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notice that the scalar parts (in the auxiliary space) of the M-matrices corresponding to the second
and third flows have form of special spin exchange operators. The freezing trick restricts them to

quantum Hamiltonians of long-range spin chains. We show that for a special choice of the R-matrix
these Hamiltonians reproduce those for the Inozemtsev chain. In the general case related to the Baxter’s
elliptic R-matrix we obtain a natural anisotropic extension of the Inozemtsev chain. Commutativity of the
Hamiltonians is verified numerically. Trigonometric limits lead to the Haldane-Shastry chains and their

anisotropic generalizations.
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1. Introduction

Integrable systems are known to be actively engaged in high
energy physics. For example, the low energy sector of SUSY
(N =2) gauge theories is described by the Seiberg-Witten [32]
solution in terms of the classical integrable models [11], while
their quantum counterparts are described by the supersymmet-
ric vacua of this gauge theory (deformed by the 2-background)
[27]. A link to the conformal field theories is given by the AGT
relation [1], which (in the Nekrasov-Shatashvili limit) turns into
a certain interrelation between integrable systems known as the
spectral duality [26]. On the CFT side integrable systems appear
also naturally from the Matsuo-Cherednik construction for the
Knizhnik-Zamolodchikov equations [21]. Its classical version - the
quantum-classical duality - provides a link between the quantum
spin chains and classical many-body integrable systems [12]. In
this paper we discuss alternate example of a relation between
quantum spin chains and classical integrable systems, which is
based on the so-called R-matrix-valued Lax pairs [17,16], [23,13].

The completely integrable Hamiltonian models can be subdi-
vided into two large families. The first one consists of many-body
systems including their spin and/or multispin generalizations. A
representative example is given by the Calogero-Moser model. The
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classical spinless N-body elliptic gly model is described by the
Hamiltonian

N

2 N

p.

Ho=) 5 —v') p@i—ap. (11
i=1 i<j

where g (x) is the Weierstrass g-function and v € C is a coupling

constant. Its spin quantum analogue [10] is given by

~2 N
A p
HZ;j—iXEV(VJrﬁPij)@(qi—qj), (12)

where p; = hdy, and Py is the (spin exchange) permutation opera-
tor.

The second family of integrable models is represented by inte-
grable tops, spin chains and/or Gaudin models. In contrast to the
previous family these are governed by numerical (non-dynamical)
R-matrices. A typical example is given by the (local) XYZ spin
chain Hamiltonian [2,7,33]

N—1 3

. . - N iit

H= E hijixi+hni, hiiy1= E 040 qJas (1.3)
i=1 a=0

where J, are constants (anisotropy parameters) and ola are the
a-th components of the spin operator at i-th site. For the 1/2-spin
case these are the Pauli matrices acting on the j-th tensor compo-
nent of H = (C2)®N - the Hilbert space of the model. When all the

0370-2693/© 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by

SCOAP3.


https://doi.org/10.1016/j.physletb.2018.03.062
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://creativecommons.org/licenses/by/4.0/
mailto:shnbuz@gmail.com
mailto:zotov@mi.ras.ru
https://doi.org/10.1016/j.physletb.2018.03.062
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2018.03.062&domain=pdf

2 I. Sechin, A. Zotov / Physics Letters B 781 (2018) 1-7

constants are equal to each other J, = J, we have IAl,;,-H =2Pjiy1.
Then (1.3) is the isotropic (XXX) Heisenberg Hamiltonian.

