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Chapter 1

Introduction

In recent years, interest in the study of black holes has been renewed due to a number
of fascinating advances. Nowadays, it is widely accepted that most, if not all, centers of
galaxies contain black holes that are responsible for some of the most exciting phenomena
observed in these regions. On the other hand, stars of mass beyond a certain bound
are known to result in a black hole state after gravitational collapse at the end of their
life cycle. This ends a long period of speculation on the existence of such objects that
started shortly after the discovery of Newton’s law of gravitation and peaked with the

advent of General Relativity.

In fact, both theories predict that if any object of given mass is small enough, one would
need to travel at a speed greater than that of light to escape the gravitational attraction
at its surface. To an outside observer, this surface would appear completely dark. These
predictions were considered a mathematical oddity, until Einstein’s theory of relativity
made it clear that the speed of light is the highest possible speed in Nature, implying
that if light cannot escape a black hole then nothing can. Such a unique property is
much more interesting and far-reaching, so that the study of black holes, as these objects
were later named, became one of the most active fields in Physics throughout the last

century.

There are several aspects of black holes that are important from a theoretical point
of view, as they are not only ubiquitous in all theories of gravity but, according to
the so-called uniqueness theorems, they are generally described by a small number of
parameters. This means that if one measures from a distance the global properties of a
black hole, such as the mass, angular momentum and total charge, the full structure of
the object is known uniquely. General Relativity predicts that beyond the point from
which light cannot escape, called the event horizon, any observer will invariably reach

the centre, a point of infinite density known as the singularity.

The presence of a singularity signals a breakdown of classical Einstein gravity, bringing

up the need for a theory that can describe gravity at small scales. In this realm, quantum
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2 Chapter 1 Introduction

phenomena are unavoidable, so that one needs to introduce a quantum description of
gravity. The quest for this theory is ongoing, as there are several candidates with varying
merits and drawbacks but still no fully satisfactory theory reconciling General Relativity
with Quantum Mechanics. One of the requirements on any quantum theory of gravity is
that it must be able to reproduce the large scale features of a black hole and smooth out
any singularities through quantum phenomena. At the same time, a proposed quantum
description must be robust enough to comply with the uniqueness theorems, so that
any degrees of freedom beyond the total mass and conserved charges do not affect the
region far from the singularity. Using the properties mentioned above, one can argue
that a black hole is the simplest nontrivial interacting system in any theory of quantum

gravity, as it should be completely fixed by the global parameters.

A hint towards a microscopic theory is given by the so-called four laws of black hole
mechanics, discovered in the 1970’s. It turns out that under some general assumptions,
it is possible to derive constraints on the variations of conserved quantities parametrising
a continuous variety of black holes. The resulting equations bear a striking resemblance
to the conventional laws of thermodynamics if one assigns a temperature and an entropy
to the black hole, as we discuss in due course. Thus, a microscopic picture of a black hole
must be in terms of a statistical system involving a large number of degrees of freedom,
analogous to the atoms for a gas. An appropriate test on a candidate for a quantum
gravity theory is that the proposed microscopic degrees of freedom can give rise to the

macroscopic entropy when the laws of statistical mechanics are applied.

String theory has been successful in this respect, and this thesis is devoted to a com-
parison of macroscopic properties of black holes with string theoretic predictions. In
this introductory chapter we first discuss in more detail some of the concepts mentioned
above. Later, we turn to an exposition of the basic ideas behind the construction of black

holes in theories of gravity that approximate string theory, through simple examples.

1.1 Black holes, statistical physics and string theory

The defining feature of a black hole is the presence of a so-called horizon, which can be
thought of as the surface of the black hole, in the sense that any particle that crosses
it will be trapped inside forever. Newton’s laws imply that a particle can escape the
attraction of a spherically symmetric object of mass M at distance r only if its velocity
satisfies

GM

2> 9 1.1.1
222 (1.1.1)

where G is Newton’s constant and 7 is the radial velocity of the particle. It has been
observed already in the 18th century [1], that since there is no bound on the value of the
potential as r decreases, the velocity required to escape the gravitational pull is greater

as one approaches the centre. For example, at a distance ro = 2M/c? away from the



centre, where c is the speed of light, only particles moving at the speed of light or faster

would be able to escape.

Surprisingly, the above result is unchanged in the context of General Relativity. A
similar analysis involves the study of test particles in the geometry produced by the
presence of a single object of mass M, known as the Schwarzschild metric. The set of
points with distance rg = 2M/c? from the centre defines the horizon of a Schwarzschild
black hole. There are far more precise and formal definitions, but this is sufficient for

most of our purposes.

In fact, the total mass is sufficient to describe not only the horizon, but the complete
Schwarzschild geometry. This is a general feature of all stable black hole solutions and is
sometimes called the no hair theorem, in the sense that only total conserved quantities
are relevant. Except the mass, other such quantities are the angular momentum, J,
and electric or magnetic charges ¢, p. Black holes carrying electromagnetic charges are
usually called Reissner-Nordstrém black holes [2, 3], whereas rotating black holes are
referred to as Kerr black holes [4]. Finally, charged rotating black holes are known as
Kerr-Newman [5]. One can consider adding further charges, for example associated to

non-abelian gauge fields, but we will not deal with such cases.

For the complete solution to make sense, there are usually constraints on the above
parameters. The main source of such restrictions is the requirement of a finite horizon
that hides the singularity at the centre of the black hole, also known as cosmic censorship.
For a Reissner-Nordstrom black hole with electric charge @, one finds that the mass must
satisfy the relation

M > |Q|, (1.1.2)

in geometrised units!. It follows that, unlike for Schwarzschild black holes, there is
a nonzero minimum in the mass of charged black holes. Similar bounds exist in the

presence of angular momentum and/or other charges.

Black holes that saturate the bound (1.1.2), i.e. have equal mass and charge are called
extremal and are the subject of this thesis. These solutions are interesting from a
theoretical perspective, as it should be impossible to extract mass/energy from them by
any physical process, as long as the singularity at the centre remains hidden. In other
words, they represent a kind of ground state for all black holes, that is expected to hold

even quantum mechanically.

1.1.1 Black hole thermodynamics

In order to make the concept of a ground state more precise, one has to go beyond the

classical regime, in which black holes only absorb matter and do not decay. Based on

'These units are defined as G = ¢ = kg = 47w eg = 1, where kg is Boltzmann’s constant and €g is the
vacuum permittivity.



4 Chapter 1 Introduction

this intuition, all black holes represent classical ground states of a gravitational system
irrespective of extremality. The crucial property that distinguishes extremal solutions

is a quantum effect, the so-called Hawking radiation.

As was first shown in [6] in the context of a semiclassical approximation, black holes are
not completely black when quantum effects are taken into account, but emit thermal
radiation just as any other object in nature. The associated temperature is not an
independent parameter, but is also fixed in terms of the conserved quantities, e.g. for a
Schwarzschild black hole it reads

hk h 1

T:§:8—WM. (1.1.3)
Here, k is known as the surface gravity of the black hole and is equal to the acceleration
due to gravity experienced by a test particle at the horizon as measured at infinity. It is
not surprising to note that the temperature is proportional to Planck’s constant A, as it
is a purely quantum effect. However, it is also inversely proportional to the mass, which
implies that the smaller a black hole is, the higher temperature it will have, radiating
more energy and reducing its mass further. The result would presumably be a complete
evaporation, and one concludes that the Schwarzschild black hole is not stable quantum

mechanically.

On the other hand, this cannot happen when there is a minimum mass for the system,

which is the case of a charged black hole. The temperature now takes the form

h M? = Q?

ST VI VY ek

which has a zero when the bound in (1.1.2) is saturated. It is in the sense of zero

(1.1.4)

temperature that extremal black holes are ground states of more general black holes and
we use this fact to define extremality as a zero temperature condition. For Reissner-
Nordstrom black holes all definitions are equivalent, but this is not the case for more

general examples.

After introducing a fundamental thermodynamic quantity like the temperature for a
black hole, one is faced with the obvious question of a possible thermodynamical struc-
ture behind black holes. If this is the case, the first thing to look for is a quantity that
corresponds to the thermodynamic conjugate of temperature, the entropy, so that the
first law of thermodynamics

dM =TdS, (1.1.5)

is valid. Here, we used that the mass M is the total energy of the system. For a

Schwarzschild black hole with temperature given by (1.1.3), the entropy would be

S=—M?=_—, (1.1.6)



where A is the area of the horizon at rg = 2 M. This is known as the Bekenstein-
Hawking entropy. It turns out that the entropy associated to all black holes in Einstein
gravity (including charged and rotating black holes) is given by the area law, with
the same normalisation as in (1.1.6). This result is inversely proportional to Planck’s
constant, making black holes the most efficient containers of entropy known. Even
more surprisingly, the relation (1.1.5) generalises straightforwardly when more conserved

charges are present, in the standard thermodynamical way
dM =TdS +QdJ + ®dQ + ..., (1.1.7)

where (), ® are the so-called angular velocity and the electrostatic potential respectively.
The dots represent extra terms corresponding to possible further charges. For extremal
black holes, the temperature is zero and the last relation is simply a statement about

the fixed relation of the mass to the other conserved quantities.

The analogy can be extended to the other laws of thermodynamics [7-9]. The zeroth
law is reflected on the constancy of the surface gravity over the horizon of all known
black holes (cf. (1.1.4)), whereas the second law of black hole mechanics states that any
classical process can never decrease the area of a black hole, and thus its associated
entropy. At the semiclassi cal level, the sum of the entropy associated to the horizon

and any emitted Hawking radiation is similarly constrained.

This surprisingly successful analogy with thermodynamics begs for an explanation in
terms of an underlying statistical system. Consequently, the construction of a micro-
scopic model that can reproduce the above relations has been a longstanding goal. Quite
generally, any attempt to produce a microscopic description of something that could be
interpreted as a black hole must include two basic ingredients: a structure that appears
as a pointlike source? and the existence of appropriate internal degrees of freedom to

account for the large entropy.

1.1.2 String theory and supergravity

String theory is a candidate for a quantum theory of gravity, and has provided us with
theoretical models of the quantum structure of a class of extremal black holes. Accord-
ing to string theory, all matter can be described through different oscillating modes of
spatially extended objects, called strings, that can only exist in a ten dimensional space-
time. To make contact with the four dimensions we observe, one has to assume that the

extra six dimensions are curled up in very small sizes, an idea known as compactification.

In the last two decades, research has revealed that in order to make sense of the non-
perturbative aspects of string theory, other extended objects must be included, the

most important being the so-called D-branes. A string theoretic black hole involves a

2At least in the observed four dimensions.



6 Chapter 1 Introduction

collection of D-branes wrapped in the unseen compactified dimensions. Thus, from a
four-dimensional point of view, they appear as heavy pointlike objects carrying charge
and angular momentum, i.e. black hole-like objects. The entropy is then given by a
standard statistical mechanical counting of the possible (microscopic) configurations of
D-branes that result in the same (macroscopic) spacetime. Intuitively one can envisage
this as counting the directions along which the D-branes can freely move in the compact
space and treat them just like particles in a box. This was made precise for the first time
n [10], followed by a large number of investigations of various aspects of black holes in

string theory.

The main goal of the thesis at hand is to study various aspects of black holes in this
context. As will be discussed in the following, one can make detailed comparisons
between the D-brane (microscopic) and spacetime (macroscopic) pictures of a black
hole within string theory. For example, the entropy of a given black hole as computed
by the microstate counting of D-branes can be directly contrasted with the Bekenstein-
Hawking entropy as computed from the area law (1.1.6). This brings up the issue of
the gravity theories used to approximate string theory, which is especially relevant here
in view of the fact that most of the following will be focused on macroscopic aspects of
black holes. At low energies and large distances compared to their length, strings can be
viewed as point particles, so that string theory can be described by a class of effective

field theories of gravity coupled to scalars and gauge fields.

These theories are supersymmetric, like string theory, and are usually called supergravi-
ties. Supersymmetric field theories are an interesting subject on their own, as they place
bosons and fermions in the same multiplet and allow for rotations between them. It fol-
lows that the parameters of supersymmetry transformations must themselves carry spin
and are usually chosen in the smallest spinor representation available. The number of
such independent parameters, N, is used to characterise the amount of supersymmetry

in a theory.

Demanding invariance of an action under supersymmetry implies strong restrictions on
the possible interactions, which turn out to be expressed through a small number of
functions. Although these couplings should be ultimately derived from a fundamental
theory, it is possible to study the structure of supergravity theories independently, de-
ferring the connection to a possible string theoretic origin until the end. This is the
approach we will follow for black hole solutions in four- and five-dimensional supergrav-
ity in the following chapters. The results can be compared to the microscopic picture,

with appropriate identifications.



1.2 Gauge equivalence and black holes

Throughout our study of extremal black hole solutions in supergravity we make use of
a number of useful tools that require some introductory discussion. In this section we
illustrate some of these techniques through a simple example, namely Einstein-Maxwell

theory in four dimensions.

We initially present the theory, giving a qualitative discussion of its conformal formu-
lation, which elucidates the overall structure of the theory and simplifies calculations.
Subsequently, we turn to the corresponding equations of motion and consider the defi-
nition of conserved charges. In this context, the Noether procedure provides a versatile

algorithm to construct conserved quantities associated to any kind of symmetry.

In later sections, we consider the addition of a scalar field to the theory, and display
some of the known extremal black hole solutions. Finally, we discuss generic features of
these solutions, emphasising the symmetry enhancement of the near-horizon region in

the context of our explicit example.

1.2.1 Gauge equivalence

A central concept in this thesis is that of gauge equivalence between Einstein gravity and
conformal gravity, extended by supersymmetry. A simple example of such an equivalence

is given by a massive vector field, V),, described by the so-called Proca Lagrangian
Lp=—1F"E,, — Lm2vry,. (1.2.1)

Here, F),, = 20,V,) and m denotes the mass of the vector field, which has four degrees
of freedom. This is in contrast to a massless vector, which describes only three, due
to the gauge invariance of (1.2.1) when the mass is set to zero. As is well known, this

symmetry acts on a vector field, 4, as 04, = 0,§, where { is an arbitrary function.

It is possible to reinstate this gauge invariance, by explicitly decomposing the massive
vector into a massless one and a charged scalar, e7¢, that carries the extra degree of
freedom, as

V,=A, —im 'e?9,e71?, (1.2.2)

The ambiguity in this definition is identical to the standard gauge symmetry variations

for a photon and a charged scalar
0A, =08, 6p=m¢. (1.2.3)
The gauge covariant derivative of e 7% takes the form

De™® =0,e7% 1imA,e ¢, (1.2.4)
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so that V, = —im_lei‘z’Due_i‘f’ and the so-called Stueckelberg Lagrangian (1.2.1) can be

rewritten in terms of A, and ¢ as
Lp=-1F"F, —1DM?D,e™. (1.2.5)

This Lagrangian, as the original one in (1.2.1), describes four physical degrees of freedom
for any nonzero value of m, three for the gauge field and one for the scalar. The important
difference is that in the second formulation one is dealing with two independent fields,
A, and ¢, i.e. we have reduced the massive vector field to a gauge vector and a scalar
locally rather than solving for the longitudinal mode. Of course, the two theories are
equivalent, as one can set the scalar to zero using (1.2.3), in which case the kinetic term

of the scalar reduces to the mass term in (1.2.1).

This simple example exhibits the general idea that it is possible to reformulate a La-
grangian so that it is invariant under a larger set of symmetries, while decomposing the
original independent fields. In a supersymmetric setting, the same procedure can be
applied to reduce multiplets consisting of several bosons and fermions to simpler ones.
We will make extensive use of this in the context of gravity, introducing its conformally

invariant version.

Consider the following action, describing a scalar o and an abelian gauge field A,, coupled

to Einstein gravity in four dimensions
S = /d Lo=—— \ﬁ( 00 9,0 + L ?R + 1F‘“’FW) , (1.2.6)

which will be part of the supergravity theories that will appear in later applications.
Here, R denotes the Ricci scalar defined by

FT

vlo

R=¢"Rus,  Rulo= 20,0, —2T7,

(1.2.7)

L o
Ffbl/ - _§gp (2 8(ugy)a - 8ag;w) s (128)

and F,, = 20}, A,) is the field strength of the gauge potential. From the point of view of
Einstein gravity, this action describes a theory where the Newton constant is replaced

by a dynamical scalar field, as in

Gt=10% (1.2.9)

=

The action is invariant under standard general coordinate and gauge transformations

independently

5g/u/ :vugu + vl/g,u ’ (1.2.10)
6A, =" Fu — 0u(§"Av) + 0u€, (1.2.11)



where £ is the vector parameter of coordinate transformations and & is the parameter
of gauge transformations. The covariant derivative V, contains the Christoffel symbol,
as usual

Vi€ = 0u& + 10, &), (1.2.12)

and similarly for higher order tensors.

However, closer inspection shows that (1.2.6) is invariant under more local symmetries.

The crucial one is the so-called scale invariance expressed through
59#1/ = AE)29;L1/7 do = ADU, (1213)

where the function Ap is the associated parameter. Note that the gauge field is inert
under these transformation, consistent with the scale invariance of Maxwell theory at
the classical level. On the other hand, there is a subtle interplay between the other two

terms in (1.2.6). As one can verify, the Ricci scalar transforms as
SR = A5 R +30*Ap, (1.2.14)

so that it can be interpreted as a gauge connection associated to the transformation
(1.2.13). Analogously to the mass term for the vector field in (1.2.5), the Ricci scalar
appears as a covariantisation. Note that local scale symmetry only exists if the scalar
kinetic term in has the sign appearing in (1.2.6), which is the opposite to that of a
physical scalar. The theory is consistent only because the scale symmetry above implies

that o is not a gauge invariant degree of freedom.

In fact one can obtain an equivalent theory where the scalar does not appear, by gauge
fixing the symmetry (1.2.6). To see this, note that the local scale invariance can be
used to arrange that the transformed scalar ¢’ = Ap o is any nonzero constant, so that
dy0’ = 0. This transformation affects the metric as well, through (1.2.13). Since the
first two terms in (1.2.6) are covariant under this transformation, they retain the same
form. All in all, one can consistently drop the primes and choose the gauge 0? = 6 in
(1.2.6), so that the Newton constant G in (1.2.9) is set to unity (in geometrised units)

and the gauge-fixed action is simply

1
_ 4 _ 4 — 1 ppv
S_/dxﬁo— Ton dz/ g(R+2F FW). (1.2.15)

This is the standard Einstein-Maxwell theory in four dimensions, still invariant under
(1.2.10)-(1.2.11), but not under scale transformations. Similar to the relation between
(1.2.3) and (1.2.5), there is an extra symmetry and one more scalar. As in that example,
one of the physical degrees of freedom contained in (1.2.15), namely the conformal scale
factor of the metric, is described by an independent field, o, in the conformally invariant

Lagrangian (1.2.6).
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Since the two theories are equivalent, one can freely choose which to use in any given
application. Arguably, the conformal theory is more complicated as it contains more
matter fields and symmetries. However, the decomposition in terms of conformal fields
is instrumental in the context of supersymmetric theories, as the systematic construction

of supersymmetric Lagrangians usually leads to such conformal theories.

1.2.2 Conserved charges

As is well known, it is generally possible to define global conserved charges corresponding
to different symmetries of a theory, such as the total mass-energy, angular momentum
and electric charge. One way to construct these quantities in an algorithmic way is
through the so-called Noether potential associated to each of the symmetries of the ac-
tion. In Appendix C.1 we provide a general discussion for various types of Lagrangians
that are used throughout this thesis. Here, we exhibit the salient features of this con-

struction in the context of the simple action (1.2.6)-(1.2.15).

Consider the effect of the variations in (1.2.10)-(1.2.11) on the theory in (1.2.6). Al-
though the Lagrangian is strictly invariant under gauge transformations, it transforms

as in
65[,0 = 8u (& Lo) , (1.2.16)

under diffeomorphisms. On the other hand, one can also use Hamilton’s principle of

least action to obtain the equations of motion, again up to a total derivative
0Ly = B, b0 + Ecb def, + EYy 6 A, + 0,0"(60) (1.2.17)

where E,, E.5 and Eff‘ denote the equations of motion for the scalar, the metric and

the gauge field respectively. The total derivative for the example in (1.2.6) is

80" (3¢) =75v/—9g g"“’g"]”<7?p(02)5gau - osz5go—y>
—+v/—gDVodo —/—gF" A, . (1.2.18)

Now, the crucial observation is that when the general variation in (1.2.17) is assumed
to be a symmetry variation, the result must equal the one in (1.2.16). Let us consider
gauge variations first, under which the Lagrangian is invariant. In this case, (1.2.17)

implies that

5eLo = E40,E — =0, (V=g F"§A,) =0, (1.2.19)
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where we took into account that the only field subject to gauge transformations is the

gauge potential. It then follows that one can define the so-called Noether current,

JH = =g F"5A, = V=g F"9,¢, (1.2.20)

which is conserved when evaluated on any solution of the equations of motion, by virtue
of (1.2.19). The usual procedure at this point would be to integrate the timelike compo-
nent of the conserved current over space to obtain the associated charge. However, the
equations of motion for the gauge field imply that the Noether current is itself a total

derivative

() =0, = =L, (VP =90, (1221

where we defined the Noether potential ). This observation is in line with the ge-
neral lore that the charge calculated from a conserved current associated to any local
symmetry vanishes identically. Despite this, the existence of the Noether potential allows

for a definition of the total electric charge of a solution by

Qe = /Qé“’dSW - 817r/ V=g F &S, . (1.2.22)
S S

At this stage £ is still arbitrary and must be chosen such that the gauge field is invariant
under (1.2.11). Only then does the current (1.2.20) vanish and the charge (1.2.22) is
conserved for any surface S (see the discussion in C.1). In the case at hand, this implies
that £ is a constant, so that the last equation is identical to the standard definition of

electric charge in Maxwell theory.

The algorithm above can be applied to the more interesting example of diffeomorphism
invariance. In this case, specialising the variation in (1.2.17) to diffeomorphisms and

comparing to (1.2.16) leads to the conclusion that

87 JH = — & /=gatg'rg [Vuvpéo - qupgéﬂ + 19" g7V 0%V (&
/=g DFa 9,0 — /=g MV [gprp - ay(gﬂAp)} —engy, (1.2.23)
is conserved for any solution of the equations of motion. As before, one can show that

this current is again a total derivative for any solution of the equations of motion. The

exact expression for the Noether potential reads
8T QM = — L go? Ve 1 Lvlig2el /T ger A, Fr (1.2.24)

Once more, the parameter £ must be chosen appropriately. A vector for which the
metric is invariant under (1.2.10), is known as a Killing vector. If we further demand

that the gauge field is also invariant under this diffeomorphism according to (1.2.11),
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the integral of the Noether potential over a sphere can be used to define the conserved

charge associated to the symmetry described by the Killing vector.

An important subtlety though is that unlike for gauge symmetry, there can be multiple
Killing vectors, for example along the time or angular directions, leading to one or
several conserved charges, such as mass and angular momentum. As explained in more
detail in section C.2.2, in such a case the equality of the integral of ) over a sphere
at infinity and the horizon leads to a nontrivial relation between the asymptotic mass,

angular momentum and other global charges and the quantity

S =27 Qv dS™ . (1.2.25)

hor
In this integral, the relevant Killing vector is the one generating the null horizon (in the
sense that it is both normal and tangent to it), rescaled so that V,&, = €, £&¥ = 0 and

€, 1s the binormal of the horizon.

For a generic horizon, in the example given by (1.2.24) this quantity takes the simple
form

S = ia,%A = LA, (1.2.26)
where A is the area of the horizon and we used the definition (1.2.9). We further
assumed the scalar to take a constant value o at the horizon. The last equation is
exactly the Bekenstein-Hawking area law in (1.1.6). However, the Wald entropy is more
general, as it applies to any Lagrangian density (defined to transform as in (1.2.16)),
even if it contains higher derivative terms. In C.2, we provide generic formulae for such
Lagrangians and discuss ways to define the Wald entropy even for some noncovariant

Lagrangians, which are of central importance in the following.

1.2.3 Extremal black holes and stabilisation equations

Given the above considerations, we now turn to the central subject of this thesis, namely
black hole solutions in theories containing scalars. The generic features of extremal black
holes can be exhibited in the context of the simple example in (1.2.6), to which we can
add a single physical scalar through the replacement of 02 by the product o_o,. The

Lagrangian is given by
B
167 S = — /d4:c vV—g <é00+7€ — Ouo_0toy + % (Z—f) F””FW> , (1.2.27)

which can be identified with (1.2.15) upon setting o = o_. Moreover, we have modified
the gauge kinetic term by a coupling to the scalars, with coupling constant 5. Note that
since this coupling is expressed in terms of the ratio of two scalars transforming as in

(1.2.13), it is scale invariant. The Poincaré version of this action is obtained by the
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gauge choice
o_oy =6, op=+6e/V0 (1.2.28)

where the second relation is a convenient parametrisation in terms of a physical scale

invariant scalar ¢. The resulting gauge fixed action is

167 S = — /d4:v V=g (R + 0,0 ¢+ %e\/ﬁﬂd’/ﬁF"”Fw) . (1.2.29)

This model, known as the Einstein-Maxwell-dilaton model, has a long history [11-13]
and several black hole solutions are known. The simplest one is for § = 0, in which
case the scalar decouples from the gauge field and (1.2.27) reduces to Einstein-Maxwell
theory. Another interesting value is § = 3v/2, for which this theory can be viewed as
the result of reducing five-dimensional Einstein gravity on a circle, the so-called Kaluza-
Klein reduction. In all cases, the physical scalar ¢ is massless without a potential and

is often called a modulus.

In this thesis, we will be interested in extremal black holes, which are restricted objects
in four dimensions. Here we concentrate on static spherically symmetric solutions, for
simplicity. Extremality implies that the spatial part of the metric is proportional to
the flat three dimensional metric. Under these restrictions, there is only one degree of

freedom describing the metric, which we parametrise through a function U(r) as
ds? = —e?Vdt? + e 2V §;;da'da? (1.2.30)

where 7,7 --- = 1,2,3. Imposing that the metric asymptotes to the Minkowski metric as

r — 00, one finds that the boundary condition for e near infinity is

2M 1
—2U
~14+—+4+0(=). 1.2.31
e + . + (7“2) ( )
The constant M is then identified with the ADM mass of the solution. All methods to
construct solutions are based on the idea of viewing eV on the same footing as the scalars

and solve for all at the same time. Indeed, a generic scalar ¢ comes with a boundary

condition similar to (1.2.31)

2%,
r

o~op+ +(9(Tl2). (1.2.32)
Here, the asymptotic value of the modulus, o, and ¥, (also known as the scalar charge),
are the two integration constants of the scalar equations of motion. Now, the crucial
observation for extremal black hole solutions is that >, for any scalar is fixed in terms
of the electric and magnetic charges and the asymptotic moduli. This follows from the
requirements of having finite values for the scalars on the horizon and smoothness of the
horizon itself. Generically, only one combination of og and ¥, is compatible with these

assumptions and we conventionally choose oy as independent.
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The gauge field is similarly restricted for a static metric of the type in (1.2.30). In fact,
one can solve for the field strength independently of the rest of the Lagrangian, since it

can be shown that the Maxwell equations are equivalent to
R Fi =0,  €7%9,Gj =0, (1.2.33)

where G, is the electric displacement tensor, given by

1 oL o \B -
Giav = 5 Euvpr ar, = 1/=g (i) € wpo FP . (1.2.34)
The solution is
ij = Eijkaka, ij = Eijkaqu, (1.2.35)

where H?, H, are harmonic functions in three-dimensional flat space
V2H? = V?’H, = 0. (1.2.36)

Spherical symmetry only allows for point charges at the centre and both harmonic

functions must only depend on the distance from that centre, which leaves us with

H =cy+ 2, Hy=c,+ 2. (1.2.37)

r r
Here, g, p are the electric and magnetic charges and ¢, 4, are integration constants. By
inverting (1.2.34) one can obtain Fy;, Gy;, which will be given in terms of HP, Hg, the

scalars and the metric.

U, o4+ can be found by solving using the Einstein and scalar

Given this, the scalars, e
equations of motion. Equivalently, one can consider the effective one-dimensional La-

grangian that results once the obtained by imposing the above results on (1.2.27)
S = /dr r? <%0_a+e*2U (87«eU)2 — 0p0_0po4 + Vbh> , (1.2.38)

where the so-called black hole potential reads

V= (=) ¢+ (22)5) (1239

We have therefore reduced the problem of finding extremal black hole solutions to
(1.2.27) to the mechanical system in (1.2.38), with potential as in (1.2.39). The concept
of a black hole potential is central in all investigations of non-supersymmetric stationary
black hole solutions to theories that contain scalars [12]. In later chapters we will en-
counter other examples in supergravity, with similar structure. Note that the effective
action is consistent with scale transformations, so that only eV and the ratio o /o_,

describing the physical scalar are relevant.
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Consider first 8 = 0, so that the scalars are decoupled from the gauge field. In this case,
there are solutions for which o are constant throughout spacetime. The only unknown

is eV in the metric (1.2.30), which can be found from the Einstein equation and reads
eV = (HP)? + H. (1.2.40)

This solution is the extremal limit of the familiar Reissner-Nordstom black hole, carrying
an electric and a magnetic charge. The horizon lies at » = 0, which is not a point but a
sphere, as one can show using (1.2.30). It is straightforward to construct more general
solutions, with non-constant scalar. In fact, the assumption of constant scalars was not
used when solving for the gauge field, therefore one only needs to solve the Einstein

equation for eV, by the same method.

Rather than showing such a solution, we turn to the case 8 = 3v/2, which is closer to
the supersymmetric models® but still solvable analytically. The solution [14-16] can be

written in the conformal formulation as

2 H,H,
o2V (U;> - (NZ ‘;) : (1.2.41)
ot HPH

where H?, ﬁq are harmonic functions as in (1.2.37) with the same poles but different
constant parts, fixed in terms of ¢,, ¢,. We stress that at this stage all fields still
transform under conformal scalings. As one can verify using the general transformation
law (1.2.13) for the metric in (1.2.30), eV scales with the same weight as o4, so that
(1.2.41) is conformally invariant, as it should. Equivalently, one can consider the gauge

fixed action. Using (1.2.28) one can solve for the physical fields as

. ~ 2 HPHP
e =36 H,H,H H oV/300 _ HPHY. (1.2.42)

HyH,
In either case, it is not possible to solve for o4 individually, since they are not physical
degrees of freedom. The solution is fully described by the two charges ¢, p and the
two arbitrary constants in (1.2.37), which control the asymptotic values of eV and the

physical scalar.

Using this relatively simple example, it is possible to highlight some of the generic fea-
tures of all extremal black hole solutions in theories with scalar-dependent kinetic terms
for the gauge fields, as in (1.2.27). This includes the extended supergravities considered
later in this thesis. As already mentioned, it is generally possible to solve for the gauge
fields in terms of harmonic functions that define the electric and magnetic charges of the
solution. Subsequently, one solves for the scalars, including the fundamental ones (such

U

as o4 in our example), the scale factor e” coming from the metric and possibly others

resulting from the reduction of additional tensor fields in a given theory.

3In fact one can show that (1.2.27) for this value of 3 can be always embedded in four-dimensional
N = 2 supergravity.
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The solution for the scalars is thus expressed in terms of a number of harmonic functions,
related to the ones describing the gauge fields, as in the example (1.2.41). Such a set of
equations are known as stabilisation equations. They appear in a large class of theories
in which the numbers of gauge fields and physical scalars are balanced, so that the scalars
can be uniquely fixed in terms of harmonic functions. In supersymmetric theories, as the
ones we will be interested in, this is automatically true, among other useful properties,
since all vectors are components of multiplets that also contain scalars. Much of this

thesis deals with the derivation of stabilisation equations in various cases.

1.2.4 Black hole attractors

There is a further important aspect of extremal black holes, connected to the stabilisation
equations. Consider the region near the horizon of the black hole described by (1.2.41),
which we obtain by taking the limit » — 0. All constant terms in the harmonic functions

are suppressed and the result reads
2 2
o 2
T2€_2U < 2) — <q2> , = e_2U = 6pqr_2’ e\/;ﬁq5 = p/q . (1243)
+

Observe that the radial dependence affects only the metric through eV, whereas the

scalar takes a fixed value that depends only on the charges.

This is a general feature of all extremal solutions that stems from two crucial properties.
First, it is possible to show that the near-horizon region of an extremal black hole is
itself a well defined solution to the equations of motion. This is by no way obvious
in general, and it is not generally known whether non-extremal black holes share this
feature. The second property is that the near-horizon region must be invariant under
a SO(1,2) isometry group [17, 18]. In other words, for a four dimensional static black
hole with full metric like in (1.2.30), the metric near the horizon is not only spherically
symmetric, but the time and radial parts must also come in a particular combination.

The result is the so-called Bertotti-Robinson spacetime

2 2
ds? = _% dt* + %drz + v3 [d92 + sin? quﬁQ] , (1.2.44)
Oh r
where v1, v9 are constants. For the example above, one can easily see that using the
solution implied by (1.2.43), the general metric (1.2.30) reduces to the last equation

with v} = v3 = pgq.

The terms in the first bracket in (1.2.44) constitute the metric of AdSs, a maximally
symmetric space similar to a two-sphere, S2, in several ways. Just as the sphere is a space
of constant positive curvature, AdSs has constant negative curvature. Both metrics are
invariant under three Killing vectors, which for an S? combine into the familiar SO(3)

invariance, whereas for AdSs they reflect the SO(1,2) invariance mentioned above.
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The requirement of extremality thus puts stringent constraints on the geometry near
the horizon, which must also be reflected in all fields. Starting from the gauge fields,
there are only two components allowed for a field strength tensor, if it is assumed to be

invariant under all symmetries of the spacetime
Fu=e, Fpy=-"sing, (1.2.45)
47

where p is again the magnetic charge and e is a constant. The second relation follows
from spherical symmetry and is valid in the full solution due to the Bianchi identity (see
(1.2.35)-(1.2.37)), whereas the first holds only in the near-horizon region and follows

from the symmetry of AdSs in a similar fashion.

Turning to the scalar sector, spherical symmetry prohibits any dependence on the an-
gular coordinates and AdSs symmetry implies the same for the r, ¢t coordinates, so that
all scalars must be constant. Generally, these constant values are of two very different
kinds. First, some scalars may be fixed in terms of the electric and magnetic charges of
the solution, as is the case for the scalar in the example solution (1.2.43). Such a scenario
is automatically realised in black hole solutions that preserve some supersymmetry, for
which all scalars are attracted to particular charge dependent values near the horizon,

irrespectively of their values at infinity.

Another possibility, which arises in non-supersymmetric solutions, is that the constant
values of some scalars in the near-horizon region are arbitrary. Such a behaviour is
usually a result of a global symmetry of the Lagrangian and extends beyond the near-
horizon region, throughout spacetime. In other words, one now deals with a continuous
variety of black holes, labeled by the values of the scalars subject to this symmetry. We

will see examples of such solutions in the following chapters.

In view of a potential microscopic interpretation of black hole entropy in terms of an
underlying theory, it is crucial that the entropy depends only on conserved charges and
not on arbitrary integration constants. In this respect, the attractor mechanism for
supersymmetric solutions is a satisfactory result, since all possible quantities in the near
horizon region, including the entropy, can be ultimately expressed in terms of conserved
charges. On the other hand, the possibility of unfixed scalars in non-supersymmetric
attractors does not spoil the above general expectation, due to the observation that any
global symmetries of the scalars will also be symmetries of the Noether potential for
diffeomorphisms (1.2.24), as it only involves derivatives with respect to the Riemann
tensor. It follows that the result for the entropy must depend only on appropriate

invariants.

There is a systematic way of studying the near-horizon values of scalars in generic
theories, based on the so-called entropy function [19, 20]. In the following we will deal

both with solutions preserving supersymmetry or not. For supersymmetric attractors,
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the values of the scalars follow directly from symmetry considerations. In the non-
supersymmetric case, we will be constructing complete solutions, rather than the near-
horizon geometry, so that the attractor values for the scalars can be found by simply
taking a near-horizon limit. Therefore, we refrain from giving more details on the entropy

function, referring the interested reader to [21] for a review.

1.3 This thesis

In this chapter, we gave a basic exposition of the properties of extremal black holes
in theories containing scalars, based on a model theory. The focus of this thesis is
the study of such black hole solutions for a particular class of supersymmetric gravity
theories in four and five dimensions, which are known as N' = 2 supergravities and will

be introduced in the next chapter.

The presence of supersymmetry in these theories facilitates the analysis in several ways.
For example, one can restrict attention to the subset of all black hole solutions that
preserve some supersymmetry—the so-called BPS solutions. This puts very strong con-
straints on the geometry and the matter fields, to the point that supersymmetric solu-
tions can be completely characterised by first order differential equations without making
use of the full equations of motion. In the next chapter, we give a concise summary of

supersymmetric solutions both in four- and five-dimensional supergravity.

A further simplification implied by supersymmetry is that the theory is encoded in a
small number of arbitrary functions. For example, the N' = 2 supersymmetric extension
of Einstein-Maxwell theory is completely fixed by a single function of the scalars which
controls all couplings, similar to the ratio o4 /o_ in the action (1.2.27). This property
is crucial for the two main applications we consider in this thesis, namely the effects of
higher derivative terms on BPS solutions and the construction of non-supersymmetric
solutions. In chapters 3 and 4 we present a discussion of the four derivative terms
allowed by N/ = 2 supersymmetry in four and five dimensions respectively. Each of
these invariants is parametrised by an arbitrary function, which can be fixed when one
considers the embedding in a microscopic theory, such as string theory. Restricting to
the class of theories obtained by string theoretic models, one can connect to microscopic

constructions of black holes.

Constructing exact solutions of higher derivative theories is a complicated problem,
which has nevertheless been considered with success in the past, at least for simple
supersymmetric solutions. However, one can make general statements about BPS black
holes based on the near-horizon region, which has been shown to preserve full N' = 2
supersymmetry. It follows that supersymmetric attractors for an arbitrary Lagrangian
can be constructed directly, based on the enhanced symmetry. In chapters 3 and 4 we

give a comprehensive treatment in both four and five dimensions, commenting on the
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relation between the two theories. We compare our results to the corresponding string
theoretic predictions in chapter 2 and establish full agreement between macroscopic and

microscopic predictions.

The highly restricted structure of extended supergravity theories reflects itself on the
solutions, even if one abandons the requirement that they preserve some supersymmetry.
In chapter 5 we discuss some recent results on the construction of non-BPS solutions
in N/ = 2 theories. As it turns out, many of the properties of BPS black holes, such
as the description in terms of first order equations and the attractor mechanism, are a
result of their extremality rather than the unbroken supercharges. In order to investigate
these similarities, we first introduce a rather special class of five-dimensional solutions
which are supersymmetric on local patches of spacetime, but nevertheless completely
break supersymmetry globally. The new solutions obtained turn out to allow for a
number of features that are present in generic extremal solutions, but forbidden in the
supersymmetric case. Based on this fact, we then go on to propose a framework for

constructing more general extremal solutions, including rotating black holes.






Chapter 2

Supergravity and Black holes

In this chapter we introduce supergravity theories invariant under eight supercharges
in four and five spacetime dimensions. The construction of the relevant Lagrangians
requires basic concepts of multiplet calculus, which we introduce along the way. We
consider superconformal multiplets, which are off-shell (with the exception of the hyper-
multiplets), so that the superconformal symmetries close without the need for imposing
field equations. The multiplet calculus consists of various multiplication and decompo-
sition rules, as well as invariant density formulae. With these results one can construct
rather general classes of invariant actions that go beyond the two derivative level, as will

be seen in due course.

