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Abstract: We investigate the three-dimensional BCS–BEC crossover in the presence of a Rabi coupling,

which strongly affects several properties of the system, such as the chemical potential, the pairing gap

and the superfluid density. We determine the critical interaction strength, below which the system is

normal also at zero temperature. Finally, we calculate the effect of the Rabi coupling on the critical

temperature of the superfluid-to-normal phase transition by using different theoretical schemes.

Keywords: BCS–BEC crossover; superfluidity; critical temperature

1. Introduction

An extremely important achievement in the field of ultracold atoms has been the
realization of the crossover from the Bardeen–Cooper–Schrieffer (BCS) superfluid phase of
loosely bound pairs of fermions to the Bose–Einstein condensate (BEC) of tightly bound
composite bosons [1]. Recently a renewed interest in this field has been triggered by a
breakthrough experiment [2] showing that the spin of an atom could be coupled to its
center-of-mass motion by dressing two atomic spin states with a pair of laser beams. This
technique has been then adopted in other experimental investigations of bosonic [3] and
fermionic [4] atomic gases with artificial spin-orbit and Rabi coupling. Triggered by this
pioneering remarkable experiment in the last few years, a large number of theoretical
papers have analyzed, within a mean field approach, the effect of spin-orbit couplings
of Rashba [5] and Dresselhaus [6] type, often with the inclusion of a Rabi term, in the
condensates [7–12] and in the BCS–BEC crossover of superfluid fermions [4,13–29]. In
particular, a spin-orbit coupling can turn a first-order phase transition driven by a Rabi
coupling into a second-order one.

The aim of this paper is, instead, the study of an ultracold gas of purely Rabi coupled
fermionic atoms interacting via a two body contact potential. We consider a gas of identical
atoms characterized by two hyperfine states. The entire atomic sample is continuously
irradiated by a wide laser beam. The laser frequency is in near resonance with the Bohr
frequency of the two hyperfine states of each atom. In this way, there is persistent periodic
transition between the two atomic quantum states with frequency ωR, that is, the Rabi
frequency which is proportional to the atomic dipole moment of the transition and to the
amplitude of the laser electric field. The itinerant ferromagnetism of repulsive fermions
with Rabi coupling was studied in both two [30] and three [31] spatial dimensions. Here,
instead, we want to investigate the interplay of Rabi coupling and attractive interaction for
fermions in the three-dimensional BCS–BEC crossover. It is important to stress that if one
considers a new spin basis of symmetric and anti-symmetric superpositions of the bare spin
states, then the Rabi term behaves as an effective Zeeman field that breaks the balance of
the two new spin components (see, for instance, Ref. [32]). This spin-imbalanced attractive
fermionic system has been previously investigated [33,34]. The current work adds new
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insights into the problem, not only because the physical setup is different, but also because
we analyze in detail, as a function of the Rabi coupling, the critical interaction strength
below which the system is in the normal phase also at zero temperature, the equation of
state, the superfluid fraction, and two alternative ways to determine the beyond-mean-field
critical temperature. In Section 2 we introduce Rabi coupling in the model of attractive
fermions. In Section 3 we investigate the problem at the mean field level, also considering
an improved determination [35] of the critical temperature of the superfluid-to-normal
phase transition. In Section 4 we consider beyond-mean-field corrections and use them to
calculate the critical temperature with the inclusion of Gaussian fluctuations [28,36].

