of the final-state hadronic
system, and MN is the nucleon mass. From here, we can derive the inelasticity (y) and
the invariant mass of the hadronic final state (W ):

y =
Eν −Eℓ
Eν

=
V
Eν

; (4.2)

W 2 =M2
N −Q

2 + 2MNV . (4.3)

The main distinction between the CCQE, the RES, and the DIS interactions, from an
experimental perspective, is in the types and the masses of the final-state particles
X. For example, when X consists of only one nucleon, the mass W of the final state
is simply the mass of that nucleon, i.e., MN ≈ 0.938GeV1. For Equation (4.3), this
means that Q2 = 2MNV ; this relationship defines the (quasi)elastic limit, which is
satisfied only by two types of interactions covered in this thesis: να n → ℓ−αp and
ν̄α p → ℓ+

αn
2. Thus, the CCQE interactions can be visualized as the 1:1 line in the

1Although we used MN earlier to denote the mass of the target rather than final-state nucleon, the difference between the
proton and the neutron masses can be considered negligible for the purposes of all calculations in this thesis.

2Note that production of hyperons Λ0, Σ0, and Σ− is also possible in ν̄α-CCQE interactions – however, it is Cabibbo-suppressed
due to the presence of a strange quark in these baryons [151].
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Q2-2MNV plane (see Figure 4.1). In the resonant scattering case, where short-lived
resonances are produced and decay into multiple hadrons, W is larger than the mass
of a single nucleon. For example, in the single pion production case through the
∆+ resonance, ναn → ℓ−α∆

+ → nπ+, the mass of the intermediate hadronic state is
W = m∆ ≈ 1.232GeV, and the mass of the final hadronic state is W = MN +mπ ≈
1.077GeV. The exact upper bound of the resonant scattering region in terms of W
(which corresponds to the onset of the deep inelastic scattering region) is not strictly
defined. The typical choices are W = 1.4GeV, W = 1.7GeV, or W = 2.0GeV, depending
on which resonances are allowed to be included in the DIS region. It is common [152,
153] to define the region m∆ < W < 2.0GeV as the shallow inelastic scattering (SIS)
region, which denotes a transition between the RES and the DIS regimes.
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Figure 4.1 – The relationships between the kinematic variables in the CCQE, RES, SIS, and DIS regimes
of ν-nucleon scattering, shown for νµ (top) and ντ (bottom) at two different energies. The soft DIS region
is defined as DIS at Q2 < 1GeV2. An important feature to compare between the different subpanels is
the amount of DIS phasespace available for νµ vs. ντ , and at 4 GeV vs. 10 GeV. The figure is inspired by
[152].
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In the subsections that follow, we describe each of the mentioned neutrino-nucleon
interaction channels individually.

4.1.1 Quasielastic scattering

In Figure 4.2, we show the Feynman diagrams of the CCQE neutrino-nucleon scattering.
As already mentioned in the preface to this subsection, this interaction predominantly
yields a single nucleon in the final state and is therefore accessible to neutrinos with
energies as low as a few hundreds of MeV.

W+

`−ανα

n p

W−

`+αν̄α

p n

Figure 4.2 – Feynman diagrams illustrating charged current neutrino-neutron (left) and antineutrino-
proton (right) quasielastic scattering.

The differential cross section of the CCQE interaction with respect to the momentum
transfer Q2 is commonly calculated with the Llewelyn Smith model [154, 155]:

dσCCQE

dQ2 =
M2
NG

2
F cos2θCab

8πE2
ν

(
M2
W

Q2 +M2
W

)2 A(Q2)±B(Q2)
s −u
M2
N

+C(Q2)
(
s −u
M2
N

)2 , (4.4)

where the “+”(“-”) sign corresponds to neutrinos (antineutrinos), s−u = 4MNEν−Q2−m2
ℓ ,

GF is the Fermi constant, θCab is the Cabibbo angle3, andMW ≃ 80.4GeV is theW boson
mass. The coefficients A, B, and C are functions of three Q2-dependent form factors,
whose full expressions can be found in [155]. Under the conserved vector current (CVC)
hypothesis, two of these form factors can be related to the electromagnetic form factors
and therefore determined from the eN scattering data. This leaves freedom only in the
axial-vector form factor FA(Q2),

FA(Q2) =
FA(Q2 = 0)

1 + Q2

M2
A,QE

=
−gA

1 + Q2

M2
A,QE

=
−1.27

1 + Q2

M2
A,QE

, (4.5)

where the gA constant is determined from neutron β− decay, and the axial mass MA,QE
is a free parameter to be constrained by neutrino-nucleon scattering experiments. At
the time of writing, the latest global axial mass constraint is MA,QE = 1.014± 0.014GeV
[156, 157]. It is a free systematic parameter in the tau neutrino appearance analysis
with the oscNext event selection covered in Chapter 9, with a nominal value of 0.99GeV
and -15%/+25% relative 1σ uncertainty [158]. In the non-unitarity analysis described
in Chapters 7 and 8, MA,QE is fixed at 0.99GeV.

To obtain the total CCQE cross section from Equation (4.4), the differential CCQE
cross section must be integrated over Q2 over the kinematically allowed range, Q2 ∈

3Note that the usual notation for the Cabibbo angle is θC; however, we use this notation for the angle of the Cherenkov cone in
Section 4.2.
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[Q2
min,Q

2
max]. The bounds of this integration range are [159]:

Q2
min(max) =

2E2
νMN −MNm

2
ℓ ∓Eνm

2
ℓ ∓Eν

√
(s −m2

ℓ )2 − 2(s+m2
ℓ )M2

N +M4
N

2Eν +MN
, (4.6)

where s = M2
N + 2MNEν . In Figure 4.3, we plot the total CCQE cross section thereby

predicted by the Llewelyn Smith model for neutrino and antineutrino scattering on free
nucleons and compare it with the historical experimental data. We use MA,QE = 1.014±
0.014GeV for the Llewelyn Smith model prediction and the Budd-Bodek-Arrington
form factor parameterizations [160].
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Figure 4.3 – Charged current quasielastic scattering (CCQE) cross section for neutrinos (top) and
antineutrinos (bottom), as predicted by the Llewelyn Smith (“LS”) model [154, 155, 161] and mea-
sured in deuterium target (ANL [162], BNL [163], FNAL [164], BEBC [165]) and heavier-target
(Gargamelle:C3H8CF3Br [166], Serpukhov:Al [167], and SKAT:CF3Br [168]) experiments. Note that only
the experiments whose measurements were available in the HEPData online database at the time of
writing are included in this figure. Figures including more datasets can be found in e.g. [34, 151].
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4.1.2 Resonant scattering

While CCQE is the dominant neutrino interaction channel in the 0.1 GeV–1 GeV energy
range [151], at ∼1 GeV the resonant scattering takes over – a process in which excited
baryon states are produced and quickly decay, typically yielding one or more pions in
the final state. Two example charged current resonant scattering diagrams are shown in
Figure 4.4.
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n p

W+

`�⌫`
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π+

pp
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π+

nn

W+

`�↵⌫↵

n p

Figure 4.4 – Feynman diagrams illustrating charged current neutrino-proton (left) and neutrino-
neutron (right) resonant scattering with single-pion production through the ∆ resonance with mass
m∆ ≃ 1.232GeV and mean lifetime τ∆ ≃ 5.63 · 10−24 s [34].

Resonant scattering can occur on both protons and neutrons for both neutrinos
and antineutrinos, and through both W and Z exchange. In addition, O(20) different
resonances can be excited in the intermediate state, with complex interferences between
the neighboring resonant states. A model taking into account the different interaction
channels, resonances, and interferences of the latter was developed by Rein and Sehgal
[169] and is most commonly used in neutrino event generation codes. Similarly to the
quasielastic scattering case, the Q2 dependence of the resonant scattering cross section
is captured through form factors, where the axial mass MA,RES is a free parameter
determined from neutrino-nucleon scattering experiments. In Figure 4.5, we plot the
Rein-Sehgal model prediction for the νµp → µ−pπ+ process, as evaluated in genie [158]
with MA,RES = 1.12GeV, and overlay this prediction with historical experimental data.

This choice of MA,RES corresponds to the latest global average value, MA,RES =
1.12± 0.03GeV [157, 172], and is the nominal value of the corresponding systematic
parameter in the tau neutrino appearance analysis with the oscNext event selection.
Despite ≲ 3% relative uncertainty on the aforementioned global estimate, the oscNext ντ
analysis assigns ±20% 1σ relative uncertainty, as prescribed by the GENIE Collaboration
[158]. As is the case with the quasielastic axial mass, MA,RES is fixed at the nominal
value for the non-unitarity analysis in Chapters 7 and 8.

4.1.3 Deep inelastic scattering

Deep inelastic scattering is the dominant neutrino interaction channel at Eν ≳ 10GeV.
These high energies allow for higher momentum transfers Q2 to the target system
compared to the CCQE and the RES processes, meaning that the parton structure of
the nucleon can be resolved. As illustrated in Figure 4.6, DIS begins with a neutrino
scattering off an individual valence or sea quark in the nucleon, q, which carries away
a fraction of the nucleon momentum and causes the breakup of the nucleon with a
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Figure 4.5 – Exclusive charged current resonant scattering (RES) cross section for the νµp → µ−pπ+

channel, as predicted by the Rein-Sehgal model [169] in genie [158] and measured in deuterium target
experiments (ANL [170, 171] and BEBC [165]). Note that this figure includes only the experiments from
[151] whose measurements were recorded in a tabular form in the corresponding publications. Figures
including more datasets can be found in e.g. [34, 151].

production of a multi-hadron system X. This can proceed as both charged current and
neutral current scattering.

Chapter 11 of this thesis is dedicated to CC DIS calculations at leading order, which
is why we omit any analytical descriptions of the DIS cross section in the present section.
Instead, in Figure 4.7, we show its prediction obtained directly from the genie event
generator, as compared to select inclusive cross section data.
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q′￼

Figure 4.6 – Feynman diagrams illustrating charged current (left) and neutral current (right) neutrino-
nucleon scattering.

The shown genie cross sections are evaluated at effective leading order (LO) with
the GRV98 parton distribution functions (PDFs), which include special Bodek-Yang
corrections for the region of low Q2 (≲ 1GeV2) [177, 178]. This prescription represents
the nominal cross section model in all of the analyses covered in this thesis, for both CC
and NC interactions. Many more PDF sets have been derived by multiple experimental
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Figure 4.7 – Inclusive charged current νµ (top) and ν̄µ (bottom) cross section, as predicted by genie [158]
for an isoscalar target and measured in CCFR [173], NuTeV [174], NOMAD [175], and MINOS [176]
experiments. The genie DIS cross section is evaluated at effective LO with the GRV98 PDFs [177, 178].
The shaded band around the genie prediction corresponds to the 1σ range of the “dis_csms” systematic
parameter interpolating between the genie and the csms [179] DIS cross sections (see [180] and text for
details). The data for this figure was provided by G. P. Zeller.

collaborations since 1998, resulting in updated cross section predictions. In particular,
the HERA PDFs measured from the combined H1 and ZEUS experimental data [181]
form the basis of the Cooper-Sarkar-Mertsch-Sarkar (CSMS) cross section model [179].
At present, this is a recommended DIS cross section model at Eν ≥ 100GeV in all Ice-
Cube analyses; however, it is not applicable below 100 GeV due to the underlying HERA
PDFs being valid only down to Q2 = 1GeV2. In order to incorporate the predictions of
both the CSMS model and the genie-based LO calculation, the “dis_csms” systematic
parameter has been devised for neutrino oscillation analyses with IceCube-DeepCore
(see e.g. [54, 180] for a detailed description). This parameter enables interpolation of
both total and single-differential (with respect to inelasticity) cross sections between
the two models, such that dis_csms = 0 corresponds to the genie-like cross section,
and dis_csms = 1 – to the CSMS-like cross section. This parameter has been further
artificially extended to negative values in order to approximately cover the experimen-
tal data in Figure 4.7. In the ντ appearance analysis with the oscNext event selection
(Chapter 9), it covers a range of [-3.0, 3.0], with a Gaussian prior of width 1. In the
global fit for non-unitarity (Chapters 7 and 8), dis_csms is fixed at 0.



45

4 .2 cherenkov radiation by neutrino interaction products

For atmospheric neutrinos, the main detection technique at GeV energies and above is
the detection of Cherenkov radiation emitted due to the passage of charged neutrino
interaction products (such as charged leptons or hadrons) through dielectric media. To
record the Cherenkov signal with light sensors situated at a sizeable distance from the
interaction point, the medium has to be transparent to the Cherenkov radiation, which
is satisfied by e.g. water or ice. The two presently operating detectors exploiting such
naturally occurring media are KM3NeT [182] and IceCube [41, 45]; additionally, the
Super-Kamiokande detector uses a water-filled tank for the same purpose [183]. While
future detectors such as JUNO [184, 185] and DUNE [150, 186, 187] aim to exploit
liquid scintillator technology for O (0.1–10 GeV) atmospheric neutrino detection, we
focus our attention only on Cherenkov radiation in this chapter. We first describe the
origin of such radiation qualitatively in Section 4.2.1 and then proceed with a thorough
derivation of the Cherenkov frequency spectrum in Section 4.2.2. The material in these
sections partly follows the original references on Cherenkov radiation such as [188,
189] as well as the classic textbooks [190, 191], and these sources can be advised for
further reading.

4.2.1 Qualitative description

For concreteness and for the purpose of relevance to this thesis, we will consider that
the charged particle in question is a muon (µ−) traveling through ice in the direction of
the positive z-axis. This is illustrated in the left panel of Figure 4.8, where the muon
travels from point A to point B. The electric field of the negatively charged muon forces
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Figure 4.8 – Left: Illustration of a negatively charged muon traveling from point A to point B in a
dielectric medium faster than the speed of light in this medium. The instantaneous electric dipoles
induced in proximity of the muon track (drawn at the time the muon passes point P) eventually relax
to their original charge distributions, and Cherenkov photons are emitted. Right: The geometry of the
Cherenkov radiation emission (see text for details). The figure is inspired by [188].

the electrons in the water molecules to redistribute such that there is an excess of
positive charge closer to the muon track, and an excess of negative charge on the other
side of the molecule. This creates a population of induced electric dipoles around the
muon track, which, as the muon travels further along, relax back to the ordinary charge
distributions with the emission of Cherenkov photons. The required condition for the
Cherenkov radiation to occur at large distances from the muon track is the non-zero
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net polarization field, arising if and only if the muon travels faster than the speed of
light in the medium, thereby breaking the polarization symmetry along the z-axis as in
Figure 4.8. The speed of light in ice is modified compared to its value in vacuum by the
refractive index n,

c→ c′ =
c
n
, (4.7)

where n ≃ 1.31 for visible light 4 [192]. Thus, it is required that the muon velocity
v = βc, with β being the Lorentz velocity factor, is greater than c

n , or, alternatively,

β >
1
n
. (4.8)

For a muon, this translates to the condition that its kinetic energy is greater than
∼58 MeV. In Table 4.1, we list the equivalent requirements for Cherenkov radiation
emission by several other particle types relevant for neutrino detection in ice.

particle mass [MeV] Ekin
min [MeV]

e± 0.511 0.28
µ± 105.7 57.9
π± 139.6 76.5
K± 493.7 270.6
p, p̄ 938.3 514.2

Table 4.1 – Minimum kinetic energy, Ekin
min, required for Cherenkov radiation emission in ice by various

particle types, assuming the refractive index n = 1.31.

Now, let us discuss the geometry of the Cherenkov radiation emission as illustrated
in the right panel of Figure 4.8. Any point along the muon track AB is a source of
spherical electromagnetic waves, as depicted e.g. for points P1, P2, and P3. In time ∆t
it takes for the muon to reach point B, the wave originally emitted from point A will
propagate a shorter distance AC in all directions, as it is delayed compared to the muon.
The waves emitted from P1, P2, and P3 will cover even shorter distances within this time.
The interference between the waves emitted from point A and all possible Pi between A
and B is destructive everywhere except the surface of the cone obtained by rotating the
line element BC about the z-axis. The geometry of this cone is defined by the condition
that

AC = ABcosθC =⇒ βc∆t =
c
n
∆t, (4.9)

or, equivalently,

cosθC =
1
βn
, (4.10)

where θC ≡ ∠BAC is the angle that the Cherenkov photons appear to travel at relative
to the muon track. Assuming β = 1 and n = 1.31, we find θC ≃ 40.2◦ for an ultrarel-
ativistic charged particle in ice. However, we note that in general n depends on the
light frequency, making the medium such as ice mildly dispersive and resulting in a
frequency-dependent opening angle of the Cherenkov cone.

4.2.2 Derivation of the Cherenkov spectrum

The passage of a charged particle through a medium generates a current collinear
with the direction of the particle motion, which we choose to be in the direction of
the positive z-axis as in Section 4.2.1. This current creates an electric field E with

4This refers to the real part of the complex refractive index. In the visible part of the electromagnetic spectrum, the imaginary
part is of O(10−8) [192].
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longitudinal and radial components Ez and Eρ, as well as a magnetic field H with an
azimuthal component Hφ, where ρ, z, and ϕ constitute a standard set of cylindrical
coordinates.

In the most general medium, some amounts of internal electrical polarization P
and magnetization M can be present either as permanent material properties or those
induced by external polarizing/magnetizing forces. This necessitates the definition of
two more fields, D and B, which represent the total electric and magnetic flux densities,
respectively:

D = ϵ0E + P = ϵE ≡ ϵrϵ0E; (4.11a)
B = µ0(H + M) = µH ≡ µrµ0H. (4.11b)

In Equation (4.11), ϵ0 (ϵ) and µ0 (µ) are the absolute electric permittivity and magnetic
permeability of vacuum (medium in question), and the dimensionless ϵr and µr are the
permittivity and permeability of the medium relative to vacuum. The speed of light
connects ϵ0 and µ0 through

c =
1

√
ϵ0µ0

. (4.12)

For a non-magnetic material such as ice, there is no external or induced magnetization,
i.e., M = 0 and µr = 1. However, as discussed in Section 4.2.1, ice is a dielectric, whose
bound electrons get redistributed in response to the electric field of the passing charged
particle and result in a net polarization in the vicinity of the particle track. This implies
that P , 0 and ϵr > 1. In fact, ϵr is related to the refractive index n of the medium:

n =
√
ϵr . (4.13)

These observations transform Equation (4.11) as follows:

D = n2ϵ0E; (4.14a)
B = µ0H. (4.14b)

With these definitions, we write down Maxwell’s equations for spatial and temporal
evolution of the electromagnetic field in a medium:

∇ ·D = ρe ⇐⇒ ∇ ·E =
ρe
n2ϵ0

; (4.15a)

∇×H = J +
∂D
∂t

⇐⇒ ∇×B = µ0J +
n2

c2
∂E
∂t
, (4.15b)

where ρe is the electric charge density and J is the current density. To simplify Equa-
tions (4.15a) and (4.15b), we introduce two auxiliary fields: the vector magnetic poten-
tial A and the scalar electric potential φ, such that

E = −∂A
∂t
−∇φ; (4.16a)

B = ∇×A. (4.16b)

The substitution of Equation (4.16) into Equation (4.15) yields

∇2φ = −∂(∇ ·A)
∂t

−
ρe
n2ϵ0

; (4.17a)

∇2A− n
2

c2
∂2A
∂t2

= −µ0J +∇
[
∇ ·A +

n2

c2

∂φ

∂t

]
, (4.17b)
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where we used the identity ∇× (∇×A) = ∇(∇ ·A)−∇2A. By adding −n2

c2
∂2φ
∂t2

to both sides
of Equation (4.17a), we obtain

∇2φ− n
2

c2

∂2φ

∂t2
= −

ρe
n2ϵ0

− ∂
∂t

[
∇ ·A +

n2

c2

∂φ

∂t

]
. (4.18)

Importantly, since A and φ are only the auxiliary gauge fields, they can be chosen freely
as long as the ultimate physical fields E and B from Equation (4.16) remain unchanged.
The similarity in the right-hand sides of Equation (4.17b) and Equation (4.18) points us
to the choice of the Lorentz gauge [190], with the condition

∇ ·A +
n2

c2

∂φ

∂t
= 0. (4.19)

This significantly simplifies Equations (4.17b) and (4.18):

∇2φ− n
2

c2

∂2φ

∂t2
= −

ρe
n2ϵ0

; (4.20a)

∇2A− n
2

c2
∂2A
∂t2

= −µ0J. (4.20b)

Since we are interested in the frequency (ω) spectrum of the emitted radiation, we
introduce the Fourier transform F̃(ω) of a generic time-dependent function F(t) (either
scalar or vector) as

F̃(ω) =
1

2π

∫ ∞
−∞
F(t)e−iωtdt; F(t) =

∫ ∞
−∞
F̃(ω)eiωtdω. (4.21)

The time derivatives of the frequency-space function are simply

∂F̃(ω)
∂t

= −iωF̃(ω);
∂2F̃(ω)
∂t2

= −ω2F̃(ω). (4.22)

where we applied the Leibniz integral rule to perform the differentiation with respect to
t under the integral sign. This allows us to write down the Fourier-transformed versions
of Equation (4.20) as follows:

∇2φ̃(ω) +
ω2n2

c2 φ̃(ω) = −
ρe
n2ϵ0

; (4.23a)

∇2Ã(ω) +
ω2n2

c2 Ã(ω) = −µ0J̃(ω). (4.23b)

Importantly, Equation (4.23b) represents three individual equations – one for each
component of the vector potential A in the cylindrical coordinates. However, the current
density J on the right-hand side of Equation (4.23) only has the z component collinear
with the direction of the charged particle motion. As in Section 4.2.1, we assume that
the travelling particle is a muon µ− with the electric charge −e. Then, the current density
in the time domain is

Jz(t) = ρev = − ev
2πρ

δ(ρ)δ(z − vt), (4.24)

where v is the muon velocity. In the frequency domain,

J̃z(ω) = − ev
4π2

δ(ρ)
ρ

∫ ∞
−∞
e−iωtδ(z − vt)dt = − e

4π2

δ(ρ)
ρ
e−

iωz
v . (4.25)
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Since J̃(ω) = J̃z(ω)ẑ, where ẑ is the unit vector in the direction of the z axis, the same
must apply to the vector potential Ã, i.e., Ã(ω) = Ãz(ω)ẑ. This can be seen from
Equation (4.23b). Then, factorizing Ãz(ω) into the z- and the ρ-dependent functions,
we can write

Ãz(ω) = u(ρ)e−
iωz
v , (4.26)

where the exponent e−
iωz
v comes from the Fourier transform analogous to that of Equa-

tion (4.25). Plugging this into Equation (4.23b) and cancelling out the factors of e−
iωz
v ,

we obtain an equation for the radially dependent function only:

∂2u

∂ρ2 +
1
ρ
∂u
∂ρ

+ s2u(ρ) =
eµ0

4π2

δ(ρ)
ρ
, (4.27)

where we defined

s2 ≡ ω
2n2

c2 − ω
2

v2

β=v/c
=

ω2

v2 (β2n2 − 1). (4.28)

Let us consider Equation (4.27) in the region ρ > 0, i.e., far away from the pole at ρ = 0
which represents the radial coordinate of the muon. Here, the right-hand side vanishes
and we obtain the Bessel equation,

∂2u

∂ρ2 +
1
ρ
∂u
∂ρ

+ s2u(ρ) = 0. (4.29)

The general solution to Equation (4.29) is the linear superposition of the zeroth-order
Hankel functions of the first and the second kind, i.e.,

u(ρ) = C1H
(1)
0 (sρ) +C2H

(2)
0 (sρ). (4.30)

We are interested in the solution which represents an outgoing cylindrical wave at
infinity and satisfies the inhomogeneous equation (4.27) at ρ→ 0. Such a solution is
found when s is real, which translates to the requirement that β2n2 ≥ 1 (equivalently,
v ≥ c

n ), and is equal to

u(ρ) =
ieµ0

8π
H

(2)
0 (sρ)

sρ→∞
=

eµ0

4π
√

2πsρ
e−isρ+ 3πi

4 +O(ρ−3/2) (4.31)

for positive frequencies ω. Then, the magnetic potential Az in the time domain becomes

Az(t) =
eµ0

4π
√

2πρ

∫ ∞
0

eiωt−isρ+ 3πi
4

√
s

dω. (4.32)

Applying the same procedure to the scalar potential φ and ultimately taking the
derivatives in Equation (4.16), we can find the electric and magnetic field components
Ez, Eρ, and Hϕ. We reproduce the results from [188, 189] below:

Ez ∝
1
√
ρ

∫ ∞
0

(
1− 1

β2n2(ω)

)
1
√
s

cosχ ωdω; (4.33a)

Eρ ∝
1
√
ρ

∫ ∞
0

√
β2n2(ω)− 1

β2n2(ω)
√
s

cosχ ωdω; (4.33b)

Hφ ∝
1
√
ρ

∫ ∞
0

√
scosχ dω, (4.33c)
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where χ =ω
[
t − zcosθC+ρ sinθC

c/n

]
+ π

4 and θC is defined in Equation (4.10). To find the total
electromagnetic power P radiated due to the passage of the muon, we first compute the
Poynting vector,

S =
1
µ0

E×H, (4.34)

which represents the electromagnetic energy flow per unit area per unit time. Then, we
integrate the Poynting vector over the surface Aof a cylinder of radius ρ and length ℓ
collinear with the direction of the muon:

P =
∣∣∣∣∫
A

S ·dA
∣∣∣∣ =

2πρℓ
µ0

∣∣∣∣[E×H]ρ
∣∣∣∣, (4.35)

where [E×H]ρ is the radial component of the cross product of the E and H fields. In
cylindrical coordinates and taking into account only the non-zero field components, it
is found as

[E×H]ρ = −EzHφ. (4.36)

Taking this result and introducing dummy variables ω′ and ω′′ for integrals in Equa-
tions (4.33a) and (4.33c), respectively, we expand the expression for the radiated power:

P ∝ ℓ
∫ ∞

0

∫ ∞
0

(
1− 1

β2n2(ω′)

)
cos

(
ω′t∗ +

π
4

)
cos

(
ω′′t∗ +

π
4

)
ω′dω′dω′′, (4.37)

with t∗ = t − zcosθC+ρ sinθC
c/n . The total radiated energy W is obtained by integrating

Equation (4.37) over time. Since
∫∞
−∞ cos

(
ω′t∗ + π

4

)
cos

(
ω′′t∗ + π

4

)
dt = πδ(ω′ −ω′′), we

get

W ∝ ℓ
∫ ∞

0

(
1− 1

β2n2(ω)

)
ωdω. (4.38)

The energy radiated per unit length per unit frequency is then simply

∂2W
∂ω∂ℓ

∝ω
(
1− 1

β2n2(ω)

)
. (4.39)

Reinserting the omitted constants and rewriting Equation (4.39) in terms of the number
of photons Nγ radiated per unit photon wavelength λ, we finally arrive at the Frank-
Tamm formula for the Cherenkov radiation spectrum [189]:

∂2Nγ
∂λ∂ℓ

=
2πα
λ2

(
1− 1

β2n2(λ)

)
, (4.40)

where α ≈ 1
137 is the fine-structure constant. Importantly, the Frank-Tamm formula is

valid only for photon wavelengths and charged particle velocities where the condition
βn(λ) > 1 is satisfied. This implies that as soon as the n(λ) approaches 1, the number of
radiated Cherenkov photons must drop to 0, as β > 1 can never be satisfied (no particle
can travel faster than the speed of light in vacuum). This is illustrated in Figure 4.9,
where we overlay the Cherenkov spectrum computed from Equation (4.40) with the
wavelength dependence of the refractive index of ice.

We can see that in the 400–700 nm range, where n is approximately constant, the
spectrum follows the characteristic 1

λ2 dependence. However, when n begins to rapidly
decrease (at λ ≲ 100nm), so does the Cherenkov spectrum, and there is virtually no
Cherenkov radiation below ∼70 nm. However, despite the amplitude of the spectrum
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Figure 4.9 – Top panel, right axis (solid blue lines): The wavelength spectrum of the Cherenkov radiation
in ice, shown for three different values of the charged particle Lorentz velocity factor β = v/c. Top panel,
left axis (dotted orange line): The refractive index of ice as a function of wavelength, as extracted from
[192]. Bottom panel: the ratio of the Cherenkov spectrum at β ∈ {0.8,0.9} to that at β = 1.

increasing almost monotonically all the way down to ∼80 nm wavelength, Cherenkov
light appears blue in ice (400 nm ≤ λ ≤ 450 nm). This originates from the fact that the
wavelength dependence of the ice absorption coefficient has a minimum at 400 nm, and
light in the ultraviolet range is subject to ∼5–10 times stronger absorption [193–195].

Finally, we comment on the dependence of the Cherenkov light yield on the charged
particle velocity. As intuitively expected, we see from Figure 4.9 that the particles which
travel at the β = 0.9 (β = 0.8) make about 15% (25%) less light than those propagating
at the speed of light (β = 1). This highlights the importance of accounting for the β
dependence of the Cherenkov spectrum when modelling the light emission by neutrino
interaction products, which we will come back to in Section 10.1 in the context of
IceCube Monte Carlo simulation.
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chapter 5

The basics

5 .1 operational principle and science goals

The IceCube Neutrino Observatory is a neutrino detector situated at the Amundsen-
Scott South Pole Station in Antarctica. The thick ice sheet of the Antarctic Plateau,
which elevates the station nearly 3 km above sea level, provides a suitably large volume
and an excellent optical medium for detection of Cherenkov photons radiated by the
products of neutrino interactions in the ice. The IceCube detector takes up nearly one
cubic kilometer of this ice volume, which is instrumented with 5160 digital optical
modules (DOMs) sensitive to Cherenkov radiation.

The full detector, with 86 strings housing 60 DOMs each (see Figure 5.1), was
commissioned by 2011 and has been taking data continuously since. The layout of the
detector was optimized for the detection of high-energy (TeV and above) astrophysical
neutrinos, with the goal of discovering and understanding the behavior of neutrino
sources within and beyond our galaxy. However, the inner sub-array of IceCube (called
IceCube-DeepCore and described in detail in Section 5.3) is instrumented on average
twice as densely as the rest of the detector volume, lowering the detector threshold to
∼5–10 GeV. This enables the studies of standard [180, 196, 197] and non-standard [46,
103, 198, 199] atmospheric neutrino oscillations, detection of low-energy astrophysical
transients [200, 201], and searches for GeV-scale dark matter annihilation or decay
signals [202–204].

The spatiotemporal patterns of light deposition in the IceCube detector provide
information necessary to reconstruct the basic neutrino properties such as its energy,
arrival direction, and flavor. At 1–100 GeV energies relevant for atmospheric neutrino
oscillation measurements, the reconstruction of the latter is generally constrained to
two classes. The first one is νµ-CC events, which produce a muon with a characteristic
track pattern of Cherenkov light deposition, as shown in the top left panel of Figure 5.2.
The second class encompasses all other events (νe-CC, ντ-CC, and all-flavor NC), which
deposit light in spherical topologies known as cascades (shown in the top right panel
of Figure 5.2). At low (< 10GeV) energies, the track and cascade topologies become
practically indistinguishable, as seen from the bottom row of the same figure. This
example clearly shows that the average accuracy of low-energy event classification in
IceCube is significantly hindered by the sparsity of the detector instrumentation. This
presents an obvious experimental limitation for the flavor-sensitive measurements,
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Figure 5.1 – The side view of the IceCube detector, including the main in-ice array (1450 m..2450 m
below the surface), the inner DeepCore subarray (2100 m..2450 m below the surface), and the surface
IceTop detector for cosmic ray shower detection. Figure courtesy of the IceCube Collaboration.

