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Abstract

We apply a standard encoding technique to reformulate Diophantine equations as
polynomial unconstrained binary optimization (PUBO) problems and study their solv-
ability using the quantum approximate optimization algorithm (QAOA).

Keywords HOBO (PUBO) problems - Diophantine equations - QAOA

1 Introduction

Diophantine equations are polynomial equations with integer coefficients, involving
one or more integer variables. Linear Diophantine equations admit complete solutions
via the extended Euclidean algorithm and its generalizations. Additionally, certain
quadratic and cubic forms such as Pell’s equations or equations defining elliptic curves
can be solved algorithmically using continued fractions, descent methods, or the theory
of heights.

However, there exists no algorithm that can determine, for every Diophantine equa-
tion, whether a solution exists. In fact, it is known as Hilbert’s tenth problem:

Given any polynomial equation with any number of unknowns and with integer
coefficients: To devise a universal process according to which it can be determined by
a finite number of operations whether the equation has integer solutions.

The resolution of Hilbert’s Tenth Problem was given by Matiyasevich in January
1970, building on prior work by Davis, Putnam, and Robinson. Together, their results
established the undecidability of the general Diophantine problem, now known as the
DPRM (Davis—Putnam—Robinson—Matiyasevich) theorem, or Matiyasevich’s theo-
rem [1, 2].

This motivates the present research: to study the solvability of a Diophantine equa-
tion in a finite domain using quantum approximate optimization algorithm (QAOA).
For that, we study a standard encoding technique to reformulate it as a polynomial
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unconstrained binary optimization (PUBO) problem and then apply QAOA to it. As
a proof of concept, we demonstrate this procedure on some Diophantine equations,
including both solvable and unsolvable cases. Furthermore, we explore the scalabil-
ity and complexity of this procedure when applied to a specially chosen system of
Diophantine equations whose unsolvability is known to be equivalent to the Riemann
hypothesis.

The remainder of the paper is organized as follows. In Sect.2, we review PUBO
problems and discuss how they can be approached using quantum techniques. In
Sect. 3, we present a methodology for determining whether a given Diophantine equa-
tion is unsolvable over a defined domain using QAOA. In Subsection 3.2, we provide
simulation results that illustrate the application of this methodology. Finally, we present
our conclusions in Sect. 4.

2 PUBO problems

Optimization problems in which we are asked to minimize a binary polynomial (binary
variables) of any degree, with no additional restrictions, are called higher-order binary
optimization problems, HOBO for short, or polynomial unconstrained binary opti-
mization problems, PUBO for short. More explicitly, they are problems of the form

min ¢q (xo, ..., Xm)

subjectto x; € {0,1}, j=0,...,m,

where ¢ (xo, ..., X;) is a polynomial on the x; binary variables of any degree. One
approach to solving HOBO problems is through hybrid quantum—classical methods,
such as the quantum approximate optimization algorithm (QAOA), which is among the
most widely studied quantum algorithms for combinatorial optimization on gate-based
quantum computers. It was introduced by Farhi et al. [3] as a discretized version of
adiabatic quantum computing (introduced by Farhi, Goldstone, Gutmann, and Sipser
in a widely influential paper [4]).

Unlike quantum annealing, QAOA operates in the gate-based circuit model and
allows for binary polynomials of arbitrary degree. Such polynomials can be directly
transformed into a Hamiltonian by substituting each binary variable x; with %,
where Z; is the Pauli Z operator acting on qubit i. The resulting Hamiltonian is
then expressed as a sum of tensor products of Z matrices. For further details on this
transformation, see [5, Section 5.1.5].

3 Standard method

In this section, we present a methodology, structured through three algorithms, for
determining whether a given Diophantine equation is solvable over a finite domain by
using quantum approximate optimization algorithm (QAOA). This approach involves
encoding the Diophantine equation as a polynomial unconstrained binary optimization
(PUBO) problem and analyzing the minimum value of the resulting cost function. If
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Table 1 Computational cost of

Algorithm 1 Step Description Cost
1 Expand P o)
2 Compute P2 0(k?)
3 Substitute integer variables of p2 O(kzM d)
4 Expand and simplity binary powers o(k2M4)

the minimum value is zero, a solution exists within the given domain; otherwise, the
equation is unsolvable over that domain.

7

Algorithm 1 (Construction of the PUBO problem)

Input: A Diophantine equation P(xy, ..., x;) = 0, with n unknowns x's, of
degree d, with k number of terms, with no exponential variables, and a positive
integer M.

