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Abstract
The effect of the various density distributions on 13C+ 12,13C reactions is investigated by using the
opticalmodel at energies near and belowCoulomb barrier. For this purpose,five different density
distributions of the 12C and 13C nuclei are used to produce the real potential over the double folding
model. Tomake a comprehensive analysis, the fusion cross-sections, S-factor and elastic cross-
sections are simultaneously analyzed at astrophysical energies. It is seen that the theoretical results are
in good agreement with the experimental data. In this study, the hindrance characteristics of the
S-factors for the 13C+ 12,13C reactions are also examined at low energies, and hindrance behavior is
not observed.

1. Introduction

Fusion reactionswith carbon isotopes at astrophysical energies have been a subject of intensive study for several
decades [1, 2]. For example, carbon fusion is a crucial process in the late evolution of large stars and explosive
astronomical events like Type Ia supernovae and x-ray superbursts [3]. Several resonances have been discovered
for the 12C+ 12C fusion reaction nearly 60 years ago. Resonance behavior has been also observed at lower
energies in some experiments conducted after this date. Recently, a strong resonance have been reported at
Ecm= 2.14 MeV [4]. For astrophysical scenarios, themost important energy range varies between
Ecm= 1− 3MeV.Unfortunately, because of the experimental difficulties, this crucial energy range is only
partiallymeasured at energies aboveEcm= 2.14 MeV [5]. Therefore, it is very important to use reliable
extrapolationmethods for these unmeasurable energy ranges.

Several theoreticalmethods, such aswave-packet dynamics [6], density-constrained time dependent
Hartree–Fockmethod [7], barrier penetrationmodel by using theKrappe-Nix-Sierk potential [8] and coupled
channel calculations [9, 10]have been used to explain unexpected resonance features of fusion reactionswith 12C
+ 12C system at energies near and below theCoulomb barrier. Thesemodels supports that risind trend of
S-factor towards low energies. As an another theoreticalmodel, the hindrancemodel shows that the 12C+ 12C
systemS-factor reaches amaximumvalue and then declines sharply [11, 12]. Unfortunately,many of these
methods are unable to clarify resonance-like structure of the 12C+ 12C fusion cross-section at astrophysical
energies. The complex resonance structure and the lack of experimental data at astrophysical energies hinder the
understanding of the 12C+ 12C reaction. Because of these reasons, the reactions with carbon isotopes like 13C+
12C and 13C+ 13C are very important to understand complex structure of carbon-carbon system [13].

The connection between the structure and reactions in nuclear physics hasmassive importance because of
the reactions conducted by unstable and stable systems. Therefore, the determination of the density distribution
of any nucleus is vital in the analysis of different nuclear interactions [14–17]. In this paper, a comprehensive
analysis is performed forfive different density distributions of the 12,13C nuclei by usingmicroscopic nucleon-
nucleon double foldingmodel (NN-DFM) togetherwith aweak shallow imaginary potential. The fusion cross-
sections, S-factor and elastic cross-sections are examined for the 13C+12C and 13C+13C systems at astrophysical
energies, simultaneously.We also investigate the hindrance characteristics of the 13C+ 12,13C reactionswhich is
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a topic frequently discussed in the literature [11–13]. Then, we compare the theoretical results with the
experimental data and obtain good agreement.

In the next section, we introduce the our theoreticalmodel and themicroscopic potentials used in these
calculations. Then, we show the results of the 13C+12,13C reactions in section 3. Section 4 is devoted to the
summary and conclusion.

2. Theoretical framework

In this section, we present the calculation procedures and density distributions which is used in this analysis. In
this way, we use the double foldingmodel based on the opticalmodel calculations, and describe the details in the
following subsections.

2.1.Opticalmodel
The effective potential (VEffective(r)) of our theoretical analyses consists of

V r V r V r V r . 1Effective Nuclear Coulomb Centrifugal( ) ( ) ( ) ( ) ( )= + +

Among these potentials, theCoulomb and centrifugal potentials are well known. In this context, the
Coulombpotential [18] due to a chargeZPe interactingwith a chargeZTe distributed uniformly over a sphere of
radiusRc is given by
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whereRc is the Coulomb radius, andZP andZT denote the charges of the projectile P and the target nucleiT,
respectively. The centrifugal potential is


V r

l l

r

1

2
4Centrifugal

2

2
( ) ( ) ( )

m
=

+

whereμ is the reducedmass of the colliding pair.

