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Abstract

In this thesis, recent developments in Double Field Theory (DFT) and Exceptional Field

Theory (EFT) are presented. They are reformulation of supergravity in which duality

symmetries are made manifest before dimensional reduction. This is achieved through

the definition of an extended spacetime that ‘geometrises’ the T-duality group O(d, d) in

DFT and exceptional U-duality groups in EFT. All functions on this extended space are

subject to a covariant ‘section constraint’, whose solutions then restrict the coordinates

dependency of the fields. There exist different solutions to the section constraint that

correspond to different theories. In this sense, different theories are unified within the

formalism of extended field theories. Moreover, extended field theories possess a pow-

erful tool to study compactifications: the generalised Scherk-Schwarz ansatz. Here, we

present several examples of the effectiveness of the generalised Scherk-Schwarz ansatz.

In particular, we proved two conjectures regarding consistent truncations: the so-called

Pauli reduction of the bosonic string on group manifolds and type IIB supergravity on

AdS5×S5. Another application is presented on the embedding of generalised type IIB

within the E6(6) EFT, which recently appeared in the study of integrable systems. Fi-

nally, we present the supersymmetric completion of the bosonic E8(8) EFT.

This thesis is based on the following publications [1, 2, 3, 4, 5]. With my supervisor

Henning Samtleben, we collaborated with Olaf Hohm on [1, 2], Christopher Pope on [3]

and Marc Magro on [5].
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Résumé

Dans cette thèse, nous présentons des avancements récents en Théorie des Champs Dou-

bles (TCD) et Théories des Champs Exceptionnels (TCE). Ces théories ont la particu-

larité d’être des reformulations de supergravité dans lesquelles les symétries de dualité

sont explicites avant toute réduction dimensionnelle. Ces reformulations se basent sur

la définition d’un espace-temps étendu qui géométrise le groupe de T-dualité en TCD

et les groupes exceptionnels de U-dualité en TCE. Tous les champs de cet espace sont

soumis à une contrainte de section qui restreint leur dépendance en coordonnées. Il ex-

iste plusieurs solutions à la contrainte de section, qui correspondent donc à des théories

différentes. Dans ce sens, le formalisme des théories des champs étendues amène à une

unification de ces théories. De plus, grâce à un outil spécifique aux théories des champs

étendues, l’ansatz de Scherk-Schwarz généralisé, il est possible de réécrire les ansatz com-

pliqué de type Kaluza-Klein en supergravité sous une forme élégante et compacte: un

produit matriciel en dimensions supérieures. Ici, nous présentons plusieurs exemples de

l’efficacité de l’ansatz de Scherk-Schwarz généralisé. En particulier, nous prouvons deux

conjectures concernant les troncations cohérentes: la réduction dite “de Pauli” de la corde

bosonique ainsi que la supergravité de type IIB sur AdS5× S5. La dernière application de

cet ansatz concerne la théorie de type IIB généralisée, apparue récemment dans l’étude

des système intégrables, et son plongement dans la TCE E6(6). Enfin, nous présentons la

complétion supersymétrique de la TCE E8(8) bosonique.
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Outline

In this thesis, we focus on recent developments in extended field theories. We start by

reviewing the basics of Double Field Theory and Exceptional Field Theory which are

covariant formulations of supergravity where dualities are now manifest symmetries. We

then introduce the main asset of extended field theories, known as generalised Scherk-

Schwarz ansatz (GSS). In this framework, one can show that a complicated reduction

ansatz in the usual framework of Kaluza-Klein supergravity takes the very efficient form

of a matrix product in higher dimensions. In this case, the consistency of the truncation

is guaranteed providing the ‘enlarged’ twist matrices satisfy a set of differential equations.

Chapter 2 is dedicated to an application of the GSS in Double Field Theory. Within

an O(d, d) covariant formulation of the NS-NS sector of supergravity, we proved the

consistency of the reduction of the n+ d dimensional bosonic string to n dimensions on

any d-dimensional group manifold G, with the isometry group G×G as gauge group. This

is know in the literature as a Pauli reduction, whose consistency was first conjectured in

[6]. The proof relies on the construction of an explicit SO(d, d) twist matrix in terms of

the Killing vectors of the bi-invariant metric on G that solves the consistency conditions.

From the twist matrix, it is then easy to read the full non-linear reduction ansatz for all

fields, whose consistency is guaranteed by construction.

In chapter 3, we focus on the E6(6) Exceptional Field Theory. Here, we present the

IIB decomposition of all the fields of the theory by enforcing the GL(5)×SL(2) solution

of the section constraint. We then move to the type IIB side, where we perform a 5+5

split à la Kaluza-Klein (but keeping the dependency on the internal coordinate) and the

necessary field redefinitions such that the two theories could be compared. By matching

the degrees of freedom on each side, we obtain the dictionary between the type IIB and

EFT fields (whose dependency in the internal coordinates has been constrained by the

solution of the section constraint as previously mentioned).

Two applications of the EFT/Type IIB dictionary and the generalised Scherk Schwarz

ansatz are presented in chapter 4. The first application concerns the consistent truncation

of type IIB supergravity on AdS5×S5 to the maximal SO(6) gauged supergravity. After

a general analysis of the consistency conditions, we use explicit twist matrices together

with the dictionary of chapter 3 to find the full set of IIB reduction formulas. Again,

the generalised Scherk-Schwarz origin of the reduction guarantees its consistency and the

conjecture formulated by Günaydin, Romans and Warner in [7] is proven. The remaining

sections of this chapter regards another application of EFT to type IIB supergravity. In

section (4.4), we present the recently found generalised type IIB field equations, in which

a one-form replaces the gradient of the dilaton and is subject to a Bianchi-like identity.

We then solve the Bianchi identities of generalised type IIB, which are deformed with

respect to the usual ones. Finally, we show how the deformations of the field strengths

can be obtained from a surprisingly simple Scherk-Schwarz ansatz upon picking a new
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solution of the section constraint.

The fifth chapter of this thesis regards the supersymmetric extension of the E8(8) EFT.

After a review of the bosonic EFT, we introduce the different blocks of the generalised spin

connection needed for the couplings to fermions. We establish ‘uplifted’ supersymmetry

rules and show its algebra closes. We then give the supersymmetric lagrangian, whose

full invariance under supersymmetry is proven in appendix D.
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Chapter 1

Introduction

Our current understanding of fundamental physics involves four principal interactions:

strong, weak, electromagnetic and gravitational. The first three are described by the

Standard Model (SM) with an incredible precision. The key theoretical concept un-

derlying the success of the Standard Model is gauge symmetry, which is the idea that

symmetry transformations act independently at each point of spacetime rather than

globally. For example, in the case of the Standard Model, the total gauge group is

SU(3)strong× (SU(2)×U(1))electroweak. By Noether’s theorem, this gauge symmetry gives

rise to conserved charges which transform as Lorentz scalar (gauge charges) or Lorentz

vector (energy-momentum from translational symmetry). It is only fair to ask if a con-

served charge could also transform as a spinor, and what kind of symmetry this would

generate ? The answer is local Supersymmetry or Supergravity.

The history of supersymmetry starts in 1971 with Golfand and Likhtman. They in-

troduced 4 anti-commuting spinor generators in four dimensions to extend the Poincaré

symmetry [8]. At the time, it was revolutionary because, in 1967, Coleman and Man-

dula had shown in their famous No-go theorem that the most general symmetry of the

S-matrix is the direct product of Poincaré and some internal group. Otherwise, one can

show that the S-matrix becomes trivial, which means that there are no interactions [9].

However, there was a loophole in this theorem. The proof was based on an implicit

axiom: the symmetry generators were assumed to be bosonic. Since for supersymmetry

the additional generators (supercharges) are spinors, it bypasses the no-go theorem. The

consequence of these supercharges is that every particle of spin s has a superpartner or

sparticle with same mass and a spin of s± 1
2
.
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Particle Spin Sparticle Spin

quark: q 1
2

squark : q̃ 0

lepton: l 1
2

slepton : l̃ 0

photon: γ 1 photino : γ̃ 1
2

W boson 1 Wino: W̃ 1
2

Z boson 1 Zino: Z̃ 1
2

Table 1.1: Standard Model particles and their supersymmetric partners.

So why haven’t we seen the superpartners already ? Indeed, if a selectron, the bosonic

version of the electron, has the same mass me, it should be fairly easy to see it in ex-

periments ! But not all symmetries are exact: a gauge symmetry may be ‘spontaneously

broken’, which would explain the difference in masses of the superpartners. This is what

produces the unification of the weak (massive Z and W bosons) and electromagnetic

interactions (massless photon) into a SU(2)L × U(1)Y electroweak interaction in the

Standard Model. The beauty of this symmetry lies in the unification of two very unalike

interactions, different in both range and strength, yet with a common origin. This means

that if supersymmetry were to exist, it must be an approximate symmetry, and must be

broken at low energies.

In 1974, Wess and Zumino wrote down the first supersymmetric field theories in 4 di-

mensions [10]. This is often seen as the actual starting point of the systematic study of

supersymmetry. At this time, they were several motivations for studying supersymmetry

in itself:

• Supersymmetry provides natural candidates for Cold Dark Matter.

• Supersymmetric theories have softer ultraviolet divergences. For example, N = 4

super Yang-Mills, the maximal supersymmetric extension of the Yang-Mills theory

is finite. Also, in D = 4 , N = 8 maximal supergravity, several expected diver-

gences are known to cancel. This led to speculations about whether this theory is

free of any UV divergences at all ! [11].

To summarise, supersymmetric quantum field theories are easier to work with, and pro-

vide meaningful toy models.

We have seen that the rôle of gauge symmetry was preponderant in the development

of the Standard Model. What about a gauged version of supersymmetry ? Would this be

more interesting and powerful ? This was accomplished shortly after (1976) by Freedman,

Ferrara and Van Nieuwenhuizen and independently by Deser and Zumino for N = 1

supergravity [12, 13]. The latter used the first order formalism for General Relativity
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where the vielbein and the connection are treated as independent fields and were able to

show that the sum of an Einstein term and a massless minimally coupled spin 3
2

described

by a Rarita-Schwinger action was invariant under local supersymmetry transformations.

Reciprocally, since the algebra of supersymmetry field theories closes into translations,

its gauged counterpart closes into diffeomorphisms and so is an extension of general

relativity. It is then natural to refer to these theories as supergravity.

1.1 String theory, dualities and supergravity

The Standard Model, whose might has never been stronger since the discovery of the

Higgs boson in 2012, cannot be the complete picture. On the theoretical side, the SM

fails to describe gravitational interactions and provides no candidates for Cold Dark

Matter particles (≃ 80% of the mass of the Universe). These issues can be solved with

string theory, thus providing unification of all known interactions.

In string theory, fundamental particles such as photons are not point particles anymore

but can be seen as vibrational modes of open or closed strings. The size of the strings is

typically set by the Planck length (≃ 10−33 cm) so at all measurable scales they appear

as point particles but are in fact extended object and prevent the theory from having

any UV divergences.

u d

d

Figure 1.1: A neutron composed of a one up quark (red) and two down quark (blue)

described by different string modes.
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There are 5 different (and consistent) types of string theories related by dualities

[14, 15, 16, 17] which once discovered, led to think that they were different limits of a same

underlying theory called « M-theory » [18]. These dualities are called T and S-duality,

M

IIA

IIB I

HoHe

T

T

S
S

Figure 1.2: The different string theories are related by T and S dualities, and can be seen

as different corners of the parameter space of M-theory. He, Ho respectively stands for

E8 × E8 and SO(32) heterotic string theories.

which mix into U-duality. In the simplest case, a T-duality is an equivalence between

two theories with a compactified dimension, one with radius R, the other one with radius
ℓ2s
R

, where ℓs is the string length scale. It relates type IIA and type IIB, as well as the

two heterotic string theories. S-duality relates a theory with string coupling constant gs
with a theory with coupling constant 1/gs. It maps type IIB to itself (a particular case of

the SL(2,Z) symmetry of the theory) and type I to the SO(32) heterotic string theory.

Since it relates a strongly interacting theory to a weakly interacting one, a regime where

one can use perturbation theory, S-duality explains how three of the five original string

theories behave at strong coupling. The remaining two exhibit an 11th dimension of size

gsℓs at strong coupling, a circle in the case of type IIA and a line in the heterotic case.

This the realm of M-theory, a true non-perturbative description of string theory that

would unify the 5 superstring theories. While we have yet to find a complete formulation

of M-theory, it is accurately described by the unique 11 dimensional supergravity at low

energy [19].
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S1

radius R̃ = ℓ2s
R

S1

radius R

w ↔ n ,R ↔ R̃
BA

Type II A Type II B

Figure 1.3: A simple example of T-duality. w and n are respectively the winding and

momentum modes of the string in the compactified direction.

Since the discovery of 11 dimensional supergravity [20], several types of supergrav-

ity have been constructed in spacetime dimensions D > 4, and in particular two ten-

dimensional supergravity theories called type IIA and type IIB. As their names hinted,

they appear from Type IIA/B string theories as their low energy limit. We will mainly

focus on the type IIB supergravity theory in this thesis. Recently, formulations that make

the duality symmetries of string theory manifest in field theories have been developed:

• In the case of T-duality and its group O(d, d), the duality covariant formulation

is known as Double Field Theory (DFT) [21, 22, 23, 24]. It has already produced

many interesting results [25, 26, 27] and has a fruitful interplay with generalised

geometry [25, 28] in pure mathematics. Chapter 2 is dedicated to DFT and the

proof of an old conjecture using the new tools offered by the extended formalism.

• Exceptional Field Theory (EFT) [29, 30, 31, 32, 33, 34, 35, 36] deals with the full

U-duality groups and thus unifies different supergravity theories in one framework.

In chapter 4, we will see two applications of the generalised Scherk-Schwarz ansatz

in the context of the E6(6) EFT.

One can also study the supersymmetric version of the extended field theories. It has

been done in EFT in [37, 38] for the E6(6), E7(7) cases. In the last chapter of this thesis,

we will be interested in the supersymmetric extension of the E8(8) EFT.

1.2 The bosonic string

Strings, as extended objects, sweep a two-dimensional worldsheet Σ in a n+d dimensional

spacetime. This worldsheet is therefore parametrised by two parameters ξα = (τ, σ), and

in the case of the closed string σ ∼ σ + 2π, is topologically a cylinder. The trajectory of

the closed string in spacetime, a Riemannian manifold (M, G) of dimension D, may be

13



σ

τ

Figure 1.4: The worldsheet of a closed string

thought as the following map

X :




Σ → M
(τ, σ) 7→ Xµ(τ, σ)

In the simple case where the string propagates in a flat space-time, the simplest σ-model

which can be built from this map is given by the Polyakov action

SP = − 1

4πα′

∫
dσ dτ

√−γγαβ∂αXµ∂βX
νηµν , (1.2.1)

constructed in terms of the induced worldsheet metric gαβ ≡ ∂αX
µ∂βX

νηµν (the pull-

back of the flat space-time metric to the worldsheet) and an independent dynamical

worldsheet metric γαβ. The factor of α′ in front is here for dimensional purposes, and

has dimension -2 in h̄ = c = 1 units, i.e α′ = ℓ2s where ℓs is the string length scale. It is

related to the tension of the string by

T =
1

2πℓ2s
=

1

2πα′ . (1.2.2)

Varying the action with respect to γαβ and substituting gives

S = −T
∫

dσ dτ
√
det (−gαβ) , (1.2.3)

which is nothing else but the area sweeped by the string in the target space. In addition

to the usual Poincaré invariance and reparametrisation invariance (worldsheet diffeomor-

phisms invariance), the action (1.2.1) exhibits an invariance under Weyl transformations

γαβ → γ̃αβ = Ω(τ, σ)γαβ . (1.2.4)

One can define the 2d stress energy tensor

Tαβ =
4π√
γ

δS

δγαβ
, (1.2.5)

and due to the Weyl symmetry, it is a traceless tensor, i.e. Tαβγ
αβ = 0. The Weyl

symmetry can be used to write the action in conformal gauge,

S = −T
2

∫
dσ dτ∂αX · ∂αX , (1.2.6)
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where we have introduced the scalar product X · X = XµXνηµν . Varying with respect

to X gives a 2d wave equation,

δS

δXµ

= ηαβ∂α∂βX
µ = ∂+∂−X

µ = 0 , (1.2.7)

where we have introduced the worldsheet light-cone coordinates

ξ± = (τ ± σ) . (1.2.8)

The most general solution is a superposition of waves moving to the left and to the right

Xµ(ξ) = Xµ
L(ξ

+) +Xµ
R(ξ

−) . (1.2.9)

In the case of the closed string, imposing the closed string boundary conditions

Xµ(τ, 0) = Xµ(τ, 2π), (1.2.10)

one gets the following mode decomposition [39]

Xµ
L(ξ

+) =
1

2
xµ +

1

2
α′pµξ+ + i(

α′

2
)1/2

∑

n 6=0

1

n
α̃µne

−inξ+ , (1.2.11)

Xµ
R(ξ

−) =
1

2
xµ +

1

2
α′pµξ− + i(

α′

2
)1/2

∑

n 6=0

1

n
αµne

−inξ− , (1.2.12)

with xµ and pµ =
√

2/α′αµ0 the center of mass position and momentum. To keep the

Xµ(τ, σ) real, one also needs to impose αµ−n = (αµn)
∗ and α̃µ−n = (α̃µn)

∗. The general

solutions (1.2.12) still have to satisfy the constraints coming from the tracelessness of the

stress energy tensor (1.2.6). In light-cone gauge, the constraints are

(∂−X)2 = (∂+X)2 = 0. (1.2.13)

Expanding the constraints in terms of the Fourier modes

(∂−X)2 = α′
∑

n

Lne
−inξ− , (∂+X)2 = α′

∑

n

L̃ne
−inξ+ , (1.2.14)

one finds

Ln =
∑

m

αm · αn−m ,

L̃n =
∑

m

α̃m · α̃n−m . (1.2.15)

In the classical theory, the vanishing of the energy momentum tensor thus translates to

an infinite set of constraint

Ln = L̃n = 0 , ∀n ∈ Z . (1.2.16)
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After canonical quantisation,

[αµn, α
ν
m] = [α̃µn, α̃

ν
m] = n δn+m η

µν , [xµ, pν ] = iδµν , (1.2.17)

the αµm and α̃µm commutation relations are those of the harmonic oscillator raising and

lowering operator up to normalisation. As usual, one can now start building the Fock

space of the theory by demanding the oscillator ground state of the string to be annihi-

lated by the αm,α̃m for m > 0

αµm|0; p〉 = α̃µm|0; p〉 = 0 , m > 0 , (1.2.18)

for a string of center of mass momentum pµ, the eigeinvalue of the momentum operator

introduced in (1.2.17). Of course, this is not a positive definite Fock space as can be

seen from the time components of the commutation relation. Only a subset of this space

is physical. The states belonging to this subspace must obey a quantum analog of the

constraints (1.2.16). Since the α and α̃ are now operator, there is an ordering ambiguity

in the Virasoro operators (1.2.15). They are now defined to be normal ordered

Ln ≡ 1

2

∑

m

: αm · αn−m : =
1

2
α2
0 +

+∞∑

m=1

αm · αn−m . (1.2.19)

Due to the commutations relations (1.2.17), the normal ordering has only an importance

for L0 and L̃0. Therefore, the quantum analog of the constraints (1.2.16) for a state |ψ〉
to be physical are

(L0 − a)|ψ〉 = 0 , Ln|ψ〉 = 0 , n > 0 ,

(L̃0 − a)|ψ〉 = 0 , L̃n|ψ〉 = 0 , n > 0 (1.2.20)

where a is an undetermined constant that takes care of the normal ordering ambiguity.

Interestingly, the constraints involving L0 and L̃0 have a simple physical interpretation

0 =
α′

4
p2 +

+∞∑

n=1

αn · α−n − a , 0 =
α′

4
p2 +

+∞∑

n=1

α̃n · α̃−n − a (1.2.21)

they tell us the effective mass of the string since in Minkovski space, one has pµp
µ = −M2.

In the following, we will work with the so called ‘critical’ string theory with space-time

dimension D = 26 and zero-point energy of the oscillators a = 1. In this case, the

spectrum is free of negative norm states, a necessary condition for a consistent causal

and unitary theory. Adding and substracting the L0 and L̃0 constraint gives the ‘mass-

shell ’ and the ‘level-matching’ conditions

M =
2

α′ (N + Ñ − 2) , (1.2.22)

N = Ñ , (1.2.23)
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with the left and right moving oscillation modes of the string N =
∑+∞

n=1 αn · α−n and

similarly for Ñ . We can now look at the first excited state. In this case, N = Ñ = 1 and

thus M = 0 and this state can be written as

|ψ〉 = Hµν α
µ
1 α̃

ν
1 |0; p〉 (1.2.24)

where we have acted on the oscillator vaccuum state of a single closed string of momem-

tum pµ . As we are dealing with massless particles subject to the constraints (1.2.20),

we have pµHµν = 0 such that H captures only transverse fluctuations of the string.

Therefore, one decompose the polarisation H into representations of SO(D) [40]

Hµν = hµν + bµν + ϕ , (1.2.25)

with the first term being symmetric traceless, the second term antisymmetric and a final

trace term. These string oscillations modes are identified to quanta of the following

massless spacetime fields : the space-time metric Gµν , the B-field Bµν and the dilaton

φ. Up to now, we have seen that the quantisation of the closed bosonic string naturally

gives the graviton and much more. Starting from the Polyakov action, it is useful to

generalise it to an action describing string propagation in curved space-time, as well as

taking into account the massless states of the closed string as part of the background.

It is well known that an electrically charged relativistic particle can be described by a

one dimensional σ-model with the electromagnetic potential as background gauge field.

In a similar way, the full bosonic string theory is described by a 2d σ-model with the

Kalb-Ramond B-field as a background gauge field. Demanding the additional terms to

be power-counting renormalizable and invariant under reparametrisation of the string

worldsheet greatly restricts the kind of interaction that can be added to the action. The

appropriate action is [41]

S = SG + SB + Sφ (1.2.26)

with

SG = − 1

4πα′

∫
dσ dτ

√−γγαβ∂αXµ∂βX
νGµν(X) ,

SB =
1

4πα′

∫
dσ dτǫαβ∂αX

µ∂βX
νBµν(X) ,

Sφ =
1

4π

∫
dσ dτ

√−γγαβRαβ φ(X) (1.2.27)

The first term is the obvious generalisation of the Polyakov action to the curved spacetime

case. The second term is the pullback of the spacetime 2-form B to the string worldsheet

integrated over the string worldsheet (ǫαβ is a tensor density). The third term is the scalar

curvature of the worldsheet multiplied by the dilaton, such that for the constant part of

the dilaton (its VEV φ0), it gives a contribution χφ0 where χ is the Euler characteristic of
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the worldsheet and the string coupling is given by gs = eφ0 . While the first two terms are

classically Weyl invariant, this is not the case for the last one (unless φ is constant). This

may seem puzzling until one remembers that in general, the symmetries of the classical

field theory are not always exact symmetries of the quantised field theory. Since α′ play

the role of the loop-expansion parameter in the action above and as the dilaton term is

of higher order in α′, one should compare only the classical effect of the last term to the

quantum effect of the first two terms when checking for Weyl invariance. The breakdown

of the Weyl invariance at the quantum level is governed by the trace anomaly of the

stress-energy tensor [42]

〈T αα〉 = − 1

2α′βµν(G)γ
αβ∂αX

µ∂βX
ν +

1

2α′βµν(B)ǫαβ∂αX
µ∂βX

ν +
1

2
β(φ)R(2) , (1.2.28)

described in terms of the following β functionals

βµν(G) = α′
(
Rµν + 2∇µ∇νφ− 1

4
Hρσ

µHνρσ

)
+O(α′2) (1.2.29)

βµν(B) = α′
(
−1

2
∇ρHµνρ +∇ρφHµνρ

)
+O(α′2) (1.2.30)

β(φ) = α′
(
−1

2
∇µ∇µφ+∇µφ∇µφ− 1

24
HµνρH

µνρ

)
+O(α′2) . (1.2.31)

To preserve Weyl invariance at the quantum level, one must impose βµν(G) = βµν(B) =

β(φ) = 0. The vanishing of the beta functionals have a beautiful physical interpretation.

They are the equation of motion of the so-called ‘low energy effective action’

S =
1

2κ0

∫
d26X

√
|G| e−2φ

(
R + 4Gµν∂µφ∂νφ− 1

12
HµνρHµνρ

)
, (1.2.32)

where we have introduced the Ricci scalar for the spacetime metric Gµν and the field

strength of the B-field

Hµνρ = 3∂[µBνρ] . (1.2.33)

As we will show later, the low energy effective action above can be rewritten in a mani-

festly O(d, d) invariant form within the formalism of Double Field Theory.

1.3 Compactification and T-duality

In section (1.1) of the introduction, we have seen the importance of dualities in string

theory. In this section, we will develop further the discussion on T-duality. Since we

seem to perceive only 4 dimensions and string theory predicts 11 dimensions, we need

a mechanism to explain why we have yet to see the extra dimensions. Typically, one

assumes they are curled up. We start with a simple example: the bosonic string with
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one dimension compactified on a circle of radius R (here the 25th). Spacetime is then

R
24,1×S1. This has the following effects: in the same way that a particle moving around

this circle will have a quantised momentum in integer multiples of 1/R, the momentum

of the string in the 25th direction is

p25 =
n

R
, n ∈ Z (1.3.1)

where the quantum number n is called the Kaluza-Klein momentum. However a string,

as extended objects, can also wrap around the circle. The condition (1.2.10) may be

relaxed to

Xµ(τ, 0) = Xµ(τ, 2π) + 2πRw, (1.3.2)

Consequently, the mode decomposition is changed to

X25
L (ξ+) =

1

2
x25 +

1

2
α′p25ξ+ +

1

2
wRξ+ + osc. ≡ 1

2
x25 +

1

2
α′pLξ

+ + osc. , (1.3.3)

X25
R (ξ−) =

1

2
x25 +

1

2
α′p25ξ− − 1

2
wRξ− + osc. ≡ 1

2
x25 +

1

2
α′pRξ

+ + osc. , (1.3.4)

where osc. stands for the same oscillator modes as in (1.2.12) and

pL =
n

R
+
wR

α′ , pR =
n

R
− wR

α′ . (1.3.5)

This change the mass-shell constraint (1.2.22) and level matching (1.2.23) to

M2 =
n2

R2
+ (

wR

α′ )
2 +

2

α′ (N + Ñ − 2) ,

N − Ñ = nw (1.3.6)

where we have defined M2 = −∑24
µ=0 pµp

µ. We see two new terms in the mass-shell

constraint. The first one is the contribution to the mass from the quantised momentum

(p25)2 = n2/R2. The second one tells us that since the string has tension T = 1/(2πα′),

it takes energy to stretch the string, accounted by the winding energy Ew = 2πwRT =

wR/α′. Now, under the exchange of the winding and momentum modes

w ↔ n (1.3.7)

and the exchange of radii

R ↔ R̃ = α′/R , (1.3.8)

the relations (1.3.6) are left invariant. This symmetry is called T-duality: it maps a

theory compactified on a ‘small’ circle to a theory compactified on a ‘large’ circle, which

is quite a departure from what we are used to with point particles. Under T-duality, we
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can see that pL is left invariant while pR → −pR. More generally, one can show this is

the case for the left- and right-movers

X25
L → X25

L , X25
R → −X25

R , (1.3.9)

meaning that the coordinate X25 is mapped to its dual

X̃25 = X25
L −X25

R , (1.3.10)

with the dual coordinate satisfying

∂αX
25 = ǫαβ∂

βX̃25 . (1.3.11)

This can be made explicit at the level of the σ-model assuming the background fields do

not depend on the circular coordinate in standard Kaluza-Klein fashion (here X25 but

we will call this direction X• for generality) [43]

4πα′S =

∫
d2σ

√−γγαβ(−∂αXµ∂βX
νGµν − 2Vα∂βX

µGµ• −G••VαVβ)

+εαβ(Bµν∂αX
µ∂βX

ν + 2B•µVα∂βX
µ)

+X̃•εαβ∂αVβ + α′√−γR(2)φ , (1.3.12)

where now µ = 0 . . . 24 and we have introduced the Lagrange multiplier X̃• whose vari-

ation gives

εαβ∂αVβ = 0 . (1.3.13)

In the case where Vα = ∂αX
•, which solves the above equation, one recovers the usual

action (1.2.26). What is more interesting is that the T-dual action can be found from

the equations of motion of Vα and back substitution in the action (1.2.26)

S̃ = SG̃ + SB̃ + Sφ̃ (1.3.14)

with the dual fields given by the Buscher rules

G̃•• =
1

G••
, G̃•µ =

B•µ
G••

, G̃µν = Gµν +
B•µB•ν −G•µG•ν

G••
,

B̃•µ = −B̃µ• =
G•µ
G••

, B̃µν = Bµν +
G•µB•ν − B•µG•ν

G••
,

(1.3.15)

provided the dilaton shifts to φ̃ = φ − 1
2
log(G••) so to keep conformal invariance at

one-loop. The Buscher rules can be written in terms of a factorised duality matrix

g =

(
a b

c d

)
=

(
✶− e• e•
e• ✶− e•

)
,∈ O(D,D) (1.3.16)
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(e• is a D × D matrix, non-zero only for its •• component which is 1) acting on the

background matrix Eµ̂ν̂ = Gµ̂ν̂ +Bµ̂ν̂ , (µ̂ = µ, •) by fractional linear transformation

Ẽ = (aE + b) · (cE + d)−1 (1.3.17)

with Ẽµ̂ν̂ being the dual background matrix. This makes appearent the link between the

Buscher rules and the T-duality group. In the more general case where d dimensions are

compactified on the torus T d, the mass-shell constraint and level matching condition are

most conveniently written in terms of a 2d vector NM = (wm, nm), M = 1 . . . 2d,m =

1 . . . d transforming in the fundamental representation of O(d, d,Z)

M2 = NMHMNN
N +

2

α′ (N + Ñ − 2) ,

N − Ñ = NMηMNN
N , (1.3.18)

with M2 = −∑25−d
µ=0 pµp

µ, the O(d, d,R) ≡ O(d, d) invariant matrix

ηMN =

(
0 ✶

✶ 0

)
(1.3.19)

and the 2d× 2d matrix

HMN =

(
G− BG−1B BG−1

−G−1B G−1

)
∈ SO(d, d) . (1.3.20)

The matrix H parametrizes the coset O(d,d)
O(d)×O(d)

of dimension d2,the moduli space of d-

dimensional toroidal compactification of the bosonic string. As H and η are both element

of O(d, d),the constraints (1.3.6) are invariant under
(
nm

wm

)
→ Λ−1

(
nm

wm

)
, H → ΛTHΛ , (1.3.21)

where Λ is an element of O(d, d,Z). This is known as the T-duality group.

1.4 Double Field Theory

In the previous section, we have seen that due to the extended nature of strings, the

T-duality group O(d, d,Z) emerges from a toroidal compactification of the bosonic string

on T d. The remnant of this symmetry at low energy is a global O(d, d) symmetry

(Maharana-Schwarz). Double Field Theory is a covariant reformulation of the NS-NS

sector of supergravity which makes the T-duality group manifest before dimensional

reduction. In its most common formulation, one introduces d dual coordinates

X
M =

(
xµ
x̃µ

)
. (1.4.1)
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M = 1 . . . 2D, µ = 1 . . . d so to treat the dual modes on an equal footing. Among the D

coordinates, one could separate into n non-compact (external) coordinates and d compact

coordinates as if one were to perform a dimensional reduction (on a torus for example).

While the dual compact coordinates are related to usual winding modes of the closed

bosonic string, their non-compact counterparts do not share this physical interpretation.

This is taken care of in a O(D,D) covariant manner by the section

ηMN∂M∂N ≡ 0 , ηMN =

(
0 ✶

✶ 0

)
, (1.4.2)

with η the O(D,D) invariant metric which enforce that each fields or gauge parameters

only depends on a ‘physical’ subset of the doubled coordinates. The constraint finds its

origin in the level matching condition in closed string field theory, however it goes further:

when one also enforces the constraint on products of fields and gauge parameters, one

effectively reduces half of the coordinates. This is called the strong constraint and this

is the one we will enforce in this thesis.

Let us now turn to the field content of the theory. As we have seen in the Buscher

rules, T-duality mixes the metric with the B-field. Therefore, to have a manifestly duality

invariant theory, one should combine them in a generalised metric HMN , a symmetric

2D × 2D matrix

HMN(X) =

(
Gµν − BµρG

ρσBσν BµρG
ρν

−GµρBρν Gµν .

)
(1.4.3)

Together with the duality invariant dilaton e−2d(X) = e−2φ
√
G, it captures the D2 + 1

degrees of freedom of the massless state of the bosonic string. In this sense, DFT is

reminiscent of the idea of Kaluza, where the 4-dimensional metric and the photon were

unified in a higher dimensional theory. The resemblance with the original Kaluza-Klein

idea does not stop here. The NS NS action

S =
1

2κ0

∫
d26X

√
|G| e−2φ

(
R + 4Gµν∂µφ∂νφ− 1

12
HµνρHµνρ

)
, (1.4.4)

is invariant under diffeomorphisms

δΛGµν = LΛGµν

δΛBµν = LΛBµν

δΛφ = LΛφ (1.4.5)

and gauge transformation of the B-field

δΛ̃Bµν = 2∂[µΛ̃ν] . (1.4.6)

In the formalism of DFT, both symmetries share a common geometric origin: they are

encoded in the gauge transformations of the generalised metric and the O(D,D) singlet
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dilaton with a generalised gauge parameter ΛM = (Λµ, Λ̃µ)

δΛHMN ≡ LΛHMN = ΛP∂PHMN + P
P
M
K
L∂KΛ

LHPN + (M ↔ N) , (1.4.7)

δΛe
−2d ≡ Lξe

−2d = ΛM∂Me
−2d + e−2d∂MΛM = ∂M(ΛMe−2d) , (1.4.8)

where we have introduced the generalised Lie derivative L whose action on a generalised

vector of weight λV is given by

LΛV
M = ΛN∂NV

M − P
M
P
K
L∂KΛ

LV P + λV ∂PΛ
PV M ,

P
M
P
K
L = δMLδ

K
P − ηMKηPL . (1.4.9)

In the case where one enforces that no fields depend on the doubled coordinates x̃µ (a

solution of the section constraint (1.4.2)) one recovers the usual gauge transformations

(1.4.5) and (1.4.6) of supergravity. In addition, the section constraint also ensures that

the gauge algebra closes i.e

[δΛ1 , δΛ2 ] = δΛ12 , (1.4.10)

with the parameter ΛM12 usually given by the Lie bracket in standard Riemannian geom-

etry. Here, it is given by the C-bracket

ΛM12 = [Λ1,Λ2]
M
C = 2ΛK[1∂KΛ

M
2] + ηMKηPQΛ

P
[1∂KΛ

Q
2] , (1.4.11)

which has non-vanishing Jacobiator. This unusual property has no physical consequence

since one can show that the Jacobiator takes the following form

J(Λ1,Λ2,Λ3)
M ≡ [[Λ1,Λ2]C ,Λ3]

M
C + c.p. ,

=
1

6
ηMP∂PN(Λ1,Λ2,Λ3) , (1.4.12)

where c.p. stands for cyclic permutations and N(Λ1,Λ2,Λ3) is a scalar known in the

litterature as the Nijenhuis operator [44]. This is exactly of the form of a trivial parameter

since for any generalised vector V, we have

LJV
M = 0 . (1.4.13)

Using this formulation, the NS-NS action above can be rewritten into a manifestly

O(D,D) covariant form

S =

∫
dX2De−2dR(H, d) , (1.4.14)

close in spirit to the original GR action. The generalised Ricci scalar is given by [45]

R =
1

8
HMN∂MHPQ∂NHPQ − 1

2
HMN∂MHKL∂LHKN − ∂M∂NHMN

+4HMN∂M∂Nd− 4HMN∂Md∂Nd+ 4∂MHMN∂Nd . (1.4.15)
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Alternatively, one could find the same result from a ground-up approach, by constructing

the action from the invariance under generalised diffeomorphisms. In the next section, we

will show it is possible to take into account not only the NS-NS sector of supergravity but

the full bosonic sector of different supergravities, using the U-duality covariant formalism

of exceptional field theories.

1.5 Exceptional Field Theory

Supergravity theories have a rather unique property: upon dimensional reduction, ex-

ceptional hidden symmetries emerge [46, 47]. When the unique 11D supergravity is

compactified on a torus T n, n = 2 . . . 8, the hidden global symmetries of the lower di-

mensional theory span an En(n) ≡ En(n)(R) Lie algebra. Naively, one would only expect

GL(n), a subgroup of En(n), but not the whole En(n) group. During the second super-

string revolution, the groups En(n) were interpreted as the low-energy remnant of the

U-duality groups En(n)(Z) of M-theory. However, until the construction of Exceptional

Generalised Geometry (EGG) and exceptional field theories (EFT), a complete geometric

interpretation of these groups was lacking.

The formulation of EFT is based on an extended spacetime that ‘geometrises’ the

exceptional U-duality group. There are different EFT theories: although same in spirit,

they differ in form as they are based on different exceptional groups. In the following, we

choose to introduce the E6(6) EFT as we will be using it for the main part of this thesis.

In this EFT, all fields depend on 5 + 27 coordinates (xµ, Y M), where µ, ν = 0, . . . , 4,

while lower and upper indices M,N = 1, . . . , 27 label the (inequivalent) fundamental

representations 27 and 2̄7 of E6(6), respectively. All functions on this extended space are

subject to a covariant ‘section constraint’ or ‘strong constraint’ that implies that locally

the fields only live on a ‘physical slice’ of the extended space. In the present case this

constraint can be written in terms of the invariant symmetric d-symbol dMNK that E6(6)

admits as

dMNK∂N∂KA = 0 , dMNK∂NA∂KB = 0 , (1.5.1)

for any arbitrary functions A,B on the extended space. In particular, this constraint

holds for all fields and gauge parameters. It was shown in [33] that this constraint al-

lows for two solutions. First, breaking E6(6) to SL(6) the constraint is solved by fields

depending on 6 internal coordinates, and we recover the spacetime of 11-dimensional

supergravity. Second, breaking E6(6) to SL(5) × SL(2) the constraint is solved by fields

depending on 5 internal coordinates, and we recover the spacetime of type IIB supergrav-

ity. Indeed, upon picking one of these solutions one obtains a theory with the field content

and symmetries of D = 11 or type IIB supergravity, respectively, but in a non-standard

formulation. These formulations are obtained from the standard ones by splitting the

coordinates and tensor fields a la Kaluza-Klein, however, without truncating the coordi-

nate dependence, as pioneered by de Wit and Nicolai [48]. Nevertheless, in this way it is
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possible to describe both D = 11 and type IIB supergravity in one elegant framework.

As in DFT, one can obtain the action of EFT from the invariance under generalised

diffeomorphisms (together with external diffeomorphisms in this case). The first step

towards the action is therefore to define a gauge transformation with respect to an internal

diffeomorphism parameter ΛM for a vector V M of weight λV

δV M = LΛV
M ≡ ΛK∂KV

M − 6PMN
K
L ∂KΛ

L V N + λ ∂PΛ
P V M (1.5.2)

with the projector onto the adjoint representation in the tensor product 27 ⊗ 2̄7 =

78+ · · · , which reads

P
M
N
K
L ≡ (tα)N

M(tα)L
K =

1

18
δMN δ

K
L +

1

6
δKN δ

M
L − 5

3
dNLRd

MKR . (1.5.3)

We will refer to a tensor structure as transforming ‘covariantly’ iff its transformation

is governed by the generalised Lie derivative (of some weight) and call such objects

generalised tensors. Given the modified form of generalised Lie derivatives, as opposed

to the conventional Lie derivatives, it is no longer clear that they are consistent. In

particular, as in DFT, one should check that they satisfy an algebra, i.e., that they lead

to gauge transformations that close.

An explicit computation then shows that the generalised Lie derivatives close accord-

ing to [
LΛ1 ,LΛ2

]
= L[Λ1,Λ2]E , (1.5.4)

where we have introduced the ‘E-bracket’

[
Λ1,Λ2

]M
E

≡ 2ΛK[1∂KΛ
M
2] − 10 dMNP dKLP ΛK[1∂NΛ

L
2] . (1.5.5)

The first term of the bracket has the same form as the standard Lie bracket governing

the algebra of standard diffeomorphisms. The second term explicitly involves the E6(6)

structure in form of the d-symbols, in a similar fashion to the O(D,D) case. The E-

bracket in EFT is the natural exceptional extension of the C-bracket introduced in the

previous section. It also shares the non-vanishing Jacobiator property

J(Λ1,Λ2,Λ3)
M = [[Λ1,Λ2]E,Λ3]

M
E + c.p. 6= 0 (1.5.6)

but, as in DFT, the Jacobiator takes the form of a trivial parameter JM = dMNK∂NχK .