The structure of supergravity theories in four and five dimensions is very similar, as
will become clear in the following. In appendix B we present the various multiplets of
the superconformal algebra in both cases. The multiplet describing the gravitational
background is the Weyl multiplet. Its bosonic part includes the vielbein e}, the spin
connection wfjb and two more gauge fields of the conformal group, b, and f};, associated to
local scale transformations and inversions. In addition, there are gauge fields associated
to particular local symmetries in each case, SU(2) x U(1) in four and USp(2) in five
dimensions respectively. Finally, one needs to introduce two auxiliary bosonic fields, a
real scalar D and a tensor T,,. The fermionic part of the Weyl multiplet contains two
gauge fields, the gravitino 1/12 and qﬁf“ which arises when applying bosonic conformal
transformations on the gravitino. There is also a fermionic auxiliary field, denoted by
x'. Here, indices i, j, ... denote the fundamental representation of SU(2) or USp(2),
depending on the theory.

Similar patterns arise for matter multiplets, as one can see from tables B.3 and B.6. In
the following, we briefly discuss the construction of supergravity theories in four and five
dimensions, both in the full conformal setting and in the Poincaré frame. In addition,

we present a concise review of BPS black hole solutions in these theories and their string

21
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theoretic interpretation, that will be used as reference in the following chapters. As
there are many excellent sources on the subject we will be concise, emphasizing ideas

and results rather than explicit derivations, referring to [22-26] for further details.

2.1 Five-dimensional supergravity

We start from the five-dimensional theory, which was introduced in the Poincaré frame
in [27] Its natural interpretation in the context of M-theory compactified on Calabi-Yau
manifolds was presented in [28]. The superconformal theory and further generalisations
were considered in [29, 30]. We introduce the relevant superconformal multiplets, namely

the Weyl, vector, linear and hypermultiplet, in Appendix B.1.

2.1.1 The Lagrangian and gauge fixing

In five space-time dimensions, composite linear multiplets play an important role in
the construction of supersymmetric invariants involving vector multiplets [29-32]. For
instance, at the linearized level in flat space, one can start with the field Y% belonging to

a vector supermultiplet and generate a linear multiplet upon the following identification,

LV — 2Y9,
o = igQ",
E, — 0"F,,,
N — O, (2.1.1)

as the reader can easily verify by explicit calculation using (B.1.9). At this point one
can generate a new vector multiplet, by starting with the field N and identifying it with
a new field o, etcetera, at the price of including higher and higher powers of derivatives.
It is easy to see that the linear multiplet precisely corresponds to the field equations of
the vector multiplet. Conversely, the vector multiplet will arise as the field equations of

the linearized tensor multiplet action in flat space.

This relationship is clearly embodied in the invariant density formula for a product
of a vector with a linear supermultiplet. In the following, we will take into account
the presence of a general superconformal background, and the corresponding expression

takes the following form

e 'Ly = (Vij = 30"  enj) LY + o (N = Loity,") +1Q4¢"
+ §ie T e PIAW, B, Epox + 110 LY i, ey (2.1.2)
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Note that the existence of this formula is tied to the gauge fields W, and E,,,, of the
two multiplets, which must be inert under scalings, fixing all other conformal weights in
both multiplets.

By using composite linear multiplets, this density formula enables the construction of
superconformally invariant actions. This represents a standard way of constructing
actions that is also well-known in the context of four space-time dimensions where it has
been exploited extensively to couple matter to N' =1 and N = 2 supergravity, but in

five dimensions the restrictions are stronger.

In the superconformal setting (2.1.1) must, however, be modified in view of the additional
restrictions posed by superconformal symmetries. For instance, the fields L% and Y%
behave differently under scale transformations, as can be seen from table B.3 and L%
is invariant under S-supersymmetry, whereas Y% is not. Nevertheless the relationship
can still be established provided one gives up linearity, replacing the first component of
(2.1.1) by (for a single multiplet),

LY =20V 4 Lieki000) (2.1.3)

To establish the existence of this composite linear multiplet one verifies that the lowest
component has the correct Weyl weight and is S-supersymmetric, and furthermore, that
its supersymmetry variation is expressed in terms of a simple doublet spinor which can
then act as the representative of the linear multiplet spinor ¢°. If these criteria are not
met, the result will not be a superconformal linear multiplet consisting of 8+ 8 degrees of
freedom, but with a much larger multiplet. When dealing with several vector multiplets,
labeled by indices A, B,--- =1,2,...,ny, the expression (2.1.3) generalizes only slightly.
It remains quadratic on the vector multiplets and depends on it in a symmetric fashion.

Hence we start with
LHAB) — 9 oA yiiB) | 1 G (AQ)B) (2.1.4)

For clarity of the notation, we will henceforth suppress the explicit indices (A, B) on the
right-hand side. In the presence of several vector multiplets, o2 generalizes to oAgB)

ot to o AQB) | etcetera.

The other components of the corresponding linear multiplet follow by applying succes-
sive supersymmetry variations and one finds the following expressions, all manifestly

quadratic in the vector multiplet components,

G = ioPQ + BP0~ 807X + Vet — N — 60 Ty
Ea(AB) _ %igadeerche + Db(O' Fba - 60’2 Tba) +n
NWB) = 1D"Dyo* — L(Dyo)? + [Y]?

— AP P+ 60 FpT™ — 62(4D + 2T%) + -+ -, (2.1.5)
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where supercovariant terms of higher-order in the fermion fields have been suppressed.
It is also possible to derive the expression for the three-rank tensor gauge field associated

with this multiplet, by requiring (B.1.14),

Eﬁl‘éf) = %iesﬂyp(,)\ (o Fo — 602 To)‘) + %W[#pr] + %Q”ng)i
— 310 Qv — 307 Yty (2.1.6)

The above construction can be generalized to non-abelian vector multiplets as well [33].
More generally, a linear multiplet can also be constructed from the Weyl multiplet, as
will be shown in 4.1, or hypermultiplets, but the resulting linear multiplet will not be

fully realized off-shell.

Using these results, the construction of the two derivative Lagrangian for vector multi-
plets follows straightforwardly using (2.1.2). The composite linear multiplet constructed
from vector multiplets will be written by means of a symmetric three-rank constant ten-
sor Cypc. The lowest component of the linear multiplet associated with the symmetrized
product of two vector multiplets will thus be identified with —% Capc LVBC)  where we

make use of (2.1.4). Higher components are defined accordingly.

After these definitions we introduce the expression for the bosonic terms in the La-
grangian for vector multiplets, with convenient normalisation, to which we add the
hypermultiplet Lagrangian.

L = Ly + Liyper - (2.1.7)

Here the Lagrangian cubic in vector multiplet fields equals,

87 Low = §Capco? [iDu0? o€ + 1F, PP - v, Py i
—30BF,,CT™ - iie*lsWPUTWMAFVpBFMC]

—C(o) [%R —4D— %Tﬂ , (2.1.8)

where we also use the notation C(o) = % Capc 020BcC. The Lagrangian for hypermul-

tiplets (one of which plays the role of a compensating supermultiplet) reads,

87 € Ligper = — 3005 9D, A DA + x [%R +2D+ gTQ] . (2.1.9)

We remind the reader that R and R, refer to the Ricci scalar and tensor. The factor
872, which equals four times the volume of the unit sphere S2, has been included to

I Note the presence of the

avoid explicit factors of @ when defining electric charges.
characteristic Chern-Simons term in (2.1.8), which implies that the corresponding action

is only gauge invariant up to boundary terms. This term, and similar ones appearing

In four space-time dimensions one extracts a factor equal to two times the volume of the unit sphere
S2. In this way the Coulomb potential has the same normalization in four and in five dimensions,
without factors of .
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in the four derivative Lagrangian, may lead to difficulty in cases where the gauge fields

are not, globally defined, as we shall discuss in due course.

To appreciate the implications of the above results, let us first consider the Lagrangian
(2.1.8) alone. When suppressing the coupling to the fields Ty, D and to the metric, we
are dealing with a Lagrangian based on scalar fields o4, gauge fields Wlf‘ and auxiliary
fields Y¥ 4. Upon re-introducing the fermion fields, this Lagrangian is invariant under
rigid superconformal transformations. Note that the overall sign of the Lagrangian is
irrelevant, as it can be absorbed into an overall sign of the vector supermultiplet fields.
To identify the kinetic terms one may expand about some constant values of the fields o4,
The values of these constants are arbitrary and in fact they can be changed by a uniform
scale transformation that acts on all the fields and belongs to the rigid superconformal

symmetry group.

When coupled to the fields of the Weyl multiplet, this Lagrangian is invariant under local
superconformal transformations. However, it is inconsistent because the field D acts as
a Lagrange multiplier which requires C(o) to vanish. To avoid this difficulty one must
also introduce the superconformally invariant Lagrangian of at least one hypermultiplet.

Introducing the hypermultiplets, the field equation for the auxiliary D implies that
x=-2C(0). (2.1.10)

In view of the local invariance under scale transformations, C'(o) can be fixed to a

constant. We choose the gauge condition
LCupcotoPa =1, (2.1.11)

so that the Ricci scalar will appear in the Lagrangian with a multiplicative factor
(16m%)~1. This convention is related to the more conventional one, where one adopts
a prefactor (167 Gx)~!, just as in four space-time dimensions, by choosing Newton’s
constant® as Gy = 7. As a result of this convention, the Bekenstein-Hawking area law,

leads to the area in Planck units, A/G\, with proportionality factor (4m)~!.

Making use of the local SU(2) transformations, three phases contained in the hypermul-
tiplet scalars can be fixed as well, due to the SU(2) invariance of the hypermultiplet
target space. Combing these two gauges, it follows that one of the hypermultiplets will
not correspond to physical degrees of freedom. Finally, one can choose a gauge in which
b, = 0 and eliminate the auxiliary fields, Y% and Ty, by their (algebraic) field equations,
which yields

YU =0, Tu=(24C(0))Capcc?cPFS. (2.1.12)

The equation of motion for the SU(2) gauge field is also algebraic, but this field will

not be needed in what follows. Hence one is left with the bosonic part of Poincaré

2A generic value for the Newton constant can be introduced by rescaling the tensor Capc and the
scalars accordingly, see [30]
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five-dimensional supergravity coupled to vector multiplets and hypermultiplets

sreT'L =~ IR Qap|yDuot DroP 4 LF, AP
— %iCapc e e "W, AF,,PF,.°

—1Q,59D, A DA (2.1.13)
where the index o now runs over one less hypermultiplet® and

1
Qap = 30405 — 3 Capco®,  oa= 8 CapcoPo® . (2.1.14)

Observe that all the original vector gauge fields are present, even though there is one
less vector multiplet scalar due to the constraint (2.1.11). This is consistent, as one
linear combination of gauge fields is reassigned to the Poincaré gravity multiplet through

(2.1.12), and is usually called the graviphoton in the context of the two-derivative theory.

In what follows, we will sometimes restrict attention to the case where the scalars take
values in a symmetric space, for the sake of simplicity. Such a requirement puts con-

straints on the tensor Cypc [27], through the identities

4 ' e
3040Cpra) = CucCpi(ppCra)cd®P 697", (2.1.15)

9
ot = §CABCO'B(70, (2.1.16)

where CABC = §AA §BB'5CC" 0, by and the constraint in (2.1.11) was used in obtaining

(2.1.16).

2.1.2 BPS black holes in five dimensions

The solutions of the Poincaré theory that preserve half of the supercharges possess a
so-called (generalised) Killing spinor, €, such that all supersymmetry variations of the
fermions vanish. According to the general classification in [25, 35], there are two distinct
classes, depending on whether the Killing vector, éy*¢, constructed from e is time-like or
null. We will briefly summarise the time-like case, for which the BPS conditions imply

that the metric is a time-like fibration over a hyper-Kéahler 4-manifold.

Denoting the hyper-Kéhler base space metric by A,,,, we choose the associated complex
structures, X, as anti-self-dual and assume for the moment that they are unique.

Given these data, the metric and gauge fields of a supersymmetric solution can be

3This is only possible for a restricted class of target space geometries. As the hypermultiplets will
not play any role in the following, we assume this is the case for simplicity, referring to [30, 34] for more
details.



27

written locally as:

ds? = —f2(dt + @) + [ hppdz™dz"
FA = 28[u(aAeg])da;“dx”+Afmd:cmdx”. (2.1.17)
Here, ¢° = f(dt + @), the indices, m,n,... = 1,...,4, label coordinates on the base,

and f > 0, @ are a function and a one-form globally defined on the base that define the
time fibration. The A4 (2™) are arbitrary closed self-dual forms on the base (they have
no time component). A positive orientation is chosen using e® A 1 as the volume form,

where 7 is a positive orientation on the base manifold.

Once the A4 are chosen, the function f and the o are determined by solving the

Maxwell equations, expressed as a Poisson equation on the base:
_ 1
A(ftoa) = ﬁCABCA,'imA"mC, (2.1.18)

where A is the Laplacian on the hyper-Kéahler manifold. Finally, the one-form, @, is
determined by solving:

2 f Opnw) = G = Gy, + G, oal?t = —2GT, (2.1.19)

mn?

where G* the are self- and anti-self-dual parts of the form f Opmwy) on the hyper-Kéhler
base. These BPS solutions are invariant under an SU(2) subgroup of the base space
isometry group and, in an orthonormal basis, their respective Killing spinors satisfy
7% = ie. Note that in case the complex structures are not unique, it may be possible to
construct more BPS solutions than described by the generic equations above. This will

be seen explicitly in the following, but for the moment we continue to assume uniqueness.

In this thesis we are interested in solutions with a four-dimensional interpretation, so
we will demand that the base space has a compact isometry along which we can per-
form dimensional reduction. Under the assumption that the associated Killing vector is
triholomorphic (i.e. leaves the complex structures invariant), and generates a symmetry
of the complete solution, the base space can only be a Gibbons-Hawking space [36].
In this case the above equations can be solved explicitly [35]. For a Gibbons-Hawking
space [37], which is itself a fibration over a flat Euclidean base, the metric, Ay, can be

written:
hnda™da™ = H™ (dip + xada')” + Hoyjda'da? (2.1.20)
¢*Vix; = V'H. (2.1.21)
Here, V is the standard vector derivative on the Euclidean 3-space, R?, with coordinates

2 i,j = 1,2,3, H(2%) is a harmonic function on R* and 0 < ¢ < 47. The isometry
group is SU(2) x U(1), where the U(1) is generated by the Killing vector 9/9v. Two
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important examples we will use is flat space, corresponding to either H = 1 or H = 1/|x]|,
and Taub-NUT space, for which H = h% + p%/|x].

The complex structures associated with (2.1.20) are given by
X0 = (dp + de:cj) Adzt — %Heijkdazj A dzk. (2.1.22)

Using (2.1.21), one can easily show that dX(® = 0. Imposing that they are anti-self-dual

fixes the orientation of the base space, so that the volume form is
Hdip A dx* A dax® A da®. (2.1.23)

The complex structures (2.1.22) are globally defined and, in all but one case, unique.
The exception is flat space (in coordinates such that H = 1, x = 0), where one can
also choose the opposite relative sign in (2.1.22) and the forms, X () remain closed.
This is a consequence of the larger SO(4) = SU(2)r, x SU(2)pr isometry group of flat
space compared to the generic SU(2) x U(1) isometry of Gibbons-Hawking spaces. It
follows that for flat space there are two triplets of complex structures: one self-dual and
one anti-self-dual, each invariant under a different SU(2), g isometry. This observation
implies a slight enlargement of the set of BPS solutions in that case, to which we return

in section 5.2.1.

The explicit BPS solution for a Gibbons-Hawking base can be described in terms of
H and 2n, + 1 additional harmonic functions [35]. The self-dual forms A4, defined in

(2.1.17), can be written as:

A_ Sy o (BN awi o 1me o (KDY dui ndwd
A? = (dy + xpdx"™) N O, I dr? + S He;j0k i dx* A dx? (2.1.24)

where the K4 are arbitrary harmonic functions related to the magnetic charges of the

solution. Given these functions, the scalar equation (2.1.18) can be solved as

floa=LtH 'CapcKPKY + 2Ly, (2.1.25)

where L4 are arbitrary harmonic functions associated with the electric charges. Finally,

decomposing the one-form w as
Omda™ = widz’ + ws(dy + xjda?) (2.1.26)
one finds that the solution of (2.1.19) reads

ws = sH 2CapcK*KPKY+ H LKA+ M (2.1.27)
Vxw = HVM — MVH+ KAVLy — LyVK*. (2.1.28)
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Here, M is again a harmonic function, which controls the angular momentum along the

1) direction.

It is worth mentioning the so-called spectral flow transformations [38] acting on the
BPS solutions above. It is easy to verify that (2.1.25)-(2.1.28) are invariant under the

symmetry transformations

H —» H,

K4 - KA4+k'H,

M — M—Kk*Ls+1Capck®k’ K* + LCapck*kPrkC H

Li — La—1CapckP K —1CupckPk° H, (2.1.29)

for any real k. We stress that these are exact symmetries that act on the full solution,
similar to the electric-magnetic dualities in four-dimensional theories (see section 2.2.2).
A useful result is that this symmetry can be used to eliminate any poles of the K4

coinciding with poles of the Gibbons-Hawking harmonic function H.

2.1.3 Explicit solutions and supersymmetry enhancement

One can straightforwardly construct explicit solutions using the above relations, by
choosing the harmonic functions appropriately. We will discuss two important examples,
namely the BMPV (or spinning) black hole [39] and the supersymmetric black ring of
[40]. The base is usually taken to be either flat or Taub-NUT, depending on the desired

asymptotics. In what follows we will always choose

pO
H=h+2 (2.1.30)
T

which encompasses both cases, as it describes Taub-NUT for h # 0 and flat space? for
h=0.

BMPYV black hole

If one assumes that all harmonic functions are centered at a single point, the observation
under (2.1.29) shows that the K4, and thus the magnetic parts of the field strengths in
(2.1.17), can be taken to be trivial. The resulting solution carries only electric charges
and is known as the BMPV black hole.

The poles of the nonvanishing harmonic functions are equal to the electric charges and

the angular momentum

J
La=la+8 M=m+Z (2.1.31)
T

)
r

“Since we fixed the periodicity of ¢ in (2.1.20), this gives flat space with a Z,o identification along
that direction.
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where 4, m are arbitrary constants. The full metric and the gauge fields follow from

(2.1.17) and in these conventions the horizon is located at r = 0. The entropy, as defined

S=2m\/Q° - }J3, (2.1.32)

Q%% = & Capead®e” ga = Capcd®q®. (2.1.33)

using the area law, reads

Multi-black hole solutions can be obtained by simply allowing for more poles in the

harmonic functions in (2.1.31), centered at different positions.

It is worthwhile discussing the near horizon geometry. Taking the limit » — 0 in the
above equations, all constants in the harmonic functions can be neglected and the solu-
tion simplifies. As in the example in section 1.2.3, all scalars take constant values fixed

in terms of the charges according to

foloa=2qa, f=for, (2.1.34)

where fjy is a constant. The metric reads

2 2,2 A2 P° dy 2 dr? 2 .2 2
ds* = —fir*(dt + ©)* + — || =& +cosbdp | + — +db° +sin“6deo”|
fo [\ p° r2
J,
W= Tw(dzﬂ + pY cosfdg) , (2.1.35)

and the gauge fields follow from (2.1.17). This solution is invariant under all eight super-
charges, whereas the global solution preserves only four. Supersymmetry enhancement
near the horizon is a general feature of all BPS black hole solutions [41-43], that extends
the spacetime symmetry enhancement observed for extremal black holes in section 1.2.4.
The reader can easily verify that (2.1.35) describes the local product of a circle with the
AdSs x S? geometry in (1.2.44).

Turning this observation around, one can determine the near horizon solution by im-
posing full supersymmetry. When higher derivative corrections are taken into account,
it becomes increasingly cumbersome to find complete solutions, so the possibility of
studying supersymmetric attractors is a welcome result. Chapter 4 is devoted to super-

symmetric attractors in five-dimensional supergravity with four derivative corrections.

BPS black ring

A more involved solution is the BPS black ring, which is a magnetically charged object.
In five dimensions, magnetic monopoles are necessarily string-like objects, as they couple
naturally to the magnetic gauge fields, which are two-forms. It follows that magnetic

charges can be carried only by black holes with ring topology. The harmonic functions
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describing the full solution are

A _pt

i J
< A M=m+ 22, (2.1.36)

Lay=1

where p? are the five-dimensional magnetic dipole moments, G4 are related to the electric
charges q4 through
da = qa — 2Capcp™p®, (2.1.37)

and 4, m are constants. Finally, A = |#— 7| denotes the distance from a point 7 in R3.
The ring described by these harmonic functions is localised in the base, and wrapped

around the -circle at 7.

The metric and gauge fields follow as above, but obtaining the full physical solution is a
bit more complicated. In particular, there are nontrivial constraints on the constants and
charges appearing in (2.1.36) coming from requirements such as asymptotic flatness (or
Taub-NUT) and the absence of closed timelike curves. For example, the position of the
ring is not arbitrary, but is proportional to the angular momentum .Jy, as is intuitively
clear from the requirement that the spin of the ring balances the gravitational force to
the centre. We will not be dealing with most of these subtleties, but we point out that
the charges are not simply given by the poles of the harmonic functions, but there are
shifts in the L4’s. The combination appearing in (2.1.37) has a physical meaning, as it
is additive when one considers multi-ring configurations [35], as will be seen in section
4.5.

On the other hand, the near horizon solutions is oblivious to these complications, as the
integration constants in (2.1.36) are dropped in the A — 0 limit. Once more, the scalars

are constant, given by

fotoa = LCupcp®p®,  f= ﬁ(;jo A2, (2.1.38)
where fj is again a constant. The metric reads [35]
ds® = -4 @dt dA + % A dt dyp + % dy?® + P? (d6? + sin® 0d¢?) | (2.1.39)
where
PP = Canep™, o= dy—Jp— (Cnis, (2140

and CAB = [Capcep®]~!. This metric is locally isometric to AdSs x S? and is fully
supersymmetric, as expected [25]. Together with (2.1.35), these are the only two phys-
ically inequivalent fully supersymmetric geometries that are admissible as near horizon
limits for a black hole solution. Note that upon dimensional reduction over the 1 direc-
tion both reduce to AdSs x S?, which is the only allowed near-horizon geometry in four

dimensions.
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The area law gives the following entropy

1
S =27 \/6 Go Capc pApBpC© . (2.1.41)

In view of the poles of the harmonic functions above, the result dependents on G4 rather
than g4 directly. Note that despite the presence of two angular momenta, it is the
difference Jy — J, that appears in the entropy [44], whereas the ¢-component of the

angular momentum is necessarily fixed by
Jo =p' (a1 — §Crip”), (2.1.42)

and is not an independent conserved charge.

2.2 Four-dimensional N = 2 supergravity

We now turn to four-dimensional A/ = 2 supergravity, for which the superconformal
multiplet calculus was developed in [45-48]. The multiplets relevant to the subsequent
discussion are introduced in Appendix B.2, which include the Weyl multiplet, the chiral
multiplet and the hypermultiplet. Some of the theories in this class can be viewed
as compactifications of five-dimensional theories or, upon gauge fixing to the Poincaré
frame, as Calabi-Yau compactifications of Type II string theory and M-theory. Most
techniques and results are similar to the corresponding five-dimensional ones, discussed
in the previous section. An extra feature is the presence of electric-magnetic dualities

that act on the equations of motion for vectors and scalars, which we briefly introduce.

2.2.1 The conformal and Poincaré Lagrangians

The construction of the Lagrangian for vector multiplets in four dimensions is conven-
tionally based on a chiral multiplet rather than a tensor (linear) multiplet, even though
that is also possible in principle. This is because the covariant fields in vector multiplets
comprise chiral multiplets that satisfy a constraint, as explained in section B.2.3, so that
it is natural to combine them into an unconstrained chiral multiplet, for which a density

formula analogous to (2.1.2) exists.

This formula is based on a scalar chiral multiplet with w = 2, implying that its highest
component, C, has Weyl weight 4, and chiral weight 0, as is appropriate for a conformally

invariant Lagrangian in four dimensions. It follows that the expression
e L =C — e " Nj — 2 Top jry Py Uy e9eM — L A(Topi567)?
— 297" Yuj B €%l + 9410, (GTH — SATH M)
- %Ei‘jEkle_l«SuypU?Z)mﬂ)yj (&pk’}/g\pl + 1[_)10]{;1[)0]' A) + h.c. (2.2.1)
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is invariant under local superconformal transformations, including a conformal super-

gravity background.

In order to find an action for vector multiplets, consider the case where the chiral
multiplet in this formula is composite, expressed in terms of vector multiplets labeled
by indices I, J,--- = 0,1,...,ny. It is possible to show (cf. (B.2.18)) that the relevant
terms of such a composite multiplet are given by®

A= - 3F(X),

C=-1F(X);C' + 1F(X)1s[Bij! By’ el —2G,'G—], (2.2.2)

where F7 and F7j are the first and second derivative of the function F', known as the
prepotential. The bottom composite component, A, must have w = 2, so that F(X)
must be homogeneous of degree two in the vector multiplet scalars X!. Taking into
account the constraints in (B.2.19), the bosonic terms of the Lagrangian following from
(2.2.1) read

8re 'L = iD'FyD, X" —iFy XT(4R — D) — §iFy, Yy 7Y
+iiF[J(F(£)I - iXIT;ZEij)(Ff‘]ab - iXJTijabEij)
—HF(FL = X T8 T e — HiF (Tapije)? + hec.

169 Q05 DA DAL + X (AR + 1D) (2.2.3)

where in the last line we added the Lagrangian for the hypermultiplets. As in the
five-dimensional theory, the vector multiplet Lagrangian alone is inconsistent and the

presence of at least one hypermultiplet as a compensating multiplet is necessary.

With this addition, the equation of motion for the auxiliary scalar D is
x = =2i(F; X! — F; x1), (2.2.4)

where the quantity in the right hand side coincides with the factor multiplying the Ricci
scalar in the action and should be used in the gauge fixing of local scale transformations.

We choose the gauge condition
(X -Frxh)y=1, (2.2.5)

to obtain the canonical normalisation of the Einstein term with Newton’s constant set
to unity. In addition, one can fix the local U(1) symmetry by setting the phase of one
of the X' to a desired value, but we will refrain form doing that explicitly. The end
result is that only 2n, of the original 2n, + 2 scalars are physical, due to the constraints.

These are usually denoted as z, with A = 1,...,n, and parametrise a so called special

®The function G in (B.2.18) is conventionally chosen as G(X') = —F(X) in this context.
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Kahler target space manifold. A convenient choice that we will adopt is

20 = — == =1, (2.2.6)

which are scale and chiral invariant. It can be shown that the associated K&hler metric

and potential are given by
gup = 005K, K =—log (i(FI A o zf)) , (2.2.7)

4. We will be generally using the variables

where I are viewed as functions of the z
X1(2) even in the Poincaré theory, with the understanding that they satisfy (2.2.5) and

are subject to the local U(1) invariance.

As in the five-dimensional theory, one can set b, = 0 and use the SU(2) gauge transfor-
mations to eliminate three phases from the hypermultiplet target space. The auxiliary
fields Y% and T(g can be expressed in terms of dynamical fields using their equations of
motion

Y9 =0, eyT9=4(XENg XD INGXTF! (2.2.8)

ab

where N7j; = 2Im Fy;. The SU(2) and U(1) gauge fields also have algebraic equations

of motion, but we will only need the expression for the latter
Ay = INrp (X109, X7 — X719, X7) = Im(94 K 9,,2™) . (2.2.9)
The final form of the Poincaré supergravity Lagrangian is
8re 'L = —-iR+iD'F;D,X' —iD'F;D,X!
+iN’IJFa;)IF—J(lb _ iN’IJF;l;IF'FJ(lb
16 Q.5 DA DIASP (2.2.10)

where the covariant derivatives on the scalars contain the composite gauge field (2.2.9)

and K L

_ NiXENgX
= F

Ny = Fry H 0y - w

(2.2.11)

Similar to the convention followed in five dimensions, we implicitly keep the same index
naming for hypermultiplets, assuming the index « runs over one less value (see footnote
3).

By restricting the form of the prepotential, it is possible to interpret the four-dimensional
theory as a Kaluza-Klein reduction of five-dimensional supergravity under some assump-

tions. We will return to this point in section 2.3.
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2.2.2 Symplectic reparametrisations and Kahler geometry

The most characteristic feature of extended supergravity in four spacetime dimensions
is the presence of continuous symmetries of the equations of motion that generalise the
electric-magnetic duality transformations of Maxwell electrodynamics [49]. Generically,
such transformations are not symmetries of the Lagrangian, but rather correspond to a

reparametrisation of the same equations of motion in terms of a different Lagrangian.

In N' = 2 supergravity, scalars are in the same multiplet as gauge fields and control
all couplings, so they necessarily transform under symplectic transformations [47, 50].
Here, we discuss the basic aspects of the structure appearing in this case, casting the
variables of the on-shell action (2.2.10) in a suggestive form that will be useful in the

following.

Define the dual field strength tensor, generalising the electric displacement tensor in
(1.2.34) by:
16mri 0L

G/ .=
! e OFL

— N R —m (2.2.12)

in terms of which the Maxwell equations and Bianchi identities take the suggestive form:

Hvpo I _
etr?o,F,, =0,

P 9,Gryp = 0. (2.2.13)

These equations imply that the electric and magnetic charges conventionally defined as

1

I I

=~ | F

P 4 S2 ’
1

qr = — Gy, (2.2.14)
47 52

where S? is any closed surface near infinity, are conserved.

As is clear from (2.2.13), there is no essential difference between the field strength and
its dual. In fact one can mix them by an arbitrary constant matrix and still satisfy the

equations of motion and Bianchi identities. One then introduces a matrix O as

FI 1. ZIL\ [pK 3
(U & F=0F. (2.2.15)
GJ WJK VJL GL

Here and in the following we will generally use calligraphic capital symbols to denote
electric-magnetic pairs of objects, as for F! and Gy in the last relation. Now, in order

for the transformed field strengths to be interpreted as coming from a Lagrangian of the
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type (2.2.10), the matrix O must be symplectic, O € Sp(2ny,R), implying that

0 1
ofwo=0, q= : (2.2.16)
-1 0
or in terms of the block matrices:
uvtw -wlv=0=2z"v -v'z, U'v-wlz=1. (2.2.17)

Such a transformation leaves the equations of motion of the gauge fields invariant, but

since (2.2.12) involves the scalars, they must also transform nontrivially so that
Nij=[VN + Wi [(U + ZN) 15 (2.2.18)

The correct rule can be found by pairing the scalars X! with the derivatives of the

prepotential F7 into a symplectic vector

X! .
V= < ) , V=0V, (2.2.19)
Fy

as they are the only quantities with appropriate indices that scale with unit weight.
Then, one can show that this transformation induces (2.2.18), whereas the analog of

2. ollows from (2.2. and the homogeneity of the prepotentia
2.2.12) foll f 2.2.11 d the h i f th ial
N X7 =Fy. (2.2.20)

As will be discussed in section 5.4, it is possible to write the full action (2.2.10) in
a manifestly symplectically covariant way, at least for stationary backgrounds. For the
moment, we exhibit the Kahler structure of the scalar manifold in terms of symplectically

covariant quantities, referring to [51] for more details.

First, note that the gauge condition (2.2.5) is invariant under symplectic transforma-

tions, as it can be recast using the antisymmetric inner product of Sp(2n.,R)
vy =iy, V) =1, (2.2.21)

where we introduced the bracket (,) as shorthand. The scale and chiral transformations
of the scalars imply that V is a section of a complex line bundle with connection Q4 =

0aK. The corresponding covariant derivative is given by
DaV =04V + 5(DaK)V, DiV=0;V—3(DK)V=0. (2.2.22)
These relations also imply the constraints

(V,D4V) =0, (DaV,DpV) =igap , (2.2.23)
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whereas all inner products of only holomorphic or anti-holomorphic objects vanish as
well. It follows that it is possible to use the section V), its derivatives D4V and their

complex conjugates as an alternative base for symplectic vectors.

To this end, we introduce two operations realised as symplectic matrices through

—(ImN)_IIIK ReNKJ (ImN)_l‘IJ
o= . (2.2.24)
—ImN7; —ReNig (Im/\/‘)il‘KL ReNTs Re N7 (Im/\/‘)il‘KJ
M=Qo, M =M. (2.2.25)
Using these definitions, one can show that

oV =—-iV, o DAY =iD4xV, (2.2.26)

* P Fl
o = . (2.2.27)

*GJ GJ
These relations together with ¢*> = —1 allow for an interpretation of ¢ as a kind of

Hodge duality. If the prepotential is such that the theory can be viewed as a Calabi-Yau
compactification of Type IIB supergravity, ¢ is identified as the Hodge operator on the
Calabi-Yau manifold.

In the basis defined by (2.2.26), any real symplectic vector can be written as
E=2Im[—Z(E)V + ¢*P DaZ(E)DpV], (2.2.28)
where the central charge Z is given by
Z(E)=(E,V) = E'F - EX". (2.2.29)

One can further show that the antisymmetric inner product can be alternatively written
as
(Ey, By) = 21m[ Z(Ey) Z(Es) — g*"B DAZ(E)) DpZ(Es)], (2.2.30)

where g4% is the inverse matrix of g 45 and the Kihler covariant derivative on Z follows
from (2.2.22).

Finally, we note that the symmetric negative definite matrix M allows for a symmetric

product defined as

|E1, Bo|| = —ET MEy = 2Re[ Z(E1)Z(Es) + ¢*B DaZ(E) DsZ(Es)].  (2.2.31)



38 Chapter 2 Supergravity and Black holes

An application that will be of use later is provided by the black hole potential [52]
Von = 3IT)12 = |Z(D)2 + ¢*P DaZ(T) D5 Z(T), (2.2.32)

for a given vector of electric and magnetic charges I'.

2.2.3 BPS solutions in four dimensions

The supersymmetric black hole solutions of N' = 2 supergravity have been classified
some time ago in [22, 24]. The existence of a Killing spinor implies that the spacetime
has a timelike Killing vector and that the three-dimensional base space is flat, so that

the metric takes the form

ds® = —e?Y(dt + w)? + e 2Ydz? (2.2.33)

2

where €2V and w are a function and a one-form in three dimensions. The electric and

magnetic field strengths are given by
F = 2¢;jx0H do'da? — 2 N (eg} Re(eQUe_io‘V)) dztdz” | (2.2.34)

where € = eV (dt+w; dz') and H is a symplectic vector of harmonic functions in R3. The

scale factor and scalar fields are found by solving the so called stabilisation equations
2Im(e V7 V) = A, (2.2.35)

where the arbitrary phase « is subject to U(1) gauge transformations and is introduced
to make the left hand side invariant under chiral U(1) transformations. Finally, the
one-form w can be found by

V xw=(VH,H). (2.2.36)

All the above results are manifestly covariant under scale and symplectic transforma-
tions. Their derivation will be briefly discussed in section 5.4, where the duality invariant

formulation of the action will be introduced.

It is worthwhile to list a few useful relations implied by (2.2.35) for future reference [53].

Taking the intersection product with V and using (2.2.21), one finds
e Ut — (H V) = Z(H), (2.2.37)

so that eV and a are given by the absolute value and phase of the central charge,
respectively. For any single centre solution, where the harmonic functions are defined

by the charge vector I' and some arbitrary constants H., through

r
H=Hoot (2.2.38)
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the square of Z is naturally related to the entropy formula as follows. Using (2.2.35),
one can show that |Z (7-L)|2 is homogeneous of degree two under rescalings of H, so that

the area law gives

1
S= ZA = 1111(1)7"2 |ZMHoo +T /)2 = |Z(D)2. (2.2.39)
r—

On the other hand, in all known examples the entropy of extremal black holes in A = 2

supergravity is given in terms of a quartic invariant, I4(I"), which is a function of the

S =n/IiT). (2.2.40)

This implies that all scalars must take appropriate charge-dependent values at the hori-
zon, so that | Z(T)|> = /I4(T'). Extending to the full solution, the scale factor resulting

from (2.2.35) is
e 2V = /IL(H), (2.2.41)

a result that holds even for multi-centre solutions. In the next section, we will show an

charges as

example of such an invariant (cf. (2.3.12)), in the context of a cubic prepotential.

As in five dimensions, taking the near-horizon limit of BPS solutions leads to a solution
preserving full N' = 2 supersymmetry. Making use of the observation above (2.2.39),
the metric in (2.2.33) reduces to

) 2 2

s% = — dt* + /I(T) diQ + v/ 14(T') (d6? + sin? 6dep?) . (2.2.42)
I4(F) T

This is exactly of the form (1.2.44), with equal radii for AdSy and S?, which is indeed
fully supersymmetric [54, 55]. The scalars follow in a similar fashion, and are given by

the so-called BPS attractor equations
2Im(ZV) =T, (2.2.43)

which is analogous to (1.2.43). Note that the scale invariance of V can be used to
eliminate the overall factor Z in the left hand side of this equation. The gauge fields are

given by (2.2.34) as always.

In the case of supersymmetric attractors as in this section, there is an alternative way
to view (2.2.43). Due to extremality, one can study the near-horizon in its own right,
without any reference to the interpolating solution. The extra ingredient of full su-
persymmetry enhancement implies that all scalars are constant and imposes (2.2.34)
independently of the values of V. Then, the attractor equations simply express the def-
inition of electric and magnetic charges in (2.2.14). It is important to stress that all
the steps prior to the definition of charges follow only from symmetry arguments and a
choice of Lagrangian is not necessary. In the next chapter we will show how to extent

these results to more general Lagrangians using this method.
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2.3 The 4D/5D connection

The discussion in the last two sections makes it clear that there is a close relation
between five-dimensional supergravity and four-dimensional N' = 2 supergravity. In fact,
all supergravity theories in five dimensions are equivalent to a four-dimensional theory
upon Kaluza-Klein reduction on a circle [56-58]. The opposite is not true, as there are
no restrictions on the form of the prepotential F' in (2.2.3) other than homogeneity,
whereas a five-dimensional theory requires a cubic structure as in (2.1.8). The result for

the prepotential in four dimensions is

1 CapcXAXBXC

F =
12 X0

(2.3.1)

Here and henceforth, we identify all but the first value of the index I,J, K ... in four
dimensions with its five-dimensional counterpart A, B,C,..., as is customary, unless
otherwise stated. In this section we comment on the precise dictionary between the two
theories and the BPS solutions, both in the Poincaré frame and in the full conformal

setting.

The most straightforward way to do this is to reduce the on-shell five-dimensional action
(2.1.13) on a circle to arrive at the corresponding one (2.2.10) in four dimensions. We

generally follow [57, 59], but use slightly different conventions.

The reduction is implemented through a standard Kaluza-Klein ansatz for the metric
ds%g)) = 2 ds%4) + e (dyp — A%)? | (2.3.2)

where ds%s), ds(24) are the five- and four-dimensional metrics, ¢ is a scalar and A is
the Kaluza-Klein gauge field in four dimensions. Here, the coordinate along the circle,
¥, runs over 0 < ¢ < 4m, fixing the four-dimensional Newton constant: Gy = G5 /4.

Similarly, a suitable ansatz for the vectors and scalars is

WA = A4 (dy - AY),
64 = e o4, (2.3.3)

where the A4 are gauge fields and C* are scalars in four dimensions.

Note that there is an extra gauge multiplet in four dimensions, represented by the zeroth
index, originating from the off-diagonal part of the five-dimensional metric and gravitino.
The scalars are complexified in the reduction, with the n, pseudoscalars C4 coming from
the gauge fields paired with the n, physical scalars o and the Kaluza-Klein scalar ¢.

All relative phases are fixed in this way, up to an unphysical overall phase®. A way out

SRemember that we refrained from fixing the U(1) invariance of the conformal action in (2.2.10).
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of this problem is to work in special coordinates
A =04 +i64, (2.3.4)
which can be identified with the definition in (2.2.6).

For our purposes, we will only be interested in five-dimensional solutions that can be
written as a time-like fibration over a Gibbons-Hawking base space as in (2.1.17) and
(2.1.20). Under this restriction, there are significant simplifications. In particular, the

Kaluza-Klein scalar, ¢, and the four-dimensional metric, are written as:

dsa) =~ (dt + w)? + e a2, (2.3.5)
H? :
e = Fe—‘“f’ = H {3 — (Hws)?. (2.3.6)

Moreover, the Kaluza-Klein gauge potential seen in four dimensions is given by the

expression:
A® = ws H2 e (dt + w; dxt) — y; dat (2.3.7)

where the notation in (2.1.26) is used for w.

