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In a special representation of complex action theory that we call “future-included,” we study
a harmonic oscillator model defined with a non-normal Hamiltonian A , in which a mass m
and an angular frequency o are taken to be complex numbers. In order for the model to be
sensible some restrictions on m and w are required. We draw a phase diagram in the plane of the
arguments of m and w, according to which the model is classified into several types. In addition,
we formulate two pairs of annihilation and creation operators, two series of eigenstates of the
Hamiltonians & and A, and coherent states. They are normalized in a modified inner product /o,

with respect to which the Hamiltonian H becomes normal. Furthermore, applying to the model
the maximization principle that we previously proposed, we obtain an effective theory described
by a Hamiltonian that is Q-Hermitian, i.e. Hermitian with respect to the modified inner product
Io. The generic solution to the model is found to be the “ground” state. Finally we discuss what
the solution implies.

Subject Index A60, B30

1. Introduction

The Feynman path integral (FPI) is a very nice framework for formulating quantum theory. We
usually consider a real action in the FPI. However, if we pursue a fundamental theory, it is better to
require fewer conditions imposed on it at first. Indeed, there is a possibility that the action is complex
at the fundamental level but looks real effectively. We pursue such a complex action theory (CAT),
which is preferable to the usual real action theory (RAT) in the sense that the former has at least one
fewer conditions: there is no reality condition on the action. The CAT has been investigated with
the expectation that the imaginary part of the action would give some falsifiable predictions [1-4],
and various interesting suggestions have been made for the Higgs mass [5], quantum-mechanical
philosophy [6—8], some fine-tuning problems [9,10], black holes [11], de Broglie-Bohm particles,
and a cut-off in loop diagrams [12]. In addition, in Ref. [13], introducing a modified inner product
IQ1 so that a given non-normal Hamiltonian> becomes normal with respect to it, we proposed a
mechanism to effectively obtain a Hamiltonian that is O-Hermitian, i.e. Hermitian with respect
to the modified inner product /p, after a long time development. Furthermore, using the complex
coordinate formalism [20], we explicitly derived the momentum relation p = mg, where m is a
complex mass, via the FPI [21].

! Similar inner products are also studied in Refs. [14—16].
2The set of non-normal Hamiltonians is much larger than that of the PT-symmetric non-Hermitian
Hamiltonians, which has been intensively studied in Refs. [15-19].
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The CAT can be classified into two types. One is the future-not-included theory [22], i.e. the theory
in which the past state |[4(74)) at the initial time 74 is given, and the time integration is performed
over the past time. The other one is the future-included theory [1], in which not only the past state but
also the future state |B(Tp)) at the final time 75 is given at first, and the time integration is performed
over the whole period from the past to the future. In Ref. [23] we pointed out that if a theory is
described with a complex action, then such a theory is suggested to be the future-included theory
rather than the future-not-included theory, as long as we respect objectivity. In the future-included
theory, the normalized matrix element [1]3

Gy = BOIOUD) O

(B(O|4(D)
where ¢ is an arbitrary time (74 < ¢t < Tp), is a strong candidate for the expectation value of an
operator O. Indeed, if we regard (0)B4 a5 an expectation value in the future-included theory, we
obtain the Heisenberg equation, Ehrenfest’s theorem, and a conserved probability current density
[26,27]. In Ref. [28], changing the notation of (B(#)| as (B(t)] — (B()|p = (B(®»)|Q in (@)BA,
where Q is a Hermitian operator that is appropriately chosen to define the modified inner product /o,

ABA _ (BDIpOIA®D)

we introduced a slightly modified normalized matrix element ((’))Q = ) We proposed

(B®)]A(D))
a theorem which states that, provided that an operator O is O-Hermitian, (@)g“1 becomes real and
time-develops under a O-Hermitian Hamiltonian for the future and past states selected such that the
absolute value of the transition amplitude defined with Iy from the past state to the future state is
maximized. We call this way of thinking the maximization principle. This theorem was proven in
both the CAT [28] and the RAT [29], and briefly reviewed in Refs. [30,31].

Through various works explained above we have studied the idea that the fundamental action for
the universe could be complex instead of being real, as is usually assumed. A major result of ours
is that with regard to the observation of the time development there is approximately no deviation
from what the usual RAT would give, and thus there could a priori be the CAT in nature without
having immediately seen it. The most remarkable deviation from the RAT that the CAT predicts is a
kind of restriction on the initial conditions. Hence we could say that it unifies initial conditions and
equations of motion or usual quantum mechanics. These predictions, however, depend on the detail
of the action, which has to be guessed as usual. To truly settle what type of prediction the CAT leads
to, a combination of investigation of what the CAT will do and guessing of the action to choose is
needed. To reach the understanding thus required, it must be useful to study some examples in the
CAT. The simplest example from which we can hopefully learn the most important features of the
CAT is a harmonic oscillator. Therefore, in this paper we shall develop the formalism of the harmonic
oscillator with parameters m and w taken to be complex so that the action becomes complex. Even
though harmonic oscillators have of course been studied so intensively that there is not much chance
to do anything new on them, we could claim that, since one normally considers it only sensible to
work with a real action or a Hermitian Hamiltonian, we study a seemingly nonsensical and thus
not so overstudied theory as one a priori thinks about harmonic oscillators. Indeed, it would very
commonly be assumed that the action is real, and in most cases one would neither feel safe nor trust
studies for the question of the CAT. In this sense our work on the harmonic oscillator in the CAT is
guaranteed to be new.

3 (@)BA is called the weak value [24] in the context of the future-included RAT, and it has been studied
intensively. The details are found in Ref. [25] and references therein.
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Based on the motivation stated above, we study the harmonic oscillator model in the future-included
CAT. After reviewing the complex coordinate formalism [20], we provide a non-normal Hamiltonian
H for the model, in which a mass m and an angular frequency w are taken to be complex numbers.
We point out that some restrictions on m and w are required so that the model becomes sensible.
According to the argument of m and w, the model is classified into several types. We draw a phase
diagram in the plane of the arguments of m and w. We formulate two pairs of annihilation and
creation operators, and construct two series of eigenstates |n)1 and |n); of the Hamiltonians H and
A respectively with several algebraically elegant properties as seen in the usual harmonic oscillator
in the RAT. Our eigenstates |#) and |r), are not normalized in a usual sense, but are normalized by
the condition 7 (n|m)|; = 8,;,. We call this dual normalization. In addition, expecting that classical
physics can be described well by coherent states even in the CAT as well as in the RAT, we construct
them for later study.

Next, after reviewing the modified inner product /o, with respect to which the eigenstates of the
Hamiltonian A become orthogonal to each other, we argue that the dual normalization is interpreted
as the O-normalization, i.e. the normalization with respect to the inner product /. Furthermore,
we apply the maximization principle to the harmonic oscillator model. As a preliminary study,
supposing that |4(74)) and |B(T)) are given by the coherent states that we constructed, [A4(74))con,1
and |Ap(TB))coh,1, We evaluate ((A]new))éBM and (ﬁnew)AQBAA, where gnew and prew are non-Hermitian
coordinate and momentum operators respectively. Then we obtain a classical equation of motion,
which suggests that, if we obtain a real observable (@)AQBM via the maximization principle, then we
have a classical solution, which behaves in a quite similar way to that in the RAT. Furthermore, we
introduce O-Hermitian coordinate and momentum operators go and pg, and rewrite the Hamiltonian
H interms of go and pg. Utilizing the maximization principle, we obtain an effective theory described
by a Q-Hermitian Hamiltonian that is expressed in terms of gp and pp. We find that the solution
to the harmonic oscillator model is the “ground” state. The “ground” state means the state with the
utmost energy in the half-infinite series of levels. It it only a true ground state for the case of (real)
positive w. Finally, we discuss what the solution implies.

This paper is organized as follows. In Sect. 2 we briefly review the complex coordinate formalism
[20]. In Sect. 3 we define our harmonic oscillator model and present a phase diagram in the space of
the arguments of m and w. In Sect. 4 we formulate two pairs of annihilation and creation operators,
and construct two series of eigenstates of the Hamiltonians H and AT with the dual normalization.
Also, we formulate coherent states. In Sect. 5, after reviewing the modified inner product Iy, we
argue that the dual normalization is interpreted as the normalization with respect to /p. In Sect. 6,

after reviewing the maximization principle, we preliminarily study the behavior of (c}new)g * and

(ﬁneW)AQBM by supposing that [4(T4)) and |[B(Tp)) are given by coherent states [A4(74))con,1 and
|AB(TB))con,1- Finally, we argue that we obtain via the maximization principle an effective theory,
which is described by a O-Hermitian Hamiltonian, and that we are led to the ground state solution.
Section 7 is devoted to discussion.

2. Complex coordinate formalism

In this section we briefly review the complex coordinate formalism that we proposed in Ref. [20] so
that we can deal with complex coordinate ¢ and momentum p properly not only in the CAT but also
in the RAT, where we encounter them at the saddle point in the WKB approximation, etc.

3/36
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2.1. Non-Hermitian operators Gney, and Py, and the eigenstates of their Hermitian
conjugates |q)new and |P)new

We can construct the non-Hermitian operators of coordinate and momentum, gnew and ppew, and the
eigenstates of their Hermitian conjugates |¢)new and |p)new, such that

éiewl@new = q|q)new, (2)
ﬁiew|p>new = plP)new> 3)
[énew,f?new] =ih 4)

for complex g and p by formally utilizing two coherent states. Our proposal is to replace the usual
Hermitian operators of coordinate and momentum, ¢ and p, and their eigenstates |q) and |p), which

obey 4lq) = qlq), plp) = plp), and [§, p] = ifi for real ¢ and p, With Ghew, Phews [¢)news and |p)new.
The explicit expressions for gnew, Pnews |¢)new»> and |p)new are given by

. 1 A
Gnew = ﬁ (q - 1617), (5)
R 1 A a
Pnew = ﬁ (p + 16/4), (6)
1
1—€e'’\4 _ 1,4 __n2| [1—¢€€
|@)new = ( 47‘[h6) € ane (1=€€)g 2he CI> > (7
coh
1
I —€€’\* _ 1 (q_eenyp2|. |1 —e€
P)new = ( 4ﬂh€,> e~ (=)™ ;| o p> : (8)
coh’

where |A)con 1S a coherent state parameterized with a complex parameter A defined up to a normal-
ization factor by |A)con = et 10) = > > A |n), and this satisfies the relation a|A)con = A|A)coh.

n=0"/n
Here, a = ,/ﬁ (@ + ief)) and o' = |/ ﬁ (@ — ieﬁ) are annihilation and creation operators. In
ol AT . ~ AN . D .
Eq. (8), [M)eorr = € |0), where o’ f is given by @’ f = y/3% (q - 15), is another coherent state

defined similarly. Before seeing the properties of gnew, Pnew» |¢)new»> and |p)new, we define a delta
function of complex parameters in the next subsection.