Therefore, the generalised Lie derivative with respect to this parameter vanishes and we

have

[[δΛ1 , δΛ2 ], δΛ3 ]E + c.p. , (1.5.7)

as expected. So far we have defined the generalised internal diffeomorphisms by gener-

alised Lie derivatives. Since all fields are functions of internal and external coordinates

Y M and xµ, respectively, we now need to set up a calculus that allows us to differentiate
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w.r.t. xµ. Indeed, as for all fields and parameters, ΛM = ΛM(x, Y ) depends on the exter-

nal xµ and therefore the derivative ∂µ of any tensor fields is not covariant in the above

sense. In order to remedy this we introduce a gauge connection Aµ
M , of which we can

think as taking values in the ‘E-bracket algebra’, and define the covariant derivatives

Dµ ≡ ∂µ − LAµ
. (1.5.8)

The covariant derivative of any generalised tensor then transforms covariantly provided

the gauge vector transforms as δΛAµ
M = DµΛ

M , where we treat the gauge parameter

ΛM as a vector of weight λ = 1
3
. Next, we would like to define a field strength for Aµ

M .

Naively, one would write the standard formula for the field strength or curvature of a

gauge connection, but with the Lie bracket replaced by the E-bracket (1.5.5)

Fµν
M = 2∂[µAν]

M − [Aµ,Aν ]
M
E . (1.5.9)

However, since the E-bracket does not satisfy the Jacobi identity the resulting object

does not transform covariantly

δFµν
M = 2D[µAν]

M + 10dMKRdNLR∂K(Aµ
NδAν

L) . (1.5.10)

The failure of the covariance is due to the second term, which is of trivial form dMNK∂NχK .

This suggest that we can repair it by introducing a two-form Bµν M with an appropriate

gauge transformation and adding the term dMNK ∂KBµν N to the field strength. This

defines (the beginning of) the so-called tensor hierarchy, originally introduced in gauged

supergravity [49, 50]. Using (1.5.5) we thus obtain the field strength

Fµν
M = 2 ∂[µAν]

M − 2A[µ
K∂KAν]

M + 10 dMKRdNLRA[µ
N ∂KAν]

L

+ 10 dMNK ∂KBµν N . (1.5.11)

Its general variation is given by

δFµν
M = 2D[µδAµ]

M + 10dMNK∂K∆Bµν N (1.5.12)

with

∆Bµν N = δBµν N + dNKLA[µ
KδAν]

L . (1.5.13)

One can show the field strength does transform covariantly i.e.

δFµν
M = LΛFµν

M , (1.5.14)

under the following gauge transformations of A and B

δAµ
M = DµΛ

M − 10dMNK∂KΞµN ,

∆Bµν N = 2D[µΞν]M + 10dMNKΛKFµν
L +OµνM , (1.5.15)

26



where we included the unspecified constrained term Oµν M that vanish under the projec-

tion

dMNK∂KOµν N = 0 . (1.5.16)

Next, we would like to establish a Bianchi identity, but again, due to the failure of the

E-bracket to satisfy the Jacobi identity, the naive identity does not hold, i.e., DF 6= 0.

This is also fixed by the presence of the 2-form in that the curl of the 2-form curvature

gives the 3-form curvature of the 2-form. Specifically, we have the Bianchi identities

3D[µFνρ]
M = 10 dMNK∂KHµνρN . (1.5.17)

The 3-form field strength HµνρM is defined by this equations, up to terms that vanish

under the projection with dMNK∂K .

We close the introduction on EFT with the form of the action of the E6(6) EFT. We

have seen that the E6(6) EFT has the following field content, with all fields depending on

the 5 + 27 coordinates (xµ, Y M),

gµν , MMN , Aµ
M , BµνM . (1.5.18)

Here gµν is the external, five-dimensional metric, MMN is the generalised internal met-

ric, while the tensor fields Aµ
M and BµνM describe off-diagonal field components that

encode, in particular, the interconnection between the external and internal generalised

geometries. The dynamics of the bosonic fields (1.5.18) is governed by the following

action

S =

∫
d5x d27Y e

(
R̂ +

1

24
e gµν DµMMN DνMMN

−1

4
eFµν

MFµν N MMN + e−1Ltop − V (M, g)
)
. (1.5.19)

The structure of the action is simple and can be divided into five different contribution.

The first contribution resembles an Einstein-Hilbert term, the second and third terms are

the gauge invariant kinetic terms for the scalars and the gauge connection, respectively.

The fourth term is a Chern-Simons topological term. Finally, the last term is the scalar

potential. We will come back to the E6(6) action in a more detailed manner in Chapter

3.

1.6 Consistent truncation in EFT

It is a notoriously difficult problem to establish the consistency of Kaluza-Klein trun-

cations. Consistency requires that any solution of the lower-dimensional theory can be

lifted to a solution of the original higher-dimensional theory [51]. While this condition is

trivially satisfied for torus compactifications, the compactification on curved manifolds
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is generically inconsistent except for very specific geometries and matter content of the

theories. Even in the case of maximally symmetric spherical geometries, consistency only

holds for a few very special cases [52] and even then the proof is often surprisingly labori-

ous. An example for a Kaluza-Klein truncation for which a complete proof of consistency

was out of reach until recently is that of type IIB supergravity on AdS5 × S5, which was

believed to have a consistent truncation to the maximal SO(6) gauged supergravity in

five dimensions constructed in [53, 54, 7].

The manifestly covariant formulation of EFT described in the previous sections has

proven a rather powerful tool in order to describe consistent truncations by means of a

generalisation of the Scherk-Schwarz ansatz [55] to the exceptional space-time [56]. This

relates to gauged supergravity theories in lower dimensions (in this case to D = 5 super-

gravities), formulated in the embedding tensor formalism. Via the explicit dictionary of

EFT toD = 11 and type IIB supergravity, this ansatz then provides the full Kaluza-Klein

embedding of various consistent truncations.

The generalised Scherk-Schwarz ansatz in EFT is governed by a group-valued twist

matrix U ∈ E6(6), depending on the internal coordinates, which rotates each fundamental

group index. For instance, for the generalised metric the ansatz reads

MMN(x, Y ) = UM
K(Y )UN

L(Y )MKL(x) , (1.6.1)

where MMN becomes the E6(6)-valued scalar matrix of five-dimensional gauged super-

gravity. This ansatz is invariant under a global E6(6) symmetry acting on the underlined

indices. Indeed, gauged supergravity in the embedding tensor formalism is covariant

w.r.t. a global duality group (E6(6) in the present case), although this is not a physical

symmetry but rather relates different gauged supergravities to each other. In addition

to the group valued twist matrix, consistency requires that we also introduce a scale fac-

tor ρ, depending only on the internal coordinates, for fields carrying a non-zero density

weight λ, for which the ansatz contains ρ−3λ. We thus write the general reduction ansatz

for all bosonic fields of the E6(6) EFT (1.5.18) as [56]

MMN(x, Y ) = UM
K(Y )UN

L(Y )MKL(x) ,

gµν(x, Y ) = ρ−2(Y )gµν(x) ,

Aµ
M(x, Y ) = ρ−1(Y )Aµ

N(x)(U−1)N
M(Y ) ,

Bµν M(x, Y ) = ρ−2(Y )UM
N(Y )Bµν N(x) . (1.6.2)

We will call the above ansatz consistent if the twist matrix U and the function ρ factor

out of all covariant expressions in the action, the gauge transformations or the equations

of motion. If this is established, it follows that the reduction is consistent in the strong

Kaluza-Klein sense that any solution of the lower-dimensional theory can be uplifted to

a solution of the full theory, with the uplift formulas being (1.6.2). Let us explain the
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required consistency conditions for the gauge transformations under internal generalised

diffeomorphisms, for which the gauge parameter is subject to the same ansatz as the

one-form gauge field,

ΛM(x, Y ) = ρ−1(Y )(U−1)N
M(Y )ΛN(x) . (1.6.3)

We start with the field gµν that transforms as a scalar density of weight λ = 2
3
. Consis-

tency of the ansatz (1.6.2) requires that under gauge transformations we have

δΛgµν(x, Y ) = ρ−2(Y )δΛgµν(x) , (1.6.4)

where the expression for δΛgµν is Y -independent and can hence consistently be interpreted

as the gauge transformation for the lower-dimensional metric. The variation on the left-

hand side yields, upon insertion of (1.6.3),

δΛgµν = ΛN∂Ngµν +
2
3
∂NΛ

Ngµν

= ρ−1(U−1)K
NΛK ∂N(ρ

−2gµν) +
2
3
∂N(ρ

−1(U−1)K
N)ΛK ρ−2gµν

= 2
3
ρ−3
[
∂N(U

−1)K
N − 4 (U−1)K

N ρ−1∂Nρ
]
ΛK gµν .

(1.6.5)

If we now demand that

∂N(U
−1)K

N − 4 (U−1)K
N ρ−1∂Nρ = 3 ρ ϑK , (1.6.6)

where ϑK is constant, then the ansatz (1.6.4) is established with

δΛgµν = 2ΛM ϑM gµν . (1.6.7)

This corresponds to a gauging of the so-called trombone symmetry that rescales the

metric and the other tensor fields of the theory with specific weights. Here, ϑK is the

embedding tensor component for the trombone gauging, as introduced in [57]. An impor-

tant consistency condition is that (1.6.6) is a covariant equation under internal generalised

diffeomorphisms. Treating the (inverse) twist matrix as a vector of weight zero, its diver-

gence ∂N(U
−1)M

N (recalling that the underlined index is inert) is not a scalar. Indeed,

a quick computation with (1.5.2) using the section constraint shows that it transforms

as a scalar density of weight λ = −1
3
, except for the following anomalous term in the

transformation

∆nc
Λ (∂N(U

−1)M
N) = −4

3
∂N(∂ · Λ)(U−1)M

N . (1.6.8)

This contribution is precisely cancelled by the anomalous variation of the second term

in (1.6.6), provided ρ is a scalar density of weight λ(ρ) = −1
3
. Then both sides of (1.6.6)

are scalar densities of weight λ = −1
3

and the equation is gauge covariant.

Let us now turn to the consistency conditions required for fields with a non-trivial

tensor structure under internal generalised diffeomorphisms, as the generalised metric.

29



In parallel to the above discussion we require that the twist matrices consistently factor

out, i.e.

δΛMMN(x, Y ) = UM
K(Y )UN

L(Y )δΛMKL(x) . (1.6.9)

Using the explicit form of the gauge transformations given by generalised Lie deriva-

tives (1.5.2) one may verify by direct computation that this leads to consistent gauge

transformations

δΛMMN(x) = 2ΛL(x)
(
ΘL

α + 9
2
ϑR (tα)L

R
)
(tα)(M

P MN)P (x) , (1.6.10)

provided we assume the consistency conditions

[
(U−1)M

K(U−1)N
L∂KUL

P
]
351

= 1
5
ρΘM

α(tα)N
P , (1.6.11)

where the constant ΘM
α is the embedding tensor encoding conventional (i.e. non-trombone)

gaugings, and the left-hand side is projected onto the 351 sub-representation. Specifi-

cally, writing the derivatives of U in terms of

XMN
K ≡ (U−1)M

K(U−1)N
L∂KUL

K ≡ XM
α(tα)N

K , (1.6.12)

where we used that since U is group valued, U−1∂U is Lie algebra valued (in the indices

N , K), so that we can expand it in terms of generators as done in the second equality,

the projector acts as,

[
XM

α
]
351

≡ (P351)M
αN

β XN
β

= 1
5

(
XM

α − 6 (tα)P
N (tβ)M

P XN
β + 3

2
(tα)M

P (tβ)P
N XN

β
)
.

(1.6.13)

Let us emphasize that solving the consistency equations (1.6.6) and (1.6.11) for U and ρ in

general is a rather non-trivial problem. It would be important to develop a general theory

for doing this, which plausibly may require a better understanding of large generalised

diffeomorphisms, as in [58, 59, 60, 61].

The consistency conditions (1.6.6) and (1.6.11) can equivalently be encoded in the

structure of a ‘generalised parallelization’, see [25]. To this end, the twist matrix U and

the scale factor ρ are combined into a vector of weight 1
3
,

(Û−1)M
N ≡ ρ−1 (U−1)M

N . (1.6.14)

Both consistency conditions (1.6.6) and (1.6.11) can then be encoded in the single man-

ifestly covariant equation

L Û−1
M
Û−1
N ≡ −XMN

K Û−1
K , (1.6.15)

with XMN
K constant and related to the D = 5 embedding tensor as

XMN
K =

(
ΘM

α + 9
2
ϑL(t

α)M
L
)
(tα)N

K − δN
K ϑM , (1.6.16)
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as we briefly verify in the following. In particular, equation (1.6.15) implies that

L Û−1
M
ρ = −ϑM ρ . (1.6.17)

It is straightforward to verify that subject to (1.6.15), the gauge transformations

of all bosonic fields in (1.6.2) reduce to the correct gauge transformations in gauged

supergravity. Let us illustrate this for a vector of generic weight λ, for which the Scherk-

Schwarz ansatz reads

V M(x, Y ) = ρ−3λ(U−1)N
M(Y )V N(x) = ρ−3λ+1(Û−1)N

M(Y )V N(x) . (1.6.18)

Using (1.6.15) and (1.6.17), its gauge transformation then takes the form

δΛV
M = L

ΛK Û−1
K

(
ρ−3λ+1(Û−1)N

M
)
V N

= ΛK
(
(−3λ+ 1)

(
LÛ−1

K
ρ
)
ρ−3λ (Û−1)N

M + ρ−3λ+1
LÛ−1

K
(Û−1)N

M
)
V N

= ρ−3λ+1(Û−1)N
M
(
(3λ− 1)ΛK ϑK V

N −ΛK XKL
N V L

)
,

(1.6.19)

from which we read off, inserting (1.6.16),

δΛV
N = −ΛK

(
ΘK

α + 9
2
ϑP (t

α)K
P
)
(tα)L

N V L + 3λΛK ϑK V
N . (1.6.20)

This is the expected transformation in gauged supergravity with general trombone gaug-

ing and in particular is compatible with (1.6.10) and (1.6.7) for λ = 0 and λ = 2
3
,

respectively. As the covariant derivatives and field strengths are defined in terms of gen-

eralised Lie derivatives (or its antisymmetrisation, the E-bracket), it follows immediately

that also these objects reduce ‘covariantly’ under Scherk-Schwarz, e.g.,

Dµgνρ(x, Y ) = ρ−2
(
∂µ − Aµ

NϑN
)
gνρ , (1.6.21)

DµMMN(x, Y ) = UM
PUN

Q
(
∂µMPQ − 2Aµ

L
(
ΘL

α + 9
2
ϑR (tα)L

R
)
(tα)(M

PMN)P

)
.

In addition, the covariant two-form field strength reduces consistently,

Fµν
M(x, Y ) = ρ−1 (U−1)N

M Fµν
N(x) , (1.6.22)

with the D = 5 covariant field strength Fµν
N given by

Fµν
M ≡ 2∂[µAν]

M +XKL
M A[µ

KAν]
L − 2dMKLXKL

NBµν N , (1.6.23)

and similarly for the three-form curvature. To summarize, the reduction ansatz (1.6.2)

describes a consistent truncation of E6(6) EFT to a D = 5 maximal gauged supergravity,

provided the twist matrices satisfy the consistency conditions (1.6.6) and (1.6.11). It

is intriguing, that the match with lower-dimensional gauged supergravity, does in fact

not explicitly use the section constraint (provided the initial scalar potential is writ-

ten in an appropriate form) [62, 27, 56]. Formally this allows to reproduce all D = 5
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maximal gauged supergravities, and it is intriguing to speculate about their possible

higher-dimensional embedding upon a possible relaxation of the section constraints that

would define a genuine extension of the original supergravity theories. For the moment it

is probably fair to say that our understanding of a consistent extension of the framework

is still limited. If on the other hand the twist matrices U do obey the section constraint

(1.5.1), the reduction ansatz (1.6.2) translates into a consistent truncation of the original

D = 11 or type IIB supergravity, respectively, depending on to which solution of the sec-

tion constraint the twist matrices U belong. With the explicit dictionary between EFT

and the original supergravities, given in this thesis for type IIB and in [33] for D = 11 su-

pergravity, the simple factorization ansatz (1.6.2) then translates into a highly non-linear

ansatz for the consistent embedding of the lower-dimensional theory. This requires the

precise interplay between various identities whose validity appears somewhat miraculous

from the point of view of conventional geometry but which find a natural interpretation

within the extended geometry of exceptional field theory.
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Chapter 2

Consistent Pauli Reduction of

the bosonic string

In the last section of the previous chapter, we have introduced the generalised Scherk-

Schwarz ansatz within EFT. This is not a proprietary feature of EFT, and the same

type of ansatz holds in Double Field Theory. There has already been several interesting

results of generalised Scherk-Schwarz reduction in DFT, mainly regarding non-geometric

flux compactifications and gauged supergravity [63, 26]. In this chapter, we will show

another example of the usefulness of the generalised Scherk-Schwarz ansatz.

It was observed in [6] that in a reduction of the (n + d)-dimensional bosonic string

on a group manifold G of dimension d, the potentially dangerous trilinear coupling of a

massive spin-2 mode to bilinears built from the Yang-Mills gauge bosons of GL×GR was

in fact absent. On that basis, it was conjectured in [6] that there exists a consistent Pauli

reduction of the (n+ d)-dimensional bosonic string on a group manifold G of dimension

d, yielding a theory in n dimensions containing the metric, the Yang-Mills gauge bosons

of GL×GR, and d2 + 1 scalar fields which parameterise R× SO(d, d)/(SO(d)× SO(d)).

Further support for the conjectured consistency was provided in [64], where it was ob-

served that the K = SO(d)×SO(d) maximal compact subgroup of the enhanced O(d, d)

global symmetry of the T d reduction of the bosonic string is large enough to contain the

GL ×GR gauge group as a subgroup.

We shall present a complete and constructive proof of the consistency of the Pauli

reduction of the bosonic string on the group manifold G. Our construction makes use

of the recent developments realising non-toroidal compactifications of supergravity via

generalised Scherk-Schwarz-type reductions [55] on an extended spacetime within duality

covariant reformulations of the higher-dimensional supergravity theories [65, 63, 62, 27,

66, 67, 56, 68]. In this language, consistency of a truncation ansatz translates into a set

of differential equations to be satisfied by the group-valued Scherk-Schwarz twist matrix

U encoding all dependence on the internal coordinates. We then explicitly construct

33



the SO(d, d) valued twist matrix describing the Pauli reduction of the bosonic string

on a group manifold G in terms of the Killing vectors of the group manifold. We show

that it satisfies the relevant consistency equations thereby establishing consistency of the

truncation. From the Scherk-Schwarz reduction formulas we then read off the explicit

truncation ansätze for all fields of the bosonic string. We find agreement with the lin-

earised ansatz proposed in [6] and we confirm the non-linear reduction ansatz conjectured

in [64] for the metric.

Our solution for the twist matrix straightforwardly generalises to the case when G is

a non-compact group. In this case, the construction describes the consistent reduction

of the bosonic string on an the internal manifold Md whose isometry group is given by

the maximally compact subgroup KL×KR ⊂ GL×GR. The truncation retains not only

the gauge bosons of the isometry group, but the gauge group of the lower-dimensional

theory enhances to the full non-compact GL×GR. At the scalar origin, the gauge group

is broken down to its compact part. This is a standard scenario in supergravity with non-

compact gauge groups: for the known sphere reductions the analogous generalisations

describe the compactification on hyperboloids Hp,q and lower-dimensional theories with

SO(p, q) gauge groups [69, 70, 56, 71]. We will come back to this in the next chapter.

2.1 O(d, d) covariant formulation of the (n+d)-dimensional

bosonic string

Our starting point is the (n + d)-dimensional bosonic string (or NS-NS sector of the

superstring)

S =

∫
dXn+d

√
|Ĝ| e−2φ

(
R + 4 Ĝµ̂ν̂∂µ̂φ∂ν̂φ− 1

12
H µ̂ν̂ρ̂Hµ̂ν̂ρ̂

)
, (2.1.1)

with dilaton φ and three-form field strength Hµ̂ν̂ρ̂ ≡ 3 ∂[µ̂Cν̂ρ̂]. As described in the

introduction of this chapter, the conjecture of [6] states this theory admits a consistent

Pauli reduction to n dimensions on a d-dimensional group manifold G retaining the full

set of GL × GR non-abelian gauge fields, according to the isometry group of the bi-

invariant metric on G. In the following, for the explicit reduction formulas we will use

the metric in the Einstein frame

Gµ̂ν̂ ≡ e−4βφ Ĝµ̂ν̂ , (2.1.2)

with β = 1/(n+ d− 2), and split coordinates according to

{X µ̂} → {xµ, ym} , µ = 0, . . . , n− 1 , m = 1, . . . , d . (2.1.3)

The key tool in the following construction is double field theory (DFT) [21, 24, 72, 45],

introduced in the previous chapter. Most suited for our purpose, is the reformulation
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of (2.1.1) in which an O(d, d) subgroup of the full duality group is made manifest [73].

This is obtained by Kaluza-Klein decomposing all fields according to n external and d

internal dimensions (keeping the dependence on all (n+ d) coordinates) and rearranging

the various components into O(d, d) objects. Formally, this theory lives on an extended

space of dimension (n + 2d) with coordinates {xµ, Y M}, with all fields subject to the

section constraint ∂M⊗∂M ≡ 0 which effectively removes the d non-physical coordinates.

In this sense, this version of DFT, invariant under both external and generalised diffeo-

morphisms, is close in spirit to EFT. Fundamental SO(d, d) indices M,N are raised and

lowered with the SO(d, d) invariant metric ηMN . Regarding the field content, in addition

to HMN and the dilaton Φ already found in the standard form of DFT, here a symmet-

ric SO(d, d) group matrix and a scalar of weight 1
2

under generalised diffeomorphisms,

one has the external space-time metric gµν , a Kaluza-Klein vector Aµ
M and a two-form

potential Bµν . As in EFT, the vector field acts as a gauge field for the generalised

diffeomorphism

δΛAµ
M =

(
∂µ − LAµ

)
Λ ≡ DµΛ , (2.1.4)

where we have introduced the covariant derivative Dµ w.r.t. to generalised diffeomor-

phisms on the extended space. The naive field strength of the vector field

Fµν
M = 2∂[µAν]

M − [Aµ,Aν ]
M
C , (2.1.5)

here given in terms of the C-bracket (1.4.11), is not covariant. Again, this is very similar

to the EFT case and one need to introduce a two-form Bµν with the appropriate gauge

transformation such that the field strength

Fµν
M = 2∂[µAν]

M − [Aµ,Aν ]
M
C − ∂MBµν , (2.1.6)

is now covariant under

δAµ
M = DµΛ

M + ∂MΛµ ,

∆Bµν ≡ δBµν −A[µ
NδAν]N = 2D[µΛν] − ΛNFµν N . (2.1.7)

The two form potential Bµν also comes with its covariant field strength

Hµνρ = 3D[µBνρ] + 3A[µ
N∂νAρ]N −A[µN

[
Aν ,Aρ]

]N
C
, (2.1.8)

which can be read from the modified Bianchi identity

3D[µFνρ]
M + ∂MHµνρ = 0 . (2.1.9)

With this formalism, one can show that the action (2.1.1) can be rewritten in the form

S =

∫
dxndY 2d

√
|g| e−2Φ

(
R̂+ 4 gµνDµΦDνΦ− 1

12
HµνρHµνρ +

1

8
gµνDµHMNDνHMN

− 1

4
HMNFµνMFµν

N +
1

4
HMN∂Mgµν ∂Ngµν +R(Φ,H)

)
.

(2.1.10)
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with the covariant derivatives explicitly given by

DµΦ = ∂µΦ−Aµ
M∂MΦ +

1

2
∂MAµ

M ,

DµHMN = ∂µHMN −Aµ
K∂KHMN − 2 ∂(MAµ

KHN)K + 2 ∂KAµ (MHN)K ,

(2.1.11)

the improved Ricci scalar

R̂ = R̂+ eaµebνFµν
Mea

ρ∂Meρb , (2.1.12)

and R(Φ,H) the scalar DFT curvature (1.4.15).

The section constraint ∂M ⊗ ∂M ≡ 0 is solved by splitting the internal coordinates

according to

{Y M} → {ym, ym} , (2.1.13)

in a light-cone basis where

ηMN ≡
(

0 δm
n

δmn 0

)
, (2.1.14)

and restricting the dependence of all fields to the physical coordinates ym by imposing

∂m ≡ 0, thereby reducing the extended space-time in (2.1.10) back to (n+d) dimensions.

Upon breaking the DFT field content accordingly, and rearranging of fields, the O(d, d)

covariant form (2.1.10) then reproduces the bosonic string (2.1.1). The precise dictio-

nary can be straightforwardly worked out by matching the gauge and diffeomorphism

transformations of the various fields on the bosonic string side (after the split (2.1.3))

to the generalised gauge transformations (2.1.7) on the DFT side (with ∂m = 0). In the

following, we will only give the the result of the dictionary. In the next chapter, we will

review in detail how to build the dictionary in the richer E6(6) case. For the DFT p-forms

and metric this yields

Aµ
m = Aµ

m ≡ GmnGµn , Aµm = − (Cµm − Aµ
nCnm) ,

Bµν = Cµν + 2A[µ
mCν]m + A[µ

mAν]
nCmn + A[µ

mAν]m ,

gµν = e4βφ (Gµν − Aµ
mAν

nGmn) .

(2.1.15)

The dictionary for the DFT scalar fields is most conveniently obtained by comparing the

transformation of the DFT vector fields under generalised external diffeomorphisms

δξAµ
M = ξνFµν

M + e4γΦHMNgµν∂Nξ
ν , (2.1.16)

to the transformations in the original theory (2.1.1) and yields

Hmn = e−4βφGmn , Hm
n = e−4βφGnkCkm ,

Hmn = e−4βφGklCkmCln + e4βφGmn ,

eΦ = e
β
γ
φ (det Gmn)

−1/4 , (2.1.17)
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with γ = 1
n−2

. With the dictionary (2.1.15), (2.1.17), and imposing ∂m ≡ 0, the O(d, d)

covariant action (2.1.10) reduces to the original action (2.1.1) of the bosonic string. The

reduction ansatz on the other hand will be most compactly formulated in terms of the

O(d, d) objects.

2.2 Generalised Scherk-Schwarz ansatz and consistency

equations

An important property of the O(d, d) covariant form of the action (2.1.10) is the fact that

particular solutions and truncations of the theory take a much simpler form in terms of

the O(d, d) objects Aµ
M , HMN , etc., as opposed to the original fields of the bosonic

string (2.1.1). In particular, consistent truncations to n dimensions can be described

by a generalised Scherk-Schwarz ansatz in which the dependence on the compactified

coordinates Y M is carried by an SO(d, d) twist matrix UM
A and scalar functions u and

ρ (which respectively take care of the weight of the fields under the R
+ scaling and

generalised diffeomorphisms), according to [65, 63]1

HMN = UM
A(y)MAB(x)UN

B(y) , eΦ = u(n−2)/2(y) eϕ(x) ,

Aµ
M = u(y)ρ−1(y)(U−1)A

M(y)Aµ
A(x) , Bµν = u2(y)ρ−2(y)Bµν(x) ,

gSFµν ≡ e4γΦgEFµν = u2(y)ρ−2(y)e4γϕ(x) gµν(x) . (2.2.1)

Here, Aµ
M Bµν and gµν are the gauge vectors, two-form and space-time metric of the

reduced theory. The symmetric SO(d, d) group valued matrix MAB(x) can be thought

of as parametrizing the coset space SO(d, d)/(SO(d)× SO(d)), and together with eϕ(x)

carries the d2+1 scalar fields of the reduced theory. In the following, we will choose u=ρ

such that no shift symmetries on the vector field remain after applying the generalised

Scherk-Schwarz ansatz δAµ
M = ∂MΛµ(x, y) = ∂M(u2(y)ρ−2(y))Λµ(x). In this case, the

ansatz (2.2.1) describes a consistent truncation of (2.1.10), provided UM
A and ρ satisfy

the consistency equations

ηD[A (U
−1)B

M(U−1)C]
N∂MUN

D = fABC = const. , (2.2.2)

ρ−1 ∂Mρ = −γ (U−1)A
N∂NUM

A , (2.2.3)

with the SO(d, d) invariant constant matrix ηAB and γ = 1
n−2

. If UM
A and ρ in addition

depend only on the physical coordinates on the extended space (2.1.13)

∂mUM
A = 0 = ∂mρ , (2.2.4)

1 Since with (2.1.10) we use DFT in its split form with internal and external coordinates, the reduction

ansatz (2.2.1) resembles the corresponding ansatz in exceptional field theory [56] for the p-forms and

metric.
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the ansatz (2.2.1) likewise describes a consistent truncation of the original theory (2.1.1).

As a consequence of this section condition, the Jacobi identity is automatically satisfied

for fABC upon using its explicit expression (2.2.2)

[XA, XB] = −XAB
CXC (2.2.5)

where we have introduced the generalised structure constant XAB
C = f[ABD]η

DC . Then,

for a given solution of (2.2.2), (2.2.3), the explicit reduction formulas for the original

fields are obtained by combining (2.2.1) with the dictionary (2.1.15), (2.1.17), as we will

work out shortly.

In order to explicitly solve the generalised Scherk-Schwarz consistency conditions

(2.2.2)–(2.2.4), let us first note that with the index split (2.1.13), and the parametrization

UM
A = ηAB {ZBm,KB

m} , (U−1)A
M = {KA

m,ZAm} , (2.2.6)

of the SO(d, d) matrix, equation (2.2.2) turns into

LKA
KB

m = −XAB
C KC

m ,

LKA
ZBm +KB

n (∂mZAn − ∂nZAm) = −XAB
C ZCm . (2.2.7)

The SO(d, d) property of UM
A translates into

2K(A
mZB)m = ηAB ≡

(
0 δa

b

δab 0

)
. (2.2.8)

In the following, we will construct an explicit solution of (2.2.7), (2.2.8) in terms of

the Killing vectors of the bi-invariant metric on a d−dimensional group manifold G. For

compact G, the resulting reduction describes the Pauli reduction of the bosonic string

on G, for non-compact G, this describes a consistent truncation on an internal space Md

with isometry group given by two copies of the maximally compact subgroup K ⊂ G.

Specifically, we choose the KA as linear combinations of the GL × GR Killing vectors

{Lma , Rm
a }, in the following way

KA
m ≡ {Lam +Ra

m, Lam −Ram} , (2.2.9)

with their algebra of Lie derivatives given by

LLa
Lb = −fabc Lc , LLa

Rb = 0 , LRa
Rb = fab

cRc , (2.2.10)

in terms of the structure constants fab
c of g ≡ LieG, and with indices a, b, . . . , raised and

lowered by the associated Cartan-Killing form κab ≡ fac
dfbd

c. Moreover, the bi-invariant

metric on the group manifold can be expressed by

G̃mn ≡ −4La
mLan = − 4Ra

mRan . (2.2.11)
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With (2.2.10), the ansatz (2.2.9) solves the first equation of (2.2.7), with structure con-

stants XAB
C given by

Xabc = fabc , Xa
bc = fa

bc , Xa
b
c = fab

c , Xab
c = fabc , (2.2.12)

and all other entries vanishing. Indeed, these structure constants are of the required form

XAB
C = f[ABD]η

DC , c.f. (2.2.5). We may define the GL × GR invariant Cartan-Killing

form of the algebra (2.2.5)

κAB ≡ 1

2
XAC

DXBD
C =

(
κab 0

0 κab

)
, (2.2.13)

such that the Killing vectors (2.2.9) satisfy

κAB KA
mKB

n = − G̃mn , ηAB KA
mKB

n = 0 , (2.2.14)

and moreover κABηAB = 0 .

In order to solve the second equation of (2.2.7), with the same structure constants

(2.2.12), we start from the ansatz2

ZAm = −κA
B KBm +KA

n C̃nm . (2.2.15)

Here, the space-time index in the first term has been lowered with the group metric

G̃mn from (4.2.12), and C̃mn = C̃[mn] represents an antisymmetric 2-form, such that the

SO(d, d) property (2.2.8) is identically satisfied. With this ansatz for ZAm, the second

equation of (2.2.7) turns into

κA
CKB

n (∂nKCm − ∂mKC n)− 3KA
kKB

n ∂[kC̃mn] = 2 ηDE XA(E
C κB)C KDm .(2.2.16)

The right-hand side of (2.2.16) vanishes by invariance of the Cartan-Killing form κAB.

From (2.2.14), one derives the following identity

∂[mKAn] = XAC
BκCDKBmKDn , (2.2.17)

for the derivative of the Killing vectors. Inserting this relation in (2.2.16) gives

3KA
k∂[kC̃mn] = 2XA

BCKBmKC n , (2.2.18)

where we have used κA
EXED

CκDB = XA
BC . We note that both sides of this equation

vanish under projection with ηDAKAp as a consequence of (2.2.14). Projecting instead

with κDAKAp, equation (2.2.16) reduces to an equation for C̃mn

3 ∂[kC̃mn] = H̃kmn ≡ − 2XABDκD
CKAkKBmKC n . (2.2.19)

2 Let us stress that our notation is such that adjoint G indices a, b, . . . are raised and lowered with

the Cartan-Killing form κab, whereas fundamental SO(d, d) indices A,B, . . . are raised and lowered with

the SO(d, d) invariant metric ηAB from (2.2.8) and not with the G-dependent Cartan-Killing form κAB

from (2.2.13).
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Explicitly, the flux H̃kmn takes the form

H̃kmn = −16 fabc La kLbmLc n = − 16 fabcRa kRbmRc n, (2.2.20)

and can be integrated since ∂[kH̃lmn] = 0, due to the Jacobi identity on fabc . We have

thus solved the second equation of (2.2.7).

With (2.2.9), (2.2.15), the remaining consistency equation (2.2.3) reduces to

(n− 2)KA
m∂m log ρ = ∂mKA

m = − Γ̃mn
mKA

n ,

=⇒ ρ = (det G̃mn)
−γ/2 . (2.2.21)

We have thus determined the SO(d, d) matrix UM
A and the scalar function ρ solving

the system (2.2.2), (2.2.3) in terms of the Killing vectors on a group manifold G, and a

two-form determined by (2.2.19). The resulting structure constants are given by (2.2.12)

such that the gauge group of the reduced theory is given by GL ×GR .

2.3 Reduction ansatz and reduced theory

We now have all the ingredients to read off the full non-linear reduction ansatz of the

bosonic string (2.1.1). Combining the DFT reduction formulas (2.2.1) with the dictionary

(2.1.15), (2.1.17), and the explicit expressions (2.2.9), (2.2.15) for the Scherk-Schwarz

twist matrix, we obtain

ds2 = ∆−2γ(x, y) gµν(x) dx
µdxν

+Gmn(x, y)
(
dym +KA

m(y)AAµ (x)dx
µ
) (
dyn +KB

n(y)ABν (x)dx
ν
)
,(2.3.1)

for the metric in the Einstein frame, with Gmn(x, y) given by the inverse of

Gmn(x, y) = ∆2γ(x, y)KA
m(y)KB

n(y)e4γϕ(x)MAB(x) . (2.3.2)

The dilaton and the original two-forms are given by

e4βφ = ∆2γ(x, y) e4γϕ(x)

Cmn = C̃mn(y) + ∆2γ(x, y)κA
DKDmKB

pGpn(x, y) e
4γϕ(x)MAB(x) ,

Cµm =
(
κA

DKDm +∆2γ(x, y)κC
EKA

nKE nKD
pGpm(x, y) e

4γϕ(x)MCD(x)
)
Aµ

A(x) ,

Cµν = Bµν(x)− κB
CKA

mKCmA[µ
A(x)Aν]

B(x)

−∆2γ(x, y)κC
E KB

nKE nKD
pKA

mGpm(x, y) e
4γϕ(x)MCD(x)A[µ

A(x)Aν]
B(x) .

(2.3.3)

where we have introduced ∆2 = det (G̃mn(y))
−1 det (Gmn(x, y)). In these expressions, all

space-time indices on the Killing vectors KA
m are raised and lowered with the metric
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G̃mn(y) from (4.2.12), rather than with the full metric Gmn(x, y) . For the group man-

ifold G = SU(2), the construction describes the S3 reduction of the bosonic string, for

which the full reduction ansatz has been found in [52]. For general compact groups, the

reduction ansatz for the internal metric (2.3.2) was correctly conjectured in [64].3

In order to compare our formulas to the linearised result given in [6], we first note

that for compact G, we may normalise the Cartan-Killing form as κAB = −δAB, such

that the background (at MAB(x) = δAB) is given by

G̊mn = G̃mn , C̊mn = C̃mn , φ̊ = 0 . (2.3.4)

We then linearise the reduction formulas (2.3.1)–(2.3.3) around the scalar origin

MAB(x) = δAB +mAB(x) + . . . , (2.3.5)

and (back in the string frame) obtain

Ĝmn(x, y) = G̃mn(y) + ĥmn(x, y) + . . . , Cmn(x, y) = C̃mn(y) + k̂mn(x, y) + . . . ,(2.3.6)

with

ĥmn(x, y) = −mAB(x)KA
m(y)KB

n(y) ,

k̂mn(x, y) = mAB(x)κ
ADKDm(y)KB

n(y) ,
(2.3.7)

as well as

φ = ϕ(x) + 1
4
G̃mnĥmn + . . . , (2.3.8)

for the dilaton, where we have used the linearisation ∆(x, y) = 1+ 1
2
G̃mnĥmn−2dβφ+. . . .

Parametrizing the scalar fluctuations (2.3.5) as

mAB ≡
(
a −b
b −a

)

AB

, (2.3.9)

with symmetric a and antisymmetric b, in accordance with the SO(d, d) property of MAB,

we finally obtain the fluctuations

ĥmn + k̂mn = Sab(x)Lan(y)Rbm(y) ,

φ = ϕ(x) +
1

4
Sab(x)La

m(y)Rbm(y) ,
(2.3.10)

3 The translation uses an explicit parametrization of the SO(d, d) matrix MAB in a basis where ηAB

is diagonal, as

M̃AB =

(
(1 + PP t)1/2 P

P t (1 + P tP )1/2

)
,

in terms of an unconstrained d× d matrix Pa
b .
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with Sab ≡ 4
(
aab + bab

)
. These precisely reproduces the linearised result given in [6].

After the full non-linear reduction (2.3.1)–(2.3.3), the reduced theory is an n-dimensional

gravity coupled to a 2-form and 2d gauge vectors with gauge group GL×GR. The (d2+1)

scalar fields couple as an R × SO(d, d)/(SO(d) × SO(d)) coset space sigma model, and

come with a scalar potential [74, 75]

V (x) =
1

12
e4γϕ(x)XAB

CXDE
FMAD(x)

(
MBE(x)MCF (x) + 3 δEC δ

B
F

)
, (2.3.11)

with the structure constants XAB
C from (2.2.12). Due to the dilaton prefactor, this

potential cannot support (A)dS geometries, but only Minkowski or domain wall solutions.

Let us finally comment on adding a cosmological term e4βφΛ in the higher-dimensional

theory (2.1.1). E.g. for the bosonic string such a term would arise as conformal anomaly

in dimension n+ d 6= 26 . In the Einstein frame, the modified action takes the form

S =

∫
dXn+d

√
|G|
(
R + 4Gµ̂ν̂∂µ̂φ∂ν̂φ− 1

12
e−8βφH µ̂ν̂ρ̂Hµ̂ν̂ρ̂ + e4βφΛ

)
,(2.3.12)

with constant Λ. With the O(d, d) dictionary (2.1.17), it follows that the effect of this

term in the O(d, d) covariant action (2.1.10) is a similar term

Lc =
√

|g| e−2ΦΛ , (2.3.13)

manifestly respecting O(d, d) covariance. The presence of this term thus does not interfere

with the consistency of the truncation ansatz and simply results in a term

Lc =
√
|g| e4γϕΛ , (2.3.14)

in the reduced theory, as already argued in [6, 52].

2.4 Summary

We have in this chapter given a complete and constructive proof of the consistency of

the Pauli reduction of the low-energy effective action of the bosonic string on the group

manifold G, proving the conjecture of [6]. The construction is based on the O(d, d)

covariant reformulation of the original theory in which the consistent truncations of the

latter are rephrased as generalised Scherk-Schwarz reductions on an extended spacetime.

We have explicitly constructed the relevant SO(d, d) valued twist matrix, carrying the

dependence on the internal variables, in terms of the Killing vectors of the group manifold

G. From the twist matrix, we have further read off the full non-linear reduction ansätze

for all fields of the bosonic string. The construction is the first example of the power

of the generalised Scherk-Schwarz reductions on extended spacetime we will see in this

thesis and hints towards a more systematic understanding of the conditions under which

consistent Pauli reductions are possible.
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Chapter 3

Type IIB supergravity within the

E6(6) EFT

In this chapter, we establish the precise embedding of type IIB supergravity into the E6(6)

EFT. We start by a review of the E6(6) EFT action and derive the field equations of the

2-form which will translate to the self-duality relations for the field strength of the 4-form

on the type IIB side. We then decompose the EFT field content under the appropriate

solution of the section constraint. This constitutes the preliminary work needed to prove

the consistency of the Kaluza-Klein reduction of type IIB supergravity on AdS5 × S5,

one of the application we will see in the next chapter.