True tracks ( -CC)νμ True cascades ( -CC)νe

Eν ≃ 9 GeV

Eν ≃ 70 GeV

Figure 5.2 – Two types of event topologies in IceCube at “high” (∼ 70GeV) vs. “low” (∼ 9GeV) neutrino
energies. The events are extracted from the IceCube Monte Carlo simulation and visualized with
the steamshovel IceCube software. The color-filled spheres represent the DOMs that detected either
Cherenkov light signal or background noise in a given event, and the exact color represents the timestamp
of the detection (red color corresponds to earlier times, and blue – to later times).
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such as those of neutrino oscillation parameters1. The upcoming IceCube-Upgrade
detector, with 7 additional strings scheduled for deployment within the DeepCore
fiducial volume during the polar season 2025–2026 [205], will address this issue by
increasing the density of instrumentation and introducing new types of optical modules
with better directional sensitivity. This will both lower the detection energy threshold
down to ∼1 GeV and, as shown in Section 5.4, significantly improve the reconstruction
of the lowest energy neutrino events currently detectable with DeepCore.

5 .2 functional components of the icecube detector

5.2.1 Digital optical module (DOM)

A DOM, shown schematically in Figure 5.3, is the fundamental light detection unit
of IceCube. Inside a glass sphere of a ∼30 cm (12”) diameter designed to protect the
inner electronics from extreme pressures in deep ice, it contains a photomultiplier tube
(PMT) and several circuit boards. The inner workings of a PMT, which converts the
incident light to an electric signal via the photoelectric effect [206], are described in
Section 5.2.2. The circuit boards include, first and foremost, the Main Board, which

Figure 5.3 – Schematic visualization of the IceCube DOM. The main components are the downward-
facing photomultiplier tube (PMT), the main board housing the electronics for PMT pulse digitization,
the LED flasher board used for calibration studies, and the glass pressure sphere encapsulating all of the
electronics. Figure courtesy of the IceCube Collaboration.

is responsible for managing all internal DOM devices such as the high-voltage (HV)
PMT power supply and a range of sensors used for monitoring purposes. Apart from
overseeing the function of these components, the Main Board digitizes and processes
the PMT waveform data and handles communication with the surface data acquisition
(DAQ) system. Additionally, it exchanges information with the neighboring DOMs with
the goal of identifying signals in a local coincidence with each other. The LED Flasher
Board, which is responsible for generating light signals for in-situ calibration studies, is
also controlled by the Main Board.

1Note that neutrino energy and direction reconstruction resolutions are likewise affected by the detector sparsity and decrease
rapidly at Eν < 10GeV; see, for example, Figure 5.8 for typical resolutions.
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5.2.2 Photomultiplier tube (PMT)

A typical layout of a photomultiplier tube is shown in Figure 5.4. The photons incident

Figure 5.4 – Schematic diagram of a photomultipler tube. Image courtesy of Matsusada Precision Inc. [207]

onto the PMT hit a metal plate called a photocathode, from which they eject photo-
electrons (PEs). These electrons move in the electric fields established by the sequence
of dynodes on their way, such that each subsequent dynode is held at a more positive
potential than the previous one [208]. As the primary electrons gain energy due to
acceleration in the electric fields, more and more secondary electrons are progressively
ejected from each dynode, resulting in an amplification of the primary electric signal.
The standard gain of the IceCube PMTs is 107 [41], which represents the ratio of the
final output current at the anode to the initial current at the photocathode [208]. This
current is then read out and digitized as described in Section 6.1.1.

The PMTs of IceCube are approximately 25 cm (10”) in diameter and are oriented
downwards with respect to the ice surface, which increases the detector’s sensitivity to
upward-going (Earth-crossing) neutrinos. The other two important characteristics of a
PMT are its angular acceptance and quantum efficiency. The angular acceptance refers
to the relative optical efficiency of the photon conversion to the electrical signal as a
function of angle η between the incident photon direction and the PMT rotation axis.
The angular response of an entire IceCube optical module, as measured in a laboratory
setting, is shown in Figure 5.5. One a module is submerged in the melted ice during
installation and the ice is refrozen, the angular response changes due to the formation of
bubble columns in the drill holes. The PMT quantum efficiency (QE), on the other hand,
is defined as the absolute efficiency of a single photon-to-photoelectron conversion as a
function of wavelength. The QE of bare PMTs is approximately 25% for 390 nm light
incident on IceCube’s “normal quantum efficiency” (NQE) DOMs and 34% for “high
quantum efficiency” (HQE) DOMs [41]. The wavelength dependence of a typical NQE
DOM photon acceptance is given in Figure 5.6, which combines the effects of the PMT
QE and the photon transmission through the OM glass and gel.

5 .3 icecube-deepcore: layout and performance

The fiducial volume of the IceCube-DeepCore detector encompasses the central string
36, the six surrounding strings of the main IceCube array (strings 26–27, 35, 37, and 45–
46), and the eight special DeepCore strings (79–86), as illustrated in Figure 5.7. The first
aspect in which the eight DeepCore (“DC”) strings differ from the rest of IceCube (“IC”)
is their geometrical layout, with both a denser interstring spacing (∆ρDC = 41m..105m,
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η

Figure 5.5 – Angular response of an IceCube OM as measured in a laboratory setting and extracted from
the IceCube Collaboration internal software. The shown PMT is the R7081 Hamamatsu model (credit:
Hamamatsu Photonics).
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Figure 5.6 – Wavelength acceptance of an NQE IceCube DOM [209].

compared to ∆ρIC = 125m) and a denser vertical spacing ∆z of the optical modules on
each string [41]. While ∆zIC = 17m for the IceCube strings, the vertical spacing of the
DeepCore DOMs is either ∆zDC = 7m (for the 50 DOMs per string within the main DC
volume located at depths between 2100 m..2450 m) or ∆zDC = 10m (for the 10 DOMs
per string within the veto cap region2 located above the 2000 m depth). The DeepCore
strings have no optical modules at ∼2000 m..2100 m depths, i.e., the region known as
the dust layer. This ice layer has a high concentration of dust particles, which increases
absorption and scattering as shown in Figure 5.7 and thereby hinders the detection of
light deposited in this region.

2The hits in this veto region are used for atmospheric muon background rejection.
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Figure 5.7 – Top and side view of the geometrical layout of the main IceCube array and the DeepCore
subarray. Figure extracted from [210].

The second main distinction between the DeepCore strings and those of the rest of
IceCube is the higher quantum efficiency of most of the optical modules. While most
strings of the main IceCube array have only NQE DOMs3, six of the DeepCore strings
(81–86) are fully populated with HQE DOMs, and the other two strings (79–80) are
populated with a mix of HQE and NQE modules.

3This applies to strings 1–78, excluding string 36 with 14 HQE DOMs and string 43 with one HQE DOM.
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With the help of state-of-the-art machine learning algorithms such as graph neural
networks (GNNs), 10 GeV neutrinos in IceCube-DeepCore can be reconstructed with
a ∼50% energy resolution and a 20◦-25◦ zenith angle resolution. As more light is de-
posited by the products of higher-energy neutrino interactions, the resolutions improve
monotonically with increasing energy. This is shown in Figure 5.8, where the perfor-
mance of the dynedge GNN [210] on the DeepCore neutrino events is compared with
that of the likelihood-based retro reconstruction algorithm [211]. Both reconstruction
methods are described in detail in Section 6.4.

Figure 5.8 – Reconstruction resolutions of the DeepCore track (T) and cascade (C) events, compared
between the dynedge GNN reconstruction and the retro likelihood-based reconstruction Figure courtesy
of R. Ørsøe (adapted from [210]).

5 .4 icecube-upgrade

The deployment of the IceCube-Upgrade (“ICU”) will introduce 7 strings in the middle
of DeepCore with new types optical modules. As shown in Figure 5.9, these will include
mDOMs (multi-PMT modules with 24 PMTs each, pointing in all directions around the
sphere) and D-Eggs (two-PMT modules with one PMT facing down, and one facing up).
With ∼700 optical modules planned for the IceCube-Upgrade [205], the total number of

Figure 5.9 – New types of optical modules introduced in the IceCube-Upgrade: D-Eggs with 2 PMTs
(left) and mDOMs with 24 PMTs (right). Figure courtesy of the IceCube Collaboration.

PMT channels with respect to the current IceCube configuration will be increased nearly
threefold [212]. These modules will be densely spaced, with the vertical intermodule
distance ∆zICU = 3m and the radial interstring distance ∆ρICU = 7m, and therefore
detect a lot more light than would be possible with the IceCube-DeepCore alone from
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identical events. This is illustrated in Figure 5.10, where the photons from the same
simulated ντ-CC event are propagated to and detected by the modules of the current
IceCube-DeepCore configuration as well as that augmented with the Upgrade strings.

DeepCore only DeepCore + Upgrade
-C

C, 
 

ν τ
E ν

=2
1G

eV

Figure 5.10 – Left panel: Simulated 21 GeV tau neutrino interaction in the current IceCube-DeepCore
detector. Right panel: the same event simulated with 7 additional IceCube-Upgrade strings (2019
geometry). Image courtesy of T. Stuttard.

The projections of the IceCube-Upgrade zenith resolutions as available at the time
of the public IceCube-Upgrade Monte Carlo simulation release [213] (dated 2020)
are shown in Figure 5.11. These projections are conservative, as they do not utilize

 

  

Figure 5.11 – Projected IceCube-Upgrade zenith angle resolutions (right) as compared to those of
IceCube-DeepCore (left) for νe-CC events. Figure extracted from [205].

the most recent progress in the IceCube-Upgrade Monte Carlo simulation [212] and
rely on a parameterization of an outdated likelhood-based cascade reconstruction4

[214]. However, they preliminarily indicate at least a factor 3 improvement in the
reconstruction of cosθzen, which highlights the importance of the IceCube-Upgrade for
physics analyses with GeV-scale neutrinos. Furthermore, these estimated resolutions
provide a baseline for the machine learning-based reconstructions such as dynedge

currently in development within the IceCube Collaboration for use in the IceCube-
Upgrade.

4Within IceCube, this is known as the Monopod reconstruction.



chapter 6

The making of an IceCube atmospheric

neutrino event

We open this chapter by mapping out the path from the Cherenkov photon detection
by individual PMTs to the event triggering in IceCube-DeepCore and the first stage of
event selection known as filtering (covered in Section 6.1.1). Further, in Section 6.1.2
we describe how events that triggered DeepCore and passed the DeepCore filter are
prepared for reconstruction through noise cleaning. These are the initial processing
stages that are equally applicable to data and Monte Carlo events. While we already
explained how events come to life in data by describing atmospheric neutrino fluxes
and interactions (in Chapter 3 and Section 4.1, respectively), in Section 6.2 we elaborate
on the Monte Carlo simulation chain that aims to mimic atmospheric neutrino events
and sources of background as realistically as possible. Thereafter, Section 6.3 explains
the general procedure and provide the historical examples of event selection in IceCube-
DeepCore, followed by an overview of event reconstruction methods relevant for this
thesis in Section 6.4.

6 .1 data readout and initial stages of processing

6.1.1 Triggering and filtering

When a single photon hits the photocathode of a PMT, the ultimate current output
at the anode is not deterministic but instead is subject to statistical fluctuations of
the PMT response. These fluctuations are driven by the variation in the number of
electrons ejected from each PMT dynode as well as the uncertainty in the photoelectron
trajectories [215]. Therefore, if a single-photon experiment is repeated multiple times,
the charge collected at the anode represents a broad distribution rather than a single
value. This is called a Single Photoelectron (SPE) distribution, whose charge values
are scaled such that the distribution peak is centered at 1 PE. In IceCube, an effort
is made to measure this distribution for each DOM, as illustrated in Figure 6.1 for
DOM #1 on string #1. This distribution is fitted with a template whose functional
form combines the Gaussian distribution centered around 1 PE1 and two exponential
distributions. The latter are introduced to fit the low-charge peak of the SPE distribution
(i.e., the rapid increase in the probability density of charge qSPE→ 0), which originates

1As seen from Figure 6.1, the mean µ of the Gaussian distribution is left free in the fit and is generally expected to fit close to 1.
The rescaling of the entire distribution by the fitted value of the mean is applied in both data and MC.

61



62

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

Charge [PE]

0.0

0.2

0.4

0.6

0.8

1.0

1.2

DOM: (1,1)

Number of entries: 197368

Peak-to-valley ratio: 2.602

χ2/DOF: 597/465

Average charge: 0.688 PE

Pe1: 0.186

w1: 0.027 PE

Pe2: 0.255 ± 0.007

w2: (0.424 ± 0.024) PE

N: 0.796 ± 0.012

µ: (1.029 ± 0.002) PE

σ: (0.280 ± 0.003) PE

Fit result

SPE charge template

Event dataset

Figure 6.1 – Charge distribution expected from a single photon detected by an IceCube DOM, here
shown specifically for DOM #1 on string #1. The datapoints represent all the charge measurements for
this DOM in the 2011–2016 IceCube seasons. Figure extracted from [215].

from dark noise (e.g., spontaneous PE emission by the photocathode and the dynodes)
and electronic noise. One of these exponentials is fitted by combining data from all
IceCube DOMs, while the other one is specific to each DOM. Finally, the SPE template
is convolved with itself to derive a high-charge tail of the SPE distribution expected
from multi-photoelectron contamination. Only the 2 PE contribution is considered in
practice, which represents the scenario when two photoelectrons are separated only by
a few nanoseconds in their arrival time at the first dynode. The original SPE template,
plus its convolution with itself, thereby form the basis of a convolution fit [215]. The fit
parameters for each DOM are stored in the Geometry, Calibration, and Detector (GCD) file,
which is used for IceCube Monte Carlo simulation production. Specifically, the charge
of a single reconstructed photoelectron in Monte Carlo (shortly MCPE) is sampled from
the SPE distribution with the parameters stored in the GCD file for a given DOM.

Once the charge is read out in data or sampled from the SPE template in Monte
Carlo, the decision is made about whether or not further information recording by
the DOM will be initiated. The quantitative threshold for this decision is called the
discriminator threshold and is equal to 0.25 PE (after charge recalibration such that
the peak of the SPE distribution is located at 1). Should the charge q on a given DOM
be above the discriminator threshold, the DOM will record the PMT waveform with
the time resolution dependent on whether this signal is observed in local coincidence
(LC) with other DOMs. Specifically, if the q > 0.25PE condition is met by a nearest or
a next-to-nearest neighbor of a given DOM on the same string within ∆t = 1µs, the
hard local coincidence (HLC) criterion is satisfied. In this case, the PMT waveform is
digitized with both an Analog Transient Waveform Digitizer (ATWD), which records
the charge information over 128 time samples of 3.336 ns duration each (covering the
timespan of 427 ns) and Fast Analog-to-Digital Converter (FADC) (recording 256
time samples with 25 ns resolution over a longer time window of 6400 ns). If the HLC
criteria are not satisfied, the DOM is said to have a soft local coincidence (SLC) hit.
The SLC waveforms are digitized only through the FADC channel, and only three
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time-charge stamps are stored (the bin with the highest charge amplitude and its two
nearest temporal neighbors).

Whether an event is kept for further processing through a given event selection
pipeline (i.e., passed onto the Level 2 of event selection) is decided by one or more event
triggers, which form the conditions for a specific filter. For all IceCube-DeepCore event
selections, passing the DeepCore filter is necessary for an event to arrive at Level 2. The
DC filter consists of only one trigger condition, namely that of the Single Multiplicity
Trigger (SMT) requiring 3 HLC hits recorded within ∆t = 2.5µs (thus referred to as the
SMT3 trigger). Additionally, a condition on the effective particle speed derived from
the center of gravity of the event hits is applied to remove the majority of the muon
background events at this stage [4, 45].

6.1.2 Pulse reconstruction and cleaning

The PMT waveform digitized through the FADC channel (in case of an SLC hit) or the
combination of FADC and ATWD channels (in case of an HLC hit) is further passed
through a deconvolution algorithm known as Wavedeform. This algorithm uses the non-
negative least squares method [216] to reconstruct the individual pulses (including their
times and number of underlying PEs) whose convolutions with the SPE templates best
reproduce the recorded waveform. The time sequence of these pulses forms the pulse
series of an event, which may include both signal pulses (originating from Cherenkov
photons radiated by neutrino interaction products) and noise pulses (originating from
e.g. decays of radioactive isotopes in the OM glass, PMT effects such as late, pre- or
after-pulsing (for details, see [215]), or dark noise mentioned in Section 6.1.1). To
maximize the sensitivity of a given event selection to the physics process of interest,
the goal of an effective cleaning algorithm is to remove as much noise pulses from the
events as possible while keeping most of the interesting signal pulses.

The standard algorithm used in IceCube for noise cleaning is the Seeded Radius-
Time (SRT) algorithm, which identifies DOM hits in spatial and temporal coincidence
with one another to arrive at a population of pulses which could have originated from
a single physics event. The procedure followed by the SRT cleaning is schematically
visualized in Figure 6.2.

1 2 3 4

Figure 6.2 – Seeded Radius-Time (SRT) noise cleaning algorithm. Figure courtesy of the IceCube Collabora-
tion (contributed by O. Schulz).

First, all HLC hits (i.e., DOMs found in hard local coincidence with one another)
are identified in a given event, such as that in panel #1 of Figure 6.2. These HLC
hits are used as the seeds to construct the cleaned pulse series; they are not removed
by the SRT algorithm. For each of the HLC-triggered DOMs, SRT then searches for
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any SLC-triggered DOMs within the radius r which were hit within the time t, as
illustrated in panel #2. Any SLC-hit DOMs falling within this spatiotemporal window
are added to the cleaned pulse series (as shown in panel #3), and the algorithm moves
to the next HLC seed. The whole procedure is repeated ≤ 3 times until no more SLC
DOMs can be added. All remaining SLC hits that did not make it into any of the RT
windows are removed, which is illustrated in panel #4. The specific cleaning settings
used in the IceCube-DeepCore event selections designed for oscillation analyses are
r = 150m, t = 1µs. Finally, a static time window (TW) filter is applied to remove
any pulses recorded outside of the [8800 ns, 14000 ns] window. The resulting cleaning
algorithm is therefore referred to as SRTTW, and the ultimate collection of cleaned pulses
is called the SRTTWOfflinePulsesDC pulse series. This pulse series, with the exact
settings specified above, was used as the input to event reconstructions at the time this
work began. In Sections 10.3.1 and 10.3.2, we highlight significant issues in the event
reconstruction driven by the remnant noise in this pulse series and describe a solution
that effectively mitigates them.

In recent years, machine learning-based algorithms have likewise gained attention
in IceCube for noise cleaning applications. In particular, the dynedge GNN [210] has
been successfully applied to noise rejection in the IceCube-Upgrade simulation [212]
and is set to become the baseline noise cleaning algorithm for ICU. The GNN-based
noise tagging is particularly advantageous for multi-PMT modules such as mDOMs and
D-Eggs, where the SRT cleaning algorithm would automatically identify all PMTs on a
module as being in spatiotemporal coincidence with one another.

6 .2 monte carlo simulation

The Monte Carlo simulation of the expected neutrino events and the experimental
backgrounds (such as atmospheric muons and noise) is the foundation of any physics
analyses in IceCube. It produces a viable model of the neutrino signal under an assumed
set of parameters and allows one to measure those parameters by reweighting the MC
until a good match with data is achieved. In Section 6.2.1, we describe neutrino
and muon simulation production in IceCube-DeepCore. In Section 6.2.2, we further
summarize the Monte Carlo simulation of noise, which is injected into all physics MC
events.

6.2.1 General simulation chain: Neutrinos and muons in DeepCore

Prior to any event selections, the MC simulation of neutrinos and muons is conducted
in three steps, which we detail below.

• Step 1: Primary particle generation

At this step, neutrino events are simulated using the genie event generator2 [158]
according to a requested geometrical distribution and energy spectrum. In the simu-
lation used in this thesis, the energy spectrum at generation is chosen to be a power
law (∝ E−2

ν ), according to which the primary neutrino energies are sampled within
4-5 discrete energy bands covering the energy range from 1 GeV for 10 TeV. The geo-
metrical distributions of neutrino interaction vertices are represented by cylindrical
volumes whose radii are tuned per energy band. This is done for simulation efficiency
purposes, such that the lowest-energy neutrinos (Eν ∼ O(1–10 GeV)) are generated only

2
GENIE is used for almost all neutrino MC in this thesis. In the three-year GRECO event selection, the NuGen generator was

used for neutrinos with true energies above 100 GeV [4, 217]. The version of genie used in the GRECO (oscNext) event selection
was 2.8.6 (2.12.8).
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within DeepCore, and the highest-energy neutrinos (Eν ≳ 100GeV) are generated both
inside and outside of the DeepCore fiducial volume. genie then simulates neutrino
interactions with the nuclei in the ice (i.e., hydrogen and oxygen) and handles the
kinematics of the final-state particle production according to a specified cross section
model. In particular, the deep inelastic scattering interactions are simulated according
to the leading-order cross section calculated with the Bodek-Yang corrected GRV98
parton distribution functions 3[177, 178]. Any final-state muons (e.g. the secondaries
of the νµ-CC interactions) are propagated until stopping in the proposal software [218],
which takes into account ionization and radiative muon energy losses. At this stage, the
stopping range (“track length”) of such secondary muons is recorded, which is used for
calculating their Cherenkov light yield at Step 2.

The atmospheric background muons are simulated in the native IceCube software
called MuonGun [4, 219], where muons are directed from the surface of a cylinder
volume enveloping the entire IceCube towards the surface of the DeepCore fiducial
volume. Their energy and angular distributions (including both azimuth and zenith)
at generation are sampled such that these muons are likely to reach the final levels
of the event selection, thereby increasing the simulation efficiency4. For the GRECO
sample (“Sample A” of the public three-year IceCube-DeepCore data release [3, 46],
which is used in Chapters 7 and 8 of this thesis), the target muon distribution was
that of the final level (Level 7) of the GRECO event selection. For the oscNext sample
described in Chapters 9 and 10, the target distribution was that of the muons reaching
Level 5. Prior to the described biased sampling, the true muon energies cover the
160–500 GeV (150 GeV–5 TeV) in GRECO (oscNext). The generated muon events can
then be weighted according to any preferred cosmic ray flux model, which was chosen
to be H4A [220] for both of the event selections. The MuonGun muons are likewise
propagated with proposal at Step 1.

No other particles but muons are propagated at this stage. All other secondaries
(such as electrons, positrons, photons, and hadrons) are stored in the particle interaction
tree5 and passed onto Step 2 of the simulation.

• Step 2: Propagation of remaining secondaries; Photon generation and propagation

Photon generation and propagation in the IceCube Monte Carlo simulation are
handled via the GPU-accelerated CLSim software [222]. The treatment of secondary
particles and their Cherenkov light yield in CLSim depends on the particle type and
energy, which we elaborate on below.

▷ Case 1: The secondary particle is a muon
In this case, the muon is already propagated in proposal at Step 1, and the only
remaining step is to generate Cherenkov photons and propagate them towards
the DOMs. This is done in the ppc submodule of CLSim [223], which takes the
muon track segments returned by proposal and generates a number of Cherenkov
photons emitted by each segment according the Frank-Tamm formula. Specifically,
the number of photons expected per unit length as per Equation (4.40) is multi-
plied by the length of each segment extracted from proposal. Poisson or Gaussian
fluctuctuations applied on top of this expected number of photons Nγ , depending
on its magnitude (if Nγ > 107, the Gaussian approximation is used). An important

3In the oscNext analysis, there is an option to reweight these events to the CSMS cross section [179], which is more accurate for
neutrinos with energies above 100 GeV (see Section 4.1.3).

4This method was developed in [4] and is referred to as the kernel density estimator (KDE) prescale.
5Except for the muon secondaries with energies below 500 MeV, which are not stored in the tree. Their light yield is directly

parameterized via a contribution to the effective Cherenkov-radiating track length of the muon as described in [221].
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simplification made by the ppc code is that the muon Lorentz velocity factor β is
assumed to be equal to 1 in the Frank-Tamm formula throughout the entire muon
trajectory, i.e., the muon energy losses are disregarded in the context of Cherenkov
light yield calculation. In Section 10.1, we show that this approximation results
in a major issue for simulations of light yield at muon energies below ∼10 GeV.

▷ Case 2: The secondary particle is not a muon
This applies to all other secondaries of neutrino interaction products in the ice,
such as hadrons (e.g., π±,K±,K0,p, p̄,n, n̄ . . .) and electromagnetic (EM) shower
primaries. The latter include e±, γ , and π0, which almost immediately decays into
two photons. In Figure 6.3, we summarize how the propagation of the secondary
particles other than muons and their Cherenkov photon generation is treated in
CLSim.

Hadron other than π0 EM shower primary: e±, , γ π0

Ehadron < 30 GeV Ehadron > 30 GeV Parent is muon Parent is not muon

Geant4 PPC light yield 
parameterization EEM > 500 MeV EEM < 500 MeV

PPC light yield 
parameterization

PPC “additional 
muon track length” 
parameterization 

(if charged)

EEM < 100 MeV EEM > 100 MeV

Geant4 PPC light yield 
parameterization

Figure 6.3 – Decision tree followed at Step 2 of the MC chain to decide whether a given secondary particle
should be propagated in Geant4 [224] (followed by Cherenkov photon emission in Geant4), or whether
its Cherenkov light yield should be parameterized in the ppc code via the energy-dependent functions
developed in [221, 225, 226]. This applies to all secondaries other than muons; for the description of how
muons are handled, see Case 1 in text.

As seen from the above diagram, there are two broad ways of handling hadrons
and EM shower primaries: either via the widely used and well-supported Geant4
software [224], which both propagates these particles and generates their Cherenkov
photons, or via ppc, which bypasses particle propagation and immediately gen-
erates photons based on parameterizations of the Cherenkov light yield of these
particles. These parameterizations are derived based on Geant4 simulations and
are meant to provide a significant speed-up compared to the Geant4 propagation
initiated from within CLSim for every secondary. We find no issues with hadronic
light yield parameterizations derived in [225]; however, in Section 10.2, we iden-
tify discrepancies between the ppc electromagnetic light yield parameterization (a
linear dependence of the expected number of photons on the EM particle energy)
and the Geant4 simulations.
A special case is that of the charged low-energy (< 500MeV) muon secondaries,
namely e± produced as the result of muon energy losses due to ionization or pair
production. These particles are not propagated in Geant4, nor is their light yield
parameterized in ppc on a per-particle basis. Instead, a parameterization of the
“effective Cherenkov-radiating track length” that these particles collectively add
to the muon is derived based on the Geant4 simulations [221]. Specifically, the
path lengths of the low-energy e± travelled until stopping are (1) extracted from
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the Geant4muon simulations; (2) corrected for the βe± velocity factors; and (3)
summed together. This total Cherenkov-emitting length is ultimately used to
parameterize the additional light yield to be added on top of that of their parent
muon, depending on the muon energy Eµ. Importantly, this parameterization was
derived in [221] for Eµ > 100GeV and has not been tested at lower energies. In
Appendix A.1, we comment on discrepancies between our standalone Geant4
simulations, extended down to Eµ = 1GeV, and the ppc parameterization of the
light yield of the muon low-energy secondaries.

Once the generation of Cherenkov photons is complete, they are propagated towards
the IceCube DOMs within CLSim. Then, these photons can be either accepted or
rejected, depending on their arrival direction and wavelength (see Figures 5.5 and 5.6).
As mentioned in Section 5.2.2, the angular acceptance of photons in ice is not the
same as for the DOMs tested in laboratory conditions and depends on the local ice
properties in the drill hole (known as hole ice). The dependence of the optical efficiency
on the angle of photon incidence is described by two parameters, referred to as head-on
efficiency and lateral efficiency in the GRECO (three-year Sample A) analyses, or p0 and
p1 in the oscNext sample analyses6. The example variations in the angular acceptance
possible through changing p0 and p1 are shown in Figure 6.4.
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Figure 6.4 – Modifications in the photon angular acceptance curve (see Figure 5.5) possible by changing
the head-on (p0) and the lateral (p1) optical efficiency parameters. Figure extracted from [227].

The laboratory-based curve from Figure 5.5 is reproduced with p0 ≃ 0.56, p1 ≃ 0.16.
In the IceCube oscillation analyses, these parameters are typically left free in order
to account for the systematic uncertainty in the hole ice angular acceptance. In [180]
([197]), the best-fitting values were p0 = −0.27(−0.14), p1 = −0.04(−0.07). The accepted
photons are converted into Monte Carlo photoelectrons (MCPEs); from here, the PMT
response simulation begins.

• Step 3: PMT response simulation

The simulation of the PMT response encompasses the production of PMT waveforms
with and an amplitude and a time delay (relative to the MCPE production time) expected
after the MCPE passage through the PMT tube and the ensuing charge amplification.
This is handled in the IceCube software called PMTResponseSimulator [228]. The
latter takes care of the PMT response not only to the neutrino (or background muon)

6These two parameters correspond to the first two components in the principal component analysis (PCA) decomposition of
the measurement-based variations in the angular acceptance (see [180, 227]).
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signal MCPEs, but also to the noise MCPEs, which are added to the MCPE series as
described in Section 6.2.2. The pre-, late and afterpulses (see [215]) are also simulated
in PMTResponseSimulator.

Thereafter, the simulation chain proceeds with DOMLauncher, where the local
coincidence criteria are checked in the same way as described in Section 6.1.1 for real
data events. Depending on which LC criteria are met, the PMT waveform digitization
is handled within DOMLauncher with the software implementations of FADC or
FADC+ATWD digitizers. Finally, Wavedeform is run to reconstruct the pulses, their
times, and their charges with the help of the SPE templates stored in the MC GCD file.

6.2.2 Noise simulation

The noise simulation in IceCube is performed with the vuvuzela module. Both the
uncorrelated thermal noise and the correlated noise due to radioactive decays in the OM
glass are taken into account. The characteristic frequencies associated with these noise
components (∼20 Hz and ∼200 Hz) are derived from fits to the untriggered IceCube
data on a per-DOM basis [4, 229]. These fits are designed to describe the distribution of
time differences between temporally adjacent hits (the so-called ∆t distribution). The
noise MCPEs are added to the event MCPE series over a time window that begins 10µs
before the first signal MCPE and ends 10µs after the last signal MCPE [230].

In the IceCube-Upgrade mDOM modules, the expected dark noise rate per PMT was
∼450 Hz by original design. However, due to the usage of a new furnace in the PMT
production process by the Hamamatsu company, the noise rate increased to ∼750 Hz.
This is taken into account in the IceCube-Upgrade Monte Carlo simulation produced
after 2022. Noise tagging and removal will be handled in the IceCube-Upgrade with the
dynedge GNN, which was shown to be extremely efficient based on ICU Monte Carlo
studies (specifically, reducing the amount of noise by a factor ∼10, with only ∼7% of
noise pulses and as much as 90% of the signal remaining on average [212]).

6 .3 event selection

Without any filter conditions or other forms of cuts applied, the event rate in IceCube is
dominated by the atmospheric muon background, with a median rate of ∼2.7 kHz. The
rate of muons passing the SMT3 trigger is approximately 250 Hz and is further reduced
down to O(10 Hz) with the full DeepCore filter [4, 41, 45].