2.2. Nucleon-nucleon double foldingmodel (NN-DFM)
In this study, the reaction observables are calculated by using theNN-DFMwhich uses the nuclearmatter
distributions for projectile and target nuclei together with an effective NN interaction potential [19, 20]. Thus,
theDFMpotential is written as

V r r r r r r dr dr . 5DFM P T nn1 2 2 1 1 2( ) ( ) ( ) (∣ ∣) ( )       
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The νnn is assumed as theMichigan 3Yukawa effective interaction in the following form

r
r

r

r

r
E A r7999

exp 4

4
2134

exp 2.5

2.5
276 1 0.005 MeV . 6nn p( ) ( ) ( ) ( ) ( )( ) ( )/n d=

-
-

-
- -

In addition, the the imaginary part of the opticalmodel potential is taken as theWoods-Saxon shape. Thus, the
nuclear potential is given as
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whereNR is renormalization factor, andW0, rw and aw are the depth, radius, and diffuseness parameter of the
imaginary potential.

2.3. Fusion cross-section
The fusion reaction is crucial for nucleosynthesis and burning reactions at astrophysical energies. It is also very
important in understanding the dynamics and structure of the astrophysical reactions. Fusion cross-section is
usually calculated using either an incomingwave boundary condition (IWBC) or an imaginary potential. In our
study, we have obtained the fusion cross-section via FRESCO [21] based on the barrier penetrationmodel
(BPM). In the BPM, fusion cross-section is given by
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whereTℓ(E) is the quantum-mechanical transmission probability through the potential barrier.Tℓ(E) is
obtained by numerical integration of the Schrödinger equation as follows
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whereμ is the reducedmass of the projectile and target. The codeDFPOT [22] is used for theDFMpotential
calculations, and the code FRESCO [21] is applied to get all the reaction observables.

2.4. Astrophysical S-factor
The astrophysical S-factor is a very significant observable for astrophysical environments at low energies. The
S-factor is a slowly varying function of the energyE for non-resonant structure and it helps us tofind the value of
S(0) close to zero by extrapolation [23], is defined as follows:

S E E Eexp 2 10( ) ( ) ( ) ( )s ph=

This S(E) equation shows a strong energy dependence, and η is given as the Sommerfeld parameter
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2.5.Density distributions of 12,13C nuclei
In this section, we introduce five different density distributions of the 12,13C nuclei which is used tomake a
comprehensive analysis for the 13C+ 12,13C reaction observables.

2.5.1. Relativistic mean field (RMF)
Thefirst density distribution of the 12,13C projectile is assumed as the RMFdensity distribution that is reported
by [24].

2.5.2. Gupta-1
TheGupta-1 density [25, 26] is taken as
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2.5.3. Gupta-2
TheGupta-2 density [27] based on equation (12) is assumed the following parameters

R A A A A0.9543 0.0994 9.8851 10 4.8399 10 8.4366 10 , 15i i i i i0
4 2 6 3 9 4 ( )= + - ´ + ´ - ´- - -
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2.5.4. NGO
TheNGOdensity [28, 29] can be given as
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whereC is the central radius andZ,N andA are proton, neutron andmass numbers, respectively.
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2.5.5. Schechter
The Schechter density [30]which has the same formwith equation (12) can bewritten as
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3. Results and discussions

3.1. 13C+ 12C system
Wehavefirst calculated the fusion cross-section of the 13C+ 12C system at energies near and belowCoulomb
barrier by using the RMF,Gupta-1, Gupta-2, NGOand Schechter densities of the 12C and 13C nuclei. The
densities of 13Cwhichwe used in this study are shown infigure 1.

We have presented that the real and imaginary potentials infigure 2. Additionally, the values of potential
parameters used for the real and imaginary parts of the nuclear potential are shown in table 1. Theχ2 values are
also given in table 1 in comparisonwith our density distributions results.We have presented the theoretical
results together with experimental data infigure 3.Our analysis based onχ2 calculations shows that theGupta-1
density is significantly better than the others, and is in very good agreementwith the experimental data.