A useful application of the above formulae is to connect BPS solutions in five dimensions,
given by (2.1.25), to the corresponding four-dimensional ones, given by (2.2.35). First,

we define convenient rescaled variables in four dimensions by

V= (Y F(YV) =e Uty =iV, (2.3.8)

whose imaginary parts are directly given by the magnetic harmonic functions. Following
[57, 60], we parametrise the real parts as
Yo 4 Y°

YO=14(¢"+iH) | YA:——ﬁx + o HY (2.3.9)

A

The real quantities x** are determined by the other half of the stabilisation equations

F; — F; = iHy, which for the prepotential (2.3.1) read

1 B C 1 BrC _
ZC’ABCQZ €T :HA+ mCABCH H™ = AA? (2310)
1
eV ¢" =H"(H'H) + CapcH "H"H® . (2.3.11)

Here, we used the second relation in (2.3.8), which takes the form

2
ef4U — %HO (IEAAA)Q o (H0)72 (HO (HIH[) 4 %CABCHAHBHC) . (2312)
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Using these formulae it is easy to find the connection with the corresponding five-
dimensional equations (2.1.25)-(2.1.28). First, (2.3.10) is identical to (2.1.25), leading

to

H'=H, HA=KA, Hs=L,4, (2.3.13)
oA = f_1/2O'A, f—3/2 — %xAAA. (2.3.14)

Moreover, the five-dimensional rotation one-form is related to the electric charge as-

sociated to AY and the four-dimensional angular momentum, as expected. Its fifth

component in (2.1.27) is part of the scalar in the Kaluza-Klein multiplet, as
e 2 0 = H? ws, M = H,. (2.3.15)

whereas (2.2.36) is equal to the one in (2.1.28), using the identifications of the various
harmonic functions given above. Finally, the physical scalars in four dimensions, as

defined in (2.3.4), are given by

a_ ¢ @t CHY O VH (2.3.16)
V] Vi T HO 2
KA

where in the second line we display the expression in terms of five-dimensional quantities,
for future reference. This can be shown to be consistent with (2.3.4) using (2.1.24) and
(2.3.5).

In contrast to the above, finding the explicit relation between the charges of a solution to
the five-dimensional theory and its four-dimensional reduction can be subtle, especially
in the presence of magnetic charges. An example of this is given by the shifted poles in
the electric harmonic functions in (2.1.36) and (2.1.37) compared to (2.2.38), despite the
identification (2.3.13). For this reason, we refrain to give any explicit general formulae,

using the appropriate definitions in each case.

It is worth mentioning that the reduction can be reformulated so as to keep four-
dimensional conformal invariance manifest. In this setting, the metric ansatz can be
taken to be

ds(s) = dsiy+¢7" (dy — A%, (2.3.18)

so that the four and five-dimensional metrics have the same Weyl weight, whereas the
scalar ¢ has w = 1. Therefore, the scalars in four dimensions (2.3.4) can be viewed as

special coordinates parametrising the scalars

XA =e¥(ot +ipC?h), X' =¥, (2.3.19)
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where el¥ is an arbitrary phase subject to four-dimensional U(1) transformations. The

corresponding gauge field arises from the off-diagonal components of the tensor Ty, as
Tas X e (Ay — Ouyp) - (2.3.20)

We refrain from setting up such a correspondence in detail, pointing out that there is no
difference with the on-shell procedure described above in the context of the two derivative
action, but the conformal approach is the only practical way to dimensionally reduce
a higher derivative action. The subtleties in the definition of conserved quantities also
apply in this case, especially in the presence of nontrivial topology in five dimensions,

similar to the reduction of magnetically changed solutions discussed above.

In the following, we will use the above formulae both explicitly and implicitly, to give a
four-dimensional interpretation to five-dimensional results. More explicit details can be
found in [59].

2.4 Microscopic considerations

A major motivation for the study of black hole solutions in N' = 2 supergravity is
the possibility of identifying a precise microscopic model of these objects within string
theory. For systems that preserve some supersymmetry, this has been worked out in
detail in several cases, both in four and five dimensions. Partial results also exist for
non-supersymmetric extremal and near extremal black holes in extended supergravity.
In the context of string theory, black holes arise as a system of D-branes wrapped
on internal manifolds. Here we give a general discussion of the ideas involved in the
constructions describing BPS black holes, based on the by now classic reviews [61] and

[62], as well on [63], to which we refer for more details and further references.

The starting point for modeling black holes is a system of intersecting D-branes wrapped
on some compact internal manifold in flat transverse space, carrying a set of p-form
charges. The reason that more than one kind of branes is needed is purely technical,
imposed by the requirements of having everywhere regular scalars and a nonzero horizon
area of the final black hole. The kinds of D-branes and intersections are not arbitrary
either and are chosen in such a way that the resulting state preserves some of the initial
supersymmetry, which means that it is a BPS state. Then, one considers a large number

of individual branes, which nevertheless are noninteracting due to supersymmetry.

Just as one would do for a classical gas, a counting of the free modes is performed, which
corresponds to a counting of the degeneracy of the system. In practise, the fluctuations
of a D-brane correspond to a gas of open strings ending on it so that the low energy
degrees of freedom are described by (classically) massless open strings stretching between

the D-branes. In the presence of more than one D-brane or, even better, different kinds
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of D-branes, the number of possibilities for the positions of the open string end-points is
dramatically increased. In the thermodynamic limit (equivalent to a large charge limit),
the degeneracy is essentially the exponent of the entropy, which can indeed be arranged
to be of the order of magnitude as found in classical General Relativity. Note that such
a limit is necessary in any comparison, as the macroscopic supergravity theory is only

valid in this limit and so is the entropy that is derived by it.

All the above correspond to a small string coupling description of the system and are far
from the familiar spacetime picture of say, the Schwarzschild black hole. This description
is valid when gsN < 1, where g, is the string coupling and N is the number of D-branes

(or the typical scale of that number for the case of different kinds of branes).

The black hole description in terms of a curved spacetime is found by letting the coupling
become strong: 1 < gsN < N, where the string coupling is still kept small (g5 < 1) to
avoid large string loop corrections. At strong coupling the flat space description is no
longer relevant. Instead, one is dealing with a curved gravitational background carrying
the same set of charges as the higher dimensional D-branes. The above mentioned
microscopic entropy is then associated to this black hole. The extrapolation of the
degeneracy between the two regimes is possible because the number of microscopic states
in a supersymmetric configuration is given by a coupling-independent object, known as
an index. Therefore, calculating the index at one value of the string coupling is enough to
know its value at any other coupling, as long as a number of conditions is met”. These
ideas where pioneered in [10], followed by more general constructions in [39, 67, 68].
Here, we merely record the nature of the microscopic description of the D-brane systems
in weak coupling for the cases considered in the next chapters without going in any
detail. Instead, the focus will be on the supergravity description of the system in strong

coupling.

2.4.1 Supergravity vs D-brane charges

The origin of the charges carried by a string theoretic black hole can be traced to
the charges carried by the D-branes used to model it. Any supersymmetric Dp-brane is
charged under a corresponding p-form gauge field present in the spectrum of perturbative
string theory. Upon compactification on an internal manifold, the p-form fields reduce
to a number of gauge fields, whereas the corresponding Dp-branes wrapped on cycles of

the same manifold are charged under the resulting gauge fields.

One of the requirements on the final solution is that of independence on the internal
coordinates. In order to satisfy it, the position of each brane has to be ’smeared’, meaning
that one should integrate over the possible position of every brane over the volume of

the part of the internal manifold it is not wrapped on. This can be done in the higher

"The index can jump along surfaces in the moduli space, but we disregard this possibility in this
discussion. See [64—66] for a recent treatment.
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dimensional setting by constructing a periodic lattice of branes along the directions that
are to be compactified and then take the lattice spacing to zero. For example, the
electric field of a two-form gauge field created by a collection of Q1 parallel D1-branes is
described by a harmonic function in the transverse R®, given by H; = 1+ Q1/7%. When
the same D1-branes are wrapped over a cycle of a five-dimensional torus, T°, one has
to consider a modified harmonic function

1 [ I
H=1+—|— = H=14+_——. 2.4.1
! Vpa f 16 ! 32m2 12 ( )
The integral is over all of T% and expresses the zero spacing limit of the lattice. The
general rule is that the higher dimensional harmonic functions for the branes reduce
to harmonic functions over the remaining noncompact transverse directions. This is
explicit in the above example, since 1/r? is a solution to the five-dimensional Laplace

equation.

As is clear from the discussion in sections 2.1.2 and 2.2.3, the harmonic functions in
the lower dimensional theory define the charges of a solution. Such a correspondence
can be made more precise in the context of a specific theory, such as Type IIB strings
compactified on Calabi-Yau manifolds. We choose this theory for convenience, but N =
2 compactifications of other theories can be related to this by dualities and/or mirror
symmetry. In this case, the lower dimensional gauge fields are viewed as reductions of the
ten-dimensional five-form field strength, so that their charges arise from the RR charges
of the original D3-branes. More concretely, dimensional reduction of any string theory
on a compact n-dimensional manifold M,, involves an expansion of the p-form fields on
the associated cohomology elements of that manifold. In our example, the five-form field
strength F of the IIB theory is assumed to take values in Q?(M,) ® H?(Mcy, Z), where
QO2(M,) represents the space of two-forms on four-dimensional spacetime. Therefore, it
can be written as

F=Fl®@a;-Grop, (2.4.2)

where {as, 3’} is the canonical symplectic basis for the third integral cohomology
H3(Mcy,Z). Here, F! are the field strengths of the four-dimensional theory and the Gy
can be shown to be equal to the dual field strengths in (2.2.12), so that the component
expansion in (2.4.2) can be identified with F in (2.2.15). By integrating the five-form
field strength over an appropriate two-sphere in space as in (2.2.14), we recover the
charges as the coefficients of the three-form I' € H3(Mcy, Z)

1

Ir=— [ F=pla—aqp, (2.4.3)
47 92

so that in terms of the Poincaré dual homology base of three-cycles { A7, B;}, the charges

pI—/ rz/ AL qj—/ r;/ I'Aag. (2.4.4)
Al Mcy Br Mcy

are
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Intuitively, one can think of this correspondence as an extension of the S? in (2.4.3) to

a surface that incorporates the basis elements {A!, B} as in

pIZ/ F, qu/ F. (2.4.5)
S2UAT S2UB;

Using Poincaré duality between cycles and cohomology classes one can relate this to
brane sources, as there is a one to one correspondence between m-cycles and n — m-
degree cohomology classes for a compact manifold. Thus, for any ay, 8! above, there is
a cycle that lies in directions transverse to that form’s support and is contained in the
interior of S2U{A!, B;}. By using this, the sum of the equations in (2.4.5) expresses the
standard definition of charges for F in ten dimensions, with sources along the Poincaré

dual cycles of the basis forms.

Similar reasoning applies in Type ITA and M-theory compactifications, with the further
complication that the lower dimensional gauge fields do not arise from a unique RR
form. It follows that the electric and magnetic charges arise from homology elements of
different dimension in the compactification manifold, that must nevertheless add to its
total dimension. Assuming that F is now a sum of forms of different order and that the
corresponding integrals are performed over appropriate cycles, all the above formulae go

through for the more general cases as well.

For example, the microscopics of four-dimensional black holes are more easily modeled
in Type IIA string theory or M-theory. In Type ITA the only D-branes available are
even dimensional. When wrapped on the cycles of a Calabi-Yau manifold, there are two
possible pairs of electric and magnetic branes according to the rules sketched: a D0-D6
and a D2-D4 pair. In fact, both must be used in order to get a BPS black hole in
four dimensions with a horizon area of macroscopic size. This can be seen heuristically
from the fact that the D0 and D2 branes are worldvolume instantons of the D4 and
D6 branes respectively, so that including one dual pair would generically induce (some
combination of) charges of the other pair as well. For example, a system of D2-D4
branes will in general include DO branes as worldvolume instantons on the D4 branes.

This is a consistent reduction of the general D6-D2-D4-D0 system.

A more general and useful picture is the M-theory lift of this system. Then, the D2-D4
pair is viewed as a M2-Mb5 brane pair with the M5 brane wrapped on the M-circle,
whereas the DO0-D6 pair is now seen as electric and magnetic Kaluza Klein charges
coming from the nondiagonal elements of the eleven-dimensional metric along the M-
circle. This is the most general configuration used in the microscopic description of all
kinds of 'black object’ solutions for Calabi-Yau compactifications of M-theory, like black
rings and supertubes [26]. The entropy for the four-dimensional black hole has not yet
been accounted for microscopically in the general setting, but only for zero magnetic

Kaluza Klein (or D6) charge [67] and this will be the case considered here as well.
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2.4.2 Wrapped M5 branes and black holes in four dimensions

The microscopic description of four-dimensional black holes [67] is based on the assump-
tion of a M5 brane wrapping the M-circle and the 4-cycles of the Calabi-Yau threefold
and M2 branes wrapping orthogonal 2-cycles. Adding momentum on the effective string
along the M-circle induces an extra Kaluza-Klein charge. This configuration preserves
1/8 of the original supersymmetries as is appropriate to describe a solitonic object in
the resulting NV = 2 supergravity in the four noncompact dimensions. The charges arise
in the standard way as wrapping numbers for M5 and M2 branes as already described.
We therefore have as many electric charges ¢qr as 2-cycles on the CY and as many mag-
netic charges p’ as 4-cycles, which are both equal to the (1,1) Hodge number of the
Calabi-Yau due to Poincaré duality. To these, one must add the Kaluza-Klein electric
charge qo from the compactification on the circle (the magnetic one is set to zero). The
low energy modes are governed by a (0,4) supersymmetric two-dimensional theory on

the effective string worldvolume, which flows to a CF'T in the low energy limit.

The microscopic entropy then arises as the logarithm of the number of states that pre-
serve the right-moving supersymmetry and have arbitrary excitations on the left moving
side. This constrains the momentum along the circle in eleven dimensions to be left-
moving, or gog > 0. The final result of the degeneracy counting for this system is the

entropy

1 R 1
S = 27‘r\/q60(CABcpApoC + CQApA), qdo = qo + EDABquB (2.4.6)
where DAB is the inverse of Capcp® and Capc are the intersection numbers of the
Calabi-Yau manifold, defined through the basis elements a4 of H?(CY') by

CABC’:/ aaNap N\ agc. (2.4.7)
cYy

Finally, cs 4 is the second Chern class of the tangent bundle on the Calabi Yau mani-
fold, expanded on a basis of H*(CY') that is Poincaré dual to the basis of two cycles
used above. Without these subleading corrections, results for other than Calabi-Yau

compactifications have been obtained in [69].

On the macroscopic side, this system will correspond to a four-dimensional BPS black
hole with all charges except p° turned on. The two derivative solution follows from
the results shown in section 2.2.3, which correctly reproduces the leading microscopic
entropy (i.e. for ¢ 4 = 0). A match with the full microscopic result requires the inclusion
of higher derivative corrections in the supergravity action. This was worked out in a
series of papers [54, 70-72] from a purely four-dimensional supergravity point of view

and will be reproduced in the next chapter based on the near horizon region.
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2.4.3 Black rings in five dimensions

As the subject of black holes started in the physical case of four dimensions, extensive
research has led to the uniqueness theorems for black holes in that number of dimensions
[73]. Under some rather general physical assumptions, these theorems show that the
only relevant topology of a black hole horizon in four dimensions is that of R x S2.
This however is not the case in higher dimensions, where more ’exotic’ objects can be
constructed. In five dimensions, one encounters the black ring solutions [74], with horizon
topology that of R x S' x S§2. Thus, when dealing with more than four dimensions, one
does not have a unique black hole corresponding to a set of charges, but a finite number
of black objects with different horizon topologies. From a microscopic standpoint one

can think of these situations as different 'phases’ of the same system.

Here, we will consider a version of the black ring embedded in five-dimensional super-
gravity [40, 75]. This solution can be viewed from an M-theory perspective as the result
of a set of M2 branes wrapping 2-cycles and M5 branes wrapping 4-cycles of a Calabi-
Yau manifold describing six of the eleven dimensions. Note that the M5 branes are not
completely wrapped in the internal directions, giving rise to a remaining magnetically
charged string-like object in five-dimensional spacetime. This is thought of as forming a
closed loop that carries angular momentum, and supports a ring-like horizon. This de-
scription is exactly the same as for the four-dimensional black hole and, not surprisingly,

the two solutions are related upon dimensional reduction along the ring.

However, an important subtlety should be taken into account, namely that in the present
case the M5 branes are contractible in the five noncompact dimensions. This implies
that there are really no conserved magnetic charges associated to them from a purely
five-dimensional point of view. In fact, a macroscopic observer in five dimensions would
see a closed electrically charged loop with a current flowing around it, giving rise to a

magnetic dipole moment.

Despite this, the dipole moments appear in the entropy, which is very closely related to

the four-dimensional one. The microscopic counting [26, 76-79] gives the result:

/
S = 27r\/ %0 (Capcp™pBpC + co ap™), (2.4.8)
which is of the same form as (2.4.6), but the g is now slightly different
/ 1 AB 1 A B _C
Go = —Jy + 75D qaq + 57 Capep p7p" . (2.4.9)

Again, the five-dimensional supergravity solution corresponding to this system has all
electric and magnetic charges turned on, as well as angular momentum. The explicit two
derivative solution can be found using the results presented in section 2.1.2 with H = 1/r,

so that the Taub-NUT charge is trivial. The resulting Bekenstein-Hawking entropy
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of the solution given in (2.1.41) agrees with (2.4.8) for ca4 = 0. The corresponding
supergravity result with nonzero cs 4 that control the higher order corrections, will be

considered in section 4.5.

2.4.4 Five-dimensional BPS black holes

A further restricted five-dimensional system is that of M2-branes wrapping 2-cycles in
a Calabi-Yau manifold. Upon reduction to four dimensions, this is equivalent to a black
hole arising from D2-branes wrapped on the same manifold and is U-dual to the system
in section 2.4.2. However, in the five-dimensional theory, electric/magnetic duality does

not exist and this is system is a priori distinct from the black ring of the previous section.

The presence of the M2-branes gives rise to electric charges as usual, whereas the space-
time angular momentum is described by the genus of the 2-cycle they wrap in the
Calabi-Yau®. The microscopic theory was developed in [10, 39, 68], resulting in the

lowest order entropy formula

S=or \/p0Q3 - i(pOJw)Z, (2.4.10)
where the quantities Q and ¢* are defined in terms of the electric charges g4 by
Q*? = LCapcq”q®¢®  qa=4Capcd®d” (2.4.11)
which reproduces the macroscopic prediction in (2.1.33).

The effect of higher order corrections was investigated in [68, 80], but a closed analytic
formula for the entropy is only known for vanishing angular momentum. In that case,
the correction to the two derivative result is effected by modifying the definition of the
¢” in (2.4.11) to

qa =2 Capca®q® — Lera, (2.4.12)

keeping all other relations the same. The comparison with the corresponding result in

supergravity including higher derivative corrections is the subject of section 4.4.

8This is also true in the four-dimensional theory, with the difference that angular momentum is not
an independent charge in that case, but is completely fixed in terms of the charges.






Chapter 3

BPS Attractors in four

dimensional supergravity

The attractor phenomenon for BPS black branes [41-43] is caused by full supersym-
metry enhancement at the horizon, which induces stringent restrictions on the values
of the fields and the space-time geometry. When supersymmetry is realized off shell,
the resulting attractor equations can be analyzed in a way that is independent of the
action. In this way universal results can be obtained even when the action contains
higher-derivative couplings, as was first demonstrated for N = 2 supergravity in four

dimensions [71].

In the previous chapter we introduced the standard methods to construct supergravity
Lagrangians in theories with eight supercharges, restricting ourselves to actions contain-
ing at most two derivatives of the various fields. Using the same techniques, one can go
beyond the two derivative level to construct invariants containing an arbitrary number
of derivatives. Effective theories describing the low energy limit of A' = 2 string theory
compactifications naturally include such invariants as corrections to the lowest order
Lagrangian, arising either as loop or worldsheet corrections. In this chapter, we will see
how to set up a detailed comparison between the microscopic descriptions of black holes

and supergravity solutions of these effective theories in four dimensions.

We start by introducing two independent higher derivative invariants, containing up
to four derivatives, characterised by terms quadratic in the Riemann curvature and
quartic in gauge field strengths respectively. In this context conformal methods are
indispensable, as supersymmetry is realised without using equations of motion on the
conformal multiplets, irrespective of a Lagrangian. Compared to the Poincaré theory,
where one must construct the action and the transformation rules simultaneously order

by order in a derivative expansion, the simplification is considerable.

51
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When considering such higher derivative actions, it is cumbersome, if not impractical,
to gauge fix to the Poincaré theory, since the action contains kinetic terms for nominally
auxiliary fields, such as T,;. The standard lore is to consider such an operation order
by order in the parameters of the underlying fundamental theory that organise the
corrections. When the higher invariants are viewed as string theory corrections, they
are controlled by appropriate powers of the string tension o’ or string coupling g,, which
are the appropriate expansion parameters. We will not implement such a procedure when
dealing with higher derivative actions, but we will rather stay in the full superconformal

setting.

The analysis of supersymmetric attractors is presented in section 3.2. Following [54]
we derive general model-independent results for the entropy and scalars. In particular,
we discuss the non-renormalisation theorem of [81], according to which the invariant
quartic in the field strengths is irrelevant for BPS attractors. As the remaining higher
order invariant contains interactions quadratic in the Riemann tensor, it is necessary to
use the Wald entropy [82] rather than the area law. The interested reader can find a

concise review of this formalism in Appendix C.

Finally, we specialise to models describing Type II string theory compactifications on
Calabi-Yau manifolds, and compare with microscopic predictions. In view of the re-
striction on the charges in the result of section 2.4.2, this cannot be done in the most
general case. Imposing the same restriction on the supergravity results, we find precise

agreement with the microscopic counting.

3.1 Higher derivative invariants in four dimensions

In section 2.2.1 we saw how to construct the two derivative Lagrangian by combining
a set of vector into a composite unconstrained chiral multiplet. A moment’s thought
shows that this is a rather restricted choice. In fact, any kind of chiral multiplets, even if
they are composite (constrained or not), can be combined to give other chiral multiplets.
Therefore, one could construct other couplings from any chiral multiplet derived from
the fundamental multiplets of interest. In this section, we give a brief account of the

ideas behind the construction of such composites and the resulting Lagrangians.

A first choice would be to use the chiral multiplet constructed from the Weyl multiplet
in (B.2.22). As there are no other chiral anti-selfdual multiplets to couple it to, we
consider its square (B.2.24), which can be straightforwardly included in the prepotential
of section 2.2.1, as F(X, A). Since A has w = 2 and F must still have weight two, the
relation

X'F+24F, =2F, (3.1.1)

is imposed, where F4 denotes the derivative of F(X, A) with respect to A. Once this

modification is introduced, the extended action follows from the multiplication rule
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(B.2.18). The result reads

8re 'L = iDMFD,X' —iF; X (AR — D) — 3iF, YV — LBy Fay v
(P - AXIT ) (F% — 1X T Tisabe, )
—HF (PR = AX T T e )T e + 5iG™ Far(Fy — X T eij)
+1iF4C — LiFaa(e®*7' By By — 2G,G™) — &1 F(Tupje?)? + hec.
169 Q0s DA DAL + X (AR + 1D) (3.1.2)

where the components of (B.2.24) are still to be substituted to find the fully explicit

result.

Since we used a holomorphic prepotential in the chiral density formula (2.2.1), this
action is similar to (2.2.3) in many ways, with the Riemann tensor, appearing through
G;b, in the role of the gauge field strengths and couplings that depend on the vector
multiplet scalars. Therefore it expresses the supersymmetric completion of an R?-type
interaction, in the same sense that the lowest order action is the N = 2 completion of

the Maxwell term. It is easy to verify that (3.1.2) contains up to four derivatives on the

fields.

There are a priori more four derivative interactions involving the Riemann tensor and
the gauge fields, namely R F? and F*-type interactions. A supersymmetric action con-
taining an R F? term! would have to be constructed from the Weyl multiplet (B.2.22)
directly and not its square. This seems highly unlikely to be possible in a Lorentz co-
variant theory. On the other hand, it was shown in [83] that a F*-type supersymmetric
Lagrangian can be constructed in the rigid limit, if one includes chiral and anti-chiral

multiplets in a symmetric way.

Such invariants can be also constructed in the presence of a Weyl background, using
yet another composite chiral multiplet, the so called kinetic chiral multiplet. The term
‘kinetic’ multiplet was first used in the context of the N = 1 tensor calculus [84], because
this is the chiral multiplet that enables the construction of the kinetic terms, conven-
tionally described by a real superspace integral, in terms of a chiral superspace integral.

In flat N = 1 superspace, this construction is simply effected by the conversion,
/d29 d?0 ® &' ~ /d29 O T(P), (3.1.3)

up to space-time boundary terms. Here ® and &’ are two chiral superfields and @' is the
anti-chiral field obtained from ®’ by complex conjugation. The kinetic multiplet equals
T(®') = D?®’, where D denotes the supercovariant f-derivative. Obviously the kinetic

multiplet contains terms linear and quadratic in space-time derivatives, so that, upon

!The invariants discussed in this chapter do include individual terms proportional to the Riemann
tensor and quadratic in gauge field strengths. Here we are referring to the possibility of an invariant
purely quadratic in the vector multiplets.
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identifying ® and @', the right-hand side of (3.1.3) does indeed give rise to the kinetic

terms of an N = 1 chiral multiplet.

In [46] a corresponding kinetic multiplet was identified for N = 2 supersymmetry, which
now involves four rather than two covariant f-derivatives, i.e. T(®) oc D*®. As a result,

T(®P) contains up to four space-time derivatives, so that the expression
/d40 d9 ®d' ~ /d49 OT(D), (3.1.4)

does not correspond to a kinetic term, but to a higher-order derivative coupling. Express-
ing the chiral multiplets in terms of (products of) reduced chiral multiplets, invariants
such as (3.1.4) will correspond to higher-derivative couplings of vector multiplets. In
the presence of a conformal supergravity background, the Weyl weight of the kinetic
multiplets is relevant. Both in N = 1,2 supergravity the kinetic multiplet carries Weyl
weight w = 2. The conversion starts from a w = 1 chiral multiplet for N = 1 and from

a w = 0 chiral multiplet for N = 2 supersymmetry, respectively.

To demonstrate this in more detail, consider an anti-chiral N = 2 supermultiplet in the
presence of the superconformal background. Its supersymmetry transformations follow
from taking the complex conjugate of (B.2.16). Precisely for w = 0 we note that the field
C is invariant under S-supersymmetry and transforms under Q-supersymmetry as the
lowest component of a chiral supermultiplet with w = 2. This observation proves that
we are dealing with a w = 2 chiral supermultiplet, as is also confirmed by the weight
assignments specified in table B.5. What remains is to identify the various components
of this multiplet in terms of the underlying w = 0 multiplet. This can be done by
applying successive Q-supersymmetry transformations on C, something that requires

rather tedious calculations in the presence of a superconformal background.

Denote the components of a w = 0 chiral multiplet by (4, ¥, B,G~, A, C), out of which
we construct the components of T(®,=o), denoted by (A,¥, B,G~, A, C)|y(g). In [81]

the following relation was established,

Alpa) =0C,
\I’i’rﬂ-(@) = — QEiij] —6 EikEleJBkl — %Eijgkl ’}/abTab]k ﬂ) \I/l,
Bijlr@y = — 2eieji(Oc +3D) B — 2GS R(V)™*; e
—6eg Xj)/\k +3eane TPy
x [AD.D*G}, + (D°AD.Ty." + D.A DT,y )ey]
_ .. . . .. I
+ 0 ATy e — ROV) w'x B ey + 1T." TeqijGT — 3 U% D R(Q)u
— 3ei; Uy Dex? + 3 X' vap PV + 2T0 e 31U,
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Ailpgy =2 O P eij + 199ap(2 DT AT + T D.AY)
— 1t (ROV) i + 21 R(A)ap67 1) v4** D U*
+ 1e;(3DyD — 4D R(A)gy + L T4, D, T;) 74w
—2G DR(Q)avi + 625D PV
+3ei5 (Pxx BY + DA DY)
+ % (2 DBYg,; + lDG:b’yab oF + 1EmnTap™ vt A (Sik)Xk
+ 2 (Xvax) €7 Y — § (XivaX") ey T,
Clpg) =40c +3D)0cA — 1 Do (T%; Tey?) DA+ 15(Tupize” )*C
+ Dy (e DTyeij G + 49T, DG, — Ty, T, DY A)
+ (6 DyD — 8iD“R(A)p) DPA+ - -+, (3.1.5)

where in the last expression we suppressed terms quadratic in the covariant fermion
fields. Obviously terms involving the fermionic gauge fields, w#i and qﬁui, are already
contained in the superconformal derivatives. Observe that the right-hand side of these
expressions is always linear in the conjugate components of the w = 0 chiral multiplet,
ie. in (A, W0, B, G Al C).

ab’

Using the result (3.1.5) one can construct a large variety of superconformal invariants
with higher-derivative couplings involving vector multiplets and the Weyl multiplet. The
construction of the higher-order Lagrangians therefore proceeds in two steps. First one
constructs the Lagrangian in terms of unrestricted chiral multiplets of appropriate Weyl
weights, and subsequently one expresses the unrestricted supermultiplets in terms of the
reduced supermultiplets in B.2.3. In these expressions it is natural to introduce a variety

of arbitrary homogeneous functions.

Hence we start by writing down the bosonic terms of the Lagrangian (3.1.4), making
use of the density formula (2.2.1) and of the product rule (B.2.17),

e 'L =4D?AD’A +8D"A[R," — R e, | DA +CC’
— D'B;; DB + (\R +2D) B;; BV
= [ By F™™ R(V)u 1 + € B FR(V) "]
—8DDFAD,A + (8iR(A)w + 2T, T,eij) D*AD" A’
— [€9D Ty DA F'HY + DT, 9D, A’ F]
— A[e9TH; D, ADF' ), + 6T D, A DF |
+ 8D F D + AF F'f R + YT Ty F P F/ e (3.1.6)

C
Note that the Lagrangian (3.1.6) vanishes whenever either one of the multiplets is equal
to a constant, as the full superspace integral of a chiral or an anti-chiral field vanishes

(up to total derivatives). This is reflected in the fact that the kinetic multiplet of a

constant anti-chiral multiplet vanishes, as can be easily deduced from (3.1.5).
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The above approach is a constructive one and in general it is hard to classify all these
invariant couplings, say, in terms of a limited number of functions, as is often possible
for supersymmetric theories. Here we are only interested in the construction of the
invariant containing F*-couplings, so we restrict attention to invariants proportional to
a single kinetic multiplet, as given in (3.1.4) and correspondingly in (3.1.6). In that case,
one obtains the supergravity-coupled invariants corresponding to the actions derived in
[83, 85] in the abelian limit, expressing the composite chiral multiplets in terms of vector
multiplets as

d— f(x1), ¥ —-gxh, (3.1.7)

where ®! denote the reduced chiral multiplets associated with vector multiplets. Upon
expanding ® and @' in terms of the vector supermultiplets, making use of the material
presented in appendices B.2.2 and B.2.3, one obtains powers of the vector multiplet
components multiplied by derivatives of f(X) and g(X), where as always, the X' denote
the complex scalars of the vector multiplets. Homogeneity implies that X! f;(X) =0 =
X1 g:(X), where fr and g; denote the first derivatives of the two functions with respect
to X! and X/, respectively.

As noted previously, the expression (3.1.6) vanishes whenever f(X) or g(X) are con-
stant and therefore the Lagrangian will depend exclusively on mixed holomorphic/anti-
holomorphic derivatives of the product function f(X)g(X). By summing over an arbi-
trary set of pairs of functions f(™(X) g™ (X), we can further extend this function to
a general function (X, X) that is separately homogeneous of zeroth degree in X and
X. Because H (X, X) is only defined up to a purely holomorphic or anti-holomorphic

function, it is thus subject to Kéhler transformations

HX, X) = H(X, X))+ AX) +A(X), (3.1.8)

just as for a rigid supersymmetry background. Hence H (X, X) can be regarded as a
Kihler potential, which may be taken real (so that A(X) = [A(X)]*).

Carrying out the various substitutions leads directly to the following bosonic contribu-

tion to the supersymmetric Lagrangian (for convenience, we assume H to be real),
e*lﬁ :HIJI_(I_, [% (G;bl GfabJ _ %)/Z]I Y’L]J) (G(—ll-bK G+abL - %Y’UK Y;]L)
+ 4DaXI DbXK(DaXJ DbXL + 9 G—&CJ G+bCL _ %nab }/ZJJ YLZ])]
+{Hy [ADXT DX D2 — D XT Y Doy K
. (G—abI G;bj o %}/Zg YJZJ)(DCXK + %G;bK Tabijfij)

+8DUXTGL) (DG K — D XK ey)| +he.}
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FH 7 |A(OX + 3GH T0e) QX + 16, TMey) + 4D2XT DX
+8D,G— ! DCG+CbJ B DaYz'jI poyiid 4 %Tasz Toais G—ablted ]
+ (R +2D)Y,; Y97 + 4G Gy, RSP
+8(RM™ — Lg"R + T, TV +iR(A)™ — ¢"D)D, X' D, X’
— [D X7 (DT G 1% + 4T DG ey + [hoes I 5 J]]
— [€% Vi, GTT R(V)a? s + [hci T J]H , (3.1.9)

where (we suppress fermionic contributions),

Gyl =Fa' — 1 X' T ey,
O0.X" =D?X’ + (AR + D) X" (3.1.10)
In view of the Ké&hler equivalence transformations (3.1.8), the mixed derivative H; 7

can be identified as a Kéahler metric. The results for the metric, connection, and the

curvature of the corresponding Kéahler space are as follows

91 =My,
FIJK :gIL Hoxr s
Ryt =Mixit — 9y TV i TV 57 (3.1.11)
IJKL IKJL —9MN IK JL - 1.

The Lagrangian (3.1.9) can then be written in a K&hler covariant form, as shown in [81].

We conclude that the most general four derivative Lagrangian for vector multiplets is
the sum of (3.1.2) and (3.1.9). One can obtain more general couplings, for example
R?F?- and R*-type couplings by including the Weyl multiplet in the functions f, ¢ in
(3.1.7), as in the prepotential (3.1.1). The resulting invariants are similar to the ones in
[86, 87]. We refer to [81] for a discussion of these possibilities.

3.2 BPS attractors

We now give a brief account of BPS attractors in AN/ = 2 theories, following [54]. As
mentioned in the introduction, the use of off-shell methods leads to results that are
independent of a Lagrangian. In the next section we discuss the implementation of

these results in the four derivative case.

In a fully supersymmetric background, all fermions and their supersymmetry variations
must vanish for any choice of Q- and S-supersymmetry parameters €', n’. It is convenient
to consider S-invariant combinations, so that all terms involve only the parameter €. To
this end, we introduce the spinors

(M= X Qap i P ¢ =—ie [(FI —~ X7F1)0f - X'Fra 0], (3.2.1)

7
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both of which transform by constant shifts under S-supersymmetry
O =xT1Qup AP DAL & e (3.2.2)
6¢Y =efPe e +iel <X‘] %—D)u Fy—Fy E—D)u X‘]> € — 3ici eK/2<]-';b, V) 42el
t oK N1 [(FI — Py XE)(Fya By — Fia gikgﬂé’fl)} &t 2m, (3.2.3)

where F~ is the anti-selfdual part of the electric and magnetic field strengths in (2.2.15).
Adding the appropriate multiple of the above spinors to the supersymmetry variations of
the fermionic fields, one can construct S-invariant combinations and infer the constraints
on the bosons by demanding that all linearly independent terms of the resulting Q-
variations vanish separately. First, the combination 2 ;' — ¢;;¢¥? is S-invariant, and its
variation implies among other relations the expression (2.2.9) for the composite U(1)

gauge field and that

D.(x'ef)=0, e F=iF X -FX). (3.2.4)

K is analogous to the one in (2.2.5), but here also depends on the Weyl

The scalar e
multiplet through (3.1.1). Nevertheless, this is still the combination appearing as the
coefficient of the Ricci scalar in (3.1.2) and is constrained to be proportional to the

hyper-Kéhler potential x by the equation of motion for the scalar D, similar to (2.2.4).

Imposing that the S-invariant combination of the vector multiplet spinor in (B.2.19)
vanishes one finds
Fo=1eiTaV,  Du"?v)=o0, (3.2.5)

The second relation implies that all vector multiplet scalars are constant, as expected.
A similar analysis for a general chiral multiplet in (B.2.16) reveals that the bottom
component A is constant, whereas all higher components vanish, consistent with the
special case w = 1 in (3.2.5) above?. Furthermore, the variations of ¥; in (B.2.24) and

¢* in (B.2.25) imply that A and the hypermultiplet scalars A;“ are also constant.

Turning to the Weyl multiplet, we impose the vanishing of the variations for x* in (B.2.1)
and R(Q)4’ in (B.2.23). Note that we do not demand that the variation of the gravitino
vanishes, since that is too restrictive for a gauge field. We rather use its field strength

R(Q)a'. The results relevant to the discussion here are the following®

DTy = —3DaK (32T3 — 260, T35, + 2nu T3

R(V)abij = 07 R(M)ade = 0, (326)

where the last relation implies that the spacetime is conformally flat. Finally, it turns

out that one needs to consider the variation of at least one fermionic derivative [54]. We

*Note that the tensor component of a reduced chiral multiplet is given by (B.2.19)
3See (B.2.9) for the definition of the modified curvature R(M)qi°%.
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choose to use the variation of D,(}', which results to

Rlw,€)u" — & e4R(w,€)," = =179 T{ + DD K + §D, K DK — § ¢ (DK)* . (3.2.7)

These results are sufficient to uniquely specify the spacetime background and the tensor
Tab, once some gauge choices similar to those in section 2.2.1 are made. We fix b, = 0,
and e to a constant, which also implies that x is a constant. In view of these choices,
(3.2.6) and (3.2.7) imply that T} is covariantly constant and the metric is Ricci flat. As

n (1.2.44), the metric is of the Bertotti-Robinson type

ICI

ds? = fW dt? + =o-dr® 4 |¢|* d6? + |c|? sin® 0 dp? , (3.2.8)
c
whereas the tensor is harmonic
c
TeyTd = ep:0c e leyTH = 28 - (3.2.9)

In these relations, ¢ is a complex constant and a, b, ¢ denote spatial world indices.

Using the standard definition (2.2.14) for the charges, (3.2.5) becomes
[ =2Re(@) = Z(I)=—ic, (3.2.10)

where the definition in (2.2.29) was used. The final form of the attractor equations is
identical to (2.2.43)
2Im(ZV) =T. (3.2.11)

Note however that the section now implicitly involves the Weyl background through

Fr(X, A), so that the attractor equations are significantly more complicated.

3.3 The attractor equations and the entropy

We now specialise the above results for the Lagrangian expressed as the sum of (3.1.2)
and (3.1.9). Firstly, we point out the non-renormalisation theorem of [81], which follows
from the remark on chiral multiplets of weight zero below (3.2.5). Inspection of the F*
invariant in the form (3.1.6) shows that it is manifestly quadratic in components of w = 0
chiral multiplets that vanish in a fully supersymmetric background. Since the entropy
and charges are expressed through first order variations of the action with respect to
the Riemann tensor and the field strengths (see Appendix C), all contributions from the
invariant (3.1.9) vanish identically in the BPS limit. Therefore, for the remainder of the

section we concentrate on the Lagrangian in (3.1.2).
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The entropy is given by the generic formula (C.2.16), which we repeat here with appro-

priate normalisation

oL

S=2r aieu,,epg ,
H R,uzzpo'

(3.3.1)

where €,,, denotes the binormal on the horizon. In order to compute the derivative of the
Lagrangian with respect to the Riemann tensor, we again make use of the observation
on the vanishing of all chiral multiplet components in the BPS limit except the bottom
one. The only terms in (3.1.2) that are not quadratic in such higher components are the

ones involving the Ricci scalar explicitly and C’, so that

L, oc

8
Te TR

ol

. L oC
=— i (X - F X1 g™ gP? —Im| F
( I I )9 g m( AaR,wpa>

= _ % (Fr X — Fy XI) g g" — 89”7 TmFe;; THeM TP, (3.3.2)
where (3.2.6) was used to evaluate the last term. The entropy reads
S—r (i (Fy X1 — Fy X1 | Z(D)]? — 256 TmF4 (X, A)) , (3.3.3)

where the scalar A = —64 7 (=2 and we used the fact that F, is a homogeneous
function of weight zero. Once the attractor equations (3.2.11) are solved for the scalars,

all quantities, including the entropy, are expressed only in terms of charges.