This reduction in the muon background, however, is still not sufficient for a neutrino-
based physics analysis, with a characteristic atmospheric neutrino rate of 8 mHz after
the DC filter. For this reason, multi-stage procedures called event selections are devel-
oped in IceCube, with the goal of arriving at a neutrino-dominated sample with an
optimal purity and selection efficiency for a given analysis. The two event selections of
relevance for this thesis are GRECO and oscNext, which are used in the non-unitarity
analysis in Chapters 7 and 8 and for development of the high-statistics tau neutrino
appearance analysis in Chapters 9 and 10. We provide a brief overview of these event
selections below.

• GRECO event selection

This event selection was originally developed for the ντ appearance analysis with
the three-year IceCube-DeepCore dataset, covering the data-taking period from
April 2012 to May 2015. It remains the only analysis of its kind published by
the IceCube Collaboration to date [46], and the corresponding data and Monte
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Carlo simulation have been publicly released [3]. The sequential reduction of the
background rates throughout the GRECO event selection levels are summarized
in Figure 6.5 and in text below7 (for all levels following the filtering procedure
described in Section 6.1.1).

Figure 6.5 – The evolution of the neutrino signal and background event rates throughout the GRECO
event selection. The pure noise events that trigger DeepCore appear under the label “accidental” in this
figure. For muons, the two curves correspond to the full-sky corsika (“C”) [231] and the DeepCore-
targeted MuonGun (“MG”) [4, 219] simulations. Figure courtesy of M. Larson (extracted from [4]).

Level 3: The rejection of atmospheric muon events at this level is based on their
expected light emission patterns and hit positions. The Level 3 cuts utilize the z
position of the first hit, the charge in the top part of the detector (NAbove200), and
employ the RTVeto algorithm [232] to detect clusters of hits in the veto region.
Additionally, the effective speed of light deposition, evaluated as the fraction of
the total charge collected within the first 600 ns, allows to distinguish muons
(depositing light over few-microsecond timescales) from low-energy neutrino
events (depositing light much quicker). Separately, requirements are imposed on
the number of pulses, the total charge, and the relative directionality of hits in
the cleaned pulse series, which removes over 96% of accidental noise triggers [4].

Level 4: A stricter hit cleaning compared to Level 3 is applied here. Then, the
atmospheric muons are identified using the same variables as at Level 3, plus the
Tensor of Inertia and the LineFit speed. The former quantifies the spatial patterns
of hits as the three (x, y, and z) charge moments of inertia, which are together used
to differentiate between the topologies expected for muon-like and neutrino-like
events. The latter fits a plane wave to the event hits and derives its effective speed
– a variable motivated by the fact that muons would move through ice at the speed
of light. These variables are fed into a Boosted Decision Tree (BDT) [233], which
is trained as a classifier to distinguish between the background muons and the
neutrino signal. All events with a BDT score (nominally covering the range from
-1 to 1, where 1 corresponds to signal-like events) smaller than 0.04 are removed,
which reduces the muon background by a factor of ∼20.

7A more complete description of each level can be found in the original source, [4].
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Level 5: At this level, GRECO uses yet another BDT to remove atmospheric muon
events based on the variables such as t75 (time required to collect 75% of all event
charge), the total charge in the veto region passing the causality criteria, and
radial distance of the first HLC hit to string 36. Additionally, the distance between
the centers of gravity of the first and the last temporal quartiles, as well as the
z-distance between the charge-weighted average position of all hits and the event
vertex estimate, are included into the BDT. As at Level 4, all events with the BDT
score below 0.04 are classified as muons are removed from the sample. Finally,
the likelihood-based SPE reconstruction [234] is run at this stage, providing an
estimate of the particle direction and interaction vertex. This reconstruction
requires at least 6 hit DOMs in an event, which provides an implicit reduction of
the pure noise events.

Level 6: Here, special attention is devoted to the so-called muon corridors, i.e.,
long gaps between strings in the IceCube layout which can serve as pathways for
atmospheric muons to enter DeepCore unnoticed. Specifically, if more than 1
hit is observed at a string at the beginning of a corridor, the event is rejected at
this stage. Furthermore, a cut is applied on the starting vertex position, which is
required to be within the DeepCore fiducial volume both radially and vertically.
Furthermore, the fill ratio of an event, i.e., the ratio number of hit DOMs contained
within a certain radius to the total number of DOMs within that radius, is required
to be greater than 0.05. This is done to prioritize the selection of low-energy neu-
trino events with compactly distributed hits and the rejection of noise events with
sparser hit distributions. To prepare for the Level 7 reconstruction, a cut on the
number of hit DOMs is once again applied, this time requiring at least 8 hit DOMs
in the cleaned pulse series.

Level 7: This is the final level of the GRECO event selection, where the likelihood-
based Pegleg reconstruction [235] is run. Pegleg yields the refined estimates
of the particle direction, interaction vertex position, and interaction time, sup-
plementing them with the energy reconstruction as described in Section 6.4. A
two-dimensional geometric cut is applied using the updated z and ρ vertex coor-
dinates for the purpose of further muon background reduction. Finally, a set of
requirements is imposed to remove events with flaring DOMs (reflected in large
values of reconstructed energy per hit DOM) as well as remaining noise events
with a large amount of hit time scatter.

Table 6.1 reports how the rates of the different event types in IceCube-DeepCore
change between the DeepCore filter level and the Level 7 of the GRECO event
selection. This shows that the goal of a neutrino-dominated sample was achieved
exceptionally well with GRECO, with the neutrino rate exceeding the muon (noise)
rate by a factor of ∼10 (1000).

Sel. level νe + ν̄e [mHz] νµ + ν̄µ [mHz] ντ + ν̄τ [mHz] µatm [mHz] noise [mHz]

DC filter 1.721 6.360 0.270 9178 8117

Level 7, w/o cuts 0.325 0.676 0.051 0.08 0.002

Level 7, w/ cuts 0.194 0.552 0.045 0.07 0.001

Table 6.1 – Signal and background rates in the GRECO event selection at two selection levels: DeepCore
filter (Level 2) and final level (Level 7, before and after analysis cuts). The rates are extracted from [4].
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• oscNext event selection

The oscNext event selection was developed as a successor to the GRECO event
selection, with the goal of combining higher-statistics IceCube data with improved
Monte Carlo simulation, detector calibration, and data processing. The original
effort aimed at incorporating 8.5 years of IceCube data (2011–2019), which was
ultimately used for the “golden tracks” oscNext subsample and the corresponding
νµ disappearance analysis published in [180]. In this subsample, also known
as the oscNext verification sample, only events with strict cuts on direct light (i.e.
extremely low amounts of photon scattering) were selected. This resulted in a
total of ∼22 000 events, dominated by νµ + ν̄µ CC interactions (80% of the sample).
The development of the full sample without the aforementioned direct light cuts,
known as the oscNext high-statistics sample, proceeded in parallel, with ∼200 000
events in total expected in ∼9 years8. The goal of this full sample was to enable
both a higher-precision νµ disappearance measurement and the first ντ appearance
measurement with an unprecedented statistics of ∼10000 (ντ + ν̄τ )-CC events9.
The original high-statistics sample, which formed the basis for the first iteration
of the two mentioned analyses [54, 236], relied on the likelihood-based retro

reconstruction [211] (see Section 10.3). Both of these analyses resulted in failed
blind fits (i.e., not meeting the goodness-of-fit condition of a p-value being greater
than 5%), thus having launched a long sequence of investigations partially covered
in Chapter 10. A parallel νµ disappearance analysis branched out after the first 5
levels of the oscNext event selection, replacing the likelihood-based reconstruction
with one based on convolutional neural networks (CNNs) and introducing stricter
cuts on the analysis variables. This analysis was successfully unblinded and
published in [197]. Since a significant fraction of the work presented in Chapter 10
was set out to explain why the retro-based analyses did not succeed, we will
describe the levels of event selection as designed prior to the introduction of the
CNN reconstruction. A visual representation of what we will therefore refer to
as the “oscNext-high statistics” event selection is given in Figure 6.6, with the
per-level description of all levels after the DeepCore filter following in text below.

Level 3: The Level 3 of the oscNext event selection is very similar to that of
the GRECO event selection described earlier. One of the differences is that the
requirement of at least 6 hit DOMs, which was introduced in GRECO only at
Level 5, is applied already at this level in oscNext. Furthermore, the variables
that previously depended on charge are replaced with more robust variables
dependent on the number of hit DOMs, thereby avoiding any potential charge
mismodeling issues [54]. Finally, a new cut is introduced on the overall duration
of both cleaned and uncleaned pulse series, which are required to be shorter than
5µs and 13µs in duration, respectively. This eliminates coincident events in data
(i.e., the cases where two events occur within a single trigger time window), which
are not simulated in the oscNext MC [236].

Level 4: Analogously to the Level 4 of GRECO, a BDT is trained here to distin-
guish between neutrino signal and muon background. This BDT has largely the
same input variables as in GRECO, but uses the atmospheric muon data rather

8At this point, season 2011 was dropped from the sample due to unusually high event rates and failure to pass seasonal
compatibility checks with the rest of the seasons [54]; however, subsequent data seasons (2020 and later) were continuously added
to the sample alongside its development.

9In comparison, the three-year GRECO event selection contained ≲2 000 (ντ + ν̄τ )-CC events. Note that these events were not
identified on an individual basis; instead, this number provides their estimated contribution to the overall sample.
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Figure 6.6 – The evolution of the neutrino signal and background event rates throughout the oscNext-
high statistics event selection. Figure courtesy of K. Leonard DeHolton (extracted from [236]).

than corsika simulation to provide representative muon events for the BDT train-
ing. Unlike in GRECO, where simple cuts were applied at this level to remove
noise events, the Level 4 noise rejection in oscNext is also handled via a BDT.
One of the new input variables for this BDT is the ratio of the event duration in
the SRTTW-cleaned pulse series to that in the uncleaned pulse series, with pure
noise events shown to result in larger values of this ratio. With both of the BDT
classifier scores ranging from 0 (background-like) to 1 (signal-like), only events
with L4_muon_classifier > 0.7 and L4_noise_classifier > 0.65 are kept in
the sample.

Level 6: The main purpose of Level 6 is the high-level reconstruction of the
physics variables, namely neutrino energy, direction, interaction vertex position,
and interaction time. In the variant of the oscNext sample discussed here, this
was handled with the likelihood-based retro algorithm, which we describe in
detail in Section 6.4. As a preparation for the retro reconstruction, only events
with at least 8 pulses are selected at this stage. Furthermore, the events where the
retro reconstruction fails (either by not converging or by terminating after very
few iterations) are removed from the sample. Finally, the santa reconstruction
[237], which was used for the oscNext verification sample described above, is
run on events that have at least five direct pulses (i.e., those likely coming from
unscattered photons). This reconstruction provides an additional handle on the
neutrino arrival direction, whose deviation from the retro-reconstructed direc-
tion is used as one of the inputs to the Level 7muon classifier.

Level 7: This is the final stage of the oscNext event selection, where the high-
level muon and PID classifiers are run, and additional cuts10 on the high-level
variables are applied to prepare the sample for analyses. In preparation for the
muon classifier, a corridor hit identification algorithm from Level 5 is re-run here

10These include cuts such as the radial and the vertical containment of the interaction vertex reconstructed at Level 6, the
requirement of at least 3 direct hits in an event, and an upper limit on the number of hit DOMs in the outermost IceCube strings.
For more details, see [54, 236].
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with tighter spatiotemporal settings. Then, a BDT is trained to classify MuonGun-
simulated muons against neutrinos, based on the Level 4muon classifier output,
the retro-reconstructed vertex coordinates, the difference between the santa-
and the retro-reconstructed directions, and the geometry of the identified Level
7 corridor hits11. Only events with the L7_muon_classifier score larger than
0.8 are kept for analysis12, thereby making the muon contribution to the overall
sample less than 1%. Separately, another BDT is trained as a PID classifier in
order to distinguish between events containing a muon track – i.e., (νµ + ν̄µ)-CC
interactions – and all other events13. The input variables to this PID classifier
consist of the retro-reconstructed track length, the log-likelihood difference
between the track-only and the track+cascade reconstruction hypothesis, the
retro-reconstructed cascade energy, the reconstructed neutrino zenith angle, and
its estimated uncertainty. The output PID score, ranging from 0 (cascade-like) to
1 (track-like), is used to bin the Level 7 events into three analysis bins: cascades
(PID ∈ [0.0, 0.5]), mixed (PID ∈ [0.5, 0.85]), and tracks (PID ∈ [0.85, 1.0]).

In Table 6.2, we summarize the rates of the different event types in IceCube-
DeepCore at the DeepCore filter level and the Level 7 of the oscNext event
selection. With the latter, we arrive at a sample where the neutrino rate exceeds
the muon rate by a factor of ∼100 – a significant improvement compared to
the GRECO selection. Furthermore, the final noise rate in oscNext is effectively
negligible; it is estimated to account for less than 0.03% of the final-level sample
[236].

Sel. level
(νe + ν̄e)-CC

[mHz]

(νµ + ν̄µ)-CC

[mHz]

(ντ + ν̄τ )-CC

[mHz]

all NC

[mHz]

µatm

[mHz]

noise

[mHz]

DC filter 1.610 6.160 0.193 0.860 7273 6621

Level 7, w/o cuts 0.433 1.340 0.067 0.130 0.970 0.057

Level 7, w/ cuts 0.168 0.455 0.033 0.050 0.005 –

Table 6.2 – Signal and background rates in the oscNext event selection at two selection levels: DeepCore
filter (Level 2) and final level (Level 7). The DC filter rates are extracted from [54]. The Level 7 rates
correspond to the oscNext Monte Carlo simulation produced with the birefringence ice model [240] (not
available at the time of the analyses in [54, 236]), but without the muon light yield correction discussed
in Section 10.1.

6 .4 event reconstruction

6.4.1 Pegleg reconstruction

Pegleg [235] is a reconstruction developed for low-energy (O(10 GeV)) events, which is
based on the track + cascade hypothesis fitted to the observed event hits. Specifically,
the Pegleg hypothesis consists of 8 parameters: cascade energy Ecascade, muon track
length ℓtrack (equivalently, ℓµ), interaction vertex position ⟨x,y,z⟩ and time t, as well
as the original neutrino arrival direction represented by the zenith angle θzen and the
azimuthal angle φ14. The track length is converted into the estimate of the track energy

11This LightGBM-based [238] classifier was developed in [54]. The input variables were selected based on the SHAP importance
metrics [239].
12Note that in the original ντ appearance analysis attempted in [54], the threshold for the muon classifier score was 0.4.
13This BDT was based on the XGBoost algorithm and developed in [236].
14Note that these angles represent the direction from which the neutrino came from, such that θzen = π corresponds to

Earth-crossing neutrinos and φ = 0 indicates the direction from the positive x-axis towards 0 (in the IceCube detector coordinates).
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through the assumption of a minimally ionizing muon with the average energy loss of
⟨dEdx ⟩ = 0.22GeVm−1. Given this eight-dimensional particle hypothesis, a likelihood to
observe a hit on a DOM15 at a given timestep and at a given distance from the light
source is evaluated. This is done with the help of splines derived from large-scale
CLSim [222] simulations of photon emission, propagation, and detection, which are
run in advance of the reconstruction and stored in a table format. Due to the complex
likelihood space and a large number of local minima expected for the low-energy events,
the likelihood optimization is performed with the nested sampling algorithm via the
Multinest software package [241, 242].

6.4.2 Retro reconstruction

The retro reconstruction [211] was likewise designed for low-energy neutrino events
and has a large conceptual overlap with the Pegleg reconstruction. In particular, the
particle hypothesis in retro is similarly eight-dimensional, with the same 8 parameters
to be optimized as in Pegleg (see Figure 6.7).

Ψ

Figure 6.7 – The eight-dimensional retro hypothesis: a neutrino arriving from the direction Ψ = (θzen,φ)
and interacting at the vertex V with the spatial coordinates ⟨x,y,z⟩ at the time t, with the subsequent
production of a cascade (hadronic and/or electromagnetic shower) with total energy Ecascade and a muon
with track length ℓtrack. Note that in the absence of a muon, the true ℓtrack is equal to 0. Figure extracted
from [211].

The muon track is discretized into steps of length ∆ℓ = 3ns · c ≈ 0.9m, each of
which is assumed to emit 2450photonsm−1 · ∆ℓ ≈ 2200 photons (according to the
Frank-Tamm formula convolved with the DOM wavelength acceptance and integrated
over the 265–675 nm wavelength range). Thus, the actual fitted variable in the retro

reconstruction is the integer number n of Cherenkov emitters along the muon track.
The cascade part of the event is modeled as a point emitter yielding 12 800 Cherenkov
photons per GeV cascade energy16 [211, 225]. The likelihood is optimized with the
global controlled random search (CRS) minimizer [243] with spherical awareness17

(i.e., adequate treatment of the angular distributions on a sphere). As mentioned in
Section 6.3, a few of the retro-reconstructed quantities (Ecascade, ℓtrack, log-likelihood
difference between the optimized cascade-only and track+cascade hypotheses, θzen,
and its 1σ uncertainty estimate) are used for PID classification in the oscNext sample.
The rest of the reconstructed variables are used either for the final-level cuts or directly
in the oscNext oscillation analyses.

From a technical standpoint, the main novelty of the retro reconstruction is the
process through which the lookup tables for the likelihood computation are generated.

15Originally, the full charge expectation was calculated, but the charge information was eventually dropped due to concerns
regarding charge mismodeling [4].
16Note that this number was derived from simulations of electromagnetic (EM) cascades. Therefore, the cascade energy is

reconstructed under the assumption that all Cherenkov photons come from an EM rather than hadronic shower. To account
for this, an energy-dependent correction factor derived from Geant4 simulations of hadronic and EM cascades is applied to the
reconstructed cascade energy. For more details, see [54, 211].
17https://pypi.org/project/spherical-opt

https://pypi.org/project/spherical-opt
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Compared to the Pegleg table generation, where the light sources are distributed
isotropically throughout IceCube and the photons are propagated in all directions until
they reach one of the DOMs, retro handles this in a reverse manner, as illustrated in
Figure 6.8. Specifically, the DOMs are treated as the photon emitters, and the photons

Receiver

Emitter 1

Emitter 2

Emitter

Receiver 1

Receiver 2

Standard Table Generation Reverse Table Generation

Figure 6.8 – Illustration of the photon table generation for the retro reconstruction, where the roles of
the receiver and the emitter are reversed. Figure extracted from [211].

are propagated away from the DOMs according to the DOM angular acceptance and
the ice properties. This provides a significant speedup to the lookup table generation,
as the computational resources are not wasted on generating and propagating photons
that may never reach a DOM.

At the time of the original oscNext high-statistics sample development, the retro

reconstruction relied on individual pulses (of which a minimum of 8 was required for
the reconstruction to commence at Level 6 of the event selection) and their charges.
This is in contrast with the the hit/no hit information used in the final version of Pegleg
for the reconstruction of the GRECO events. As we discover later in Section 10.3, the
explicit inclusion of the pulse+charge information results in retro reconstruction being
highly sensitive to noise pulses and ultimately leads to data/Monte Carlo disagreement
due to noise charge mismodeling in simulation.

6.4.3 DynEdge reconstruction

dynedge is a specific architecture of a graph neural network (GNN) proposed in [210]
as a method of low-energy event reconstruction in IceCube-DeepCore. It was developed
and is continuously maintained as part of the open-source GraphNeT project [244]
aiming to provide flexible reconstructions for a variety of neutrino telescopes. The GNN
architecture is particularly well-suited to the IceCube geometry, which represents an
irregular grid in all three spatial dimensions18 (see Figure 5.7 and text of Section 5.3).

The idea of a GNN in application to IceCube is to represent the hit DOMs or pulses
on the hit DOMs as graph nodes. The usual task is then to map the features of the
individual nodes (such as the pulse spatial coordinates, times, and charges) and their
local neighborhoods onto the necessary global information about the events (such as the
primary neutrino energy, arrival direction, and vertex position)19. This mapping is done

18The conventional convolutional neural networks (CNNs), which are typically used in learning from image data and require
regular grids (equidistant pixels), can in principle still be applied to IceCube’s irregular geometry (as was done in, e.g., [197]).
However, GNNs provide a much more natural architecture for this task.
19These are examples of graph-level tasks, i.e., predicting the properties of an entire event. As mentioned in Section 6.2.2,

dynedge has also been successfully used for node-level tasks such as signal/noise classification of individual pulses.
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via a sequence of graph convolutional layers, which find the neighbors of each node and
combine the features of the neighbors with those of the central node. This collection
of information from and exchange of information between the local neighborhoods is
called message passing, which is schematically illustrated in Figure 6.9 for a generic
graph convolutional neural network.

energy

zenith

azimuth

Figure 6.9 – A simplified visualization of a graph neural network (GNN), which takes the unordered
IceCube pulse series from an event as an input (left) and is trained to predict the global event properties
(right). Note that this figure (adapted from [245]) serves as an illustration only. The real dynedge

architecture can be found in [210].

As seen from Figure 6.9, the aggregation of information from the node neighborhoods
is generally followed by nonlinear activation (i.e., passing the aggregated features
through a nonlinear function) and pooling (reducing the aggregated information by
summing, averaging, or taking a minimum/maximum value across nodes). After
pooling, all information is flattened into a single vector, whose entries are combined via
a linear superposition (followed by another nonlinear transformation, if necessary) into
one or many output variables. The network is trained by optimizing the weights, which
multiply the units of information from the preceding layers to form the input to the
subsequent ones, such that the target loss function is minimized. The exact dynedge
loss functions for the regression of particle properties and the classification of event
topologies (track/cascade) are given in [210].

The dynedge GNN is the fastest among the reconstruction methods presented in this
section, given a typical per-event reconstruction speed of 10 min with Pegleg [4], 40 s
with retro, and 10 ms with dynedge (on a single CPU and after the network has been
trained) [210]. Furthermore, as previously shown in Figure 5.8, dynedge provides highly
competitive resolutions for all the essential oscillation analysis variables, unmatched by
any other algorithm at the time of writing.
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chapter 7

Analysis description

N.B.: Chapters 7 and 8 contain the reproduction of the following paper:

Tetiana Kozynets, Philipp Eller, Alan Zander, Manuel Ettengruber, and David Jason
Koskinen, Constraints on Non-Unitary Neutrino Mixing in Light of Atmospheric and
Reactor Neutrino Data, submitted to J. High Energy Phys. (2024).

The full pre-print of the paper is available online in the arXiv database [1].

7 .1 motivation and goals

Percent and sub-percent constraints on leptonic non-unitarity in the minimal unitarity
violation regime (see Section 2.4) have been placed via e.g. searches for flavor-violating
decays of charged leptons, electroweak universality tests, measurements of the invisible
Z-boson decay width, and other searches detailed in [109, 246, 247]. At the same
time, neutrino oscillation data provides a way to study the unitarity of neutrino mixing
directly, without invoking complementary channels or constraints from the electroweak
sector. This approach has been taken in e.g. [51–53, 248], where neutrino oscillation
amplitudes were inferred from published experimental results and reinterpreted as
constraints on the individual mixing matrix elements and combinations thereof. Such
constraints were typically derived as the result of global fit studies, in which neutrino
experiments with different baselines, energy ranges, and oscillation channels were com-
bined to probe the entire neutrino mixing matrix. All of short- and long-baseline, solar,
reactor, and atmospheric neutrino experiments were fully or partially incorporated in
the literature dedicated to global fits [51, 53, 248, 249], and projections for selected
next-generation experiments have similarly been made [125, 250, 251].

The main goal of the present study is to draw attention to the treatment of atmo-
spheric neutrino data in the non-unitarity analyses, which, to the best of our knowledge,
has so far been incomplete. Although several preceding studies [51, 52] reinterpreted
the Super-Kamiokande results [48, 252, 253] and the IceCube-DeepCore oscillation re-
sults [46, 196] to constrain unitarity in the muon and the tau rows of the mixing matrix,
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these analyses have not considered atmospheric neutrino systematic uncertainties as
prescribed by the respective collaborations. As we show in this work, the latter are
crucial for placing accurate non-unitarity constraints, since the nuisance parameters
may introduce energy- and direction-dependent effects correlated with those of the
non-unitarity physics. In particular, the relevant uncertainties include those related to
the unoscillated atmospheric neutrino flux, such as the overall normalization, spectral
index, ν/ν̄ and νe/νµ ratios, and angular distributions [140], as well as detector-specific
systematics. We seek to address these uncertainties in the context of non-unitarity con-
straints for the first time and study their degeneracies with the non-unitarity metrics
(such as the normalizations of the mixing matrix rows and columns). We stress that
fitting for the non-unitarity physics parameters and the experimental systematic param-
eters at the same time is a significantly more robust approach than the reinterpretation
of the best-fit constraints from the three-flavor analyses, since the best-fit systematic
parameters might already be absorbing some non-unitarity effects.

The approach we propose above is possible with the public atmospheric neutrino
data and Monte Carlo simulation from the IceCube-DeepCore experiment [3], which
has not been considered in literature as part of any global fit studies focused on non-
unitarity1. This dataset covers atmospheric muon neutrino disappearance and tau
neutrino appearance channels, thereby providing access to the elements of the muon
and the tau rows of the neutrino mixing matrix. To form a “minimal” selection of
datasets that would let us probe all three matrix rows, we supplement the IceCube-
DeepCore data with reactor neutrino data from Daya Bay [49] and KamLAND [50]
experiments. The reactor experiments provide a handle on the elements of the electron
row of the mixing matrix, whose measurements are similarly subject to the reactor
systematic uncertainties and are implemented in this study to the extent possible
with the publicly available information. To assess how the non-unitarity constraints
possible with this minimal selection of experiments will evolve in the future, we further
develop an equivalent analysis including the next-generation IceCube-Upgrade [205]
and JUNO [255] experiments (both in deployment at the time of writing). For these
future projections, we once again perform the global fit for the individual mixing matrix
elements not constrained by unitarity alongside the systematic parameters known at this
stage. While the future constraints will evolve as the experiments become operational
and settle on the event selection and data analysis pipelines, our study provides the first
attempt to utilize the preliminary IceCube-Upgrade simulation in this context [213]
and serves as a proof of concept for the upcoming studies with an improved detector
simulation and the upcoming data.

7 .2 datasets

7.2.1 Atmospheric neutrino data

• IceCube-DeepCore

In this study, we use the public release of the DeepCore data collected between 2012–
2015 [3], which is referred to as “Sample A” in [46] and the GRECO event selection
in Section 6.3. The reconstructed neutrino energies (Ereco

ν ) span the 6–56 GeV range,
while the reconstructed zenith angle (θreco

zen ) covers the full atmospheric neutrino sky
(cosθreco

zen ∈ [−1,1]). The release is supplemented by the simulated Monte Carlo neutrino

1This dataset corresponds to the previous generation of the IceCube-DeepCore analyses [46, 196]. Although it contains only ∼3
years of data, it remains the only publicly available atmospheric neutrino dataset that contains all of the information necessary for
performing a non-unitarity analysis. The recent public data release from the Super-Kamiokande experiment [254] does not provide
any prescriptions for implementing the systematic uncertainties, which is why we are not considering it in this study.
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events as well as the estimated muon background, which together pass through the
same event selection stages as the data. The PID classification of all events is performed
on the basis of the length of the reconstructed track (ℓtrack) fitted to the recorded light
patterns in the detector. All events with ℓtrack > 50m are classified as track-like, while
the rest fall into the cascade-like PID bin.

While the event-by-event information is provided for both data and neutrino+muon
Monte Carlo samples, the statistical analysis is ultimately performed in the binned
3D (reconstructed energy, reconstructed cosθzen, PID) space. The prescriptions for
incorporating the impact of the detector systematic uncertainties on the event count
in individual bins are also supplied with the data release. This includes the bin count
gradients with respect to the variations in the OM efficiency, the ice absorption/scat-
tering coefficients, and the angular dependence of the OM acceptance. The systematic
uncertainties related to the atmospheric neutrino flux and the interaction cross section
are implemented separately in the public PISA software [256]. The full list of the
systematic uncertainties (λ̄syst) used for the present analysis follows that of [46], with
the exception of the quasielatic (QE) and the resonance (RES) cross section parameters2.

Our analysis of the DeepCore data closely follows that of [46] and is based on the
procedure devised in [256]. It consists of a staged multiplication of the event weights
due to the unoscillated flux, oscillation probability, and the interaction cross section,
ultimately followed by binning into the 3D analysis histograms and applying the
systematic uncertainty gradients. The expected event rate in each analysis bin therefore
depends on the oscillation hypothesis λ̄osc and the systematic parameters λ̄syst. For
DeepCore, the relevant parameters of λ̄osc include Nµ{2,3}, Nτ{2,3}, and the mass splitting
∆m2

32. These parameters directly enter the oscillation probabilities Pµµ(Eν ,L[cosθzen])
and Pµτ(Eν ,L[cosθzen]) as per Equation (2.32).

Following the discussion of Section 2.4, we also need to consider the non-unitarity
corrections for the unoscillated fluxes and the interaction cross sections. The nominal
atmospheric flux model for the DeepCore analysis is HKKMS-2015 [137], which relies
on a hadronic interaction model calibrated by the muon spectrometer measurements
[134, 257]. We therefore assume that the flux prediction is already contaminated by
non-unitarity effects, in particular in the muon sector, and do not apply any addi-
tional normalization corrections related to flux. The nominal cross section model of
the analysis, however, relies on Standard Model-based calculations within the genie

framework [158] and therefore requires a normalization correction Nβ for the final
flavor β according to Equations (2.33b) and (2.33c)3. We absorb this correction factor in
the effective oscillation probabilities P̂αβ , such that

P̂ DC
µµ (Eν ,Ll | λ̄osc) = Pµµ(Eν ,Ll | λ̄osc) ·Nµ =

|(Ne−iH(ρl )LlN †)µµ|2

Nµ
; (7.1a)

P̂ DC
µτ (Eν ,Ll | λ̄osc) = Pµτ(Eν ,Ll | λ̄osc) ·Nτ =

|(Ne−iH(ρl )LlN †)τµ|2

Nµ
(7.1b)

2The public DeepCore data release does not include the genie [158] coefficients necessary to implement the quasielastic and
resonance cross section systematic uncertainties. Since the CC-QE (CC-RES) CC events are subdominant at energies ≳6 GeV and
constitute only ∼9% (14%) of the sample, we find it acceptable to proceed without these two systematics.

3An argument was made in [130] that only the deep inelastic scattering (DIS) cross sections need to be corrected for non-
unitarity. Since the DIS events constitute the majority (≳ 70%) of the public DeepCore data release, we choose to apply the
final-flavor correction to all events regardless of the interaction type. Furthermore, we apply a single correction factor of Nβ to
both CC and NC cross sections, since the relative normalization of the NC events relative to CC is already included as a systematic
parameter [46].
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for the Earth layer l of thickness Ll and constant density ρl . In this study, we consider
a four-layer PREM Earth profile with constant-density layers [145] (see Figure 3.6) and
generalize the phases in the exponents of Equations (7.1a) and (7.1b) to −i

∑
lH(ρl)Ll to

account for the propagation through the entire baseline of length L =
∑
l Ll .

In Figure 7.1, we show the impact of the off-nominal muon and tau row normaliza-
tions on the DeepCore analysis histograms, where we consider the cases (Nµ = 0.9,Nτ =
1) and (Nµ = 1,Nτ = 0.9) separately.