2.2.  The delta function

We define D as a class of distributions depending on one complex variable ¢ € C. Using a function
g : C — C as a distribution* in the class D, we introduce the functional G[f] = [/ (@g(q) dq for
any analytical function /' : C — C with convergence requirements such that f — 0 for ¢ — +o0.
The functional G is a linear mapping from the function f to a complex number. Since the simulated
function g is supposed to be analytical in ¢, the path C, which is chosen to run from —oo to oo
in the complex g-plane, can be deformed freely, and so it is not relevant. As an example of such a
distribution, we could think of the delta function and approximate it by the smeared delta function

4 Another type of complex distribution is introduced in Ref. [32]. It is different from ours in the following
points: the complex distribution in ref. [32], where g(g) is supposed to have poles, is not well defined by g(gq)
alone, but needs an indication of which side of the poles the path C passes through. On the other hand, in our
complex distribution we assume not the presence of poles of g(g) but / not being a bounded entire function.
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Fig. 1. Example of a permitted path C.

defined for complex ¢ by

1 7
2(q) =8:(q) = 4—e‘¥, %)
TT €

where € is a finite small positive real number. For the limit of € — 0, g(¢) behaves as a distribution
for complex ¢ obeying the condition

L(g) = (Re(9))* — (Im(g))* > 0. (10)

For any analytical test function f (¢)° and any complex gq, this 8¢ (¢) satisfies /. oS/ (@85(q—qo)dg =
f(qo), as long as we choose the path C such that it runs from —oo to oo in the complex g-plane and
at any ¢ its tangent line and a horizontal line form an angle 6 whose absolute value is within 7 to
satisfy the inequality in Eq. (10). An example of such a permitted path is drawn in Fig. 1. Also, the
domain of the delta function is shown in Fig. 2.

Next, we extend the delta function to complex €, and consider

[ 1
Sg(aq) = Ee—iazqz (11)

for a non-zero complex a. We express €, g, and a as € = reetfe, q = rqe’94, and a = rye'%. The
2 2
a‘q

convergence condition of &5 (ag): Re (T) > () is expressed as

T 1 T 1
— 5 T30 = 200) < 0y < 7+ 50— 200). (12)
3 1 5 1
7 56 = 200) < By < S + (6 — 260). (13)

5 Because of the Liouville theorem, if /" is a bounded entire function, f is constant. So we are considering
f as an unbounded entire function or a function that is not entire but is holomorphic at least in the region on
which the path runs.
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Fig.2. Domain of the delta function.

For g, €, and a such that Eqgs. (12) and (13) are satisfied, 85 (aq) behaves well as a delta function of
aq, and we obtain the relation

sign(Rea) -5
5¢(ag) = —=———=8¢ (q), (14)
where we have introduced
. 1 forRea >0,
sign(Rea) = —1 forRea <0 (15)

2.3.  New devices to handle complex parameters

To keep the analyticity in dynamical variables of FPI such as ¢ and p, we define a modified set of a
complex conjugate, real and imaginary parts, bras, and Hermitian conjugates.

2.3.1. Modified complex conjugate i,
We define a modified complex conjugate for a function of n parameters f ({a;};=1....») by

faii=1,.. )"l = f*({ai}iea, {a] Yiga), (16)

where A denotes the set of indices attached to the parameters in which we keep the analyticity, and
* on f acts on the coefficients included in /. For example, the complex conjugate *,, of a function
f(q,p) = aq® + bp? is written as f (¢, p)*+» = a*q* + b*p?. The analyticity is kept in both ¢ and p.
For simplicity we express the modified complex conjugate as *;, where {} is a symbolic expression
for a set of parameters in which we keep the analyticity.
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2.3.2.  Modified real and imaginary parts Reyy, Imy,
We define the modified real and imaginary parts by using *(;. We decompose some complex function

f as

f= Re{}f + iIm{}f, (17)

where Reyyf and Imyyf are the “{}-real” and “{}-imaginary” parts of / defined by

Repf =7 +2f iy (18)
Imgyf _/ _2{ o (19)

For example, for f = kq?, the g-real and g-imaginary parts of / are expressed as Re,f = Re(k)q?
and Im,f" = Im(k)q?, respectively. In particular, if f satisfies /*0 = f, we say f is {}-real, while if
f obeys f* = —f fis purely {}-imaginary.

2.3.3.  Modified bras »( | and y( |, and modified Hermitian conjugate ¥,
For some state |A) with some complex parameter A, we define a modified bra ,,(A| by

m(A = (A7 (20)

so that it preserves the analyticity in A. In the special case of A being real it becomes a normal bra. In
addition we define a slightly generalized modified bra (( | and a modified Hermitian conjugate
of a ket. For example, ., (u| = ,(u| = n(ul, (|u))7u,v = (Ju))Tv = ,,(u|. We express the Hermitian
conjugate Ty of a ket symbolically as (| N = 11 ( |. Also, we write the Hermitian conjugate Ty, of
a bra as ({( 70 = | ). Hence, for a matrix element we have the relation p{uldv)*t =g |4 u).

2.4.  Properties of Gnew: Drews 1@)news and D) new
The states |¢)new and |p)new are normalized so that they satisfy the following relations:

m(newq/|q>new = 851 (q/_q), (21)
mlnew P 1D)new = 8¢ (' — ), (22)
where €1 and €] are given by
he
__he 23
a=1__ (23)
ke’
€ = —ec (24)

We take € and €’ sufficiently small, for which the delta functions converge for complex ¢, ¢/, p, and
p’ satisfying the conditions L(g — ¢') > 0 and L(p — p’) > 0, where L is given in Eq. (10). These
conditions are satisfied only when ¢ and ¢’ or p and p’ are on the same paths respectively. For small
€ and €/, Egs. (21) and (22) represent the orthogonality relations for |¢)new and |p)new, and we have
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the following relations:

/(;dQW)new mlnew ql =2 1, (25)
[ o o = 1, 26)

. 0
Plow ) new = lh@k])new» (27)

R h o
qITlew|P)new = ?£|p>neWa (28)

1 i

mnew q|P)new = m €Xp qu . (29)

Thus, ?];ﬁew, f);ﬂew, |@) new» and |p)new With complex ¢ and p obey the same relations as g, p, |¢), and
|p) with real ¢ and p. In the ¢ — 0 and €/ — 0 limits, 8¢' (¢’ — ¢), 851 (" — p), and exp (%pq) in
Egs. (21), (22), and (29) are well defined as distributions of the class D. For real ¢’ and p’, |¢/)new
and |p’)new become |¢’) and |p’) respectively; also, Cﬂ:ew and ﬁiew behave like g and p respectively.

3. Harmonic oscillator model and phase diagram in m and o

In this section, after reviewing the future-included theory, we define our harmonic oscillator model
in the CAT and present the phase diagram.

3.1.  Harmonic oscillator Hamiltonian in the future-included theory

3.1.1.  Future-included theory

The future-included theory [1,26,27] is described by using the future state |B(7)) at the final time
T and the past state |4(T4)) at the initial time 74. For a given non-normal Hamiltonian H , |[4())
and |B(¢)) obey the Schrodinger equations

d N
ih—1A(®D) = HIA@), (30)
in LBy = BB, 31)
dt
and are expressed as
A()) = e~ FHETO14(T)), (32)
B()) = e~ i1 =T8)|B(Tp)). (33)

A\BA (BMIO14()

In Refs. [26,27] we investigated the normalized matrix element (0)** = >, which is

(B(1)]4(D)
called the weak value [24,25] in the RAT, and found that if we regard (O)?4 as an expectation value
in the future-included theory, then we obtain the Heisenberg equation, Ehrenfest’s theorem, and a

conserved probability current density. In fact, since (@)BA obeys

d

(0P = <1[ﬁ @]>BA (34)
dt o
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for a general Hamiltonian

H

I ., .
%pnew + V(‘]new)a (35)

where V is a general potential defined by V' (q) = > o2, buq", we obtain

d . 1 .
E(Qnew)BA = _<pnew>BA, (36)
m
d . o
7 Brew) ™ = =0 (G )™, 37)
and Ehrenfest’s theorem, m%(t}new)BA = —(V'(Gnew))?1. Thus, (O)B4 provides the time devel-

opment of the saddle point for exp(%S), and seems to have the role of an expectation value in the
future-included theory. In addition, let us introduce a probability density p by

wB(Q)*qu(q) _ (BIq) new m(new ql4)
(Bl4) (Bl4) ’

p= (38)

which satisfies |, cdqp = 1, where C is an arbitrary contour running from —o0 to 0o in the complex
g-plane. Then we can construct a conserved probability current density j by

~ %
i (05 Vi — 7 *q 3y
2m dg 4 B g

(Bl4) ’

J(q,t) = (39)

which obeys the continuity equation %—’; + 8%j(q, t) = 0. Therefore, probability interpretation seems
to work formally with this p.

As for the Lagrangian, in Ref. [21], starting from the Hamiltonian given in Eq. (35), we obtained
via the FPI the Lagrangian L(g,q) = %qu — Y02, byq", and vice versa. In addition, we derived
via the FPI the momentum relation

d
P() = m3-q(0). (40)

We note that this is not the case in the future-not-included CAT. Indeed, we showed in Ref. [22] that
in the future-not-included CAT the Lagrangian and momentum relation are given by Leg(q,q) =
%meff 512 — Z:iz Re b, ¢" and p = megrq, where megr = mp + Z—i. Since Eq. (36) is consistent with
Eq. (40), Eq. (40) is confirmed to be the momentum relation in the future-included theory.

3.1.2.  Harmonic oscillator Hamiltonian
Utilizing gnew and ppew given in Egs. (5) and (6), we define our harmonic oscillator Hamiltonian H
by

A 1, R
H= ﬂ Izlew + V(‘]new), (41)
~ 1 272
V (Gnew) = 37O e (42)
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where both mass m and angular frequency w are complex, and decomposed as follows:

m = mgR +imy = rmeie'", (43)
w = wRr +iwr = rwe’p‘“, (44)

where mg, wr, my, and wy are the real and imaginary parts of m and w, and r,,, 7, 6,,, and 6,, are the
absolute values and arguments of m and w, respectively. This Hamiltonian depends on € and €’ via
Gnew and ppew. For our later convenience, let us introduce another Hamiltonian that is independent
of € and €/,

A | 1 R
He—e—o = _p2 + _mw2q2’ (45)
2m 2
by taking the limits € — 0 and €’ — 0, or replacing §new and pnew With § and p in A. Utilizing the
fact obtained in Ref. [21], we find that the Lagrangian is simply given by

L) = ymi V@, (46)
Vig) = %ma)zqz. (47)
The potential V' is decomposed as
V=Vr+il, (48)
VR =Re,V =Re (mT‘"Z) 7, (49)
ma? 5
Vi=ImgV =1Im (T) , (50)

where Re, and Im,; are introduced in Egs. (18) and (19).

