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Abstract. In the context of the periastron advance as a fundamental test for gravity theories,
we show an approach to deduce constraints on the sizes of the new forces arising in the weak
field limit of the Extended Theories of Gravity (ETG). It is also studied the force motivated by
Quintessence Fields deforming the Schwarzschild geometry and associated to the Dark Energy,
responsible of the acceleration of the Universe. As for the ETG, we consider the more general
Scalar-Tensor Fourth Order Gravity (STFOG) and the NonCommutative Spectral Gravity
(NCSG) as a special case. The solutions of the linearized field equations provide corrections
to the Newtonian potential in the Yukawa-like form V(r) = oze_fr, where « is the parameter
related to the strength of the potential and 8 to the range of the force. Quintessence Fields
lead to a power-law correction with parameters related to the Dark Energy. By analysing the
periastron advance with the use of the current data, we find improvements on the parameters
of the gravitational models as well as on the bounds of the parameter 8 by several orders of

magnitude.

1. Introduction

We report here the results presented on Ref. [82]. In the last decades, observational
investigations concerning the motion of objects in galaxy clusters at extra-galactic scales have
clearly highlighted how the matter present in the Universe is dominated by an invisible dark
component, denominated dark matter. In particular we observe that the effects of dark matter
act at galactic scales giving rise to rotation curves characterized by a flat behavior, differently
from what we should expect from Newtonian gravity. In addition to the dark matter, the
discovery that the Universe is currently accelerating allowed to realize that it is also dominated
by an unknown form of energy, supposed to be responsible of this relevant phenomenon, i.e. the
dark energy [1, 2, 3, 4, 5, 6]. However, up to now there is no result coming from experimental
projects finalised to detect particles that might constitute the dark matter. If we relax the
assumption that it is only a form of matter not emitting light responsible of the observed
gravitational effects on galaxies and clusters, it is possible to take into consideration many other
theoretical proposals. Another approach to understand the nature of dark matter is represented
by the Extended Theories of Gravity (ETG), which have captured an ever increasing interest
in the scientific community. The interest resides in the fact that it is possible to explain the
dark matter and dark energy in a pure gravitational setting based on curvature fields. The
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starting idea is that there is no fundamental reason for assuming the gravitational action (from
which we derive the field equations) to be just a linear function of the Ricci scalar minimally
coupled to matter, namely the Hilbert Einstein action as it occurs in General Relativity [8]. In
this framework, if we introduce in the action higher order terms expressed by scalar curvature
invariants, we can literally extend the theory of gravity and General Relativity is recovered as a
special case of Extended Gravity. Thanks to a more general action, the effects attributed to the
presence of dark matter and dark energy are thus interpreted as results of the extra-curvature
terms. Linked to this, there is the fundamental property that ETG conduct to a gravitational
law which acts differently at different scales. More specifically the results of General Relativity
at Solar System scales are preserved, while at galactic and extra-galactic scales the gravitational
pull has an growing contribution due to the extra-curvature terms.

We emphasize that modifications of General Relativity are suggested also by the fact that
Einstein’s theory of gravity breaks down in the UV [9]. The deviations from General Relativity
are already present in several frameworks, such as Brans-Dicke and scalar-tensor (ST) theories
[10, 11, 12], braneworld theories [13, 14], and finally higher order invariants such as f(R)
and f(¢, R, R?, R, R*), corresponding to an Einstein’s gravity plus one or multiple coupled
scalar fields [15, 16, 17, 18]) [19, 20, 21, 22|, Non-Commutative Spectral Geometry [23], and
compactified extra dimension/Kaluza-Klein models [26]. Moreover, they can also be generated
from higher-order terms in the curvature invariants, nonminimal couplings to the background
geometry in the Hilbert-Einstein Lagrangian [27]. Additional terms into the action of gravity
may also come from string loop effects [28], dilaton fields in string cosmology [29], and nonlocally
modified gravity induced by quantum loop corrections [30].