1.0

0.5

0.0

0.5

1.0

co
s

re
co

ze
n

SM
 ex

pe
ct

at
io

n

PID bin 0 (cascade-like) PID bin 1 (track-like)

1.0

0.5

0.0

0.5

1.0

co
s

re
co

ze
n

(N
U

-S
M

) s
ta

t. 
sig

ni
fic

an
ce

6 10 18 32 56
E reco [GeV]

1.0

0.5

0.0

0.5

1.0

co
s

re
co

ze
n

(N
U

-S
M

) s
ta

t. 
sig

ni
fic

an
ce

10 18 32 56
E reco [GeV]

250

500

750

1000

SM i
 [c

ou
nt

s p
er

 b
in

]
-2.0

-1.0

0.0

1.0

2.0

NU i
SM i

SM i
+

2 i

 [
]

-0.5

-0.25

0.0

0.75

1.5
NU i

SM i

SM i
+

2 i

 [
]

Figure 7.1 – Top: the unitary (Standard Model, “SM”) expectation of the DeepCore event rates in the
reconstructed (Eν ,cosθzen) space, assuming the livetime of 2.5 years, NuFit 5.2 oscillation parameters
[65, 66], and the nominal values of the DeepCore systematic parameters [3, 46]. Middle: Statistical
significance of the non-unitary (“NU”) expectation with (Ne,Nµ,Nτ ) = (1,0.9,1) compared to the unitary
case. Bottom: same as the middle panel, but for (Ne,Nµ,Nτ ) = (1,1,0.9).

As seen from the middle panel of Figure 7.1, Nµ < 1 lowers the expected number of
events in both track-like and cascade-like bins, which are dominated by νµ-CC events4.
Similarly, the bottom panel shows the deficit of events predominantly occurring in the

4Even though νµ-CC events contain a true muon track, at low energies it might be classified as a cascade due to the small muon
length (∼4.5 m/GeV [258]) compared to the large DeepCore (75 m) interstring spacing [45].
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cascade-like bin for the case of Nτ < 1. The excesses of events at cosθreco
zen ≃ −1 in both

cases are due to strong matter effects in this region, as it includes neutrinos crossing
through the Earth’s core (see Figure B.2 for the equivalent figure assuming neutrino
propagation in vacuum). The statistical significances of the event deficits/excesses in
the non-unitary mixing case compared to the unitary one are defined as

Σi =
NNU
i −N SM

i√
N SM
i + σ2

i

(7.2)

for each analysis bin i, where σi is the Monte Carlo uncertainty reflecting the limited
simulation statistics. When comparing the observed event rates (N obs) to the expected
ones (N exp) under the hypothesis λ̄ = {λ̄osc, λ̄syst}, we employ a similar expression for
the χ2 test statistic,

χ2
DC(λ̄) =

nbins∑
i=1

(N obs
i −N exp

i (λ̄))2

N exp
i (λ̄) + σ2

i

+
dim λ̄syst∑
j=1

sj − ŝjσsj

2

. (7.3)

The last term of Equation (7.3) is the penalty due to the systematic parameters sj ∈ λ̄syst,
with ŝj being their nominal values and σsj – the widths of the respective Gaussian priors5

[46]. We use the χ2 from Equation (7.3) directly to reproduce the standard oscillation
contours for νµ disappearance (see Section 7.3). For our main Bayesian analysis of the
non-unitary mixing, we convert it to the log-likelihood:

lnLDC(λ̄osc) = −1
2
χ2

DC, (7.4)

assuming that Wilks’ theorem [259] holds and dropping the λ̄osc-independent log-
likelihood term for the null hypothesis.

• IceCube-Upgrade

To incorporate the sensitivity of the upcoming IceCube-Upgrade (see Section 5.4)
into the future projections for neutrino mixing matrix non-unitarity, we utilize the
preliminary public release of the IceCube-Upgrade neutrino Monte Carlo simulation
[213]. We note that this release corresponds to the sensitivities published in [205] and
does not reflect the more recent progress in simulation, event selection, reconstruction,
and rejection of random noise and muon background [210, 212]. At the time of the
IceCube-Upgrade simulation release, the projected minimum improvement in the θzen
reconstruction compared to the DeepCore-only configuration was a factor of ∼3. This
allows us to bin the cosθzen dimension of the IceCube-Upgrade expectation templates
more finely compared to the corresponding DeepCore templates in Figure 7.1. We
further assume a uniform logarithmic energy binning with 15 bins in the 1–100 GeV
range. This choice is conservative in the energy range overlapping with that of the
three-year DeepCore analysis but includes additional bins at both lower (1–6 GeV) and
higher (56–100 GeV) reconstructed energies. The dimensions of the grid are tuned such
that the least populated bin has ≳ 20 counts, which justifies the use of the same test
statistic as in Equations (7.3) and (7.4).

In Figure 7.2, we show the impact of the off-nominal muon and tau row normaliza-
tions (Nµ = 0.9 and Nτ = 0.9, considered separately as before). When comparing these
non-unitary expectations to the SM case, we find the same features as in Figure 7.1,

5If the priors are uniform, no penalty term is added.
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which now provide higher statistical power for placing unitarity constraints due to the
finer angular binning and the extended energy range.
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Figure 7.2 – Same as Figure 7.1, applied to the ICU dataset and binning configuration. The assumed
livetime is 3 years.

For the IceCube-Upgrade analysis, we implement the same atmospheric neutrino
flux uncertainties as for the DeepCore analysis, as well as the systematic uncertainty
for the relative scaling of the NC cross section compared to CC. The detector systematic
uncertainties are not possible to implement for the public IceCube-Upgrade Monte
Carlo, as no prescriptions for treating the off-nominal detector systematics (e.g. in the
form of the bin count gradients with respect to the systematic parameter variation,
as in [3]) are supplied with this release. The per-event genie coefficients necessary to
implement the QE and the RES cross section systematic uncertainties are similarly not
available. We note that the latter will become particularly relevant for the IceCube-
Upgrade, as the relative contributions of the CC-QE and CC-RES events to the overall 1–
100 GeV sample will constitute ∼21% and ∼25%, respectively. Given these limitations,
we choose a 3-year livetime for our projections involving the IceCube-Upgrade, which
we expect to be statistics-limited. However, we stress that more accurate projections will
be possible and necessary in the future once the remaining theoretical and experimental
uncertainties are taken into account, along with the recent progress in the technical
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development of the IceCube-Upgrade simulation [212].

7.2.2 Reactor neutrino data

• Daya Bay

The Daya Bay Reactor Neutrino Experiment (shortly: “Daya Bay”, later abbreviated
as “DB” in equations and figures) is probing disappearance of electron antineutrinos
from the Daya Bay and the Ling Ao nuclear power plants. The ν̄e flux originates from
the fission of the 235U, 238U, 239Pu, and 241Pu isotopes and is detected through the
inverse beta decay (IBD) reaction, ν̄e + p→ e+ +n, in eight antineutrino detectors (ADs).
Four of these detectors are located at the near experimental halls, EH1 and EH2, and
the remaining four are placed at the far experimental hall, EH3. The distances between
the reactor cores and the far detectors range between 1.5 km and 1.9 km, making Daya
Bay a short-baseline detector. The IBD reaction products ionize the liquid scintillator
filling the ADs, which leads to the emission of photons detected by the PMTs in each
detector. This enables the reconstruction of the deposited “prompt energy”:

Eprompt ≈ Eν̄ +mp − (mn +me + Tn) + 2Eγ , (7.5)

where Eν̄ is the energy of the incoming antineutrino; mp, mn, and me are the masses of
the proton, neutron, and electron, respectively; Tn is the kinetic energy of the neutron;
and 2Eγ = 2× 0.511MeV is the energy of the two photons emitted as the result of the
e+e− annihilation in the scintillator medium. The typical range of Tn is O(10keV) [260]
and is therefore neglected. This leads to the following approximation:

Eprompt ≈ Eν̄ − 0.782MeV, (7.6)

which we adopt in this study6. To probe the electron row of the mixing matrix N
entering Equation (2.32), we employ a method similar to the Analysis Method B from
[263], as was done in the most recent analysis by the Daya Bay Collaboration at the time
of writing [49].

To predict the event rates at the far hall EH3, Method B relies on convolution of the
reactor ν̄e flux model, the standard IBD cross section [264], the oscillation probabilities
Pēē(λ̄osc), and the detector response. Here, λ̄osc denotes the parameters driving the ν̄e
survival probability, which for Daya Bay are the electron row elements Nei and the
mass splitting ∆m2

32. The reactor flux model is effectively constrained by the near hall
measurements [263], and therefore is already contaminated by any non-unitarity effects.
However, the IBD cross section used in this analysis is based on a calculation assuming
the Standard Model and thus requires an extra correction factor of Ne ≡ (NN †)ee. We
include this factor in the effective oscillation probabilities P̂ēē(λ̄osc), which become

P̂ DB
ēē (Eν̄e ,Lr | λ̄osc) = Pēē(Eν̄e ,Lr | λ̄osc) ·Ne =

|(Ne−iHLrN †)ee|2

Ne
(7.7)

for a fixed baseline Lr connecting the far hall with one of the six reactors r. We further
perform averaging over reactor baselines as follows:

⟨P̂ DB
ēē (Eν̄e | λ̄osc)⟩L =

[∑
r

1

L2
r
P̂ DB
ēē (Eν̄e ,Lr | λ̄osc)

]
·
[∑

r

1

L2
r

]−1
, (7.8)

6We subsequently assume that the 26 prompt energy bins used in the official analyses by the Daya Bay Collaboration [49, 261]
have a 1:1 correspondence with the 26 energy bins of the IBD neutrino spectrum from [260], which is an approximation to the
complete energy response matrix of the detector (see e.g. [260, 262]).
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such that the average oscillation probability ⟨P̂ DB
ēē (Eν̄e | λ̄osc)⟩L only depends on neutrino

energy and the oscillation parameters.

In this study, we analyze the IBD candidate selection from 3158 days of Daya Bay
data [49]. Together with the release of this dataset, the Daya Bay Collaboration provides
the event rates predicted for EH3 with the best-fit oscillation parameters: ∆m2

32 =
(2.466±0.060) ·10−3 eV2 (under normal mass ordering) and sin2 2θ13 = 0.0851±0.0024.
We unfold this best-fit oscillation prediction to compute the expected unoscillated event
rates at EH3:

N exp,noosc
EH3 (Eprompt) =

N exp
EH3(Eprompt, λ̄

bestfit
osc )

⟨P̂ DB
ēē (Eν̄e | λ̄

bestfit
osc )⟩L

, (7.9)

where λ̄bestfit
osc assumes unitary mixing (NN † =N †N = I). We then use this unoscillated

prediction to compute the expected spectrum N exp
EH3 under the tested non-unitary mixing

hypothesis λ̄osc:

N exp
EH3(Eprompt, λ̄osc) = N exp,noosc

EH3 (Eprompt) · ⟨P̂ DB
ēē (Eν̄e | λ̄osc)⟩L. (7.10)

Finally, the expected spectrum N exp
EH3 is compared to the observed spectrum N obs

EH3
at EH3. To optimize for the parameters of λ̄osc, the following χ2 test statistic is con-
structed7:

χ2
DB(λ̄osc) = (N obs

EH3 −N
exp
EH3)⊤V −1

tot (N obs
EH3 −N

exp
EH3), (7.11)

where Vtot is the total covariance matrix consisting of the statistical and the systematic
components, Vtot = Vstat+Vsyst. The statistical component of V is calculated as a diagonal
matrix with Vstat, ii = N exp

EH3,i , where index i runs over the prompt energy bins Eprompt, i .
The estimation of the systematic component follows the prescription from [260] and is
detailed in Appendix B.2.18. As in Section 7.2.1, the χ2 from Equation (7.11) is used
to reproduce the three-flavor Daya Bay contours in Section 7.3, and converted to the
log-likelihood lnLDB analogously to Equation (7.4) for the Bayesian analysis of the
non-unitary mixing.

In Figure 7.3, we show the predicted prompt energy spectrum at EH3 assuming
no oscillations, N exp,noosc.

EH3 ; the actual spectrum measured by Daya Bay in 3158 days
of livetime, N obs

EH3; and the corresponding best-fit spectrum, N exp
EH3(λ̄bestfit

osc ). All of the
spectra are background-subtracted and summed over the data-taking periods. To il-
lustrate the effect of non-unitarity on the predicted event rate, we scale the electron
row of the mixing matrix N such that the normalization Ne = 0.95, i.e., 5% lower than
the unitary expectation. We see from Figure 7.3 that the deviation from the measured
Daya Bay spectrum in the non-unitary case is highly non-statistical, which suggests
that the constraint on the electron row normalization that could be put with Daya
Bay will be much stronger than 5%. We note that this is the result of the IBD cross
section correction by one factor of Ne. This factor would cancel out if one were to
use an analysis method based on computing the far/near detector event ratios, such
as the Method A of Ref. [263], resulting in the loss of sensitivity to the electron row
normalization with Daya Bay alone.

7We note that the original version of the Analysis Method B from [263] relies on profiling of the systematic parameters
with respective penalty terms added to the χ2. However, since we do not have access to the Daya Bay simulation chain and
implementaton of the individual systematics, we resort to the covariance matrix method instead.

8The ultimate impact of the non-zero Vsyst on the measured electron row elements is shown in Figure B.3.
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Figure 7.3 – Top: Daya Bay prompt energy spectrum predicted at the far hall EH3 for the case of no
oscillations (gray), Daya Bay best-fit three-flavor oscillations (blue) [49], and non-unitary oscillations with
normalization of the electron row Ne = 0.95 (yellow). The black dots represent the spectrum observed by
Daya Bay at EH3 in 3158 days. Bottom: ratios of the expected or observed spectra including oscillations
to the no-oscillation prediction. The color scheme follows that of the top panel. The errorbars represent
the statistical uncertainty for data and the square-roots of the diagonal elements of the covariance matrix
(
√
Vii) for expectations.

• KamLAND

The concept of the Kamioka Liquid Scintillator Antineutrino Detector (“KamLAND”,
later abbreviated as “KL” in equations and figures) is similar to that of Daya Bay.
KamLAND measures electron antineutrinos from nuclear reactors via the IBD process
in a single tank filled with liquid scintillator, and the light emitted post-interaction
due to the scintillation and Cherenkov radiation processes is collected by PMTs. The
main difference compared to Daya Bay is that there are more than 50 (57 in this study)
contributing nuclear reactors located at much larger distances to the detector, with the
effective flux-averaged distance L0 ≃180 km. This means that KamLAND can probe
∼100 times smaller mass splittings compared to Daya Bay, which makes it sensitive to
∆m2

21 and Ne{1,2} (alternatively, θ12 in the mixing angle parameterization). Furthermore,
due to both long baselines and the depth at which the KamLAND detector is located
(2700 m w.e.), matter effects start playing a role in neutrino oscillations and have to be
taken into account explicitly in the Hamiltonian of Equation (2.22).

In this study, we analyze the selection of IBD candidates collected by KamLAND
over 7 years (2002–2009), as reported in [50, 265]. From the referenced publication,
we extract the no-oscillation prediction for the binned prompt energy spectrum at the
detector and subtract the best-fit background distributions. We assume that this energy
spectrum directly corresponds to the energy deposited by the IBD interaction products,
i.e., we do not apply any deposited-to-visible energy conversions due to non-linearity
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of the detector response9. However, we take into account the 1.9% uncertainty on the
energy scale determination (ϵE) and the 4.1% bin-to-bin correlated uncertainty on the
event rate (ϵN ), which are the dominant systematic uncertainties for the determination
of ∆m2

21 and θ12 [50, 267]10.

We compute the expected energy spectrum under the oscillation hypothesis λ̄osc as

Nexp(Eprompt, λ̄osc, λ̄syst) = Nexp,noosc(Eprompt, λ̄syst)⟨P̂ KL
ēē (Eν̄e | λ̄osc)⟩L, (7.12)

where ⟨⟩L denotes averaging over the baselines as in Equation (7.8) and λ̄syst = (ϵE ,ϵN )
are the systematic parameters. To arrive at the effective survival probability P̂ KL

ēē for
KamLAND, the standard oscillation probability is multiplied by two factors of Ne. This
is needed to correct for non-unitarity in both the IBD cross section and the reactor flux,
which are based on calculations assuming the Standard Model rather than calibration
at the near detector [264, 268]. This removes the factors of Ne from the denominator of
Equation (2.32) and yields

P̂ KL
ēē (Eν̄e ,Lr | λ̄osc) = |(Ne−iHLrN †)ee|2 (7.13)

for a fixed baseline Lr .

Due to the relatively low numbers of counts in the KamLAND spectra, we are using
the binned Poisson likelihood11 to quantify the agreement of the observed data with
the expected spectrum under a given oscillation hypothesis:

lnLKL(λ̄osc, λ̄syst) = Nobs · ln
[
Nexp(λ̄osc, λ̄syst)

]
−Nexp(λ̄osc, λ̄syst)− ln[Nobs!]. (7.14)

The penalty terms due to λ̄syst are added in the same way as in Equation (7.3).

In Figure 7.4, we show the predicted prompt energy spectrum assuming no oscil-
lations, the actual spectrum measured by KamLAND over 7 years, and the spectrum
expected at the KamLAND best-fit point assuming θ13 = 0◦ (∆m2

21 = 7.5 · 10−5 eV2,
tan2θ12 = 0.492) [50]. As was done in Figure 7.3, we also provide the corresponding
prediction under the assumption of non-unitary mixing, where we rescale all of the
elements of the electron row such that Ne = 0.95. We see that due to limited statistics,
KamLAND is not nearly as sensitive to the electron row normalization as Daya Bay, and
therefore only a weak improvement to the Daya Bay constraint on Ne is expected from
inclusion of KamLAND. However, KamLAND provides an additional handle on the
Ne1 and the Ne2 elements of the mixing matrix, which enter the KamLAND oscillation
probability in a different combination (|Ne1|2 |Ne2|2) than that of Daya Bay (|Ne1|2+ |Ne2|2)
[53]. Thus, we include KamLAND into the analysis for the purpose of constraining |Ne1|
and |Ne2| individually. At the same time, we note that this cannot be done completely
unambibuously without the solar neutrino oscillation data (such as that from SNO
[269]), which helps break the degeneracy in the octant of θ12. We therefore use prior
information from the solar neutrino measurements that θ12 lies in the lower octant,
such that |Ne1| > |Ne2|, which helps avoid the bimodality in our ultimate matrix element
posteriors.

9We investigated this option in our analysis, applying the Evis(Edep) correction as derived in [266], but found nearly no change
in our reproduction of the standard oscillation results.
10The impact of these uncertainties on the measured electron row elements is shown in Figure B.4.
11We note that this treatment differs from the unbinned and time-dependent likelihood approach officially used by the

KamLAND collaboration [50, 267]; however, since we do not have access to the event-by-event information from KamLAND, we
find this approach to be optimal given the public information available.
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Figure 7.4 – Top: KamLAND prompt energy spectrum predicted for the case of no oscillations (gray),
KamLAND best-fit two-flavor oscillations (blue) [50], and non-unitary oscillations with normalization
of the electron row Ne = 0.95 (yellow). The black dots represent the spectrum observed by KamLAND
between 2002-2009. Bottom panel: same as Figure 7.3. The errorbars represent the statistical uncertainty
for data and the total (statistical + systematic) uncertainty on the event rate for expectations.

• JUNO

The Jiangmen Underground Neutrino Observatory (“JUNO”) is an upcoming mul-
tipurpose neutrino experiment, which is undergoing installation in Southern China
at the time of writing [255, 270]. It will measure, in particular, the disappearance
of reactor ν̄e from two nuclear power plants located at 52.5 km distance each from a
liquid scintillator detector. The combination of this baseline length with the typical
energy range of the IBD spectrum (∼1.8–9 MeV) results in a sufficiently large L/E reach
suitable for measuring the slow oscillations due to sin2θ12 and ∆m2

21. At the same time,
the energy deposited by the IBD interaction products will be measured in JUNO with
very high resolution (∼3% at 1 MeV using the main JUNO PMT system, LPMT [255]).
This will allow for simultaneous measurements of ∆m2

31 and sin2θ13, which induce fast
oscillations.

The JUNO Collaboration provides the prediction for the unoscillated event rates
Nexp,noosc as a function of true neutrino energy, which results from a convolution of
the reactor fluxes with the IBD cross section [255]. Since the assumed cross section is
following the Standard Model-based calculation by [264], we correct it by the normal-
ization Ne as per Equation (2.33b). This correction factor is absorbed into the effective
oscillation probability P̂ee as in Equation (7.7). The reactor flux, on the other hand, does
not require a non-unitarity correction, since its calibration at the satellite TAO detector
is envisioned [255, 271].

To represent the expected oscillated event rates Nexp,noosc(Eν) · P̂ee(L,Eν) as a function



89

of the visible energy Evis in the detector, we apply the shift from Eν to the prompt
(positron) energy as per Equation (7.6), which we further correct according to the
nonlinear response of the LPMT system and smear according to its expected resolution.
Following [255], we use a 20 keV bin width for the resulting visible energy range. For
the final oscillated spectrum expectation, we assume a 2.2% flux uncertainty (ϵN )
and a 1% detection uncertainty (ϵeff), both bin-to-bin correlated. We further include
the geoneutrino background, which is the dominant source of background in JUNO
[255], as well as an associated 30% uncertainty (ϵgeo). We do not take into account
other sources of background or spectrum shape uncertainties in this analysis. The ϵN ,
ϵeff, and ϵgeo systematic parameters acquire respective penalty terms in the χ2

JUNO test
statistic. The latter is equivalent to Equation (7.3), modulo the Monte Carlo simulation
uncertainty σi , which only applies to DeepCore. As in all other experiments for which
the χ2 metric is defined, we convert it to the log-likelihood lnLJUNO assuming Wilks’
theorem.

In Figure 7.5, we show our predictions for the visible energy spectra in JUNO after 6
years of exposure for the same physics cases as in Figures 7.3 and 7.4. By comparing
the spectrum generated under the standard three-flavor scenario to the non-unitary
mixing case with Ne = 0.95, we can expect that JUNO will similarly have the capability
to constrain the electron row normalization but not improve significantly on the Daya
Bay-only constraints.
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Figure 7.5 – Top: JUNO visible energy spectrum predicted for the case of no oscillations (gray), best-fit
oscillations with parameters from [255], and non-unitary oscillations with normalization of the electron
row Ne = 0.95 (yellow). Bottom: same as Figure 7.3. The errorbars represent the total (statistical +
systematic) uncertainty on the expected event rate. The backgrounds are not included in this figure. The
assumed livetime is 6 years.
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7 .3 reproduction of the three-flavor oscillation results

Prior to fitting for the elements of the non-unitary mixing matrix N , we validate our
setup of the experiments, systematic uncertainties, and test statistics by reproducing
the standard three-flavor oscillation results. In particular, we construct the following
confidence level contours: (sin2 2θ13, ∆m2

32) for Daya Bay; (tan2θ12, ∆m2
21) for Kam-

LAND; (sin2θ12, ∆m2
21) for JUNO; and (sin2θ23, ∆m2

32) for IceCube-DeepCore and
IceCube-Upgrade. The contours are derived from the frequentist χ2 scans across the
relevant 2D parameter spaces and compared to the official results from the respective
collaborations [46, 49, 50, 205, 255]. The solar mass splitting and mixing angle are
fixed at ∆m2

21 = 7.53 · 10−5 eV2 (7.5 · 10−5 eV2) and θ12 = 33.48◦ (33.64◦) for the Daya
Bay (DeepCore) analysis. For future projections with JUNO and IceCube-Upgrade, the
injected true parameters are (sin2θ12, ∆m2

21) = (0.307, 7.53 · 10−5 eV2) and (sin2θ23,
∆m2

32) = (0.51, 2.31 · 10−3 eV2), respectively, following [46, 255]. The DeepCore system-
atic parameters λ̄syst [46] are profiled over, i.e., fitted by minimizing χ2

DC(λ̄osc, λ̄syst) at
a given scan point. The same treatment applies to the simplified KamLAND and JUNO
systematic parameters. For reproduction of the KamLAND results, we additionally fix
θ13 = 0◦12.

Our results are summarized in Figures 7.6 and 7.7.
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Figure 7.6 – Reproduction of the standard oscillation results from Daya Bay [49], KamLAND [50],
and IceCube-DeepCore [46] experiments. For Daya Bay and KamLAND, the solid, dashed, and dotted
contours indicate 1σ , 2σ , and 3σ confidence levels. For IceCube-DeepCore, the contours correspond to
the 90% confidence level. The crosses represent the best fit points from this work (red) or the published
experimental result (gray). The official IceCube contours were extracted from [46] (2019 result).

Generally, we find a good agreement between the official collaboration contours and
our reproductions, and note the following:

■ For Daya Bay, our recovered 2σ and 3σ contours are 30–35% wider than the
official result of the Daya Bay collaboration. This level of agreement is expected,
as we implemented an approximate covariance matrix with the simplifications
detailed in Appendix B.2.1, rather than fully profiling the systematic parameters
as done in [49].

■ For KamLAND, the best-fit mass splitting ∆m2
21 obtained in our reproduction is

2% (0.5σ ) higher than the collaboration reported-value, and the best-fit tan2θ12
is 4% (0.2σ ) lower than the official KamLAND result. All three confidence levels

12Note that we fix θ13 only for the one-time comparison with the KamLAND-provided χ2 map at θ13 = 0◦ [265], and do not
rely on this simplification anywhere else in this analysis.
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Figure 7.7 – Reproduction of the projected standard oscillation contours for the JUNO [255] and the
IceCube-Upgrade [205] experiments. For JUNO, the solid, dashed, and dotted contours indicate 1σ , 2σ ,
and 3σ confidence levels. For IceCube-Upgrade, the contours correspond to the 90% confidence level.
The crosses represent the best fit points from this work (red) or the injected truth (gray).

contours are similarly shifted to higher ∆m2
21 and lower tan2θ12. We attribute this

to the difference in the likelihood implementations, namely the binned and time-
independent Poisson likelihood used in this study as opposed to the unbinned
likelihood incorporating the time-dependent reactor power, which was used in
the official KamLAND fit [50].

■ The (sin2θ23,∆m
2
32) contours derived in this work are in a good agreement with

the official IceCube result [46]. We achieve a nearly perfect match of the contour
widths in the ∆m2

32 dimension and ≲20% discrepancy in the sin2θ23 dimension,
with our contours being narrower. This could be connected with the cross section
systematic uncertainties being omitted in our analysis and the resulting shift of
the best-fit point by ∆sin2θ23 = 0.026.

■ The 2σ and 3σ contours obtained in the (sin2θ12, ∆m
2
21) space for JUNO are

underestimated only at 0.1%-0.2% level in our reproduction compared the official
JUNO projection [255]. This is expected since we considered only geoneutrinos
as a source of background in JUNO, and wider contours would be obtained with
more backgrounds and associated systematic uncertainties incorporated into the
analysis.

■ The 90% confidence level contours derived in this work for the IceCube-Upgrade
are 13–18% wider in the sin2θ23 dimension and 40–50% wider in the ∆m2

32
dimension, as compared to the official projections from [205]. This is caused by
the different form of the test statistic, such that the uncertainty due to limited
Monte Carlo statistics is taken into account in this work but not in [205]. We
confirmed that the contours match exactly if the Monte Carlo statistics uncertainty
term is excluded from our test statistic (see Equation (7.2)).

7 .4 global fit procedure

For the primary analysis of this work, we take a Bayesian approach to constrain the
individual elements of the leptonic mixing matrix, including their magnitudes and
phases. We combine the likelihoods defined in Section 7.2 for each experiment with
the uniform [0, 2π] prior on each of the fitted phases φαi and the uniform [0, 1]
prior on most of the fitted magnitudes |Nαi |. The exceptions are |Ne1|, |Ne2|, which
we constrain to be in the [0.7, 0.9] and [0.4, 0.7] ranges, respectively, using the prior
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information from the solar oscillation experiments as discussed in Section 7.2.2. The
constraints for the mass splittings are ∆m2

21 ∈ [6.5 · 10−5 eV2, 9.0 · 10−5 eV2] and ∆m2
31 ∈

[1.9 · 10−3 eV2, 2.9 · 10−3 eV2]. Normal neutrino mass ordering is assumed throughout
this study13. The priors on the IceCube-DeepCore and the IceCube-Upgrade systematic
parameters are defined in Appendix B.2.3.

Our fit is performed using the UltraNest [272, 273] package, which utilizes the
MLFriends Monte Carlo nested sampling algorithm [274, 275]. We couple the likelihood
evaluations to the oscillation probability calculations within the Neurthino package
[5], which we modified to include the physics specific to non-unitarity (see Section 2.4).

When making sensitivity projections for both the current and the next-generation ex-
periments, we use the unitary mixing matrix U generated with the NuFit 5.2 oscillation
parameters [65, 66] as the truth. We then constrain the individual matrix elements of
N by fitting the full non-unitary model to the fake data templates produced with U .

13We tested the possibility of fitting the normal mass ordering model to pseudodata with injected inverted ordering and found
virtually identical sensitivities to the mixing matrix elements, normalizations, and closures with the current set of experiments
(IceCube-DeepCore, Daya Bay, KamLAND).



chapter 8

Results

N.B.: During the preparation of this thesis, which coincides with the journal review
period, a misinterpretation of the KamLAND data used in the analysis was found. The
results are being recreated with a correct data implementation, and updated results
will be available for the defense, next draft of this thesis, and for the journal article.
The updated result is not expected to significantly change the scientific conclusions
regarding the impact of the KamLAND data on the unitarity global fits.

8 .1 global fit with the current data

8.1.1 Constraints on matrix elements, normalizations, and closures

In Figure 8.1, we show the posterior densities of each of the matrix element magnitudes
|Nαi | obtained with the available public data from IceCube-DeepCore, Daya Bay, and
KamLAND experiments. We see that the electron row elements are significantly better
constrained than the muon and the tau row elements. In particular, the ∼6% precision
of the measured |Ne3| is driven by the extremely high statistics of the ν̄e neutrino sample
detected by Daya Bay, while the constraints on |Ne1| and |Ne2| are the result of combining
the Daya Bay data with that of KamLAND and the prior knowledge from the solar
neutrino experiments about the octant of θ12. The primary advantage of including
the IceCube-DeepCore data into the global fit lies in the measurement |Nµ3| and |Nτ3|
elements, which we find to be constrained with ∼30–40 % precision given the three-year
dataset. Thanks to the constraints on the overall row normalizations (discussed further
in this section), the |Nµ{1,2}| and the |Nτ{1,2}| elements could also be measured, albeit
with large (up to 100%) uncertainties and strong degeneracies between the elements of
the first and the second column in each row.

From the posterior densities of the matrix element magnitudes, we construct the
posteriors of the row normalizations, Nα (α ∈ {e,µ,τ}), and the column normalizations,
Ni (i ∈ {1,2,3}). The results are shown in Figures 8.2 and 8.3, respectively. The 68%,
95%, and 99.7% credible intervals derived from the 1D normalization posteriors are
additionally reported in Table 8.1.
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Figure 8.1 – Posterior densities of the non-unitary matrix element magnitudes, |Nαi |, as obtained with the
current data from IceCube-DeepCore, Daya Bay, and KamLAND. All other fitted physics and nuisance
parameters are marginalized over. The three shaded regions correspond to 68%, 95%, and 99.7% credible
intervals (C.I.), from darker to lighter.

68% C.I. 95% C.I. 99.7% C.I.

Ne [0.993, 1.009] [0.985, 1.018] [0.977, 1.026]

Nµ [0.76, 0.97] [0.67, 1.10] [0.57, 1.24]

Nτ [0.73, 0.96] [0.62, 1.09] [0.52, 1.24]

N1 [0.75, 0.98] [0.67, 1.20] [0.59, 1.50]

N2 [0.84, 1.19] [0.66, 1.36] [0.53, 1.53]

N3 [0.70, 0.90] [0.61, 1.02] [0.52, 1.14]

Table 8.1 – Credible intervals (C.I.) for the 1D posteriors of the row normalizations (first three rows)
and the column normalizations (last three rows) of the unitarity-agnostic neutrino mixing matrix N , as
measured with the current public data from IceCube-DeepCore, Daya Bay, and KamLAND.

