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1. I N T R O D U C T I O N 

A n extremely interest ing a n d promis ing develop
men t of the theory of s t rong in teract ions has recently 
been p roposed on the basis of a concept regarding 
moving poles of the scat ter ing ampl i tudes as angular 
m o m e n t u m functions, i.e., the concept of Regge-
pole 1 } trajectories. 

The at tract iveness of this concept lies, first of all, 
in the fact tha t the Regge poles connect the spectra 
of particles a n d resonances to the asympto t ic be
haviour of high energy scattering. Besides, the 
asymptot ic behav iour of the scattering, par t icular ly 
in the region of small angles, proves to be compara 
tively simple and universal, t hough lacking any 
simple classical descript ion. F r o m the po in t of view of 
the Regge-pole concept , the pole trajectories, no t the 
e lementary particles, should become the main object 
of investigation in the theory of s t rong interact ions. 

The boson Regge-pole trajectories, par t icular ly those 
of a pole having the q u a n t u m number s of the vacuum 

(namely the P o m e r a n c h u k trajectories), have been 
discussed in some detail 2 ' 3 ' 4 ' 5 ) . 

Here we are going to show tha t the Regge-pole 
trajectories describing the fermion family (having a 
direct physical mean ing at half-integer values of the 
angular m o m e n t u m ) possess a n u m b e r of proper t ies 
substantial ly different from those previously discussed 
and shown by non-relativist ic q u a n t u m mechanics . 
Namely , we shall show tha t the poles of the scattering 
ampli tudes f+(u) and fi(u) (referring to states with 
angular m o m e n t u m j and par i ty (— i)J±^) mus t 
coincide when the squared energy in the C M . system u 
tends to zero, and become complex conjugate for 
u<0. This leads to an absolutely characterist ic 
behaviour of meson-nucleon elastic scattering am
plitudes in the region of angles close to 180° (for
mulae (9) - ( l l ) ) . 

The fact that the poles of f{(u) and f{{u) should 
coincide at u = 0 can be unde r s tood a lmost wi thout 
calculat ions. Let us suppose tha t a pole of one of 
the ampl i tudes at u = 0 has j = x/i\ then there would 
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be a co r r e spond ing par t ic le wi th zero mass a n d 

y2 spin, i.e., a " neu t r ino A con t r i bu t ion to the 

meson-nuc leon scat ter ing amp l i t ude due to such a 

part icle is represented by the F e y n m a n g r a p h shown 

below (Fig. 1): 

of the " neu t r i no " wi th respect t o the nucléon a n d 

the meson . In the former case there m u s t be a po le 

in the amp l i t ude fi(u) (a *S 1 / 2 - s ta te ) , in the la t ter case 

the amp l i t ude f{(u) mus t have a pole (a P 1 / 2 - s t a t e ) . 

the in te rac t ion in 

both cases is the s a m e ; consequent ly there m u s t be 

poles in b o t h the ampl i tudes fi(u) a n d / i ( w ) . The reby , 

a wel l -known c i rcumstance is manifes ted, namely , 

because of y 5 - inva r i ance of the D i r a c equa t ion for a 

zero mass par t ic le , t he neu t r ino par i ty concep t has 

n o m e a n i n g even in a theory with par i ty conse rva t ion . 

Since poles of f+(u) a n d fi(u) b e c o m e complex 

conjugate for w < 0 , a close connec t ion be tween these 

ampl i tudes is d e m o n s t r a t e d . This connec t ion is due 

to the k inemat ic s ingular i ty yju occur r ing in the sp inor 

ampl i tudes . ^Ju enters in the expressions for f±(u) 
in such a m a n n e r t ha t it is possible t o i n t roduce the 

funct ion fjQu) so t ha t ( * } 

m o m e n t u m of the s ta te will necessarily become complex 
when u is negat ive. 

T h u s , f rom purely k inemat ic cons idera t ions we 

conc lude t ha t there exist no fe rmion Regge-poles 

co r r e spond ing to states with real m o m e n t a a n d 

imag ina ry masses . 

There arises a ques t ion whether , in the b o s o n case, 

the m o m e n t u m of states wi th imag ina ry mass m u s t 

a lways be complex in spite of the absence of any 

k inemat ica l reasons . W e have n o answer to th is 

ques t ion for the present t ime. Le t us only n o t e 

t ha t if such behav iou r is supposed to be charac ter i s t ic 

of the P o m e r a n c h u k t rajectory t h e pa r t i a l wave wi th 

/ = 0 will have , general ly speaking , complex non -

physical poles as a funct ion of energy. 

2. FERMION R E G G E - P O L E S C L O S E T O u = 0 

T o p rove the s ta tements m a d e let us cons ider meson-
nucleon scat ter ing. Regge-poles in the ampl i tudes 
of this process have been considered in a n u m b e r of 
papers 3 ' 4 ' 5 ) , where however the a b o v e s i tua t ion has 
n o t been r e m a r k e d . T h e scat ter ing a m p l i t u d e in a 
s ta te of definite i so topic spin has the fol lowing f o r m 

(*) I am indebted to V. M. Shekhter who has brought my attention to this point. The detailed proof of this formula and its applica
tion will be discussed elsewhere. 

u = (p \k)2 is the square of the energy in the C M . 

system, —t= — (p'~p)2 is the squa re of the m o 

m e n t u m transfer . 