The Newtonian limit of some models of ETG have been studied in [31], while the Minkowskian
limit in [32]. Natural candidates for experimentally testing ETG are the galactic rotation
curves, stellar systems and gravitational lensing [33, 34, 35] (see also [36]). In this perspective,
corrections to GR were already considered by several authors [37, 38, 39, 40]. Due to the
large amount of possible models, an important issue is to select viable ones by experiments and
observations. Therefore, the new born multimessenger astronomy is giving important constraints
to admit or exclude gravitational theories (see e.g. [42, 43]). However, also fine experiments can
be conceived and realized in order to fix possible deviations and extensions with respect to GR.
They can involve space-based setups like satellites and precise electromagnetic measurements
[44]. The Yukawa-like potential potentials occur in ETG and in Non-Commutative Spectral
Geometry, and Quintessence field surrounding a massive gravitational source provide a Power
Law potential. We shall infer the corrections to periastron advance for Solar Planets, referring in
particular to Mercury, Mars, Jupiter and Saturn, as well as to S2 star orbiting around Sagittarius
A*.

In Sec. 2 we introduce the Scalar-Tensor Fourth Order Gravity (STFOG), the particular class
of the NonCommutative Spectral Geometry (NCSG) and the solutions in the weak field limit
of STFOG and NCSG. Then the Quintessence Field reproducing the Dark Energy is discussed.
In Sec. 3, we study the effects of these corrections to the periastron advance of Planets as well
as the effects of the Quintessence field present around a Schwarzschild Black Hole, and derive a
lower bound on the adiabatic index of equation of state. Finally, conclusions are drawn in the
last Section.

2. Extended Gravity and Quintessence Fields
The action for the ETG is given by (see for example [7])

s= | d4x¢fg[f<R, Ry R™ . 0) +w(6)buad® + XL, 1)
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where f is a generic function of the invariant R (the Ricci scalar ), the invariant R, R* =Y
(R, is the Ricci tensor), the scalar field ¢, g is the determinant of metric tensor g,, and
X = 8nG. The Lagrangian density L, is the minimally coupled ordinary matter Lagrangian
density, w(¢) is a generic function of the scalar field.

The field equations obtained by varying the action (1) with respect to g,, and ¢, In the
metric approach, are':

[+ w(@)dad
2

fRR;w - uv — fR;,uzz + g,uVDfR + 2fYRuaRow + (2)

_2[fYRa(,u];1/)a + D[fYRuu] + [fYRaﬁ];aﬁguu + w(¢)¢;u¢;u = XTMV )

2w(¢)0¢ + wy(¢)Pad™ — fo = 0. (3)
here:
o D) AP S T
Boor Y T oy Y T dg 0T dg
and T}, = —ﬁ% is the the energy-momentum tensor of matter. We confine ourselves

to the case in which the generic function f can be expanded as follows (notice that the all other
possible contributions in f are negligible [31, 40, 41])

R+ fRR(0707¢(0)) R2+ f¢¢(0505¢(0))

J(R, RagR*%,6) = [r(0,0,6"") 5 5 (6= 0")

(4)
+1rs(0,0, 6N R ¢ + fy(0,0,0)R,s R .

To study the weak-field approximation, we perturb Eqgs.(2) and (3) in a Minkowski background
N [31], i.e. we look for perturbed solutions of the form

o (-1-20  2A .
T =\ 24 (1-20)5;) 5)

and
¢ ~ ¢(0)+¢(2)+“. — ¢(0)+<,0-

For matter described as a perfect fluid, hence Tpo = p and T;; = 0, one gets that, for a ball-like
source with radius R, the gravitational potentials {®, ¥, A;} and the scalar field ¢ take the form

T We use, for the Ricci tensor, the convention R,, = R.c., whilst for the Riemann tensor we define
R%g, = T3, + ---. The affine connections are the Christoffel symbols of the metric, namely Fzﬂ =