Construction of the corresponding PUBO problem:

1. If P is not expanded then expand it. Otherwise move to step 2.

2. Square the polynomial P (P?).

3. Substitute each integer variable by a binary representation of length M.
Using for instance, two’s complement encoding (see below).

4. Expand the polynomial and reduce powers of each binary variables, i.e.,
bl{ = b; forall j e Nand j > 2.

Output:

min q (by,...,bny)
subjectto bj € {0,1}, j=0,...,m withm=M -n.

In cases where the Diophantine equation P contains exponential variables, these
expressions are evaluated directly by substituting with integer values, and Algorithm 1
is then applied to the resulting polynomial. In Step 2 of Algorithm 1, we use the
two’s complement representation to encode integer variables. This encoding allows all
integers in the range from —2M =1 to 2~1 _ [ to be represented using M-bit binary
strings. Positive integers are encoded in standard binary form, whereas a negative
integer x is represented by 2 — x. This binary representation maintains a finite and
symmetric search space, which is essential for formulating the problem as a bounded
binary optimization task.

The finiteness of the domain also permits the application of Algorithm 2, which
leverages quantum optimization techniques such as QAOA to explore the binary search
space efficiently.

Table 1 outlines the computational cost associated with executing Algorithm 1.
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Algorithm 2 (In search of the solution)

Input: A PUBO problem, and two positive integers p, [.

Procedure: Step 1: Hamiltonian Construction

Substitute each binary variable b; in the PUBO by (1 — Z;)/2 where Z; is the
Pauli Z operator acting on qubit i, to construct the cost Hamiltonian H.
Step 2: QAOA Execution Apply the QAOA algorithm with depth p = 1 (or
greater), using Hamiltonian H and the initial state |+)®". Optimize over
variational parameters (y, B) to minimize the expectation value (H).

Step 3: Bitstring Evaluation Measure the QAOA circuit s times. For each
resulting bitstring x € {0, 1}", compute its energy using the Hamiltonian H
and select the | bitstrings with the lowest cost.

Output: If the cost among top-l bitstrings is 0 then Output: Yes, Otherwise
Output No.

Algorithm 3 (Decision)
Input: A Diophantine equation P(x, ..., x,) = 0, with n unknowns x's, of
degree d, with k number of terms, two positive integers M, N.
Output: Yes, Not found for integers less or equal than M + N.
Procedure:
found <« false
fori < N do
Apply Algorithm 1 with parameter M + i
Apply Algorithm 2
if Output of Algorithm 2 is Yes then
found < true
break
else
continue > go to next iteration of the for loop
end if
end for
if found then
return Yes
else
return Not found for integers on [—2M~1 2M=1 _ 17",
end if

It is worth mentioning that the output of Algorithm 2, in which Step 2 is QAOA,
provides only an approximation to the solutions of the optimization problem. This
approximation is given by the approximation ratio, which theoretically improves as
the depth parameter p increases [6].

Consequently, the proposed hybrid methodology, consisting of Algorithm 1 through
Algorithm 3, yields an approximate solvability test for a Diophantine equation within
a bounded domain, with performance directly to the quality of that ratio.

@ Springer



On finding PUBO problems on Diophantine equations Page50f13 113

Proposition1 Let P(x1,...,x,) = 0 be a Diophantine equation with n unknowns,
total degree d, and k terms. Let M € 7.7. Let Q(b1, . . ., b,,) be the PUBO (polynomial
unconstrained binary optimization) function obtained by applying Algorithm I to P,
where m = M - n. Then:

1. If P has a solution, then min Q = 0.
2. Ifmin Q > 0, then P has no solution in [—ZM*I, oM-1 _ 17"

Furthermore, the computational cost of constructing the corresponding PUBO prob-
lem is
0 (n! +K2+K>M?).

And the number of qubits required to implement Algorithm 2 is at least O (M - n).

Progf If P has a iolution, then by construction, min Q = 0. Now, let us suppose that
Q(b) > 0 forall b € {0, 1}’™. Since,

o) = (P(xl(E), ...,x,,(B))) . (P(xl(B), . .,xn(B))> >0

It implies that (P (x1 (l;), ey Xp (Z:))) # 0, where x; (I;) represent the binary expres-

sion of the integer x;. Therefore, there exists no x € [—2M=1 2M=1 _ 11" such that
P(X) = 0. Hence, P has no solution in the given domain. O

Remark 1 This result holds over the finite domain 2M~! to 2~1 — 1. If P has a
solution outside this range, then Q may not detect it unless M is sufficiently large. To
make a claim about all integer solutions, i.e, M — 00, is computationally infeasible
since proving unsolvability in general requires infinitely many operations.