In this letter we deal with the integrable models which can be
regarded as an intermediate link between the above mentioned
families. These are the Haldane-Shastry-Inozemtsev long-range
spin chains [14,17]. The Hamiltonian

N
H=> Pjpxi—xj)., xi=i/N,i=1,..N (14)
i<j

describes pairwise interaction of N spins on a unit circle with
equidistant positions. It can be shown that the scaling limit of (1.4)
provides the XXX Heisenberg model with the nearest-neighbor in-
teraction likewise the (periodic) Toda chain is obtained from the
Calogero-Moser model (1.1) [19]." On the other hand the Hamilto-
nian (1.4) can be obtained from the quantum spin Calogero—-Moser
one (1.2) by the so-called freezing trick [31], when the parti-
cles positions are frozen as q; — x;. The models of the Haldane-
Shastry-Inozemtsev type found applications in the AdS/CFT cor-
respondence, where the problem of computation of anomalous
dimensions of certain ' =4 composite operators emerged. The
one-loop anomalous dimensions of these operators were calculated
by means of the Bethe ansatz method for the Heisenberg chain
[25], and the higher-loop dilatation operator appeared to be ex-
pressed through the conserved charges of the long-range chains
[20].

The purpose of the paper is to show that the Haldane-Shastry-
Inozemtsev spin chains admit anisotropic integrable extensions
much as XYZ model generalizes the XXX Heisenberg chain. That
is to say that we are going to define an integrable model with the
Hamiltonian of the form

N
=y
i<j

To construct such Hamiltonian we use the R-matrix-valued Lax
pair [23] for the (spinless) Calogero-Moser model (1.1). It is a
generalization of the well-known Lax pair with spectral parameter
[22] to the case when the matrix elements are not scalar functions
but R-matrices satisfying associative Yang-Baxter equation [8,29]
and some additional properties. The Lax equations

3 .

i ]

0404 Ja(Xi — Xj). (1.5)
0

L£=[L,M] (1.6)

with the Lax pair (4.1)-(4.3) are equivalent to the classical equa-
tions of motion for the model (1.1). The matrix elements of £, M
are operators on the Hilbert space H, i.e. £, M € Mat(N,C) ®
End(#H). We will refer to Mat(N, C) component as the auxiliary
space, and to the End(#) component as the quantum (spin chain)
space.

Our strategy is as follows. At the level of the classical Calogero-
Moser model (1.1) the above mentioned freezing trick turns into
the set of conditions

pi=0, qi=x, (1.7)

understood to be the equilibrium position. Being restricted to the
constraints (1.7) the Lax equations (1.6) become [£, M] =0 on-
shell (1.7). At the same time the M-matrix (4.2) contains the part

! In fact, the Toda model can be also treated as an intermediate link between the
two families since it admits two types of the Lax representations: 2 x 2 as for the
spin chains and N x N as for the many-body systems [7].

AM =1yxn @ VFO (4.3), which is a scalar operator in the auxil-
iary space. Therefore, we may interpret the reduced Lax equations
as follows:

[wF°, £]1=[L, M — AM] on-shell (1.7), (1.8)

where the commutator in the Lh.s. is in the quantum space only.
Thus the vF9 term is the quantum spin chain Hamiltonian. We
will show that it is of the form (1.5), and reproduces the Inozemt-
sev chain (1.4) for a special choice of the R-matrix.

Unfortunately, in the general (elliptic) case the Lax equations
allow to compute the higher Hamiltonians for the classical model
(1.1) only but not for the quantum spin chain (1.8), because
the Hamiltonian in the latter case appeared as a scalar (in the
auxiliary space) part of M. Nevertheless we may repeat the
above-described computation procedure to the higher flow of the
Calogero-Moser model. We will construct the R-matrix-valued Lax
pair for the third flow. Then restrict it to the equilibrium position
(1.7) and find the scalar (in the auxiliary space) part of the cor-
responding M-matrix. At last, we verify by numerical calculations
that the Hamiltonian obtained in this way indeed commutes with
the one related to the second flow (1.8).

2. Classical Calogero-Moser model

In this paper we deal with the classical Calogero-Moser-
Sutherland models [5,28]. Equations of motion

N

gi=pi. G§i=v>) ©@-aq (2.1)
k:k#i

are generated by the Hamiltonian (1.1) (and the canonical Pois-

son brackets {p;,q;} = ;). In the trigonometric limit p(x) —

2 /sin®(x) the classical Sutherland model is reproduced.