3.1 Review and type IIB decomposition of the E6(6)

EFT

3.1.1 Covariant E6(6) dynamics

In the introduction, we have seen that the theory is invariant under generalised diffeo-

morphisms, generated by a parameter ΛM = ΛM(x, Y ). We also gave the action, which is

manifestly invariant under generalised diffeomorphisms. Let us now define the dynamics

of the E6(6) EFT by giving the unique action principle on the extended space, which

decomposed into the five terms

SEFT = SEH + Lsc + LVT + Stop − V . (3.1.1)

The first term formally takes the same form as the standard Einstein-Hilbert term,

SEH =

∫
d5x d27Y e R̂ =

∫
d5x d27Y e ea

µeb
νR̂µν

ab , (3.1.2)
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except that in the definition of the Riemann tensor all partial derivatives are replaced

by Aµ covariant derivatives and one adds an additional term to make it properly local

Lorentz invariant, R̂µν
ab ≡ Rµν

ab+Fµν
Meρ[a∂Meρ

b]. The second term is the ‘scalar-kinetic’

term defined by

Lsc =
1

24
e gµν DµMMN DνMMN . (3.1.3)

The third term is the kinetic term for the gauge-vectors, written in terms of the gauge

covariant curvature (1.5.11),

LVT ≡ −1

4
eFµν

MFµν N MMN . (3.1.4)

The fourth term is a Chern-Simons-type topological term, which is only gauge invariant

up to boundary terns. It is most conveniently defined by writing it as a manifestly gauge

invariant action in one higher dimension, where it reduces to a total derivative, reducing

it to the boundary integral in one dimension lower. Using form notation it reads

Stop =

∫
d5x d27Y Ltop

=

√
10

6

∫
d27Y

∫

M6

(
dMNK FM ∧ FN ∧ FK − 40 dMNKHM ∧ ∂NHK

)
,(3.1.5)

Under a general variation of A and B the topological Lagrangian varies as

δLtop =
1

8

√
10 εµνρστ

(
dMNK Fµν

MFρσ
NδAτ

K +
20

3
dMNK ∂NHµνρM ∆Bστ K

)
.

(3.1.6)

The final term in the action is the ‘scalar potential’ that involves only internal derivatives

∂M and reads

V = − 1

24
MMN∂MMKL ∂NMKL +

1

2
MMN∂MMKL∂LMNK

− 1

2
g−1∂Mg ∂NMMN − 1

4
MMNg−1∂Mg g

−1∂Ng −
1

4
MMN∂Mg

µν∂Ngµν .

(3.1.7)

Its form is uniquely determined by the internal generalised diffeomorphism invariance (up

to the relative coefficient between the last two terms in the second line that is universal

for all EFTs).

The field equations of the E6(6) EFT follow by varying (3.1.1) naively w.r.t. all fields.

For now we focus on the field equations for two-form only, because they will be significant

below. The 2-form BµνM does not enter with a kinetic term, but appears inside the Yang-

Mills-type kinetic term, c.f. the definition (1.5.11), and the topological term (3.1.5).

Therefore, its field equations are first order and read

dMNK∂K

(
eMNLFµνL +

1

6

√
10 εµνρστ HρστN

)
= 0 . (3.1.8)
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These equations take the same form as the standard duality relations in five dimensions

between vectors and two-forms. However, here they appear only under a differential

operator, which thus leads to different sets of duality relations for different solutions of

the section constraint.

In the action above (3.1.1), all terms are independently gauge invariant. Therefore,

they could appear in the action with arbitrary relative coefficients. It was shown in [33]

that all the coefficient are fixed by demanding invariance of the action under external

diffeomorphisms, generated by a parameter ξµ = ξµ(x, Y )

δξeµ
a = ξνDνeµ

a +Dµξ
νeν

a ,

δξMMN = ξµDµMMN ,

δξAµ
M = ξνFµν

M +MMNgµν∂Nξ
ν ,

∆ξBµνM =
1

2
√
10
ξρ eεµνρστ Fστ NMMN . (3.1.9)

They take the same form as standard diffeomorphisms generated by conventional Lie

derivatives, except that all partial derivatives are replaced by gauge covariant derivatives.

Moreover, in δAµ there is an additional M-dependent term and in ∆Bµν the naively

covariant form ξρHµνρ has been replaced according to the duality relation (3.1.8).

3.1.2 IIB solution of the section constraint

In [33], it was shown with extensive details that upon breaking E6(6) to GL(6), according

to,

GL(6) = SL(6)×GL(1) ∈ SL(6)× SL(2) ∈ E6(6) (3.1.10)

one recovers 11-dimensional supergravity in a 5+6 split formulation. In this chapter, we

will focus the GL(5)× SL(2) invariant solution of the section condition and we will show

that it is on-shell equivalent to type IIB supergravity after a 5+5 split. We consider the

following embedding into E6(6).

GL(5)× SL(2) ⊂ SL(6)× SL(2) ⊂ E6(6) . (3.1.11)

In this case, the fundamental and the adjoint representation of E6(6) break as

2̄7 → (5, 1)+4 + (5′, 2)+1 + (10, 1)−2 + (1, 2)−5 , (3.1.12)

78 → (5, 1)−6 + (10′, 2)−3 + (1 + 15 + 20)0 + (10, 2)+3 + (5′, 1)+6 , (3.1.13)

with the subscripts referring to the charges under GL(1) ⊂ GL(5). An explicit solution

to the section condition (1.5.1) is given by restricting the Y M dependence of all fields
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to the five coordinates in the (5, 1)+4. Explicitly, splitting the coordinates Y M and the

fundamental indices according to (3.1.12) into

{
Y M
}

→ { ym , ymα , ymn , yα } , (3.1.14)

with internal indices m,n = 1, . . . , 5 and SL(2) indices α = 1, 2, the non-vanishing

components of the d-symbol are given by

dMNK : dmnα,β =
1√
10
δmn εαβ , dmnkα,lβ =

1√
5
δmnkl εαβ , dmn,kl,p =

1√
40
εmnklp ,

dMNK : dm
nα,β =

1√
10
δnmε

αβ , dmn
kα,lβ =

1√
5
δklmn ε

αβ , dmn,kl,p =
1√
40
εmnklp ,(3.1.15)

and all those related by symmetry, dMNK = d(MNK) . In particular, the GL(1) grading

guarantees that all components dmnk vanish, such that the section condition (1.5.1)

indeed is solved by restricting the coordinate dependence of all fields according to

{∂mαA = 0 , ∂mnA = 0 , ∂αA = 0} ⇐⇒ A(xµ, Y M) −→ A(xµ, ym) .

(3.1.16)

3.1.3 Decomposition of EFT fields

In this subsection we analyse various objects of EFT, e.g., the generalised metric and the

gauge covariant curvatures, in terms of the component fields originating under the above

decomposition of E6(6), together with their gauge symmetries. This sets the stage for our

analysis in sec. 4, where we start from type IIB supergravity and perform the complete

Kaluza-Klein decomposition in order to match it to the fields and symmetries discussed

here. Thus, here we split tensor fields and indices according to (3.1.12)–(3.1.15), assuming

the explicit solution (3.1.16) of the section condition.

To begin, let us consider the p-form field content of the E6(6) EFT under the split

(3.1.12). This yields

Aµ
M : {Aµ

m,Aµmα,Aµkmn,Aµα} , Bµν M : {Bµνα,Bµν mn,Bµνmα,Bµν m} ,(3.1.17)

where we have defined Aµkmn ≡ 1
2
εkmnpqAµ

pq . However, the EFT Lagrangian actually

depends on the two-forms only under certain derivatives,

{
∂mBµνα , ∂[kB|µν|mn] , ∂mBµνmα

}
, (3.1.18)

introducing an additional redundancy in the two-form field content, which will be impor-

tant for the match with type IIB.

Let us now work out the general formulas of the E6(6)-covariant formulation with

(3.1.15) and imposing the explicit solution of the section condition (3.1.16) on all fields.
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We then obtain, by inserting (3.1.15) into (1.5.11), the following covariant field strengths

of the different vector fields in (3.1.17),

Fµν
m = 2∂[µAν]

m −Aµ
n∂nAν

m +Aν
n∂nAµ

m ,

Fµν mα = 2DKK

[µ Aν]mα + εαβ ∂mB̃µνβ ,

Fµν kmn = 2DKK

[µ Aν] kmn − 3
√
2 εαβA[µ [k|α|∂mAν]n]β + 3 ∂[kB̃|µν|mn] ,

Fµν α = 2DKK

[µ Aν]α − 2(∂kA[µ
k)Aν]α −

√
2A[µ

mn∂nAν]mα

−
√
2A[µ|mα|∂nAν]

mn − εαβ ∂kB̃µνkβ , (3.1.19)

with the redefined two-forms

B̃µνα ≡
√
10Bµνα − εαβ A[µ

nAν]nβ ,

B̃µν mn ≡
√
10Bµν mn +A[µ

kAν] kmn ,

B̃µνkα ≡
√
10Bµνkα + εαβ A[µ

kAν]β . (3.1.20)

Here all covariant derivatives are DKK
µ ≡ ∂µ − LAµ

, covariantized w.r.t. to the action of

the five-dimensional internal diffeomorphisms reviewed above. The corresponding vector

gauge transformations, obtained from (1.5.15), are given by

δAµ
m = DKK

µ Λm ,

δAµmα = DKK
µ Λmα + LΛAµmα − εαβ ∂mΞ̃µ

β ,

δAµkmn = DKK
µ Λkmn + LΛAµkmn − 3

√
2 εαβ ∂[kA|µ|m|α|Λn]β − 3 ∂[kΞ̃|µ|mn] ,(3.1.21)

with

Ξ̃µ
α ≡

√
10Ξµ

α − εαβ ΛnAµnβ , Ξ̃µmn ≡
√
10Ξµmn + ΛkAµkmn . (3.1.22)

For the vector fields Aµα we observe that its gauge variation contains the contribution

δAµα = · · ·+ εαβ ∂kΞ̃µ
kβ . (3.1.23)

This implies that it can entirely be gauged away by the tensor gauge symmetry associ-

ated with the two-forms Bµνkβ. Consequently, it will automatically disappear from the

Lagrangian upon integrating out ∂kBµνkβ. The remaining two-form field strengths in

turn come with gauge transformations

δB̃µνα = 2DKK

[µ Ξ̃ν]
α + LΛB̃µνα − εαβ ΛnβFµν

n + Õµν
α ,

δB̃µν mn = 2DKK
µ

(
Ξ̃ν mn +

1√
2
εαβ Aν mα Λnβ

)
+
√
2 ∂mAµnα Ξ̃ν

α

+ LΛB̃µν mn −
1√
2
Λ[m|α| ∂n]B̃µνα + Λmnk Fµν

k

+
1√
2
εαβ Fµν mα Λnβ + Õµνmn , (3.1.24)
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where

Õµν
α ≡

√
10Oµν

α , (3.1.25)

Õµν mn ≡
√
10Oµν mn + ∂m

(
2Λk B̃µν nk +

√
2Aµnα Ξν

α +
√
2 εαβ AµnαAν kβ

)
.

Finally, the associated three-form field strengths are obtained from (1.5.17) and read

H̃µνρ
α ≡

√
10Hµνρ

α = 3DKK

[µ B̃νρ]α + 3 εαβ F[µν
nAρ]nβ , (3.1.26)

H̃µνρmn ≡
√
10Hµνρmn

= 3DKK
µ B̃νρmn − 3Fµν

kAρ kmn − 3
√
2 εαβ AµmαDνAρnβ + 3

√
2Aµmα∂nB̃νρα .

More precisely, this holds up to terms that are projected out from the Lagrangian under

y-derivatives. The expressions on the r.h.s. in (3.1.24)–(3.1.26) are understood to be

projected onto the corresponding antisymmetrizations in their parameters, i.e. [mn],

[µν], [µνρ], etc.

It is also instructive to give the component form of the Bianchi identities originating

from (1.5.17). We obtain the components

4DKK

[µ H̃νρσ]
α = 6 εαβ F[µν

nFρσ]nβ . (3.1.27)

After a straightforward but somewhat tedious computation one finds

4DKK

[µ H̃νρσ]mn + 4
√
2Aµmα∂nH̃νρσ

α = −6F[µν
kFρσ] kmn − 3

√
2 εαβ F[µν |mα|Fρσ]nβ

+ 3
√
2 ∂m

(
εαβ B̃µνα∂nB̃ρσβ

)
− 12 ∂m

(
Fµν

kB̃ρσ kn
)

− 6
√
2 ∂m

(
Aµnαε

αβFνρ
kAσ kβ

)
. (3.1.28)

Again, the indices m,n and µ, ν, ρ, σ in here are totally antisymmetrized, which we did

not indicate explicitly in order not to clutter the notation.

Let us now move to the scalar field content of the theory. In the EFT formulation,

they parametrize the symmetric matrix MMN . We now need to choose a parametrization

of this matrix in accordance with the decomposition (3.1.13). In standard fashion [76],

we build the matrix as MMN = (VVT )MN from a ‘vielbein’ V ∈ E6(6) in triangular gauge

V ≡ exp
[
εklmnp cklmn t(+6) p

]
exp

[
bmn

α t(+3)
mn
α

]
V5 V2 exp

[
Φ t(0)

]
. (3.1.29)

Here, t(0) is the E6(6) generator associated to the GL(1) grading of (3.1.13), V2, V5 denote

matrices in the SL(2) and SL(5) subgroup, respectively, parametrized by vielbeins ν2,

ν5. The t(+n) refer to the E6(6) generators of positive grading in (3.1.13), with non-trivial

commutator

[
t(+3)

kl
α , t(+3)

mn
β

]
= εαβ ε

klmnp t(+6) p . (3.1.30)

48



All generators are evaluated in the fundamental 27 representation (3.1.12), such that the

symmetric matrix MMN takes the block form

MKM =




Mkm Mk
mβ Mk,mn Mk

β

Mkα
m Mkα,mβ Mkα

mn Mkα,β

Mkl,m Mkl
mβ Mkl,mn Mkl

β

Mα
m Mα,mβ Mα

mn Mαβ


 . (3.1.31)

Explicit evaluation of (3.1.29) determines the various blocks in (4.5.3). For instance,

Mmn,kl = e2Φ/3mm[kml]n + 2e5Φ/3 bmn
αbkl

βmαβ , (3.1.32)

while the components in the last line are given by1

Mαβ = e5Φ/3mαβ , Mα
mn =

√
2 e5Φ/3mαβεβγ bmn

γ ,

Mα,mβ =
1

2
e5Φ/3mαγεγδ ε

mklpq bkl
βbpq

δ − 1

24
e5Φ/3mαβ εmklpq cklpq ,

Mα
m =

2

3
e5Φ/3mβγ ε

kpqrs

(
bmk

[αbpq
β]brs

γ +
1

8
εαβ bmk

γ cpqrs

)
, (3.1.33)

with the symmetric matrix mαβ = (ν2)
α
u(ν2)

β u built from the SL(2) vielbein from

(3.1.29). We will also need the following combinations of the matrix entries of MMN

(that emerge after integrating out some of the fields),

M̃MN ≡ MMN −MM
α(Mαβ)−1MN

β , (3.1.34)

for which we find

M̃mn,kl = e2Φ/3mm[kml]n ,

M̃mn
kα =

1√
2
e2Φ/3 εmnpqrm

kpmqumrvbuv
α ,

M̃mn,k = − 1

6
√
2
e2Φ/3 εuvpqrmmumnv

(
ckpqr − 6εαβ bkp

αbqr
β
)
,

M̃mα,nβ = e−Φ/3mmnmαβ + 2 e2Φ/3 mkp
(
mmnmlq − 2mmlmnq

)
bkl

αbpq
β ,(3.1.35)

etc., with mmn = (ν5)m
a(ν5)n

a.

Next, we can work out the covariant derivatives of the various ‘scalar components’ of

the generalised metric. Using (3.1.15) we find for the covariant derivatives of the matrix

parameters in (4.5.3)

DµΦ = DKK
µ Φ + 4

5
∂kAµ

k ,

Dµmmn = DKK
µ mmn +

2
5
∂kAµ

kmmn ,

Dµbmn
α = DKK

µ bmn
α − εαβ∂[mAn]β µ ,

Dµcklmn = DKK
µ cklmn + 4

√
2 ∂[kAlmn]µ + 12 b[kl

α ∂mAn]αµ , (3.1.36)

1 The explicit expressions (3.1.33) and (3.1.35) for the matrix components of MMN and M̃MN correct

some typos in equations (5.22) and (5.24), respectively, in the published version of [33].
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where we recall that DKK
µ denotes the covariant derivatives w.r.t. Aµ

m (that below will

be identified with the Kaluza-Klein vector Aµ
m) without the density terms, which here

have been indicated explicitly, thereby defining the weight of all fields. The form of these

covariant derivatives implies in particular that we have the following gauge symmetries

on these fields,

δΦ = LΛΦ− 4
5
∂kΛ

k ,

δmmn = LΛmmn − 2
5
∂kΛ

kmmn ,

δbmn
α = LΛbmn

α + εαβ∂[mΛn]β ,

δcklmn = LΛcklmn − 4
√
2 ∂[kΛlmn] − 12 b[kl

α ∂mΛn]α . (3.1.37)

We close this section by giving some relevant formulas for the decompositions of

various terms in the action upon putting the solution of the section constraint. The

scalar kinetic term (3.1.3) yields

1

24
DµMMND

µMMN = −5

6
DµΦDµΦ +

1

4
DµmαβDµmαβ +

1

4
DµmmnDµmmn

− eΦ Dµbmn
αDµbkl

βmmkmnlmαβ

− 1

48
e2Φ D̂µcklmnD̂µcpqrsm

kpmlqmmrmns , (3.1.38)

where we defined

D̂µcklmn ≡ Dµcklmn + 12εαβ bkl
αDµbmn

β . (3.1.39)

The ‘scalar potential’ (3.1.7) takes the form

V = 3 e7Φ/3 ∂[kbmn]
α∂lbpq

βmklmmpmnqmαβ

+
5

48
e10Φ/3XklmnpXqrstum

kqmlrmmsmntmpu + VΦ(∂kΦ, ∂kmmn) , (3.1.40)

where the last term combines all contributions with the internal derivative acting on Φ

and mmn, and

Xklmnp ≡ ∂[kclmnp] + 12 εαβ b[kl
α∂mbnp]

β . (3.1.41)
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Finally, we give the topological term (3.1.5) in this parametrization,

Ltop =
1

8
εµνρστεklmnp

(√2

6
εαβ Fµν mαFρσ nβ Aτ pkl +

1

6
FµνmnqFρσ

q Aτ klp

−
√
2

2
εαβ Aµmα∂nAν pβFρσ

q Aτ klq +
1

2
∂pB̃µν mnFρσ

q Aτ klq

+
√
2 εαβ AµmαDνAρnβ ∂pB̃στ kl −

√
2Aµmα∂nB̃νρ

α ∂pB̃στ kl

+
2

3
εαβ Aµmα∂nAν kβAρ lγ∂pB̃στ

γ − εαβ εγδAµmα∂nAν kβAρ lγDσAτ pδ

+

√
2

9
∂mH̃µνρ

αAσ nαAτ klp −DµB̃νρmn∂pB̃στ kl −
2

3
εαβ H̃µνρ

β∂kB̃στ
kα

+O(Aµα)
)
. (3.1.42)

3.1.4 External diffeomorphisms

Let us finally turn to the action of the external diffeomorphisms (3.1.9) under the type IIB

decomposition. On scalar-densities such as eµ
a and ξµ the gauge-covariant derivative of

EFT simply reduces to the Kaluza-Klein covariant derivative w.r.t. Aµ
m. Therefore, the

external diffeomorphisms acts on the vielbein eµ
a as in (3.1.9), with the EFT covariant

derivatives replaced by Kaluza-Klein covariant derivatives. For the internal generalised

metric MMN the external diffeomorphism transformations on the various components

in (4.5.3) are read off from (3.1.9), with the EFT covariant derivatives written out in

(3.1.36).

Next, we consider the external diffeomorphism transformations of the vector fields,

which are more subtle due to the presence of the term involving the inverse of the gen-

eralised metric M. From (3.1.33) we determine the relevant components of the matrix

MMN ,

Mm,n = e4Φ/3mmn ,

Mmα,
n = 2 e4Φ/3 εαβm

nkbkm
β ,

Mmn,k = −
√
2

12
e4Φ/3 εmnpqrmks

(
cpqrs − 6 εαβ bpq

αbrs
β
)
. (3.1.43)

This in turn determines the following gauge variations of the vector field components in

(3.1.17),

δξAµ
m = ξνFνµ

m +Mm,ngµν∂nξ
ν ,

δξAµmα = ξνFνµmα +Mmα,
ngµν∂nξ

ν ,

δξAµmnk = 1
2
ǫmnkpqξ

νFνµ
pq + 1

2
ǫmnkpqMpq,n∂nξ

ν ,

(3.1.44)
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with the field strengths given in (3.1.19). This closes the type IIB decomposition of the

EFT field content. We now move to type IIB supergravity side, where we will perform

the appropriate field redefinitions to be able to establish the dictionary between the two

theories.

3.2 Type IIB supergravity and its Kaluza-Klein de-

composition

In this section, we review ten-dimensional IIB supergravity and bring it into a convenient

form that allows for the translation of its field content into the various components of

the EFT fields identified above.

3.2.1 Type IIB supergravity

Denoting ten-dimensional curved indices by µ̂, ν̂, . . ., the type IIB field content is given

by

Eµ̂
â , mαβ , Ĉµ̂ν̂

α , Ĉµ̂ν̂ρ̂σ̂ , α, β = 1, 2 , (3.2.1)

i.e., the zehnbein, the two SL(2)/SO(2) coset scalars parametrizing the symmetric SL(2)

matrix mαβ, a doublet of 2-forms and a 4-form. The 2-forms combine RR 2-form and

the NS B-field, with the abelian field strengths given by

F̂µ̂ν̂ρ̂
α = 3 ∂[µ̂Ĉν̂ρ̂]

α . (3.2.2)

The Chern-Simons (CS)-modified curvature of the 4-form is given in components by

F̂µ̂1...µ̂5 ≡ 5 ∂[µ̂1Ĉµ̂2...µ̂5] −
5

4
εαβ Ĉ[µ̂1µ̂2

αF̂µ̂3µ̂4µ̂5]
β , (3.2.3)

such that they satisfy the Bianchi identities

6 ∂[µ̂1F̂µ̂2µ̂3µ̂4µ̂5µ̂6] = −5

2
εαβF̂[µ̂1µ̂2µ̂3

αF̂µ̂4µ̂5µ̂6]
β , (3.2.4)

and transform as

δĈµ̂ν̂
α = 2 ∂[µ̂λ̂ν̂]

α ,

δĈµ̂ν̂ρ̂σ̂ = 4 ∂[µ̂λ̂ν̂ρ̂σ̂] +
1

2
εαβλ̂[µ̂

αF̂ν̂ρ̂σ̂]
β ,

(3.2.5)

under tensor gauge transformations. The IIB field equations have been constructed

in [77, 78, 79]. They can be described by a pseudo-action which in our conventions is
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given by

S =

∫
d10x

√
|G|

(
R̂ +

1

4
∂µ̂mαβ∂

µ̂mαβ − 1

12
F̂µ̂1µ̂2µ̂3

αF̂ µ̂1µ̂2µ̂3βmαβ

− 1

30
F̂µ̂1µ̂2µ̂3µ̂4µ̂5F̂

µ̂1µ̂2µ̂3µ̂4µ̂5
)

− 1

864

∫
d10x̂ εαβ ε

µ̂1...µ̂10Cµ̂1µ̂2µ̂3µ̂4F̂µ̂6µ̂7µ̂8
αF̂µ̂8µ̂9µ̂10

β ,

(3.2.6)

and which after variation of the fields has to be supplemented with the standard self-

duality equations for the 5-form field strength

F̂µ̂ν̂ρ̂σ̂τ̂ =
1

5!

√
|G| εµ̂ν̂ρ̂σ̂τ̂ µ̂1µ̂2µ̂3µ̂4µ̂5 F̂ µ̂1µ̂2µ̂3µ̂4µ̂5 , (3.2.7)

with |G| ≡ |detGµ̂ν̂ | = |detEµ̂â|2. It is straightforward to verify that the integrability

conditions of the self-duality equations together with the Bianchi identities (3.2.4) coin-

cide with the second-order field equations obtained by variation of (3.2.6). Our SL(2)

conventions can be translated into the SU(1, 1)/U(1) conventions of [78], by combining

the real components of the doublet F̂µ̂ν̂ρ̂
α into a complex F

Fµ̂ν̂ρ̂ ≡ F̂µ̂ν̂ρ̂
1 + i F̂µ̂ν̂ρ̂

2 , (3.2.8)

and parametrizing the symmetric SL(2) matrix mαβ in terms of a complex scalar B as

mαβ ≡ (1− BB∗)−1

(
(1− B)(1− B∗) i(B − B∗)

i(B − B∗) (1 +B)(1 +B∗)

)
. (3.2.9)

In terms of the complex combinations

Gµ̂ν̂ρ̂ ≡ f(Fµ̂ν̂ρ̂ − BF ∗
µ̂ν̂ρ̂) , Pµ̂ ≡ f 2∂µ̂B , with f = (1− BB∗)−1/2 , (3.2.10)

charged under the U(1) ⊂ SU(1, 1), the kinetic terms of (3.2.6) translate into those of

[78] with

mαβF̂µ̂ν̂ρ̂
αF̂ µ̂ν̂ρ̂ β = G∗

µ̂ν̂ρ̂G
µ̂ν̂ρ̂ ,

1

4
∂µ̂mαβ∂

µ̂mαβ = −2P ∗
µ̂P

µ̂ . (3.2.11)

In the following, we will perform the standard 5+5 Kaluza-Klein redefinitions of the IIB

fields but keeping the dependence on all ten coordinates.

3.2.2 Kaluza-Klein decomposition and field redefinitions

We now split the the coordinates according to a 5 + 5 Kaluza-Klein decomposition into

xµ̂ = (xµ, ym) , (3.2.12)
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and similarly for the flat indices â = (a, α) . The µ and a indices range from 0, . . . , 4 and

respectively represent the curved and flat indices of what we will refer to as the external

space. Similarly, the indices m and α range from 1, . . . , 5 and are associated with the

internal space. After partial fixation of the Lorentz gauge symmetry, the vielbein may

be brought into triangular form

Eµ̂
â =

(
φ−1/3 eµ

a Aµ
mφm

α

0 φm
α

)
, (3.2.13)

parametrized in terms of two 5 by 5 matrices eµ
a and φm

α with φ ≡ det(φm
α), and the

Kaluza-Klein vectors Aµ
m. We stress again that all fields depend on all ten coordinates,

such that we are still describing the full IIB theory. We next perform an analogous

decomposition of the remaining gauge symmetries, i.e., of the ten-dimensional diffeomor-

phisms xµ̂ → xµ̂ − ξµ̂ and local Lorentz transformations parametrized by λâb̂, acting on

the vielbein as

δEµ̂
â = ξν̂∂ν̂Eµ̂

â + ∂µ̂ξ
ν̂Eν̂

â + λâb̂Eµ̂
b̂ . (3.2.14)

Specifically, we decompose the diffeomorphism parameter as

ξµ̂ = (ξµ , Λm) , (3.2.15)

and refer to the diffeomorphisms generated by ξµ as ‘external’ and those generated by

Λm as ‘internal’. Inserting (3.2.13) into (3.2.14) we read off the following action of the

internal diffeomorphisms,

δΛeµ
a = Λm∂meµ

a +
1

3
∂mΛ

m eµ
a ,

δΛφm
α = Λn∂nφm

α + ∂mΛ
n φn

α ,

δΛAµ
m = ∂µΛ

m − Aµ
n∂nΛ

m + Λn∂nAµ
m .

(3.2.16)

We will also use the notation LΛ for the conventional Lie derivative of the purely inter-

nal space, acting in the standard fashion on tensors (of weight zero). Thus, the above

transformations read

δΛeµ
a = LΛeµ

a +
1

3
∂mΛ

m eµ
a , δΛφm

α = LΛφm
α ,

δΛAµ
m = ∂µΛ

m − LAµ
Λm ≡ ∂µΛ

m + LΛAµ
m .

(3.2.17)

Note that here we employ the convention in which the density term is not part of the

Lie derivative. Analogously to the discussion in EFT, we can define derivatives and

non-abelian field strengths that are covariant under these transformations,

DKK
µ ≡ ∂µ − LAµ

− λ ∂mAµ
m , Fµν ≡ 2 ∂[µAν] − [Aµ, Aν ] , (3.2.18)

where λ is the density weight, e.g., λ = 1
3

for the external vielbein, and [ , ] the conven-

tional Lie bracket. Sometimes we will use the notation DKK
µ = ∂µ − LAµ

for the part of
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the covariant derivative without the density term.2 Specifically, for (3.2.16) we have

DKK
µ eν

a = ∂µeν
a − Aµ

m∂meν
a − 1

3
∂nAµ

n eν
a ,

DKK
µ φm

α = ∂µφm
α − Aµ

n∂nφm
α − ∂mAµ

nφn
α ,

Fµν
m = ∂µAν

m − ∂νAµ
m − Aµ

n∂nAν
m + Aν

n∂nAµ
m .

(3.2.19)

Let us now turn to the external diffeomorphisms. These are obtained from (3.2.14)

by inserting (3.2.13), switching on only the ξµ component, and adding the compensating

Lorentz transformation with parameter λaβ = −φγφβm∂mξν eνa, which is necessary in

order to preserve the gauge choice in (3.2.13). For instance, on the Kaluza-Klein vectors

this yields

δξAµ
m = ξν∂νAµ

m + ∂µξ
νAν

m − Aµ
n∂nξ

νAν
m + φ− 2

3Gmngµν∂nξ
ν , (3.2.20)

where Gmn ≡ φα
mφαn. This gauge transformation can more conveniently be written

in the form of ‘improved’ or ‘covariant’ diffeomorphisms by adding an internal diffeo-

morphism (3.2.16) with field-dependent parameter Λm = −ξνAνm. The gauge-field-

dependent terms then organize into the covariant field strength in (3.2.19),

δξAµ
m = ξνFνµ

m + φ− 2
3Gmngµν∂nξ

ν . (3.2.21)

We infer that this is of the same structural form as the external diffeomorphism transfor-

mation of the EFT gauge vector in (3.1.9), and we may already verify that they can be

matched precisely upon picking the type IIB solution of the section constraint. Indeed,

the external diffeomorphism variation of the EFT vector field is

δξAµ
m = ξνFνµ

m + e4Φ/3mmngµν∂nξ
ν , (3.2.22)

where we have used (3.1.43) in (3.1.9) . We see the field strength components Fµν
m

reduce to the Kaluza-Klein components Fµν
m, see (3.1.19) and (3.2.19), and the metric-

dependent terms coincide upon identifying

e4Φ/3mmn = φ−2/3Gmn , (3.2.23)

which relates the matrix mmn ∈ SL(5) and the scale factor Φ to the metric Gmn with

dynamical determinant φ2. (This relation can be fixed, for instance, by noting with

(3.1.37) that both sides transform in the same way under internal diffeomorphisms.)

The precise match for the remaining vector field components will be the subject of the

following section.

2We emphasize that this is introduced for purely notational convenience. In general, acting with D
KK

µ

is not a covariant operation.
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Similarly, these improved external diffeomorphisms act on the internal and external

vielbein as

δξeµ
a = ξνDKK

ν eµ
a +DKK

µ ξν eν
a ,

δξφm
α = ξνDKK

ν φm
α ,

(3.2.24)

again in structural agreement with the corresponding transformations (3.1.9) in EFT.

We now move on to the Kaluza-Klein decomposition of the p-forms. We introduce in

standard Kaluza-Klein manner the projector Pµ
ν̂ = Eµ

aEa
ν̂ . It converts 10-dimensional

curved indices into 5-dimensional ones such that the resulting fields transform covariantly

(i.e. according to the structure of their internal indices) under internal diffeomorphisms.

We denote its action by a bar on the corresponding p-form components,

Cµ ≡ Pµ
ν̂ Ĉν̂ , etc. , (3.2.25)

such that the IIB two- and four-form give rise to the components

Cmn
α = Ĉmn

α ,

Cµm
α = Ĉµm

α − Aµ
pĈpm

α ,

Cµν
α = Ĉµν

α − 2A[µ
pĈ|p|ν]

α + Aµ
pAν

qĈpq
α ,

Cmnkl = Ĉmnkl ,

Cµnkl = Ĉµnkl − Aµ
pĈpnkl ,

Cµν kl = Ĉµνkl − 2A[µ
pĈ|p|ν]kl + Aµ

pAν
qĈpqkl ,

Cµνρ l = Ĉµνρ l − 3A[µ
pĈ|p|νρ] l + 3A[µ

pAν
qĈ|pq|ρ] l − Aµ

pAν
qAρ

rĈpqrl ,

Cµνρσ = Ĉµνρσ − 4A[µ
pĈ|p|νρσ] + 6A[µ

pAν
qĈ|pq|ρσ] − 4A[µ

pAν
qAρ

rĈ|pqr|σ]

+ Aµ
pAν

qAρ
rAσ

sĈpqrs .

(3.2.26)

The same redefinition applies to field strengths and gauge parameters. The redefined

fields now transform covariantly under internal diffeomorphisms. Indeed, separating ten-

dimensional diffeomorphisms into ξµ̂ = (ξµ,Λm), we find together with (3.2.5)

δCmn
α = 2∂[mλn]

α + LΛCmn
α ,

δCµm
α = DKK

µ λm
α − ∂mλµ

α + LΛCµm
α ,

δCµν
α = 2DKK

[µ λν]
α + Fµν

kλk
α + LΛCµν

α ,

(3.2.27)

for the transformation behaviour of the redefined 2-forms under gauge transformations

and internal diffeomorphisms. As in the previous section, derivatives DKK
µ are covari-

antized w.r.t. the action of internal diffeomorphisms, i.e.

DKK
µ λm

α ≡ ∂µλm
α − Aµ

n∂nλm
α − ∂mAµ

nλn
α , etc. . (3.2.28)
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In contrast to D = 11 supergravity for which these redefinitions and covariant gauge

transformations have been explicitly worked out in [33], the presence of Chern-Simons

terms in the IIB field strengths (3.2.3) requires a further redefinition for the components

of the 4-form in order to establish the dictionary to the fields of EFT. This is related to

the fact that tensor gauge transformations for the EFT p-forms that we have discussed

in the previous section do not mix these forms with the scalar fields of the theory. This

motivates the following and final field redefinition3

Cklmn ≡ Cklmn ,

Cµkmn ≡ Cµkmn −
3

8
εαβCµ [k

αCmn]
β ,

Cµν mn ≡ Cµν mn −
1

8
εαβCµν

αCmn
β ,

Cµνρm ≡ Cµνρm − 3

8
εαβC [µν

αCρ]m
β ,

Cµνρσ ≡ Cµνρσ .

(3.2.29)

For the components of the two-form Cµν
α, etc., there is no further redefinition, so for

simplicity of the notation, we will simply drop their bars in the following

Cmn
α ≡ Cmn

α , Cµm
α ≡ Cµm

α , Cµν
α ≡ Cµν

α . (3.2.30)

Although we have not seen the 3-form and the 4-form in the tensor hierarchy of the

E6(6) EFT, we will show later that it is possible to test their expressions by comparing

the reduced D = 10 self duality equations (3.2.7) to the first order duality equations

(3.1.8) from EFT. The redefined 4-forms (3.2.29) continue to transform covariantly under

internal diffeomorphisms with their total gauge transformations given by

δCmnkl = 4∂[mλnkl] +
3

2
ǫαβ∂[mλnCkl]

β + LΛCmnkl ,

δCµkmn = DKK
µ λkmn − 3∂[kλ|µ|mn] + LΛCµkmn

+
3

4
εαβ
(
λ[k

α∂mC|µ|n]
β − ∂[mλk

αC|µ|n]
β
)
,

δCµν mn = 2DKK

[µ λν]mn + 2∂[mλn]µν + Fµν
kλkmn + LΛCµνmn

+
1

4
εαβ
(
−2∂[mC|µ|n]

αλν
β + Fµν [m

αλn]
β − λ[m

α∂n]Cµν
β
)
.

(3.2.31)

We see that after the redefinitions (3.2.29), the variation of δCµkmn and δCµν mn no longer

carry any scalar fields Cmn
α and are thus of the form to be matched with the fields and

3 Similar redefinitions have been discussed in [80] in order to recover part of the E6(6) tensor hierarchy

structure from the IIB supersymmetry variations.
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transformations of EFT. The field strengths appearing on the r.h.s. of (3.2.31) are the

Kaluza-Klein field strength (3.2.18) and the modified three-form field strength

Fµν n
α ≡ F µν n

α − Fµν
kCkn

α ,

= 2D[µCν]m
α + ∂mCµν

α , (3.2.32)

again redefined such that the scalar contribution is split off. For completeness we also

give the remaining components of the three-form field strength

Fkmn
α ≡ F kmn

α = 3∂[kCmn]
α ,

Fµmn
α ≡ F µmn

α = DKK
µ Cmn

α − 2∂[mC|µ|n]
α ,

Fµνρ
α ≡ F µνρ

α = 3DKK

[µ Cνρ]
α − 3F[µν

kCρ]k
α ,

(3.2.33)

as well as the properly redefined components of the five-form field strength, expressed in

terms of the components (3.2.29) according to

Fmpqrs ≡ Fmpqrs = 5 ∂[mCpqrs] −
5

4
εαβ C[mp

αF qrs]
β ,

Fµpqrs ≡ F µpqrs

= DKK
µ Cpqrs − 4∂[pC|µ|qrs] −

3

4
εαβC[pq

αF|µ|rs]
β +

3

2
εαβC[pq

α∂rC|µ|s]
β ,

Fµνkmn ≡ F µνkmn −
3

4
εαβFµν[k

αCmn]
β − Fµν

p(Cpkmn −
3

8
εαβC[km

αC|p|n]
β)

= 2DKK

[µ Cν]kmn + 3∂[kC|µν|mn] −
3

2
εαβCµ[k

α∂mC|ν|n]
β ,

Fµνρmn ≡ F µνρmn −
1

4
εαβF µνρ

αCmn
β

= 3DKK

[µ Cνρ]mn − 2∂[mC|µνρ|n] − 3F[µν
kCρ]kmn

− 3

2
εαβ(∂[mC[µν

αCρ]n]
β + C[µ|m|

αDνCρ]n
β) ,

Fµνρσm ≡ F µνρσm

= 4DKK

[µ Cνρσ]m + ∂mCµνρσ + 6F[µν
pCρσ]pm

+
3

2
εαβF[µν

kCρ|m|
αCσ]k

β − 3

4
εαβC[µν

α∂|m|Cρσ]
β + εαβ Cµm

αFνρσ
β ,

Fµνρστ ≡ F µνρστ = 5DKK

[µ Cνρστ ] − 10F[µν
mCρστ ]m − 15

4
εαβC[µν

αDKK
ρ Cστ ]

β .(3.2.34)

3.2.3 External diffeomorphisms

In the previous subsection we have decomposed the IIB fields according to a 5+5 Kaluza-

Klein split (without giving up the dependency on the 5 internal coordinates) and spelled
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out their transformations under internal diffeomorphisms and tensor gauge transforma-

tions after suitable redefinitions of the various components. Before fully establishing the

dictionary of the fields in the EFT basis, we will now compute the behaviour of the

redefined IIB fields under external diffeomorphisms ξµ, whose parameter may in general

also depend on all 10 coordinates.

Above, we have already discussed the transformation of the KK vector fields under

external diffeomorphisms

δcovξ Aµ
m = ξνFνµ

m + φ− 2
3Gmngµν∂nξ

ν , (3.2.35)

c.f. (3.2.21), which is in agreement with the EFT gauge vector transformations reduced to

this component. Let us now test the remaining vector components from the IIB p-forms.

For Cµm
α, as redefined in (3.2.26), a straightforward calculation gives

δξCµm
α = LξCµmα − φ− 2

3GnkCnm
αgµν∂kξ

ν

+ ∂mξ
νAν

nCµn
α − Aµ

n∂nξ
νCνm

α + ∂mξ
νCµν

α , (3.2.36)

under external diffeomorphisms. The origin of the second term is the corresponding

variation of the Kaluza-Klein vector (3.2.35) which enters the redefined fields in (3.2.26).

As for the Kaluza-Klein vector field, it follows that the last three terms are eliminated

by field dependent gauge transformations with parameters (parameter redefinition)

Λm = −ξνAνm , λm
α = −ξνCνmα , λµ

α = −ξνCνµα , (3.2.37)

which render the action of the diffeomorphism manifestly gauge covariant. Together, the

variation takes the form

δcovξ Cµm
α = ξνFνµm

α − φ− 2
3GnkCnm

αgµν∂kξ
ν . (3.2.38)

Note in particular that the field strength entering this formula is the one defined in

(3.2.32) which does not carry any scalar contributions. This is the form of the variation

that we will be able to match with the corresponding variation for the fields in the EFT

basis.