We consider the functional integral |, cDq w;wAelﬁ JLqgat , and suppose that the asymptotic
values of dynamical variables such as g and p are on the real axis. The path C denotes an arbitrary
path running from —oo to 0o in the complex plane for each moment of time ¢, and we can deform it
as long as the integrand keeps the analyticity in ¢ and p. To prevent the kinetic term in the integrand
from blowing up for § — o0 along the real axis, we impose on m the condition®

my > 0. (51)

In addition, to ensure the convergence of the functional integral, we need the following condition on
the potential:

Im(maw?) < 0. (52)

% In an exact sense, the convergent condition is given by m; > 0, while we know that the harmonic oscillator
model with m; = 0 works well in the RAT. Hence we have included m; = 0 for the condition in Eq. (51).
Similarly, we have included Im(mw?) = 0 for the condition in Eq. (52). Note that if m; or Im(mw?) violated
the two conditions in Egs. (51) and (52), i.e. if m; < 0 or Im(mw?) > 0, then the functional integral divergence
would be exponential, and thus it would be much more serious than the divergence trouble in the RAT, where
m; = 0 and Im(mw?) = 0.
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Then, since mw and mw? are written as
mew = re? = ryr,eOnt) (53)
2 2 i(0n+26,) (54)

mw* = ryt,e

the two conditions in Egs. (51) and (52) are expressed in terms of 6,, and 6,, as

0<6y <m, (55)
0 0
7 <0,+20,<0 < —7’”—%590)5—7’”, (56)

respectively.

3.2.  Study of the phase diagram

In this subsection we analyze the phase diagram in the (6,,, 6,,) plane. We will see that, according to
the values of 6,, and 6,,, our harmonic oscillator model includes several different theories. Indeed,
the value of 6,, classifies the model into the usual time theory (UTT), imaginary time theory (ITT),
and flipped time theory (FTT). Also, according to the value of 6,,, not only a harmonic oscillator
(HO) but also an inverted harmonic oscillator (IHO) is described.

Using Eq. (54), let us express V'r and V7 given in Egs. (49) and (50) as

2

Vo = q?rmri c08(Gm + 26,), (57)
qZ

Vi = ?rmri sin(6,, + 26,,). (58)

Then, according to the signs of Vg and V1, the permitted region of 6,, by the condition in Eq. (56)
can be classified into the following five regions:

(1) Forf, =% & 6, +26, =0:
VR > 0,71 =0.

2) For-% -2 <9, <-% & —-Z <0, +20, <0
VR>O,V[<0.

(3) Forfp=—% -2 & 0,420, = —%:
VR =0,V < 0.

4) For—97’"—%<9w<—%—% & —T < O0p+20, <5
VR<0,VI<0.

(5) Forfp = —% -2 & 0, +20, = —m:
VR <0,V =0.

Later, using the different condition in Eq. (55), we investigate these regions in more detail according
to the value of 6,,,.

3.2.1.  Our principle of interpretation of various quantities in the CAT

We shall explain our interpretation of various quantities in the CAT. We allow both mass m and
angular frequency w to be complex, so negative numbers are naturally included. Since we have a
much larger class of theories, there can only be a priori less chance that we obtain just what we find
in nature. Some possible outcomes will simply disagree with some of our experiences. We have to
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choose the parameters appropriately. We then divide the possibilities for the sign of the real part of
m called mp to classify the theories. We think that the real part of (non-relativistic) mass should be
positive in a sensible theory. One possible strategy would be to declare that there is an empirical
law that mg shall be positive. Another one would be to introduce some transformation to change
the mass into a new mass so that its real part becomes positive. Based on this way of thinking,” we
define a new mass by

Mpew = am, (59)

where a, whose magnitude is 1, is properly chosen so that Re miyew > 0. Since 6,, = argm is
restricted by the condition in Eq. (55), a is chosen according to the sign of mg, as shown later.

Next we introduce new times fnew and 7;°%, and a new angular frequency wpew by demanding the
relation

i i
exp [—%H(l‘ — TA):| = €Xp [_ﬁHnew(tnew - T;;ew)i| (60)

for the Hamiltonian £ given in Egs. (41) and (42), and a new Hamiltonian Hipew defined by

A

2 ﬁz 1 2 2
new ~
gy 2" e = G D

Comparing the free parts of H and He,, on both sides of Eq. (60), we define

m
few = —2t = at, (62)
m

and TV = ”’;‘%T 4 = aTy4. Similarly, we define 73*" = aT. In addition, we introduce a new pair
of coordinate and momentum, gpew and ppew, by

Gnew (tnew) = q(1), (63)
Drnew (fnew) = p(2). (64)

Using Egs. (62)—(64), we can rewrite the momentum relation given in Eq. (40) in terms of the new
variables as prew (fhew) = mnewﬁqnew (thew). Next we compare the potential terms of H and I:Inew
on both sides of Eq. (60). Then we might feel like defining wpew = :I:%w, where we encounter an
indefiniteness for the sign of wyew. However, since the expression of Eq. (61) suggests a new energy
Epew = %kn, if we suppose that we can obtain an energy eigenvalue A, = hw (n + %)8 for A , We
are led to defining wypew With a definite sign by

w, (65)

Wnew

Q|

so that Epey, is expressed as Fnew = AWnew (n + %) Equation (65) is also given by demanding the
relation wt = Wnewlnew-

7 It might be also reasonable to think that the real part of the angular frequency w should be positive. If
we take this philosophy for w, or take both the philosophies for m and w, then the harmonic oscillator model
could be classified in slightly different ways. However, in this paper we elucidate the phase structure of the
harmonic oscillator model only by taking the philosophy for m for simplicity.

8 We obtain the same energy eigenvalue in Eq. (83) of Sect. 4.1.
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UTltT ITT FTT

So |

V>0, V=0 — .
=0,V w2 - Om
VR>O’ V|<O e

V=0, V<O —* < HO in UTT ~

V<0, V<0 ﬂ[ W B
IHO in ) Bw=-6m/2

V<0, V=0 —Q_| HO in ol P

/2 UTT + % Bw=-6m+1/2

<~HOin FTT =

Ow=-m/2-1/4
-Tt ®. Ow=-m/2-1t/2

Bw=-6m-1/2

Fig.3. The phase diagram of the harmonic oscillator defined with complex m and w. Here, 6,, = argm and
0, = arg w, as defined in Egs. (43) and (44). The special cases contained in the RAT are at the four corners of
the allowed parallelogram region. A usual harmonic oscillator model having positive energy is defined at the
upper left corner.

According to the sign of mr, we determine mpew, Wnew, and thew as follows:

(1) For0 <6, < 5:
Since mr > 0 we choose a = 1, 1.€. Mpew = M, Wpew = @, and Inew = 1.

__ .
(2) For by = 7:
Since mr = 0 we choose a = —i, 1.€. Mpew = —IiM, Wnew = iw, and tpew = —it.
(3) For 7 <6y <m:
Since mr < 0 we choose a = —1, 1.€. Mpew = —M, Wpew = —, and tpew = —L.

Unless one transforms the negativity of mgr away, cases 2 and 3 would be forbidden by the empirical
law that mg shall be positive.

3.2.2. The phase diagram

Based on the strategy given in Sect. 3.2.1, we can classify our harmonic oscillator model into several
theories. We have presented such an explicit study in Appendix A. Thus, the phase diagram of the
harmonic oscillator specified by Egs. (55) and (56) is drawn in Fig. 3.°

4. Two-basis formalism

In this section we develop our two-basis formalism of eigenvectors for the harmonic oscillator
Hamiltonians # and A1

% For our later convenience to consider the condition in Eq. (96) for there being eigenstates of H and
coherent states in Sect. 4, the two lines 6, = —0,, &= 7 have also been drawn. The investigation in the following
sections, based mainly on the two-basis formalism of eigenvectors forming ladder states, is valid in the whole
parallelogram region allowed by Egs. (55) and (56) except for the two corners (6,,,6,) = (0,—%), (7, —%),
which are not allowed by the condition in Eq. (96). The two corners represent inverse harmonic oscillators in
the RAT.
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4.1. Annihilation and creation operators

We define two annihilation operators, a; and a;, and creation operators, &7; and Zz;, by their Hermitian

R Imw (. ip
ap = E <Qnew+ n:Z)W>, (66)

conjugates as follows:

A
m*w* i
N AT ' Pnew
ay = o7 <Qnew + m*o* ) > (67)
AT mow [ . i]anew
— _ 68
i V 2k (%ew mw )’ (68)
A
At m*w* A IPnew
a, = o (%ew — m*w*) (69)

Equations (66) and (68) provide gnew and ppew in terms of @; and &; as

. [ h . .
dnew = %(al + a;), (70)

. _hmow .
Prew = —1 ) (a1 — ay). (71)
Then, the commutation relation [Gnew, Prew] = i is written as
lar, ) = 1, (72)
and the Hamiltonian H in Eq. (41) and its Hermitian conjugate At are expressed in terms of a; and
Ez; as
A R 1
H = ho | aya; + 5 ) (73)
gl [ ATA 1
H' = ho a1a2+§ . (74)
We define two ground states |0); and |0); up to the normalization by
ail0); =0, (75)
a10)2 =0, (76)

and excited states |n) and |n), for positive integer »n up to the normalization as |n)] o (&;)” |0} and
|n)y o (&J{)” |0)>. In addition, we introduce number operators 71; and 71, by

hi =, (77)
fiy =alay = Al (78)

Then they obey 71 |n)1 = n|n); and fi|n)2 = n|n),, and H and H' are expressed as

R 1
H = ho <ﬁ1 + 5), (79)

HY = ho* (flz + 1). (80)
2
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We see that |n); and |n), are eigenstates of Hand AT,
R 1
Hln), =7u0<n4-§>|nh,

n 1
Hn)y = ho* (n + 5) n)a,

s0, in particular, H has the following eigenvalue for |n)1:

1
)\'n = hw (I’l+§>.

(81)

(82)

(83)

Here we note that |n); and |n), are not orthogonal eigenstates; | (m|n); and ,{m|n), are not pro-
portional to §,,,, since H and AT are not Hermitian. Though these eigenstates |n); and |n); are
technically somewhat hard to normalize, we can construct rather easily two series of eigenstates that

are not genuinely normalized but fixed by a convention that makes the algebra of Ez; and a; work

very elegantly like in the RAT case.

4.2.  Normalization of |n), and |n),

In this subsection we shall discuss how we normalize the series of Hilbert vectors |n) and |n),.

There could be a number of ways of normalizing them. We first explain them.