In string theory compactifications on Calabi-Yau manifolds, which is the prime example

in this thesis, the leading correction to the prepotential in (2.3.1) takes the form

. 1 CapcXAXBXC 11 ex X4 .

We now exhibit the attractor equations above in more detail for this prepotential, both
to compare with the microscopic prediction for the corrected entropy in section 2.4 and
for future reference. We follow the same method as in section 2.3 for the two derivative

action, using the rescaled variables introduced in (2.3.8), in the form

yi=zx!, T=22A=-64. (3.3.5)

Parametrising the vector multiplet scalars by Y4 = %(—¢A+ip‘4), the magnetic attractor
equations of (3.2.11) are trivially satisfied. It remains to solve the electric equations, a

task that is considerably simplified when some restrictions on the charges are imposed.

Consider first the case where all but one magnetic charges are zero, chosen as p? = 0,
p? # 0. We then obtain the following expressions for the entropy
27p°

1 1
S= W [EPOQCABC¢A¢B¢C + 6 CA¢A¢O2 ) (3.3.6)
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and the remaining attractor equations

p? 1 1
qa = W [ 1 CABC¢B¢C 6 CA} )
2¢°p° Lo
v (¢02(i11)902)2 [ 5 Canco’670% - CA‘ZSA} (3.37)

It is possible to find the corresponding expressions for non-zero p? charges, using the
symmetry of the theory based on (3.3.4) under the following transformations, which take

the form of electric/magnetic dualities (see, e.g. [88]),

X0 5 X0
X4 5 XA+ 4x0,
Fy — Fy—k*"Fa+1CapckPk® XA + L5Capck?kPrC X°,
Fa — Fa—3Capck? X9 —1CupckPrC X°, (3.3.8)

where the parameters k% are real. In principle there could be other dualities as well,
depending on the specific form of the coefficients Capc and c4. It follows that the

electric and magnetic charges will exhibit similar transformations,

= P,

N Sy

@0 — qo—k*qa+ L CapckPrC p* + LCupckkPKC p°,

ga — qa—5Capck®p® — 5 CapckPkCp°. (3.3.9)

Note that this is a symmetry of the equations of motion and holds irrespective of any

supersymmetry preserved by a specific solution.

Let us now turn to the case of a black hole with p° = 0, but otherwise arbitrary charges.
Then, (3.3.3) and (3.2.11) imply

27 1
S=- 211 CABCp pPp¢ + 80Ap (3.3.10)
with
= —C
qa 2¢0 Ao pP ¢
A 1 1
qo = qo — %DAB(]AQB = _EW C’ABcpApoC + 2cApA , (3.3.11)

where DAB is the inverse of Dapcp®. Just as before this gives rise to

8 = 2m\/ Lldo(Canc pApPpC + 2eap)). (3.3.12)
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Compared to the microscopic prediction in section 2.4.2, this expression agrees with the

entropy in (2.4.6), upon identifying Capc = 2Capc and c4 = c2 4.

As the reader can easily verify, the expressions for ¢p and for the entropy are invariant
under the transformations (3.3.9) with p = 0. Also the expression for the charges g
is consistent with this symmetry as it acts on ¢ according to ¢ — ¢ + k4 ¢°, which
follows straightforwardly from (3.3.8). When the R? correction is set to zero by c4 = 0,
the above results agree with the ones presented in section 2.3. In particular, the reader

can verify that (3.3.9) is a symmetry of (2.3.12), where all charges are present.



Chapter 4

BPS attractors in five dimensions

In this chapter we give a detailed discussion of supersymmetric black hole attractors in
five spacetime dimensions, including four derivative interactions. There are a number
of reasons to explore the five-dimensional setting. First, the space of solutions is richer
compared to four dimensions, both due to the absence of electric/magnetic duality and
because the BPS conditions allow for nontrivial angular momentum. It is very interesting
to study the effects of this extra charge, especially for black rings, which have no static
limit. A further motivation is that five-dimensional black holes are naturally related to
four-dimensional ones by dimensional reduction, as in section 2.3. An investigation of
this link can lead to a better understanding of the microscopic theories for both case,

through a precise mapping of the relevant quantities.

The two varieties of five-dimensional BPS attractors, associated with the near-horizon
geometry of the rotating black hole [39, 89], and of the black ring [40], have been studied
in the context of the two-derivative effective action in [25, 35, 58, 89-91], using mostly on-
shell methods. It is possible to include higher-derivative couplings into the conventional
two-derivative supergravity action, such as the four-derivative supersymmetric action
constructed in [32]. Both the two- and the four-derivative couplings involve a Chern-
Simons term, which is a characteristic feature of five-dimensional supergravity. In the
two-derivative case the Chern-Simons term is cubic in the gauge fields, whereas the
higher-derivative mixed Chern-Simons term involves also the spin connection field. As
a result the Lagrangian is only gauge invariant up to a total derivative, a feature that

causes certain technical complications.

A study of BPS black holes and black rings that includes these higher-derivative inter-
actions was initiated in [92-95]. In these works, a number of black hole solutions was
constructed, and the corresponding attractors were studied by taking the near-horizon
limit. In addition, the entropy function formalism [19] was used to determine the macro-

scopic entropy of these black holes, after reducing to four dimensions to restore gauge
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invariance of the action. A corresponding analysis for black rings was hampered by the

difficulty in obtaining full asymptotically flat solutions.

Here, we present a comprehensive treatment of five-dimensional N =2 attractors in the
presence of the same four-derivative couplings, using the tools provided by the off-shell
calculus. This analysis of the near-horizon behaviour thus relies only on the full su-
persymmetry enhancement and does not take into account the more global aspects of
possible solutions. In particular, no assumptions are made concerning the existence of
interpolating solutions towards asymptotic infinity, and no use is made of any informa-
tion from outside the near-horizon region. This is in line with the idea that the entropy
of black branes should be determined fully by the horizon properties, in the spirit of
the Bekenstein-Hawking area law.! As in the four-dimensional analysis, we find that
the allowed space-time geometry is the same as for the two-derivative theory, which in
the case at hand is described by the AdSs x S? x S! geometry of [97]. Because this
geometry interpolates between the black hole and the black ring attractors, we can treat

both types of five-dimensional attractors in a unified way for a large part of the analysis.

The higher-derivative corrections in the action enter into the expressions for both the
entropy and the attractor equations pertaining to electric charges and angular momenta.
For the Wald entropy [82, 98, 99] we obtain a universal formula expressed in terms of the
horizon fields, which applies to both black holes and rings. This is an intriguing result,
because the derivation in these two cases proceeds rather differently due to a number
of subtleties associated with the mixed gauge-gravitational Chern-Simons term. Our
treatment of this mixed Chern-Simons term is inspired by, but not completely identical
to, the approach followed in [100]. The existence of a universal entropy formula is in line
with previous results based on the entropy function upon reduction to four dimensions,
and we confirm this by confronting the results with the four-dimensional near-horizon

analysis.

The charges and the angular momenta can also be defined at the horizon. In view of the
first law of black hole mechanics, this requires the use of the same Noether potential that
enters into the determination of the Wald entropy. The evaluation of the full Noether
potential is rather involved, and, as alluded to above, the relevant potentials do not take
the same form for black rings and for black holes. The electric charges defined at the
horizon are conserved by construction (although they are not invariant under large gauge
transformations in the case of black rings). Subtleties arise with the proper definition of
the gauge fields in the presence of the Chern-Simons terms, and those have important

implications on the attractor equations for black hole and black ring charges.

As mentioned above, the BPS near-horizon geometries come in two varieties. In the
case of a spacelike horizon cross section with spherical topology, we recover the AdSs x

S3 near-horizon geometry of the rotating black hole [39, 89]. In the other case we

!See, however, [96], for a possibly different perspective.
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find the AdSs x S? near-horizon geometry of the supersymmetric black ring [40]. The
latter constitutes a special limit of the generic BPS near-horizon geometry for which the
spacelike cross section of the horizon has the topology of S? x S, as is appropriate for
a ring. Unlike the black hole, the black ring carries two independent angular momenta
associated with rotations in two orthogonal planes. There are some other new features
related to the non-contractible S'. The first concerns the fact that this background
allows for non-trivial magnetic charges on the circle, as magnetic charges are not pointlike
in five dimensions, but stringlike objects. Hence the ring carries magnetic dipole charges.
The second one concerns the non-trivial moduli associated with Wilson lines along the
circle. We present a careful treatment of the gauge fields in this topology, recovering the
correct electric charges and their associated attractor equations, following the strategy
of [58].

Finally, we comment on the connection between corresponding black hole solutions and
their associated entropy in four and in five dimensions. This connection is motivated
by the fact that the four-dimensional theory can be obtained by dimensional reduction
on a circle from the five-dimensional one [56-58], although there may be subtleties.
Following this reasoning, our five-dimensional attractor equations are related to the
four-dimensional attractors with a specific R?-coupling. Comparing with the results in
the previous chapter, we find agreement with four dimensions in the case of the black
ring, except that the quantity o in four dimensions will only depend on the unmodified
electric charges. For the case of the rotating black hole, we find a clear discrepancy in
the contributions from the higher-derivative couplings to the electric charges. A similar,
though somewhat different, deviation from the four-dimensional situation was observed
in [93-95].

4.1 The R? invariant in five dimensions

As explained for the two derivative case in section 2.1.1, the construction of supersym-
metric invariants in five dimensions depends on composite linear multiplets. There, we
showed how a linear multiplet can be constructed out of a set of vector multiplets, but
the same strategy can also be used to construct a linear multiplet from the square of the
Weyl multiplet. In view of the fact that the transformations for the Weyl multiplet fields
are nonlinear, this construction is considerably more complicated. The starting point,
as before, is to define a composite field LW% in terms of the Weyl multiplet fields, which
satisfies all the requirements for the lowest-dimensional component of a superconformal
linear multiplet. This linear multiplet has originally been determined in [32]. In our

conventions we find the following result,

LUW — _ ckC [%iRabk(Q) R)®(Q) + iy — 11 Rabkj)(V)] , (4.1.1)
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which indeed is S-invariant and transforms under Q-supersymmetry into a spinor dou-
blet. Furthermore it scales with Weyl weight 3, as is appropriate for a linear multiplet.
By applying successive supersymmetry transformations, we identify the other compo-

nents of this linear multiplet,

P =g Rap™ (M) 7eaR™ (Q) + 55 Rapy’ (V)R (Q) = §T" Rap'(S)

. %Rabji(v),yabxj . %iDaTbc ,chabi(Q) + %TabTCd ,ycdRabi(Q)

+ ATy Dyx' = 5i(VDTap + 3 Py Tup)x' + 5(2D +3T%)x"
B = — (i e [Ry J9(M) Rego(M) + § R (V) Raci? (V)]

+ 3ie®ede Dy [T, s DI Tye + 314 D4T.7]

— Dy[R(M)a™ T+ 2T D+ 3T T2 - 9T T, T -

NW =L Ry, (M) Reg™ (M) + g Rapi (V) R (V) + BT%T, 4 Ry (M)
+ 3T DDy Ty — 3(DaThe)* + 3D Ty DT
— Yieapeae T TDyT? + §D? + 8T? D — 33(T%)? + 81(T°°T},.)?
+on, (4.1.2)

where the dots refer to fermionic terms, which we will not need for what follows.

In order to represent a linear multiplet, the vector E*W should satisfy the constraint
DoEWV = 0, as a consequence of which this vector can be expressed in terms of a
three-rank tensor field El\f,ip. In principle, we can determine the full expression of this
composite tensor by verifying its supersymmetry transformation (B.1.14). This is how
we originally obtained (2.1.6). For the Weyl multiplet, however, this calculation is
considerably more involved, so that we restrict ourselves to the expression for the purely

bosonic terms. The result reads as follows,

By, = —2w,™ (00wab — 20vacwy) — 15 Vi (a,,iji — V" Vp]ki)
-9 (Ta[u DT, p) + %Ta[u D,,Tpf)
i€ gupor (HRM) " T + TON D + 3T7T2 = §T7°T,, 77
TR (4.1.3)

where the dots represent the fermionic contributions. It is not difficult to verify that
this expression is invariant under scale transformations and conformal boosts, up to
tensor gauge transformations and up to terms proportional to fermions (we recall that
the spin connection depends both on b, and 7/Jui), and that the tensor field strength

corresponding to it reproduces the bosonic terms in £V shown in (4.1.2).

The construction of the relevant invariant follows from the results presented in section

2.1.1, by using (2.1.2) to couple the linear multiplet quadratic in the Weyl multiplet to
A

a vector multiplet characterized by constants c4, so that its scalar field equals %c A0,
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where the prefactor is chosen for later convenience. Employing the same normalizations

as in section 2.1.1, the higher-derivative Lagrangian is given by

3277 € Loww = 3 €AYy T Ropi? (V) ¥
+eac [ R (M) Rea™ (M) + s Ruay* (V) R 5(V)
— i T AW, A [Ryp™ (M) Rorap(M) + 3 Rugy (V) Rorid (V)] |
+ jea(100% Tup — Fup™) R(M) g™ T
+ 4ca0? [ T"DDy Ty — §(PuThe)” + $DToy DT
4 %Rab(Tachc _ %n“bT2)D2 I %TQ D— %(T2)2 I %(Tachc)Q}
— deaFu [T D+ 3T T2 = § 7T, 7" |

| j gabede [c AFup (Tof DI Ty + 3T, DTS ) — 3eac™ Ty Toa DY Tfe} ,
(4.1.4)

which should be added to the lowest order action (2.1.7). In the above result there
are two terms which cannot be written in a manifestly gauge invariant form, related to
the appearance of gravitational and SU(2) Chern-Simons terms. To avoid these Chern-
Simons terms we have chosen to write their contribution in a form that is explicitly
proportional to the gauge fields WMA. These non-covariant terms add to the two deriva-
tive Chern-Simons term and must also be handled carefully in the presence of magnetic

charges.

The construction of this action parallels the corresponding four-dimensional one in
(3.1.2). Both contain R2-type interactions with scalar dependent couplings, very sim-
ilar to the gauge theory action. In fact, upon dimensional reduction on a circle the
five-dimensional R? invariant reduces to a sum of the Lagrangian in (3.1.2) with a pre-
potential as in (3.3.4), and the F** invariant (3.1.9), associated to the Kaluza-Klein gauge
field.

4.2 BPS attractors

In this section we derive the conditions for full supersymmetry of the field configuration
in five dimensions. Here we follow the systematic approach introduced for four space-
time dimensions in [54] and outlined in section 3.2. In this section the analysis is done
entirely at the off-shell level, so that all results apply to any N/ = 2 superconformal
action, perhaps including higher derivative corrections. Our analysis differs from the
one of [95], where on-shell information was already introduced at an earlier stage of the

calculation. Only in the next section 4.3 we will make use of the supersymmetric action.
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Although our analysis is different in spirit and covers a much larger class of supergravity

theories, the results turn out to overlap substantially with those of [25].

4.2.1 Supersymmetry

To analyze supersymmetry one chooses a purely bosonic field configuration and re-
quires that the supersymmetry variation of all fermion fields vanish up to a uniform
S-supersymmetry transformation. In this context it is convenient to define two ‘com-
pensating’ spinor fields, C\i, and Cﬁ, belonging to the vector multiplet sector and the

hypermultiplet sector, respectively, which transform linearly under S-supersymmetry,

. 1 ) . 2

Here we have used a symmetric rank-three tensor C4pc and the corresponding function

C(o) = + Capcolo’o® that may be identified with the ones used in the construction

of the lowest order action in section 2.1.1. This is by no means necessary, as one
could choose an arbitrary nonvanishing tensor, at the expense of making the following

discussion somewhat more complicated.

It is straightforward to write down the supersymmetry variations of these two spinor

fields (which both carry scaling weights equal to %),

8¢ = (Tup— %FabAaA In C(a))fyabei — 3PInC(0) e — %EjkYijAﬁA InC(o) e + 7',
0 = —LiPInxe + ik 0, (422)

where here and henceforth we suppress terms proportional to the fermion fields. Fur-

thermore we made use of the identity [34],
-1 e B 1. ko
X Qap Ai®DyA;" = 5ei; Dy Inx + kyi“ery (4.2.3)

where k,; is proportional to the SU(2) Killing vectors of the underlying hyperkihler

cone.
We now require that the S-supersymmetric linear combinations,

Ch— ¢y, ¢-3A0¢, Q-0

¢ —3ei L, X' — STuy™¢, (4.2.4)
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do not transform under Q-supersymmetry. This leads to the following conditions,

D.(x 24 = 0, kut =0,
9u(C™ 1/3( o) = 0, R.,7(V) = 0,
D,(C0) 1Y) = 0. vid - o
C( Yx~! = constant, N = 0, (4.2.5)
Fut = 40Ty, E* = 0,
D, (CY3(0) Tyy) = O, D 0,
Db(C2/3(U)Tba) — ie’fadeeTbcheCQ/g(O'),

which were also given in [95] in the conventions of [31, 32]. However, there are further
constraints in view of the fact that all fermionic quantities must vanish under supersym-
metry. Experience from the corresponding analysis in four space-time dimensions [54]

indicates that one must also consider the variations of

Rabi(Q) - (Tcd’)/cd’)/ab - 4Tab)<€/ )
Dyl — 218D In Xy, — 287y, — 61 Tav"1¢) - (4.2.6)

Combining the result of the first variation with the previous results, one finds,

DaTw = %1 Ne[aCbldefg Tdeng
-1 [2D[aln0(0) Tije — DeIn C(0) Ty — 2D In C (o )Td[anb]c} :

R (M) = —2 [TQ Sap™ + ATy T 4+ AT, Ty — 8Ty, TG, d}] . (4.2.7)

In addition one considers the variation of the second combination in (4.2.6), subject
to the conditions (4.2.5). This confirms the consistency of the previous results and, in

addition, gives rise to one more condition,

£t =—1D,D*Inx + LD, InxD*Inx — 4T, T
L [3 T T% — L(DyIn x)?| e, (4.2.8)

Using the arguments presented in [54], we conclude that the above equations (4.2.5),
(4.2.7) and (4.2.8) comprise all the conditions for a supersymmetric field configuration
consisting of the Weyl multiplet, vector multiplets, linear multiplets and hypermultiplets,
without imposing equations of motion. Because the fermionic equations of motion must
be satisfied, simply because of supersymmetry, most of the bosonic equations of motion
must be satisfied as well. There are, however, exceptions, such as the equation of motion
associated with the scalar field D belonging to the Weyl multiplet, which does not appear

as the supersymmetry variation of a fermionic expression.
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Combining the second equation of (4.2.7) with (4.2.8), we derive the following equation

for the Riemann tensor,

= = 8(Tw T + TTy™) + 6,65 (4 T.s T — &(DeIn x)?)

la

— Ol (16 Ty T + 4Dy D" In x — 4Dy In XD In x) . (4.2.9)

4.2.2 Space-time geometry

Before discussing the resulting space-time geometry we have to impose a number of
gauge choices, as in section 3.2. We set the dilatational gauge field b, = 0 (in fact,
K-invariance implies that the equations found above are already independent of b,,) and
furthermore we set the function C'(c) equal to a constant C. This implies that also x
becomes a constant. The ratio of the two constants C' and x will eventually be defined
by the equation of motion for the field D, but at the moment we proceed without
making reference to any particular Lagrangian. Note that the various fields will still
be subject to constant scale transformations which are a remnant of the full space-time
dependent dilatations. Physical results should, of course, be insensitive to these scale
transformations. In addition we set the SU(2) gauge connections to zero, in view of
the fact that their field strength is vanishing (c.f. (4.2.5)). In this situation the various

scalar fields ! and LY are all constant.

The resulting geometry is now of a special type, as the tensor 7}, is an example of a
conformal Killing-Yano tensor [101]. Locally, in five space-time dimensions, this tensor
generically induces a family of pairs of two-surfaces which together with the fifth or-
thogonal dimension foliate the space-time. It also leads to a Killing vector associated

with this fifth dimension and a symmetric Killing tensor,
h=ie et P T, Tor, Ky =TT, (4.2.10)

where e = det(e,*). Using the properties of the tensor T}, (in the gauge indicated
above), we obtain the following results for the Riemann tensor and for the derivative of

Tum

Rabcd _ _8(TabTCd + Ta[chd}) — 16 (5[a[c Tb]er]e +44¢ 525} TefTef’

[a

DTy = 3950 (4.2.11)
Furthermore we note the results,

D& = —leguperEPT7, ', = 0,

D,K,, = _%g(uTl’)p’ T2 = (T,)? = constant.

(4.2.12)
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From these equations it is clear that £ is indeed a Killing vector. Furthermore one may

easily verify that the Riemann tensor satisfies the Bianchi identity.

If £&# vanishes then the tensors 7}, and K, are covariantly constant and so is the Rie-
mann tensor so that we are dealing with a locally symmetric space. In this particular case
the space is in fact the product of a two- and a three-dimensional maximally symmetric
space, as the Riemann tensor decomposes into two Riemann tensors corresponding to
these subspaces satisfying Rdi)écz x cT? (5[51655]‘2, with proportionality ¢ = —16 and ¢ =4
for the two- and the three-dimensional subspace, respectively. Here the indices a,b, ¢, d

refer to the tangent-space projected onto the two- or three-dimensional subspaces.

Rather than considering this case any further, we concentrate on the more general case
where £ # 0 and return to the limit of vanishing £* at the end. Obviously the line
element must reflect the isometry associated with the Killing vector &#. Choosing a co-
ordinate ¢ by £*0,, = 0/01, we decompose the coordinates into ¢ and four-dimensional
coordinates ™, where m = 1,2, 3,4, without committing ourselves to a certain signa-
ture yet.? Correspondingly, the tangent-space indices a = 1,2,...,5 are decomposed
into @ = 5 and indices p,q,... =1,2,3,4. Upon a suitable local Lorentz transformation,

the fiinfbein is brought into the form,
ey’ dat = eI [dyp + oy da™] e, dat = e 926, Pda™. (4.2.13)

In view of the isometry corresponding to shifts of the coordinate v we may assume that
g, om and the vierbein field é,,? do not depend on . The corresponding inverse fiinfbein

components are given by,
es¥ =e79, es =0, epw = —0p e9/? e’ = e9/2 e, (4.2.14)

where, on the right-hand side, four-dimensional tangent-space and world indices are
converted by the vierbein é,,” and its inverse (so that, e.g. o0, = é,"" 0y, and the
covariant derivative V), contains the spin connection w,,”?, associated with the vierbein

émP). This leads to the following expressions for the spin connection, wgpe = 4" Wyeds

Wpgr = 69/2 [(I)pqr + 5p[qu]g] ,
Wspg = Weps = %629 Qpq »
wssp = —e9/?V,g, (4.2.15)
where 9,4 equals,
Qg =€""¢¢" Qmn,  Qmn = Om0on — Onom - (4.2.16)

2 At this point we are using Pauli-K&llén metric conventions, where the signature is determined by
making one of the coordinates purely imaginary. This enables us to consider all possible signatures at
once, so that this analysis encompasses the solutions for minimal supergravity found in [25]. Momentarily
we will assume that the Killing vector £* is spacelike.
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Let us now return to (4.2.11) and consider the second equation, which we write in

tangent-space indices as,
e 0, Toy + 2wc[ad Tb]d = %50[(15(,]5 £, (4.2.17)

where we made use of the fact that 75, = 0 and defined { = ieP9"*T,,T;.5, where P =
€948 5o that ¥ = e 9¢. Changing the overall sign of the epsilon tensor is irrelevant
as it only corresponds to a sign change of the coordinate 1.%> Imposing the equations

contained in (4.2.17) leads to the following results,

OypTap =0, Qpg = —2ie™ 2 £y T, VpTyr =0, g = constant . (4.2.18)

These results are consistent with what is found when considering the Riemann tensor
from the connections (4.2.15) upon comparison with the first equation (4.2.11).* Here
and henceforth we will be assuming that the four-dimensional subspace has signature
(—,+,+,+), so that the Killing vector £* is spacelike and & is real. The various curvature

components read,

Rpgsr = —3¢"9 [V Qg+ Vg Qpg + V19 Qqir — 0rip Q15 V0]
Ropsq = €7 [vaqg - %51361 (Vrg)? + 2Vpg ng] - %e4g O,
Rpgrs = € Rpgrs (@) — 27 ), [V Vg + 5V9 Va9 — 304q (Vug)?]
+ 26" [QpgQrs — Qpr Qyy] (4.2.19)

where the right-hand side is consistently written in four-dimensional notation. Obviously
R pgsr must vanish in order to be consistent with the first equation (4.2.11), and this is
indeed what is implied by the earlier results (4.2.18). Likewise the expression for Rsps,
is consistent with the corresponding equation (4.2.11). Hence we are left to analyse the
last equation of (4.2.19), which determines the four-dimensional Riemann tensor R (&)
according to

Ropars (@) = —16679 [4 Stppr Tete Tt — 62051 Tﬂ . (4.2.20)

The Ricci scalar, Rab“b(d)) = 0. Further inspection shows that this Riemann tensor
corresponds to a product of two two-dimensional spaces with equal radii, namely AdSs
and S2. The geometry thus takes the form of a circle (parametrized by the coordinate
1) non-trivially fibered over an AdSs x S? base space. We now adopt four-dimensional
coordinates by writing the respective metrics in the standard form of a Bertotti-Robinson
and a two-sphere metric, with coordinates ¢,r, and @, ¢, respectively, so that the five-

dimensional line element takes the following form (7 is non-negative and 6 and ¢ have

3In Pauli-Kallén notation we now fix convention such that Euvportha’a’x’x” =15l 2xtx?r32®.

“We note that (4.2.18) has been derived from (4.2.17) assuming det[T] # 0. For det[T] = 0 one can
arrive at the same result by also making use of (4.2.11) and (4.2.19).
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periodicity 7 and 2, respectively),

1 dr?
ds? = - 2<—r2dt2 462 +sin20dy ) +e2(dip + o),
v
1
o= —13 e 9 (T23 rdt — Ty, cos@dgo) , (4.2.21)
v
corresponding to,
1, 1
Qtrp = W € T23 y Q&p = —m € T01 sind. (4222)
Here and henceforth we use the definition,
(T01)2 + (T23)2 , (4.2.23)

where T and Tb3 are the nonvanishing components of the tensor field T,;, where the lo-
cal Lorentz indices are (0, 1,2, 3). Note that the vierbein fields can be chosen diagonally;

their values can be read off from (4.2.21),

dr

1
en? da™ = = (r at, <. ae, sm@dgp) (p=0,1,2,3). (4.2.24)

In this Lorentz frame, the fields Ty, are constant. For future use we also list the nonva-

nishing spin-connection fields,

° 1 3
WPl = W P14 Loy, €39 QPO
5 1, o2
wn?® = Ley, e QP
wyt? = 3 39 ore, (4.2.25)
(o] (o]
where w; "' = —r and We 23 — cos .

Observe that o, Ty, v and e™9 transform with weight 41 under the (constant) scale
transformations inherited from the five-dimensional dilatations. As a result, the met-
ric (4.2.21) scales uniformly with weight —2 and the one-form o is inert under scale
transformations. Note that o is determined up to a four-dimensional gauge transfor-
mation associated with shifts of the coordinate i with a function depending on the
four-dimensional coordinates. Such diffeomorphisms leave the form of the line element

invariant.

Let us now further discuss the line element (4.2.21). Assuming that Tp; # 0, we can

rewrite the line element in the form,

4T Tos 2
ds? = -1 ﬂdt+—(cosed¢+ du))
1602 \ v p

1 2

r ) + 2 cosfdy dlﬂ)) (4.2.26)
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where we used the definitions

0o_ e’

To make p” unambiguous we fix the periodicity interval for v to 47. The second term of
the line element then corresponds to a flat metric, up to an overall warp factor (2vp)~2.
To see this we combine the four Cartesian coordinates into two complex ones, which we

parametrize as,
21 = p cosf/2 exp L[ /p° + ¢ , 20 = p sin®/2 exp L[ /p’ — o] . (4.2.28)

Clearly for [p°| = 1 we cover the whole four-dimensional space R*. For [p°] # 1 we have
a conical singularity at the origin. In all cases the three-dimensional horizon is located

at r = 0 and its cross-sectional area is equal to
Az = / = SO (4.2.29)
2hor

Observe that this result is not invariant under the scale transformations introduced
earlier, which simply reflects the fact that the line element is not invariant either. Fur-
thermore the bi-normal tensor at the horizon is the same in all cases when given with

tangent space indices. Its only non-vanishing components are,
g01 = :|:1, (4230)

so that €,,e"” = —2. Both (4.2.29) and (4.2.30) can be derived by first determining the
bi-normal tensor and the cross-sectional area in a coordinate frame that is non-singular
at the horizon, and subsequently converting the results to the singular frame used in the

text.

The line element (4.2.26) describes the near-horizon geometry of the spinning charged
black hole [39] (see also, [89]), and we observe that the rotation is associated with a

globally defined one-form on S2, in view of
Im [21 dz1* + 22 d22”] = p*[(p°) "'dep + cos O d] .

Clearly the angular momentum of the black hole is proportional to To3. When 753 = 0

we are dealing with a static black hole and the near-horizon geometry is given by,

ds® =

Finally we turn to the case Tp; = 0 where we find,

2 g
L4 oqee = @ L qpar+

ds? = ———
16 T232 7“2 2T23 16T232

ds*(S?), (4.2.32)
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where ds?(5?) is the line element belonging to the unit two-sphere. The first three terms
constitute a metric which is locally AdSs so that the near-horizon geometry is that of
AdS3 x S?. This is the near-horizon geometry of a supersymmetric black ring, or, when

we drop the identification ¢ = 1 + 47, of an infinitely long black string.

4.2.3 Gauge fields and linear multiplets

We now turn to the gauge fields and the composite linear multiplets constructed in
sections 2.1.1 and 4.1 from the product of two vector multiplets and from the square
of the Weyl multiplet. Due to the intricate relationship between the vector and linear
multiplets described in section 2.1.1, the equations of motion for the vector multiplets
are expressed through the components of the two linear multiplets. As the reader can
easily verify using the results in section 4.2.1, both vanish for BPS configurations, so

that the equations of motion are satisfied.

In particular, the condition that the vector component, F,, of any linear multiplet must
vanish, imposes the Maxwell equations. The corresponding three-forms, denoted by
E,p, are then required to be closed by (B.1.13), but do not necessarily vanish and
provide the standard definition of the electric charges. Since these results are central to

what follows, we will evaluate some of the corresponding expressions here.

According to (4.2.5), the field strengths F, WA are determined in terms of the tensor field

Tab7
A A

g A
To1 Fo,” = —
’ \d 492

A _
Fe™ =10

Tys sin 6. (4.2.33)

At this point we can define magnetic charges associated with @y, and FWA. Employing
the same conventions for these field strengths (apart from a relative sign between p° and

p?), we define

e 9 oA
P’ =—Tn, pt = — T, (4.2.34)

402 T 402
with the same expression for p° as given in (4.2.27). In the five-dimensional context,
the p? will play the role of dipole magnetic charges. They are proportional to Ths, so
they will vanish for a static black hole. The definition of the electric charges, which
involves the equations of motion, will be discussed in section 4.3. From (4.2.33) we can
determine the vector potentials,

A
W, A (z) dat = — % (Tor  dt + Tos cos0dy) + dA? (), (4.2.35)
v

up to an abelian gauge transformation, parametrized by A4(z).

Given an appropriate choice for this transformation, which should define the fifth com-

ponent of the gauge field, WwA, we present some components of the tensor field E,S‘,i‘f),
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defined in (2.1.6). Subject to the BPS conditions, one obtains the following results,

in 6
N SRR
1
El(pA;tB) == — W [eg O'AO'B T23 + O'(AWrL/)B) T01i| y
AB T01T23 UAO'B
ET('tQD ) = — cos 6 W y
A_B
(AB) . ToTez 00
E@t&p = TSln9 W (4236)

Note that these components are invariant under the scale transformations mentioned
previously. The choice of the correct gauge transformation A* depends on the presence

of magnetic charges, which do not allow for a globally defined gauge field.

For the spinning black hole, where Ty; # 0, the gauge potentials can be chosen to be
globally defined on S®. To see this one makes use of the observation preceding (4.2.31)
in the previous subsection, which leads to,

A d
WMAdaj/‘ = _Zf-? <T01 rdt + Ths (plob + COS@ng)) . (4.2.37)

In the case of the black ring, where Tp; = 0, the gauge transformations in (4.2.35) in-
troduce an uncontractible component corresponding to Wilson lines around the circle
parametrized by 1. The proper definition of the Wilson line moduli is subtle due to
the presence of the charges p? and the S! x S? topology, as we shall discuss below.
Generically, due to the presence of large gauge transformations (i.e. gauge transforma-
tions that cannot be connected continuously to the identity), these moduli a?* should
be periodically identified and furthermore they should be defined such that they are not
subject to small gauge transformations. At any rate, the gauge fields are expected to

contain the following terms,
W“Adx“ = —pAcosfdy + ady. (4.2.38)

However, unlike in the case of the spinning black holes, the gauge fields are not globally
defined, as is obvious from the fact that the monopole fields are sourced by Dirac strings.
This phenomenon implies that the gauge fields should be defined in patches, connected
by suitable gauge transformations. In the context of five space-time dimensions the Dirac
strings are degenerate and one is actually dealing with Dirac membranes. Just as in the
case of Dirac strings, the Dirac membranes are subject to constraints, some of them
related to charge quantization (to appreciate this, the reader may consult [102, 103],

where some of this is explained in the context of 2 + 1 dimensions).

For a single black ring and for multiple concentric black rings, the appropriate sections

have been considered in [58], guided by the explicit ring solutions [40] and [35]. Although
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these results were obtained without taking into account possible higher-derivative inter-
actions, they should still apply to the general case, as the choice of the sections and
the corresponding Dirac membranes is entirely based on the topology of the underlying
charge configuration. With this in mind we replace (4.2.38) by the following sections

(for a single ring),
W#Adx“ = —pt [cos O dep £+ d(p + %W] + a’dy, (4.2.39)

where we note that cos 6 can be extended globally into the ring coordinate conventionally
denoted by z [40, 104]. For z = 1 and © = —1 one is dealing with the inner and the outer
part, respectively, of the two-dimensional plane that contains the ring. Hence the plus
sign in (4.2.39) refers to the section that is singularity free in the outer part of plane,

and the minus sign to the section that is singularity free in the inner part.

The nontrivial, and somewhat unexpected, feature of (4.2.39), is that the gauge transfor-
mation between the two patches involves a di) component, contrary to what one would
expect based on intuition from four dimensions. Indeed, in the case of an infinite black
string, this gauge transformation is just oc pde. However, the ring topology requires a

more extended gauge transformation.

One way to understand this difference is to appreciate the fact that, in order that the
Dirac membrane be unobservable, the gauge transformation between the patches must
allow for general deformations of its worldvolume irrespective of its topology. Choosing
a topologically trivial brane on each patch, say along the north and south pole of each
sphere on the ring (see the two figures on the left-hand side of Fig. 4.1), leads to the
gauge transformation —2p“de between the patches. This is also the only possible choice
for an infinite string. But in the case of a proper ring embedded in a four-dimensional
space,” the topology of the spatial manifold M* corresponding to the embedding space
minus the ring is nontrivial. Possible Dirac branes are classified as the boundaries
of three-dimensional spatial hypersurfaces. Thus it is important to know the third
homology group H3z(M?), since the Dirac brane can also be the boundary of a non-

trivial hypersurface, as opposed to the trivial one discussed above.

In the case at hand it can be shown that H3(M?%) = Z, so that the generator of the group
is a hypersurface with no boundary that wraps the ring once. A corresponding Dirac
brane is described as the boundary of the sum of the topologically trivial hypersurface
and this generator. Such a brane starts at the north pole of the sphere at some point
along the ring. When moving along the S' of the ring, this brane rotates to the south
pole and subsequently it returns to the north pole when reaching the point of departure.
A singular limit of this surface is shown on the right-hand side of Fig. 4.1. Using
the construction based on de Rham currents in [102, 103, 105], this leads to a gauge

transformation between the gauge field patches that is proportional to the Poincaré dual

®We assume a topologically trivial embedding space, like R* or Taub-NUT, in the following discussion.
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of the generator described above. A component along v is obviously necessary due to
the plane in the centre. The relative coefficient in the gauge transformation d(¢ + %1/1)
has been fixed by demanding periodicity of this generator. Finally, note that higher

wrappings would introduce integral multiples of dv, and are therefore irrelevant in view

Figure 4.1: The two figures on the left-hand side correspond to the two different gauge field patches
based on a topologically trivial choice for the two-dimensional Dirac brane. The three-dimensional
hypersurface bounded by the two branes is a ball B3. The gauge transformation associated with the
transition between the two patches has only components along the angle ¢ not shown in the picture.
On the right-hand side the two figures show a singular limit of the relevant but non-trivial choice for
the Dirac brane. The three-dimensional hypersurface connecting the two branes is the sum of the

B? above and the generator of H3(M®*). The corresponding gauge transformation has an additional
component along the ring circle, normal to the plane.

of the integral shift symmetry of a?.

C
O

The way to measure the Wilson line moduli ** now proceeds through the Chern-Simons
charges of the ring, defined by the integral over the 3-cycle associated with the horizon
X,

QY 72 Capc WP AFC, (4.2.40)

as in (4.2.36). It was demonstrated in [58], by using the sections (4.2.39) and carefully
evaluating the integral, that the Chern-Simons charges are linearly related to the moduli
ad, ie., Qgs o Capc aBp®. The use of the sections (4.2.39) is essential for obtaining
this relationship, so that the a?, which are identified in this way, are no longer subject
to small gauge transformations. Here it is relevant that the Chern-Simons charges are
also invariant under small gauge transformations. This result is also consistent with
large gauge transformations as both the a* and the Qgs change under a large gauge

transformations by an integer (in proper units).
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Although it is not the primary purpose of this discussion to consider multi-ring solutions,
it is illuminating to briefly consider the situation of concentric rings [35]. Labeling the
rings by an index i, one introduces the moduli a®; and the charges p; of the i-th ring.
Following the same logic as above, an extended set of sections generalizing (4.2.39) can

be found that matches the one used in [58]. One can then derive the following relation,

Q%S x Capc [2(2 a? +pP)ip%; - (ZpBi) (chj>:| ; (4.2.41)

7

which, for a single ring, reduces to the previous result. The above relation indicates that
the Chern-Simons charges are not additive, unlike the moduli (a*); and the charges (p*);
associated with the various rings. In fact, as we will establish later in section 4.5, the

best way to write this result is as follows,

QS — 6CupcPPPY = —12Cupc Y (a® + 1pP)ip“, (4.2.42)
i

where P4; = > pA;. This indicates that the expression on the left-hand side is in fact

additive. We will return to this topic in section 4.5.