We find that the electron row normalization is well constrained by the current
data, such that the 99.7% credible interval covers only a 5% range around the unitary
expectation of Ne = 1. We remind the reader that this constraint comes predominantly
from the Daya Bay data and is the result of our specific choice of the analysis where the
input IBD cross section is based on the Standard Model calculation from [264]. This
necessitates the correction of the Daya Bay oscillation probabilities by one factor of
Ne, as per Equation (7.7), which would have cancelled out in an analysis relying on
near-to-far detector event ratios but does not cancel out in a direct calculation of the
expected event rates with a SM cross section. Our constraint on Ne therefore represents
the statistical power of Daya Bay to constrain the ν̄e spectrum normalization affected by
the non-unitarity effects on the cross section. We point out that if no extra factors of Ne
were modifying the effective oscillation probability, the non-unitarity in the electron
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Figure 8.2 – Diagonal elements: 1D posterior densities of the row normalizations Nα , where the dotted
black line corresponds to the measured posterior maximum, and the dashed blue line – to the nor-
malization expected under the assumption of unitarity. Off-diagonal elements: correlations between
the normalizations of different rows (Nα ,Nβ), where the triangular marker is the maximum of the 2D
posterior in the (Nα ,Nβ) space, and the circular marker is the unitary expectation.

row would only be observed by KamLAND due to the presence of non-standard matter
effects (see top left panels of Figures 2.5 and B.1), but would not be observed in Daya
Bay.

Further, we observe that the normalization of the muon and the tau rows have much
wider contours for the same choice of the credible intervals, covering ∼70% ranges
about the unitary expectation. These ranges are asymmetric, with ∼88% of the one-
dimensional Nµ and Nτ posteriors contained below 1, and the respective posterior
maxima situated at 0.851. We note a strong positive correlation between the Nµ and
Nτ posterior densities, as well as between N2 and N3. In Section 8.2, we reveal that
these correlations are driven by the atmospheric neutrino systematic uncertainties and
would not have existed if the atmospheric neutrino flux was perfectly constrained. On
the contrary, the negative correlation between the N1 and N2 column normalizations is
the result of the degeneracies between |Nα1| and |Nα2| (α ∈ [µ,τ]), which arise due to the
fact that the atmospheric oscillation probabilities only depend on the sum of squares of
these elements [53].

Finally, we make use of the fitted complex phases φαi in combination with the matrix
element magnitudes |Nαi | to derive the constraints on the row closures tαβ and the
column closures tij , as defined in Section 2.4. The 2D posteriors in the complex (Re, Im)
planes for each of the closures are given in Figure 8.4. Most of the closure posteriors

1For reference, the value of the ντ normalization reported in the official IceCube-DeepCore tau neutrino appearance result was
0.73+0.30

−0.24 (0.57+0.36
−0.30) and obtained through a simple scaling of the expected number of the ντ -CC (CC+NC) events [46].
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Figure 8.3 – Same as Figure 8.2, but applied to the matrix columns (i, j) instead of the matrix rows (α,β).

enclose the unitary expectation of Re(t...) = Im(t...) = 0 within the 68% credible interval,
except for t12, which contains the unitary expectation within the 95% credible interval.
Thus, our measurements of the row and column closures demonstrate consistency with
unitarity. The best constraints are obtained for tµτ , such that the 99.7% credible interval
for |tµτ | is contained within the radius of 0.2 from the unitary expectation.

8.1.2 Comparison with the model assuming unitarity

In Section 8.1, we showed that the data appears to prefer smaller-than-unity normal-
izations Nµ, Nτ , N1, and N3, when fitted with a unitarity-agnostic model relying on a
generic mixing matrix N . We now seek to contrast this model with the one that assumes
unitarity, i.e., the standard three-flavor neutrino mixing through the PMNS matrix as
defined in Equation (2.16). For that purpose, we run an additional Bayesian fit for the
unitary scenario and use Ultranest to extract the Bayesian evidence Z for both models.
The evidence is computed as

Z =
∫

L(Nobs|λ̄osc, λ̄syst)π(λ̄osc, λ̄syst)dλ̄oscdλ̄syst, (8.1)

where L(Nobs|λ̄osc, λ̄syst) is the product of the per-experiment likelihoods combined in
the global fit, π(λ̄osc, λ̄syst) are the priors for the oscillation (systematic) parameters λ̄osc

(λ̄syst), and Nobs are the observed data. Having obtained the evidence values ZNU and
ZSM for the non-unitary and the unitary (“Standard Model”) scenarios, we compute the
logarithm of the Bayes factor as

lnB = lnZSM − lnZNU, (8.2)



97

0.5 0.0 0.5
(t )

0.5

0.0

0.5
(t

)

te

0.5 0.0 0.5
(t )

te

2D posterior max.
unitary exp.: (0, 0)

99.7% C.I.
95.0% C.I.

68.0% C.I.

0.5 0.0 0.5
(t )

t

0.5 0.0 0.5
(tij)

0.5

0.0

0.5

(t i
j)

t12

0.5 0.0 0.5
(tij)

t13

0.5 0.0 0.5
(tij)

t23

Figure 8.4 – Top: posteriors of the row closures tαβ obtained with the current data from IceCube-
DeepCore, Daya Bay, and KamLAND, and displayed in the 2D complex planes. Bottom: same as top, but
applied to the column closures tij .

such that a negative (positive) value of lnB indicates a preference for the non-unitary
(unitary) model. We obtain lnZNU = −120.04 and lnZSM = −105.18, resulting in lnB =
14.86. According to the Jeffreys’ scale [276, 277], this implies a strong preference for the
unitary model over the non-unitary one. This finding is in contrast with the fact that
the fit with the generic mixing matrix N prefers off-unitary normalizations for certain
rows and columns, as indicated above. Given that the non-unitary model introduces 9
extra oscillation parameters compared to the unitary case, the resulting Bayes factor can
simply reflect the relative complexity of the models – i.e., the non-unitary model being
unnecessarily complex. In addition, the non-unitary model can be penalized due to the
rather agnostic priors on the matrix element magnitudes and phases (see Section 7.4),
and the dependence of the evidence values on the choice of the prior ranges was left
outside the scope of this work. To get further insight into whether the best-fit unitary
and the best-fit non-unitary models are individually compatible with the data, we run
posterior predictive checks for each model as described in Section 8.1.3.

8.1.3 Posterior predictive checks

To quantify the goodness of fit for both the unitary and the non-unitary models tested in
this study, we use the method of posterior predictive checks via realized discrepancies,
as devised in [278]. The purpose of the method is to assess whether the obtained
posterior distributions of the fitted parameters can yield observations that “cover” the
original data. A successful outcome of such a test would be that the data does not
deviate from the expectation under a given set of parameters more than the majority
of the statistical realizations of the same expectation. This test is repeated for every
posterior sample of λ̄ = {λ̄osc, λ̄syst}, which can be used to generate an expectation
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template Nexp for each experiment and further statistically fluctuated (e.g. by applying
Poisson fluctuations) to obtain a mock “replica” of the data Nrepl. Then, given the
current posterior sample of λ̄, the log-likelihoods lnL(Ndata | λ̄) and lnL(Nrepl | λ̄) can
be computed for the original data and the mock replica. One can eventually claim that
the posteriors result in replicas that cover the data well if − lnL(Nrepl) > − lnL(Ndata)
for a sufficiently large fraction of λ̄ sampled from the posterior [278]. This fraction is
then defined as the p-value describing the compatibility between the tested model with
its posteriors and the data. In Figure 8.5, we plot the − lnL(Nrepl) values against the
− lnL(Ndata) values obtained for 2000 equally weighted posterior samples pertaining to
each of the two models. The p-values are found as the fractions of points above the 1:1
lines, which results in pNU ≃ 0.658 and pSM ≃ 0.544.
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Figure 8.5 – The results of the posterior predictive checks via realized discrepancies for the non-unitary
model (left) and the unitary model (right). In each of the scatter plots, the fraction of the points lying
above the 1:1 line corresponds to the p-value for a given model. More details on the method are provided
in text and Ref. [278].

We deem both of these p-values to be acceptable and conclude that the data is well
described by both non-unitary and unitary models. This further strengthens our earlier
argument in Section 8.1.2 that the strong preference for the unitary model according
to the Bayes factor is likely a mere consequence of the prior definitions and/or the
non-unitary model penalized for its complexity.

8 .2 impact of the atmospheric neutrino systematic uncertainties

To test the impact of the atmospheric neutrino systematic uncertainties on the non-
unitarity metrics evaluated in this study, we perform two additional Bayesian fits.
In both of the fits, we replace the real data from the considered experiments with
the pseudodata templates generated under the assumption of unitarity2 and with the
injected oscillation parameters fixed at the NuFit 5.2 values [65, 66]. In one of the fits,
we further exclude the IceCube-DeepCore systematic uncertainties from consideration
by fixing their values at the nominal expectations [46]. The results of these two fits are
shown in Figure 8.6.

2Fitting pseudodata rather than real data is necessary for this test since the data would not be well described without the
systematic uncertainty parameters. This would result in a bad goodness of fit and complicate the interpretation of the test outcomes.
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Figure 8.6 – The projected posterior densities of the row normalizations Nµ and Nτ with and without
atmospheric systematic uncertainties (shown as blue and red contours, respectively).

We find that if all of the IceCube-DeepCore systematic parameters were known
perfectly, the constraints on Nµ and Nτ normalizations individually would be much
stronger. In particular, the width of the 99.7% credible interval of Nµ would shrink by
a factor of 12.4 (from 0.87 to 0.07), and that of Nτ – by a factor of 3.2 (from 0.89 to
0.28). Furthermore, the correlation between Nµ and Nτ would be broken, resulting in
constraints similar to those obtained in [53].

To better understand which of the nuisance parameters induce the (Nµ, Nτ ) cor-
relations and lead to the wide one-dimensional Nµ and Nτ posteriors, we compare
the nuisance parameter posterior densities between the non-unitary and the unitary
model fits to the current data (see Figure B.5). The difference in the posterior distri-
butions obtained with the two models for each parameter allows us deduce which of
the IceCube-DeepCore parameters are degenerate with non-unitarity. In particular, the
shift in the means of the distributions between the unitary and the non-unitary model
fits suggests that the combination of the parameters in question is degenerate with the
shift of the Nµ and Nτ posterior maxima to the off-unitary values. On the contrary, the
change in the distribution widths of the individual systematic parameters implies that
these parameters are responsible for the spread of the Nµ and Nτ distributions (in the
unitary case, the spread is equal to 0, as Nµ = Nτ = 1). The two parameters with the
largest change in the distribution width are the overall normalization, whose 99.7%
credible interval shrinks by a factor 5 when unitarity is enforced, and the spectral
index of the neutrino flux, which shrinks by 36%. These are followed by the head-on
efficiency of the optical modules (25% change in the distribution width) and the rela-
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tive normalization of the NC events (21% change). By directly plotting the posteriors
of Nµ, Nτ against these four systematic parameters in Figure B.7 and calculating the
respective Pearson correlation coefficients, we confirm that the strongest correlations
are indeed observed between Nµ, Nτ and the two leading atmospheric neutrino flux
parameters (normalization and spectral index). We therefore conclude that tightening
the priors on these parameters would help place stronger constraints on the Nµ and Nτ
normalizations.

8 .3 future projections

With the upcoming IceCube-Upgrade and JUNO detectors, the constraints on both the
individual mixing matrix elements and the non-unitarity metrics will be improved,
as shown in Figures 8.7 and 8.8. A particular enhancement is seen in the sensitivity
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Figure 8.7 – Same as Figure 8.1, but applied to the future projections of the matrix element magnitudes
using the combined IceCube-Upgrade, JUNO, and Daya Bay data. The injected truth is the unitary matrix
generated with NuFit 5.2 oscillation parameters [65, 66].

to the |Ne1| and |Ne2| elements, with more than an order of magnitude decrease in
the width of the respective 99.7% credible intervals. The width of the projected |Ne3|
element posterior does not change significantly with the inclusion of JUNO, as it is
constrained predominantly by the high-statistics IBD selection of Daya Bay. Similarly,
the Ne normalization constraint is mainly driven by the Daya Bay data as described in
Section 8.1, and the large quoted improvement in the individual sensitivities to |Ne1| and
|Ne2| does not lead to a comparably stronger Ne constraint due to the anticorrelations
between these elements. On the other hand, the constraints on the muon and the tau
row normalizations are expected to improve by factors ∼2.5 and ∼2, respectively, when
replacing the three years of the current IceCube-DeepCore data with three years of the
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Figure 8.8 – Same as Figure 8.2, but applied to the future projections of the matrix row normalizations
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generated with NuFit 5.2 oscillation parameters [65, 66].

future IceCube-Upgrade data. A similar degree of improvement is projected for the
column normalizations and the closures, as seen from Figures B.8 and B.9.

8 .4 concluding remarks

The purpose of this study was to test the unitarity of the neutrino mixing matrix by
measuring its individual elements through neutrino oscillation data. We continued
similar recent efforts in the literature [51–53], which combined multiple experiments
into global fit analyses to access all of the elements of the mixing matrix. However,
rather than building on these previous studies “horizontally,” i.e., by expanding the
scope of the considered experimental datasets, this work advanced the approach to the
non-unitarity analysis “vertically” for a selected subset of experiments (reactor and
atmospheric). This involved performing full fits of the non-unitary mixing model to
the available public datasets and including the experimental nuisance parameters into
the fits.

Our analysis provides constraints on the electron row normalization at the level of
a few percent and the tau row normalization at the level of approximately 25-50%,
results that are comparable with the state-of-the-art global fit studies [51–53]. All of the
derived non-unitarity metrics in this study were found consistent with unitarity within
their 95% Bayesian credible intervals. At the same time, the data is well-described by
both unitary and non-unitary mixing models, with the respective posterior predictive
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p-values of 66% and 54%. The computed Bayes factor shows a preference for the unitary
model by ∼15 units in log-evidence, indicating that the non-unitary model may be too
complex for the current data.

This work is the first to comprehensively analyze atmospheric neutrino data with
systematic uncertainties in a global fit for non-unitarity. An important outcome of this
effort is the revealed degeneracy between the non-unitarity metrics (namely the muon
and the tau row normalizations) and atmospheric neutrino flux systematic uncertainties.
The overall flux normalization and spectral index uncertainty couple these normal-
izations, making their constraints positively correlated. This correlation, not seen in
previous studies, highlights the importance of treating nuisance parameters carefully
in new physics searches to avoid overly optimistic or otherwise misleading results. It
also motivates the need to better constrain systematic uncertainties, potentially by
incorporating the data-driven atmospheric neutrino flux model [141, 142].

As the row and column normalizations that were found to be in a mild tension with
unitarity were constrained predominantly by the three-year IceCube-DeepCore dataset,
it remains to be seen whether these results are simply a statistical feature of the latter
through future analyses with more atmospheric neutrino data. This could include, for
example, the oscNext event selection in IceCube-DeepCore (see Section 6.3) or the data
from the upcoming IceCube-Upgrade, as well as other atmospheric neutrino experi-
ments such as KM3NeT or Super-Kamiokande. In the context of future projections,
we have shown that the addition of atmospheric neutrino data with a lower (O(1 GeV))
energy reach and a ∼2 times higher energy resolution – both possible with the IceCube-
Upgrade compared to the IceCube-DeepCore – will help tighten the constraints on
Nµ, Nτ , and all of the column normalizations by at least a factor of 2. Although these
projections could be further improved by incorporating recent advancements in the
IceCube-Upgrade detector simulation and the low-energy cross section systematic un-
certainties, they already provide an estimate of the IceCube-Upgrade capabilities to
constrain non-unitarity and set the foundation for future studies in this direction. In
the electron sector, we found that the main advantage of including the data from the
upcoming JUNO experiment will be in tightening the constraints on |Ne1| and |Ne2| by
more than an order of magnitude. The constraint on the electron row normalization will
be improved by nearly 25% but remain to be dominated by Daya Bay data even in the
JUNO era. Similarly to the IceCube-Upgrade, the exact quantification of the sensitivity
enhancement expected from JUNO is subject to a more careful treatment of the detector
response and the sources of background, which will be possible to understand and
model more accurately when the experiment becomes operational.

Going forward, the presented analysis could be expanded both horizontally and
vertically, i.e., by adding the solar and the long-baseline experiments into the global fit
while implementing the relevant systematic uncertainties for these experiments. This
undertaking will be the more successful the more public information is provided by
the experimental collaborations, and any other searches for new physics through global
fits will similarly benefit from the availability of open data and analysis prescriptions.
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chapter 9

Historical and conceptual overview

This chapter reviews the follow-up efforts to the tau neutrino appearance analysis
carried out with three years of IceCube-DeepCore data [46]. A conceptually identical
measurement was attempted in [54] with 8 years of data and the oscNext event selection,
which replaced GRECO as described in Section 6.3. As we show in Section 9.1, this
attempt reported a poor goodness of fit (frequentist p-value of 0%), preventing the target
Nντ quantity from being unblinded. This thesis work began with a close variant of this
original sample, with a few modifications summarized in Section 9.1, which likewise
returned a poor goodness of fit. To put this into context, we introduce the reader to
the pre-fit data/Monte Carlo agreement in the analysis variables in Section 9.2, which
reveal several unexplained trends and motivate our subsequent work in Chapter 10.

9 .1 status prior to this work

Analysis-level cuts

After the main oscNext event selection pipeline described in Section 6.3, a set of final-
level cuts was applied in [54] to prepare the sample for the tau appearance analysis.
These cuts included:

■ Geometric containment cuts: −500m < zreco < −200m, ρreco
36,starting < 300m, aimed

at containing the events within the densely instrumented DeepCore fiducial vol-
ume both radially and vertically. Here, zreco and ρreco

36,starting are the reconstructed z
coordinate of the interaction vertex and the radial distance from the reconstructed
vertex to string 36, respectively;

■ Number of “direct” hit DOMs > 2.5, aimed at selecting events with low amounts
of scattering (such that at least 3 DOMs receive unscattered light);

■ treco < 14000ns, with treco being the reconstructed interaction time, designed to
remove a small yet unexplained excess of late events in data;

■ Coincident event cuts, aimed at removing events in data where a neutrino and
a muon appear in the same trigger window. These events are not simulated in

104
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the IceCube Monte Carlo and were found to appear in data in the top 15 layers of
DOMs and the outermost IceCube strings;

■ Muon classifier probability > 0.4, which removed events classified as likely atmo-
spheric muon candidates according the score of a BDT desribed in Section 6.3.

Furthermore, the total reconstructed energy was limited to the 5GeV ≤ Ereco
total ≤

300GeV range, and the reconstructed cosine of the zenith angle – to the −1 ≤ cosθreco
zen ≤

0.3 range, thereby removing the most downgoing events with high muon contamination.
The final sample was histogrammed with 12 bins in energy, 10 bins in cosθzen, and 3
PID bins as described in Section 6.3.

Systematic parameters

The following groups of systematic parameters were included in the original attempt at
a tau appearance analysis with the oscNext sample [54]:

■ Atmospheric neutrino flux, including the flux spectral index uncertainty ∆γν and
the Barr/Bartol parameters described in Section 3.1, here limited to Gπ, Hπ, Iπ,
WK+ , YK± , and ZK+ ;

■ Neutrino interaction cross sections: “dis_csms” parameter for DIS cross section in-
terpolation between the GENIE GRV98 and the CSMS model predictions (see Sec-
tion 4.1.3), as well as the axial mass parameters MA,RES and MA,QE capturing the
uncertainty on the resonant and the quasielastic cross sections (see Sections 4.1.1
and 4.1.2);

■ Detector: absolute DOM efficiency relative to the nominal expectation, upscaled/-
downscaled by the same amount for all DOMs;

■ Ice model: uncertainties on the absorption and scattering coefficients in bulk ice,
relative to the nominal values of the SPICE 3.2.1 ice model [279], as well as
the angular acceptance parameters p0 and p1 (see Section 6.2.1) describing the
uncertainties on the properties of the refrozen ice in the drill holes;

■ Neutrino (muon) rate normalization: overall scale of the neutrino (muon) rate
relative to the nominal expectation and livetime.

In practice, the events in the sample are pre-weighted according to the nominal
value each of the above parameters as well as the physics parameters ∆m2

3ℓ, θ23, and
Nντ . The weighted events are then histogrammed according to the aforementioned
binning scheme, such that the number of counts in each bin represents the sum of the
final weights, N exp

i =
∑
iwi . This procedure yields the nominal expectation templates

of the analysis, analogously to the procedure used in Chapter 7. The effects of the off-
nominal parameter values are applied by modifying the weights of the sample events
by the appropriate multiplicative factors, which is done in a staged manner in the PISA
framework [256]. The impact of the listed systematic parameters parameters on the
histogrammed event templates and the definitions of their priors can be found in [54]1

Test statistic and sensitivity

The standard Poisson likelihood was chosen as the optimization metric in [54]:

1Specifically, see Table 7 in Chapter 8 of [54].



106

LH =
nbins∑
i

λkii e
−λi

ki !
, (9.1)

where λi ≡N exp
i (the expected number of events in bin i) and ki ≡N obs

i (the observed
number of events in bin i). Therefore, no Monte Carlo uncertainty terms were taken into
account for the analysis in [54]; their impact was studied in detail, with the conclusion
that the oscNext sample has enough simulation statistics for the MC uncertainties to
be neglected. The test statistic (TS) for the tau appearance analysis was subsequently
defined as follows:

TS = −2ln
[LHbest fit

LHNντ=1

]
≡ −2∆LLH, (9.2)

where LHbest fit is the maximum likelihood found by fitting the Monte Carlo simulation
template to data, and LHNντ=1 is the maximum likelihood in a null fit (with the physics
parameter Nντ fixed to 1). The corresponding Nντ sensitivity projected for the 8-year
oscNext sample using statistically fluctuated Monte Carlo templates with different
injected values of Nντ is shown in Figure 9.1.

Figure 9.1 – Tau neutrino appearance sensitivity as projected for 8 years of IceCube-DeepCore data in
[54], using the oscNext event selection with the retro event reconstruction. Figure extracted from [54].

Figure 9.1 indicates 10–13% (16–20%) sensitivity to Nντ at a 68% (90%) confidence
level – a world-leaving precision given the previous measurements by IceCube [46],
Super-Kamiokande [48], and OPERA [47], with the reported 1σ bounds weaker by at
least a factor of 2.

Goodness of fit issues

Despite originally promising sensitivities, the Nντ value could not be measured from
the fit to real data, as the blind analysis hit a stopping criterion: an extremely poor
goodness of fit, as shown in Figure 9.2. This suggests that there is not enough freedom
in the model to capture all of the data features; in other words, some of the physics
effects present in data are either mismodelled or completely unsimulated in Monte
Carlo. While this could in principle be a hint of new physics, the first natural suspect
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Figure 9.2 – Results of the tau neutrino appearance blind fit as performed by É. Bourbeau [54] using
8 years of IceCube-DeepCore data. The figure shows the LLH metric distribution (orange histogram)
expected from statistically fluctuated pseudotrials at the best-fit point (BFP) and the LLH of the data-BFP
agreement (solid line). This result indicates a poor goodness of fit (0% p-value). Figure extracted from [54].

is the accuracy of the Monte Carlo simulation itself. This prompts additional checks
on signal and background modeling, as well as the search for any biases that could be
introduced by event selection and reconstruction.

Initial sample modifications

Before the work on this thesis began, the oscNext sample underwent a few adjustments
compared to the version described above. First, a new ice model was introduced to
all of the IceCube simulation, internally referred to as the “BFR” ice model, which
takes into account the birefringence property of ice [240]. Notably, the birefringence
of ice crystals introduces an anisotropy in the light propagation direction, such that
the preferred propagation direction is aligned with that of the glacial ice flow, and the
diffusion in the orthogonal direction is attenuated. New Monte Carlo simulation was
subsequently produced for the oscNext sample by T. Stuttard, followed by re-processing
of the entire sample through the event selection chain. As expected, this transition was
shown to have a direct affect on the reconstructed neutrino direction variables, namely
the zenith and the azimuth angles. Additionally, a tighter cut on the Level 7 muon
classifier was set, now selecting only events with the respective BDT score above 0.8
(instead of 0.4 used in [54]). This was done as a precaution in order to further reduce
any potential contamination by the background muons, even though the latter were
estimated to constitute less than 1% of the overall sample. While these changes were
being introduced, the livetime of the sample increased from 8 to 9.3 years2. Finally, a
few of the Barr parameters representing the uncertainty on the atmospheric neutrino
flux were fixed to their nominal values due to high correlations with the rest of the flux
parameters. As the result, only Gπ, Hπ, Iπ, WK+ , and YK+ were left free in the analysis.

Starting point of the present work

Figure 9.3 shows the binned event templates corresponding to the 9.3-year oscNext
sample as defined at the start of this work. The per-bin magnitude of the corresponding

2At the time of the thesis submission, the livetime has further increased to 11 years, but we are presenting the work done on
the 9.3 year sample only.
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tau neutrino signal relative to “background” (all non-tau neutrino events) is subse-
quently presented in Figure 9.4. The Asimov (median expectation) sensitivities to the
tau neutrino normalization obtained with this sample are shown in Figure 9.5.
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Figure 9.3 – Distribution of events in the oscNext sample (as defined in the beginning of this work) across
the reconstructed energy (Ereco

total), reconstructed cosine of the zenith angle (cosθreco
zen ), and PID space. The

figure is based on the nominal Monte Carlo simulation weighted to 9.3-year livetime.
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Figure 9.4 – Expected tau neutrino appearance signal (S) in the 9.3-year oscNext sample relative to the
background (B) consisting of all non-ντ events. Here, the signal events include both ντ and ν̄τ , and both
CC and NC interactions. The tau neutrino normalization (Nντ ) is set to its nominal value of 1.

The updated sample configuration yields a 1σ Nντ sensitivity of 11.7%, closely con-
sistent with the previous projection for the 8-year oscNext sample in Figure 9.1. We
note that while the livetime of the sample increased by 16%, it was compensated by the
reduction in the neutrino rate due to the tighter cut on the muon classifier score, as well
as the shift to the BFR ice model. The latter significantly improved the data-Monte Carlo
agreement in the reconstructed zenith and azimuth variables, which had a strongly
positive impact on the goodness of fit as shown in Figure 9.6. Specifically, the data test
statistic has moved to the very tail of the test statistic distribution expected from the
statistically fluctuated templates at the best-fit point, which is a drastic (∼100 units of
LLH) improvement compared to Figure 9.2. However, this level of improvement is far
from sufficient, as the p-value is still measured to be 0% (in a test with 200 pseudotrials),
while the collaboration-accepted benchmark is p ≥ 5%.
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Figure 9.5 – Asimov sensitivities to the Nντ parameter projected for the 9.3-year oscNext sample as
defined at the start of this work, shown for two choices of the test statistic (Poisson likelihood vs. modified
χ2 (see Equation (7.3)). The lower panel shows the 68% and the 90% confidence intervals.

Figure 9.6 – Results of the tau neutrino appearance blind fit as performed with 9.3 years of IceCube-
DeepCore data, with sample modifications relative to Figure 9.2 described in text. Note that the axis of
this figure is reversed compared to Figure 9.2.

9 .2 high-level indicators of data/monte carlo disagreement

We now turn our attention to the potential “early warning” symptoms of the data/Monte
Carlo disagreement that could be causing a bad goodness of fit in Figure 9.6. In particu-
lar, in Figures 9.7 and 9.8, we show the data and the pre-fit Monte Carlo distributions
for the total reconstructed energy (sum of track and cascade energies returned by the
retro reconstruction algorithm). We find an apparent excess of high-energy events and
a deficit of low-energy events in data across all PID bins, with the resulting “tilt” in the
data/MC ratio having a strong PID dependence (as seen from Figure 9.8). Specifically,
the events that are classified as more track-like appear to exhibit a stronger tilt, or bias,
of the data distribution with respect to the Monte Carlo. Thus, it is possible that the
issue is associated with true νµ-CC events, which are strongly dominant in the track
PID bin. Further, we note a peculiar shape of the data distribution at reconstructed
energies above ∼50 GeV in the mixed bin and ∼70 GeV in the track bin, which might
be indicative of a presence of an extra population of events in data compared to MC.
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Figure 9.7 – Pre-fit data/Monte Carlo agreement in the total reconstructed neutrino energy variable
(“reco_energy”, shown in GeV), here combined into a single histogram for all PID bins.

Figure 9.8 – Same as Figure 9.7, but split between cascades (PID ∈ [0, 0.5)), mixed (PID ∈ [0.5, 0.85)),
and tracks (PID ∈ [0.85, 1]) PID bins.

By splitting the total energy into its cascade and track components, we find that
the cascade energy data/MC ratio exhibits a simple tilt prior to the fit (not shown
here), which is ultimately inherited by the total reconstructed energy distributions. At
the same time, the track energy data/MC agreement has a more complicated shape,
as seen from Figures 9.9 and 9.10. In particular, the aforementioned “feature” (an
irregularly shaped excess) in data appears particularly prominent in the mixed bin
above reconstructed track energy of 30–40GeV, and is similarly present in the track
bin at higher energies. While in principle the pre-fit disagreement in the individual
1D data/Monte Carlo distributions may not necessarily lead to a poor goodness of fit,
any remaining disagreement in the post-fit distributions is likely to be correlated with
the latter. With that in mind, we note that the complex shape of the reconstructed track
energy data/MC ratio is not corrected post-fit (i.e., after finding the best-fitting physics
and systematic parameters via likelihood optimization), which is shown in the right
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Pre-fit Post-fit

Figure 9.9 – Left (right) panel: Pre-fit (post-fit) data/Monte Carlo agreement in the reconstructed track
energy variable (“L7_reconstructed _track_energy”, shown in GeV), here combined into a single
histogram for all PID bins.

Figure 9.10 – Same as the left panel of Figure 9.9 (pre-fit agreement), but split between cascades (PID ∈
[0, 0.5)), mixed (PID ∈ [0.5, 0.85)), and tracks (PID ∈ [0.85, 1]) PID bins.

panel of Figure 9.9. This implies that there is no systematic parameter, or combination
thereof, that would be capable of flattening out the complex shape of the data/MC ratio
in the reconstructed track energy. This observation is a starting point for a series of
detailed investigations related to muon simulation and track energy reconstruction, to
which we dedicate the subsequent chapter.



chapter 10

Identified issues in the oscNext Monte

Carlo simulation

The energy- and PID-dependent data-MC disagreement discussed in Section 9.2 prompts
further investigation in two complementary directions – the accuracy of the Cherenkov
light yield simulation in IceCube and the robustness of the track energy reconstruction.
The first item concerns the low levels (Step 2) of the simulation chain described in Sec-
tion 6.2. At this stage, a certain amount of Cherenkov photons is generated depending
on the types and the energies of the charged neutrino interaction products, followed
by photon propagation towards the IceCube DOMs. The number of detected photons
ultimately affects the reconstructed energy, meaning that mismodeled light yield in
simulation could be a source of energy-dependent data/MC disagreement. Thus, the
first goal of this chapter is to validate the implementation of the Cherenkov light yield
from first principles, with a particular focus on any energy-dependent components of
the simulation. Given that the data/MC disagreement appears to worsen continuously
as the events become more track-like, this study begins with a closer look on the muon
light yield, which we examine in Section 10.1. In Section 10.2, we proceed with an in-
vestigation of Cherenkov light yield by electrons, which can be produced either directly
in νe-CC interactions or as secondary particles due to muon stochastic energy losses.
Finally, in Section 10.3, we address the second possible culprit of the data/MC issues,
namely energy reconstruction with the retro algorithm and its behavior in the region
of data excess. We devise several variables which reflect the track energy reconstruction
quality and use them to identify populations of badly reconstructed events. We further
present evidence of noise being the origin of such misreconstructions and the retro

algorithm’s susceptibility to the different levels of noise between data and Monte Carlo.