%g‘w(gamg + 98,0 — JaB,o), and we adopt the signature is (—, +, +, +).
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(c=1) [40, 41]
B =~ 1+ ()], (6)
) = glem) FmaR) e ¥ 4 [ g(e.m)] Fm_r) et - YR o)
W) = —S[1—w()] (3)
w(x) = gl€m) FmiR) e 4 [ g(6,m)] Fm_r) et 4 2R o)
A = _za[1|;|;4(|xl>]xxJ’ (10)
Axl) = (+mylxl)e i, (11)
et = S PRy Ry eI (12)

where J = 2MR?€Q/5 is the angular momentum of the ball, f(0,0,6®) = 1, w(¢®) = 1/2,
and

L=+ (€12 = 292(E+ 1)
9(&m) = NG T ) : (13)

mRcoshmR —sinhmR

F(mR) = 3 33 ; (14)
€ = 3fR¢(0707¢(0))27 n = ﬂ? (15)
mpg

m?l: - mQRw:tv (16)
oy — 1—£+772i\/(12—§+n2)2—47727 an

2 . fR(Ov 07 ¢(0))
e SfRR(Oa 07 ¢(O)) + 2fY(07 07 d)(())) ’ (18)

(0) (0)

my2 - fR(OaOa¢ 0 ) 2 - _f¢¢(0>0’¢ 0 ) (19)

A (0,0,60) " T T a0(50)

Some ETG models studied in literature and reported in Table 1 (see [40] for further details).

Another possibility we want to discuss is related to the Quintessence Field, invoked to explain
the speed-up of the present Universe [63]. Quintessence may generate a negative pressure,
and, since it is diffuse everywhere in the Universe, it can be the responsible of the observed
accelerated phase, as well as it is present around a massive astrophysical object deforming the
spacetime around it [64]. The studies of quintessential black holes are also motivated from M-
theory/superstring inspired models [65] (see [66, 67, 68, 63] for applications). The solution of
Einstein’s field equations for a static spherically symmetric quintessence surrounding a black
hole in 4 dimension is given by [64, 66]

guv = diag (= £(r), f71(r), 7%, 1% sin®6) , (20)
with oM
flr)=1- W ,r3w2+1 ’ (21)
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Table 1. We report different cases of Extended Theories of Gravity including a scalar field
and higher-order curvature terms. The free parameters are given as effective masses with their
asymptotic behavior. Here, we assume fr(0, 0, $(0) = 1, w(¢©®) = 1/2.

Case ETG Parameters

m mi omd o omi oml
A e ~ 51t © 0 m% oo
B F(R, Rap RP) N 3fRR(£)(3’)2fY(0) ;gigi 0 m%? o0
C FIR, ) + @(6)biad™™ - B 00 - 2’}(:53;) mhwy  miw_
D jrRr o+ e@ast gt S IO g

where wgq is the adiabtic index (the parameter of equation of state), —1 < wg < —%, and c the
quintessence parameter. The cosmological constant (ACMD model) follows from (20) and (21)
with wg = —1 and ¢ = A/3,

fry=1-"2 -2 (22)

3. The periastron advance and inference of the theoretical bounds

In this section, we proceed to evaluate the contraints on the sizes of new gravitational forces
(inferred in ETG or other scenarios) by making use the data coming from the precession of
Planets. For this purpose, we follow the paper by Adkins and McDonnell [45] (see also [46, 47]),
where it is calculated the precession of Keplerian orbits under the influence of arbitrary central-
force perturbations. In the limit of nearly circular orbits, the perturbed orbit equation takes the
form (u=1/r)

d*u GM  g(u)
E TR T e (23)
where g(u) = ’I”QF,’S:)‘T:UU (51 = —VV) and h? = GMa. g(u) = 0 corresponds to the

unperturbed solution. We refer to the corrections to the Planets precession induced by the

Yukawa-like potential, Vy (r) = oﬁ;ﬁr, and power law (PL) potentials, Vpr(r) = a,r™.