One encounters similar subtleties when considering the three—form EXY,p, defined in

(4.1.3). Using the BPS conditions, it is straightforward to derive the following expression

A\ _ 3 ab 2 c
By = 16k (&/wp}ab 3Wrac Wp b)

— 3ieepor (T2T + 6 TFT,, T™) | 4.2.43
4'¢ Cpvp

which is manifestly scale invariant. Adopting the gauge choice for the spin connection

in (4.2.25), this leads to the following components

E:Z%v = — %sin& 9T .
E,z\;t = % ed T23 5
To1753
EXXP = cosf 1602
Toi11:
ngp = —rsind loé 033 . (4.2.44)

However, just as for gauge fields, it is generally not possible to define the Chern—Simons
term in (4.2.43) globally when the Euler density Tr[R A R] has a nontrivial source
and our choice above requires some explanation. For a black ring the Euler form is
trivial, but for the spinning black hole its integral is related to the charge p°, which
is a topological property of the spatial base space. We will again employ two patches,

similar to the magnetic monopole, connected by an appropriate closed but non-exact
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gauge transformation, 50, defined as

w[uab (8,,wp] ab — %WV ac wp]cb) ‘1 = w[uab (8,,wp] ab — %WV ac wp]cb) o + ﬂgw - (4245)

Since the Chern-Simons term is a composite object constructed from gauge fields, rather
a fundamental gauge field, the transformation between patches can be ultimately con-
sidered as a particular choice of gauge transformation on the spin connection.® Here,
we concentrate on the construction of the patches, disregarding the fundamental gauge
transformations. Any additional ambiguity on the Chern-Simons term is assumed to be

of trivial cohomology and gauge fixed through (4.2.25).

Viewing the Chern-Simons term as a gauge potential coupled to a membrane in five
spacetime dimensions, one concludes that the magnetic dual is a scalar field sourced at a
single point (completely localised in spacetime). Such a magnetic monopole at the centre
of the geometry gives rise to a Dirac string ending on it and reaching timelike infinity.
Any given choice for the string defines a gauge patch and is connected to a different
choice by a two-dimensional surface, which in turn defines the gauge transformation
between the two patches. Now consider two Dirac strings, one moving off to infinite
timelike future and one to infinite timelike past, so that they are connected by a surface
spanning the time and radial coordinates. Similar to the gauge theory example in
(4.2.39), the gauge transformation connecting the two patches is given by the normal
form of this connecting surface. For the metric in (4.2.26) one finds

2

T
B0 = S sinf df A dep A dip, (4.2.46)
vTp

where the correct normalisation is fixed by demanding that in the static limit the flux
of 8% is equal to 2/p°, i.e. equal to the flux of Tr[R A R] for a Gibbons-Hawking base

space.

Assuming the Dirac strings are timelike, there will be exactly one intersection of one
of the Dirac strings with a given time slice. The gauge transformation (4.2.46) on the
Chern-Simons term changes the position of this intersection, shifting the integral of
the above Chern-Simons term over a 3-surface, affecting the definition of the electric
charges through the integral of (4.2.43). Note that while this is similar to the situation
encountered above for the Wilson line moduli in (4.2.38), the ambiguity in this case is
only related with the position of the Dirac brane singularity on each time slice. In this
context, there are only two reasonable choices, namely spatial infinity and behind the

horizon, contrary to the infinitely many equivalent choices for the o in (4.2.38).

In a purely five-dimensional setting one can push the Dirac brane to infinity and calculate

all physical charges in the standard way. The connection in (4.2.44) is chosen according

5As the argument presented here is independent of the connection used, one can consider the Christof-
fel connection in computing the Chern—Simons term.
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to this requirement, in line with the general view that a nontrivial Taub-NUT charge is
not considered to be part of the black hole in the centre, so there should be no singularity
coming from the R AR term there. This parallels the microscopic counting [10, 39, 68],
where the large charge limit is taken for the electric charges but not for the Taub-NUT

charge.

On the other hand, when considering the corresponding four-dimensional solution ob-
tained by dimensional reduction, it is not acceptable to have a gauge dependent singu-
larity present near spatial infinity. In this case, a physical solution can be obtained if
the singularity is hidden behind the horizon, which amounts to a change of patch as in
(4.2.46), which adds a delta source singularity to the Euler density. The charge com-
puted using the patch appropriate from a four-dimensional point of view is then different
from the one computed in the five-dimensional theory, due to the nonzero integral of
(4.2.46) over the three-sphere.

The above difference between four and five-dimensional charges can be also seen by
reducing the Chern—Simons term in (4.1.4) to four dimensions and computing the con-
served charges of the resulting covariant theory [106]. This confirms the shift of the
electric charge by the integral of (4.2.46), independent of supersymmetry.

4.3 The Lagrangian and conserved charges

The results of the previous section are generic for five-dimensional supergravity, in the
sense that they follow from symmetry considerations without using a specific Lagrangian.
One of the consequences is that, even though supersymmetry imposes enormous restric-
tions on all fields, these are of a kinematical nature. For example, all scalars must be
constant but there are no restrictions on their values and only the magnetic parts of

gauge fields could be explicitly related to conserved charges.

In order to proceed in the study of attractors, one needs to make use of the standard
conserved charges present in any theory containing gauge fields and gravity, namely the

7. Moreover, the entropy of a black hole is a

electric charges and angular momentum
further conserved quantity that has to be identified. The definition of such quantities
in the context of a given theory requires the choice of a Lagrangian. Here, we consider
extending the two derivative Lagrangian (2.1.7) by the addition of the R? invariant

introduced in the previous chapter. The total Lagrangian reads
L= Ly + Ehyper + Lyww (431)

where the first two terms are given in (2.1.8) and (2.1.9), whereas the higher derivative

correction was displayed in (4.1.4).

"The mass is also a conserved charge, but since we are considering only extremal solutions it is not
independent.
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We now proceed with the definition of the conserved charges following from this La-
grangian. For the evaluation of the entropy and the angular momentum, we make use
of the Noether potential associated with space-time diffeomorphisms [82, 98, 99]. A
concise introduction to the algorithmic construction of the Noether current is given in

Appendix C.1, to which we refer for details.

4.3.1 The electric charges

We first discuss the electric charges, which follow from the three-forms of the composite
linear multiplets used in the definition of the action in (2.1.8) and (4.1.4). The invariant
density (2.1.2) implies that the gauge field equation of motion is equal to E,,, so the

relevant integral that defines the electric charge is

1

4= T2

/ A0 dep dy [—§ Capc Ejy, + 3ca Ey,) (4.3.2)
where one has to integrate over the 3-cycle that encloses the black hole or the black ring
and the relative factor 3 results from the fact that the Lagrangian (2.1.8) is cubic in
the vector multiplets, whereas the Lagrangian (4.1.4) is only linear. Making use of the
results (4.2.36) and (4.2.44), one obtains the following result,

1

4= 1612

1 1
CABC’ (UBO'C engl — XUB[Wd,C] ng) — 56,4 eng, (4.3.3)

where we used the definition

1
Ay . A
Wy = 62 /d9 dpdy sinf Wy . (4.3.4)
which is gauge invariant under periodic gauge transformations. For spinning black holes,
where the gauge fields are globally defined, (4.3.3) takes the form

eg

= C BoC —8eaTin?] . 4.3.5
16 Tor [Capco®o caTor”] (4.3.5)

qA

Observe that the above results are scale invariant.

To derive the corresponding result for the black ring is more subtle in view of the fact
that the gauge fields are not globally defined, as was discussed in subsection 4.2.3. This
will be discussed in subsection 4.5 and the resulting expression for the charges will be

given in (4.5.7).

The charges can also be determined by making use of the Noether potential associated
with abelian gauge transformations. Consider, for instance, a Lagrangian in five space-
time dimensions consisting of an invariant Lagrangian depending on the abelian field

strength F),,, its space-time derivatives V,F),,, and matter fields denoted by ¢) and their
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derivatives V1, plus an abelian Chern-Simons term,
L=Lo(Fuw,VpFu, v,V ) + et TAF,  Fyr . (4.3.6)
As explained in C.2.1, for this Lagrangian, the Noether potential reads as follows,
W e = 2L E =2V LM E+ LU0, + 6 e e PO EA Fyr (4.3.7)

where £ is the infinitesimal local parameter associated with the gauge transformations.

Here we use the notation,
0Ly = L‘*Iffj OF,, + Eﬁi’w S(VpFu) + Ly 0t + KZ I(Vu) (4.3.8)

It is straightforward to verify that 9,Q"" is equal to the field equation, up to terms

proportional to 9,§. The electric charge defined in (4.3.2) can be now written as

q :/ € Qbauge - (4.3.9)
hor
where €, is the binormal tensor associated with the horizon and the gauge parameter
& must be taken constant so that the underlying field configuration is invariant and the

corresponding Noether current vanishes on-shell.

4.3.2 Entropy and angular momentum

We now turn to the definition of the entropy and angular momentum, specialising some
of the general expressions given in Appendix C.1 for the Lagrangian specified above. This
Lagrangian contains two different Chern-Simons terms, one of the type WA F A F', which
is cubic in the abelian gauge fields, and a mixed one of the type W A Tr[R A R], which
is linear in the gauge fields and quadratic in the Riemann curvature. The derivation of

the corresponding Noether potential is straightforward but subtle.

We first evaluate this potential for a Lagrangian that depends on the Riemann tensor, the
field strengths of abelian gauge fields, and on an anti-symmetric tensor field T}, with at
most first-order space-time derivatives V,,T),,. This Lagrangian does not contain the two
Chern-Simons terms, which are considered separately. Its Noether potential associated
with space-time diffeomorphisms is a slight extension of (C.2.10) (which does not include
the tensor field), and reads

67(6") = —2LEV L +AV LY
— 2L (ETWA) + 2V, LOM (€TWA) — LEM0,(e7WA)
+ [CR T + LT + LE TP — (e V)] &, (4.3.10)
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where £P parametrizes the diffeomorphisms, and £#*? and L£*"? denote partial deriva-

tives of the Lagrangian according to
0L = LY 0Ryuwpo + L 5(V ) + Loy 8(Ff) + LEMPS(VLFL) . (4.3.11)

These derivatives are subject to the BPS attractor equations. As a result they take the

following form on the horizon,

3272 Uﬁ”m = (—%C(O‘) —cpo? T2)g”[pg”]" + %CAUA(T“VTPU — T“[pT”}”) ,
R LY, = —3Capcoc” T + ey (TH T? + 6 T T, T°)
3212 LM = —Bicao? N T,\TLP, (4.3.12)

whereas L") vanishes. Obviously we also need the derivative V,L5"7, which follows

form (4.3.12) by means of the attractor equations. The result reads as follows,

3212V, L7 = Bic a0t (THYemPMT — TolMPARTYT (T (4.3.13)

Combining the above contributions we obtain an explicit expression for (4.3.10). In
practice we need the contraction of the Noether potential with the bi-normal tensor
(4.2.30) associated with the horizon. Therefore we evaluate the following expression for
(4.3.10),

87° Qb = —2e01C(0) Véy
— % g0 cac? [3 T3> Vio&1y — 2To1Th3 Vipés + 11 To1*Tos 55]
+ €01 prpA To [*2 CapooPoC + CA(T232 +2 T012)] . (43.14)

These results will be used verbatim in subsequent sections both for spinning black holes
and black rings, as they follow from the covariant terms in the Lagrangian. The issue

of Chern-Simons terms will be dealt with in the next section.

By integrating the Noether potential over the horizon one obtains the entropy and the
angular momentum from the Noether potential associated with the appropriate Killing

vector. For the entropy the relevant Killing vector is the timelike® one,
§ro, = 0/ot, V€1 = €o1 -

According to the recipe in C.2.2, one furthermore drops all terms in the integrand except

the ones proportional to V&

S = _7'['/E 5/U/ij(€)

hor

, (4.3.15)
v[ué‘y] =€pv; 5/»‘:0

8This is the timelike vector that generates the horizon, which is a linear combination of the asymptotic
timelike and rotational Killing vectors near the horizon.
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where we included a conventional normalisation factor. For the angular momentum, the
Killing vector is associated with the corresponding periodic isometry of the space-time,

and we define

J() = /E Q7€) (4.3.16)

hor
This agrees with the expression in (C.2.14), since C¢, vanishes by symmetry considera-

tions for any angular Killing vector [58, 107].

4.3.3 Noether potential for Chern-Simons terms

The two Chern-Simons terms contained in (2.1.8) and (4.1.4),
3277 Los = — 451777 | Cape Wi oy For ¥ 4 Jea Wy Rup™ Roras | - (43.17)

and their contribution to the Noether potential requires a more detailed discussion.
Straightforward application of the standard formula (C.2.10) yields the result
3212 QE = Hie"P7T Cape EOWNAW,PE,C
+ ot P eaW, Ror"™ Vi
_ iigpaﬂ')\[u CAFpoA RT)\V]H &

+ ol &M A Fpt R E, (4.3.18)

A priori, there is no reason not to use the generic formula, as both terms are not gauge
invariant, but are manifestly covariant under diffeomorphisms. As a result, the contri-
bution in (4.3.18) is not gauge invariant. The same holds for the expression (4.3.10),
containing terms linear in {#A,,, which also seem troublesome at first sight. It was shown
in [108] that the component of the gauge field along the Killing vector is in fact well
defined under the integral. However, (4.3.18) is not of this type, especially the terms
proportional to the square of the gauge potential, and is problematic when integrating

to obtain the angular momentum.

Thus, (4.3.18) can be used as it stands only when the gauge potential is globally defined,
or in other words in the absence of magnetic charges. This is the case with black holes,
as explained in section 4.2.3. Evaluating the expression above at the horizon, using
(4.2.9) and (4.2.37), one finds

3217 e, Qb = %eo1 Toz Capc o W5PW, @ ¢
— 3e01 caWs™ [=2 T Tas Vi) + (Tha® + 4 Ths®) Vo))
— 4201 Thi? ca [Ws Viséy — W Vis&y]
+ S o1 cac? Tz [6Tin? — Tas?] &, (4.3.19)

which will be used for black holes in the following.
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For black rings however, the situation is different and extra care is required, as the gauge
fields are not globally defined. In such a situation there are two ways to proceed. A
simple way out would be possible if a version of the action that is gauge invariant exists,
perhaps sacrificing some other symmetry. Alternatively, one can try to regularise the
integral of the Noether potential, using different gauge patches. As is clear by inspection,
there is no way to rewrite the first Chern-Simons term of (4.3.17) in a gauge invariant
form. Therefore, in section 4.5 we will present a recipe to modify the integral of the first

term in (4.3.18) to a gauge covariant quantity.

Interestingly, we can employ an alternative treatment of the mixed Chern-Simons term
which will lead to expressions that differ from (4.3.17)-(4.3.19). Consider a modification
of the Lagrangian (4.1.4) proportional to e"” p‘”WuARl,p“bRgmb, by adding a suitable
total derivative. In this way the gauge field is converted to its field strength (which
is globally defined), and the square of the curvature tensor R is converted to a corre-
sponding Chern-Simons term. The alternative form of the mixed Chern-Simons term is
thus,”

32m2Los = — &ie"P7T eaF w,™ (Oswrab — 2Woacwr) - (4.3.20)

From the point of view of general coordinate invariance, this change does not seem
crucial, as the Lagrangian (4.3.20) still transforms as a scalar. On the other hand, the
spin-connection field w,ﬂb is a composite vector field associated with local Lorentz trans-
formations. As a result of the explicit spin-connection, this form of the Lagrangian is no
longer invariant under local Lorentz transformations, but transforms into a boundary

term.

In this formulation diffeomorphism invariance of the relevant field configurations will be
defined up to a local Lorentz transformation. Therefore Lorentz transformations have
to be taken into account in the relevant Noether potential. In the previous form of
the mixed Chern-Simons term given in (4.3.17), the local Lorentz transformations were
avoided because that expression can be interpreted directly in the metric formulation

without the need for including vielbein fields.

Under the combined variation of a diffeomorphism and a local Lorentz transformation
with parameters ¢# and €%, the Noether potential for the Lagrangian (4.3.20) corre-

sponding to the mixed Chern-Simons term follows from (C.2.21), where some details of

9Note that for the remainder of this subsection we suppress the W A F' A F Chern-Simons term of
(4.3.17), which is not affected by the conversion and whose effect has already been evaluated.
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the derivation are given

2V 1. _pvpot A ab 1ek
R2m°Qeg = —541eMP7T cAF s wr [eab— 56 wmb]
1: A A b 2
+ ﬂlguupa‘r CA{ Wi wpa (aawTab — 3Woac chb)
1: A A
— 54! efor g CAFpO' RT}\V}REH

+ okl e A Fpt R\ € (4.3.21)

We note that the last two covariant terms proportional to F' A R are identical to the
corresponding terms given in (4.3.18). This expression should be evaluated for back-
grounds that are invariant, which implies that the transformation parameter €2 should
be chosen such that the vielbein is invariant under the diffeomorphisms. This implies

that the diffeomorphism is again generated by a Killing vector &*, and
et = —vloghl 4 rp\ab (4.3.22)

This value for €% should be substituted into the expression (4.3.21) for the Noether
potential. The resulting expression is then expected to match the previous result (4.3.18)
(without the contribution of the W A F' A F' Chern-Simons term which has not been
included above), when both the gauge fields and the spin connection field can be globally
defined. This is not the case for the black hole and black ring solutions, so that only
one of the two expressions will be applicable in either case. It should be of interest to

compare the two formulae in more detail by making explicit use of coordinate patches.

4.4 Spinning BPS black holes

In this section we apply the material derived in the preceding sections to the case of
spinning black holes. Subsequently we discuss various implications of our results and

compare them to results that have been obtained elsewhere.

We assume arbitrary non-zero values of p°. Using (4.2.29), we integrate the total Noether
potential Q@ = Qo + Qcs derived in (4.3.14) and (4.3.19) over the horizon. In this way

we obtain the following expression for the entropy,

mef 16 Am 2
The moduli are expressed in terms of the angular momentum .Jy and the charges g
and p° by the attractor equations. The black holes have only one component of angular
momentum, associated with the Killing vector {40, = 0/0v¢. Here we refrain from

introducing any additional normalization factor. This leads to &5 = €9 and

Vst =2Tase?,  Vpgy = —2Tp e (4.4.2)
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Substituting these results into (4.3.14) and (4.3.19), and setting €91 = 1, yields the

following expression for Jy,

T23629

J, = =22
YT 24Ty 2

[CABC 04685 — 32404 T012} . (4.4.3)

Note that there is no other non-vanishing component of angular momentum in this case.
The charges follow from (4.3.3) and (4.2.34),

2

94= 1670 [CapcoPo® —8caTn?], 1’ =—Tu. (4.4.4)

It is convenient to express these results in terms of scale invariant variables defined by

A 9T, oT:
A_ O o_ € 7123 p i23
¢ 4T01 ’ 4’()2 T01 ( 5)
In terms of these variables (4.4.1) reads
S= o[22 CanodtoPeC + Seast 0], (146)
(¢ 4 p0*)2 L 6 3

whereas the attractor equations for the electric charges ¢4 and the angular momentum
Jy take the form,

1 B.c 1
qa = 1902 1 2 [CABC¢ ¢ — §CA],
B ¢"p" 1 aB,c 1 4
To = oy | Cance 979 — gead”]. (4.4.7)

This result shows that ¢° is proportional to the angular momentum, as is also obvious
from (4.4.5). To understand the limit in which the charges become uniformly large, we
consider uniform rescalings of the charges ¢4 and p® as well as of the moduli ¢ and ¢°.
Obviously, the terms proportional to C'4pc in the attractor equations are consistent with
this scaling, whereas the terms proportional to c4 are suppressed inversely proportional
to the square of the charges and thus represent subleading contributions. The leading
term of the entropy then scales as the square of the charges, while the correction terms
proportional to c4, which originate from the higher-order derivative couplings, represent
the subleading contributions in the limit where all charges become large. These results
are different from those obtained in [94], especially in the case of non-zero angular

momentum. For details, we refer to the discussion at the end of this subsection.

The above attractor equations can be compared to the corresponding ones in four space—
time dimensions discussed in section 3.2. It is possible to show that upon dimensional
reduction, the Lagrangian in (4.3.1) leads to a four-dimensional theory including both
the R? and F* invariants presented in chapter 3. Since the latter is irrelevant for super-

symmetric attractors, we concentrate on the former, which turns out to be described by
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the prepotential (3.3.4), where the tensors Cypc and cy are those appearing in (2.1.8)
and (4.1.4) respectively.

It is clear that the four- and five-dimensional expressions for the entropy, given by (3.3.6)
and (4.4.6) respectively, are identical. The same holds for the angular momentum,
assuming that the charge qo is identified with Jy, when comparing (4.4.7) with (3.3.7).
In order to compare the attractor equations for the electric charges ¢4, one has to
take into account the comments at the end of section 4.2.3 to give a four-dimensional
interpretation to the electric charge. Using the gauge transformation (4.2.46) in (4.3.2)
to move the Dirac brane singularity behind the horizon, the attractor equation (4.4.7)

for g4 becomes

caTn®> 1 p° [

qale = qa— — =

2
B C
= - - - 4.4.
24 2 4¢02 p02 CABC¢ o CA], ( 8)

3

which is exactly the same as the four-dimensional one in (3.3.7). The difference between
the four- and five-dimensional charges is therefore completely accounted for by the shift
of the Chern—Simons terms and is of a purely topological nature. Somewhat related
arguments that reconcile the five- and four-dimensional attractors have been presented
in [94], but given that the attractor equations in that work differ from (4.4.7) for nonzero

angular momentum, the relevant shift is also different in that case.

To investigate some of the consequences of this difference, we again consider the attractor
equations (4.4.7), where we rescale the coefficients ¢4 in the attractor equations for g4
by ca — aca to account for the two expressions. Hence we set the parameter a = 1 or

%, depending on whether we consider D = 5 or 4 space-time dimensions, respectively.

Subsequently we solve the attractor equations for ¢ and ¢° to first order in c4, keeping

the charges constant. To do this we first determine the solution for the case that c4 = 0,

A = ¢ o + o
= A= ca),
Vo0 +p02 VP
Ty p°
¢ ~ p2 +0(ca), (4.4.9)

\/4p0Q3 — (P Jy)?

where the ¢# are defined by the requirement that they satisfy the attractor equations

in the limit of vanishing c4. Therefore we have,

qa = 1Cupci®d®,
Q*? = LcCupitd®,

Cap = Capci®. (4.4.10)
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To first order in c4 this result changes into,

03 _ (.0 2
oA~ \/1@{% a(4pfép02g3 Jy)?) CABCB} +O(eq?),
0~ Ty p” (3a—8)cad? )
v VADP'Q3 — (p°y)? {1 - 48190623/2} +0(ea”), (4.4.11)

where the matrix C48 denotes the inverse of Cyp. Substituting these expressions into

the entropy formula (4.4.6), one obtains,

a cagt

~ 003 — L(07,)2 et 2
8_27r\/p Q3 — 7(P°Jy) <1+ 16p0Q3/2> + O(ca?) . (4.4.12)
We note that the terms proportional to c4 are indeed subleading in the limit of large

charges.

The expression (4.4.12) can be confronted with results from the literature. For the non-
rotating case, where a direct comparison with microscopic counting is possible, the above
result with o = 1 agrees with the results of [68, 80] presented in section 2.4, provided the
triple intersection tensor and the second Chern class are identified as Capc = %CABC
and co = ¢y 4. For the rotating black hole, no analytic microscopic results are available,
but our results can be compared to the supergravity results of [94, 95]. Here there
is a clear discrepancy originating from the different form of the attractor equations
(4.4.3) for the electric charges and the angular momentum, which reflects itself in a
different dependence on J in (4.4.12). This expression can also be compared to the
results of [109], where the only higher-derivative coupling included into the action was
the Euler density. For zero angular momentum one recovers the same relative factor for
the subleading correction between the four- and five-dimensional entropies represented
by the parameter « in (4.4.12). For finite angular momentum the subleading corrections
determined by [94, 95] and [109] are mutually different and both fail to reproduce the
expression (4.4.12).

In summary, it seems that, while in the static case the % difference in the attractor
equation for the charges between four and five dimensions is ubiquitous, discrepancies in
the rotating case remain. On the other hand, there exist microscopic results for theories
with 16 supercharges [110, 111], which could possibly be connected to the results above
in certain asymptotic limits. It would be very interesting to investigate this further, in

order to identify the correct dependence of the entropy on the angular momentum.

To further explore this difference between four and five space-time dimensions, let us
also consider the case of small black holes, whose entropy depends sensitively on the
higher-derivative couplings. We assume Ci, = 745 and ¢, = 0, which represents the

typical situation for K3 x T2 heterotic string compactifications. From the attractor
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equations (including the parameter « as before) we obtain

1 pO a b o
q1 1¢02 —|—p02 |:77(zb¢ ¢ - 5 C1],
1 pP¢! b
W = g (4.4.13)

Using the above equations one easily derives,

0 11
Tp ¢ 2 g2, 1/3a g2 5
R ET [2p°q1(¢° +p° )+§(7p° +¢° )cl}, (4.4.14)
1 pO (¢1)2 « C1 po
ab
= 107, 0ot 77} 4.4.15
" Gaqb 4¢02+p02|: QI+ 9 p02+¢02 ( )

Let us now set ¢ = 0, so that we are describing small black holes. In that case one
finds,

4-3a ¢
S— ./ ab 1 4.4.16
™ ’2 acn QaQb‘ { + 3o ¢02 +p02 ’ ( )

where ¢V is related to the angular momentum according to

_ ¢° 4—3aﬁ
Jo = T 0% 4 0 3a |3 crc1n®qagl - (4.4.17)

This last relation only allows for a uniform rescaling of the charges in the way indicated

before in the four-dimensional setting, for which a@ = 4/3 and the angular momentum
is necessarily zero. Indeed, a small black hole in four dimensions is characterised by
vanishing qg, p*, p®. In that case the entropy coincides with the four-dimensional result

for small black holes.

The result (4.4.16) can be compared with the predictions of [80], where exact expressions
for microscopic degeneracies of small static black holes in five space-time dimensions
were derived. In this work it was found that the asymptotics of the entropy of the small
black holes in five dimensions is the same as in four, with the same normalization. This
disagrees with (4.4.16), which differs by an overall relative factor equal to 1/4/3 induced
by the a-dependence. To resolve this puzzle it might perhaps be helpful to also have
microscopic results for non-zero angular momentum, so that one has a more detailed test
for (4.4.16). However, such results are quite difficult to obtain. As is well known, in four
space-time dimensions the sub-leading contribution to the entropy of small black holes
is problematic in the supergravity description, but the leading contribution is in perfect
agreement with microstate counting arguments. The five-dimensional result thus poses

a puzzle in this respect.
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4.5 BPS black rings

In this final section we turn to the black rings, for which the relevant Noether potential
has been derived in section 4.3.2. In particular we refer to the treatment of the mixed
Chern-Simons term in subsection 4.3.3, which is crucial for the black ring. In this
section we discuss the resulting expressions for the entropy, and for the charges and
angular momenta, which are then confronted with results from the literature. As we
shall see, the actual evaluation still involves a number of non-trivial issues related to the

integration over the spacelike section Y of the horizon.

The relevant Noether potential consists of (4.3.14) combined with the contributions from
the Chern-Simons terms that can be extracted from (4.3.19) and (4.3.21). Using that
To1 = 0 for the black ring, it is easy to see that (4.3.14) gives rise to the following
contribution,

3212 £, Qb = —2e01 [C(0) + 4 cac” Ths?] Vioéy) . (4.5.1)

Subsequently we add the contributions from (4.3.21), together with the first term in
(4.3.19) that originates from the W A F' A F' Chern-Simons term,

RTQL, = 1P Cape QWNW,PF,C
- iig,uupo"r CAFpaAwTab [&zb - %ﬁﬁwn ab]
+ il etPoT cy fAWAAwpab (aawrab - %WJac WTCb)
- il 6/)07')\[# CAFpoA RT)\V}H &k

+ i e A F et R E (4.5.2)

Observe that the last two terms in (4.5.2) have already been evaluated in (4.3.19). The
third term of (4.5.2) vanishes as can be readily deduced from (4.2.44). Straightforwardly
combining the various contributions gives rise to the following additional contribution
to the Noether potential,

32m e @by = 3eo1Tos {CABC oAWsB AWLC — 2c404 Tos? 55}
—Senn cao? Tyz? [V[()& - %f/\w/\m} , (4.5.3)

b

where we have used that ws® vanishes with the exception of ws?! = —2Ths.

From (4.5.3) we directly determine the expression for the entropy, which coincides with

the corresponding expression (4.4.1) for the black hole,

6 A 2
= 52 [C(o) + B cao™ Ths?] . (4.5.4)
Observe that, in order to obtain this result, it was crucial to use the alternative form
of the Noether potential derived in subsection 4.3.3. Naive application of the Noether

potential that was used earlier for the black hole, will yield a different result. In any
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case, we should stress that the mixed Chern-Simons term contributes to both the black

hole and the black string entropy.

To obtain the expression (4.5.4) we had to integrate over the horizon, which, in the
case at hand, was straightforward. However, to determine the electric charges and the
angular momenta, one is confronted with an integration of terms that depend explicitly
on gauge fields that are not globally defined. To perform the integral one therefore has
to make use of patches, as was already explained in section 4.2.3, in such a way that
the result will be invariant under ‘small’ gauge transformations continuously connected
to the identity. The precise procedure for doing this has already been proposed in [58],

and we will adopt it here.

We thus define two coordinate patches on the S' x S? spacelike cross section ¥ of the
horizon. As we shall discuss in due time, these patches have to be also defined away
from X, but for the moment we restrict our attention to X itself. One patch contains the
north pole N of the S? factor. It is parametrized by —1+€ < cosf < 1,0 < ¢ < 27 and
0 <1 < 4m. This patch has the topology of a solid two-torus. The second patch, which
has the same topology, contains the south pole S of the S? factor, and is parametrized
by =1 < cosf < —1+4+¢€ 0< ¢ < 27 and 0 < 9 < 4w. The boundary of these two
patches is a two-torus defined by cosf = —1 + €, where the parameter € will be taken
to zero at the end of the calculation. On these patches we define the gauge fields, WD’ A
and WSA, respectively, which are related by gauge transformations 84. These gauge
transformations move the Dirac brane singularities from the south to the north pole in
a way that involves the ring coordinate v, as was already described in subsection 4.2.3

(in particular, see (4.2.39)). Hence,

WD‘A de = —p4 [cos@dgo —d(e+ %1/})} +atdy,

weA = witt4 8,4, B Adat = —2pAd(p + ). (4.5.5)

Integrals over the spacelike cross section Y of the horizon, are now decomposed into
integrals over the sections N and S and an additional integral over the boundary of the
coordinate patches that involves the gauge transformations $4. This last term must
restore the gauge invariance of the integral under small gauge transformations [58]. The
limit € | O is taken for convenience, so that the contribution from the section S will
vanish, and the contribution from N will cover the whole horizon with the exception of

the singular points related to the position of the Dirac brane.

Let us first consider the attractor equations for the electric charges q4. From the evalu-
ation of the charges for the black hole (c.f. (4.3.3)) it is clear that the only contribution
originates from the Cypc WA A FB A FC Chern-Simons term, since all other contri-
butions vanish when Tp; = 0. Therefore we focus directly on the Chern-Simons term,
which requires to evaluate the integral of Capc WEBAFC over the spacelike cross section

3} of the horizon. According to the prescription specified above, this integral is evaluated
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as follows,

/CABch/\FC = /CABcWNB/\FC—i-/CABCwSB/\FC
b N S

+2 Capc WNB A BY | (4.5.6)
ON
where the factor 2 arises because FA = 2dW#. In the limit € | 0, the second integral
vanishes. The third integral extends over the boundary, ON = —3S, of the two sections.
Now, observe that WN A FK is proportional to (a” + %pJ)pK dd AdpAdep, while WN7 A
B is proportional to (a’ — %(1 —e)p”)pf dp Adep. As it turns out, the contributions
proportional to p’/p® from the first and the second integral cancel (in the limit e |
0), whereas the terms proportional to a’p add. This confirms the conclusion below
(4.2.40) that the Chern-Simons charge should be proportional to Capc a®p®. From
comparison with (4.3.3), one then easily determines the expression for the electric charges
by substituting [W,, %] = 2a®. The attractor equations for the black ring charges are
therefore summarized by
1 A

B C 0 A g
= . 4.5.
4T230ABCU a’, D 0, D 1T (4.5.7)

qa =

It is important to realize that the prescription of [58] is based on the fact that d[W? A
FC) = %F B A FC is gauge invariant. Upon extending the patches outside the horizon,
we may calculate FB A FC over a four-dimensional manifold by extending the radial
coordinate r, which can then be expressed as an integral over its three-dimensional
boundary. This is the justification for the prescription (4.5.6), as X constitutes (part of)
this boundary. However, we have simply ignored that the gauge fields must in principle
be extendable outside the horizon in the two patches, and in the above calculation this
feature does not seem to play a role as we obtain a result that is invariant under small
gauge transformations. Indeed, one can repeat the calculation without any difficulty for a
different choice of coordinate patches, such as, for instance, defined by cosfy < cosf <1
for the N patch and —1 < cos @ < cos g for the S patch, so that the boundary is located
at 0 = 0p. As it turns out the final result will not depend on 8y and simply remains the

Salme.

However, the situation is different when considering the evaluation of the angular mo-
menta and we shall see that the extension of the sections away from ¥ will become
an issue. The expression for the angular momenta follows from the Noether potential
(4.5.3), which is again not gauge invariant so that the integral is again subtle. The trou-
blesome term is the first one, depending on W5”, which originates form the W A F A F

Chern-Simons term shown in the first line of (4.5.2). This term leads to

877 e Qb = teor e Capc EWNAW,PF,,0 + -+, (4.5.8)
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where the dots denote the remaining gauge invariant contributions in (4.5.3), which can
be evaluated straightforwardly. Note that, unlike as on previous occasions, we converted
the above expression to a density over X, so that its integration will require only the
surface element dy A dp A d6.

In order that the integral over ¥ of (4.5.8) is amenable to the same prescription as used
above, it is important that 3 and the gauge potentials are invariant under the isometries
associated with linear combinations, §¢6w +£¥0,, of the two Killing vectors associated
with rotations over the angles ¢ and ¢. One then observes that d[({ - W)W A F]
can be written as a linear combination of two terms. One is the contraction of the
Killing vector with the five-form W A F' A F' whose integral must vanish for symmetry
reasons. The second term equals ({-W) FAF, which changes by a total derivative under
gauge transformations, again because the gauge fields are invariant under the symmetry
associated with the Killing vector. Hence the integral over the four-dimensional manifold
is invariant under small gauge transformations, and, just as before, the integral of (4.5.8)
over its boundary ¥ can be decomposed into integrals over the patches N and S and an

additional integral over the boundary dN of

gt CABC [é—z\WANA WMN B é—z\WASA WMS B]pro —
+ e Cape 0, [EWHSA 5,PW,5C —2828,4 5, PW,5¢
— 3P Cppc AW, PE,C. (4.5.9)
Here we insisted in writing the last two lines in terms of sections W#SA, which are well
defined at the south pole. Therefore, when writing the last term as a surface term over

EAB\A W¢S B WSDSC, its contribution will vanish in the limit € | 0 because I/chs ¢ vanishes

at the south pole.

Combining the results above, the integral of (4.5.8) over ¥ can therefore be written as

v €
/ e QI = 7240;2 / d6 dp dyp Capc EWNNAWNP R, ©
b
o1 A SB (1:A117.SC _ ¢Ap C
4 [dedv Canc B2 (GEOWHSE - £5.9) .
(4.5.10)

For both of these integrals the limit € | 0 can be taken without difficulty, so that the first
one extends over the whole horizon section ¥ and the second one over the boundary of the
sections on the horizon. A straightforward calculation then leads to 2 Capop?p® (ac -
%pc) and Capcp?(aPa® + aPp® — %poC), for J, and Jy, respectively.

The same calculation can be repeated for a different choice of the patches, namely
such that, in the limit € | 0, the S patch will cover the whole horizon area ¥ and
the overlap of the N patch will shrink to the north pole. This requires to re-evaluate

(4.5.9), but up to a few signs the calculations proceeds in the same way. However,
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now the result is not the same, and one finds instead, —2 Capcp?p®(a® + p €Y and
Capcp? (aPa® — aPp© L poC) for J, and Jy, respectively. The reason for this
discrepancy resides in the last term in (4.5.9), which we dropped because it does not

contribute at the south pole of the horizon.

However, one must verify whether there is no obstruction away from the horizon. If one
assumes that the south poles are directed to the outward part of the ring, extending all
the way to spatial infinity as in [104], one expects an obstruction which will result in an
extra contribution from the integral at spatial infinity. On the other hand, for the inner
region of the ring which contains the north poles, there is obviously no obstruction, so
that the second result will be valid. In case the south poles are directed to the inward
part of the ring, it is the first result that would be valid. In other words, a minimal
understanding of the topological embedding of the near-horizon region in the global
solution is essential in order to distinguish between the two prescriptions. It is possible
that only one embedding leads to a solution that is globally BPS, in line with what was
found in [112]. For a space that is asymptotically flat, both embeddings seem possible

and lead to two inequivalent BPS solutions.

In light of the above we adopt the second result, which must be combined with the
contributions from (4.5.3). Then we obtain the following result for the two indepen-
dent angular momenta, associated with the two independent rotations of the ring in

orthogonal planes,

Jo = —5Capp™(d® + {pP)
e9
Ty — Jp 3T [C(0) + 8 cac? T3] + L Cupla® + Lp)(a® + LpPY4.5.11)
where C4B is the inverse of C4 Bcp

The above results are all invariant under scale transformations, as they should. Note
that the Wilson line moduli a® are scale invariant. As in the case of black holes, we

introduce a scale invariant variable,

o_ €Y
4753 ’

(4.5.12)

so that the above expressions for the entropy and the electric charges take a manifestly

scale invariant form,

1
S = ¢0 CABCPAPBPC+§CAP

qga = —CapcpPa”. (4.5.13)
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The angular momenta can be expressed as follows,

1

I 4
—W [C(P) + 5 capT |,

Ty — Jp— 2 C*(qa — 5 Cacp®)(qp — 3 Cpp®) = 3

Jo =3 p*(qa — $Capp®). (4.5.14)

The choice of the linear combination of the angular momenta in the first term is mo-
tivated by the explicit dimensional reduction of the known two-derivative solution [44],
which showed that the rotation of the four-dimensional black hole cannot be identified
with a rotation of the S? of the black ring but necessarily involves also a rotation along
the ring. Likewise the dimensional reduction is over a circle generated by a simultaneous
rotation around the ring and of the S?. The corresponding generator equals the linear
combination of two angular momenta, Jy,—J,, which therefore corresponds to the charge
associated with the Kaluza-Klein photon. Hence we introduce a modified charge §o in

the usual fashion,
Go=Jy — Jp — %CAB(qA - %C’Acpc)(qB - %CBDpD) . (4.5.15)
This expression coincides precisely with the one presented in [78].

With this definition the entropy takes its familiar form [67, 71],

S =2 \/|% Go(Capc pApPpC + 2cap?)|, (4.5.16)

This result for the corrected entropy agrees with the microscopic counting of [76, 77],
presented in section 2.4.3, using the same identifications for the intersection numbers
and the second Chern class as above. Furthermore, the above results are generally in
line with the AdS/CFT results for the black ring attractors [92, 113, 114]. As briefly
reviewed in section 2.4, the entropy (4.5.16) is closely related to the microscopic entropy

of a corresponding four-dimensional black hole.

Let us now confront the above expressions in more detail with the corresponding results
in four space-time dimensions, again based on the function (3.3.4). Hence we are dealing
with a black hole with p° = 0, which leads to (3.3.10)-(3.3.12). The symmetry transfor-
mations (3.3.9) can be considered in the five-dimensional case. In five dimensions there
is no electric/magnetic duality but there is spectral flow [38], giving rise to the same
transformations (cf. (2.1.29)). These transformations are precisely generated by integer
shifts of the Wilson line moduli, a* — a? + k“. Observe that the angular momenta will

also transform under these shifts, and we find the following results,

qa — qa—12Capcp®kY,

Jo — J,—12Capcp?pPk©,

Jyp — Sy — qu’A — GCABcpAkaC + 6 CABcpAkBkC , (4.5.17)
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which imply that ¢y remains invariant.