Remark 2 When dealing with Diophantine equations whose solutions are constrained
to the positive integers, we enforce this constraint within the QAOA framework by
adding a penalization term to the cost Hamiltonian. Specifically, to constrain a variable
x to take only positive values, we introduce the term A%, where Zysg, is the
Pauli Z operator acting on the most significant bit (MSB) in the binary encoding of x.
The penalty strength A should be chosen sufficiently large relative to the typical energy
scale of the original cost Hamiltonian to effectively suppress negative solutions while
preserving the true minima.

3.1 Examples

As aproof of concept, we apply the proposed hybrid methodology, namely Algorithm 1
followed by Algorithm 2 and Algorithm 3, to some well-known Diophantine equations,
such as Catalan’s equation, Hardy—Ramanujan number, Erdos—Strauss, Pells, and two
more in which one has not solution and the other is yet to be proved if its solvable or
not. We provide a table (see Table 2) in which give the number of qubits requried, the
depth of QAOA apply, and the minimum cost. In all cases, without loss of generality,
we choose ! = 5, which specifies the number of bitstrings in the output of Algorithm 2.
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Table 2 Simulation results for selected diophantine equations using QAOA

Equation M  #Qubits QAOA Depth (p) Minimum cost
Catalan’s Equation: X2 - y3 =1 4 8 1
Hzardy—Ramanujan Number: w3 +x3 = y3 + 4 16 1
e
Pells: x2 — 7y% =1 8 4 1 0
Erdos—Strauss (n = 4): 4xyz = 4(yz+xz+ 4 12 1 0 with A = 10
xy)
Erdos—Strauss (n = 1018): 4xyz = 4 12 1 > 0 with A = 102!
1018 (yz + xz + xy)
x4y =3 4 8 1 >0

7 14 4 >0

8 16 6 >0
¥yt =2-1 4 12 1 >0

5 15 1 >0

6 18 1 >0

8 24 1 >0

As desired, the minimum cost for the Catalan’s equation is found to be 0 when
using M = 4, indicating the existence of a solution. This aligns with the known
solution: x = 3, @ = 2, y = 2, b = 3. Similarly, for the Hardy—-Ramanujan
number equation, it is well known that the smallest non-trivial solution in positive
integers is given by 123 + 13 = 93 4 103 = 1729. Algorithm 3 correctly identifies
this solution by also yielding a minimum cost of 0 for M = 4.

For the Erdos—Strauss equation with n = 4, using M = 4 and 2 = 100, the
algorithm indicates the existence of a solution. This is consistent with extensive com-
putational results verifying the existence of solutions for all n < 10'7. However, for
n = 10'8 with M = 4 and A = 10%!, the minimum cost is found to be greater than 0,
suggesting that no solution is found within this bounded domain.

In contrast, the Diophantine equation x>+ y? = 3 has no integer solutions, since the
square of any integer modulo 4 is either O or 1, and thus, the sum of two such squares
cannot be congruent to 3 modulo 4. Accordingly, in all tested configurations M =
4, 7, 8 with QAOA depths p = 1, 4, 6, respectively, the minimum cost remained
strictly greater than 0, as expected. Finally, we consider the equation x*+y* = z2—1,
for which it is known that no integer solutions exist with 0 < y < 7.9 - 107. We tested
this equation for M = 4, 5, 6, 8 and QAOA depth p = 1; in all cases, the minimum
cost remained strictly greater than 0, confirming unsolvability within the explored
domain. All simulation results referenced here can be found in Table 2 and in. !

To illustrate the scalability and complexity of the methodology, we further consider
a specially chosen system of Diophantine equations whose unsolvability is known to
be equivalent to the Riemann hypothesis.

1 https://github.com/JMiguel01/On-finding-a- HOBO- problem- on-a- Diophantine- Equation.
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For that, letusrecall that fors € C; = {z € C | Rez > 1} the Riemann zeta function
¢ (s) is defined by the absolutely convergent Dirichlet series ¢ (s) = Y .~ | n% It can
be analytically continued to the whole complex plane C as a meromophic function
with the only simple pole at s = 1, and the residue at this pole is equal to 1. The
non-real zeros of the Riemann zeta function are known to lie in the critical strip
L ={s € C|0 < Res < 1} and the set of its real zeros is known to coincide with the
set of the negative even integers, i.e., { (—2n) = 0 for n € N; those are the so-called
trivial zeros of the Riemann zeta function. Those definitions and assertions can be
found, for instance, in Davenport’s book [7], or [8, Section 12.8].