2. The Model

Our ultracold Fermi gas model is enriched with the addition of Rabi coupling, which
enables the spin of the particles involved to flip. The Euclidean action, omitting the explicit
dependence of the fermionic fields ψσ(r, τ) (σ =↑, ↓) on space r and imaginary time τ,
then, reads:

S[ψ̄, ψ] =
∫ β

0
dτ

∫

V
d3r

[

ψ̄σ

(

∂τ −
∇2

2m
− µ

)

ψσ − gψ̄↑ψ̄↓ψ↓ψ↑ + ωR(ψ̄↑ψ↓ + ψ̄↓ψ↑)
]

, (1)

where β = 1/(kBT) with T the temperature and kB the Boltzmann constant, µ is the
chemical potential and V is the volume. Notice that in this paper we set h̄ = 1. Within the
path integral formalism, the partition function of the system is given by:

Z =
∫

D[ψ̄, ψ] e−S[ψ̄,ψ], (2)

and from the partition function Z all the thermodynamical quantities can be derived.
We perform a Hubbard–Stratonovich transformation, so that the model can be rewrit-

ten in terms of a new action depending also on a new spinless complex field ∆(r, τ):

S[∆̄, ∆, ψ̄, ψ] =
∫ β

0
dτ

∫

V
d3r

[ |∆(r, τ)|2
g

− 1

2
Ψ̄(r, τ)G−1Ψ(r, τ)

]

+ β ∑
p

ξp, (3)

where ξp = p2/(2m)− µ is the shifted single-particle energy and the Nambu spinors take
the form:

Ψ(r, τ) =









ψ↑(r, τ)
ψ̄↓(r, τ)
ψ↓(r, τ)
ψ̄↑(r, τ),









(4)

while the inverse fermionic propagator is:

G−1 =









−∂τ+
∇2

2m +µ ∆(r,τ) −ωR 0

∆̄(r,τ) −∂τ−∇2

2m −µ 0 ωR

−ωR 0 −∂τ+
∇2

2m +µ −∆(r,τ)

0 ωR −∆̄(r,τ) −∂τ−∇2

2m −µ









. (5)

The action is now Gaussian in the fermionic degrees of freedom; therefore, we can in-
tegrate over them obtaining an effective theory for the complex field ∆, whose action reads:

Seff[∆̄, ∆] =
∫ β

0
dτ

∫

V
d3r

|∆(r, τ)|2
g

− 1

2
Tr ln(G−1) + β ∑

p

ξp. (6)

It is also convenient and useful for what follows to write G−1 in Fourier space, af-
ter denoting the four momenta by capital letters, such as P = (iνn, p), introducing the
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fermionic Matsubara frequencies, νn = (2n+1)π
β , with n ∈ Z. From Equation (5), we find

that the Fourier components of the inverse fermionic propagator G−1
KP reads, therefore:







(iνn−ξp)δK,P ∆K+P −ωRδK,−P 0

∆̄K+P (iνn+ξp)δK,P 0 ωRδK,−P

−ωRδ(K,−P) 0 (iνn−ξp)δK,P −∆K+P

0 ωRδK,−P −∆̄K+P (iνn+ξp)δK,P






. (7)

3. Mean Field Approach

We can now perform, from Equation (6), the saddle point approximation, choosing
∆ = ∆0, namely homogeneous in space and time and, without lack of generality, fixing it
real. The mean field action, then, reads:

Smf = βV
∆2

0

g
− 1

2
Tr ln(G−1) + β ∑

p

ξp, (8)

where G−1
0 is equal to G−1 where we take ∆ = ∆0. It is convenient working in Matsubara

representation so that:

det(G−1
0 ) =

(

ν2
n + (ω−

p )2
)(

ν2
n + (ω−

p )2
)

, (9)

with

ω+
p =

√

ξ2
p + ∆2

0 + ωR, (10)

ω−
p =

√

ξ2
p + ∆2

0 − ωR. (11)

These two energies correspond to the poles of the fermionic propagator after a Wick
rotation, meaning that they are the single particle excitation energies of the theory, and they
differ from the case without Rabi coupling only by a constant shift ωR. The presence of
Rabi coupling splits the excitation energies into two different energy levels separated by a
shift 2ωR. It is immediately clear that ω−

p may take negative values, which is somewhat
unexpected. This may happen for ∆0 < ωR, a regime which is unphysical, as we will see,
unless ∆0 = 0.