The difference between (3.3.11) and (4.5.15) resides in the shifts of the electric charges
proportional to C4gop®p®. The presence of these shifts is consistent with many previous
results, both from field theoretic solutions and from microstate counting [35, 38, 44, 58,
76-79], and is reflected in the two derivative solution through the harmonic functions
(2.1.36) (see section 2.3). The modified charges ga—3 Capcp?p® in (4.5.14) are additive,
as follows from a calculation similar to the one leading to the attractor equation for ¢4,
but now for a configuration of concentric rings. Such a calculation has been performed
in [58] and resulted in the equations (4.2.41) and (4.2.42) that we discussed earlier.
When combined with the attractor equation for g4 shown in (4.5.13), they establish the
additivity of the shifted charges. The latter is manifest in the results of [35, 38]. The
modified charges should therefore be used in the microscopic formula of [67] to match
with the macroscopic result (4.5.14), as was already emphasized in [38, 77, 78]. Note,
however, that in spite of the qualitative agreement of these conclusions, we should stress
that we have adopted a different definition of the electric charges g4, which is not based
on the asymptotic fall-off of the electric fields at spatial infinity. Therefore the modified

charges should be the same, but the electric charges may still be different.

The shifts in the electric charges cannot be removed in the four-dimensional results
by a suitable duality transformation of the form (3.3.9), because that transformation
induces shifts that are twice as large. The shifts are related to the terms :l:%pAdw in the
gauge field sections in (4.2.39). From the point of view of subsection 4.2.3, they arise
due to the non-trivial topology of the full five-dimensional space-time. Therefore the
four-dimensional black hole should be compared to the reduction of an infinite magnetic
string in five dimensions, which is topologically trivial. In that case, both the terms
+3pAdy in (4.2.39) and the shifts in the electric charges in (4.5.11) will be absent, so

that one obtains full agreement with the four-dimensional attractor results.

4.6 Concluding remarks

In this chapter, we gave a detailed discussion of four derivative corrections to five-
dimensional supergravity and their effects on BPS attractors. Both for black holes and
black rings we found full agreement with available microscopic results. In the case
of black holes, this comparison is restricted to the static limit, due to the difficulty of
obtaining microscopic results for rotating solutions. When including angular momentum,
our results were compared to the supergravity predictions of [109] and [92-95]. Even
though all supergravity predictions agree in the static limit, there are discrepancies

related to attractor equations for the electric charges.

A somewhat related issue is the connection to the corresponding four-dimensional results

presented in chapter 3. Upon dimensional reduction, the five-dimensional R? correction
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leads to a four-dimensional action including both the R? and F* invariants discussed
in section 3.1, so that the results of section 3.3 apply. The comparison is however
not straightforward, due to the presence of Chern—Simons terms in the five-dimensional
action, which modify the relation between the four- and five-dimensional electric charges.
After a careful analysis of the patch structure for the various gauge fields (section 4.2.3),
we were able to identify the general form of the modifications, which depends only on the
topology of spacetime. For a black ring, the electric charge is shifted due to the subtle
gauge transformations between gauge patches in the presence of a spatially extended
magnetic monopole and is related to the cubic Chern-Simons term. For the spinning
black hole, a similar effect arises due to the nontrivial Euler density of spacetime, which
does not allow for the gravitational Chern—Simon terms to be defined globally. Taking
into account these results, we were able to give a precise four-dimensional interpretation

to our results, which exactly match the corresponding expressions in chapter 3.

It would be very interesting to expand this understanding of the macroscopic properties
of BPS black holes in connection with recent ideas on the supergravity interpretation
of microstates [26, 115-118] and the associated partition function [119-121]. Parallel
to that, the construction of higher derivative actions in supergravity is an interesting
subject of its own, as knowledge of the possible invariants can elucidate the structure of

the low energy effective description of string theory.






Chapter 5

Non-BPS black hole solutions

5.1 Introduction and Overview

In previous chapters we studied BPS black holes, including higher order corrections, and
found very good agreement with the corresponding microscopic models. The presence
of unbroken supercharges was instrumental, as they imply constraints that allow both
for the explicit construction of the full solutions and for the matching to the microscopic

theory.

In contrast, when the requirement that the solutions preserve some supersymmetry is
abandoned, much less is known both about the general structure of the supergravity
solutions and the microscopic theory behind them. The simplest generalisation of BPS
black holes is to consider extremal black holes that do not preserve any supersymmetry.
These are known to share some desirable features with the BPS branch, most importantly
the attractor phenomenon [19, 52, 122].

For maximal and half maximal supergravity, where the constraints on the couplings are
stronger, a number of general results have been obtained using symmetries of the action
[123-126]. In theories with 8 supercharges coupled to vector multiplets in four and five
dimensions,! the structure of general extremal black hole solutions is unclear, as only
partial results are available. For instance, it is known that non-BPS attractors exhibit
flat directions, in the sense that the scalars are not completely fixed at the horizon
once the charges are chosen [127]. A few restricted examples can be obtained from
BPS solutions simply by changing the sign of some charges [127, 128]. However, these
examples are not generic enough — they contain (at least) one less than the minimum
number of parameters required for the most general solution to be derived from them by
dualities [126]. A solution that does contain enough parameters is called a seed solution

in this context.

1Since the two are related by dimensional reduction, we do not make a distinction between them in
this introduction.
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For cubic prepotentials, an appropriate seed was found in [129, 130] and the full duality
orbit for the stu model was subsequently derived in [131]. This full example clarifies
how the non-supersymmetric solutions differ from their BPS counterparts in more than
simply changing the signs of charges. In particular the scalar sector has flat directions,
which are realised as symmetries acting along the full flow, including the horizon [132—
134).

However, static solutions are not the end of the story, as non-supersymmetric extremal
solutions can also rotate. If one allows for angular momentum, the space of solutions
is extended into two types of single-centre extremal black holes [14-16], both displaying
attractor behaviour [135]. The so-called over-rotating black holes feature an ergoregion
and are continuously connected to the Kerr solution. Schematically, the entropy of these
solutions is

S~ 2m /T2 — (D), (5.1.1)

where J is the angular momentum and I4(I") is the quartic invariant of the model,
introduced in section 2.2.3. This relation shows that it may not be possible to set the
angular momentum of some over-rotating black holes to zero. On the other hand, the
under-rotating (or ergo-free) black holes always have a continuous limit to static charged

black holes, as the entropy has the general form

S~ 2w /L) — J2. (5.1.2)

Such solutions correspond to the five-dimensional spinning black hole of section 2.1.3

and seem to be tractable using BPS-inspired techniques, as will be shown in this chapter.

Despite the existence of some known solutions, mentioned above, finding an organis-
ing principle for their general structure has proven challenging. The best developed
approaches are based on four-dimensional supergravity, where electric-magnetic duality
limits the possible structures. One such framework is provided by the timelike dimen-
sional reduction of [12], which relates black holes, regardless of supersymmetry (or even
extremality), to geodesics on an extended scalar manifold. Given sufficient symme-
try on the scalar manifold, solutions may be generated with powerful group-theoretical
methods, cf. [136-140], including multi-centre black holes. Recently, it has even been
possible to show integrability of the scalar equations of motion in black hole backgrounds
[141, 142], for specific models. Unfortunately, this comes at the expense of the results

being expressed less explicitly.

A more direct perspective has been offered by the fake superpotential approach of [143],
where it was pointed out that the rewriting of the effective Lagrangian as a sum of
squares is not unique, leading to more than one type of first-order flow for the scalar
fields. The flow, which in the supersymmetric case is governed by the absolute value of
the central charge, may be more generally controlled by a different function, called the

fake superpotential. The derivation of first-order equations based on a superpotential
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has been subsequently extended to static non-extremal black holes, and for a number of
models the relevant superpotential has been identified explicitly [144-148] (see [149] for

a synopsis of these developments and more references).

In this chapter, we summarise the investigations in [112, 150], where first order equations
and stabilisation equations were introduced for some classes of non-BPS solutions. Along
the way, we comment on some further generalisations considered in [151-154], as well as

on the relation with the approaches mentioned above.

5.2 BPS versus almost-BPS solutions

A longstanding observation [127, 128, 155] in the context of four-dimensional N' = 2
supergravity is that one can generate a non-supersymmetric black hole solution from a
supersymmetric one by changing the signs of charges. This operation is known to work
for a very restricted set of solutions. The standard example, appearing in the following
discussion, is the so called static electric solution, for which the harmonic functions in
(2.2.34) are given by

H=(H"0; 0, Hy). (5.2.1)

Then, a BPS solution is given by solving (2.2.35) as usual, leading to the scale factor
and scalars
eV x H'CABH  HpHc A xie CABCHp He (5.2.2)

where we considered the case of a symmetric scalar manifold for simplicity. In order to
have a well defined solution, the quartic product in (5.2.2) nuts be positive, imposing

restrictions on the relative signs of the harmonic functions and thus the charges.

On the other hand, one can show that even if the harmonic functions are such that the
product above is negative, a solution is also given by the above equations if one takes the
absolute value. Equivalently, one can obtain this solution by solving the system (2.2.35)

with # as in (5.2.1), whereas the gauge fields are instead controlled by the vector?
He=(H,0; 0, —Hy). (5.2.3)

The net effect is that the resulting solution does not preserve any supersymmetry, since
the contributions from the geometry and the scalars in the Killing spinor equations are
the same but the ones from the gauge fields are not. Based on this simple observation,
there have been hopes of constructing the full class of non-BPS solutions generalising

the relation between (5.2.1) and (5.2.3) to generic charges, as in [128].

However, a simple counting argument [130] shows that this is not possible, as the solution

above is not generic enough to generate all other solutions in its class by electric-magnetic

20One can alternatively change the sign of H°. In what follows we will consider both choices, depending
on the context.
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duality. Such a solution is called a seed solution and in four dimensions it must have
at least one more independent parameter compared to the one in (5.2.2). For the BPS
branch, a seed solution can be found by simply adding more harmonic functions, resulting
in the supersymmetric solutions of (2.2.35). For the non-supersymmetric branch this
is not true, as was shown in [129, 130] by explicit construction of the seed solution,
which cannot be obtained by sign changes on a BPS solution. Therefore, it is necessary
to develop new tools to construct non-BPS solutions in order to uncover their general

structure, including the special case of sign flips.

5.2.1 Five-dimensional BPS solutions with flat base space

It turns out that an intuitive way of investigating the relation between the two solutions
above is to consider the five-dimensional uplift of the supersymmetric solution, which
is the static limit of the BMPV black hole in Taub-NUT (see section 2.1.3). In order
to connect to the sign reversed solution, consider first the near-horizon region (2.1.35),
which is described by a flat base space. In this context, it is possible to give a geometric
interpretation to sign flip leading to the non-BPS solution described by (5.2.3), as we

now show.

It was noted below (2.1.23) that there is some extra freedom in choosing the hyper-Kéhler
complex structures on flat space: they can be chosen to be either self- or anti-self-dual.
This is a result of the larger group of rotations for R* compared to a generic hyper-
Kéhler manifold, namely SO(4) = SU(2)1 x SU(2)g rather than SU(2) x U(1),

so that the two triplets of complex structures rotate under different linear combinations
of SU(2)g and SU(2)r. In this special case, there is a second half-supersymmetric
solution one can write down, in which all the fields are left invariant under the self-dual
complex structures [25]. Explicitly, the relevant BPS conditions (2.1.17)-(2.1.19) for the

flat case are modified to:

ds®> = —f2(dt +@) + f hppdz™dz™
FA = 42 ol (aAeg]) dztdz” + AL dz™dz™
2
o\ = —ZGF,
3
1
A(floa) = ECABCAfmAmC . (5.2.4)

Here, A? are self-dual forms on the base for the upper sign and anti-self-dual for the
lower sign. These pairs of BPS solutions are aligned with the two complex structures
in the sense that they are invariant under the corresponding SU(2) subgroups of the
SO(4) isometry group and, in an orthonormal basis, their respective Killing spinors
satisfy 7%¢ = 4ie. Some examples of supersymmetric pairs were written down in [25],

using right- and left- invariant one-forms on S3.
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An interesting property of these BPS pairs is that when reducing to four dimensions
along a circle, it is not possible to retain both in the BPS spectrum. This is because the
two sets of BPS solutions respect a different SU(2) isometry in five dimensions, while
any reduction ansatz can only respect one SU(2) = SO(3) isometry. Thus, choosing
a particular SU(2) to break in the reduction, all the BPS solutions aligned with it are
lost as well. Equivalently, the Killing spinors of only one set of solutions are invariant
under the SU(2) that is being broken and will be trivially reduced to four dimensions.
Those of the other set will be charged under the Kaluza-Klein gauge field, violating the
natural assumption of invariance and leading to a non-BPS solution. A very similar
situation was encountered in [156, 157], where it was shown that if one considers the full

Kaluza-Klein tower, supersymmetry is recovered.

This “supersymmetry without supersymmetry” effect, was observed in [129, 158], in the
context of lifting to five dimensions the near horizon geometry of the four-dimensional
non-BPS black hole described by (5.2.3), which can be also written as a solution with
flat base space. In the particular electric case discussed here, one has A4 = 0, w = 0
and H = p°/r for flat base space with a conical singularity (the coordinate v has a fixed
range as in (2.1.20)). Then the two five-dimensional BPS solutions above are identical

with respect to the metric and the scalars, but have opposite electric charges:

0 . .
ds? = —f2d2 4 <pdx’dm’ + 5 (dip + p° cos 9¢)2>
r p
1 1
FA = £20u(fo)da™dt,  [Tloa=gLa= gqi. (5.2.5)
T

Upon reduction to four dimensions preserving the SO(3) symmetry of the directions z°,
they give the BPS and the non-BPS attractor (5.2.1) and (5.2.3) for the plus and minus

sign respectively?.

It should be noted that this observation does not affect the 4D/5D connection for BPS
solutions as described in [56, 159]. There, a Taub-NUT base that interpolates between
a five-dimensional and a four-dimensional solution was used to argue that the BPS
index is the same in four and five dimensions. As Taub-NUT has a unique triplet of
complex structures, there is only one BPS solution for each choice of harmonic functions.
Thus, all asymptotically Taub-NUT BPS solutions in five dimensions are mapped to
asymptotically flat BPS solutions with appropriate charges, under dimensional reduction

[57]. The same holds for any Gibbons-Hawking space except flat space.

This is explicitly seen from the asymptotically Taub-NUT extensions of the two attractor
solutions. The solution with the plus sign in (5.2.5) is compatible with the anti-self-dual
complex structures of R* and its asymptotically Taub-NUT extension is the BMPV black
hole [39] in the centre of Taub-NUT, described by the harmonic functions in (2.1.31). In

view of the anti-self-duality of the complex structures of this base, it is a BPS solution

3If the other SO(3) symmetry of R* is chosen in the ansatz, one ends up with the same solutions in
four dimensions, but their origins in five dimensions are interchanged.
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[25]. The solution with the minus sign is instead compatible with the self-dual complex
structures of R*. Tts Taub-NUT extension was constructed in [129], and is the non-BPS
static seed solution mentioned above. Interestingly, this solution can be viewed as a

special case of a more general class of solutions, to which we now turn.

5.2.2 Almost-BPS solutions

One might wonder about the fate of the two different supersymmetric solutions in case
the base space is not flat. This becomes especially interesting in view of the fact that
both kinds of BPS solutions with a flat base (5.2.5) can be the near horizon region
of (not necessarily BPS) black holes embedded in a more general space, as mentioned
above. The existence of full interpolating Taub-NUT solutions for the two attractors in
(5.2.5), only one of which is BPS, suggests that the two different solutions might survive
as BPS/non-BPS pairs in this case.

Indeed, it is straightforward to show that as long as the base is Ricci flat, both expressions
in (5.2.4)-(5.2.4) solve the equations of motion [112, 153, 154]. For a general base both
solutions are non-supersymmetric, whereas for a hyper-Kéhler base, anti-self-duality of

the complex structures allows only for the one with the upper sign to be supersymmetric.

An intuitive picture of the relation between the two solutions can be given for a Gibbons-
Hawking base space. Such a manifold is a U(1) bundle over R3, so it can be trivialised
into R* by a suitable choice of coordinates on any local patch. One then has a choice
between self-dual or anti-self-dual complex structures on every such patch as before, so
that both expressions in (5.2.4)-(5.2.4) constitute BPS solutions.

By extending to the full base space, only the anti-self-dual structures on local patches
can be integrated to the unique global complex structures (2.1.22). In contrast, the local

self-dual structures can be integrated to the almost hyper-Kéhler structures:
. . 1 A
X0 = (dv,ZJ + dea:]) Adxt + §H€Z‘jkdl‘] A da®, (5.2.6)

that are globally defined, but not integrable: dX® # 0. The existence of the forms
(5.2.6) allows one to construct globally defined fields by aligning local solutions on every
patch with the appropriate restriction of these structures?. It is then clear why both
signs in (5.2.4) provide a solution to the equations of motion, since they can be viewed as
constructed locally from BPS solutions aligned with the forms in (5.2.6). The difference
is that the one with the upper signs is compatible with the global complex structures
and is a global BPS solution. The second solution fails to be supersymmetric only due

to a global obstruction, providing an example of a non-supersymmetric solution with

4Note that the restriction of these forms on a patch is transformed to a constant by the coordinate
transformation that trivialises the patch. It is the non-compatibility of these local coordinate trans-
formations that makes the global forms non-integrable. This is also what prohibits the existence of a
corresponding global Killing spinor.
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the peculiar property of admitting four supercharges on local patches. In fact, it is
expected to have all the local properties of a BPS solution, which are behind most of
the computational simplifications in that case. This property, which is based on the
existence of an almost hyper-Kahler structure, motivates the nickname, “almost-BPS”,
for these solutions. By the same argument, almost-BPS solutions are supersymmetric
on local patches for a base more general than Gibbons-Hawking if there exists a globally

defined almost hyper-Kéahler structure.

Here, we restrict to Gibbons-Hawking base spaces for simplicity. In this case, the almost-
BPS solutions can be specified through arbitrary harmonic functions as for the BPS case,

following the algorithm in [35]. First write
& = ws (dip + xida') + wida’, (5.2.7)

: ] . :
A =VA (dyp + xjdz?) A da* — iHeijkaAdml Adax?, (5.2.8)

for the one-form w and the anti-self-dual form in (5.2.4), where V4 are arbitrary one-

forms to be determined.

Using (2.1.20), closure of A4 reduces to the relations:
V xVA=0, vV-VA=0, (5.2.9)
which in turn imply that locally:
vA=VK~4, (5.2.10)
for some harmonic functions K4. The equation for f~'o4 in (5.2.4) implies that
V2 (floa) = %HC’ABCVKBVKC = éHVQ (CapcKPKC) (5.2.11)

which can be solved up to a set of arbitrary harmonic functions L 4, given the K“. Here,
we will restrict to solutions of the slightly stronger relation:
1

< (HV (CapcKPKC) = Capo K" KCVH) + §VLA L (5.212)

V(o) -

even though there might be physically interesting solutions not captured by it. The
advantage of this simplification is that the scalars are governed by a first order flow very
similar to the BPS one.

Finally, we find the conditions on ws and w;. Writing out the first equation in (5.2.4)
using (2.1.19) and (5.2.10) one gets:

VXw+V (Hws)=3f 'Hoy VK (5.2.13)
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Taking the divergence of this gives the integrability condition
V2 (Hws) =3V (f'Hoya) - VK4, (5.2.14)

which can be solved up to an arbitrary harmonic function M, given the solution of
(5.2.12). Substituting in (5.2.13), the one-form @ can be determined up to a total

derivative (removable by a change of coordinates).

Observe that, just like its supersymmetric partner, an almost-BPS solution is determined
by 2n, + 2 harmonic functions H, K4, L4, M, which encode the charges as in section
2.1.2. In this respect, almost-BPS solutions are a five-dimensional analogue of the four-
dimensional change of sign between (5.2.1) and (5.2.3). Comparing (5.2.11)-(5.2.14)
with (2.1.25)-(2.1.28), shows that they are related in exactly that way if the K4 vanish,
but the general case is more complicated than a change of relative signs, as it involves

different powers of the harmonic function H.

When H is such that the base is flat, the BPS/almost-BPS pairs degenerate into the
supersymmetric pairs of the previous section, so that there are no asymptotically flat
five-dimensional non-supersymmetric solutions in the almost-BPS class. In this case, if
one chooses H = 1, the supersymmetric pairs are always related by a sign change, but
not if one takes H = 1/r. The latter choice typically leads to genuinely different BPS

solutions that are not asymptotically flat, as in [25].

Choosing a Taub-NUT base instead, there are solutions that asymptote to R3 x ST,
allowing for an interpretation as asymptotically flat solutions in four dimensions. It
follows that reduction along the /0% direction results in non-supersymmetric solutions
of four-dimensional A/ = 2 supergravity that are more general in several ways than the
ones produced by the four-dimensional sign change. In particular, almost-BPS solutions
allow for some nontrivial moduli at infinity as in [129, 130] and multiple centres, unlike
the four-dimensional flip of signs between (5.2.1) and (5.2.3), that only works for single-

centre solutions with purely imaginary scalars.

However, almost-BPS solutions are far from being the most general non-BPS black holes,
as they represent very special points in the duality orbits. For example, DO—D6 non-BPS
black holes (see e.g [59, 130, 131]) are not captured by the almost-BPS equations, as they
were derived from the BPS conditions, that do not allow for such objects. Similarly, it is
known that non-BPS black holes generically exhibit flat directions all along the flow in
both four and five dimensions [132-134, 160, 161]. This feature is also not captured by
almost-BPS solutions, since the BPS solutions have no flat directions either. Therefore,
in practice, the extra freedom in the almost-BPS equations has been used to produce
seed solutions for non-BPS black holes, which can lead to more general solutions. In this
respect, four-dimensional dualities are crucial, since the most general non-BPS solution

in a specific theory can be explicitly generated from a restricted example, provided there
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are enough symmetries [130, 131]. In later sections we will discuss some the implications

of symplectic reparametrisations, after reducing to four dimensions.

At the same time, the class of almost-BPS solutions can be enriched by relaxing the
ansatz for the metric and gauge fields, as in [153, 154, 162-165]. In these works, new
interesting classes of solutions were generated, mostly in the five-dimensional setting.
One of the most exciting results is the construction of smooth, horizonless solutions with
the same asymptotic charges as non-BPS black holes, which can be used as microstate

geometries in the fuzzball approach [26, 115-118].

5.2.3 Non-BPS electric black hole

One of the remarkable properties of supersymmetric solutions is that they can usually
be constructed analytically (see chapter 2 for a discussion in the two derivative case
and [54, 93] for solutions to the four derivative theories). However, non-BPS solutions
are significantly more complicated, as one can see by comparing the BPS equations
with their almost-BPS counterparts, which can not be solved formally as in section
2.1.2 in the general case. Here we first discuss some of the general features of almost-
BPS solutions, specialising to a single-centered example which is very interesting from
a four-dimensional perspective. For further details, generalisations and more examples

of explicit solutions we refer to [112, 151-154].

The most important feature of almost-BPS solutions is the special structure of their near
horizon and asymptotic regions. Indeed, since the near horizon region of these solutions
can be written as a timelike fibration over flat space, it preserves four supercharges
by construction. In fact, it preserves all eight supercharges, since the near horizon
region is maximally supersymmetric for BPS solutions. The same holds trivially for the
asymptotic region, up to compactness of one coordinate in the case of asymptotically
Taub-NUT solutions, as they asymptote to R? x S'. It follows that the mass of any
almost-BPS solution takes the same form as for its BPS partner, namely a simple sum
of charges. This feature has been observed for non-supersymmetric solutions of the
STU model in four dimensions [130], which can be lifted to almost-BPS solutions in
five dimensions, as we show below. Note that the BPS nature of the attractors and the
asymptotic region of our solutions is invisible from a four-dimensional perspective, as

explained in section 5.2.1.

A second, more intricate, property that also follows from the almost-BPS conditions is
the existence of a first order flow for the scalars as in [129, 143, 144]. For supersym-
metric solutions, the function governing this flow is the central charge. The almost-BPS
equations can then be used to obtain an analogous quantity for the non-supersymmetric

case, both in the five and the four-dimensional theory, by dimensional reduction.
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We now turn to an explicit single-centered example, which departs from the simple sign
flip relation to it BPS partner and has two independent angular momenta [129, 130, 151].

Similar to the BMPV solution on the BPS side, we choose the harmonic functions as:

J cos 6

r2

0
H=r+2 KA—0, Li=l4+2 M=b+
T T

. (5.2.15)

Here, 4 ,b are constants and p°, g4 ,J are the Taub-NUT charge, the electric charges
and the angular momentum of the solution. Considering the case of a symmetric scalar
manifold for simplicity, one can solve the scalar equation explicitly as
2
f_lo-A = gLA ) =
4
3= gCABCLALBLC, oA =2f2CABC L, (5.2.16)

whereas the angular momentum one-form is given by

2
Mo gwe M, w0
H T

ws = dg . (5.2.17)

The metric and gauge fields follow straightforwardly from (5.2.4) with the lower sign.

Even though the five-dimensional geometry is interesting in its own right, we choose to
emphasise the four-dimensional interpretation of this solution for future reference. Upon
reduction along the ¢ direction one obtains a single-centred under-rotating extremal
solution that carries angular momentum along the ¢ direction, as in (5.2.17). Using

(2.3.2), the four-dimensional metric is as in (2.3.5), with

4
oAU _ z HCABC L LgLe — M2, lim eV =p% —p? =1, (5.2.18)

r—00

1
= 3 414, 4 =4048% 510, (5.2.19)

where we imposed four-dimensional asymptotic flatness and introduced some useful no-

tation. The four-dimensional scalars (2.3.4) and gauge fields are given by:

Figy=—d [0 f(1+ M V) (dt +w)] | (5.2.21)

(=M +ie?Y), (5.2.20)

and F? = dA°, with A° as in (2.3.7). Note that, unlike in (5.2.2), the scalars have a

nontrivial (common) phase.

The ADM mass associated to this solution is simply found by expanding the metric to

first order in 1/r. The result is:

1
Mapy = 77 (P°1 + K0 14q4) | (5.2.22)
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which is simply a sum of charges just like for its BPS partner, as anticipated above. Note
the absence of angular momentum from this equation for the same reason, a feature that
is also comnsistent with general expectations on four-dimensional under-rotating black

holes.

Interestingly, this four-dimensional solution contains an extra parameter at infinity, b,
which turns out to be exactly the missing degree of freedom for the construction of
a static seed solution, mentioned in the beginning of the section. However, this con-
stant is only the trivial part of a full harmonic function, M, which controls the angular
momentum. Therefore, we find this an appropriate seed solution in four dimensions
[151], and we expect that the most general under-rotating extremal black hole for a
four-dimensional N/ = 2 theory with a symmetric scalar manifold can be obtained by
applying dualities on the above solution, along the lines of [131]. In the next section we

discuss how to implement electric-magnetic duality for generic special Kahler manifolds.

Before doing that, we discuss two possible generalisations. The first is to the multi-centre
case, by adding more centres in the harmonic functions H, L4 in (5.2.15), generalising
the base space to multi-Taub-NUT. Upon reduction to four dimensions, these solutions
seem to agree qualitatively with the solutions of [137]. A second generalisation would
be to turn on the magnetic harmonic functions. In the BPS case this is irrelevant due to
spectral flow [38], as in (2.1.29). In contrast, equations (5.2.12)-(5.2.14) do not appear
to have such an invariance. In this case, the functions f,ws diverge at the centre’® as
r~3 and r~* respectively, making them unattractive at first sight. However, the near
horizon geometry of these solutions is described by the BPS solutions considered in [25]
(for the minimal theory). There, a number of curvature invariants were examined and

were found to remain finite at » = 0, hinting at a regular solution.

5.3 Stabilisation equations and an ansatz

Having gained some insight for non-BPS solutions using the five-dimensional theory,
we now return to its four-dimensional reduction. The reason is that, even though five-
dimensional supergravity appears to be simpler, solution generating techniques are more
powerful in the four-dimensional theory. The crucial difference is that the equations of
motion of four-dimensional N = 2 supergravity are covariant under electric-magnetic
duality, including the scalar sector, as discussed in section 2.2.2. Omne can use this
covariance to generate new solutions from a given one by symplectic rotations. If the
starting solution is generic enough, i.e. it is a proper seed, this process can lead to the
most general solution of a given class. In this section, we consider the explicit electric

solution of the last section and rewrite it in terms of symplectically covariant objects.

®One would naively expect to find a horizon at r = 0 in these coordinates, as in all other cases treated
in this work.
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Based on these variables, we can generate new solutions through symplectic rotations,

aiming towards a generic ansatz that covers all single-centre solutions.

5.3.1 The four-dimensional solution and symplectic rotations

The importance of the rotating electric solution in the previous section stems from the
fact that it can be used as a seed for four-dimensional under-rotating black holes [14—
16] in theories with a cubic prepotential. Consequently, all under-rotating solutions,
carrying arbitrary charges, can be generated from this by applying appropriate electric-

magnetic rotations, as in (2.2.15).

This transformation does not act on the metric, but it does act on the symplectic sec-
tion V according to (2.2.19), inducing projective linear transformations on the physical
scalars, as can be seen using the special coordinates given by (2.2.6). As it is cum-
bersome to implement this in practice, especially in the case of non-symmetric scalar
manifolds, we follow the opposite route, rewriting the known solution (5.2.20) for the
physical scalars and the metric in terms of V), so that symplectic rotations can be ap-
plied directly. It is worth noting that using a rotating black hole solution is very useful,
as the presence of an extra harmonic function describing rotation provides guidance,

minimising the ambiguity introduced in the process.

After reducing to four dimensions, it is useful to define a symplectic vector of harmonic

functions describing the associated physical charges, as in®

He=(—H",0;0, Hy), (5.3.1)

where the dictionary (2.3.13) was used to rename the harmonic functions. As the har-
monic function M controls the angular momentum, it is invariant under symplectic

transformations.

Using the 4D /5D dictionary of section 2.3 [56, 57, 159], we can rewrite the full solution
given in five-dimensional notation above in terms of variables natural from the four-

dimensional perspective. The metric is as in (2.2.33), which we repeat here

ds? = —e?V (dt + widx®)? + e 2V d7?, (5.3.2)

while the resulting expressions for the gauge fields and scalars are’

F =%odH, —2d(e¢®*V ReVw), 2ImV=J=H+R (5.3.3)

SHere and henceforth we reverse the signs of all the charges of the non-BPS solution compared to the
previous section for convenience, so that the BPS solution is found by changing the sign of p°, rather
than all the electric charges as is natural in five dimensions. This can be absorbed in an irrelevant overall
sign change of V.

7 In the remainder of the chapter, we use form notation for quantities in the three spatial dimensions,
which will be generally denoted by boldface symbols.
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Here, %o is the Hodge dual with respect to the flat three-dimensional metric ¢;; and

U

we use again the shorthand ¥V = e~Ve '@V as in section 2.3. The vector J is written

in terms of a harmonic part, H, and a part containing ratios of harmonic functions R,

given respectively by
M
H=(H",0;0, Hi), R= (0, 05 o) . (5.3.4)

Finally, the metric functions are re-expressed as

<

xodw = —dM =d(H,R), eV =iV,V) = VI4(H) — M2. (5.3.5)

Here, I, is the quartic invariant that appears in the entropy formula for cubic prepoten-
tials (see (2.3.12)), as usual.

The expression (5.3.3) for the scalars is in the form of stabilisation equations as they
are known for BPS solutions [22]. In particular, the asymptotic values of the scalars
are controlled by the constant parts of the harmonic functions H and M, whereas the
attractor equations, obtained in the limit » — 0, are controlled by the charges and the

angular momentum [135].

The harmonic functions H are related to the physical ones (5.3.1) by a single sign flip, as
in the example in the beginning of section 5.2, where the scalars were purely imaginary.
The novel addition to J is a ratio of harmonic functions that was not present in previous
attempts to write non-BPS stabilisation equations and allows for a nontrivial phase of the
scalars. Note that the gauge field strengths are related to the corresponding expression
in (2.2.34) by the sign flip of the harmonic functions only, whereas the term involving

the angular momentum in (5.3.3) is exactly the same as for a BPS solution.

As this is the seed solution for under-rotating extremal black holes, the most general
solution can be found by duality rotations on the stabilisation equations (5.3.3) and one
concludes that a ratio of harmonic functions is generated in all other cases as well. For
example, in the case of the stu model, one can explicitly dualise to the frame with only
two charges present, corresponding to a D0-D6 brane system in Type IIA theory. For
this model, the prepotential is as in (2.3.1) with Capc = |eapc| and the scalar sector
is then described by the choice (no sum on A =1,2,3):

1 1 M 1
_ (o A, A - = .1 _)\A
H—(H,AAH ; Ho, N Hy), R=g ;(LAA’ 1, A), (5.3.6)
where
B q0 + _1 q0
Hl_h”L? , Hf = 4(h0+ EA hA> +7 (5.3.7)
H' = - )\3H;, HF = - XNH, Capc AN INENC = 23 (5.3.8)

e W = I,(H) — M? = (Hy H®)? — M?, (5.3.9)
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and A3 must be a constant. Note that the individual constants A\ appear only as
multiplicative factors in % and R, but not in e~V which depends only on the physical
harmonic functions Hy and H°. It follows that the metric and gauge fields only depend
on the combination A3, so that two of the A4 correspond to flat directions. The structure

in (5.3.6) seems to be generic for DO-D6 solutions for all cubic prepotentials.

It is interesting to note that for both solutions the angular momentum harmonic function
can be invariantly characterised by M = (H,R) and that the flat directions described
by the A? are zero modes of this equation as well. However, the harmonic part H is
not related to the charges by sign flips, as one might expect on the basis of (5.3.3). In
fact the electric solution is special, in the sense that the flat directions can be described
through (5.3.3) by simply allowing for the missing harmonic functions to be constants,
at the cost of making R more complicated, but still proportional to a single ratio and
consistent with (5.3.5).

5.3.2 The ansatz in four dimensions

In view of the above observations, it is natural to propose an ansatz for the scalars
in terms of the period vector that contains harmonic functions and ratios of harmonic
functions. In fact, it is simple to see that imposing consistency of any generic ansatz
ImV ~ H + R, leads to inverse harmonic functions. Since one can compute (H,R) in
two ways:

H,R) =Im(V,R) = —Im(V, H), (5.3.10)

where H and R are a priori independent, it follows that (#,R) must be a scalar-
independent quantity. The only other fields in the system are the scale factor and the
rotation form w in the metric, but in view of the scale invariance® of (H,R), it cannot

depend on eV

, in accord with the explicit solution above, where (H,R) = M. In the
static limit M reduces to a constant, in which case the constraint can be solved even if R
is harmonic, but in the rotating case one has to reproduce the full #-dependent function
M in (5.2.15). This implies a structure as in (5.3.3), which then must be present even

when the angular momentum is turned off.

Based on the linearity of symplectic reparametrisations and that (5.3.4) and (5.3.6) are
seed solutions, we expect the structure seen in the previous section to be universal for
all under-rotating extremal black holes. In other words, we take the point of view that
there is no essential difference between static non-supersymmetric and under-rotating
black holes, since they are continuously connected by setting to zero the nonconstant

part of a single harmonic function, as in (5.2.15). Therefore, we propose the following

8Here we refer to the invariance of the Poincaré Lagrangian under rigid scale transformations, inher-
ited from the full conformal formulation of the theory and corresponds to eV — ePeV, V — ePV, for
the scalars and g;; — eQDgij for the spacial metric, where D is constant [23].
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form for the stabilisation equations for the scalars and the angular momentum:

2ImV =H + R, (5.3.11)
xodw = (dH, H) + d(H,R), (5.3.12)

where H is a vector of harmonic functions and R is a vector of ratios of harmonic
functions. The integrability condition of the last equation implies that their symplectic

inner product is a harmonic function, while the scale function of the metric is given by:

e =iV, V) = VI, (H+R). (5.3.13)

The solution for the components of V can then be obtained in the same way as the
solutions to supersymmetric stabilisation equations [57, 60]. Note that when R = 0
and the charges carried by H are identified with the physical charges, one recovers
the BPS stabilisation equations, as required. More generally, for a physically reasonable
solution the harmonic and inverse harmonic functions in (5.3.11) are quite restricted due
to various consistency constraints, both generic and based on known explicit solutions.
The rest of this section is devoted to a discussion of these generic constraints and some

of their implications.

A first requirement is that in the near-horizon limit the scale factor e %Y of an under-

rotating black hole must reduce to [135]:
e o (') — J? cos? 8, (5.3.14)

where I4(I") is the quartic invariant for the physical charges and J is the angular momen-
tum. In the simple case of vanishing angular momentum, R is proportional to inverse
harmonic functions and thus vanishes near the horizon. Therefore, a harmonic piece
must always be present in the right hand side of (5.3.11), to make sense of the static
solution in the near-horizon region. Similar comments apply to the full rotating case,
hence it is impossible to have a physical solution for the scalars based purely on inverse
harmonic functions. The poles of these harmonic functions must be such that I,(H) > 0
and that this quartic invariant should be related to the one of the physical charges by a
sign flip in order to reproduce the first term in (5.3.14).

Going over to the constraints posed by the form of the full solution, observe that in the
(necessarily static) BPS case the full scale function is simply e~V = I,(#), where the
charges are replaced by their corresponding harmonic functions. Similarly, for the stu
model, where the most general non-BPS static black hole was explicitly constructed in
[131] (using the seed solution of [129, 130]), it has been shown that the scale factor is
shifted as eV ~ I;(H) — b%, where b is a constant that does not depend on the charges.

Interestingly, for the known under-rotating seed solution the expression for e~V in (5.3.5)

can again be found from (5.3.14) by replacing the charges and angular momentum by
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harmonic functions. In this extended setting, the additional constant b of [131] is iden-
tified with the constant piece in the harmonic function for the angular momentum in
(5.3.5). Therefore it is reasonable to expect that generically the scale factor is a function
of the harmonic functions for the charges and angular momentum, thus allowing for the

presence of a possible residual constant in the static solutions, when J is set to zero.

Now, for an ansatz of the type (5.3.11) to describe the known solutions, the vector R
must be such that (5.3.13) is consistent with the above comments, in particular with
(5.3.5), so that

e W =L(H+R)=L(H) - (H,R)?. (5.3.15)

This equality poses very strong restrictions on R, as it does not appear in linear, cubic
or quartic terms. In particular, the components of R must be such that I4(R) and
its first derivatives vanish, implying that it must have at most as many independent
components as the charge vector of a two charge small black hole. Then, given H and
a model in which I is known, the linear term in R should vanish, further restricting
its independent components. Indeed, R appears to completely fixed up to an overall

nontrivial function in the explicit solutions, (5.3.4) and (5.3.6).

For symmetric cubic models this can be made more precise’, by Taylor expanding the
left hand side of (5.3.15) explicitly. For such models, it is possible to show that [166]

Ii(H+R)=1L(H)+4I31(H,R) +6122(H,R)+4131(R,H)+ I4(R), (5.3.16)
where
L(H) = YKo  HIH HE UL
Li(H,R) = L Kp o HIHIHERE (5.3.17)
Lo(H,R) = L Ko i HIHIRERE

Here the hatted indices stand for pairs of electric-magnetic indices as = {#H!, H;} and
K; ;i is a completely symmetric symplectic tensor. The previous discussion suggests
that R should have only one independent component, so we assume it lies in a doubly

critical orbit, characterised by [167]
KoL K L
3K} RPRY + Qi REQ R =0, (5.3.18)

where ) is the symplectic matrix (2.2.16). Contracting the last equation with R it is
easy to see that I4(R) = I31(R,H) = 0 and that (5.3.16) reads

L(H+R)=L(H)+ L1(H,R) — (H,R)*. (5.3.19)

9The author wishes to thank Alessio Marrani for pointing out this version of the derivation.
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Thus, the quadratic term reorganizes itself in the desired form without further assump-
tions. For a given model, R can then be determined by demanding that the linear term
vanishes. Similar invariants constructed from two charge vectors have been considered

recently in the context of multi-centre solutions [166, 168, 169].