Both of these investigations lead to important findings and the corresponding adjust-
ments in the oscNext simulation and processing chain. However, we warn the reader
that they do not fully mitigate the main data/MC trend as a function of energy and PID,
and that more work is needed to reveal the true origin of this trend.
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10 .1 muon light yield

10.1.1 Issues with the original simulation

To begin the investigation into the track energy-dependent mismodelling in the oscNext
Monte Carlo simulation, we ask the following questions:

1. Is the muon propagation simulated properly, i.e, does the muon track have the
expected length?

2. Is the Cherenkov light emission per muon track length in agreement with the
Frank-Tamm formula, Equation (4.40)?

To answer these questions, we design a toy study where small Monte Carlo samples of
fixed-energy muons are generated at Step 1, followed by Cherenkov photon emission
due to these muons at Step 2. For simplicity of interpretation, we fix the starting position
of all muons at ⟨x0, y0, z0⟩ = ⟨0m, 0m, −450m⟩ and direct them vertically towards the
center of IceCube (cosθzen = −1)1. We assign the following initial total energies to
the muons: [1 GeV, 2 GeV, 5 GeV, 10 GeV, 20 GeV, 50 GeV, 100 GeV, 200 GeV], and
generate 10 000 events per energy.

As in the original oscNext simulation, we use the proposal software to propagate
muons at Step 1, which takes into account continuous and stochastic muon energy losses.
proposal requires setting either an absolute (Ecut) or a relative (vcut) energy threshold
below which energy losses are treated continously, and above which – stochastically
with emission of individual secondary particles2. For the initial version of this toy study,
we use the same setting as in the full oscNext MC, namely Ecut = 0.5GeV. When the
muon stops and decays, its stopping position is used to calculate the total propagated
distance, which we extract to answer Question 1. Upon inspecting the resulting track
length distributions, we identify the following issue.

• Issue 1: Unphysical artefacts in the muon stopping range

At low (1–20 GeV) muon energies, the track length distributions obtained with the
Ecut = 0.5GeV setting show an unphysical clumping at discrete track length values, as
shown in the orange histogram of Figure 10.1. This is a known artefact of proposal
when the energy cut setting is too high, and has been illustrated, for example, in Figures
17-18 of [218]. We further attempt to lower the absolute energy cut to Ecut = 0.1GeV as
well as to set the relative energy cut to vcut = 10−4, adding these results to Figure 10.1.
Our findings confirm that for O(1GeV) energy muons, energy losses of O(0.1GeV)
should be treated stochastically rather than via the continuous loss approximation,
since they occur at most a few times before the muon stops, and the variance in the
magnitude of these individual energy losses is large. The best-case scenario among the
tested options is vcut = 10−4, where only the energy losses below 0.1 MeV at Eµ = 1GeV
and below 20 MeV at Eµ = 200GeV are treated continuously. At 200 GeV, the track
length distribution obtained with this vcut setting can be well approximated with the
tested absolute energy cut options.

1Although such muons move in the z direction similarly to our setup in Section 4.2.2, we denote the distance travelled by the
muon along this dimension as “x”, such that we can be consistent with the convention of the energy losses being represented by dE

dx .
2Note that if both Ecut and vcut are specified, proposal chooses min{Ecut,vcutEµ} for the energy threshold.
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Figure 10.1 – Distributions of distances ℓµ travelled by muons with fixed total energies Eµ, as obtained
from the proposal software [218]. The histograms of different colors represent the different settings of
the energy threshold defining the transition between the stochastic and the continuous energy losses. The
vcut = 10−4 case (dark blue histogram) provides the most accurate muon track length distribution among
the tested options. The dashed vertical line represents the track length estimate obtained assuming
average energy losses in ice as extracted from the PDG Review [34] (see Figure 10.2 and text for details).
The ratios of the track lengths distributions to the reference case of vcut = 10−4 are not shown for the
lowest two muon energies due to significant differences in the distribution shapes.

Despite resulting in unphysical shapes of the track length distributions, the original
proposal settings return reasonably accurate values for the median track length. To
prove this, we set up a simple propagator of muons with the selected discrete energies
and the average energy losses per unit length, ⟨dEdx ⟩, following the Bethe-Bloch pre-
scription [280, 281]. The exact ⟨dEdx ⟩ values are extracted from the Particle Data Group
(PDG) 2022 Review [34] and plotted in Figure 10.2. We propagate the muons in small
steps of length ∆x = 1cm and calculate the kinetic energy loss ∆Ekin

µ,i = ⟨dEdx ⟩(E
kin
µ,i ) ·∆x

at step i. At the subsequent propagation step, we update the muon kinetic energy to
Ekin
µ,i+1 = Ekin

µ,i −∆E
kin
µ,i , and continue the propagation until the muon reaches the mini-

mum kinetic energy available in the PDG tables (1 MeV). We record the muon track
lengths as ℓµ = n∆x, where n is the number of propagation steps reached until the muon
stopping point, and display these results as the dashed vertical lines in Figure 10.1.
Except for the lowest-energy case (Eµ = 1GeV), the proposal distribution medians agree
well with the toy propagator estimates even with the Ecut = 0.5GeV setting used in the
oscNext simulation. This implies that, on average, the oscNext muons propagated in
proposal travel the right distance, but the shape of the track length distribution for
monoenergetic muon beams is not accurate.

To understand whether the track length artefacts appearing in monoenergetic
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Figure 10.2 – Average muon energy losses per unit length in ice (ρice = 0.9216gcm−3) as a function of
muon kinetic energy Ekin

µ . The values are extracted from the PDG Review [34].

muon simulations still have an impact on the full-scale simulations of νµ-CC interac-
tions with a wide range of neutrino energies, we produce another benchmark Monte
Carlo sample of 50000 muons with their total energies uniformly distributed in the
[1GeV,200GeV] range. We simulate only the two limiting cases from Figure 10.1 here,
namely Ecut = 0.5GeV and vcut = 10−4. The results are given in Figure 10.3. We can see
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Figure 10.3 – Muon track lengths as obtained from proposal for a muon sample with a uniform energy
distribution, Eµ ∈ [1GeV,200GeV].

that even though the overall distribution of track lengths obtained for this muon sample
with Ecut = 0.5GeV does not display any obvious artefacts, it is still not statistically
compatible with the vcut = 10−4 case. This can be seen from the ratio of the respective
distributions in Figure 10.3, which shows statistically significant deviations from 1,
as well as an extremely low two-sample Kolmogorov-Smirnov test p-value (2.7 · 10−9).
While we investigated the uniform energy distribution case, the atmospheric neutrino
spectrum follows a steeper (∼E−3.7

ν ) power law, where the low-energy track length
artefacts will be exacerbated. We therefore conclude that the true muon track length
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distribution in the original oscNext simulation is not accurate even for a large ensem-
ble of muon neutrinos with different energies. This implies that the daughter muons in
the simulated νµ-CC interactions have to be repropagated either with a lower energy
cut setting in proposal or with another software package such as Geant4, where the
default continuous-to-stochastic energy loss transition threshold is very low3.

We now turn our attention to the second question with which we began this section,
namely the accuracy of the Cherenkov light emission modelling. Following the muon
propagation in proposal, Cherenkov photon generation in the oscNext MC was handled
by the ppc module within CLSim. A close examination of the inner workings of ppc
reveals that its implementation of the Frank-Tamm formula (Equation (4.40)) assumes
that muon travels at the speed of light, i.e., with β = 1 throughout the muon propagation
regardless of the actual muon velocity at a given propagation step. As β decreases as the
muon loses its energy, this simplification leads to the second major issue in the oscNext
simulation, which we discuss below.

• Issue 2: Overestimated light yield per unit track length

To arrive at the expected number of photons as a function of initial muon energy, we
can use the Frank-Tamm formula in conjunction with the toy muon propagator under
average energy losses ⟨dEdx ⟩ set up in this section. The first step of such a combined
calculation is tracking the β(x) histories for each considered muon energy, which we
show in Figure 10.4 for Eµ ≤ 10GeV. We find that even though the β = 1 approximation
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Figure 10.4 – Evolution of the muon Lorentz velocity factor β as a function of distance x travelled by the
muon, shown for four starting total muon energies Eµ. Each panel reports the average β along the muon

trajectory, computed as ⟨β(x)⟩ = 1
ℓµ

∫ ℓµ
0 β(x)dx, where ℓµ is the total muon track length.

is reasonable at the very beginning of the muon path, it is no longer valid within the last
few meters before the muon stopping point. For muons with O(few GeV) energies, these
last few meters represent a large portion of the track, such that the average β drops
noticeably below 1. The error that the β = 1 approximation brings to the muon light
yield is further exacerbated by β appearing in the Frank-Tamm formula quadratically
rather than linearly.

Having the β(x) histories for each muon energy, we can integrate the Frank-Tamm

3By default, Geant4 treats stochastically the production of all secondaries that can travel at least 1 mm in the considered
medium. For electrons in ice, this corresponds to ∼0.3 MeV [282]. Only below this threshold, the energy losses due to ionization
are treated continuously.
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prediction for the double-differential number of photons
∂2Nγ,µ
∂λ∂x over the muon trajectory

and over the photon wavelength, arriving at the total expected number of photons:

Nγ,µ =
∫ ℓµ

0

∫ λmax

λmin

∂2Nγ,µ
∂λ∂x

dλdx =
∫ ℓµ

0

∫ λmax

λmin

2πα
λ2

(
1− 1

β2(x)n2(λ)

)
dλdx. (10.1)

We set the wavelength integration limits at λmin = 265nm and λmax = 675nm, as only
the photons within these wavelength bounds are generated in CLSim due the wavelength
acceptance of the IceCube DOMs. The wavelength dependence of the refractive index,
n(λ), is extracted from Figure 4.9. Finally, we divide Nγ,µ by the total length of the
muon track, ℓµ, to obtain the average number of photons emitted per unit length. The
results are shown in Figure 10.5, where we compare the realistic evolution of β along
the muon path with the simplified case of β = 1 enforced for the muon light yield
calculation.
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Figure 10.5 – Average muon light yield per unit length as computed from the Frank-Tamm formula
with the full β dependence (blue curve) and the simplifying assumption of β = 1 along the entire muon
trajectory (orange curve). Note that the muon length ℓµ is identical between the β(x) and the β = 1 cases,
which only impact the light yield.

As expected from Equation (10.1), the muon that is assumed to travel at β = 1 through-
out its entire path produces more light than the muon with the realistic β(x) evolution
as in Figure 10.4. The discrepancy in the average number of photons per unit length
reaches 14% at 1 GeV and approximately 2% at 10 GeV4. Since the Level 7 oscNext
Monte Carlo simulation discussed in Chapter 9 contains ≳40% of νµ-CC events with
outgoing muon energies below 10 GeV (see Figure 10.6), the significant mismodelling
of Cherenkov light yield at these low energies must be corrected in the simulation.

Due to technical difficulties with incorporating the β evolution along the muon tra-
jectory into the light yield calculation within ppc, we switch to the Geant4 software
package, where the β dependence of the Frank-Tamm formula is already integrated into
the Cherenkov photon generation routines. Furthermore, as discussed earlier in the

4These numbers can be simply verified by substituting ⟨β(x)⟩ from Figure 10.4 into the following ratio:
(
1− 1
⟨β(x)⟩2n2

)(
1− 1

n2

)−1
,

and assuming n = const = 1.31 for simplicity.
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Figure 10.6 – Fraction of the charged current muon neutrino (antineutrino) events in the oscNext Level 7
Monte Carlo simulation with outgoing muon energies smaller than the value on the x-axis; equivalently,
the cumulative distribution function (CDF) of the muon energy Eµ.

context of proposal propagation artefacts, Geant4 has a sufficiently low continuous-
to-stochastic energy loss transition threshold to not introduce any unphysical artefacts
in the muon stopping range. In the following subsection, we validate the light yield
output of the Geant4 simulation.

10.1.2 Geant4 simulation: Low-level impact

Here, we replicate the toy muon Monte Carlo study from Section 10.1.1, but now using
Geant4 for both muon propagation and Cherenkov photon generation. Just like ppc,
Geant4 is called from within CLSim, and the generated photons are propagated to and
detected at the IceCube DOMs. Figures 10.7 and 10.8 show the distributions of the
generated and the detected photons, respectively, comparing the Geant4 output to that
from the baseline proposal+ppc simulation (i.e., with Ecut = 0.5GeV). In both cases, we
only keep track the photons generated by the muon alone and set the light yield output
from any secondary particles to 05.

As expected from Figure 10.5, the muon light yield output from Geant4 is lower
than that from proposal+ppc, with the largest differences observed at Eµ ≤ 10GeV. The

number of generated photons (N generated
γ,µ ) in the proposal+ppc case inherits the muon

track length artefacts from Figure 10.1, while the Geant4 simulation always returns a
smooth distribution of N generated

γ,µ . Furthermore, as shown in Figure 10.9, the mean of

the Geant4-based distribution of N generated
γ,µ matches the Frank-Tamm prediction for the

Cherenkov light yield with the full β(x) evolution at a sub-percent level. Finally, the
ratio of the geant4 and proposal+ppc distribution means is in excellent agreement with
the ratio of the predicted number of photons under the β(x) and the β = 1 assumptions,
as seen from Figure 10.9 for both generated and detected photons. These checks validate

5This is done only for the purpose of simplifying the interpretation of tests in this section. The full oscNext Monte Carlo
includes the light yield output from the secondary particles.
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Figure 10.7 – Number of generated Cherenkov photons in ice due to the passage of a muon with a
fixed total energy Eµ, as compared between the approach originally used in the oscNext simulation
(proposal+ppc, shortly “PPC”) and the approach advocated for in this study (Geant4 simulation, shortly
“G4”). The y-axis represents the probability density of a given number of photons as obtained from a
Monte Carlo simulation of 10 000muon events per panel. The PPC/G4 and G4/PPC ratios are shown
only for Eµ ≥ 20GeV due to large differences in the distribution shapes below this energy.

the use of Geant4 to simulate Cherenkov light yield at muon energies as low as 1 GeV6.

10.1.3 Geant4 simulation at analysis level

Having shown that switching to the Geant4-based Cherenkov photon generation and
detection mitigates the identified issues of the proposal+ppc simulation, we entirely
replace proposal+ppc with Geant4 in the oscNext simulation chain. As with the rest of
the official oscNext simulation sets, the production and processing of the Geant4-based
neutrino Monte Carlo was handled by T. Stuttard. In Figure 10.10, we show the impact
of switching from proposal+ppc to Geant4 on νµ-CC events at the final level (L7) of
the oscNext event selection7. We find that significantly fewer muon neutrinos with
true energies below 10 GeV make it into the final-level sample when Geant4 is used to
simulate the muon light yield instead of proposal+ppc. Specifically, at Eν = 2GeV the
drop-off in the event rate is as large as 20%, and is approximately 10% at Eν = 6GeV.
This is explained by the fact that when the muon light yield is corrected to be dimmer
than simulated previously, fewer low-energy events pass the trigger threshold, and the

6The origin of mild discrepancies between the Geant4 and the proposal+ppc number of generated photons at Eµ ≥ 100GeV,
as seen in Figure 10.7, as well as the difference in the widths of the detected photon distributions in the same energy range in
Figure 10.8, has not been identified. However, the means of all distributions mentioned here are in excellent agreement between
Geant4 and proposal+ppc, and these slight discrepancies are not a source of concern.

7We note that electron and tau neutrinos were not resimulated at this stage.
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Figure 10.8 – Same as Figure 10.7, but for photons detected at the IceCube DOMs.

dimmest events simply drop out from the sample already after Level 2. The effect is still
visible in the reconstructed energy space, where the maximum drop-off in the event
rate reaches ∼6–7%.

Given that both true and reconstructed νµ energy distributions are significantly
affected by correcting the muon light yield, it is natural to study what impact the
light yield mismodeling makes on the measurement of the muon neutrino disappear-
ance parameters, θ23 and ∆m2

31. First, we perform the inject-recovery test, where the
Geant4-based Monte Carlo template8 is used as pseudodata and fitted with the pro-

posal+ppc-based Monte Carlo template. Combinations of (θ23, ∆m2
31) are sampled from

a regular grid and injected into the pseudodata as the true physics parameters driving
the oscillations. These injected configurations are expected to be recovered perfectly by
the fit with the proposal+ppc template if the switch to Geant4makes no impact on the
νµ disappearance analysis. This is not what we find from the inject-recovery test results
in Figure 10.11. None of the scan points in the (θ23,∆m

2
31) grid are recovered perfectly,

exhibiting two systematic offset features not desirable for an oscillations measurement.
The first one is the bias in the fitted mass splitting to lower values across the entire
range of θ23. The magnitude of the bias is ≳ 5 × 10−5 eV2, while, for reference, the
1σ uncertainty on the atmospheric mass splitting estimated from the golden IceCube-
DeepCore event sample [180] is 7× 10−5eV2. Another systematic feature is the pull of

8The overall template includes neutrinos of all flavors as well as the background muons, and only the muon light yield output
for νµ-CC daughter muons is simulated in Geant4.
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muon light yield on the distributions of true and reconstructed neutrino energies in the νµ-CC subsample
of the Level 7 oscNext Monte Carlo.

the injected θ23 values towards maximal mixing (45◦), particularly for the true values
of θ23 in the upper octant currently preferred by the global fits for neutrino oscillations
[65, 66].
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Figure 10.11 – Results of the inject-recovery test for the oscillation parameters (θ23,∆m
2
31), which are

injected into a pseudodata template with the Geant4muon light yield in the (νµ + ν̄µ)-CC simulation and
fitted with the proposal+ppc-based Monte Carlo template. The dashed gray lines show the shift from the
true set of parameters to the fitted one. Figure courtesy of T. Stuttard.

To quantify the amount of bias in the oscillation parameters measurement introduced
by fitting the template with an overestimated muon light yield to the pseudodata
with the corrected muon light yield, we perform an additional fit per each grid scan
point in Figure 10.11, where the physics parameters (θ23,∆m

2
31) are fixed at their true

values. This forces the fitter to compensate for the muon light yield mismodeling
using the systematic parameters only. The test statistic (log-likelihood, or LLH) is
recorded both when (θ23,∆m

2
31) are free and when they are fixed, and the resulting

∆LLH = LLHfixed −LLHfree test statistic is calculated from each pair of fits. The fit with
the fixed (θ23,∆m

2
31) returns a lower likelihood, since it is allowed fewer “handles” to

adjust the mismodeled muon light yield template. Thus, −2∆LLH is positive-valued,
with larger values indicating a greater impact of the muon light yield mismodeling on
the oscillation parameters. The −2∆LLH distribution constructed from the 25 grid scan
points in Figure 10.11 is shown in Figure 10.12, where we also overlay the χ2 critical
values for two degrees of freedom9.

We find that the entire −2∆LLH distribution lies above the χ2 critical value cor-
responding to 0.5σ , which implies that at least a 0.5σ bias is introduced to the mea-
surement of (θ23,∆m

2
31) if their true values lie anywhere on the conservatively wide

([35◦,55◦], [2 ·10−3 eV2, 3 ·10−3 eV2]) grid. Furthermore, nearly 50% of the trials exhibit
biases at a level greater than 1σ , which is unacceptable for a precision measurement of
oscillation parameters. We therefore conclude that the wrongly simulated muon light
yield in the original oscNext simulation has a large impact on the νµ disappearance
analysis10 and that switching to the Geant4-based simulation11 is absolutely necessary
to avoid the demonstrated bias.

10.1.4 Impact of the corrected muon light yield on the data/MC agreement

Having produced analysis-ready neutrino Monte Carlo simulation with the Geant4-
based muon light yield, we can see whether it helps resolve the energy-dependent

9These χ2 critical values are compared to the −2∆LLH distribution assuming Wilks’ theorem.
10The impact on the ντ appearance analysis is expectedly smaller (∼0.5σ bias in the measured Nντ normalization).
11Alternatively, any other simulation that would take into account the muon β evolution in the Cherenkov light yield calculations.
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Figure 10.12 – The cumulative distribution function (CDF) of the −2∆LLH ≡ −2(LLHfixed − LLHfree)
test statistic distribution constructed from the (θ23,∆m

2
31) grid scan points in Figure 10.11. To arrive at

LLHfree (LLHfixed), the two oscillations parameters are kept free (fixed) in a fit of the proposal+ppc-based
template to the Geant4-based pseudodata. All of the standard νµ disappearance analysis systematic
parameters are kept free, and no statistical fluctuations are applied to the pseudodata template. Figure
courtesy of T. Stuttard.

data/Monte Carlo agreement issues highlighted in Section 9.2. The updated data/MC
ratios are shown in Figures 10.13 and 10.14 for the total reconstructed neutrino en-
ergy and the reconstructed track energy, respectively. Since the corrected muon light
yield only affects true neutrino energies ≲20 GeV and reconstructed neutrino energies
≲40 GeV (see Figure 10.10), it is a natural outcome that the main “energy tilt” trend
with a characteristic data excess at high energies has not been affected by switching to
Geant4. The data/MC ratio for the total reconstructed energy does, however, move
closer to unity, and the overall pre-fit test statistic improves by nearly 60 units of
log-likelihood (increasing from LLH =-626 in the proposal+ppc case to LLH =-568 in
the Geant4 case). This is driven by the decrease in the Monte Carlo event rate in the
low-energy part of the reconstructed energy spectrum and the subsequent increase in
the data/Monte Carlo ratio.

In conclusion, we have found significant issues in the low-energy muon propagation
and the modeling of the muon light yield in the IceCube Monte Carlo simulation. This
issue affects not only the oscNext event selection and the νµ disappearance analysis it set
out to perform, but also all other IceCube analyses relying on charged current νµ events
in the 1–20 GeV region. For the event selection described in this thesis, a decision has
been made to switch to purely Geant4-based Monte Carlo for muon propagation and
Cherenkov light yield generation, which resolves the identified issues in simulation but
does not fully mitigate the energy-dependent data/Monte Carlo disagreement. At the
same time, a similar analysis closely resembling oscNext up to Level 5 has been recently
unblinded without the muon light yield correction [197]. As an alternative to Geant4,
future analyses may consider implementing the muon β dependence into the ppc code
in CLSim and adjusting the proposal energy loss settings to avoid the artefacts in the
muon stopping range.

10 .2 light yield from electromagnetic showers

Given that our investigation into the muon light yield simulation in IceCube revealed
several major issues, we now proceed with the validation of the Cherenkov light yield
from electromagnetic (EM) showers, i.e., cascades of particles initiated by an electron, a
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Figure 10.13 – Impact of switching from proposal+ppc to Geant4 in the simulation of muon light yield
in the (νµ + ν̄µ)-CC events on the data/Monte Carlo agreement in the total reconstructed neutrino energy
variable (“reco_energy”, shown in GeV).

Figure 10.14 – Same as Figure 10.13, but for the reconstructed track energy variable (“L7_reconstructed
_track_energy”, shown in GeV).

positron, or a photon. All three of these particles can be produced as secondaries due to
stochastic energy losses of high-energy muons. Additionally, electrons and positrons
can appear directly from νe-CC and ν̄e-CC interactions, while photon production can
also result from the π0→ 2γ decay. In [226], e± and γ primaries were shown to give
identical light yield outputs as a function of energy from 1 GeV to 10 TeV. Therefore,
in this study, we focus our attention only on electrons as representative electromagnetic
shower primaries.
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In the original oscNext simulation, the light yield from EM cascades was modeled
following an outdated Geant4-based parameterization from [225]. In this initial 2002
study by M. Kowalski, which we will refer to as the “reference (ref.) study A,” the EM
cascades were simulated in Geant4, and all of the charged cascade particles i produced
in a shower were tracked until stopping. The total distance ℓi traveled by each particle
was recorded and corrected for the starting particle velocity βi to calculate the effective
Cherenkov-radiating track length, ℓ̂i :

ℓ̂i =
1− 1

n2β2
i

1− 1
n2

· ℓi , (10.2)

with n being the refractive index of ice. These effective ℓ̂i were finally summed across all
charged particles in the shower to arrive at the total Cherenkov-radiating track length,
ℓ̂. By fitting the resulting ℓ̂ as a function of primary energy E with a simple power law,

ℓ̂(E) = αref.AE
βref.A , (10.3)

the following coefficients were derived:

αref.A = 5.21mGeV−1; βref.A ≈ 1, (10.4)

implying a linear dependence of the Cherenkov-radiating track length on the primary
energy. The reference study A was performed with the ice density ρref.A = 0.924gcm−3

in the Geant4 simulation. The ice density in the original oscNext simulation was
slightly lower, ρoscNext = 0.9216gcm−3, and therefore the effective Cherenkov-radiating
track length was parameterized in the ppc code within CLSim as12

ℓ̂(E) = αref.A
ρref.A

ρoscNext
E. (10.5)

Equation (10.5) was finally combined with the average number of photons expected
per unit length from the Frank-Tamm formula (Equation (4.40)) with β = 1 – here being
a valid assumption given that l̂i has already been corrected for the βi factor of each
particle.

To validate the ppc parameterization of the electron light yield, we design a study sim-
ilar to that described in Section 10.1. Specifically, we produce small Monte Carlo sam-
ples of fixed-energy electrons, Ee ∈ [0.5GeV, 1GeV, 5GeV, 10GeV, 50GeV, 100GeV],
with 1000 electrons per energy. We then either use ppc at Step 2 of the simulation to
generate photons according to Equations (4.40) and (10.5), or resimulate the entire
shower with Cherenkov photon emission directly in Geant4. The geometry of the
simulation (i.e., the electron direction and starting position) remains the same as in
Section 10.1. The comparison of the detected number of photons (Ndetected

γ,e ) between the
two simulation approaches is shown in Figure 10.15. We find that Geant4 agrees well
with ppc for Ee ≤ 10GeV, while at 50 GeV and 100 GeV, we observe a discrepancy in
the form of Ndetected

γ,e being shifted to lower values in Geant4 relative to ppc. This result
is surprising, given that the ppc parameterization originates from the reference study A
similarly based on Geant4. However, one component of the reference study A was not
explicitly recorded in [225], namely which index of refraction was used in the Frank-
Tamm formula. The direct successor study of [225] performed by L. Radel [226], which

12This linear density rescaling stems from the linear dependence of the average Bethe-Bloch energy losses on the density of the
medium [34, 281]. If the oscNext simulation had a higher density than the reference study A, the particle would travel a shorter
distance, which is why ρoscNext appears in the denominator.
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Figure 10.15 – Number of Cherenkov photons detected by the IceCube DOMs due to the passage of
an electron in ice with a fixed total energy Ee, as compared between the approach originally used in
the oscNext simulation (ppc parameterization, shortly “PPC” [225]) and the Geant4 simulation (shortly
“G4”). The y-axis represents the probability density of a given number of photons as obtained from a
Monte Carlo simulation of 1000 electron events per panel.

we will call “reference study B,”13 reports having used a constant value of n = 1.33 in
the Geant4 simulation, i.e., disregarding the wavelength dependence of the refractive
index. We therefore hypothesize that the reference study A had also implemented a
constant n, while our Geant4 simulation takes into account its wavelength dependence
as per Figure 4.9. To see whether changing from a constant to a wavelength-dependent
index of refraction can result in an effect similar to that observed in Figure 10.15, we
run an additional set of Geant4 simulations with n = 1.33. The results are presented in
Figure 10.16. We indeed observe a qualitatively similar effect to that in Figure 10.15,
albeit with an even stronger shift of the Ndetected

γ,e distributions relative to one another,
which appears already at 10 GeV. We conclude that the constant index of refraction is
most likely the culprit of the high-energy discrepancy between the Geant4 and the ppc

simulations of the electron light yield, with the disclaimer that the passage of time has
made the exact reproduction of the reference study A impossible.

Given the potential of this discrepancy to affect the high-energy part of the recon-
structed neutrino energy spectrum, we attempt switching to Geant4 for Cherenkov
photon production due to EM cascades in the main oscNext simulation chain. This
large-scale simulation production was executed by T. Stuttard for all neutrino flavors.
The impact on the true and reconstructed energies of νe-CC events is shown in Fig-

13Note that reference study B derived a different set of coefficients for Equation (10.5), namely αref.B = 5.321GeVm−1 given
ρref.B = 0.91gcm−3. The difference between αref.Aρref.A and αref.Bρref.B is ∼0.8%.
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Figure 10.16 – Same as Figure 10.15, but compared between the Geant4 simulation with the full
wavelength dependence of the refractive index n(λ) (see Figure 4.9) and the simplified assumption of a
constant n = 1.33.
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Figure 10.17 – Impact of switching from the ppc parameterization [225] (“PPC”) to Geant4 (“G4”)
simulation of the Cherenkov light yield in electromagnetic cascades on the distributions of true and
reconstructed neutrino energies in the νe-CC subsample of the Level 7 oscNext Monte Carlo.

distributions in a non-trivial way complicated by the selection cuts, the magnitude of
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the EM light yield correction impact is at most a few %. Since this is much smaller
than what we previously found in the context of muon light yield (see Figure 10.10),
we expect that the EM light yield correction will affect the data/MC ratios for recon-
structed energy to a proportionally smaller degree. This is what we ultimately find in
Figure 10.18, noticing negligible impact of the Geant4-based EM light yield Monte
Carlo on the data/MC ratios for reconstructed energy. For completeness, we also test the
case where both the muon light yield and the EM light yield are simulated in Geant4,
but find no improvement compared to the muon light yield-only case.

Figure 10.18 – Impact of switching from the ppc parameterization [225] (“PPC”) to Geant4 (“G4”)
simulation of the Cherenkov light yield in electromagnetic cascades on the data/Monte Carlo ratios of
the 1D reconstructed energy distributions (“reco_energy”, shown in GeV).

Given the near-negligible impact of the EM light yield correction on the agreement
between data and Monte Carlo, we decide not to incorporate the Geant4-based sim-
ulation of the EM cascades into the oscNext simulation sets at the present moment.
However, we warn future analyzers that the error in the Cherenkov light yield due to the
simplified assumption of the constant index of refraction grows with energy. Therefore,
we strongly recommend that any studies relying on cascade events with energies above
100 GeV either update the ppc parameterization based on Geant4 simulations with the
full wavelength dependence of the refractive index, or run the latter directly during
simulation production.

10 .3 track energy reconstruction with the retro algorithm

10.3.1 Misreconstructed events and their characteristics

We now consider another possible source of data/Monte Carlo disagreement in the
reconstructed energy variables, namely the reconstruction technique itself. As of 2022,
the likelihood-based retro algorithm [211] was the nominal reconstruction method for
the oscNext high-statistics sample analysis variables, including, among others, track and
cascade energy (see Section 6.4). Despite this algorithm being based on lookup tables
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produced with an outdated ice model14 and assuming muon energy losses in water
rather than ice, the reconstruction bias caused by such limitations should be equally
applicable to data and simulation without introducing a relative discrepancy between
the two. In addition, the bias in the reconstructed vs. true energy was addressed
explicitly in [211], where correction functions were devised for reconstructed track
and cascade energies to make their sum representative, on average, of the true total
deposited energy. The mechanism through which the data/MC disagreement can be
introduced or exacerbated at the reconstruction stage is therefore highly non-trivial.