The mean-field grand potential is given by:

Ωmf = kBT Smf . (12)

Explicitly, we have:

Ωmf = V
∆2

0

g
− 1

2 ∑
νn ,p

[

ln
(

ν2
n + (ω+

p )2
)

+ ln
(

ν2
n + (ω−

p )2
)

]

, (13)

where we used Tr ln(G−1
0 ) = ln det(G−1

0 ) and Equation (9). After summing over the
Matsubara frequencies, we get:

Ωmf

V
=

∆2
0

g
− kBT

2V ∑
p

{

ln
[

2
(

1 + cosh(βω+
p )

)

]

+ ln
[

2
(

1 + cosh(βω−
p )

)

]}

. (14)
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3.1. Gap and Number Equations

Minimizing the mean-field grand potential Ωmf with respect to ∆0, we obtain the
so-called gap equation:

1

g
=

1

4V ∑
p





tanh
( β

2 ω+
p

)

√

ξ2
p + ∆2

0

+
tanh

( β
2 ω−

p

)

√

ξ2
p + ∆2

0



. (15)

This equation is divergent in the ultraviolet and requires a regularization of the
interaction strength g, namely:

1

g
= − m

4πaF
+

1

V ∑
p

m

p2
, (16)

with aF being the physical s-wave scattering length.
The total number density n is instead obtained by:

n = − 1

V

∂Ωmf

∂µ
, (17)

which is the so-called number equation. The sum over Matsubara frequencies has the same
form as the one of the gap equation. After some manipulations, the renormalized gap
equation and the number equation reads:

− mV

4πaF
= ∑

p





tanh
( β

2 ω+
p

)

+ tanh
( β

2 ω−
p

)

4
√

ξ2
p + ∆2

0

− m

p2



 (18)

nV = ∑
p



1 − ξp

2

tanh
( β

2 ω+
p

)

+ tanh
( β

2 ω−
p

)

√

ξ2
p + ∆2

0



. (19)

The difference with respect to the case without Rabi coupling is a shift of ±ωR in
the arguments of the hyperbolic tangents, which makes the derivation of analytic results
more demanding.

3.2. Zero Temperature

At zero temperature, Equations (18) and (19) simplify because the hyperbolic tangent
goes to one for T → 0+. However, careful attention should be paid to studying the sign
of ω−

p , which affects the form of the equations. In fact, if ω−
p > 0 for any value of the

momentum p, the number and gap equations will take the same form as the ones with
no Rabi interaction, while if for some values of p the energy ω−

p < 0, the equations will
take a different form, as we will show below. The main result of this zero-temperature
analysis is the following: (i) if ∆0 < ωR, the Rabi frequency ωR changes the momenta
domain of integration in the equations in such a way that the gap equation has no finite
solutions; (ii) if ∆0 > ωR, instead, the Rabi frequency ωR does not affect the gap and the
number equations.

In Figure 1, we report the plots of the energy gap ∆0 (left panel) and chemical potential
µ (right panel) as functions of the s-wave scattering length aF. There results are then
analogous to the ones in the case without Rabi coupling for ∆0 > ωR, but exhibit a different
behaviour below such a threshold. In particular, both these quantities, the energy gap ∆0

and the chemical potential µ, for a small range of 1/(kFaF), have two branches. However,
the stable branch (associated to the minima of the grand potential Ω) is the upper branch
shown in the figures, superimposed on the curves of ωR = 0. The unstable is not reported.
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Figure 1. Gap and chemical potential obtained solving Equations (18) and (19) in the in the zero-

temperature limit. Left panel: adimensional energy gap ∆0/ωF vs. inverse adimensional scattering

length y = 1/(kFaF). Right panel: adimensional chemical potential µ/ωF vs. inverse adimensional

scattering length 1/(kFaF). Three values of the adimensional Rabi frequency: ωR/ωF = 0 (dashed

curve); ωR/ωF = 0.5 (solid curve); ωR/ωF = 1 (dotted curve). Here kF = (3π2n)1/3 is the Fermi

wavenumber and ωF = k2
F/(2m) is the Fermi frequency.