In GR, the first post-Newtonian correction is a perturbing potential given by

GMh?
vin| =GR
(r) GR c2r3
which corresponds the precession
Ad ‘ _ 6nGM
Plar — c2a

This gives the well known 43 arcsec per century when applied to the orbit of Mercury. The
correction to the Planet precessions induced by a generic perturbing force F'(z) and perturbing
potential V'(z) is [45]

2a> (1 dzz F(z)
Aep = _GME /1 ) (1 + 62’)2 (24)
B 2a Lodzz dV(2) (25)

S GMe2 ) [ J1-22 dz
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where, for the sake of convenience, the correction A6, is written in terms of the dimensionless
integration variable z with a fixed range, while € is the eccentricity (¢ < 1). The perturbing
force F'(z) and V(z) are evaluated at radius r = a/(1 + €z). In the following we refer to the
Yukawa-like and power-law potentials following from different gravitational theories of gravity.

e The Yukawa force - The Yukawa potential (as a correction to the Newtonian potential
VN = GM/r) is of the form [48, 49]

6—7‘/)\ e—ﬁr

Wi(r)=a (26)

r T
where o and A = 1/ are the strength and the range of the interaction, respectively. As we
will see, such a potential occurs in several modified theories of gravity. The precession due
to a Yukawa perturbation depends on two parameters: a range parameter Kk = a/\ = fa
and the eccentricity e, i.e. Af,(k,€), where a is the semi-major axis. According to [45], the
correction to the precession is of the integral form

2

AHp(H?, 6) = —m 1675 y

(27)

where

Ldzz K K
I.53= 14+ T Ter 28
o= [ s (1) (2%)

The behavior of the integral (28) is represented in Fig. 1 for several Planets.

e Power Law potential - The power law potential is of the form
Vpr(r) = agr?, (29)

where the parameter ¢ assume arbitrary values. The precession (24) can be exactly
integrated, and leads to [45]

— T
Aby(q) = Tﬂfaq+1 V1—exy(e), (30)

where x,(€) is written in terms of the Hypergeometric function

1 q q
Xq(€) = q(g+1)2F <2—271—2;2;62> . (31)

3.1. Planet precession in Scalar Tensor Fourth Order Gravity

In this Section we study the periastron shift of the orbital period of objects, both astrophysical
and Solar System, in Scalar Tensor Fourth Order Gravity (STFOG). As seen before, the
linearised STFOG field equations lead to a gravitational potential of the Yukawa-like form

(r=1xI)

GM
Vi ==-1+ N Fe b, (32)
i=+Y

where F; and § are the strength and range of the interaction corresponding to each mode
i = +,—,Y. Comparing (32) with (26), it follows the correspondence (referring to (6) and (7))

Oé—>GMFi, B—),BZ, 1=4,Y. (33)
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Table 2. Values of periastron advance for the first six planets of the Solar System. In the table
we present the values of the eccentricity €, semi-major axis a in meters, the orbital period P in
years, the periastron advance predicted in General Relativity (GR).

Planet € a (10t m) P (yrs) A¢gr("/century) Aobs
Mercury 0.205 0.578 0.24 43.125 42.989 £ 0.500
Venus 0.007 1.077 0.62 8.62 8.000 £ 5.000
Earth 0.017 1.496 1.00 3.87 5.000 £ 1.000
Mars 0.093 2.273 1.88 1.36 1.362 £ 0.0005
Jupiter  0.048 7.779 11.86 0.0628 0.070 £ 0.004
Saturn 0.056 14.272 29.46 0.0138 0.014 £ 0.002

Table 3. Bounds on F;, i = £,Y obtained from (36) using the values of periastron advance for
planets of the Solar System.