(1) We can imagine the special set of |n)1 by a naive analytical continuation of the g-representation

of the normalized state in the RAT, |n) = ﬁ(iﬁ)”lO), to complex maw for small € and €':

N moN s 1 1\" [maw mo
m{new q|n)1 = (%) ﬁ (E) Hn( ?f]) eXp <_Eq ), (84)

where on the left-hand side we have used a modified bra for complex ¢, and on the right-hand side

n
H,(x) is the nth Hermite polynomial, H,(x) = exp (%xz) (x — %) exp (—%xz). In particular,

m{new q|0)1 is expressed as

=

e 41001 = (22) " exp (- 3242)- (85)

Replacing mw with m*w* in the RAT state |n) and then analytically continuing in m*w*, we
obtain the set |n), for small € and €'

_(mr* il 1 ”H [m*w* m*o* %6
m<newCI|n>2—< Hﬁ) ﬁ(ﬁ) n Tq exp<— 2h Q>- (86)

Let us consider the correction to complex ¢ for the nth Hermite polynomial H,(g). H,(gq) is a

smooth g-wave function for small n, but not so for large », for which it oscillates considerably.
Comparing the expressions for the Hamiltonian Hin Egs. (41) and (81), we see that ¢ and p
classically go up in proportion to /n for large n. Hence, the width of H,(g) is proportional to
/n. In addition, H,(¢) has n zeros. Since the density of zeros is about JLE = /n per unit length

in g, the length of each wave contained in H,(g) is about \/Lﬁ On the other hand, the correction

to complex g is €p ~ e+/n. It is €/n/ \/iﬁ ~ en relative to the wave length. Therefore, when
en > 1 we cannot ignore the ep term anymore. So the expressions in Egs. (84) and (86) are

valid for » such that n < %
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)

A3)

The expression of Eq. (84), which is a function of mw but not m*w*, motivates us to define our
|n)1 including the factor in front by

1
In)1 = ﬁ(&z)”loh. (87)

The state |n)1 is not normalized in the usual sense. The squared norm of |r)| involves both mw
and m*w*, so it is not analytic in mw. Similarly, we are motivated to define our |n), by

n)2 = —(@1)"10)s. (88)

S

|

We could also single out our proposed series of eigenstate |n); by the requirement of the usual
ladder formulas with Ez; and a1 replacing a' and a respectively,
ajln)1 = v+ 1n+ D1, (89)
ailn)1 = /nln — 1)1, (90)

This algebraic requirement—not involving any norm—specifies the |n)| state even with respect
to n-dependent scale factors. To consider the set |n), in the same way, the algebraic requirement
in Egs. (89) and (90) should be replaced with the following ladder equations:

ajlnyy = Vn+ 1n +1)2, o1
arln)y = /nln — 1),. 92)

In our definitions &I and a; are the ladder operators depending on m*w*, while Zzz and a; used
for construction of the |n)| states are the ones depending on mw.

The third possibility is to try to determine both the prefactors of |#); and |r), by imposing the
condition

2(m|n)1 = Smn (93)

on |n)1 and |m);. This condition means that |m); is regarded as a dual basis of |n)1, and also
implies the following completeness relation:

> Imafnl = 1. (94)
n=0

If we write |n)1 and |m); as |n)1 = C1(n)(a,)"|0)1 and |m); = Cz(m)(&f)mm)z, then Eq. (93)
gives only the condition Cy(n)*Cy(n) = % Choosing Ci(n) and Cy(n) symmetrically as
Ci(n) = Cy(n) = ﬁ leads to the |n); of Eq. (87) specified by (1) and (2), and the ana-
logue for |n); given in Eq. 88. This procedure (3), does not quite fix the normalization of |n){
alone, but needs to be supplemented by (1) or (2). The condition in Eq. (93) indeed follows from
the scale specifications suggested under (1) and (2), i.e. the analytical continuation and the lad-
der relation requirements respectively, if they are supplemented by the analogous construction
of the |n), states. We call this “dual normalization.”

Using the above rules (1), (2), and (3), which are consistent with each other, we have specified
two series of eigenstates |n); and |n), of H and A respectively. They formally look like being
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normalized in the usual sense, but actually only in the sense of the dual normalization by Eq. (93).
The two-basis formalism of |#); and |m); is our replacement for the usual formalism of |#n) in the
RAT. Indeed, we first define our ground states |0); and |0), by Egs. (75), (76), and (93), where we
choose their normalization factors symmetrically.!’ Second, we define our |n); and |n); for n > 1
by Egs. (87) and (88). Then we obtain for the overlap , (m|n); the same result §,,, as in the RAT, i.e.
Eq. (93), and our states |n)| and |n), obey the ladder relations given in Egs. (89), (90), (91), and (92).

The point is that, when we take the bra (m| correlated to the ket |m),, we get an expression
formally written in terms of mw, and thus the overlap , (m|n); becomes an integral of an expression
involving only mw to be an analytical continuation of (m|n) in mw, which is well known to give 3,,,.
For »(n|n’)1 we can see this property even by using the concrete expressions of Egs. (84) and (86)
for small € and €’ as follows:

2y = / dq 2(110) new m{new @17} 1

n+n' 1 %
! (L) (mw)z(i> /dXHn(X)Hn/(X)eXp(—X2)

Valn'! \V2 7h mw
= S’ (95)
where in the second line we have changed the variable g into X = /¢ = \/%ei %q, where  and

0 are introduced in Eq. (53). In the last equality, we have used the following relation for complex
X by rotating the integration contour by the angle ‘%}: f fooo dXH,(X)H,(X)e ™ g 2" 8
which is valid for 6 such that

T T T
|0|<5<—> —9,,,—5<9w<—t9m+5. (96)

Therefore, this is the condition for |#); and |n); to be normalizable in the sense of Eq. (93). If,
however, we ask for overlaps of |n)| states with each other, | (m|n), or those of |n), states with
each other, ;(m|n);, then, since |n); and |n), are not normalized in the usual inner product, we
obtain overlap integrals with both mw and m*w* appearing formally. These integrals are not simple
analytical continuations of the RAT integrals. In Sect. 5.2 we will show that the dual normalization
by Eq. (93) can be regarded as an orthonormal condition of |#); or |n); with respect to an inner
product /g or /-1 defined there, respectively.

4.3.  Coherent states made of |n), and |n),

It is strongly suggested that if we want to see classical dynamics of a harmonic oscillator we should
study coherent states. Indeed, in the RAT coherent states are thought to be classical states represented
by wave packets, so we now attempt to construct coherent states in the CAT. We utilize one of the
coherent states in Sect. 6.1.

19 In Appendix B, we give concrete expressions for |0); and |0),.
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Following the two-basis formalism developed in the previous subsections, we define two coherent
states |A)con,1 and [A)coh,2 by

Meons = e~ T (0, = S fmim, ©7)

n=0

A2 A s
Mooz = e~ T 110y, = 3 F(m)ln)a, (98)

n=0

where f(n) is given by
fn) = e_# M . (99)
Vn!

. 1.2 . .
Here, the coefficients e~ of the center expressions of Egs. (97) and (98) are chosen symmetrically

so that in the RAT limit [A)con,1 and |A)con2 have the same forms as the coherent state in the RAT.
The two coherent states satisfy

arlA)con,1 = AlA)con, 1 (100)

212|)\>c0h,2 = M)\)coh,Za (101)

. . . n A N af ot
which can be checked by using the relations [al,(a;)"] = n(a;)”_l, [a1,e*2] = A,

[az, (&J{)"] = n(&;r)”_l, and [a, e*‘ﬂ] = Ae’\&T. Since the overlap of [Ag)con2 and |A4)con,1 1S given
bY coh2 (A5lAa)con,1 = exp [—5 (1A8]* = 24324 + 12.41%)], they are normalized by con,2 (A4)con,1 =
2(0/0); = 1, and obey L [ d%A|A)coh,1 coh2 (M = D 0o In)1 2(n| = 1, where d?A = dArdAr.

Incidentally, we give the g-representation of the coherent state |A)¢on,1 for small € and €’. For this
purpose we utilize the relation

ot mo ) 1 _1,2
e = exp <)b,/ EQHew> exXp (—Z)\\/ %}%ew) e M, (102)

which can be derived by using Eq. (68) and AtE — oAb e_%[g’g], which holds for operators A and
B such that [2[, f?] is a classical number. Then the g-representation of the coherent state [A)con,1 for
small € and € is given by

_B2 152 mw h
minew qlA)con,1 2 €~ 2 e 4" exp | A q ) mlhewq — A [0)1
2h 2mw

2
~ o2 (1A (@) exp | - 22 (q — A &) , (103)

wh mw

l—
S

where in the first equality we have used Eqgs. (97) and (102), and in the second equality we have used
Eq. (85). Equation (103) suggests that for the coherent state |A)¢on,1 to be normalizable we need the
following condition on mw:

Re(mw) > 0. (104)
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This is the same as the condition in Eq. (96) for |n); and |n), to be normalizable in the sense of
Eq. (93). Similarly, we obtain the g-representation of the coherent state |A)¢on2 for small € and €’

1 2
102 12y Mo\ 4 m*w* 2h
m(new g2 )coh,2 = ez M) <ﬁ) eXp | — 7 <q —A m*w*> . (105)

The condition for the coherent state |1)con,2 to be normalizable is the same as in Eq. (96).

In the phase diagram shown in Fig. 3 we have seen that some phases have a healthy real part,
but others even violate the positivity of the Hermitian part of the Hamiltonian. Nevertheless, our
treatment with the two-basis formalism will be applicable as long as the ground states are achievable.
We note that the condition in Eq. (96) excludes the two corners (6, 0,) = (7, —7%), (0, —%) from
the parallelogram region permitted by Eqgs. (55) and (56). Therefore, our treatment extends to the
whole parallelogram except for the two corners in the phase diagram. The two troublesome corners
represent inverted harmonic oscillators in the RAT. Indeed, their kinetic terms 7" and potential terms
V' go oppositely: one has 7 > 0 and V' < 0, while the otherhas 7 < 0 and ' > 0.

We summarize various quantities of our two-basis formalism in Table 1.

Table 1. Summary of the two-basis formalism for the two Hamiltonians A and .

~ =2 n ~ sF 2 FCA
For H = Het + Jma’ i, For ' = Bl 4 3m" (07) (@)’
iD k% [ A ,'AT
Annihilation operator @, = /%2 ((}new + l’;’%) a =" (‘Ijlew + %)
ip t Kok [ At iAT

Creation operator al =/ o (qnew - ”;"%) ay =./"" (qjlew - %)
Ground state |0); defined by a;]0); =0 |0), defined by a,|0), = 0
n-state In) = <= @})"0), In)y = —=(@))"10)
Ladder equation ailn); = /nln — 1), @|n)y = /nln — 1),

allny) = Vn+1n+ 1), aliny, = Vn+1 |n+
Number operator n = &;&1, n, = &I&z = fzI,

fy|n)y = nln), fz|n)y = nin);
Commutation [a,a0] =1, [a2,a]] = 1,
relation [, a1 = —an , [, &3] = a [it2, 0] = —a , [, a]] = @]
Hamiltonian H = ho (M +3), H = ho (2 +3),

Hln); = ho (n+ 1) ) Hin)y = ho* (n+ 3) |n),
q'representation m <new Q|”>1 x~ m(new (]|n) =

1 n

of the eigenstate (=) 7 (%2 ( )4 - \/Li

< H, (/%q) oxp (224" <y (50 ) o (<255 ?)
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5. On the inner product /,

In the previous section we constructed two sets of eigenstates |n) | and |n), for the Hamiltonians H and
H' respectively with several algebraically elegant properties as seen in the usual harmonic oscillator
in the RAT. These states |n); and |n), are not orthogonal to each other. They are dual-normalized
by Eq. (93), not normalized in the usual sense. In this section, after reviewing the modified inner
product /p, we argue that the dual normalization of Eq. (93) can be interpreted as the normalization
condition with respect to the inner product /g.