Next let us consider the variation of the 4-form component Cµmnk. After standard

Kaluza-Klein redefinition (3.2.26), some straightforward calculation yields

δξCµmnk = ξν
(
2DKK

[ν Cµ]mnk + 3∂[mC |νµ|nk]
)
+ LξνAν

Cµmnk

+DKK
µ (ξνCνmnk)− 3 ∂[m(ξ

νC |νµ|nk]) + φ− 2
3GlpCmnkl gµν∂pξ

ν ,(3.2.39)

for the variation under external diffeomorphisms in terms of the redefined fields. In the

first term we recognize the covariant field strength Fνµmnk from (3.2.34) up to its bilinear

contributions. These will be completed once we consider the variation of the redefined

four form

δξCµmnk = δξCµmnk −
3

8
εαβδξCµ[m

αCnk]
β − 3

8
εαβCµ[m

αδξCnk]
β , (3.2.40)
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with the second term obtained via (3.2.38), and the third term carrying

δξCmn
α = ξνFνmn

α + 2∂[m(ξ
νC|ν|n]

α) + LξνAν
Cmn

α . (3.2.41)

Combining all these contributions and supplementing the variation by the gauge trans-

formations with parameters (3.2.37), we arrive at the final form

δcovξ Cµmnk = ξν Fνµmnk + φ− 2
3Glp

(
Cmnkl +

3

8
εαβCl[m

αCnk]
β

)
gµν∂pξ

ν .(3.2.42)

In the next section, we will provide the complete dictionary between the Kaluza-Klein

redefined fields of type IIB supergravity and the fundamental fields in the E6(6) EFT. In

particular, matching the EFT equations against the IIB self-duality equations (3.2.7), we

will explicitly reconstruct the remaining 4-form components Cµνρm, Cµνρσ .

3.3 General embedding of type IIB into E6(6) EFT and

self-duality relations

In this section, we provide an explicit dictionary between the Kaluza-Klein redefined

fields of type IIB supergravity and those of the E6(6) exceptional field theory after picking

solution (3.1.16) of the section constraint. We first show that the fundamental EFT fields

can be identified among the redefined IIB fields on a pure kinematical level by comparing

the transformation behaviour under diffeomorphisms and gauge transformations. We

then show that the equivalence also holds on the dynamical level by reproducing the

IIB self-duality equations (3.2.7) from the EFT field equations. In particular, this will

allow us to obtain explicit expressions for the remaining 4-form components Cµνρm, Cµνρσ
which do not show up among the fundamental EFT fields, but whose existence follows

from the EFT dynamics.

3.3.1 Kinematics

Before identifying the details of the IIB embedding, let us first revisit the resulting field

content of EFT after picking solution (3.1.16) of the section constraint. With the split

(3.1.12), (3.1.13), the full p-form field content of the E6(6) Lagrangian in this basis is

given by (3.1.17)

{Aµ
m,Aµmα,Aµkmn,Aµα} , {Bµνα,Bµν mn,Bµνmα} , (3.3.1)

where, more precisely, the Lagrangian depends on the 2-forms only under certain con-

tractions with internal derivatives, c.f. (3.1.18). The EFT scalar sector is described by

the fields parametrizing the E6(6) generalised metric MMN (4.5.3)

{Φ,mmn,mαβ, bmn
α, cklmn} . (3.3.2)
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Comparing the index structure of these fields to the field content of the Kaluza-Klein

decomposition of IIB supergravity given in the previous section allows to give a first

qualitative correspondence between the two formulations. With the discussion of the

previous section in mind, it appears natural to relate the field Aµ
m to the IIB Kaluza-

Klein vector field Aµ
m, and the scalars Φ, mmn, to the remaining components of the

internal IIB metric (3.2.13).

According to their index structure, the fields {bmnα,Aµmα,Bµνα} from (3.3.1), (3.3.2)

will relate to the different components of the SL(2) doublet of ten-dimensional two-forms.

Similarly the fields cklmn,Aµkmn,Bµν mn will translate into the components of the (self-

dual) IIB four-form. The remaining fields Aµα,Bµνmα descend from components of the

doublet of dual six-forms. The two-form tensors Bµν m that complete the two-forms in

(3.3.1) into the full 27 Bµν M of E6(6) do not figure in the E6(6) covariant Lagrangian.

They represent the degrees of freedom on-shell dual to the Kaluza-Klein vector fields, i.e.

descending from the ten-dimensional dual graviton.

Recall that in the EFT formulation, all vector fields in (3.3.1) appear with a Yang-

Mills kinetic term whereas the two-forms couple via a topological term and are on-shell

dual to the vector fields. In order to match the structure of IIB supergravity, we will thus

have to trade the Yang-Mills vector fields Aµα for a propagating two-form Bµνα. Let us

make this more explicit. The α-component of the EFT duality equations (3.1.8) yields

eMαβ Fµν
β = −1

6
εµνρστ H̃ρστ

α − eMα
M Fµν M , (3.3.3)

where we have introduced the index split

{XM} −→ {XM , Xα} . (3.3.4)

With the two-form fields B̃µνkβ entering Fµν β on the l.h.s. of (3.3.3), this duality equation

then allows to eliminate all B̃µνkβ from the Lagrangian. The gauge symmetry (3.1.23)

shows that in the process, the vector fields Aµα also disappear from the Lagrangian.4

We infer from (3.3.3) that the kinetic term for the remaining vector fields changes into

the form

e−1 Lkin,1 = −1

4
Fµν

MFµνNM̃MN , (3.3.6)

with M̃MN from (3.1.34). At the same time, the two-forms B̃µν
α are promoted into

propagating fields with kinetic term

e−1 Lkin,2 = − 1

12
e−5Φ/3mαβ H̃µνρ

αH̃µνρ β . (3.3.7)

4 Strictly speaking, equation (3.3.3) only holds up to an x-dependent ‘integration constant’ Cµν α(x),

since it enters under y-derivative. To fix this freedom, we have to combine the equation with the vector

field equations,

Dν

(
eMα

M FνµM
)

=
1

4
εµνρστ εαβ Fνρ

kFστ kβ , (3.3.5)

and the Bianchi identity (3.1.27), leaving us with DµCµν α = 0 . In the following we will directly set

Cµν α = 0.
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After this dualization, the remaining field content thus is given by

{Φ,mmn, bmn
α, cklmn,Aµ

m,Aµmα,Aµkmn,Bµνα,Bµν mn} , (3.3.8)

with all except for the last field representing propagating degrees of freedom. In contrast,

the two-form Bµν mn is related by a first order duality equation (3.1.8) to Aµkmn, remnant

of the IIB self-duality equations (3.2.7). In the following, we will make the dictionary

fully explicit.

3.3.2 Dictionary and match of gauge symmetries

Having established the match of degrees of freedom between IIB supergravity and EFT

upon choosing the IIB solution of the section condition, we can now make the map

more precise by inspecting the gauge and diffeomorphism transformations on both sides.

After Kaluza-Klein decomposition and redefinition of the IIB fields, as described in sec-

tion 3.2.2, the resulting components turn out to be proportional to the EFT fields in their

decomposition given in section 3.1.3 above. Specifically, comparing the variation of the

EFT vector and two-form fields (3.1.21), (3.1.24), to the corresponding transformations

in (3.2.27), (3.2.31), allows us to establish the dictionary

Aµ
m = Aµ

m , Cµm
α = −εαβAµmβ , Cµν

α = B̃µνα ,

Cµν mn =

√
2

4
B̃µν mn , Cµkmn =

√
2

4
Aµkmn =

√
2

8
εmnkpqAµ

pq , (3.3.9)

respectively. The corresponding gauge parameters translate with the same proportional-

ity factors, and also the redefined IIB field strengths (3.2.32), (3.2.34) precisely translate

into the EFT analogues

Fµν
m = Fµν

m , Fµν m
α = −εαβFµν mβ , Fµν kmn =

√
2

4
Fµν kmn .(3.3.10)

This dictionary may be further confirmed upon comparing the action of external

diffeomorphisms on both sides. Indeed, the variations calculated in (3.2.35), (3.2.38),

(3.2.42) above, precisely reproduce the EFT transformation law (3.1.9) for the vectors

Aµ
M , provided we identify the components of the scalar matrix MMN (3.1.43) with the

IIB fields according to

φ− 2
3Gmn = e4Φ/3mmn , Cmn

α = −2bmn
α , Cmnkl = −1

4
cmnkl . (3.3.11)

This last identification is precisely compatible with the gauge transformation behaviour

(3.1.37) as compared to the scalar components of (3.2.27), (3.2.31). Let us also note, that

with this dictionary the EFT covariant derivatives (3.1.36) for the scalar fields precisely

translate into the components of the IIB field strengths

Dµbmn
α = −1

2
F µmn

α ,

D̂µcklmn = −4F µklmn , (3.3.12)
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with D̂µcklmn from (3.1.39). Similarly, we have the identification

∂[kclmnp] + 12 εαβ b[kl
α∂mbnp]

β = Xklmnp = −4

5
F klmnp , (3.3.13)

with Xklmnp from (3.1.41).

We have thus identified the elementary EFT fields among the Kaluza-Klein compo-

nents of the IIB fields. So far, the identification has been solely based on the matching

of gauge symmetries on both sides. We will in the following show that the embedding of

IIB into EFT also holds dynamically on the level of the equations of motion.

3.3.3 Dynamics and reconstruction of 3- and 4-forms

In this section, we will show how the full IIB self-duality equations (3.2.7) follow from the

EFT dynamics. Along the way, we will establish explicit expressions for the remaining

components of the ten-dimensional 4-form, thereby completing the explicit embedding of

the IIB theory. To begin with, it is useful to first rewrite the various components of the

IIB self-duality equations in terms of the Kaluza-Klein decomposed fields introduced in

section 3.2.2 above. With the IIB metric (3.2.13) given in term of the EFT fields as

Gµ̂ν̂ =

(
e5Φ/6 gµν +Aµ

mAν
n φmn e−Φ/2mknAµ

k

e−Φ/2mmkAν
k e−Φ/2mmn

)
, (3.3.14)

the IIB self-duality equations (3.2.7) split into the following three components

F µνρmn =
1

12
e2Φ/3

√−g εµνρστεmnklp F στ
qrsm

kqmlrmpq , (3.3.15)

F µνρσm = − 1

24
e2Φ

√−g εµνρστmmnε
nklpq F τ

klpq , (3.3.16)

F µνρστ =
1

120
e10Φ/3

√−g εµνρστεmnklp Fmnklp . (3.3.17)

On the r.h.s. all external indices are raised and lowered with the metric gµν , and both

ε-symbols denote the numerical tensor densities. All explicit appearance of Kaluza-Klein

vectors Aµ
m from (3.3.14) is absorbed in the redefined F ’s. We will now reproduce these

equations one by one from the EFT dynamics.

Let us start from the [mn] component of the EFT duality equations (3.1.8) which can

be integrated to

H̃µνρmn +Omnµνρ =
1

2
eεµνρστ Mmn,M Fστ M , (3.3.18)

where the Omnµνρ keeps track of the integration ambiguity and satisfies

∂[kOmn]µνρ = 0 =⇒ Omnµνρ ≡ ∂[mξn]µνρ (locally) . (3.3.19)
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Eliminating Fµν α on the r.h.s. of (3.3.18) by means of (3.3.3) turns MMN into M̃MN ,

such that upon using the explicit expressions (3.1.35), we obtain

∂[mξn]µνρ =
1

12
e2Φ/3 e εµνρστεmnklpm

kqmlrmps F̂στ
qrs

− H̃µνρmn −
√
2 εαβ bmn

αH̃µνρ
β , (3.3.20)

with

F̂µν klm ≡ Fµν klm + 3
√
2 b[kl

αF|µν|m]α + 3
√
2 εαβ bn[k

αblm]
βFµν

n +
1

2

√
2 cklmnFµν

n .

= 2
√
2F µν klm , (3.3.21)

where the last identity is easily confirmed upon using the dictionary of field strengths

(3.2.34), (3.3.10) and scalars (3.3.11). Together, the relation (3.3.20) then gives rise to

Fµνρmn −
1

4
εαβ Cmn

α F µνρ
β =

1

12
e2Φ/3 e εµνρστεmnklpm

kqmlrmps F
στ
qrs ,(3.3.22)

and thus precisely reproduces (3.3.15) if we identify the 3-form component Cµνρm from

(3.2.29) as

Cµνρm = −1

8

√
2 ξmµνρ . (3.3.23)

We have thus reproduced the first of the components of the IIB self-duality equations

and along the way identified one of the missing components (3.3.23) of the IIB four-form,

that is not among the fundamental EFT fields. It is defined by the first order differential

equations (3.3.22) in terms of the EFT fields up to a gradient

Cµνρm −→ Cµνρm + ∂mλµνρ , (3.3.24)

corresponding to a gauge transformation in the IIB theory.

Let us continue towards the other components (3.3.16), (3.3.17), of the self-duality

relations. Consider the external curl of (3.3.18), which reads

4D[µH̃νρσ]mn + 4DKK

[µ Oνρσ]mn = 2 eετλ[νρσD
KK

µ]

(
Mmn,N F τλN

)
, (3.3.25)

and use the Bianchi identity (3.1.28) to find

4 ∂m

(
DKK

[µ ξνρσ]n

)
= 6F[µν

kFρσ] kmn + 3
√
2 εαβ F[µν |mα|Fρσ]nβ

+ 4
√
2 ∂mH̃[µνρ

αAσ]nα − eεµνρσλD
KK
τ

(
Mmn,N F τλN

)

− 3
√
2 ∂m

(
εαβ B̃[µν

α∂|n|B̃ρσ]β
)
+ 12 ∂m

(
F[µν

kB̃ρσ] kn
)

+ 6
√
2 ∂m

(
εαβA[µ |nα|Fνρ

kAσ] kβ

)
, (3.3.26)

64



where both, left and right hand side are supposed to be explicitly projected onto their

part antisymmetric in [mn] .

In order to simplify the second line, we make use of the equations of motion obtained

by varying the Lagrangian (3.1.1) w.r.t. the vector fields Aµ
mn and using the duality

equation (3.3.3) in order to eliminate Fµν α,

0 = − 1

24

√
2 ∂[m

(
e2Φmn]k D̂µcpqrsε

kpqrs
)
+DKK

ν

(
Mmn,MFνµM

)

+
1

6

√
2 εµνρστ ∂[mA|ν|n]αH̃ρστ

α − 1

12

√
2 εµνρστ Aν [m|α|∂n]H̃ρστ

α

+
3

4
εµνρστ

(√2

6
εαβ FνρmαFστ nβ +

1

3
FνρmnpFστ

p +

√
2

9
Aν[m|α| ∂n]H̃ρστ

α
)
.(3.3.27)

Together we find for (3.3.26)

4 ∂m
(
DKK
µ ξνρσ n

)
= − 1

24

√
2 eεµνρσλ ∂m

(
e2Φmnk D̂λcpqrsε

kpqrs
)

− 3
√
2 ∂m

(
εαβ B̃µνα∂nB̃ρσβ

)
+ 12 ∂m

(
Fµν

kB̃ρσ kn
)

+ 6
√
2 ∂m

(
Aµnαε

αβFνρ
kAσ kβ

)
− 4

√
2 ∂m

(
AµnαH̃νρσ

α
)
,(3.3.28)

again, projected onto the antisymmetric part [mn] . The entire equation thus takes the

form of an internal curl and can be integrated to

− 1

24

√
2 eεµνρσλ e

2Φmnk D̂λcpqrsε
kpqrs = 4DKK

[µ ξνρσ]n + 3
√
2 εαβ B̃[µν

α∂|n|B̃ρσ]β

− 12F[µν
kB̃ρσ] kn − 6

√
2 εαβ F[µν

kAρ |nα|Aσ] kβ

+ 4
√
2AµnαH̃νρσ

α + ∂nξµνρσ , (3.3.29)

up to an internal gradient ∂nξµνρσ. Applying the dictionary (3.3.9), (3.3.10) to translate

all fields into the IIB components, this equation becomes

− 1

24
eεµνρσλε

kpqrs e2Φmnk F
λ
pqrs = F µνρσ n − ∂n

(
Cµνρσ +

1

8

√
2 ξµνρσ

)
,(3.3.30)

i.e. reproduces equation (3.3.16), provided we identify the last missing component of the

4-form as

Cµνρσ = −1

8

√
2 ξµνρσ . (3.3.31)

We have thus also reproduced the second component of the IIB self-duality equations

and along the way identified the last missing components (3.3.31) of the IIB four-form,

that is not among the fundamental EFT fields. It is defined by the first order differential

equations (3.3.29) in terms of the EFT fields up to an additive function

Cµνρσ −→ Cµνρσ + Λµνρσ(x) , (3.3.32)
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which we will fix in the following. In order to find the last component (3.3.17) of the

self-duality equations, we take the external curl of (3.3.29)

−∂nDKK

[µ ξνρστ ] = − 1

120

√
2 eεµνρστ D

KK

λ

(
e2Φmnk D̂λcpqrsε

kpqrs
)
+ 2

√
2F[µν |nα|H̃ρστ ]

α

+ 4F[µν
k
(
H̃ρστ ] kn + ∂[kξρστ ]n]

)
+ 2

√
2 εαβ∂nB̃[µν

βH̃ρστ ]
α

− 2
√
2 εαβ H̃[µνρ

α∂|n|B̃στ ]β − 6
√
2εαβF[µν

kAρ |nα|Fστ ] kβ

+ 6
√
2 εαβA[µ |nα|Fνρ

kFστ ]kβ − 3
√
2 ∂n

(
εαβ B̃[µν

αDρB̃στ ]β
)

+ 2∂n
(
F[µν

kξρστ ] k
)
, (3.3.33)

which after using the equations of motion for cklmn turns into a full internal gradient and

can be integrated to the equation

DKK

[µ ξνρστ ] + 3
√
2 εαβ B̃[νρ

αDµB̃στ ]β − 2F[µν
kξρστ ] k =

√
2

120
eεµνρστε

klmnp e10Φ/3Xklmnp ,

(3.3.34)

with X from (3.1.41), up to some y-independent function. The latter can be set to zero

by properly fixing the freedom (3.3.32). After translating (3.3.34) into the IIB fields, we

thus find

5DKK

[µ Cνρστ ] −
15

4
εαβ C [νρ

αDKK
µ Cστ ]

β − 10F[µν
kCρστ ] k =

1

120
eεµνρστε

klmnp e10Φ/3 F klmnp .

(3.3.35)

Thereby we find the last missing component (3.3.17) of the IIB self-duality equation.

We have thus shown that the full IIB self-duality equations (3.2.7) follow from the EFT

dynamics, provided we identify by (3.3.23), (3.3.31) the remaining components of the IIB

4-form. Together with the dictionary established in section (3.3.2), this defines all the

IIB fields in terms of the fundamental fields from EFT.
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3.4 Summary

We have reviewed the E6(6) exceptional field theory and established the precise embedding

of ten-dimensional type IIB supergravity upon picking the GL(5)×SL(2) solution of the

section constraint. We have done so by first matching the gauge symmetries on both sides.

On the type IIB supergravity side, this requires a number of field redefinitions, which

are largely analogous to those needed in conventional Kaluza-Klein compactifications.

On the exceptional field theory side, this requires a suitable parametrization of the E6(6)

valued ‘27-bein’. We have then given the explicit dictionary from the various components

of the IIB fields to the EFT fields after solving the section constraint. We also established

the on-shell equivalence of both theories and in particular showed how the three- and

four-forms of type IIB, originating from components of the self-dual four-form in ten

dimensions, are reconstructed on-shell in exceptional field theory in which these fields

are not present from the start.
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Chapter 4

Two applications of the

EFT/Type IIB dictionary:

reduction and deformation

In this chapter, we present two applications of the dictionary we have established in the

previous chapter. The first application is the proof of the Kaluza-Klein consistency of

AdS5 × S5 in type IIB. We will start by briefly laying out the material we will need on

the gauged supergravity side to make the link with the E6(6) EFT after the type IIB

reduction ansatz. After analysing the twist equations in a general setting, we present

the explicit and complete reduction formulas for a class of truncations of type IIB su-

pergravity to maximal five-dimensional gauged supergravity, by working out the details

of the construction of [56]. This includes the famous reduction on AdS5 × S5 to the

maximal D = 5 SO(6) gauged supergravity of [7], but also reductions to non-compact

gaugings, corresponding to truncations with non-compact (hyperboloidal) internal man-

ifolds. Consistency of the latter has first been conjectured in [69] and more recently

been discussed in [70, 71]. Within the framework of EFT, the complicated geometric

IIB reductions can very conveniently be formulated as Scherk-Schwarz reductions on an

exceptional space-time. It was shown in [56] how sphere compactifications of the original

supergravities and their non-compact cousins can be realized in EFT through generalised

Scherk-Schwarz compactifications, which are governed by Ed(d) valued ‘twist’ matrices.

In terms of the duality covariant fields of EFT the reduction formulas take the form

of a simple Scherk-Schwarz ansatz (1.6.2), proving the consistency of the corresponding

Kaluza-Klein truncation. Although this settles the issue of consistency it may never-

theless be useful to have the explicit reduction formulas in terms of the conventional

supergravity fields, thus requiring the dictionary for identifying the original supergravity

fields in the EFT formulation.

The second application regards a recently found deformation of type IIB, known in
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the literature as ‘generalised type IIB’ [81, 82, 5]. In section 4.4, we recall the bosonic

field equations generalised IIB supergravity equation together with the modified Bianchi

identities. By using a simple Scherk-Schwarz ansatz together with a different solution

of the section constraint, we show in section 4.5 that the deformation induced by the

factorisation ansatz match the deformation of generalised IIB.

4.1 Gauged maximal supergravity in five dimensions

The D = 5 gauged theory with gauge group SO(p, q) was originally constructed in [53,

54, 7]. For our purpose, the most convenient description is its covariant form found

in the context of general gaugings [83] to which we refer for details.1 In the covariant

formulation, the D = 5 gauged theory features 27 propagating vector fields Aµ
M and up

to 27 topological tensor fields Bµν M . The choice of gauge group and the precise number

of tensor fields involved is specified by the choice of an embedding tensor ZMN = Z [MN ]

in the 351 representation of E6(6). E.g. the full non-abelian vector field strengths are

given by

Fµν
M = 2 ∂[µAν]

M +
√
2XKL

MA[µ
KAν]

L − 2
√
2ZMNBµν N , (4.1.2)

with the tensor XKL
M carrying the gauge group structure constants and defined in terms

of the embedding tensor ZMN as

XMN
P = dMNQZ

PQ + 10 dMQSdNRTd
PQRZST . (4.1.3)

The SO(p, q) gaugings preserve the global SL(2) subgroup of the symmetry group

E6(6) of the ungauged theory, more specifically the centralizer of its subgroup SL(6) .

Accordingly, the vector fields in the 27 of E6(6) can be split as

Aµ
M −→

{
Aµ

ab, Aµaα
}
, a, b = 0, . . . , 5 , α = 1, 2 , (4.1.4)

into 15 SL(2) singlets and 6 SL(2) doublets. The 27 two-forms Bµν M split accordingly,

with only the 6 SL(2) doublets Bµν
aα entering the supergravity Lagrangian. In the basis

(4.1.4), the only non-vanishing components of the embedding tensor ZMN are

Zaα,bβ ≡ −1

2

√
5 εαβηab , (4.1.5)

1 To be precise, and to facilitate the embedding of this theory into EFT, we choose the normalization

of [33] for vector and tensor fields which differs from [83] as

Aµ
M

[1312.0614] =
1√
2
Aµ

M
[hep−th/0412173] , Bµν M [1312.0614] = −1

4
Bµν M [hep−th/0412173] , (4.1.1)

together with a rescaling of the associated symmetry parameters. Moreover, we have set the coupling

constant of [83] to g = 1 .

69



where the normalization has been chosen such as to match the later expressions. With

(4.1.3), and the expression of the d-symbol of E6(6) in the SL(6)× SL(2) basis given by

dMNK : dabcα,dβ =
1√
5
δabcd εαβ , dab,cd,ef =

1√
80
εabcdef , (4.1.6)

we thus obtain

XMN
K :

{
Xab,cd

ef = fab,cd
ef

Xab
cα
dβ = −δ[acηb]d δαβ

, (4.1.7)

with the SO(p, 6− p) structure constants

fab ,cd
ef ≡ 2 δ[a

[eηb][cδd]
f ] . (4.1.8)

The form of the field strength (4.1.2) is the generic structure of a covariant field

strength in gauged supergravity, with non-abelian Yang-Mills part and a Stückelberg

type coupling to the two-forms. In the present case, we can make use of the tensor

gauge symmetry which acts by shift δAµaα = Ξµaα on the vector fields, to eliminate all

components Aµaα from the Lagrangian and field equations. This is the gauge we are

going to impose in the following, which brings the theory in the form of [7].2 As a result,

the covariant object (4.1.2) splits into components carrying the SO(p, q) Yang-Mills field

strength, and the two-forms Bµν
aα, respectively,

Fµν
M =

{
Fµν

ab ≡ 2 ∂[µAν]
ab +

√
2 fcd,ef

abAµ
cdAν

ef

Fµν aα ≡
√
10 εαβηabBµν

bβ
. (4.1.10)

In particular, fixing of the tensor gauge symmetry implies that the two-forms Bµν
aα turn

into topologically massive fields, preserving the correct counting of degrees of freedom,

[84]. The Lagrangian and field equations are still conveniently expressed in terms of the

combined object Fµν
M . E.g. the first order duality equation between vector and tensor

fields is given by

3D[µBνρ]
aα =

1

2
√
10

√
|g| εµνρστMaα

N F
στ N , (4.1.11)

which upon expanding around the scalar origin and with (4.1.10) yields the first order

topologically massive field equation for the two-form tensors. The full bosonic Lagrangian

2 To be precise: this holds with a rescaling of p-forms according to

Aµ
ab

[1312.0614] = −
√
2Aµ

ab
GRW ,

√
5Bµν

aα
[1312.0614] = Bµν

aα
GRW , (4.1.9)

and with their coupling constant set to gGRW = 2 .
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reads

L =
√
|g|R− 1

4

√
|g|MMN Fµν

MF µν N +
1

24

√
|g|DµMMND

µMMN

+ εµνρστ
(
5

4
εαβ ηabBµν

aαDρBστ
bβ +

1

24

√
2 εabcdef Aµ

ab ∂νAρ
cd ∂σAτ

ef

)

+
1

16
εµνρστεabcdef fgh,ij

abAµ
cdAν

ghAρ
ij
(
∂σAτ

ef + 1
5

√
2 fkl,mn

efAσ
klAτ

mn
)

−
√

|g|V (MMN) . (4.1.12)

Here, the 42 scalar fields parameterize the coset space E6(6)/USp(8) via the symmetric

E6(6) matrix MMN which can be decomposed in the basis (4.1.4) as

MMN =

(
Mab,cd Mab

cγ

Maα
bc Maα,cγ

)
, (4.1.13)

with the SO(p, 6− p) covariant derivatives defined according to

DµX
a ≡ ∂µX

a +
√
2Aµ

ab ηbdX
d , (4.1.14)

and similarly on the different blocks of (4.1.13). The scalar potential V in (4.1.12) is

given by the following contraction of the generalised structure constants (4.1.7) with the

scalar matrix (4.1.13)

V (MMN) =
1

30
MMNXMP

Q
(
5XNQ

P +XNR
SMPRMQS

)
. (4.1.15)

For later use, let us explicitly state the vector field equations obtained from (4.1.12)

which take the form

0 =
√

|g| εµνρστ
(
ηc[aD

τMb]d,NM
N,cd +

√
2Dλ

(
F τλNMN,ab

))

+
3

2
εabcdef F[µν

cdFρσ]
ef + 60 εαβ ηacηbdB[µν

cαBρσ]
dβ . (4.1.16)

We will also need part of the scalar field equations that are obtained by varying in (4.1.12)

the scalar matrix (4.1.13) with an SL(6) generator Xa
b

0 =
1

4
Dµ(MadKDµMK bd)−

1

2
MbcN Fµν

acF µν N +
1

4

√
10 ηbc εαβM

aα
N Bµν

cβF µν N

+

(
2Mae,fc +

4

15
Mde,h(aM c)j,fgMdg,hj +

1

15
Mde,h(aM c)β,fαMdα,hβ

)
ηbcηef

− 2

15

(
Mde,k(aM c)α

dgMkα
fg +Mde,h(aM c)g

dαM
fα
hg

)
ηefηbc − [trace]b

a . (4.1.17)
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4.2 Analysis of the twist equations

Here, we start with a general analysis of the Scherk-Schwarz twist equations. We focus

on the four blocks of the twist matrix, given by the decomposition of the fundamental

representation of E6(6) under the type IIB solution of the section constraint. By making

an ansatz on the form of one of these blocks, we are able to solve the twist equations in

terms of a set of Killing tensors for an internal metric and a four-form. Further expliciting

the tensors to the SO(6, 6−p) case, we get the analytic expression of the Killing tensors,

the metric and the four-form in terms of the allowed EFT coordinates. This gives the

explicit reduction ansatz for the EFT fields.

4.2.1 General analysis

In the introduction of this thesis, we showed that the consistency conditions of the gen-

eralised Scherk-Schwarz ansatz were given by

∂N(U
−1)K

N − 4 (U−1)K
N ρ−1∂Nρ = 3 ρ ϑK ,

[
(U−1)M

K(U−1)N
L∂KUL

P
]
351

= 1
5
ρΘM

α(tα)N
P , (4.2.1)

or in a manifestly covariant form

L Û−1
M
Û−1
N ≡ −XMN

K Û−1
K , (4.2.2)

with XMN
K constant and related to the D = 5 embedding tensor and

(Û−1)M
N ≡ ρ−1 (U−1)M

N . (4.2.3)

We now would like to analyse these ‘twist equations’ and decompose them w.r.t. the

subgroup appropriate for the type IIB solution of the section constraint, i.e.

E6(6) −→ GL(5)× SL(2) ,

27 −→ (5,1)⊕ (5′,2)⊕ (10,1)⊕ (1,2) . (4.2.4)

Accordingly, the fundamental index on the generalised vector Û−1 decomposes as

(Û−1)M
M = {KM

m , RMmα , ZMmnk , SM n1...n5α } , (4.2.5)

in terms of GL(5) indices m,n = 1, . . . , 5 and SL(2) indices α, β = 1, 2. In order to give

the decomposition of the twist equations (1.6.15) in terms of these objects we use the

definition (1.5.2) of the generalised Lie derivative and the decomposition of the d-symbol

(3.1.15). A straightforward computation, largely analogous to those in, e.g., sec. 3.3 of
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[1], then yields

−XMN
K KK

m = LKM
KN

m , (4.2.6)

−XMN
K RKmα = LKM

RN mα − LKN
RMmα + ∂m (KN

nRM nα) , (4.2.7)

−XMN
K ZK kmn = LKM

ZN kmn − LKN
ZM kmn + 3 ∂[k

(
KN

lZMmn]l

)

+ 3
√
2 εαβ ∂[kRMm|α|RN n]β , (4.2.8)

−XMN
K SK n1...n5α = LKM

SN n1...n5α

+ 20
√
2
(
ZN [n1n2n3∂n4RM n5]α − ∂[n1ZM n2n3n4RN n5]α

)
.(4.2.9)

We will now successively analyze these equations. We split the index as M → {A, u},
where A,B denote the ‘gauge group directions’ and u, v the remaining ones, and assume

that the only non-vanishing entries of XMN
K are

XAB
C = −fABC , XAu

v = (DA)u
v , (4.2.10)

given in terms of structure constants and representation matrices of the underlying Lie

algebra of the gauge group, c.f. [83]. Let us emphasize that XMN
K is not assumed to be

antisymmetric. In particular, for this ansatz we have, e.g., XuA
v = 0. Let us also stress

that this ansatz is not the most general, but it is sufficient for the purposes of this thesis.

The first equation (4.2.6), specialized to external indices (A,B), implies that the

vector fields KA satisfy the Lie bracket algebra

[
KA,KB

]m ≡ LKA
KB

m = fAB
C KC

m . (4.2.11)

In view of standard Kaluza-Klein compactifications it is natural to interpret these vec-

tor fields as the Killing vectors of some internal geometry. We now define a metric

w.r.t. which the KA are indeed Killing vectors by setting for the inverse metric

G̃mn ≡ KA
mKB

n ηAB , (4.2.12)

with the Cartan-Killing metric ηAB ≡ fAC
DfBD

C . The internal metric G̃mn exists pro-

vided the Cartan-Killing metric is invertible and that there are sufficiently many vector

fields KA
m to make G̃mn invertible. This assumption, which we will make through-

out the following discussion, is satisfied in the examples below. Since by (4.2.11) the

KA transform under themselves according to the adjoint group action, under which the

Cartan-Killing metric is invariant, it follows that the vectors are indeed Killing:

LKA
G̃mn ≡ ∇mKAn +∇nKAm = 0 , (4.2.13)

where here and in the following ∇m denotes the covariant derivative w.r.t. the metric

(4.2.12), which is used to raise and lower indices. The other non-trivial components of
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(4.2.6), with external indices (A, u), (u,A) and (u, v), imply that the remaining vector

fields Ku
m satisfy

LKA
Ku

m = −(DA)u
v Kv

m = 0 , LKu
Kv

m ≡
[
Ku,Kv

]m
= 0 . (4.2.14)

For non-vanishing Ku the first equation can only be satisfied if the representation encoded

by the (DA)u
v includes the trivial (singlet) representation. In the following we will analyze

the remaining equations under the assumption that the representation does not contain

a trivial part, which then requires

Ku
m = 0 . (4.2.15)

We next consider the second equation (4.2.7), specialized to external indices (A, u)

and (u,A) to obtain

LKA
Rumα = −(DA)u

vRvmα = ∂m (KA
nRunα) . (4.2.16)

Writing out the Lie derivative on the left-hand side we obtain in particular

KA
n (∂mRunα − ∂nRumα) = 0 . (4.2.17)

With the above assumption that the metric (4.2.12) is invertible it follows that the curl

of R is zero. Hence we can write it in terms of a gradient,

Rumα ≡ ∂mYuα . (4.2.18)

As we still have to solve the first equation of (4.2.16), we must demand that the function

Y transforms under the Killing vectors in the representation DA,

LKA
Yuα = −(DA)u

v Yv α , (4.2.19)

for then (4.2.16) follows with the covariant relation (4.2.18). Finally, specializing (4.2.7)

to external indices (A,B), we obtain

fAB
CRCmα = LKA

RBmα − LKB
RAmα + ∂m

(
KB

nRAnα

)
. (4.2.20)

This equation is solved by RAmα = 0, and the latter indeed holds for the SL(6) valued

twist matrix to be discussed below. In addition, we will find that for these twist matrices

also the components Zu and SA are zero, and therefore in the following we analyze the

equations for this special case,

RAmα = Zumnk = SAn1...n5 α = 0 . (4.2.21)

Let us now turn to the third equation (4.2.8), which will constrain the Z tensor.

Specializing to external indices (A,B), we obtain

fAB
C ZC kmn = LKA

ZB kmn − LKB
ZAkmn + 3 ∂[k

(
KB

lZAmn]l

)
, (4.2.22)
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where we used (4.2.21). Writing out the second Lie derivative on the right-hand side,

this can be reorganized as

LKA
ZB kmn − 4KB

p ∂[pZAkmn] = fAB
C ZC kmn . (4.2.23)

In order to solve this equation we make the following ansatz

ZAklm ≡ −1

4

√
2KAklm − 2

√
2KA

p C̃pklm , (4.2.24)

in terms of a four-form C̃, where we chose the normalization for later convenience, and

we defined the Killing tensor

KAklm ≡ 1

2
ω̃klmpq KA

pq , KAmn ≡ 2∇[mKAn] , (4.2.25)

with the volume form ω̃klmpq ≡ |G̃|1/2 εklmpq. We recall that all internal indices are raised

and lowered with G̃mn defined in (4.2.12).

It remains to determine C̃pklm from the above system of equations. In order to

simplify the result of inserting (4.2.24) into (4.2.23) we can use that the Killing tensor

term transforms ‘covariantly’ under the Lie derivative,

LKA
KBmnk = fAB

C KCmnk , (4.2.26)

which follows from the corresponding property (4.2.11) of the Killing vectors. For the

second term on the left-hand side of (4.2.23), however, we have to compute,

KB
p∇[pKAkmn] = KB

p∇[p

(
1
2
ω̃kmn]lq KA

lq
)

= KB
p ω̃lq[kmn∇p]∇[lKA

q]

= −1
2
KB

p ω̃kmnpl∇q∇[lKA
q] = 1

2
KB

p ω̃kmnpl∇q∇qKA
l .

(4.2.27)

Here we used the D = 5 Schouten identity ω̃[lqkmn∇p] ≡ 0 and that the Killing tensor

written as KAmn = 2∇mKAn is automatically antisymmetric as a consequence of the

Killing equations (4.2.13). Using the latter fact again, the last expression simplifies as

follows

∇q∇qKA
l = −∇q∇lKA

q = −
[
∇q,∇l

]
KA

q = − R̃lpKAp . (4.2.28)

We will see momentarily that (4.2.23) can be solved analytically by the above ansatz

(4.2.24) if the metric G̃ is Einstein. We thus assume this to be the case, so that the Ricci

tensor reads R̃mn = λ G̃mn, for some constant λ. Using this in (4.2.28) and inserting

back into (4.2.27) we obtain

KB
p∇[pKAkmn] =

λ

2
ω̃kmnplKA

pKB
l . (4.2.29)

Next, insertion of the second term in (4.2.24) into (4.2.23) yields the contribution

LKA

(
KB

p C̃pkmn

)
+ 4KB

p ∂[p
(
KA

q C̃kmn]q

)
= fAB

CKC
p C̃pkmn + 5KA

pKB
q ∂[pC̃qkmn] .

(4.2.30)
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Here we used (4.2.11) and combined the terms from LKA
C̃pkmn with those from the second

term on the left-hand side. Employing now (4.2.29) and (4.2.30) we find that insertion

of (4.2.24) into (4.2.23) yields

0 = KA
pKB

q
(
5 ∂[pC̃qkmn] −

1

4
λ ω̃pqkmn

)
. (4.2.31)

Thus, we have determined C̃, up to closed terms, to be

5 ∂[pC̃qkmn] =
1

4
λ ω̃kmnpq , (4.2.32)

which can be integrated to solve for C̃klmn, since in five coordinates the integrability

condition is trivially satisfied. In total we have proved that the (A,B) component of the

third equation (4.2.8) of the system is solved by (4.2.24). We also note that the remaining

components of (4.2.8) are identically satisfied under the assumption (4.2.21). (For the

(u, v) component this requires using that the exterior derivative of Rumα vanishes by

(4.2.18).) For the subsequent analysis it will be important to determine how C̃ transforms

under the Killing vectors. To this end we recall that in the definition (4.2.24) C̃ is the

only ‘non-covariant’ contribution, which therefore accounts for the second term on the

left-hand side of the defining equation (4.2.23). From this we read off

LKA
C̃mnkl = −

√
2 ∂[mZAnkl] . (4.2.33)

Finally, we turn to the last equation (4.2.9), which determines Su. Under the as-

sumptions (4.2.15), (4.2.21), the (u, v) and (u,A) components trivialize, while the (A, u)

component implies

LKA
Sun1...n5α = −(DA)u

vSv n1...n5α + 20
√
2 ∂[n1ZAn2n3n4 R|u|n5]α . (4.2.34)

We will now show that this equation is solved by

Sun1...n5α = a ω̃n1...n5 Yuα − 20 C̃[n1...n4 ∂n5]Yuα , (4.2.35)

in terms of the volume form of G̃mn, the function defined in (4.2.18) and the four-form

defined via (4.2.32). Here, a is an arbitrary coefficient, while we set the second coefficient

to the value that is implied by the following analysis. We first note that LKA
ω̃n1...n5 = 0,

which follows from the invariance under the Killing vectors of the metric G̃ defining ω̃.

Second, we recall (4.2.19), which states that the function Yu transforms ‘covariantly’

under LKA
(i.e., w.r.t. the representation matrices DA). Thus, all terms in (4.2.35)

transform covariantly, except for the four-form C̃, whose ‘anomalous’ transformation

must therefore account for the second term in LKA
Su on the right-hand side of (4.2.34).

Using the anomalous transformations of C̃ given in (4.2.33), it then follows that (4.2.35)

solves (4.2.34) for arbitrary coefficient a. This concludes our general discussion of the

system of equations (4.2.6)–(4.2.9).
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4.2.2 Explicit tensors

In [56], the twist equations (4.2.1) were solved for the sphere and hyperboloid compacti-

fications, with gauge groups SO(p, 6− p) and CSO(p, q, 6− p− q), explicitly in terms of

SL(6) group-valued twist matrices. Specifically, with the fundamental representation of

E6(6) decomposing as

{
Y M
}

−→ {Y ab, Yaα} , (4.2.36)

into (15, 1) ⊕ (6′, 2) under SL(6) × SL(2), we single out one of the fundamental SL(6)

indices a→ (0, i) to define the SL(6) matrix Ua
b as

U0
0 ≡ (1− v)−5/6 (1 + uK(u, v)) ,

U0
i ≡ −ηijyj (1− v)−1/3K(u, v) ,

Ui
0 ≡ −ηijyj (1− v)−1/3 ,

Ui
j ≡ (1− v)1/6 δij , (4.2.37)

with the combinations

u ≡ yiδijy
j , v ≡ yiηijy

j . (4.2.38)

Here ηij is the metric

ηij = diag ( 1, . . . , 1,︸ ︷︷ ︸
p−1

−1, . . . ,−1︸ ︷︷ ︸
6−p

) , (4.2.39)

and we define similarly the SO(p, 6−p) invariant metric ηab with signature (p, 6−p). Note

that in (4.2.38) we use two different metrics, one Euclidean, the other pseudo-Euclidean.