At zero temperature (T = 0), the main effect of the Rabi coupling ωR is, therefore,
to make the system normal, i.e., with ∆0 = 0, for 1/(kFaF) ≤ yc, where yc = −∞ for
ωR = 0. The critical strength yc grows by increasing ωR. Specifically, given ∆0(y) with
1/(kFaF) for ωR = 0, yc is obtained from the condition ∆0(yc) = ωR. This means that
inverting the plot of ∆0(y) (obtained for ωR = 0) one gets immediately yc vs. ωR, as shown,
for the sake of completeness, in Figure 2.

0 0.5 1 1.5 2 2.5

ω
R
/ω

F

-3

-2

-1

0

1

2

3

y
c

Figure 2. Critical strength yc vs. adimensional Rabi frequency ωR/ωF at zero temperature. For y ≤ yc

the fermionic system is normal, i.e., the energy gap ∆0 = 0. Here y = 1/(kFaF), where aF is the

s-wave scattering length and kF = (3π2n)1/3 is the Fermi wavenumber, with ωF = k2
F/(2m) the

Fermi frequency.

3.3. Critical Temperature

We now investigate the behaviour of the system at the critical temperature Tc, at which
the energy gap ∆0(Tc) = 0. Let us define, for simplicity, the following adimensional
quantities: µ̃ = µ/ωF, T̃c = kBTc/ωF, ω̃R = ωR/ωF and y = 1/(kFaF). In this case the gap
and the number equations can be written as follows:

y =
2 T̃2

c

π
J3

(

µ̃, T̃c, ω̃R

)

, (20)

T̃c =

[

4

J4

(

µ̃, T̃c, ω̃R

)

]2/3

, (21)
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where

J3 =
∫ +∞

0
dx x2

[ tanh
(

1
2 (x2 − µ̃

T̃c
+ ω̃R

T̃c
)
)

2(x2 − µ̃

T̃c
)

+
tanh

(

1
2 (x2 − µ̃

T̃c
− ω̃R

T̃c
)
)

2(x2 − µ̃

T̃c
)

− 1

x2

]

(22)

and

J4 =
∫ +∞

0
dx x4

[ 1

cosh2 [ 1
2 (x2 − µ̃

T̃c
+ ω̃R

T̃c
)
]
+

1

cosh2 [ 1
2 (x2 − µ̃

T̃c
− ω̃R

T̃c
)
]

]

. (23)

Solving the coupled Equations (20) and (21), we obtain the critical temperature Tc as a
function of the inverse scattering length 1/aF for different values of the Rabi coupling ωR.
The results are shown as thin curves in Figure 3.

-1.5 -1 -0.5 0 0.5 1 1.5
y

0

0.1

0.2

0.3

0.4

0.5

k
B
T

c/ω
F

ω
R
/ω

F
 = 0

ω
R
/ω

F
 = 0.3

ω
R
/ω

F
 = 0.5

Figure 3. Adimensional critical temperature kBTc/ωF vs. inverse adimensional scattering length

y = 1/(kFaF), with aF the s-wave scattering length, kF = (3π2n)1/3 the Fermi wavenumber and

ωF = k2
F/(2m) the Fermi frequency. Thin curves are the mean-field ones, obtained by solving

Equations (20) and (21), while thick curves are obtained from Equations (24) and (25). Three values

of the adimensional Rabi frequency: ωR/ωF = 0 (dashed curve); ωR/ωF = 0.3 (solid curve);

ωR/ωF = 0.5 (dot-dashed curve).