Planet I g g~ |F;| <

Mercury 0.5 0.18 4x107"m=t 028

Mars 5x107% 0.08 1.1x1071m=1 29x107*
Jupiter 4 x1073 0.04 25x1072m~! 24x1073
Saturn  2x 1072 0.05 2x107Bm~! 1.1 x 1073

with

Fr=g&m FmiR), F_ =[5 —g&m]FonR), Fy=—FmyR), (34

B =mpwt, By =my . (35)

We impose that the periastron shift Af,(x,€) = —% ¢3 given by (27), where I, g is defined
in (28), is lesser than the error 7. Fixing I, 3 to the maximum values, one gets the bounds on
the parameters F;:

ne
21

3P

[Abp(r ) S —  |FIS

L i=4,Y. (36)

In Fig. 1 are plotted the function I, g for the Mercury, Mars, Jupiter and Saturn planets.
In Table 3 are reported the corresponding bounds on F;. As an illustrative example, we plot
|FL(&,n)| in Fig. 2, for mp = R~!. The available values of the parameters {£, 7} allow to fix
the masses, via Eqgs. (13) , (14), (15), (18), of extra modes arising in Scalar Tensor Fourth Order
Gravity. The analysis of Yukawa gravitational potential for f(R) has been carried out in [50].

3.2. Non-Commutative Spectral Geometry
Following the previous section, Eqs. (27) (36), the periastron advance in NCSG for planets is
given by
3ne
|A9P(/Bv 6)| S no - |Ie,5| Sz Iy, Ip= ? ) (37)
where I, g is defined in (28). From Eq, (37) one infers the bounds on /3, or equivalently an upper

bound on A. Results are reported in Table 4 (see also Fig. 3). These results show that the
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Figure 1. (a) I. g vs § for Mercury. (b) I g vs B for Mars. (c) I. g vs (8 for Jupiter. (d) I g vs
B for Saturn.

1
Fl<028 mR=—
|F-I< R=z

IF41<0.28 mr= =

Figure 2. (a) Fy vs {&n} for Mercury (|Fy| < 0.28), with mg = %. (b) F_ vs {¢,n} for

Mercury (|F-| < 0.28) with mp = 4.

bounds on 8 improve several order of magnitude as compared with ones obtained using recent
observations of pulsar timing, 8 > 7.55 x 10713 m~! [58, 59]. Bounds on the parameter 3 have
been obtained in different frameworks. From Gravity Probe B experiment one gets 8 > 10~ %m~!
[54]. A more stringent constraint on 3 can be obtained from laboratory experiments designed to
test the fifth force, that is, by constraining A\ through torsion balance experiments which implies
to obtain a stronger lower bound on § (or equivalently an upper bound to the momentum fy in
NCSG theory). The test masses have a typical size of ~ 10mm and their separation is smaller
than their size. As we have already mentioned above, in NCSG one has |a| ~ O(1), so that the
tightest constraint on A = 87! provided by E&t-Wash [60] and Irvine [61] experiments is [62]
A < 107*m, or equivalently 8 > 10*m™!.

3.8. Quintessence Fields related to the Dark Energy
The Quintessential potential reads Vg = —W, so that comparing with (29) one gets

qg— —(3wg +1) ag —c.
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Table 4. Lower bounds on (3 obtained from (37) using the values of periastron advance for
planets of the Solar System.

Planet 7 Iy = % B(m™1) >
Mercury 0.5 0.038 1.0 x 10710
Mars 5x107* 1.36 7.8 x 1071

Jupiter 4 x 1073 0.0628 2.1 x 107!
Saturn 2 x 1073 0.0138 8.5 x 10712

le,g

0.00025 Mars
0.15 Mercury a=227310""m
a=057810""m 0.00020 €=0.093
€=0.205
0.10 0.00015
0.00010
0.05 Ip =0.038
0.00005 Io=1.36
-1 —— _1q
m m
5.x10~ 1 1.x10710  15x10710  2.x10-10 Bl 6.x10"11 7.x10"11 8.x10-11 9.x10-1 1,x10’105( )
le.g le.p
) 0.00010 Saturn
0.00015 Jupiter " a=14.27210""m
a=777910""m 0.00008 €=0.056
€=0.048
0.00010 0.00006
Io = 0.0628 Ip =0.0138
0.00004
0.00005
0.00002
" -1y 4 ) -1
m m
2510711 2x10-1T Bx10-1 Bxto-11 1.x10-10P ) 13101 16x10-11 2.x10-11 25x10-11 3.x10-11 P )

Figure 3. (a) I. g vs § for Mercury. (b) I. g vs B for Mars. (c) I. g vs (8 for Jupiter. (d) I g vs
B for Saturn.