The Hamiltonian (1.1) is included into a family of the higher
integrals of motion, which are in involution with respect to the
canonical Poisson brackets: {Hy, H;} = 0. For example, the third
Hamiltonian

N p3 N
i 2
Ha=) 5 —v' ) pip@i—a) (2.2)
i=1 i#]
provides equations of motion

Ui =p; —v* ) 9@ — Q).
ki (2 3)
s pi =v> Y (pi+ PO @i — Qi) -
ki
All the flows are described by the Lax equations

3, L(2) = {Hy, L(2)} = [L(2), MP (2)], (2.4)

where L(z) and M® (z) are NxN matrices depending on the spec-
tral parameter z, which does not enter equations of motion. So that
(2.4) are identities in z on the equations motions. The Lax matrix
is as follows [22]:

Lij(z) = 8ijpi + v(1 — 6ij) ¢ (2, qij) »
YOG +2) (2.5)
PED= e

where #(z) is the odd Riemann theta-function.? The M@ -matrix
is of the form

qij =4qi — qj,

’

2 In the trigonometric limit ¢(z, q) — 7 (cot(;rz) 4 cot(rq)).
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M (2) = vdisij + v(1 = 8;j) f (z.4i))

N
(2.6)
di=—Y_f(0,qu),
k#i
where f(z,q) = d¢(z,q), and f(0, q) coincides with —p (q) up to
a constant. Namely,

B ) . 1#///(0)
f(0,2) =05 log®(2) = p(z)—k3 50) (2.7)
For the third flow?> (2.2)-(2.3) the M-matrix is of the form:
M (2) = =8;jv Y _(pi+ P f (0, qir)+
ki
+ (1= o) (vpi + P f 2.+ (238)
+v? Z (9 (z,qik) f (2, qkj) — ¢ (2, qi5) f (O, ij))> .
ki, j

Verification of the above statements is based on the identities

¢ (2. qap) f (2, Gba) — f (2. Qap)® (2. Gba) = ' (qap) , (2.9)
#(z,9ap) f(z,qbc) — f(2, Gab)P (2, Gbc) (2.10)
=@ (2,qac)(f (0, qpc) — f(O,dap)) , '

which follow from
$(z, 9Pz, —q) =9 (2) —p (@ = f(0,9) — f(0,2) (2.11)

and the (genus one) Fay identity for the Kronecker function
¢(z, w) [35]:

(2, 9ap)P (W, Gbc)

— 6 (W, QB — W Ga) T SW — 2. Q)2 0a) . )
3. Haldane-Shastry-Inozemtsev chain [14,17]

The Hamiltonian of the Inozemtsev chain has form
HYO? = " Pijo (xi —x)). 3.1)

i<j

In the trigonometric limit it reproduces the Haldane-Shastry
model:

IJ..
I S P — (32)

-2 *
ici sin” 7 (x; — X;)
In (3.1)-(3.2) Pj; is the permutation (or spin exchange) operator,
which acts on the Hilbert space (C2)®N of the chain. It inter-
changes the i-th and j-th components in the tensor product (and
keeps unchanged the rest of the components)*:

3 3
1 1 1 2
P]ZZEE Ua®0'ot55§ 0u0q, (3.3)
a=0 a=0

3 While the Hamiltonians Hy are evaluated from trl¥(z), the expressions
for M®(z) corresponding to higher flows can be similarly extracted from
tra(r12(z, w)L’é’l(w)), where rq3(z, w) is the classical r-matrix.