The function K(u, v) is the solution of the differential equation

2(1− v) (u ∂vK + v ∂uK) = ((7− 2p)(1− v)− u)K − 1 , (4.2.40)

which can be solved analytically. For instance, for p = 6, i.e., for gauge group SO(6)

relevant for the S5 compactification, the solution reads

p = 6 : K(u) =
1

2
u−3

(
u(u− 3) +

√
u(1− u)

(
3 arcsin

√
u+ c0

))
,(4.2.41)

with constant c0 . We refer to [56] for other explicit forms. The inverse twist matrix is

given by

(U−1)0
0 = (1− v)5/6 ,

(U−1)0
i = ηijy

j (1− v)1/3K(u, v) ,

(U−1)i
0 = ηijy

j (1− v)1/3 ,

(U−1)i
j = (1− v)−1/6

(
δij + ηikηjl y

kylK(u, v)
)
. (4.2.42)
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Finally, the density factor ρ is given by

ρ = (1− v)1/6 . (4.2.43)

Upon embedding the SL(6) twist matrix (4.2.37) into E6(6), one may verify that

it satisfies the consistency equations (4.2.1) with an embedding tensor that describes

the gauge group SO(p, q), where the physical coordinates are embedded into the EFT

coordinates via (4.2.36) according to

yi = Y [0i] . (4.2.44)

With the above form of the generalised Scherk-Schwarz ansatz and the explicit form

of the twist matrix and the scale factor we can give an explicit form of the geometric

objects introduced in the previous section. To this end we have to split the E6(6) indices

further in order to make contact with the twist matrices given in (4.2.37), (4.2.42). As

it turns out, for these twist matrices the split of indices VM ≡ (VA, Vu) discussed before

(4.2.10), coincides with the split 27 = 15 + 12 of (4.2.36)

VM ≡ (VA, Vu) ≡ (V[ab], V
aα) , a, b = 0, . . . , 5 , α, β = 1, 2 . (4.2.45)

In several explicit formulas we will have to split [ab] even further,

[ab] ≡ ([0i], [ij]) , i, j = 1 . . . , 5 . (4.2.46)

Similarly, we perform the same index split for the fundamental index M under E6(6) →
SL(6) (and then further to GL(5) × SL(2) according to (4.2.4)), thus giving up in the

following the distinction between bare and underlined indices. Let us note that we employ

the convention

V 0i ≡ 1√
2
V i , (4.2.47)

in agreement with the summation conventions of ref. [33]. In order to read off the various

tensors from the twist matrices let us first canonically embed the SL(6) matrix Ua
b into

E6(6). Under the above index split we have

UM
N =

(
U[ab]

[cd] U[ab]
cα

Uaα,[cd] Uaα,
bβ

)
=

(
U[a

c Ub]
d 0

0 δαβ (U
−1)b

a

)
. (4.2.48)

With this embedding, and recalling the convention (4.2.47), we can identify the Killing

vector fields with components of the twist matrices as follows,

K[ab]
m ≡

√
2 (Û−1)ab

m0 , (4.2.49)

which yields

K[0i]
m(y) = −1

2

√
2 (1− v)1/2 δmi , K[ij]

m(y) =
√
2 δm[i ηj]ky

k . (4.2.50)
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It is straightforward to verify that these vectors satisfy the Lie bracket algebra (4.2.11).

Specifically,

[
Kab,Kcd

]m
= −

√
2fab ,cd

efKef
m , fab ,cd

ef ≡ 2 δ[a
[eηb][cδd]

f ] , (4.2.51)

with the SO(p, 6 − p) metric ηab. The Killing tensors defined in (4.2.25) are then found

to be

K[0i]mnk = −
√
2 εmnkij y

j ,

K[ij]mnk = −
√
2(1− v)−

1
2 εmnkpq

(
δi
p δj

q − 2 δ[i
pηj]l y

qyl
)
.

(4.2.52)

We can now define the metric G̃ as in (4.2.12) w.r.t. which these vectors are Killing,

using the Cartan-Killing form ηab,cd = ηa[cηd]b. This yields for the metric and its inverse

G̃mn = ηmn + (1− v)−1ηmpηnqy
pyq ,

G̃mn = ηmn − ymyn .
(4.2.53)

One may verify that this metric describes the homogeneous space SO(p, q)/SO(p− 1, q)

with

R̃mn = 4 G̃mn , (4.2.54)

determining the constant above, λ = 4. The associated volume form is given by

ω̃mnklp = (1− v)−
1
2 εmnklp . (4.2.55)

Next we give the function defining R in (4.2.18) w.r.t. the above index split,

Rumα = Raβ
mα = ∂mYaβ

α , (4.2.56)

for which we read off from the twist matrix

Yaβ
α = Yaδβα with Ya(y) ≡

{
(1− v)1/2 a = 0

yi a = i
. (4.2.57)

In agreement with (4.2.19) this transforms in the fundamental representation of the

algebra of Killing vector fields (4.2.50). Specifically,

LK[ab]
Yc = K[ab]

m ∂mYc =
√
2 δc[a Yb] , (4.2.58)

where Ya is obtained from Ya by means of ηab. Let us also emphasize that the Ya can be

viewed as ‘fundamental harmonics’, satisfying

�Ya = −5Ya , (4.2.59)
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in that all higher harmonics can then be constructed from them. For instance, the Killing

vectors themselves can be written as

K[ab]m =
√
2
(
∂mY[a

)
Yb] . (4.2.60)

Next we compute the four-form C̃mnkl by integrating (4.2.32). An explicit solution

can be written in terms of the function K from (4.2.40) as

C̃mnkl =
λ

16
(1− v)−1/2 εmnklq

(
Kδqrηrs + δqs

)
ys , (4.2.61)

whose exterior derivative is indeed proportional to the volume form (4.2.55) for the metric

G̃mn. Together with the Killing vectors and tensors defined above, the Z tensor is now

uniquely determined according to (4.2.24). Moreover, it is related to the twist matrix

according to

Z[ab]mnk =
1

2
εmnkpq

(
Û−1

)
[ab]

[pq] =
1

2
εmnkpq ρ

−1 (U−1)[a
p (U−1)b]

q , (4.2.62)

which agrees with (4.2.24) for λ = 4 .

Finally, let us turn to the tensor Su whose general form is given in (4.2.35). Under

the above index split it is convenient to write this tensor as

Sun1...n5 β ≡ Saαn1...n5 β ≡ Sa εn1...n5 δ
α
β , (4.2.63)

which is read off from the twist matrix as

Saαn1...n5 β = εn1...n5(Û
−1)aα0β = εn1...n5 ρ

−1 δαβ U0
a , (4.2.64)

leading with (4.2.37) to

Sa =

{
(1− v)−1 (1 + uK) a = 0

−ηijyj (1− v)−1/2K a = i
. (4.2.65)

One may verify that this agrees with (4.2.35) for

a = 1 , λ = 4 . (4.2.66)

4.2.3 Useful identities

In this final paragraph we collect various identities satisfied by the above Killing-type

tensors. These will be useful in the following sections when explicitly verifying the con-
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sistency of the Kaluza-Klein truncations. We find

K[ab]
mnK[cd]

n = −
√
2 fcd,ef

abK[ef ]
m + 2 ∂m

(
δ[c

[aYb]Yd]
)
,(4.2.67)

K[ab]
nK[cd]

n = 2 δ[c
[a Yb]Yd] , (4.2.68)

K[ab]
kZ[cd] kmn +K[cd]

kZ[ab] kmn = −1

8
εabcdef K[ef ]

mn , (4.2.69)

K[ab]
mnK[cd]

mK[ef ]
n = 4

√
2 δ[c

[a Yd]Y[e δf ]
b] , (4.2.70)

K[cd]
mK[ab]

nK[ef ]
l ∂lK[ab]

mn = −8 ηe[c Yd]Yf + 8 ηf [c Yd]Ye , (4.2.71)

which can be verified using the explicit tensors determined above.

4.3 The explicit IIB reduction ansatz

In terms of the E6(6) EFT fields, the reduction ansatz is given by the simple factorization

(1.6.2) with the twist matrix U given by (4.2.42). In order to translate this into the

original IIB theory, we may first decompose the EFT fields under (4.2.4), according to

the IIB solution of the section constraint, and collect the expressions for the various

components. We do this separately for EFT vectors, two-forms, metric, and scalars, and

subsequently derive the expressions for three- and four-forms from the IIB self-duality

equations, as outlined in the general case in section 3 of this chapter.

4.3.1 Vector and two-form fields

Breaking the 27 EFT vector fields according to (4.2.4) into

{Aµ
m,Aµmα,Aµkmn,Aµα} , (4.3.1)

we read off the reduction ansatz from (1.6.2), (4.2.5), which in particular gives rise to

Aµ
m(x, y) = K[ab]

m(y)Aabµ (x) ,

Aµkmn(x, y) = Z[ab] kmn(y)A
ab
µ (x) . (4.3.2)

The Kaluza-Klein vector field Aµ
m = Aµ

m thus reduces in the standard way with the

15 Killing vectors K[ab]
m(y) whose algebra defines the gauge group of the D = 5 theory.

Note, however, that these extend to Killing vectors of the internal space-time metric

only in case of the compact gauge group SO(6). In the general case, as discussed above,

the K[ab]
m(y) are the Killing vector fields of an auxiliary homogeneous Lorentzian metric

(4.2.12), compare also [69, 70, 71]. The vector field components Aµkmn are expressed

in terms of the same 15 D = 5 vector fields. Their internal coordinate dependence

is not exclusively carried by Killing vectors and tensors, but exhibits via the tensor
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Z[ab] kmn(y) an inhomogeneous term carrying the four-form C̃mnkl according to (4.2.24).3

This is similar to reduction formulas for the dual vector fields in the S7 reduction of

D = 11 supergravity [85], which, however, in the present case already show up among

the fundamental vectors.

For the remaining vector field components, the ansatz (1.6.2), (4.2.5), at first yields

the reduction formulas

Aµmα(x, y) = Raβ
mα(y)Aµaβ(x) = ∂mYa(y)Aµaα(x) ,

Aµα(x, y) = Sa(y)Aµaα(x) (4.3.3)

= |G̃|1/2
(
Ya(y)− 1

6
ω̃klmnpC̃klmn ∂pYa(y)

)
Aµaα(x) ,

in terms of the 12 vector fields Aµaα in D = 5 and the tensors defined in (4.2.35) and

(4.2.56). However, as discussed in the previous section, for the SO(p, q) gauged theories,

a natural gauge fixing of the two-form tensor gauge transformations allows to eliminate

these vector fields in exchange for giving topological mass to the two-forms. As a result,

the final reduction ansatz reduces to

Aµmα = 0 = Aµα . (4.3.4)

For the two-forms, upon breaking them into GL(5) components

{Bµνα,Bµν mn,Bµνmα,Bµν m} , (4.3.5)

similar reasoning via (1.6.2) and evaluation of the twist matrix ρ−2 UM
N gives the fol-

lowing ansatz for the SL(2) doublets

Bµνα(x, y) = Ya(y)Bµν
aα(x) ,

Bµνmα(x, y) = Za
m(y)Bµν

aα(x) , (4.3.6)

in terms of the 12 topologically massive two-form fields of the D = 5 theory. Here,

Za
m(y) is the vector density, given by3

Za
m = |G̃|1/2

(
G̃mn∂nYa +

1

6
ω̃mklpqC̃klpqYa

)
, (4.3.7)

in terms of the Lorentzian metric G̃mn, vector field Ya, and four-form C̃klmn. As is obvious

from their index structure, the fields Bµνmα contribute to the dual six-form doublet of

the IIB theory, but not to the original IIB fields. Accordingly, for matching the EFT

Lagrangian to the IIB dynamics, these fields are integrated out from the theory [33, 1].

3 This seems to differ from the ansatz derived in [80]. The precise comparison should take into account

that the Aµ, Bµν are non-gauge-invariant vector potentials. In the present discussion, the inhomogeneous

term in Z[ab] kmn(y) played a crucial role in the verification of the proper algebraic relations.
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For the IIB embedding of D = 5 supergravity, we will thus only need the first line of

(4.3.6).

For the remaining two-form fields, the reduction ansatz (1.6.2) yields the explicit

expressions

Bµν m(x, y) = Z [ab]
m(y)Bµν ab(x) ,

Bµν mn(x, y) = −1

4

√
2K[ab]

mn(y)Bµν ab(x) , (4.3.8)

with the Killing tensor K[ab]
mn = 2 ∂[mK[ab]

n], and the tensor density Z [ab]
m given by

Z [ab]
m = |G̃|1/2

(
K[ab]

m +
1

12
ω̃klnpqK[ab]

mk C̃lnpq

)
. (4.3.9)

Here, the 15 D = 5 two-forms Bµν ab are in fact absent in the SO(p, q) supergravities,

described in the previous section. In principle, they may be introduced on-shell, employ-

ing the formulation of these theories given in [83, 50], however, subject to an additional

(three-form tensor) gauge freedom, which subsequently allows one to set them to zero.

Hence, in the following we adopt Bµν ab(x) = 0, such that (4.3.8) reduces to

Bµν m = 0 = Bµν mn . (4.3.10)

Within EFT, consistency of this choice with the reduction ansatz (4.3.8) can be under-

stood by the fact that the fields Bµν m (related to the IIB dual graviton) do not even

enter the EFT Lagrangian, while the fields Bµν mn enter subject to gauge freedom

δBµν mn = 2 ∂[mΛn]µν , (4.3.11)

(descending from tensor gauge transformations of the IIB four-form potential), which

allows us to explicitly gauge the reduction ansatz (4.3.8) to zero.

Combining the reduction formulas for the EFT fields with the explicit dictionary

(3.3.9), we can use the results of this section to give the explicit expressions for the dif-

ferent components (3.2.26) of the type IIB form fields. This gives the following reduction

formulae

Cµν
α(x, y) =

√
10Ya(y)Bµν

aα(x) , (4.3.12)

Cµm
α(x, y) = 0 ,

Cµν mn(x, y) =

√
2

4
K[ab]

k(y)Z[cd] kmn(y)A[µ
ab(x)Aν]

cd(x) ,

Cµkmn(x, y) =

√
2

4
Z[ab] kmn(y)Aµ

ab(x) , (4.3.13)

for two- and four form gauge potential in the basis after standard Kaluza-Klein decom-

position. In the next subsection, we collect the expressions for the scalar components
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Cmn
α and Cklmn, and in subsection 4.3.4 we derive the reduction formulas for the last

missing components Cµνρm, and Cµνρσ of the four-form.

Let us finally note that with the reduction formulas given in this section, also the non-

abelian EFT field strengths of the vector fields factorize canonically, as can be explicitly

verified with the identities given in (4.2.11), (4.2.22). Explicitly, we find

Fµν
m ≡ 2 ∂[µAν]

m −Aµ
n∂nAν

m +Aν
n∂nAµ

m

= K[ab]
m(y)

(
2 ∂[µAν]

ab(x) +
√
2 fcd ,ef

abAµ
cdAν

ef (x)
)

= K[ab]
m(y)Fµν

ab(x) ,

Fµν kmn ≡ 2 ∂[µAν] kmn − 2A[µ
l∂lAν] kmn − 3 ∂[kA[µ

lAν]mn]l + 3A[µ
l∂[kAν]mn]l

= Z[ab] kmn(y)Fµν
ab(x) , (4.3.14)

in terms of the non-abelian SO(p, q) field strength Fµν
ab(x) from (4.1.10).

4.3.2 EFT scalar fields and metric

Similar to the discussion of the form fields, the reduction of the EFT scalars can be read

off from (1.6.2) upon proper parametrization of the matrix MMN . We recall that MMN

is a real symmetric E6(6) matrix parametrized by the 42 scalar fields

{Gmn, Cmn
α, Cklmn,mαβ} , (4.3.15)

where Cmn
α = C[mn]

α, and Cklmn = C[klmn] are fully antisymmetric in their internal

indices, Gmn = G(mn) is the symmetric 5×5 matrix, representing the internal part of the

IIB metric, and mαβ = m(αβ) is the unimodular symmetric 2×2 matrix parametrizing the

coset space SL(2)/SO(2) carrying the IIB dilaton and axion. Decomposing the matrix

MMN into blocks according to the basis (4.3.1)

MKM =




Mk,m Mk
mβ Mk,mn Mk

β

Mkα
m Mkα,mβ Mkα

mn Mkα,β

Mkl,m Mkl
mβ Mkl,mn Mkl

β

Mα
m Mα,mβ Mα

mn Mα,β


 , (4.3.16)

the scalar fields (4.3.15) can be read off from the various components of MMN and its

inverse MMN . We collect the final result

Gmn = (detG)1/3 Mm,n , (4.3.17)

mαβ = (detG)2/3Mα,β ,

Cmn
α =

√
2 εαβ(detG)2/3mβγ Mγ

mn = − εαβ(detG)1/3GnkMmβ
k ,

Cklmn =
1

8
(detG)2/3 εklmnpmαβ Mα,pβ = −

√
2

16
(detG)1/3εklmnpGqrMpq,r ,
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where Gmn and mαβ denote the inverse matrices of Gmn and mαβ from (4.3.15). The

last two lines represent examples how the Cmn
α and Cklmn can be obtained in different

but equivalent ways either from components of MMN or MMN . This of course does not

come as a surprise but is a simple consequence of the fact that the 27× 27 matrix MMN

representing the 42-dimensional coset space E6(6)/USp(8) is subject to a large number of

non-linear identities.

With (4.3.17), the reduction formulas for the EFT scalars are immediately derived

from (1.6.2). For the IIB metric and dilaton/axion, this gives rise to the expressions

Gmn(x, y) = ∆2/3(x, y)K[ab]
m(y)K[cd]

n(y)Mab,cd(x) ,

mαβ(x, y) = ∆4/3(x, y)Ya(y)Yb(y)Maα,bβ(x) , (4.3.18)

with the function ∆(x, y) defined by

∆(x, y) ≡ ρ3(y) (detG)1/2 = (1− v)1/2 (detG)1/2 , (4.3.19)

and the 42 five-dimensional scalar fields parameterizing the symmetric E6(6) matrix MMN

decomposed into an SL(6)× SL(2) basis as (4.1.13).

Similarly, the reduction formula for the internal components of the two-form Cmn
α is

read off as

Cmn
α(x, y) = −εαβ∆2/3(x, y)Gnk(x, y) ∂mYc(y)K[ab]

k(y)Mab
cβ(x)

= −1

2
εαβ∆4/3(x, y)mβγ(x, y)Yc(y)K[ab]

mn(y)Mab
cγ(x) , (4.3.20)

featuring the inverse matrices of (4.3.18), with the two alternative expressions corre-

sponding to using the different equivalent expressions in (4.3.17). To explicitly show

the second equality in (4.3.20) requires rather non-trivial quadratic identities among the

components (4.1.13) of an E6(6) matrix, together with non-trivial identities among the

Killing vectors and tensors. In contrast, this identity simply follows on general grounds

from the equivalence of the two expressions in (4.3.17), i.e., it follows from the group

property of MMN and the twist matrix UM
N . Let us also stress, that throughout all in-

dices on the Killing vectors K[ab]
m and tensors are raised and lowered with the Lorentzian

x-independent metric G̃mn(y) from (4.2.12), not with the space-time metric Gmn(x, y).

Eventually, the same reasoning gives the reduction formula for Cmnkl

Cklmn(x, y) =
1

8
εklmnp∆

4/3(x, y)mαβ(x, y)Ya(y)Zb
p(y)Maα,bβ(x) , (4.3.21)

with Zb
p(y) from (4.3.7). Explicitly, this takes the form

Cklmn(x, y) =
1

16
ω̃klmnp∆

4/3(x, y)mαβ(x, y) G̃
pq(y) ∂q

(
∆−4/3(x, y)mαβ(x, y)

)

+ C̃klmn(y) . (4.3.22)
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On the other hand, using the last identity in (4.3.17) to express Cklmn, the reduction

formula is read off as

Cklmn(x, y) =

√
2

4
∆2/3(x, y)Z[ab] [klm(y)Gn]r(x, y)K[cd]

r(y)Mab,cd(x)

= C̃mnkl(y) − 1

8
∆2/3(x, y)K[ab]

p(y)K[cd] [klm(y)Gn]p(x, y)M
ab,cd(x) ,

(4.3.23)

where we have used the explicit expression (4.2.24) for Z[ab] klm. Again, the equivalence

between (4.3.22) and (4.3.23) is far from obvious, but a consequence of the group property

of MMN and the twist matrix UM
N . For the case of the sphere S5, several of these

reduction formulas have appeared in the literature [86, 87, 88, 66, 80]. Here we find that

they naturally generalize to the case of hyperboloids, inducing the D = 5 non-compact

SO(p, q) gaugings.

Let us finally spell out the reduction ansatz for the five-dimensional metric which

follows directly from (1.6.2) as

gµν(x, Y ) = ρ−2(y) gµν(x) . (4.3.24)

Putting this together with the parametrization of the IIB metric in terms of the EFT

fields, and the reduction (4.3.2) of the Kaluza-Klein vector field, we arrive at the full

expression for the IIB metric

ds2 = ∆−2/3(x, y) gµν(x) dx
µdxν

+Gmn(x, y)
(
dym +K[ab]

m(y)Aabµ (x)dx
µ
) (
dyn +K[cd]

n(y)Acdν (x)dx
ν
)
,

(4.3.25)

in standard Kaluza-Klein form [89], with Gmn given by the inverse of (4.3.18).

4.3.3 Background geometry

It is instructive to evaluate the above formulas at the particular point where all D = 5

fields vanish, i.e. in particular the scalar matrix MMN reduces to the identity matrix

MMN(x) = δMN . (4.3.26)

This determines the background geometry around which the generalised Scherk-Schwarz

reduction ansatz captures the fluctuations. Depending on whether or not the scalar

potential of D = 5 gauged supergravity has a stationary point at the origin — which

is the case for the SO(6) and SO(3, 3) gaugings [7] — this background geometry will

correspond to a solution of the IIB field equations.
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With (4.3.26) and the vanishing of the Kaluza-Klein vector fields, the IIB metric

(4.3.25) reduces to

ds2 =
◦
Gµ̂ν̂ dX

µ̂dX ν̂ (4.3.27)

≡ (1 + u− v)1/2
◦
gµν(x) dx

µdxν + (1 + u− v)−1/2

(
δmn +

ηmiηnjy
iyj

1− v

)
dymdyn ,

where we have used the relations

δacδbdK[ab]
m(y)K[cd]

n(y) = (1 + u− v) δmn − ηmiηnjy
iyj ,

◦
∆ = (1 + u− v)−3/4 . (4.3.28)

The internal metric of (4.3.27) is conformally equivalent to the hyperboloidHp,6−p defined

by the embedding of the surface

z21 + · · ·+ z2p − z2p+1 − · · · − z26 ≡ 1 , (4.3.29)

in R
6 . This is a Euclidean five-dimensional space with isometry group SO(p)×SO(6−p),

inhomogeneous for p = 2, 3, 4. Except for p = 6, this metric differs from the homogeneous

Lorentzian metric defined in (4.2.12) with respect to which the Killing vectors and tensors

parametrizing the reduction ansatz are defined.

Using that YaYb δab = 1 + u − v, it follows from (4.3.18) that the IIB dilaton and

axion are constant

◦
mαβ = δαβ , (4.3.30)

while the internal two-form (4.3.20) vanishes due to the fact that (4.3.26) does not break

the SL(2) . Eventually, the four-form Cklmn is most conveniently evaluated from (4.3.22)

as

◦
Cklmn = C̃klmn −

1

6
ω̃klmnp G̃

pq
◦
∆−1∂q

◦
∆

=
1

4
εklmnp η

pqyq (1− v)−1/2
(
K(u, v) + (1 + u− v)−1

)
, (4.3.31)

which can also be confirmed from (4.3.23). In particular, its field strength is given by

5 ∂[k
◦
C lmnp] =

1

2
εklmnp

p− 4 + (p− 3)(u− v)

(1− v)1/2 (1 + u− v)2
, (4.3.32)

where we have used the differential equation (4.2.40) for the function K(u, v). Again,

it is only for p = 6, that the background four-form potential
◦
Cklmn coincides with the

four-form C̃klmn that parametrizes the twist matrix UM
N .

With this ansatz, the type IIB field equations reduce to the Einstein equations, which

in this normalization take the form

◦
Rmn =

◦
Tmn ≡ 25

6
∂[m

◦
Cklpq]∂[n

◦
Crstu]

◦
Gkr

◦
Gls

◦
Gpt

◦
Gqu , (4.3.33)
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and similar for
◦
Rµν . With (4.3.27) and (4.3.32), the energy-momentum tensor takes a

particularly simple form for p = 6 and p = 3:

◦
Tmn =





4
◦
Gmn p = 6

(1 + u− v)−5/2
◦
Gmn p = 3

. (4.3.34)

For the x-dependent background metric
◦
gµν(x) the most symmetric ansatz assumes an

Einstein space (dS, AdS, or Minkowski)

R[
◦
g]µν = k

◦
gµν , (4.3.35)

upon which the IIB Ricci tensor associated with (4.3.27) turns out to be blockwise pro-

portional to the IIB metric for the same two cases p = 6 and p = 3

◦
Rmn =





4
◦
Gmn p = 6

(1 + u− v)−5/2
◦
Gmn p = 3

,

◦
Rµν =





k
◦
Gµν p = 6

−(1 + u− v)−5/2 (1 + (2− k) (1 + u− v)2)
◦
Gµν p = 3

. (4.3.36)

Together it follows that (4.3.27), (4.3.31), (4.3.35) solve the IIB field equations for p =

3, k = 2 and p = 6, k = −4, c.f. [69]. The resulting backgrounds are AdS5 × S5 and

dS5 × H3,3 and the induced D = 5 theories correspond to the SO(6) and the SO(3, 3)

gaugings of [7], respectively. For 3 6= p 6= 6, the background geometry is not a solution

to the IIB field equations. Let us stress, however, that also in these cases the reduction

ansatz presented in the previous sections describes a consistent truncation of the IIB

theory to an effectively D = 5 supergravity theory, but this theory does not have a

simple ground state with all fields vanishing.

4.3.4 Reconstructing 3-form and 4-form

We have in the previous sections derived the reduction formulas for all EFT scalars,

vectors, and two-forms. Upon using the explicit dictionary into the IIB fields [33, 1], this

allows to reconstruct the major part of the original IIB fields. More precisely, among

the components of the fundamental IIB fields only Ĉµνρm and Ĉµνρσ with three and

four external legs of the IIB four-form potential remain undetermined from the previous

analysis. These in turn can be reconstructed from the IIB self-duality equations, which

are induced by the EFT dynamics. We refer to [1] for the details of the general procedure,

which we work out in the following with the generalised Scherk-Schwarz reduction ansatz.

The starting point is the duality equation between EFT vectors and two-forms that

follows from the Lagrangian

∂[k

(
H̃|µνρ|mn] −

1

2
eMmn],N Fστ N εµνρστ

)
= 0 , (4.3.37)
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where Fµν
N is the non-abelian field strength associated with the vector fields Aµ

N , and

H̃|µνρ|mn carries the field strength of the two-forms Bµν mn. Taking into account the

reduction ansatz (4.3.4), (4.3.10), it takes the explicit form

H̃µνρmn = −∂[µAν
kAρ] kmn −A[µ

k∂νAρ] kmn −F[µν
kAρ] kmn −A[µ

kFνρ] kmn

+ 2 ∂[m
(
A[µ

kAν
lAρ]n]kl

)
, (4.3.38)

in terms of the remaining vector fields and field strengths from (4.3.14). Since (4.3.37) is

of the form of a vanishing curl, the equation can be integrated in the internal coordinates

up to a curl ∂[mCn]µνρ related to the corresponding component of the IIB four-form,

explicitly

∂[mCn]µνρ =
1

16

√
2 e εµνρστ Mmn,N Fστ N − 1

8

√
2 H̃µνρmn . (4.3.39)

It is a useful consistency test of the present construction, that with the reduction ansatz

described in the previous sections, the r.h.s. of this equation indeed takes the form of a

curl in the internal variables. Let us verify this explicitly. Since the reduction ansatz is

covariant, the first term reduces according to the form of its free indices [mn], c.f. (4.3.8)

eMmn,N Fστ N = −1

2

√
2 ∂[mK[ab]

n]

(√
|g|Mab,N F

στ N
)
, (4.3.40)

which indeed takes the form of a curl. We recall that the D = 5 field strength Fµν
N

combines the 15 non-abelian field strengths Fµν
ab and the 12 two-forms Bµν aα according

to (4.1.10). The reduction of the second term on the r.h.s. of (4.3.39) is less obvious,

since H̃µνρmn is not a manifestly covariant object, and we have computed it explicitly

by combining its defining equation (4.3.38) with the reduction of the vector fields (4.3.2)

and field strengths (4.3.14). With the identity (4.2.69) among the Killing vectors and

tensors, the second term on the r.h.s. of (4.3.39) then reduces according to

H̃µνρmn =
1

8
εabcdef K[ef ]

mnΩ
abcd
µνρ + 2 ∂[m

(
A[µ

kAν
lAρ]n]kl

)
. (4.3.41)

with the non-abelian SO(p, q) Chern-Simons form defined as

Ωabcd
µνρ = ∂[µAν

abAρ]
cd + F[µν

abAρ]
cd , (4.3.42)

in terms of the SO(p, 6−p) Yang-Mills field strength Fµν
ab. Again, (4.3.41) takes the form

of a curl in the internal variables, such that equation (4.3.39) can be explicitly integrated

to

Cmµνρ = − 1

32
K[ab]

m

(
2
√
|g| εµνρστ Mab,NF

στ N +
√
2 εabcdef Ω

cdef
µνρ

)

− 1

4

√
2K[ab]

kK[cd]
lZ[ef ]mkl

(
A[µ

abAν
cdAρ]

ef
)
. (4.3.43)

This yields the full reduction ansatz for the component Cmµνρ. Obviously, Cmµνρ is

determined by (4.3.39) only up to a gradient ∂mΛµνρ in the internal variables, which
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corresponds to a gauge transformation of the IIB four-form. Choosing the reduction

ansatz (4.3.43), we have thus made a particular choice for this gauge freedom.

In a similar way, the last missing component Cµνρσ can be reconstructed by further

manipulating the equations and comparing to the IIB self-duality equations [1]. Con-

cretely, taking the external curl of (4.3.39) and using Bianchi identities and field equations

on the r.h.s. yields a differential equation that can be integrated in the internal variable

to

−1

6
eεµνρσλ ε

kpqrs (detG)−1Gnk D̂λCpqrs = 16DKK

[µ Cνρσ]n − 30 εαβ B[µν
α∂nBρσ]β

+ 6
√
2F[µν

kAρ
lAσ] lkn + 4 ∂nCµνρσ ,(4.3.44)

up to an external gradient ∂nCµνρσ which carries the last missing component of the IIB

four-form. Here, DKK
µ denotes the Kaluza-Klein covariant derivative

DKK
µ Cn ≡ ∂µCn −Aµ

k∂kCn − ∂nAµ
kCk , etc. , (4.3.45)

and D̂µCpqrs is a particular combination of scalar covariant derivatives [1], which is most

compactly defined via particular components of the scalar currents as

DµMmn,NMN n =

√
2

3
(detG)−1Gmn ε

npqrs D̂µCpqrs , (4.3.46)

where Dµ refers to the full EFT derivative, covariant under generalised diffeomorphisms.

Again, it is a useful consistency check of the construction that with the reduction ansatz

developed so far, equation (4.3.44) indeed turns into a total gradient, from which we may

read off the function Cµνρσ . For the l.h.s. this is most conveniently seen by virtue of

(4.3.46) and the reduction ansatz (1.6.2) for MMN , giving rise to

−4 e (detG)−1Gmk ε
kpqrs D̂µCpqrs = 3

√
|g| K[ab]

mnK[cd]
nDµMab,NM

N cd

= 6
√

|g|
(√

2K[cb]
mηac − ∂m(YbYa)

)
DµMbd,NM

N da ,(4.3.47)

where we have used (4.2.67). The derivatives Dµ on the r.h.s. now refer to the SO(p, 6−p)
covariant derivatives (4.1.14). For the terms on the r.h.s. of (4.3.44), we find with (4.3.2),

(4.3.6), and (4.2.60)

−30 εαβ B[µν
α∂nBρσ]β = 15

√
2 εαβ B[µν

aαBρσ]
bβ K[ab]n ,

6
√
2F[µν

kAρ
lAσ] lkn = −6

√
2F[µν

abAρ
cdAσ]

ef K[ab]
kK[cd]

lZ[ef ]nkl , (4.3.48)

as well as

16DKK

[µ Cνρσ]m =
1

2
K[ab]

m

(√
|g| εµνρστ Dλ

(
Mab,NF

τλN
)
+
√
2 εabcdef D[µΩ

cdef
νρσ]

)

+ 4
√
2F[µν

kAρ
lAσ]mkl + 2

√
2A[µ

kAν
lFρσ]mkl

+
√
2A[µ

kAν
l
(
2Aρ

n∂|n|Aσ] klm + 3 ∂[mAρ
nAσ] kl]n − 3Aρ

n∂[mAσ] kl]n

)

− 2
√
2A[µ

kAν |kmn|
(
Aρ

l∂|l|Aσ]
n
)
−
√
2 ∂m

(
A[µ

kAν
lAρ

nAσ] kln

)
,(4.3.49)
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where we have explicitly evaluated the Kaluza-Klein covariant derivative Dµ on Cµνρm,

the latter given by (4.3.43). Moreover, we have arranged the A4 terms such that they

allow for a convenient evaluation of their reduction formulae. Namely, in the last two

lines we have factored out the quadratic polynomials that correspond to the A2 terms in

the non-abelian field strengths (4.3.14) and thus upon reduction factor in analogy to the

field strengths, leaving us with the A4 terms

AAAA −→ −2 fef,gh
ij Kk

[ab]

(
Z[cd]mklKl

[ij] +Kl
[cd]Z[ij]mkl

)
A[µ

abAν
cdAρ

efAσ]
gh

−
√
2 ∂m

(
A[µ

kAν
lAρ

nAσ] kln

)

= −1

4

√
2 fab,uv

xyfef,gh
ij εcdijxy K[uv]

m A[µ
abAν

cdAρ
efAσ]

gh

+
1

2
fef,gh

ij εcdijau ∂m (YuYb)A[µ
abAν

cdAρ
efAσ]

gh

−
√
2 ∂m

(
A[µ

kAν
lAρ

nAσ] kln

)
, (4.3.50)

upon using the identities (4.2.69), (4.2.67). While the last two terms are total gradients,

the first term cancels against the corresponding contribution from the derivative of the

Chern-Simons form Ωabcd
µνρ in (4.3.49)

D[µΩ
cdef
νρσ] εabcdef =

3

4
F[µν

cdFρσ]
ef εabcdef −

1

2

√
2A[µ

cdAν
efFρσ]

gh fab,ef
uv εcdghuv

− 1

2
A[µ

cdAν
efAρ

ghAσ]
ij fcd,ef

rsfgh,ij
uvεabrsuv . (4.3.51)

Similarly, the FAA terms in (4.3.49) combine with those of (4.3.48) according to

FAA −→ −2
√
2F[µν

abAρ
cdAσ]

ef Kl
[cd]

(
Kk

[ab]Z[ef ]mkl +Kk
[ef ]Z[ab]mkl

)
(4.3.52)

=
1

2
fcd,ij

ghK[ij]
mF[µν

abAρ
cdAσ]

ef εabefgh − 1

2

√
2F[µν

abAρ
cdAσ]

ef εabefch ∂m(YhYd) .

Again, the first term cancels against the corresponding contribution from the derivative

of the Chern-Simons form Ωabcd
µνρ , given in (4.3.51).

Collecting all the remaining terms, equation (4.3.44) takes the final form

0 =
1

2
K[ab]

m

√
|g| εµνρστ

(
1

2

√
2 ηdaD

τMcb,NM
N cd +Dλ

(
Mab,NF

τλN
))

+
3

8

√
2K[ab]

m

(
εabcdef F[µν

cdFρσ]
ef + 40 εαβ ηacηbdB[µν

cαBρσ]
dβ
)

+
1

2
fef,gh

ij εcdijay ∂m (YyYb)A[µ
abAν

cdAρ
efAσ]

gh

− 1

4

√
|g| εµνρστ ∂m(YbYd)DτMab,NM

N ad − 1

2

√
2F[µν

abAρ
cdAσ]

ef εabefch ∂m(YhYd)

−
√
2 ∂m

(
A[µ

kAν
lAρ

nAσ] kln

)
+ 4 ∂mCµνρσ . (4.3.53)
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Now the first two lines of the expression precisely correspond to the vector field equations

(4.1.16) of the D = 5 theory, which confirms that on-shell this equation reduces to a

total gradient in the internal variables. Although guaranteed by the consistency of the

generalised Scherk-Schwarz ansatz and the general analysis of [1], it is gratifying that

this structure is confirmed by explicit calculation based on the D = 5 field equations and

the non-trivial identities among the Killing vectors. We are thus in position to read off

from (4.3.53) the final expression for the 4-form as

Cµνρσ = − 1

16
YaYb

(√
|g| εµνρστDτMbc,NM

N ca + 2
√
2 εcdefgb F[µν

cdAρ
efAσ]

ga
)

+
1

4

(√
2K[ab]

kK[cd]
lK[ef ]

nZ[gh] kln − YhYj εabcegj ηdf

)
A[µ

abAν
cdAρ

efAσ]
gh

+ Λµνρσ(x) , (4.3.54)

in terms of the D = 5 fields, up to an y-independent term Λµνρσ(x), left undetermined by

equation (4.3.44) and fixed by the last component of the IIB self-duality equations (3.2.7).

This equation translates into

4DKK

[µ Cνρστ ] = 30 εαβ B[µν
αDKK

ρ Bστ ]β + 8F[µν
kCρστ ] k

− 1

120
eεµνρστε

klmnp (detG)−4/3Xklmnp , (4.3.55)

where Xklmnp is a combination of internal derivatives of the scalar fields, c.f. [1], that is

most compactly given by

1

120
εkpqrsXkpqrs = − 1

20

√
2 (detG)Gml ∂lMmn,NMN n , (4.3.56)

in analogy to (4.3.46). It can be shown that equation (4.3.55) can be derived from

the external curl of equations (4.3.44) upon using the EFT field equations and Bianchi

identities, up to a y-independent equation that defines the last missing function Λµνρσ.

For the general case this has been worked out in [1]. Alternatively, it can be confirmed by

explicit calculation with the Scherk-Schwarz reduction ansatz, that equation (4.3.55) with

the components Cµνρm and Cµνρσ from (4.3.43) and (4.3.54), respectively, decomposes

into a y-dependent part, which vanishes due to the D = 5 scalar equations of motion, and

a y-independent part, that defines the function Λµνρσ. The calculation is similar (but

more lengthy) than the previous steps, requires the same non-trivial identities among

Killing vectors derived above, but also some non-trivial algebraic identities among the

components of the scalar E6(6) matrix MMN . We relegate the rather lengthy details to
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appendix A and simply report the final result from equation (A.20)

D[µΛνρστ ] = − 1

480

√
|g| εµνρστDλ

(
MN acDλMac,N

)

+
1

240

√
|g| εµνρστ F κλN

(
Mab,NFκλ

ab − 1

2

√
10 εαβ ηabM

aα
N Bκλ

b β

)

+
1

600

√
|g| εµνρστ

(
10 δdhδ

a
e + 2M fd,gaMgh,fe −Meα

gaMgh
dα
)
M bh,ec ηcdηab

+
1

32

√
2 εabcdef F[µν

abFρσ
cdAτ ]

ef +
1

16
F[µν

abAρ
cdAσ

efAτ ]
gh εabcdehηfh

+
1

40

√
2 A[µ

abAν
cdAρ

efAσ
ghAτ ]

ij εabcegi ηdfηhj . (4.3.57)

Since there is no non-trivial Bianchi identity for (4.3.57), this equation can be integrated

and yields the last missing term in the four-form potential (4.3.54). This completes the

reduction formulae for the full set of fundamental IIB fields.

4.4 Generalised IIB supergravity

In the previous sections, we gave the embedding of type IIB supergravity on AdS5×S5 into

the E6(6) EFT using a generalised Scherk-Schwarz ansatz together with specific solution

of the section constraint. Here, we will show how one can obtain a generalised set of

equations of motion and Bianchi identities known in the literature as generalised type

IIB from EFT. This constitutes the second application of the EFT/Type IIB dictionary.