The precession (30) leads to
TC  _sn S
|A9P(WQ7 6)‘ = GiMa e 11— 62XwQ (6) ) (38)

with

2+3WQ 3+3WQ_2'€2)‘ (39)

XWQ(G) = 3w (1 + 3wg) 2F1 < 5 5 ;
By requiring |Afp(wg,€)| S n one gets the bounds on the parameters {wg,c}. Results are
reported in Table 5 and Fig. 4 for fixed values of c.

4. Test on S2 Star

Finally, we shortly conclude our analysis testing the modified gravity predictions for S2 Star
orbiting around Sagittarius A*, the Supermassive Black Hole at the center of the Milky
Way, which has got a mass equal to M = (4.5 + 0.6) x 105M; and a Schwarzschild radius
Rs = 2GM = 1.27 x 10'°m. The S2 Star orbit has an eccentrity ¢ = 0.88 and a semi-major
axis a = 1.52917 x 10'm. According to Ref. [75], the periastron advance is (0.2 4 0.57) deg,
hence n = 0.57 (it is expected that the interferometer GRAVITY may improve such an accuracy
level). We discuss the periastron advance for the gravitational models above discussed:
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Table 5. Values of the parameter wg obtained from (38) using the values of periastron advance
for planets of the Solar System.

186(wq, €)
1.2
1.0
0.8
0.6
0.4

0.2

186(wq, o)

0.010

0.008

0.006

0.004 -

0.002

Planet n c(m3“eth)y ~  wg >
Mercury 0.5 1072 -0.86
Mars 5x 1074 10730 -0.88
Jupiter 4 x 1073 1073 -0.84
Saturn 2 x 1073 10730 -0.82
1A6(wq, €)]
Mercury 0.0012 Mars
a=057810""m a=227310""m
€=0.205 0.0010 €=0.093
c=10"2% 0.0008 c=10730
n=05 0.0006 1= 0.0005
0.0004
0.0002
-0.8 -0.7 -0.6 -0.5 -04 va —69 -0.8 -0.7 -0.6 -0.5 -04
186(wq, €l
Jupiter 0.005 Saturn
a=7.77910""m a=14.27210""m
€=0.048 0.004 €=0.056
- 10-30
c=10"%0 0.003 e=10
n=0.00043 n=0.002

\

0.002 -

0.001

\

wq

-0.9

-0.8 -0.7 -0.6 -0.5 -0.4

wq
-0.9

-0.8 -0.7 -0.6 -0.5 -0.4

wQ

Figure 4. (a) |Af(wq,€)| vs wg for Mercury. (b) |Af(wg,€)| vs wg for Mars. (c) |AO(wg, €)|
vs wq for Jupiter. (d) |[Af(wq,€)| vs wg for Saturn.

e STFOG - Referring to Scalar-Tensor Fourth Order Gravity, from Eq. (36) one gets

[Abp(k ) Sn =

< _Ne

F.
|Fil S T

~0.36, i=+Y.

(40)

where in Fig. 5(a) is plotted the function I g3 for the S2 star. We ave taken the maximum
value of I g corresponding to B ~ 2 x 107 *m~! (see Fig. 5(a)). The analysis of S2 star
orbit around the Galactic Centre in f(¢, R) and f(R,0JR) has been investigated in [76].

e NCSG - The S2 star values {€,7,a} imply that, from (37),

Results are reported in Fig.