Figure 1.The changeswith the distance (r) of RMF,Gupta-1, Gupta-2,NGOand Schechter densities of the 13C nucleus.

Figure 2.The real and imaginary potentials of 13C+ 12C reaction by using given densities.
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Then, we have calculated the S-factors of the 13C+ 12C reaction forfive different densities by using
equation (10), and have compared our results togetherwith different experimental data infigure 4. In this
context, the RMF result produces the behavior of the data with correct phases andmagnitudes at low energies
untilEcm= 4.5 MeV although differences betweenRMF results and experimental data appear at forward
energies. TheGupta-1 andGupta-2 densities have givenmuchmore reasonable explanation compared to the
RMF results at energies bigger thanEcm= 4.5 MeV.

Finally, we have presented the elastic scattering cross-sections of the 13C+ 12C reaction forfive different
densities infigure 5 in order tomake a comprehensive analysis. In this work, we have tried to use the same
parameters simultaneously in order to reliably describe the observables of fusion cross-section, S-factor and
elastic cross-sections. Therefore, we have changed the normalisation constant in only a few calculations in order
to obtain the bestfit with the experimental data. The reasonable results have been achievedwith the data.We
think that themain difference between experimental data and theoretical results is due to the different energy
ranges of experimental data for fusion cross-section and elastic cross-sections.

In this study, we also investigatedwhether theHindrance effect exists at low energies. In this effect, the
S-factor reaches itsmaximumvalue at a certain energy at low energies and decreases sharply from this value,
unlike the predictions of othermodels [11, 12]. In this study, as shown in the red circle infigure 6, we have not
observed anyHindrance effect. Our results have showed a consistently increasing S-factor behaviour, obviously
does not exhibit the sharp decline of the S-factor. This is in agreementwithmodels inwhich the S-factor tends to
increase towards low energies [7, 8, 10, 13].

3.2. 13C+ 13C system
Herewe have displayed the fusion cross-section of the 13C+ 13C system calculated by usingfive different
densities of the 13C nucleus together with the experimental data infigure 7. The real and imaginary potentials for

Figure 3.The fusion cross-sections of 13C+ 12C reaction forfive different densities as comparedwith the experimental data [13, 31].

Table 1.The optical potential parameters andχ2 values of 13C+ 12C fusion reaction forfive
different density distributions of carbon isotopes.

Reaction Density NR W (MeV) rw (fm) aw (fm) χ2

RMF 1.27 3.0 1.0 0.40 14.93

Gupta-1 1.50 3.0 1.0 0.50 4.59
13C+ 12C Gupta-2 1.40 3.0 1.0 0.50 9.63

NGO 0.78 3.0 1.0 0.50 31.48

Schechter 0.68 3.0 1.0 0.50 18.83
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the 13C+ 13C system are shown infigure 8. Also, the parameters applied for the real and imaginary potentials
andχ2 values are listed in table 2.While the results display similar behavior at low energies, differences occur at
higher energies. The RMF,Gupta-1 andGupta-2 results show similarities with each other except for theNGO
and Schechter results. According to theχ2 values, theGupta-2 density distribution has given better result than
the other density distributions.

Then, we have given the S-factor results of 13C+ 13C reaction in figure 9.We have compared the S-factor
results with two different experimental results that we could obtain from the literature. As can be seen from
figure 9, there are differences between the experimental results, especially at energies between Ecm= 3–4MeV,
whichmakes the theoretical analysis very difficult. TheGupta-1 andGupta-2 results are similar and better than
the results of other densities at low energies. However, theGupta-1, Gupta-2 andRMF results show a similar
behavior at higher energies although they showdifferences atmedium energies. TheNGO result captures
slightly at low energies, but Schechter can not explain the experimental data in general. Based on these results, we

Figure 4.The results of 13C+ 12C reaction S-factor forfive different densities as comparedwith the experimental data [13, 32, 33].