To achieve this result, we use a factorisation ansatz [90] together with a different solution

of the section constraint and work out explicitly various components of the deformed

field strengths. Using the dictionary, we compare the deformed field strengths to their

generalised type IIB analogue and find agreement for all the components tested.

In the introduction, we showed that the equations of motions of standard, bosonic

type IIB could be obtained from the corresponding non-linear σ-model. This has been

generalised to the case of the superstring on AdS5×S5 with coset superspace SU(2,2|4)
SO(4,1)×SO(5)

by Metsaev and Tseytlin [91]. In this case, the action can be written in terms of the

Maurer-Cartan 1 forms as a sum of the kinetic and Weiss-Zumino term, in the same

spirit than the standard bosonic WZW action on a group manifold. The interesting

built-in property of the Metsaev-Tseytlin action is its invariance under a fermionic gauge

symmetry, κ-symmetry, which halves the number of fermions and fixes the value of the

parameter in front of the WZ term. Intriguingly, this corresponds to the same value

required for the integrability of the theory. It has been shown in [92, 93, 94] that it is

possible to deform the AdS5×S5 superstring while maintaining both properties of inte-

grability and invariance under a local fermionic symmetry. The deformations are known

in the literature as η-deformation [92, 93] and λ-deformation [93]. In the case of the
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η-deformation, it was shown recently that the conditions for κ-symmetry do not cor-

respond to standard type IIB supergravity equations [81, 82]. The resulting equations

requires the presence of a Killing vector field K. When K vanishes, one recovers the

standard type IIB supergravity equations. These are therefore known as generalised type

IIB equations.

4.4.1 generalised field equations and Bianchi identities

Let us recall the bosonic generalised IIB supergravity equations which have been derived

in [81]. Their fermionic completion has been found in [82]. The equations are expressed

in string frame. The equations for the metric Gµ̂ν̂ and the B-field Bµ̂ν̂+ are

Rµ̂ν̂ −
1

4
Hµ̂ρ̂σ̂Hν̂

ρ̂σ̂ − Tµ̂ν̂ +∇µ̂Xν̂ +∇ν̂Xµ̂ = 0, (4.4.1a)

1

2
∇ρ̂Hµ̂ν̂ρ̂ +

1

2
F ρ̂Fµ̂ν̂ρ̂ +

1

12
Fµ̂ν̂ρ̂σ̂τ̂F ρ̂σ̂τ̂ −X ρ̂Hµ̂ν̂ρ̂ − ∂µ̂Xν̂ + ∂ν̂Xµ̂ = 0, (4.4.1b)

R− 1

12
Hµ̂ν̂ρ̂H

µ̂ν̂ρ̂ + 4∇µ̂X
µ̂ − 4Xµ̂X

µ̂ = 0 , (4.4.1c)

where µ̂, ν̂ = 0..9, ∇µ̂ denotes the space-time covariant derivative, Rµ̂ν̂ the Ricci tensor,

R the Ricci scalar and Hµ̂ν̂ρ̂ = 3 ∂[µ̂Bν̂ρ̂] + the field strength of the NS-NS B-field. The

R-R fields enter via the currents Fµ̂1···µ̂n and contribute to the stress tensor in (4.4.1a)

via

Tµ̂ν̂ =
1

2
Fµ̂Fν̂ +

1

4
Fµ̂ρ̂σ̂Fν̂

ρ̂σ̂ +
1

4× 4!
Fµ̂ρ̂σ̂τ̂ λ̂Fν̂

ρ̂σ̂τ̂ λ̂ − 1

4
Gµ̂ν̂

(
Fρ̂F ρ̂ +

1

6
Fρ̂σ̂τ̂F ρ̂σ̂τ̂

)
.

(4.4.1d)

The equations (4.4.1a)–(4.4.1c) are based on the existence of a Killing vector field K

and an additional vector field Z with K µ̂Zµ̂ = 0, which enter the field equations in the

combination X ≡ K + Z. The vector field Z satisfies the Bianchi type equations

∂µ̂Zν̂ − ∂ν̂Zµ̂ +K ρ̂Hµ̂ν̂ρ̂ = 0 . (4.4.2)

The ordinary type IIB equations are recovered in the limit where K = 0 such that Z can

be integrated to the dilaton field Zµ̂ = ∂µ̂φ .

In the R-R sector, the generalised dynamical equations for the field strengths Fµ̂1···µ̂n
are given by

∇µ̂Fµ̂ − Z µ̂Fµ̂ −
1

6
H µ̂ν̂ρ̂Fµ̂ν̂ρ̂ = 0, K µ̂Fµ̂ = 0, (4.4.3a)

∇ρ̂Fρ̂µ̂ν̂ − Z ρ̂Fpµ̂ν̂ρ̂ −
1

6
H ρ̂σ̂τ̂Fµ̂ν̂ρ̂σ̂τ̂ − (K ∧ F1)µ̂ν̂ = 0, (4.4.3b)

∇τ̂Fτ̂ µ̂ν̂ρ̂σ̂ − Z τ̂Fτ̂ µ̂ν̂ρ̂σ̂ +
1

36
εµ̂ν̂ρ̂σ̂τ̂ κ̂η̂λ̂ξ̂θ̂H

τ̂ κ̂η̂F λ̂ξ̂θ̂ − (K ∧ F3)µ̂ν̂ρ̂σ̂ = 0, (4.4.3c)
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while their modified Bianchi identities can be cast into the compact form

dF2n+1 − Z ∧ F2n+1 +H3 ∧ F2n−1 = ⋆ (K ∧ ⋆F2n+3) . (4.4.4)

The Bianchi identities extend to the dual field strengths −F7 ≡ ⋆F3 and F9 ≡ ⋆F1.

Furthermore, the selfduality property F5 = ⋆F5 of the five form continues to hold in the

modified theory, relating its Bianchi identity and field equation. In the following, for

simplicity of the formulas, we will often choose coordinates such that the Killing vector

field points in a given direction K µ̂ = δµ̂∗ .

4.4.2 Solution of the Bianchi identities

It has been noted in [81] that equation (4.4.2) for the new vector Zµ̂ may be interpreted

as a modified “dilaton Bianchi identity” and locally integrated into

Zµ̂ = ∂µ̂φ+K ν̂Bν̂µ̂+ = ∂µ̂φ− Bµ̂∗+ . (4.4.5)

We will in the following stay in this picture and understand the combination ∂µ̂φ−Bµ̂∗+
as a derivative Dµ̂φ on the dilaton that is covariantized in a suitable sense. As a related

observation, one may straightforwardly check that the modified Bianchi identities (4.4.4)

satisfied by the R-R field strengths allow for an explicit integration into F = eφ F with

Fµ̂ = ∂µ̂χ+Bµ̂∗+ χ+Bµ̂∗− ≡ Dµ̂χ ,

Fρ̂µ̂ν̂ = 3 ∂[ρ̂Bµ̂ν̂]− +
3

2
B[ρ̂|∗+|Bµ̂ν̂]− − 3

2
B[ρ̂|∗−|Bµ̂ν̂] + + Cρ̂µ̂ν̂∗ + χHρ̂µ̂ν̂ ,

Fµ̂ν̂ρ̂σ̂τ̂ = 5 ∂[µ̂Cν̂ρ̂σ̂τ̂ ] + 5B[µ̂|∗+|Cν̂ρ̂σ̂τ̂ ] − 15B[µ̂ν̂ |+|∂ρ̂Bσ̂τ̂ ]−

− 15B[µ̂ν̂ |+|Bρ̂|∗+|Bσ̂τ̂ ]− + 15B[µ̂ν̂ |−|∂ρ̂Bσ̂τ̂ ] + + Cµ̂ν̂ρ̂σ̂τ̂∗+ ,

Fµ̂ν̂ρ̂σ̂τ̂ κ̂η̂ = 7 ∂[µ̂Cν̂ρ̂σ̂τ̂ κ̂η̂] + + 7B[µ̂∗+Cν̂ρ̂σ̂τ̂ κ̂η̂] + + 35C[µ̂ν̂ρ̂σ̂Hτ̂ κ̂η̂]

− 105B[µ̂ν̂|+|Bρ̂σ̂| −|Hτ̂ κ̂η̂] + Cµ̂ν̂ρ̂σ̂τ̂ κ̂η̂∗ . (4.4.6)

All the terms, carrying indices ‘∗‘ represent the deformations from the standard IIB

expressions. Again, in the following we will assign them a natural interpretation as

the connection terms of covariantized derivatives, non-abelian field strengths and the

Stückelberg type couplings among p-forms. These additional couplings precisely match

the structure of general nine-dimensional gauged supergravities[95, 96] (recall that due

to the existence of a Killing vector field, we are effectively describing a nine-dimensional

theory). More precisely, equations (4.4.6) can be viewed as resulting from a gauging

of nine-dimensional maximal supergravity in which a linear combination of the Cartan

subgroup of the SL(2)IIB and the trombone symmetry which scales every field according

to its Weyl weight has been gauged. The component Bµ̂∗+ of the ten-dimensional NS-NS

two-form serves as a gauge field.4 An important consequence is the following. According

4 To be precise, also a nilpotent generator of SL(2)IIB is gauged with the component Bµ̂∗− serving

as the associated gauge field.
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to (4.4.5), the dilaton φ is charged under the new local gauge symmetry. Translation to

the Einstein frame via

Gst
µ̂ν̂ = eφ/2GE

µ̂ν̂ , (4.4.7)

thus implies that the metric in the Einstein frame is also charged. Translation of the

Einstein field equations (4.4.1a) into the Einstein frame thus induces field equations which

feature a covariantized Ricci tensor in the sense that all derivatives in its definition are

replaced by properly covariantized ones. In particular, the Riemann tensor is calculated

as curvature of the connection

Γ̂µ̂ν̂
ρ̂ ≡ 1

2
Gρ̂κ̂ (Dµ̂Gν̂κ̂ +Dν̂Gµ̂κ̂ −Dκ̂Gµ̂ν̂) , Dκ̂Gµ̂ν̂ ≡ ∂κ̂Gµ̂ν̂ +

1

2
Bκ̂∗+Gµ̂ν̂ .(4.4.8)

This is the generic structure of supergravities in which the trombone symmetry is gauged [57].

Upon transition to the Einstein frame, we may also regroup the field equations for NS-NS

and R-R two-form (4.4.1b) and (4.4.3b) into the manifestly SL(2) covariant form

Dρ̂

(
F ρ̂µ̂ν̂ αmαβ

)
− 1

6
F µ̂ν̂ρ̂σ̂τ̂ Fρ̂σ̂τ̂

α εαβ = J µ̂ν̂β , (4.4.9)

with the SL(2) doublet Fµ̂ν̂ρ̂± = {Hµ̂ν̂ρ̂, Fµ̂ν̂ρ̂ − χHµ̂ν̂ρ̂}, and the dilaton/axion matrix

mαβ parametrized as

mαβ =

(
eφ −eφχ

−eφχ eφχ2 + e−φ

)
. (4.4.10)

The current on the r.h.s. of (4.4.9) is given by the SL(2) doublet

J µ̂ν̂± =
{
2 e2φK [µ̂F ν̂] , −4 e2φ∇[µ̂K ν̂] − 2χ e2φK [µ̂F ν̂]

}
, (4.4.11)

in terms of the Killing vector field Km and the current Fµ̂ = Dµ̂χ . In the following,

we will recover the non-abelian field-strengths (4.4.6) from a particular Scherk-Schwarz

ansatz in exceptional field theory.

4.5 Generalised IIB from EFT

4.5.1 Section constraints and IIA/IIB/generalised supergravity

The section condition

dKMN ∂M∂NA = 0 , dKMN ∂MA∂NB = 0 , (4.5.1)

that applies on any fields or gauge parameters A, B is solved by restricting the internal

coordinate dependence of all fields to properly chosen subsets of coordinates. Breaking

E6(6) down to its subgroup SL(5)× SL(2)×GL(1)IIB according to

27 −→ (5, 1)+4 + (5′, 2)+1 + (10, 1)−2 + (1, 2)−5 ,
{
Y M
}

−→ {ym , ỹmα , ỹmn , ỹα} , m = 1, . . . , 5 , α = ± , (4.5.2)
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and restricting all fields to depend only on the 5 coordinates {ym} of highest grading under

GL(1)IIB solves the conditions (4.5.1). The EFT field equations derived from (3.1.1) then

reproduce the IIB theory after decomposing the EFT fields (1.5.18) according to (4.5.2)

and properly translating the various blocks into the various components of the IIB fields

[1]. In particular, the scalar matrix MMN decomposes into

MKM =




Mmk Mm
kβ Mm,kl Mm

β

Mmα
k Mmα,kβ Mmα

kl Mmα,β

Mmn,k Mmn
kβ Mmn,kl Mmn

β

Mα
k Mα,kβ Mα

kl Mαβ


 , (4.5.3)

where the explicit form of the blocks is obtained by evaluating the matrix MMN =

VMAVNA from a vielbein VMA given by the product of matrix exponentials

VIIB ≡ exp
[
εmnklp cmnkl t(+4) p

]
exp

[
bmn

α t(+2)
mn
α

]
V5 V2 exp [Φ tIIB] , (4.5.4)

with the relevant e6(6) generators tIIB, t(+2)
mn
α , t(+4)m and their coefficients originating

from the IIB metric, two-form and four-form, respectively. The matrices V5, V2 represent

the SL(5) × SL(2) factor of the vielbein, related to the internal metric and the IIB

dilaton/axion matrix, respectively. Similarly, vectors and two-forms are decomposed as

(4.5.2)

{
Aµ

M
}

−→ {Aµ
m , Aµ mα , Aµ

mn , Aµ α} ,

{Bµν M} −→ {Bµν m , Bµνmα , Bµν mn , Bµν α} . (4.5.5)

In contrast, the IIA theory is recovered, if the physical coordinates are identified

with the {ỹm+} in the decomposition (4.5.2) (which explicitly breaks the SL(2) factor),

the EFT fields are decomposed accordingly and translated into the IIA fields. E.g. in

this case, the proper parametrization of the matrix MMN = VMAVNA is obtained via a

vielbein VMA

VIIA ≡ exp
[
ϕ t(+5)

]
exp

[
cmnk t

mnk
(+3)

]
exp

[
bmn t

mn
(+2)

]
exp

[
cm t

m
(+1)

]
V5 exp [φ t0 + Φ tIIA] ,

(4.5.6)

with the coefficients originating from the IIA metric, dilaton, and p-forms, respectively.

Here, we choose yet a different solution of the section constraint. First, we impose the

existence of a Killing vector field in the IIB theory and accordingly split the coordinates

{ym} = {yi, y∗}, (i = 1, . . . , 4), such that ∂∗Φ = 0 for all fields of the theory. Next, we

relax the IIB solution, by allowing fields to depend on the 5 coordinates

{yi, ỹ∗+} , i = 1, . . . , 4 , (4.5.7)

such that the section condition (4.5.1) is still satisfied. In the following, we will eval-

uate EFT in the IIB parametrization (4.5.3) however imposing a particular additional
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ỹ∗+-dependence according to a simple Scherk-Schwarz ansatz which will trigger the gen-

eralised IIB equations. It is important to note that the choice of coordinates (4.5.7) is

equivalent (after rotation of the 27 coordinates) to selecting the IIA coordinates ỹm+ in

(4.5.2). Applying the same rotation to the IIA parametrization of EFT fields such as

(4.5.6) we would simply recover the IIA theory. This is a manifestation of the fact that

the generalised IIB supergravity equations can be obtained via T-duality from a sector

of IIA supergravity. Since the framework of exceptional field theory is manifestly duality

covariant, we can simply absorb the effect of this duality into a rotation of the extended

coordinates. We will thus evaluate exceptional field theory in its IIB parametrization

(4.5.3) however in coordinates (4.5.7) and with a proper Scherk-Schwarz ansatz in ỹ∗+ in

order to obtain directly the generalised IIB equations.

4.5.2 Scherk-Schwarz ansatz

Following the previous discussion, and having chosen physical coordinates according to

(4.5.7) we now impose on the EFT fields (1.5.18) a specific ỹ∗+-dependence, such that

in particular the total ỹ∗+-dependence consistently factors out from all the equations of

motion. This is achieved by a Scherk-Schwarz ansatz [56]

MMN = UM
K(ỹ)UN

L(ỹ)MKL(x
µ, yi) ,

gµν = ρ−2(ỹ) gµν(x
µ, yi) ,

Aµ
M = ρ−1(ỹ)Aµ

N(xµ, yi) (U−1)N
M(ỹ) ,

Bµν M = ρ−2(ỹ)UM
N(ỹ)Bµν N(x

µ, yi) , (4.5.8)

where the ỹ∗+-dependence of all fields is carried by an E6(6)-valued twist matrix UN
L and

a scalar factor ρ . For simplicity of the notation, here and in the following we also use

the notation ỹ ≡ ỹ∗+ .5

The relevant Scherk-Schwarz ansatz for generalised IIB supergravity is based on a

twist matrix UM
N living in an

GL(1) ⊂ SL(2)diag ⊂ SL(2)× SL(2) ⊂ SL(2)× SL(6) ⊂ E6(6) , (4.5.9)

subgroup of the full duality group E6(6) . More precisely, upon decomposing

E6(6) → SL(2)× SL(6) ,

27 −→ (1, 15) + (2, 6′) ,
{
Y M
}

−→
{
Y ab, Ỹaα

}
, (4.5.10)

5 Note that the ansatz (4.5.8) is slightly more general than the ones studied in [56] in that the fields

multiplying the twist matrices on the r.h.s. do not only depend on the external coordinates xµ but also

on part of the internal coordinates yi. In this sense, the ansatz (4.5.8) resembles the embedding of

deformations of EFT studied in [90] (and in [97] in the context of double field theory), although here all

fields and twist matrices respect the section constraint, so we remain within the original framework.
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an (SL(2)× SL(6))-valued matrix U takes the form

UM
N =

(
Ua

[cUb
d] 0

0 (U−1)a
cUα

β

)
, (4.5.11)

and we choose the matrix factors as

Uα
β =

(
U+

+ 0

0 U−−

)
=

(
ρ(ỹ) 0

0 ρ−1(ỹ)

)
,

Ua
b =



Ui

j 0 0

0 U∗∗ 0

0 0 U0
0


 =



δi
j 0 0

0 ρ(ỹ) 0

0 0 ρ−1(ỹ)


 , (4.5.12)

with scale factor given by a linear function ρ(ỹ) = ỹ + c . In order to check the effect

of the Scherk-Schwarz ansatz (4.5.8) with (4.5.12) on the field equations of exceptional

field theory, we consider the current

(XM)N
K ≡ ρ−1 (U−1)M

P (U−1)N
Q ∂PUQ

K , (4.5.13)

which encodes the combinations of the twist matrix and its derivatives that explicitly

enter the field equations. With the explicit form of (4.5.12), this current lives in the

algebra sl(2)⊕ sl(6) with its only non-vanishing components given by

(X ∗+)α
β =

(
1 0

0 −1

)
, (X ∗+)a

b =



04×4 0 0

0 1 0

0 0 −1


 , (4.5.14)

all constant, ensuring that the ỹ-dependence factors out from all equations of motion.6

We have thus presented a consistent Scherk-Schwarz ansatz on the EFT fields which

moreover satisfies the section condition. Upon explicitly evaluating the field equations,

the non-trivial ỹ dependence of the twist matrix induces a deformation of the original IB

equations of motion. We shall work this out in the next section.

4.5.3 Induced deformation

In this section we will illustrate with several examples how the Scherk-Schwarz ansatz

(4.5.8) induces a deformation of the resulting field equations which precisely coincides

with the deformation of the IIB field equations and Bianchi identities discussed in sec-

tion 4.4 above. Covariant derivatives in EFT carry vector fields Aµ
M and internal deriva-

tives ∂M . Under (SL(2) × SL(6)), the coordinates (4.5.7) are embedded in the Y M as

6 Strictly speaking, for consistency of the Scherk-Schwarz ansatz a weaker condition is sufficient: only

the projection of (4.5.13) onto the 27⊕351 representation of E6(6) appears in the field equations and is

required to be constant. With (4.5.14) this is automatically guaranteed.
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{Y i0, Ỹ∗+}, c.f. (4.5.10). With the ansatz (4.5.8), the relevant couplings then are obtained

from

Aµ
i0∂i0 = ρ−1ρAµ

i0∂i0 , Aµ∗+∂
∗+ = ρ−1ρ2Aµ∗+∂

∗+ . (4.5.15)

Both operators give rise to additional ỹ-independent couplings. Let us e.g. consider the

covariant derivative on the external metric (4.5.16)

Dµgνρ ≡ ∂µgνρ −Aµ
M∂Mgνρ −

2

3
∂MAµ

M gνρ . (4.5.16)

With the Scherk-Schwarz ansatz (4.5.8), we obtain via (4.5.15)

Dµgνρ = ρ−2(ỹ)

(
∂µgνρ − 2Aµ

i0∂i0gνρ −
4

3
∂0iAµ

0i gνρ +
4

3
Aµ∗+gνρ

)
. (4.5.17)

The first three terms on the r.h.s. correspond to the standard EFT result and upon

translation into the IIB fields contribute to the standard IIB field equations [1]. We will

thus employ the notation

Dµgνρ = ρ−2(ỹ)

(
D̊µgνρ +

4

3
Aµ∗+gνρ

)
. (4.5.18)

The last term captures the effect of the Scherk-Schwarz twist matrix and shows that

the IIB space-time metric acquires non-trivial covariant derivatives which is precisely

in accordance with our discussion above regarding the charged IIB metric (4.4.8) after

transition to the Einstein frame.7 The Riemann tensor whose contraction appears in the

Einstein field equations will thus correspond to the curvature of the modified connec-

tion (4.4.8) as in the generalised IIB equations.

In a similar way, we can work out the EFT field strengths (3.2.18) under the Scherk-

Schwarz ansatz (4.5.8). As a general feature of the Scherk-Schwarz ansatz with consistent

twist matrices, the ỹ-dependence of these field strengths consistently factors out according

to

Fµν
M(x, Y ) = ρ−1(ỹ)(U−1)N

M(ỹ)Fµν
M(x, y) , (4.5.20)

where

Fµν
M(x, y) ≡ F̊µν

NM +XKL
M
(
A[µ

KAν]
L − 2 dKLN Bµν N

)
, (4.5.21)

describes a deformation of the standard EFT field strength F̊µν
M by non-abelian terms

carrying the generic structure of five-dimensional gauged supergravity [83] encoded in

7 To be precise, after identification Aµ∗+ = Bµ∗+, the factor 4/3 in (4.5.18) comes via the standard

5 + 5 Kaluza-Klein decomposition

Gmn =

(
(det gab)

−1/3 gµν + . . . Aµ
bgab

gabAµ
b gab

)
, (4.5.19)

of the IIB metric.
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an embedding tensor XMN
K living in the 351 + 27 representation of E6(6) . Within

the Scherk-Schwarz ansatz, the embedding tensor is obtained from projecting (4.5.13)

onto the relevant E6(6) representations. Again, the form of (4.5.21) resembles the defor-

mations of EFT studied in [90], although here it simply results from a Scherk-Schwarz

ansatz within the original EFT. Structure-wise, the new couplings (4.5.21) resemble those

introduced in (4.4.6) in order to account for the deformed Bianchi identities in generalised

IIB supergravity. In the rest of this section, we will make the agreement precise using

the explicit dictionary between EFT and IIB fields [1].

Working out (3.2.18), it follows that the twist matrix (4.5.11)–(4.5.12) induces an

embedding tensor

XMN
K = (X̃M)N

K +
2

3
δM

∗+ δN
K , (4.5.22)

in (4.5.21). Upon contraction with a gauge parameter ΛM it identifies the gauged gen-

erators within e6(6) ⊕ Rtromb. The second term in (4.5.22) refers to the gauging of the

trombone symmetry under which the EFT fields
{
gµν ,MMN ,Aµ

M ,Bµν M
}

scale with

weight {2, 0, 1, 2}, respectively, whose effect we have already observed in (4.5.18). The

first term in (4.5.22) identifies the gauged generators within e6(6), combining the diagonal

generators

(
ΛMX̃M

)
sl(2)

=

(
1
2
Λ∗+ 0

−Λ∗− −1
2
Λ∗+

)
,
(
ΛMX̃M

)
sl(6)

=




1
6
Λ∗+ I4 0 0

0 1
6
Λ∗+ 0

0 Λ0+ −5
6
Λ∗+


 ,(4.5.23)

within sl(2)⊕ sl(6) with the off-diagonal generators

(ΛMX̃M)∗+,ij = (ΛM X̃M)i+,j∗ = − Λij ,

(ΛMX̃M)ij,0− = (ΛM X̃M)0i,j− = − 1

2
ε∗ijkl Λ

kl , (4.5.24)

in e6(6)\ (sl(6) ⊕ sl(2)). The Stückelberg-type couplings in (4.5.21) to the two-forms

Bµν M are read off from (4.5.23), (4.5.24) together with the explicit form of dMNP in the

decomposition (4.5.2), see [1]. The explicit result for the various components of the field

strengths (4.5.21) is the following

Fµν m+ = F̊µν m+ ,

Fµν m− = F̊µν m− + A[µ ∗+Aν]m− − A[µ ∗−Aν]m+ +
√
2 B̃µν m∗ ,

Fµν kmn = F̊µν kmn + 2A[µ∗+Aν]kmn +
3

2
√
2
εkmnl∗ B̃µν

l− ,

Fµν+ = F̊µν+ + 2A[µ ∗+Aν] + , (4.5.25)

with the redefined two-forms

B̃µν mn ≡
√
10Bµν mn + A[µ

kAν] kmn ,

B̃µν
mα ≡

√
10Bµν

mα + εαβ A[µ
mAν]β +

√
2

6
εαβ εmnklpA[µ|nβ|Aν]klp . (4.5.26)
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Comparing the deformed field strengths (4.5.25) to the field strengths (4.4.6) solving

the Bianchi identities of generalised IIB supergravity, we find precise agreement upon

identifying the EFT components with the IIB field strengths (the precise dictionary

between fields has been given in [1] and in particular takes care of the
√
2 factors that

arise in the EFT expressions (4.5.25)).

Of course, the field strengths (4.5.25) only represent part of the full IIB field strengths,

in which two of the ten-dimensional indices are chosen to be external. The remaining

IIB components will appear among other EFT fields. E.g. let us consider the three-

form field strength HµνρM defined by (1.5.17). Evaluating this definition with the above

Scherk-Schwarz ansatz in particular yields the components

Hµνρ− = H̊µνρ− +
√
2Oµνρ ,

Hµνρ ∗i = ˚̃Hµνρ ∗i + 3A[µ| ∗+|B̃νρ] ∗i +
3
√
2

2
A[µ| ∗+|Aν| ∗−|Aρ] i+ − ∂iOµνρ .(4.5.27)

The second and third term of Hµνρ ∗i reproduce the corresponding deformation terms in

(4.4.6). The term Oµνρ in (4.5.27) denotes the undetermined contribution in the field

strength which vanishes under the projection dKMN∂N in (1.5.17).In the undeformed IIB

theory, this term is already present in Hµνρ ∗i . It arises as an integration constant in the

EFT field equations and is identified with a component of the IIB four-form according

to

√
2Oµνρ = Cµνρ∗ +

3

2
B[µ|∗+|Bνρ]− − 3

2
B[µ|∗−|Bνρ] + , (4.5.28)

in order to reconstruct the selfdual IIB five-form field strength from EFT. In the deformed

case we are considering here, the same Oµνρ arises as part of Hµνρ− in (4.5.27) where

it precisely acounts for the deformation of the IIB three-form field strength Fµνρ, see

(4.4.6). Again we thus find complete agreement.

In a similar way, the deformed scalar currents MMKDµMKN with the block decom-

position (4.5.3) and parametrization (4.5.4) can be matched to the corresponding compo-

nents of (4.4.6) in which one of the ten-dimensional indices is chosen to be external. Thus

all the building blocks of the EFT Lagrangian (3.1.1) exhibit precisely the deformations

of their IIB counterparts (4.4.6). Since equations (4.4.6) were derived as solution of the

deformed IIB Bianchi identities, it follows that after imposing the Scherk-Schwarz ansatz

(4.5.8), the EFT fields satisfy the deformed IIB Bianchi identities. Moreover, most of

the generalised IIB field equations are obtained by covariantization of the standard IIB

equations, i.e. by replacing the IIB field strengths by their deformed expressions (4.4.6).

This is true for the Einstein field equations (upon taking into account the charged metric

in the Einstein frame, c.f. (4.4.8)) and the self-duality equation F5 = ⋆F5 for the five-form

field strength. Upon using the explicit dictionary between EFT fields and IIB fields [1]

these equations thus follow from the EFT dynamics after imposing the Scherk-Schwarz

ansatz. The two-form field equations (4.4.9) in generalised IIB supergravity on the other
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hand are not only covariantized via (4.4.6) but also acquire a source term J µ̂ν̂β. In EFT,

the analogous term descends from variation of the Lagrangian (3.1.1) w.r.t. the gauge

fields which upon implementing the Scherk-Schwarz ansatz gives rise to additional source

terms from the Einstein-Hilbert term and the scalar kinetic term.

4.6 Summary

After a general analysis of the twist equations in section 1, we derived in section 2

the explicit reduction formulae for the full set of IIB fields in the compactification on

the sphere S5 and the inhomogeneous hyperboloids Hp,6−p. They were derived via the

EFT formulation of the IIB theory by evaluating the formulas of the generalised Scherk-

Schwarz reduction ansatz for the twist matrices (4.2.37) obtained in [56]. The Scherk-

Schwarz origin also proves consistency of the truncation in the sense that all solutions

of the respective D = 5 maximal supergravities lift to solutions of the type IIB fields

equations. Upon some further computational effort we have also derived the explicit

expressions for all the components of the IIB four-form. Along the way, we explicitly

verified the IIB self-duality equations. Although their consistency is guaranteed by the

general construction, this requires the precise interplay between various identities whose

validity appears somewhat miraculous from the point of view of conventional geometry

but which find a natural interpretation within the extended geometry of exceptional field

theory.

Finally, in the last two sections of this chapter, we have shown how the equations of

generalised IIB supergravity found in [81] can naturally be obtained from exceptional field

theory upon imposing a simple Scherk-Schwarz type ansatz on all the fields that captures

their non-isometric behavior in the IIA theory. The Scherk-Schwarz ansatz satisfies the

consistency equations [56] and moreover the section constraints (4.5.1) and induces a

deformation of the standard IIB supergravity equations. We have verified explicitly for

most of their components that the deformed EFT fields coincide with the deformed IIB

field strengths (4.4.6) which have been determined by solving the deformed IIB Bianchi

identities. We should stress that although exceptional field theory admits a Lagrangian

formulation(3.1.1) this does not allow to conclude the existence of an action underlying

the generalised IIB equations, since the Scherk-Schwarz ansatz (4.5.8) is imposed on the

level of the field equations and not on the action. The appearance of a trombone gauging

(4.5.22) in the EFT formulation is in fact a sign that the resulting field equations cannot

be obtained from an action [57].
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Chapter 5

Supersymmetry in EFT: the

peculiar case of E8(8)

It is well known that ungauged maximal supergravity in n dimensions can be obtained by

dimensional reduction of the eleven dimension supergravity on a (11− n)-torus, where n

stands for the number of external dimensions. For the n = 4 case, Cremmer and Julia first

found in [46] that the equation of motions of the theory were invariant under the global

exceptional group E7(7). In the lower dimensional case n = 3, the exceptional symmetry

can only be made apparent after dualisation of the vector fields of the theory [98]. This

includes the Kaluza-Klein vector fields, which have components of the higher dimensional

graviton as their origin. Therefore, the scalar sector of the dimensionally reduced theory

carries degrees of freedom descending from the higher dimensional ‘dual graviton’. In the

E8(8) EFT, this is taken care of by the introduction of an additional constrained gauge

connection which is invisible in the dimensionally reduced theory. While this constrained

connection may seem strange at first, the appearance of constrained (n − 2) forms is

common to every known Ed(d) EFT with d = 11 − n. However, the gauge symmetry

associated with this constrained gauge connection is a new feature of the E8(8) EFT in

the sense that for lower rank groups, it only kicks in at the higher rank p-forms. As we

will see in the next section, the additional gauge symmetry takes the form of a constrained

E8(8) rotation in the generalised Lie derivative. Together with the section constraint, this

ensures the closure of the full symmetry algebra and a well-defined, consistent exceptional

field theory.

Up to now, we have been interested in describing the bosonic sectors of various su-

pergravity with extended field theories. EFT can be extended to describe the full higher

dimensional supergravities with fermions transforming under the maximal compact sub-

group K(Ed(d)). For E7(7) and E6(6) the supersymmetric completions have been worked out

in [37, 38]. In this chapter, we will construct the supersymmetric completion of the E8(8)

exceptional field theory. After reviewing the bosonic E8(8) exceptional field theory, we
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introduce the fermions as tensors under the generalised Lorentz group SO(1, 2)×SO(16),
where SO(16) is the maximal compact subgroup of E8(8). We determine a torsion-free

condition which partly solve the corresponding spin connection to the extent they are re-

quired to formulate the field equations and the supersymmetry transformation laws. We

then establish the supersymmetry transformations of the field content of the theory and

show the closure of the supersymmetry algebra. Finally, we give the full EFT lagrangian,

and prove its invariance under supersymmetry.

5.1 Review of the bosonic E8(8) EFT

In this section, we review the bosonic structures of the E8(8) exceptional field theory.

The theory is defined on a (3+248)-dimensional generalised spacetime. In addition to

the usual dependency in spacetime (‘external’) coordinates xµ, µ = 0, 1, 2, all fields and

gauge parameters formally depend also on extended coordinates YM, M = 1, . . . , 248,

transforming in the adjoint representation of E8(8). As in DFT and the previous E(6)6

case, not all of these internal coordinates are physical. This is taken care of by the E8(8)

covariant section constraints,

ηMN ∂M ⊗ ∂N ≡ 0 , fMNK ∂M ⊗ ∂N ≡ 0 , (P3875)MN
KL∂K ⊗ ∂L ≡ 0 ,(5.1.1)

where ηMN and fMNK are respectively the Cartan-Killing form and the structure con-

stants of E8(8) (see appendix B for more details on the conventions used throughout this

thesis), and P3875 is the projector onto the irreducible representation 3875 in the tensor

product of two adjoint representation

248⊗ 248 = 1⊕ 248⊕ 3875⊕ 27000⊕ 30380 , (5.1.2)

explicitly given by

(P3875)NL
MK =

1

7
δ(N

M δL)
K − 1

56
ηMK ηNL − 1

14
fP

N
(MfPL

K) . (5.1.3)

The bosonic sector of the theory combines an external three-dimensional metric gµν (or

dreibein eµ
a), an internal frame field VMK, parametrizing the coset space E8(8)/SO(16),

and the usual gauge connection Aµ
M associated with generalised internal diffeomor-

phisms. In addition to these standard fields, common to every EFT, we will see latter

that one need to introduce a constrained gauge connection BµM associated with the

additional constrained E8(8) rotations that appear in the generalised internal diffeomor-

phisms.

The local symmetries of this exceptional field theory are generalised internal diffeo-

morphisms, constrained E8(8) rotations, and external diffeomorphisms with respective

parameters ΛM, ΣM, and ξµ. Let us first review the generalised internal diffeomor-

phisms. The generalised Lie derivative acting on a vector WM of weight λW is defined
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by

L(Λ,Σ)W
M = ΛK∂KW

M − 60PM
N

K
L∂KΛ

LWN + λW∂NΛNWM − ΣLf
LM

NW
N ,(5.1.4)

Here P
MNKL projects onto the adjoint representation 248 and guarantees compatibility

with the E8(8) structure, c.f. the explicit expression (B.3). The weight λW of the various

fields in the theory coincides with the three-dimensional Weyl weight of the fields, i.e.

weight 2 and 0 for the external and internal metrics gµν and MMN , respectively, and

weights 1 and 0 for the gauge connections Aµ
M and BµM, respectively. Fermions (to be

introduced in the next section) come with half-integer weight. This is summarized for all

fields in Table 5.1.

Field eµ
a VMK Aµ

M, ΛM BµM, ΣM χȦ ψµ
I , ǫI

Weight (λ) 1 0 1 0 −1
2

1
2

Table 5.1: Weights of all fields and gauge parameters under gen. diffeomorphisms.

Unlike the lower-rank En(n) cases with n ≤ 7, the generalised Lie derivative (5.1.4)

depends on two parameters, ΛM and ΣM, with the latter being subject to the section

condition (5.1.1), i.e.

(P3875)MN
KL ΣK ⊗ ΣL ≡ 0 ≡ (P3875)MN

KL ΣK ⊗ ∂L , etc. . (5.1.5)

This is needed together with the section constraints (5.1.1) in order to ensure closure of

the full symmetry algebra. Schematically, we have an algebra

[δ(Λ1,Σ1), δ(Λ2,Σ2)] = δ(Λ12,Σ12) , (5.1.6)

with notably the gauge parameter Σ12 given by

Σ12M ≡ −2Σ[2M∂NΛN
1] + 2ΛN

[2 ∂NΣ1]M − 2ΣN
[2 ∂MΛ1]N + fN

KL Λ
K
[2 ∂M∂NΛL

1] , (5.1.7)

confirming that the Λ transformations do not close among themselves.

Before we describe the associated gauge connections and curvatures, let us make

a small digression to discuss connections and torsion compatible with the generalised

diffeomorphisms (5.1.4). For an algebra-valued connection

ΓMN
K = ΓM,L f

LK
N , (5.1.8)

the fact that pure Λ-transformations do not close into an algebra implies that the naive

definition of torsion as

T̄ (Λ,W )M = T̄NK
M ΛNWK = L

∇
(Λ,Σ)W

M − L(Λ,Σ)W
M , (5.1.9)
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does no longer define a tensorial object. Here, L∇ refers to generalised Lie derivatives

(5.1.4) with partial derivatives replaces by covariant ones ∇ = ∂−Γ. Following [99], this

suggests to rather define torsion as the part of the Christoffel connection that transforms

covariantly under the generalised diffeomorphisms. With the transformation of (5.1.8)

under (5.1.4) given by

δ(Λ,Σ)ΓL,N = δcov(Λ,Σ) ΓL,N + fQN
P ∂L∂PΛ

Q + ∂LΣN , (5.1.10)

projection onto its irreducible E8(8) representations according to (5.1.2) shows that only

its components in the 1⊕3875 transform as tensors under (5.1.4). The proper definition

of a torsionless connection thus corresponds to the condition

[ ΓM,N ]
1⊕3875

= 0 , (5.1.11)

which can be made explicit with the form of the projector (B.4). Let us note that such

a torsionless connection gives rise to the identity

L(Λ,Σ)W
M = L

∇
(Λ,Σ̃)

WM , (5.1.12)

with Σ̃M ≡ ΣM − ΓM,N ΛN .

With the r.h.s. of (5.1.12) manifestly covariant, this shows that the combination Σ̃M
behaves as a tensorial object under generalised diffeomorphisms. In this sense it may

appear more natural to parametrise generalised diffeomorphisms in terms of the param-

eters (Λ, Σ̃). The disadvantage of using Σ̃ w.r.t. the original formulation is the fact that

the constraint (5.1.5) which ΣM has to satisfy, takes a much less transparent form when

expressed in terms of Σ̃ since the connection ΓM,N in general will not be constrained in

its first index and will not even be fully determined by covariant constraints. For the

description of generalised diffeomorphisms we thus have the choice between a descrip-

tion with covariant parameters (Λ, Σ̃) and a description in terms of parameters (Λ,Σ) in

terms of which the constraints (5.1.5) are well defined and easily expressed. We will in

general stick with the latter but observe that the existence of the covariant combination

Σ̃M gives rise to some compact reformulations of the resulting formulas.1

The various terms of the bosonic action are constructed as invariants under the gen-

eralised internal Lie derivatives (5.1.4). In the full theory, the gauge parameters ΛM

and ΣM depend not only on the internal YM but also on the external xµ coordinates.

From the three-dimensional perspective, these symmetries are implemented as (infinite-

dimensional) gauge symmetries, such that external derivatives are covariantized with

1 The existence of the covariant combination Σ̃M may suggest to impose Σ̃ = 0 in order to reduce

the number of independent gauge parameters [99] while preserving closure of the algebra. In view of the

constraints (5.1.5), this is only possible in case the connection ΓM,N is identified with the Weitzenböck

connection ∂MVL
P (V−1)P

K fNK
L which itself is constrained in the first index. We will in the following

keep both gauge parameters ΛM and ΣM independent which seems important for the supersymmetric

extension.
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gauge connections Aµ
M, BµM

Dµ = ∂µ − L(Aµ,Bµ) . (5.1.13)

In accordance with (5.1.5), the connection BµM is constrained to obey the same con-

straints as the gauge parameter ΣM. The commutator of the covariant derivatives (5.1.13)

closes into the field strengths

[Dµ, Dν ] = −L(Fµν ,Gµν) , (5.1.14)

with

Fµν
M = 2 ∂[µAν]

M − 2A[µ
N∂NAν]

M + 14 (P3875)
MN

KLA[µ
K∂NAν]

L

+
1

4
A[µ

N∂MAν]N − 1

2
fMN

Pf
P
KLA[µ

K∂NAν]
L + . . . ,

GµνM = 2D[µBν]M − fN
KLA[µ

K∂M∂NAν]
L + . . . . (5.1.15)

The ellipsis denote additional two-form terms required for the proper transformation

behavior of the field strengths, c.f. (5.1.18) below. As required for consistency, the

section constraints (5.1.1) ensure that all these terms drop from the commutators of

covariant derivatives where the field strengths are contracted with particular differential

operators according to (5.1.14). Moreover, all the two-form terms drop out from the

bosonic Lagrangian.