As expected, the Rabi coupling inhibits the formation of Cooper pairs: the stronger the
Rabi coupling, the higher is the threshold of the scattering rate above which superfluidity
can occur at the mean field level. In the strong coupling limit, instead, even in the absence
of Rabi coupling, the mean field approach is expected to fail since it cannot describe
the emergence of bosonic molecules which undergo condensation below a finite critical
temperature. We have, therefore, to go beyond the mean field approximation.

4. Beyond Mean Field

We now present a couple of techniques which allow us to go beyond the mean field
analysis. The first approach is a method based on the determination of the superfluid
density, while the second one is based on the inclusion of the Gaussian fluctuations. In the
latter case, we will show some explicit results in the so-called bosonic approximation.

4.1. By Superfluid Density

An improved determination of the critical temperature Tc can be obtained with the
method proposed by Babaev and Kleinert [35], which is the three-dimensional analog of
the Nelson–Kosterlitz criterion. In particular,

kBTc = α
ns(Tc)

4m

(

2

n

)1/3

, (24)



Condens. Matter 2022, 7, 59 7 of 12

where ns(T) is the mean-field superfluid density and n is the total fermionic number density.

Actually, J = ns/(4m) is the stiffness in an effective XY model, H = J
2

∫

dr∇θ(r), where θ
is the local phase of the pairing ∆.

The constant α is fixed to the value α = 2π/ζ(3/2)2/3 such that Tc turns out to be
the exact value kBTc = π/m(n/(2ζ(3/2)))2/3 for n/2 non-interacting bosons with mass
2m in the deep BEC regime. The superfluid density ns(T) can be calculated, following the
Landau’s approach [37], getting:

ns(T) = n +
1

6

∫

d3 p

(2π)3

p2

m

[d fB(ω
+
p )

dω+
p

+
d fB(ω

−
p )

dω−
p

]

(25)

where

fB(ω) =
1

eβω − 1
(26)

is the Bose–Einstein distribution and n is the total number density. The thick curves
of Figure 3 are obtained using Equation (24) with Equation (25), where ∆0 and µ are
numerically determined from Equations (18) and (19).

As done previously, it is convenient to introduce adimensional quantities, µ̃ = µ/ωF,
T̃c = kBTc/ωF, ω̃R = ωR/ωF and y = 1/(kFaF) together with ∆̃0 = ∆0/ωF, where we
recall that ωF = k2

F/(2m) = (3π2n)2/3/(2m). We can, therefore, rewrite Equation (24) as:

T̃c =
2

(6
√

π ζ(3/2))2/3

ns(T̃c)

n
(27)

which, in the deep BEC where all the fermions contribute to the superfluid density, gives
T̃c ≈ 0.218, and where

ns(T̃c)

n
= 1 − 1

2T̃c
∑

s=±1

∫ +∞

0
dx x4 e

1
T̃c

(√
(x2−µ̃)2+∆̃2

0+s ω̃R

)

(

e
1

T̃c

(√
(x2−µ̃)2+∆̃2

0+s ω̃R

)

− 1
)2

(28)

4.2. Gaussian Fluctuations

We now introduce Gaussian fluctuations in the partition function of the system adopt-
ing the Nozieres–Schmitt–Rink approach [36]. The aim is to derive a more precise form
for the number equation in order to understand the role of quantum fluctuations on the
relation between the chemical potential µ and the density n of fermions.

In order to introduce fluctuations, we separate the field ∆(r, τ) in its homogeneous
part ∆0, obtained minimizing the grand potential at the mean field level, and its small
fluctuations η(r, τ) around the saddle point solution,

∆(r, τ) = ∆0 + η(r, τ). (29)

After some calculations, at the leading order in η, the effective action Equation (6) at
the Gaussian level reads:

Seff ≃ Smf +
1

2 ∑
Q

(

η̄Q η−Q

)

MQ

(

ηQ

η̄−Q,

)

(30)

with

MQ =
1

g
I+ χQ, (31)

where χQ is the contribution coming from the expansion of Tr ln(G−1) and I denotes the
2 × 2 identity matrix in Nambu space. The components of χQ, shown in Appendix A,
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depend on the the quadrivector Q = (iυn, q), where υn are bosonic Matsubara frequencies,
υn = 2πn

β , with n ∈ Z.