Therefore, the only object missing for a complete characterisation of the ansatz for
extremal solutions in principle, is an explicit form for H given a vector of physical
charges. Unfortunately, solving this constraint is not a straightforward task. The only
a priori requirement on # is that it must be “BPS” in the sense that I4(#) > 0 and
that its quartic invariant should be related to the one of the physical charges by a sign
flip. In fact the result should not be unique, as one can expect in view of the ambiguity
is seen in (5.3.6), where the two extra unconstrained parameters in A4 represent the
flat directions of the scalar sector. On the other hand, the relation between H and the
physical charges must be the same throughout the flow, as follows from (5.3.11), so that
an attractor analysis would be sufficient for this purpose. In any case, one can always
dualise the stabilisation equations for the seed solutions above to find any other solution

and we comment on a possible way to construct H at the end of the next section.

5.4 Flow equations from the action

In the last section we argued in favour of a particular ansatz for under-rotating extremal
black holes, motivated by symplectic covariance. In order to put it to use, one also needs
to cast the equations of motion for N' = 2 supergravity in a symplectically covariant
form, using the variables introduced in section 2.2.2. The standard action (2.2.10) is
not invariant under electromagnetic duality rotations, and our first task is to rewrite
it so as to make this invariance manifest, following [24]. Using the symplectic section
in (2.2.19), it is straightforward to do this for the scalar kinetic term. However, it is
not possible to obtain a duality invariant formalism for gauge fields in terms of Lorentz

covariant quantities, so we are forced to use the alternative action of [170, 171].

As we are interested in asymptotically flat, stationary extremal black holes, we use

(5.3.2) as an ansatz for the spacetime metric
ds® = —e?Y(dt + widz?)? + e Va2, (5.4.1)

with the condition U, w; — 0 as r — co. We have restricted the ansatz to describe under-
rotating black holes, by choosing a flat base space, so that the angular momentum enters

only through the one-form w.!” It is convenient to introduce the following product for

10 An appropriate ansatz for over-rotating solutions should have a more complicated base space [14-
16, 135].
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symplectic vectors of spatial 2-forms

e2U

(va):

: 5 X N [*o(0Y) — *o(w A oY) w + *o(w A *oY)], (5.4.2)
—WT JMcy

where ¢ is the scalar-dependent inner product defined in (2.2.24) and we defined w =

e?Vw.

With this notation, the two derivative action (2.2.10) can be recast in the form [170]

S =— /dt/ [2dU A xodU — 3 e*V dw A *odw
167T R3
429, d2® A Kod2b + (F, J-')] . (5.4.3)

where we assume all time derivatives to vanish and F = dA is the field strength associ-
ated to a symplectic vector of spatial gauge fields A. In this formulation, JF is identified
with the spatial components of F in (2.2.15), whereas the electric components of the field
strength F' and its dual G are non-dynamical fields, determined by the self-duality con-
straint (2.2.27). The corresponding charge vector is given by the integral of F through
(2.2.14), as usual.

The scalars 2%, the metric factor eV and the angular momentum one-form can be also

repackaged in a similar form using the two-form
W =2 ImxoD(V) — 2 ReD(Vw), (5.4.4)

where
D=d+i(Q+da+ 1e?Uxdw), Q=Im(d,Kdz"), (5.4.5)

and a(x) is an arbitrary function. Similar to (2.2.35), the combination V = e Ve iy

is invariant under rigid scale and U (1) transformations. The action is now simply

S=—15- |4 w W)+ (F,F) —2(Q +da + 3e®Vxodw) Adw|,  (5.4.6)
Rs

which is manifestly a quadratic form of functionally independent terms.

A standard trick to obtain solutions to the equations of motion arising from a Lagrangian
of this type, due to Bogomol’'nyi, is to set to zero each of these terms. Direct application
to (5.4.6) leads to W = F = Q = w = 0, which can be shown to describe a flat spacetime
with constant scalars. In order to obtain more interesting solutions, one needs to find

an equivalent rewriting of the Lagrangian by mixing the scalars with the gauge fields.

This was done in [24] to obtain the symplectically covariant form of the BPS solutions,

making use of the combination G = F — W, so that the action takes the form

S = dt g G) — 4(Q + da + Le?xodw) A Tm(G, eV e—iaw] . (5.4.7)
1671' R3
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In this form, the Bogomol’'nyi trick leads to

G =0, (5.4.8)
Q +da + 3e*xodw =0, (5.4.9)

which are easily shown to be identical to (2.2.34)-(2.2.35). Note that the supersymmetry
variations were not used in this approach, and one still has to check that the above

relations solve the Killing spinor equations to establish supersymmetry.

Inspired by the relation between (5.2.1) and (5.2.3), it is possible to use different ways to
rewrite the action to obtain non-supersymmetric equations as well, employing a specific
rigid transformation (rotation) of the charge vector with a corresponding modification of
the field strengths [143, 172]. A further generalisation was presented in [150], where no
assumptions about this transformation or about the resulting modified (or ‘fake’) field
strength were made. Consider a new two-form valued symplectic vector F , constrained
to satisfy

(F,.F)=(F.F)-&, (5.4.10)

where we allowed for a possible extra term described by the three-form =, which will
be determined in due course by consistency arguments. Note that, unlike the physical

field strength, we do not require F to be closed.

As in [24] the crucial step in deriving the manifestly duality-invariant equations of motion
is to appropriately pair the derivatives of the scalars with the gauge fields and use the

invariant product (5.4.2) to re-express the Lagrangian. As before, the combination
G =F —2ImxoD(V) +2ReD(Vw), (5.4.11)

leads to an action of the form

1

S =
167

d*x [(é, G)—4(Q+da+n+ 262V xodw) A Im(G,eVe V)| | (5.4.12)
where we introduced an (otherwise arbitrary) one-form 7, which we require to satisfy

n AIm(G,eVe V) = (dF,Re(eVe V) +

—
=
et

: (5.4.13)

PN

up to a total derivative.

In the form (5.4.12), it is again possible to find a stationary point of the action by

requiring that the variations of the two terms vanish separately

G=0, (5.4.14)
Q +da+n+ 2e?Vxpdw = 0. (5.4.15)
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The second relation implies that D = d — in, so that the first becomes

F —2Im[*o(d — in)(V)] + 2Re[(d — in)(Vw)] =0. (5.4.16)
Differentiating one finds:

dkodImV — d (*071 Re 1}) —d (n A wTm f)) — l4F, (5.4.17)

where we note that the modified field strength is not necessarily closed, as mentioned

earlier.

It is now possible to derive = in terms of the other quantities, using the observation that
in the dynamical system we are considering, the electromagnetic part of the Lagrangian
acts as a potential for the remaining fields. Therefore, when evaluated for solutions of
the equations of motion with vanishing action, this potential is expected to equal the

kinetic energy. Using (5.4.16) and (5.4.15), this requirement is imposed by comparing

(F,F) = 2dU A xodU — eV dw A xodw + 29,5d2% A xod 2
+ e?Ydw A xodw + 2dQ A w (5.4.18)
= (F,F) +e*Vdw A xodw +2dQ A w,

with the original assumption (5.4.10) on F. Up to boundary terms, one obtains:
E=-2nAdw, (5.4.19)

which we assume to hold henceforth.

In summary, we have obtained first-order equations expressed in terms of a non-closed
two-form valued symplectic vector F, implicitly related to the field strength F through
(5.4.10). This formulation comes at the price of introducing an auxiliary object, n,
related to the non-closure of F through (5.4.13). It follows that in any given model for
which nontrivial , 5 can be found such that (5.4.10) and (5.4.13) are satisfied with &
as in (5.4.19), there exist solutions described by the first order flow in (5.4.16).

5.4.1 Solving for the flow

The simplest solutions to the flow equations above can be found in the special case that
F is closed. Then, = and n must vanish by eq. (5.4.13) and equation (5.4.17) reduces to
the Laplace equation, which can be solved through a vector of (possibly multi-centred)

harmonic functions as

2dxodImV =0, = 2ImV=%H. (5.4.20)
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If one further assumes that F = F, the supersymmetric solutions of [24] are recovered,
leading to (2.2.34)-(2.2.35). Dropping this identification, one finds a rather restricted!!
set of non-BPS solutions with charges as in (5.2.3) and vanishing axions [137, 172, 174].
As discussed above, F is related to F by sign reversals for these special solutions, and
the same holds for the poles of the harmonic functions H in (5.4.20) compared to the
physical charges.

In its general form, however, equation (5.4.16) cannot be solved directly, since the period
vector V, 1, w and F are all unknown and constrained by (5.4.10) and (5.4.13). One is
then forced to introduce an appropriate ansatz either for F or V. In view of the results

in the previous section, we adopt the ansatz in (5.3.11)-(5.3.12) for the scalars.

Compared to the first order equations (5.4.16), the non-closure of F is linked to the
presence of the non-harmonic part in the ansatz for the scalars. Differentiating both
sides of (5.3.11) and taking the intersection product with the imaginary part of V, one

obtains the following expression for the Kahler connection

da+ Q= e"Im(e V) = —1?Y(dJ, J) . (5.4.21)
When combined with (5.4.15), it implies that n is given by

n =L ((dj, ) — *Odw) = 2V (dR, H). (5.4.22)

where in the second step we used the integrability conditions (dH,H) = (dR,R) = 0
implied by (5.3.12).

Using this information, we can show that the ansatz (5.3.11) automatically solves the
constraint (5.4.13), which can be expressed purely in terms of J using (5.4.16). The
left-hand side is clearly zero while on the right-hand side we have an intersection product

that we know how to compute. Neglecting the total derivative, one finds
e (dxodJ,Re V) = n A (xon + € dw) . (5.4.23)
Using (5.3.13) and (5.3.15), one can show that
(dxodJ,ReV) = —1 2V (R, H) (dxodR, H) = eV (R, H) (xodR,dH),  (5.4.24)

where the last step follows from the fact that (R,H) is a harmonic function. Finally,
since R depends only on a single ratio of the form (H,R)/H (with H a harmonic
function, cf. (5.3.6)), it is possible to show that

(H,R)dR = —(dR, H) R . (5.4.25)

1By charge redefinitions one can generate physically equivalent solutions also for other charge con-
figurations [173].
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Combining the last relation with (5.4.24) and (5.4.22) shows that the constraint (5.4.23)
is identically satisfied. Therefore we have conclude that the choice of ansatz in (5.3.11)-
(5.3.12), together with the additional requirements of section 5.3.2, is a solution of the

constraint (5.4.13). The seed solution (5.3.3) also satisfies these relations, as expected.

This is a rather nontrivial result, as (5.4.23) is a quartic equation for J in view of
(5.4.22). Assuming this to be the general solution, the only constraint remaining at this
stage is (5.4.10), which generalises the definition of the fake superpotential for static
black holes [158] to the case of under-rotating black holes. However, it is difficult to
verify (5.4.10) and (5.4.16) explicitly for the seed solution (5.3.3), or find the general
solution. In the next section, we give a more detailed comparison to the ansatz (5.3.11)—
(5.3.12) in the static limit.

5.4.2 The static flow equations

The static limit of the results in section 5.4 leads to several simplifications, as all solutions
are necessarily spherically symmetric. This implies that w = 0 and all quantities depend
only on the radial coordinate. Similar to the actual field strength, spherical symmetry
implies that the modified field strength F is of the form:

F=sinfddAdpaT, (5.4.26)

where now I is an symplectic vector that dependents on r. By (5.4.10), it must reproduce

the same black hole potential 14, as the physical charge I’
ITI? = Von = 3112, (5.4.27)

where we used (2.2.32). This relation was introduced in [143] in the context of finding

a moduli dependent function W (T"), called the fake superpotential, such that
Vin = |Z(T)]? + g P DAZ(T) D Z(T) = [W(D)|? + g*P DAW (T) DW (). (5.4.28)

In what follows we indicate how to connect the flow equations above to this formalism.

In the static limit, it is convenient to choose the arbitrary function € to be the phase
of (T, V), and eqs. (5.4.16)-(5.4.15) reduce to

20, (ImV) —2nReV = T, (5.4.29)

(T, V)
Z(T)

77 = —d — QT = — Im 5 (5.4.30)
where @; = Im(9,K 2*) and the dot stands for the derivative with respect to the inverse
radial coordinate 7 = 1/r. Note that (5.4.30) is equivalent to (5.4.13), which has not

been used. As before, the ansatz in (5.3.11) identically solves this constraint.
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Imposing this solution for (5.4.30), the equations of motion are solved if one can construct
a J, along the lines of section 5.3.2, such that the other constraint is satisfied using
(5.4.29). In this case, (5.4.27) and the definition of « are equivalent to

H0:T)1? = 4T + Y7 (H, 0. R)?. (5.4.31)

Once (5.3.11) is used for the scalars, this is a quadratic equation for the physical charges
in terms of the harmonic functions H. Therefore, finding a 9,7 that satisfies (5.4.31)
is equivalent to integrating the static equations of motion. Note that the presence of a
nontrivial 7 is essential in the treatment of section 5.4 and is easiest to understand if

one allows for angular momentum to be a priori present, as we have done here.

We have checked that J for the known explicit static solutions of section 5.3 is such
that they satisfy (5.4.31) and hence are described by the flow equation (5.4.29) with n as
in (5.4.22). As all static non-BPS solutions are related by symplectic rotations to these
seed solutions, it follows that they satisfy the same duality covariant equations. The
nontrivial 7 is reflected in the anharmonic part of (5.3.3), controlled by the constant b
that remains after setting the angular momentum to zero in (5.2.15). This observation
is in line with [130] where it was stressed that the crucial departure of the static non-
BPS seed solution from a BPS-like ansatz is the presence of a parameter related to the

asymptotic scalars, identified with this residual constant.

The approach above is similar in spirit, but different than the one of [146-148], were one
seeks to rewrite the black hole potential in (5.4.27) through the fake superpotential in
(5.4.28), which is a function of the physical charges and moduli z* directly. In contrast,
(5.4.31) is an equation relating the harmonic functions controlling the physical charges

to the ones controlling the scalars through the period vector (2.

In order to compare, we make use of the fact that the fake superpotential is defined
through the flow equations for the metric function and the moduli. The corresponding
equations can be found by taking the inner product of (5.4.29) with the basis elements,
leading to

U=—ee ™, V)= —-"W, (5.4.32)
20 = —eUemiogab (P DY) = —2eU g9 W (5.4.33)
where in the second step we identified the fake superpotential W in (5.4.28). When

W = Z(I), the flow is supersymmetric, in the same way as the BPS solutions arise in

the framework of the last two sections when F = F.

Whenever W is explicitly known for a given model and charge configuration, a practical

way to connect it with our approach may be to first look for a moduli-independent
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matrix S that rotates the physical charge vector I' so that:
Z(T) := (ST, V), (5.4.34)

where S is a complex nonconstant symplectic matrix. The relation of I' with T is

expressed indirectly through

[':=iZ(D)V - ig™D,Z(T) DyV + ig® D, Z(T) DyV — iZ(F) V. (5.4.35)

In the standard fake superpotential approach one assumes S to be a constant real sym-
plectic matrix and identifies I' = ST'. However, in view of the discussion in section 5.4

this is not the generic situation and we find it simpler to keep .S complex.

One can find the matrix S explicitly for the electric configuration, as in (5.3.3), assuming
all physical scalars to have the same phase, say ¢/. The relevant superpotential was

given in [59, 131] and reads
W =p" Fyell — gy X4 =(ST,V), (5.4.36)

with S given by
S = diag(e #/,1,1,1,e%/,1,1,1). (5.4.37)

In terms of the parameters appearing in the solution of section 5.3 one can identify
cot f = e?V M and check that the equations of motion (5.4.29) are satisfied. The one-
form 7 is given by (5.4.22). If the scalars are assumed purely imaginary, M vanishes
and f = m/2 so that S is constant (but not identity), while allowing for a 7-dependent
f leads to more general non-supersymmetric solutions. It is worth noting that n = 0
whenever S is constant (cf. eq. (5.4.30)) and that if S = I we recover the supersymmetric

solution.

Alternatively, one can rewrite (5.4.29) and (5.4.31) in terms of a real matrix 7" such that:

Tl :=Tp =T — 2n Re(e_Ue_io‘V) , (5.4.38)
2(Cp,ol'r) = Vi +e72Un?, (5.4.39)
e T V) =W —ie Yy, (5.4.40)

If T' is known, it leads to simpler equations of motion for the scalars, that is
20, Im(e Ve V) = Ty, (5.4.41)

which have the advantage of being directly integrable. For the electric example above,
T takes the form:

e—2U cot f 2qa
I o T (HY)? 0
T = . W= : (5.4.42)
w1 2qa 0

pO
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so that (5.3.4) can be written as J = —TH,, if the constants in (5.3.1) are appropriately
chosen. Similar to its complex counterpart .S, it reduces to a constant matrix if the phase
of the scalars is f = 7/2.

It is interesting to point out that the matrix (5.4.42) is a (position dependent) element
of the Peccei—-Quinn group of transformations, defined as the largest subgroup of the
symplectic group leaving the X'’s and the Kiahler potential invariant. As was shown
recently [175], applying such a transformation on the charges indeed shifts the black hole
potential as in (5.4.39). For generic charges and phases of the scalars, the corresponding
T can be found from the one in (5.4.42) by conjugation with the appropriate element of
the symplectic group. Such a matrix would leave a certain combination of X’’s and F’s
unchanged, e.g. for the magnetic dual of the electric solution in (5.3.1) it would leave
the F7’s invariant. Identifying the combinations that must be invariant for a given set

of charges could be a way to determine 7" from first principles.

5.5 Concluding remarks

In this chapter, we presented various aspects of recent work on non-BPS black hole
solutions of N' = 2 supergravity in both four and five dimensions, emphasising techniques
based on similarities to the supersymmetric solutions in order to reduce the non-linear

second order equations of motion to simpler ones.

Motivated by the observation that one can obtain simple non-BPS solutions by simply
changing the sign of harmonic functions describing supersymmetric solutions, we were led
to introduce the almost-BPS class of five-dimensional solutions. These are constructed
so that they preserve four supercharges on local patches of spacetime but nevertheless
break supersymmetry globally. Recently, this class has been explored in detail and
further generalisations have appeared in the literature [151-154, 162-165]. Some of the
results include a novel black ring solution and non-extremal configurations without a

horizon, which are interesting in the context of the fuzzball proposal.

In order to gain a better understanding of the space of solutions, it is helpful to consider
the reduction to four dimensions, where one can make use of the extended electric-
magnetic duality. A particularly interesting almost-BPS solution is the rotating electric
black hole of [151], discussed in section 5.2.3. Upon Kaluza-Klein reduction on a circle,
this can be used as a seed solution to obtain all under-rotating black hole solutions
in four-dimensional N/ = 2 supergravity. Based on the form of the seed solution we
proposed an ansatz that encompasses all known single centred extremal solutions. Sub-
sequently, we presented a new derivation of first order equations for extremal black hole
solutions that are compatible with the explicit seed solution and the generic ansatz,

extending [24, 172]. As the proposed ansatz is highly restricted, the flow equations
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are essentially reduced to algebraic equations, which nevertheless are still not directly

solvable. Hence the situation remains unsatisfactory.

It is important to note that our flow equations are by construction fully covariant with
respect to electric-magnetic duality and are compatible with the general single centered
seed solutions in four dimensions. It then follows that they capture the full orbit of
non-BPS extremal solutions, regardless of the existence of other stationary points of the
action, which should not be part of the standard non-BPS orbit of extremal black holes.
We expect a similar pattern to exist beyond the single centre case, especially in view of
the results of [151, 152, 154]. As we have not made any assumptions on the number of
centres in deriving the flow equations in section 5.4, it would be interesting to investigate
the possibility of constructing multi-centre solutions by allowing the harmonic functions
in the ansatz of section 5.3.2 to have multiple centres. Such constructions would provide
a test on the robustness of the assumption on the existence of stabilisation equations for

generic extremal backgrounds.

On the microscopic side, it would be very interesting to reproduce the stabilisation
equations (5.3.11). In the rotating case the ratio of harmonic functions survives the
near-horizon limit and modifies the attractor equations [135], so one generally expects
this structure to be accessible from microscopics. Given the model of [176], where the
constant part of M in (5.3.4) is interpreted as the angle between wrapped D3 branes,
one expects that the full angular momentum harmonic function might have a similar
microscopic analogue. Similar considerations for over-rotating black holes have appeared
recently in [177-179].

There is considerable ongoing research on the structure of non-BPS solutions, utili-
sing both the powerful constraints following from the symplectic structure of the four-
dimensional theory and the relative simplicity of the five-dimensional theory. Finding
the appropriate set of variables to express all extremal black hole solutions is a very
interesting problem, both from a mathematical point of view and because it can shed
light on several related open questions about non-supersymmetric backgrounds in string

theory.
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Conventions

In this short appendix we specify some of the details of our conventions used in four and
five dimensions. Throughout this thesis, especially when dealing with spinors, we use
Pauli-Kéllén conventions. Unless otherwise indicated, space-time and Lorentz indices
are denoted by u,v, ..., and a,b,..., respectively; SU(2)-indices are denoted by i, j, . . ..

All (anti-)symmetrisations are defined with unit strength.

Our conventions for four-dimensional supergravity follow the notation used e.g. in [54].
In five dimensions we use closely related conventions as follows. We employ hermitean

4-by-4 gamma matrices 7y,, which satisfy

CFYaC_l = ’Y(lTu CT = _Ca CT = C_l )
Yabede = 1 Eabede - (AOl)

Here C' denotes the charge-conjugation matrix and gamma matrices with k& multiple
indices denote the fully antisymmetrised product of k£ gamma matrices in the usual
fashion, so that we have, for instance, v, v, = 1 dap + Yap. In view of the last equation
of (A.0.1), gamma matrices with more than two multiple indices are not independent,
and can be decomposed into the unit matrix, v, and 7,.. Note that C, Cv, and Cvygp
constitute a complete basis of 6 antisymmetric and 10 symmetric (unitary) matrices
in spinor space. The gamma matrices commute with the automorphism group of the
Clifford algebra, USp(2N), where N denotes the number of independent spinors. Spinors
can be described either as Dirac spinors, or as symplectic Majorana spinors. The latter
description has the advantage that it makes the action of the USp(2N) R-symmetry
group manifest. We thus employ symplectic Majorana spinors ¥* with i = 1,2,...,2N,

subject to the reality constraint,

Ot =05, (A.0.2)
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where 2 is the symplectic USp(2N) invariant tensor. The Dirac conjugate is defined
by 1 = ¥T~5. Observe that we adhere to the convention according to which raising or

lowering of USp(2N) indices is effected by complex conjugation.

The gravitini 1/)“" and associated supersymmetry parameters € transform in the 2N
representation of USp(2/N). In principle we may also consider spinors transforming under
more complicated representations of USp(2/N). For example, we note the following result
for fermionic bilinears, with spinor fields ¢’ and ¢’ and a spinor matrix I' constructed

from products of gamma matrices,
&il“goj = - le Q1 Cil FT ka = (@] Y5 FT Y5 ¢Z)T . (A03)

Hence i1); 07, ivae’ and i¢yy.p0° are pseudo-hermitean (provided a,b,... = 1,...,4;
in Pauli-Kallén convention the time component associated with a = 5 acquires an extra
minus sign) . Generalization of this result to spinors transforming according to more

complicated USp(2N) representations is straightforward.

Multiplication of symplectic Majorana spinors with spinor matrices I" consisting of prod-
ucts of gamma matrices are not automatically symplectic Majorana spinors. This follows
from

7T .
Txi = Qi Cvs(CITTC) s 1 (A.0.4)

This means that i, X%, YavX?, 1VabeX?s Yabea X! are also symplectic Majorana spinors with

the same reality phase as (A.0.2).
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Conformal Supergravity

A convenient method for dealing with off-shell formulations of supergravity theories is
provided by the superconformal multiplet calculus. This calculus was originally set up
for N =2 supergravity in d=4 dimensions [45-48], following early work for N=1,d=4
supergravity [180, 181]. The N =1 case was worked out more fully in [182], and shortly
thereafter the formalism was also applied to N = 1,d = 6 supergravity in [183]. For
d=>5 dimensions superconformal methods were developed relatively recently by several

groups [29-32].

The field content of the various multiplets in four-dimensional N = 2 and five-dimen-
sional N = 1 supergravity is rather similar, in view of the facts that spinors carry
four components in both cases and that the R-symmetry groups are similar, equal to
SU(2) x U(1) and USp(2), respectively. The only exception to this rule are the Weyl
multiplets, which have a different number of degrees of freedom, as is shown in table
B.1. The reason can be understood from the fact that the Weyl multiplet is conjugate
to the smallest massive supersymmetry representation containing spin-2 and spin-3/2 as
the highest spin states. For comparison we also display the situation for the N = 4 Weyl
multiplet in four dimensions, and the N = 2 Weyl multiplet in five dimensions, with
corresponding R-symmetry groups U(4) and USp(4), respectively. These two multiplets

comprise the same number of degrees of freedom.

In this section we give a self-contained summary of the transformation rules of super-
conformal multiplets in four and five space-time dimensions, namely the Weyl multiplet,
the chiral multiplet, the vector multiplet, the linear multiplet and the hypermultiplet for
supergravity with eight supercharges. With the exception of the hypermultiplet, these
multiplets define off-shell representations of the algebra of superconformal transforma-

tions. We refer to appendix A for spinor and space-time conventions.
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8 supercharges 16 supercharges
field d=4 d=5 d=4 d=5
eu’ 5 9 5 9
Vi 9 12 45 40
A, 3 - - 4
T ) 6 10 36 50
Dy ) 1 1 20 14
Eqij - - 20 10
o : - 2 1
Dy 16 24 32 48
Xi[kl] 8 8 80 64
A; - - 16 16

bosons+fermions 24424 32432 128+128 128+128

Table B.1: Bosonic and fermionic degrees of freedom of the Weyl multiplets in four and five
dimensions for the case of four and sixteen supercharges. All degrees of freedom can be assigned
to a product representation of the group of spatial rotations and the R-symmetry group. De-
composing the states in the second column under the group of 3-dimensional rotations yields a
reducible multiplet comprising the states of the four-dimensional Weyl multiplet (given in the
first column) and of an extra vector (or tensor) multiplet.

B.1 Superconformal multiplets in five dimensions

The bosonic gauge transformations are those of the conformal group, diffeomorphisms,
local Lorentz transformations with generators Mg, scale transformations with generator
D and special conformal transformations (also called conformal boosts) with generators
K,. Furthermore there are local R-symmetry transformations. In five space-time di-
mensions, the R-symmetry group equals USp(2N) so that for simple supergravity we
have USp(2) = SU(2). The fermionic gauge transformations are the conventional Q-

and the special conformal S-supersymmetry transformations.

B.1.1 The Weyl multiplet

The Weyl multiplet of five-dimensional simple conformal supergravity is shown in ta-
ble B.2. The independent fields consist of the fiinfbein e,“, the gravitino field wui, the
dilatational gauge field b,,, the R-symmetry gauge fields ij (which is an anti-hermitean,
traceless matrix in the SU(2) indices 4, j) and a tensor field Ty, a scalar field D and a
spinor field x*. The three gauge fields w,ﬂb, fu® and ¢, associated with local Lorentz
transformations, conformal boosts and S-supersymmetry, respectively, are not indepen-
dent and will be discussed later. The infinitesimal Q, S and K transformations of the

independent fields, parametrised by spinors €’ and 7* and a vector Ak?, respectively, are
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Weyl multlplet parameters
field | e, ' by Vuid T X D]w,® f,¢ ¢, & 7

3 1
w | -1 L 0 0 1 % 2] 0 1 LI7T=

IN|
IND| =

Table B.2: Weyl weights w of the Weyl multiplet component fields and the supersymmetry
transformation parameters.

as follows,

e, = et
i, = Dyué + HTu(3v = 1uy™)e — i’
WVl = Bi€d,’ —8eryux! — 3imi,! + 8 [~ iend,” + deyux® + Simkyy]
by = Hi6idy, — 267X’ + i), + 2K epa s
0Ty = 1efyabx lﬁzRabi(Q)
o' = ZD + 128RI“’] (Ve + 128 i(3 'Vale - pfyab) w €
— ST Ter™ e + STy,
6D = &Dx' —igTuy™x" —imx' . (B.1.1)

Under local scale transformations the various fields and transformation parameters trans-
form as indicated in table B.2. The derivatives D,, are covariant with respect to all the
bosonic gauge symmetries with the exception of the conformal boosts. In particular we

note
Due' = (0 — 1wu“ Yea + 3 bu) € + 3 Vi’ €l (B.1.2)

where the gauge fields transform under their respective gauge transformations according
to (5wﬂab = Du)\ab, ob, = D,Ap and (5ij = DﬂAij, with (A7)* = Aij = —Aji. The

derivatives D, are covariant with respect to all the superconformal symmetries.

In order to discuss the dependent gauge fields, we first introduce the following curvature

tensors,

Ry (P) = 2Dje)* — 39 vy
R, (M) = 23@%} — 2w, “wy’ — 8 e fy? + it Py
— 4T 4y (691 eay™ = 7 Yea — Yeay )
—%@[m(% R™N(Q) + 271" R,,"(Q)) + 8¢, 77X,
Ruw(D) = 20,,b, —4 fluevja — i@[m%f + 49X’
R (V) = 20, VZ,]Z — Vi Vi
—61Ypibu)” + 16977 + 07 [319ndn™ — 8UpurX*]
RL(Q) = 2Dy, — 2iv,by’ + 31 T3y — 170" - (B.1.3)



132 Appendix B Conformal Supergravity

The conventional constraints (which are not invariant under Q- and S-supersymmetry)

are as follows,

R,“(P) = 0,
’VuRpui(Q) = 07
e RIV(M) = 0. (B.1.4)

These conditions determine the gauge fields w,ﬂb, fu® and gbui. We only display the

bosonic parts here

wzb = — 26”[%)[“6”]17] — e”[aeb]geﬂcageyc — 26“[“61’1”1)1, ,

[t = %R(w, e).* — %R(w, e))eua. (B.1.5)

The conventional constraints lead to additional constraints on the curvatures when com-
bined with the Bianchi identities. In this way one derives Ri,qq(M) = 0 = Rqp(D) and
the pair-exchange property Rgpcq = Redap from the first and the third constraint. The
second constraint, which implies also that *y[WRpg]i(Q) = 0, determines the curvature
RW"(S ), which we refrained from defining previously. It turns out to be proportional to
R, (Q) and derivatives thereof,

R,uyi(s) = _ilDRuui(Q) - i’Y[quRu]pi(Q) - 47uquaRpai(Q)
+18 76 T, R, (Q) = 5T Yoo Ry (Q) — 1217, R,,"(Q) (B.1.6)

The remaining curvature R,,*(K) does not play a role in the applications considered

here.

Whereas the first constraint is invariant under S- but not under Q-supersymmetry, the
other two constraints are invariant under neither supersymmetry. This implies that the
dependent gauge fields will acquire terms in their transformation rules proportional to

the constrained curvature tensors,

Sw,® = DA +4Ag e, — Liggy®, 1 + Liny ™y,

+ %iTCd & (671 vy — Y Pyeq — ’YCd’YabWui
+ L6 (1, RY(Q) + 241 RH(Q)) + 4, eyl

S’ = Dy + FiTap(y™ = 1m0’ +ifu Ya€’ = Ak “Yathy'
~ 251279 = ) Ratg' (V)€ + 3 (PTvap 7 + DTy )€
H( = 3T T gpeq + TpaTyey™ — A Tpa Ty, — 37, T%) €
—Jigw X' + g1t X — g™t (vax’ + 1Ra' (@)
+1iE7 Y (varx® + 1R (Q))

5fu® = DuAR®+ Iy, + -, (B.1.7)
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where here and henceforth T2 = (T,;)2. With these results we obtain the following Q-
and S-variations for R (Q) and Rapi? (V)

SR (Q) = — L (v — 45.L0D) Regi (V)€ — LR (M) yege’
+ 31(3 Dl Tear) = DT W Yea = Vi PT e ts) = DeT“Yapva) €'
— 2(TapTeav™ + TacToay" + 2 Tofua T + 3T Van) €'
+ (YU — 46,0, 0" Tog
SRap? (V) = 3i&Raw’(S) + 16 &y Dyx! — 41& (3707 ") — 7 “Yab) X Tea
— 3i7iRa’ (Q) — 161 77apx” — trace . (B.1.8)

The above transformations agree with those of [29, 30], upon including a T-dependent
S-supersymmetry transformation into the Q-supersymmetry variations and rescaling the
tensor field by a factor 4/3. The difference with the conventions of [31, 32] are a bit

more involved.

B.1.2 The vector supermultiplet

The vector supermultiplet consists of a real scalar o, a gauge field W,, a triplet of
(auxiliary) fields Y%, and a fermion field . Under superconformal transformations

these fields transform as follows,

do = %iEiQi,

00" = = (Fu—40Tp)™e = 3iDoe' — e Yk + o',

W, = emQ - liceyl,

oY = 1M apal) i & (— 1Ty ™) + 4ox?)) — Jie" ey . (B.1.9)

where (Yij)* =Y. = aikejlYkl, and the supercovariant field strength is defined as,
Fu = 0, W, — 0, W, — Qi b’ + o dpinhy)’ (B.1.10)
We also note the transformation rule,

§(Fap—40Tw) = — Dy — & o ey’
+ 1163V M8 — Y Vab — 80504) Y Tea + ii7ap(B.1.11)

The fields behave under local scale transformations according to the weights shown in
table B.3.
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vector multiplet
field g VV‘u QZ' Yij
w | 1 0 3 2
linear multiplet
field | LY E, ¢; N
w | 3 4 I 4

hypermultiplet
field | A ¢
w % 2

Table B.3: Weyl weights w of the vector multiplet, the tensor (linear) multiplet, and the
hypermultiplet component fields.

B.1.3 The linear supermultiplet
The linear multiplet consists of a triplet of scalars L%, a divergence-free vector E,, an

(auxiliary) scalar N, and a fermion field ¢*. The superconformal transformation rules

for these fields are as follows,

SLY = —iefligl),

St = = liep LU + L(N —if)é + 3¢, LU,

0By = —3i&vaD’e' + 3@ (3727 + 7" Ya) 9 T — 2Mi%as’ |

SN = Lepo' + 31y Ty — diejn &x"LY + 30" . (B.1.12)

The constraint on Ea,
DaE“ —0, (B.1.13)

can be solved in terms of a three-rank anti-symmetric tensor gauge field E,,,,, which

transforms as follows under the superconformal transformations,

5EMVP = %ei%wp(pi — %i Eﬂ[uu%}k €jkLij . (B.1.14)
The corresponding supercovariant field strength associated with E,,, equals
B = %i e LeHrpoX azzEpJ/\ - %ﬂ_}ui')/pm\@i + %iﬂ_}ui')/paw)\k EjkLij . (B.1.15)

The behaviour under local scale transformations follow from the weights shown in ta-
ble B.3. The tensor field F,,, is inert under scale transformations and thus carries zero

weight.

B.1.4 Hypermultiplets

Hypermultiplets are necessarily associated with target spaces of dimension 4r that are

hyperkéhler cones [34, 184]. The supersymmetry transformations are most conveniently
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written in terms of the sections A;%(¢), where a = 1,2,...,2r,
0A; Y = igC”,
8¢ = —LHPASE + 34, . (B.1.16)

The A;“ are local sections of an Sp(r) x Sp(1) bundle. The existence of such an asso-
ciated bundle is known from general arguments [185]. We also note the existence of a
covariantly constant skew-symmetric tensor Q,5 (and its complex conjugate 08 satis-
fying QMQHV = —6,7), and the symplectic Majorana condition for the spinors reads as
C1¢,T = Qup ¢B. Covariant derivatives contain the Sp(r) connection I'4“g, associated
with rotations of the fermions. The sections A;* are pseudo-real, i.e. they are subject to
the constraint, A4;%% Qup = AJ 8= (Ajﬁ )*. The information on the target-space metric

is contained in the so-called hyperkahler potential,
i X = Qap Ai%A;”. (B.1.17)

For the local scale transformations we refer again to the weights shown in table B.3.
The hypermultiplet does not exist as an off-shell supermultiplet. Closure of the super-
conformal transformations is only realized upon using fermionic field equations, but this

fact does not represent a serious problem in our considerations.

B.2 Superconformal multiplets in four dimensions

We now turn to the transformation rules of the superconformal multiplets in four space-
time dimensions. The superconformal algebra comprises the generators of the general-
coordinate, local Lorentz, dilatation, special conformal, chiral SU(2) and U(1), super-

symmetry (Q) and special supersymmetry (S) transformations.

B.2.1 The Weyl multiplet

The Weyl multiplet contains the gauge fields associated with general-coordinate trans-
formations (e,®), dilatations (b, ), chiral symmetry (V,'; and 4,,) and Q-supersymmetry
(wﬂi) are independent fields. The remaining gauge fields associated with the Lorentz
(wuab)

dent fields. They are composite objects, which depend on the independent fields of

, special conformal (f,%) and S-supersymmetry transformations (¢,’) are depen-

the multiplet [46-48]. The corresponding supercovariant curvatures and covariant fields
are contained in a tensor chiral multiplet, which comprises 24 + 24 off-shell degrees of
freedom. In addition to the independent superconformal gauge fields, it contains three
other fields: a Majorana spinor doublet X%, a scalar D, and a selfdual Lorentz tensor
Tyupij, which is anti-symmetric in [ab] and [ij]. The Weyl and chiral weights have been
collected in table B.4.
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Under Q-supersymmetry, S-supersymmetry and special conformal transformations the

independent fields of the Weyl multiplet transform as follows,

Sen” = @ ui +EaV Y,
5%/ = 2'Duei — %Tabij'yab'yﬂq — 'yﬂni
Sby = ¢ — 3Ey,xi — 57w + D + Aepa,
0A, = 31 + J1E€Yu xi + 517 Yy + hc.
5])/]]- = 2 quﬁui — 3€Y, X'+ 2n; 1/}/ — (h.c. ; traceless),
0T = 8&'R(Qu’,
o' = " DT ¢+ §ROV)w' 7€ — §iRyu (A€ + De + fpya T
6D = @Dy, +&Dbx. (B.2.1)

Here ¢ and ¢; denote the spinorial parameters of Q-supersymmetry, n° and 7; those
of S-supersymmetry, and Ax® is the transformation parameter for special conformal
boosts. The full superconformally covariant derivative is denoted by D,, while D,
denotes a covariant derivative with respect to Lorentz, dilatation, chiral U(1), and SU(2)

transformations,

Duei = (@L — iw“Cd Yed + %bu + %iAM)ei + %V,fj . (B.2.2)

’ H Weyl multiplet H parameters ‘
field eua wui bM AM Vuij Tabij Xi D wab flia (bui ei ni
0
0

0 0 1 s 210 1 3
0 0 -1 —3 0] 0
75 + + -

NSRRI
DI

[es}
|
DI
|
DI

+
|

Table B.4: Weyl and chiral weights (w and c) and fermion chirality (ys) of the Weyl multiplet com-

ponent fields and the supersymmetry transformation parameters.
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The covariant curvatures of the various gauge symmetries take the following form,

R(P) " =20y, e,)" +2b,e,)" — Zw[uab eulp — %(&[ui'yawy]i + h.c.),
R(Q)uw' =2Dptby)’ — vubu)' — & T Yab Yty »
R(A)w =20, 4, — i (3¢ %}i zib[ui%]xz‘ —he),
ROV ' =20,V + Vi'e V™5 + 200" bu1j — Ul du’) — 300 91X — Vg1’
— 55 (" b — Yk 8") + 365 (b e — X" ) ,
R(M) ™ = 200, ™ = 201, wy1” — 411%™ + 3 (' v $uji + hoc.)
+ (304" 0 T = 39 %) v X — ¥ 1) R(Q)™ + hue.)
R(D)yuw =20,by) — 2f. €0 — 301 Ol + 300 X0 — 3%ib)’ + 307X
R(S)uw' =2Dou" — 2f1u Yo' — 2 DT v vtb0 j — 3vap" Y0 X,
+ IRV’ 7Pt + SR(A) Y vt
R(K)uw® =2Dy, f" — 1 (01" buji + bV 00)')
+ (¥, DT 0,7 — 3 e vy Pxi
+ 3D "y — A0 v DyR(Q)™ + huc.) (B.2.3)

There are three conventional constraints (which have already been incorporated in
(B.2.3),

R(P),* =0,
’VMR(Q);Wi =+ %’YVXi =0,
e’y R(M) e’ —1R(A)ya + £ TapisT,"7 — 3D ey = 0, (B.2.4)

which are S-supersymmetry invariant. They determine the fields wu“b, ¢,f and f,* as

follows,
wzb = — 26”[“8[#6,,11’] — e”[“eb]geucageuc — Qeu[“eb}”bu
—_ b — .
LegiAy + Ul + b)),
¢ui % (’YPU'VM - %'VM'YpU) (Dp¢a - *Tale’Yab'qu/)a] 4'YpUXi> )
fuu = %R(w, 6) - D - (Tge—lguupaw Z,‘YI/ p¢ai

12 7/117/}V]T'UJV j %@HZ’YMXZ + hC) . (B25)

We will also need the bosonic part of the expression for the uncontracted connection
fua)

fu = %R(w, e)u — %(D + %R(w, e))e#a — %11?(14) + 16T ”T“bij , (B.2.6)

where R(w, e),* = R(w),,ep” is the non-symmetric Ricci tensor, and R(w, e) the cor-

ab ;

responding Ricci scalar. The curvature R(w),,* is associated with the spin connection
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field w,®, given in (B.2.5).