1.1 x 107 8m

[AGp(B,e)l Sn =

5(b).

’I€,6| 5 IO 5

3ne

(41)

We can see that the lower bound on  is § 2

10

~L1. These bounds are compatible with the astrophysical bounds [58, 59].
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Figure 5. (a) I.g vs 8 for S2 star in FOG theories. (b) I3 vs 8 for S2 star. (c) |Abwg, €| vs

wq for S2 star. (c is in m3@*! units).

e Quintessence - In the case of Quintessence field deforming the Schwarzschild geometry,
Eq. (38) implies

[Aby(wo 0 = Zrra V1= yug(e) S 057, (42)
243wy 343
Xwo(€) = 3wg(l+3wq) 2F1 < +2 wQ, +2 Yo ;2;e2> . (43)

Results are reported in Fig. 5(c), from which it follows that for Quintessence |Af,(wg, €)| S
0.57 provided wg 2z 0.9. Therefore, the exact value wg = —1 corresponding to the

~

cosmological constant is excluded in this range of values.

5. Conclusions
In this conference we have reported the results presented on Ref. [82]. The analysis is
relative to the periastron advance of Solar system Planets in the case in which the gravitational
interactions between massive bodies is described by modified theories of gravity. In these classes
of theories, the corrections to the Newtonian gravitational interaction is of the Yukawa-like form,
V(r) = Va(1 + ae=?"), where Vy = GM/r is the Newtonian potential, or the power-law form,
V(r) = Vn+agr?. To compute the corrections to the periastron advance, we have used results of
Ref. [45] in which the general integrals are provided in terms of the central body’s mass M, and
the orbital parameters a and €, the semi-major axis and eccentricity of the orbit, respectively.
This two-body system constitutes a good model for many astrophysical scenarios, such as those
at the scale of Solar System, constituted by the Sun and a planet, as well as binary system
composed by a Super Massive Black Hole and an orbiting star, which are both the most suitable
candidates to test a gravitational theory.

In the case of Scalar Tensor Fourth Order Gravity, we find that the parameters of the model
are given by (see Egs. (35, 34, 33) a ~ F;, B ~ B, with i = £)Y, Fy = g(&,n) F(m+R),

F = [% _ 9(5,77)] F(m_R), Fy = —% F(myR), B+ = mpr\/wt, By = my. The greatest value
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of B; is Bi ~ 5 x 10~"m~1, which leads to the constraint on F; is F; < 10~*. This allows to
get a bound on the massive modes m;, i = £,Y, corresponding to the extra modes presents in
ETG.

For the Non-Commutative Spectral Gravity, we have found that the perihelion’s shift of
planets allows to constrain the parameter 8 at 8 > (107 — 1071%)m~! (in this theory the
parameter « is given and is of the order @ ~ O(1)). Such a constraint on the parameter
improves several order of magnitude ones derived by using pulsar timing 8 > 7.55 x 10~ 13m~!
[58, 59]. These constraints, however, are weaker compared to the ones obtained from terrestrial
experimental data, E6t-Wash [60] and Irvine [61] experiments is [62], which give 8 > 10*m ™! (a
bound on 3 has been derived from Gravity Probe B experiment, giving 8 > 10~5m=1 [54]).

We also studied the Quintessence field surrounding a massive gravitational source. Here the
parameter characterizing the gravitational field are the adiabatic index wg and the quintessence
parameter c. The analysis shows that ¢ assumes tiny values, as expected, being essentially
related to the cosmological constant, while wg 2 —(0.9 —0.8), that is it never assumes the value
—1 corresponding to the pure cosmological constant.

The case of the S2 Star around Sagittarius A*, the Super Massive Black Hole at the center of
the Milky Way, has been also studied. In such a case, we have found that for STFOG and NCSG
B > 10"13m~1 a this bound is compatible with astrophysical constraints. For the Quintessence
Field we have inferred wg 2 —0.9.
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