Under gauge transformations

δ(Λ,Σ)Aµ
M = DµΛ

M , (5.1.16)

δ(Λ,Σ)BµM = DµΣM − ΛN∂MBµN + fN
KLΛ

K∂M∂NAµ
L , (5.1.17)

(where just as the associated gauge connections, the parameters ΛM and ΣM carry weight

1 and 0 under (5.1.4), respectively), the full field strengths (5.1.15) transform according

to

δ(Λ,Σ) Fµν
M = L(Λ,Σ) Fµν

M ,

δ(Λ,Σ)

(
GµνM − ΓM,N Fµν

N ) = L(Λ,Σ)

(
GµνM − ΓM,N Fµν

N ) , (5.1.18)

i.e. not the GµνM but only the combination G̃µνM ≡ GµνM − ΓM,N Fµν
N behaves as a

tensor under (5.1.4). This reflects the tensorial structure (5.1.12) of generalised diffeo-

morphisms. Pushing this structure further ahead, we are led to introduce the general

‘covariant’ variation of the connection BµM as

∆BµM ≡ δBµM − ΓM,N δAµ
N , (5.1.19)

in order to cast the gauge transformations (5.1.16) into the more compact form

δ(Λ,Σ)Aµ
M = DµΛ

M ,

∆(Λ,Σ)BµM = DµΣ̃M + ΛN DµΓM,N , (5.1.20)
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with Σ̃M from (5.1.12). This will turn out to be very useful in the following.

The action of bosonic E8(8) exceptional field theory is given by2

Sbos =

∫
d3x d248Y (LEH + Lscalar + Ltop + Lpot) , (5.1.21)

where each term is separately invariant under generalised internal diffeomorphisms (5.1.4).

The Einstein-Hilbert Lagrangian is given by the Ricci scalar obtained from contraction

of the improved Riemann tensor

LEH = −e eaµebν R̂µν
ab , (5.1.22)

where e denotes the determinant of the dreibein eµ
a. The scalar kinetic term in (5.1.21)

is given by

Lscalar = − 1

240
eDµMMND

µMMN = PµA PµA . (5.1.23)

where we have used the expression

MKPDµMPL = 2 fMK
L VM

APµA , (5.1.24)

of the scalar currents (with covariant derivatives from (5.1.13)) in terms of the E8(8)

structure constants fMKL and the coset currents (5.2.15) to be introduced next section.

The topological term in (5.1.21) carries the non-abelian Chern-Simons couplings of

the gauge connections according to

LCS = −1

2
εµνρ

(
Fµν

MBρ M − fKL
N∂µAν

K∂NAρ
L − 2

3
fN

KL∂M∂NAµ
KAν

MAρ
L

− 1

3
fMKLf

KP
Qf

LR
S Aµ

M∂PAν
Q∂RAρ

S
)
. (5.1.25)

Its covariance becomes manifest upon spelling out its variation as

δLCS = −1

2
εµνρ

(
Fµν

M ∆BρM +
(
G̃µνM + 2 fMN

K ∇KFµν
N
)
δAρ

M
)
,(5.1.26)

with the covariant field strengths from (5.1.15), (5.1.18) and the general covariant varia-

tion introduced in (5.1.19). As anticipated above, we note that the two-form contributions

to the field strengths F and G (whose explicit form has been suppressed in (5.1.15)) drop

out from this expression due to the section constraint. Moreover, the contributions to

the Christoffel connection in ∇K that are left undetermined by the vanishing torsion

condition cancel in this expression against the corresponding contributions in ∆BρM.

2 As usual, the integral over the 248 internal coordinates is to be taken in a formal sense since the

section constraint (5.1.1) remains to be imposed by hand and eliminates the field dependence on most

of these coordinates.
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Finally, the last term in (5.1.21) carries only derivatives in the internal coordinates

and is explicitly given by

Lpot = −e V , (5.1.27)

with the ‘potential’ V given in manifestly covariant form by

V = R− 1

4
MMN∇Mgµν∇N gµν +∇MIM , (5.1.28)

with an internal curvature scalar R to be introduced in the next section and up to

a boundary contribution IM of weight λI = −1 . This close the introduction on the

bosonic structure of these EFT. In the next section, we will introduce the tools needed

to incorporate the fermions in the EFT.

5.2 E8(8) × SO(16) exceptional geometry

5.2.1 Generalised vielbein

Fermions enter the theory as spinors under the SO(1, 2) × SO(16) generalised Lorentz

group and transform as weighted scalars under generalised diffeomorphisms. Specifically,

under SO(16), the gravitinos ψµ
I and fermions χȦ transform in the fundamental vector

16 and spinor 128c representations, respectively. The field content of the full EFT is

{eµa , VM
K , Aµ

M , BµM , ψµ
I , χȦ} , (5.2.1)

i.e. external and internal frame fields together with gauge connections Aµ
M, BµM . The

‘dreibein’ eµ
a defines the external metric gµν = ηab eµ

aeν
b. The ‘248-bein’ VMK is the

internal analogue of the dreibein and parametrises the coset space E8(8)/SO(16). Under

SO(16), the collective index K splits according to the decomposition of the algebra

e8(8) −→ so(16)⊕ 128s , (5.2.2)

into the adjoint and the spinor of SO(16), i.e.

VM
K =

{
VM

IJ ,VM
A
}
, (5.2.3)

satisfying VMIJ = VM[IJ ] with SO(16) vector indices I, J = 1, . . . , 16, and spinor in-

dices A,B = 1, . . . , 128.3 In the same way the dreibein defines the external metric, the

generalised vielbein defines the internal metric MMN

MMN = VM
KVN

L δKL ≡ VM
AVN

A +
1

2
VM

IJVN
IJ , (5.2.4)

3 See appendix B for more details on the relevant group and algebra conventions.
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in terms of which the bosonic theory can be formulated. The inverse 248-bein then is

given by

(V−1)K
M =

{
VM

B,−VM
IJ

}
≡
{
ηMNVN

B,−ηMNVN
IJ
}
, (5.2.5)

where

VM
AVM

B = δAB , VM
IJVM

KL = −2 δIJKL . (5.2.6)

Finally, the 248-bein is an E8(8) group-valued matrix, which results in the standard de-

composition of the Cartan form

(V−1)L
N∂MVN

K =
1

2
qM

IJ (XIJ)
K
L + pM

A (Y A)KL , (5.2.7)

where XIJ and Y A denote the compact and non-compact generators of E8(8), respectively.

With the explicit expressions for the structure constants in the SO(16) basis from (B.1),

one finds the internal currents

qM
IJ =

1

64
ΓIJBAVN

B∂MVN
A , pM

B = − 1

120
ΓIJBAVN

A∂MVN
IJ , (5.2.8)

which will be our building blocks for the internal spin connection and later the Ricci

scalar. This sums up the basic properties of the generalised vielbein.

5.2.2 Spin connections

The coupling of fermions require four different blocks of the spin connection
{
ωµ ωM
Qµ QM

}
(5.2.9)

that ensure covariance of both external and internal derivatives under SO(1,2) and

SO(16), respectively. Via the generalised vielbein postulates

0 ≡ ∇µeν
a ≡ Dµeν

a + ωµ
abeνb − Γµν

ρeρ
a ,

0 ≡ ∇MVN
K ≡ ∂MVN

K − 1

2
QM

IJ(XIJ)
K
LVN

L − ΓMN
P VP

K , (5.2.10)

for the external and internal frame fields, the spin connections relate to the external and

internal Christoffel connections

{
Γµν

ρ, ΓMN
K } . (5.2.11)

Starting with the external sector, the SO(1,2) connection ωµ
ab is defined by the van-

ishing torsion condition of the external Christoffel connection

Γ[µν]
ρ = 0 . (5.2.12)
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This leads to the standard expression for the spin connection in terms of the objects of

anholonomity Ωabc ≡ 2 e[a
µeb]

ν Dµeνc, where however derivatives are covariantized accord-

ing to (5.1.13) with the dreibein transforming as a scalar of weight 1 under (5.1.4). The

external SO(16) connection on the other hand is defined by imposing that the external

current

(Jµ)KL ≡ (V−1)L
ND[A,Q]µVN

K , (5.2.13)

lives in the orthogonal complement of so(16) within e8(8):

Jµ ≡ PµA Y A . (5.2.14)

In analogy to (5.2.8) this yields the explicit expressions

Qµ
IJ =

1

64
ΓIJBAVN

BDµVN
A , PµB = − 1

120
ΓIJBAVN

ADµVN
IJ , (5.2.15)

with covariant derivatives from (5.1.13). According to their definition, the currents Pµ
and Qµ satisfy Maurer-Cartan integrability conditions

2D[µPν]A = −Fµν
MpMA + VP

AfPMN∂MFµνN + GµνMVM
A , (5.2.16)

Qµν
IJ ≡ 2 ∂[µQν]

IJ + 2Qµ
K[IQν

J ]K

= −Fµν
MqM

IJ + VP
IJfPMN∂MFµνN + GµνMVM

IJ

−1

2
PµAPνBΓIJAB (5.2.17)

W.r.t. the integrability relations of D = 3 supergravity [100], these relations represent a

deformation with additional terms in field strengths due to the introduction of the gauge

fields Aµ
M and BµM. We will see in the next section how these terms take a manifestly

covariant form. In the fermionic sector, the full external covariant derivatives acting on

the SO(1, 2)× SO(16) spinors of the theory are given by

Dµψ
I = Dµψ

I +
1

4
ωµ

abγab ψ
I +Qµ

IJ ψJ ,

Dµχ
Ȧ = Dµχ

Ȧ +
1

4
ωµ

abγab χ
Ȧ +

1

4
Qµ

IJΓIJ
ȦḂ

χḂ , (5.2.18)

for spinors ψI and χȦ transforming in the 16 and 128c of SO(16), respectively. Under

generalised internal diffeomorphisms (5.1.4), the spinors ψI and χȦ transform as scalars

of weight 1/2 and −1/2, respectively, and the derivatives Dµ in (5.2.18) are covariantized

accordingly.

Now, let us turn to the internal sector. Similar to (5.2.14) we derive the internal

SO(1,2) spin connection by demanding that the internal current

(JM)ab ≡ ebµD[ω]Meµ
a , (5.2.19)
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lives in the orthogonal complement of so(1, 2) within gl(3)

(JM)ab ≡ πM
(ab) . (5.2.20)

Explicitly, this yields

ωM
ab = eµ[a∂Meµ

b] . (5.2.21)

In order to define the internal SO(16) connection, we recall that the proper condition

of vanishing torsion in the internal sector is given by setting to zero the tensorial part

(5.1.11) of the Christoffel connection ΓMNK. Via (5.2.10) this condition determines a

large part of the SO(16) connection. More precisely, the counting goes as follows [99]:

decomposition of (5.1.11) into SO(16) irreducible representations

1⊕ 3875 −→ 1⊕ 135⊕ 1820⊕ 1920c , (5.2.22)

specifies the representation content of the vanishing torsion conditions. On the other

hand, the various components of the SO(16) connection (QM)IJ live in the SO(16) rep-

resentations

QKL
IJ : 120⊗ 120 = 1⊕ 120⊕ 135⊕ 1820⊕ 5304⊕ 7020 ,

QA
IJ : 120⊗ 128s = 128s ⊕ 1920c ⊕ 13312s .

(5.2.23)

Comparison to (5.2.22) exhibits which SO(16) components of (QM)IJ are not fixed by

imposing vanishing torsion. For practical purposes, these undetermined parts 120 ⊕
128s ⊕ 135 ⊕ 5304 ⊕ 7020 ⊕ 13312s do not pose a problem as they drop out of all

physically relevant quantities such as the supersymmetry transformations, the Lagrangian

etc., a property that all known supersymmetric exceptional field theories share.

Concretely, the four irreducible components (5.2.22) of the torsion-free condition

(5.1.11) take the form

−1

2
ΓIJ,IJ + ΓA,A = 0 ,

−ΓM(I,J)M − 1

16
δIJΓMN,MN = 0 ,

Γ[IJ,KL] +
1

24
ΓIJKLAB ΓA,B = 0 ,

ΓJ
AȦ

(ΓIJ,A + ΓA,IJ) +
1

16
(ΓMNΓI)AȦ (ΓMN,A + ΓA,MN) = 0 .

(5.2.24)

To explicitly solve these equations (5.2.24), we use (5.2.10), to express the internal

Christoffel connection in terms of derivatives of the vielbein

ΓM,N =
1

60
fN

KP
(
VP

AD[Q]MVK
A − 1

2
VP

IJD[Q]MVK
IJ

)
, (5.2.25)
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or, more explicitly

ΓM,NVN
A = −pM,A , ΓM,NVN

IJ = QM
IJ − qM

IJ , (5.2.26)

in terms of the Cartan form (5.2.8). Then, combining these equations with (5.2.24)

translates conditions on the Christoffel connection into conditions on the spin connection.

The solution for the SO(16) spin connection is then found to be

QM
IJ = VM

AQA
IJ − 1

2
VM

KLQKL
IJ , (5.2.27)

with

QIJ
KL = qIJ

KL − 1

60
δKLIJ pA,A +

1

14
δ
I[K

Γ
L]J
AB pA,B

+
1

4!
ΓIJKLAB pA,B +

1

7
δ
I[K VM

L]J
ΓN

MN + UIJ,KL ,

QA
IJ = qA

IJ + pIJ,A − 1

56
ΓIKAB pKJ,B +

1

56
ΓJKAB pKI,B

+
3

364
ΓIJKLAB pKL,B +

1

60
VM

BΓ
IJ
ABΓNM

N + (R13312)A
IJ , (5.2.28)

c.f. [99], in terms of the Cartan forms (5.2.8), whose first indices we have ‘flattened’ with

the 248-bein VMK. The contributions UIJ,KL, (R13312)A
IJ in (5.2.28) are constrained by

UIJ,KL = U[IJ ],[KL] , U[IJ,KL] = 0 = UIK,KJ ,

(R13312)A
IJ = (R13312)A

[IJ ] , ΓI
AȦ

(R13312)A
IJ = 0 , (5.2.29)

and not determined by the vanishing torsion condition, in accordance with (5.2.23).

The undetermined parts in the 120⊕ 128s in (5.2.28) have been expressed via the trace

ΓNMN of the Christoffel connection. The latter can be fixed by imposing as an additional

condition that the determinant of the external vielbein e ≡ det eµ
a be covariantly constant

∇Me ≡ ∂Me− 3

2
ΓNM

N e ≡ 0 , =⇒ ΓNM
N =

2

3
e−1∂Me . (5.2.30)

To summarize, the full internal covariant derivative act on an E8(8)×SO(16) tensor XMI

of weight λX as

∇MXN
I ≡ ∂MXN

I +QM
IJXN

J − ΓMN
KXK

I − 1

2
λXΓKM

KXN
I , (5.2.31)

with the connections defined by (5.2.28) and (5.2.26), respectively. This covariant deriva-

tive transforms as a generalised tensor of weight λ = λX −1 under generalised diffeomor-

phisms. In particular, for the spinor fields of the theory, the covariant internal derivatives

take the form

∇MψIµ ≡ ∂MψIµ +QM
IJψIµ +

1

4
ωM

ab γab ψ
I
µ −

1

4
ΓKM

K ψIµ ,

∇MχȦ ≡ ∂MχȦ +
1

4
QM

IJ ΓIJ
ȦḂ

χḂ +
1

4
ωM

ab γab χ
Ȧ +

1

4
ΓKM

K χȦ . (5.2.32)
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We conclude this section with a collection of the different covariant derivatives we have

used and will use throughout this chapter:

Dµ = D[A]µ ,

Dµ = D[A, ω,Q]µ , DM = D[ω,Q]M ,

∇µ = ∇[A, ω,Q,Γ]µ , ∇M = ∇[ω,Q,Γ]M , (5.2.33)

where Aµ
M is the gauge field associated with generalised diffeomorphisms symmetry and

the four blocks of the spin connection ωµ,Qµ, ωM,QM defined in (5.2.12), (5.2.15), (5.2.21), (5.2.28),

respectively.

5.2.3 Curvatures

Having defined the various components of the spin connection (5.2.9), we can now dis-

cuss their curvatures which will be the building blocks for the bosonic Lagrangian and

field equations. Moreover, we will require a number of identities for the commutators

of covariant derivatives in order to prove the invariance of the full Lagrangian under

supersymmetry.

Let us start with the commutator of two external covariant derivatives on an SO(1, 2)×
SO(16) spinor ǫI which is obtained straightforwardly from (5.2.18)

[Dµ,Dν ] ǫ
I = −Fµν

M∂MǫI − 1

2
∂MFµν

MǫI +Qµν
IJǫJ +

1

4
Rµν

abγabǫ
I , (5.2.34)

with the field strength of the gauge field Aµ
M introduced in (5.1.15), the usual external

Riemann curvature defined by

Rµν
ab = 2D[µων]

ab + 2ω[µ
ac ων] c

b , (5.2.35)

(with covariant derivatives (5.1.13)), and its analogue Qµν
IJ from (5.2.17) for the SO(16)

external spin connection. As the commutator of two external covariant derivatives, the

left-hand side of (5.2.34) is covariant whereas this is not manifest from the r.h.s.. Em-

bedding the internal derivatives on the r.h.s. into full covariant derivatives (5.2.32), the

commutator can be rewritten as

[Dµ,Dν ] ǫ
I = −Fµν

M∇MǫI − 1

2
∇MFµν

MǫI +
1

4
R̂µν

abγabǫ
I

+Qµν
IJ + Fµν

MQM
IJǫJ (5.2.36)

with the improved Riemann tensor R̂µν
ab ≡ Rµν

ab + ωMabFµν
M. The latter is covariant

under local SO(1,2) Lorentz transformations, shows up in the gravitational field equations

and whose contraction in particular gives rise to the improved Ricci scalar

R̂ = ea
µeb

ν R̂µν
ab , (5.2.37)
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that is part of the bosonic action. With the first line of (5.2.36) now manifestly covariant,

the second line can be rewritten upon using the explicit expression (5.2.17) for Qµν
IJ such

that the commutator takes the manifestly covariant form

[Dµ,Dν ] ǫ
I =

1

2
PµAPνBΓIJAB ǫJ +

1

4
R̂µν

abγab ǫ
I + VP

IJfPMN ∇MFµνN ǫJ

+G̃µνMVM
IJ ǫ

J −Fµν
M∇M ǫI − 1

2
∇MFµν

M ǫI , (5.2.38)

with the tensorial combination of field strengths G̃µνM from (5.1.18). Similarly, one may

rewrite the second integrability relation (5.2.16) into the manifestly covariant form

2D[µPν]A = VP
AfPMN∇MFµνN + G̃µνMVM

A . (5.2.39)

We now turn to the mixed curvature, arising from the commutators of one external

and one internal covariant derivatives. We will only be interested in those projections of

this commutator, in which the undetermined part of the SO(16) connection drops out.

Fortunately, they are the projections relevant to prove the invariance of the Lagrangian

under supersymmetry. Evaluating different projections of such a commutator on an

SO(1, 2)× SO(16) spinor ǫI , we obtain the relations

VM
AΓ

I
AȦ

[∇M,Dµ] ǫ
I =

1

4
VM

AΓ
I
AȦ

RMµ
ab γabǫ

I

− 3

4
ΓI
AȦ

VM
IJ∇MPµA ǫJ +

1

8
ΓIJK
AȦ

VM
IJ∇MPµA ǫK ,

VM
IJ [∇M,Dµ] ǫ

J =
1

4
VM

IJ RMµ
ab γabǫ

J

− 1

8
VM

A∇MPµA ǫI −
1

4
ΓIJABVM

A∇MPµB ǫJ , (5.2.40)

where the mixed curvature tensor is defined by

RMµ
νρ = ea

νeb
ρ
(
∂Mωµ

ab −DµωM
ab
)
=
(
∂MΓµσ

[ν
)
gρ]σ . (5.2.41)

One can show it constitutes a tensor under generalised diffeomorphisms (5.1.4), and

satisfies a Bianchi identity

RM[µ νρ] ≡ 0 . (5.2.42)

Its contraction to a ‘mixed Ricci tensor’ yields the following current

RMν
µν = −1

2
ĴµM ≡ ea

µeb
ν
(
∂Mων

ab −Dν

(
eρ[a∂Meρ

b]
))

, (5.2.43)

which is related to the improved Ricci scalar (5.2.37) by variation w.r.t. the vector fields

δAR̂ = ĴµM δAµ
M + ∇MJM

A +DµIµA , (5.2.44)
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up to a boundary currents JM
A , IµA of respective weights λJA

= −1, λIA = −2 , that do

not contribute under the integral.

Finally, for the internal curvature, we are again interested in specific projections of

two internal covariant derivative in which the undetermined part of the connection drops

out. The pertinent projection for the definition of an internal curvature scalar R in the

E8(8) × SO(16) exceptional geometry is given by

(
16VM

KIVN
JK + 2VM

AVN
A δIJ + 2ΓIJABVM

AVN
B

)
∇M∇N ǫJ =

= − 1

8
R ǫI + VM

KIVN
JK RMN

abγabǫ
J . (5.2.45)

On the l.h.s. the double derivative terms vanish by means of the section constraints

(C.2), while a straightforward computation shows that also all linear derivative terms

∂MǫI cancel. The curvature of the internal spin connection on the r.h.s. is defined in

analogy to (5.2.35) and computed to be

RMN
ab = 2 ∂[MωN ]

ab + 2ω[M
ac ωN ] c

b

= −1

2
eµ[aeb]νgστ∇Mgµσ∇N gντ . (5.2.46)

Upon using the expressions for the SO(16) spin connection (5.2.28), the internal curvature

scalar R in (5.2.45) can be calculated explicitly in terms of the Cartan forms (5.2.8) and

the derivative of the external vielbein determinant e as

R = −2

3
MMN e−2∂Me ∂N e+

4

3
MMN e−1∂M∂N e+

4

3
V (M

AVN )
IJ Γ

IJ
AB pM

B e−1∂N e

+ VM
AVN

IJ Γ
IJ
AB

(
∂(MpN )

B +
1

4
ΓIJBC q(M

IJpN )
C

)
+MMN pM

A pN
A

+ 2VM
AVN

B pM
BpN

A − 1

8
VM

IJVN
KL

(
ΓIJΓKL

)
AB

pM
ApN

B

+
1

4
VM

AVN
B ΓIJACΓ

IJ
BD pM

CpN
D . (5.2.47)

By construction it transforms as a scalar (of weight λR = −2) under generalised diffeo-

morphisms (5.1.4). Its dependence on the external metric is such that

δ(eR) = (δe)R + total derivatives . (5.2.48)

The other relevant projection of two internal derivatives on a spinor is given by

(
12VM

AVN
IJ Γ

I
AȦ

+
(
ΓIJK
AȦ

+ 2ΓI
AȦ
δJK

)
VM

IKVN
A

)
∇M∇N ǫJ =

=
1

8
ΓI
AȦ

RA ǫ
I +

1

16
VM

IJVN
A

(
ΓIJK
AȦ

− 14 δJKΓI
AȦ

)
RMN

abγab ǫ
K ,(5.2.49)

where again all double derivatives on the l.h.s. vanish due to the section constraints.

The generalised curvature RA on the r.h.s. plays the analogue of a Ricci tensor in this
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geometry and is most conveniently defined by variation of the curvature scalar R w.r.t.

to a non-compact local e8(8) transformation of the internal frame field, i.e.

δΣR ≡ ΣA(Y )RA + ∇MJM
Σ , under δΣV = V Y AΣA(Y ) . (5.2.50)

up to a boundary current JM
Σ of weight λJΣ

= −1 . It can be explicitly given in terms

of the Cartan forms (5.2.8) as

RA = −2

3
ΓIMABVM

IMVN
B∂Me ∂N e e

−2 +
1

4
ΓIMABΓ

IMNP
CD VM

NPVN
BpM

CpN
D

−ΓIMABΓ
IN
CDVM

MNVN
BpM

CpN
D − 3

2
ΓIMABVM

IMVN
BpM

CpN
C

−2 ΓIMCBVM
IMVN

CpM
ApN

B +
23

16
ΓIMABΓ

IN
CDVM

MNVN
C pM

DpN
B

+ΓIMCBVM
IMVN

ApM
CpN

B + 2ΓIMABVM
IMVN

CpM
BpN

C

+
(
− 4VN

AVM
B − 3 δAB VM

CVN
C − 1

4
ΓIMNP
AB VM

IMVN
NP

+
1

2
ΓIMACΓ

IM
BD VN

CVM
D

)(
∂(MpN )

B +
1

4
ΓIJBC q(M

IJpN )
C

)
. (5.2.51)

This expression above is given in compact form, after simplification by various Fierz-like

identities, some of which are collected in appendix D.

5.3 Supersymmetry algebra

In this section we establish the supersymmetry transformation of the various fields and

verify that the supersymmetry algebra closes. Before discussing supersymmetry, we

briefly review the bosonic symmetries of E8(8) exceptional field theory, since these are

the transformations we are going to recover in the commutator of two supersymmetry

transformations.

5.3.1 Bosonic symmetries of E8(8) exceptional field theory

In section 5.1 we have extensively discussed the structure of internal generalised Lie

derivatives which depend on two parameters ΛM and ΣM with associated gauge connec-

tions Aµ
M and BµM . A closer analysis [35] shows that these gauge connections come

with additional shift symmetries which take the form

δΞAµ
M = ∂KΞµ3875

MK + ηMNΞµN + fMN
KΞµN

K ,

δΞBµM = ∂MΞµN
N + ∂NΞµM

N . (5.3.1)

Here, the symmetry parameter Ξµ3875
MN lives in the projection of the two adjoint indices

MN onto the 3875 representation, explicitly realized by (B.4). The parameter ΞµN
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is constrained in the same way as the fields BµM and ΣM, c.f. (5.1.5). Similarly, the

parameter ΞµNK is constrained as (5.1.5) in its first internal index N . It is straightforward

to check that the shift symmetries (5.3.1) leave the covariant derivatives (5.1.13) invariant.

More precisely, they correspond to the tensor gauge transformations associated to the

two-form gauge fields that complete the vector field strengths Fµν
M and GµνM into fully

covariant objects, but drop out from the Lagrangian of the theory.

Apart from the internal gauge symmetries, the full set of bosonic symmetries also

includes a covariantized version of the (2+1)-external diffeomorphism with the parameter

ξµ depending on both set of coordinates {xµ, YM}. On the bosonic fields these act as4

δξeµ
a = ξνDνeµ

a +Dµξ
νeν

a ,

δξMMN = ξνDνMMN ,

δξAµ
M = −2VMA

(
eεµνρ ξ

νPρA + VNAgµν∇N ξ
ν
)
,

∆ξBµM = −eεµνρ
(
gρλDν (gλσ∇Mξσ)− ξν ĴρM

)
, (5.3.2)

where the variation of BµM is given in terms of the current ĴρM introduced in (5.2.43)

and most compactly expressed via the general covariant variation ∆BµM introduced in

(5.1.19). With (5.1.19), (5.2.26), and the explicit form of δξAµ
M it is straightforward

to verify that the variation δξBµM is uniquely determined and compatible with the

constraints (5.1.5) this connection satifies. The external diffeomorphisms (5.3.2) take the

expected form for the frame fields eµ
a, MMN . In contrast, for the gauge connections

Aµ
M, BµM, they relate only on-shell to the standard diffeomorphism transformation of

gauge fields.

5.3.2 Closure of the supersymmetry algebra

Let us now move on to the fermionic fields and the supersymmetry algebra. In addition

to the bosonic fields introduced in section 5.2, the supersymmetric completion of the

E8(8) exceptional field theory contains the following spinor fields: sixteen gravitinos ψµ
I

as well as 128 matter fermions χȦ, transforming in the vector and spinor representation

of SO(16), respectively. With respect to generalised diffeomorphisms, they transform

as scalar densities with half-integer weights given in Table 5.1. We are working in the

Majorana representation and mostly minus signature, i.e. spinors are taken to be real

and SO(1,2) gamma matrices γµ purely imaginary, c.f. [101] for our spinor conventions.

In particular, we use γµνρ = −ieεµνρ .

4 W.r.t. the form of these transformations given in [35], we have expressed the current bosonic current

jρM by the coset current PρM, see (5.1.24) below, and furthermore changed the vector transformations

by a shift transformation (5.3.1) with parameter ΞµM = −gµν∂Mξν , in order to obtain a more compact

presentation of the external diffeomorphisms. Also some signs differ from the formulas in [35] due to the

fact that in this chapter we use mostly minus signature (+−−) for the external metric.
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In this section, we present the supersymmetry transformation rules

δǫeµ
a = iǭIγaψIµ , V−1δǫV = ΓI

AȦ
χ̄ȦǫIY A ,

δǫψ
I
µ = Dµǫ

I + 2VM
IJ∇M(iγµǫ

J) + 2VM
IJ iγµ∇MǫJ ,

δǫχ
Ȧ =

i

2
γµǫIΓI

AȦ
P̂A
µ − 2VM

AΓ
I
AȦ

∇MǫI ,

δǫAµ
M = −4VM

IJ ǭ
Iψµ

J + 2ΓI
AȦ

VM
A ǭ

Iiγµχ
Ȧ ,

∆ǫBµM = −2(∇MǭIψIµ − ǭI∇MψIµ) + e εµνρg
ρσ∇M(ǭIiγνψIσ) , (5.3.3)

and show its algebra closes into generalised diffeomorphisms and gauge transformations.

The bosonic transformations (first and fourth line) precisely coincide with the super-

symmetry transformations of standard D=3 supergravity [100, 101] with all fields now

living on the exceptional space-time. The fermionic transformation rules on the other

hand have been modified w.r.t. the three-dimensional theory with the addition of term

containing internal covariant derivatives ∇M introduced in section 5.2.2. As in higher di-

mensions, the supersymmetry transformation rules only carry specific projections of these

covariant derivatives, such that the undetermined part in the SO(16) connection QMIJ

drops out. The supersymmetry variations of the gauge connection BµM finally have no

analogue in the three-dimensional theory and are entirely determined from closure of the

supersymmetry algebra. Although its r.h.s. is such that not all undetermined parts of

the SO(16) connection QMIJ drop out, these terms precisely cancel the corresponding

contributions from the Christoffel connection in the covariant variation (5.1.19) on the

l.h.s.. The resulting variation δǫBµM is uniquely determined and compatible with the

constraints (5.1.5) this field has to satisfy.

As a first test, we use this ansatz to calculate the commutator of two supersymmetry

transformations on the dreibein eµ
a to obtain

[δǫ1 , δǫ2 ] eµ
a = eǭI2γ

a
(
Dµǫ

I + 2VM
IJ∇M(iγµ)ǫ

J + 4VM
IJ iγµ∇MǫJ

)
− (1 ↔ 2)

= Dµ

(
ǭI2 iγ

a ǫI1
)
− 4VM

IJ ǭ
I
2 ǫ

J
1∇Meµ

a +∇M
(
−4VM

IJ ǭ
I
2 ǫ

J
1

)
eµ
a

− 4VM
IJ

(
ǭI2 γ

ab∇MǫJ1 −∇MǭI2 γ
ab ǫJ1

)
eµ b

≡ Dµ(ξ
νeν

a) + ΛM∂Meµ
a + ∂MΛMeµ

a + Ω̃abeµ b . (5.3.4)

The first term reproduces the action of covariantized external diffeomorphisms, the second

and third term describe the action of internal generalised diffeomorphisms on the dreibein,

and the last term is an SO(1,2) Lorentz transformation, with the respective parameters

given by

ξµ = iǭI2 γ
µ ǫI1 ,

ΛM = −4VM
IJ ǭ

I
2ǫ
J
1 ,

Ω̃ab = −4VM
IJ

(
ǭI2 γ

ab∇MǫJ1 −∇MǭI2 γ
ab ǫJ1

)
+ ΛM ωM

ab . (5.3.5)
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Similarly, one can show closure of the supersymmetry algebra on the 248-bein. Using

(5.3.3), we find the commutator

VM
B [δǫ1 , δǫ2 ]VM

KL =

(
− i

2
PµCΓJCȦǭ

J
1γ

µ − 2VN
CΓ

J
CȦ

∇N ǭ
J
1

)
ǫI2Γ

I
AȦ

(Y A)KLB

− (1 ↔ 2)

= ξµPµA (Y A)KLB + 60VM
BP

N
M

K
LVN

KL∇KΛ
L

− 2VM
B

(
∇N ǭ

I
2ǫ
I
1 − ǭI2∇N ǫ

I
1

)
fNP

MVP
KL , (5.3.6)

with the adjoint projector from (B.3). We recognize the first term as the action of external

diffeomorphisms on the 248-bein. The second term reproduces the action (5.1.4) of a

generalised internal diffeomorphism with parameter ΛL when parametrized covariantly

as in (5.1.12) (note that the transport term ΛN∇NVMKL vanishes due to the vielbein

postulate (5.2.10)). The last term thus describes the covariantized E8(8) rotation from

which we read off the parameter Σ̃N

Σ̃N = −2
(
∇N ǭ

I
2ǫ
I
1 − ǭI2∇N ǫ

I
1

)
. (5.3.7)

As a consistency check, it is straightforward to verify that although the expression for

the parameter (5.3.7) carries the full internal SO(16) spin connection QN IJ (including

its undetermined parts), its form is such that the constrained parameter ΣN = Σ̃N +

ΓN ,MΛM which actually appears in the rotation term of (5.1.4) is uniquely determined

(with the undetermined part from QN IJ cancelling the undetermined part from ΓN ,M)

and moreover satisfies the required constraints (5.1.5).

Also on the gauge field Aµ
M we obtain closure of the supersymmetry algebra by a

standard calculation which gives the explicit result

[δǫ1 , δǫ2 ]Aµ
M = −4VM

IK ǭ
I
2

(
Dµǫ

K
1 + 2VN

KJ∇N (iγµ)ǫ
J
1 + 4VN

KJ iγµ∇N ǫ
J
1

)

+2ΓI
AȦ

VM
Aǭ

I
2iγµ

(
i

2
γνǫ

J
1Γ

J
BȦ

Pν B − 2VN
BΓ

J
BȦ

∇N ǫ
J
1

)
− (1 ↔ 2)

= DµΛ
M +∇N

(
−16iVM

K(IVM
J)K ǭ

I
2γµǫ

J
1

)

+ 8i fMN
KVK

IJ

(
ǭI2γµ∇N ǫ

J
1 −∇N ǭ

I
2γµǫ

J
1

)

−2i eεµνρVM
APρAǭI2iγ

νǫI1 + 4VM
AVN

Aξ
a∇N eµ

a − 4VM
AVN

A∇N ξµ

= DµΛ
M − 2VMA

(
eεµνρ ξ

νPρA + VNAgµν∇N ξ
ν
)

+∂NΞµ 3875
(MN ) + fMN

K ΞµN
K + ηMNΞµN (5.3.8)

with the parameters ΛM and ξµ from (5.3.5) and the shift parameters Ξµ of the last line
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defined as

ΞµN = −2∂N ξµ ,

Ξµ 3875
(MN ) = −16VM

IKVN
KJ ǭ

(I
2 iγµǫ

J)
1 − VM

IJVN
IJ ǭ

K
2 iγµǫ

K
1 ,

ΞµN
K = −8VK

IJ

(
∇N ǭ

I
2iγµǫ

J
1 − ǭI2iγµ∇N ǫ

J
1

)

+ΓN ,M
(
Ξµ 3875

(MK) − 2ηMKξµ
)

, (5.3.9)

corresponding to the shift symmetries (5.3.1) discussed above. The fact that Ξµ 3875
(MN )

lives in 3875 representations is an immediate consequence of its specific form

Ξµ 3875
(MN ) = −16VM

IKVN
KJ ξµ IJ , ξµ IJ ≡ iǭ

(I
2 γµǫ

J)
1 − 1

16
δIJ ξµ , (5.3.10)

with a parameter ξµ IJ in the 135 of SO(16), combined with the fact that the tensor

product of two adjoint representations (5.1.2) contains only a single representation 135

of SO(16) which lives within the 3875 representation of E8(8) . Moreover, the last term

in (5.3.9) carrying the Christoffel connection ensures that the parameter ΞµN
K does not

carry any of the undetermined parts of the SO(16) connection QN IJ and furthermore is

constrained in its first index, as required by the shift symmetries (5.3.1).

We have at this point fully determined the supersymmetry algebra

[δǫ1 , δǫ2 ] = δξ + δΩ̃ + δΛ + δΣ + δΞ , (5.3.11)

with parameters given in (5.3.5), (5.3.7), (5.3.9). As a consistency check of the construc-

tion it remains to verify that the algebra closes in the same form on the constrained

connection BµM. This computation is greatly facilitated by the notation of the covariant

variation (5.1.19) in terms of which its supersymmetry variation takes the covariant form

(5.3.3). To lowest order in fermions, the supersymmetry algebra on BµM is given by

[δǫ1 , δǫ2 ]BµM = 2 δǫ1 ∆ǫ2 BµM + 2ΓM,N δǫ1 δǫ2 Aµ
N . (5.3.12)

For the second term we may use the closure of the algebra on the vector fields Aµ
M

established above. The first term after some calculation yields

2 δǫ1 ∆ǫ2 BµM = ∆Λ,ΣBµM +∆ξBµM

+2∇(MΞ̃µN )
N + εµνρRMN

νρΛN

+8VN
IJ

(
[∇M,∇N ]ǭI2iγµǫ

J
1 − ǭI2iγµ[∇M,∇N ]ǫJ1

)
, (5.3.13)

with the parameters given in (5.3.5), (5.3.7), (5.3.9) and the covariant combination

Ξ̃µN
K = −8VK

IJ

(
∇N ǭ

I
2iγµǫ

J
1 − ǭI2iγµ∇N ǫ

J
1

)
,

= ΞµN
K − ΓN ,M

(
Ξµ 3875

(MK) − 2ηMKξµ
)
. (5.3.14)
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The first line of (5.3.13) reproduce the covariant variation of BµM under generalised

internal and external diffeomorphisms. For the supersymmetry algebra to close, the

second and third line of (5.3.13) must reproduce the shift symmetries

∆ΞBµM = δΞBµM − ΓM,N δΞAµ
M ,

= 2∇(MΞ̃µN )
N + 2Γ[NM]

PΞ̃µP
N − ΓP[N

PΞ̃µM]
N

(
∂NΓN ,P − ΓNP

QΓM,Q
) (

Ξµ 3875
NP − 2ηNPξµ

)
,

= 2∇(MΞ̃µN )
N + εµνρRMN

νρΛN

+8VN
IJ

(
[∇M,∇N ]ǭI2iγµǫ

J
1 − ǭI2iγµ[∇M,∇N ]ǫJ1

)
, (5.3.15)

where we have obtained the last equality with the use of the following identity

(
2∂[MΓN ],P − ΓM,LΓN ,Qf

LQ
P
)(

V (N
IKVP)

KJ +
1

8
VN

AVP
A δIJ

)

−VN
IK

(
2∂[MQN ]

KJ + 2Q[M
KLQN ]

LJ
)

= 0 . (5.3.16)

This is reminiscent of standard Riemannian geometry, where the curvature of the Christof-

fel symbols is the curvature of the spin connection

Rµν
ρσ [Γ] = Rµν

ab [ω] ea
ρeb

σ , (5.3.17)

albeit here, in a projected fashion.

This proves the closure of the supersymmetry algebra on BµM

[δǫ1 , δǫ2 ]BµM = δ(Λ,Σ)BµM + δξBµM + δΞBµM , (5.3.18)

and concludes the discussion on the consistency of the supersymmetry algebra (5.3.11).

5.4 Supersymmetric Lagrangian

We can now present the supersymmetric completion of the bosonic action (5.1.21). The

fermionic field content comprises the gravitinos ψµ
I and spin 1/2 fermions χȦ transform-

ing in the fundamental vector 16 and spinor 128c representations of SO(16), respectively.

The full E8(8) Lagrangian is given by

e−1L = −R̂+ gµνPµAPνA + e−1 Ltop − V

+2i γµνρψ̄IλDµψ
I
ν − 2i χ̄ȦγµDµχ

Ȧ − 2 χ̄ȦγµγνψIµΓ
I
AȦ

PνA

+e−1 Lquartic + 8VM
IJ ψ̄

I
µγ

µν∇MψJν − 8iVM
A Γ

I
AȦ
ψ̄Iµ∇M(γµχȦ)

−2VM
IJ Γ

IJ
ȦḂ
χ̄Ȧ∇MχḂ . (5.4.1)
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The first line is the bosonic Lagrangian (5.1.21). The terms in the second line are obtained

via a direct uplift (and proper covariantization) from D = 3 maximal supergravity [100,

101]: a Rarita-Schwinger term for the gravitinos ψIµ, a kinetic term for the 128 matter

fermions χȦ, and the Noether coupling between the coset current PµA and the fermions.