N i j ~
4 In the general case Pij= Y EapEba, Where {Eqy € Matgy, a,b=1..N} - is the
a,b=1

standard basis in Maty: (Egp)ed = acdba. In (3.1)-(3.3) N=2.

where o, are the Pauli matrices. The positions x; are fixed and
equidistant:

Xj = j=1,..,N. (3.4)

The model admits the quantum Lax representation [17]:

[lenoz’ ﬁlnoz(z)] — [ﬁlnoz(z)’ —,/\/lInOZ(Z)] (3.5)
with
Inoz — i — 8P I s s
L (Z)—ZEu@(] 8ij)Pijd(z,xij) ,  Xij = Xi — X; (3.6)
ij
and®
MINZ(z7) = Z Eij® (di3ij + (1 =8;)Pij f(z, Xij)) ,
ij

N
di == Puf(0,x).
k#i

(3.7)

So that the Lax matrix is of N x N size with matrix elements being
proportional to the permutation operators Pjj € Mat(2N). There-
fore, £, M € Mat(N2N).

The Lax pair (3.6)-(3.7) owes its origin to the quantum spin
Calogero-Moser model [30,15]. The long-range spin chain appears
after imposing (3.4), which is treated as the freezing trick in
the spin Calogero-Moser model [31]. In classical mechanics (3.4)
means that there is an equilibrium position, where the particles
coordinates are fixed as q; =x; and p; =0.

In the general case the Lax equation (3.5) does not allow to
calculate the higher integrals of motion. This becomes possible
in special cases when the sum up to zero condition (D ; M;j =
> j Mij =0) is fulfilled. In the latter case the higher conserved
quantities appear from the total sum of elements of powers of L.
In our case the Lax pair is elliptic, and there is no such condi-
tion. The receipt for higher integrals was conjectured in [17] and
then discussed (and partly proved) in [18]. Two next Hamiltonians
commuting with (3.1) are of the form:

Ji= Z (E1(xij) + E1(Xjx) + E1 (X)) [Pij, Pl (3.8)
i,j.k

J2= Z/(Z(El (xij) + E1(Xj1) + E1(x))?
Lk (3.9)

+ o' (xij) + ' (xjk) + @/(in))[[)ij: Pjl,

where a prime means that the corresponding summation is over
all not coincident values of indices, and E;(z) = d,log ¥ (2).

4. R-matrix-valued Lax pairs

In [23] (see also [13]) the following generalization of the Lax
pair (2.5)-(2.6) for the classical Calogero-Moser model was sug-
gested®

5 In [17] M2 has different sign.

6 In fact, a similar Lax pair was proposed in [16] for the quantum trigonometric
spin Calogero-Sutherland model. In that paper the R-matrix was chosen to be the
classical trigonometric one (i.e. the corresponding Lax pair was without spectral
parameter as it is for the ordinary Lax pair of the Sutherland model) for N = 2 case.
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N
L@)= ) Ej®Lij@)),

5 (4.1)
Lij(z) = 1%N 8ijpi + v(1 = 8ij)Rj(qij)
and similarly
M (@) = vdisij + v = 8;) FE(q) + v8; F°,
N
(4.2)
di=— Z F2@i)
keki
N 1 N
0 0 0
FO=) Fn@m) =5 > Fin(@im), (43)
k<m k,m=1

where Fj(q) = 3;Rj(q). By the construction L(z), MP(2) €

Mat(NNV). The Lax equation £ =[£, M@] is equivalent to (2.1)
with the coupling constant Nv instead of v. For exact match-
ing one should rescale v — v/N in (4.1)-(4.3) but we keep it
as it is.

The Lax pair (4.1)-(4.3) is called R-matrix-valued Lax pair since
it can be viewed as N x N matrices which matrix elements are
quantum GLg R-matrices (or its derivatives), satisfying the asso-
ciative Yang-Baxter equation [8]

RepRbe = RacRGy™ + Rpe “Rac. Rgp = Rgp(@a—ap) - (4.4)
It was observed in [29] that (4.4) is fulfilled by the elliptic Baxter—
Belavin [2,3] R-matrix (written in proper normalization):

a ap +axt
Riz(q)=ZTa®T_aexp (anﬁzq> ¢<q,2+ %) ,
a

a=(a1,a2)eZN XZN, (4.5)

where the basis T, is defined in terms of the finite dimensional
representation of the Heisenberg group

4
Ta = Taya, = €Xp (WI alaz> QUA®, a=(ar,a3) € Zy x Ly

2
Qu =S exp (Tk> A =8 1—0modH * (46)

QV=AN=1y.