The transformations of w,ﬂb, qﬁ,ﬁ and f,* are induced by the constraints (B.2.4). We
present their Q- and S-supersymmetry variations, as well as the transformations under

conformal boosts, below,

S, ™ = — %Ei,yab(bm _ 1—i¢uj Tabij I %Ei,ylu,yabxi
+ &y, R(Q)™: — 379 ™4 + hue. + 2 Agle, b,
0’ = =2 fu " va€" + FROV)ap 57" 7€ + 5iR(A)ary e’ — § DT vayue
+ 310G )t — (G U’ a€'] + 2D’ + Ak Yathy'
5fut = — %Eiwui DbTbaij euaeszz gi’Yalﬁm‘ D
+ &5, DyR(Q)" + 171426 + hoc. + Dy A® . (B.2.7)
The transformations under S-supersymmetry and conformal boosts reflect the structure
of the underlying SU(2,2|2) gauge algebra. The presence of curvature constraints and

of the non-gauge fields Ty}, x* and D induce deformations of the Q-supersymmetry

algebra, as is manifest in the above results, in particular in (B.2.3) and (B.2.7).

Combining the conventional constraints (B.2.4) with the various Bianchi identities one

derives that not all the curvatures are independent. For instance,

e Dy R(M) g =27 R(K)pe!! + 42 xi + 3[¥'*R(Q) —h.c]. (B.2.8)

Furthermore it is convenient to modify two of the curvatures by including suitable co-
variant terms,
R(M)a® = R(M )ap “* + & (Tapij T + T T5)
,R(S)abZ = R(S)abi + %Tabinj . (B.2.9)

where we observe that 7% (R(S) — R(S)),," = 0. The modified curvature R(M)g&?

satisfies the following relations,

R(M)M e b—lR( ) %De,ﬂ,
iean” eon R(M)ef" = R(M ) oy’
Ecdea R(M)% = epeca R( ) ced — 9R(D)ap = 2iR(A)gp - (B.2.10)

The first of these relations corresponds to the third constraint given in (B.2.4), while the
remaining equations follow from combining the curvature constraints with the Bianchi
identities. Note that the modified curvature does not satisfy the pair exchange property;
instead we have,

R(M) o = R(M)“y, + 4i6¢ R(A),D . (B.2.11)

la
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We now turn to the fermionic constraint given in (B.2.4) and its consequences for the
modified curvature defined in (B.2.9). First we note that the constraint on R(Q)"
implies that this curvature is anti-selfdual, as follows from contracting the constraint
with v Yap,

R(Qu' = e R(Qpo’ = ~R(Q)w' - (B.2.12)
Furthermore, combination of the Bianchi identity and the constraint on R(Q)..; yields

the following condition on the modified curvature R(S)a’,
Vaﬁ(s)abi =2 DaR(Q)abi =-2 DaR(Q)abi . (B'2'13)

This identity (upon contraction with %y.q) leads to the following identity on the anti-
selfdual part of R(S)as’,

R(S)ap' = R(ar' =2 P(R(Q)ap’ + $7arX’) - (B.2.14)

Finally we note the following useful identities for products of (anti)selfdual tensors,

+ + 1t + 1 + 7t + 7t
G[a[c Hd]b] =+ gGef e €abed — Z(Gab Hcd + ch Hab) )

G5 HT Gl Y =48 Gy BT,

[a™"ble
%Eabcd G?c:e Hc:ll]:e . G:t[ae H:I:b]e ,
G:I:ac HC:i:b + G:tbc Hc:i:a — %nab G:I:cd Hélc:l?
b b
G HFY =G**gF*,  GF'H} =0. (B.2.15)

B.2.2 Chiral multiplets

Chiral multiplets are complex carrying a Weyl weight w and a chiral U(1) weight c,
which is opposite to the Weyl weight, i.e. ¢ = —w. The weights indicate how the
lowest-6 component of the superfield scales under Weyl and chiral U(1) transformations.
Anti-chiral multiplets can be obtained from chiral ones by complex conjugation, so that

anti-chiral multiplets will have equal Weyl and chiral weights, hence w = c.

The components of a generic scalar chiral multiplet are a complex scalar A, a Majorana
doublet spinor ¥;, a complex symmetric scalar B;;, an anti-selfdual tensor G;, a Ma-
jorana doublet spinor A;, and a complex scalar C'. The assignment of their Weyl and

chiral weights is shown in table B.5. The Q- and S-supersymmetry transformations for
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Chiral multiplet

field A \Ifz Bij G;b AZ C

w w w—i—% w—+ 1 w+ 1 w—i—% w+ 2

c —w —w+% —w+1 —w+1 —w+% —w+2

5 + +

Table B.5: Weyl and chiral weights (w and ¢) and fermion chirality (7ys) of

the chiral multiplet component fields.

a scalar chiral multiplet of weight w, are as follows

A =€, ,
0U; =2DAe; + Bij el + 44" G, ei5¢7 + 2w A,
0Bij =2€:PV;) — 28 A ey + 2(1 — w) 7 )
6G, = 37 &PV ¥ + 28y — 3(1 4 w) 9 Tyap Y5
oA = — 37 DG e — PBijel* ey + Ceij el + 1 (DAY Topij +w A DY T ) e * e,
— 37a€jkek )‘([ﬁa\I/j] —(1+w) Bijsjk N + %(1 —w) 7“1’ G i s
0oC = — 25”6@1\]- —6€X; ekl gy,
— LIk (w — 1) ey PTopjn V1 + &7 Tupj DY) + 2w A . (B.2.16)

Products of chiral superfields constitute again a chiral superfield, whose Weyl weight
is equal to the sum of the Weyl weights of the separate multiplets. Also functions of
chiral superfields may describe chiral superfields, assuming that they can be assigned a
proper Weyl weight. In the local supersymmetry setting, we will usually be dealing with
homogeneous functions of chiral multiplets with equal Weyl weight w so that a scaling
weight equal to the product of w times the degree of homogeneity can be assigned to

the function.

The product of two chiral multiplets, with components (A, U, Bij, G, A, C’) and

ab’

(a, Vi, bijy 9oy Ni c), respectively, leads to the following decomposition,

(A, \Ili,Bij,G;b,Ai,C) ® (a,lbi,bij,g;b,)\i,c) =
(Aa, A +aV;, Abj; +a B;; — \I’(i¢j) ,
Agy +aGoy — Ye Ty,
AN+ aly — 3" (Big i + b, Wi) = (G i + 97" W0)
Ac+aC — 3% By by + G, g7 + €9 (U); + Pid\)) (B.2.17)
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Vector multiplet
field || X W, Yi;
w || 1 3 0 2
c || -1 -3 0 0

V5 +
Hypermultiplet
field || A;* ¢
w 1 %
5 -

Table B.6: Weyl and chiral weights (w and
¢) and fermion chirality (vs) of the vector mul-

tiplet and hypermultiplet component fields.

Using this, one can show that a function G(®) of chiral superfields ® defines a chiral

superfield, whose component fields take the following form,

Alg =G(4),

Wilg =G(A) ¥

Bz-j|g—g<A>IBU’ 16(A) 1, 0wy

Gl = (A)IG_ — 1G(A) 1y 7T v 0,7

Ailg =G(A)r A" = 3G(A) 1 [Bij' e w7 +1Gab 7w, 7]

+ @Q( IR0 i TRl ZREA TR
Clg =G(A); C1 — 1G(A)1,[Bij! By’ el —2G,1G™ + 47N, 7]
n %Q(A)IJK [gikeleijI\I,kJ\IJlK 1 kL ]Gab ,yab\I,lK]
+ ﬁg(A)[{]KL Eij\I/iI’)/ab\I/jJEkl\I/k 'Yab\Ijl . (B.2.18)

B.2.3 Reduced chiral multiplets

Chiral multiplets of w = 1 are special, because they are reducible upon imposing a reality
constraint [186, 187]. The two cases that are relevant are the vector multiplet, which
arises upon reduction from a scalar chiral multiplet, and the Weyl multiplet, which is
a reduced anti-selfdual chiral tensor multiplet. Both reduced multiplets require weight

w=1.

We will denote the components of the w = 1 multiplet that describes the vector mul-
tiplet by (A, ¥, B,G7, A, C)|vector- The constraint for a scalar chiral superfield reads,
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gt Di’yabDji) = [e¥ Di'yabqu)]*, where D; denotes the covariant derivative in super-
space. This implies that Clyector and Aj;|vector are expressed in terms of the lower com-
ponents of the multiplet, and imposes a reality constraint on Bl|yector and a Bianchi
identity on G~ |vector [46, 186, 187]. The latter implies that G~ |yector can be expressed

in terms of a gauge field A,,.

The reduced scalar chiral multiplet thus describes the covariant fields and field strength
of a wector multiplet, which encompasses 8 + 8 bosonic and fermionic components. Ta-
ble B.6 summarizes the Weyl and chiral weights of the various fields belonging to the
vector multiplet: a complex scalar X, a Majorana doublet spinor §2;, a vector gauge
field A,, and a triplet of auxiliary fields Y;;. The identification with the chiral multiplet

components is as follows,

Alvector = X,
Uilvector = i
Bijlvector = Yij = eirenY ™,
Goplvector =Fp 4+ 1[00" Va7 + X 0" v vaptoo? — X Tup? i
Ailvector = — €3PSV
Clvector = — 20X — 1GH, 7967 — 35,91, (B.2.19)

where F),, = 20,4, is the field strength of the gauge field. The corresponding Bianchi

identity on G, can be written as,
DY (G, — Gy + 1 X Topije’ — LX T ei) + 3 (ivaShe” — X'aeij) =0, (B.2.20)
and the reality constraint on Yj; is included in (B.2.19).
The Q- and S-supersymmetry transformations for the vector multiplet take the form,
60X =&Q;,
0 =2DXe; + 3G e + Yiel +2Xn;

6A, =& (v, + 2, X) + i€ (7, + 29,7 X),
Y5 =2€: D) + 2eie; € PO, (B.2.21)

and, for w = 1, are in clear correspondence with the supersymmetry transformations of

generic scalar chiral multiplets given in (B.2.16).

Subsequently we turn to the Weyl multiplet, which is a chiral anti-selfdual tensor multi-
plet subject to Di'y“bDj O, = [Di'yabDj ®,,]*. Tts chiral superfield components take
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the following form,

y
Aaplw =Tap"ij,

Wapilw =8e45R(Q)7, ,

Bapijlw = = 8exiR(V) ")
(Gop) “lw = =8 R(M) 7,

Aabi|W =38 (R(S)gbl + %’VprXi) 5
Calw =4Dy, D°Ty).;;6"” — dual. (B.2.22)

We give the Q- and S-supersymmetry variations for the first few components,

0Tw" =8 R(Q)ar”,
SR(Q)ap' = — DT €+ ROV) w'j € — SR(M) ot veae' + 3Tea™ v yapmj
SR(V) ' =26 DR(Q)av’ — 26 (R(S) ; + TanPx;)
+ 7, (2R(Q)ap” + 37vapX") — (traceless),
SR(M) " =16 Dy R(Q)as’ — 387 (R(S) s + S7vab 1)
— 17 R(Q)“Y — 307 R(Q)ab’ — 37ivary X" - (B.2.23)

A scalar chiral multiplet with w = 2 is obtained by squaring the Weyl multiplet. The

various scalar chiral multiplet components are given by,

~

A =(Ty"eij)?,
U; =16, R(Q)}, THP ¢y,
Bij = —16e,RV)¥ jop T &1y, — 64 e85 R(Q) ™ R(Q)'
G = —16 R(M)of* TH ejy — 16655 R(Q): ™ R(Q)*

Ay =326 7P R(Q)) R(M)*y + 16 (R(S)api + 37aDyyxi) TH ey

— 64 R(V)ap"s e R(Q)™"

C =64 R(M)™“Ly R(M) 1 + 32 R(V) ™%, RV) i

— 32T D, DT yi5 + 128 R(S)™; R(Q)ap’ + 384 R(Q) i, Dyxi . (B.2.24)

These components can straightforwardly be substituted in the expression for the higher-

derivative couplings.

B.2.4 Hypermultiplets

Hypermultiplets in four dimensions [34, 184] are again on-shell supermultiplets and have
the same structure as in five dimensions, described in B.1.4. In terms of the sections

A% (@) (e =1,2,...,2r) of the Sp(r) xSp(1) bundle, the supersymmetry transformations
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read

JA® = 26 +26;GPQ5 (T
5CY = DA%+ A (B.2.25)

Again, one can show the existence of a covariantly constant skew-symmetric tensor
2,3 and the covariant derivatives contain the Sp(r) connection I' 4*g. The hyperkéhler

potential reads
81'3' X = Qaﬁ AiaAj’B . (B226)

For the local scale transformations we refer again to the weights shown in table B.6.



Appendix C

The Noether potential and

conserved charges

In order to deal with black holes in higher derivative theories, it is important to use
generic definitions of quantities such as the entropy. We therefore give a short summary
of the Wald formalism and the derivation of the first law of black hole thermodynamics
[82, 98, 99]. The following discussion is applicable for any theory of gravity described
by a Lagrangian that contains arbitrary combinations of the Riemann tensor, as the

Lagrangians that appear throughout this thesis.

C.1 The Noether potential

Consider a generic Lagrangian £ in D dimensions that depends on fields that we collec-
tively call ¢ and their derivatives. For the applications in this thesis it will always be
assumed to contain Maxwell-Einstein theory as a subsector, in terms of a vielbein e}, and
one or more gauge fields A,. We assume the theory defined by the corresponding action
to admit a number of local symmetries and we collectively denote the associated trans-
formation parameters by Z. In particular, we use a vector £ for diffeomorphisms, an

antisymmetric tensor €% for local Lorentz and a function ¢ for abelian gauge symmetry.

In general, under a symmetry transformation d=¢ of the fields, the Lagrangian will
transform as

S=L = 9,NE (C.1.1)

where N* is a vector linear in =. As the theory contains gravity this always includes
&P L, but if the Lagrangian contains e.g. gauge non-invariant terms it will also contain

¢ and similarly for other cases. On the other hand, one can perform a general variation

145
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of the action to obtain the equations of motion E:
0L = Eop + 0,60"(09), (C.1.2)

up to a boundary term linear in the field variations §¢, that we indicate by 8*. Of course,
when the generic variation is assumed to be a symmetry variation, the two expressions
must coincide:

O, NE = E6¢ + 0,0"(0=9) . (C.1.3)

It then follows that there exists a current associated with any field configuration:
JH=0t(6=¢) — NE = 0,J' =—Edé¢, (C.1.4)

which is conserved when the configuration is a solution to the equations of motion. This
is known as the Noether current associated to the symmetry Z. For a rigid symmetry,
that is when some of the parameters = are necessarily constant and do not appear in
NE, this definition coincides with the conserved current originally introduced by Noether

and can be used to define conserved charges.

For the local case the situation is more subtle, and one has to consider the action of
symmetries generated by = on the full phase space, or in other words on the space of all
solutions viewed as a manifold. The generator of symmetries on this space is expressed

through another conserved current:
(00, 0=¢) = 60" (6=9) — 6=0"(5¢) (C.1.5)

and is identified with the variation of the corresponding Hamiltonian associated with the
symmetries. As we expect a conserved charge to appear whenever there is a symmetry
of the solution at hand, d=z¢ and consequently €2 should vanish. This can be computed

by variation of (C.1.4), as

(8¢, 0=¢) = 6J" —TIE (C.1.6)
IL = 60" (6¢) — SNE. (C.1.7)

As shown in [188], any conserved current locally constructed from fields can be written
as the divergence of an antisymmetric tensor, using the equations of motion. It follows

that one can locally define the so called Noether potential through
JH=0,Q", (C.1.8)

and similarly for II=

jm
=

£ =0,0CL", (C.1.9)

which also depend linearly on =. The existence of these tensors allows for a definition of

the charge associated with symmetric backgrounds, for which 2 vanishes, in the following
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way. One can compute the integral of (C.1.6) over the total spacial manifold ¥ as

/925/ (Q—-C=z)—-9 (Q—-C=)=0, (C.1.10)
b S1 Sa

where we used the Gauss theorem and S 2 are D — 2-dimensional spacial hypersurfaces.

The conserved charge can then be defined through

Q:/S(Q—Cg), (C.1.11)

which is independent of the hypersurface. This is the central result on which all appli-

cations are based.

It is worthwhile commenting on the ambiguities introduced in the process of defining the
quantities above. Firstly, both # and N= are defined up to the divergence of a rank-two
antisymmetric tensor, as in (C.1.8), and these ambiguities affect the Noether current and
potential. However, one can easily see that the ambiguity of § leads to terms in (C.1.6)
proportional to d=z¢, which vanishes on symmetric backgrounds, whereas the shift on
Nz drops out. Furthermore, there is an ambiguity in the definition of Q" and CE” by
the divergence of a rank-three antisymmetric tensor. Such ambiguities drop out from
the integral in (C.1.11), provided that S is closed and the fields are well defined on it.

C.2 Applications

One can write concrete expressions for the formal quantities above for specific cases.
Here we concentrate on gauge symmetry and diffeomorphisms. For later convenience,
consider a five-dimensional Lagrangian that contains two parts, one that depends on the
Riemann tensor and an abelian gauge field strength and its derivatives and a Chern-

Simons part:

L= EO(RNVPU, ij, VPFMV) + Lcs, (C.Q'l)
Los = aetPT AL, For + B P77 A, Ry, (M) Ryrap (M), (C.2.2)

where «, # are constants and the spin connection curvature RW‘”’(M ) can be replaced

by the Riemann tensor.



148 Appendix C The Noether potential and conserved charges

C.2.1 Gauge symmetry

The first part of the Lagrangian (C.2.1) is invariant under gauge transformations, but

the Chern-Simons terms vary by a total derivative, so that we have

Nt = !PT F, Fyr 4 BE"P7T Ry, (M) Ryrap(M) (C.2.3)
04(5¢) = 2LIV5 A, — 2V LY PS5 A, + 2 LYV 5 A, + Aa e P75 A, A Fyr, (C.2.4)

where

Egl/ _ 8£0

0Ly
piby _
= 8FMV 5 EO

OV, E,

(C.2.5)

Straightforward application of the above formulae shows that the only term contributing
to Ilz is the cubic Chern-Simons term. The final expression for the conserved electric

charge reads

= / ASu |26 L5 = 26V, LH™ + L 96 + Gar &P A, F,yy (C.2.6)
S
+4 et Por wpab (8owrab - %Woac W'rcb) ] )

which should be evaluated on a symmetric background (0§ = 0) and dS),, denotes the
surface element on S. The last term can be replaced by the Chern-Simons term involving
the Christoffel symbol, depending on the application. This is not an ambiguity of the
Noether charge, since one can convert the corresponding term in the Lagrangian into
a gauge invariant term proportional to either the Christoffel or spin connection Chern-
Simons form by partial integration and combine it with L£y. Then, (C.2.6) formally
gives the same result, even though such manipulations may not be well defined for

backgrounds containing magnetic and/or Taub-NUT charge.

C.2.2 Diffeomorphisms and the first law

We now turn to the Noether potential associated to diffeomorphisms for the same La-
grangian in (C.2.1). For the moment we consider the mixed Chern-Simons term in the
metric formulation, assuming the gauge field is globally defined. After a diffeomorphism

and a general variation of the Lagrangian, one finds N* = £*L and

01 (8¢) = 2(L1P7N 10gor — V yLPH7 g
F2LMFA, — 2V ,LEPVSA, +2 LIV 5A, (C.2.7)

where now
oL Lo _ oL Luvpo _ oL

L = == .
OF, OV, Fy, OR, o

(C.2.8)
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Using these results, the vector II¢ takes the form:
T = §:0M(6¢) — EMOL = 5:0"(6¢) — £10,0%(5) = 2, (g[ﬂ 9”1(5¢)) , (C.2.9)
whereas the Noether potential reads

Q" = 2LMPIN £, — AN LHVPOE, (C.2.10)
F2(E7A,) LM —2(E7 Ay) VLR 4 LPH9,(£7 Ay) .

Note that these formulae are generic and no special care is taken for the Chern-Simons
terms in (C.2.1), which are fully diffeomorphism covariant, but contribute with terms
proportional to explicit gauge fields. This is unavoidable for the gauge Chern-Simons

term, but not for the mixed term, as we will see later.

The last three terms in (C.2.10) are clearly related to the gauge symmetry Noether
potential in (C.2.6), if one omits the Chern-Simons term. The reason is the following

decomposition of the diffeomorphisms on a gauge field,
seW,I = —0,8W, ! — € 0,W,! =" F,  +0,(—&'W, 7). (C.2.11)

which is transferred to the Noether potential, by linearity. This holds for all covariant
terms in the action, but not for Chern-Simons terms, which must necessarily be treated
using (C.2.10). The relative factor £&#W, is necessarily constant near infinity [108] and
is identified with the electrostatic potential ® in (1.1.7).

It follows that the integral of (C.1.6) takes the form
/ [5@ o — 29, (g[ﬂ eul(égb)ﬂ ~0, (C.2.12)
)

so that if one can find a C¢ such that 605 v = otlmgr ](&b), the following relation holds

for variations of the fields:
(2 1224 — 12 1224
5/51 dS ., (Q ct ) 5/52 dS . <Q ct ) . (C.2.13)

Evaluated on a symmetric background, which possesses a Killing vector £, the quantity
under variation is identified with the corresponding conserved charge. In the presence
of a Killing horizon, evaluation of the two sides of this relation on the horizon H and
at infinity lead to the first law of black hole mechanics as follows. Let the horizon
be generated by the Killing vector { = & + 2y, where &, £ are the generators of
time translation and rotations and 2 is the angular velocity of the horizon. Using the
comments below (C.2.11) and the charge in (C.2.6), we find

5/}1(62505)25/00(@&Cgt)+95/oo(Qg¢C§¢)+<I>5q, (C.2.14)
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where the two integrals in the right hand side are identified with the total mass M and
angular momentum J. Generically, there exists a special cross section of the horizon,
the bifurcation surface, on which { = 0 and V&, = ke, where & is the surface gravity
and €, is the binormal on this surface. Using this surface in the integral on the left

hand side of (C.2.14), one finds
k&S = 0M +Q6J + P dq. (C.2.15)

This relation is identified as the first law of black hole mechanics, with the entropy given
by
S = / €u (2L PP €py + LI €y A7) (C.2.16)
H

The result is always proportional to the area of the horizon, but details vary depending
on the theory. In particular, for pure General Relativity only the first term is present
and it is proportional to the metric, so that the result is exactly equal to the area, up
to normalisation. More generally, this result holds for all theories involving any power
of the Riemann tensor and the derivatives of the field strength, which is the case for

Lagrangians considered in this thesis.

C.2.3 Local Lorentz symmetry

Until now we have been cavalier about the presence of explicit gauge fields in the ex-
pressions for the Noether potential, silently assuming they were globally defined. This
is not true for backgrounds that contain magnetic charges and appear in applications.
In some cases, such terms are unavoidable and one has to carefully perform the corre-
sponding final integration on different gauge patches, perhaps adding boundary terms.
One example where one can avoid them is the mixed gauge/gravitational Chern-Simons

term in (C.2.1). By partial integration, this can be written as
Log = —28eMPoT Fm,wp“b (agwmb — %wmc chb) , (C.2.17)

where we chose to use the spin connection because this is the natural object in supergrav-
ity, unlike the Christoffel connection. This form of the Lagrangian is no longer invariant
under local Lorentz transformations, but transforms into a boundary term as a result of
the explicit spin-connection, but is manifestly gauge invariant. In this setting one takes
the vielbein as the fundamental variable, whereas diffeomorphisms are extended by local

Lorentz transformations that act on the flat indices.
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As the algorithm for constructing the Noether potential is linear, we concentrate here

on the contribution from the term (C.2.17). The relevant variations result in

Né‘ — — 2B &M AvPoT F,\l,wpab (&,wmb — %waac chb) + 23 6“”””pr805“1’ wrap (C.2.18)
o+ = — 45 €Myp075Auwpab(acrwrab - %Waac chb) + 26 EW/pUTF‘Vp Woab OWrab

- 28 sAVp”Fl,pRJT“b(e,\Cea“ebﬂ deg® + 2e,” deyy) . (C.2.19)

In this case, C*” acquires a novel term:
SCL =261 6"(S¢¢) + 16 B P77 5 A 0,6™ wrap (C.2.20)
whereas the Noether potential reads

b A
QM = 4pekvPoT FpU wr? (gab - %5 w)\ab)
A b
— 4B eMPIT €N AN wpa (aO'WTab - %Waac W‘rcb)

+4BeP ™ Fy RN 6y — 26P A F, Ry MY €y (C.2.21)

The integral of these quantities over a closed surface as in (C.1.11) leads to the conserved
Noether charge for diffeomorphisms extended by local Lorentz transformations, provided
that the gauge parameters are taken to be those of a symmetric background. These are

again described by a Killing vector £#, and a Lorentz parameter given by

g = —ylaghl 4 grgnab, (C.2.22)

It is simple to verify that the covariant terms in the Noether potential agree with the
corresponding ones in the metric formulation. On the other hand, this result is gauge
invariant but features explicit spin connections, therefore it is applicable in cases where

the gauge fields are not globally defined but the spin connections are.

Finally, we should briefly comment on the ambiguity in (4.3.21) related to the fact that
the extraction of the derivative d, in (C.2.18) is not well motivated for the second term,
as we could have also left the derivative on the spin connection field w,% and extracted

the derivative from the transformation parameter £,

The choice made above can be
justified along the lines of [100], which is consistent with the original description of Wald

[82, 99]. Due to the nonstandard term (C.2.20), the generic variation (C.1.6) equals,

8T25TH(p,E,e) = 0, (€10 (4, 00) — EV0"(9,09)] + Q*(8; 3¢, 00)
+ 160, [e"P7T5 Ap Ore™ wrap| » (C.2.23)

where d¢ denotes the combined effect of both diffeomorphisms and Lorentz transfor-

mation. The variations d¢ and JA, connect two nearby solutions. At this point the
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diffeomorphism and the Lorentz transformation are arbitrary and do not have to con-

stitute an invariance of the field configuration.

The first term on the right-hand side is generic, as seen in (C.2.20), and does not change
the entropy because it does not involve derivatives of &*. Furthermore, it gives no
contribution to the variations of the angular momenta at spatial infinity [99]. Actually,
the form of this term ensures that the angular momenta can be determined from the
Noether potential and remain constant as a function of the distance from the horizon
[107].

The hope is that the third term in (C.2.23) will behave in the same way. This term will
also lead to modifications of the Noether potential, and since it depends on &* as well
as on its derivatives, these modifications may affect the entropy. However, it is easy to
see that this will not be the case, because the relevant €% at the horizon is precisely
the bi-normal tensor, whose derivatives vanish. Therefore the third term in (C.2.23)
will not lead to extra terms in the entropy. For the angular momenta, the situation
is similar but more subtle. In that case the combination 9,% w,,, vanishes at the
horizon due to kinematical reasons, except for dye® Wepap O sinfcosf. Therefore this
term vanishes upon integration over the horizon for all 5Wp1 that are allowed. Hence
the angular momenta at the horizon are not modified and can be determined from
the Noether potential obtained earlier. An obvious question is, whether the angular
momentum whose variation appears in the first law, and which is measured at spatial
infinity, will coincide with the angular momenta determined at the horizon. The answer
to this question is not known, but the results presented in section 4.5 indicate that the
answer is affirmative. Obviously a full derivation of the first law for the ring geometry is
subtle in the presence of higher-derivative couplings. Without the latter, the derivation
of the first law has already been pursued in [108] in connection with the presence of the

dipole charges.
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Samenvatting

In de afgelopen jaren is er hernieuwde belangstelling ontstaan voor de studie van zwarte
gaten als resultaat van een aantal boeiende ontwikkelingen. Tegenwoordig wordt al-
gemeen aanvaard dat de meeste, zo niet alle, centra van sterrenstelsels zwarte gaten
bevatten. Deze zwarte gaten zijn verantwoordelijk voor enkele van de meest boeiende
verschijnselen die waargenomen worden in deze gebieden. Bovendien is het bekend dat
sterren met een massa groter dan een bepaalde limiet aan het einde van hun levenscyclus
onder invloed van de zwaartekracht ineenstorten tot een zwart gat. Dit maakt een eind
aan een lange periode van speculaties over het bestaan van dergelijke objecten die begon
kort na de ontdekking van Newtons gravitatiewet en een hoogtepunt bereikte met de

komst van de algemene relativiteitstheorie.

Beide theorieén voorspellen dat als een object van een gegeven massa klein genoeg is,
men met een snelheid groter dan die van licht zou moeten reizen om te ontsnappen
aan de aantrekkingskracht op het oppervlak van het object. Een dergelijk object zou
volledig donker lijken voor een externe waarnemer. Dit werd lange tijd beschouwd als
een wiskundige curiositeit, totdat Einsteins relativiteitstheorie aantoonde dat de snelheid
van het licht de hoogst mogelijke snelheid is in de natuur. Eén van de implicaties van
deze limiet is, dat als licht niet kan ontsnappen aan een object, niets dat kan. Deze
unieke eigenschap is zo interessant en verreikend, dat het onderzoek aan zwarte gaten,
zoals deze objecten later werden genoemd, een van de meest actieve gebieden in de

natuurkunde werd gedurende de laatste eeuw.

Vanuit een theoretisch oogpunt zijn verschillende aspecten van zwarte gaten van belang.
Niet alleen zijn zwarte gaten alomtegenwoordig in alle theorieén van de zwaartekracht,
maar volgens de zogenaamde uniciteitstellingen, worden ze over het algemeen beschreven
door een klein aantal parameters. Dit betekent dat als men van een afstand de globale
eigenschappen van een zwart gat meet, zoals de massa, het impulsmoment en de totale
lading, de volledige structuur van het object uniek is vastgelegd. Algemene relativiteit-
stheorie voorspelt dat voorbij het punt van waaruit licht niet meer kan ontsnappen,
genaamd de waarnemingshorizon, elke waarnemer steevast het centrum zal bereiken,

een punt van oneindige dichtheid, bekend als de singulariteit.
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De aanwezigheid van een singulariteit geeft aan dat de klassieke algemene relativiteit-
stheorie van Einstein niet meer toereikend is. Hierdoor ontstaat de behoefte aan een
theorie die zwaartekracht op de allerkleinste schaal kan beschrijven. In dit domein zijn
kwantumeffecten onvermijdelijk, zodat een kwantumtheorie van de zwaartekracht ben-
odigd is. De zoektocht naar deze theorie is nog niet béindigd, omdat er verschillende
kandidaten zijn die elk hun voor- en nadelen hebben, en een volledig bevredigende theorie
die algemene relativiteitstheorie met kwantummechanica verenigd ontbreekt nog steeds.
Eén van de eisen op een kwantumtheorie van de zwaartekracht is dat het de globale
eigenschappen van een zwart gat moet kunnen reproduceren en alle singulariteiten moet
oplossen door middel van kwantumeffecten. Met behulp van de hierboven vermeldde
eigenschappen, kan men stellen dat een zwart gat het eenvoudigste, niet-triviale, inter-
acterende systeem is in een theorie van kwantumzwaartekracht, want het zou volledig

moeten worden vastgelegd door de globale parameters.

Om ervoor te zorgen dat een oplossing die een zwart gat beschrijft zinnig is, zijn er
meestal beperkingen op de hierboven genoemde parameters. De belangrijkste restrictie
komt uit de eis dat er een eindige horizon moet zijn, die de singulariteit in het centrum
van het zwarte gat verbergt. Dit staat ook wel bekend als kosmische censuur. Voor een
zwart gat met massa M en elektrische lading @), vindt men dat de massa moet voldoen

aan de relatie,
M >|Ql, (i)

in de juiste eenheden. Hieruit volgt dat er een positief minimum is in het massaspectrum
van fysische, geladen zwarte gaten. In de aanwezigheid van impulsmoment en/of andere
ladingen bestaan soortgelijke begrenzingen. Zwarte gaten die gelijke massa en lading
hebben, en dus (i) verzadigen, worden extremaal genoemd en zijn het onderwerp van dit
proefschrift. Deze oplossingen zijn interessant vanuit een theoretisch perspectief, omdat
het onmogelijk zou moeten zijn dat deze zwarte gaten massa/energie verliezen door een
fysisch proces, zolang de singulariteit in het centrum verborgen blijft door de horizon.
Met andere woorden, ze vertegenwoordigen een soort grondtoestand voor alle zwarte

gaten, iets wat naar verwachting ook kwantummechanisch geldt.

Een hint naar een microscopische theorie die zwarte gaten beschrijft wordt gegeven door
de zogenaamde vier wetten van de mechanica van zwarte gaten, ontdekt in de jaren ’70.
Het blijkt dat onder bepaalde algemene aannames, het mogelijk is om beperkingen af
te leiden op de variaties van behouden grootheden die een continue verscheidenheid van
zwarte gaten parametriseren. De resulterende vergelijkingen zijn in opvallende gelijkenis
met de conventionele wetten van de thermodynamica als men een temperatuur en een
entropie toekent aan het zwarte gat. Zodoende moet de microscopische beschrijving
van een zwart gat begrepen worden in termen van een statistisch systeem met een
groot aantal vrijheidsgraden, analoog aan de atomen van een gas. Een goede test op

een kandidaat voor een kwantumzwaartekrachttheorie is daarom dat de microscopische
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vrijheidsgraden tot de macroscopische entropie kunnen leiden, als de wetten van de

statistische mechanica worden toegepast.

Snaartheorie is een kandidaat voor een kwantumtheorie van de zwaartekracht, en voor-
ziet ons van theoretische modellen van de kwantumstructuur van een klasse van ex-
tremale zwarte gaten. Volgens de snaartheorie, kan alle materie worden beschreven door
middel van bepaalde oscillaties van ruimtelijk verlengde objecten, zogenaamde snaren.
Bij lage energieén en grote afstanden ten opzichte van hun lengte, kunnen snaren worden
gezien als puntdeeltjes, zodat de snaartheorie kan worden benaderd door een klasse van
effectieve veldentheorieén van de zwaartekracht gekoppeld aan materie. Deze theorieén
zijn supersymmetrisch, net zoals de snaartheorie, en worden meestal supergravitati-
etheorieén genoemd. Supersymmetrische theorieén zijn een interessant onderwerp op
zichzelf, omdat bosonen en fermionen in hetzelfde multiplet voorkomen en ze onderling
roteren. Hieruit volgt dat de parameters van supersymmetrietransformaties zelf spin
moeten dragen. Ze worden meestal gekozen in de kleinst mogelijke spinorrepresentatie.
Het aantal van deze onafhankelijke parameters, A/, wordt gebruikt om de hoeveelheid

supersymmetrie te karakteriseren in een theorie.

Dit proefschrift is gewijd aan het vergelijken van de macroscopische eigenschappen van
extremale zwarte gaten met theoretische voorspellingen vanuit de snaartheorie. De fo-
cus ligt op een bepaalde klasse van supersymmetrische zwaartekrachttheorieén in vier
en vijf ruimtetijd dimensies, die bekend staan als N' = 2 supergravitatietheorieén. De
aanwezigheid van supersymmetrie in deze theorieén vergemakkelijkt de analyse op ver-
schillende manieren. Men kan bijvoorbeeld de aandacht beperken tot de deelverzameling
van alle oplossingen van zwarte gaten die een deel van de supersymmetrie behouden -
de zogenaamde BPS oplossingen. Dit lijdt tot zeer sterke beperkingen op de geometrie
en de materievelden, tot op het punt dat de supersymmetrische oplossingen volledig
gekenmerkt kunnen worden, zonder gebruik te maken van de volledige bewegingsvergeli-
jkingen. In hoofdstuk 2 introduceren we N = 2 supergravitatie in vier en vijf dimensies
en geven we een beknopte samenvatting van supersymmetrische oplossingen in beide

theorieén.

Supersymmetrie impliceert de verdere vereenvoudiging dat de theorie gecodeerd is in
een klein aantal willekeurige functies. Bijvoorbeeld, de N' = 2 supersymmetrische uit-
breiding van de Einstein-Maxwell theorie is volledig vastgelegd door een enkele functie
die alle koppelingen bepaald. Deze eigenschap is cruciaal voor de twee belangrijkste
toepassingen beschouwd in dit proefschrift, namelijk de effecten van hogere afgeleide
termen op BPS oplossingen en de constructie van niet-supersymmetrische oplossingen.
In de hoofdstukken 3 en 4 bespreken we de vierde orde afgeleide termen toegestaan
door N' = 2 supersymmetrie in vier en vijf dimensies, respectievelijk. Elk van deze
invarianten is geparametriseerd door een willekeurige functie, die kan worden vastgelegd

wanneer men een inbedding in een microscopische theorie, zoals snaartheorie, aanneemt.
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Door te beperken tot de klasse van theorieén verkregen door snaartheoretische modellen,

kan men verband maken met microscopische constructies van zwarte gaten.

De constructie van exacte oplossingen van hogere afgeleide theorieén is een ingewikkeld
probleem, dat niettemin met succes is bestudeerd in het verleden, althans voor een-
voudige supersymmetrische oplossingen. Desondanks kan men algemene uitspraken doen
over BPS zwarte gaten gebaseerd op de regio dicht bij de horizon (de attractorregio),
waarvan is aangetoond dat deze de volledige N' = 2 supersymmetrie behoudt. Hieruit
volgt dat supersymmetrische attractoren direct kunnen worden geconstrueerd, gebaseerd
op de vergrote symmetrie. In de hoofdstukken 3 en 4 worden de vier- en vijfdimension-
ale theorieén uitgebreid behandeld, met toelichting op de relatie tussen de twee theo-
rieén. We vergelijken onze resultaten met de corresponderende voorspellingen vanuit de
snaartheorie in hoofdstuk 2 en vinden volledige overeenkomst tussen de macroscopische

en microscopische voorspellingen.

De zeer beperkte vrijheid in supergravitatietheorieén met A/ > 1 wordt teruggezien
in de oplossingen, zelfs als deze supersymmetrie volledig breken. In hoofdstuk 5 be-
spreken we enkele recente resultaten over de constructie van niet-BPS oplossingen in
N = 2 theorieén. Het blijkt dat een groot deel van de eigenschappen van BPS zwarte
gaten volgt uit het feit dat ze extremaal zijn, en niet uit supersymmetrie. Om deze
eigenschappen te onderzoeken, presenteren we eerst een nogal speciale klasse van vijfdi-
mensionale oplossingen. Deze zijn supersymmetrisch op lokale delen van de ruimtetijd,
maar breken niettemin globaal alle supersymmetrie. Deze nieuwe oplossingen blijken een
aantal eigenschappen te hebben die aanwezig zijn in generieke extremale oplossingen,
maar verboden zijn in het supersymmetrische geval. Op basis van dit feit, stellen we
vervolgens een schema voor om algemenere extremale oplossingen te construeren, met

inbegrip van roterende zwarte gaten.
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