The three last terms of (5.4.1) carrying internal covariant derivative ∇M have been

added to ensure invariance of the Lagrangian under supersymmetry transformations.

After proper Scherk-Schwarz reduction of the Lagrangian [56], these terms provide the

Yukawa couplings of the gauged three-dimensional supergravity. Finally, Lquartic denotes

the quartic fermion terms. We expect these to coincide with the corresponding terms of

the three-dimensional theory [100, 101]

e−1 Lquartic = −1

2

(
χγρΓ

IJχ
(
ψIµγ

µνρψJν − ψIµγ
ρψµJ

)
+ χχψIµγ

νγµψIν

)

+
1

2

(
(χχ)(χχ)− 1

12
χγµΓIJχχγµΓ

IJχ
)
, (5.4.2)

but as far as this thesis is concerned we will only deal with fermions at quadratic order.

For the proof of invariance of (5.4.1) under supersymmetry (5.3.3), we first note

that all terms that do not carry internal derivatives cancel precisely as in the three-

dimensional theory. Terms carrying internal derivatives arise in the bosonic sector from

variation of the potential V and the topological term Ltop. In the fermionic sector, such

terms arise from the corresponding terms in the supersymmetry transformations (5.3.3),

from variation of the last three terms in (5.4.1), as well as from the modified integrability

relations (5.2.38), (5.2.39).

We organise these terms according to their structure

ψ̄Dµ∇Mǫ , χ̄Dµ∇Mǫ , ψ̄∇M∇N ǫ , χ̄∇M∇N ǫ (5.4.3)

and show that they cancel against the contributions from the bosonic Lagrangian. In

the rest of this section, we will only focus on the last two types of terms in (5.4.3),

which carry two internal derivatives and thus exhibit an interesting geometric structure

of the internal space. The cancellation of the remaining terms is described in detail in

appendix E.

Let us start by collecting the terms in ψ̄∇M∇N ǫ in the variation of the fermionic
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Lagrangian

e−1δLferm

∣∣∣
ψ̄∇∇ǫ

−→ 8i
(
8VM

IKVN
KJ + VM

AVN
AδIJ

)
ψ̄Iµγ

µ {∇M,∇N} ǫJ

+ 8i
(
8VM

IKVN
KJ + ΓIJABVM

AVN
B

)
ψ̄Iµγ

µ [∇M,∇N ] ǫJ

+ 32i ψ̄Iµ VM
IKVN

KJ

(
γµν∇Nγν∇MǫJ + 2γµν∇Mγν∇N ǫ

J

+∇M(γµν)γν∇N ǫ
J
)

+ 16iVM
A(Γ

IΓJ)ABVN
B ψ̄

I
µ∇Mγµ∇N ǫ

J

+ 32iVM
IKVN

KJ ψ̄
I
µ

(
γµν∇M∇Nγν +

1

2
∇Mγµν∇Nγν

)
ǫJ .

(5.4.4)

Upon use of the section constraints (C.2) and together with the identity (5.2.45), one

can show that all the quadratic and linear terms in derivatives of ǫ vanish. Then, the

remaining terms cancel the first two lines of the variation of the scalar potential (5.1.28)

under a supersymmetry transformation (up to total derivatives)

δǫ(eV ) =
1

2
e
(
gµνR− 1

4
gµνMMN∇Mgρσ∇N gρσ +∇M(MMN∇N g

µν)

+gµρ∇Mgρσ∇N g
σνMMN

)
δǫgµν

+ eΓIAȦ χ
ȦǫI
(
RA +

1

4
ΓIJABV (M

BVN )
IJ∇Mgµν∇N gµν

)
, (5.4.5)

where for the cancellation we have used the following identity

γµν∇M∇Nγν +
1

2
∇Mγµν∇Nγν =

1

2
∇M∇Nγ

µ − 1

2
gµν∇M∇Nγν

−1

4
RMN

abγµγab −
1

8
γµ∇Mgνρ∇N gνρ .(5.4.6)

The last line in (5.4.5) then cancels against the corresponding terms from the variation

of the fermionic Lagrangian

e−1δLferm

∣∣∣
χ̄∇∇ǫ

−→ 4VM
IKVN

A

(
ΓIKJ
AȦ

+ 12ΓI
AȦ
δKJ

)
χ̄Ȧ {∇M,∇N} ǫJ

+ 4VM
IKVN

A(Γ
IKJ
AȦ

− 10ΓI
AȦ
δKJ)χ̄Ȧ [∇M,∇N ] ǫJ

+ 16VN
IJVM

Aχ̄
ȦΓI

AȦ
γµ∇M∇Nγµ ǫ

J . (5.4.7)

Using the identity (5.2.49) and the section constraints (C.2) one finds that all quadratic

and linear terms in ǫ vanish while the remaining terms precisely cancel the last line of

(5.4.5). For this, the following relations are useful

∇Mγµν = 2 γ[µ∇Mγν] , γµ∇Mγµ = 0 , (5.4.8)

γν∇M∇Nγν = −1

2
RMN

abγab −
1

4
γµ∇Mgνρ∇N gνρ . (5.4.9)
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We have thus sketched the vanishing of all terms carrying two internal derivatives in the

supersymmetry variation of (5.4.1). The cancellation of the remaining terms is described

in detail in appendix E. To summarize the result, we have shown invariance of the action

(5.4.1) up to quartic fermion terms.

5.5 A comment on the additional gauge connection

In contrast to the standard formulation of supergravities, in exceptional field theory

the bosonic symmetries already uniquely determine the bosonic Lagrangian without any

reference to fermions and supersymmetry. Nevertheless, it is important to establish that

the resulting bosonic Lagrangian allows for a supersymmetric completion upon coupling

of the proper fermionic field content as we have done in this chapter. In particular,

in the context of generalised Scherk-Schwarz reductions [56] this construction provides

the consistent reduction formulas for the embedding of the fermionic sector of lower-

dimensional supergravities into higher dimensions.

A particular attribute of E8(8) exceptional field theory is the appearance of an addi-

tional constrained gauge connection BµM related to an additional gauge symmetry which

ensures closure of the algebra of generalised diffeomorphisms. Unlike all other fields of

E8(8) exceptional field theory, this gauge connection is invisible in three-dimensional su-

pergravity. More precisely, upon a consistent truncation of exceptional field theory down

to three dimensions by means of a generalised Scherk-Schwarz reduction

MMN (x, Y ) = UM
K(Y )UN

L(Y )MKL(x) ,

gµν(x, Y ) = ρ−2(Y ) gµν(x) ,

Aµ
M(x, Y ) = ρ−1(Y )Aµ

N (x)(U−1)N
M(Y ) , (5.5.1)

with the Y -dependence carried by an E8(8) matrix U and a scaling factor ρ (satisfying

their system of consistency equations), the constrained gauge connection BµM reduces

according to

BµM(x, Y ) ∝ ρ−1(Y ) (U−1)K
P(Y ) ∂MUP

L(Y ) fNL
KAµ

N (x) , (5.5.2)

such that its fluctuations are expressed in terms of the same three-dimensional vector

fields Aµ
N (x) that parametrize the fluctuations of the Aµ

M(x, Y ) . It is thus tempting

to wonder if already in exceptional field theory, and before reduction, the constrained

gauge connection can be considered as a function of the remaining fields such as [99]

BµM
?
= ΓM,N Aµ

N , (5.5.3)

c.f. (5.1.12). However, as seen above, coupling to fermions requires a connection ΓM,N
other than the Weitzenböck connection, such that (5.5.3) would obstruct compatibility
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with the constraints (5.1.5). Moreover, supersymmetry of the Lagrangian requires a non-

trivial transformation law (5.3.3) for the constrained connection BµM. It is remarkable

that as we have shown above this additional constrained connection consistently joins

the remaining bosonic and fermionic fields into a single supermultiplet without the need

of additional fermionic matter.

The fact that all transformation laws of BµM are most compactly expressed in terms

of the general covariant variation (5.1.19) is remnant of structures that appear in a

general tensor hierarchy of non-abelian p-forms [50]. This may hint at a yet larger alge-

braic structure which in particular unifies the topological term and the generalised three-

dimensional Einstein-Hilbert term of (5.1.21) into a single non-abelian Chern-Simons

form on an enlarged algebra. If the present construction should allow for a generalization

to the infinite-dimensional cases of E9 [102, 103, 104], E10 [105, 106], (and maybe E11

[107, 108, 109]), this appearance of additional bosonic representations and their interplay

with supersymmetry may play an essential role.

5.6 Summary

In this chapter we have constructed the supersymmetric completion of the bosonic E8(8)

exceptional field theory. The final result is given by the action (5.4.1) and the supersym-

metry transformation laws (5.3.3). In particular, we have established the supersymmetry

algebra which consistently closes into the generalised internal and external diffeomor-

phisms together with the tensor gauge transformations of the theory. The geometry of

the internal space is constrained by the section condition (5.1.1) which admits (at least)

two inequivalent solutions for which the action (5.4.1) reproduces the full D = 11 su-

pergravity and full type IIB supergravity, respectively. The fermions of exceptional field

theory can consistently accommodate the fermions of the type IIA and type IIB the-

ory, since the E8(8)-covariant formulation (5.4.1) does not preserve the original D = 10

Lorentz invariance. The resulting D = 10 fermion chirality thus depends on the solution

of the section constraint.
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Chapter 6

Conclusion and outlook

To conclude, we have seen that extended field theories, besides rendering hidden sym-

metries of supergravity manifest, also provide a powerful tool: the generalised Scherk-

Schwarz ansatz. In this setting, a reduction ansatz can be very conveniently spelled out

in terms of generalised twist matrices. In addition, the often difficult question of con-

sistency is solved provided the twist matrices satisfy a set of differential equations. Of

course, finding such matrices satisfying these equations is still a very challenging prob-

lem. An important outlook would be to find a systematic method to solve the consistency

equations under which consistent truncations are possible.

In most of this thesis, we focused on different applications of the generalised Scherk-

Schwarz ansatz. In chapter 2, we proved an old conjecture [6] on the consistency of

the Pauli reduction of the bosonic string in n+d dimensions on any d-dimensional group

manifold. In contrast with a DeWitt reduction, where one keeps the fields that are singlet

under GL or GR and therefore is automatically consistent, a Pauli reduction keeps the

full isometry group GL ×GR as gauge group. In this case, there is no group theoretical

argument to tell which fields should be kept and which fields should be truncated. By

using the formalism of DFT, a T-duality covariant rewriting of the NS-NS sector of super-

gravity, this question can be answered with the generalised Scherk-Schwarz ansatz.We

constructed the SO(d, d) twist matrices on which the GSS relies on, in terms of the

Killing vectors of the bi-invariant metric on G and showed they satisfy the consistency

equations. We then deduced the full non-linear reduction ansatz for all fields.

Chapter 3 constitutes the preliminary work needed such that one could extract the

various type IIB reduction formulas shown in Chapter 4. The main topic of this chapter

was the identification of the fundamental fields of EFT with those of type IIB in a

dictionary. Having established the EFT/Type IIB dictionary, we presented two additional

examples of the usefulness of the GSS in chapter 4. The first application of the GSS in

the E6(6) was the proof of the consistency Kaluza-Klein of type IIB on AdS5×S5. The

proof relies on the use of SO(p, q) twist matrices found in [56] satisfying the consistency
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equations. We evaluated the reduction formulas with these explicit twist matrices and

translated the EFT fields into type IIB ones with the dictionary. We thus obtained the

full type IIB reduction formulas. The last two sections of this chapter focused on the

second application of the GSS: a deformation of type IIB within EFT. This deformation

is known as ‘generalised’ type IIB supergravity. It is a set of equation resembling the

standard type IIB field equations, but with a one-form, subject to a Bianchi-like identity,

instead of the exterior derivative of the dilaton [82]. After reviewing the generalised field

equation in section (4.4), we solved the deformed Bianchi identities, thus obtaining the

explicit expression of the deformed field strengths in terms of the fundamental fields of

type IIB. Finally, we showed in section (4.5) how the deformations of the field strengths

can be obtained from a surprisingly simple Scherk-Schwarz ansatz upon picking a new

solution of the section constraint. Since the gaugings generated by this ansatz contain

the trombone generator, the resulting field equations cannot be obtained from an action.

In the first four chapters of this thesis, we have restricted the construction to the

NS-NS and bosonic sectors of type IIB supergravity. EFT can be extended to describe

the full higher dimensional supergravities with fermions transforming under the maximal

compact subgroup K(Ed(d)). This has been done in [37, 38] for E7(7) and E6(6) respectively.

In the last chapter, we extended the supersymmetric completion of the bosonic EFT to

the E8(8) case. After a review of the bosonic EFT, we developed the tools needed to in-

troduce the fermions in the theory, such as the generalised spin connection. In particular,

a large part of the internal SO(16) spin connection was determined from the torsion-free

condition on the Christoffel connection, first found in [99]. As usual in EFT, the remain-

ing undetermined parts in the spin connection always drop out of all physically relevant

quantities. With the definition of proper internal and external covariant derivatives, we

gave in section 3 the supersymmetry transformation rules and showed its algebra closes

into generalised diffeomorphisms and gauge transformations. We then gave the super-

symmetric lagrangian, whose full invariance under supersymmetry is proven in appendix

D. Finally, a comment is made regarding the simplifications arising if one choose the con-

nection to be of Weitzenböck type, a legitimate choice in the bosonic theory. However,

coupling to fermions seems to require a different connection. Nevertheless, it is rather

interesting that the transformations laws of the additional constrained connection are

most conveniently expressed in terms of a general covariant variation where the algebra

valued torsion-free connection appear. We speculate that the general covariant variation

of the constrained (n − 2)-forms can be written in a similar way in every known Ed(d)
EFT (n + d = 11). For example, in the E7(7) EFT, further simplifications should be

achieved by rewriting the general covariant variation of the constrained 2-form as

∆Bµν M = δBµνM − ΓM
αBµν α . (6.0.1)

Therefore, supersymmetrising the EFT action allowed us to unravel new bosonic struc-

tures and it could prove of vital importance for the generalisation of exceptional geometry

to the infinite-dimensional algebras [102, 103, 104, 105, 106, 107, 108, 109].
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Appendices

A Finding Λµνρσ

In order to find the last missing contribution Λµνρσ in the expression (4.3.54) for the

four-form component Cµνρσ let us study the reduction of the different terms of equation

(4.3.55)

1

120
eεµνρστε

klmnp (detG)−4/3Xklmnp = 30 εαβ B[µν
αDKK

ρ Bστ ]β + 8F[µν
kCρστ ] k

− 4DKK

[µ Cνρστ ] . (A.1)

By construction, after imposing the generalised Scherk-Schwarz ansatz this equation

should split into a y-dependent part proportional to the D = 5 scalar field equations

(4.1.17), and a y-independent part which determines the function Λµνρσ.

The first term on the r.h.s. simply reduces according to the reduction ansatz (4.3.6)

30 εαβ B[µν
αDKK

ρ Bστ ]β = 30 εαβ YaYbB[µν
aαDρBστ ]

bβ . (A.2)
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Note that the Kaluza-Klein covariant derivative turns into the SO(p, 6 − p) covariant

derivative by virtue of (4.2.58). With (4.3.43) and the identity (4.2.68), we find for the

second term on the r.h.s. of (A.1)

8F[µν
kCρστ ] k = −1

2
YbYa F[µν

cb
(
2
√

|g| ερστ ]κλMac,NF
κλN +

√
2Ωefgh

ρστ ] εacefgh

)

+ 2
√
2F[µν

abAρ
cdAσ

efAτ ]
ghK[ab]

mK[cd]
kK[ef ]

lZ[gh]mkl . (A.3)

Next, we have to work out the covariant curl of Cµνρσ with the explicit expression (4.3.54).

To this end, we first note that for all terms with y-dependence proportional to YaYb, the

Kaluza-Klein covariant derivative reduces to

DKK
µ

(
YaYbXab

)
= YaYbDµXab , (A.4)

in view of the property (4.2.58) of the harmonics Ya . We thus find

−4DKK

[µ Cνρστ ] =
1

20
YaYb

√
|g| εµνρστDλ

(
MN caDλMbc,N

)
− 4D[µΛνρστ ]

+
1

2

√
2YbYa εacdefgD[µ

(
Fνρ

cdAσ
efAτ ]

bg +
√
2Aν

cdAρ
ehAσ

fjAτ ]
bg ηhj

)

−
√
2DKK

[µ

(
K[ab]

kK[cd]
lK[ef ]

nZ[gh] klnAν
abAρ

cdAσ
efAτ ]

gh
)
. (A.5)

In order to evaluate the last term it is important to note that unlike in (A.4), the

Kaluza-Klein covariant derivative here cannot just be pulled through the (non-covariant)

y-dependent functions but has to be evaluated explicitly leading to

−
√
2DKK

[µ

(
Aν

kAρ
lAn

σAτ ] kln

)
= −3

2

√
2F[µν

abAρ
cdAσ

efAτ ]
ghK[ab]

kK[cd]
lK[ef ]

nZ[gh] kln

+
1

2

√
2F[µν

abAρ
cdAσ

efAτ ]
ghK[cd]

kK[ef ]
lK[gh]

nZ[ab] kln

+
3

10

√
2A[µ

rsAν
uvAρ

cdAσ
efAτ ]

ghfcd,rs
abεabuvgeYfYh ,

after some manipulation of the functions K[ab], Z[ab]. Putting everything together and

again using once more the identity (4.2.69), the full r.h.s. of equation (A.1) is given by

(A.1)r.h.s =
1

20
YaYb

√
|g| εµνρστDλ

(
MN caDλMbc,N

)
− 4D[µΛνρστ ]

+
1

2

√
2YaYb εbcdefgD[µ

(
Fνρ

cdAσ
efAτ ]

ag +
√
2Aν

cdAρ
ehAσ

fjAτ ]
ag ηhj

)

+
1

2
εdfghceYaYb F[µν

dfAρ
acAσ

beAτ ]
gh + 30 εαβ YaYbB[µν

aαDρBστ ]
b β

+
3

5

√
2 εcsuvge YaYb ηdr A[µ

rsAν
uvAρ

cdAσ
aeAτ ]

bg

− 1

2
YbYa F[µν

cb
(
2
√
|g| ερστ ]κλMac,NF

κλN +
√
2Ωefgh

ρστ ] εacefgh

)
. (A.6)

ii



Some calculation and use of the Schouten identity shows that all terms carrying explicit

gauge fields add up precisely such that their y-dependence drops out due to YaYa = 1 .

Specifically, we find

(A.1)r.h.s

∣∣∣
FFA

=
1

8

√
2 εabcdef F[µν

abFρσ
cdAτ ]

ef ,

(A.1)r.h.s

∣∣∣
FAAA

=
1

4
F[µν

abAρ
cdAσ

efAτ ]
gh εabcdehηfh ,

(A.1)r.h.s

∣∣∣
AAAAA

=
1

10

√
2A[µ

abAν
cdAρ

efAσ
ghAτ ]

ij εabcegi ηdfηhj . (A.7)

In addition, we use the D = 5 duality equation (4.1.11) in order to rewrite the BDB

term of (A.1) and arrive at

(A.1)r.h.s = − 1

20
YaYb

√
|g| εµνρστDλ

(
MN acDλMbc,N

)
− 4D[µΛνρστ ]

+
1

10
YaYb

√
|g| εµνρστ F κλN

(
Mbc,NFκλ

ac − 1

2

√
10 εαβ ηdbM

dα
N Bκλ

aβ

)

+
1

8

√
2 εabcdef F[µν

abFρσ
cdAτ ]

ef +
1

4
F[µν

abAρ
cdAσ

efAτ ]
gh εabcdehηfh

+
1

10

√
2A[µ

abAν
cdAρ

efAσ
ghAτ ]

ij εabcegi ηdfηhj . (A.8)

Structurewise, the r.h.s. of equation (A.1) is thus of the form

(A.1)r.h.s =

(
Ya(y)Yb(y)−

1

6
ηab

)
E1 ab(x) + E2(x) . (A.9)

Consistency of the reduction ansatz then implies that also the l.h.s. of (A.1) organizes into

the same structure. The coefficients multiplying the y-dependent factor
(
Ya(y)Yb(y)− 1

6
ηab
)

must combine into a D = 5 field equation in order to reduce (A.1) to an y-independent

equation which then provides the defining equation for Λµνρσ.

In order to see this explicitly, we recall, that the l.h.s. of (A.1) is defined by (4.3.56),

which together with the reduction ansatz (1.6.2) for MMN may be used to read off the

form of this term after reduction. After some manipulation of the Killing vectors and

tensors and use of the identities collected in section 4.2.3, we obtain

1

120
e εklmnp (detG)−4/3Xklmnp = − 1

10

√
2
√

|g| YaYbX (ab)cd,e
f (U

−1)e
qK[cd]

m∂mUq
f

− 2

5

√
|g| YaYb ηcdMac,bd . (A.10)

in terms of the SL(6) twist matrix (4.2.37), and the combination

X (ab)cd,e
f = X (ab)[cd],e

f ≡ 2M je,g(aM b)h,cdMgh,jf −Mfα
g(aM b)h,cdMgh

eα , (A.11)

of matrix components of (4.1.13). At first view, the structure of this expression in no way

ressembles the form of (A.9), with a far more complicated y-dependence in its first term.
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This seemingly jeopardizes the consistency of the reduction of equation (A.1), which after

all should be guaranteed by consistency of the ansatz. What comes to the rescue is some

additional properties of the twist matrix together with some highly non-trivial non-linear

identities among the components of an E6(6) matrix. Namely the last factor in the first

term of (A.10) drastically reduces upon certain index projections

(U−1)a
qK[bc]

m∂mUq
c + (U−1)b

qK[ac]
m∂mUq

c = −
√
2 ηab ,

(U−1)a
qK[bc]

m∂mUq
d + (U−1)b

qK[ca]
m∂mUq

d + (U−1)c
qK[ab]

m∂mUq
d = 0 , (A.12)

as may be verified by explicit computation. Moreover, the tensor X (ab)cd,e
f defined in

(A.11) is of quite restricted nature and satisfies

X (ab)cd,e
f = X (ab)[cd,e]

f −
2

5
δf

[cX (ab)d]g,e
g −

2

45
δf

[cX (ab)d]e,g
g +

1

9
δf
eX (ab)cd,g

g ,(A.13)

implying in particular that

X (ab)e[c,d]
e = −1

6
X (ab)cd,e

e . (A.14)

The identity (A.13) is far from obvious and hinges on the group properties of the ma-

trix (4.1.13). It can be verified by choosing an explicit parametrization of this matrix

(e.g. as given in [1]), at least with the help of some computer algebra [110, 111, 112].

Combining this identity with the properties (A.12) of the twist matrix, we conclude that

the first term on the r.h.s. of (A.10) simplifies according to

X (ab)cd,e
f (U

−1)e
qK[cd]

m∂mUq
f =

2

5
X (ab)g(d,e)

g (U
−1)e

qK[fd]
m∂mUq

f

=
1

5

√
2X (ab)gd,e

g ηde , (A.15)

such that its y-dependence reduces to the harmonics YaYb.
As a consequence, together with (A.12), we conclude that the penultimate term in

(A.10) reduces to

− 1

10

√
2
√

|g| YaYbX (ab)cd,e
f (U

−1)e
qK[cd]

l∂lUq
f = − 1

25

√
|g| YaYbX (ab)gc,d

g ηcd .(A.16)

Together with (A.8), equation (A.1) then eventually reduces to

D[µΛνρστ ] = − 1

80
YaYb

√
|g| εµνρστDλ

(
MN acDλMbc,N

)

+
1

40
YaYb

√
|g| εµνρστ F κλN

(
Mbc,NFκλ

ac − 1

2

√
10 εαβ ηdbM

dα
N Bκλ

aβ

)

+
1

100

√
|g| εµνρστ YaYb

(
10Mac,fd + X (af)ec,d

e

)
ηcdηbf

+
1

32

√
2 εabcdef F[µν

abFρσ
cdAτ ]

ef +
1

16
F[µν

abAρ
cdAσ

efAτ ]
gh εabcdehηfh

+
1

40

√
2 A[µ

abAν
cdAρ

efAσ
ghAτ ]

ij εabcegi ηdfηhj , (A.17)
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such that the y-dependence of the entire equation organizes into the form (A.9). Now the

x-dependent coefficient of the traceless combination
(
YaYb − 1

6
ηab
)

precisely reproduces

the D = 5 scalar equations of motion (4.1.17). In particular, the third line of (A.17)

coincides with the SL(6) variation of the scalar potential (4.1.15). This match requires

additional non-trivial relations among the components of an E6(6) matrix (4.1.13)

ηefMdα
h(aM b)c,deM fα

ch = ηefMgα
deM fc,g(aM b)α

cd , (A.18)

ηefM
de,c(aM b)γ,fαMdα,cγ = 2 ηef M

de,c(aM b)h,fgMdg,ch + ηefMdα
h(aM b)c,deM fα

ch ,

which can be proven similar to (A.13). From these it is straightforward to deduce that

X (af)ec,d
e = −4

3
Mde,c(aM b)h,fgMdg,chηef −

1

3
ηefM

de,c(aM b)γ,fαMdα,cγ

+
2

3
ηdeM

cd,g(aM bα
cfMgα

ef +
2

3
ηefM

de,c(aM b)h
dαM

fα
ch , (A.19)

thus matching the expression obtained from variation of the scalar potential in (4.1.17).

As a consequence, the y-dependent part of equation (A.17) vanishes on-shell, such that

the equation reduces to

D[µΛνρστ ] = − 1

480

√
|g| εµνρστDλ

(
MN acDλMac,N

)

+
1

240

√
|g| εµνρστ F κλN

(
Mab,NFκλ

ab − 1

2

√
10 εαβ ηabM

aα
N Bκλ

b β

)

+
1

600

√
|g| εµνρστ

(
10Mac,fd + X (af)ec,d

e

)
ηcdηaf

+
1

32

√
2 εabcdef F[µν

abFρσ
cdAτ ]

ef +
1

16
F[µν

abAρ
cdAσ

efAτ ]
gh εabcdehηfh

+
1

40

√
2 A[µ

abAν
cdAρ

efAσ
ghAτ ]

ij εabcegi ηdfηhj . (A.20)

This equation can be integrated to yield the function Λµνρρ. This yields the last missing

part in the reduction ansatz of the IIB four form (4.3.54) and establishes the full type

IIB self-duality equation.

B E8(8) conventions

The E8(8) generators tM split into 120 compact ones XIJ ≡ −XJI and 128 non-compact

ones Y A, with SO(16) vector indices I, J, · · · ∈ 16 , spinor indices A,∈ 128, and the

collective label M = ([IJ ], A). The conjugate SO(16) spinors are labeled by dotted

indices Ȧ, Ḃ, . . . . In this SO(16) basis the totally antisymmetric E8(8) structure constants

fMNK possess the non-vanishing components:

f IJ,KL,MN = −8 δ
I[K

δ
L]J
MN , f IJ,A,B = −1

2
ΓIJAB . (B.1)
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E8(8) indices are raised and lowered by means of the Cartan-Killing metric

ηMN =
1

60
Tr tMtN = − 1

60
fM

KLf
NKL , (B.2)

with components ηAB = δAB and ηIJ KL = −2δIJKL. When summing over antisymmetrized

index pairs [IJ ], an extra factor of 1
2

is always understood.

We will also need the projector onto the adjoint representation

P
M

N
K
L =

1

60
fM

NPf
PK

L

=
1

30
δM(N δ

K
L) +

7

30
(P3875)NL

MK − 1

240
ηMKηNL +

1

120
fMK

Pf
P
NL ,(B.3)

in terms of the Cartan-Killing form and structure constants of E8(8) and the projector

(P3875)NLMK explicitly given by

(P3875)
MK

NL =
1

7
δM(N δKL) −

1

56
ηMK ηNL − 1

14
fP

N
(M fPL

K) . (B.4)

We refer to [113, 114] for other useful E8(8) identities.

C E8(8) section constraints under SO(16) decomposition

Since the section constraints (5.1.1) play a central role in the construction of the excep-

tional field theory, for the coupling of fermions it will be useful to spell out the decom-

position of these constraints under the subgroup SO(16) according to (5.2.2). With the

e8(8) representations of (5.1.1) decomposing as

1⊕ 248⊕ 3875 −→ 1⊕ 120⊕ 128s⊕135⊕ 1820⊕ 1920c , (C.1)

the section constraints take the explicit form

MMN ∂M ⊗ ∂N = 2VM
AVN

A ∂M ⊗ ∂N ,

VMK[IV |N | J ]K ∂M ⊗ ∂N = −1

4
ΓIJCDVM

CVN
D ∂M ⊗ ∂N ,

V [M
IJVN ]

AΓ
IJ
AB ∂M ⊗ ∂N = 0

VMK(IV |N | J)K ∂M ⊗ ∂N = − 1

16
δIJVM

KLVN
KL ∂M ⊗ ∂N ,

VM [IJV |N |KL] ∂M ⊗ ∂N = − 1

24
ΓIJKLCD VM

CVN
D ∂M ⊗ ∂N ,

ΓJ
AȦ

V (M
IJVN )

A ∂M ⊗ ∂N = − 1

16
(ΓMNΓI)AȦ V (M

MNVN )
A ∂M ⊗ ∂N , (C.2)

which we will use in the following. Following the above discussion, the same algebraic

constraints hold for derivatives ∂M replaced by the gauge connection BµM or its gauge

parameter ΣM .
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Let us recall from [35] that these section constraints allow for (at least) two inequiva-

lent solutions which break E8(8) to GL(8) or GL(7)×SL(2), and in which all fields depend

on only eight or seven among the 248 internal coordinates YM, respectively. The result-

ing theory then coincides with the bosonic sector of D = 11 and type IIB supergravity,

respectively.

D SO(16) Gamma matrix identities

In this appendix, we give some of the SO(16) gamma matrices identities we have used to

rewrite the curvature RA in a more compact form. We started with 14 terms quadratic

in the Cartan forms, where a simple counting gives only 12 independent terms. Then

using an explicit representation of the SO(16) gamma matrices together with the section

constraints (C.2), we were able to write RA with 7 independent terms quadratic in the

Cartan forms.

The main identities behind this simplification are the following

V [M
IJVN ]

B(Γ
IJΓKL)BDpM

ApN
C = 0 , (D.1)

ΓIMB[AΓ
IMNP
D]C VM

NPVN
BpM

CpN
D = −4ΓIMA[BΓ

IN
C]DVM

MNVN
BpM

CpN
D

+8ΓIMABVM
IMVN

CpM
(BpN

C)

−ΓIMBCVM
IMVN

BpM
ApN

C

−ΓIMABVM
IMVN

BpM
CpN

C . (D.2)

E Supersymmetry of the full E8(8) Lagrangian

In this appendix, we give the remaining details for the invariance of the Lagrangian

(5.4.1) under the supersymmetry transformations (5.3.3).

E.1 Cancellation of the terms carrying field strengths

We start with a simple check: all terms in Fµν
M and GµνM from the supersymmetric vari-

ation of the fermionic terms in the Lagrangian should cancel against the corresponding

contributions from variation of the kinetic and topological terms. The relevant contribu-

vii



tion on the fermionic side are

δ
(
−2 eχ̄ȦγµγνψIµ Γ

I
AȦ

PA
ν

)
−→ 2 eχ̄ȦγµνǫI ΓI

AȦ
DµPA

ν

= −iεµνρχ̄ȦγρǫI ΓIAȦV
MA
(
G̃µνM − fML

K∇KFµν
L
)

δ
(
2 εµνρψ̄IµDνψ

I
ρ

)
−→ 2 εµνρψ̄Iµ [Dν ,Dρ] ǫ

I

−→ +2 εµνρ VM
IJ

(
G̃µνM − fML

K∇KFµν
L
)
ψ̄Iρǫ

J

+ εµνρFµν
M (∇Mψ̄Iρǫ

I − ψ̄Iρ∇MǫI
)
, (E.1)

where we have used the commutator of two external covariant derivative (5.2.38). On

the bosonic side, all terms with field strength come from the variation of kinetic and

topological terms

δL −→ εµνρẼ (B)
µνM δAρ

M + εµνρE (A)M
µν ∆BρM

−→ εµνρ(−1

2
G̃µνM +

1

2
fMN

K∇KFµν
N )(−4VM

IJ ǭ
Iψρ

J + 2iΓI
AȦ

VM
Aǭ

Iγµχ
Ȧ)

εµνρFµν
M (

∇MǭIψρ
I − ǭI∇Mψρ

I
)
+ Fµν

M gσµ∇M(ǭIiγνψσ
I) , (E.2)

with the exception of an extra contribution from the improved Einstein-Hilbert term

δ
(
−eeaµebνFµν

M ωM
ab
)

−→ −eeaµebνFµν
M δωM

ab

= −eeaµebνFµν
M (δeρ[a∇Meρ

b] + eρ[a∇Mδeρ
b]
)

= −eeaµebνFµν
M (eσ [aeτ b] ∇M (ec

τδeσ
c)
)

= −iegµσFµν
M∇M

(
ǭIγνψIσ

)
. (E.3)

that cancels the last term of (E.2). Together, all terms with field strengths vanish.

E.2 Cancellation of the ∇MDµχǫ terms

From the variation of the vector fields in the bosonic Lagrangian (we have now dropped

all terms with field strengths), we have the following contribution

δL −→ +ejµM ∆BµM − e fMN
K∇Kj

µN δAµ
M − e ĴµM δAµ

M

−→ +4ie fMN
K∇K(VN

BPµB)VM
AΓ

I
AȦ
χ̄Ȧγµǫ

I + 2ie ĴµM VM
AΓ

I
AȦ
χ̄Ȧγµǫ

I

= −ieVM
KL∇MPµA ΓIKL

AȦ
χ̄Ȧγµǫ

I − 2ieVM
IJ∇MPµA ΓI

AȦ
χ̄Ȧγµǫ

J

+ 2ie ĴµM VM
AΓ

I
AȦ
χ̄Ȧγµǫ

I . (E.4)
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On the fermionic side, the relevant contributions to this sector are

δ
(
−2 eχ̄ȦγµγνψIµ Γ

I
AȦ

PA
ν

)
−→ −4 i eχ̄Ȧγµγν∇M(γµǫ

J) ΓI
AȦ

PA
ν VM

IJ

+ 4 i eχ̄Ȧγµ∇MǫJ ΓI
AȦ

PA
µ VM

IJ , (E.5)

δ
(
−2i e χ̄ȦγµDµχ

Ȧ
)

−→ 8i e χ̄ȦγµDµ∇MǫIVM
AΓ

I
AȦ

− 2i e χ̄Ȧγµ∇MǫIPA
µ VM

JKΓ
IJK
AȦ

− 4i e χ̄Ȧγµ∇MǫJPA
µ VM

IJΓ
I
AȦ

, (E.6)

δ
(
−8 eVM

AΓ
I
AȦ
ψ̄µ

Ii∇M(γµχȦ)
)

−→ 8 i eVM
AΓ

I
AȦ

∇Mχ̄ȦγµDµǫ
I

= −8 i eVM
AΓ

I
AȦ
χ̄Ȧγµ∇MDµǫ

I , (E.7)

δ
(
−2eVM

IJΓ
IJ
ȦḂ
χ̄Ȧ∇MχḂ

)
−→ −2i eVM

IJΓ
IJ
ȦḂ
χ̄Ȧ∇M(γµǫKΓK

AḂ
PA
µ )

= 2i eVM
IJΓ

IJK
AȦ

χ̄Ȧ∇M(γµǫKPA
µ )

− 4i eVM
IJΓ

I
AȦ
χ̄Ȧ∇M(γµǫJPA

µ ) . (E.8)

Using the commutator

VM
AΓ

I
AȦ

[∇M,Dµ] ǫ
I =

1

4
VM

AΓ
I
AȦ

RMµ
ab γabǫ

I

− 3

4
ΓI
AȦ

VM
IJ∇MPµA ǫJ +

1

8
ΓIJK
AȦ

VM
IJ∇MPµA ǫK ,(E.9)

all of the above terms simply reduce to

−→ −4 i eχ̄Ȧγµγν∇M(γµ)ǫ
J ΓI

AȦ
PA
ν VM

IJ − 4i eVM
IJΓ

I
AȦ
χ̄Ȧ∇M(γµ)ǫJPA

µ

− 2ieVM
IJ(∇Mgµν)PA

ν ΓI
AȦ
χ̄Ȧγµǫ

J

− 2i eVM
AΓ

I
AȦ

RMµ
ab χ̄Ȧγµγabǫ

I + 2ie ĴµM VM
AΓ

I
AȦ
χ̄Ȧγµǫ

I

= 4i eVM
AΓ

I
AȦ

(
RMν

µν +
1

2
ĴµM

)
χ̄Ȧγµǫ

I

= 0 , (E.10)

where we have used (5.2.43) in the last equality.
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E.3 Cancellation of the ∇MDµψǫ terms

Similarly, we collect the vector field contributions in the bosonic Lagrangian

δL −→ +ejµM ∆BµM − e fMN
K∇Kj

µN δAµ
M − e ĴµM δAµ

M

−→ 2ePµAVM
A

(
−4ψ̄µ

I∇MǫI + 2∇M(ψ̄µ
IǫI) + e εµνρg

ρσ∇M(ǭIiγνψσ
I)
)

−8eVN
AVM

IJ fMN
K∇KPµAψ̄Iµǫ
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IJ ψ̄

I
µǫ
J
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A∇M(PµA)ψ̄ρIiγνǫI
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IiγνǫI

−4eΓIJABVM
A∇MPµBψ̄Iµǫ

J − 4eĴµMVM
IJ ψ̄

I
µǫ
J , (E.11)

together with the relevant contributions from the fermionic Lagragian

δ(2ieγµνρψ̄IρDµψ
I
ν) −→ 8ieγµνρVM

IJ ψ̄
I
ρDµ(∇M(iγνǫ
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I
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µν∇MǫJPµAΓIJABVM

B

+8ieεµνρVM
IJ ψ̄

I
µDν(∇M(γρ)ǫ

J)

−4ieεµνρψ̄Iµ∇Mγρǫ
JPµAΓIJABVM

B , (E.12)

δ(−2eχ̄ȦγµγνψIµΓ
I
AȦ

PνA) −→ 4eVM
A(Γ

JΓI)ABPνB∇MǭJγµγνψIµ

= −4eVM
A(Γ

JΓI)ABPνBψ̄Iµγµν∇MǫJ

+4eVM
A(Γ

JΓI)ABPµBψ̄Iµ∇MǫJ , (E.13)

δ(8eVM
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J) −→ −8ieεµνρVM

IJ ψ̄µ
I∇MγρDνǫ

J

+16eVM
IJ ψ̄µ
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J

= −8ieεµνρVM
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IDν(∇Mγρǫ
J)

+8ieεµνρVM
IJ ψ̄µ

IDν(∇Mγρ)ǫ
J

+16eVM
IJ ψ̄µ

Iγµν∇MDνǫ
J , (E.14)

δ(−8ieψ̄µ
I∇M(γµχȦ)ΓI

AȦ
VM

A) −→ 4eVM
A(Γ

IΓJ)ABψ̄
I
µ∇M(γµγνǫJPνB)

= 4eVM
A(Γ

IΓJ)ABψ̄
I
µ∇M(γµγν)ǫJPνB

+4eVM
A(Γ

IΓJ)ABψ̄
I
µγ

µν∇MǫJPνB

+4eVM
A(Γ

IΓJ)ABψ̄
I
µ∇MǫJPµB

+4eVM
A(Γ

IΓJ)ABψ̄
I
µγ

µγνǫJ∇MPνB . (E.15)
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Upon using the commutator

VM
IJ [∇M,Dµ] ǫ

J =
1

4
VM

IJ RMµ
ab γabǫ

J

− 1

8
VM

A∇MPµA ǫI −
1

4
ΓIJABVM

A∇MPµA ǫJ , (E.16)

this reduces to

−→ −8eVM
IJ ψ̄

I
µǫ
J(RMν

µν +
1

2
ĴµM)

+8ieενρσVM
IJ ψ̄

I
µγσǫ

JRMνκρg
κµ

−8ieενρσVM
IJ ψ̄

I
νγσǫ

JRMµκσg
κµ

−8ieεµνρVM
IJ ψ̄

I
ρ([Dµ,∇M]γν)ǫ

J

= 0 , (E.17)

where we have used the Schouten identity

ενρσgκµ(ψ̄Iµγνǫ
JRMρκσ − ψ̄Iνγµǫ

JRMρκσ + ψ̄Iνγρǫ
JRMµκσ) = ενρσψ̄Iνγρǫ

JRMσκµg
κµ ,

= 0 . (E.18)

This completes the results obtained in section 4 and proves the invariance of the extended

Lagrangian (5.4.1) under supersymmetry.
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