Equations (4.4) are matrix analogues of the Fay identities (2.12)
(they coincide for N = 1). In the same way the unitarity property’
R%,(@12)R3,(@21) = 15 ® 15 N* (9 (N2) — 9 (412)) (47)
is similar to (2.11). Together with the skew-symmetry (likewise
¢(z,9) =—9(-z,—q))

R1,(@ = =Ry (—@) (4.8)
equations (4.4) and (4.7) results to the quantum Yang-Baxter equa-
tion

R, (@ab) RGc(@ac) Rp (@be) = RE(Abe) Rec (Qac) REy, (qap) - (4.9)

Coming back to the Lax pair (4.1)-(4.2) it must be emphasized that
it is a straightforward generalization of the Krichever’s Lax pair
(2.5)-(2.6) except the last term (4.3), which is not necessary in
(2.6) since for N =1 case it is proportional to the identity matrix.

7 Different properties and identities of the Baxter-Belavin R-matrix similar to the
elliptic function identities can be found also in [24,36].

The matrix function FO(q) entering this term is simply related to
the classical r-matrix®:

Fi?(Q) = Fif((mz:o = dq1ij(q) = Fj(z?(_Q)-

From the above it follows that we also have R-matrix analogues
for identities (2.9), (2.10):

(4.10)

Rngl?a - ngRﬁa = Nz@/(%b) ,
0 0
Rnggc - ngRgc = FbcRgc - RécFab .

(411)
(4.12)

The latter identities underly the Lax equations for (4.1)-(4.3). The
role of the F° term is to correct the order of multipliers

0 0 0
[Rgc7 Frl+ Z Réngc - FaZbRgc = Z Réchc - Z FabRéC'
b+#a,c b#c b#a
(413)

It is natural to expect existence of higher R-matrix-valued
M-matrices related to higher Hamiltonians (2.4). Here we propose
R-matrix-valued generalization of the M-matrix for the third flow
(2.8). It is of the form:

M;f) (2) = =5 v Z(Pf + Pk)Fi(;((CIik)-l-
ki
+(1- 5ij)(v(13i + P Fi @i+

+v2 ) (RE @) Fi (i) — R @ip) B (Qch)))+(

ki, j 414)
/
+ 85 (v TR @b Tic@io 1+
b,c
/ 0 1)2 "o
V) PoFfe @) — 5 Y F(@ab): rev(@en)]).
b,c a,b,c

Two upper lines of (4.14) are straightforward generalizations of
(2.8), while the last line is non-trivial for N > 1 only (more pre-
cisely, for N =1 it is proportional to the identity matrix). Its role
is similar to the F° term in (4.2). As in the case of the second
flow here the Lax equations £ = [£, M®)] is equivalent to equa-
tions of motion (2.3), where the coupling constant v is replaced
by Nv. The proof is direct and somewhat technical. It uses (4.11),
(4.12) together with the classical Yang-Baxter equation

[rij (qij), Tik Qi) + [1ij (qij), Tk (G k)] + [Fik (Qik)» Tk (@ jk)] =0

Vi, j, k (4.15)
or, to be exact, with its derivative
[Fioj(qij)a ki (Qi) + 1k Qi) ] = [F,%(qz'k), Tik(q i) +1ji(qji)] 16)

= [F?k(q]‘k)’ rij(qij) + rik(@i)1.