5.1.  Review of the modified inner product I,

It is easy to see that Eq. (93) can be interpreted as a formal orthogonality relation provided we
introduce the modified inner product / for arbitrary states |v/1) and [) in the Hilbert space by

Io(I¥n), [¥2)) = (Viloy2) = (¥11Q1v2), (106)

where Q is chosen so that the eigenstates of a given non-normal Hamiltonian H, |%;)1, which obey
H [Ai)1 = Ai|Ai)1, become orthogonal to each other,

Io(IAi)1, 120 1) = 1{XiloAj)1 = bjj. (107)

In Refs.[13,20] we put forward the idea of introducing such a modified inner product /p. Then, A,
being not even normal, [H T,I:I ] # 0, becomes Q-normal, [H TQ,I:I ] = 0, where the O-Hermitian
conjugate of any operator A4, At = 071470, is defined so that (Y loA|Y2)* = (Y2 |QATQ [¥r1). Also,

we define TQ for kets and bras by |w1)TQ = (Y1lo, ((wl |Q)TQ = |11). We argued that in the case of
non-normal Hamiltonians we had better readjust the Hilbert space inner product, which will have a
physical significance by delivering a Born rule of probabilities to the properly modified one defined
by Egs. (106) and (107) so that unphysical transitions between energy eigenstates |A;); and |A;)1
with different eigenvalues are prohibited, i.e. not observed with an energy-conserving measurement
instrument.

It is natural to attempt to choose Q as close to the unit operator as possible to change the inner
product in the Hilbert space as little as possible. In Refs. [13,20,26] we chose

0=@EhHlp, (108)

where P = (JA1)1,|X2)1,...) is a diagonalizing operator of ﬁ, H = PDP 1. Incidentally, P lig

expressed as

2(A1]
P =] 2002l |, (109)
where the [A;), are the eigenstates of AT,
[Ai)2 = OlA)1. (110)

20/36

610z 1snbny | uo Jasn yoseasay Jes|onp 40} uoneziuebiQ ueadoing - NY3ID Ag L22E€GS/1L09E20/2/6 L 0ZAoBASqe-901E/da)d/woo dno-olwapede//:sdiy wouy papeojumoq



PTEP 2019, 073B01 K. Nagao and H. B. Nielsen

We introduce an orthonormal basis |e;) (i = 1,...) satisfying (e;le;) = &; by Dle;) = Ajle;).
Then, P, which obeys |1;)1 = Ple;), is rewritten as P = ) . |A;)1 (e;|, and Q given in Eq. (108) is
expressed as

-1
0= (Z |Ai>11<xf|) =Y )22l (111)

The completeness relation is written as ) [A;)1 1({Ailo = >_; [Ai)2 2{Ailp-1 = 1.

We note that the operator Q is not unambiguously determined by the defining properties of
Egs. (106) and (107), because if we define a Hermitian operator O, by using some function of
the Hamiltonian operator g(ﬁ ) by

0= {zin)' ouziin. (12)

then Eq. (107) is rewritten as § (1;|Qg|A;); = 8;, where |1;) is defined by |1,){ = g(H)[ai)1. If,
however, we write conditions involving O and operators not commuting with H, such conditions
will specify how to resolve the ambiguity by Eq. (112).

5.2.  Choice of Q in the harmonic oscillator model

In the harmonic oscillator model, Eq. (110) is expressed as

In)o =Qln)1 & 2(nl =1(nlp, (113)

and Eq. (111) provides the expression for Q:

-1
0= (Z In)1 1<n|> = " In)2a2(nl. (114)

—1

~19 A
We investigate the properties of the operators aI and a; expressed as
~19 —1a
a] =07 a0, (115)
ATQ_I A~ -1
a, =Qa,Q0 . (116)
0 0!
The operators &I and Ez; obey
A+
a, |my1 =~n+1n+1), (117)
Rl
ay |n)y=~n+1n+1), (118)

where we have used Egs. (91) and (89), respectively. Comparing these relations with Eqs. (89)
and (91), and using Eq. (114), we obtain the following relations:

4O

al =al =Y+ ln+ 1)1 20, (119)
n=0

o

@, =al =Y Vn+ln+ 1)l (120)
n=0
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Equation (120) is also provided by operating Q and O~! from the left and right respectively on both
sides of Eq. (119). Using Egs. (119), (120), (70), and (71), we obtain the relations

N 1A 0~

Gnow = 074100 = € Gnews (121)
NI 1A _if~

Prow = 07 plewO = € Prew, (122)

where 6 = arg(mw) was introduced in Eq. (53). We note that Eq. (119) or the pair of Egs. (121)
and (122) can be regarded as conditions that O has to obey. Indeed, they can determine Q up to an
overall factor. In our present construction, Q is defined by Egs. (114) and (84), so O, whose overall
factor is already determined, obeys Egs. (119), (121), and (122) automatically.

Using Egs. (119) and (120), we can rewrite the number (l)perators defined in Egs. (77) and (78)
in more usual expressions as 7] = &J{QEH and 71, = &; a», which are O-Hermitian and 0~ !-

N oo A A9 A
Hermitian respectively, and H and H' given in Egs. (79) and (80) as H = hw <ch1r ap + %) and
, 07 . R
HT = ho* (a; ap + %) Since A1 is written as
N 1 N
A% = ho* (le + 5) -2 a, (123)

H only deviates from Q-Hermiticity because of w being complex.
Using the inner product /p instead of the usual inner product in the Hilbert space, we have achieved

. . .. . A ~t9 A
a formalism that is very similar to the usual one in the RAT. We defined a; and aI = a; as
L . . . 307 .
annihilation and creation operators respectively for |n);, and a; and a; = aI for |n),. Our

|n)1 is “Q-orthonormal,” i.e. orthonormal with respect to the inner product /p, while |n); is o~
orthonormal.” Indeed, using Eq. (113), we can rewrite Eq. (93) as

1{mlgn)1 = 2(mlg-1n)2 = Syn. (124)

Thus, the dual normalization of Eq. (93) can be interpreted as “Q-normalization” for |n); or “Q~!-
normalization” for |n);, as expressed by Eq. (124).

6. The maximization principle and the solution to the harmonic oscillator model

In the future-included CAT, we suppose that |4(74)) and |B(7Tp)) are randomly given at first, i.e.
they are given by the overlaps of many states. However, due to the existence of the imaginary part of
the action Si, only a single class of pairs of |4(?)) and |B(¢)) dominates most significantly in the FPI.
Then we can approximate |A4(¢)) and |B(¢)) by such representative states, and classical physics is
described by them. Indeed, in Refs. [28-31] we argued by such a maximization principle that we can
obtain real expectation values. In the RAT, classical behaviors are typically described by coherent
states, so it would be natural for us to expect that coherent states work similarly even in the CAT.
Supposing that we utilize the maximization principle, we can imagine a simple situation where the
representative |4(¢)) and |B(¢)) are essentially approximated by just a pair of coherent states. In this
section, based on this speculation, we first consider such a simple situation where |4(¢)) and |B(t))
are given by a single pair of coherent states as a preliminary study. Supposing that they time-develop
according to the Schrodinger equations, we see that we can obtain an equation of motion. Next,
briefly explaining the maximization principle [28-31], and applying it to the harmonic oscillator
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model, we argue that the system obtained is described by a Q-Hermitian Hamiltonian, which can be
expressed in terms of O-Hermitian coordinate and momentum operators. Finally, we find that the
generic solution to the harmonic oscillator model is the ground state.

In the following, we adopt the proper inner product /p for all quantities. This is realized by
changing the notation of the final state (B(7p)| as (B(Tg)| — (B(Tp)|p. Then (B(Tp)| time-develops
not according to Eq. (31) but to

d . d R
—ih—(B()lg = (BWloH &  ih—|B()) = H°\B(1)), (125)

and the normalized matrix element (@)BA in Eq. (1), which is a strong candidate for the expectation
value of the operator 0, is replaced with
R B(1)|oO|A(t
((9)545 < ()|Q | ()) (126)
(B(D)]oA(1))
In addition, we suppose that |4(74)) and |B(Tp)) are Q-normalized, i.e. normalized with the modified
inner product /g, by (4(T4)|pA(T4)) = 1 and (B(T)|oB(TB)) = 1, respectively.

6.1.  Preliminary study in the case of |A(T,)) and |B(T3)) being coherent states

As a preliminary study, based on the speculation that classical behaviors are typically described by
coherent states even in the CAT, let us consider a situation where |4(¢)) and |B(¢)) are given by
a pair of coherent states |A4())coh,1 and |Ag(%))con,1, Which are defined in Eqgs. (97) and (99), and
investigate how (@)ZA behaves. To study this, let us formulate the time-development of the coherent
states.

6.1.1. Time-development of coherent states
We consider the case where |4(7,4)) and |B(7)) are given by the coherent states |A4(74))con,1 and
|AB(TB))con,1 that time-develop according to the Schrodinger equations

d
i O)eon = HIra(0)eon,t (127)

L d 0

ih—13(O)eon,1 = H' [A5(D)eon1, (128)
and are normalized with the modified inner product Ip by con,1{A4(T4)|0r4a(T4))con,1 = 1 and
coh, 1 {AB(TB)|0AB(TB))con,1 = 1, respectively. Then [A4(#))con,1 and [A5(7))coh,1 are expressed as

Ay (T2

haO)eon,1 = e~ FTT0 T exp [a4(Te 03] o)y

" Aa(Ty)l? 4
=0T e (OO 1~ exp (e Tl ) s Toe T

(129)

[Ap(

" rp)1* o
R (O)eons = T TP exp [15(Tpe™ T} 0y

o Ag(T3)|? -
=e "7 T8 exp <—% {1 — exp[—2w1(t — TB)]}) 1p(Tg)e @ =T8)y oy 1.