Our objective is to find an expression for the grand canonical potential from which
we can recover a treatable expression for the contribution of the Gaussian fluctuations to
the number equation. The effective theory we obtained is Gaussian, meaning that it can be
integrated explicitly, getting the following partition function:

Z = e−Smf ∏
Q

[

det(MQ)
]−1

. (32)

The grand potential, then, reads:

Ω = Ωmf + Ωg, (33)

where Ωmf is given by Equation (12) and

Ωg = kBT ∑
Q

ln[det(MQ)]. (34)

To compute the sum over Matsubara frequencies in (34), one may analytically continue
the argument of the sum by setting iυn → ω and transforming the sum into an integral.
In this way we eventually find

Ωg = − 1

π ∑
q

∫ +∞

−∞
dω fB(ω) δ̃(ω, q) (35)

with fB(ω) the Bose–Einstein distribution and

δ̃(ω, q) = arctan

[

Im[det[Mω,q]

Re[det[Mω,q]

]

, (36)

the phase of the complex metrix element Mω,q derived from (31). Thus, the Gaussian
correction to the number density reads :

ng = − 1

V

∂Ωg

∂µ
=

1

πV ∑
q

∫ +∞

−∞
dω fB(ω)

∂δ̃(ω, q)

∂µ
. (37)

In the strong coupling limit aF → 0+ the system becomes a gas of free bosonic dimers,
made of two fermions with opposite spin and binding energy EB = −1/(ma2

F). These
bosons have mass mB = 2 and chemical potential µB = 2µ − EB. Indeed, as shown in
Ref. [28], in this regime µB → 0 and

∂δ̃(ω, q)

∂µ
→ πδ

(

ω − q2

2mB
+ µB

)

, (38)

where δ(x) is the Dirac delta function. It follows immediately that, in the strong coupling
approximation, also called bosonic approximation [28], the number equation with Gaussian
fluctuations becomes:

nV = ∑
p

[

1 − ξp

2

tanh
( β

2 ω+
p

)

+ tanh
( β

2 ω−
p

)

√

ξ2
p + ∆2

0

]

+ ∑
q

1

eβ(
q2

4m −µB) − 1
. (39)

In Figure 4, we report the critical temperature Tc as a function of the inverse scattering
length 1/aF obtained by solving Equations (18) and (39), setting µB = 0 and ∆0 = 0. The
full calculation of Equation (37) is more computationally demanding and is expected to
deviate from the bosonic approximation only in the intermediate regime near unitarity
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limit (y = 0) producing a little hump in the Tc profile, which is, however, a debated feature
within other theoretical schemes [38].
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/ω

F
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R
/ω

F
 = 0.3

ω
R
/ω

F
 = 0.5

ω
R
/ω

F
 = 1

Figure 4. Adimensional critical temperature kBTc/ωF vs. inverse adimensional scattering length

y = 1/(kFaF) by including Gaussian fluctuations within the bosonic approximation, i.e., solving

Equations (18) and (39). Also here aF is the s-wave scattering length, kF = (3π2n)1/3 is the Fermi

wavenumber and ωF = k2
F/(2m) is the Fermi frequency. Four values of the adimensional Rabi

frequency: ωR/ωF = 0 (dashed curve); ωR/ωF = 0.3 (solid curve); ωR/ωF = 0.5 (dot-dashed curve);

ωR/ωF = 1 (dot-dot-dashed curve).