Details of the proof will be given elsewhere.
5. R-matrix-valued Lax pairs and spin chains

We are now in a position to describe relationship between
R-matrix-valued Lax pairs and long-range spin chains. For this pur-

8 The classical limit is of the form Ri, (@) = @ +r12(q) + 0(2), and the classical
r-matrix is skew-symmetric r12(q) = —r21(—q).
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pose we restrict ourself to the equilibrium position (3.4). Then the
Lax matrix (4.1) turns into’

N
£ = Y7 Ey® (1-8)Rij (i) (5.1)
i, j=1
The restriction of the M-matrix (4.2) is subdivided into two parts
as M@ = (M® — FO 4 FO. The restriction of the first term is

N N
MM =N Ej® (— 8ij Y Fipxi) + (1 — aij)F,f(xfj)),

i,j=1 ki
(5.2)
while the restriction of the second term is denoted as
N
HPN =" FO (Xkm) - (5.3)

k>m
Then the restriction of the (classical) Lax equation for Calogero-
Moser model gives the quantum Lax equation for the spin chain
with the Hamiltonian Hﬁha‘“:

[/tham7 Echam(z)] — [Echam(z)’ Mcham(z)] ) (5_4)
This equation holds for an arbitrary R-matrix (entering £ and
M®) which satisfies associative Yang-Baxter equation (4.4) to-
gether with the unitarity and skew-symmetry properties (4.7),
(4.8).

The Inozemtsev chain (3.1), (3.5)-(3.7) is reproduced from
(5.1)-(5.4) as follows. Consider the following R-matrix:

R}i(xij) = Pij ¢ (z, xij) (5.5)
It satisfies all necessary conditions. In particular, the associa-
tive Yang-Baxter equation (4.4) for this R-matrix follows from
PgpPpec = PgcPgy = Ppc Pgc and the scalar Fay identity (2.12). There-
fore, we may substitute it into (5.1)-(5.3). The corresponding ana-
logues of the classical r-matrix and its derivative are given by

rij(ip) =P E1(xip),  Fj(xip) = Pij (0, xij) . (56)
As a result we obtain for the case (5.5): L£ehain(zy — plnoz zy
Mcham(z) — _M]nOZ(Z) and
///
h (2.7 (0)
Hg ain ( : IZPUK)( 1]) + 3 ﬂ/(O) ZPU
= (5.7)

-l 19///(0)
— _Hlnoz - Pii .
2 + 3 19/(0) g]: )

Notice that the spin chain Hamiltonian (5.3) appeared as a part
(FO-term) of the M®-matrix restricted to q; = x;. The FO-term
enters M@ as v1y ® F°, hence it is (up to a number factor) equal
to trace of M@ -matrix over the auxiliary space, which is the first
(Maty-valued) tensor component in its definition:

HE" o trau MP g,y o P 1, (5.8)

The above mentioned arguments can be applied to the higher
flows of the Calogero-Moser model as well. For example, for the
third flow M® (4.14) we have

’ N ’
=NV PoFfe@se) + v (1= 5) 2 TR @) Teo @) )
b,c a,b,c

9 We may put v =1 since it is a common factor in the Lax equations.

Recall that the prime means summation over all pairwise distinct
values of indices. After imposing constraints p; =0, q; = x; we are
left with

. I
MM = " [F 3 (Xab)- Teb (Xep)] (5.10)
a,b,c
Then let us define the third Hamiltonian as
MM = [FJ (i), (i) + T i) (511)

i<j<k

We conjecture that the obtained in this way spin chain Hamil-
tonians commute for some non-trivial (anisotropic) R-matrices.
First, consider the Inozemtsev case (5.6). A comparison of the poles
and residues shows that in this case

. —1 ﬁ///(o)
,Hcham - _ ( - ) , 512
J2 390 Ja (5.12)
where J1, Jo are given by (3.8), (3.9).
For  the following  R-matrices the commutativity
[’tham, H§ha‘“] =0 can be verified numerically:
1. Baxter’s elliptic XYZ R-matrix (7 is the elliptic moduli)
R? _ Tiq T
2@=181¢(q.2) +01 @01 ¢(q. 2+ 5)
; T+1
+oy®00e™p(q, z+ T) (5.13)
1
+03Q03¢(q, 2+ 5).
Then the classical r-matrix
_ wig i
m@=1®1E1(q) +01®0c1e"7¢(q, 5)
; T+1
+oy®0pe™ (g, T) (5.14)

1
+03®039(q, 5).