The (unproved) Riemann hypothesis asserts that all the non-real zeros of the Rie-
mann zeta function lie on the line Res = 1/2. And it has many equivalent formulations
[9, 10]. In particular, in the context of the present research, Matiyasevich’s theorem
states that every recursively enumerable set is Diophantine. Namely, given a recur-
sively enumerable subset S of N, one can actually construct a polynomial Pg(¢; x) in
Zt; x]; x = (xq1,...,x,) for some n € N, such that

S={aeN|3beZ"Ps(a; b) =0}.

Hence, one can construct a system of Diophantine equations whose unsolvability is
equivalent to the Riemann hypothesis. In fact, following [11, Section 6.4] together
with procedures described in [12], and by the well-known Schoenfeld’s theorem [13],
Herndndez Caceres [14] gave such an equation on several pages, which requires around
2286 integer variables; certain inaccuracies contained in it [ 14] were corrected in [15].
However, using a restatement of a system of conditions equivalent to the Riemann
hypothesis given by Matiyasevich in [16], Moroz and Norkin in [17] gave a system of
Diophantine equations whose unsolvability is equivalent to the Riemann hypothesis,
in which the number of variables were significantly reduced (around 166). Here, we
use that system to explicitly construct a Diophantine equation equivalent to it, and
then apply Algorithm 1.

3.2 Construction of the system of diophantine equations

Let us first consider the system of conditions in which [16] shows an equivalence with
the Riemann hypothesis. Following their notation, the system is:

Bn+l (B(n+1)n —n— 1) +n

2 <p <2 om<0d omtl g

(Bn+1 — 1)2 ’
2
= @" _B]n)(fr; _ 1), (;) =1 (mod 2),u =rem(rs, B"L”),
2
rs —u= %q (mod B"z), p=rem(r, B" + 1),
mp < nqg — 151°q/n (D

@ Springer



113 Page8o0f 13 J.M. Hernandez Caceres, |. F. Ria

where B = 2/+m+1 and rem(a, b) stands for the remainder of dividing a by b. So,
if the Riemann hypothesis is true, then the system (1) has no solution in positive
integers [, m, n, p, q,r, s, t, u. An if the Riemann hypothesis is false, then the system
(1) has infinitely many such solutions. With that, [17] construct the following system
of Diophantine equations

n=wi+z1—1=2w1—22, 2g=wy+z3—1=2wy— 24
sQCwiwows — l)2 = <2w1w2w3(w4w§ —n—1) +n> ,
t(wz —1) = (wy — D(wagw3z — 1), t=r+z5—1, wg=2w7(h; —1)+u,
we = w7 + 26 =2w7 — 27, rs=hy— Dwg+hz —1
wag=h3+z8—1, r=0hgs—D(w3+1D)+p, wz=p+z9—1
w3z10 =¢q + (hy — DQwiwy — 1), ng =mp +z11,
(ng —mp)? = 2251**n +z12), 0= Ew;,2.1;2%), 0= E(ws,2,m;z®)
0= E(w3,2,n( +m+1); 29),
0=Ews, 2, > —n)A+m+1);z¥), 0= Ews,2,t;2®)
0=E(we ws+1,1:27), 0= Ew7,2,rt;2®),
(2)

where w; = 2!, wy = 2", w3 = B", w4 = B”z_", ws =21 we = 21 + 1), wy
2z = (z1,...,212) € N2, 20 = (z1310004-1), - - -, 23204206-1)) € N'2 for 1
i <8, and

A

E e Byix = (xf - 3 = Did - 1)2 + (3 - 3 - - 1)2

2 2
+ (52— 03 = 0xd = D)+ (x5 = x03) + (7 = (1 +4x1032))?
+ (1 x12xs = x6)” + (y + 403 — Das —x9)” + (y +x1s — 1 = x3)°
_ a2 2 a2 2
+ (X1 -G =) —)" = (x5 = D7 Q02 -7 -1
2 2 2
+ (Ot +x16 — (2X2/3 - p - 1)) + (¥ + x19 — x17)
2

+ (3 = ohy = D = D2y - 1)
The unsolvability of that system of Eq. (2) in positive integers is equivalent to the
Riemann hypothesis; moreover, if the Riemann hypothesis does not hold, then this
system of equations has infinitely many solutions in N.