5. Conclusions

The BCS–BEC crossover has been studied in the presence of Rabi coupling by using the
finite-temperature path integral formalism. The behavior of many physical quantities has
been studied along the whole crossover, including the mean-field chemical potential and
energy gap at zero temperature, and the critical temperature at and beyond mean-field level.
We have found that only in the deep BEC regime are the physical properties of the system
not affected by the Rabi coupling. In general, also at zero temperature, there exists a critical
interaction strength, below which the system is normal. We have determined this critical
strength as a function of the Rabi coupling. In the last part of the paper we have calculated
the critical temperature of the superfluid-to-normal phase transition for different values of
the Rabi coupling. The treatment beyond mean-field level has been carried out following
two different procedures: the Babaev–Kleinert [35] and the Nozieres–Schmitt–Rink [36]
approaches: the first is based on the determination of the mean-field superfluid density
as a function of the temperature while the second is more rigorous but computationally
demanding. Indeed, the Nozieres–Schmitt–Rink scheme has been used, but adopts the
bosonic pair approximation [28], which makes the scheme more feasible numerically.
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Appendix A

Let us write the fermionic propagator, including quantum fluctuations, as follows

G−1 = G−1
0 + η̂ = G−1

0 (1 + G0η̂) (A1)
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where we introduce the matrix

η̂Q =









0 ηQ 0 0
η̄Q 0 0 0
0 0 0 −ηQ

0 0 −η̄Q 0









. (A2)

so that, in the action, the Tr ln(G−1) can be written in the following way

1

2
Tr ln(G−1) =

1

2
Tr ln(G−1

0 ) +
1

2
Tr ln(1 + G0η̂). (A3)

We can now expand the last term, getting the following leading term

1

2
Tr(G0η̂G0η̂) =

kBT

V ∑
Q,P

tr(G0Pη̂QG0P+Qη̂−Q) (A4)

which can be recasted, performing the matrix products, as follows

1

2
Tr(G0η̂G0η̂) =

1

2 ∑
Q

(

η̄Q η−Q

)

χQ

(

ηQ

η̄−Q

)

(A5)

where χQ is a 2 × 2 matrix, introduced in the main text in Equation (31), which, after per-

forming the inverse of G−1
0 and making the matrix products, can be written explicitly. This

matrix is composed by the following diagonal terms (see Ref. [39] for more details)

(χQ)11 = (χ−Q)22 =
kBT

V ∑
p,νn

[(iνn − ξp)((iνn)2 − ξ2
p − ∆2

0)− ω2
R(iνn + ξp)]

(ν2
n + (ω+

p )2)(ν2
n + (ω−

p )2)

×
[(iυm + iνn + ξq+p)((iυm + iνn)2 − ξ2

q+p − ∆2
0)− ω2

R(iυm + iνn − ξq+p)]

((υm + νn)2 + (ω+
q+p)2)((υm + νn)2 + (ω−

q+p)2

+ω2
R

kBT

V ∑
p,νn

[∆2
0 − ω2

R + (iνn − ξp)2]

(ν2
n + (ω+

p )2)(ν2
n + (ω−

p )2)

[∆2
0 − ω2

R + (iυm + iνn + ξp+q)2]

((υm + νn)2 + (ω+
q+p)2)((υm + νn)2 + (ω−

q+p)2)

(A6)

and off-diagonal terms

(χQ)12 = (χQ)21 = ∆2
0

kBT

V ∑
p,νn

[

(ν2
n + ξ2

p)− ω2
R + ∆2

0

]

(ν2
n + (ω+

p )2)(ν2
n + (ω−

p )2)

×
[

((υm + ΩnF
)2 + ξ2

p+q)− ω2
R + ∆2

0

]

((υm + νn)2 + (ω+
q+p)2)((υm + νn)2 + (ω−

q+p)2)

−4ω2
R∆2

0
kBT

V ∑
p,νn

νn

(ν2
n + (ω+

p )2)(ν2
n + (ω−

p )2)

× (υm + νn)

((υm + νn)2 + (ω+
q+p)2)((υm + νn)2 + (ω−

q+p)2)
.

(A7)
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