For the three functions ¢;(q) = e™¢(q, 2) ©2(q) = e (q, T+1

and ¢3(q) = ¢(q, 2) the derivative of a one is given by the m1—
nus product of two others: 3;¢4(q) = —g(q)9y (q). Therefore, the
second Hamiltonian (5.3) acquires the form (1.5):

. 3 .
: i o, i
HPI =" (G000 Er (i) = Y TuTa 9@y () =

i<j a=1

. 3 .
i J i
=" (0000 E (i) + Y Taa ¢ ) (B (i + )

i<j a=1

~ E1(x) — E1(@a))) (5.15)

where w,, is the half—periqd (the second argument of @, (q)). One
more useful form for HSMIM is as follows:

N(N-1)9"0) gy

Hcham
6 ') 9
1 3 . Xij (5.16)
- §Z<Zaaaa 69(7 +wa)>Pij,
i<j oa=0

where wp = 0. The third Hamiltonian is evaluated through (5.11).
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2. Trigonometric XXZ 6-vertex R-matrix

R3,(q) = (w cotwz 4+ 1w cotq) - (0o @ 0o + 03 ® 03)+

- (00 ® 09 — 03 ® 03)

sinmwz (517)
- (01 ®01+02Q07).
sinmq
Then
r2(@) =mcotnqg-(1®1+03®03)
5.18
+ = (01 ®01+02®072) (518)
sinmq
and
0 m?
F =— -I®1
12@ - (1®1+o3®03 (5.19)
+cosmq(or ® 01 + 02 ® 02)).
This gives
i j i j iJ
thain _ 2 Z COS(T[X,’]’)(O'].O'Z] + 0”202)+ 0303 n CNO_(?N
i< sin”(7x;j) (5.20)

— ZZ

The third Hamiltonian (5.11) has compact form in this case:

sin (nxu)

3
; T
tham - _

2

ij ji_k ik kj_i ki ik _Jj
Z €S T Xij(0102 —0102)03+ COS T X ji (0102 —0102) 03+ COS T X, (0102 —0102)03

SINTTXjj SINTTX j SINTT Xy
i<j<k

(5.21)

The spin exchange operator entering (5.20) was obtained in [16]
in their study of the spin Calogero-Moser models, and the spin
chains of this type were considered in [9,4].

6. Conclusion

The purpose of the paper is two-fold. First, we study R-matrix-
valued Lax pairs for the classical Calogero-Moser model and de-
scribe its third flow. Then we mention that the scalar part (in the
auxiliary space) of the M-matrices provides spin exchange opera-
tors entering the Hamiltonians of the long range spin chains. We
conjecture commutativity [HS"", HSPM) = 0 for this Hamiltoni-
ans restricted to the equilibrium position p; =0, g; = x; = i/N.
Such hypothesis is based on the coincidence of these Hamiltoni-
ans with those for Inozemtsev chain for a special choice of the
R-matrix. For the Baxter’s elliptic R-matrix we verify numerically
that these Hamiltonians commute. In this way the anisotropic ex-
tension of the Inozemtsev chain is described.

Let us also mention that the conjecture on commutativity
[’thai“,’tham] =0 does not hold true for any R-matrix satisfy-
ing associative Yang-Baxter equation (and other properties). For
instance, it is not true for the 7-vertex R-matrix presented in [6].
Another remark is that we study R-matrices depending on the
spectral parameter only. To include the rest of R-matrices into the
construction of R-matrix-valued Lax pairs is a challenging task,
since the Haldane-Shastry type chains are known to exist for the
quantum group like R-matrices [34].
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