Now, note that the unsolvability of the system of equations of (2) is equivalent to
the unsolvability of the Diophantine equation

Pw,X,h,Z)y=Pi(w,X,h,2)+ P(w,l,m,n,r,t,2Z), 3)
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where

Pi(w, X, h,2) = (Wi +21 —n— D>+ Qi — 22 —n)* + (wy + 23 — 1 — 2¢9)*
+ Qs — 24 = 2)7 + (sQuywaws — 1)* = (2wywawswewd —n = 1) +n))?
+ (t(ws — 1) — (w2 — D(waws — D) + (r + 25 — 1 — 1)?

+ Qwrthy — 1) 4 u — we)* + (w7 + 26 — we)* + Qw7 — 27 — Wwe)*

+((hy— Dws+h3—1—rs)>+ (h3 + 25 — 1 — wa)?
+((ha—Ds+D+p—rP+(p+z—1—ws)?

+ (g + (ha — DQwywy — 1) — w3z10)* + (mp + 211 — ng)?

+ (2251°¢?n + 212 — (ng — mp)*H)?,

Py(w,l,m,n,r,t,Z) = (E(wy,2,1;22))* + (E(wy, 2, m; z%))?
+ (E(w3, 2, n( +m 4 1); 29))2 + (E(w4, 2, 0® = n)(I +m + 1); 2P))?
+ (E(ws, 2, 1; 29))2 + (E(we, ws + 1, 1:27))% + (E(w7, 2, rt; 2®))2,

Wlth w = (U)]...,U)7),X = (lymyn,psCIvrvS,t,U),h = (h],h2,h3,h4), and
Z=(,....2%).

3.3 On finding a HOBO problem

Having established the Diophantine equation, we now proceed to apply Algorithm 1.

1. Now, let us expand P to see its degree and the number of monomials. To do so, we
implemented a code in Python? which finds that P has 21 monomials of degree
24 and 134,629 additional monomials of lower degree (see Table 3). The fully
expanded expression for P is also available in the repository.

. 2
2. Since (30 xi)” = Y0 x?+2 (Z]<i,]~<n x,~x,~> forn > 2,n € Z and x;
. . 2 .
variables, the maximum number of terms of (Z?:l a,-) , 18 at most n + (’;) =

@. Based on this, we estimate the number of terms in the expansion of P2.In

fact, P2 is of degree 48 and contains at most 3 30, U; = 695951380661052222
terms,where U; is given in Table 4.

3. Now, for each integer variable, consider the binary representation of length M,
with M € Z*. Thus, to express P2 in terms of binary variables, we would require
less than Z?il U; M binary variables, where M; is given in Table 4.

Now, let us construct our HOBO problem.

2 https://github.com/JMiguel01/On-finding-a- HOBO- problem- on-a- Diophantine- Equation.
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Table 3 Degree and number of terms in the expansion of P

Polynomial Highest degree No of terms
— 8,2 4

Py(w. X, h,z) My = 5062518n%¢ 164

(E(wy,2,1;29))? My =2)58, 12,020
. ,(3)))2 _ 16,8

(E(wa,2,m;23))) M; = z(8:5, 12,020

(E3, 2,n(l +m+ 1);29))> My = 23828, 15,682
2 ., (@)))2 _ 16 8

(E(wy, 2, (n? =) +m + 1); 2)) Ms = 218,28, 21,527

(E(ws, 2, 1;2(9)))2 Mg = 215235, 12,020

(E(we, ws + 1,1;2M))? M7 =256w8z8,,28,, 49,205

(E(wy,2,rt;2®))? Mg = z}82%, 12,020

Proposition 2 Consider the following PUBO problem:

M M 2
min | P ZwljZJ, ...,ZanjZJ
Jj=0 Jj=0

subjectto wy,, ..., z172; € {0, 1} for alli.

So, if the Eq. (3) has infinitely many solutions in N, then the minimum value would be
zero; moreover, if the minimum value is not zero, then the Eq. (3) has no solution in
the positive integers.

Proof If the system of Eq. (2) has infinitely many solutions in N, let (w, X, h, Z) be a
solution, then Py (w, X, &, z) = (0)2+(0)2+(0)>+- - -+ (0)2 and E (wy, 2, [; z?) =
0, E(wy,2,m;z®) =0, ..., E(we, ws+1,1:27) =0,s0 Pr(w,l,m,r,t,Z) =0;
hence, P(w, X, h,Z) =0and P(w, X, h, Z)2 = 0. Now, note that

2

M M
P ZwljZJ,...,Zan/Zj >0
j=0 j=0

for all wy,, ..., z172; € {0, 1} and for all i, so this makes the problem a minimization
of a nonnegative function; hence, the minimum value over all assignments is at most
0.