Figure 5.The elastic cross-sections of 13C+ 12C reaction as comparedwith the experimental data atEcm = 7.8 MeV [34].
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can say that theGupta-2 resultmay be an alternative density distribution for the analysis of the 13C+ 13C
reaction. Lastly, we have calculated the elastic cross-sections of the 13C+ 13C reaction for the same density
distributions and the same parameters used for fusion cross-section and S-factor observables.We have
compared the theoretical results togetherwith the data infigure 10.While the results of the densities generally
explain the experimental data at low angles until θ= 600, this harmony decreases at higher angles. In our
calculations, we have used aweak short-range imaginary potential, which is localized at the Coulomb barrier.
We have observed that theGupta-1 density for the 13C+ 12C reaction and theGupta-2 density for the 13C+ 13C
reaction have given the best results compared to other densities. In this respect, we have examined the effect of
imaginary diffusion parameter on the cross-sections of the 13C+ 12,13C fusion reactions, and have shown the
theoretical results for different imaginary diffusion parameters infigure 11.While the cross-sections are
obtained, other potential parameters except the diffusion parameter have been kept constant.We have found

Figure 6.The comparison of our results and hindrancemodel results [13] for 13C+ 12C reaction. The red circled region shows the
difference between our results and the hindrancemodel.

Figure 7.The fusion cross-sections of 13C+ 13C reaction forfive different densities of the 13Cnucleus as comparedwith the
experimental data [35, 36].
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Figure 8.The real and imaginary potentials of 13C+ 13C reaction for five different densities.

Figure 9.The S-factor results of 13C+ 13C reaction forfive different densities as comparedwith the experimental data [35, 36].

Table 2.The optical potential parameters andχ2 values of 13C+ 13C fusion reactions for
five different density distributions of carbon isotopes

Reaction Density NR W (MeV) rw (fm) aw (fm) χ2

RMF 1.12 9.0 1.0 0.55 6.10

Gupta-1 1.20 8.0 1.0 0.55 4.70
13C+ 13C Gupta-2 1.20 8.0 1.0 0.55 2.41

NGO 0.70 8.0 1.0 0.55 4.27

Schechter 0.70 9.0 1.0 0.55 15.51
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that the diffuseness parameter of imaginary potential has a significant effect on the fusion cross-section as
expected [37]. It has been observed that the cross-sections for the results of bothNGOandGupta-2 densities
have changed according to different diffusion parameters and could not explain the experimental data as the
diffusion value increased.

4. Summary and conclusions

In this study, we have searched the relationship between structure and reaction observables for the 12,13C+ 13C
reactions. For this purpose, we have investigated the structure of the 12,13C nuclei withfive type density
distributions.We have aimed to explain the fusion cross-sections, S-factor and elastic cross-sections observables
for the 13C+ 12C and 13C+ 13C systems by using a realistic potential approach simultaneously.

Figure 10.The elastic cross-sections of 13C+ 13C reaction as comparedwith the experimental data atEcm = 7 MeV. [35].

Figure 11. (a)TheGupta-1 result of the fusion cross-sections for the 13C+ 12C reaction, (b) theGupta-2 result of the fusion cross-
sections for the 13C+ 13C reaction obtained by using different imaginary diffusion parameters as comparedwith the experimental
data [13, 31, 35, 36].
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Firstly, we have presented the 13C+ 12C reaction theoretical results for the densities. The agreement between
the theoretical results and the experimental data is excellent as shown infigure 3. It is clearly seen from figure 4,
that theGupta-1 andGupta-2 results predict well the behaviour of S-factor for three different experimental data
and produces the oscillatory structure data with correct phases andmagnitudes. But, there are still some
differences ofmagnitude between experimental data and theoretical results in different energy ranges. Then, we
have examined the 13C+ 13C system for the same observables. TheGupta-2 result gives best results for the fusion
cross-sections as can be seen infigure 7. Additionally, our results show that theGupta-2 result can be an
alternative density distribution for the S-factor analysis of the 13C+ 13C reaction. The elastic scattering results of
the densities give an average behavior with the experimental data.

As a conclusion, we have obtained very good agreement between the experimental data and theoretical
results, especially for the fusion cross-sections of the all reactions. Our results confirm the rising trend of S-factor
as noted Zhang et al. [13] and references therein, and have given no evidence for the hindrance behavior. Finally,
we have determined the importance of the diffusion parameter of the imaginary potential for the 12,13C+ 13C
fusion cross-sections.We have concluded that the structure of 12,13C are very important to determine reaction
observables at astrophysical energies, and should be considered very deeply for the reaction observables.

Data availability statement
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