Cons ider ing the matr ix e lements <> i ' | F | / l> be tween 

the states of nuc léons wi th definite helicities X a n d 

X = ei ther +À o r —X, it is easy to ob t a in the con

nect ion be tween a (w, t), b (u, t) a n d the par t ia l a m 

pl i tudes 6 ) . 

Here z is the cosine of the scat ter ing ang le : 

each pole offJQu) in the var iable j =jQu) appea r ing 
in b o t h ampl i tudes , and hav ing simple p roper t i e s as 
a funct ion of yju. 

D u e to the explicit dependence of the e q u a t i o n 

de te rmin ing the t ra jectory of the pole on ^ju, the 

depend ing on the par i ty given by 

Wi th a non-g rad ien t coupl ing this con t r i bu t ion is 

However , since 
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The " spiral " amplitudes (fri>x(u) are connected to 
the amplitudes f±(u) with definite angular momentum 
and parity through the following relations 

If we use the dispersion relations for A(u, i) and B(u, t) 
in the momentum transfer / at fixed w, by analogy 
with what was done in 3 ' 7 ) we can introduce the 
analytic functions of j 9 (j>x>{(u), having a decreasing 
asymptotic behaviour for y-^oo, satisfying the unitarity 
condition, and coinciding with the physical partial waves 
at even ( + ) and odd ( - ) j respectively. If, with the 
help of (3), we express 4>{>x(u) through A(u9 i) and 
B(u, /), by continuing the obtained expressions to the 
point u = 0 and taking into consideration that 
A(u, t) and B(u91) have no singularities at u = 0, 
we shall be led to the almost obvious conclusion 
(from the stand-point of (3)) that for any j , (j>Ju(u), 
tends to infinity or to zero at w->0, while (j)J

u(u) remains 
finite. This is possible only under the condition 
that the singularities of f[(u) as functions of j coincide 
at u = 0. This statement holds irrespectively of the 
character of the singularities of 4>J

XF? . 

If one makes the conjecture that in any case, the 
nearest singularities on the side of large j are poles, 
one can trace their trajectories in more detail. In 
order to do that let us consider the asymptotic behav
iour of A(u, t), B(u, t) at u>0 and /->—oo, i.e. s->oo: 

By passing in the usual manner from the sum to the 
integral, assuming the poles at u>0 to be on the real 
axis, and taking into account only the nearest poles 
in the amplitudes 4>p; we obtain 

It is easy to convince oneself 2 ) that the absorptive 
parts Ax(u, s) and B^u, s) are equal: 

If we do not assume that there is a degeneration over 
parity, the poles/{(w) and fi(it) do not coincide for 
w>0. Therefore, in the asymptotic behaviour of 
A and B the contribution is given only by the pole 
of one of the amplitudes, the one having greater / at 
given u. In this case, according to (4) 

At u = 0 the equality (8) makes no sense at all, since 
the poles of fJ

+(u) fi(u) coincide. If we consider 
that the poles of f+(u) and fi{u) remain on the real 
axis, for w<0, as before, one of the poles will again 
become dominant and the expression (8) will be 
re-established. However, in this case because ^Ju is 
imaginary, (8) will be in contradiction with the reality 
of the functions Ax{u, s) and Bx(u, s) for u<(m+fj)2. 

If the poles f{(u) and fi{u) retreat to the complex 
plane but do not remain complex conjugate, we shall 
again come to a contradiction with the reality of 
Ax and Bt . 

Thus, we come to the conclusion that the poles of 
the amplitude f+(u) and fi(u) should be complex 
conjugate for z^<0. 

By the same reason the residues at the poles should 
also be complex conjugate. 

3. THE ASYMPTOTIC BEHAVIOUR OF BACKWARD 
SCATTERING 

Denoting the residues offi(u) a n d / j multiplied by 

and consequently 

by pe±l* we obtain 

Here j=j(u), f =j'(u) are the positions of the poles 
of <fiJ

+u(u) a n ( J ^ - A / i O O ? TÎ'À a r e ^ e residues of the 
partial-wave amplitudes multiplied by 
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where £ = Ins; j ' = j'(u), j " = j"{u) are the real and 

imaginary par ts of the function j = j(u) de termining 

the posi t ion of the pole. The formulae (9) go into (6) 

for u positive so tha t Ax and Bt have no singularities 

at u = 0, if j"(u) = ayj ~u and <f>(u) = p\/—u for 

small u, where a and /} have no singularity at u = 0. 

The real par ts of the ampl i tudes A and B at u<0 

have the form 

The expressions (9) and (10) define the asymptot ic 

behaviour of meson-nucleon scattering in the channel 

where s is the energy and in the region of scattering 

angles close to 180°. Ana logous formulae hold for 

the asymptot ic behaviour of the process of a two-

meson annihi la t ion (where / is the energy). 