Now, if the minimum value is not zero, this means that for all wy,,...,z172; €
{0, 1} and for all i, 0 # P(w, X, h, Z)?> = P(w, X, h, Z) - P(w, X, h, Z) so,
P(w, X, h, Z) # 0 meaning that (w, X, k, Z) is not a solution to the system. O

4 Conclusions

In this work, we presented a methodology for determining whether a given Diophan-
tine equation is unsolvable over a defined domain using the quantum approximate
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Table 4 Degree and upper bound on the number of terms in the expansion of P.

Polynomial

Highest degree

Upper Bound of terms

Pi(w, X, h, z)*
Ep = (E(wy, 2,1 2®))*
E3 = (E(wp,2,m;z®))*

E4 = (E(w3,2,n(l +m + 1);z3)4
Es = (E(wa,2, % —n)({ +m + 1); z2®)4

E¢ = (E(ws, 2, 1;2(0))*

E7 = (E(we, ws + 1, 1:27))*

Eg = (E(w7.2,rt;28))*
P -Ey
P -E3
P -Ey4
Py Es
Py - Ee
Py - Eq
Py - Eg
Ey)-Ey
E)-Es
E;) - Eg
Ey - Eq
E - Eg
Ez-Ey
E3 - E5
Ez - Eg
E3 - E7
E3 - Eg
Ey-Es
E4 - Eg
Ey-Eq
E4-Eg
Es - Eg
Es - E7
Es - Eg
E¢- Eq
Eq- Eg
E;-Eg

M = 2562890625110n%¢% U} = 12432

o = el
3
oy = 5l

e =l
Ms = 20211
M = 230213,
M7 = 65536wl0z19,219,
Mg = zigozl$,
My - My

My - M3

My - My

My - Ms

My - Mg

My - M7

My - Mg

M; - M3

My - My

My - Ms

M; - Mg

My - M7

My - Mg

M3 - My

M3 - M5

M3 - Mg

Mz - My

M3 - Mg

My - Ms

My - Mg

My - M7

My - Mg

Ms - Mg

Ms - M7

Ms - Mg

Mg - M7

Mg - Mg

M7 - Mg

U, = 72252621
Us = 72252621

Uy = 122995523

Us = 231684378

Ug = 72252621

Uy = 1212906543

Us = 72252621

Ug = 8979611592

Uyo = 8979611592

Uy = 15276482808

Uyp = 28773611784

Uy3 = 8979611592

Uya = 75486502176

Uys = 8979611592

Ujg = 5220463841765641
Uy7 = 8896453217612983
Ujg = 16742252188280188
Uyg = 5220463841765641
U = 87578738444099930
Usy = 5220463841765641
Uz = 8896453217612983
Upz = 16742252188280188
Una = 5220463841765641
Usps = 87578738444099930
Usg = 5220463841765641
Us7 = 22566580109465492
Usg = 4439679646347561
Ung = 74287913699071644
Usp = 4439679646347561
Us1 = 8355194190499280
Usp = 140826147302939360
Us3 = 8355194190499280
Uss = 87460583795319150
Uss = 5222460064776841
Usg = 87460583795319150
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optimization algorithm (QAOA). We provided simulation results to demonstrate the
practical applicability of the method, showing that the proposed approach can be
employed as a research tool for studying the solvability of Diophantine equations
whose status remains unknown.

Furthermore, we explored a connection between a PUBO problem and the Riemann
hypothesis through a specially chosen system of equations. To that end, we estimated
the cost in terms of the number of binary variables required to construct this combina-
torial problem. We then analyzed the degree and number of monomials in the resulting
polynomial, as these characteristics directly influence the complexity of the PUBO
instance.

It is important to note that any attempt to solve the associated PUBO problem of its
corresponding Diophantine equation inherently encounters the fundamental limits of
computability. In future work, our aim is to explore alternative quantum techniques,
such as Grover adaptive search (GAS) [18], which has been proposed as a way to
improve quantum oracles for PUBO problems. Additionally, we plan to investigate
whether the exponential growth in the number of integer variables in Diophantine
encoding can be mitigated through more efficient representations or problem trans-
formations.
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