(130)
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Operating a; on both sides of Egs. (129) and (130), we obtain the relations

a1 14 (D) eon1 = Aa(Ta)e U104 (1)) eon.1 (131)

a1128(0)con1 = 13(T8)e ™ =TD 13 5(1)) con.1 (132)

where we have used Egs. (100), (129), and (130). Equations (131) and (132) suggest that A 4(¢) and
Ap(t) time-develop as
ha(t) = ha(Tyye™ =T, (133)
hp(t) = hp(T)e™" =W, (134)

so that we have relations similar to Eq. (100):

ar|ra(®))coh,1 = Aa(OIA4(t))con,15 (135)
a|As(t))con,1 = AB(t)|AB(#))coh,1- (136)

6.1.2.  Derivation of classical equation of motion

Now we are prepared for evaluating ((}new)gBM and (f)new)AQBAA, where (@)ZA for any operator O is

defined in Eq. (126). They are calculated as

h
(Gnew) 7 =\ 5, = (a0 + A5 (1)), (137)
maow
h
(Brew) g = =iy 5 0 0) = 250, (138)

where we have used Eqgs. (70), (71), (119), (135), and (136). Equations (133) and (134) suggest that
Ap(7) and A4(¢) are expressed as Ap(t) = —iw*Ap(0) and A (1) = —iwl (7). Using these relations,
we can evaluate the time derivative of Egs. (137) and (138) as follows:

d . 1.

EWnew)}éBM = Z(pnew))éBkA, (139)
d . . R

E(pnewyéB)\A = _me <Qnew>)éBAA = _(V/(QHew»)éBM, (140)

where V' is the potential of the harmonic oscillator, which is given in Eq. (42). Equations (139)
and (140) are the momentum relation and equation of motion, which are consistent with Egs. (36)
and (37). As when we reviewed the general properties of the future-included theory [26] in Sect. 3.1.1,
we have obtained Ehrenfest’s theorem: m%((}new)g” = —(V’ (Z]Hew))g”, and (O))QB)‘A provides

the saddle point development with 7. It is very nice to have such properties. Though (O)AQBM is

generically complex, if a pair of coherent states with A4(¢) and Ap(¢) such that ((’))g’ *4 becomes real
dominates most significantly in the FPI, then classical physics is nicely realized. In the next subsec-
tion, to solve the harmonic oscillator model we utilize the maximization principle and investigate
what kind of |4(¢#)) and |B(¢)) dominate most significantly in the FPI. We shall find that they are not
such interesting coherent states, but just the ground state.

6.2. Application of the maximization principle to the harmonic oscillator model

First we explain the maximization principle briefly.
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THEOREM 1 Maximization principle in the future-included theories As a prerequisite, assume that
a given Hamiltonian H is non-normal but diagonalizable, and that the imaginary parts of the
eigenvalues of H are bounded from above; then define a modified inner product Igp by means of
a Hermitian operator Q arranged so that H becomes normal with respect to lp. Let the two states
|A(?)) and |B(t)) time-develop according to the Schrodinger equations with H and HT° respec-
tively: |A(t)) = e_%ﬁ(’_TA)|A(TA)), |B(t)) = e‘iﬁmQ(’_TB”B(TB)), and be normalized with 1p at
the initial time T4 and the final time Tp respectively: (A(T4)|pA(T4)) = 1, (B(Tp)|oB(Tp)) = 1.

Next, determine |A(T4)) and |B(Tp)) so as to maximize the absolute value of the transition ampll-
tude |(B(t)|pA(1))| = |(B(TB)|p exp(—zH(TB —TO)A(TY))|. Then, provzded that an operator Ois

QO-Hermitian, i.e. Hermitian with respect to the inner product Ig, O = = O, the normalized matrix

element of the operator 9, defined by (O)B4 = B0IgOIA®)

0 = “BOIgAD) becomes real and time-develops under

a Q-Hermitian Hamiltonian.

In this theorem,!!

exactly speaking, not only the maximizing states but also many other states
contribute to the transition amplitude, but their contribution becomes very small for large 7 =
Tp — T4, in which we are interested practically. So, we ignore the effects of the other states, and

consider only those of the maximizing states. Then, the normalized matrix element (@)SA for a Q-

Hermitian operator O turns out to be real, and time-develops according to a Q-Hermitian Hamiltonian.
We call this way of thinking the maximization principle. This theorem can be applied not only to the
CAT but also to the RAT. In the CAT there are imaginary parts of the eigenvalues of A, Im A;, and
the eigenstates having the largest Im A; blow up and contribute most to the the absolute value of the
transition amplitude |(B(¢)|pA4(?))|. Utilizing this property, we proved the theorem in the case of the
CAT [28]. On the other hand, in the RAT, there are no Im X;, so the full set of eigenstates of H can
contribute to |(B(?)|A(¢)}| [29]. The theorem is reviewed in Refs. [30,31].

Now we try to apply the maximization principle to the harmonic oscillator model. |4(74)) and
|B(Tp)) time-develop as Egs. (30) and (125), and are Q-normalized by (4(74)|pA(T4)) = 1 and
(B(Tp)|pB(Tp)) = 1. The normalized matrix element ((9) 0 is given in Eq. (126). In addition, in
the harmonic oscillator model the eigenvalue of the Hamiltonian for |n)1, A,, is given in Eq. (83).
SoReX, = hRew (n + %) and Im XA, = hlmw (n + %) To consider the theorem explicitly, let us
expand |4(¢)) and |B(¢)) in terms of the eigenstates |n); as follows:

A@0) =) an(®)|n)1, (141)

1B(t) =Y ba(®)In)1, (142)

where a,(¢) and b, (t) are expressed as

—iw(n—l—%)(t—TA)

ay(t) = ap(Ty)e (143)

+§)(1—T3)‘

ba(t) = by(Tge (" (144)

11 For a normal Hamiltonian A, the above theorem becomes simpler with Q = 1.
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We write a,(Ty) and b,(Tg) as an(Ty) = |ay(T4)|ePn and b,(Tg) = |b,(Tg)|e'%n, and introduce

T=Tp— 14, (145)
1
O, =6, — 6, — TRew <n + 5), (146)
_ TImw(n—i—%)
Ry = |an(Ta)||bn(Tp)le . (147)

Then, since (B(#)|pA (1)) is expressed as (B(t)|pA (1)) = ), R,e©n, {B()]pA(1)) |2 is calculated as

(BOIgADO) =Y R2+2> " RyRy cos(®; — ©;). (148)

n<m

In addition, the normalization conditions for |4(T4)) and |B(Tp)) are expressed as ) _, |a,(T. D =
> o 1bn(T, ;_z;)|2 = 1. We note that, since we are studying the harmonic oscillator model in the
whole parallelogram region allowed by Egs. (55) and (56) except for the two corners (0,,,0,) =
(0,—%), (r, —%) in the phase diagram given in Fig. 3, the imaginary part of the angular frequency
w is negative, Imw < 0.

Let us first consider the case where Imw < 0. The imaginary parts of the eigenvalues of the
Hamiltonian, Im A, are supposed to be bounded from above to avoid the FPI [ ehs Dpath being
divergently meaningless. So some of Im A,, take the maximal value B. We denote the corresponding
subset of {n} as 4. Im A, = hilm o (1 + 1) can take the maximum value B = 4Im w only for n = 0,
for which Re Ao = %Re wandIm iy = %Im w. Hence we find that, in the harmonic oscillator model,

A = {0}. Then, since R, > 0, [{(B(1)|pA(?))| can take the maximal value e%TB — erImo only under
the following conditions:

lao(T4)| = |bo(Tp)| = 1, (149)
lan(T4)| = |ba(Tp)| =0 Vnst.n#0, (150)

and the states to maximize [(B(?)|pA(?))|, |A(f))max and |B(#))max, are expressed as

|[A(#))max = ao(1)|0)1, (151)
[B(#))max = bO(t)|0>la (152)

where ag(¢) and bo(¢) obey Eq. (149). That is to say, the ground state |0); is chosen for both the
maximizing states |4(#))max and |B(¢))max-
To evaluate (O)gA for |A(t))max and |B(?))max, utilizing the Q-Hermitian part of H , I:IQ;, =

% (I:I +H TQ), we define the following state:

() = e 7 TOH0n 4(T 1)) . (153)

which is normalized as (;I ) |Q)i (1)) = 1 and obeys the Schrédinger equation

d -~ P
ih—14(6)) = HoplA(©)). (154)

26/36

610z 1snbny | uo Jasn yoseasay Jes|onp 40} uoneziuebiQ ueadoing - NY3ID Ag L22E€GS/1L09E20/2/6 L 0ZAoBASqe-901E/da)d/woo dno-olwapede//:sdiy wouy papeojumoq



PTEP 2019, 073B01 K. Nagao and H. B. Nielsen

Using Eqs. (149) and (150), we obtain max (B(t)|0A())max = €®°Ry = ¢’ | and

max (B |0OIA(D)) max = €90 (A(1)|pO1A (D))
= e ag(Ty) ao(Ti)1 (0]pO10),

__ i®g BT A
=e Teh max(A(TA)lQOM(TA))maX' (155)

Thus, (@)ZA for |A(t))max and |B(%))max 1 evaluated as

(Oygrtms = (A(1)] o O1A(2))

I
(O}
S
o

(156)

Since {(@)5}* = (O)H, (O)B! for |A(D)max and [B())max is real for O-Hermitian O.

In addition, if we express (O)4! as (D) = (A(T)IgOn (1, THIA(T1)), where Oy (t,Ty) =

eiﬁﬁQh(’_TA)@e_ fiHon(t=T4) is the Heisenber~g~ operator, @H(t, T,4) obeys the Heisenberg equation
ih4 Oy (t,Ty) = [Op(t, Ta), Hopl, so <O>g‘ time-develops under the Q-Hermitian Hamiltonian
I:[Qh as

d ~33 0o~ oA
(O = ~ (1A 0N (157)

Thus the maximization principle generically provides both the reality of ( @)ZA for O-Hermitian o
and the Q-Hermitian Hamiltonian I:IQ;,. However, in the harmonic oscillator model that we are now

studying we have the particular relation (@)é/~1 = max{4(Ty) IQ@|A(T 1) Ymax, SO (@)é/~1 is constant
in time: %(@)’g‘ = 0.

In the case where Im w = 0 we are left only at the two corners (6,,,0,) = (0,0), (7, —m) in the
phase diagram shown in Fig. 3, because the conditions in Egs. (55) and (56) are imposed on 6,,
and 6,,. Since for Vn Im A, = 0, i.e. A, € R,'? the norms of |4(¢)) and |B(¢)) are constant in time:
(AD]A(t)) = (A(T4)|pA(Ty)) = 1, (B(1)|gB(1)) = (B(Ts)|oB(Ip)) = 1. Therefore, we easily
find that |B(£))max = € ©¢|A(t))max, Where O, is a constant phase factor such that, for ®, given
in Eq. (146), ©, = O, for Vn. Thus, in this special case |4(#))max and |B(¢))max are not restricted
to a unique pair of states. This is in contrast to the case where Imw < 0. Indeed, in the case where
Im w = 0 we have harmonic oscillators defined with real coefficients m and w as in the RAT, '3 so it is
not so strange that there are many pairs of maximizing states |4(f))max and |B(f))max allowed by the
maximizing principle. For the maximizing states the normalized matrix element (@)ZA is evaluated
and time-develops in the same way as Eqs. (156) and (157).