To shed some light on whether the energy reconstruction behaves as expected in
the region of strong data/MC disagreement, we undertake the tedious task of visually
inspecting such events and contrasting their reconstructed properties with the recorded
pulse maps. We observe from Figures 9.9 and 9.10 that events with the reconstructed
track energy (Ereco

track, or “L7_reconstructed_track_energy”) greater than ∼30–40 GeV
exhibit a particularly bad mismatch between data and Monte Carlo rates. Although this
boundary is not clearly defined, we focus on the region Ereco

track ≥ 30GeV in the mixed
and track PID bins to alleviate the search for any extreme misreconstruction cases. This
search turns out to be fruitful, as we are able to identify a class of misreconstructed
events with a significantly overestimated track energy. In Figure 10.19, we show a
representative example of such an event – a νµ-CC interaction in which the true energy
of a daughter muon (2.0 GeV) was reconstructed to as much as ∼56 GeV.

Figure 10.19 – Example event from the νµ-CC oscNext Level 7 Monte Carlo with a bad track energy
reconstruction returned by the retro algorithm [211]. The dashed blue line shows the true particle
direction, while the solid red line represents the reconstructed track direction and length. The true track
(total) energy in this event is 2.0 GeV (9.0 GeV), while the reconstructed track (total) energy is 55.6 GeV
(72.1 GeV). The image contains the SRTTWOfflinePulsesDC pulse series, which were used as input to
the retro reconstruction, visualized here with the steamshovel IceCube software.

A characteristic feature of such events is an unjustifiably long “ghost track” extended
into a region of the detector where no light has been deposited. The likelihood op-
timization algorithm arrives at such a reconstructed event topology by directing the
tracks into sparsely instrumented regions, such that the absence of light deposition
can be explained by a large distance to the closest strings. Since this requires a very
specific directional configuration of an event, the misreconstructed track energy is
often accompanied by a significant mismatch between the true and the reconstructed
directions. More examples that support this finding are presented in Table 10.1.

14The retro tables were produced with the Spice Lea model [283], which explains the ice optical anisotropy (i.e., anisotropy
in the photon propagation direction) through modified scattering coefficients. It precedes the most recent ice model reported in
publication by IceCube [240], where this anisotropy is modeled through intrinsic birefringence of ice.
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Event display Event type Etrue
track [GeV] Ereco

track [GeV] Etrue
total [GeV] Ereco

total [GeV]

νµ-CC 1.2 32.7 2.6 33.5

νµ-CC 4.7 31.1 7.1 31.1

νµ-CC 3.0 34.0 6.5 34.4

νµ-NC 0.0 44.7 9.3 44.7

νe-CC 0.0 42.0 4.3 42.0

ντ -CC 0.0 34.3 4.5 36.0

Table 10.1 – Representative examples of Monte Carlo events with bad track energy reconstructions
returned by the retro algorithm [211] (see Figure 10.19 for details). Note that non-νµ-CC events do not
contain a true track by definition, yet their reconstructed track energy is several tens of GeV.
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In Monte Carlo simulation, such misreconstructed events are by definition easy to
spot by searching for significant discrepancies between the true and the reconstructed
energies or directions. However, in data the truth is unknown, and these events can
only be identified using the reconstructed metrics. One such metric could be the recon-
structed radial stopping coordinate of an event (“L7_reconstructed_stopping_rho”,
or ρreco

36,stopping) – i.e., the radial distance of the stopping point to the center of the detector
(string 36). The radius of the DeepCore fiducial volume is 150 m, which, as shown in
Figure 10.20, covers all HQE DeepCore strings and one outer ring of NQE strings. Any
events starting and stopping within with volume are considered fully contained.

Figure 10.20 – A zoom-in into the xy projection of the DeepCore fiducial volume, which is bounded
by the orange circle of a 150 m radius relative to string 36. The high quantum efficiency (HQE) strings
are shown in red, and the normal quantum efficiency (NQE) strings – in light blue. An example event
whose stopping point is contained (uncontained) within the DeepCore fiducial volume is represented
schematically with the blue (red) arrow.

In Figure 10.21, we show that events with reconstructed track energies ≥30 GeV are
more often uncontained within the DeepCore fiducial volume (ρreco

36,stopping > 200m) in
data compared to Monte Carlo. This is consistent with our observation that “ghost
tracks” appear to escape to more sparsely instrumented regions to explain the non-
detection of any light that they could have produced.

Another characteristic feature of the “ghost track” events is that they are much
too dim to justify their reconstructed track and total energy. For example, the event
in Figure 10.19 has only 8 hit DOMs in the cleaned pulse series used for the retro

reconstruction, which is very low compared to the reconstructed track energy of 56 GeV.
For reference, we show a well-reconstructed track in Figure 10.22 (Ereco

track = 48.5GeV,
Etrue

track = 47.6GeV), whose cleaned pulse series contains 36 hit DOMs. This suggests
that we can use the number of hit DOMs per unit track energy (nhitDOMs / E

reco
track , or

“num_hit_doms_per_GeV_track”) to partially identify the misreconstructed events. The
distributions of this variable are compared between data and Monte Carlo in Fig-
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Figure 10.21 – Data/Monte Carlo agreement in the reconstructed radial stopping coordinate variable
(“L7_reconstructed_stopping_rho”, shown in meters) for events with Ereco

track < 30GeV (left panel) and
30GeV ≤ Ereco

track ≤ 100GeV. The region of a particularly strong data/MC disagreement, which is consistent
with our discovery of the population of “ghost tracks” as in Figure 10.19 and Table 10.1, is highlighted
with the red box.

Figure 10.22 – Example event from the νµ-CC oscNext Level 7Monte Carlo with a good track energy
reconstruction returned by the retro algorithm [211]. The true track (total) energy in this event is
47.6 GeV (47.8 GeV), while the reconstructed track (total) energy is 48.5 GeV (56.4 GeV). For legend
details, see Figure 10.19.

ure 10.23. We find a particular excess of events in data with nhitDOMs / E
reco
track ≤ 0.3,

which supports our discovery of very dim events with high reconstructed track energies.

Finally, we can characterize not only the overall the brightness of the event relative to
the total reconstructed track energy, but also the spatial distribution of pulses compared
to the reconstructed track geometry. To accomplish this, we project the pulses in the
SRTTWOfflinePulsesDC pulse series onto the reconstructed track, which we slice into
the segments of 10 m length. We then count the total charge15 of the projected pulses
within each track segment and build one-dimensional track light profiles, as shown in
Figure 10.24. We find that in a typical misreconstructed event, the majority of charge
accumulates at the very beginning of the reconstructed track, while the remaining

15For this calculation, the charge of each pulse is rounded to the nearest integer.
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Figure 10.23 – Number of hit DOMs in the SRTTWOfflinePulsesDC pulse series used in the retro

reconstruction [211] per GeV of the retro-reconstructed track energy, as compared between data and
oscNext Monte Carlo simulation. The top (bottom) panel shows events with Ereco

track < 30GeV (30GeV ≤
Ereco

track ≤ 100GeV). The difference between the left and the right columns is in the scale of the y-axis
(linear vs. logarithmic). The region of a particularly strong data/MC disagreement is highlighted with
the red box.

fraction of the reconstructed track length is virtually empty of light deposition and
therefore recorded charge. This is illustrated in the left column of Figure 10.24, where
90% of the total charge is collected within ∼13% of the reconstructed track. On the
other hand, a typical well-reconstructed event has a nearly uniform light deposition
throughout the track. This is shown in the right column of Figure 10.24, where 90% of
the total charge is collected within 115% of the reconstructed track length16. Thefore,
the track length fraction within which 90% of the charge17 is accumulated can be used
as a complementary track energy/length reconstruction quality metric. In Figures 10.25
16Note that the light/charge deposition can continue well beyond the track stopping point, as the photons emitted immediately

prior to the muon stopping continue propagating until they are absorbed or detected.
17Alternatively, any other preferred percentage representative of the majority of the charge.



134

ch
ar

ge
 [P

E]
ch

ar
ge

 C
D

F

reconstructed track length fraction reconstructed track length fraction

reconstructed track length fraction reconstructed track length fraction

Misreconstructed event Well-reconstructed event

Figure 10.24 – Left column: one-dimensional projection of the track light deposition profile of a typical
event with an overestimated track energy and length. Right column: 1D track light deposition profile of a
typical well-reconstructed event. The x-axis in all plots shows the fraction of the reconstructed track
length, where 0 represents the interaction vertex, and 1 – the reconstructed stopping point. Values below
0 (above 1) correspond to the regions of the reconstructed track that lie before the interaction vertex
(after the stopping point). The vertical lines in the top panel divide the track into 10 m segments. Inside
(outside) of the inner 60% of the track, the charge deposition is plotted in blue (orange). The bottom
panel shows the cumulative distribution function (CDF) of the collected charge, which we use to find the
track length fraction within which 90% of all charge is accumulated.

and 10.26, we show the agreement of this variable between data and Monte Carlo.

Figure 10.25 – Fraction of the reconstructed track length within which 90% of the total event charge is
accumulated (see text and Figure 10.24 for details), shown here for all PID bins combined. The red box
highlights the region of a particularly strong data/Monte Carlo disagreement in this variable.
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Figure 10.26 – Same as Figure 10.25, but split between cascades (PID ∈ [0, 0.5)), mixed (PID ∈ [0.5, 0.85)),
and tracks (PID ∈ [0.85, 1]) PID bins.

As expected, we find a significant excess of the data rates at low (≲ 0.7) values of the
reconstructed track length fraction that contains the majority of the event charge.

To summarize, we have identified a population of misreconstructed events in both
data and Monte Carlo, where the track energy appears to be significantly overestimated.
The radial stopping coordinate, the number of hit DOMs per unit track energy, and
the fraction of the reconstructed track length within which the majority of all charge is
collected can all be used as track energy reconstruction quality metrics. The regions of
bad data/MC agreement in these variables correlate with an excess of events with high
(≳30–40 GeV) reconstructed track energies in data. However, these derived variables are
merely symptoms of the track energy misreconstructions and do not point to the physical
origin of a significantly higher rate of misreconstructions in data. It is essential to find
the root cause of the reconstruction failures, since its effects may reach far beyond
the variables discussed in this section and affect the data/Monte Carlo agreement in
a continuous fashion throughout the entire phasespace. In the subsequent section,
we present evidence that noise is the origin of track energy misreconstructions with
the retro algorithm. We further summarize the follow-up work of T. Stuttard that
definitevely proves that PMT noise is not simulated accurately in the IceCube Monte
Carlo, causing the data/MC disagreement in the reconstructed track energy.

10.3.2 Noise as the origin of track energy reconstruction failures

A careful visual inspection of events with failed track energy reconstructions, such as
those in Table 10.1, points to a correlation between the reconstruction failures and the
presence of very late pulses in the pulse series. Since these individual pulses appear
temporally disconnected from the rest in a given event, we hypothesize that they are
not a part of the signal pulses, which result directly from Cherenkov photons hitting
the PMT cathode. Instead, we suggest that these late pulses are a form of noise, to
which the likelihood reconstruction in a true low-energy event with only a few signal
pulses is particularly sensitive. To test this hypothesis, we compare the reconstructions
of identical events where the input for the reconstruction is either (a) the nominal
(SRTTWOfflinePulsesDC) pulse series or (b) the same pulse series with the true noise
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pulses removed18. The results of this comparison are shown in Figure 10.27. We find

Figure 10.27 – Reconstructed (Ereco
total) vs. true (Etrue

total) total energy in the oscNext L7Monte Carlo events,
as obtained when using the nominal SRTTWOfflinePulsesDC pulse series (top row) or the signal-only
subset of the SRTTWOfflinePulsesDC pulse series (bottom row) for reconstruction. Only events with
Ereco

track > 30GeV as obtained from the nominal pulse series reconstruction are shown. Note that the
SRTTWOfflinePulsesDC pulse series is already pre-cleaned with the SRTTW algorithm – however, it still
contains a fraction of true noise pulses that lead to energy misreconstructions.

that, when the full SRTTWOfflinePulsesDC pulse series is used for reconstruction, the
events with true total energies as low as 3 GeV get reconstructed to track and total
energies as high as 30 GeV. This is seen from the top row of Figure 10.27 and is
particularly peculiar for νe events, which never contain a true track. On the other hand,
when the noise is removed from the same events and the retro reconstruction is re-run,
the Ereco

total (Etrue
total) dependence follows a 1:1 line, and the “band” of events with low true

energies and high reconstructed energies disappears. This presents a strong evidence
that noise is the culprit of energy misreconstructions.

While the use of the signal-only pulse maps mitigates the energy reconstruction bias,
this cannot immediately be applied to resolve the reconstruction issues in data, where
the “signalness” of a given pulse is unknown. Therefore, we must first understand the
type and the properties of the noise pulses that could lead to a significantly higher rate

18The “signalness” truth flags were added to the SRTTWOfflinePulsesDC pulse map by J. Weldert, K. Leonard de Holton, and R.
Ørsøe. These events were then processed to the final level, including the retro reconstruction at Level 6, by T. Stuttard.
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of misreconstructions in data, and eventually remove those pulses without relying on
truth information. A study in this direction by T. Stuttard reveals a strong mismodeling
of PMT afterpulses in simulation, which we briefly summarize below.

Afterpulses are a form of PMT noise that results from ionization of the gas molecules
in the PMT tube by the signal photoelectron. The ions drift back to the cathode and
release several more photoelectrons, followed by a new wave of charge amplification
with a ∼500–1000 ns delay relative to the primary signal. As much as 45% of afterpulses
in the DeepCore fiducial volume survive the SRTTW cleaning, compared to the ∼30%
survival rate of the radioactive decay noise in the PMT pressure vessel targeted by
the algorithm. Given that afterpulses are correlated with the primary signal but are
delayed by longer than the ATWD readout window (427 ns), they are typically a subset
of HLC pulses digitized through the FADC circuitry. Indeed, ∼ 1/3 of all HLC+FADC
pulses that survive the SRTTW cleaning and are ultimately used for reconstructions
are afterpulses. The charge and time distributions of these pulses, which are selected
by imposing the pulse charge cut qpulse > 2.5PE19, are compared between data and
Monte Carlo in Figure 10.28. A significant data/MC disagreement in both distributions
indicates poor modeling of afterpulses in Monte Carlo and necessitates the development
of a new pulse cleaning scheme targeting this particular noise component.

Figure 10.28 – Data/Monte Carlo agreement in the charge (left) and time (right) distributions of high-
charge HLC+FADC pulses, which are dominated by afterpulses [284]. Figure courtesy of T. Stuttard.

To address the afterpulse mismodeling issue, the following noise cleaning scheme is
proposed by T. Stuttard:

■ Only pulses within the [9600 ns, 12500 ns] time window are kept prior to the SRT
cleaning (compared to the old time window of [8800 ns, 14000 ns]);

■ Within this time window, only the first pulse on each DOM is kept, thereby
rejecting afterpulses and late pulses20;

■ The pulse time is rounded to the nearest nanosecond21, and the pulse charge
information is discarded to bypass any charge modeling issues;

19This requirement differentiates the afterpulses, which have high-charge tails as per [284], from the SPE charge distributions.
20Late pulses occur due to photoelectron backscattering from the first dynode and result in a secondary signal delayed by

∼50–100 ns. These are commonly found in the HLC+ATWD channel and do not exhibit such a strong data/MC disagreement as in
Figure 10.28.
21This avoids issues related to the presence of non-integer pulse times in data but never in Monte Carlo, which occurs due to

re-extraction of compressed waveforms in individual events in data.
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■ The SRT cleaning settings are adjusted from {r = 150m, t = 1µs} to {r = 150m, t =
500ns}.

This prescription removes all pulses in the HLC+FADC channel and nearly 60% of
afterpulses in the HLC+ATWD channel. As the result, ∼80% of all afterpulses are
removed. This has a hugely positive impact on data/Monte Carlo agreement in both the
track energy reconstruction quality metrics and the reconstructed track energy itself,
as shown in Figures 10.29 and 10.30, respectively. Specifically, the new noise cleaning
eliminates the previously identified data excesses in the regions of low numbers of hit
DOMs per unit track energy, small fractions of track length within which 90% of all
charge is accumulated, and high reconstructed track energy.

Old cleaning New cleaning
Data total
MC total

num_hit_doms_per_GeV_track

Data total
MC total

num_hit_doms_per_GeV_track

fraction_track_length_90perc_charge

Data total
MC total

Data total
MC total

fraction_track_length_90perc_charge

Figure 10.29 – Data/Monte Carlo agreement in the track energy reconstruction quality metrics derived
in Section 10.3.1, compared between two choices of pulse maps used as input to the retro reconstruction
[211]. In the left column, the SRTTWOfflinePulsesDC pulse map with the old noise cleaning settings
is used. The right column shows the impact of the new pulse map with the noise cleaning settings
devised by T. Stuttard (described in text). Only events with 40GeV < Ereco

track < 100GeV (using the old
reconstruction) are selected here. Figure courtesy of T. Stuttard (adapted).
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Figure 10.30 – Data/Monte Carlo agreement in the reconstructed track energy variable (Ereco
track, or

“L7_reconstructed_track_energy”, shown in GeV), compared between two choices of pulse maps used
as input to the retro reconstruction [211]. For details, see the caption of Figure 10.29. Figure courtesy of
T. Stuttard (adapted).

Although track energy reconstruction with the retro algorithm becomes much more
robust when the new pulse map is used as input, re-running the retro reconstructions
on all events in the oscNext Monte Carlo simulation sets is computationally infeasible
on the timescale allocated for neutrino oscillation analyses with the oscNext-high
statistics sample. Therefore, a decision is made to replace the retro reconstruction with
the dynedge graph neural network (GNN) [210], which was designed and developed
by R. Ørsøe and trained by K. Leonard de Holton and T. Stuttard. The pulse map
with the new noise cleaning is used for training the GNN to predict total neutrino
energy, interaction vertex position, track length, and PID. The inference speed of a
trained dynedge network is O(10 ms) per event on a CPU, compared to ∼40 s per event
spent by the retro algorithm. This enables fast processing of all Monte Carlo sets,
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including ∼30 systematic sets, and 11 years of data (2012–2022). The preliminary
pre-fit data/Monte Carlo agreement in the total reconstructed neutrino energy variable
is shown in Figure 10.31.

Figure 10.31 – Pre-fit data/Monte Carlo agreement in the total neutrino energy variable reconstructed
with the dynedge graph neural network [210] (“reco_energy”, shown in GeV). The same L7 cuts as
described in Section 9.1, complemented with a tighter starting containment cut (ρreco

36,starting < 150m) and
an additional stopping containment cut (ρreco

36,stopping < 150m, −500m < zreco
stopping < −200m), are applied in

this figure. The muon light yield in the νµ-CC Monte Carlo shown here is simulated in Geant4.

Although the development of the dynedge-based oscNext sample is not finalized at
the time of writing, in particular with regards to the exact choice of the event quality
cuts, we can already see from Figure 10.31 that the main data/MC trend as a function
of reconstructed energy appears largely similar to Figure 9.7. Specifically, the apparent
excess of high-energy events in data, which grows as a function of reconstructed energy,
remains present even after switching to the accurate muon light yield simulation, the
refined noise cleaning, and the state-of-the-art machine learning-based event reconstruc-
tion. While this trend does not necessarily forecast data/Monte Carlo disagreement
in the post-fit distributions or a bad goodness of fit, its origin remains unclear. At
the present moment, we can conclude that the detailed investigations into the energy
data/Monte Carlo disagreement led to multiple crucial fixes and improvements in the
IceCube Monte Carlo simulation and processing, yielding a significantly more robust
version of the oscNext sample.

10 .4 updated ντ normalization sensitivities

10.4.1 The impact of new reconstruction and muon simulation

In Figure 10.32, we show how the sensitivities to Nντ are affected by replacing the retro

reconstruction of the analysis variables with that using dynedge, as well as the shift
from the proposal+ppc to the Geant4-based simulation of muon light yield.
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Figure 10.32 – Comparison between the tau neutrino normalization sensitivities projected for the old
configuration of the oscNext sample (retro+ppc) and the new configuration (dynedge+Geant4; see text
for details). The lower panel shows the 68% and the 90% confidence levels.

We find that the 68% (90%) sensitivity changes from 11.7% (19.5%) in the old config-
uration to 9.3% (15.3%) in the new configuration, indicating a small improvement. This
outcome is a natural consequence of the superior dynedge reconstruction resolutions
[210] and the reduced muon neutrino rate at energies below 10 GeV (see Figure 10.10).

10.4.2 The impact of the ντ cross section uncertainty

Finally, we note that all of theNντ sensitivities presented so far relied on the assumption
that the charged current tau neutrino cross section cross section is fully correlated with
that of the lighter flavors. The validity of this assumption is justified in Chapter 11,
where we calculate the uncertainty on the ντ / νµ CC DIS cross section ratio, and find it
to be negligibly small for the purpose of the present analysis. A simple implementation
of a separate absolute ντ cross section uncertainty was, however, considered in the
IceCube Collaboration – namely, by devising a systematic parameter which interpolates
between the different absolute ντ cross section models in [285]. In Figure 10.33, we
show the impact of incorporating this parameter into the analysis for both the old
configuration and the new configuration of the oscNext sample. We find that, had
there been a theoretically motivated need to incorporate an additional ντ uncertainty
(on top of the freedom provided by varying the cross sections of all three flavors in a
correlated manner), the sensitivities to Nντ would worsen in both variants of the sample.
In particular, the sensitivity of the retro+ppc-based sample would drop from 11.7%
(19.5%) to 18.2% (26.6%) at the 68% (90%) confidence level. For the dynedge+Geant4
configuration, the sensitivity would accordingly change from 9.3% (15.3%) to 15.2%
(21.9%) at the same confidence levels22.

Given that we show in Chapter 11 that any change to the tau neutrino cross section is

22Note that when the confidence intervals are mildly asymmetric, we are reporting the arithmetic average between the one-sided
bounds.
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Figure 10.33 – Impact of the absolute tau neutrino cross section uncertainty parameter (explained in
text) on the Nντ sensitivities in the old (left) and the new (right) configurations of the oscNext sample.
The lower panels in both subfigures show the 68% and the 90% confidence levels.

strongly correlated with that of the muon neutrino cross section23, the inclusion of the
additional ντ cross section uncertainty parameter is unmotivated, and the sensitivities
reported in Figure 10.32 should be interpreted as accurate projections.

23Our projected ντ / νµ CC DIS cross section ratio uncertainty is ∼ 2% (see Figure 11.5), while the parameter described in this
section suggests up to 25% additional ντ cross section uncertainty at this energy.
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chapter 11

Relative scaling of ντ and νµ DIS cross

sections

N.B.: Sections 11.1 to 11.6 of this chapter contain the reproduction of the following
paper:

Tetiana Kozynets, Thomas Stuttard, and David Jason Koskinen, Deep Inelastic Scattering
Cross Section Uncertainties in Tau Neutrino Appearance Measurements, submitted to Phys.
Rev. D. (2024).

At the time of writing, the paper is under review by the Physical Review D editorial
board. The full pre-print of the paper is available online in the arXiv database [2].

11 .1 introduction

The uncertainty on the charged current deep inelastic scattering (CC DIS) neutrino
cross section is an important systematic parameter in experimental analyses involving
neutrino detection at energies of a few GeV and above. The scenario when a detector
is sensitive to all three neutrino flavors, which applies to e.g. atmospheric neutrino
oscillation experiments, is of particular interest, as it raises the question of correlations
between the uncertainties on the cross sections of the different flavors. The flavor depen-
dence of the DIS cross section appears in terms proportional to m2

ℓ /E
2
ν or m2

ℓ /(EνMN ),
where Eν is the incident neutrino energy, MN is the mass of the target nucleon, and
mℓ is the mass of the produced charged lepton [286–289]. These terms are typically
neglected for νe and νµ cross sections due to the smallness of the electron and the
muon masses relative to the neutrino energies in the DIS regime. However, the mass of
the tau lepton (mτ ≃1.7 GeV) is comparable to the O(1–10 GeV) energies relevant for
atmospheric and accelerator neutrino oscillation measurements. Naively, this could
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result in the conclusion that the ντ CC DIS cross section uncertainty should be decou-
pled from the νµ and νe uncertainties in an experimental analysis, i.e., by letting the
energy-dependent ντ uncertainty vary independently from those of other flavors. The
present study challenges this hypothesis by computing the ντ /νµ CC DIS cross section
ratio at the leading order in perturbation theory and estimating its uncertainty. We
achieve the latter by propagating the uncertainties on the parton distribution functions
(PDFs) into the structure functions entering the DIS cross section, which we evaluate
numerically. We additionally study the dependence of the cross section ratio on the
threshold mass of the hadronic final state defining the transition between the resonant
(RES) and the deep inelastic scattering. The outcomes of these tests are meant to guide
neutrino experiments in defining the scope of the cross section systematic uncertainties
necessary for neutrino oscillation analyses in the DIS regime. This concerns, in par-
ticular, the experiments such as IceCube-DeepCore [46, 180, 196, 197] and KM3NeT
[290], whose νµ and ντ event selections are dominated by DIS interactions, as well
as the upcoming IceCube-Upgrade [205, 212] and DUNE [291, 292], which cover the
transition region between RES and DIS regimes (also referred to as “shallow inelastic
scattering”).

11 .2 the charged current dis cross section

Neutrino-nucleon (νN ) charged current deep inelastic scattering can be characterized
through the kinematic variables x and y, representing the fraction of the nucleon
momentum carried away by the struck quark (also called the Bjorken scaling variable)
and the inelasticity of the interaction, respectively. For a neutrino νℓ (antineutrino ν̄ℓ),
the double-differential cross section with respect to these two variables reads [286–289]:

d2σνℓN (ν̄ℓN )

dxdy
=

G2
FMNEν

π(1 +Q2/M2
W )2


y2x+

m2
ℓy

2EνMN

F1 +

1−
m2
ℓ

4E2
ν

− (
1 +

MNx
2Eν

)
y

F2

±
xy (1− y2)

−
m2
ℓy

4EνMN

F3 +
m2
ℓ (m2

ℓ +Q2)

4E2
νM

2
Nx

F4 −
m2
ℓ

EνMN
F5

. (11.1)

Here, Q2 ≡ 2MNEνxy is the momentum transfer squared, GF is the Fermi constant, and
Fi ≡ Fi(x,Q2), i = 1..5, are the structure functions of the nucleon. The “+” sign in the
coefficient multiplying F3 corresponds to neutrinos, and the “−” sign – to antineutrinos.
While the terms proportional to either m2

ℓ /E
2
ν or m2

ℓ /(EνMN ) enter the coefficients
multiplying all of the 5 structure functions, the contributions due to F4 and F5 are
effectively negligible when m2

ℓ ≪ (EνMN ). For this reason, they are typically not
included in the calculation of the νe or νµ DIS cross sections (see e.g. [293]) but become
relevant in the case of ντ [286, 288, 289]. We include these structure functions explicitly
when computing both νµ and ντ cross sections, as described in Section 11.3.

All of the structure functions Fi have an underlying dependence on the experi-
mentally determined PDFs, whose uncertainties ultimately propagate to the DIS cross
section in Equation (11.1). At largeQ2 (Q2 ≳ 1GeV2, where the strong coupling constant
αs is smaller than unity [34, 294]), the path from the PDFs to the structure functions
lies though perturbation theory. In this context, the leading-order (LO), next-to-leading
order (NLO), and next-to-next-to-leading order (NNLO) perturbative QCD calculations
of the absolute ντ cross sections have been performed in literature [153, 286, 288, 289,
295]. The contribution of each scattering diagram of order n is weighted by αns (Q2),
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which is monotonically decreasing with growing Q2. This implies that the difference
between the results of the leading-order and the higher-order calculations is the largest
at the lowest Q2 and, consequently, Eν1. Furthermore, the low-Q2 region is susceptible
to non-perturbative effects such as the target mass corrections (concerning the masses
of the target nucleon and the struck quark) and the dynamical higher twist effects
(concerning the interactions the of struck quark with the surrounding quarks) [289,
295]. In this study, we evaluate the structure functions and the inclusive DIS cross
sections at the leading order to capture the dominant impact of the PDF uncertainty
propagation. Additionally, we take into account the corrections for the nucleon mass
(MN ≈ 0.938GeV) and the mass of the final-state charm quark (mc ≈1.27 GeV), as these
effects introduce a small deviation of the F4 structure function from 0 at leading order
[286]. Finally, we perform all of our calculations for an isoscalar target, assuming that
the nuclear medium effects apply equally to νµ and ντ scattering and do not influence
the cross section ratio2.

11 .3 structure functions at leading order

Throughout this study, we work with the conventional mass basis for quarks, such that
the u, c, t mass eigenstates coincide with the weak interaction eigenstates, while the d,
s, b mass eigenstates are related to the weak eigenstates d′, s′, and b′ through the CKM
matrix [34]: d

′

s′

b′

 =

Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb


ds
b

 . (11.2)

Additionally, we operate in the fixed-flavor number scheme with nf = 4 quark flavors,
i.e., consider only the first two generations 3. From the charge conservation constraints,
a neutrino νl corresponding to the lepton flavor l can engage in CC interactions with
the d′, s′, ū, or c̄ quarks inside a nucleon. Such interactions are mediated by the W +

boson and result in the production of the u, c, d̄′, and s̄′ final-state quarks, accordingly.
Analogously, a CC scattering of an antineutrino ν̄l can result in the d̄′ → ū, s̄′ → c̄,
u→ d, and c→ s′ conversions at the W − vertex.

As the PDFs measured by the experimental collaborations probe the proton structure,
we will use q(x,Q2) to denote the density of the quark q inside a proton. These PDFs
can be used to compute the structure functions Fi (i = 1..5) for both neutrino-proton and
neutrino-neutron scattering by applying the isospin symmetry argument. At leading
order and ignoring the target nucleon and the charm mass corrections (i.e., assuming
MN = 0, mc = 0), the F2 and F3 structure functions for the νp scattering are [289, 293]

F
νp
2 (x,Q2)

∣∣∣∣∣∣MN=0
mc=0

= 2x[d′ +s′ + ū+ c̄](x,Q2); (11.3a)

F
νp
3 (x,Q2)

∣∣∣∣∣∣MN=0
mc=0

= 2[d′ +s′ − ū− c̄](x,Q2), (11.3b)

1At Eν =10 GeV, the difference between the ντ CC DIS cross sections evaluated at LO vs NLO is ∼10% [286].
2The effects such the W -boson interactions with the mesonic cloud and the nuclear shadowing were shown to introduce O(tens

of %) shifts to the 56Fe structure functions in regions of intermediate x (0.1–0.5) and Q2 (2–20 GeV2) [295]. This is comparable to
the difference in the structure functions due to the calculation order, e.g. LO vs. NLO (NNLO) [286, 293]. The impact of nuclear
effects increases with the mass number and is therefore expected to be smaller for nuclei such as 16O (part of the IceCube and
KM3NeT water target) or 40Ar (DUNE target).