The differential cross-section for the elastic scatter

ing in the region of the angles close to 180° takes the 

form 

As it was po in ted ou t to the au tho r by I. Ya. Pome-

ranchuk , the asymptot ic behaviour (9) - ( l l ) is due to 

an effective radius p ropor t iona l to I n s if j"{u)~\J —u. 

Accord ing to Froissar t 8 ) this is the m a x i m u m possible 

increase of the effective radius of the interact ion. 

On the other hand , the increase of the effective radius 

of interact ion account ing for the diffraction scattering 

is p ropor t iona l to \r^s 2 \ 

It should be noted tha t since the backward scattering 

ampl i tude does no t increase with increasing energy, 

as is the case in forward scattering, the poles determin

ing the asymptot ic behaviour may, at small u9 be in 

the region of R e y < 0 . If the poles are in the region 

R e y < 0 , the asymptot ic behaviour may no t be deter

mined by them b o t h because of the presence of the 

singularities of o ther types and because of the fact tha t 

for Re y < 0 , the Legendre functions again become 

increasing with increasing z, and (9 ) - ( l l ) , generally 

speaking, do no t follow from (3). T o obta in these 

formulae it is convenient in this case to proceed by 

analogy with wha t was done by Mande l s t am 9 ) for 

spinless particles. 

The Mande l s t am me thod consists of the fol lowing: 

by passing from the sum (3) to the integral and deform

ing the integrat ion con tour it is necessary to replace 

Pj±x(—z) according to the formula 

The behaviour of for large f a l l o w s one, by calcul

at ing the cont r ibut ion f rom the first te rm, to close the 

integrat ion con tour in the r ight -hand p lane and to 

reduce it to the sum of the residues at the poles 1/sin nj. 

The second te rm for large z behaves like z J ± ^ _ 1 , and 

therefore in the calculat ion of its cont r ibut ion , it is 

helpful to deform the integrat ion con tour to the left-

hand plane . Then it runs against the poles 1/sin nj. 

As a result, if the con tou r is deformed sufficiently 

to the left, the ampl i tudes A a n d B will, besides 

the convent ional cont r ibu t ion from the poles of cj){,X9 

conta in some addi t ional terms of the form 

which at large z behave like z ~ ( 3 / 2 + n \ x h e quanti t ies 

4>n

À'A + 4>rl con ta ined in (13) m a y be equal to zero, 

the asymptot ic behav iour being determined only by 

the poles of 4>J

RX . 

It may be shown tha t the ampl i tudes § \ , k in the 

case of the scattering of a spin 1 /2~P a r t icle on an 

external field will satisfy the condi t ion $ \ , x = — § ~ x \ . 

W e do no t know whether this is valid in a real case. 

It may be only stated tha t if the par t ia l waves have no 

singularities except the poles, dajdQ a t high energies 

either has the form (11), or the following one 

where n is an integer number , or otherwise equals zero. 
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It shou ld be n o t e d t h a t fo rmulae (3) a n d ( 9 ) - ( l l ) 

a re , general ly speak ing , inappl icab le in the region 

of such a small u t h a t us/(m2— pL2)2< 1, since in this 

reg ion z < l , a n d we h a v e n o r easons for confining 

ourselves to only one po le . 

ERRATA A D D E D IN P R O O F 

(received on O c t o b e r 1st 1962) 

W h e n ca lcu la t ing the elast ic sca t te r ing differential 

c ross-sec t ion (11) f r o m f o r m u l a e (9) a n d (10) for the 

sca t te r ing a m p l i t u d e s a n e r ro r was c o m m i t t e d . T h e 

da 

cor rec t express ion for — h a s t he fo rm 

I t follows f rom this express ion t h a t — does n o t 
dQ 

oscillate as a funct ion of the energy, despite the 

osci l la t ions of the amp l i t udes A a n d B. Al l the o the r 

sca t ter ing charac ter i s t ics a re osci l la t ing ones. F o r 

ins tance , the nuc l éon po la r i za t i on £ for the scat ter ing 

on the non-po la r i zed t a rge t does n o t decrease bu t 

oscillates as a funct ion of the energy. 

DISCUSSION 

LOVELACE: Can you say anything about the slope of the 
Fermion trajectories ? The experimentalists have suggested that 
there may be a very sharp backward n+p peak sharper than the 
forward peak. 

GRIBOV: The differential cross-section at small backward 
angles is that given by Equation (11) of the paper. 

The behaviour of the cross-section for backward angles is of 
this type, see Fig. A, The cross-section decreases and shows 
oscillations. The width of the peak is of the order of fi/p In2s. 
The width of the oscillations is of the order or /bt/p In s. The 
oscillation has a smaller range than the decrease of the cross-
section. The radius Q of this interaction is growing faster than 
in forward scattering; 

Fig. A 
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This is the maximum growth of the interaction radius according 
to Froissart. 