12 Though both m and w are real, H is not Hermitian, A # H, because H includes dyey and Prey. We might
thus feel that we have encountered a contradiction, but this is not the case. We can circumvent this seeming
contradiction by noticing that H is O-Hermitian.

13 In the case where Im w = 0, if we choose the Hamiltonian A, _._ given in Eq. (45) on behalf of Egs. (41)
and (42) at the beginning, then harmonic oscillators become quite usual ones with Q = 1 in the RAT.
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6.2.1. Introduction of the Q-Hermitian coordinate and momentum operators: 4o and po
To consider concrete examples of (@)‘éA, let us define O-Hermitian coordinate and momentum
operators go 4 and po 5 by

. a . ~fo o0,

40,0 = 5 <Qnew + ‘Inew> =ae'2 cos E‘hew, (158)
. by, Ni 00,

Pop = E <pnew +pr'1gw> = be™'2 cos Epl’leW: (159)

where a and b are real parameters that are properly chosen. In the second equalities of Egs. (158)
and (159) we have used Egs. (121) and (122), respectively. gp . and pg obey the commutation
relation [§o.q,pop] = abih cos? %. We are interested in introducing Q-Hermitian coordinate and

momentum operators that obey the same commutation relation as the usual one. So let us choose
1
Cos %

a=b= symmetrically, and define g and po by

Inew> (160)

~ ~ TN
Y49 EPQ,% =€ "2 Dnew, (161)
COSZ

so that they satisfy the commutation relation [gp,po] = ih.

Naively Eq. (160) looks strange if one wants to consider eigenstates for the two supposedly identical
operators. In fact, ¢ is Hermitian with regard to the modified inner product /o, and thus has only real
eigenvalues, which, though, do not have eigenstates belonging to the (true) Hilbert space for /p, the
O-Hilbert space Hg. Rather, o has only delta-function-normalizable eigenstates with regard to /o,
which means that these eigenstates for gp belong to an extension of Hp by completion in the weak
topology for it. Now it is a priori—and indeed it is so—possible that such eigenstates belonging to
the extension of H could even be true Hilbert space vectors under a different inner product such
as the usual inner product /. Therefore, Eq. (160) is not, as it looks at first, contradictory, even if
we note that ei%@new on the right-hand side has all complex numbers ¢ as left-hand eigenvalues in
the sense of the Hermitian conjugate of Eq. (2) being ,; (new ¢|qnew = m(new q1¢, and that gnew has
no right-hand eigenvalues at all on the (true) Hilbert space for the usual inner product /, not even
on the extension of it. Extension using the inner products /p and I does not lead to the same space
of extended vectors. These seeming problems will be discussed further in our subsequent paper
(K. Nagao and H. B. Nielsen, in preparation).

6.2.2. Hamiltonian expressed in terms of Q-Hermitian coordinate and momentum operators
In order to formulate the O-Hermitian Hamiltonian ﬁQh in terms of O-Hermitian coordinate and
momentum operators o and po, we rewrite the Hamiltonian Hin Eq. (41) as
N e’ maw*e™ 132Q 1
H=_—por+——4p =~ + -me?>, 162
2m’ 0 2 10T gy TN 0 (162)

. _ . NI
where we have introduced m’ = r,,e . Then, since HT" is given by

i i ~2
20 e—zG . m*w*Zeze = pQ 1 . 2r
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the O-Hermitian part of H, ﬁQh = % (f[ +H TQ), is given by

~2

A 1 rr )4 1
Ho, = 0, | —p2 ®R2 =_Q — 2A2’ 164
oh = COs w[2rm 0ot qu| oy + men 4 (164)

where we have introduced
2w
=—=—, 165
" Rem’ cos6, (165)
R 'R, /2

w, = YReMRe@D) 6, (166)

|m’|

Similarly, the anti-Q-Hermitian part of A, ﬁQa =3 (H at ) is given by

3 F o Lo Mo Po 1
Hop, = isin0, [EPQ + qu] Lma + 2mawa 5 |- (167)
where we have introduced

|m/|2 "m
_ - , 168
Ma Im m/ sin 6, (168)

R, 'R, /92
wa =Y em| /el(m“’ )y, sind,. (169)

m

To check the consistency, let us see the other expression for a given by Eq. (79). Since a1 is
given by Eq. (123), we obtain I:IQh = hry cos6,, (1 + %), and ﬁQa = ihr, sin 6, (A1 + %), which
lead to

Hou = itan 6, Hop. (170)

Considering Egs. (164) and (167), we obtain

my, = — tan 0,my, (171)
(mpwp)? = (mawy)?. (172)

We find that Egs. (164) and (167) satisfy Eq. (170), and that Egs. (165), (168), (166), and (169) obey
Egs. (171) and (172), so they are consistent.

6.2.3. The classical solution to the harmonic oscillator model

In the generic case where Imw < 0, we evaluate (qQ)‘éA and (pQ) (qQ)Q is given by

(@0)5" = 1a(T4)1*1(010d0!0)1

1 (0lp(@r + a)10);
=0, (173)

29/36

610z 1snbny | uo Jasn yoseasay Jes|onp 40} uoneziuebiQ ueadoing - NY3ID Ag L22E€GS/1L09E20/2/6 L 0ZAoBASqe-901E/da)d/woo dno-olwapede//:sdiy wouy papeojumoq



PTEP 2019, 073B01 K. Nagao and H. B. Nielsen

where in the second line we have used Egs. (160) and (70), and in the last equality we have utilized
Egs. (75), (76), and (113). Similarly, @ng is given by

(Bo) 5" = 1a(T4)1*1(0]ppol0)1
o 1{0lg (@1 — ip)|0)
=0, (174)

where in the second line we have used Eqgs. (161) and (71), and in the last equality we have utilized
Egs. (75), (76), and (113). In addition, Eq. (157) for o being gp or pg is expressed as

d . a_ 1. i

— =— =0 175
714000 mh(PQ)Q A (175)
d . ~~ . ~~

- olg' = —mij(go)g" =0, (176)

where in the second equalities of Egs. (175) and (176) we have used Eqs. (174) and (173), respectively.
Combining Egs. (175) and (176), we obtain the classical equation of motion:
i o = e iGoyi — 0 177
) (qolg = —mpwj{qo)g = 0. (177)
Thus the generic classical solution to the harmonic oscillator model is just zero, as shown in the
above relations.

In the special case where Im w = 0 we do not have specific solutions, but only have the relations
~ AmaxAmax ~ AmaxAmax .
between (gp) 0 and (pp) 0 :

d . Apad |
- max<imax e max: max’ 178
dr (QQ>Q _mh (pQ>Q ( )
d ~ AmaxAmax 2/ ;11:1
E(z?g)Q = —mpw,{40)y (179)
which lead to the classical equation of motion:

d® o Ai_ s i 120

my—3(4olg” = —miwi(qolg - (180)

Our model in this case is almost the same as the harmonic oscillators in the RAT in the sense that
there are no imaginary parts of the eigenvalues for the Hamiltonian. Hence we cannot specify the
classical solution unless we are additionally given an initial (or final) condition.

7. Discussion

In the future-included CAT we have formulated and studied the harmonic oscillator model defined
with amass m and an angular frequency w that are taken to be complex numbers. Utilizing the complex
coordinate formalism [20] we defined the Hamiltonian H for the harmonic oscillator model. For the
model to be reasonable we need some restrictions on m and w. We found that, according to the
argument of m and w, the model is classified into several different theories, and drew the phase
diagram. Except for at the two corners representing inverted harmonic oscillators in the RAT, we
formulated two pairs of annihilation and creation operators and two series of eigenstates |n); and
In), for the Hamiltonians 4 and A respectively, with several algebraically elegant properties as
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seen in the usual harmonic oscillator in the RAT. Our eigenstates |n)| and |r), are not normalized in
the usual sense, but are O-normalized, i.e. normalized in the modified inner product /p, with respect
to which the eigenstates of the Hamiltonian H become orthogonal to each other. In addition, we
constructed coherent states.

Furthermore, we applied to the harmonic oscillator model the maximization principle [28-31],
which is the main assumption used by a theorem of ours presented in Sect. 6.2. The theorem states
that, provided that an operator Ois O-Hermitian, i.e. Hermitian with respect to the modified inner
product /g, the normalized matrix element (weak value) (@)ZA defined in Eq. (126) becomes real
and time-develops under a O-Hermitian Hamiltonian for the past and future states selected such that
the absolute value of the transition amplitude from the past state to the future state is maximized. In
the RAT, coherent states describe classical physics nicely. So, as a preliminary study, supposing that
|A(T4)) and |B(Tp)) are given by coherent states, we evaluated (@new)gA and (ﬁnew)gA, and obtained

A BITIaXAITIaX

a nice classical equation of motion. This suggests that if we obtain a real observable (O) 0
for the maximizing states via the maximization principle, then a nice classical solution is realized.
Incidentally, introducing Q-Hermitian coordinate and momentum operators gp and pg, and rewriting
the Hamiltonian 4 in terms of go and pg, we found that we can obtain via the maximization principle
an effective theory that is described by the Q-Hermitian Hamiltonian expressed in terms of gp and
Do- However, we have finally obtained via the maximization principle the ground state as the generic
solution to the harmonic oscillator model. This might be a somewhat tedious result, but what does
this imply? In our universe, every kind of oscillation can be approximately regarded as a harmonic
oscillator near the bottom of each potential. Therefore, if we suppose that our harmonic oscillator
model describes our universe, then our solution of the ground state would be very natural. In addition,
ifthe universe consists of a lot of approximate harmonic oscillators, we would see all unexcited except
for the few that happened to be almost the RAT. We should also point out that we obtained a real-
valued solution, because (&Q)‘éA =0¢€ Rand (f)Q)‘éA = 0 € R. Furthermore, it is interesting that
we obtained the O-Hermitian Hamiltonian that is expressed in terms of O-Hermitian coordinate and
momentum operators.

What should we study next? In this paper we studied the harmonic oscillator model except for at the
two corners in the phase diagram in Fig. 3. So it is very important to study this model in the limit at
these corners representing inverted harmonic oscillators in the RAT. In particular, inverted harmonic
oscillators would be very interesting to study, at least from the point of view of regarding such an
inverted harmonic oscillator as a typically simplified inflaton potential for the slow roll inflation in
the early universe. Also, it is interesting to investigate the concrete expression for Q in the harmonic
oscillator model. Furthermore, in this paper we studied the harmonic oscillator model by utilizing
the maximization principle, where |4(T4)) and |B(Tp)) are OQ-normalized, i.e. normalized in the
modified inner product /p. On the other hand, it is also important to investigate the model where
|A(T4)) and |B(Tp)) are normalized in the usual inner product /. Such a theory is more complicated
to study, because we cannot fully utilize the orthogonality of the eigenstates of the Hamiltonian /.
Due to this difficulty, we have not yet studied in general such a version of the maximization principle.
However, it would be easier to study it in a concrete model such as the harmonic oscillator. We would
like to report on such studies in the future.