3The density of the sea charm quark relative to that of the sea strange quark is given in Figure C.1. We find that the ultimate
impact of including the sea charm into the ντ /νµ cross section ratio calculations is near-negligible (see Figure C.2).
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where d′ = |Vud |2d+ |Vus|2s and s′ = |Vcd |2d+ |Vcs|2s. For the ν̄p scattering, the PDFs
for all quarks in Equation (11.3) are replaced by those of their weak doublet partners,
e.g., d′→ u, while for the νn scattering, the replacements are made only for the u and
d quarks (see [289] for complete expressions). Furthermore, in the considered massless
approximation at LO, F4(x,Q2) = 0, while F1 and F5 follow from the Callan-Gross [296]
and the Albright-Jarlskog [287] relations:[

F1(x,Q2)− F2(x,Q2)
2x

]∣∣∣∣∣∣MN=0
mc=0

= 0; (11.4a)

[
F5(x,Q2)− F2(x,Q2)

2x

]∣∣∣∣∣∣MN=0
mc=0

= 0. (11.4b)

To account for the non-zero nucleon mass MN , the Bjorken x variable in the quark
PDFs has to be replaced by the Nachtmann variable η, defined as [286, 297]

1
η

=
1

2x
+

√
1

4x2 +
M2
N

Q2 . (11.5)

The Nachtmann variable is further corrected by the final-state quark mass mq:

η→ η̄q ≡
η

λq
= η

(
Q2

Q2 +mq

)−1

, (11.6)

where we assume only the charm quark to be massive (mq,q,c = 0). Further, we define

ρ2 = 1 +
(2MNx

Q

)2
, (11.7)

following [286, 289]. Then, the final leading-order expressions for the structure func-
tions corrected by the masses of the nucleon and the final-state charm quark become45

[286]:

F
νp
1 (x,Q2) = d′(η,Q2) +s′(η̄c,Q

2) + ū(η,Q2) + c̄(η,Q2); (11.8a)

F
νp
2 (x,Q2) =

2x
ρ2

[
d′(η,Q2) +

1
λc

s′(η̄c,Q
2) + ū(η,Q2) + c̄(η,Q2)

]
; (11.8b)

F
νp
3 (x,Q2) =

2
ρ

[
d′(η,Q2) +s′(η̄c,Q

2)− ū(η,Q2)− c̄(η,Q2)
]
; (11.8c)

F
νp
4 (x,Q2) =

[1− ρ2

2ρ2

]
·
[
d′(η,Q2) + ū(η,Q2) + c̄(η,Q2)

]
+
[(1− ρ)2

2λcρ2 +
1− ρ
ρ

]
s′(η̄c,Q

2);

(11.8d)

F
νp
5 (x,Q2) =

1
ρ2

[
d′(η,Q2) + ū(η,Q2) + c̄(η,Q2)

]
+
[1
ρ
−
ρ − 1
λcρ2

]
s′(η̄c,Q

2). (11.8e)

4The expressions in Equation (11.8) are given in a collinear approximation [298], i.e., where the momenta of the struck parton
and the parent nucleon are aligned in the infinite momentum frame. This approximation can be relaxed to include the parton
transverse momentum [299], which leads to the full target mass corrections as in [300, 301]. While these expressions would lead to
more accurate absolute cross sections, our goal is to estimate the magnitude of the PDF-driven uncertainty on the ντ/νµ cross
section ratio, and we deem the collinear approximation plausible for this purpose.

5The ultimate impact of the MN and mc corrections on the ντ /νµ cross section ratio is shown in Figure C.2.
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We note that with MN → 0, Equation (11.7) gives ρ = 1, which recovers F4 = 0 and
the relations from Equation (11.4). The isospin symmetry arguments can again be
applied to Equation (11.8) to derive the neutron structure functions Fνni . From here,
the structure functions for an isoscalar target A are obtained as

FνAi =
F
νp
i +Fνni

2
. (11.9)

In Figure 11.1, we present the Fνpi (x) structure functions evaluated at fixed Q2, while
Figure 11.2 shows Fνpi (Q2) at fixed x. We are using the NNPDF4.0 PDF set [302] fitted
at NNLO and applied at LO according to Equation (11.8), as done in the benchmark
tests of [293]. The PDFs are accessed through the LHAPDF library [303] interfaced
with the PDFFlow Python module [304]. As the NNPDF4.0 grids are provided and
valid down to the minimum momentum transfer value of Qmin =1.65 GeV, we use the
Martin-Stirling-Thorne-Watt (MSTW) scheme6 built into PDFFlow for extrapolation to
the low-Q2 region [305]. In addition to the central values of the PDFs, the NNPDF set
includes 1000 PDF “replicas” obtained by fitting 1000 individual neural networks to the
Monte Carlo replicas of the original data [306, 307]. We use these replicas to construct
the 68% (1σ ) uncertainty contours for the structure functions, which are shown in
Figures 11.1 and 11.2 alongside their central values. The distribution of the structure
function replicas ultimately yields the corresponding distribution of the total DIS cross
sections for νµ and ντ flavors and allows us to derive the PDF-driven uncertainty on
their ratio, as described in Section 11.4.
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Figure 11.1 – Structure functions Fi(x) evaluated at fixed Q2 at LO and using the NNPDF4.0 PDF
grids [302]. In the upper panels, the shaded bands represent the 68% (1σ ) confidence level, while
the middle and the bottom panels show the ratio of the 1σ band widths to the central value. At
Q2 < Q2

min = (1.65GeV)2, the MSTW extrapolation scheme [303, 305] is used.

6This is the default extrapolation scheme for all PDF grids in the recent versions of the LHAPDF library (see Sec. 3.4.2 in [303]).
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vertical dotted black line denotes the minimum Q2 value of the NNPDF4.0 PDF grids, below which the
MSTW extrapolation scheme is used [303, 305].

11 .4 inclusive dis cross sections and ντ / νµ cross section ratio at lo

The double-differential cross section d2σ
dxdy from Equation (11.1) can alternatively be

expressed as a function of y and Q2 through the change of variables:

d2σ

dydQ2 =
d2σ

dxdy
∂x

∂Q2 =
1

2MNEνy
d2σ

dxdy
. (11.10)

Then, the single-differential cross section with respect to inelasticity can be found by
integrating over Q2:

dσ
dy

=
∫ Q2

max

Q2
min

d2σ

dydQ2 dQ2. (11.11)

We reproduce the Q2 integration limits from [288] for completeness:

Q2
min = 2E2

ν(1− ϵ)(1− y)−m2
ℓ ; (11.12a)

Q2
max = 2MNEy +M2

N −W
2
min, (11.12b)

where ϵ =

√
1− m2

ℓ
((1−y)Eν )2 and Wmin is the minimum invariant mass of the hadronic

final state required to classify an interaction as deep inelastic as opposed to resonant
scattering. We use Wmin =1.4 GeV throughout this study and further test the impact of
the Wmin choice in Section 11.5. In Figure 11.3, we show the result of the dσ

dy calculation
through Equation (11.11), including the 68% confidence limit (1σ ) uncertainties ob-
tained from the 1000 NNPDF replicas. Figure 11.4 further gives the total cross sections
obtained by integrating dσ

dy over the allowed inelasticity range7.

We observe that the relative cross section uncertainty is larger at higher inelasticities
and lower energies, with both of these effects being more prominent for ντ than νµ.

7These results can be compared to those from [286, 288] obtained at NLO.
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Figure 11.3 – Differential CC DIS cross sections of νµ, ν̄µ (red curves) and ντ , ν̄τ (blue curves) with an
isoscalar target A, obtained at leading order using the structure functions from Equation (11.8). The
details on the PDF set and the 1σ uncertainty range (shaded bands) derivation are given in Section 11.3.

Figure 11.4 – Total CC DIS cross sections of νµ, ν̄µ (red curves) and ντ , ν̄τ (blue curves) with an isoscalar
target A, obtained at leading order by integrating Equation (11.11) over the inelasticity range and using
the structure functions from Equation (11.8). The details on the PDF set and the 1σ uncertainty range
(shaded bands) derivation are given in Section 11.3. The left and the right panel respectively show the
low energy range (5–20 GeV) and the full energy range (5–1000 GeV).
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This could be explained by the larger relative contributions of the F4 and F5 structure
functions to the DIS cross section in case of the ντ scattering, with their coefficients being
proportional to y and inversely proportional to Eν . We also find that the uncertainty
on both single-differential and total cross sections is larger for antineutrinos than for
neutrinos, which can be attributed to the PDF uncertainty cancellation being dependent
on the sign with which F3 structure function enters Equation (11.1).

Having the individual replicas of the total ντA and νµA cross sections at each probed
Eν , we build the distribution of the cross section ratios rτµ ≡ σ (ντA)/σ (νµA) as a function
of Eν and construct the corresponding 68% confidence levels contours. The results are
given in Figure 11.5.
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Figure 11.5 – Ratio of the ντ CC DIS cross section with an isoscalar target A to that of νµ, shown as a
function of neutrino energy Eν . The purple curves correspond to neutrinos, and the orange ones – to
antineutrinos. The middle and the bottom panels show the relative 68% (1σ ) uncertainty on the cross
section ratios as derived from the NNPDF4.0Monte Carlo replicas.

We find that the PDF-driven uncertainty on the σ (ντA)/σ (νµA) cross section ratio
is ≲ 3% (≲ 30%) at 5 GeV and ≲ 1% (≲ 2%) at 10 GeV for neutrinos (antineutrinos).
The uncertainty monotonically decreases as a function of neutrino energy and reaches
sub-percent level for both neutrinos and antineutrinos above 20 GeV. Whether the PDF-
driven uncertainty on the ντ /νµ cross section ratio is significant enough to be included in
an experimental analysis is therefore dependent on the energy reach of the experiment
and the sensitivity to the ν̄τ events. In the specific case of atmospheric neutrinos, the ν̄τ
flux (resulting mainly from ν̄µ→ ν̄τ oscillations in the energy range from a few GeV to
a few hundreds of GeV) is subdominant compared to the ντ flux. Additionally, the ν̄τ
CC DIS cross section is ∼2–10 times smaller at these energies than that of ν̄τ . As the
result, one could expect ∼4 times fewer tau antineutrinos than neutrinos detected in
an experiment such as IceCube in the 5–1000 GeV energy range8. The expected ντ /ν̄τ
event ratio further increases with decreasing energy. Therefore, given that only the
antineutrinos with Eν ≲ 7 GeV have a non-negligible tau-to-muon CC DIS cross section

8This estimate is derived from the ratio of the expected ντ and ν̄τ {flux × cross section} products integrated over the specified
energy range. The atmospheric neutrino fluxes for νµ and ν̄µ are calculated via MCEq [43, 44] with the DPMJet-III 19.1 hadronic
interaction model and oscillated into ντ and ν̄τ using the Neurthino oscillation probability code [5]. The energy-dependent
detector acceptance is not taken into account.
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ratio uncertainty (>5%), and that their contribution to the overall (ντ + ν̄τ )-CC event
rate is small, our recommendation is for the corresponding systematic uncertainty to
not be included in the atmospheric neutrino oscillation analyses. However, the explicit
consideration of the PDF-driven uncertainty on the ν̄τ /ν̄µ CC DIS cross section ratio
is generally advisable for beam experiments capable of operating in an antineutrino
mode and detecting large samples of ν̄τ CC events at energies below 10 GeV. While
this could in principle apply to DUNE, only ∼40 ν̄τ CC events are projected for 3.5
years of exposure in the antineutrino mode, including DIS, RES, and QE interactions
[292]. This implies that the initial ν̄τ DIS samples from DUNE will be statistics-limited
and likely insensitive to the PDF-driven ∼2–30% uncertainties on the ν̄τ /ν̄µ DIS cross
section ratio.

11 .5 impact of the invariant hadronic mass threshold

When evaluating the differential cross section dσ
dy in Equation (11.11), we imposed a cut

on the invariant mass of the hadronic final state, requiring it to be larger than Wmin =
1.4 GeV for the interaction to be classified as deep inelastic scattering. However, this
setting of Wmin is not universal and depends on the analyzer’s choice of the resonances
to be included in the deep inelastic scattering region [153]. In the genie event generator,
the default setting is Wmin =1.7 GeV9[158]. It is therefore natural to test what impact
the choice ofWmin makes on the rτµ cross section ratio and compare it to the PDF-driven
uncertainty.

In Figure 11.6, we show the relative impact of the PDF variation within its 1–3σ
uncertainty limits as well as the impact of changing Wmin from 1.4 GeV to 1.7 GeV. We
find that at Eν ≲ 30GeV, the difference between the tau-to-muon CC DIS cross section
ratios obtained with the two different choices of Wmin is not contained in the 3σ PDF
uncertainty bounds, and grows to nearly 100% at 5 GeV for both ν and ν̄. While these
differences appear to be significant at first, one must remember that drop in the DIS
cross section due to a higher Wmin threshold is accompanied by the increase in the RES
cross section. In the genie framework, this is handled by the RES-DIS joining scheme,
the details of which can be found in [158]. In Figure 11.7, we zoom into the 5–30 GeV
energy region and show the impact on the DIS, and DIS + RES ντ/νµ cross section ratios
due to the shift in Wmin, as evaluated within genie. As expected, the impact on the
ratios of the DIS+RES ντ/νµ cross sections is much smaller (reaching at most 6%) than
the impact on the DIS cross section ratio alone (reaching 10–30% at Eν ≲ 10GeV). This
implies that if a systematic uncertainty on the rτµ ratio due to the arbitrariness in the
choice of Wmin is to be included in an analysis, it must be implemented for both DIS
and RES channels to ensure a physical transition between the two.

Furthermore, the cross section in the RES-DIS transition region is constrained by
inclusive and exclusive cross section data from the bubble chamber experiments such
as ANL 12FT [171, 308], BNL 7FT [163, 309–311], BEBC [165, 312–318], and FNAL
15FT [319–321]. The Wmin setting therefore cannot be varied on its own without the
corresponding changes in the other parameters of the RES and the DIS models. In par-
ticular, Wmin is anti-correlated with the RCC2π coefficients modulating the contribution
of the two-pion final states, as well as the axial mass MA,RES entering the form factors
of the resonant scattering cross sections [157, 322]. The most accurate approach would
therefore be to keep Wmin fixed, tune the rest of the RES and the DIS parameters to the
cross section data, and determine their covariance matrix as done e.g. in the tuning

9Note that in genie, the equivalent variable is called Wcut, while Wmin ≡MN +mπ , with mπ being the pion mass, corresponds
to the lower end of the RES energy range.
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efforts of the GENIE Collaboration [157]. One would then keep the tune parameters
free in the experimental analysis in question and introduce a penalty term through
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the covariance matrix. With this approach, the uncertainty on the rτµ ratio would be
automatically handled across all interaction channels, while the introduction of the rτµ
uncertainty due to Wmin alone would not be complete and might lead to unphysical fit
outcomes.

11 .6 summary

In this study, we have considered the charged current deep inelastic scattering cross sec-
tions of muon and tau neutrinos and evaluated the uncertainty on their ratio at leading
order in perturbation theory. This result was obtained by propagating the uncertainty
on the parton distribution functions, for which we utilized the NNPDF Monte Carlo
replicas, through the standard DIS calculation at LO. We found this uncertainty to
be smaller than 3% for neutrinos with energies above 5 GeV and antineutrinos with
energies above 10 GeV. Between 5 GeV and 10 GeV, the PDF-driven uncertainty on the
antineutrino cross section ratio was found to vary between 2–30%. For the purpose of
atmospheric νµ→ ντ oscillation analyses with experiments such as IceCube-DeepCore
and KM3NeT, these uncertainties can be considered negligible, as the atmospheric tau
neutrino samples are dominated by ντ rather than ν̄τ . We therefore conclude that in
atmospheric neutrino analyses, the ντ and the νµ DIS cross section uncertainties should
be coupled through a single parameter instead of being represented by two independent
parameters. For the beam experiments with an antineutrino mode, accounting for the
PDF-driven uncertainty on the ν̄τ /ν̄µ cross section ratio may be worthwhile. However,
in the case of DUNE, we expect that the DIS event rate uncertainty in the ≳ 5 GeV
region will be predominantly statistical in the first few years of exposure [292].

The smallness of the derived cross section ratio uncertainty stems from the corre-
lations among the Fi structure functions at the PDF level. In particular, although the
contribution of the F5 structure function to the DIS cross section is modulated by the
lepton mass, F5 itself is strongly correlated with F2 and F1. This is reflected in the
Albright-Jarlskog and the Callan-Gross relations at LO. This implies that one cannot
allow for additional freedom in the tau neutrino CC DIS cross section through F5,
as varying F5 must lead to the corresponding variations in F1 and F2. Any physical
variations in F5 therefore modify both tau and muon neutrino cross sections and leave
their ratio largely unaffected.

We expect these conclusions to be stable with respect to the order in perturbation
theory at which the calculation of the structure functions is performed, given that the
correlations between F1, F2, and F5 are well preserved at NLO [286]. However, this
could be more rigorously confirmed by utilizing modern cross section calculation tools
such as yadism [323], which can be used up to N3LO. Although the F4 and F5 structure
functions – and therefore, the tau neutrino cross sections – are not implemented in the
yadism framework at the time of writing, making such functionality available would be
a natural next step for this study.
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Summary

This thesis presented two complementary efforts to constrain the unitarity of neutrino
mixing using neutrino oscillation data. First, we utilized a three-year atmospheric
neutrino dataset from IceCube-DeepCore in combination with the reactor neutrino data
from the Daya Bay and KamLAND experiments to provide a direct measurement of the
individual elements of the neutrino mixing matrix. Subsequently, we set constraints
on the non-unitarity metrics, namely the normalizations and closures of the rows and
columns of the mixing matrix, and found a general agreement with unitarity across all
channels. To the best of our knowledge, this was the first attempt at a comprehensive
treatment of atmospheric neutrino data with the associated systematic uncertainties in
a global fit for non-unitarity. The precision on the obtained row normalizations was
found to be of order 10% in the muon and tau sector, and order 1% in the electron
sector at a 1σ level – an indication of a much stronger constraining power of the reactor
compared to the atmospheric neutrino data. We show this to be a consequence of large
systematic uncertainties in the atmospheric neutrino fluxes, which induce a high degree
of degeneracy between the constraints in the muon and the tau neutrino sectors.

Secondly, this work contributed to the development of the tau neutrino appearance
analysis formerly initiated within the IceCube Collaboration. This analysis limits
the manifestation of non-unitarity to the tau neutrino sector and is set to measure
the tau neutrino normalization, Nντ , with nine years of IceCube data. Motivated
by the goodness-of-fit issues found in this analysis in the past, we conducted a deep
investigation into the origins of disagreement between data and Monte Carlo simulation,
identifying several major issues. The latter include the overestimation of the Cherenkov
light yield by muons, as well as the misreconstruction of the muon energy due to high
sensitivity of the likelihood-based reconstruction algorithm to noise pulses. These
issues are now mitigated in the analysis pipeline by changing the software where the
muon light yield simulation is handled, improving the robustness of noise cleaning,
and shifting to a machine learning-based reconstruction algorithm. We showed that the
sensitivity to Nντ in this updated configuration is 9% at a 1σ level – a world-leading
precision compared to the previous measurements by IceCube, OPERA, and Super-
Kamiokande experiments. At the time of writing, the sample is undergoing the final
checks prior to blind fits, which remain beyond the scope of this thesis.
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Outlook

The overarching theme of this thesis is the role of systematic uncertainties and sim-
ulation mismodeling effects in searches for Beyond the Standard Model physics. A
particularly important outcome of this work is the observation that the metrics of the
mixing matrix non-unitarity are strongly correlated with the atmospheric neutrino
systematic uncertainties. On one hand, this implies that the future iterations of this
analysis would benefit from tighter priors on the nuisance parameters degenerate with
the target physics quantities. This concerns, for example, the atmospheric neutrino
flux parameters, whose scope and uncertainties can be re-defined through a modern
data-driven framework in the future. On the other hand, this means that such param-
eters must necessarily be included in any future global fit studies and treated with
extreme care, as their omission might lead to overly optimistic constraints or biased
measurements. Our work on the oscNext event selection provides a prominent example
of how the mistreatment of systematic effects can not just lead to a biased measurement,
but also prevent such measurement from being made in the first place due to inability
to describe the data with an insufficiently robust model.

Moving forward, the immediate goals are to finalize the measurement of the tau
neutrino normalization with nine years of IceCube data, as well as to use this improved
event selection to conduct a full non-unitarity analysis akin to the one presented in this
thesis with three years of data. Moreover, the promising projections for the IceCube-
Upgrade and JUNO experiments suggest that revisiting the non-unitary mixing analysis
with the upcoming data from these experiments will be worthwhile.

The global fit for non-unitarity would further benefit from inclusion of more experi-
ments than just reactor and atmospheric – by incorporating, for example, the solar and
the accelerator neutrino data. Inspired by the findings of this thesis, we strongly recom-
mend that the inclusion of these additional experiments in a global fit is accompanied
by the identification and the full treatment of the relevant systematic uncertainties in
the analysis.
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appendix A

Additional Monte Carlo simulation

checks

a.1 light yield of the low-energy muon secondaries

As mentioned in Section 6.2, the parameterization of the Cherenkov light yield of the
low-energy muon secondaries – which is currently employed in the IceCube Monte
Carlo simulation chain at Step 2 – was based on the Geant4 simulations of high-energy
muons (Eµ > 100GeV). The exact expression used in this parameterization reads

ℓadd

ℓµ
= 0.1880 + 0.0206 · ln

(
Eµ

GeV

)
, (A.1)

where ℓµ is the muon track length, and ℓadd is the effective Cherenkov-radiated track
length of all the charged low-energy secondaries (e±) produced as the result of muon
energy losses. The ratio ℓadd

ℓµ
is meant to approximate the ratio

Nγ,add
Nγ,µ

, where Nγ,µ is
the number of Cherenkov photons radiated by the muon, and Nγ,add is the number of
Cherenkov photons radiated collectively by all the charged low-energy secondaries.

As muons with much lower (down to sub-GeV) energies are part of the IceCube
Monte Carlo simulation used in neutrino oscillation analyses, we attempt to test whether
Equation (A.1) holds in this low-energy regime. For that purpose, we run standalone
Geant4 simulations for discrete muon energies in the Eµ ∈ [1GeV, 1TeV] range and
track their secondary e± until stopping. The path length ℓi is saved for each secondary
i along with its initial Lorentz velocity factor βi . We then compute ℓadd following the
prescription of [221]:

ℓadd =
∑
i

ℓ̂i(Ei < Emax) =
1− 1

n2β2
i

1− 1
n2

· ℓi , (A.2)

where Emax = 500MeV and n is set to 1.33 (the same value as used in [221], although a
better representation of the average refractive index in the wavelength range of interest
would be 1.31; see Figure 4.9).

In Figure A.1, we compare our results to the parameterization from Equation (A.1).
We see that below 100 GeV, the dependence of the ℓadd

ℓµ
ratio on the muon energy is no
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Figure A.1 – Comparison of the ppc parameterization [221] of the Cherenkov light yield of the low-energy
muon secondaries (Esec < 500MeV) with our standalone Geant4 simulations, shown as a function of
the parent muon energy Eµ. Note that instead of the number of photons, we report the fraction of the
Cherenkov-radiating track length that these low-energy secondaries effectively contribute to the actual
muon track length. The errorbars in our measured ℓadd

ℓµ
correspond to the 16%–84% quantile range in the

ℓadd
ℓµ

distribution extracted from Geant4.

longer linear with respect to lnEµ, and there is significant (up to 30%) drop-off in our

measured ℓadd
ℓµ

at low muon energies (∼1 GeV) compared to the ppc parameterization.

We find that the following function better describes the shape of the ℓadd
ℓµ

dependence
on Eµ:

ℓadd

ℓµ
= 0.0581 ln

(
Eµ

GeV

)0.54

+ 0.125, (A.3)

which we overlay with our measured ℓadd
ℓµ

in Figure A.1. We note that this function
disagrees with the ppc parameterization not only in the low-energy range, which Equa-
tion (A.1) was not designed for, but also above 100 GeV, which this parameterization
was tuned to. At 1 TeV, a relative discrepancy as large as 10% is found between our
derived parameterization and Equation (A.1). The origin of this discrepancy was not
identified at the time of writing, and could be speculatively attributed to the difference
in the versions of the Geant4 software1 or the difference in the Geant4 configuration
settings such as physics lists2. For this reason, we do not explicitly use the newly
derived parameterization in any of the studies described in this thesis.

1We used Geant4 v11.1.0, which was first released in late 2022. The study [221] was completed in 2012, meaning that a much
older Geant4 version was used.

2Our work uses the QGSP_BERT physics list in Geant4, which includes all standard EM processes and should in principle be
equivalent to the physics list used in [221].



appendix B

Supplemental material on neutrino

mixing non-unitarity

b.1 non-unitary neutrino oscillations in vacuum
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Figure B.1 – Comparison of the unitary (Standard Model, “SM”) and the non-unitary (“NU”) oscillation
probabilities in vacuum. The legend follows that of Figure 2.5.
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Figure B.2 – Top: the unitary (Standard Model, “SM”) expectation of the DeepCore event rates, with the
same parameter setup as in Figure 7.1. Middle and bottom: Statistical significances of the non-unitary
(“NU”) expectations. All three panels assume neutrino propagation in vacuum.

b.2 systematic uncertainties in the global fit for non-unitarity

B.2.1 Daya Bay covariance matrix

For the global non-unitarity analysis in Chapters 7 and 8, we use the covariance matrix
of the unfolded ν̄e spectrum from Ref. [260], which we rescale to the expected spectrum
in the 3158-day analysis. As the first step, we reproduce the correlation matrix ρ, whose
elements ρij represent the correlations between the different ν̄e energy bins Eν̄e, i and
Eν̄e, j :

ρij =
V DB,2016
ij√

V DB,2016
ii V DB,2016

jj

, (B.1)

where the “DB, 2016” superscript refers to the covariance matrix extracted from Table
13 of [260]. The diagonal elements of ρ represent self-correlations and are equal to 1.
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The general relationship between the covariance matrix V and the correlation matrix ρ
is

Vij = ρijσiσj , (B.2)

where σi(j) is the absolute uncertainty on the predicted event count Ni in the energy bin
i(j). We derive this absolute uncertainty as follows:

σi = ϵiNi =

√
V DB,2016
ii

N
DB,2016
i

Ni , (B.3)

where ϵi is the relative rate uncertainty computed from the covariance matrix element
V DB,2016
ii (Table 13 of [260]) and the corresponding IBD rate N

DB,2016
i (Table 12 of [260]).

Then, in the matrix form,

V =
∑
k

diag(ϵN)k · ρ ·diag(ϵN)k , (B.4)

where “·” denotes matrix multiplication and ϵ multiplies Nelementwise as per Equa-
tion (B.3). The index k runs over the contributions of the six different reactors to the
four different antineutrino detectors in EH3 and over the three data taking periods (6
AD, 7AD, and 8AD). We assume these contributions to be uncorrelated and do not add
any cross-covariance terms in Equation (B.4). Each of the k subspectra Nk constitutes
a fraction αk of the total expected spectrum at EH3, such that Nk = αkN

exp
EH3. Then, the

covariance matrix becomes

V = (
∑
k

α2
k )
[
diag(ϵNexp

EH3) · ρ ·diag(ϵNexp
EH3)

]
. (B.5)

We find the factors αk by requiring that they are weighted according to the distance of
each reactor core to each AD, the target mass and the efficiency of the ADs, as well as
imposing the normalization condition

∑
kαk = 1. We obtain

∑
kα

2
k ≃ 0.015, and finally

use V from Equation (B.5) with this prefactor to denote the systematic component Vsyst
of the covariance matrix in Equation (7.11).

We note that this is not the official approach used by the Daya Bay Collaboration, and
that the above procedure reflects the steps taken in our specific study to approximate
the systematic uncertainty on the expected event spectrum in the far hall of Daya Bay.
We find that this treatment of the systematic uncertainties reproduces well the standard
three-flavor oscillation contours from the 3158-day Daya Bay analysis, and the best-fit
points in the (sin2 2θ13,∆m

2
32) space are in excellent agreement (see Figure 7.3).
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B.2.2 Impact of the Daya Bay and KamLAND systematic uncertainties
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Figure B.3 – Projected impact of the Daya Bay flux systematic uncertainty implemented as described
in Appendix B.2.1. The blue distributions show the posteriors obtained when including both statistical
and systematic components of the covariance matrix. The red distributions correspond to the case of
statistical-only uncertainty. The true values of |Nei | (dashed yellow lines) correspond to the elements of
the unitary PMNS matrix computed with NuFit 5.2 oscillation parameters [65, 66].
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Figure B.4 – Same as Figure B.3, but applied to the KamLAND flux normalization (ϵN) and energy scale
(ϵE) systematic uncertainties.
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B.2.3 IceCube-DeepCore and IceCube-Upgrade systematic parameters
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Figure B.5 – Posterior densities of the IceCube-DeepCore systematic parameters in the non-unitary (red)
and the unitary (purple) model fits to the current atmospheric + reactor neutrino data. When applicable,
the rectangular shaded green area corresponds to the 1σ range of a parameter with a Gaussian prior, and
the dashed green lines – to the entire allowed range of this parameter. When only the dashed lines appear
in a given panel, they represent the allowed range of a parameter with a uniform prior. The definitions
and the units of the parameters follow [46].
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Figure B.6 – Posterior densities of the IceCube-DeepCore (red) and the IceCube-Upgrade (purple)
systematic parameters in the non-unitary model fit to the pseudodata generated assuming unitarity and
NuFit 5.2 oscillation parameters [65, 66]. The priors of the parameters are shown as the rectangular
shaded area (1σ range) and the dashed lines (full range), analogously to Figure B.5. The definitions and
the units of the parameters follow [46]. If no parameter posterior is shown for the IceCube-Upgrade in a
given panel, this parameter has not been included in the IceCube-Upgrade projections.
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Figure B.7 – Correlations between the posteriors of the muon and tau row normalizations (Nµ and
Nτ ) and a subset of the IceCube-DeepCore systematic parameters, as found in the Bayesian fit of the
non-unitary mixing model to the current atmospheric + reactor neutrino data. Each panel additionally
reports the Pearson correlation coefficient value (r) between Nµ or Nτ and a given systematic parameter,
and larger absolute values of r indicate stronger correlations.



168

b.3 future sensitivity projections for column normalizations and

closures
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Figure B.8 – Same as Figure 8.2, but applied to the future projections of the matrix column normalizations
using the combined IceCube-Upgrade, JUNO, and Daya Bay data.
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Figure B.9 – Same as Figure 8.4, but applied to the future projections of the matrix row and column
closures using the combined IceCube-Upgrade, JUNO, and Daya Bay data.



appendix C

Supplemental material on deep inelastic

scattering cross sections

c.1 impact of the charm quark and the target mass corrections

10 3

10 2

10 1

100

xf
(x

,Q
2 )

c : Q 2 = 1GeV2

s : Q 2 = 1GeV2
c : Q 2 = 4GeV2

s : Q 2 = 4GeV2
c : Q 2 = 25GeV2

s : Q 2 = 25GeV2
c : Q 2 = 100GeV2

s : Q 2 = 100GeV2

20
40

s(x
,Q

2 )
c(

x,
Q

2 )

4
8

s(x
,Q

2 )
c(

x,
Q

2 )

10 3 10 2 10 1 100

x

2
4

s(x
,Q

2 )
c(

x,
Q

2 )

Figure C.1 – First row: densities of the sea strange and charm quarks inside inside a proton, shown at
several fixed values of Q2 as a function of Bjorken x. Second to fourth rows: ratio of the strange quark
density to that of the charm quark (shown for three different sets of the y-axis limits for clarity). The
displayed PDFs correspond to average of the 1000 NNPDF4.0Monte Carlo replicas (0th members of the
PDF set) [302].
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Figure C.2 – Relative impact on the ντ /νµ CC DIS cross section ratio of the final-state charm mass
correction as per Equation (11.5) (solid yellow curve); the target nucleon mass corrections as per Equa-
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structure function calculations (dotted red curve); and the PDF uncertainties derived from the NNPDF
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