Acknowledgements

Many parts of this work were accomplished during the authors’ stays in Volosko, Croatia, in the summer of
2012. K.N. would like to thank Klara Pavicic for her special kindness in arranging his trip there, and the

31/36

610z 1snbny | uo Jasn yoseasay Jes|onp 40} uoneziuebiQ ueadoing - NY3ID Ag L22E€GS/1L09E20/2/6 L 0ZAoBASqe-901E/da)d/woo dno-olwapede//:sdiy wouy papeojumoq



PTEP 2019, 073B01 K. Nagao and H. B. Nielsen

members and visitors of NBI for their kind hospitality during his visits to Copenhagen. He was supported in
part by Grant-in-Aid for Scientific Research (No. 21740157) from the Ministry of Education, Culture, Sports,
Science and Technology (MEXT, Japan). H.B.N. is grateful to NBI for allowing him to work at the institute
as emeritus. In addition, the authors would like to show their gratitude to Ivan and Maja Arcanin for their kind
hospitality during their stays in Volosko, and dedicate this work to the soul of Ivan Arcanin.

Appendix A. Detail study of the classification of our harmonic oscillator model by m
and w

In this appendix, based on the argument in Sect. 3.2.1, we present an explicit study of the classification
of our harmonic oscillator model according to the values of 6,, and 6,,. This enables us to draw the
phase diagram in Fig. 3, which is shown in Sect. 3.2.2.

Al The0 <86, < %case

In this case, since cos 6, > 0 the real part of the mass m, mr = ry, cos 6,,, is positive.14 We choose
a = 1 in Eq. (59). The quantum Hamiltonian His given by Eqgs. (41) and (42), and |4(¢)) and |B(¢))
time-develop according to Egs. (32) and (33). So let us call this the usual time theory (UTT). Based
on the signs of V'R and V| we can identify the theory as a harmonic oscillator (HO), a free particle,
or an inverted harmonic oscillator (IHO).
The five regions classified below Eq. (58) are interpreted as follows:
(1) Forf, = —%-
VR > 0, V1 = 0, so this is a harmonic oscillator (HO).
2) For—% -2 < g, < -
VR > 0, V1 < 0, so this is a harmonic oscillator (HO).
Om .
(3) For6, = -3 —7:
VR =0, V1 < 0, so this is a free particle with an imaginary potential.
@) For-% -2 <9, <-% 2.
'R < 0, V1 < 0, so this is an inverted harmonic oscillator (IHO).
Om .
(5) For6, = -3 — %=
VR < 0, V1 = 0, so this is an inverted harmonic oscillator (IHO).

A.2.  The0, = 3 case

In this case, since e/ = i, the mass m is purely imaginary: m = iry,. Since m; = r,, > 0, we
choose a = —i in Eq. (5§9), and introduce a new mass m by m = —im = ry,, so that the real part of
the new mass 7 becomes positive. Let us define purely imaginary times by 7 = —it, Ty = —iTy,
Tp = —iTp, and another angular frequency by @ = iw, so that wt = @&f. Then the coordinate and
momentum are rewritten as ¢(t) = ¢(if) = g(¢) and p(t) = mg(t) = ﬁuL](E) = p(1), where we
have introduced §(¢) and p(f) and used the relation §(t) = —i %Z](Z) = —ig(7). Using these new
quantities and variables, we can rewrite the classical Hamiltonian as H = % + %ma)zq2 = —iﬁ,h,(;),

~ ~2 ~ ~ ~.
where we have introduced Hj ; = p—}h 4+ Vand V = %ﬁad)zc}(t)z. Then its quantum Hamiltonian is

given by I:I,;,,(;) = % + ¥, where V = %ﬁzd)zéz. IA(D)) = |4(1)) and |B()) = |B()) time-develop

-~ o~ i 7 ~ A e -~ Cigt s AN e a
according to |4(¢)) = e~ wllna=T0 | 4(T )y and |B(H)) = e Hy ot TB)IB(TB)), respectively. Thus,

14 In particular, for the 6,, = 0 case, m is the real positive mass: m = r,,.
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in the present case, our theory can be identified as the imaginary time theory (ITT) defined with the
Hamiltonian f{,;,,c;,.

Using the relations Re V = Re(iV) = —Viand ImV = Im(GV) = Vg, we interpret the five
regions classified below Eq. (58) as follows:

(1) Forf,=-% & 6,=-1
Re”V = 0,Im ¥ > 0, so this is a free particle with an imaginary potential.
(2) Fori% -7 < 0w < —97’” & =T <b,<-%:
ReV > 0,ImV > 0, so this is a harmonic oscillator (HO).
(3) Forb,=-%-% & 0,=-5%:
ReV > 0,Im ¥V = 0, so this is a harmonic oscillator (HO).
4) F0r~—%—%f9w<—97’”—% & —%n <y < —%:
ReV > 0,ImV < 0, so this is a harmonic oscillator (HO).
(5) Foro 2—%—% & 6, =—%7T:

ReV = 0,Im ¥ < 0, so this is a free particle with an imaginary potential.

A.3. The % < 0, < case

In this case, since cos 6, < 0, the real part of the mass m, mr = r,, cos 6, is negative. 15 In a sensible
theory the real part of the mass should be positive. So we choose a = —1 in Eq. (59), and introduce
a flipped mass m’ by m’ = —m, so that the real part of m’ is positive. Let us define flipped times
byt = —t, Ty = —T4, and Ty = —Tp, and also a flipped angular frequency o’ by ' = —w, so
that wt = @'t’. Then the coordinate and momentum are rewritten as ¢(t) = g(—t') = ¢'(¢) and
p(t) = mg(t) = m'§' (') = p/'(¢'), where we have introduced ¢’(¢') and p/(¢') and used the relation
qt) = —%q’ (#) = =4/ (). In terms of such flipped quantities and new variables the classical

Hamiltonian is expressed as H = —H,, ' o> Where H, . ' » 18 defined by 4, . o q.p) = é’;nj/ + V' and
V' = %m/ o'?¢ (')*. 1ts quantum Hamiltonian is given by H’ e = f—rz, +V/, where V' = %m/ Pares
4'(¢)) = |A(t)) and |B'(')) = |B(2)) time-develop according to |4/ (') = ™ 7! wo =T0 1 4/(T7))
and |B'(¢)) = e 7 ot (=T |B'(Tp)), respectively. Our theory in the present case can be identified
as the flipped time theory (FTT), where the state |4'(7)) time-develops backward from the future
time T to the past time T, while another state |B'(T})) time-develops forward from the past time
Ty to the future time 77,.

Using the relations Re V' = — Vg and Im V' = — V7, we interpret the five regions classified below

Eq. (58) as follows:

(1) Forg, = -
ReV’ < 0,ImV’ = 0, so this is an inverted harmonic oscillator (IHO).
(2) For—% -2 < ¢, < %

4 2
Re V' < 0,Im V'’ > 0, so this is an inverted harmonic oscillator (IHO).
(3) Forg, =% - .

Re V' =0,ImV’ > 0, so this is a free particle with an imaginary potential.

(2 g 0 .
(4) For == — 5 <60, < —F — 7

ReV’ > 0,ImV’ > 0, so this is a harmonic oscillator (HO).

15 In particular, for the 6,, = 7 case, m is the real negative mass: m = —7,,.
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(5) Forf, = —%

ReV’ > 0,ImV’' = 0, so this is a harmonic oscillator (HO).

_ .
2

Appendix B. Explicit expressions for our ground states |0), and |0),

In this appendix, to complement our definition of |r); and |n), in Sect. 4.2, we present explicit
expressions for our ground states |0); and |0)5.

To show the definition of our ground states |0); and |0), explicitly, utilizing the definitions of gnew
and ppew given in Egs. (5) and (6), we rewrite a; and a; given in Egs. (66) and (67) in terms of g and
pas

R mew 1 . € - ip B.1)
a) = || ———F—— - — R .
: 2h /1 — €€’ mw ) \7 (mw)

R m*w* 1 - € - ip (B2)
=, —— —_— , )
2 2h /1 — €€’ m*w* 1 (mw)3

where (mw)1 and (mw); are defined by

mw — €'
(mw)| = TR (B.3)
— mwe
mow + €
= —. B.4
(mw)y = 7 i~ (B.4)
Then, operating {g| on Egs. (75) and (76), we obtain
h 0
q+ — ] {q10)1 =0, (B.5)
(mw)y 9q
+ h_ 9 (q10)2 =0 (B.6)
1 (mw)3 0q 7z =" ’
Thus the real g representations of our ground states are expressed as
(mw)1 2
{ql0)1 = Crexp | — q ) (B.7)
2h
(mw)3
(910)2 = C exp (— o 2q2), (B8)

where C and C, are normalization factors to be determined by Eq. (93). For {¢|0) and {¢|0), to be
convergent, we need the conditions

Re(mw) > 0, (B.9)
Re(mw), > 0, (B.10)
respectively. Hence, for the convergence of both (¢|0) and {¢|0),, remembering Egs. (B.3) and (B.4),

we must assume €’ < Re (mw) < % For small € and €, this is essentially Re(mw) > 0, which is
equivalent to the condition in Eq. (96).
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To determine the normalization factors C and C, by Eq. (93), let us evaluate 7 (0|0); as follows:
2(00)1 = [ dg2(01g)alo)

=(C Cz/dq exp (_—(mw)lz-;(mw)z 612)

Bl — mlwe?
:clcz\/” (1~ m7weh) (B.11)

mw(l —e€’)

where in the second line the convergent condition for the integral
Re {(mw)| + (mw);} > 0 (B.12)

is automatically satisfied under the conditions in Egs. (B.9) and (B.10),'® which become Eq. (96)
for small € and €’. We choose symmetrically

mow (1l — e€’) }4 c. (B.13)

Ci=0C =
! 2 {nh(l—mza)zez)

sothat,(0]|0); = 1. Thus our ground states |0)1 and |0), are specified by Egs. (B.7), (B.8),and (B.13).

Incidentally, we give the explicit expressions for our excited states |n); and |n), for our reference.
Substituting Egs. (B.2) and (B.1) for Egs. (87) and (88), respectively, and operating (g| on them, we
obtain the real g representations of |n); and |n);, as follows:

=L fre L (1+i)}"(_ B i)" (-2, s
D=2 20 ST —ee mo)| \7 Gy og) P\ "o 1) B

G ) T € " hoa\ (mo);
np = - - — ) exXp|——F—
7 v/n! 2h /1 — €€ m*w* 1 (mw)7 dq P A

(B.15)

where C, (mw)1, and (mw); are given in Egs. (B.13), (B.3), and (B.4).
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